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ABSTRACT

EMPIRICAL ASSESSMENT AND MODEL SELECTION IN
OPTION PRICING

The majority of empirical option pricing studies consider the distance from the
market option prices as the performance metric. Though, this kind of assessment is
limited to the objectives of proper hedging of options and fair pricing of OTC contracts.
Options can also be used in market efficiency tests. Efficiency tests require positions
in options and other assets (e.g. underlying security) with the objective to yield risk-
adjusted profits. If a model can generate excess profit consistently, then it might claim

that markets are not efficient.

This study consists of four main parts. Different empirical option pricing studies
are investigated in terms of assessment methodology. It is shown that error aggrega-
tion with data mining algorithms is a more robust way to assess model performance
of a model. New model error metrics based on efficiency tests are introduced. Fi-
nally, all the new findings are used in the introduction of a model selection framework.
Model selection uses the price and hedge estimates of individual pricing models (e.g.
Black-Scholes) to come up with better price and hedge structure according to the
performance metric. Main motivation is to avoid overfitting of complex models, by

switching between simpler but effective models according to performance shifts.

Experiments with SPX and NDX contracts between 2009 and 2013 indicate that
a model selection method with only a data mining algorithm to group errors and a
simple selection rule, yields consistently better results than the individual models it

uses.



OZET

OPSIYON FIYATLAMADA AMPIRIK DEGERLENDIRME
VE MODEL SECIMI

Ampirik opsiyon fiyatlama caligmalarinin pek ¢ogu model tahminlerinin piyasa
opsiyon fiyatlarindan uzakligi performans olctitii olarak kabul ederler. Yalniz, bu tiir bir
degerlendirmenin faydasi dogru hedging degerini bulma ve tezgah tistii kontratlar: fiy-
atlama ile sinirlidir. Opsiyonlar piyasa etkinlik testlerinde de kullanilmaktadir. Etkinik
testleri opsiyonlarda ve diger varliklarda (6r. dayanak varlik) pozisyonlar alarak risk
ayarl karliligi hedeflemektedir. Eger bir model yeterince yiiksek seviyede ve tutarh

olarak risk ayarli karlilik elde edebiliyorsa piyasalarin etkin olmadig1 iddia edilebilir.

Bu calisma dort ana kisimdan olugsmaktadir. Farkli ampirik opsiyon fiyatlama
caligmalarinin degerlendirme metodolojileri incelenmisgtir. Veri madenciligi algorit-
malari ile hata gruplamasi yapmanin bir modelin performansini degerlendirmenin daha
glirbiiz bir yolu oldugu gosterilmistir. Etkinlik testlerinden yola c¢ikarak olusturulan
yeni performans olgiitleri onerilmistir. Son olarak, biitiin bu bulgularin kullanildig:
model se¢im yontemi olugturulmustur. Model sec¢imi, opsiyon fiyatlama modellerinin
(6r. Black-Scholes) fiyat ve hedge tahminlerini kullanarak farkli amag fonksiyonlari
icin daha iyi fiyatlama ve hedge olusturmay1 hedeflemektedir. Model se¢imindeki ana
motivasyon, daha basit ama etkili modeller arasinda performans degisimlerine bagh
olarak gecis yaparak, cok parametreli karmagik modellerin yarattigi agiri uygunluk

probleminden kaginmaktir.

2009-2013 yillarinin SPX ve NDX kontratlariyla yapilan ampirik testler, basit bir
secim kurali ve hata gruplayan bir veri madenciligi algoritmasi ile bile, bir model se¢im

yonteminin kullandigi modellerden daha iyi sonuclar verdigini ortaya koymaktadir.
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1. INTRODUCTION

Financial derivative products are an integral part of the market. Option con-
tracts, the right but not the obligation to buy or sell an asset in a predetermined
payout plan and schedule, have been distinguished instruments for speculation, hedg-
ing and arbitrage.! The challenge of options is to determine the fair price of such
contracts. An extensive and still expanding literature provides an arsenal of models

and methodologies to put price estimates on any type of option ever issued.

The main problem with the option pricing models, concerning empirical exper-
iments, is about performance assessment. Model performance changes according to
the assets, time periods and performance metrics they are assessed with. For instance,
would model A and B perform relatively the same (e.g. A better than B) if we changed
the asset from S&P 500 to CAC 40, changed time period from 2006 to 2016, or mea-
sure with root mean squared error (RMSE) instead of absolute relative pricing error

(ARPE)? If so, how do we choose the best model that is fit to our needs?

