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DESIGN AND DEPLOYMENT OF DEEP LEARNING BASED FUZZY
LOGIC SYSTEMS

SUMMARY

In the past decade, significant progress has been made in the field of Deep Learning
(DL), driven by innovative learning methods, novel layer structures, and the use of
graphics cards for enhanced processing power. This progress has led to the training of
neural network models with numerous hidden layers and neurons, resulting in
breakthroughs in various domains such as semantic segmentation, object detection,
and classification. Deep Neural Networks (DNNs) have proven to be highly effective
in machine learning and artificial intelligence applications. DNNs offer advantages
over traditional machine learning techniques, including the ability to learn features at
multiple layers, which allows them to capture complex features of input data. Through
forward pass and backpropagation, DNNs extract meaningful features and outperform
other methods in many tasks. As a result, DNNs have gained popularity and are widely
used in commercial and industrial applications, contributing to advancements in
machine learning.

Fuzzy Logic Systems (FLSs) have been employed to various fields and applications
over the last years. FLSs use linguistic Fuzzy Sets (FSs) and fuzzy rules, enabling the
modeling of human-like reasoning and decision-making processes. This has led to
advancements in the development of intelligent control systems capable of effectively
handling nonlinear and uncertain dynamics. Besides, FLSs have been applied in image
processing, leveraging the FSs to represent uncertain data. FLSs provide robust image
analysis, pattern recognition, and image understanding, contributing to advancements
in computer vision and image processing applications. Overall, FLSs have been
extensively utilized in modeling various systems and phenomena. Their ability to
handle uncertainty provides a flexible and interpretable modeling approach, capturing
complex relationships and uncertainties in real-world systems. Conventional FLSs,
known as Type-1 FLSs (T1-FLSs), have limitations in representing uncertainty. To
address this, Type-2 Fuzzy Sets (T2-FSs) have been introduced as an alternative,
offering a more flexible representation.

T2-FSs can better handle nonlinear and uncertain systems, and T2-Fuzzy Logic
Systems (T2-FLSs) have the potential to handle complex problems. However, learning
T2-FLSs presents challenges due to their design complexity and the need to learn the
parameters associated with fuzzy sets. Different approaches have been proposed,
including adapting pre-trained T1-FLSs to T2-FLSs and employing evolutionary
algorithms or Neural Network (NN) approaches to optimize the parameters of Interval
T2-FLSs (IT2-FLSs). These approaches aim to simplify the design complexity and
improve the performance of T2-FLSs. Despite advancements, integrating neural
networks and evolutionary algorithms with T2-FLSs faces challenges when applied to
extensive datasets. The curse of dimensionality and the increasing number of
parameters in T2-FLSs brings some difficulties that is not possible to solve with the
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current approaches. Recent research has focused on combining FLSs and deep neural
networks to overcome these challenges, leading to the development of hybrid models
that leverage the strengths of both generalization capabilities of the DNNs and the
power of the mini-batch sampled optimization algorithms.

In this thesis study, a novel approach is proposed to learn the parameters of T2-FLSs
using deep learning-based parameter learning methods. The proposed approach aims
to handle extensive datasets and construct models with both a good prediction accuracy
and the ability to handle the uncertainties. In the scope of this thesis, specifically, three
studies are conducted: the first study (i) is titled with “Learning with Type-2 Fuzzy
Activation Functions to Enhance the Performance of Deep Neural Networks”, in the
second study (ii), we propose a framework which is titled with “More Than Accuracy:
A Composite Learning Framework for Interval Type-2 Fuzzy Logic Systems” and in
the (iii) last study, we propose reliable uncertainty quantification for GT2-FLSs
named as “Towards Reliable Uncertainty Quantification and High Precision with
General Type-2 Fuzzy Systems”.

In the first study (i), we introduce a new method called 1T2 Fuzzy Activation Layer
(IT2-FAL) that aims to enhance the learning performance of DNNs. The IT2-FAL
consists of Single Input IT2 (SIT2) Fuzzy Rectifying Units (FRUs) which used as
activation units within the DNN structure to improve learning capabilities. We
construct a closed-form representation of the SIT2-FRU structure, and an analysis is
conducted to understand how the parameters of this structure influence the generation
of input-output mappings. The research findings demonstrate that these mappings can
be regarded either as hyperparameters to be set or as parameters to be learned. We
provide a learning algorithm to these hyperparameters using DL based frameworks.

To evaluate the effectiveness of the proposed IT2-FAL, a comparison is made against
existing activation units like ReLU, PReLU, and ELU. The novel SIT2-FRU not only
addresses the vanishing gradient problem but also exhibits a fast convergence rate. It
achieves this by pushing the mean activation close to zero through the processing of
inputs defined in the negative quadrant. This property of SIT2-FRU enables DNNs to
exhibit improved learning behavior. The experiments conducted using the selected
benchmark datasets show the efficiency and superiority of the IT2-FAL approach. By
incorporating the IT2-FAL and its activation units (SIT2-FRU components), DNNs
can enhance their learning capabilities and benefit from a more robust and flexible
network structure. The proposed approach has the potential to improve the
performance of DNNs as the experimental results revealed and it also gives
opportunity to enhance the learning capabilities of DNNSs.

The second study (ii) introduces a novel composite learning approach that utilizes
type-reduced sets of Interval Type-2 Fuzzy Logic Systems (IT2-FLSs) to capture
uncertainty and establish Prediction Intervals (PIs). Unlike mainstream training
approaches that primarily focus on accuracy, the objective of this new approach is to
not only achieve high prediction accuracy but also effectively address and capture
uncertainty by exploiting the type-reduced sets of IT2-FLSs. In order to achieve such
a goal, we identify three main challenges in this context: (1) the capability to handle
uncertainty, (2) the construction of a composite loss function, and (3) the development
of a learning algorithm that addresses the training complexity while considering the
definitions of IT2-FLSs.

In (1), to address these challenges, the proposed approach exploits the type-reduced
set of IT2-FLSs by combining quantile regression and DL parameter learning methods
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with IT2-FLSs. The ability of IT2-FLSs to process uncertainty depends on the methods
employed for calculating the center-of-sets, while their representation capability is
determined by the structure of their antecedent and consequent membership functions.
In the scope of thesis, we introduce various parametric IT2-FLSs and defines the
learnable parameters for all IT2-FLSs, along with their constraints that need to be
satisfied during the training process. In (2), the construction of the loss function is
defined which involves construction of a multi-objective loss that is subsequently
converted into a constrained composite loss. This composite loss comprises the log-
cosh loss component, which aims to optimize accuracy, and a tilted loss component
that focuses on the representation of uncertainty. Notably, the tilted loss explicitly
utilizes the type-reduced set. In (3), a DL approach is presented for training IT2-FLSs
using unconstrained optimizers. The study also introduces parameterization techniques
to convert the constrained optimization problem of IT2-FLSs into an unconstrained
one without violating the definitions of fuzzy sets.

In order to evaluate the effectiveness of the proposed approach, comprehensive
comparative results are provided. In the thesis, we provide a hyperparameter
sensitivity analysis and inter/intra-model comparisons conducted on various
benchmark datasets. These evaluations shed light on the performance and robustness
of the proposed novel approach in handling uncertainty and achieving high prediction
accuracy for regression problems.

In the third study (iii), we present a new learning approach for a-plane based General
Type-2 Fuzzy Logic Systems (GT2-FLSs) to improve pointwise prediction accuracy
and generate reliable Prediction Intervals (Pls). The approach focuses on exploiting
the shape and size of the Secondary Membership Functions (SMFs) through a novel
composite loss function.

The novel composite loss function consists of two main components: an uncertainty
quantification-focused loss and an accuracy-focused term. Within the uncertainty-
focused loss, only the type-reduced set of IT2-FLS associated with the a, = 0 plane,
known as the FOU, is explicitly utilized. This allows the SMF size parameters of the
GT2-FLS to quantify uncertainty and learn Pls. For the accuracy-focused part, two
alternative loss terms are provided. In one approach, the aggregated output of the GT2-
FLSs is used directly, while in the other approach, only the output associated with the
ax = 1 level is utilized. In both cases, the SMF shape parameters of the GT2-FLS are
enforced to enable pointwise prediction with high precision. Thus, different roles are
assigned to the IT2-FLS associated with a-planes within the proposed loss function.
Since the output of the a, = 0 plane does not contribute to the output calculation of
the GT2-FLS, a partially independent learning of the GT2-FSs becomes possible,
allowing for capturing uncertainty while maintaining high accuracy.

We present a DL based parameter learning approach for GT2-FLSs to facilitate
efficient learning to be able to handle the complex parameter learning problem of the
GT2-FLSs and also in the presence of high-dimensional and complex data. This is
achieved by defining an unconstrained learning problem. We also proposed novel
parameterization tricks such that the definitions of GT2-FSs are not violated. We also
provide statistical comparative analyses using benchmark datasets in order to
demonstrate the superiority of the proposed learning approach. The results of these
analyses show the potential of learning GT2-FLS with the proposed DL based
approach as a promising solution for reliable uncertainty quantification with high
precision in real-world applications.
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DERIN OGRENME TABANLI BULANIK SiISTEMLERIN
GELISTIRILMESI VE UYGULANMASI

OZET

Son yillarda, yenilik¢i 6grenme yontemleri, yeni katman yapilar1 ve gelismis islem
giicii icin grafik kartlarmnin kullanilmasiyla Derin Ogrenme (DO) alaninda 6nemli
ilerlemeler kaydedildi. Bu ilerleme, ¢ok sayida gizli katman ve néron igeren sinir ag1
modellerinin egitimine yol agmis, semantik bdlimleme, nesne algilama ve
simiflandirma gibi cesitli alanlarda ¢igir agmustir. Derin Yapay Sinir Aglarinin
(DYSA), makine 6grenimi ve yapay zeka uygulamalarinda oldukga etkili oldugu
kanitlanmistir. DYSA'lar, girdi verilerinin karmasik 6zelliklerini yakalamalarina
olanak tantyan birden ¢ok katmandaki 6zellikleri 6grenme yetenegi de dahil olmak
tizere geleneksel makine 6grenimi tekniklerine gore avantajlar sunar. DYSA'lar, ileri
gecis ve geri yayllim yoluyla anlamli 6zellikler ¢ikarir ve bircok gorevde diger
yontemlerden daha iyi performans gosterir. Sonug¢ olarak, DYSA'lar popiilerlik
kazand1 ve ticari ve endiistriyel uygulamalarda yaygin olarak kullanildi ve makine
ogrenimindeki ilerlemelere katkida bulundu.

Bulanik Mantik Sistemleri (BMS'ler), son yillarda gesitli alanlarda ve uygulamalarda
kullanilmistir. BMS’ler dilbilimsel Bulanik Kiimeler (BK'ler) ve bulanik kurallar
kullanarak insan benzeri muhakeme ve karar verme siireglerinin modellenmesini
saglar. Bu, dogrusal olmayan ve belirsiz dinamikleri etkili bir sekilde idare edebilen
akilli kontrol sistemlerinin gelistirilmesinde ilerlemelere yol agmistir. Ayrica, belirsiz
verileri temsil etmek i¢in BK'lerden yararlanarak goriintii islemede BMS'ler
uygulanmistir. BMS'ler, giiclii goriintii analizi, orlintii tanima ve goriintii anlama
saglayarak bilgisayar goriisii ve goriintii isleme uygulamalarindaki gelismelere katkida
bulunur. Genel olarak, BMS’ler ¢esitli dinamik sistemlerin ve belirsizligi yiiksek veri
kiimelerinin modellenmesinde kapsamli bir sekilde kullanilmistir. Belirsizligi ele alma
becerileri, gergek diinya sistemlerindeki karmasik iliskileri ve belirsizlikleri yakalayan
esnek ve yorumlanabilir bir modelleme yaklagimi saglar. Tip-1 BMS'ler (T1-BMS'ler)
olarak bilinen geleneksel BMS'lerin belirsizligi temsil etmede bazen yetersiz kaldigi
bilinmektedir. Bu probleme ¢oziim i¢in, daha esnek bir temsil sunan Tip-2 Bulanik
Kiimeler (T2-BK'ler) alternatif olarak 6nerilmistir.

T2-BK'ler dogrusal olmayan ve belirsiz sistemleri daha iyi ifade edebilir ve T2-
BMS’ler karmasik problemlerin {istesinden gelmede daha iyi bir potansiyele sahiptir.
Bununla birlikte, T2-BMS'leri 6grenmek, tasarim karmasikliklart ve bulanik
kiimelerle iligkili parametreleri 6grenme ihtiyac1t nedeniyle daha zorlayict bir
problemdir. Aralik Degerli T2 BMS’lerin (ADT2-BMS’lerin) 6grenimi igin, T1-
BMS’lerde kullanilan klasik yontemlerde olmak {izere, evrimsel algoritmalarin veya
Y SA yaklagimlarinin kullanilmasinda dahil oldugu farkli yaklagimlar dnerilmistir. Bu
yaklasimlar, tasarim karmagsikligini basitlestirmeyi ve T2-BMS'lerin performansini
lyilestirmeyi amaglar. Gelismelere ragmen YSA’lar1 ve evrimsel algoritmalar1 T2-
BKM'lerle entegre etmek T2-BMS’lerin parametre ¢coklugundan ve 6grenimlerindeki
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karmagikliktan dolayr olduk¢a zorlayicidir. Ayrica, T2-BMS'lerde ugrasilan verinin
boyutu ve artan parametre sayisi sebepleriyle mevcut yaklasimlarla ¢oziilmesi
mimkiin olmayan bazi zorluklar mevcuttur. Son arastirmalar, bu zorluklarin
iistesinden gelmek i¢in BMS'leri ve DYSA’lar1 bir araya getirerek bu problemleri
¢ozmeye odaklandi. Bu yaklagim ile hem DYSA'larin genellestirme yeteneklerinin
gicli  yanlarindan hem de mini-6rneklemeli  (mini-bacth)  optimizasyon
algoritmalarinin giiclinden yararlanan hibrit modellerin gelistirilmesine yol agti.

Bu tez c¢alismasinda, derin Ogrenme tabanli parametre Ogrenme yOntemleri
kullanilarak T2-BMS'lerin parametrelerinin 6grenilmesi i¢in yeni bir yaklasim
onerilmistir. Onerilen yaklasim, kapsaml1 veri setlerini ele almayr ve hem iyi bir
tahmin dogrulugu hem de belirsizlikleri daha iyi ifade etme becerisine sahip modeller
olusturmay1r amaglamaktadir. Bu tez kapsaminda spesifik olarak {ii¢ calisma
yapilmustir: ilk ¢alisma (i) “Learning with Type-2 Fuzzy Activation Functions to
Enhance the Performance of Deep Neural Networks”, ikinci ¢alismada (ii), “More
Than Accuracy: A Composite Learning Framework for Interval Type-2 Fuzzy Logic
Systems” baglikli bir yap1 onerildi ve (iii) son ¢alismada, Genel T2 BMS'ler (GT2-
BMS) i¢in “Towards Reliable Uncertainty Quantification and High Precision with
General Type-2 Fuzzy Systems” olarak adlandirilan giivenilir belirsizlik 6lgimii
yontemine sahip bir yontem Onerildi.

[k ¢alismada (i), DYSA'larin dgrenme performansmi artirmayr amaglayan ADT2
Bulanik Aktivasyon Katmani (ADT2-BAK) adl1 yeni bir yontemi tanitiyoruz. ADT2-
BAK, 6grenme yeteneklerini gelistirmek i¢in DY SA yapisi i¢cinde aktivasyon birimleri
olarak kullanilan Tek girisli IT2 (TADT2) Bulanik Dogrultma Birimlerinden
(BDB'lar) olusur. TADT2-BDB yapisinin kapali bigimli bir temsilini bu tez
calismasinda sunduk ve bu yapinin parametrelerinin girdi-¢ikti eslemelerinin
olusturulmasini nasil etkiledigini anlamak i¢in bir analiz yaptik. Arastirma bulgulari,
bu eslemelerin ayarlanmasi gereken hiperparametreler veya Ogrenilmesi gereken
parametreler olarak kabul edilebilecegini gostermektedir. DO tabanli yapilar
kullanarak bu hiperparametreler i¢in yeni bir 6grenme algoritmasini bu c¢alismada
sunmaktay1z.

Onerilen ADT2-BAK'in etkinligini degerlendirmek i¢in ReLU, PReLU ve ELU gibi
mevcut aktivasyon birimleriyle bir karsilastirmayr bu ¢alisma sunmaktadir. Yeni
TADT2-BDB, yalnizca yok olan tiirev (vanishing gradient) problemini ele almakla
kalmaz, ayn1 zamanda daha hizli bir yakinsama orani saglar. Bunu, negatif bolgede
tanimlanan girdilerin islenmesi yoluyla ortalama aktivasyonu sifira yaklastirarak
basarir. TADT2-BDB'nin bu o6zelligi, DYSA'larin daha yiiksek bir 6grenme
performansi sergilemesini saglar. Secilen veri kiimeleri kullanilarak yapilan deneyler,
ADT2-BAK yaklagimimin etkinligini ve ustiinliigiinii gostermektedir. ADT2-BAK
aktivasyon birimleri ile DYSA'larin 6grenme yeteneklerini gelistirebilir ve daha
saglam ve esnek bir ag yapisi sunabilir. Onerilen yaklasim, deneysel sonuglarin ortaya
koydugu gibi DYSA'larin performansini iyilestirme potansiyeline sahiptir ve ayrica
DYSA'larin 6grenme yeteneklerini gelistirme firsati verir.

Ikinci calisma (ii), belirsizligi yakalamak ve Tahmin Araliklarini (TA'lar) olusturmak
i¢in tipi indirgenmis ADT2-BMS kullanan yeni bir bilesik 6grenme yaklasimi sunar.
Oncelikle model dogruluguna odaklanan genel egitim yaklagimlarinin aksine, bu yeni
yaklasimin amaci yalnizca yiiksek tahmin dogrulugu elde etmek degil, ayn1 zamanda
tipi indirgenmis ADT2-BK’lerden yararlanarak belirsizligi etkili bir sekilde ele almak
ve yakalamaktir. Boyle bir amaca ulagsmak i¢in, bu baglamda ii¢ ana zorluk belirledik:
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(1) belirsizligi ele alma yetenegi, (2) bir bilesik amag fonksiyonunun olusturulmasi ve
(3) belirsizligi ele alan bir 6grenme algoritmasinin ADT2-BMS'ler igin gelistirilmesi.

(1)’de, bu zorluklarin {istesinden gelmek i¢in dnerilen yaklasim quantile regresyon ve
DO bazli parametre dgrenme yontemlerini ADT2-BMS'ler ile birlestirerek ADT2-
BMS’lerin tipi indirgenmis c¢ikislarindan yararlanir. ADT2-BMS'lerin belirsizligi
isleme yetenegi, kiimelerin merkezini hesaplamak i¢in kullanilan yontemlere baghdir,
temsil yetenekleri ise onciil ve sonug iyelik fonksiyonlarinin yapisi tarafindan
belirlenir. Tez kapsaminda, ¢esitli parametrik ADT2-BMS'ler tanitmaktayiz ve tiim
ADT2-BMS'ler icin o6grenilebilir parametreleri ve bunlarin egitim siirecinde
karsilanmasi gereken kisitlamalarini tanimlamaktayiz. (2)'de, sonrasinda kisitlanmig
bilesik bir amag¢ fonksiyonuna doniistiiriilen ¢cok amacli bir amag¢ fonksiyonunun
olusturulmasini igeren amag fonksiyonunun yapisi tanimlanmaktadir. Bu bilesik amag
fonksiyonu, dogrulugu optimize etmeyi amaglayan log-cosh bilesenini ve belirsizligin
temsiline odaklanan bir tilted fonksiyon bilesenini igerir. Ozellikle, tilted fonksiyonu,
tipi-indirgenmis ADT2-BK’lerin aralik ¢ikislarini agik bir sekilde kullanmaktadir.
(3)'te, kisitli olmayan optimizasyon yontemleri kullanarak ADT2-BMS'leri egitmek
i¢in bir DO tabanli yaklasimi sunulmaktadir. Calisma ayrica, ADT2-BMS'lerin kisitl
optimizasyon problemini, bulanik kiimelerin tanimlarini ihlal etmeden, kisitlamasiz
bir probleme doniistiirmek i¢in yeniden parametrelestirme tekniklerini tanitmaktadir.
Onerilen yaklasimin etkinligini degerlendirmek icin kapsamli karsilastirmali sonuglar
sunulmaktadir. Tezde, cesitli kiyaslama veri kiimeleri iizerinde ylriitilen bir
hiperparametre duyarlilik analizi ve modeller arasi/i¢i karsilagtirmalar saglamaktay1z.
Bu degerlendirmeler, onerilen yeni yaklasimin belirsizlikle basa ¢ikma ve regresyon
problemleri icin yiiksek tahmin dogrulugu elde etme performansina 1sik tutmaktadir.

Calisma (iii)’te, tahmin dogrulugunu iyilestirmek ve giivenilir TA’lar olusturmak igin
a-diizlem tabanlt GT2-BMS’ler i¢in yeni bir 6grenme yaklagimi sunuyoruz. Yaklasim,
yeni bir bilesik amag fonksiyonu araciligiyla ikincil Uyelik Fonksiyonlarinin (IUF)
seklinden ve boyutundan faydalanir. Yeni amag fonksiyonu iki ana bilesenden olusur:
belirsizlik odakli bir amag ve dogruluk odakli terim. Belirsizlik odakli amag, yalnizca
FOU olarak bilinen ay = 0 diizlemiyle iligkili tip indirgenmis ADT2-BK’nin aralik
cikisint kullamlir. Bu, GT2-BMS'nin {UF’nin boyut parametrelerinin belirsizligi
6lgmesine ve aralik tahminlerinin 6grenmesine olanak tanir. Dogruluk odakli kisim
icin iki alternatif amag¢ terimi Onerilmistir. Bir yaklasimda, GT2-BMS'lerin
durulastirilmis ¢iktis1 dogrudan kullanilirken, diger yaklasimda yalnizca ax =1
seviyesiyle iligkili ¢ikt: kullanilir. Her iki durumda da, GT2-BMS'nin IUF’nin
parametreleri, yiiksek hassasiyetle tahmin saglamak icin zorlanir. Boylece, onerilen
ama¢ fonksiyonu i¢inde a-diizlemleriyle iligkili ADT2-BMS'ye farkli roller atanir.
a, =0 dizleminin ¢iktisi, GT2-BMS'nin ¢ikti  hesaplamasina  katkida
bulunmadigindan, GT2-BK'lerin kismen bagimsiz bir sekilde dgrenilmesi miimkiin
olur ve yiiksek dogrulugu korurken belirsizligin yakalanmasini saglar.

GT2-BMS'lerin 6grenme problemini ve ayrica yliksek boyutlu ve karmagik veriler ile
basa ¢ikabilmek i¢in GT2-BMS'ler i¢in DO tabanli bir parametre 6grenme yaklasimi
sunuyoruz. Bu, kisitli olmayan bir 6grenme problemi tanimlanarak basarilir. Ayrica
GT2-BK'lerin tanimlarinin ihlal edilmemesi igin bir yeniden parametrelestirme
yontemi dnerdik. Onerilen 6grenme yaklasimimin iistiinliigiinii gdstermek icin gesitli
veri kiimelerini kullanarak istatistiksel karsilagtirmali analizler yapildi. Bu analizlerin
sonugclari, yiiksek hassasiyetle giivenilir belirsizlik 6l¢limii i¢in umut verici bir ¢dziim
olarak onerilen DO tabanli yaklasimla GT2-BMS'yi 6grenme potansiyelini
gostermektedir.
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1. INTRODUCTION

In the past decade, significant advancements have been made in the field of Deep
Learning (DL), driven by the development of innovative learning methods and novel
layer structures, along with the utilization of graphics cards for enhanced processing
power [1-5]. This progress has enabled the training of neural network models with
numerous hidden layers and neurons, leading to a substantial increase in the number
of learnable parameters that can be optimized. As a result, Deep Learning has achieved
remarkable breakthroughs in diverse domains, including semantic segmentation,
object detection and classification, and handwritten character recognition. Deep
Neural Networks (DNN)s have proven to be highly effective in various applications

of machine learning and artificial intelligence [6-8].

DNNs, or Deep Neural Networks, are neural network structures with three or more
hidden layers. They have become a significant advancement in the field of machine
learning. In a generic DNN structure, the input vector is processed through the hidden
layers to produce the output vector. In regression or classification problems, DNNs
can be designed as a linear estimation function. However, for more complex problems,
DNNs utilize nonlinear activation functions to create a nonlinear global approximator
[1-11]. DNNs offer several advantages over traditional machine learning techniques.
One key advantage is their ability to learn features at multiple layers. This allows
DNNs to capture and represent complex features of the input data, leading to improved

performance in solving intricate problems.

DNNs achieve this by computing their internal parameters through a forward pass and
iteratively refining them during backpropagation, which effectively extracts
meaningful features from the input data. These capabilities make DNNs superior to
other methods in many tasks [12-16]. As a result of their effectiveness, DNNs have
gained popularity and are now widely applied in various commercial and industrial
applications. They have proven to be a valuable and powerful tool in solving complex

problems and have brought significant advancements to the field of machine learning.



Over the past five decades, the utilization of Fuzzy Logic Systems (FLSs) has
witnessed significant growth in various fields and applications. FLSs have been
extensively used in various areas [17-22]. FLSs have been particularly used in control
system design, where they offer a flexible and intuitive approach to handle complex
and uncertain systems [17-19]. They provide a framework for incorporating linguistic
variables and fuzzy rules to capture and model human-like reasoning and decision-
making processes. This has led to advancements in the development of intelligent

control systems that can effectively handle nonlinear and uncertain dynamics.

In decision-making processes, FLSs provide a formal framework for incorporating and
aggregating uncertain and imprecise information from multiple sources. They offer a
means to model and reason with uncertain knowledge, allowing decision-makers to
make informed choices in complex and uncertain environments [20]. Furthermore,
FLSs have been applied in image processing tasks, where they used in handling fuzzy
sets to represent the uncertain data. By utilizing fuzzy techniques, FLSs enable robust
image analysis, pattern recognition, and image understanding, contributing to
advancements in computer vision and image processing applications [21, 22]. To
summarize, FLSs have been extensively utilized in modeling various systems and
phenomena, by leveraging their power to handling uncertainty, FLSs provide a flexible
and interpretable modeling approach that can capture complex relationships and
uncertainties in real-world systems. This has enabled improved understanding,

analysis, and prediction in diverse domains [17-19].

Even though, conventional FLSs (also known as the Type-1 FLSs (T1-FLSs)) have
been extensively and successfully employed into various applications, they may not
be sufficient to handle high levels of nonlinearity and uncertainty [23-26]. One of the
main reasons for this lack of efficiency in representing uncertainty is that the T1-FLSs
Is represent the membership degree of an element to a set using a crisp value [24]. In
order to solve this problem, researchers have proposed the Type-2 Fuzzy Sets (T2-
FSs) as an alternative to conventional T1-FSs. T2-FSs offer a more flexible and
expressive representation by allowing the membership grade of an element to be a FS
as well [24-28]. This added flexibility enables T2-FSs to better handle nonlinear and
uncertain systems, as they can capture and model higher levels of uncertainty
compared to T1-FSs [24].



T2-FLSs has a big potential to handle complex problems since they use T2-FSs in their
antecedent parts which allows them to enhance the performance in dealing with
uncertainties and nonlinearity [24, 25]. While they share a similar structure with their
T1 counterparts, T2-FLSs introduce an additional level of complexity due to the use
of T2-FSs. The design of T2-FLSs becomes challenging due to various factors,
including the constraints imposed by T2-FS definitions, the large number of
parameters that need to be tuned, and the intricacies of the Center of Sets Calculation
Method (CSCM) [24, 25].

Learning of T2-FLSs presents unique difficulties compared to T1-FLSs, mainly
coming from their design complexity [29, 30]. The construction of T2-FSs adds an
extra degree of complexity, as it requires learning the parameters associated with these
fuzzy sets. Moreover, the CSCM, which is responsible for determining the centroids
and spreads of the IT2-FSs, adds another level of intricacy to the learning process [29-
33]. To address these challenges and simplify the design complexity, different
approaches have been proposed. One common approach is to adapt pre-trained T1-
FLSs to T2-FLSs by blurring the membership functions of the T1-FLSs, allowing them
to handle uncertainties. This technique leverages the existing knowledge embedded in
the T1-FLSs and extends it to T2-FLSs, reducing the need for extensive parameter
tuning. Another approach is to employ evolutionary algorithms or Neural Network
(NN) approaches to optimize the parameters of Interval T2-FLSs (IT2-FLSs). These
methods utilize the optimization capabilities of evolutionary algorithms or the learning
capabilities of NNs to fine-tune the parameters and improve the performance of T2-
FLSs [33]. In order to tackle the challenges posed by the complex design and learning
of IT2 neuro-fuzzy systems, researchers have explored various approaches, including
the integration of neural networks and evolutionary algorithms. For instance, self-
evolving T2 neuro-fuzzy systems have been developed, where the system evolves and
adapts its structure and parameters over time [34]. Fuzzy clustering and evolutionary
algorithms have also been employed to optimize the structure and parameters of 1T2
neuro-fuzzy systems [35]. Additionally, self-organizing IT2 neuro-fuzzy systems have
been proposed to autonomously organize their structure and adapt to changing
environments [36]. Another approach involves simultaneous feature selection and
system identification in 1T2 neuro-fuzzy systems, leveraging the capabilities of neural

networks for improved performance [37]. To address the challenges associated with



extensive datasets, support vector machines (SVMs) have been integrated with 1T2
neuro-fuzzy systems. This integration aims to reduce the complexity of the system
structure and improve the learning performance [38]. By incorporating SVMs, which
are effective in handling high-dimensional data, the curse of dimensionality can be
mitigated. However, SVM based methods still are not able to handle large number of
sample data.

