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ABSTRACT

CLASSIFICATION OF 2-BRIDGE KNOTS

In this thesis, we classify the 2-bridge knots, the nontrivial knots which have
a knot diagram with two local maxima and minima. They are in some sense the
simplest type of knots after the trivial knot. To understand these knots, we focus on a
particular representation of them, the Schubert normal form, which generates all the
information about the structure of these knots, taking only two integers as an input. To
complete the classification, we exploit the connection between knots and 3-manifolds.
We show that Lens spaces are the double branched coverings of the 3-dimensional
sphere branched along 2-bridge knots, hence we get the classification of 2-bridge knots

using the classification of Lens spaces.



OZET

2-KOPRULU DUGUMLERIN SINIFLANDIRILMASI

Bu tezde iki lokal maksimum ve minimumlu diigiim diyagrami olan, bariz ol-
mayan diigimleri, yani 2-kopriilii diigiimleri simiflandiriyoruz. Bunlar bir bakima bariz
diigimden sonraki en basit yapidaki diigim olma ozelligini tagiyor. Bu diigtimleri
anlamak icin onlarin Schubert normal formu adindaki, sadece iki tam say1 alarak
onlarin tiim yapist hakkinda bilgi veren 6zel bir reprezantasyonuna odaklaniyoruz.
Smiflandirmay1 tamamlamak i¢in, diigiimler ve ii¢ boyutlu ¢okkathlar arasindaki baglantiyi
kullaniyoruz. Lens uzaylarinin ti¢ boyutlu kiirenin 2-kopriilii diigiimler tizerinden dal-
lanmig c¢ift ortiisi oldugunu gosteriyoruz, boylece Lens uzaylarinin siniflandirilmasini

kullanarak 2 koprili digiimlerin siniflandirilmasini elde ediyoruz.
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1. INTRODUCTION

Our aim is to classify 2-bridge knots. This is done first by Schubert in [1]. His
techniques involve geometric analysis of the problem. But we will follow the strategy
used in [2]. First, we will prove Corollary 3.8, which shows that all 2-bridge knots can
be represented by a Schubert normal form S(p, q). Then, we will prove Theorem 3.17,
which classify all Schubert normal forms, hence 2-bridge knots, using the classification
of Lens space and the fact that the double branched coverings of S® branched along
S(p,q) is the Lens space L(p,q). Although the general strategy is the same with [2],

our proofs are different from [2].



2. BACKGROUND

We will begin with the background material related to knots and in particular,

n-bridge representations.

A knot k is a (topological) embedding of S* into R3, or S®. The image of this
map, k (S1), is also considered as the knot. In this thesis, all maps are also used to
represent their image, it depends on the context. For example, we will write k£ instead

of k (S') when we talk about the image of the knot.
Two embeddings, fo, f1 : X — Y are isotopic if there is an embedding,
F:XxI—=YxI
such that F(z,t) = (f(x,t),t) for some f : X x I — Y, with f(z,0) = fo(z) and
f(z,1) = fi(z). F is called a level-preserving isotopy connecting fo and f;. We use

the notation fi(z) = f(x,t).

Two embeddings, fy, f1 : X — Y are ambient isotopic if there is a level-preserving

isotopy

H:YxI—=YxI

such that H(y,t) = (hi(y),t), with hy = idy and f; = hyfo. H is called an ambient
150topY.

Two knots are equivalent if they are ambient isotopic. Equivalence class of a knot

k is denoted by [k].

A knot is tame if it is equivalent to a simple closed polygon in R3. A knot is wild

if it is not tame. From now on, all knots are assumed to be tame.



A projection of a knot & into a plane E (isomorphic to R?, but considered as S?)
in R3 is a knot diagram of k if it has finitely many multiple points (points in £ whose
preimage contains more than one point), all multiple points are double points (points
in F whose preimage contains exactly two points) and at each double point, arcs of the
diagram intersect transversally. A double point in a knot diagram is called a crossing
and crossings are marked so that a knot can be reconstructed from its knot diagram.
We usually consider a crossing as two separate points, and call them as an overcrossing
and an undercrossing according to their positions on the knot. For a given knot &, the

set of all knot diagrams of all knots in the equivalence class of k is denoted by DI[k].

For example, a knot diagram of the knot right-handed trefoil can be seen in

Figure 2.1.

Figure 2.1. Right-handed trefoil.

Two knot diagrams are equal if they are isotopic in F (considered as S?) as graphs,
where the isotopy respects overcrossings and undercrossings. Two knot diagrams are
equivalent if they can be connected by a finite sequence of Reidemeister moves. For
the definition of the Reidemeister moves, see [2]. We also know that two knots are

equivalent if and only if all their diagrams are equivalent.

For a knot k : St — R3, the bridge number of k is defined as

b(k) := min{M(7,1)}

le[k]



where 7, : R® — R is the projection onto z-axis and M (7.l) is the number of local

maxima of the map m,l. We could also define the bridge number of k as

b(k) := min{m(r,l)}
le[k]
where m(m,l) is the number of local minima of the map ., since M(w,l) = m(r,l).
That is because [ is the an embedding of ST and as a result, 7,/ attains its local maxima
and minima alternately. Obviously, bridge number is an invariant for knots and it is

at least 1.

Also, we say that k is an n-bridge knot if b(k) = n.

Proposition 2.1. For any knot k,

_ v 4 d .
b(k) deg[};}g@{ (mud)} deg{}cﬁ@{m(md)}

where E is the codomain of d.

Proof. Define c(k) := mingepiy)verz{M (m,d)}. Pick an arbitrary [ € [k]. Define E as
the yz-plane in R? and d := pl where p : R® — E is the projection onto E. Then d is
a knot diagram of [, i.e. d € D[k] (if it doesn’t satisfy the requirements to be a knot
diagram, just change [ by an ambient isotopy so that d becomes a knot diagram). In
this case, we have 7.l = 7,d, in particular M (m,l) = M (w.d). Then M (m.l) > c(k). [
was arbitrary, hence b(k) > c(k).

For the converse, pick an arbitrary d € D[k] andv € E. Thend : S' - R? — E'is
a knot diagram of I’ for some ! € [k]. By translating and rotating I’ (which are ambient
isotopies), we can get an equivalent knot [ for which the plane FE becomes yz-plane and
the vector v becomes z-vector. This gives m,d = m,l, in particular M(m,d) = M (7,l).

Then M (m,d) > b(k). d € D[k] and v € E were arbitrary, hence c(k) > b(k).

Therefore b(k) = C(k) = mindeD[k]meE{M(ﬂvd)}. b(k) = mindeD[k]meE{m(ﬂvd)}



can be proved similarly. O

Proposition 2.2. A knot k is the unknot if and only if b(k) = 1.