In this study, a model selection framework is proposed to pick the ‘right’ option
pricing model from a set of models for any contract at any time with the assistance of
data mining algorithms to guide the model selection process for any given performance
metric as the main contribution. Thus, in overall, the out-of-sample performance of the
the model selection becomes more robust against time, asset and performance metrics

than any individual model in the model set.

Model selection framework is the outcome of a series of research in the empirical
option pricing and data mining literature. This study consists of four main chapters,
including the model selection chapter, and each of them is an individual research on a

different topic that is essential to model selection framework.

IEven though there are different types of options, this study is interested only in European type
options.



The rest of the chapters are organized as follows. Chapter 2 introduces the
pricing models used in this study. In chapter 3, a number of empirical pricing studies
are examined and compared with each other in terms of their pricing and assessment
methodology. These studies, albeit not large in number, are a representative group of
different empirical option pricing methodologies. Even though there are some common
points in the process; their methods vary, even sometimes contradict at almost every

stage from data filtering to the presentation of results.

One of the major weaknesses of empirical option pricing studies is how little in-
formation their results tables present. Only very few studies check for the stability of
their model performance over different time periods. For instance, the error represen-
tation table as a result of an experiment with data from 2010 can present a largely
different result than the error representation table of the same experiment with data
from 2011. The performance difference between different moneyness maturity regions
could also invoke different comments had the experiment been done in a different time
period. This kind of instability weakens the findings of experiments since their results

are not the indicator of future performance or relative performance.

In addition, arbitrary grouping of errors to comment about model performance in
local moneyness maturity regions might cause hindrance of true performance regions of
the models. Not all models adhere to the same rigid, unchanging set of boundaries for
all the time. In Chapter 4, data mining models are tested on different models, assets
and time periods. The results show that algorithms perform better than arbitrary
grouping methods in terms of detecting true performance regions and maintaining

prediction stability.

Pricing errors (e.g. ARPE) are not, and should not be, the only performance
metrics that can be used in option pricing. Pricing errors measure just the distance
between the model estimate and the market price but provide no insight about the
outcome (payoff) of the contract. In addition, because their optimality is the market,
they cannot suggest any action regarding the market. They can be used to calculate

hedges and OTC contracts, though. Pricing error metric can be thought as in accor-



dance with Efficient Market Hypothesis. Existence of market efficiency means that no
strategy or model can make risk adjusted excess profits in the market. Efficient Market

Hypothesis was first coined by Samuelson (1965) and Fama (1970).

The natural way of testing market efficiency is to provide a model that “beats”
the market by taking positions and realizing the profit and loss. Efficiency tests were
quite popular and EMH is still a heavily debated topic in the literature. Even Black-
Scholes model is first used in a market efficiency test by Black and Scholes (1972).
Though, joint hypothesis problem (or the bad model problem) dictates it is difficult, if
not impossible, to “disprove EMH”.

Chapter 5 discusses differences between pricing errors and efficiency tests. In
addition, new model error metrics based on efficiency tests and bad model problem are
introduced. These metrics measure the distance from the equilibrium as the model’s

inability to cover for risks and assess the model performance with its outcome.

Chapter 6 introduces the specifics of the model selection framework. It starts
with the assumption that no option pricing model is constantly dominant to other
models for even a single contract parameter combination (e.g. OTM, short-term, Call
options). In addition, as model complexity increases so does the risk of overfitting
after a degree of complexity. It means, option pricing models can be improved only
so far. On the other hand, each model in a carefully designed model set can provide
the best price (and hedge) estimate for at least one contract. So, a set of comparably
simpler models can be more effective than a single large and complex model. Though,

the problem of picking the best option model for each contract remains a challenge.

A model selection framework is introduced to pick price and delta estimates from
individual models (e.g. Black-Scholes, Heston-Nandi GARCH) with the motivation
that model selection method would yield sustainably better results than all individ-
ual models in the model set. The chapter benefits from the outcomes of the previous
chapters to determine the design of numerical experiments, choice of data mining algo-

rithm and performance metrics. Model selection framework is empirically tested with



different objectives, different assets and in different time periods.

