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ABSTRACT

Master of Science Thesis

SOLUTIONS OF SOME RATIONAL DIFFERENCE EQUATIONS VIA SPECIAL
SEQUENCES

Zeynep AKMESE

Zonguldak Biilent Ecevit University
Graduate School of Natural and Applied Sciences

Department of Mathematics

Thesis Advisor: Assoc. Prof. Dr. Melih GOCEN
January 2024, 55 pages

In this thesis, we investigate some rational difference equations solutions associated with
special integer sequences. Moreover, we study the stability character and asymptotic behavior

of the equilibrium points of these equations.
The chapters of the thesis are as follows;

In Chapter 1, we give the history of special integer sequences. A detailed literature review was

conducted on the subject.

In Chapter 2, basic definitions and theorems used throughout the thesis are presented, special

integer sequences were included.

Chapter 3 includes some results about following difference equations. The stability character

and global asymptotic behavior of equilibrium points are investigated.



ABSTRACT (continued)
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The solutions of equations are obtained via Narayana and Padovan numbers.
In Chapter 4, we investigate the following rational difference equations
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The exact solutions of these equations are given with Pell numbers.

Keywords: Difference equation, equilibrium point, asymptotic behaviour, integer sequences,
Narayana Numbers, Padovan Numbers, Pell Numbers.

Science Code: 403.01.01



OZET

Yiiksek Lisans Tezi

BAZI RASYONEL FARK DENKLEMLERININ OZEL SAYI DiZiLER iLE
COZUMLERI

Zeynep AKMESE
Zonguldak Biilent Ecevit Universitesi
Fen Bilimleri Enstitiisii

Matematik Anabilim Dali

Tez Danmismani: Dog. Dr. Melih GOCEN
Ocak 2024, 55 sayfa

Bu tezde, 6zel tamsay dizileriyle iligkili olarak bazi rasyonel fark denklemlerinin ¢ziimlerini
inceliyoruz. Ayrica, bu denklemlerin denge noktalarini, denge noktalarinin kararliligini ve

asimptotik davranisini ¢alistyoruz.

Tezin boliimleri asagidaki gibidir;

Bolim 1°de, 6zel tamsay1 dizilerinin tarihgesi arastiriliyor ve ayrintili bir literatiir taramasi

yapiliyor.

Bolim 2’de, tez boyunca kullanilan temel tanim ve teoremlere yer veriliyor, 6zel tamsay1

dizileri ele aliniyor.

Boliim 3 asagidaki fark denklemleriyle ilgili bazi sonuglari igeriyor. Denklemlerin denge

noktalarinin kararlilik karakteri ve global asimptotik davranisi arastiriliyor.



OZET (devam ediyor)

+1

X  =—
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Denklemlerin ¢oztimleri Narayana ve Padovan sayilari ile elde ediliyor.

Boliim 4’de asagidaki rasyonel fark denklemlerini arastiriyoruz,

X
"X (X, +2)-1

Bu denklemlerin tam ¢oziimleri Pell sayilariyla verilmektedir.

Anahtar Kelimeler: Fark denklemi, denge noktasi, asimptotik davranis, tamsay1 dizileri,

Narayana Sayilari, Padovan Sayilari, Pell Sayilar.

Bilim Kodu: 403.01.01
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CHAPTER 1

INTRODUCTION AND LITERATURE REVIEWS

Difference equations have contributed to solving many scientific problems in recent years.
Difference equations are consist of a relation between the consecutive terms. For the
solution of a difference equation, initial value conditions are needed. The initial conditions
are needed to determine the exact solution. The difference equation is also a recurrence
relation. Many daily life problems can be solved with the recurrence relation where the
population is variable. Although many studies have been done on this subject in recent
years, there are open problems that need to be worked on still.

If the change does not occur continuously, but gradually, differential equations are in-
sufficient to solve this situation. In this case, it is more convenient to use difference
equations.

The most well-known examples in this field are salmon population, compound monthly
interest, etc. Difference equations are often used in some fields; probability calculations,
population growth problems, statistical problems, half-life calculation, economic mod-
els, amount of radiation, field of computers, rate of spread of infectious diseases (S.I.R
modeling) etc.

Since the 1950s, difference equations have become a popular field of study. Especially in
the last 30 years, a large number of studies have been conducted on difference equations.
Special integer sequences in mathematics are well suited for working with difference equa-
tions. Therefore, we will investigate the form of the solutions of some rational difference

equations via special integer sequences in this thesis.

1.1 AN OVERVIEW OF THE HISTORY OF SPECIAL NUMBER SE-
QUENCES AND DIFFERENCE EQUATIONS

In this section, we discuss the historical development of difference equations. We will

include the studies of many mathematicians and scientists on the subject.



The mathematician Fibonacci found the Fibonacci numbers to which difference equations
often refer. Fibonacci’s Liber Abaci(First published in 1202) was important book on
mathematics in the Middle Ages, introducing Arabic numerals throughout Europe. In
his book, Fibonacci introduced the modus Indorum (Indians’ method), known as the
Indo-Arabic numeral system. Fibonacci numbers, which can be considered as one of the
first examples of difference equations, are revealed in this book.

The Fibonacci sequence is a set of integers. Each number in the series is equal to the sum
of the two numbers before it. Fibonacci numbers, sometimes known as the Golden Ratio,
are a popular topic in mathematics. This ratio has many examples in the natural world
(sunflower, pineapple, cone, etc.). Fibonacci numbers emerged when calculating the total
number of rabbits population for one year. A newborn pair of rabbits (one female, one
male) is placed in a specific area, each pair of rabbits becomes adults from the second
month, after which a new pair of rabbits (one female, one male) gives birth each month.
Assuming that rabbits never die, how many pairs of rabbits will there be in this region
at the end of a year?

Fibonacci started the number sequence as 1, 2, 3, ... and moved the calculation up to the
13th row, the number 233. Fibonacci skipped the "0" and started with the "1" which is in-
cluded today. Terms of the Fibonacci sequence of numbers; 0,1,1,2,3,5,8, 13,21, 34,55, 89,
144,233, ...

This sequence of numbers was named after the French mathematician Lucas in May 1876.

The generalized Fibonacci function is expressed as below.

0, if n=0
F,=<¢ 1, if n=1
Fo1+ Fo o, Zf n>1

The Fibonacci numbers have a closed-form expression, just like every sequence denoted by
a linear recurrence with constant coefficients. Although Abraham de Moivre and Daniel
Bernoulli knew about it first, it has come to be known as Binet’s formula, after French
mathematician Jacques Philippe Marie Binet.

Between 1600 and 1700, several scientists, including Bernoulli, Moivre, Pascal, and New-
ton, worked on difference equations. In fact, different equations emerged as recurrence
relations.

Mathematician Moivre was the first to present some general concepts for recurrence rela-



tions. Moivre uncovered the information needed to solve homogeneous, linear, constant-
coefficient discrete equations in closed form. The difference equations of the famous
Riccati, known by the name of the mathematician Riccati, are as follows

a+ by,
c+ dy,

Ynil = n=20,1,2, ... (1.1)

The Eq.(1.1) is known as Riccati difference equation. Leonhard Euler, in his book Institu-
tiones Calculi Differentialis, used mathematical symbols similar to today. The difference
operator (A), in its current form, is used in this book. Euler also systematized Moivre’s
methods in his work.

British Mathematician Babbage designed a kind of calculator that could be counted
automatically for that period. He called it the Difference Engine so several people refer
to Babbage as the "father of the computer". If the first few values of a polynomial are
known, the remaining values can be calculated using consecutive differences.

In addition, Laplace also worked on various methods to solve some classes of nonlinear
difference equations in closed form. Felice Casorati who studied about difference equation
and revealed the Casorati matrix. The Casorati matrix is a useful method for calculating
linear difference equations. Lucas worked on Fibonacci number sequences, he created the
formula for the Fibonacci numbers used today. He also devised the test for Mersenne
primes still used today.

While Lucas was working on Fibonacci numbers, he created the Lucas number sequence
with a similar approach. The "Lucas number sequence" is a set of numbers containing
1,3,4,7,11,18,29,47, ....

The Fibonacci approach is similarly valid for the Lucas number sequence. In the 1900s,
mathematicians discovered plane filling curves or fractals and began to use them with
difference equations. Mathematician Peano’s famous space-filling curve appeared in 1890,
this was the first known instance of a fractal. Hilbert, in 1891, described similar space-
filling curves. This was an early illustration of a fractal, as it is currently known.

The Weierstrass function was one of the first fractals to be studied, but the "term fractal"
came into use much later. Weierstrass functions are continuous everywhere but not
differentiable. Like some fractals, it is self-similar. In 1872, Weierstrass finalized the
definition of continuity of functions and showed that continuity is not differentiability.
Niels Fabian Helge von Koch, a Swedish mathematician, discovered one of the oldest

fractals, the Koch snowflake fractal, named after him. In the early 1900s, Carl David



T. Runge and Martin Wilhelm Kutta created this technique. The Runge-Kutta method
is a widely used method for solving the initial-value problems of differential equations.
Thus, numerical solution methods for differential equations started to be used by using
difference equations. The Runge-Kutta method attempts to overcome the problem of
Euler’s method.

Since the 1950s, studies on difference equations have been systematically increasing and
have come to the present day. In this section, we discussed the development of difference

equations and special number sequences, which we will discuss throughout the thesis.

1.2 LITERATURE REVIEW

This section examines recent studies on the difference equations expressed in terms of well-
known integer sequences, including the Narayana, Padovan, Pell, Padovan, Fibonacci, etc.
numbers.

By conducting a detailed literature review, we focused on theses and articles where the
solution elements of difference equations are given by special integer sequences. For
details, see [4] and [28].