Proof. 1f k is the unknot, then there is [ € [k] such that the image of [ is a circle in
yz-plane. Hence M (m,l) = 1 which gives b(k) < 1. But in general, we have b(k) > 1.
Therefore, b(k) = 1.

Conversely, if b(k) = 1, then by Proposition 2.1, there exist d € D[k] and v € E
(E is the codomain of d) such that m,d has exactly one maximum and one minimum.
If we remove this maximum and minimum from the diagram d, we get two curves in
E such that their projections into v-axis are injective, since they no local maximum
and minimum. This implies that the images of crossing points under the map 7, have
all different values. Then d looks as in Figure 2.2. By starting from the crossing with
the highest v-coordinate, and proceeding with crossings with lower v-coordinates, we
can get rid of every crossing inductively, using Reidemeister moves. By definition, d
has only finitely many crossings, so we need only finitely many Reidemeister moves to
get rid of all crossings. This implies that d is equivalent to a diagram which has no
crossing. Hence knots that they represent must be equivalent also, i.e. k and unknot

must be equivalent. Therefore, k is the unknot.

d

(<
>

Figure 2.2. The knot diagram d in E-plane.

E-plane



For any knot diagram d, a curve (including its endpoints) on d is an overbridge of
d if it has at least one overcrossing, has zero undercrossing and it is maximal, i.e. there
is no curve with more overcrossings and zero undercrossing which contains it. A curve
(including its endpoints) is an underbridge of d if it has at least one undercrossing, has
zero overcrossing and it is maximal, i.e. there is no curve with more undercrossings
and zero overcrossing which contains it. Denote the number of overbridges of d by o(d)

and the number of underbridges of d by u(d).

Proposition 2.3. For any knot k with b(k) > 1,

b(k) = dggﬁ]{O(d)} = dreng%{U(d)}

and for any knot k with b(k) =1,

0= dreng[}d{f)(d)} = dggﬁ]{u(d)}-

Proof. Assume b(k) > 1. Then by Proposition 2.2, k is not an unknot. Therefore
every d € DIk] has at least one crossing, so there are overbridges and underbridges in
d. Obviously, d can be written as the union of its overbridges and underbridges. Since
d has finitely many crossings, there are finitely many bridges in d. Also by definition,
bridges are maximal, so overbridges are connected to underbridges and underbridges

are connected to overbridges. S! is the domain of d, so o(d) = u(d).

Pick a vector w in R?® such that w is perpendicular to E (E is the codomain
of d) and the direction w respects overcrossings and undercrossings of d. If we pull
overbridges along positive w-direction and underbridges along negative w-direction,
we construct an equivalent knot !’ which has d as a knot diagram and 7,0’ has o(d)
maxima and u(d) minima. By rotating I’, we can get an equivalent knot [ such that the
w-vector becomes z-vector and 7,/ has o(d) maxima and u(d) minima. This implies

o(d) > b(k) = minyepg{M (7.1)} = b(k), hence minge ppr{o(d)} > b(k).

Conversely, if [ € [k] and if we define E as xy-plane, then for a knot diagram d



of [ which has E as its codomain, obviously we have M (r,l) > o(d). Hence M(rw,l) >

mingepiy{o(d)} and since this is true for all [ € [k], b(k) > mingeppy{o(d)}.

Combining these results, we get b(k) = mingepp{o(d)} = mingeppy{u(d)}.

Lastly, assume b(k) = 1. By Proposition 2.2, k is the unknot. Then obviously,
k has a knot diagram d with no crossing, hence d has no overbridge and underbridge,

i.e. o(d) = u(d) = 0. Therefore 0 = mingepp{o(d)} = mingepp{u(d)}. O

For a knot diagram d of a nontrivial oriented knot k, define n := o(d) = u(d).
Denote the underbridges of d as oy, as, . . ., a,, and the overbridges of d as 51, Ba, ..., On
such that they are mutually disjoint except at the crossings and endpoints, and their
union is d so that «; is followed by §; for i« = 1,2,...,n, §; is followed by «;,; for

1=1,2,...,n—1 and S, is followed by a;.

This implies that f; first intesects with «; and lastly intersects with a1 (8,
lastly intersects with «;) at their common endpoint. Also, «; first intesects with ;1

(o first intersects with (,) and lastly intersects with g; at their common endpoint.

An endpoint of an a- or a [-arc cannot be a crossing in d, otherwise, since
endpoints are always shared by an a-arc and a f-arc, this would mean that they
contain a crossing of same type. But it cannot be an overcrossing, since a-arcs don’t
contain any overcrossing, and it cannot be an undercrossing, since -arcs don’t contain

any undercrossing.

We also have o; Na; = 0 for any i # j, since otherwise «; and «; intersect at
a crossing in d (they don’t have any common endpoint). But then, one of these a-
arcs must contain an overcrossing, which is impossible since a-arcs are underbridges.

Similarly, we have and ;N 3; = () for any i # j.

Let w and v be the coordinate axes of E (the codomain of d) such that |u xv| = 1.



d is an n-bridge representation of k if the following properties are also satisfied by d:

(i) All underbridges of d are line segments that lies on the u-axis so that a;;1 is on
the right side of a; for i =1,2,...,n — 1.
(ii) Orientations of underbridges are in the direction of positive u-axis.
(iii) If §; intesects with «;, and ay;, successively, then j; # jo.

(iv) If o, intesects with (3, and f3;, successively, then j; # jo.

Proposition 2.4. If a nontrivial oriented knot k has a knot diagram d, then k has an

n-bridge representation for some n that satisfies b(k) < n < o(d).

Proof. Denote the underbridges of d as aq,as,...,a, and the overbridges of d as
b1, B2, ..., By such that they are mutually disjoint except at the crossings and end-
points, and their union is d so that «; is followed by 3; for ¢« = 1,2, ..., n, f; is followed

by ;1 fori =1,2,...,n— 1 and (3, is followed by «;.

By an isotopy, we can change d so that all underbridges of d become line segments
that lies on u-axis and their orientations are in the direction of positive u-axis. So, (i)

and (ii) are satisfied.

]

/ s

Figure 2.3. Two arcs bound a simply connected region inside.

If B; intersects with same «; successively, then we get a simply connected region
in E (considered as S?) that is bounded by the arcs on the curves §; and «; (Figure 2.3
and 2.4). By a sequence of Reidemeister moves, we can get rid of these two intersection
points. So we can assume that if 3; intersects with «;;, and oy, successively, then j; # jo.

Hence (iii) is satisfied. Similarly, (iv) is satisfied also.



Figure 2.4. Two arcs bound a simply connected region outside.

As a result of Reidemeister moves, we may lose some underbridges and over-
bridges. Hence, the final diagram will have n overbridges for some n < o(d). Also
we have n > b(k), since otherwise we would get a diagram which have less number
of overcrossings than b(k), which contradicts with the minimality of b(k) stated by
Proposition 2.3.