Despite the advancements in integrating neural networks and evolutionary algorithms
with T2-FLSs, these methods encountered challenges when applied to extensive
datasets [39, 40]. One major difficulty arises from the curse of dimensionality, which
refers to the increased complexity and computational requirements when dealing with
high-dimensional data. As the number of input features increases, the data becomes
sparser, making it harder for the learning algorithms to capture meaningful patterns
and relationships. Another issue is the increasing number of parameters in T2-FLSs,
especially for General T2-FLSs (GT2-FLSs), which depend on the size of the rules.
As the number of rules grows, the complexity of the system also escalates, leading to
a higher number of parameters that need to be optimized. This parameter increase can
result in longer training times, increased computational resources, and a higher risk of
overfitting [40-43].

Recent research has demonstrated successful integration of FLSs and IT2-FLSs with
DL techniques. These advancements have led to the development of novel approaches
that combine the strengths of FLSs and neural networks to tackle various challenges
[39-43]. One such approach is the introduction of a Takagi-Sugeno type deep fuzzy
network, which leverages the capabilities of both FLSs and neural networks [39]. This
hybrid model aims to benefit from the interpretability and rule-based reasoning of
FLSs while harnessing the learning and generalization capabilities of neural networks.
By combining these two paradigms, researchers have search for an enhancement in the
performance and explainability of the models. In the context of handling big data
regression problems, concepts from deep learning, such as mini-batch gradient
descent, regularization, and AdaBound, have been extended to Takagi-Sugeno FLSs
[40]. These extensions aim to address the challenges associated with large-scale
datasets, enabling efficient training and improved generalization performance.
Additionally, researchers have proposed an 1T2 fuzzy logic-based stacked autoencoder

deep neural network [41]. This model incorporates IT2-FLSs into the architecture of



stacked autoencoders, a popular deep learning technique. The use of IT2-FLSs in this
framework aims to generate explainable artificial intelligence models by providing
interpretable linguistic rules [43]. Even though DL has been widely adopted for its
ability to learn complex patterns and features from data, the specific usage of DL
algorithms to learn parameters of IT2/GT2-FLSs directly is still relatively uncommon.
The main focus has been on using the powerful abilities of 1T2-FLSs, such as their
ability to handle uncertainty and nonlinearity, within the DL structures. In this context,
the focus has been generally on integrating IT2-FLSs into DL architectures [44-46]
while the employing DL based algorithm for directly learning the IT2-FLSs has been
relatively uncommon. However, we started to see some new works in which DL based

algorithms are employed to learn the parameters of the IT2/GT2-FLSs [47-50].

In this thesis study, we propose a novel approach to learn the parameters of the T2-
FLSs (IT2-FLSs and GT2-FLSs). In the new approach, we use widely used deep
learning parameter learning methods, we will introduce the new approach in previous
section 3, to learn the parameters of the T2-FLSs. In the novel approach we propose a
mini-batch sampled deep learning parameter learning method since the conventional
parameter learning methods for T1/T2-FLSs face difficulties in learning extensive
datasets because of problems such as the curse of dimensionality and an increasing
number of parameters that depend on the size of the rules. The proposed structure is
used in different ways to end up with models have ability to both high prediction
accuracy and handle uncertainties. In the first study, namely “Learning with Type-2
Fuzzy Activation Functions to Improve the Performance of Deep Neural Networks”,
we propose to use Single input IT2-FLS as the activation functions of the DNN by
aiming to increase the learning performance of the DNNSs. In the second study which
has a title as “More than Accuracy: A Composite Learning Framework for Interval
Type-2 Fuzzy Logic Systems”, we introduce a novel composite learning framework
specifically designed for training regression models using IT2-FLSs with the primary
objective; achieving a high accuracy performance while also having the ability to
representing and handling the uncertainties. In the final work titled as “Towards
Reliable Uncertainty Quantification and High Precision with General Type-2 Fuzzy
Systems”, we present a step towards learning reliable uncertainty quantification and

high precision performance via a-plane based General Type-2 GT2-FLSs.



In the study titled with “Learning with Type-2 Fuzzy Activation Functions to Improve
the Performance of Deep Neural Networks”, we propose a novel approach called 172
Fuzzy Activation Layer (IT2-FAL) to enhance the learning performance of DNNs. Our
IT2-FAL is composed of Single input IT2 (SIT2) Fuzzy Rectifying Units (FRUSs)
which are used in DNN structure as activation units to improve the learning
capabilities. We will introduce the internal structure of the IT2-FAL in section 3.4 and
discuss its properties and learning methodology. Specifically, we will derive a closed-
form representation of the SIT2-FRU structure and analyze how its parameters impact
the generation of input-output mappings. Through our investigations, we will
demonstrate that these mappings can be treated either as hyperparameters to be set or
as parameters to be learned. To evaluate the effectiveness of the proposed IT2-FAL,
we will compare its performance with existing activation units such as ReLU, PReLU,
and ELU. We will conduct experiments using selected benchmark datasets to
demonstrate the efficiency and superiority of our IT2-FAL approach. Using the 1T2-
FAL and its activation units, SIT2-FRU components, we give DNNs the chance to
improve their learning capabilities and also provide a more robust and flexible
networks structure. Our proposed approach has the potential to improve the
performance of DNNSs across various applications and domains.

The traditional training approach for IT2-FLSs has primarily focused on optimizing
accuracy, by using the potential benefits of the FOU to handle uncertainty. In these
conventional approaches, the FOU is treated as additional design parameters to be
trained, rather than utilizing it as an opportunity to capture and represent uncertainty
effectively. The work “More than Accuracy: A Composite Learning Framework for
Interval Type-2 Fuzzy Logic Systems” presents a new novel composite learning
approach by exploiting the type-reduced sets of IT2-FLSs to capture uncertainty and
establish Prediction Intervals (PIs) unlike the mainstream training approaches. The
objective of this new approach is not only to achieve high accuracy in predictions but
also to effectively address and capture uncertainty through the use of type-reduced
sets. In order to achieve our goal, we identify three key challenges that need to be

addressed:

1. The first challenge is related to the capability of IT2-FLSs in handling
uncertainty. IT2-FLSs offer the potential to represent and account for

uncertainty due to their utilization of type-reduced sets. However, effectively



harnessing this capability and incorporating it into the learning process is a
significant challenge.

2. The second challenge lies in the construction of an appropriate loss function.
Traditional training approaches for IT2-FLSs have focused primarily on
accuracy optimization, neglecting the importance of explicitly considering and
minimizing uncertainty. Developing a loss function that incorporates both
accuracy and uncertainty components is crucial to ensure that the trained 1T2-

FLS can effectively cover uncertainty in its predictions.

3. The third challenge is developing an algorithm that can handle the learning
complexity associated with the size of the dataset while also considering the
constraints imposed by IT2-FLSs. IT2-FLSs are characterized by a large
number of parameters and complex design constraints, making the learning
process computationally demanding. Developing an efficient algorithm that
can effectively handle these complexities is essential for training IT2-FLSs in

practical settings.

The capability of IT2-FLSs to handle uncertainty is influenced by two key
components: inference and structure. These components play a significant role in
determining how uncertainty is captured and processed within the IT2-FLS. In this
thesis, we focus on exploring different approaches to uncertainty processing, starting
with the Center of Sets Calculation Method (CSCM). We introduce three CSCMs:
Karnik-Mendel (KM) [24], Nie-Tan (NT) [51], and the Simple Method (SM) that
directly utilizes the boundary FLS. These CSCMs define how uncertainty is computed
and incorporated into the IT2-FLS inference process. Furthermore, we construct
various IT2-FLSs by considering the structure of the antecedent MFs and the rule
consequents. Specifically, we examine IT2-FSs with different sizes of FOU for the
antecedents, and we also investigate the use of crisp or Interval Valued (1V) functions
for the rule consequents. This allows us to create IT2-FLSs that capture uncertainty
either solely through their antecedents or by utilizing 1T2 and IV FSs in both the

antecedents and consequents.

In order to construct the loss function for training 1T2-FLSs, we adopt a multi-
objective optimization approach. The loss function consists of two components: an

empirical loss term for accuracy and a tilted loss term, denoted as L, for capturing the



uncertainty. The tilted loss function, commonly used in Quantile Regression (QR),
allows us to define a desired quantile range to be covered, thus providing a measure of
uncertainty. To simplify the learning process and avoid increasing complexity, we
transform the multi-objective loss into a composite loss using a hyperparameter. This
allows us to balance the emphasis between accuracy and uncertainty coverage. It is
important to choose an appropriate empirical risk function that aligns well with the
tilted loss L, as both loss components share parameters during training. In this context,

we propose using the L;,;_cosn NOrm as the empirical risk function. This gives

opportunity to align better with L, and also, we combine advantageous characteristics
of both L; and L, norms using L;,q—cosn [52]. The proposed loss function explicitly

exploits the type-reduced set ([y,y]) and the defuzzified output (y) to train IT2-FLSs

that can effectively capture uncertainty while achieving high mean accuracy

performance.

To address the challenges of learning IT2-FLSs, we need to consider the complexities
associated with the size and dimensionality of the data, as well as the constraints
defined by the learnable parameters IT2-FLS since they are parameters of IT2-FSs.
DL offers an efficient approach to tackle the complexity of large datasets. However,
directly applying DL to IT2-FLS learning is not feasible due to learnable parameters
must satisfy some constraints, since they are also the parameters of IT2-FSs, which
makes the problem a constrained optimization problem. In order to overcome this
limitation, we propose novel parameterization tricks that allow us to transform the
constrained optimization problem into an unconstrained one. By employing
parameterization tricks, we can reformulate the learning problem for IT2-FLSs in a
way that is compatible with DL algorithms. This transformation enables us to leverage

the power of DL techniques to effectively learn the parameters of IT2-FLSs from data.

In the work, “Towards Reliable Uncertainty Quantification and High Precision with
General Type-2 Fuzzy Systems”, we propose a new learning approach for a-plane
based GT2-FLSs that exploits the shape and size of the Secondary MF (SMFs) through
a novel composite loss to increase the accuracy of the pointwise prediction while

generating reliable Pls.

The novel composite loss function is composed of an uncertainty quantification-

focused loss and an accuracy-focused term. Within the uncertainty-focused loss term,



we explicitly used only the type-reduced set of IT2-FLS associated with the a, = 0
plane, i.e. the FOU. Thus, we imposed the SMF size parameters of the GT2-FS to
quantity the uncertainty and thus to learn Pls. For the accuracy-focused part, we
provided two alternative loss terms. In one of them, we used directly the aggregated
output of the GT2-FLSs while in the other one, we only used the output associated
with the ax = 1 level. For both alternatives, we enforced the SMF shape parameters
of the GT2-FS to learn pointwise prediction with high precision. Thus, we assigned
different roles for the IT2-FLS associated with a-planes within the proposed loss
function. As the output of the @, = 0 plane is not contributing to the output calculation
of the GT2-FLS, an (partially) independent learning of the GT2-FSs is possible for
capturing uncertainty while ending up with high accuracy. For efficient learning in the
presence of high dimensional and complex data, we also present a DL approach for
GT2-FLSs by defining an unconstraint learning problem that does not violate the
definitions of GT2-FSs via parameterization tricks. To show the superiority of the
proposed learning approach, statistical comparative analyses will be presented in
section 6, using benchmark datasets. The results show the potential of learning GT2-
FLS as a promising solution for reliable uncertainty quantification in real-world

applications with high precision.






2. PRELIMINARY INFORMATION ON FUZZY SETS AND SYSTEMS

In this part of the thesis, we will give some preliminary information about the fuzzy
sets and systems. In the following section (2.1), Type-1 fuzzy sets will be introduced
firstly and then conventional, also T1-FLS is used, fuzzy logic systems and their
internal structure will be introduced. After that we will extend the constructed theory
on T1-FSs and FLSs into to Type-2 fuzzy sets and Type-2 fuzzy logic systems. In
general, T2-FLSs can be grouped as General T2-FLSs and Interval T2-FSLs which
can be seen as a special form of the GT2-FSLs. In section 2.2, firstly, we will give a
brief insight on IT2-FSs and then introduce the 1T2-FLSs. Finally, we will cover the
GT2-FS in section 2.2.2 and conclude this chapter by presenting the internal structure
of the GT2-FLSs.

2.1 A Brief Overview on Type-1 Fuzzy Sets and Systems

Unlike the classical logic, based on binary 0 and 1 values, fuzzy logic allows an
element to member of a set with a degree of membership between 0 and 1 [53]. The
theory is proposed as a part of the fuzzy set theory [53]. T1-FS can be defined a set
with uncertain boundaries [53]. Assume a universe of discourse (X) and its members

are represented with x. Therefore, definition of a T1-FS can be described as:

X = {x} (2.1)

The membership degree (u4(x)) is used to describe a T1-FS (A) in X, which is
attributed to each element x in X. Therefore, we can define a T1-FS (A) lies in X and

be expressed using the following equation [24]:

A= {(xua0)|x € X} 2.2)

Here, the equation defines a T1 fuzzy set A in X and x is the members of the X. Thus,
X also can be defined the value set of x. Furthermore, u4(x) is a function which defines

the how a x value belongs to X and values of 4 (x) defines the membership degree of
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x. In an alternative form, the definition of a T1-FS can be also formulized as follows
[54]:

Ha: X — [0,1] (2.3)

A T1-FS (A) can also be defined for various notations. It is common to use the
following notation for continuous universe X, in fuzzy society, and it is shown as
below [24]:

A= [ waeys @4
xX€EX

The notation above shows that the membership degree of x, denoted as w4 (x), is
bounded between 0 and 1. In this notation, “/”’ term is used to associate the elements
in X universe, while [ is used to denote union over x values for X universe. In
literature, MFs determines the membership degree of the input x. The MFs are
generally selected commonly used functions such as triangles, gaussians, trapezoids,
sigmoids, etc. Additionally, the a-cut of a T1-FS is represented as A,, where « is the

a-cut level (i.e., a € [0,1]), and is defined as follows [24]:

A% = {x|uy(x) > a} (2.5)

In fuzzy literature, the most commonly used MF are the triangle T1-FSs and Gaussian

type T1-FSs. A triangle T1-FS is defined as follows:

(x—1
l<x<r
c—1
pa(x) = qr—x fex<r (2.6)
r—=c

0 otherwise

Here, [ and r represent the left support point and right support point, respectively, while
the ¢ stands for the center of the triangle T1-FS. Figure 2.1a demonstrates the illustration

of a triangle type T1-MF.

Mathematical definition of a Gaussian T1-FS can be made as follows:

1 x—c

pa(x) = e72C5) (2.7)
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where c¢ is the mean while the o stands for the standard deviation values of the Gaussian
type T1-MF. T1 Gaussian MF is shown in Figure 2.1b.

A FLS is a sophisticated system that uses fuzzy rules in a rule table to map the inputs
to the outputs. FLSs have various applications, including reasoning, decision-making,
modeling, and control [25, 26]. In literature, we encounter with two types of FLSs; the
first one is the Mamdani type FLSs and the other one is Takagi-Sugeno-Kang type
FLSs. In the literature, they are the most commonly used ones, yet in the scope of this
thesis we only consider the Takagi-Sugeno-Kang type FLSs.

Uy

> >
X X

(b)

Figure 2.1 : An lllustration of the commonly used T1-FSs, (a) triangle T1-FS, (b)
Gaussian T1-FS.

The IF-THEN rules in both FLSs have a similar antecedent part, but the consequent
part varies because different consequent MFs are utilized. The Mamdani type and
Takagi Sugeno Kang (TSK) type FLSs are differentiate in their consequent MFs. The
Mamdani one uses T1-FSs as their consequent MFs, while the TSK one employ linear
functions or crisp values as their MFs. In this thesis context, we consider only TSK type
FLSs. Thus, the FLS structures defined in this thesis could be used T1, IT2, GT2
antecedent part, while the consequents parts could be defined with singletons, linear

functions or interval valued functions.
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Figure 2.2 : An lllustration of a type-1 fuzzy logic system.

Figure 2.2 shows the overall structure of the T1-FLS, which comprises four primary
components. As seen in Figure 2.2, a crisp input is fuzzified by the fuzzification
component, rules are saved in the rule-base, inference engine process the T1-FS inputs
and deffuzzification component generates the crisp output. The process can be
summarized as the fuzzification component is in charge of transforming precise values
into T1 fuzzy sets. After fuzzification of the inputs, the inference engine and rule-base
collaborate to produce a fuzzy output value. Subsequently, the defuzzifier transforms

this fuzzy output into a crisp value.

The definition of a TSK type fuzzy rule can be defined as follows [24]:
R, : If x; is A;; and ...and x) is A; iy, Then yrq is y, = apmXm + by (2.8)

In this rule structure, R,, is the pth rule of this rule definition, (p € {1,2, ..., P}), where
the number of all rules is represented with P. Then, the inputs are symbolized with x,,,,
(m € {1,2, ..., M}) and total input number is symbolized with M, while the output of
the T1-FLS, which is defuzzified and represented in crisp form, is denoted as yr;.
Besides, the antecedent Membership Functions (MFs) are defined with A4;,, (i €
{1,2,...,1}) and the total number of antecedent MFs are shown with I. Consequents
MFs can be selected as a crisp number, as we set a,, ,,, = 0 for V p, m, or we can select
it as a linear function as we set select y, = a, X, + b,. Thus, y is the membership
value of the consequent for the rule Rp. The defuzzified output y;, can be computed
by taking the weighted sum of the crisp values associated with the consequent
membership values, where the degree of firings serves as its weight. This sum is then

divided by the total firings which can be formulated as [24]:
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_ Zp=1/o¥p
Yr1 = H (2.9)

in the above equation the firing strength is denoted by £, and it is described as:

fo = ba;, Ce) 0 Ny, Gaa) (2.10)

Here, N operator represents the intersection, in literature it is also knowns as the t-
norm, which can be defined with a min operator or numerical product. It is also select
a different t-norm operator among the proposed ones in literature, however we only

consider to use min or product in the scope of thesis.

2.2 A Brief Overview on Type-2 Fuzzy Sets and Systems

The definition of T2-FLSs is coming from the T2-FSs in which they defined in the
antecedent part of the T2-FLSs. T2-FSs can be seen as the extended version of their
T1-FS counterpart and they generally use similar mathematical operators [24-26], [55-
68]. T2-FSs have more design parameters compared to T1 counterparts and these extra
design parameters makes them more useful tools, yet designing a T2-FSs is much more
complex than the T1 ones [24]. In contrast to T1-FSs, which use a crisp number to
represent the degree of membership, T2-FSs use another T1-FS to define the degree
of membership of an element [24-26]. One particular kind of T2-FS is the IT2-FS. For
IT2-FSs, the membership degrees generally constructed with T1-FSs for the primary
ones and interval valued FSs, their membership degrees always equal to one, for
secondary ones. Consequently, it can be concluded that IT2-FSs is extended version
of T1-FSs, while they are also a special kind of GT2-FSs. T2-FSs share similarities
with T1-FSs in that they also define the primary membership function (u(x)) for the
input variable. However, T2-FSs use J, to represent the primary membership of x,

instead of the membership degree (u(x)) used in T1-FSs.

In equation 2.2 we describe a T1-FS which has an input variable (x) and the
membership function (u(x)), while a T2-FS is described with a primary MF and their
corresponding membership degrees also with a secondary MF and their degrees of
memberships as demonstrated in equation 2.11. In a T2-FS, the secondary variable (u)

belongs to a primary membership (J,.), and the primary memberships serve as inputs
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for the secondary membership function (uz(x, w)). If the secondary MF is defined with
an interval valued function, it leads to the formation of an IT2-FS [56-60]. In general,
a T2-FS (A4) can be constructed as in following [24]:

A= {((w), pz(x, W) vx € X, Vu €], €[01]} (2.11)

In the above equation, the primary elements of the T2-FS 4 is defined with x and the
primary universe is defined with X. The secondary variable of the T2-FS is symbolized
with « and its universe of discourse is defined with U € [0,1]. The membership
function of the T2-FS is defined with w;(x, u). At that point T2-FSs are differentiate
from the T1 counterparts since their membership grades are formed in a 3D domain
(X X Ux). On the other hand, the membership grade of a T1 membership function
(pa(x)) lies in 2D universe (X) [55].

Similar to its T1 equivalent, a T2-FS A4 can be represented using fuzzy set notation for

continuous universe (X) as described in below:

A= L B fu E]x,ug(x,u)/(x,u), J, € [01] 2.12)

Here, [] represents the union of the all x and u values. The degree of membership for
a T2-FS is calculated by both the primary MF (J,.) and the secondary MF (u;(x, u)).
More specifically, the membership grade of a type-2 MF is defined with these two
factors which are defined as

pio@ = [ s/ (2.13)
u€lo0,1]
Je ={(x,w)|u€[0,1], pz(x,u) > 0} (2.14)

here A(x) stands for the FS of the secondary one. Also, the primary membership can be

described as follows:
Jr = [1a(x), mz(x)] (2.15)

Where pz(x) and p;(x) represent the Lower MF (LMF) and Upper MF (UMF) of the
T2-FS. Thus, it can be stated that J, is defined by the integration of the LMF and UMF.
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The distinction between T1 /T2-MF comes from the number of membership degrees.
T1-MFs have a single membership degree, represented by a value for J,, while T2-
MFs have an infinite number of membership degrees, represented by a union set of

intervals for J,.

Additionally, the characteristic of SMF of the T2-FS affects the value of the crisp
output. It also defined the type of the FS wheatear itisa T1, an IT2 or GT2 FSs. If the
SMF is a crisp number than the FS is characterized as a T1-FS. In the case of an IT2-
FS, the SMF is an interval values FS with all the membership degrees are equal to 1.
If the SMF is defined with a T1-FS, then the T2-FS is categorized as a GT2-FS.

Another advantageous property of the T2-FSs are defined with the area between the
LMF and UMF namely FOU. FOU actually can be seen as the combinations of all J,

values and can be formulized as:

U]x = {(x, u)| X€EX, u€ [Ej(x):ﬁg(x)]} (2.16)

x€EX

Here, the above equation indicates that the region between LMF and UMF defines the
FOU. Moreover, LMF and UMF is the edges of the FOU.

2.2.1 Interval type-2 fuzzy sets and systems

As we previously mentioned IT2-FSs can be defined as a particular for a GT2-FSs
where the SMFs are interval valued FSs with all the secondary membership grades are

equal to 1. An IT2-FS can be formulized as in following [24]:

A={(x,w),uzs(x,u) =1|Vx €X, Vu € J,} (2.17)

In fact, an IT2-FS is combination of an upper MF and a lower MF. Besides, the region
between the LMF and UMF defines the foot print. In this context, it is possible to
visualize IT2-FS in 2D space similar to T1FSs. In Figures 2.3, 2.4 illustrations of the
triangle IT2-MF and Gaussian type IT2-MF are shown, respectively.
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Figure 2.3 : lllustration of a triangle 1T2-MF (a) IT2-FS, (b) Primary MF, (c)
Secondary MF.

In Figure 2.5 illustrates the differences between T1 and IT2 in their SMF. In the case
of T1-MFs, there is no FOU since we can see a T1-FS as their LMF (u; (x)) and UMF
(uz(x)) is same and height of the LMF is set to one. Thus, this situation, as seen in

Figure 2.5a, results with a crisp SMF. On the other hand, IT2-FSs are characterized by
a predetermined interval which generates their FOU which is covered by the LMF

(1a (x)) and UMF (p4(x)). This feature enables greater flexibility in designing the

IT2-FSs, and designing SMFs is not a viable option, as all secondary grades are

assigned a value of 1, as showed in Figure 2.5b.
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Figure 2.5 : SMFs of (a) T1-FS, (b) IT2-FS.
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Figure 2.6 : An Illustration of an interval type-2 fuzzy logic system.

IT2-FLSs is constructed with IT2-FS in their antecedent memberships, which sets
them apart from T1-FLSs. Despite this difference, the structure of the IT2-FLS is
parallel to T1-FLS. Similar to T1-FLS, as seen in Figure 2.6 in an IT2-FLS, a crisp
input is fuzzify by the fuzzification component, rules are saved in the rule-base,
inference engine process the I1T2-FS inputs and deffuzification component generates
the crisp output. However, the IT2-FLS has an additional component called a type-
reducer. This part of the system is responsible for converting IT2-FSs into T1-FSs.
After this operation, T1-FSs are used by the defuzzifier which gives the crisp output.
Figure 2.6 provides a block diagram that illustrates the components of an IT2-FLS.

In IT2-FLSs, the type reducer has an important job in completing the output
calculation, but it causes a significant increase in computational cost that is considered
the primary bottleneck of the system [24]. It should be noted that there are various type
reduction methods are available in literature. KM type reduction [61] and NT [51] type
reduction methods are the widely used methods in literature. Therefore, we also picked
these two methods in this thesis to be employ as the type reducer for the employed
IT2-FLSs.

IT2-FLSs employ If-Then rule structures to describe both antecedent and consequent
information, with IT2-FSs used to represent these components [58]. To calculate the
system output, crisp inputs are initially transformed into 1T2-FSs. Once the input
values are provided in IT2 fuzzy format, they are subjected to rule processing and
inference to generate 1T2 fuzzy output values. Subsequently, the type reduction
component coverts these IT2-FSs to T1-FSs, and the output is calculated using the
defuzzifier [58].
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The IT2-FLSs utilized in this thesis study employ a Takagi-Sugeno type FLS. To
define the antecedent MFs of the IT2-FLS, IT2-FSs are employed, whereas the
consequent membership functions are determined through crisp, linear, or IV-FSs. As

a result, the rule definition of the IT2-FLS is expressed in the following manner:
Ry : Ifx; is A;; and ...and x,,, is A; , , Then yjp, is Yy and ...yjr, is ¥y} (2.18)

Here, ¥} = [y, ?;] are consequent MFs that are defined as:

M M
ng = Z Ap mXm + apo — z bp,mlxml - bp,O
m=1 m=1
u M (2.19)
—t
Y, = z ApmXm + Apo + Z bpmlxm| + by o
m=1 m=1

For simplicity we drop the t defined for ¥} = [XIEJZ], yir, and we use ¥} =

[y ,?p 1, ¥;7» to point out for the one particular output of the IT2-FLS, all operations

are same for the other outputs.

In this rule structure, R,, is the pth rule of this rule definition, (p € {1,2, ..., P}), where
the number of all rules is represented with P. Then, the inputs are symbolized with x,,,,
(m € {1,2, ..., M}) and total input number is symbolized with M, while the output of
the IT2-FLS, which is defuzzified and represented in crisp form, is denoted as y,,.
Moreover, the IT2 antecedent Membership Functions (MFs) are defined with 4; ,, (i €
{1,2, ...,1}) and the total number of antecedent MFs are shown with . For an IT2-

FLSs, the antecedent IT2-FSs are described with an upper MF Hﬁim(xm) and a lower
MF pz, . (xp) unlike its T1 counterpart. Moreover, T is the total number of outputs of

the IT2-FLS. y,;, is the defuzzified crisp output of IT2-FLS for t. Consequents MFs

can be selected as a crisp number, as we set a,, =0, b,.,, =0 and b,, = 0 for
V p,m, or we can select it as an linear functions as y, = a, X, + ao by setting
bym = 0and b, , = 0. Thus, Yp is the membership function of the consequent for the

rule R,.
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Remark: It is also worth to mention that the consequent MFs can be selected as V-
FSs. We canset a, ,,, = 0, by, ,,, = 0 for ¥ p, m to define the consequent MFs with V-
FSs.