Chapter 7 summarizes the findings of the model selection framework and the
rest of the study. All extra material and fundamental information about options and

pricing models can be found in the Appendix.



2. PRELIMINARIES FOR OPTION PRICING

This chapter presents the details about option pricing models used in this study.
There are three main models and their different parametrizations are used in the com-
putational experiments. Even though results of Lévy process based models are not
reported, the model is extensively tested to reach important conclusions about model

selection in Chapter 6.

2.1. Black Scholes Model

The simple yet powerful formula of Black-Scholes allows the calculation of a self
replicating portfolio consisting of the price and delta of a given European Call or Put
Option under complete market assumptions. The mathematical representation of the

European Call is as follows.

C(So, K,r,T,0,q) := SoN(dy) —e "™ KN(d_) (2.1)

where

o log (%) +U<\/rT q— %) T -
dy =d_ +oVT (2.3)

N(.) := c.d.f of standard normal variate N(0,1) (2.4)

The setting of a European Call (EC) is as follows. Sy is the price of the underlying at
the time of the inception of the contract, K is the strike price, r is the risk free rate, o

is the volatility and T is the time to maturity. The price of the European Put option



can be found by the put-call parity.

C(So, K,r,T o) +e ™ = P(Sy, K,r,T,0) + Sg (2.5)
P(So, K,7,T,0) = e ™" KN(—d_) — SoN(—d) (2.6)

Finally, delta (A) of the option is calculated as follows.

ov

A(Call) = = = N(ds) (2.7)
A(Put) = g—g — N(dy) -1 (2.8)

2.1.1. Assumptions

Coming up with such a formula requires several assumptions. First of these
assumptions is the underlying asset’s price process follows Geometric Brownian Motion

(GBM).

% — ydt + odW (1) (2.9)
This yields
1
St = Spexp ((u - 502) T+ 0dW(t)> (2.10)

where g is the drift parameter of the underlying and W (t) is a Wiener process. So the

log-return of the underlying asset is normally distributed.

Yr :=log (%) ~ N ((u — %a2> T, O'QT) (2.11)
0

The second assumption is the volatility term is constant. This assumption is one of
the strongest assumptions of the Black-Scholes model. It is constantly criticized in the

literature.



Other assumptions are short selling is allowed, perfectly liquid and continuous
market, no friction (i.e. transaction costs), securities are infinitely divisible, borrowing
and lending rates (i.e. riskless rate) are the same and constant and there is no arbitrage

opportunity.

Some of these assumptions are quite strong and not applicable to every security.
Ever since, none of these assumptions are exempt from criticism and many papers
were published offering a remedy to one or more of those assumptions. Even though,
at the inception of the formula in the 70s, only few of these assumptions were valid
(e.g. short selling was heavily restricted and even banned for some periods), today’s

market conditions are closer to these assumptions.

It is widely known that BS formula has problems with pricing out-of-money (large
difference between strike price and the initial stock price) options due to the low tails
of the underlying’s assumed price process. The underlying asset log-return distribution
is known to be leptokurtic (i.e. fat-tailed and higher kurtosis). Failure to recognize
this property, leads to severe losses to the option issuers as the potential loss for the

issuer is in theory unbounded.

2.2. Lévy Processes

The assumption of Geometric Brownian Motion governing the asset log-return
movements is often challenged by the argument of log-return distributions often ex-
hibiting leptokurtic behavior, in other words the distributions have higher peaks and
fatter tails. Lévy processes are proposed as a remedy. Therefore, option pricing with
Lévy processes is quite popular in the academic literature. For some examples see
Eberlein (2001), Schoutens (2003) and Tankov and Cont (2003). Schoutens’ work is

generally followed for definitions and explanations in this sub-section.

An infinitely divisible stochastic process X = X;,¢ > 0 can be identified as a Lévy
process if it starts at zero X (0) = 0, has independent and stationary increments such

as Xgit — Xg;8,t > 0 is equivalent to X;, and sample paths of X; are almost surely



continuous from the right and have limits from the left.