In [41], Tollu et al. considered the Riccati difference equation

a+ bx,
i = L n=0,1,.. 1.2
Tntl ¢+ dx, " (12)

In Riccati difference Eq.(1.2) by takinga =c=d=1,b=0anda=d =1, c = —1,

b = 0 the equation (1.2) respectively, is transformed into the following equations

1 1

Tnid=1 yn+1zﬂ7 =0,1,..., (1.3)

They examined the solutions of two special types of the Riccati difference equation (1.3).

Fibonacci numbers have a relation with the solutions where initial conditions are

E,, *° F, o
o € R — {— F;l }m:1 and yo € R — { F; }m:1

respectively, and F;, is the mth Fibonacci number. For n = 0,1,2, ..., the solutions of

equations (1.3) are as follows

Fn—f—Fn—le 11 Fm+1 =
, = It R— (4= - bud- ,
v Foi1 + Fhxg for @0 € ({04 6} { T B

4




Fo,+ Ff(nfl)yﬂ ( {Fm—l—l }OO )
n = for eER— ({a,p}U )
Y F—(n+1) + F—ny() v { } Fm m=1

In [45], Yazlik et al. considered the following rational difference equations

Ty .
O o == R e 5 N S T (1.4)

)
YnTn—1 TnYn—1

In this study, they derived the solutions of the rational difference equation associated

with Padovan numbers. The forms of solutions of system Eq.(1.4) are as follows

( :I:anflyo Pz + P
Pn—1$—1y0 + an—l + Pn—27
Pyy_1xo £ Popiy—1 + Py
\  Poy_izo £ Poy—1 + Poo’

if n is odd

Tpn =

if n is even

( ipny—ﬁo + Py + Py

_ Po1y-1zo £ Poy—1 + Bys’
Yn j:PnI—le + Pn-l—lx—l + Pn—l

\ " Poiz_yo £ Pz + Py’

if n is odd

if n is even

where P,, be the nth Padovan number.
In [17], Halim studied the explicit solution of the following difference equation system.
He gave the general solutions of the system with generalized Fibonacci numbers

1 1

- Y= ——— n=0,1,.. 1.5
Ttyne T 14, (15)

Tnt1 =

where the initial values are arbitrary real numbers with the restriction that x_5, y_o, _1,

Fy, .
Y_1, To, Yo ¢ {— FH; n=1,2, } . The solutions of Eq.(1.5) are as follows

.  Fopr + Fonyios i—1923
6n+i — ) — Ly 4y Iy
T Fopsa + Fon1¥ios

Y By + Fong i—=123
6n+i — ) — Ly 4y Iy
T Fonso + Fon1%is

Fopio+ Foni17i6
Fopis+ FonioTig

Tenti = , 1=4,5,6,

Fonto+ Fopnt1vi-e
Fopis + Fontovi—g

Yen+i = , 1=4,5,06,

where F,, is the nth Fibonacci number.
In [18], Halim and Rabago investigated the periodicity and stability of the following

system of equations

1 1

= ———— n, k€ N, 1.6
ity MM T il ME e (1.6)

Tpt1 =



where Ng = NU{0} and the initial conditions z_x, i1, ..., o, Y—ks Y—ki1, ---» Yo are NON
zero real numbers. The solution of the system of equations (1.6) is given by associated

with the Fibonacci numbers. They determined the equations system’s solutions as follows,

F2n+1 + FQnyif(kJrl) ;
" . _ , 22172’...,k+17
2(k+1)n+i Fonya + Foni1¥io(kv1)
F2n+1 + Fani—(k‘H) ;
= y Z:1727"”k+1’
y?(k+l)7L+z F2n+2 + F2n+1xi7(k;+1)

Fonyo + Fop1i(2k42)
z - = k42,242,
2D Fonis + FonyaTi—(2k+2)
F. n + F: n i— .
Yo(k+1) i — 22 219 E%H) 1=k+2,..,2k+ 2,

Fonis + Fonioli—(2k+2)
In this way, they gave the explicit form of (1.6) equations of solutions in terms of Fibonacci
numbers.

In [19], the authors investigated the following rational difference equation

M e M, n < No, (17)

YTLnTn—1
where Ny = NU {0}, «, 3, 7 € R", and the initial conditions =_; and zy are non zero
real numbers such that generalized Padovan numbers are related to their solutions. They

investigated the two-dimensional form of the equation, which was given by

ATp_1 + Y1 +
Tnt1 = —15a Yn+1 = y—lﬂa n < NOa (]‘8)
VYYnTn—1 VYXnYn—1

[0}

By defining two new coefficients for equation (1.8) p = b and ¢ = g they obtained the

following equation

Tp_1 +
Tpt1 = u, n € Ny (19)

TpTp—1

They assume that S,,, the nth generalized Padovan numbers, to satisfy the recurrence
equation; S,11 = pSu_1+q¢Sn_2, n € Ny with initial conditions S 5 =0, S_; =0, Sy = 1.

According to this work, the closed form solution is provided by

Sn — Sn — Sn_
- +1T-1 + OpToT_1 + ¢ 1’ (1.10)
SpT_1 4+ Sp_1T0T_1 + ¢Sn—2

where the initial conditions x_;, zg € R — F, with F' is the forbidden set of equation

(1.10) given by

F= U ) {(z_1,20) : Spx_1 + Sp_120x_1 + qS,_2 =0}.

n=—



If « = 3 =+, then form Eq.(1.10) they get the solution

T — Pn-l—lx—l + anO'T—l + an—l
" P+ Pz + qPs’

Thus, S, = P,, n € N, and consequently they got the solution associated via Padovan
numbers.

In [23], Khelifa et al. studied the following difference equation

Yp—t — O OLp—f — O
Tpt1 = y—k, Ynp1 = —L = n, k€ N (1.11)
Yn—k Tn—k

where Ng = NU {0}, and the initial conditions z_x, £_g11, ...Zo, Y—k, Y_k+1,---Yo are real
numbers that are not zero, and their solutions are related to Lucas numbers.

They determineted that the exact solutions of equations (1.11) are as follows,

5F5, — x—jL2n+1

T(k+1)2n—j =
(b+1)2n= Lop_1 — x—jF2n 7

5Lons1 — 5Y—jFoni2
05y, — y_jLopiq

5Fan —Y—jLonia

Lop-1—y—jFon’

5Lopi1 — 5$—jF2n+2

T(k+1)(2n+1)—5 =

I

Yk+1)2n—j =

T(k4+1)(2n+1)—5 = )

5FYy, — "L’ij2n+1
where j € {0,1,...,k}, {L,}, the Lucas sequence, {F,}, the Fibonacci sequence and
the initial conditions x_j, T_k11, ...%0, Y=k, Y—k+1,.--71 and yo € R — G, with Gj; is the

forbidden set of system Eq.(1.11) given by

G] _ OLj (x—kax—k-‘rh"'x07y—k7y—k+17"'y0)
=t Loy _xijQn =0, 5F2n_yij2n+1 =0, J :Oa1>"'ak
Then, in [32] Okumus investigated the form of solutions, stability character and asymp-

totic behavior of the following equations

1
Tpyl = ,n=0,1,..., (1.12)
Tp(rp1—1)—1
1
n - 5 - ,]., ceey ]_,1
ol To(Tpg+1)+1 n=0 (1.13)
-1
i1 = L n=0,1,.., 1.14
Tn+1 on(Tm — 1) + 1 n ( )
-1

Tt = =0,1, ..., (1.15)



The generalized Tribonacci solution of Eq.(1.12) is given as follows. The form of solutions
{z,} 2| is given by

T ,x_1x0 + (T_(n+1) -+ T_(,H_Q)).To + T—(n+1)

T (ni1yT—120 + (T — T_(ny1))To + T (n12)

where T, is the nth Tribonacci number and initial conditions are x_1, zo € R — F} with

Ty —

I is the forbidden set of given by

Fl = U {(.%,1, xo) : T,(er)x,lxo + (T,n — T,(nJrl)):Uo + T,(n+2) = O} .

n=-—1
In this study, the solutions of equations (1.13)-(1.14) and (1.15) which are associated with
generalized Tribonacci numbers are obtained.

In [10], Elsayed et al. studied the behavior of the difference equation

bxnl'n—l

n=01,.., (1.16)

Tpi1 = AT, +
CTp—1 + dxn—27

where a, b, ¢, and d are positive constants and the initial conditions are arbitrary positive
real numbers, r_o, x_; and xg.

They gave some special cases of Eq.(1.16). We will consider one of them, as follows

TpTn-1

(1.17)

Tp+1l = Tp + s
Tp—1 + Tn—2

The Eq.(1.17) is a special circumstance of the Eq.(1.16). For n = 0,1,2, ..., the solution

of equations (1.17) are given as

S hﬁ(fzwsh‘i‘ Joivok . foirsk + faitor
! o Jeiveh £ friak " faipok 4 foinar

& foitih + faik | foirsk + faiyor
Tops1 = h
2t g(f%h + foic1k " foizok + foinar

where x_o =1, 1 =k, 20 =h, {fm}_ =10, 0,1, 1, 2, 3, 5, 8, 13,...}.
In [22], Karaoglu dealt with the next difference equations

2
R o v F AL (1.18)
—2
Tp(Tp1 +1) =1’
The solutions of Eq.(1.18) and Eq.(1.19) are associated with third order Jacobstal num-

=0,1,..., (1.19)

Tpt1 =

bers. She presented that the closed form solutions of Eq.(1.18) is given by
( Jn'r—lxo - (J(nfl) + J(n+1))330 + Jn

Jin-1)T-1%0 + Jn—1)T0 — (Jn + Jnt1))’

gy = Draro eyt = Unt o) 0a3)
" —(Jn + J(n—l))x—lmo + Jiny1)To + J(n+1)7

—(Jn + Jn-1)) 2170 + Jnt1)) o + J(n1)
\ ST 1T — (J(nfl) + J(nJrl))xO + Jn

n =0 (mod3)

,  n=2(mod3)

8



where J,, is the nth Jacobsthal number and the initial conditions z_, xo € R — F7, with

F} is the forbidden set of Eq.(1.18) given by

F = n:tl: {(z_1,20) : A, =00r By =0or C, =0}.
and

A} = Jin—12-120 + J—1yT0 — (Jn + Jmt1))-

Brll = —(Jn + J(nfl))f—ﬂo + Jonr1)To + Jng1)-
OrlL = Jur_ 1T — (J(n—l) + J(n+1))IO + Jn.