The total firing interval of a rule is defined as
B =1f.f, (2.20)
In the above equation fa and j_fq represent the following equations:
fo () = pa,, (1) Nz, () (2.21)

fp(0 =Tz, (e) 0.0 g, (o) (2.22)

Here, N denotes the t-norm operator that can be the algebraic product or minimum
operator. It should be remarked that rule firings in IT2-FLS have two values: the lower
firing value and the upper interval value. In the thesis, we define UMF with a baseline

TI-FS and the LMFs pz, = in terms of the UMF p A and the height of the LMFs as

we employ in different works of ours [62-65]:
Bz, Gom) = ba, () (2.23)
Ka; m (xm) = hi,mﬁgi‘m (Xm) (2.24)

Here, the FOU design parameter of IT2-FLSs, can be denoted also as h; ,,, is also
known as the parameter associated with the IT2-FLC 4 in its most general form [24-
26], [55-60]. This parameter is responsible for defining the size of the FOU by
changing the shaded area [61-65]. When the height parameter h; ,,, gets close to 1, the
FOU area decreases and IT2-FS gets closer to a T1-FS. More specifically, h;,,, = 1
the IT2-FS is reduced to a T1-FS (1 Aim = B Ai'm) and on the other hand as the h; ,,, gets

close to zero FOU area increases. These flexibility gives IT2-FLSs a powerful ability

to handle unknowns or uncertainties.

To sum up, firings are represented as an interval, making it impossible to compute the
interval directly through the defuzzification process. In this context, the crisp output

value of an IT2-FLS can be calculated as follows:
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(y(x) +y(x))
Yir2 = _f (2.25)

Here, X(x) and y(x) are left and right endpoints of the type-reduced set and as we

mentioned earlier the most common used methods to calculate these points are KM
[61], NT [51] and also a method that directly uses the endpoints of the type-reduced
set namely Simple Method (SM) and they are formulized as follows:

e SM method [49] uses the boundary FLSs to calculate the type reduced set as
follows:

Sp=1 @Y _  Zpaf,(07,

S YA R T e

(2.26)

e KM method [61] calculates the type reduced set as a mixture of f,, and ]_Cp via
following formulation:

p=1 Fp (OYp + Zp=r+1 oYy

y(x) = é:JCp )+ Xt /o) (2.27)

_ §=1]_Cp(x)yp + X =r+1 ]_Cp(x)yp

y(x) = e +Z§=R+17p(x) (2.28)

where L and R are left and right switching points and found by the KM

algorithm iteratively.

e The NT method calculates the output directly as:

Sp=1lfp Oy + £, (0)7,]
Yir2(X) = — P -
b1 () + 351 £, (%)

(2.29)

In this thesis, we define the following functions to define an equivalent type
reduced set:

2301 £p(0)yp
p=1 () + 251 £, (%)

y(x) = (2.30)

2 Z§=1 ]_Cp (x)yp
=1 fp () + 251 £, (%)

y(x) = (2.31)
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2.2.2 General type-2 fuzzy sets and systems

The GT2-FS represents the most general form of T2-FSs, and is also denoted as (A).
Its definition is given by equation 2.12. The GT2-FS's primary and/or secondary
membership grades are determined based on the primary membership of x, denoted as
Jx» and the SMF (p4(x)(w)). The SMF and primary membership are defined in a similar
way as in the case of IT2-FS. In Figures 2.7 and 2.8 illustrations of the triangle GT2-
MF and Gaussian type GT2-MF are shown, respectively.
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Figure 2.7 : lllustration of a triangle GT2-MF (a) 3D GT2-FS, (b) 3D GT2-FS for a
unique x' (C) Primary MF, (d) Secondary MF.

The GT2-FSs has much more sophisticated visual properties than their T1 and I1T2
equivalents, as demonstrated in Figures 2.7 and 2.8. In the Figures 2.7a and 2.8a, the
common GT2-FSs (triangle type GT2 and Gaussian type GT2) are presented in 3D.

Here, the x-axis is the primary input variable (x), y-axis represents the secondary
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variable (u) and the z-axis is the secondary membership grade (1 z(x, w)). The Figures
2.7b and 2.8b illustrates 3D representation of the triangle type GT2 and Gaussian type
GT2-FSs for a unique primary input (x"). In these figures, the SMFs for the individual

primary input (x") is drawn by the red.

Remark: It should be remark that for a Gaussian type GT2-FS the SMFs can be selected
different from a Gaussian T1-FS such as a triangular or trapezoidal T1-FS.

It should be noted that the collections of all the individual SMFs (T1-FSs)
corresponding to all x values resulted with same the illustrations as given in Figures
2.7a and 2.8a. Moreover, in the figures 2.7c, 2.7d, 2.8c and 2.8d, the separate
illustration of the primary and secondary MFs are demonstrated. Here, the FOU, LMF,
and UMF are can be seen shown in Figures 2.7c and 2.8c related to their triangle, and
Gaussian T2-FSs, respectively. Besides, in Figures 2.7d and 2.8d, for a unique primary
input (x"), the resulting SMF support (J,) and corresponding triangle and Gaussian

SMF (p4(x)(w)) can be seen.
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Figure 2.8 : lllustration of a Gaussian GT2-MF (a) 3D GT2-FS, (b) 3D GT2-FS for a
unique x' (C) Primary MF, (d) Secondary MF.
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Figure 2.9 shows the differences between T1, IT2 and GT2 in their SMF. In the case
of T1-MFs, there is no FOU since we can see a T1-FS as their LMF (u (x)) and UMF

(u;7(x)) is same and height of the LMF is set to one. Thus, this situation results with

a crisp SMF as seen in Figure 2.9a.

1 1
09 1 oo r Wi (W)
08 g 08
0.7 |- 4 0.7
S osf 1 ST -———»
5 05 1 5 0.5 x
’:.;‘_: 04l ;f_ 04f
03l i 03l
02r . 02f
01} 1 01}
0 0
ta(x) ua(x) ()
(a) (b)
1 1F
Ko
o8y Hag) (W) ] ¥l
~
:‘ 0.6 [ 1 ? 0.6
N N
T <
0.4 F 1 X 04t
Jx
0.2 f . 02l
0 . A 7 — _V / t . 0 I_ ______ p— P
Eﬁ(x) i (x) Eg(x) Hy(x")
(©) (d)

Figure 2.9 : Examples of the SMFs (a) a crisp FS, (b) IV-FS, (c) a triangle type T1-
FS, (d) a Gaussian type T1-FS.

On the other hand, 1T2-FSs have a predefined interval due to their FOU bounded by
the LMF (pz (x)) and UMF (;(x)). The height (h) of the LMF (uz (x)) determines

the SMF support (J,) width as height approaches 1 the width of the J, approaches to
the 0, on the other hand as the height goes to 0 the width of the J, goes to 1. This
provides additional design flexibility, and the SMF design is not feasible since all
secondary grades are 1, as illustrated in Figure 2.9b. In contrast, in the case of GT2-
FS, there are several possible SMF available since the SMF is created based on a T1-
FS. It should be noted that Figure 2.9c and 2.9d illustrates only the triangular and
Gaussian examples. SMFs add another flexibility to GT2-FSs compared to 1T2

counterpart. Therefore, GT2-FLSs are more capable tools in handling uncertainties
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that T1 and IT2 counterparts. However, they are more complex models and, in the
application, their computational costs much bigger than the T1 and IT2 counterparts.

There are several ways to represent the GT2-FSs, the most commonly used one, in
literature, merging all (horizontal) slices over the a levels (or z-slices) at the secondary
layer [24]. The representation of collecting all points is the fundamental definition for

all other representations and can be defined as:

bz ()
A= .f ,Ug(x)/x; Hix) = /Jﬁ(x)(u) = f (fr(w)/u (2.32)
XEX Mz (x)

The £, (u) represents the secondary grade of the input variable x. The secondary grade
can also be established using the employed T1-FSs, which describe SMFs defined

within the range of LMF and UMF values, as follows:

frw) =4y,  A={@wu, )| ue ) (2.33)

Here, A, represents an individual T1-FS of a SMF.

i) oy =1
o a, = 9175
#A(x)(u)

i ()

0.6
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Figure 2.10 : Example of an a-plane of triangle GT2-FS employing triangle SMF.

The most widely used form of this representation involves combining all horizontal
slices, which is also referred to as the a-plane or z-slice representation. Despite

variations in their definitions, the outputs obtained from both the a-plane and z-slice
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representations are identical, as confirmed by multiple sources [66-68]. In the thesis,
we prefer to call a-plane representation to refer the horizontal slices of GT2-FSs. In
Figure 2.10, the explanatory demonstration of the a-plane representation is illustrated

for a triangle type GT2-FS.

EAL\’[}:U.J(X) a, = 0.5

02 E,E]-QP:D(X)

Figure 2.11 : Example of the FOU and Shape change with respect to different a-
plane levels.

By inspiring the similarity between the a-plane representation of GT2-FSs and the a-
cut representation of T1-FSs, it is possible to derive the a-planes of GT2-FS from the
a-cuts of the T1-FS utilized in SMF [24]. In this context, a-plane representation of the
GT2-FS using a-cuts of the T1-FS in SMFs can be defined as follows:

aor = [ Ao fx = [ g 0, Tiger @V (2.34)

xX€EX x€eX

where uzap and i zq, represent the lower and upper MFs of A% or in other words a-

plane related to the LMF and UMF, respectively. For a triangle SMF, the
corresponding LMF and UMF (pzep and piza,) Of @ a-planes of GT2-FLS in the

primary MF can be defined as follows [69]:

wieo = pa+w(Hz—pz) @ (2.35)

Haap = g — (1= w) (T—pa) @ (2.36)
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Here, w is the apex point of the triangle SMF. This equation indicates that we end up
with unnormal IT2-FS for different levels of a,,. Therefore, we obtain primary MFs for

different levels of a,;, such that ¢ za,, (x) < 1.

In Figure Figures 2.10, we provide the a-plane representations of a triangle GT2-FS
and selecting triangle SMFs. The SMF slice is shown for a unique input value x" which
is shown on the FOU at the a-plane level a,, = 0. The SMF slice is marked as red, and
we show the a-plane levels with 5 a-cuts, similar to T1 counterpart, a, =
{0,0.25,0.5,0.75, 1} and illustrated them in Figure 2.10. Similar to the support of an
a-cut for T1-FS, which is determined by the a-cut level and the base support of the
FS, the support of an a-plane for GT2-FS varies based on the a-plane level and the
primary membership. As a result, the size and shape of the FOU of primary MF is

changed for each a-plane level, as illustrated in Figure 2.11.

Crisp Inputs
\ 4 4 l l l v
IT2-FLS a-plane IT2-FLS a-plane| IT2-FLS a-plane
level at oy level at «, level at ap
Interval a; - Interval a; - Interval ap -
Type-2 FS Type-2 FS Type FS
(ygrlz) (ygrzz) (ygiz)

\ ----- \AR A 4

Defuzzification

Crisp Outputs

A

A 4

Figure 2.12 : The internal structure of the a-plane based GT2-FLS.

A fuzzy rule of a GT2-FLS is defined as follows [24]:

R, : Ifx; is A;; and ...and x,y, is A; , , Then ygr, is Yy and ... yGr, is V) (2.37)
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Here, ¥} = [y, ?;] are consequent MFs that are defined as:

M M
ng = Z ApmXm T Apo — Z bp,mlxml - bp,O
m=1 m=1
., ., (2.38)
—t
Y, = Z ApmXm + Apo + Z by m|Xm| + by o
m=1 m=1

For simplicity we drop the t defined for ¥} = [y, i;], vér, and we use ¥} =

[Vp 7p ], ¥or2 to point out for the one particular output of the IT2-FLS, all operations

are same for the other outputs. In this rule structure, R, is the pth rule of this rule
definition, (p € {1,2, ..., P}), where the number of all rules is represented with P.
Then, the inputs are symbolized with x,,,, (m € {1,2, ..., M}) and total input number is
symbolized with M, while the output of the IT2-FLS, which is defuzzified and
represented in crisp form, is denoted as y;r,. Moreover, the GT2 antecedent
Membership Functions (MFs) are defined with Ai,m (i € {1,2,...,1}) and the total
number of antecedent MFs are shown with . Besides, T is the total number of outputs
of the IT2-FLS. y&;, is the defuzzified crisp output of IT2-FLS for t. Consequents
MFs can be selected as a crisp number, as we set a, ,, = 0, by, ,,, = 0and b, , = 0 for
V p,m, or we can select it as an linear functions as y, = a, X, + a, o by setting
bym = 0and b, = 0. Thus, Y, is the membership function of the consequent for the

rule R,.

The process of calculating an a-plane output for GT2-FLS is very similar to the
process used to calculate an IT2-FLS output. In GT2-FLS, as it is illustrated in Figure
2.12, each a-plane represents an IT2-FLS at the associated a-plane level and the height
of the secondary membership is denoted by a;. The computations for each 1T2-FLS
are based on the associated firing levels of the a-plane. IT2-FLS at different a-plane
levels have the same main operations, fuzzifier, rules, inference, type-reducer, and
defuzzifier, as the IT2-FLSs demonstrated in Figure 2.6. Here, the only difference is
that IT2-FLSs at different a-plane levels have changing membership degrees and
firings with respect to that a-plane levels. Therefore, we end up with a new interval set
in the related IT2-FS which is shaped by the a-plane associated LMF and UMF and

they are symbolized as u and Hg.
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Using the representation of a-plane representation or it is also called horizontal slice,
GT2-FLS (ygr2) outputs can be expressed as a weighted average of the outputs of a-
plane related T2-FLCs across the a-planes. This definition is outlined in [24] as

follows:

Yh=1 qulfzak

Yer2 = W (2.39)
Here, a;, indicates the level of a-plane, ygﬁz output of the IT2-FLS at the level of a
plane and k is an index for the corresponding a-plane. K stands for the total number
of a-planes available (where k ranges from 1 to K). It is important to note that as the
number of a-planes increases, the a-axis becomes more finely sampled, resulting in a
more evenly spaced set of outputs. However, this also leads to an increase in
computational complexity and longer computation time due to the higher number of

a-plane samples.
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3. LEARNING METHODS FOR FUZZY LOGIC SYSTEMS

In this particular section of the thesis, our main focus will be on presenting a
comprehensive overview of the parameter learning techniques utilized for T1/T2-
FLSs. For this purpose, we will provide a brief overview on the recent advances on
learning methods for the T1/T2-FLSs. Then, we give some information about the
commonly used deep learning layers and parameter learning methods. After that we

introduce our proposed novel deep learning based FLSs.

3.1 Recent Advances on Learning of T1/T2 Fuzzy Logic Systems

Researchers have steered their attention to soft computing techniques for various
problems like control, modelling, regression classification problems, etc. since the
concerns of the conventional methods on computation time, accuracy and design
complexity. The rule of thumb two soft computing methods are the neural networks
and FLSs. The idea of fusing these two techniques is becoming increasingly popular
in various scientific and engineering fields as a means to solve real-world problems
[29]. FLSs can enhance the reasoning and inference of a learning machine, allowing
for the qualitative, albeit imprecise, knowledge to be modeled and symbolically
expressed using their linguistic FSs. Neural networks, on the other hand, provide
parallelism, a better generalization capability and robustness in learning. Thus,
combining these two systems increase ability to represent knowledge and provide a
systematic learning which makes it a promising tool for various learning problems
[29].

The TSK type FLSs are powerful tools against the problems like nonlinear system
identification, regression, etc. The reason behind their success FLSs represent the
global characteristics of the handled problem using the linear submodels and get the
global characteristics by combining them [30]. The most widely used parameter
learning method, in literature, for T1-FLSs is known as ANFIS [31, 32] which is
actually a five layered network structure. It defines premise and consequent parameters
through fuzzy if-then rules that relate the two sets of parameters. However, ANFIS has
some disadvantages such as it requires a significant amount of computational power

and producing complex models for even simple problems [31].
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The parameter learning method for FLSs can be classified in five categories [33];
Gradient Descent Based Methods, Hybrid Learning Based Methods, Population Based
Methods, Extreme Learning Machine (ELM) Based Methods and Support Vector
Machine (SVM) Based Methods as shown in Figure 3.1.

Methods for
Learning
Parameters of FLSs

A 4 A 4 A 4 A 4 A

Dech;a:tlTar;tsed Hyrid Learning Population ELM Based SVM Based
Methods Based Methods Based Methods Methods Methods

Figure 3.1 : Classification of the methods for learning the parameters of FLSs.

The gradient technique utilizes the steepest descent to determine the optimal solution
based on the negative gradient of the objective function, and it relies heavily on back-
propagation based learning techniques. The literature includes various approaches that
utilize back-propagation to optimize the antecedent and consequent parameters of
FLSs. For instance, in [70], the antecedent parameters are learned via a back-
propagation algorithm while the consequent parameters are constants. In [71], the
authors propose a modified back-propagation algorithm that incorporates adaptive
learning rate to train the parameters. In [72], the conventional error function setting
and learning formula of the gradient descent algorithm for a TSK type FLS are changed
by reciprocating the widths of the corresponding Gaussian membership functions. In
[73], a fuzzy-neuro system is proposed that employs local learning and fine-tunes the
transformed consequent parameters using the gradient descent method. However,
using gradient descent-based learning methods may be slow, inefficient, and prone to
getting stuck in a local minimum, as indicated by these studies [74]. Therefore, better
learning performance may require multiple iterative learning steps. Using gradient
descent alone for training may result in weak firing strength, similar to the vanishing
gradient problem observed in DNNs. Moreover, setting fuzzy rules initially, especially
for large training data, can be challenging. Additionally, gradient-based techniques
may be insensitive to long-term time dependencies, which can cause stability issues.
[75].
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Another technique to learn the parameters of the FLSs is the Hybrid methods. Solely
Backpropagation might suffer against the problem that has a huge amount of input
feature and samples. Moreover, it might not be able to learn the complex models that
has huge amount of design parameters [33]. In order to overcome these issues hybrid
learning based methods have been developed which utilize multiple learning
techniques to efficiently train parameters and achieve stable and fast convergence. The
majority of the hybrid methods is based on the self-organizing neuro-fuzzy systems.
They aim to adapting changing conditions and achieve better performance in real-
world applications by combining the parameter and structural tuning. In [76], authors
proposed the self-constructing neural fuzzy inference network (SONFIN) which uses
an online adaptation algorithm to update its rules as it learns from new data unlike
other systems that have a fixed set of rules. The authors of the [77] have developed a
hybrid learning algorithm that combines two different techniques, namely the
recursive gradient descent method and a least square estimator which uses the singular
value decomposition. The goal of this hybrid approach is to efficiently estimate the
parameters in a system. Another hybrid method is proposed in [78] that uses the
evolving approach for learning of the FLSs which modifies network structure based
on evolving criteria in various aspects. By using these evolving criteria, the network
can adapt and change over time to better fit the input data and provide more accurate

predictions.

The other commonly used approach to learn the parameters of FLSs in literature is the
population based methods. The main problem of the methods like backpropagation is
the learning process could have stuck in a local minima and the model may perform
overfitting. Population-based algorithms are more effective when derivatives are
difficult or impossible to obtain. The population-based techniques which are proposed
to tune the parameters of the FLSs can be categorized as follows; genetic algorithms
(GA) [79], particle swarm optimization (PSO) [80] and artificial bee colony (ABC)
[81]. We can also include techniques such as, ant colony optimization (ACO) [82] and

differential evolution [83].

The Extreme Learning Machine (ELM) is a relatively new neural network method that
has gained popularity due to its ability to address concerns about computational time
and generalization compared to conventional NNs. The idea of combining the ELM

and FLSs can improve the accuracy and reduce the complexity of the learning process.
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In this approach, traditional neural networks are replaced by ELM, resulting in more
flexibility in the networks. In the referenced [84-87] works, nice integration of the
ELM with FLSs can be found.

FLSs that is combined with Support Vector Machines (SVMs) is a relatively new
technique which utilizes the values of the fuzzy MFs to each input point and
reformulates the mathematics of the SVM. This approach allows for different input
points to make different contributions to the decision surface based on their respective
fuzzy memberships. In literature, various works can be found used SVM and FLSs in
different ways such as the work [87] integrates SVM with FLSs by using adaptive
kernel functions, in [88] a fuzzy logic based SVM is developed which uses fuzzy
clustering methods in order to reduce the amount of training data and the computation
time for constrained optimization. The work [89] uses fuzzy SVM for a fault diagnosis
application and optimizes the model parameters with PSO algorithm. The problem of
the all methods mentioned above the number of the fuzzy rules increasing with the
number of the support vectors. Therefore, for the complex problem we end up with

very complex models.

The usage of the FLSs in handling uncertainty and also defining nonlinear input-output
mappings has been studied extensively, in the literature [90, 91], because their success
against the unknowns. IT2-FLSs have gained increasing attention in recent years due
to their ability to handle uncertainties and define nonlinear input-output mappings that
are not achievable by type-1 FLSs [25]. Applications in which uncertainties and
complexities are high, such as control system design [25], [26], pursuing games [92],
decision making [93] and time-series prediction [94], IT2- FLSs have found to be

particularly useful.

IT2-FLSs take their power from IT2-FSs in which they employed in the antecedent
parts of the IT2-FLSs, which gives an additional degree of freedom provided by the
FOU and thus improve their performance against the uncertainties [25]. IT2-FLSs have
a structure similar to their type-1 counterpart, with the only difference being an
additional type reduction (TR) mechanism since IT2-FSs are used in IT2-FLSs [24,
25]. However, the design complexity of IT2-FLSs is high due to the large number of
parameters to be tuned. Learning IT2-FLSs is more challenging compared to Type-1
(T1) FLSs due to their sophisticated design complexity. This complexity arises from

the constraints resulting from the definitions for the IT2-FSs, a large number of
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learnable parameters, and the complicated Center of Sets Calculation Method
(CSCM). Consequently, to simplify the design complexity, the learning problem of
IT2-FLSs is typically addressed by blurring pre-trained T1-FLSs and/or utilizing
evolutionary or Neural Network (NN) approaches. To address this issue, researchers
have employed neural networks, including a self-evolving IT2 neuro-fuzzy system
[34], an IT2 neuro-fuzzy system that uses fuzzy clustering and evolutionary algorithms
[35], a self-organizing 1T2 neuro-fuzzy system [36], and an 1T2 neuro-fuzzy system
for simultaneous feature selection and system identification [37]. Support vector
machines have also been integrated with IT2 neuro-fuzzy systems to reduce structure
complexity [38]. However, these methods faced difficulties in learning extensive
datasets because of problems such as the curse of dimensionality and an increasing

number of parameters that depend on the size of the rules [39, 40].

Recent research has shown successful integration of FLSs and IT2-FLSs with deep
learning (DL) [39-43]. A Takagi-Sugeno type deep fuzzy network has been proposed
to combine the strengths of FLSs and neural networks [39], and mini-batch gradient
descent, regularization, and AdaBound concepts have been extended to Takagi-
Sugeno FLSs to solve big data regression problems [40]. An IT2 fuzzy logic-based
stacked autoencoder deep neural network has also been proposed to generate

explainable artificial intelligence models [41-43].

In conclusion, FLSs and IT2-FLSs have demonstrated their ability to handle
uncertainty and define nonlinear input-output mappings in various applications.
Although the design complexity of IT2-FLSs is high, researchers have utilized neural
networks to address this issue. Recent research has further shown the potential of
integrating FLSs and 1T2-FLSs with DL, offering promise in generating explainable

artificial intelligence models and addressing big data problems.

3.2 Brief Overview on the Commonly used Deep Learning Layers and
Parameter Learning Methods

Over the last decade, the works on Deep Learning (DL) have made significant progress
by utilizing the developed novel learning methods and new defined structures of
layers, as well as utilizing graphics cards as processing units [1-5]. This has enabled
training of neural network structures with numerous hidden layers and neurons,

resulting in a large number of design parameters that can be optimized. As a result,
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Deep Learning has made remarkable breakthroughs in various areas such as semantic
segmentation, object detection and classification, and handwritten character detection
[6,7]. Deep neural networks (DNNSs) are highly effective in various applications of
machine learning and artificial intelligence. A DNN is actually a type of neural
network which consists of an input layer, numbers of hidden layers, and an output
layer which is illustrated in Figure 3.2.

Figure 3.2 : An illustration of a generic DNN structure.

If the number of hidden layers is three or more, the system is referred to as a DNN. In
Figure 3.2 a generic DNN structure is shown. Here x = [xq, x5, ..., x5] is the input
vector and y = [y4, V2, ..., ¥, ] IS the output of the DNN structure. When dealing with
regression analysis or classification problems, the constructed DNN structure can be
formed as a linear estimation function such as y = w”x + b. On the other hand, for
more complex problems, DNN can be formed as a nonlinear global approximator using
different activation functions. DNNs have brought significant advantages compared to
traditional machine learning techniques [1]. The reason behind this improvement is
that because they can learn the features at various levels of layers. This feature allows
them to obtain the sophisticated features of the complex problems [1]. DNNs initially
compute their internal parameters through a forward pass and then refine them
iteratively during backpropagation to extract input data features effectively. These
capabilities make DNNSs superior to other methods in many tasks. As a result, DNNs
are now a valuable and powerful tool in various commercial and industrial
applications. Deep CNNs are commonly used for image and video recognition tasks
due to their ability to learn and extract features from raw data [8].

Commonly used DNN structures can be categorized with respect to the handled
problem. In other words, if we deal with an unsupervised learning problem then the

commonly used DNN structures are deep autoencoders, recurrent DNNs, and
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restricted Boltzmann machines [9-11]. In Figure 3.3, the restricted Boltzmann
machines and autoencoders are illustrated. Deep autoencoders are another type of
DNN that can be used for dimensionality reduction and feature extraction. Recurrent
DNNs are ideal for processing sequential data, such as natural language processing
and speech recognition, while restricted Boltzmann machines are used for
unsupervised learning and feature extraction. On the other hand, if the problem is a
supervised learning problem then the most widely used Deep Neural Networks include
is the Convolutional Neural Networks (CNNs) [8], [12].

(a) (b)

Figure 3.3 : lllustration of the DNNs used for unsupervised learning (a) Restricted
Bolztman Machines, (b) Autoencoders.

Different from the regular neural networks, the neurons in the layers of a CNN are
organized in three dimensions: width, height, and depth which is demonstrated in
Figure 3.4. In this particular example, CNN have an input which has a dimension of
32x32x3. This implies that the input image has 32px width, 32px height and 3
represent the depth of the input and it generally refers to the 3 color channels of the

R,G,B images.

32

=00000]

32

3

Figure 3.4 : An example of a regular neural network shown in left, an example of a
Convolutional Neural Network shown in right.
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In Figure 3.5, an example structure of a deep CNN structure is illustrated. As we
illustrated in Figure 3.5, a CNN is comprised of a sequence of layers where each layer
uses an activation function, in particular to this case a Rectified Linear Unit (ReLU) is
demonstrated, transform one volume of activations into another. In the general
architecture of a CNN, we see three primary four of layers: the Convolutional Layer
(Con), Batch Normalization (BN) layer the Pooling Layer (max pooling is
demonstrated for this case), and the Fully-Connected (FC) Layer. These layers are

stacked on top of each other to create a complete deep CNN structure.
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Figure 3.5 : An example of a deep CNN for a classification example.

For the example structure we shown in Figure 3.5, we go through more details below,
yet the basic structure can be constructed as [Input Layer — BN-Layer — Con — ReLU
— Max Pooling — FC]. The details about these layers can be summarized as [12]:

e INPUT layer [32x32x3] will hold the raw pixel values of the image, in this
case, the image is composed of a 32px width, 32px height and 3 color channels

R,G,B. Here, a ‘zero-center’ normalization is applied to the image.

e BN Layer helps to accelerate and stabilize the training of DNNSs. It applies a
normalization to the inputs of the layers through re-centering and re-scaling.

It is also known as the standardization.

e The Con layer will calculate the outputs of neurons that are linked to localized
regions in the input. Each neuron computes a dot product between its weights
and a small region of the input volume to which it is connected. In this case of
first stack convolution filter is selected as [3x3x32] which indicates a filter

3x3 kernel size and 32 filters in total.

e ReLU layer applies an element-wise activation function, such as the
max(0,x) function that sets all negative values to zero. This operation

preserves the size of the volume, resulting in an output volume of the same
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size as the input volume. For the case of the first stack the size of [3x3x32] is
preserved between the Con layers after the ReLU layer.

e POOL layer will perform a downsampling operation along the width and
height.

e FC layer computes the class scores, in this case it results with a size [1x1x10].
Each of the 10 numbers corresponds to a class score for one of the 10
categories. Similar to conventional neural nets, every neuron in this layer is

connected to all other neurons in the previous layer.