Combining these results, we see that k has an n-bridge representation where

b(k) <n <o(d). O

Corollary 2.5. If k is a nontrivial oriented knot with n = b(k), then k has an n-bridge

representation.

Proof. By Proposition 2.3, b(k) = mingeppj{o(d)}. Hence, there exists d € D[k] with
o(d) = b(k). Then by Proposition 2.4, k has an m-bridge representation for some m
that satisfies b(k) < m < b(k), which implies m = b(k) = n. Therefore, k has an

n-bridge representation. O

As an example, we can consider the right-handed trefoil £ with the knot diagram
d shown in Figure 2.1. It is easily seen that for this diagram, o(d) = u(d) = 3, hence
by Proposition 2.4, k has n-bridge representation for some n < 3. In Figure 2.5,
underbridges are shown in red and overbridges are shown in blue. Using isotopy, d

becomes 3-bridge represenatation of £ as in Figure 2.6.



Bs

™ b

Ba

Figure 2.5. Bridges of the right-handed trefoil.

Figure 2.6. A 3-bridge representation of the right-handed trefoil.
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But the bridge number of right-handed trefoil is b(k) = 2. To see that, note
that with respect to y-axis, d has two local maxima (see Figure 2.1). This gives, by
Proposition 2.1, that b(k) < 2. Since k is not unknot, by Proposition 2.2, b(k) > 1.
Hence, b(k) = 2.

By Corollary 2.5, k has a 2-bridge representation. To get that from the Figure 2.1,
first pull local maxima along positive y-axis, and local minima along negative y-axis.

See Figure 2.7.

Figure 2.7. Right-handed trefoil with two local maxima and minima.

We want to express d as the union of two overbridges and twp underbridges. See
Figure 2.8. We need to transform a-arcs to underbridges and [-arcs to overbridges.
To achieve this goal, we must get rid of the intersections of -arcs with each other by

carrying them onto a-arcs. Figure 2.9, 2.10, 2.11 and 2.12 show this process.
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B1 B2

03] (6%}

Figure 2.8. Transforming right handed trefoil to its 2-bridge representation (Step 1).

B1 B2

(€31 Qo

Figure 2.9. Transforming right handed trefoil to its 2-bridge representation (Step 2).
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Figure 2.10. Transforming right handed trefoil to its 2-bridge representation (Step 3).

Figure 2.11. Transforming right handed trefoil to its 2-bridge representation (Step 4).



(65

P2

Figure 2.12. A 2-bridge representation of the right-handed trefoil.

13



14

3. CLASSIFICATION OF 2-BRIDGE KNOTS

3.1. Schubert Normal Form

We have already known from Corollary 2.5 that every 2-bridge knot has a 2-bridge
representation. Now, we want to understand the structure of these representations and

at the end of this section we will give them a special name, Schubert normal form.

From now on, for a 2-bridge representation d of a 2-bridge knot k, denote the
underbridges of d by ai,as and the overbridges of d by S, 52 such that they are
mutually disjoint except at the crossings and endpoints, and their union is d so that
a; is followed by Sy, 5 is followed by as, as is followed by By and S5 is followed by ;.

Let u and v be the coordinate axes of E (the codomain of d) such that |u x v| = 1.

Lemma 3.1. For a 2-bridge representation d of a 2-bridge knot k, we have

lag N B1| = |ao N B1] = |1 N G| = [az N Ba] > 2.

Proof. We know that (; first intersects with «y, and by the property (iii) of bridge
representations, then intersects with oy, and it continues intersecting a-arcs alternately.
Finally, it intersects with as. This implies that |y N 1] = |ag N B1|. Similarly, we can

show that |Oél ﬂﬁ1| = |Oél ﬂ62| and ’Oél ﬂﬁ2| = |042 N 52‘

Furthermore, since «; intersects with f; at their common endpoint, |a; NG| > 1.
In fact, it is greater than 1, since if not, oy N f1| = 1 and hence |a; N G| = 1 for any
1,7 = 1,2. This means a- and S-arcs only intersect with each other at their common
endpoints, which would mean that d contains no crossings and hence £ is an unknot,

but £ is not an unknot. O

Lemma 3.2. For a 2-bridge representation d of a 2-bridge knot k, we have

[ N (B U Ba)| = |85 N (a1 U )
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for any i,5 = 1,2. Furthermore, if we define

pi=laaN(BLUB)| -1

then p is odd and p > 3.

Proof. For any i = 1,2, we have

lo; N (B U Ba)| = [(as N B1) U (i N Bo)]

= |a; N B1| + | N Pa| — | N 1N Bl
Now, if a; N B N B3 has an element, it can’t be an endpoint of an a- or a S-arc (since
endpoints are shared by exactly two curves), hence it must be a crossing in d. But we

know from the definition of knot diagrams that all crossings are double points, they

cannot be shared by three curves. Therefore o; N 5 N By = 0. So,

loi N (B U Ba)| = | N Bi| + | N Bo

for any ¢ = 1,2. Similarly,

1B N (a1 Uag)| = |68 Nag| + |5 Nyl

for any ¢+ = 1,2. Then, Lemma 3.1 implies

o N (BLU B2)| = [Bi N Uag)| =2 |ag N B

for any ¢ = 1,2. Therefore,

p:2|a1ﬁ51‘—1

This implies that p is odd and since | N B1| > 2 by Lemma 3.1, p > 3. ]
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From now on, for a 2-bridge representation d of a 2-bridge knot k, p is defined
as in Lemma 3.2 and we will label points of intersections on any a- or -arc. For any
i,j = 1,2 with ¢ # j, the number of intersection points on «; is |a; N (o; U By U Ba)]
which is equal to oy N (51 U B2)] since oy Naj = (). Similarly, for any ¢,j = 1,2 with
i # j, the number of intersection points on f; is |8; N (5; U ag U ae)| which is equal to
|6;N (a1 Uas)| since 3;N5; = 0. Hence by Lemma 3.2, there are p+1 intersection points
for any given a- or -arc. Consider a- and (-arcs as the maps «; : [p,0] — R? and
B; : [0,p] — R? for i = 1,2. Then, in our convention, «;(m) and S;(m) will correspond
to the intersection points for m = 0,1, ..., p. Obviously, a;(p) and «;(0) correspond to
the endpoints of «;, and ;(0) and 3;(p) correspond to the endpoints of 3; for i =1, 2.

The other intersection points correspond to the crossings in d.

Then obviously, 5;(0) = ;(0) for any i = 1,2 and f;(p) = «;(p) for any i, j = 1,2
with i # j. We also see that a;(m) = ay(m’) implies i = i and m = m/, and

Bi(n) = By (n') implies j = 7" and n =n'.

Figure 3.1 shows a 2-bridge representation of the right-handed trefoil (Figure
2.12) with the intersection points on the a-arcs labelled. For this example, p = 3. We

always label the intersection points according to a-arcs, instead of S-arcs.