Also for the Eq.(1.19), she examined that the explicit solutions of Eq.(1.19) is given by

( Jn — Jn_ Jn Jn
2o+ (Jenoy + Jniy)%o + , n=0 (mod 3)
(=Jm-1)T-170 + Jn-1)T0 + (Jn + Jnt1))
Jn, . - Jn_ i Jn Jn
Ty = 1 (=0 = (n + Jnsn) , n=1(mod3)
(Jn + Jtn-1))T-120 + Jn+1)T0 — J(nt1))
—(Jp + 1)) 120 — J(n Vi
(Jn + Jn1))Z 2170 (nt1)%0 + J( +1), n =2 (mod3)
\ (_Jnx—1$0 - (J(nfl) + J(nJrl))xO 3 Jn)

where J,, is the nth Jacobsthal number and the initial conditions z_;, xg € R — F5, with

F; is the forbidden set of equation(1.19) given by

Fy = U {(x,l,xo):AizOorBZzOorC’Z:O}.

n=-—1

where
A2 = (=Jm-1T-120 + Jn-1)To + (Jn + Jint1)))

BT2L = (Jn + J(n_1))l’_1l’0 + J(n+1)5130 — J(n+1))
Ch = (=T 170 = (Jin-1) + Jns1))T0 — J(m))-

In [20], Halim et al. considered the following the higher order rational difference equation
system

1+ 2y,—k 142z, 4 1+ 2x,_4

3 n - 5 Zn — ].20
3+ U s Yn+1 342, . +1 34z, . ( )

Tptl =

where n, k € Ny, the initial values ©_x, T_gi1, ... 20, Yk, Ykils s Y0, Z—ky Z—kily 21
and zero are arbitrary real numbers do not equal —3. Using the Fibonacci and Lucas

numbers, they got at a closed form solution to the system.



Then, in [3]|, Hiiseyin et al. investigated the form of the following rational difference

equation system

n—1<n— Tp—1Tp— n—1Yn—
T, = _#n-1%n-3 et ek — M, n €Ny (1.21)

y  Yn = ) n —

Tp—2+22p-3 —Yn—2+0Tn—3 Zn—24+14Yn—3

where initial values z_3, _o, T_1, y_3, Y_2, Y_1, Z_3, Z_2, 21 are real numbers that are
nonzero. The solutions are related to pell numbers.

In [14], Gocen presented the following difference equations

o

Tyt = n=0,1,.., (1.22)

TpTp1 — 1’
He obtained the exact solutions of the Eq.(1.22) for the case « = 2 and o = —2 via

adjusted Jacobsthal-Padovan numbers.

In [44], Yalginkaya et. al studied the positive solutions of the fuzzy difference equation

B C
Zn+1:A+ + ) n EI\]O

Zn—m Zn—mg

where (z,) is a sequence of positive fuzzy numbers. A, B, C' and the initial values z;,
j = 0,1,2,....s are positive fuzzy numbers and m;, mo are nonnegative integers with
s = max{my, ma}.

They investigated the behavior of the solution of the following system

b c
Toi1 = a1 + —— + —2 (1.23)
Yn—my Yn—mq
b c
Yni1 = Gy + —— + —2
xnfml .I'n,m2

where the parameters aq, by, ¢1, az, ba, c2, and the initial values z_;, y_;, (j =0,1,...;s)
are positive real numbers and my, msy are nonnegative integers with

s =max{my, ma}.

Let {(zn, yn)}, — _, is a positive solution of system Eq.(1.23) .Then they got from
Eq.(1.23) that

Tp>a;>0andy, >ay >0foralln €Ny (1.24)

Thus, the sequences are bounded from below and very far from zero. They got the

following system from the system Eq.(1.23) and Eq.(1.24)

bl C1 b1 C1
Tpt1 = a1+ + <a+—+—<o©
yn—m1 yn—mz as as

10



b2 Co b2 Co
Yn+1 = Q2 + + S<a+—+—<o00
xnfml .Z'n,m2 ay ai

It is clear that above, the sequences are far from infinity and bounded from the top thus
the proof is completed.
In [1], the authors represent the system of second-order rational difference equations in

terms of Lucas and Fibonacci sequences

. Lo+ Liny1Yn—1 Y Lo+ Liny12n-1
n+l = n+l1 —
Lm+3 + Lm+2yn71 Lm+3 + Lm+2zn71
Lm+2 + Lm+1wn—1 Lm+2 + Lm—l—ll‘n—l
Zn4+1 = Wp41 =

Lm+3 + Lm+2wn—1 Lm+3 + Lm+2xn—1

where n € Ny, {Lm}::’o: _ - 1s Lucas sequence and the initial contitions x_1, zo, y—1, Yo, 2—1, 20, W—_1, Wo

L

. +3 .

are arbitrary real numbers such that v_; # —/—=, where v_; = T_;,y_i, 2, W_;, 1 = 0,1
m—+2

and m € Z.

11






CHAPTER 2

BASIC DEFINITIONS AND THEOREMS

Basic definitions and theorems about difference equations that are necessary for the thesis
are included in this section. For details, see [4], [28].

Then, special integer sequences that form the basis of this thesis are discussed.

Definition 2.1 Let f: I*' — I be a continuously differentiable function and let I be
some interval of real numbers. A difference equation of order (k + 1) is an equation of

the following form
Tor1 = f(Tp, Tp1yo oy Tpg), n=0,1,..., (2.1)

where f is a function that maps some set [*™! into I. A solution of Equation (2.1) is a

sequence {x,}5° _, that satisfies Eq.(2.1) for alln > —k.

Definition 2.2 A solution of Eq. (2.1) that is constant for all n > —k is called an equi-
librium solution of Eq.(2.1), if

Tn =717, for alln > —k
is an equilibrium solution of Eq.(2.1), then T is called an equilibrium of Eq.(2.1).
Definition 2.3 (Stability) Let T an equilibrium point of Equation (2.1).

a) An equilibrium point T of Eq.(2.1) is called locally stable if, for every e > 0; there
exists 0 > 0 such that if {x,}>2 . is a solution of Eq.(2.1) with

e —Z| + v — T +..4 | —TF| <§
then
|z, — | <€, for all n>—k

13



b) An equilibrium point T of Eq.(2.1) is called locally asymptotically stable if, T is locally
stable, and if in addition there exists v > 0 such that if {x,}5> _, is a solution of

Eq.(2.1) with
’37,]6 — f’ + ’(’El,k — f‘ + ...+ |{L‘0 — T‘ <7,
then we have

lim z, = 7.
n—oo

c) An equilibrium point T of Eq. (2.1) is called a global attractor if, for every solution
{z,}52 ;. of Eq.(2.1), we have

lim z, = 7.
n—oo

d) An equilibrium point T of Eq. (2.1) is called globally asymptotically stable if it is
locally stable, and T is also a global attractor of Eq.(2.1).

e) An equilibrium point T of Eq. (2.1) is called unstable if it is not locally stable.

Definition 2.4 (Linearized Stability Analysis) Assume that there is an open neighbor-
hood around an equilibrium point T where the function F is continuously differentiable.

Let

OF
ql_an

(z,=z,..T), for 1=0,1,..k

denote the partial derivative of F(ug, ui, ..., uy) with respect to u; evaluated at the equi-

librium point T of Equation (2.1). Then the equation

Yni1 = QYn + QYn—1 + oo + GYnk, 1 =0,1,... (2.2)
is called the linearized equation of Eq.(2.1) about the equilibrium point T, and the equation
AL g AP — — Q1A —qr, =0 (2.3)
is called the characteristic equation of Equation of (2.2) about .

Theorem 2.1 (The Linearized Stability Theorem) Suppose that the function f is a con-
tinuously differentiable function defined on some open meighborhood of an equilibrium

point T. Then the following statements are true:

14



a) The equilibrium point T of characteristic Eq. (2.1) is locally asymptotically stable when
all of the roots of Eq. (2.3) have an absolute value less than one.

b) The equilibrium point T of Eq.(2.1) is unstable if at least one root of Eq.(2.3) has an

absolute value larger than one.

c) The equilibrium point T of Eq.(2.1) is called hyperbolic if no root of characteris-
tic Eq. (2.83) has absolute value equal to one. If there exists a root of character-
istic Eq. (2.3) with absolute value equal to one, then the equilibrium T is called

nonhyperbolic.

d) An equilibrium point T of Eq. (2.1) is called a repeller if all roots of Eq. (2.3) have

absolute value greater than one.

e) An equilibrium point T of Eq. (2.1) is called a saddle if one of the roots of characteristic

Eq.(2.3) is greater than one and another is less than one in absolute value.

The three theorems that follow give sufficient and necessary condition for every root of a
real polynomial of degree two, three, or four to have modulus less than one.
For each equation of order three that we examine in this thesis, we must use one of these

three theorems to determine the locally asymptotically stable of the equilibrium points.

Theorem 2.2 Suppose that ay; and ag are real numbers. Then there is a necessary and

sufficient condition for all roots of the equation
N —a ) —ap = 0.

to lie inside the unit disk is

la1| <1+ ap < 2.

Theorem 2.3 Assume that as, ai, and ag are real numbers. Then a necessary and

sufficient condition for all roots of the equation
AP+ e’ — agA — ag = 0.
to lie inside the unit disk s

lag +aol < 1+a1, |az—3ag| <3—ay, and aj+a; — agas < 1.

15



Theorem 2.4 Suppose that as, as, ay, and ag are real numbers. Then a sufficient and

necessary condition for each of the equations roots

M+ a3\ 4+ ae\? — A — ag = 0.

to lie inside the unit disk is

lay +as| <1+ag+az, |ag—a3| <2(1—ag), as—3ay<3,

and

ap + as + ag + a% + agag + aoag < 14 2apas + ajas + apajas + ag.