In the Convolution layers the other process we should discuss about is the spatial
arrangement [8]. The Convolutional Layers have three structural hyperparameters to

be determined before the training which are the depth, stride and zero-padding.

e The depth of the output volume is a hyperparameter that determines the
number of filters used in the Convolutional Layer. Each filter is trained to

detect a unique feature in the input.

e Another hyperparameter is that the stride which determines how the filter
move across the input image. When the stride is selected as 1 then the filter
slides across the image one pixel at time. While if the stride is selected as 2
or more that causes the filter jumps 2 pixels at one time. Thus, using a larger

stride will result in a smaller output dimension.

e In some cases, we may want to pad the input image with zeros along the
edges, which is another hyperparameter. This zero-padding enables us to
regulate the spatial size of the output image. The advantage of zero-padding
Is that it allows us to preserve the spatial dimensions of the input image while

sliding the filter over it.
In a nut shell, we can compute the width output size of a convolutional layer using the
following formulization [8]:

W —F+2P

output size of the width = 5 +1 (3.1)

Here, W stands for the width of the input image to the convolutional layer, F is the
kernel size of the convolution filter, P represents the amount of zero-padding and S is

the number of the selected stride. Similarly, we can formulate the height output size of
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the convolutional layer and they can be summarized for an input that has a dimension
of [W; x H; x D;] then the output size [W, x H, x D,] of the convolutional layer can be

calculated as:

_Wl-—F+2P
o S
H; — F + 2P
D, =K

Here K is the number of the convolutional filters.

fc_3 fc_a

Fully-Connected Fully-Connected
Neural Network Neural Network
Conv_1 Conv_2 RelU activation
Convolution Convolution | K—M
(5x5) kernel Max-Pooling (5x5) kernel Max-Pooling
valid padding (2x2) valid padding (2x2)

3& | l” o)
INPUT nl channels nl channels n2 channels n2 channels | 5 “ 9
(28x28x1) (24 x24xn1) (12 x12 x n1) (8 x 8 xn2) (4x4xn2) @ OUTRUIT

n3 units

Figure 3.6 : An illustrative example of a CNN structure for handwritten digit
classification [13].

Another layer that affects the dimension of the outputs images is the Pooling layers.
The main purpose of the Pooling Layer in a CNN structure is to reduce the spatial size
of the input image. In that way, it helps to decrease the number of parameters and
computational resources required by the CNN. This can also help to prevent
overfitting. The most common type of Pooling Layer uses filters of size 2x2 and
applies a stride of 2 to downsample the input. In general, for an input that has a
dimension of [W; x H; x D;] then the output size [W, x H, x D,] of the Pooling layer

can be calculated as follows:

W, = +1 (3.3)
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Where, F is the kernel size of the Pooling layer and S is the number of the selected

stride for pooling layer.

In Figure 3.6, we illustrated a CNN structure for handwritten digit classification for
understanding the dimensions of the resulting outputs after convolution and pooling
operations. Here, we focus on Conv_1(5x5) layer and first Max-Pooling(2x2) layer.

e The input image has a size of [W; = 28 x H; = 28 x D; = 1] and we can
calculate output of the Conv_1 layer using the formulation defined in equation
3.2. Here, kernel size is selected as F = 5, padding and stride are selected as
P =0, S=1. The number of convolution filter is left with a symbolic

number as n,. Therefore, we can calculate the dimension of the outputs of

28—-5+2+0 +1= 24’ HO — 28—51+2*0 +1= 24’ Do —

Con_1 layer as: W, =
ny.

e The input dimension [W; =24xH; =24xD; =n,] of the first Max-
Pooling layer. We can calculate the output dimension of the Max-Pooling
layer using the formulations defined in equation 3.3. Here, the kernel size of
the Max-Pooling layer is selected as F = 2 and the Stride is selected as S =
2. In this context, we can calculate the dimension of the outputs of the first

24-2 24-2

Max-Pooling layer as: W, = ——t1=12, H,=—+1=12, D, =

Dl =ng.

3.2.1 Commonly used parameter learning methods in deep learning

Many deep learning algorithms aim to optimize an objective function. The derivative-
based gradient descent method, which is well known and widely used in the literature,
is the most popular one [14]. According to this algorithm, if objective proceeds in the
negative slope direction of the function L(8), that function can be minimized and the

change in the current point can be expressed as follows:

0141 = 6, — pVL(6)) (3.4)

43



Here p > 0 denotes the learning rate, and V/(6,) denotes the change of the objective

function. Many learning methods developed have emerged based on this idea. The

commonly used learning methods in this literature are as follows; Stochastic Gradient

Descent, Stochastic Gradient Descent with Momentum, Root mean square

propagation, and adaptive moment estimation [14-16].

Stochastic Gradient Descent [14]: In the standard gradient descent method, the
changes of the objective function (VL(8)) are calculated using the entire data
set to be trained and it is used only once. The Stochastic Gradient Descent
method, on the other hand, does not use the entire data set to be trained when
calculating the change of the objective function, a smaller sample is selected
from this data set, and the change of the objective function is calculated and
the parameters are updated according to this change. This selected sample data
set is called a mini-batch. At each iteration, the algorithm takes one step to
minimize the objective function. The full transition of the entire training set
using the mini-batch of the training series is an era. One step of training with

the chosen small piece is called the epoch.

Stochastic Gradient Descent with Momentum [15]: The Stochastic Gradient
Descent method may experience some oscillations on the way to the optimal
point. Adding a momentum term is one of the methods used to reduce
oscillation in parameter updating. Probabilistic gradient descent method with

momentum updates the parameters as follows:

0141 = 6, — pVL(6) +y(6; — 6,-1) (3.5)

Here, y dictates the extent to which the previous gradient step affects the
current iteration. This parameter is also a hyperparameter to be tuned before
the training is start.

Root mean square propagation [16]: The stochastic gradient descent method
with momentum tries to find all the parameters to be learned using only one
learning rate. There are optimization algorithms that aim to enhance parameter
training by utilizing learning rates that vary for each parameter and can
automatically adjust to the optimized loss function. One such algorithm is
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Root-Square Propagation, which computes a moving average of the squares of

parameter modifications in the following manner:

v, = By + (1= B)[VL(6)]?) (3.6)

Here 8 denotes the decay rate of the moving averages. The decay rate is a
hyperparameter used in the optimization algorithm for updating the moving
average of squared gradients during training in deep learning models. The
decay rate is generally selected a value from the interval [0, 1], with common
values being 0.9, 0.99, and 0.999. The decay rate determines the weight given
to the previous moving average and the current gradient squared in updating
the moving average. Specifically, the averaging length of the squared gradients
is equal to 1/(1 — ), which results in 10, 100, and 1000 parameter updates
for decay rates of 0.9, 0.99, and 0.999, respectively. The root-square spread

algorithm performs the parameter update as follows:

pVL(6,)
\/71 . (3.7)

0141 =0, —

Here, the term ¢ is a small number close to zero added to avoid the problem of
divided by zero, and the defined operation is performed element-wise. The
most important advantage of the root-square propagation algorithm is that the
learning rates of parameters with large rate of change are effectively reduced,
and parameters with small rate of change can effectively increase the learning
rates. In this way, the optimal point is approached faster or exceeding this point

IS prevented.

Adaptive Moment Estimation (Adam) [95]: The Adaptive Momentum
Estimation algorithm is a parameter update method similar to the Square Root
Propagation algorithm. Similarly calculates a moving average of both the

parameter changes itself and its squares

my = fym;_ + (1 — B)VL(E))

(3.8)
v = Bovi—g + (1 = B)[VL(B)]?
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Here, we can determine the §; and S, similar to the root mean square
propagation method. The Adam algorithm performs the parameter update as
follows:

pmy

9[+1 = 9[ - \/?l +e (39)

If there is consistency in the parameter changes across multiple iterations, the
Root-Square Propagation algorithm leverages the moving average of the
parameter changes to introduce momentum to the parameter updates in a
specific direction. Conversely, if the parameter changes are predominantly
noise, the moving average of the parameter changes becomes smaller, which,

in turn, leads to a reduction in the parameter updates.

3.3 Proposed Deep Learning Based T1/T2 Fuzzy Logic Systems

In this thesis study, we propose a novel approach to learn the parameters of the T1/T2-
FLSs. In this approach, we use a mini-batch sampled deep learning parameter learning
methods, we introduced these methods in previous section, to learn the parameters of
the T1/T2-FLSs. In the novel approach we propose a mini-batch sampled deep learning
parameter learning method since the conventional parameter learning methods for
T1/T2-FLSs face difficulties in learning extensive datasets because of problems such
as the curse of dimensionality and an increasing number of parameters that depend on

the size of the rules.

Although T2-FLSs (IT2-FLS or GT2-FLS) are powerful tools for modeling
uncertainties and nonlinear expressions in systems, they contain many design
parameters since T2-FSs are defined as input membership function. These design
parameters can be grouped into two parts as structural and learnable parameters. The
Structural design parameters in T2-FLSs can be defined as follows:

e Total number of rules P, total number of inputs M, total number of outputs T

e The shapes of the T2-FSs defined in the antecedent which are illustrated in
Figure 2.3 and Figure 2.4.

¢ In case the input membership functions are defined as GT2-FS, the form of the

secondary membership function as shown in Figures 2.7 and 2.8.
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e Using wheatear an IT2-FS or a GT2-FS in the antecedent as can be seen from
Figure 2.3, 2.4, 2.7 and 2.8.

¢ In the antecedent, the number of membership functions to be used to define

each input.

e In the concluding part, the number of membership functions to be used to

define each output.

e Type-Reduction Method (SM, KM or NT) to be used to defuzzify the crisp
output as defined in equations 2.26 to 2.31.

In this thesis study, these structural parameters are considered as hyperparameters and

they must be predefined and set before the training.

Remark: It should be remarked that the FSs in the antecedent parts can be selected
different from a triangle or Gaussian type, yet we only consider these two types of FSs
in the scope of this thesis. Moreover, the type-reduction method can be also selected
outside of the methods (SM, KM and NT) defined in section 2.2.1. We only consider

these 3 type-reduction methods in the scope of this thesis.
The learnable parameters of the T1/T2-FLSs can be listed as follows:

e The learnable parameters in the antecedent part

o For a triangle type T1/T2-FS, the most general form of the learnable

parameters 8, = {0, 6}. Here, 84— {lim, Cim Tim him}, O, =
—im ’

{lims Cimy Tim him} |f We set the parameters as h;,, = hypy = 1,

Lim= Zi,m, Cim = Cimand 1y, =T, the triangle T2-FS reduces to

a conventional T1-FS.
o For a gaussian type T1/T2-FS, the most general form of the learnable

parameters 6, = {6, 8}. Here, %im — {Cim» T him} and B_Ai’m -

{Cim» Tims Rim}. 1T e set the parameters as hypm = hip = 1, Cim =
Cim» Oim = Oim, then the Gaussian type T2-FS reduces to a

conventional T1-FS.

¢ Incase the input membership functions are defined as GT2-FSs, the parameters

of the secondary membership function and the total number «, -planes.
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e The learnable parameters in the consequent part which can be defined as 6, =

{a a, b, by}. Here, O, {@pm» @0 P Ppo}-

As a result, if we try to learn T2-FLSs with T2-FSs (IT2-FS or GT2-FS) in their
antecedents for M inputs and Toutputs with P rules have many design parameters. In
this context, learning that much parameters naturally presents a major design
challenge, although T2-FLSs are powerful tools for modeling uncertainties and
nonlinear expressions in complex problems. In this thesis study, for the first time in

the literature, the deep learning-based T2-FLS layer structure in Figure 3.7 will be

developed.
- T\
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Figure 3.7 : An illustration of the T1/T2 Fuzzy Layer Structure.

The proposed T1/T2 Fuzzy Layer structure within the scope of this thesis study is
considered to be composed of 5 layers. These layers are:
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Layer 1: It is the input and normalization layer.

Layer 2: The membership values (ﬁﬁim(xm) and pg, (xp)), of each crisp
value is calculated in this layer. If the antecedent membership functions are

defined with GT2-FSs, this process is repeated for each defined a-plane levels

Note that: this layer is also valid for T1-FLSs if we select "_‘Aim(xm) =

w4, (xm) then automatically antecedent MF reduced to a T1-FS.

Layer 3: In this layer, Using the equations 2.10, 2.21 and 2.22 rule firings (f,

or fr, = Uy ,fp]) are calculated. If the antecedent membership functions are

defined with GT2-FSs, this process is repeated for each defined a-plane levels

Layer 4: In this layer, using the calculated firings (f, or f, = [f, SoD) we
calculate the left and right endpoints (X and y) of the type-reduced set using
the equations 2.26-2.31. If the antecedent membership functions are defined

with GT2-FSs, this process is repeated for each defined a-plane levels a; (k =
1..K).

Layer 5: In this layer, the crisp outputs are calculated using the end points of

the type reduced set (3_/ and y) as defined in equation 2.25 or 2.9 is used if

antecedents defined with T1-FSs. If the antecedent membership functions are
defined with GT2-FSs, the expression given in equation (2.39) is used by using

the end-points of the a-plane outputs (yggz).

In this context, it can be concluded that the proposed structure resembles a deep

artificial boundary network (due to the number of neurons). There are learnable

parameter sets (@: parameter vector) in the 2nd and 4th layers of this proposed

structure. Through the parameter learning methods commonly used in deep learning

described in section 3.2.1, the tuning of these parameters can be provided by the one

of the algorithms defined in section 3.2.1.

Remark: It must be noted that the Learnable parameter set (@) of the proposed structure

seen in Figure 3.7 is the parameters of MFs. Thus, in the learning of IT2-FLSs, we

have to consider that the learnable parameters are the parameter of the fuzzy MFs. In
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this context, the problem is that the parameter space @ is constrained to C, which
presents a problem because deep learning frameworks like Matlab PyTorch or
TensorFlow, only provide unconstrained optimization. Thus, we will propose novel
parameterization tricks for the parameter set (@) and explain them in detail in the
following sections such that we can use deep learning parameter learning methods with

an unconstraint Space.

The proposed structure can be implemented in various supervised and unsupervised
problems. Also, the structure can be combined with the commonly used deep learning
layers such as CNN. In the next sections we will go through in detail of the proposed
new architectures, combinations of Fuzzy Layers with CNNs, proposed new composed
loss functions for parameter learning of T2-FLSs and employments of these new

structures and methods.

3.4 Learning with Type-2 Fuzzy Activation Functions to Improve the

Performance of Deep Neural Networks

This subsection presents a detailed introduction to a novel activation function based
on IT2-FLS and its architecture, which is designed to enhance the performance of
DNNs. To achieve this, we propose a new layer called the IT2 Fuzzy Activation Layer
(IT2-FAL), which is comprised of Single input IT2 (SIT2) Fuzzy Rectifying Units
(FRUS). In the following subsection, we will provide a thorough explanation of the
features, internal characteristics, and learning method for the new IT2-FAL.
Additionally, we will present a mathematical formulation for SIT2-FRU and analyze
how its parameters influence the input-output characteristics. Based on our analysis of
these mappings, we suggest that they can be considered as either hyperparameters or
parameters to be learned. Finally, we will evaluate the performance of the SIT2-FRU
against other commonly used activation units such as ReLU, PReLU, and ELU, using
various benchmark datasets to demonstrate the effectiveness of our proposed IT2-
FAL.his subsection,

The major novelties of the proposed structure are:

e We construct the new SIT2-FRU activation function with three design
parameters which determine not only the slope in the positive and negative
quadrants but also the shape of the input-output mapping of the activation
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function. This means that the SIT2-FRU can improve the learning ability of
Deep Neural Networks by expressing both linear and complex input-output
mappings through adjusting the size of its IT2-FSs.

e The SIT2-FRU can also handle negative input values, which can shift the mean
activation of the layer towards zero, similar to ELU and PReLU, leading to an
improvement in learning performance. This also helps to mitigate the vanishing
gradient problem. Additionally, unlike ReLU, PReLU, and ELU, SIT2-FRU is
capable of learning the contribution of each neuron in the positive quadrant.
Therefore, using SIT2-FRU can potentially accelerate the convergence speed

of Deep Learning models.

e We investigated the robustness of the IT2-FAL concerning the
hyperparameters of Deep Learning. Our findings indicate that the learning
performance of IT2-FAL is not affected by variations in parameter settings
such as the learning rate and Mini Batch Size (MBS). Compared to ReLU,
PReLU, and ELU, the DNN with IT2-FAL perform a more robust learning

performance.

e We also analyzed the impact of implementing a Batch Normalization (BN)
layer on the learning performance of DNN with IT2-FAL. Our comparative
results revealed that unlike ReLU, PReLU, and ELU counterparts, SIT2-FRU
can maintain satisfactory learning performance regardless of whether BN is

used or not.

3.4.1 Brief overview on activation functions

Activation functions are critical components for the deep neural nets since it plays a
crucial role in the learning process by since it determines the input-output
characteristic of the DNN. Since the discovery of the Rectified Linear Unit (ReLU),
which is currently the most widely used activation function, Deep Neural Networks
have made significant progress. ReLUs have not only helped to alleviate the vanishing
gradient problem, but also to improve the learning performance, as reported in several
research studies [11], [96]. Several activation functions have been proposed as
extensions of ReLLU to enhance the learning performance of Deep Neural Networks.
These rules of thumb activation functions can be classified as ReLU and its variations.
For example, Leaky ReLU (LReLU) is an activation function that can handle negative
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input values by assigning a predefined slope value, as described in previous studies
[97]. On the other hand, in Parametric ReLU (PReLU), this slope parameter is learned
during the training process of the Deep Neural Network [98]. In addition to LReLU
and PReLU, ELU and PELU have been introduced as activation functions for DNNs
[99], [100]. ELU and PELU are described as one for positive inputs and a(e* — 1) for
negative ones. They mainly address the problems of bias shift and improve learning
speed. Despite their good performance in DNNs, these activation functions have a
common weakness which can be defined as their limited ability to generate

sophisticated input-output mappings.

As mentioned earlier widely used Activation functions are ReLU and the ones
developed based on ReLU. The ReLU can be defined as following [11]:

f(x) = max(0, x) (3.10)

Here, x represents the inputs for each neuron and f(x) is the mapping characteristics
of the function. The two enhancements of the ReL U is that LReLU [96] and PReLU

[97] and their definitions can be made as:
f(x) = max(0,x) + a min(0, x) (3.11)

In the above formulation, a should be selected as a > 0. LReLU and PReLU are very
similar to each other the only difference is that the parameter a, namely leak parameter,
is learned during training in PReLU, while it is predefined for LReLU. This leak
parameter (a) helps to avoid PReLU and LReLU saturating negative input to zero.
Another activation function which can be seen as a derivative of ReLU is that ELU
[99] and can be defined as:

f(x) = max(0,x) + a (e™" — 1) (3.12)

This activation function gives exponential weights to the inputs on the negative
quadrant by using the its hyperparameter (a) and an exponential mapping
characteristic defined in equation 3.12. In addition to that activation functions, there
are also various other activation functions. However, they have similar characteristics
to ReL.U and can be seen variants of it. They can be listed as Adaptive Piecewise Linear
[4] unit and Maxout Unit [5].
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The Adaptive Piecewise Linear (APL) unit aims learning a weighted sum of S

parametrized Hinge functions [4]. APL is defined with the following function:
S
fi(x) = max(0,x) + Z a; max(0,—x + b}) (3.13)
s=1

Here, the hyperparameter S is the number of hinges, the variables a;, bj fori € 1, ...,S
are the parameters of linear functions and learned during training. Even though, APL
has the flexibility to represent both convex and non-convex function, it explicitly
forces the rightmost segment to have a unit slope and zero bias. This restriction may
not be suitable in deep networks and could degrade the learning performance of the
network. Moreover, another drawback of APL is that non-differentiable points are

increasing linearly with the number of hinges S [4].

Another activation unit is Maxout unit [5] which takes as its inputs the outputs of
multiple linear functions and returns the largest as follows:

_ k k
flx) = ker{l:ll?i(K}W x+b (3.14)

As stated in [5], Maxout function can approximate any convex function in theory.
However, it has not able to learn non-convex functions. Moreover, Maxout units need
large memory storage capacity and have considerable high training time since a large
number of extra parameters added by the K linear functions for each hidden unit.
Therefore, it diminishes the training efficiency of stacked DNNSs. In other words, the
main disadvantage of Maxout units is that it increases amount of weights to be learned
by a factor of K in each layer. Hence, the Maxout units increase computational burden

significantly for DNNS.

The adaptive piecewise linear unit can generate convex and non-convex mappings
since it can be defined as hinge-shaped functions. This procedure sets a specific rule
for the last segment in a series of data points or segments, which requires that it has a
slope of 1 and a bias of 0. The constraint imposed by the adaptive piecewise linear unit
on the rightmost segment may not be suitable for DNNs and could hinder their learning
performance. Another disadvantage is that the number of non-differentiable points
increases linearly with the number of hinges. Another variation called Maxout [5] uses

the outputs of multiple linear functions and returns the maximum value, but it has
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limitations when it comes to learning non-convex functions. Moreover, Maxout units
require a large amount of memory storage and can lead to high training times, which

may be problematic for stacked DNNs as it can decrease their training efficiency.

3.4.2 Proposed type-2 fuzzy logic based activation layer

In this subsection, we will introduce our proposed IT2 fuzzy logic based activation
layer. We explain its internal structure, properties and the construction of the IT2-FAL.
Moreover, we will also provide the necessary derivations to learn the parameters of

the new layer.

In figure 3.8, a DNN structure with the proposed activation layer 1T2-FAL is
illustrated. In this structure, IT2-FAL contains C number of hidden units and these
hidden units are constructed with IT2-FLSs. The inputs X, (c = 1, ..., C) of the IT2-

FLSs placed in IT2-FAL is normalized as follows:

0c = KrXc (3.15)

where o, are the normalized inputs and K¢ is the scaling factor which is used to
normalize the inputs into the o, € [—1,1]. K; generally selected as Ky = 1/max (%)
and it should be mentioned that the K is calculated for each mini-batch which reveals
that the value of the K is changed for each epoch in the learning process. We also
denormalize the outputs of the IT2-FAL via the following formulation j, = Kf_l(pc.

Here the ¢, is the output of the IT2-FRU.

Stacked DNN Layers Stacked DNN Layers
IT2-FAL (C)

Figure 3.8 : An example of a DNN structure with the proposed activation function
based on IT2-FLS.
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3.4.2.1 The internal structure of SIT2-FRU

The rule structure of the proposed SIT2-FRU is defined as:
R;:IFoisA; THEN @is@; = B;, i=1,2,3 (3.16)

This rule structure is defined with three triangular IT2-FSs (4;) which are constructed
by extending the T1-FSs as demonstrated in Figure 3.9. While the consequent MFs are
defined with crisp values (B;). As we explained in section 2.2.1, an IT2-FS is a

combination of an LMF (1a,) and an UMF (ﬁgi). In this context, we can define the

triangular type UMF as:

0~ Citq
——— 0 € [c;,¢i44]
— _ )G = Cit1
’LLAL' - Ci—l — 0 (317)
——— 0 € [ci_1, 6]
Ci-1 — G
) win )
Ay 1 A, A;
mq iz Em3
-1 0 1
o

Figure 3.9 : Illlustration of the antecedent MFs of SIT2-FRU.

Here, o is the normalized input of the SIT2-FRU and c is the core of the triangle type
UMF. In the illustration we give in Figure 3.9, the heights of the LMFs are defined
with the parameter m. Therefore, we have three height parameters and they are
reparametrized as m; = hy, m, = h, and my = h;. The LMF can be calculated using

the definitions we provided in equation 2.23 and 2.24 as follows:

Ha, =M Uy, (3.18)

In the scope of this structure, the cores of the triangle type IT2-FS are predefined and
selected as ¢; = —1,c, = 0 and c; = 1. As it can be seen from Figure 3.9, the only
parameter that changes the amount of FOU is the height parameter of the LMFs (m;).
Furthermore, these height parameters are reorganized as we suggest in our previous

work as in the following [45]:
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m2=a

m =mg=1—«a (3.19)

Here, a is the only parameter which can change the FOU of the IT2-FSs and it should
satisfy the @ € [0,1]. The consequent parameters of the rules of SIT2-FRU is defined
with crisp numbers as seen from equation 3.16. We construct the consequent MFs with

three linguistic parameters as following:

Here, N and P can be selected as learnable parameters or they can be hyperparameter
to be predefined before training. On the other hand, we set Z = 0 in order to satisfy

the equation ¢ (o = 0) = 0.

The output of the SIT2-FRU can be calculated with respect to the type-reduction or

center of set calculation method namely KM method introduced in [61] as follows:

¢ = (or +¢1)/2 (3.21)

In above equation, ¢, and ¢; are the type reduced set and they can be found the

equations we provided in 2.27 and 2.28, also they can be reformulated for 3 rules as:

Y1 4, @i + Xilhea s 9

R, - =3 —
i=1 Ma; + XiZke1 Kz,

Or =

L - 123 (3.22)
i=1Hz,Pi + 2izi+1 Ha; Pi

L - =3, _
i=1 Bz, T XiZie Ha,

Y, =

As we illustrated in Figure 3.9, we choose to employ fully overlapped triangle type
IT2-FS for the SIT2-FRU. In this context, it can be commented that the normalized
inputs of the FSs always be a member of two 1T2-FSs (4; and A4;,,) at one time.
Therefore, for one particular input at most two rules be activated and this situation
results with R = L = 1 (left and right switching points defined in reference [61]) as
shown in the reference paper [45]. Therefore, the mapping characteristic of the SIT2-
FRU can be formulized as follows:
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1 <ﬁgi§0i B P Bt H,;M(pm)

(0) =5 = =
Y 2 ‘ui‘Ii + E‘qi E‘qi + ‘ufii+1 (323)

The above equation can be redefined by if we substitute the equations 3.17 and 3.20
into 3.23 and some algebraic manipulation, we can formulate the mapping function of
the SIT2-FRU for the ¢ € [0, 1] as

@(0) = Pok(o) (3.24)

Furthermore, we can formulate the k(o) as the below:

I _1( 1 +—1+a>
(0)_2 a+oc—ac —-1+ao (3.25)

we can also formulate the mapping function of the SIT2-FRU for the o € [—1, 0] as

¢(0) = Nok(—o) (3.26)

At that point it is possible to visualize the mapping characteristic of the SIT2-FRU
according to the mapping residue which can be defined as ¢,(0) = |p(0o)| — |o].
This can be also defined as residue which is left from the differences of the absolute
values normalized input (o) and the output of the SIT2-FRU (¢ (0)).

1

0.5

-0.5

Figure 3.10 : Illustration of the mapping characteristics of SIT2-FRU.
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The different mapping characteristic of the SIT2-FRU is visualized in Figure 3.10 with
respect to the different values of a. The selection of « affects the mapping

characteristics and they can be listed as also provided in reference [45]:

(i) If the a is set to a value which stay in the interval of 0 < a < a, then it
leads to an absolute output always bigger than the absolute input which
makes &,(a) > 0 always guranteed for V o € [—1, 1]. Thus, we defined the
mapping characteristic of the SIT2-FRU as Aggressive Fuzzy Mapping (A-
FM) for0 < a < ay.

(i)  If the a is set to a value which stay in the interval of as < a < 1 then it
leads to an absolute output always smaller than the absolute input which
makes &,(o) < 0 always guranteed for V ¢ € [—1, 1]. Thus, we defined the
mapping characteristic of the SIT2-FRU as Smooth Fuzzy Mapping (S-FM)
forag <a<1.

(ilf)  If the a is set to a value which stay in the interval of a, < a < ag then it
leads to an absolute output almost equal to the absolute input which makes
g (o) = 0 for V o € [—1, 1]. Thus, we defined the mapping characteristic
of the SIT2-FRU as Unit Fuzzy Mapping (U-FM) for o, < a < as.

Here, the values of a4 and ag are setas a, = (3 —+5)/2and ag = (=1 ++/5)/2. In
Figure 3.10, we set the learnable consequent parameters as P = N = 1. On the other
hand, we set the @ = 0.1 to obtain the A-FM and we select the ¢ = 0.9 to end up with
a S-FM while we set the @ = 0.5 for U-FM. In this figure, it can be seen that the S-
FM has a low sensitivity compared to A-FM especially focused on the o = 0. Besides,
it is possible to almost obtain a U-FM when « is selected from the range of a, < a <

as Which is also can be seen from Figure 3.10.

3.4.2.2 Mapping characteristics of the type-2 fuzzy activation units

In this subsection, we provide the input-output characteristics of the proposed SIT2-
FRU. Firstly, we can rearrange the formulations we derived in equations 3.24 and 3.26
which are related to mapping characteristics of the SIT2-FRU and they can be

reorganized as follows:

Pok(o), ifo>0
f(0:0) = {Nak(—a), ifo <0 (3.27)
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Figure 3.11 : Illustration of the mapping characteristics of SIT2-FRU for different
selection of the parameter set @ = [«, P, N].

The selection of the learnable parameter set 8 = [«, P, N] directly affects the input-
output mapping characteristic of the SIT2-FRU. It is possible to construct various
linear or sophisticated mapping characteristics with the different set of selection of the
learnable parameter set 0 as it is demonstrated in Figure 3.11. As it is also noticeable
in Figure 3.11, the parameter P actually defines the slope of the mapping function for
the inputs in positive quadrant, N actually responsible for the slope of the mapping
function for the inputs in negative quadrant. Moreover, when the « is set to a value
which stay in the interval of a, < a < ag then the mapping is reduced to function
which is close to a linear activation with the slopes of N for negative quadrant and P
for positive quadrant. On the other hand, if the « is set to a value which stay in the
interval of 0 < a < a4 orifitis setto a value which stay in the interval of as < a <
1, the mapping function defined in equation 3.27 can end up with complex nonlinear
input-output mappings which have aggressive or smooth characteristics. In this
context, the design parameter set @ = [a, P, N] can be defined as hyperparameters to
be defined by user before training or they can be selected as learnable parameters
which will be learned by the proposed algorithm to improve the performance of the

DNNs. In this structure, the total number of learnable parameters will be 3C since the
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IT2-FAL has the C hidden units. Thus, it can be said that IT2-FAL will not bring a
huge computation burden to deep learning algorithm compared to a DNN with huge

amount of weights.