B

B2

Figure 3.1. A 2-bridge representation of the right-handed trefoil with the intersection

points on a-arcs labelled.

Lemma 3.3. For a 2-bridge representation d of a 2-bridge knot k, B;(n) = a;(m)

impliesn =m =14+ 7 mod 2.
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Proof. We know that (3;(0) = «;(0) for any i = 1,2. By the property (iii) of the bridge
representations, [3; intersects with «; and as alternately. This implies that for any
even n, we have f;(n) = a;(m) and for any odd n, §;(n) = a;(m) for some m where
i,j =1,2and i # j. In any case, n =i+ j mod 2. Similarly, we can show m =i+ j

mod 2. O

Now, define the algebraic intersection number of curves v, and 7, at their crossing

point a as
<,72 > (a) :=sign|Ti(a) x Tya(a)l

where T;(a) is the unit tangent vector of v; at the point a for i = 1,2. Obviously, the
algebraic intersection number of curves at their crossing point can only take the values
1,0 or —1 and it is not defined at their endpoints. But note that for an underbridge «
and an overbridge § with @ as their crossing point, < «, > (a) is either 1 or -1, since
« and f intersect transversally by the properties of the knot diagrams. We can define

also the algebraic intersection number of curves v, and 7, as
<m e =Y <y, > (a)
a

where the sum is taken over all the crossing points a of the curves v, and .

Lemma 3.4. Let d and d be 2-bridge representations which satisfy the following

conditions:

(1) a;(m) = B;(n) if and only if a(m) = ﬁ;(n)

(1) < i, B > (ai(m)) =< o, B; > (aj(m))

foranyi,j=1,2 and m,n=1,2,...,p—1, where a- and B-arcs are the bridges of d,

and o/ - and B’ -curves are the bridges of d'. Then d and d' are equal as knot diagrams.

Proof. We consider d and d’ as knot diagrams in the plane E and want to show that
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they are equal. We know that the alignment of a-arcs are exactly given (up to sliding
a-arcs along the u-axis) by the properties (i) and (ii) of the bridge representations.

Hence, we can assume «; = o for all 1.

In this case, a;(m) = «}(m) for all i and m, therefore by the hypothesis (i),
we have 3;(n) = fi(n) for all j and n. Also, we get by using hypothesis (ii) that
<y, fB; > (ai(m)) =< a;, B > (a;(m)) for all 7, j and m. These results imply that j;

and (3} are totally the same at the intersection points for any j.

It remains to show that the arcs of 8; and 6}- connecting the intersection points
are isotopic in E (considered as S?). For a fixed j = 1,2 and n = 0,1,...,p — 1,
consider two arcs v and 7' of 8; and (3, respectively, that connect the intersection

points 3;(n) and B;(n + 1).

Bj(n + 1)

Bj(n)

Figure 3.2. The two arcs v and 7' connecting 3;(n) and S3;(n + 1).

Without losing too much generality, we can assume that these two arcs don’t
intersect apart from their common endpoints, n # 0, p — 1 and d \ v = d \ 7/. Then
vU~/ is a simple closed curve (Figure 3.2). Assume that j; intersects with «;, at 5;(n)

and with «;, at ;(n + 1). Then obviously, i; # i2. Now, observe that

d\ 7y = (i \ {B;(n)}) U (i, \ {B;(n + 1)}) U (85 \7) U B

where [ # j. By hypothesis (ii), we have < ay,, 8; > (8;(n)) =< @iy, 8; > (B;(n)) and
hence o, \ {B;(n)} lies either inside of v U~ (Figure 3.3) or outside of v U~y (Figure
3.4). Similarly, oy, \ {8;(n + 1)} lies either inside or outside of v U ~'.
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ﬁj(n + 1)

Figure 3.3. oy, \ {B;(n)} lies inside of v U~

Bj(n + 1)

Figure 3.4. a;, \ {B;(n)} lies outside of v U~

B\ v and f; are connected and they don’t intersect with v U~/, so they lie either
inside or outside of v U~’. All a- and (-arcs are connected through their endpoints,
hence oy, \ {B;(n)}, ai, \ {Bj(n+ 1)}, B; \ v and G, all lie either inside or outside of
v U~ together. Hence d\ v must either lie inside of yU~’, in which case v U+’ bounds
a simply connected region inside; or outside of v U/, in which case, v U~ bounds a
simply connected region outside, since we consider E as S?. Hence in any case, v and
~' are isotopic in E. Also d\ v =d'\+/, so d and d are isotopic in E which means by

definition that d and d’ are equal as knot diagrams. O

Let us define a useful notation which encompasses all the information related to
the intersection points. For i, = 1,2 and m,n = 1,2,...,p — 1, if §;(n) = a;(m)
and < a5, 3; > (B;(n)) = 1, then we say f;(n) = a;m]. If B;(n) = a;(m) and
< oy, B; > (B;(n)) = —1, then we say (;(n) = a;[2p — m|. For the endpoints, i.e. for

m,n = 0,p, if 5;(n) = a;(m), we say 5;(n) = a;[m].
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So, fori,7 =1,2,n=0,1,...,pand | =0,1,...,2p — 1, B;(n) = o;[l] gives all

information related to the intersection points, since it gives

(i) Bj(n) = ai(|ml)
(ii) <o, B > (Bj(n)) = sign(m)

where m =1 mod 2p and —p < m < p. (ii) is only given if n # 0, p.

This motivates us to label the right and left side of the crossing points on a-arcs
separately. For a crossing point «;(m), we have 3;(n) = «;[m] if §; hits «; from the
right and f;(n) = o;[2p — m] if f; hits «; from the left. Then label the right side of

a;(m) as m, the left side of o;(m) as 2p — m. See Figure 3.5.

p+1 2p—2 2p—1 @i
e ——o———————p —————— @& — & —@
p p—1 2 1 0

Figure 3.5. «; with double labelled crossing points.

We can obviously restate Lemma 3.3 and 3.4 in this new notation:

Lemma 3.5. For a 2-bridge representation d of a 2-bridge knot k, (;(n) = o;[m]

impliesn =m =1+ 7 mod 2.

Lemma 3.6. Let d and d' be 2-bridge representations which satisfy the condition

Bj(n) = ai[l] <= Bj(n) = oi[l]

foranyi,j=1,2,n=0,1,...,pandl =0,1,...,2p — 1, where a- and [-arcs are the
bridges of d, and o'~ and ('-curves are the bridges of d'. Then d and d' are equal as

knot diagrams.

Theorem 3.7. Given odd integers p,q with p > 3, —p < q < p and ged(p,q) = 1,

there is a unique 2-bridge representation satisfying
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(i) laeN (B UB)|=p+1
(i) B1(1) = az(]ql)
(iii) < a, 81 > (B1(1)) = sign(q) .