This result is sufficient for all roots of an equation of any order to lie inside the unit disk.
Theorem 2.5 (Clark Theorem) Assume that qo, q1,...qx are real numbers such that
|90 +lqa| + - + || <1

Then all roots of Eq.(2.3) lie inside the unit disk.
2.1 INTEGER SEQUENCES

In recent years, studies on obtaining solutions to difference equations with special integer
sequences (Fibonacci, Lucas, Pell, Jacobsthal, Padovan, Perrin, Narayana, etc.) have
attracted the attention of many researchers. Applications of special integer sequences
include mathematics, biology, economics, computer science, etc. In the literature section,
we examined previous studies on difference equations whose solutions are provided by
integer sequences.

The aim of this thesis is to find the solutions of difference equations with special integer

sequences. Now we will explain special integer sequences in detail.

2.1.1 Fibonacci Numbers

The Fibonacci numbers are the sequence of numbers {F,,}° ,defined by the linear recur-

rence equation
Fn = Iy 1+ Fn—27 n Z 2 (24)
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with initial conditions Fy = 0, F; = 1, F5 = 1. The sequence begins 0,1,1,2,3,5,8, ....

Table 2.1 A few values of the Fibonacci Numbers.
Fo | Py | Fy | Fs | Fy | F5 | Fg | Fr | Fs | Fo | Fio | Fun | Fia | Fis

0] 1] 1 20 3] 5| 8| 13| 21|34 | 55| 87 | 144|233

It is possible to extend the value of F;, to negative integers in accordance with
F_,=(-1)""E, (2.5)
A homogeneous linear recurrence has the form

Tp = QoTp_1 + Q1 Ty—2 + A2Tp_3 + ..... +ag 1Ty p, for n>k (2.6)

where ag, aq,...a, are constants. The values zy, x,_1,... are initial conditions. The

Eq.(2.4) is a linear recurrence relation
Tp = AoTp_1 + A1 Tp_9, N > 2 (2.7)

Consequently, the closed form for F), is provided by

a” —p["

F, =
a—p

(2.8)
where o and 3 are roots of 22 = aypx + a;. Here, ag = a; = 1, so the characteristic

2 _ 12 —1=0. The roots are

1 1—
_ +2\/5 and = 2\/3

equation is x

«

The division of two consecutive Fibonacci numbers gives the golden ratio. This ratio is
especially useful in the fields of engineering, architecture, and physics. Also, the following

limit is available

1. Fn+1 .
11m =

n—o0 Fn

where F;, is nth Fibonacci number. The closed form is therefore given by

1+ = (1= V"
/5

The Eq.(2.9) is kwown as Binet’s formula. A few examples of fibonacci sequences identities

F, =

(2.9)
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are listed below

By = F3+1_F3—1
= Fn(Fn+1 +Fn—1)
= F,(2F,1 — F,)

F3, = F?

n+1+Fr?_Fr?fl

F3+1 = 4FF,q + F3—2
Catalan’s identity

F} = Foy By = (1)"'F;
d’Ocagne’s identity

FonFop — FoFpp = (=1)"Fnn
and the Gelin-Cesaro identity
FY—F, oF, 1Fp1Fn=1

Taking » = 1 in (2.11) gives Cassini’s identity

Fo1Fp— F2=(-1)™

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

The (2.14) identity is also known as Simson’s formula because it was discovered by Simson.

De Moivre-type identity

<1+¢3>”_Ln¢¢m
2 N 2

where L,, denotes the n-th lucas number and F), denotes the n-th Fibonacci numbers.

The addition formula
1

where L,, is a Lucas number, the subtraction formula

1
EFo oy = 5(—1)”(Fan — L, F,).

In terms of the Lucas number L,,, we have
F2n = FnLn
FQ“(Lgn — 1) - F6n

Fpip+ (=V)P"'E,_, = F,L,

18



a+4n

§ Fk = Fa+4n+2 - Fa+2 = FQnLa+2n+2-
k=a+1

2.1.2 Padovan Numbers

The integer sequence P, that is defined by initial values is known as the Padovan sequence.
The Padovan sequence initial values are Py = 1, P, = P, = 1. The Padovan numbers

recurrence relation is following
P,=P, 3+ P, 3 for n>3 (2.15)

The Padovan numbers are 1,1,1,2,2,3,4,5,7,9,12, 16,21, 28,37, 49, 65,86, 114, . . ..

The characteristic equation of (2.15) is
P —r—-1=0 (2.16)

Here a, (3, v are the roots of the cubic equation
1/3 1/3
_ [y, [ / NENEE !
“ = {27 Vios 2~ V108
1/3 1/3
p 23\ " e 23\ "
= w — wl = —1/—
108 2 108

1/3 1/3
EEEY S 2 2 R S
i 2 108 2 108

N | —
+

1/3 1/3
where o = (% + %) + (% — %) ~ 1.32471795724 is called plastic number (or
plastic ratio or plastic constant). There is also the following limit
Py
lim — — o (2.17)

n

where P, is nth Padovan number.

Padovan numbers were discovered by Italian architect Richard Padovan, who was born
in 1935. He studied architecture in London (1952-1957). Richard Padovan, in his 1994
essay "Dom", attributed its discovery to the Dutch architect Hans van der Lahn.

In June of 1996, Ian Stewart wrote about this sequence in his Scientific American column
"The Mathematical Reproduction". Thus, Padovan numbers were defined. The golden
ratio is a mathematical constant used in architecture and geometry to describe recurring

situations in symmetrical structures. Just as the Fibonacci number sequence is related
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to the golden ratio, Padovan numbers are related to plastic numbers. Two consecutive
Padovan numbers ratio converges to the plastic number (radiant number).

In 1924, Gérard Cordonnier, a student of architecture from France, created the plastic
number. This sequence of numbers is also known as the Cordonnier sequence.
Extensions to negative values can be made on any sequence defined by a recurrence

relation. The {P,},> o can be extended to negative subscripts by defining
P, =—=P_ (1) + P_(n_3).

Table 2.2 A few values of the Negative Padovan Numbers.
Py |Pyw|Pg|Pg|Pq|Pg|Ps|Py| P3| Po|Py| P P |

-2 2 -1 0 1 ]-1 1 0 0 1 0 1 1 1

The generalized Padovan sequence is defined by
Sn =pSn_—2+q¢Sp—3, n € N (2.18)

S 9 =0,571=0and Sy = 0 are initial conditions, where p and ¢ are arbitrary real

numbers. The characteristic equation of (2.18) is 23 — pz — ¢ = 0 such that the roots

b = R%* +12p
N 6R
_ Rl VR 2
v = 12R 2'6 R
R*+12p 3 R 2p
YV = =i (== )

12R 26 R
where R = 108q + 124/ —12p3 + 81¢2. The following limit exists

lim Sn-i—l _ ¢

—
n—oo n

where S, is nth generelized Padovan number. Padovan polynomials are a generalization

of Padovan sequence numbers. These polynomials are defined by

1, if n=1

Po(z) = 0, if n=1
z, if n=3

zP, o(x) 4+ Py_3(x) if n>4

\

The first few Padovan polynomials are

20



Pi(z) =1, Py(x) =0, P3(x) = 2, Py(x) =1, Ps(z) = 22, Ps(x) = 2, Py(x) = 2° + 1. By
evaluating the polynomials, the Padovan numbers can be obtained the P, 3(z) at z = 1.
Evaluating P,_3(z) at © = 2 gives the nth Fibonacci number plus (—1)".

The ordinary generating function for the sequence is

n t
> By(a)t" = T

The Padovan numbers are generated by a matrix Q. The matrix is in the form of 3 x 3. To
obtain the nth term of this sequence, look at the nth power of the matrix without using
the recurrence relation. The relationship represented by the matrix was put forward by
Sokhuma (2013) and Seenukul (2015), see [42]. For n > 1 we have that the generating

matrix Q of Padovan sequence having initial values Py = P, =0, P, = 1, is given by

010 P,y P,. P,
Q=1001]| and Q"= | P, P,a P,

110 Poi1 Ptz Poio
So we have

100 010
Q=]010],Q'=]001

001 110

The Padovan numbers and their properties have been studied by some other authors, see

(6], [71, [8], [9], [12].

2.1.3 Horadam Numbers

The Horadam sequence is a direct generalization of the Fibonacci numbers in the com-
plex plane. It depend on a family of four complex parameters; its contain two recurrence
coefficients and two initial conditions. It gives rise to some well-known sequences (Fi-
bonacci, Pell, Lucas, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas, Fermat, Fermat Lucas, for

[e.e]

exampleA Horadam sequence {W,,}>° , = {W,(a,b;p, q)}>2, is defined by the recurrence
Wn+2 — p.Wn+1 + q.Wn+1 = O, WO = a, W1 = b, n = 2 (219)

where the parameters a, b, p, q are complex numbers. The recursion formula (2.19)

has been considered as describing a generalized Fibonacci-Lucas sequence recurrence.
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The sequence {U,(p, q)} is defined as U, = W, (1,p; p,q)} and the sequence {V,(p,
q)} defined as V,, = W, (1,p; p,q)}. The sequences {U,} and {V,}, respectively, are
generalized Fibonacci and Lucas sequences. Another generalization of the Fibonacci and

Lucas sequence, named as the bi-periodic Fibonacci sequence {g,} is defined by

aQn-1+ Qn_2, if misevenn =2
dn =
>

bqn_1+ Gno, if nmisoddn>2

with initial values ¢y = 0, ¢ = 1 and a, b are nonzero numbers and the bi-periodic Lucas

sequence {p,} is defined by

bpr_1+ pn_s, if nisevenn>2
Pn =
aPp-1 + Pn_2, tf misoddn > 2

with the initial conditions py = 2, py = a. If we take @ = b = 1 in {g,}, we get the
classical Fibonacci sequence and if we take a = b =1 in {p,}, we get the classical Lucas
sequence. The Horadam sequences have been characterized in (2.19), and arise when

zeros of the characteristic equation
2 _
r°—pr+q=0.