Some prominent examples of Lévy processes are Poisson process, Compound Pois-
son process, Gamma process, Inverse Gaussian (IG) process, Generalized Inverse Gaus-
sian process (GIG), Carr-Geman-Madan-Yor (CGMY) process, Generalized Hyperbolic
process (GHYP), Hyperbolic process (HYP), Normal Inverse Gaussian process (NIG),
Variance Gamma process (VG) and Meixner process. Brownian Motion is also a special

case of Lévy processes.

The Lévy processes of interest here are Generalized Hyperbolic process (GHYP)
and its special cases Hyperbolic process (HYP), Normal Inverse Gaussian process (NIG)

and Variance Gamma process (VG).
2.2.1. Generalized Hyperbolic Distribution (GHYP)

Generalized Hyperbolic Distribution is an important continuous probability dis-
tribution which is popular in financial modeling due to its semi-heavy tails. Its density

function is formulated as follows.

B VL) LY (A RV L )
VErRA b /a =) (/B e R fa)

(2.12)

dG’HYF’(x; «, 67 67 H, A)

Moment generating function is frequently used in option pricing, therefore given below.

. o =B 2 Ka(0y/a? — (B +2)?)
M(z;a, 8,0, 1, \) = e (oz? Yy I)2)/\/ AN (2.13)

where A\, a, 0 are parameters regulating the shape, 8 the asymmetry and p the location.
K is a modified Bessel function of the third kind. Generalized Hyperbolic distribution
can also be represented as a Normal mean-variance mixture model where the mixture

is a Generalized Inverse Gaussian distribution.



If A\ is fixed to 1, the distribution becomes Hyperbolic distribution (HYP), if A is
fixed to —1/2 it becomes Normal Inverse Gaussian distribution (NIG) and if § is set

to 0 it becomes Variance Gamma distribution (VG).

An important weakness of the GHYP process is, it is not closed under convolu-
tion. In other words, sum of GHYP random variates is not GHYP distributed. When
meddling with financial data if log-returns are modeled as daily under GHYP distri-
bution, weekly and monthly returns are not GHYP distributed.

To illustrate the fit of GHYP distribution, we examined how S&P 500 behaves
in short term and long term. Figures 2.1, 2.2, 2.3 and 2.4 belong to S&P 500 levels

and logreturn density comparisons between December 21, 2009-2014 and December 21,

2013-2014 respectively.

When looked through a span of 5 years, the empirical density is close to fitted
GHYP distributions. Asymmetric and symmetric GHYP distributions have also similar
density shapes. Fitted normal distribution shape is quite unsuccessful to represent the

empirical log-returns.

S&P 500 Price Levels Between 2009-2014 December 21st
2100 -

1800 -

1500 -

Closing price level

1200 -

1 1 1 1 1 1
2010 2011 2012 2013 2014 2015
Date

Figure 2.1. S&P 500 Levels Between 2009-2014
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Figure 2.2. S&P 500 Log-return Density Between 2009-2014.

But when we focus only on a single year, the empirical log-return density become
irregular in shape, especially on the lower side of the negative log-return tail and on
the upper side of the positive log-return tail. But GHYP still provides a better fit than
the others.

S&P 500 Price Levels Between 2013-2014 December 21st

2000 -

1900 -

Closing price level

1800 -

1 1 1 1 1
Jan 2014 Apr 2014 Jul 2014 Oct 2014 Jan 2015
Date

Figure 2.3. S&P 500 Levels Between 2013-2014.
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Figure 2.4. S&P 500 Log-return Density Between 2013-2014.

2.3. GARCH

GARCH(p, ¢) models, first suggested by Bollerslev (1986), based on ARCH mod-
els of Engle (1982). The literature is quite rich with GARCH-type option pricing
models. Yet, first a simple GARCH(1,1) model with Normal distribution as the error

distribution is given below.

}/;5 =N -+ Oty 2t ™~ N(O, 1) (214)
of = w+ alz-1)’07y + foiy (2.15)
w,a,3>0, a+ <1 (2.16)

Y, is the log-return of the underlying assets, u is the drift parameter of the returns,
o, is the spot volatility and z; is the error term regulated by the standard Normal
distribution. The variance is a function of the long-term variance term w, error term of
the previous time period with coefficient o and the variance of the previous time period
with coefficient 5. Next time period’s volatility is deterministically affected from the

previous estimation error And the previous volatility term.
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There are serious differences from the GBM framework when using GARCH mod-
els. GARCH(1,1) with Normal distribution is leptokurtic, meaning it has fatter tails
and higher peak. GARCH offers a discrete framework for modeling time series which
can be considered as a disadvantage. Volatility is not constant and also volatility
innovations are not independent, which in turn helps modeling the volatility cluster-
ing. Variance of the next time period is always deterministic given the previous time

periods’ information.