In other words, any two 2-bridge representations satisfying the above hypotheses are
equal as knot diagrams. Furthermore, for such 2-bridge representation, for any j = 1,2
and n = 0,1,...,p we have B;(n) = a,[l] where i = n —j mod 2 with i = 1,2 and
[l =nq mod 2p with 0 <[ < 2p.

Proof. The hypothesis (i) gives us p + 1 intersection points on any «- and [-arcs by
Lemma 3.2. First, we’ll understand the structure of 8;. By Lemma 3.5, if we have
Bi(n) = «a[l], then i = n — j mod 2 with 4 = 1,2. Then f; intersects with «; at
the even-labelled points on a; and asy at the odd-labelled points on as. Without loss

of generality assume sign(q) = 1, then our hypotheses give us 51(1) = az[q] and the

picture as in the Figure 3.6.

Q2

Figure 3.6. 5; with its initial conditions.

Now, blow up a-arcs so that double labels on them split off and we get two
circles as in the Figure 3.7. Then it is apparent that consecutive arcs must connect
consecutive points. Initially, the point «4[0] is connected to aslg] by f;. In Figure 3.7,
we see that the point a;[2] must be connected to as[g — 2] and the point a;[2p — 2]
must be connected to aslq + 2] by f1.
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Figure 3.7. 81 when a-arcs considered as circles.
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Since consecutive arcs connects consecutive points, it is easy to see that if o [a] is
connected to as[b], then we have a+b = ¢ mod 2p. Without loss of generality assume
f1 goes from aifa] to as[b]. Then Bi(n) = a1[2p — a] and B1(n+ 1) = az[b] for some n.
Observe that b — (2p —a) =b+a—2p=b+a =q mod 2p. Hence, if 81(n) = ay, [l1]
and B1(n+1) = a;,[la], we get Iy — 13 = ¢ mod 2p. Initially, we have 8;(1) = as(q), so
by induction, f;(n) = «[l] where | = ng mod 2p with 0 <1 < 2p for any n. Observe
that the condition ged(p, ¢) = 1 guarantees that B1(n) = 51(n') if n # n'.

Next, we need to understand the structure of f5. But it is completely determined
by the behaviour of 5;. The arc [; connects even-labelled points on «; with odd-
labelled points on as, whereas (5, connects odd-labelled points on aq with even-labelled
points on «ay. Hence, between any consecutive arcs of i, there is an arc of [, that
connects an odd-labelled points on «a; with an even-labelled points on a,. As an

example, see Figure 3.8.

Obviously, we have £2(1) = a;(q) and if fo(n) = ay, [l1] and Sa(n + 1) = ay,[la],
we get Iy — I3 = ¢ mod 2p. So by induction, 82(n) = o;[l] where [ = ng mod 2p with

0 <1 < 2p for any n.

So, for any j and n, there is a unique ¢ and [ such that 8;(n) = a;[l]. This implies
by Lemma 3.6 that there is a unique 2-bridge representation satisfying hypotheses (i),
(ii) and (iii). O

Now, for any odd integers p,q with p > 3, —p < ¢ < p and ged(p, q) = 1, we can
define the Schubert normal form S(p,q) as the 2-bridge representation (or as the knot
that it represents) that satisfies the hypotheses of Theorem 3.7. By convention, we
orient aw in the direction of negative u-axis as opposed to the property (ii) of bridge

diagrams. For an example, see Figure 3.9. Also, it is obvious to see that the mirror

image of S(p, q) is S(p, —q).

Corollary 3.8. Any 2-bridge knot k is equivalent to S(p,q) for some odd integers p, q
with p >3, —p < q < p and ged(p,q) = 1.
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Pa

Figure 3.8. The 2-bridge knot with p = 3 and ¢ = 1 (a-arcs considered as circles).

a9

Figure 3.9. S(5,3) (The figure-eight knot).
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Proof. By Corollary 2.5, k has a 2-bridge representation d. Lemma 3.2 implies that
d satisfies the hypothesis (i) of Theorem 3.7 for some odd p and p > 3 and Lemma
3.3 implies that d satisfies the hypothesis (ii) of Theorem 3.7 for some odd ¢. Also
obviously, —p < ¢ < p. The hypothesis (iii) of Theorem 3.7 is also satisfied by d for
some ¢. Finally, we know from the proof of Theorem 3.7 that these conditions are
enough to get the relation f;(n) = «;[l] where | = ng mod 2p with 0 < [ < 2p for
any n. If ged(p,q) # 1, we can find n < p such that f;(n) = a;[p] which implies
p1(n) = B1(p) and hence n = p. But n < p, which gives a contradiction. Therefore,
ged(p,q¢) = 1 and since all the hypotheses of Theorem 3.7 are satisfied by d, we see
that d is equal to S(p, q). ]

3.2. Heegaard Diagrams

Our next aim is to understand which S(p, ¢) are equivalent. But for this, we must
exploit the interplay between knot theory and 3-manifold theory. In particular, we must
understand the Heegaard decompositions and Heegaard diagrams of 3-manifolds. The

most of the definitions and theorems given in this section is from [3].

A genus g handlebody U is a manifold diffeomorphic to a regular neighborhood of
7 ST in R? (see Figure 3.10). Genus 0 handlebody is defined as D?. The boundary

of U is an oriented surface, called genus g surface 3.
% @
Figure 3.10. Genus g handlebody (with solid interior).

If Uy and U; are genus g handlebodies, and if we glue them together along their
common boundary, we get a closed 3-manifold Y = Uy Usx, U; which is oriented so that

Y, is the oriented boundary of Uy. This is called a genus g Heegaard decomposition
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for Y and it is usually referred as (3,4, Uy, Uy). Figure 3.11 shows a genus 0 Heegaard

decomposition of S3.

U, = D3
53 = D3/0D3

Yo = 52

Uy = D3

Figure 3.11. Genus 0 Heegaard decomposition of S? (considered as D*/9D3).

For any given Heegaard decomposion (X, Uy, Uy) of a closed, oriented 3-manifold
Y, we can define another decomposition of genus g+1, by choosing two points in ¥, and
connecting them by an unknotted arc y in U;. Let N be a small tubular neighborhood
of 7. Define U] := Uy U N and U{ = U; \ N. Then obviously, OU} = oU| = £ 4,
and Y = Uy Us, ., Ul. We call (3Xy41,Up, Uj) as the stabilization of (34, Uy, Ur). See
Figure 3.12 for a genus 1 Heegaard decomposition of S, which is the stabilization of

the Heegaard decomposition shown in Figure 3.11.

We can glue handlebodies to get closed, oriented 3-manifolds. In fact, the converse

is true also:

Theorem 3.9. Let Y be a closed, oriented 3-manifold. Then Y admits a Heegaard

decomposition.