There are two distinct characteristic roots

alp,q) = (p '§2_4Q) (p,q #0)
Bp,q) = b= VP 49 (p,q #0)

2

Also, there exists the following limit,

Wn+1

n

lim

n—oo

=\

where W, is nth Horadam number.

2.1.4 Tribonacci Numbers
The Tribonacci sequence is defined as
Tn+1 =T,4+Th14+Th_2, n>1. (220)

Tribonacci numbers have three predetermined terms at the beginning of the sequence,

and each subsequent term is the sum of the three terms that came before it. The first
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tribonacci numbers are 0, 0, 1, 1, 2, 4, 7, 13, 24, 44, 81, 149, 274, 504, 927, 1705, 3136,
5768, 10609, 19513, 35890, 66012,...
The Tribonacci numbers are a generalization of the Fibonacci numbers defined initial

conditions with 77 = 1, T, = 1, T3 = 2 and the recurrence equation
T,=T, 1+T, o+T,_3, n>4

The Tribonacci sequence can be extend to negative subscript as follow
T =T ni3—T nio—T 1.

The characteristic equation is

2 —1=0

Here «, (3, v are the roots of the cubic equation

a = 1+§/19+3\/_+\‘°’/19—3\/_)/3
B = (1+w\/19+3V33+w?\/19 - 3V33)/3
v = (14+w?{/19 + 3v33 + w\/19 — 3v/33)/3

where w = (1 4 iv/3)/2 = exp(2mi/3) is the primitive cube root of unity. The Binet

1

formula of Tribonacci sequence is given by

_ aﬂ—i—l Bn+1 ,yn—&-l
S P Py S 7 0 2w Rl oy vy
a” g "

—a2+4a—1+—62+4B—1+—72+47_1

where (a, 3,7) are the three roots of

pr) =2 —2* -2 — 1.

This can be written in slightly more concise form as

T, = ria™ + 18" + r3v".

The generating function can also be used to calculate the Tribonacci numbers
ngxn - 1—x—xx2—x3

= 1+x+22%+42° + 72* + 132° + 2425 + 4427 + 8128 + 1492° + ...
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The proof is obtained from following equality
(1—.1'—1'2—{1)3)(2 Tnl'n) = T0+<T1—To)IL“f‘(TQ—Tl—T0)$2+Z(Tn—Tn_1—Tn_g—Tn_g)fL‘n.
n=0 n=3

Another explicit formula for 7, is also given by

; {1(19+3v/33)Y3 + 1(19 — 3v/33)1/3 + 117 (586 + 102+/33)"/?
(586 4 1021/33)2/3 + 4 — (586 + 1024/33)1/3

where 7, is the nth root of polynomial. Additionally, there is the following restriction

limit

T,
lim —+

n— 00 Tn

T

where T,, is the nth Tribonacci number and r € Z.

2.1.5 Lucas Numbers

The Fibonacci sequence and the Lucas sequence both have a recursive relation in which
each term is the sum of the two terms before it. T he first two Lucas numbers are Lo = 2

and L; = 1. The Lucas numbers are defined as follows

2, if n=0
L,=1 1, if n=1
Ln71+Ln727 Zf n>1

where n is a natural number. The first few Lucas numbers are 2,1, 3,4,7,11,18,29,47, 76,
123,199, 322, 521, 843, 1364, 2207, 3571, 5778, 9349, ....

Also, negative recurrence relation can be expressed as

Ly o=1Ly,— Ly_1.

In this sequence, the formula for terms with negative indices is

The Fibonacci numbers and the Lucas numbers are related in numerous ways. Some
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identities regarding these are as follows

Ln = anl + Fn+1
F2n = LnFn
Fn+k + (_1)an—k = LiF,

Ly, = 5F24+2.(=1)"=L2-2(-1)"

Ly,
lim — = V5
L, —\5E,| = —, @ : golden ratio
L, 1+ L,
F,o= fnoitlen

5
5F, 4+ L, = 2Ln.1.

The Lucas sequence closed form is given below
Ly=¢"+(1=¢)" = ¢" + (=)™ = (1 +V5/2))" + (1 = V5/2))".

Most fibonacci identities are similar to Lucas numbers. For example, the Cassini identity

becomes

L2 — L, 1L,y = 5.(=1)"

n

ZLk = Ln+2_ 1

k=0
YL} = LuLpia+2
k=0

212 |+ L? = Loy +5F2,

where

Lnfl + Ln+1

F, =
2.1.6 Pell Numbers

The following recurrence relation defines the Pell numbers

0, if n=0
P, =< 1, if n=1
2P, 1+ P,_2, otherwise
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The Pell numbers are beginning with 0 and 1, and each subsequent Pell number is the
sum of the two Pell numbers that came before it. The first few terms in the sequence are
0,1,2,5,12,29,70, 169,408, 985, 2378, 5741, 13860, ....
The Pell numbers closed form can be express below

(1+v2)" — (1—2)"
2V/2 '

Both Pell numbers and Fibonacci numbers increase exponentially in proportion to the

P, =

powers of the silver ratio (1 + v/2). Pell numbers are useful for finding square triangular
numbers, solving combinatorial problems, and calculate approximating the square root of
two. The Pell sequence has been studied by many authors and is given extensive attention
in the literature, see for example; [2], [5], [11], [11], [15], [21], [24], [27], [30], [43]. For
higher order Pell sequences, see [38], [35], [36], [37], [25].

A third order Pell sequence {P, }, > ¢ is defined by recurrence relation as follows
P,=2P,_ 1+ P, o+ P,_3 (2.21)

with initial conditions are Py =0, P, =1, P, = 2.

Also, Pell sequence can be extended the negative subscripts as

P, =—P (1) = 2P_(,_2) + P_(_3) (2.22)
The cubic equation for Eq.(4.3) is

=22 —x—1=0. (2.23)

Assume that, the cubic equation roots are o, S and v are as follows

2 61 (20, 6l 29 13
2 61 J29 61 /29 2.24
o = 3+t 3 T 536 (2.24)
2 61, [29,,, 561 29 13
B= 3wy tyse) (536
2,61 29, 6l 29 15
7= g teiE iy gg) T el T 56
where
14+4iV/3
w= L\/_ = exp(2mi/3)

2

is a primitive cube root of unity. It seems that the only real root is a. Note that
atf+y=2
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af+ay+py = —1,

and

afy=1.

We present the first few values of the third-order Pell numbers with positive and negative

subscripts in table.

2.1.7 Pell-Lucas Numbers

The recurrence relation defines the companion Pell numbers, also known as Pell-Lucas

numbers. The recurrence relation is defined by

QO = 27 Zf n = 0
Qn = Ql =2, Zf n=1
Qn=20Q,_1+ Q,_2, otherwise

The first two terms in this series are also the number 2, each next term is created by
multiplying the previous Pell-Lucas number by two and adding the next term. The

Pell-Lucas numbers can be expressed by the closed form formula

Qn=1+V2)"+(1-V2)"

2.1.8 Narayana Numbers

In the 14th century, Indian mathematician Narayana developed the Narayana numbers
while researching the problem of a herd of cows and calves. Narayana’s cows problem; a
cow gives birth to one calf each year, and starting in its fourth year, each calf gives birth
to one calf at the start of each year. How many calf there are in total after 20 years? As

a recurrence relation, the Narayana problem can be defined as follows
Nn+3 - Nn+2 + Nn; n > 0

where n is the year and the initial conditions Ny = 0, N; = 1, N, = 1. The sequence

{Nu}, 50 can be defined to include negative subscripts
N_p, = —=N_(n—2) + N_(n_3 (2.25)
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Narayana’s cows problem sequence is a sequence of positive integers which are defined by
1,1,1,2,3,4,6,9, 13, 19, 28, 41, 60, 88, 129, 189, 277, 406, 595, 872, 1278, ..., see [39].
Table 2.3 A few values of the Narayana Numbers.

n |0 1234|5678 9|10 11 12|13

N, |0 1112 |3]4]6 | 9|13[19 |28 |41]|60

N_, oj1(0}-1y 1} 1|-2]0 3|-2|-3|5]|1

Narayana numbers can be expressed using Binet’s formulas for all integers n, see [40].

The cubic equation
2 -2 —1=0.

Here, a;, § and + are the roots of the cubic equation

129 31 15 29 31 15
a=3+( V) T 108/

R 29 31 1 . 2,29 31 .14
f=3twiz TR 108/

1,29 3115 . 29 31 15
7= 3t Gt Y TYGE TV os)
where

1443

w= %\/_ = exp(2mi/3)

is a primitive cube root of unity. Note that

a +0+y =2

af+ay+py =0, afy=1

28



CHAPTER 3

THE EXACT SOLUTIONS OF SOME DIFFERENCE EQUATIONS VIA
NARAYANA AND PADOVAN NUMBERS

In the literature section of Chapter 1, we dealt with the difference equations whose solu-
tions are obtained by special integer sequences. In Chapter 3 and Chapter 4 we obtained
solutions of some difference equations with special integer sequences such as Padovan,
Narayana and Pell numbers.

In Chapter 3, we investigated the solutions to the following four rational difference equa-
tions and their solutions which is related to the Narayana and Padovan numbers. We
studied with the stability character of these four equations, their equilibrium points, and

the asymptotic behavior of the equilibrium points.

1
— =0,1,... 1
Tn41 In(l’n_l — 1)7 n 07 ) 9 (3 )

-1
1= ————— n=0,1,.., 3.2
o+t QZn(fL‘n,1 - 1) " ( )

1

fppg = —————— n=0,1,.., 3.3
i an(l'n,l + 1) ( )
- 0,1 (3.4)
Tpy1 = , n=0,1,.., .
T (T + 1)

We found an interesting relation between the above difference equations solutions with

Narayana and Padovan numbers.