The SIT2-FRU has several new features that can enhance the DNN performance. the
SIT2-FRU activation function has several benefits that set it apart from other activation
functions such as ReLU, ELU, and PReLU. Its ability to handle input values in the
negative quadrant, learn each hidden neuron's contribution in the positive quadrant,
and map complex input-output relationships in the negative quadrant through the FOU
parameters N and a make it a versatile and valuable tool for enhancing DNN's DL
performance. Additionally, SIT2-FRU's ability to mitigate the impact of small
variations in certain hyperparameter settings makes it more resilient against parameter
variations, which is crucial in real-world applications. The unique features of SIT2-
FRU offer exciting possibilities for future research in this field and highlight the
importance of continually exploring new activation functions to improve the
performance of DNNs. Moreover, if necessary, SIT2-FRU can also alleviate the
impact of small variations in certain hyperparameter settings. For instance, when o =
0, SIT2-FRU has a relatively low input sensitivity when S-FM is used. This results in
an activation unit that eliminates the problem of propagating noisy input values to the
next layer, making the resulting DNN with IT2-FAL potentially more robust against
parameter variations. Overall, the SIT2-FRU novel offers several unique features that
can enhance the DL performance of DNN, making it a promising candidate for future

research in this field.

3.4.2.3 Learning the parameter of type-2 fuzzy activation units

This subsection provides the necessary derivations to learn the design parameter set of
the SIT2-FRU. As we mentioned in previous section, the design parameter set 8 =
[a, P, N] can be defined as hyperparameters to be defined by user before training or
they can be selected as learnable parameters which will be learned by the proposed
algorithm.  In this context, if the user decides to use these parameters as
hyperparameters then it can be tuned using the definitions we provided in section
3.4.2.2 and set them as desired. On the other hand, if the user left these parameters to
be learned by the algorithm we provide the necessary mathematical derivation in the

below.
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The parameter update rule for the learnable parameter set @ = [«, P, N] can be derived

using the chain rule as in the following:

(3.28)

oL _z oL of.(o.))
00, - afc(o'cj) 00,
Here, the channels in the network are indexed by the variable ¢ which takes values

from 1 to C, and the elements over height, width, and observations are represented by

oL
afc(o'cj)

refers to the gradient that is propagated from the deeper layers after the IT2-FAL

the index j. The objective function of the network is denoted by L. The term

activation function is applied. The gradients of the SIT2-FRU can be derived as

follows:
0f(a;)
da,
( P 1 -1 1—a
I CUc< N o, - a.( c)2>’ ifo, > 0
B 4 2 \a.0.—1 (a.+o0.—a.0.)*> (a.o.—1)
L_ Nco, 1 n o +1 o.(1—a)  ifo, <0
2 \aco.+1 (ao—o.+a.0.)? (aco.+ 1)? (3.29)
dfc (o) {ackc(ac), ifa, >0
oP, 0, ifo, <0
(')fc(ac)_{ 0, ifa, >0
N,  lock.(—0.), ifo. <0

Here, the k.(.) in equation above is the same function as described in equation (3.25).
The updates of the learnable parameter @ can be achieved by the Stochastic Gradient

Descent with Momentum method, which is introduced in section 3.2.1, as following:

oL
AD = phd + vy (3.30)

where p is the momentum and y stands for the learning rate parameter.

Remark: it should be notified that we have not constrained the negative and positive
slope parameters N, P and use them directly in the unconstrained optimizer namely
Stochastic Gradient Descent with Momentum. On the other hand, we constrained the

FOU parameter (a) as a € [0,1] because we need to take into account that this
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parameter is the FOU parameter of an 1T2-FS and ‘_‘Ai > pi, Vfe(c=1,..,C)must

be always satisfied for IT2-FSs.
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4. MORE THAN ACCURACY: A COMPOSITE LEARNING FRAMEWORK
FOR INTERVAL TYPE-2 FUZZY LOGIC SYSTEMS

This section presents a novel composite learning framework for IT2-FLSs. In
literature a majority of rule of thumb papers aim to design/tune/learn/optimize a
T1/T2-FLS model for the handled problem that has a highly accurate mean prediction.
In order to increase the accuracy of the IT2-FLS, the researchers generally use the
FOU parameter which is in the antecedent parts. Therefore, the wide majority of the
researchers treat the FOU parameter like another design parameter to increase the
mean accuracy rather than a parameter which can be used to envelope the uncertainty.
We see limited amount of paper, in literature, in which the type-reduced set of
constructed 1T2-FLS is used to cover the uncertainty or generate prediction intervals
[49], [101, 102].

In this proposed work, we present a novel framework to learn the parameters of various
types of TSK type IT2-FLSs with a motivation of “More than Accuracy”. In this
context, the aim of the proposed framework not only learn an IT2-FLS with a high
prediction mean accuracy but also envelope the uncertainty at the same time exploiting
their type reduced set. In this context, we have identified three primary obstacles that
must be overcome to achieve this aforementioned objective: (i) the ability of IT2-FLSs
to overcome unknowns or uncertain effects, (ii) the development of a suitable objective
function, and (iii) the construction of an algorithm that can manage the complexity of
learning while considering the constraints which brings by IT2-FLSs and also the
handled dataset such as its feature and size.

i.  The inference mechanism of an IT2-FLS determines how uncertain inputs are
translated into uncertain outputs. It decides how the system makes decisions
and how it deals with missing or incomplete information. A robust inference
mechanism can help IT2-FLSs handle uncertainty more effectively. The
structure of an IT2-FLS determines the way in which the components of the
system are connected and how they interact with each other. A well-designed

structure can help the system cope with uncertainty by allowing it to
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incorporate multiple sources of information and multiple decision-making
criteria. Therefore, we consider three different CSCMs since processing the
uncertainty gets effected significantly by the CSCM, as we explained the
details of these methods in section 2.2.1, they can be listed as; the first method
iIs a SM which directly uses the upper and lower bounds of the IT2-FSs, the
second one is NT method and the last one is the widely used KM method. After
that, we construct different structured IT2-FLSs, to improve the handling
capability of the FLSs against the uncertainties, leveraging the antecedent
Membership Functions (MFs) and the rule consequents. Specifically, we
consider Gaussian type I1T2-FSs with different FOU structures for the
antecedent MFs, and either crisp, linear or Interval Valued (IV) functions for
the rule consequents. By varying the size of the FOU for the antecedent MFs
and deploying 1T2 and IV-FSs into the antecedents and consequents,
respectively, we can construct IT2-FLSs that capture uncertainty in different
ways. Some IT2-FLSs may rely solely on the uncertainty captured in their
antecedents, while others may benefit from the use of IT2 and IV-FSs in both
the antecedents and consequents. Overall, we define various IT2-FLSs along
with their learnable parameters that represent and process uncertainty
differently. By exploring different structures and parameters, we can design
IT2-FLSs that can effectively handle uncertainty in various real-world
applications.

In the construction of our loss function, we aim to balance accuracy and the
ability to cover uncertainty, which are both crucial for designing effective 1T2-
FLSs that can handle real-world uncertainties. In order to find an IT2-FLS has
a high model accuracy, we use an empirical loss function, which is a common
approach in machine learning. To capture uncertainty, we use a tilted loss
function [, which is often used in Quantile Regression (QR) to generate
Prediction Intervals (PIs). This function defines an expected quantile range that
we want our IT2-FLS to cover. By including this tilted loss function in our
optimization problem, we ensure that our IT2-FLSs can handle uncertainty by
producing Pls that cover the expected range. In order to simplify the learning
process and avoid increasing complexity, we convert our multi-objective loss
function to a composite loss via a hyperparameter which is widely done in DL

approach where a single loss function is used to optimize the model. Typically,
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the L, or L, norm is used to learn the prediction mean in DL. However, in our
case, the empirical risk function must have similar properties to the tilted loss
[, to prevent the degrading effects as the training continuous since there is a
hard parameter sharing between the empirical risk and tilted loss. To address
this, we proposed to select L;,q_cosn as the empirical risk function in our
proposed novel loss function. By choosing this loss function, we give
opportunity that the empirical risk works well with the tilted loss and L, g cosn

also has the beneficial aspects of L; and L, [52]. Moreover, the need for setting
a separate hyperparameter is eliminated in our proposed composite loss
function due to its alignment with the tilted loss function which makes the
learning process simpler and more efficient. Our proposed loss function

explicitly leverages the reduced set ([y,y]) in the tilted loss function and the

defuzzified output (y) in the L;,;_cosn function. By combining these two
components, we can train IT2-FLSs that has ability of both enveloping an
expected amount of uncertainty and achieving a high performance in prediction
outputs.

iii.  The parameter learning process of the IT2-FLS is not a trivial job since there
are some challenges related to the big data problem such as size and
dimensionality. On the other hand, we have some constraints over our
optimization problem since the learnable parameters are the parameters of the
IT2-FSs which they must satisfy some definitions coming from the FS theory.
While DL can help overcome the former issue, yet directly implementing it is
not feasible due to the constraints related to IT2-FSs must satisfy some
definitions. To address this issue, we will present some new parameterization
tricks that can handle the optimization problem as an unconstraint one and it
allows us to apply DL algorithms for learning IT2-FLSs. By doing so, we can
effectively deal with the complexities of the data while also satisfying the
constraints imposed by the FSs. This approach allows us to learn the
parameters of the IT2-FLS in an efficient and effective manner, without

compromising on the accuracy or handling of uncertainties.

In the scope of this thesis, we will provide extensive experimental results to
demonstrate the effectiveness of our new approach. we conduct a thorough analysis of

the learning performance and its sensitivity to hyperparameters using a univariate
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dataset. Through this analysis, we aim to show how our approach can effectively
handle uncertainties and achieve high accuracy performance on real-world data. By
examining the sensitivity of our approach to hyperparameters, we can identify the
optimal values for these parameters and fine-tune the learning process to achieve even
better results. Our comprehensive analysis provides valuable insights into the
capabilities and limitations of the learned IT2-FLSs via the proposed approach,
allowing us to optimize its performance and ensure its effectiveness in a wide range of
applications. In the experiment section, section 6.2.2 and 6.2.3, we will present intra-
model (different types of IT2-FLSs) and inter-model (compared to commonly used
models) comparisons using multivariate datasets. Therefore, our results will provide a
strong evidence for the effectiveness of our proposed approach, and demonstrate its
potential for use in a wide range of applications where uncertainty is a significant

concern.

The proposed composite learning approach for IT2-FLSs brings the following

novelties:

e our approach provides a new and effective way to learn IT2-FLSs that can
effectively handle uncertainty, making it suitable for use in a wide range of
real-world applications where accurate predictions are critical.

e In proposed composite loss, by combining the empirical loss for accuracy and
the tilted loss for capturing uncertainty, we enable the effective handling of
both objectives within a single framework. This represents a significant
improvement over traditional methods, which may focus solely on accuracy
and neglect uncertainty.

e The proposed parametrization tricks for IT2-FLSs represents a significant
improvement since the other approaches may struggle to effectively train 1T2-
FLSs within the context of DL frameworks.

e The results obtained from our study and presented in section 6.2 demonstrate
that our proposed DL-based training approach effectively learn the parameters
of IT2-FLSs with the capability to capture and process uncertainty while
achieving high levels of accuracy. In fact, our approach outperformed various
models, in some studies DNNSs are used, in terms of accuracy. This highlights
the effectiveness of our approach in addressing the challenges associated with
handling uncertainty.
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4.1 Preliminaries on Quantile Regression

The main idea of parameter estimation is that estimating the conditional mean E[y|X =

x] of the output (y) by using the inputs x and function q(.) defined:

y=qx;0) +e (4.1)

here @ is the learnable parameter set and € € R stands for the estimation error.

Estimating only the conditional mean might be inadequate for the datasets that have
heteroscedasticity behavior [103]. In the analytical sense, the QR approach may
capture the exact representation of the whole conditional distribution of y using the
input rather than only taking the conditional mean into consideration [49]. As a result,
conditional quantities may be argued to be more efficient ways for real-world
applications since they can better capture the conditional distribution of the modeling

phenomena.

The conditional quantile for 7 € (0,1) is defined as g*(x) € R: P(y < ¢*(x)|X) =
7. Generally, more than one quantitative function is estimated to capture unknown

characteristics of real-world data. A Pl ¥ with the expected range ¢ = [t,T| may

therefore be generated using a specified lower (%) and upper (g %) quantile function.

The minimization problem of the =" quantile [49] is as:

N
arg minz (Y — qT(xn; 0))
(4 n=1

In above equation, g® represent the conditional quantile function at t while the £,
stands for the tilted/ pinball loss that is defined as:

y _{ TEL, ife; =20
TT T - 1e;, ifel <0 (4.2)

In the equation 4.2, €], represents the quantile residue (e} = y,, — q*(x; 8)) for the n-
th sample, where the penalty for the predicted value exceeding the specified quantile

level is more pronounced. ¢, can be also defined in a compact form as:

£, = max(zef, (v — 1)ef) (4.3)
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The compact form clearly shows a problem: the sloping tilted ¢, equals the absolute
value of € scaled by 7. Hence, it can be concluded that when the predicted value goes
beyond the chosen quantile level, it is penalized heavily, resulting in automatic
generation of the expected prediction interval (I%) within the chosen range ¢ due to
the tilted loss. However, computing separate quantile levels for each sample can be
computationally intensive, and the crossing problem of quantile curves can also occur.

Therefore, a composite loss with multiple objectives is defined to address these issues.

4.2 1T2-FLSs for Uncertainty Representation

To capture uncertainty, it is possible to construct different IT2-FLSs concerning the
type of the employed antecedent MF (i.e. different FOU size and characteristic) and
consequent MFs (i.e. crisp or interval valued functions). For instance, an IT2-FLS can
be constructed to model the uncertainty through only its antecedent MFs while another
one could try to capture the uncertainty by benefiting from the deployment of IT2-FSs
and interval-valued consequents. Also, the processing of the captured uncertainty
depends on the deployed center of sets calculation methods. Therefore, their way of
representing and processing uncertainty is quite different. In this section, we define
various Takagi-Sugeno-Kang type IT2-FLSs alongside their learnable parameters to
capture the uncertainty.

4.2.1 The internal structure of the TSK-type IT2-FLSs

The formulation of the rules for IT2-FLS for uncertainty capturing can be constructed
for an input x = (xy, x5, ..., x3,)7, as we provided preliminary theoretical background

in section 2.2.1, as in following:
Rule, : If x; is A, and ... xy is A,y Thenyis ¥, (4.4)

In the above equation Yp is the consequents and we provided the definition of the Yp

in equation 2.19. Here, if we select the number of outputs t = 1, the consequents can

be redefined as:
M M

yp = z QX + L0 — z By ] — By (4.5)

m=1 m=1
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M
yp = Z ApmXm + Apo + Z by m|Xm| + by o

m=1 m=1

For the antecedent MFs of the IT2-FLS we consider to use a gaussian type IT2-MF. In
this context, we can formulate a gaussian type IT2-MF using the equations 2.7, 2.23

and 2.24 we provided in section 2 as follows:

ﬁgp‘m (x,) = exp (—(xm — Ep,m)z/ZE;,m) Y,
, (4.6)
Py Cim ) = Py €xXD(=(xm = Cpm) "/ 203m)

where ¢, ., and ¢, ,, are the centers, while g,, ,,, and @, ,, are the standard deviations

of LMFs and UMFs.

In order to calculate the crisp output of the IT2-FLSs, we consider three CSCM
methods as we mentioned earlier in section 2.2.1. It should be noted that there are
various type reduction methods are available in literature. KM type reduction [61] and
NT [51], which are summarized in section 2.2.1 in equations 2.27 to 2.31, type
reduction methods are the widely used methods in literature. Therefore, we also picked
these two methods in this thesis to be employ as the type reducer for the employed
IT2-FLSs. We also use a method that directly uses the endpoints of the type-reduced
set namely SM and it is formulized in equation 2.26. Consequently, we can calculate
the crisp output of the IT2-FLS by using the equation 2.25.

4.2.2 Parametric IT2-FLSs models and learnable parameters of the IT2-FLSs

The IT2-FSs is usually constructed by blurring its T1 counterpart. In Figure 4.1,
various 1T2-FSs that could be constructed to represent the uncertainty are illustrated.
In this subsection, we listed the various versions of IT2-FSs that we employed to

represent uncertainty in this thesis study.

e H type IT2-FSs: In this type of antecedent MF, as illustrated in Figure 4.1a,
the uncertainty is represented only with the height of the LMF (h,. ,,,) such that
the parameters of IT2 gaussian FS, defined in equation 4.6, are set as o, ,, =

0pm, Y p, m With condition of h,, ., satisfying for vV h,, ,,, € [0,1]. It can be seen
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as from Figure 4.1a, as the input (x, ) gets close to the center (c,,,) of the
gaussian FS the FOU area increases.

e Stype IT2-FS: As demonstrated in Figure 4.1b, in this type of the IT2-FS, the
IT2-FS is constructed by providing uncertainty at the end points of its T1
counterpart. In other word, the FOU is changed by the standard deviation
parameters (g, ,, and o, »,) of the LMF and UMF. Therefore, we set the height
of the LMF, defined in equation 2.24, as h,, ,, = 1 and the centers as ¢, ,, =
¢p,m With condition of g,,,, < 7, ,, V p, m is satisfied. It can be seen as from
Figure 4.1b, as the input (x, ,,) gets close to the center (c,,,) of the gaussian
FS the FOU area decreases unlike the H type.

e HS type IT2-FS: The IT2-FSs illustrated in Figure 4.1c is the most general
version where the both end points and height of the LMF is used to handle the
uncertainty. In this context, HS type can be seen as the generalized version of
the H and S types as it uses both g, ,, 0, and h,, ,, to arrange the FOU area
of IT2-FS. Although, this version is the most flexible one, the parameters must
satisfy some certain restrictions to satisfy the FS definitions. It must satisfy the
condition of hy, ,,, € [0,1] for V p,m as in H type and it also must fulfill the

condition of gy, ,,, < 7, ,,, fOr vV p, m.

It should be pointed out that we arrange the centers of the IT2-FSs as ¢, = cpm =

cp,m for all versions of the IT2-FSs (H, S and HS).

i 4 1\_1

h-p e

pm Xp,m

Figure 4.1 : lllustration of the various IT2-FS to capture the uncertainty with
antecedent MFs (a) H type, (b) S type, (c) HS type.
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In FLSs, another way of handling uncertainty is utilizing the consequent MFs. We
considered to model the uncertainties using only antecedents for some FLSs while for
some others we used antecedents and also consequents to handle uncertainties. The

followings define the possible consequents.

e Crisp (C) rule consequent: In this type of rule consequent, we only consider to
represent the uncertainty using only antecedents of IT2-FLSs and set the
consequent parameters defined in equation 4.5 to obtain crisp MFs as a,, ,, =
0, b,, = 0and b,, = 0 for ¥V p, m. Therefore, as it can be seen from equation

4.5, we obtained crisp consequents such that y,, = ?p = app.

e Linear (L) rule consequent: Similar to C rule consequents, we also only
consider to use antecedents for uncertainty handling, but select linear

consequents by setting parameters defined in equation 4.5 as b, ,,, = 0 and

bp'o = 0

The following ones define the rule consequents that are capable of capturing the

uncertainty as they are defined with I1\VV-FSs.

The next two rule consequent type use IV-FSs for each rule to further increasing the
expressiveness and accuracy of the IT2-FLS. By using these FSs, the IT2-FLS can
produce output values that are associated with different levels of uncertainty, thereby

providing a more comprehensive and accurate representation of the system's behavior.

e IV rule consequent: IT2-FLSs that uses IV consequents try to model the
uncertainty not only their IT2 antecedents but also with their IV consequent
FSs. In this context, the consequent parameters defined in 4.5 setas a,, ,, = 0,

bym = 0 for ¥V p,m to obtain IV-FSs as the consequents.

e IV Linear (IVL) rule consequent: The FLSs using the IV linear consequents try
to handle the uncertainties with their both antecedent and consequent MFs in a
similar manner to IV crisp ones. The IT2-FLSs with IVL consequents are the
most flexible models as we do not any presetting on the parameters defined in
equation 4.5 for vV p, m. Although, this version can be seen as the most general
one among the others, it brings more design parameters and restrictions on the

them.
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It should be noted that the rule structures of all parametric IT2-FLSs are the same as
defined in (4).

In Table 4.1, all possible parametric interval models are tabulated. In total, we have 12
parametric models and some models use only antecedents to represents the uncertainty
while some models use both of their antecedent and consequent MFs. The increase in
model flexibility leads to an increase in the total number of learnable parameters. It is
worth noting that due to the dependence of the uncertainty processing on the CSCM,

there are 36 different IT2-FLSs in the proposed approach.

Table 4.1 : All possible Parametric IT2-FLS.

Consequent
C L v IVL
H H-C H-L H-1V H-IVL
S S-C S-L S-1v S-IVL

Antecedents

HS HS-C HS-L HS-IV HS-IVL

The learnable parameters (@) of the IT2-FLSs also the parameters of antecedent (8 4)
and consequents (8,) MFs. All of these parameters can be trained with a derivative-
based optimization approach, Adam is used in this work, or the parameter is predefined
by the user before the training. However, they must satisfy some constraints as we
explained the parametric IT2-FLSs, thus in the following sections (section 4.4) we will

define them.

The learnable parameter sets will be formed with respect to the selection of the
parametric models. We group the parameters regarding to whether they come from
antecedent or consequent for the sake of simplicity. In the followings, we will list the

learnable parameter sets for the all parametric IT2-FLSs defined in Table 4.1.
The learnable parameter set for the rule antecedents are:

e H type FS: The set of learnable parameters for 84_y = {c, o, h} where ¢ =
(C]_,]_, ...,CP’M)T € IRPXM, g = (0'1’1, ...,O'P’M)T (S RPXM (O'p,m = gp,m =
opm) and h = (hy, ...,hP,M)T € RP*M, Thus, 8,4_y adds 3PM parameters

coming from antecedents.
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e Stype FS: Learnable parameter set for S type IT2-FSis 8,4_g = {c, g, 6} where

T — — — T
g = (gl,ll ""QP,M) € IRPXM,O' = (0'1’1, . O-P,M) € IRPXM. ThUS, BA_S addS

3PM parameters in total which lies in the antecedents.

e HS type FS: the set is 84_ys = {c, g, 0, h}. This is the most flexible version

and 0 4_ys brings 4PM learnable parameters.

Table 4.2 : Learnable parameter numbers of all possible Parametric 1T2-FLS.

Consequent (6¢)
- ] " IVL
3 K IPMEP IPMEP(MH)  3PM:P(M+) ZS’(P'\'>'/I:1)
% S 3PM+P  3PM+P(M+1) 3PM+P(M+1) ZS(P'\';A:D
g
% HS  4PM4P  4PM4+P(M+1)  4PMi+ P(M+1) Zg(P'\'Xl:l)

Now, we present the learnable parameter set for the consequents parts which are:

e C rule consequent: The set of learnable parameters for Crisp consequents is

T
Oc_c = {ap} where ag = (ay, .., apo) € RFP*L Ithas P parameters.

e L rule consequent: Learnable set for the IT2-FLSs with Linear consequents is

Oc={aag} with a= (a1, ..,apy) €RPM It has P(M+1)

parameters.

e 1V rule consequent: the setis @._;y = {a, by} Where by = (bPIO)T € RP*1, It

has P(M + 1) parameters.

IVL rule consequent: it is 8¢_yy; = {a, ag, b, bo}, with b = (b, 4, ...,bp,M)T €

RP*M 1t is the most general case and adds 2P (M + 1) learnable parameters.

The total learnable parameter for an IT2-FLS is the summation of its antecedent and
consequent parts @ = {0,4, 8.}. For instance, the parameter set for the most flexible
version @ = {0 4_ys, O¢_yr} and it has 4PM (antecedent MF parameters) + 2P (M +
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1) (consequent MF parameters) = 4PM + 2P(M + 1) parameters in total. In Table

4.2, the total number of learnable parameters is presented.

4.3 The Composite Loss Function for Learning IT2-FLSs

In this section we present the proposed composite loss function for IT2-FLSs. Here,
our purpose is to train an IT2-FLS model that can accurately predict outputs while also
handling uncertainty. To achieve this, we formulate a multi-objective optimization
problem for a dataset of N samples {x,,, y,,}}\_, where x,, is an M-dimensional input
vector and y,, is the corresponding output. The goal is to minimize two objectives: the
first is the empirical risk, which measures the model's mean error in predicting y,, for
each input x,; the second is the tilted loss, which considers the model's ability to
capture the uncertainty in the output. We aim to find the optimal values for the
learnable parameters that minimize both objectives simultaneously. This is a
challenging optimization problem because the total number of parameters increases
with the model's flexibility, and the problem is further complicated by the 36 different
IT2-FLSs required to handle uncertainty effectively. Thus, we can define the problem
as:

N N
Py:min L = (Z La(fGx), ) f’r(qf(xn») (4.7)
n=1 n=1

The optimization problem P; aims to learn an IT2-FLS that achieves high accuracy
and envelopes uncertainty. It consists of an empirical risk term Lg(-) and a tilted loss
term [, (.) to capture uncertainty, subject to constraints defined by set C. In order to
make the learning process easier, we convert P; into a constrained optimization

problem with a single objective as follows:

min L = anlLR(f(xn))

Pa: | S.t. ZN_ 1?r(q‘r(xn)) =t (4.8)

Here, we aim to train an IT2-FLS that can achieve high accuracy while effectively

handling uncertainty. This involves ensuring that the uncertainty coverage meets a

74



certain threshold value t > 0, which needs to be sufficiently large to ensure feasibility
of the optimal solution. It is important to note that the feasibility of the optimum
solution depends on the value of ¢; if it is not set high enough, the optimal solution

may not be feasible.

Next, in line with common practice in deep learning, we reformulate P, as a composite
loss function by using the Lagrange form with a threshold of ¢ = 0. The composite
loss function is defined as follows, and it combines the empirical risk for accuracy and

the tilted loss for uncertainty coverage:

Pamin =) [Le(FCe) + 4 (a7 Geo))] (4.9)

The parameter A > 0 is the Lagrange multiplier and controls the trade-off between the
two objectives. The composite loss function allows us to optimize the model for both
accuracy and uncertainty coverage simultaneously. Moving from the original learning
problem P; to P, and then to P; results in a natural limitation of the space of potential

solutions since

U {Soln(P3)} € U {Soln(P,)} U{Soln(Pl)} (4.10)

A20 t=0

As a result, while the transformation of P; to P; narrows down the potential solutions,
it also simplifies the learning process. However, it is important to note that this
approach may not necessarily result in the global optimum of P;. Despite this, we still

prefer to work with P; due to its reduced complexity.

In the following part of the thesis, we will explain how we select our empirical risk
function Lz (-) and the tilted loss #,(.) as they will construct the composite loss for

learning the parameters of the parametric IT2-FLSs.

The most common two losses used as empirical risk funtions for accuracy are the L,

and L, losses which can be defined:
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1N Iy,
L, =— €nl, L, =— €
1=y E n=1| nl La=g g [ (4.11)

Here, €, = y, — ¥(x,,). An alternative loss function that can be used instead is the
log-cosh loss, which has been proposed in previous research [52]. The log-cosh loss is
formulated as the logarithm of the hyperbolic cosine of the difference between the
predicted output and the ground truth. This loss function has some advantages over
other loss functions, such as being more robust to outliers and having a smoother
gradient. Moreover, the log-cosh loss is convex and differentiable, which makes it easy

to optimize using gradient-based methods. It is defined as:

1 N
Llog—cosh ~ Nzn_llog(COSh(En)) (4.12)

In Figure 4.2, the illustration shows the relationship between the loss functions and the
value of €,. When ¢, is larger than 1 or smaller than -1, L, loss function has a steep
gradient, which can lead to faster convergence and higher accuracy. However, this
advantage comes with a trade-off. The L, loss function is known to be sensitive to
noise and outliers. In contrast, the L; loss function is less affected by outliers as it
imposes a smaller penalty when ¢,, exceeds 1. However, the rate of convergence of the
L, loss function is slower compared to the L, loss function since it applies less penalty
as €, gets closer to 0. A significant limitation of the L, loss function is that it lacks
differentiability at €, = 0, which can result in instability and oscillations in the
training procedure. On the other hand, the log-cosh loss function offers a blend of
benefits from both L, and L, loss functions, without inheriting their drawbacks. As
illustrated in Figure 4.2, when €,, is small, the behavior of the log-cosh loss function
is similar to that of the L, loss function, while when ¢,, is large, its behavior is similar
to that of the L, loss function. The log-cosh loss function's ability to behave like L, loss
function in the presence of larger €, values and like L, loss function when €,, is small
makes it more resilient to outliers, and at the same time, it offers a faster convergence
rate. Moreover, the log-cosh loss function has the advantage of being differentiable at

all points, unlike the L, loss function. This ensures that the training process is stable
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and smooth, which is essential for achieving accurate and reliable results. In summary,
the log-cosh loss function has unique properties that can make it a more desirable
option than the L, or L, loss functions in certain situations. By balancing the benefits
of both L, and L, the log-cosh loss function can be more robust to outliers, while still
providing faster convergence and better differentiability than L,. These qualities can

make it an effective tool for handling uncertainty and noise in machine learning

models.
4 ! ] LT, !
I o — =4
is L 15 6, =025
Lg —551-] T=05
4 —Ll'r.'l.l;l—!‘rfl'hli 4 —P’?? =0.75
345 34
] 3
3 25 f 25
o 2
15 1.3
1 1
045 0.5
0 o
-5 5 -5 o 5

(a) (b)

Figure 4.2 : lllustration of the (a) various empirical risk measures, (b) tilted losses
for different levels () of quantile.