Proof. By Moise’s theorem [4], every 3-manifold has a triangulation. The union of the
vertices and edges of this triangulation gives a graph in Y. Let Uy be a small regular
neighborhood of this graph. Y is closed and oriented, hence Uj is a handlebody. Also,

Y\ Int Uy is a handlebody with same genus, since it is given by a regular neighborhood
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Figure 3.12. Genus 1 Heegaard decomposition of S* (considered as D*/9D?).

of the graph with the vertices as the centers of triangles and tetrahedrons and the edges

connecting them. O]

We know also that all Heegaard decompositions look the same after some stabi-

lizations:

Theorem 3.10. Let (X, Uy, Us) and (3, Uy, Uy) be two Heegaard decompositions of
a closed, oriented 3-manifold Y. Then there exist n such that if we stabilize the first

decomposition n—g times and the second n—g' times, we get two diffeomorphic Heegaard

decompositions.

Proof. See Singer [5]. O

A set of attaching circles v = (y1,72,.-.,7,) for a genus g handlebody U is a

collection of closed embedded curves in 3, = OU with the following properties:

(i) The curves ; are disjoint from each other.
(i) 3, \ (11U U...7,) is connected.
(iii) The curves ~; bound disjoint embedded disks in U.
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Note that we can restate the property (ii) as the property that [v], [v2], ..., [
are linearly independent H;(X,,Z). Also note that the attaching circles correspond to

the meridians of the handlebody U.

For a Heegaard decomposition (X,, Uy, Uy) of Y, a compatible Heegaard diagram
is given by X, together with a collection of curves a@ = (ay,9,...,04) and f =
(B1, B2, - - ., By) such that o is a set of attaching circles for Uy and [ is a set of attaching
circles for U;. Such a Heegaard diagram is represented as (X, o, 8). For an example,
see Figure 3.13, which is a compatible Heegaard diagram of the Heegaard decomposition
in Figure 3.12. It is obvious that a; and (; are closed embedded curves in ¥; that

satisfy the properties (i), (i) and (iii) of the set of attaching circles.

Figure 3.13. A Heegaard diagram (X1, oy, 8;) of S.

Conversely, any diagram (34, o, 5) where o and /5 curves satisfy the properties (i)
and (ii) of the set of attaching circles determine a unique Heegaard decomposition and
hence a unique closed, oriented 3-manifold. For an example, see Figure 3.14. There, oy
and (31 are closed embedded curves in ¥y that satisfy the properties (i) and (ii) of the set
of attaching circles, hence (X1, o, 51) determines a unique closed, oriented 3-manifold,

which is ST x S%. We could choose 51 = ay, then we get S x S? = (1, ay, ay).
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=

Figure 3.14. A Heegaard diagram (X, aq, 3;1) of S x S2.

Now, we will define three operations on Heegaard diagrams, called Heegaard
moves. The first two operations can be described for attaching circles vi,7v2,...,7q
for a given handlebody U. An isotopy moves 71,72, ..., 7, in one parameter family so
that the curves remain disjoint during isotopy. A handle slide of v, over 7, is the pro-
cess during which we replace 7, with ] provided that ~ is a simple closed curve which
is disjoint from 71,72, ..., 7, with the property that 7,y and v, bound an embedded
pair of pants in 3, \ (y3U- - -U~,). We have the following theorem regarding these two

operations:

Theorem 3.11. Let (71,72, -,7%) and (71,7, -, 7,) be two sets of attaching circles
for a handlebody U. Then these two sets can be connected by a sequence of isotopies

and handle slides.
Proof. See Scharlemann and Thompson [6]. O

The last operation on Heegaard diagrams is defined as follows: For a Heegaard
diagram (X, o, ) with a = (a1, az,...,ay) and 8 = (81, Ba, . . ., By), define ¥/ | as the
connected sum of ¥, with ¥, and replace o and 8 by o/ = (a1, a0, ..., 0441) and ' =
(B1, B2, - - ., Byg+1) respectively, where ay41 and [,.1 are simple closed curves that are

supported in ¥; which intersect at a single point transversally. Then, (3] ,,,a/, 3') is
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called the stabilization of (X4, o, §). Note that in this case, the Heegaard decomposition
given by (¥},,,a/,') is the stabilization of the Heegaard decomposition given by

(X4, @, 3). Then we have the following theorem:

Theorem 3.12. Let (3, a, 8) and (X}, ', 3') be two Heegaard diagrams of a closed,
oriented 3-manifold Y. Then, they are diffeomorphic after applying a sequence of

Heegaard moves to each of them.

Proof. The Heegaard diagrams (X, a, ) and (¥,,a, 8') give two Heegaard decom-
positions (X, Uy, U1) and (2, Uy, U7). By Theorem 3.10 after stabilizations we get
(3n, Vo, Vi) and (X!, V§, V{) respectively, which are diffeomorphic. Then for each han-
dlebody, attaching circles can be connected by a sequence of isotopies and handle slides

by Theorem 3.11. Hence, we get two diffeomorphic Heegaard diagrams. O]

We can also define the pointed Heegaard diagram as (X,, o, 3, z) where (£, o, 8)
is a Heegaard diagram and z € ¥, \ (q U...a,U By U---U fG,) is a point, called the
basepoint. For pointed Heegaard diagrams, we can define the pointed Heegaard moves:
A pointed isotopy moves 71,72, . .., 7, and z in one parameter family so that the curves
and the point z remain disjoint during isotopy. A pointed handle slide of v, over vy
is the process during which we replace v, with 7| provided that +; is a simple closed
curve which is disjoint from 7y, 7s,...,7, and z with the property that vi,v; and 7,
bound an embedded pair of pants in X, \ (y3U---U~,Uz). A pointed stabilization is
the same as the usual stabilization. We have the pointed version of the Theorem 3.11

and 3.12:

Theorem 3.13. Let (71,72, --,7,) with the basepoint z and (71,7, -, 7,) with the
basepoint z' be two sets of attaching circles for a handlebody U. Then these two sets

and their basepoints can be connected by a sequence of pointed isotopies and pointed

handle slides.

Theorem 3.14. Let (X, a, 3,2) and (3, ¢/, 8',2') be two pointed Heegaard diagrams
of a closed, oriented 3-manifold Y. Then, they are diffeomorphic after applying a

sequence of pointed Heegaard moves to each of them.
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There is a useful way to represent the Heegaard diagram (3,, o, 5): We consider
the plane R? (with the point at infinity) as S? and remove interiors of g pairs of
disks from C. For each pair, we identify the boundaries of disks (circles) so that under
identification, we see two circles as mirror images of each other. Obviously, under such
identification, our plane becomes ¥,. Then we draw o and 3 curves on that plane. See

Figure 3.15 for an example.

Figure 3.15. A genus 2 Heegaard diagram.