3.1 MAIN RESULTS

In this section, we present our findings about these equations. We obtained the gen-
eral solutions of the difference equations in explicit form. We also analyzed asymptotic

behavior of the solutions.
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3.1.1 The Difference Equation (3.1)

In this part, we deal with the Eq.(3.1), that is

1

. n=01,..,
Tp(Tp1 — 1) "

Tnt1 =

and we analyze the asymptotic behavior of solutions Eq.(3.1).

Theorem 3.1 Let {x,} -~ | be a solution of Eq.(3.1). Then, forn =0,1,2, ..., the form
of solutions {x,} -~ | is given by

N_px_170 + N_(n42)T0 + N_(nt1)

- ) 3.5
N_(n11)T-1%0 + N_(n13)To + N_(n12) (3:5)

Tn

where N,, is the nth third order Narayana numbers and the initial conditions x_1, xo €

R — Fy, with Fy is the forbidden set of Eq.(3.1) given by

F1 = U {(x,l,xo) 3 N_(n+1)3371$0 i N_(n+3)$0 =I5 N_(n+2) = O} .

n=-—1
Proof. (First proof) This theorem will be proved by induction on k. For k£ = 0, from
Eq.(3.1),

= 1 . 1 o N_ll'_ll‘() + N_gl’o + N_2
YT xg(r— 1) wor_y —x0  N_ogwm a0+ N_gzo+ N_g

Let us assume that the equality is true for n = k,

 Nograwo + N_(kr2)®o + N_(41)
N_e41)T-170 + N_(143)T0 + N_(r42)

T

N_g—1yr_170 + N_e11)T0 + N_p
N_gz_120 + N_(ks2)To + N_(k41)
Thus, we have to prove that it is true for k& 4 1. Considering that (3.1) and (3.5), we get

Tp—1 =

Ty as follows,

1

xr = —
k+1 xk(xk_l I 1)

1
N_(kr2y20 + Npx 120 + N_ry1y  , NogernyTo + N_(e—1)T 170 + N
N_e41yT_170 + N_(443)T0 + N_(ry2) N_xZ_170 + N_(ry2)To + N_(x11)
N_(k+3)T0 + N_(ry2) + N_e41)T-170
(N_p = N_g—1) + (Vi = Ng)x_120 + (N_jp—1 — N_p—2) 70
N_(x43)0 + N_(k12) + N_11)T-1Z0
N_(k43) + N_(r42)T-170 + N_(r44)T0

_1)
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which completes the proof and the induction.
Proof. (Second proof) We will show the proof of this situation in a different way, so

let’s take n = 0,1,2, ....

1
n=0 = n=—
ToTl_1 — T
x _ j—
n = 1 — To = M’
o — 1
o — 1
n = 2 e T3 = ,
Tog— Tor_1+1
—XoT_1 + Tg + 1
n = 3 — Ty = ,
Tol_1 — 2(130 +1
1—2 1
n = 4 — x5:x0$1 Tot+ ,
Tol -1 — 2
5 — Tol -1 — 2
n = T = —,
6 31’0 — 233'033',1
21’01'_1 - 3[L‘0
n = 6 — T — 2
L 21’0 -3
21’0 -3
n =7 — Ty = )
4 3[L’0 - 3I0.l’_1 + 2
—3x0T_1 + 330 + 2
n = 8 — To = ,
’ 2(1301’,1 — 51’0 +3
—2x0r_1 + 510 — 3
n = 9 — 10 = 0 0

—351301}_1 + 29 + 5 ’

According to the third order recurrence relation (2.25), the negative narayana numbers

are obtained. Thus, the theorem is proved.
Theorem 3.2 The Eq.(3.1) has unique positive equilibrium point T = « and « is repeller.

Proof. The equilibrium point of Eq.(3.1) is the real root of the equation

1

f:m.

After simplification, we obtain the following cubic equation
7 -7 —1=0. (3.6)

The Eq.(3.6) has three roots and one of them is real. Therefore, the unique real equilib-
rium point of Eq.(3.6) is T = a.

Let I be an interval of real numbers and
f:I? =1
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be a continuous function with the definition of

1
f(@,y) = =1
Consequently, it follows that
of (xy) _ —(w=1
O (z(y—1))*
af (I‘,y) _ —Z
dy (z(y—1))*
Then, we get
of (z,7) _ —(z-1)
O (72— 7)°
_ —(z —21)
()
)
(3)°
= -1
of @z _ =
dy (72 —7)°
Ok

and the equation of linearization of Eq.(3.1) about T = « is

Ynt1 = —Yn + (—0°) Y

its equal to

Ynt1 + Yn + Py, = 0.

As a result, the associated characteristic equation is

M4+ A+a® =0,

Then, it is clearly seen that, the roots of characteristic equations are

1 1

>\1:§\/—4Oé3+1—§
1 1
A2:—§\/—4043+ —5
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So, the solution is obtained numerically as
|A1] = [A2| = 1.772 > 1.

According to the Theorem (2.1), the equilibrium point T = « is repeller point. The proof

of the theorem is completed.

3.1.2 The Difference Equation (3.2)

In this section, we consider that the Eq.(3.2)

—1
n+l = — 7 a1\ = 0717"')
A Tp(Tp_1 — 1) "

and we study the dynamical behavior of solutions of Eq.(3.2).

Theorem 3.3 Let {z,}, - | be a solution of Eq.(3.2). Then, forn =0,1,2,..., the form

of solutions {x,} >~ | is given by

—Pin—3yT_170 + Pn_1)To — Pn-2)

: (3.7)

T, =
Pi—2yr_110 — Pozo + Py

where P, is the nth Padovan number and initial conditions x_1, vo € R — F5, with F is

the forbidden set of Eq.(3.2) given by

Fy = U {(I—l,xo) : P(n_g)x_l.fg — P,xo + P(n—l) — O} .

n=-—1

Proof. By using induction on k, we will prove this theorem. For k£ = 0, from Eq.(3.2),

-1 —1 —P_gl’_ll’o + P_ll’g — P_2
Tr1 = = =
! ‘To(LE,l — 1) Tol—-1 — X9 P,Q‘T,l%() — P()SL’() + P,1

Suppose that the equality holds for n = k, that is

_— —P—3yr_170 + P—1yro — P—2)
k — )
Plr—2yr_1T0 — Prro + Pr—1)

— Py 170 + Pr—2yr0 — Plr—3)

Tp—1 =
' P—3yr_170 — Py_170 + P1—2)

33



Therefore, we need to show that it holds true for £ + 1. When we take into account
(3.2) and (3.7), we get xy.1 as follows,
-1

X = ——
ket .CEk(.CL’k_l — 1)

—1

—Py_3yr_170 + P—1)To — Pr—2) <—P(k—4)iU1£U0 + P20 — P—3) B 1)
P2y 170 — Prro + P—1) Pr—3)r_1T0 — Pr_170 + P—2)

—1
—Py—3yr_120 + Pr—1)T0 — Pr—2) ( —Py—1yx_120 + Pliy1)To — Pk)
P—oyr_170 — Ppwg + Py Pp—gyr_110 — Pr_170 + Pi—2)
1
(—P(kl)x_lxg + P(k+1)$0 - Pk)
Pg—oyr 1710 — Prro + Pr—1)

P—oyw_110 — Prro + Py

—Pg—nyr_170 + Pig1yro — P

which concludes the proof and the induction.

Theorem 3.4 The Eq.(3.2) has unique positive equilibrium point T = a and a s locally
asymptotically stable.

Proof. The Equilibrium point of Eq.(3.2) is satisfy the equation

—1

T EE o

After simplification, it is simple to obtain cubic equation of Eq.(3.2)
7T +1=0. (3.8)
The unique real equilibrium point of Eq.(3.8) is T = a.

Let I be an interval of real numbers and f : I? — I be a continuous function with the

definition of asymptotically stable.

1
flzy) = 1)
Therefore, it follows that
of (ry) _  (y-1)
Ox (z(y —1))*
of (z,y) _ x
dy (z(y—1))*
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If we edit the equations, we get

ox (7% — f)2
(T —-1)
(Z. (T —1))2

B 1
T (T-1)
o+l
-
= -1
of (@,7) T
dy @ -7)
B 1
T (@-1)
h 1
Cow ()

and the equation of linearization of Eq.(3.2) about T = a is

Ynt1 = —Yn + (6*) Y

or equivalently

Yni1 + Y — @*Yn1 = 0.

Therefore, the corresponding characteristic equation is

A2\ — B = 0. (3.9)
Then, it is clearly seen that

1
)\1: \/4a3+ _5

N | =

1 1
A1:—§v4a3—|— _5

Solution is and numerically
|A1] = [A2| &~ 0.65586 < 1

So, from Theorem (2.1), the equilibrium points T = a is locally asymptotically stable and

this completes the proof.
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Theorem 3.5 The equilibrium point of Eq.(3.2) is globally asymptotically stable.

Proof. Let {z,} - , be a solution of Eq.(3.2), we need to prove that the equilibrium
point a is global attractor. According to Definition (2.3), we will prove that

lim z,, = a.
From Eq. (3.7), (2.16) and (2.17), we get following limit
P, P,
Pn_3<—ZL’_1ZE() + 11’0 — 2)
. . Pn—S Pn—3
limz,, = lim
n—00 n—00 p ( Pn X Pn—l)
—o(T_129 — x
2(Z-1%0 P 0 P
+ Pnfl Pn72
—r_x To —
_ ( o Pn—3 0 Pn—3)hm Pn—3
T_1Tg — P To + Po1 nmoo By
P P
—r_1%0 + a’zg — i P,_3
= i
T_1To — 0229 + @ "n—oo P,_,
i,
= — lim e
n—00 [ 9
B 1
n Q
= a

The proof is complete.