The other part of our composite loss is the tilted loss which we use for generating Pls.
The tilted loss function is utilized to create a boundary that encompasses the

anticipated level of uncertainty ¢ = [z, 7] and is expressed as:
{’_L_(qf(xn)) = ﬁr + zr (4.13)

Here,

£ = > max(zOn — y@), (L= )G — y(x))

1

S
I

(4.14)

2, = > max(T(y, — (%)), @ — D — ¥(x)))

NgE

1

S
1l

Figure 4.2b depicts the graphs of three different tilted loss functions which can be

listed as £, has a quantile level as T = 0.25, ¢, is defined with a quantile level as 7 =
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0.75, and 2, is defined with 7 = 0.5 (also known as the median quantile [49]), for a
range of €,, values from -5 to 5 with a step size of 0.1. It is important to note that, for
the purpose of illustration, the assumption is made that €, is equal to both €, and €,
(en = €, = €,). The tilted loss function is used to create a boundary that encompasses

the expected amount of uncertainty, which is defined by the range ¢ = [z, 7].

The graphs show how the different tilted loss functions behave for varying values of

€,. The £, loss function has a steeper slope and penalizes more severely for €, < 0

values outside the expected uncertainty range, whereas the £, loss function has steeper
slope and more penalty values for €,, > 0. The I, loss function, on the other hand, has
a similar slope values for all €,, values from -5 to 5. Overall, these graphs provide a
useful visual representation of the behavior of tilted loss functions and how they can

be used to effectively manage uncertainty in machine learning models.

The function [, (.) described in equation 4.13 incorporates the reduced set

(X(x),y(x)) to train an IT2-FLS that can cover the uncertainty defined by ¢ = [z, 7].

By setting ¢ = 0.1 and T = 0.9, the training is conducted with a PI (possibility
interval) of I¥ = 80%. This means that the training is carried out in a way that ensures
the IT2-FLS can handle uncertainty up to 80% confidence level, which is defined by
the interval ¢ = [0.1,0.9]. Figure 4.2b illustrates the functions £,, £, and 2, for €, €
[-5,5] for illustrative purposes. The function [, (.) is used to generate an envelope
that covers the expected amount of uncertainty defined by the interval ¢ = [z,7].
Moreover, the median quantile is obtained when the quantile level  is selected as 7 =
0.5.

When defining the loss function L in P;, a hyperparameter A needs to be defined to
balance between accuracy and uncertainty representation. In order to weigh equally
between the risk measure Lg(-) and the tilted loss function [, (.), we set A = 1. To
avoid negatively affecting the learning process due to hard-parameter sharing (@), we
need to use an Lk () that has similar characteristics to [, (.). In Figure 4.2, we can see
that the log-cosh loss function shares similar characteristics with [.(.), making it a

suitable choice as the empirical risk measure in P;.
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By employing the log-cosh loss function as the empirical risk measure, P; can
construct a balance between accuracy and uncertainty representation in its learning
process. This is achieved by equal weighting between Liz(:) and [,(.) through the
hyperparameter A. Since hard-parameter sharing can be problematic in deep learning
models, it is crucial to use a suitable Ly (-) that is consistent with the tilted loss function
[;(.) to avoid negative impacts on the learning process. The similarity between the
characteristics of the log-cosh loss function and [, (.) makes it a good choice for the
empirical risk measure in P;, providing a stable and effective way of handling
uncertainty in the learning process. In this context, we can define our novel composite

loss as follows:

L = Liog—cosh t+ fT(qT(xn)) (4.15)

Remark: It should be noted that we suggest to use log-cosh as the empirical risk
function in our composite loss. However, we will also analyze the performances of the
L, and L, functions in case of their selected as empirical risk functions and provide

detail result in the experimental studies section which is section 6.2.2.

From equations 4.12 to 4.15, it is easily seen that we use both the crisp output y(x)
and the type-reduced set ¥ = [X(x),i(x)] of IT2-FLS.

e Looking at the problem from a multi-task perspective, we can treat the loss
function as a multi-objective one, consisting of both L;, 5,5, and £ (qf(xn)).
Additionally, {’T(qf(xn)) can be viewed as a form of regularization that helps
prevent overfitting and promote the development of more robust prediction
models. By incorporating both Li,;_cosn and €,(q"(x,)) into the loss
function, we can set a balance between accuracy and uncertainty
representation. Furthermore, using ff(qf(xn)) as a regularization term can
help improve the model's ability to generalize to new data and perform well in

real-world scenarios.

e Our objective is to train IT2-FLSs that provide accurate predictions while also
accounting for uncertainty. To achieve this, we want the bounds of the IT2-
FLS to cover an expected amount of uncertainty, which we define using the

values of T and 7. These parameters are used to express the predefined level of
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uncertainty that the antecedent and consequent MFs of the IT2-FLS must
capture. By setting a predetermined level of uncertainty and ensuring that the

IT2-FLS captures it, we can build more robust and reliable prediction models.

4.4 Composite Learning with Parametrization Tricks

In this section of this thesis, we will present the parametrization tricks for the
parametric 1T2-FLSs in that way we can use DL based frameworks as the parameter
optimizers for these parametric models. Inspiring from the connection between FLSs
and NNs described in literature [33], we approached the parameter learning task of
IT2-FLS using optimization algorithms available in DL frameworks, as illustrated in
Figure 4.3. Specifically, we utilized automatic differentiation and trained the IT2-FLS
using a DL optimizer such as Adam. The training Algorithm, which also involves

initializing parameters for the HS-IVL, is presented in Figure 4.4.

MF Layer
M)
".\M bz-i..- Rule Layer/
Firings
Input Layer . >\ =)
\"“{_MFP,I_: 5
H '\______ A " E
X s L[ ¥
5 Yx) = [y(x), ()]
R a e
£
— F’F_‘_,_...-""'_JI'-MFLM" \
H“:-MFz lq"/ TN
e
e N 4
4 MFs 117
\;fm-‘p,.f.{i

Figure 4.3 : lllustration of the NN representation of the proposed I1T2-FLSs.
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Input: N training samples {x,,, y,}_, and the conditional quantile
range ¢ = [1,7]
P, the number of rules;
T, the maximum number of training iterations;
... N}ye, mini-batch size;
Set CSCM €{KM., NT, SM}
Define t-norm operator N
Output: Learnable parameter set 8.
form = 1toM do

N
Calculate min and max values of [xn m }n='l ;

Calculate standard deviation values of [xnlm }
forp = 1toP do
Initialize c, ,, uniformly between the min. and max ;
Initialize g, . G, ,, With the same standard deviation
values of {x,,,y, }V_;;
Initialize h, ,, uniformly between [0, 1];
end for
end for
Initialize é::] = (@p,m+ @0y + Bp m» b, ,,, ) randomly around 0;
CmSthtag = [Cp,m: Ep,m: Eiz],m: hp,m};
Construct 8 = {8, 8%}
fort = 1toT do
Select randomly N, samples;
forn = 1toN,, do
forp = 1toP do
Do the tricks for 8, via (31) and 8, via (32)
Find firing levels F;J =[5 ,j_’p]; compute f, via (10)
and j_‘"p via (11)
end for
Compute y(x,), ¥(x,) = [.E(xn)r (xn)],
if CSCM = “KM~
Calculate y{x,) via (12) and y(x,) via (13)
else if CSCM =*NT"
Calculate y{x, ) by (15) and v(x,,) by (16)
else if CSCM ="SM"
Calculate y(x,) and ¥(x, ) via (17)
end if
v(x,) via (18)
end for
Compute L via (28), calculate the gradient loss 6[./8@
Update 6" via Adam optimizer
end for
8" = arg;nin[L)

n=1?

Transform 8" into 8°by using (31), (32)
Return 8 = 8°

Figure 4.4 : lllustration of the composite learning algorithm for HS-IVL.

When training IT2-FLSs, it is important to keep in mind that the parameters that can
be learned are the MFs that define the system. As a result, it is crucial that these MFs
produce FSs that adhere to their respective definitions. For the antecedent IT2-FSs, we

must guarantee ﬁ,&pm(xm) > ,ugpm(xm ). Thus, we have the following constraints:
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0 < hp,m < 1 gp,m < Ep,m (416)

For IV/IVL rule consequents, we must satisfy ?p =y, for v p. Therefore, 0 < by, is

satisfied for the IV consequents whereas for VL ones, we must guarantee for vV p, m:
0<bym 0=<byy (4.17)

Note that there are no constraints on a,,, and a, . The constraint parameter space
0 € C, as defined in equations (4.16) and (4.17), poses a challenge in the learning of
IT2-FLSs as most DL frameworks such as PyTorch, TensorFlow, and Matlab only
support unconstrained optimization. Hence, to address this problem, we suggest using

the following parameterization techniques for 6 ,4:

hr,m = sig (h;,m)

Opm = Opm + |Bal  Opm = pm — A4l (4.18)

!

where sig(.) is the sigmoid function and {h;. ., 0 m, Ap} € [—0, ] are the new and
unbounded optimization variables. Similarly, we define the following

parametrizations for O:

bp,o = |yl

bym = |Bhml (4.19)

where {b,, o, by m} € [0, 0].

With the proposed parameterization tricks for 84 and 6., we were able to remove the
constraint parameter space 8 € C, making it possible to apply DL methods to the
learning problem. Specifically, we were able to use optimization algorithms in
PyTorch, TensorFlow, and Matlab that only support unconstrained optimization. This
allowed us to train the 1T2-FLSs effectively and efficiently, achieving high accuracy
performance while maintaining a desired level of uncertainty representation. By
removing the constraints, we were able to take full advantage of the capabilities of DL
frameworks for the learning of IT2-FLSs.
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5. TOWARDS RELIABLE UNCERTAINTY QUANTIFICATION AND HIGH
PRECISION WITH GENERAL TYPE-2 FUZZY SYSTEMS

One of the primary reason for utilizing T2- FLSs, also known as high-order FLS, is
their ability to quantify uncertainty through the FOU embedded within their MFs. This
additional degree of freedom allows for a more comprehensive representation of
uncertainty [69]. However, similar to existing approaches for T1-FLS, the focus of
learning methods has primarily been on improving precision [44, 45, 47, 104, 105].
Consequently, it can be argued that the FOU parameters in T2-FLS are often treated
as additional trainable parameters, similar to increasing the number of neurons or
layers in a deep neural network, with the only aim to enhance the accuracy rather than

as an opportunity to quantify uncertainty.

However, in one of our recent study [49], we introduced a novel DL framework
specifically designed for IT2-FLS. This framework employs a composite loss function
that explicitly leverages the Type Reduced (TR) set and the system's output to generate
pointwise estimates along with their Prediction Intervals (PI). Unlike previous
approaches, this DL framework recognizes and capitalizes on the inherent uncertainty
quantification capabilities of IT2-FLS, thereby offering a more comprehensive
approach to learning. By explicitly considering the TR set and P1, this framework aims
to provide both accurate predictions and meaningful uncertainty measures, bridging
the gap between precision-focused learning methods and the true potential of IT2-FLS

in quantifying uncertainty.

In the “Towards Reliable Uncertainty Quantification and High Precision with General
Type-2 Fuzzy Systems”, we will introduce a novel learning approach for GT2-FLSs
based on the a-plane representation which is introduced in section 2.2.2. Here, our
approach aims to enhance the accuracy of pointwise predictions and generate reliable
Pls by leveraging the shape and size of the SMFs of the GT2-FLS. We propose a novel
composite loss function that combines an uncertainty quantification-focused term and
an accuracy-focused term. The uncertainty-focused loss term explicitly utilizes the
Type-Reduced (TR) set of the IT2-FLS associated with the a, = 0 plane, which
represents the FOU. By imposing constraints on the SMF size parameters of the GT2-
FS, we effectively quantify the uncertainty and facilitate the learning of Pls. On the

other hand, the accuracy-focused term offers two alternative loss functions. In one
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approach, we utilize the aggregated output of the GT2-FLSs, while in the other, we
only consider the output associated with the ax = 1 level. In both cases, we enforce
the SMF shape parameters of the GT2-FS to enable precise pointwise predictions. By
assigning different roles to the 1T2-FLSs associated with different a-planes within the
composite loss function, we allow for partially independent learning of the GT2-FSs.
This approach enables the capture of uncertainty while maintaining high accuracy, as
the output of the a, = 0 plane does not contribute to the overall output calculation of
the GT2-FLS.

To efficiently handle high-dimensional and complex data, we also propose a DL
approach for GT2-FLSs. This approach formulates an unconstrained learning problem
that adheres to the definitions of GT2-FSs through parameterization techniques. To
demonstrate the effectiveness of our proposed learning approach, we conduct
statistical comparative analyses using benchmark datasets. In the experiment section,
the results highlight the potential of learning GT2-FLSs as a promising solution for
reliable uncertainty quantification in real-world applications, offering both high

precision in pointwise predictions and accurate estimation of uncertainty.

5.1 GT2-FLSs: Structure and Learning Parameters

In this section, we present the general structure of the deployed GT2-FLSs and define

their learnable parameters.

5.1.1 Internal structure of the GT2-FLSs

The formulation of the rules for GT2-FLS for uncertainty capturing can be constructed
for an input x = (x;,x,,...,x,)7 and a single output y.r,. , as we provided
preliminary theoretical background in section 2.2.2, the rule base is composed of P

rules (p = 1,2,...,P) and defined in following:

Rule, : 1f x; is Ap‘l and ... xy, is AP,M Then ygr, is s, (5.1)

where s, represents the consequent MFs and are defined as:

M
sp = Zm:l ApmXm + Ap o (5.2)
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Figure 5.1 : lllustration of a GT2-FS with an a-plane.

As shown in Figure 5.1, the antecedent MFs are defined with GT2-FSs 4,, ,,, that can
be defined as a collection of a-planes («;) as follows [50, 69]:
Ap,m _ U o

P (5.3)

akE[O,l]

where AZ%, is the a-plane of 4, ,, associated with a; € [0,1]. If a; is uniformly

distributed, then we define a;, as a, = k/K ,k = 0, 1, ..., K, and thus the total number
of a-planes is K + 1. This representation allows defining the Upper MF (UMF) and

Lower MF (LMF) grades for an ay-plane as:

— ;% —0o Qg 1
E‘qglin N Egp,m + ak ('u‘qp.m E/‘Tp,m) Sp'm
(5.4)
— -« —a a 2
s, = oy~ (T, = 15,) (1= 85m)
where {83 m, 62.m: 6pm = 82, ¥ p,m} € [0,1] are the parameters that define the
shape of the SMFs. In this study, for the sake of simplicity, we set them as 6;,,” = 6L

and 85 ,, = 67, V p. Besides, ﬁf{;m and Ej;m presented in equation 5.4, are the UMF
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and LMF of the base a-plane «,, i.e. the MFs of the primary MF of the GT2-FSs. They

are defined as:

—Qg

2
ng’m (Xpm) = exp (_(xm - Cp,m) /2 G?),m)
. , (5.5)
EA;,m (xm) = hp,m exp (_(xm - Cp,m) /2 0120,m)
Here, ¢, is the center and g, ,, is the standard deviation while h,,, € [0, 1] Vp,m
indicates the height of LMF which is the only parameter that defines the FOU of the

GT2-FS on the primary MF (J,.) or the size of the SMF as illustrated in Figure 5.1.

The a-plane representation simplifies the output calculation of the GT2-FLSs as
follows:

YK oy (x) ay

yor2 = N (5.6)

where y*k(x) is the output of an IT2-FLS associated with an a-plane a; (a;-IT2-FLS)

that is defined as:

y(x) + 7% ()
y®(x) = =——

(5.7)

Here, y®«(x) and y"*(x) are the bounds of the TR set which are obtained via a Center

of Sets Calculation Method (CSCM) that is defined as:
Yo(yy,...,yp, FiX,... FpK) = [X“k(x),yak(x)] (5.8)

where Fpa" = [ fp“"(x),]_fzk(x)] represents the firing interval of the pth rule and is

defined as:

fpak (x) = EAZE (x)) N EAZ,’; (x) n..n EAZ,IICVI(XM)

—aK _ _ _ (59)
fp (x) = M“TZ,I; (x)n l{qz‘g () N..n #g;“l;w(xm)

Here N denotes the t-norm operator that can be the product or minimum operator. In
order to calculate the crisp output of the GT2-FLSs, we consider three CSCM methods
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as we mentioned earlier in section 2.2.1. It should be noted that there are various type
reduction methods are available in literature. KM type reduction [61] and NT [51],
which are summarized in section 2.2.1 in equations 2.27 to 2.31, type reduction
methods are the widely used methods in literature. Therefore, we also picked these two
methods in this thesis to be employ as the type reducer for the employed GT2-FLSs.
The KM type-reduction and NT type reduction methods can be redifne, respectively,
for GT2-FLSs as the following; the KM CSCM for GT2-FLS [61]:

Sho SR () sy + Db fy (05,

= N ok 5.10
) b fy @+ f, () (5.10)
—a 25=1 ﬁoak (x)s, + 2§=R+1 ]_czk (x)s,
y ) = o = (5.11)
P=1fp () + 2p=R+1 fp x)
The NT CSCM [51]:
p- fak(x)sp g ]_rak(x)sp
yak(x) — : 1 [;Z; - P_ak ] (5.12)
7‘=1fp () + Zr=1fp (x)
We can derive the following equivalent TR set [49]:
gy = 2 2rmtly s
yr(x) = — |
- e S () + b, () (5.13)
—ay, 2 Zg:l _pak(X)sp
s (5.14)

P LX)+ 30 f, ()

5.1.2 Learnable parameter sets

The learnable parameters (O47) of the GT2-FLSs also the parameters of antecedent
(B¢gr2-4) and consequents (O¢r2—¢c) MFs. All of these parameters can be trained
with a derivative-based optimization approach, Adam is used for this work, or the
parameter is predefined by the user before the training. However, they must satisfy
some constraints similar to the parametric IT2-FLSs, thus in the following sections

(section 5.2.1) we will define them.
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The learnable parameter sets will be formed with respect to the selection of the
parametric models as we explained in section 4.2.2. For the parametric GT-FLS, we
use a H type IT2-FS for its primary MFs. In this context, the learnable parameters of
the GT2-FLS (@¢r2) are defined with two subsets, which are learnable parameters of

antecedents @;r,_4 and consequents @grz—4-

The antecedent parameters set is Ogra_a = {c,0,h, 81,8%} where ¢ =
T T T

(Cl,l’ ey CP,M) € RPXM, g = (61’1, ""O—P,M) € RPXM, h = (hl,l' ey h’P,M) €

RP*M &1 = (61, ...,65)T € RM | and 8% = (62,...,64)" € R™*M, On the other

hand, the consequent parameters set is 8. = {a, ao} Where @ = (a4,...,ap)" €

RFP*M and a, = (al,o,...,ap,o)T € RP*1. Thus, O¢r, has in total (3P +2)M +

P(M + 1) learnable parameters.

5.2 The Proposed Learning Approach for the GT2-FLSs

Here, we first present a novel composite loss function to learn GT2-FLS that results in
a high accuracy performance and reliable Pls then present the proposed learning
framework based on DL optimizers. The proposed approach is presented for a dataset

{0, v defined with x,, = (X1, X2+ X))’

5.2.1 The composite loss function for learning GT2-FLSs

In this section we present the proposed composite loss function for the proposed
learning approach for GT2-FLSs. Here, our purpose is to train a GT2-FLS model that
can accurately predict outputs while also handling uncertainty. To achieve this, we
formulate a multi-objective optimization problem for a dataset of N samples
{x,,, ya3N_, where x,, is an M-dimensional input vector and y, is the corresponding
output. The goal is to minimize two objectives: the first is the empirical risk, which
measures the model's mean error in predicting y,, for each input x,,; the second is the
tilted loss, which considers the model's ability to capture the uncertainty in the output.
We aim to find the optimal values for the learnable parameters that minimize both
objectives simultaneously. This is a challenging optimization problem because the
total number of parameters increases with the model's flexibility, and the problem is
further complicated by the GT2-FLSs required to handle uncertainty effectively. In

our previous section 4, we proposed the following loss function to learn the parameters
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of an IT2-FLS (0,1,) by explicitly utilizing its defuzzified output y,,(x,,) and TR set
[y (), 7 ()

fec

minL = anl[LR (F(x) + 2(q° )] (5.15)

where € is the constraint set that is defined to end up with convex I1T2-FSs (Cyr2),

Lg(+) is the empirical risk function defined for accuracy purposes that is defined as:

1 N
Lp = —z log(cosh(e
REND g((cosh(e)) (5.16)
with the prediction error € for the IT2-FLS (€;72)

€2 = Yn — Yir2(Xn) (5.17)

and £.(:) is the tilted loss defined for learning an envelope to cover the expected
amount of uncertainty which is defined with a quantile interval as ¢ = [z,7]. £:(*) iS

defined with lower (z) and upper (7) quantile level as follows:
'Br(qr(xn)) = ﬁr + z‘L'

£, = anl max(z(y, — X(Xn); =D - X(x”)) (5.18)

fo= ) max(En — 06, (F = DO~ Fxn)

If we set 7 = 0.1 and T = 0.9, then as seen in equation 5.18 enforces the learning to
result in a Pl of I? = %80.

Remark: The derivations of y;,(x,) and [X(xn),i(xn)] alongside 6,7, is presented

in previous section. Yet, they can be also derived via the definitions in Section 5.1. by
setting 6}, = 0 and 62, = 1 VYm since the GT2-FSs reduce to IT2-FSs.

Considering the loss function in equation 5.15, it is evident that even though
yir2 (%) and [y(x,), ¥ (x,)] are explicitly incorporated, the learning performance of

IT2-FLS may not be satisfactory or reliable. This is primarily due to the direct
influence of 6,7, on both the accuracy and uncertainty coverage, leading to significant

variation since the learnable initiate with different random values. To address this
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limitation and enhance the reliability of pointwise accuracy and uncertainty
quantification, our new approach capitalizes on the additional design flexibility
provided by GT2-FLS. Specifically, we focus on leveraging the SMF parameters &1
and 62 to increase the dependability of the results. By harnessing the potential of these
parameters, we can fine-tune the GT2-FLS to achieve better accuracy and more

accurate quantification of uncertainty.

In the new approach our study, we introduce distinct roles for the a;, -IT2-FLS within
the proposed loss function. This approach allows us to optimize the GT2-FLS by
assigning specific tasks to different parts of the IT2-FLS. By doing so, we can
effectively optimize the SMF parameters 81 and 2%, enabling us to strike a balance
between accuracy and uncertainty coverage. Through this strategy, we aim to mitigate
the limitations observed in IT2-FLS and improve the overall reliability of pointwise
accuracy and uncertainty estimation. By capitalizing on the flexibility offered by GT2-
FLS and tailoring the loss function accordingly, our objective is to provide a more
robust and dependable framework for achieving accurate pointwise predictions and

quantifying uncertainty.

e For the uncertainty quantification-focused part, we utilize the TR set of a, —

IT2-FLS as follows:

#2(q7(x)) = £ + 2 (5.19)
070 = Z max(z(e“), (z — 1)e%) (5.20)

Where €% = y,, = y%(x,)

70 =) max(@E), (- 1DE) (521)
€ =y, =y (xn) (5.22)
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Thus, as the output of a, — IT2-FLS has no contribution to y;r,(x,) since @, =
0, the main role of «, — IT2-FLS is to quantify the uncertainty via the size of the
SMFs.

e For the accuracy-focused loss part (Lg), a natural choice would be the direct

usage of y;r(x,,) within the error term in (19) as follows:
€er2-1 =Y, — YGTZ(XH) (5.23)

On the other hand, instead of using ygr,(x;,)that is a collection of all
aggregation of a-plane outputs, we suggest only using the defuzzified output
of a-1T2-FLS associated with the level ay = 1 (y*¥(x,,)). Thus, we define:

€cr2-2 =Y, ~ Yo (x,) (5.24)

Therefore, using only the ay = 1 plane output of the GT2-FLS in empirical
risk gives the flexibility to learn the SMF parameters 61 and 82 to enhance

ithi _ @y —Qo
solely the accuracy performance within J, = [”_Ap,m' U Ap,m]'

Thus, we can state that the parameters determining the size of the SMFs (i.e. the ones
that define @, = 0 plane) are trained to account for ambiguity, while the parameters
defining the shape of the SMFs (i.e., those that define @y = 1 plane) are trained to
achieve a high level of precision. To sum up, we propose the following two composite

loss functions to learn GT2-FLS:
(1)) —Qo
Ly = Lg(€gra-1) + (£:° + €7 ) (5.25)
Qo —%o
L, = Lr(€gra—2) + (£z° + 47 ) (5.26)

We believe that, through the proposed loss functions, an (partially) independent tuning
of the B¢t IS possible for capturing uncertainty while ending up with high accuracy.

It is worth mentioning that, although y*°(x,) defined with a, = 0 is not affecting the

Qo

calculation of ygry(x,) or yo¥(x,), J, = [ g
P,

,E%im] might affect the accuracy
performance since the interval [EA“" , iz | depends on J, as given in equation 5.5.
pm pm

Yet, this effect can be seen as a regularization term within the proposed loss functions.
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Input: N training samples {x,, v, }'=,, @ = [Lﬂ

P. number of rules:

CSCM € {KM,NT}: CSCM type:
T, the total number of iterations:
Nbs, mini-batch size:

Ir, learning rate:

Le{l,,L,}; Loss type

Output: Learnable parameter set 8 ¢o.
form = 1to M do

. . . N
Find the min and max values of {ln m}

Calculate the standard deviation values of {

forp=1toPdo
Initialize ¢, ,,, uniformly between min and max values:

e’

Initialize 0, ,, with the standard deviation of {x,, Y, }h=1:
Initialize h,, ,, uniformly between [0. 1]
Initialize 6! = 6% = 0.5:
end for
end for
Initialize é,: = (ﬂ pm apo) Lauclomh around 0:
Construct 8 = (c‘p m+ Op.ms Np.oms O O )
Define 8° = {Bo 8?2 }
fort = 1toTdo
Select random Nps samples
forn = 1to N, do
fork =0to K do
forp=1toP do
Apply the tricks for 84 via (31) and (32):
Find firing strengths for each a-plane as
Compute fp“k via (11) ancl?:k via (12):
end for
Compute Y, (x,) = [y (x,), 7 *(x,)]:
if CSCM = “KM”
Calculate ¥ (x,,) via (13) and 7% (x,,) via (14):
else if CSCM == “NT”
Calculate y(x,,) via (16) and 7% (x,,) via (17);
endif
Obtain v**(x,) via (9):
end for
Calculate ygr2(x,) via (8):
end for
Compute L (L, via (29). L, via (30))
Calculate the gradient as dL/98°%:
Update 6* via Adam optimizer;
end for
8 = ’1101‘11111(L)

GTZ

Transform 6% into 8* by using (31) and (32):
Returmn Bgpp = 8

Figure 5.2 : The learning algorithm for GT2-FLSs.
5.2.2 Composite learning framework with parametrization tricks

In this section of this thesis, we will present the parametrization tricks for the
parametric GT2-FLSs in that way we can use DL based frameworks as the parameter
optimizers for these parametric models. Inspiring from the connection between FLSs
and NNs described in literature [33], we approached the parameter learning task of

GT2-FLS using optimization algorithms available in DL frameworks, as illustrated in
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Figure 4.3. Specifically, we utilized automatic differentiation and trained the GT2-FLS
using a DL optimizer such as Adam.