Furthermore, we can talk about the homology classes of attaching circles. Fix
an orientation on each attaching circle. Homology class of each attaching circle is
an element of Hy(X,,7Z), which is generated by meridians and longitudes (see Figure
3.16). In particular, for g = 1, the homology classes completely determine the attaching

circles.

mq mao mg

L L . . . 3

Figure 3.16. Meridians and longitudes of X,.

Observe that < [;, m; >= 1 (and therefore < m;,l; >= —1) for all i and all the

other algebraic intersections are zero. If 7 is an attaching circle, then [y] = ai[m4] +
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billh] + - - - + ag[mgy] + b,[l,]. Hence,

<l2‘,’7>:a1 <li,m1 >+b1 <li,l1 >+---+ag <li,mg>+bg <l,’,lg>

:ai

Also we have,

<my,y > =a <li,m1 >+b1 <mi,l1 >+~--+ag <m,-,mg >+bg <mi,lg >

— b,

So, we can determine the homology class of v by calculating a; =< [;,7 > and

b = — < my,v > for all 7.

For example, with this method, we can express the Heegaard diagram in Figure
3.15 without drawing any actual diagram. Orient o and [ curves as shown in the
figure. Obviously, we have [ay] = [l;] and [as] = [ls]. For 1, we have < [, 5] >= —1,
< my, [ >=0, < ly,f >= 0 and < my, f; >= 0, hence [;] = —[my]. For fs, we
have < 11,8y >= —1, < my, 8y >= 0, < Iy, >= —2 and < mo, 2 >= 1, hence
[Ba] = —[mq] — 2[mg] — [l2]. So, the Heegaard diagram is (X, o, ) where [ay] = [I1],
[ao] = [l2], [A1] = —[ma] and [Ba] = —=[ma] — 2[ma] — [lo].

For any integers p,q such that p > 0, —p < ¢ < p, ged(p,q) = 1 and ¢ odd,
we can define the Lens space L(p,q) as the closed, orientable 3-manifold given by the
Heegaard diagram (X1, aq, 81) where [a;] = [my] and [81] = q[mi] + p[l1]. We will see
that there is a strong connection between Lens spaces and 2-bridge knots. We close up

this section with the classification theorem of Lens spaces:

Theorem 3.15. The Lens spaces L(p,q) and L(p',q’) are homeomorphic if and only
if p = p' and ¢t' = ¢ mod p, where ¢~ denotes the integer with the properties
0<qg!'<2pandqgg ' =1 mod 2p.

Proof. See Reidemeister [7] and Brody [8]. O
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3.3. Branched Coverings

We'll analyse the double branched coverings of S3 branched along 2-bridge knots,
which will be the connection between knots and 3-manifold and our main tool when
dealing with the classification of 2-bridge knots. In this section, we will define branched

coverings and deal with some useful examples.

First, consider the following map which will be the prototype for branched cov-

erings:

h:C—C

z+— 2"

for some fixed n € N and n > 2. Note that for each w € C\ {0}, |h}(w)| = n,
but |[A~1(0)| = 1. We say that h is the n-fold branched covering of C (the codomain),
branched along the point 0. We also say that C (the domain) is the n-fold branched

covering of C (the codomain), branched along the point 0.

More generally, for two manifolds M and N with the same dimension and a
nowhere dense subset B of N with the codimension 2, we say that the function
f: M — N is the n-fold branched covering of N branched along B (called branch set)
if f is an n-fold covering of N except for the set B and around each point w € B, f
looks like the map h above (in some coordinate chart) where w € B corresponds to
0 € C. Again, in this case we usually say that M is the n-fold branched covering of N
branched along B.

Now, we’ll consider some double branched coverings. Consider the space D?. Let
7 be the rotation by the angle 7 around the axis that passes through the origin of D?.
Then the quotient map 7 : D? — D?/7 is the double branched covering of D?/7 = D?
branched along the origin, see Figure 3.17. Note that D?/7 means D?/(z ~ 7(x))

actually. Also, note that the arcs a are identified as shown with arrows in the figure.
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In this case, we say that D? is the double branched covering of D? branched along one

point.

D?/r

@G

Figure 3.17. The double branched covering of D? branched along one point.

Next, consider the genus g surface ¥,. Let 7 be the rotation by the angle 7
around the axis that passes through the points P, P, ..., Pyyyo of 3, as shown in
Figure 3.18. Then the quotient map 7 : ¥, — 3,/7 is the double branched covering of
¥, /7 = 52 branched along the points Py, Ps, ..., Py,10, see Figure 3.18. Note that the
arcs a; are identified as shown with arrows in the figure. In this case, we say that X,

is the double branched covering of S? branched along 2g + 2 points.

Finally, we will consider a genus ¢ handlebody U. Let 7 be the rotation by the
angle m around the axis that passes through the arcs l;,ls,...,l;41 in U as shown in
Figure 3.19. Then the quotient map 7 : U — U/t is the double branched covering of
U/t = D3 branched along the arcs Iy, ls, . .., l,11, see Figure 3.19. Note that the areas
a; are identified as shown with arrows in the figure. In this case, we say that genus g

handlebody U is the double branched covering of D3 branched along g + 1 arcs.
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Xq/T

SZ P5 PG

Payq

Figure 3.18. The double branched covering of S? branched along 2¢ + 2 points.
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D3 P5 PG

Payq

Figure 3.19. The double branched covering of D? branched along g + 1 arcs.
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3.4. Classification of 2-Bridge Knots

By Corollary 3.8, we know that any 2-bridge knot can be represented as S(p, q).
Now, we want to find the necessary and sufficient condition on p,q,p’, ¢’ which gives
S(p,q) = S(p',q). This will provide us the classification of 2-bridge knots. We will

find this condition using the techniques we developed.

We can consider knots as if they lie in S2. Our aim is to determine the double

branched covering of S* branched along S(p, q).

Theorem 3.16. The double branched covering of S* branched along S(p, q) is the Lens

space L(p, q).

Proof. Consider S as D3/0D? and project knots into its equator, which is D?/0D? =
S?%. Start with the 2-bridge representation of S(p,q) on S? (i.e. E = 5%). We know
that this representation has two underbridges a4, as and two overbridges 31, 2. To get
the original knot in S? from its representation on S?, we can push a-arcs down (i.e in
—u X v direction) and S-arcs up (i.e in u X v direction). See Figure 3.20.

SS — D3/8D3 53 — D3/6D3

Figure 3.20. S(3,1) in S3.

We call the lower part of S3 with the equator as By and the upper part of S?
with the equator as B;. Then obviously, B; = D? for any i = 1,2 and S® = By Ug: B;
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where S? is the equator. Also, a-arcs lie in By, S-arcs lie in B; and the endpoints

a(0), a(p), B(0), B(p) lie in the equator S2.

We want to find the double branched covering of S® = By Ug2 B; branched along

S(p,q). So, we need to find the double branched covering of

(i) By along a-arcs.
(ii) B along S-arcs.