3.1.3 The Difference Equation(3.3)

In this section, we consider the Eq.(3.3)

1
n = :0717"'7
ot In(wn—l + 1) "

we study the dynamical behavior of solutions of Eq.(3.3).

Theorem 3.6 Let {x,} - | be a solution of Eq.(3.3). Then, forn=0,1,2,....the form

of solutions {x,} - | is given by

~ Pu-syz_1z0 + Pu-1)To + Pn-2)

x
" P2z 170 + Ppoxo + Py

, (3.10)

where P, is the nth Padovan number and initial conditions x_1, vo € R — F3, with Fj3 is

the forbidden set of Eq.(3.3) given by

F3 = U {(xflaxo) : P(n_g)aleo + PniUo + P(n—l) — 0} .

n=-1

36



Proof. By induction on k, we will demonstrate this theorem. For k = 0, from Eq.(3.3).

= 1 . 1 . P,3$,1¢’L’0 + P,1I0 + P,Q
! .1'0(33,1 + 1) ToT_1 + To P,2$,1330 + Po.Z‘O + P,1

Assume that the equality holds for n = k, that is

S P—3yxor_1 + Pr—1)To + Pr—2)
k — .
P—2yror_1 + Prro + Pr—1)

Pr—syror_1 + Pr—2)To + Pr—3)
P—syor_1 + Py_120 4+ Pr—a)

Tp—1 =

Thus, we have to prove that it is true for k£ + 1. Taking into account (3.3) and

(3.10), we have xy 1

1

€T — . W
k+1 xk(xk,1 ¥+ 1)

1

(P(k—3)930$—1 + Pg—1To + Pi—2), , Pr—a)Tor -1 + Pr—2)To + Pr—3)

Py_2yxor_1 + Brpro + Pr-1) Pr—3yror_1 + Br_170 + P2
1
Pp—syror_1 + Pre—1yTo + Pr—2)., Pr—1)Tor_1 + Pyi1yTo + b

Pr—2yror_1 + Ppro + Pr_1) Pr_3yxor_1 + BPp170 + P2

P—2yror_1 + Prro + Pr—1)

Pp—nyror_1 + Pleyyro + Py

+1)

which ends the proof and the induction.

Theorem 3.7 The Eq.(3.3) has unique positive equilibrium point T = b and b is locally
asymptotically stable.

Proof. The Equilibrium point of Eq.(3.3) is the real root of the equation

1

T IET

After simplification, one can easily obtain the cubic equation of Eq.(3.3)

T +7°—1=0. (3.11)
The unique real equilibrium point of Eq.(3.11) is T = b.

Let I be an interval of real numbers and

f:I? =1
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defined by

1
fz,y) = T+ D)

Therefore, it follows that

of (xy) _ —w+1)
Ox (x(y+1))2’
of (x,y) _ —
9y (z(y+1))*
Then
of @z _ —(T+1)
O (7% +7)°
B —1
T (T+1)
-1
=P
-1
S
= -1
of () -7
dy BT+ 1)2
P —1
T (T+1)?
!
z.(2)'
= -

and the linearized equation of Eq.(3.3) about T = b is

Ynt1 = —Yn + (—0%) Yo

or equivalently

Ynt1 + Y+ Yn1 = 0.

Therefore, the characteristic equation that corresponds to it is
N 4+A+b =0.

Then, it is clearly seen that

e
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1 1
Ao = VAR T -

Solution is and numerically
|A1] = [A2| &= 0.65586 < 1

Thus, from Theorem (2.1) the equilibrium point T = b is locally asymptotically stable

and this completes the proof.
Theorem 3.8 The equilibrium point of Eq.(3.3) is globally asymptotically stable.

Proof. Let {z,} - | be a solution of Eq.(3.3), we need to prove that the equilibrium
point b is global attractor. According to Definition (2.3), we will prove that

lim x, =b.

n—oo

From Eq. (3.10), (2.16) and (2.17), it follows that

. . Puayr_170 + Poio1yTo + Plu-2)
lim z, = Ilim
n—oo n—oo Py 9T 120 + Ppzo + Ppy)
Pnfl Pn72
P, _3(x_
3<x 1o * Pn—3x0 * Pn—B)
Pn Pn—l
P, _o(x_
2(2_120 + PR_QIO + Pn—2)

T4+ afrg+ ) . P

= lim

n—oo

_
(

T_1To + &?xg + a)n—oo Py o

The proof is complete.

3.1.4 The Difference Equation (3.4)

In this section, we assume that the Eq.(3.4)

-1

T a=01,.
Tp(Tp1 +1)

$n+1 = 2]

and we investigate the dynamical behavior of solutions of Eq.(3.4)
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Theorem 3.9 Let {z,},- | be a solution of of Eq.(3.4). Then, forn =0,1,2,..., the
form of solutions {x,} ~ | is given by

Nf(n+2)3?0 — N_,r_179 — Nf(n+1)

(3.12)

Tp = )
—N_(n43)T0 + N_(ne1)T-1Z0 + Nny2)

where P, 1s the nth Narayana number and initial conditions r_1, xqg € R — Fy, with F}

is the forbidden set of Eq.(5.4) given by

Fy = U {(lﬂ_bﬂfo) : —N,(n+3)(£0 + N,(n+1)x_lx0 + N(n+2) — 0} .

n=-—1
Proof. By induction on k, we will prove this theorem. For k=0, from Eq.(3.4).

-1 -1 —N,1$,1$0 + N,3£L‘0 — N,Q
TrT1 = = —_=
! .730(£LL1 + 1) ToT_1 + Zg N,Ql‘#lxo — N,4.Z'0 + N,g

Assume that the equality holds for n = k, that is

—N_kl'_ll'o ot N—(k+2)x0 r N—(]’H‘l) (3 13)

Ty — .
N_(k+1)T-170 — N_(x43)To + N_(r12)

—N_—1yT-1%0 + N_(x41)T0 — N_¢

LTr—1 — .
LN _yme — N_(k+2)T0 + N_(r41)

Thus, we have to prove that it is true for k£ + 1. Taking into account (3.4) and

(3.12), we have xj1

—1

T = —F———T
hd ZL’k([L’k_l + 1)

—1

B ( N_(kt2yT0 — N_p_170 — N_(g1) ) ( N_(k+1)T0 — N_(s—1)T—170 — N_, N 1)
—N_(p+3)T0 + N_(k41)T_170 + N_(142) —N_(p42)T0 + N_px_170 + N_(141)
—1
B ( N_(kt2)yTo — N_pw_120 — N_(jg1) ) (—N(k+2)£17—1$o + N_(kya)To — N(k+3))
—N_(k+3)T0 + N_(41)T_170 + N_(142) —N_(r42)T0 + N_px_120 + N_(341)
N_ey1yr-120 — N_k13)To + N_(r42)

—N_(k12)T-1%T0 + N_(r1a)T0 — N_(r43)

which concludes the proof and the induction.

Theorem 3.10 The Eq.(3.4) has unique positive equilibrium point T = ¢ and c is re-

peller..

Proof. The Equilibrium point of Eq.(3.4) is the real root of the equation

-1

Ty
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After simplification, one can get the unique real equilibrium points of Eq.(3.4). The cubic

equation

P+ +1=0. (3.14)

The unique real equilibrium point of Eq.(3.14) is T = c.

Let I be an interval of real numbers and
f:I* =1
be a continuous function with the definition of

1
f(z,y) = Tt D)

Therefore, it follows that

of (xy) _ _ y+1
Ox (z (y+ 1))
of (z,y) _ x
dy (z(y+1))*
Then, we get
of (z,z) T+1
Ox - (@(E+1))?
1
T (@ +1)
B 1
- 47l
= -1
of (z,7) T
dy (T 1)2
1
T @1y
1
()

and the linearized equation of Eq.(3.4) about T = ¢ is

Yn+1 = —Un + C?)yn—l
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or equivalently

Ynt1 + Yn = Yo = 0.

Therefore, the corresponding characteristic equation is
M4A—cE=0.

Then, it is clearly seen that the roots of equation are

The solution is numerically as
A1) = [Ao| = 1.7742 > 1

So, from Theorem (2.1), the equilibrium point T = ¢ is repeller point and the proof is

complete.
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CHAPTER 4

ON THE SOLUTIONS OF DIFFERENCE EQUATIONS ASSOCIATED
WITH THIRD-ORDER PELL NUMBERS

In this chapter, we obtained the solutions of following rational difference equations via

Pell numbers.

1

n — ) 4:]_
il Tp (Tpo1—2)— 1 1)

—1
Tp (Tp1 +2)— 1’
We find a relation between with the exact solution of Eq.(4.1) and Eq.(4.2) the third

(4.2)

Tnt1 =

order Pell sequence. The Pell sequence {P,} that is defined by
Pn+2:2pn+1+Pn7 n >0

in which Py = 0 and P; = 1. The Pell sequence terms of second order are 0,1, 2,5, 12,
29, 70,169,408, 985, 2378, 5741, 13860, 33461, - - - .
A third order Pell sequence {P,}, > o is defined by the third order recurrence relation

P,=2P,_ 1+ P, o+ P,_3 (4.3)

with initial conditions are Py =0, P, =1, P, = 2.

Also, Pell sequence can be extended the negative subscripts as
P, = _P—(n—l) — 2P_(n_2) + P_(n_g) (4.4)

We present the first few values of the third-order Pell numbers with positive and negative
subscripts in table.

Table 4.1 The first few values of the third-order Pell Numbers.
n 0 1 2 314151 6 7 8 9 10 11

P, 0 1] 2 5| 13 | 33| 84 | 214 | 545 | 1388 | 3535 | 9003
P, 0 o(1}-1,-1{4,|,-3|-6]16 | =7 | =31 | 61
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4.1 MAIN RESULTS

The studies dealt with the relation between closed form of the solutions of nonlinear
difference equations and linear sequences such as Fibonacci, Lucas, Pell, Jacobsthal,
Padovan, Perrin numbers have received great attention by researchers, for example, see
[33], [16], [17], [18], [19], [34], [41], [45].