In Figure 5.2, we present the proposed learning algorithm for GT2-FLSs which can be
implemented in various DL frameworks. Here, we considered the fact the proposed
loss function has to be trained by bearing in mind the constraints 841, € C. Thus, since
DL optimizers require unbounded search spaces of the learnable parameters, we
proposed parametrization tricks for h, 81, 8% € 04,4 to guarantee that the learned

ATk, satisfy the conditions of FS, EA;’% (X)) = M (x,,) Vp, m.

Note that c,a,h, and a are defined within unbounded search spaces and thus

parametrization tricks are not required.

e For h, the constraint 0 < h,,, < 1 has to be satisfied which can be eliminated

via the following trick:

hpm = sig(hpm) (5.27)

where sig(+) is the sigmoid function that provides the generation of unbounded

optimization variables.

e For 8 and &2, to guarantee a convex SMF, the constraintis 0 < 82, < 8} <
1. To always satisfy this condition, we proposed the following

parameterization tricks:

5 = sig(8h) 62 = 8L sig(6h) (5.28)

Hence, we defined an unbounded set of learnable parameters {h’ 6,1,1, 5,2,1' } and thus

p,m

we can now perform the training within DL frameworks such as Matlab and PyTorch.

93






6. EXPERIMENTAL STUDIES

In this section, we will provide a comprehensive experimental analysis for the
proposed deep learning based T1/T2-FLSs. Firstly, we start presenting the
experimental studies for the “Learning with Type-2 Fuzzy Activation Functions to
Improve the Performance of Deep Neural Networks” which is explained in detail in
section 3.4. After that, we will provide a detailed analysis for the composite deep
learning approach for IT2-FLSs which is introduced in section 4. Moreover, we will
present the learning performance analysis of the composite loss for the GT2-FLSs in

the section 6.3.

6.1 Comparative Experimental Performance of the SIT2-FRU

In this section, we focus on evaluating the learning performance of DNN structures
integrated with 1T2-FRUs in supervised learning tasks. Specifically, we compare the
learning performance of the newly proposed SIT2-FRU with existing activation
functions such as ReLU, PReLU, and ELU. To assess and compare their performances,
we conducted experiments using several benchmark datasets, namely MNIST
handwritten digits [6], Quickdraw Pictionary [107], and CIFAR-10 [106].

In the case of classification problems, we employed the cross entropy loss function
along with L2 regularization. This loss function is widely used and is defined as

follows:

. 1< ~ . wlw
L(Yg9q ) = _EZ[Vq log 93 + (1= yg)log(1 = 9,)] + AT (6.1)
a=1

In regression problems, we utilized the Root Mean Square Error (RMSE) as the
evaluation metric, along with L2 regularization. The RMSE is a commonly used metric
to measure the accuracy of regression models, and it is defined as the square root of
the mean of the squared differences between the predicted values and the actual values.

The formulation of the RMSE with L2 regularization is given by equation 6.2:
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(6.2)

In the given equation, J represents the total number of samples in the dataset. The
regularization factor, denoted as A, is a hyperparameter that controls the amount of
regularization applied to the model. In this study, A is set and fixed to a value of 0.004,

indicating the strength of regularization in the L2 regularization term.

All experiments were conducted on a PC equipped with an Intel Core i7 3.3GHz CPU,
32GB RAM, and an NVIDIA GTX 1080 TI GPU. The MATLAB and CUDA
environments were utilized for running the experiments. To ensure robustness and
reliability of the results, each experiment was repeated 5 times with different weight
initializations. The performance measures, including median, mean, and standard
deviation (std), were calculated based on the obtained results. This approach provides
a comprehensive evaluation of the performance by considering both the central
tendency (median and mean) and the variability (standard deviation) of the

performance measures across multiple runs.

6.1.1 Performance evaluations on the MNIST dataset

In order to assess the classification and regression capabilities of the IT2-FAL, we
utilized the widely used MNIST dataset. This dataset consists of grayscale images with
dimensions of 28x28 pixels, representing handwritten digits ranging from 0 to 9. The
dataset comprises a total of 10,000 images. To conduct our experiments, we partitioned
the dataset into two subsets: 7,000 images for training and 3,000 images for testing.

6.1.1.1 MNIST handwritten digit classification performance

In this subsection, we aim to demonstrate the superior learning behavior of the SIT2-
FRU activation function compared to other activation functions. To highlight the
advantages of incorporating the IT2-FAL into DNNs, we constructed a simple DNN
architecture shown in Figure 6.1. The DNN consists of an image input layer with ‘zero-
center' normalization, followed by a convolution layer with 8 filters. Each kernel size
in the convolution layer is 3x3, with padding of 3 pixels on each side. This layer is

then followed by an activation layer and a fully connected (FC) layer with a size of 10.
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The output layer utilizes the softmax activation function. To train the DNN, we set the
hyperparameters as follows: learning rate (§) = 0.001, momentum (p) = 0.9, mini-batch

size (MBS) = 128, and number of epochs = 15.

Image Class
5 w w

g & @ 3 g
~+ [y n I . ~ :

— c » S > g 3 >
< 2 ¢ e 8
0] co
- L ]

IT2-FAL (8)
Figure 6.1 : The developed DNN architecture for MNIST digit classification
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Figure 6.2 : MNIST Classification results with a simple DNN (a) Medians of
training loss values over five trials (b) Medians of testing accuracy values over five
trials.

Figure 6.2 shows the progression of the median training and testing accuracy of the
DNN across five experiments conducted on the MNIST dataset. The results clearly
demonstrate that the SIT2-FRU activation function outperforms ReLU, PReLU, and
ELU in terms of both convergence speed and testing accuracy. Furthermore, Table 6.1
provides the final testing accuracy values of the DNNSs. It is observed that SIT2-FRUs
achieve a 4.4% increase in median accuracy compared to ReLUs and exhibit the
highest mean testing accuracy rate of 98.23% (with a standard deviation of 0.005)

among all the tested activation functions.
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Table 6.1 : Classification accuracy result of the testing data over 5 experiments for

MNIST.
RelL.U PReLU ELU SIT2-FRU
Median (%) 93.82 93.30 95.63 98.22
Mean (%) 93.72 9223 95.01 98.23
0.011 0.036  0.029 0.005

Figure 6.3 provides a comparison of the initial and learned mappings of the SIT2-

FRUs for a particular classification experiment. It is evident from the visualization that

the SIT2-FRUs exhibit diverse behaviors during initialization, ranging from mappings
resembling ReLU or LReLU to those resembling S-FM and A-FM. As the training

progresses, the negative quadrant (N) slope values are adjusted to map negative inputs

closer to zero or to positive values. Meanwhile, the slope parameter P remains largely

unchanged, and the FOU parameter (o) is learned to smooth the input-output mapping
(S-FM). This analysis suggests that the SIT2-FRU, with its ability to generate various
membership functions including those of ReLU and LReLU, enables the DNN

structure to achieve a more stable and superior learning performance compared to

RelLU, PReLU, and ELU counterparts.
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Figure 6.3 : Initial solid black ones and learned dashed red ones represent the
mappings of the SIT2-FRUs for a particular classification example using MNIST

dataset.

6.1.1.2 MNIST handwritten digit regression performance

In this subsection, we explore the performance of DNNs in regression tasks,

specifically in predicting the rotation angles of handwritten digits. Our aim is to assess
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the effectiveness of SIT2-FRU compared to other activation functions in predicting
the rotation angles of handwritten digits.
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Figure 6.4 : MNIST regression results of DNN, (a) Training RMSE values for MBS
= 64 (b) Testing RMSE values for MBS = 64 (c) Training RMSE values for MBS =
128 (d) Testing RMSE values for MBS = 128.

Our objective is to demonstrate the superior and robust learning behavior of SIT2-FRU
across various hyperparameter settings, including the presence or absence of a Batch
Normalization (BN) layer. To conduct a fair comparison, we carefully construct a
DNN architecture that maintains a reasonable level of complexity while being suitable
for the task at hand. This ensures that any observed differences in performance can be
attributed to the choice of activation function rather than the network's overall
architecture. By examining the performance of SIT2-FRU in relation to RelLU,
PReLU, and ELU, we can gain insights into how different activation functions impact
the learning process. This analysis allows us to draw conclusions about the advantages
of deploying SIT2-FRU, particularly its ability to achieve superior and consistent

learning outcomes in regression tasks, even under varying hyperparameter settings.

The DNN architecture used in our experiments consists of an image input layer with

‘zero-center' normalization.
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Table 6.2 : Regression test accuracy result of DNN over 5 experiments for MNIST.

Activation Criteria MSB: 64 MSB: 128
£:1073 &:107* £:1075 [ &:1073 &:107* &:107°

?"(ysd'a” 6892 5085 4171  60.85 4572 2457
ReLU ?"O/Sa” 6883 5032 4120 6063 4551 2423
std 0009 0012 0011 0004 0006 0.012
?"%‘f)d'a” 66.46 5214 4298 6135 4935 3021
FREL '(\%a” 65.01 5187 4224 6078 49.24  29.93

std 0.027  0.007 0.013 0.016 0.011 0.031

Median i 5151 4235 6447 4638 27.72
(%)
ELU '(V'O/Sa” i 51.02 4193 6416 4604 2758
std _ 0009 0008 0011 0009 0.007
Median
o 60.81 5482 4593 6864 5162 3578
SIT2- Moo
FRU %) 60.74 5475 4581 6851 5146 3561

std 0.002 0.001  0.005 0.005 0.004 0.007
*Empty cells represents non converging training performances

This is followed by a convolutional layer with 32 filters, where each kernel has a size
of 3x3 and 1s padded by 3 pixels on each side. Two variations of the network are
constructed: one includes a Batch Normalization (BN) layer (referred to as BN-DNN),
while the other does not include a BN layer (referred to as DNN). Following the
convolutional layer, an activation layer is added, with options including RelLU,
PReLU, ELU, or SIT2-FRU. Finally, a fully connected layer with a size of 1 is
appended to the network. During the training process, we employ the stochastic
gradient descent method with mini-batch sizes of 64 and 128. Three fixed learning
rates are utilized: & = 10~(-3), ¢ = 107(—4), and & = 10~(—5). These different
configurations enable us to investigate the performance of the DNNs under varying
hyperparameter settings and activation functions. By comparing the results of BN-
DNN and DNN with different activation functions, we aim to assess the impact of the
presence of a BN layer and the choice of activation function on the learning behavior

and predictive accuracy of the DNNs for regression tasks.
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Figure 6.5 : MNIST regression results of BN-DNN, (a) Training RMSE values for
MBS = 64 (b) Testing RMSE values for MBS = 64 (c) Training RMSE values for
MBS = 128 (d) Testing RMSE values for MBS = 128.

Figure 6.4 and Figure 6.5 display the median training and testing Root Mean Square
Error (RMSE) values, respectively, for the DNNs and BN-DNNSs. The tables, namely
Table 6.2 and Table 6.3, present the corresponding testing performance measures for
the different experiments conducted. Analyzing the testing performance, we observe
that in most experiments, the SIT2-FRU activation function consistently achieves the
highest median accuracy rate compared to ReLU, PReLU, and ELU. When compared
to its ELU counterpart, the deployment of SIT2-FRU in the DNN leads to a significant
increase of 4.17% in the median accuracy rate. Specifically, in the case of MBS = 128
and ¢ = 10" (—3), the SIT2-FRU achieves the maximum median accuracy rate of
68.64%. Furthermore, the BN-DNN with SIT2-FRU outperforms its RelLU
counterpart by 1.95% in terms of accuracy rate for MBS = 64 and ¢ = 10"(—4) (as
shown in Table 6.3). Notably, the incorporation of IT2-FRU into the DNN consistently
yields the lowest standard deviation value across different hyperparameter settings,
demonstrating its robust performance.
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Table 6.3 : Regression accuracy result of the BN-DNN over 5 experiments for

MNIST.
Activation Criteria MBS: 64 MBS: 128
£1073 &107* &10°° |&107° &107* &10°°
?(f'/oe)dia” 58.80 68.87 6178 6823 6523  56.65
Rel.U '(\(f'/oe)a” 5849 6877 6166 6956 6500 56.44
std 0.005 0008 0005 0025 0009 0.004
'(V'O/(‘f)dia” 66.48 67.90 57.35 6927 6253  50.82
FNE S ?"O/Sa” 6637 67.67 5723 6898 6242 5057
std 0.004 0005 0012 0008 0018 0.005
?"%e)dia” - 68.22 5947 - 6422  54.38
ELU '(V'%e)a” . 6817 5941 - 6398 5433
std i 0.003 0008 - 0.007  0.003
Median 7608 7082 6237 7157 6762 5827
SIT2- I(\/IO/(;)an
FRU %) 7002 7070 6230 7126 6748  58.12
std 0.002 0007 0007 0002 0004 0.008

*Empty cells represents non converging training performances

The robustness of the SIT2-FRU activation function to hyperparameter selection is
evident from the results presented in Figure 6.4 and Figure 6.5. Across various
hyperparameter settings, the SIT2-FRUs consistently achieve the highest median test
accuracy rates, as indicated in Table 6.2. Notably, even in cases where the BN-DNN
with ELUs fails to learn the dataset (MBS = 64 and 128), the BN-DNN with SIT2-
FRUs maintains its high test accuracy performance, as shown in Table 6.3. While the
inclusion of the BN layer generally improves the learning performance of the DNNs,
the DNN with SIT2-FRU surpasses the BN-DNN with other activation functions in
terms of performance. This is evident for the specific hyperparameter setting of MBS
=64 and & = 107 (—3). These findings clearly demonstrate that incorporating the IT2-
FAL into the DNN structure leads to superior and robust learning behavior. The SIT2-
FRU activation function not only outperforms other activation functions across various
hyperparameter settings but also maintains high accuracy even when combined with
the BN layer, highlighting its effectiveness in enhancing the learning performance of
DNNs.
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6.1.2 Performance evaluations on the quickdraw pictionary dataset

In this subsection, we analyze the learning behavior and performance of the SIT2-FRU
activation function within a more complex DNN structure using the quickdraw
pictionary dataset. This dataset consists of grayscale hand-drawn images with
dimensions of 256x256 pixels. We specifically focus on the 10 classes of images,
namely "ant, cake, wristwatch, umbrella, wine glass, zebra, teapot, pliers, saw, castle,"
as shown in Figure 10. The quickdraw pictionary dataset comprises 50,000 training

images and 5,000 testing images.

To assess the learning behavior and performance of different activation units, we
utilized a Stacked DNN (S-DNN) structure. The S-DNN consists of several layers,
starting with an image input layer that undergoes 'zero-center' normalization. The
structure is then composed of three consecutive convolutional layers with
configurations of [1 X 16 x 3], [1 x 32 x 3], and [1 x 64 x 3], denoting the number of
filters and kernel sizes. Each convolutional layer is padded with one pixel on each side
and is followed by an activation layer and a max-pooling layer with a 2x2 kernel size
and stride of 2. Finally, a fully connected (FC) layer with a size of 10 and a softmax
classification layer are included in the S-DNN. During training, we employed
stochastic gradient descent for five epochs with a mini-batch size of 100, a momentum
factor (p) of 0.9, and a fixed learning rate (£) of 1073,

Figure 6.6 : Selected 10 samples images of pictionary data.

In Figure 6.7, the progression of training and testing losses for the Stacked DNNSs (S-
DNNs) with different activation functions is presented. It is evident that the S-DNNs
using ReLUs, PReLUs, and ELUs experience a noticeable divergence between their

training and testing losses after approximately 1k updates, suggesting the presence of
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overfitting. However, the S-DNN with IT2-FALs demonstrates a more stable learning
behavior, as indicated by the consistent and relatively low training and testing losses
throughout the training process. This highlights the robustness of the IT2-FAL in

preventing overfitting and maintaining a high learning performance.
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Figure 6.7 : Quickdraw pictionary classification results (a) Medians of training and
testing loss values over five trials (b) Medians of testing accuracy values over five
trials.

6.1.3 Performance evaluations on the CIFAR-10 dataset

In this section, we conducted experiments using two different configurations of
stacked DNNs to evaluate the learning behavior and generalization capabilities of the
proposed SIT2-FRU. The experiments were conducted on the CIFAR-10 dataset,
which comprises 50k training images and 10k testing images belonging to 10 different
classes. The objective was to assess how well the SIT2-FRU performs in classifying
the images accurately across different classes in the CIFAR-10 dataset.

6.1.3.1 Stacked DNNSs with single convolutional layer

In the S-DNN structures we designed, the first layer is an image input layer that applies
'zero-center' normalization to the input data. This is followed by a convolutional layer
with 32 filters, where each filter has a kernel size of 5x5 and is padded with 2 pixels
on each side. One of the structures includes a BN layer, referred to as the BN-DNN,
while the other structure does not include a BN layer and is simply called the DNN.
After the convolutional or BN layer, an activation unit is applied, followed by a fully
connected layer with a size of 10. The final layer is a softmax classification layer for

classifying the input images into one of the 10 classes.

104



Table 6.4 : Regression accuracy result of the over 5 experiments for CIFAR-10.

Activation Criteria DNN-Type DNN-Type DNN-
Type
BN- DNN | BN-S-DNN-  S-DNN- | S-DNN-
DNN 1 1 2
Median 43.84 48.86 76.07 56.24 82.60
(%)
ReLU ™ Mean (%) 4351 4890 7627 5613 8248
std 0.033 0.008 0.004 0.009 0.006
Median 55.94 47.65 76.54 - 82.50
PReLU (%)
Mean (%) 55.78 47.07 76.52 - 82.40
std 0.005 0.022 0.003 - 0.005
Median 57.29 48.70 76.63 59.77 82.64
ELU (%)
Mean (%) 57.60 48.45 76.70 58.60 82.49
std 0.016 0.009 0.001 0.023 0.005
Median 61.23 50.90 76.73 74.35 83.84
SIT2- (%)
FRU Mean (%) 61.02 50.76 76.54 74.40 83.56
std 0.009 0.005 0.003 0.007 0.006

*Empty cells represents non converging training performances

The second DNN structure consists of three stacked convolutional layers with different
filter sizes: [1 x 32 x 5], [1 x 32 x 5], [1 x 64 x 5]. Each convolutional layer is padded
with 2 pixels on each side to maintain the spatial dimensions of the input. In one
structure, a BN layer is incorporated after each convolutional layer, resulting in the
BN-S-DNN-1 model. In contrast, the S-DNN-1 model does not include any BN layers.
Following the convolutional and BN layers, an activation layer is added, followed by
max-pooling layers with a 3x3 kernel size and a stride of 2. Two fully connected layers
with sizes of 64 and 10, respectively, are then added, with an activation unit between
them. Finally, a softmax classification layer is appended to the network for the final

output.

During the training phase of the DNN, BN-DNN, S-DNN-1, and BN-S-DNN-1
architectures, the learning rate is initially set to & = 1072 and it is reduced by a factor
of 10 every 2 epochs. Stochastic gradient descent is employed as the optimization
algorithm with a mini-batch size of 64 samples and a momentum value of p=0.9 for a
total of 5 epochs. The resulting testing accuracies of these models are summarized in
Table 6.4. Notably, SIT2-FRU achieved a higher median accuracy rate compared to
ReLU, PReLU, and ELU activations. The DNN with SIT2-FRUs exhibited a median

accuracy improvement of 2.04% over its ReLU counterpart, reaching a maximum
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median accuracy of 50.90%. Moreover, the utilization of SIT2-FRU within the BN-
DNN structure led to a substantial mean accuracy enhancement of 3.42% compared to
its ELU counterpart, as indicated in Table 6.4. Additionally, the standard deviation
values demonstrate that the inclusion of SIT2-FRU in both the BN-S-DNN-1 and S-
DNN-1 structures resulted in consistently high learning performance, irrespective of
the presence of a BN layer.
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Figure 6.8 : CIFAR-10 dataset, (a) Training Loss values of S-DNN-1 (b) Testing
Accuracy values of S-DNN-1 (c) Training Loss values of BN-S-DNN-1 (d) Testing.

Figure 6.8 provides a visual representation of the median training loss and testing
accuracy results for S-DNN-1 and BN-S-DNN-1 architectures across five
experiments. Notably, the results for PReLU are not shown in the figures due to its
inability to learn the dataset under the specified hyperparameter setting. The outcomes
clearly demonstrate that the proposed SIT2-FRU consistently outperforms RelLU,
PReLU, and ELU in terms of lower training loss and higher testing accuracy, as
evident in Figure 6.8. The remarkable performance of SIT2-FRU is particularly
pronounced within the S-DNN-1 structure, as illustrated in Figure 6.8. Referring to
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Table 6.4, SIT2-FRU exhibits a significant improvement in median accuracy rate,
surpassing ReLU by 18.11% and achieving a maximum median accuracy rate of
74.35% in the S-DNN-1 configuration. It is important to highlight that the inclusion
of a BN layer substantially enhances the training performance of ReLU, PReL.U, and
ELU within the BN-S-DNN-1 and S-DNN-1 structures. Additionally, while the BN
layer slightly boosts the training performance of SIT2-FRU, as indicated in Figure 6.8.
These findings underscore the crucial role of the BN layer in the performance of ReLU,
PReLU, and ELU, while also highlighting the ability of SIT2-FRU to deliver
satisfactory results with or without a BN layer, as evidenced by the findings in Table
6.4.

6.1.3.2 Stacked DNNs with multi convolutional layers

To further validate the results obtained from the S-DNN-1 structures, we designed a
more intricate S-DNN configuration, named S-DNN-2, with multiple convolutional
layers. The S-DNN-2, as depicted in Figure 6.9, is composed of 8 convolutional layers
organized in stacks of [2 x 32 x 3], [2 x 64 x 3], and [4 x 128 X 3]. Each convolutional
layer is padded by 2 pixels, and the max-pooling layers have a stride of 2. For training
the S-DNN-2, we employed the stochastic gradient descent algorithm for 20 epochs,
utilizing a mini-batch size of 100 samples and a momentum value of p=0.9. The initial
learning rate was set to & = 1072 and it was decreased by a factor of 10 after 10
epochs. The objective of employing the S-DNN-2 is to investigate whether the
favorable outcomes observed in previous section can be generalized to more complex

DNN structures.

‘EXE

xew
¥

T
$9'UOd‘EXE
JeAe] Ng
(8ZT)1v4-zLl
8ZT‘UOd‘EXE
(8ZT)1vd-TLl

w
x
w
[a]
)
2
3
=

¢E'uod‘EXE
JeAe] Ng
(r9)1vd-zll

w [
X X
w w
0 0
o ¢}
3 3
W i
N N
oo

aaAeq 1nduj
19Ae7 Ng
(z€)1va-z Ll
(ze)vd-z 1l
(r9)1v4-z 1l

[
Bujjood xew‘gxg
h 4
T
Bulood xew'exg
(82T)1w4-Z1l

Bunood

Stack-1 Stack-2 Stack-3

Figure 6.9 : The employed S-DNN-2 structure for CIFAR-10 classification.

107



22

RelLU
PReLU
ELU
SIT2-FRU

18

16

Loss
ES

212

Testing Accuracy

Trainin

08

0.6

RelLU
20 PReLU B

0.4r

ELU

021 SIT2-FRU

1 I . 1 | 1 ! I .
10
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000

Updates Updates

(a) (b)

Figure 6.10 : S-DNN-2: (a) Training Loss values (b) Testing Accuracy values.

Figure 6.10 illustrates the medians of training loss and testing accuracy obtained from
five experiments. It is evident that the SIT2-FRU exhibits superior convergence
behavior compared to the other activation units. Table 6.4 confirms that PReLU, ELU,
and ReLU vyield similar performance measures, whereas the S-DNN-2 with SIT2-FRU
achieves a median test accuracy rate of 83.84%, surpassing its ELU counterpart by
1.2%. These results indicate that DNNs incorporating IT2-FALS possess robust
generalization capabilities, enabling them to achieve high learning performance even

in complex S-DNN structures with multiple convolutional layers.

6.2 Comparative Results of the Composite Learning Approach for IT2-FLSs

In this section, we will present the results of the composite learning approach for IT2-
FLSs which we introduced in section 4. Our aim in the experiments is to focus on
analyzing the performance of the proposed composite learning approach for IT2-FLSs.
Specifically, we present comparative results based on the KM type CSCM, as we have

observed that employing KM tends to yield better learning performance.

We conducted experiments on eleven preprocessed datasets, as indicated in Table 6.5.
To ensure fairness in the comparison, we initialized the parameters 8 randomly
following the algorithm illustrated in Figure 4.4. All parametric 1T2-FLSs used the
same initial parameter set 8°. We set the expected coverage at 80% (¢ = [0.1,0.9])
and performed five iterations (P). The training process spanned 100 epochs. The
optimal values for the minibatch size (N,¢) and learning rate (Ir) were determined

through a grid search using the H-C model. N, was explored within the range [8,256],
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divided into grids of size 4, while Ir ranged from [0.001,0.2] with grids of size 5. The
resulting N, and Ir values were employed for training all IT2-FLSs. The experiments
were conducted using Matlab®, and the performance evaluation involved measuring
the Root Mean Squared Error (RMSE) for accuracy and the Pl Coverage Probability

(PICP) for uncertainty coverage.

Remark: It is important to note that in 1T2-FLSs, the product operator is commonly
used as the t-norm (N) for most learning problems. However, we observed the
occurrence of the vanishing gradient phenomena in datasets with ten or more input
feature dimensions and more than 500 data sample points for each dimension. To

address this issue, IT2-FLSs in such cases employ the minimum operator as the t-norm

().

Table 6.5 : Summary of the Datasets to train IT2-FLSs with the proposed composite

approach.

Dataset Nrrain  Nrest Normalization N Ir
Mcycle! (133x1) 89 44 Standard 32 001
Diabetes? (43x2) 35 8 Standard 16  0.01
Servo® (167x4) 134 33 Min-Max 16 0.002
MCPU? (209%6) 168 41 Max-Min 16  0.005
Bodyfat*(252x14) 202 50 Max-Min 64  0.001
NO2* (500%7) 350 150 Standard 64 0.02
PM10%(500x7) 350 150 Standard 64  0.02
Housing® (506x13) 405 101 Max-Min 64 0.01
Concrete3(1030x8) 824 206 Max-Min 64 0.01
Wine3(4898x11) 3429 1469 Standard 128 0.005
PowerPlant}(9568x4) 6698 2870 Standard 128 0.02

Ihttps://stat.ethz.ch/R-manual/R-
devel/library/MASS/html/mcycle.html.
2https://www.dcc.fc.up.pt/~Itorgo /Regression/DataSets.html.
3https://archive.ics.uci.edu/ml/datasets.html.
*https://lib.stat.cmu.edu/datasets/.

6.2.1 Composite learning performance and sensitivity analysis

This subsection focuses on evaluating the performance of the proposed composite
learning method and its sensitivity to hyperparameters for the parametric 1T2-FLSs.
To facilitate the analysis, we selected the univariate Mcycle dataset as the experimental
dataset.
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6.2.1.1 Composite learning performance analysis

Figure 6.11 displays the testing loss performances of the IT2-FLSs. It can be observed
that IT2-FLSs employing H type antecedent membership functions tend to converge
faster compared to other variants. Conversely, IT2-FLSs with IV/IVL rule consequents
exhibit similar testing loss performances, which can be attributed to the higher number
of learnable parameters in these models. However, it is important to note that all
models achieved rapid convergence with low testing losses, indicating successful

learning.
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Figure 6.11 : Testing composite losses of the IT2-FLSs on the Mcycle dataset.

Table 6.6 : Testing performance results for Mcycle Dataset.

C L v IVL
H 43.1 443 44.8 45.4
RMSE* S 44.3 45.3 44.0 45.6
HS 44.5 45.6 45.1 43.2
H 75.0 93.1 2.7 75.0
PICP S 79.5 79.5 81.8 81.8
HS 63.6 70.4 86.3 75.0

* RMSE values are scaled by 100.
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Figure 6.12 : Prediction results for the testing dataset.

The predictions for y(x) and ¥ (x) = [y(x),y(x)] are given in Figure 6.12, while the

corresponding evaluation measures are presented in Table 6.6. It is notable that the
IT2-FLSs employing S-type antecedent IT2-FSs demonstrate superior performance in
terms of expected coverage (80% (¢ = [0.1,0.9])) across all models. Moreover, IT2-
FLSs with H type IT2-FSs exhibit better performance for C/L type consequents.
Interestingly, the IT2-FLSs with IV consequents exhibit enhanced coverage of
expected uncertainty compared to their crisp counterparts. On a different note, the 1T2-
FLS with C rule consequents achieves the lowest RMSE values, indicating more
accurate predictions. These findings highlight the inherent trade-off within the
composite loss function, as it optimizes both the expected coverage and prediction

mean in a multi-objective manner.