(iii) S? along four endpoints g, @, Bo, Bp-

In Section 3.3, we have showed that the double branched covering of D3 branched
along g+1 arcs is the genus g handlebody. Since we have two arcs for each B;, the double
branched covering of By branched along a-arcs is the genus 1 handlebody Uy. Similarly,
the double branched covering of B; branched along -arcs is the genus 1 handlebody
U;. Again in Section 3.3, we have showed that the double branched covering of S?
branched along 2¢g + 2 points is the genus ¢ surface X,. Hence, the double branched

covering of S? branched along four endpoints ay, v, B9, 8, is genus 1 surface 3.

These results imply that the double branched covering of S? = ByUg2 B; branched
along S(p,q) is Uy Ug, U;. We know from Section 3.2 that this is a Heegaard decom-
position of a closed, oriented 3-manifold. To understand this manifold, we need to

explain the gluing map that connects Uy and U; along the surface ;.

From Section 3.2, we know that it is enough to show to describe how the attaching
circles (i.e. meridians) of Uy and U; look like on the boundary ¥;. Also we know from
Section 3.2 that for ¢ = 1 the attaching circles are completely determined by their
homology classes. Hence, our aim is to define the homology classes of the meridians of

Uy and Uy, in terms of the homology classes of meridian m; and longitude [; of ;.

Let us call the attaching circle of Uy as a; and the attaching circle of U; as b;.
If we see X; as the boundary of U, and U; as the handlebody attached to X, we get

a; = my. So, only thing we need to describe is [b1]. Our strategy will be the following:
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First, we’ll describe m; and [y using «; and ;. Then, we will describe b; using 3;. We
know all the knowledge about the intersections between «; and (;, so using this, we

will pass to describing [b1] using [m;] and [l1].

First, we claim that a; is the lift of ; on S? to the branched covering 3;. Also,
the lift of ay gives us another (equivalent) meridian, call it as. This can be observed

from Figure 3.18 and it is shown explicitly in Figure 3.21.

52 az(p)
(,Yz(o
5% = D*/0D> / — (0
a1(p)/a1(0) / [a2(0) Jo(p)
”Yz//ozl/ 1 / (,/vz/ /7

i lift

Figure 3.21. The lifts of the arcs ay, as, 71, Y2-

Denote the lift of any set s to the branched covering as §. Then we have a; = a;
and as = dip. Similarly, we have b; = Bl and by = Bg where by is the another meridian

(equivalent to by) for Uj.

Now, we have [b;] = c¢i[mi] + di[l;] and want to find ¢; and dy. From Sec-
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tion 3.2, we know ¢; =< l1,b; > and dy = — < my,b; >. We have m; = aq, so
di=—<a,b >=—-< 0?1,31 >. We know that f; intersects with a; and as alter-
nately. Hence b; intersects with a; and as alternately. Since a; and as are meridians,
< ay,by > (z) are the same for any intersection point z. Orient a; and b; so that we

have < ay,b; > (2) = —1 for all intersection points z. Then we have
< al,bl >= —|a1 N b1| = —]dl ﬂﬁ1|

Obviously, in a;Nfy, there is no branch point except the common endpoint ;1 (0) = 51(0).
Also, we know from Lemma 3.1 and 3.2 that oy N G| = (p+1)/2 = (p—1)/2 + 1.
Then we have |d; NG| = 2% (p—1)/2+1 = p. Hence dy = |y N B1] = p.

Next, we want to find ¢; =< [;,b; >. For this, we need to describe [;. We can
show that [; = +; where 77 is an arc connecting «;(0) and ay(0). Also, ly = v, where
79 is an arc connecting «;(p) and as(p) and I is a longitude of ¥; (equivalent to ly).
See Figure 3.21.

SQ

Figure 3.22. Intersections between (3; and ;.

We orient [; so that we have < l;,m; >= 1. From the Figure 3.22, we observe

the followings:

(i) Apart from the endpoint «;(0), 5y first intersects with v, and lastly intersects
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with ;.

(ii) p intersects with v, and 7, alternately.

(iii) By isotopy, we can get a diagram in which f; intersects with 7; after intersecting
a; at f1(n) if and only if there is a turning, i.e. < a;, 51 > (61(n)) #< a4, B1 >

(Bi(n +1)).

By the observation (ii) above, we obviously see that b; intersects with [; and [y al-
ternately. This gives us that < [,b; > (z) is the same for every intersection point
z. Since the orientations of [; and b; are fixed, we see from the Figure 3.22 that

< ly,b; > (z) = sign(q) for each intersection points z. Hence we have

< 1y, by >=sign(q)|ly N by| = sign(q)|71 N By

The only branch point in 73 N B; are the common endpoint «4(0). We also have even
number of turnings from the observations (i) and (ii), hence half of them are consisting
of the intersections between (1 and v; (except at «;(0)). But since they will be lifted
and they are not branch points, we will count them twice. Hence |y; N BAl| is equal to

the number of turnings plus 1 (the intersection at a(0)).

By Theorem 3.7, we know that £ (n) = a;[l] where l = ng mod 2p with 0 <[ < 2p.
This condition obviously tells us that the number of turnings is (p|q|)/|¢| — 1 = |q| — 1.
Hence, |41 N B1| = |¢| — 141 = |q|. Therefore, ¢; =< Iy, by >=sign(q)|q| = q.

We got the Heegaard diagram (X4, a1, by) with [a1] = [m4] and [b1] = ¢[m4]+p[l].
From Section 3.2, we know that this is the Heegaard diagram of the Lens space L(p, q).
Hence, the double branched covering of S® branched along S(p, q) is L(p, q).

Obviously, if two 2-bridge knots have different branched coverings, then they are

not equivalent. Therefore, the classification of Lens spaces (Theorem 3.15) gives us
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a necessary condition for the equivalence of 2-bridge knots. However, we also showed
that the explicit correspondence between 2-bridge knots and the Lens spaces by giving
the recipe of getting the double branched covering of S* branched along a 2-bridge
knot in Theorem 3.16. By exploiting this, we can get also the sufficient condition for
the equivalence of 2-bridge knots from the classification of Lens spaces. Hence, we get

the following theorem:

Theorem 3.17. The 2-bridge knots S(p,q) and S(p',q) are equivalent if and only

if p = p and ¢*' = ¢ mod p, where ¢~ denotes the integer with the properties

0<qg!<2pandqgg =1 mod 2p.
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4. CONCLUSION

Corollary 3.8 and Theorem 3.17 together give us the classification of 2-bridge
knots. Furthermore, by Theorem 3.7 we know the complete structure of Schubert
normal forms and this provides us very deep understanding of 2-bridge knots. For
example, using the Schubert normal form of a 2-bridge knot, we can compute its knot
Floer homology very easily, which gives us in turn many invariants such as Alexander
polynomial and signature. These invariants help us to decide whether a given knot is

a 2-bridge knot or not.
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