In this section, we studied the general solution in explicit form and analyzed asymptotic
behavior of Eq.(4.1), Eq.(4.2). Furthermore, we find a interesting relation between the

exact solution of these Equations and the third order Pell sequence.

4.1.1 The Difference Equation (4.1)

In this subsection, we consider the Eq.(4.1), that is

1
Tp (Tpy —2) =1’

Tnt1 = n:O,l,...,

and analyze the dynamical behavior of solutions Eq.(4.1).

Theorem 4.1 Let {x,} . | be a solution of the Eq.(4.1). Then, forn =0,1,2,..., the
form of solutions {x,} -, is given by

—P_px 120 — (P-(ny1) + P_(ny2))To — P_(ny1)

, 45
—P_(n41)T-120 — (P—_(n+2) + P-(ni3))%0 — P—_(n12) (4:5)

Ty =

where P, is the nth third-order Pell number and the initial conditions x_1, o € R — I,

with F is the forbidden set of Fq.(4.1) given by

Fy = U {(z_1,20) 1 =P_(ns1)2-170 — (P_(ns2) + P—_(n13))T0 — P_(ns2y =0} .

n=-—1

Proof. (First proof) We will prove this theorem using induction on &, we will demon-

strate this theorem. In the case where k = 0, from Eq.(4.1),

_ 1 . —P_lfL’_lZEo - (P_Q + P_3)I0 - P_2
21’0 — XoT_1 + 1 —P_Q.T_L’L’O - (P_g + P_4)l’0 - P_3’

I =

Assume that the equality holds for n = k, that is

S —P_yx_ 120 — (P-(k+1) + P-(ht2)) %0 — P—(k+1)
k — )
—P_(p41)T_170 — (P—(e42) + P—(k+3))T0 — P—(r+2)
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—P_(p—1yx_129 — (P_i, + P_(r1)) 20 — Pp

Tp—1 =

—P_yx_120 — (P_(k41) + P—(kt2))T0 — Po(es1)

Therefore, we must show that it holds true for £ + 1. Considering equations

(4.1) and (4.5), we get xi11 as

Ter1 = T (SL’k,1 — 2) —1
1
- —(P_(k41)+P_(k42))T0—P_r_120—P_(141) ( —(Pop+P_py))zo—P_p—nyv1z0—Pp 2) 1
—P_ (k1) T-120— (P_(k42) +P—(k43)) 20— P (kq2) N =Pk Z—120— (P—(kt-1) + P (k42))T0—P_(r41)

2oP_g_o+x0P_p_3+P_k_o+xoP_p_17-1

(P_(k+2)+P_(k43)T0+P_(ry1)T—120+P_(42)

(P—(k+3) TP (kt4))T0+P_(ky2)T—120+P_(j43)

which completes the proof and the induction.

T woP_p_1—P_p—xoP_p+3z0P_g_o+aoP_g_3+2P_p_1+P_j_o+2z0P_gr_1+w0P_gp_12_1—a0P1_gT_1

Proof. (Second proof) We will show the proof of this situation in a different way, so

let’s take n = 0,1, 2, ....

n = 0 —
n = 1 =
n = 2 —
n = 3 —
n = 4 —
n = 5 —
n = 6 —
n =7 —
n = 8 —
n = 9 —

According to the third order recurrence relation (4.4), the proof is completed.

1
& 220 — ToT_1 + 1’
21’0 — Tox_1 + 1
To = 9
Tol_1 — 3.170 +1
—2oT_1+ 319 —1
T3 =
To— Tor_1 +4
XTo — ToT_1 + 4
T4 9!E0 — 41’0[)’}_1 + 37
929 — dxgr_1 + 3
T 3aor_ — 1020 + 6
3[1)01’_1 - 101‘0 +6
T = T 900 — 6z0r_1 + 167
9&70 — 61’033',1 + 16
T T 38w — 162071 + T’
381’0 - ].6£L‘()£E_1 + 7
T Taor_y — 30z + 31
7‘1'033',1 — 30.’130 + 31
9 = T 5Bz — 3lzor_s + 61
55!13() - 315501'_1 + 61
Ti0 =

15379 — 6lzgz_1 + 6

Theorem 4.2 The Eq.(4.1) has unique positive equilibrium point T = « and « is repeller.
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Proof. The equilibrium points of Eq.(4.1) is the real root of following equation

1

T iEo2-1

After simplification, one can get the of Eq.(4.1). The cubic equation is
72" —1x—1=0. (4.6)

Therefore, the unique real equilibrium point of Eq.(4.6) is T = «a.

Let f : I? — I be a continuous function defined by, and let I be an interval of real

numbers
1
Consequently, it follows that partial derivatives
of (x,y) —(y—2)
ox  (w(y—2) -1
af ([L’,y) — —Z
dy (z(y—2) 1)
Then, we get
of @,z _ —(y—2)
v (z(y—2)—1)?
B — (T —2)
- (@(@-2) -1
= —r-—1
= —a—1
of (z,z) —x
oy Gl-p-1p
B -7
@@ -2) 1)
= —ag

and the linearized equation of Eq.(4.1) about T = « is
Yn+1 = (—Oé - 1)yn + (—Oé3) Yn—1
its equal to

Yn+1 + (Oé + l)yn + agyn_l =0.
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As a result, the associated characteristic equation is

M4 (a+DA+a®=0.

The roots of the characteristic equations

11 1
M=—=a+-V2a+a2—4ad+1— = (4.7)
27 2 2
11 1
/\2:—504—5\/204—1—042—4043—1-1—5

And numerically

1] = [Xo| &~ 4.0644 > 1.

According to the Theorem (2.1), the equilibrium point Z = « is repeller point. The proof

of the theorem is completed.

4.1.2 The Difference Equation (4.2)

In this subsection, we consider the Eq.(4.2), that is

-1
Tp(Tp 1 +2)—1’

Tpy1 =
and analyze the dynamical behavior of solutions Eq.(4.2).

Theorem 4.3 Let {z,} >, be a solution of the Eq.(4.2). Then, for n =0,1,2, ..., the

n=-—1

form of solutions {x,} - | is given by

—P_pz 1m0 + (Po(n) + Po(n42))%0 — Py
P_(ni1)r_170 — (P_(ny2) + P_(nt3))%0 + P-(n+2)

Ty =

(4.8)

where P, is the nth third-order Pell number and the initial conditions x_1, o € R — F3,

with F is the forbidden set of Eq.(4.2) given by

Fy = U {(iﬁfhﬂ?o) P P_(pi1)yT_1m — (P—(n+2) + P—(n+3))$o + P_(nq2) = 0} .

n=-1
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Proof. This theorem will be demonstrated by induction on k. For k=0, from Eq.(4.2),

_ 1 _ —P_nx_ll'() + (P_(n+1) + P_(n+2))ZL’0 — P—(n+1)
200 + o1 — 1 P_in@_120 — (P_nt2) + P—nt3))To + P_(ni2)’

T —

Let us assume that the equality is true for n = k, that is

—P_px_130 + (P_(ks1) + P-(kr2))T0 — P—(hg1)
P10 — (P-s2) + Pors3)) 0 + P-ry2)’

T —

—P_(p—1yr_130 + (P + P_(k11)) 00 — P_y,
P_yx_1x0 — (P_(hy1) + P—kt2))To + Py’
We must therefore demonstrate that it is true for &+ 1. Considering that (4.2) and (4.8),

Tk—1 =

we have x;,1 as follows
-1

T (xk—l -+ 2) -1
3 —1
(P_(k+1) T P— (ke 2))T0—P_pz—1Z0—P_ (3 41) (P_k+P_(p11))To—P__1yz—170—P_i L2)1
P_(641) 2120~ (P (k+2) TP- (5+3))20+ P (k42) Pk —120=(P— (k4 1)+ P~ (k42)) 20+ P (i41)
. xoP_p—otxoP_-3—P p2—ToP 171
xoP_p—P_p—x0P_p—1—3v0P_g—2—x0P__3+2P_f_1+P_p_o+2x0P_px_1+w0P__12_1—T0P1_T-1

Tl+1

(P_(k12)+P_(r43))T0—P_ (k1 1)T-120—P_(r42)
(P_(1+3)+P—(k+4))T0—P_(k42)T—120—P_(j13)

the proof is completed.
Theorem 4.4 The Eq.(4.2) has unique positive equilibrium point T = d and d is repeller.

Proof. The Equilibrium point of Eq.(4.2) is satisfy the equation

—1

T I@r2) -1

After simplification, the cubic equation of Eq.(4.2)
42—+ 1=0. (4.9)
Therefore, the unique real equilibrium point of Eq.(4.9) is T = d.

Let f be a function and I be an interval of real numbers, f : I? — I is a function that is

continuous and is defined by

-1
f(z,y) = TrD 1
Consequently, it follows that
of (ry) _  (y+2)
O (z(y+2)—1)*
of (w,y) _ x
dy (z(y+2)—1)*
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Then, we get

of(@,x) _ (y+2)
Ox (x(y+2)—1)2
_ (T+2)
(T(xT+2)—1)2
= d—-1
of (z,7) _ T
Iy (x(y+2) 1)
T @F@+2)-1)
= 3

and the linearized equation of Eq.(3.1) about T = d is
Yni1 = (@ = Dy, + dPyn

its equal to

Yni1 = (d = Dy — d’yp 1 = 0.

Then, it is clearly seen that the characteristic equation
2 —(d—1)x—d*=0.

The characteristic equation’s roots

1, 1 1
M=cd+ —V=2d+&+4P +1— =
1= 5d+ gV 2+ P AP +1 -2

11 1
M= —d—=vV-2210+L+4B +1— =
2= 3 2\/ +d? +4d3 + 5

Solution is numerically

According to the Theorem (2.1), the equilibrium point Z = d is repeller point. The proof

of the theorem is completed.
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