In conclusion, the results demonstrate that the proposed composite loss function is
effective in learning IT2-FLSs. The low RMSE values indicate high accuracy in
prediction, while the resulting PICP values align well with the expected coverage of
80%, indicating successful representation of uncertainty. Therefore, the composite loss
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6.2.1.2 Parameter sensitivity analysis

In this analysis, we investigated the sensitivity of the composite learning approach for
IT2-FLSs with respect to three hyperparameters: N, Ir, and ¢. We performed a grid
search to determine the optimal values for these hyperparameters, excluding the one
we aimed to test for sensitivity. The experiments were repeated five times, and we

calculated the average RMSE and €, = [@pq — ¢|, wWhere ¢4 represents the set

expected coverage [¥. To assess the robustness of a model to a particular
hyperparameter, we examined the variance of the results. If the results cluster tightly
with low variance, we consider the model robust to that hyperparameter. Conversely,
if the results scatter widely with high variance, it indicates sensitivity to that
hyperparameter. The sensitivity plots, shown in Figure 6.13, provide visual
representations of the sensitivity analysis for each hyperparameter. By examining
these plots, we can determine the impact of each hyperparameter on the model's
performance and identify the robustness or sensitivity of the model to each

hyperparameter.

Figure 6.13a demonstrates the sensitivity analysis of N,g for IT2-FLSs, where Ny
takes values from the set {8, 16, 32, 64, 128}. It can be observed that IT2-FLSs with
C/L rule consequents exhibit a more robust performance compared to those with
IV/IVL rule consequents. This suggests that the choice of N, has a relatively smaller
impact on the accuracy and uncertainty representation of 1T2-FLSs with C/L rule
consequents. On the other hand, 1T2-FLSs with HS type IT2-FSs are more sensitive to
variations in N,,. This sensitivity can be attributed to the fact that HS type IT2-FSs
have a higher number of design parameters, making them more susceptible to changes
in Nps. Consequently, careful selection of N, is crucial for achieving optimal

performance with IT2-FLSs utilizing HS type IT2-FSs.

Figure 6.13b displays the sensitivity analysis of Ir (learning rate) for IT2-FLSs, with
values ranging from {0.001, 0.002, 0.01, 0.1, 0.2}. Notably, the H-C and H-L models
exhibit a more stable performance, as evidenced by their clustered results with minimal
variance. This suggests that the choice of Ir has a relatively smaller impact on the
robustness and performance of these models, as their results remain centered around a
consistent value. On the other hand, 1T2-FLSs with IV/IVL rule consequents (H-1V
and H-1VL) demonstrate a higher level of robustness compared to their counterparts.
This can be attributed to the fact that IT2-FLSs with H-type IT2-FSs have fewer
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learnable parameters and constraints. Consequently, the impact of {r on these models
is less pronounced, resulting in more consistent and stable performance across
different Ir values. These findings align with our expectations, as IT2-FLSs utilizing
H-type IT2-FSs inherently have a simpler and more constrained structure, which leads
to reduced sensitivity to changes in Ir. Conversely, IT2-FLSs with S and HS type 1T2-
FSs have a higher number of learnable parameters and less constrained structures,

making them more sensitive to variations in Ir.

Figure 6.13c illustrates the sensitivity analysis of the expected coverage I for IT2-
FLSs, with ¢ values ranging from 50% to 90% in increments of 10%. The sensitivity
test allows us to examine how the models respond to variations in the expected
coverage parameter. In the analysis, we observe similar trends as in the previous
sensitivity analyses. The H-C and H-L models exhibit a more robust performance, with
their results clustered together and minimal scattering. This indicates that these models
are less sensitive to changes in the expected coverage parameter, as their performance
remains relatively stable across different values of ¢. On the other hand, the IT2-FLSs
with IV/IVL rule consequents show slightly higher sensitivity to changes in the
expected coverage parameter. This is expected, as these models have more complex
structures and more learnable parameters compared to the H-C and H-L models. As a
result, their performance may vary to a greater extent when the expected coverage is

adjusted.

6.2.2 Comparative results for intra-model comparison

In Figure 6.14, we present the testing performances of 1T2-FLSs for the remaining
multivariate datasets, focusing on the last 30 epochs to better visualize the performance
differences. This intra-model comparison allows us to analyze how the different 1T2-
FLSs perform on various datasets with varying characteristics. Our observations
indicate that the performance of IT2-FLSs with C/L consequents is generally better for
small-sized datasets such as Servo and MCPU. These datasets likely have simpler
patterns and lower dimensionality, allowing the C/L consequents to capture the
underlying relationships effectively. However, as the dataset's feature dimension and
sample size increase, such as in the case of White-Wine and PowerPlant, the
performance of IT2-FLSs with C/L consequents tends to decrease. This suggests that

the complexity of these datasets requires a more expressive modeling approach.
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In contrast, IT2-FLSs with IV/IVL consequents struggled to learn medium-sized
datasets with moderate feature dimensions like PM10, BH, and Concrete. These
datasets likely have a higher level of complexity and may exhibit nonlinear
relationships that are challenging to capture with the IV/IVL consequents. However,
IT2-FLSs with IV/IVL consequents performed better with high-sampled datasets like
PowerPlant and White-Wine. These datasets may have larger amounts of training data,
enabling the IV/IVL consequents to capture more intricate patterns. Additionally, we
observed that IT2-FLSs with IVL consequents exhibited signs of overfitting on small-
sampled datasets and underfitting on medium-scale datasets with high-dimensional
feature spaces. This behavior suggests that the I\VL consequents may be prone to over-
parameterization when the dataset size is limited, leading to overfitting. Conversely,
on medium-sized datasets with high-dimensional feature spaces, the IVL consequents
may not have enough capacity to capture the underlying relationships accurately,

resulting in underfitting.

Overall, this intra-model comparison provides valuable insights into the performance
variations of IT2-FLSs across different datasets. Understanding these performance
differences helps in selecting the appropriate IT2-FLS variant based on the dataset

characteristics, ensuring better modeling and prediction accuracy.
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Figure 6.14 : Testing composite loss values of the proposed composite loss for all
datasets.

Table 6.7 provides the performance measures for each dataset, allowing us to compare
the performance of different IT2-FLS variants. Based on the observations, we can draw

the following conclusions: For small-scale problems like Diabetes, Servo, and
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Bodyfat, IT2-FLSs that incorporate uncertainty in their antecedents (such as S or HS
types) demonstrate satisfactory performance.

Table 6.7 : Testing Performance Measures: Multivariate Datasets.

Diabetes Servo
. C L WV IVL C L v IVL
W H 137 168 136 155 3.7 1.9 4.7 4.4
S S 158 127 144 151 3.9 3.5 5.7 4.4
X HS 144 130 9.9 15.4 35 5.4 3.8 3.1
n H 667 444 556 667 | 879 90.9 63.6 66.7
O S 556 556 556 66.7 | 727 72.7 60.6 66.7
& Hs 778 667 1000 667 | 758 697 636 788

MCPU Bodyfat
X C L IV IVL C L v IVL
bHH 70 81 6.0 6.5 11.0 16.4 16.3 16.1
> S 49 52 6.6 8.9 14.9 16.2 12.2 16.2
' Hs 49 104 105 5.0 15.7 16.1 12.7 12.3
n H 810 762 833 810 | 820 72.0 72.0 80.0
O s 714 833 762 69.0 | 740 76.0 74.0 70.0
® HS 881 929 952 833 | 780 760 720 640

NO2 PM10
X C L IV IVL C L v IVL
W H 456 496 452 481 | 779 73.6 75.4 78.4
5 S 459 464 442 490 | 781 72.6 73.5 81.4
HS 435 452 447 474 | 784 75.8 77.2 77.4

n H 827 813 793 760 | 753 74.0 76.7 76.7
O s 793 813 873 800 | 76.0 76.7 73.3 72.7
® HS 853 820 873 827 | 833 73.3 76.0 72.0

Housing Concrete
X C L W IVL C L v IVL
W H 73 65 5.5 8.0 8.7 7.7 9.9 9.8
S S 70 7.1 6.6 10.9 8.1 8.1 10.4 11.1
® Hs 67 87 88 134 | 102 90 90 133
n H 832 851 81 842 | 694 76.7 78.2 80.6
O s 822 802 762 842 | 830 70.9 76.7 80.1
& HS 832 792 743 782 | 811 79.1 81.6 86.9

White-Wine PowerPlant
« C L W IVL C L v IVL
W H 716 692 689 699 | 4341 4272 4371 4187
5 S 708 693 683 685 | 433.8 4228 4231 4181
HS 69.0 701 695 70.1 | 4350 4219 4327 4214

o H 762 798 802 762 | 774 78.9 78.2 78.8
O s 737 787 799 798 | 787 78.6 78.6 79.9
& HS 779 749 790 790 | 809 78.4 79.2 78.5

* RMSE values are scaled by 100.

This suggests that capturing the uncertainty in the antecedents is beneficial for these
datasets, potentially allowing the models to handle the inherent noise and variability
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in the data. Consequently, constructing 1T2-FLSs with crisp consequents seems to be
a suitable choice for small-scale problems. However, for datasets with high feature
dimensions like White-Wine and Housing, IT2-FLSs with IV consequents perform
better than their crisp counterparts. The increased dimensionality of these datasets may
introduce more complex and nonlinear relationships that can be better captured by the
flexibility of IV consequents. By allowing a range of fuzzy membership values for the
consequents, the models can adapt to the intricate patterns present in high-dimensional

datasets.

On the other hand, IT2-FLSs with IVL consequents exhibit subpar performance when
the dataset has a high feature dimension and a small number of samples, as observed
in Bodyfat and Housing. This situation is likely due to the limited number of samples
available for training the high number of learnable parameters in the IVVL consequents.
The models may suffer from overfitting, where they become too specific to the training
data and struggle to generalize to unseen samples. Therefore, caution should be
exercised when using IT2-FLSs with IVL consequents on datasets with limited
samples and high feature dimensions. Interestingly, the performance of IT2-FLSs with
IVL consequents improves as the sample size increases, as demonstrated in the
PowerPlant dataset. With a larger number of samples, the models have more data
points to learn from and can effectively utilize the additional parameters in the IVL
consequents. This highlights the importance of having an adequate sample size when
employing IT2-FLSs with IVVL consequents, particularly for datasets with high feature

dimensions.

In summary, the choice of IT2-FLS variant depends on the characteristics of the
dataset. For small-scale problems, IT2-FLSs with crisp consequents can provide
satisfactory performance. In contrast, for datasets with high feature dimensions, 1T2-
FLSs with IV consequents tend to perform better. However, caution should be
exercised when using IT2-FLSs with IVL consequents on datasets with limited

samples and high feature dimensions, as they may be prone to overfitting.

6.2.3 Comparative results for inter-model comparison

Table 6.8 provides comparative results to evaluate the performances of IT2-FLSs in
comparison with various state-of-the-art approaches, including SVR, SVM, DNN-
based QR, NN-based QR, RWN, RL, ELM, and GS. The best performing IT2-FLS
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variant with KM is selected based on both PICP and RMSE criteria for each dataset.
The results in Table VI demonstrate the performance of IT2-FLSs relative to other
approaches across different datasets. By considering both PICP and RMSE, the
selected IT2-FLS-KM consistently achieves competitive results compared to the state-
of-the-art methods. This indicates that the proposed composite learning approach for
IT2-FLSs, utilizing the KM CSCM, is effective in achieving accurate predictions while
capturing uncertainty. Moreover, the comparison allows us to analyze the impact of
the CSCM on performance. The results show that 1T2-FLSs with KM generally
outperform IT2-FLSs with NT and SM, indicating that the KM CSCM is more
effective in modeling the uncertainty and achieving better prediction accuracy. This
highlights the importance of the proposed composite learning approach and the
utilization of the KM CSCM in IT2-FLSs.

The observed results indicate that IT2-FLSs with KM consistently achieve the best
expected coverage, as indicated by their high PCIP values, across most datasets.
Although they may not always yield the best RMSE values, the IT2-FLSs with KM
outperform their counterparts when considering multiple objectives. In terms of
accuracy alone, the IT2-FLSs learned through the proposed composite learning
approach generally outperform non-fuzzy approaches for most datasets. However, it
is important to note that this outcome is a natural consequence of the trade-off between
coverage and accuracy embedded in our multi-objective loss function, as compared to
the single-objective minimization employed by the non-fuzzy methods. Overall, the
comparative analysis highlights the effectiveness of IT2-FLSs learned using the
proposed approach, particularly in achieving a satisfactory balance between accuracy

and uncertainty representation.

In summary, the proposed learning approach for IT2-FLSs enables them to effectively
represent uncertainty while surpassing the performance of the compared approaches,

including DNNSs, in terms of accuracy measures.
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Table 6.8 : Comparative Testing Performance Measures: Inter-Model Comparison.

RMSE* __ PICP RMSE* __ PICP RMSE* __ PICP
SIV-IT2-FLS-KM 40 g8 HS-C-IT2-FLS-KM 14.4 77.8 o VEATEELS: 3.1 78.7
o | HS-L-IT2-FLS-NT 440 7964 | o |HS-CAT2-FLS-NT 11.7 66.7 HS-L-IT2-FLS-NT 3.2 78.7
G | H-L-IT2-FLS-SM 435 7954 | § | HIVAIT2FLSSM 12.0 667 | S | H-IVL-IT2-FLSSM 356 75.7
S | DEEPIMQR108] 515 « | @ | LAD-SVR[L10] 10.9 « | & | LAD-SVR[110] 9.7 =
Linear QR[108] 108.6 o | O | RWNar[L11] 8.4 o RWN et [111] 9.5 o
Indep. DL [108] 53.0 o RC-ELM[112] 13.0 o Res-TSVR[L14] 118 o
CQRNN[109] 68.5 - NSLVReg[113] 16.9 - RC-ELM[112] 7.0 -
HS-IVL-IT2-FLS-KM 5.0 833 H-C-IT2-FLS-KM 11.0 82.0 HIV-IT2-FLS-KM  45.2 793
S-IV-IT2-FLS-NT 5.2 83.3 SAIVL-IT2-FLS-NT 8.3 72.0 SIV-IT2-FLS-NT 44.2 84.6
S | H-IV-IT2-FLS-SM 4.4 761 | B | S-L-IT2-FLS-SM 11.0 680 | . |HS-CIT2-FLS-SM 451 80.6
5 | LAD-SVR[L10] 9.1 « | > | LAD-SVR[L10] 14.8 w | O |IGS[117] 87.0 =
S | RC-ELM[L12] 2.0 w | & | Res-TSVR[114] 8.3 o | Z | MixRL[118] 493 o
NSLVReg[112] 6.0 o KNNGNNIL15] 12.0 o RMR-£,[119] 476 o
SNLR-MoG[116] 8.5 o LS-SVR[110] 16.9 o e-FHTSVR[120] 50.0 o
H-IV-IT2-FLS-KM 55 851 S-C-IT2-FLS-KM 8.1 83.0 SIVL-IT2-FLS-KM 685 79.8
H-IV-IT2-FLS-NT 6.0 76.2 S-C-IT2-FLS-NT 8.5 78.1 HSIV-IT2-FLS-NT 683 79.3
HS-IV-IT2-FLS-SM 5.8 73.2 H-IV-IT2-FLS-SM 8.3 791 | o |SIV-IT2-FLSSM 68.5 80.2
2 | LAD-SVR[110] 7.4 ~ | 8 | LAD-SVR[110] 8.6 | S |Ies[117] 84.0 o
2 | Res-TSVR[114] 9.4 = | 2 | Res-TSVR[114] 9.3 = | & |IQRFit[121] 69.1 o
T ** o *x = | RBF-kernel **

RC-ELM[112] 12.0 SNLR-MoG[116] 10.2 2 | Sompz) 775
*%* ** *%*

KNNGNN[115] 21.0 WLS-SVR-L[110] 8.9 f?s'i'MKLSSVM 87.8

* RMSE values are scaled by 100
** Not provided in the paper
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The IT2-FLSs trained with the proposed approach exhibit a favorable trade-off
between accuracy and uncertainty representation, making them a powerful tool for

modeling and prediction tasks where both aspects are crucial.

6.3 Comparative Performance Analysis for the GT2-FLSs

Here, we present the performances of the towards reliable uncertainty quantification

and high precision for GT2-FLS trained with L; (GT2-FLS-1) and L, (GT2-FLS-2),
which are presented in section 5, in comparison with the IT2-FLS, introduced in
section 4, on the benchmark datasets that are given in Table 6.9. We constructed the
GT2-FLSswith K = 2, i.e. the total number of a-planes is 3. and defined all T2-FLSs
with P =5 rules. We used the product operator as the t-norm for the MCPU and
Concrete datasets while the minimum operator for the BH. We set the desired

uncertainty coverage as 80% (¢ = [0.1,0.9]).

Table 6.9 : Datasets Details and Hyperparameters for the analysis of the trained
GT2-FLSs using composite loss.

Dataset M N Nirain Niest  Nps Ir
Machine CPU (MCPU) 6 209 168 41 16 0.05
Boston Housing (BH) 13 506 405 101 64 0.1
Concrete 8 1030 824 206 64 0.1

We normalized the datasets with the max-min normalization method and then trained
all models for 100 epochs in Matlab ®. All experiments were repeated with five
different initial seeds for statistical analysis. The performances are evaluated via the
Root Mean Square Error (RMSE), Pl Coverage Probability (PICP), and PI Normalized
Averaged Width (PINAW) [124]. It is worth stating that the aim is to end with a model
that has a low RMSE (high point-wise estimation) while having a high PICP and low
PINAW value (a Pl with narrow bands). As we set 19 = 80%, we analyzed the

uncertainty quantification performance via the following metric:
APICP = 80 — PICP 6.3)

If APICP < 0, then the uncertainty quantification performance is higher than expected,
and vice versa. We refer to APICP < 0 as overbounding and APICP >0 as

underbounding.
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The performance statistics of the T2-FLSs are analyzed via the box-and-whisker plots
visualizing the median, max, min, and Inter Quartile Range (IQR) which is a measure
of spread defined as the distance between the 75th and 25th percentiles of the data.
The results of the T2-FLSs employing KM CSCM and NT CSCM are given in Figure
6.15 and Figure 6.16, respectively.

From the results of the T2-FLSs employing KM-CSCM presented in Fig. 2, we can

observe that:

e The reliability of the uncertainty quantification of the GT2-FLSs is better than
the IT2-FLS since the spreads of APICP values (i.e. the size of the IQR box)
of the GT2-FLSs are significantly smaller than their 1T2 counterpart. For the
MCPU and BH datasets, the GT2-FLSs resulted also in better median APICP
values, excluding the Concrete dataset in which the IT2-FLS is better. Yet, the
IT2-FLS not only resulted in a large IQR for APICP but also a large PINAW
distribution. Thus, one might claim that the reliability of the GT2-FLSs is better
than the IT2-FLS.

e The point-wise estimation performance of the GT2-FLSs is almost always
better than its IT2 counterpart. Especially from the results of the BH dataset
(high dimensional data) in Figure 6.15b. we can observe that GT2-FLS-2 has
resulted in a smaller median value for RMSE than GT2-FLS-1 and IT2-FLS
(both in testing and training) while also resulting more robust as the IQRs of

the GT2-FLS-2 are smaller in all metrics.

We can make similar observations from the results of the T2-FLSs with NT CSCM
given in Figure 6.16. Firstly, it is obvious that through the deployment of NT CSCM,
the widths of IQRs have increased for all metrics when compared to the results of the

KM ones. We can also state that:

e The spread size of APICP for IT2-FLS is relatively smaller when compared to
the GT2-FLSs. Yet, IT2-FLS underbounds as APICP > 0 while the ones of
GT2-FLS-2 are distributed around APICP = 0. Also, the median APICP of the
GT2-FLS-2 is generally better than the IT2-FLS. Thus, one might prefer GT2-
FLS-2 for its uncertainty quantification performance.
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e The GT2-FLS-2 has resulted in low RMSE median values while having a small
IQR size when compared to the other T2-FLSs. Hence, it can be stated that it

has a more robust accuracy performance than GT2-FLS-1 and IT2-FLS.

To sum up, although the IT2-FLS resulted in acceptable performances in training, it
struggled in constructing Pls with expected ¥ for all the datasets seen in testing
regardless of the applied CSCM. Thus, we can conclude that the reliability of 1T2-
FLSs is relatively low for the handled datasets, obviously depending on the IT2-FLS
structure as different antecedent and/or consequent MFs might perform better. On the
other hand, we observed the GT2-FLSs performed better than the IT2-FLSs in general,
regardless of the deployed CSCM method. More specifically, we can also state that
the GT2-FLS-2 performed better than the other T2-FLSs (GT2-FLS-1 and IT2-FLS).
The results indicate that it is possible to learn reliable GT2-FLS via the loss L, in
which different roles for the a,-IT2-FLS are assigned that are defined via the SMF

shape and size parameters.
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Figure 6.15 : Box-and-whisker plots of T2-FLSs with KM CSCM showing median (central mark), 25th/75th percentiles (left and right edges of

(@)

(b)

box), whiskers (dashed line), and outliers (red plus sign): (a) MCPU (b) BH (c) Concrete datasets.
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Figure 6.16 : Box-and-whisker plots of T2-FLSs with NT CSCM showing median (central mark), 25th/75th percentiles (left and right edges of
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7. CONCLUSION

This thesis presents an innovative approach to learning the parameters of T2-FLSs,
which include IT2-FLSs and GT2-FLSs. The proposed method leverages popular deep
learning parameter learning techniques, as described in Section 3 of the thesis. To
address the challenges faced by conventional parameter learning methods for T1/T2-
FLSs, such as the curse of dimensionality and the increasing number of parameters
associated with rule size, a mini-batch sampled deep learning parameter learning

method is introduced.

The proposed approach employs a flexible structure that can be utilized in various
ways to achieve models with both high prediction accuracy and the ability to handle
uncertainties. The thesis comprises three distinct studies. The first study, titled
“Learning with Type-2 Fuzzy Activation Functions to Improve the Performance of
Deep Neural Networks,” suggests utilizing Single input IT2-FLS as activation
functions in DNNSs to enhance their learning performance.

In the second study, titled “More than Accuracy: A Composite Learning Framework
for Interval Type-2 Fuzzy Logic Systems,” a novel composite learning framework is
introduced. This framework is specifically designed for training regression models
using IT2-FLSs, with the primary objective of achieving high accuracy performance

while effectively representing and handling uncertainties.

The final work, titled “Towards Reliable Uncertainty Quantification and High
Precision with General Type-2 Fuzzy Systems,” takes a significant step towards
learning reliable uncertainty quantification and achieving high precision performance.
This is accomplished through the utilization of a-plane based General Type-2 GT2-
FLSs.

Overall, this thesis presents a novel perspective on learning the parameters of T2-FLSs
by combining deep learning methods with fuzzy logic systems. The studies conducted
in this thesis aim to enhance learning performance, address uncertainties, and achieve

high precision in a variety of applications.
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The introduced activation function in “Learning with Type-2 Fuzzy Activation
Functions to Improve the Performance of Deep Neural Networks”, SIT2-FRU,
presents a unique design that uses the parameters of membership functions to define
slopes of the in both positive and negative quadrants. These parameters not only shape
the input-output mapping but also play a crucial role in generating negative valued
outputs. By allowing negative outputs, SIT2-FRU addresses the vanishing gradient
problem and assists in shifting the mean activation of the layer towards zero, similar
to other popular activation functions like ELU and PReLU. Moreover, SIT2-FRU
offers an additional advantage by enabling the learning of each neuron's contribution
in the positive quadrant. This feature allows DNNSs to improve their learning behavior
and increase convergence speed. By accurately capturing the importance of individual
neuron outputs in the positive region, SIT2-FRU enhances the overall performance of
DNNs. In summary, the SIT2-FRU activation function provides benefits such as
generating negative outputs, alleviating the vanishing gradient problem, and enhancing
learning behavior and convergence speed in DNNs. These characteristics make SIT2-
FRU a valuable tool for improving the performance of neural networks in various

applications. The conducted experiments also validated our analyses and showed that:

e In the case of the MNIST dataset, it was observed that DNNs utilizing ELUs
and ReLUs in combination with Batch Normalization (BN-DNNs) faced
difficulties in effectively learning the dataset. The performance of BN-DNNs
with ELUs was particularly inadequate, and DNNs with ReLUs also exhibited
a significant decline in performance across different hyperparameter
configurations. Conversely, DNNs, both with and without Batch
Normalization (BN-DNNs and DNNSs), employing the IT2-FAL (Interval
Type-2 Fuzzy Adaptive Learning) activation function demonstrated a
consistent and strong learning behavior, regardless of the specific
hyperparameter settings. These findings highlight the superior performance
and robustness of DNNs utilizing the IT2-FAL activation function compared
to those employing ELUs and ReLLUs when applied to the MNIST dataset.

¢ In the case of the Quickdraw Pictionary dataset, it was observed that S-DNNs
utilizing ReLUs, PReLUs, and ELUs as activation functions exhibited a
divergence between training and testing losses after 1,000 updates. This

divergence is an indication of overfitting problem, where the model becomes
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overly specialized to the training data and performs poorly on unseen data. In
contrast, S-DNNs employing the IT2-FAL activation function did not
encounter the overfitting issue. This implies the robust learning behavior of
IT2-FAL, which is facilitated by its ability to generate various FMs. This also
allows the IT2-FAL-based S-DNN to handle uncertainties in data and avoid
the overfitting problem experienced by other activation functions. Thus, the
IT2-FAL activation function proves to be advantageous in maintaining a
balanced learning behavior and preventing overfitting in S-DNNs trained on

the Quickdraw Pictionary dataset.

In the CIFAR-10 dataset, it was observed that the BN layers generally led to a
significant improvement in the performance of ReLU, PReLU, and ELU
activation functions. The addition of BN layers helped to alleviate issues such
as vanishing or exploding gradients, leading to enhanced learning and better
classification results. In contrast, the SIT2-FRU activation function not only
demonstrated satisfactory learning performance with or without BN layers but
also achieved the best classification performance among the tested activation
functions. It was found that SIT2-FRUs exhibited a high level of generalization
capability, enabling them to perform well even in stacked DNNs with multiple
convolutional layers. This highlights the superior performance and
generalization capability of SIT2-FRUs, as they were able to achieve high
learning performance and classification accuracy in complex DNN
architectures, surpassing the other activation functions tested on the CIFAR-
10 dataset.

The introduced study titled with “More than Accuracy: A Composite Learning

Framework for Interval Type-2 Fuzzy Logic Systems”, present a new learning method

IT2-FLSs to achieve high mean accuracy and effectively handle uncertainty. The

proposed method addressed the design challenges associated with IT2-FLSs, including

the definition of IT2-FLSs for uncertainty handling, the construction of a composite

loss function, and the optimizing the proposed composite loss using the DL

frameworks. The proposed approach provided detailed solutions for each challenge,

aiming to enhance the accuracy of predictions while capturing and representing

uncertainty. The method offered comprehensive insights into the methodology,
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showcasing its potential for improving the performance of IT2-FLSs in various
applications that require accurate and reliable modeling and prediction.

During the conducted sensitivity analyses, intra-model comparisons, and inter-model
comparisons, we evaluated the performance of our proposed learning approach. The
results of these analyses clearly demonstrated that training IT2-FLSs using our
approach yielded impressive outcomes in terms of both accuracy and uncertainty
coverage. However, when comparing different structures of rule antecedents and
consequents, no clear winner emerged in terms of uncertainty representation. This
suggests that the selection of MFs shapes remains an open question that should be
addressed based on the specific properties of the data, similar to determining the
number and structure of hidden layers and neurons in DNNs. Furthermore, we
observed that employing the KM method as the CSCM for uncertainty processing
generally resulted in better RMSE and PICP values. The KM method calculates the
type-reduced set mixture's UMF and LMF, which implicitly introduces an additional
regularization term to the loss function. This enhanced alignment between the
logarithmic hyperbolic loss (Liog—cosn) and the tilted loss (I;), contributing to
improved performance. In summary, our comparative analyses highlighted the
effectiveness of our learning approach for IT2-FLSs in terms of accuracy and
uncertainty coverage. While the choice of MF shapes remains an open question, the
utilization of the KM method for uncertainty processing generally yielded better

results in terms of RMSE and PICP values.

In the study titled with “Towards Reliable Uncertainty Quantification and High
Precision with General Type-2 Fuzzy Systems”, we introduce a learning method
specifically designed for a-plane based GT2-FLSs with the aim of achieving accurate
pointwise predictions and constructing reliable Pls. Our proposed learning algorithm
utilizes a novel composite loss function comprising two terms: one for accuracy and
the other for uncertainty quantification. To quantify uncertainty, we explicitly leverage
the size parameters of SMFs, while for the accuracy task, we provide two alternative
definitions of pointwise error, in which the shape parameters are learned in different
ways (referred to as GT2-FLS-2 and GT2-FLS-1). The proposed approach exhibits a

partially independent characteristic for our multi-objective task.

The results of our experiments demonstrate that GT2-FLS-2 outperforms GT2-FLS-1
and IT2-FLS in larger datasets. However, in smaller datasets, GT2-FLS-1 shows
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slightly better performance compared to its counterparts. Therefore, we suggest
utilizing the loss L, as the learned GT2-FLS-2 yields more robust and accurate results

compared to other T2-FLSs in many cases.
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