GARCH is also quite modular as a framework model. Features can easily be added
and changing the distribution governing the error term is almost effortless. The error

term €7 ; associated with coefficient « is considered as a function called “news impact

function” (p(e;)) and can be stylized differently (e.g. NGARCH and TGARCH). In
fact, some small changes in those two features are reported to improve the model

significantly.

Following Duan (1995), the simple GARCH(1,1) framework goes under a small
change under probability measure P. The drift parameter p is modeled as r + Aoy —

1/202. X can be considered as unit “risk premium”.

K:T—F)\Ut—U?/Z—FUtZt, ZtNN(O,l) (217)
ol =w+alz_1)ol , + Bo?, (2.18)
w,a, >0, a+ <1 (2.19)

2.3.1. Heston-Nandi GARCH

Heston-Nandi GARCH model by Heston and Nandi (2000) introduces a semi-
closed form solution of the GARCH option pricing model using a variation of the
GARCH price process. Authors indicate that their model is more similar to NGARCH
and VGARCH of Engle and Ng (1993) than the classic GARCH representation of
Bollerslev (1986) and Duan (1995). The pricing process for one period GARCH under
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physical measure is as follows.

Y, =1+ Aoy — 07 /2 + 0y, 2 ~ N(0,1) (2.20)
ol =w+alz1 —y0i1)* + por (2.21)
w,a, >0, a+ <1 (2.22)

where 7 is the asymmetry parameter.

Under risk neutral measure and under the assumption of “the value of a call
option with one period to expiration obeys the Black-Scholes-Rubinstein formula” the

process becomes as follows

Y,=r—07/2+ 0z + (A +1/2)0y), 2 ~ N(0,1) (2.23)
ol =w+alz1— (y+A+1/2)0, 1) + Bor (2.24)
w,a, >0, a+ <1 (2.25)

Finally, the value of the call option under risk neutral measure can be found using the

below formula.

C=e""E[Max(S(T) — K,0)] (2.26)
_ @ + 6: /Ooo Re {Kufliw il 1)du1 (2.27)
— Ke T (% + % /Ooo Re [%u(w)dub (2.28)

2.4. Martingale Measures Under Incomplete Markets

Under complete market assumption the martingale measure is known to be unique.
For the incomplete markets, martingale measure is also no longer unique. The exis-
tence of multiple martingale measures also results in multiple risk neutral prices, and

not all martingale measures are valid for all models and parameter specifications. For
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instance, Esscher transform martingale measure under Lévy processes with GHYP dis-
tribution is only defined for specific combinations of the parameters and the risk free

rate.

Three of those martingale measures will be used in the following chapters: (Gen-
eralized) Local Risk Neutral Valuation Relationship ((G)LRNVR), Mean Correcting
Martingale Measure (MCMM) and the Esscher Transform. All martingale measures

covered in this study are commonly used in the option pricing models.
2.4.1. (Generalized) Local Risk Neutral Valuation Relationship

Local Risk Neutral Valuation Relationship (LRNVR) is first proposed by Duan
(1995) and later generalized (GLRNVR) by Duan (1999) again. We are going to follow
Duan (1995) for the definition below.

“A pricing measure Q is said to satisfy the locally risk-neutral valuation relation-
ship (LRNVR) if measure Q is mutually absolutely continuous with respect to measure
P, and S;/S;_1|¢¢_1 is distribute lognormally (under Q),

St
EQ
e

gzst_l] =" (2.29)

and

Var? (log <Si1 }gbt_l)) =Vart (log (Sf'il ‘gbt_l)) (2.30)

almost surely with respect to measure P.”

The LRNVR is claimed to hold under any of the three utility function types;
constant relative risk aversion (CRRA) or constant absolute relative risk aversion
(CARRA) if the changes in the aggregate consumption are normal distributed with

constant mean and variance, or the utility function is linear.
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LRNVR works for GARCH option pricing models with Normal distribution as
the error distribution. For other distribution functions the generalized version in Duan

(1999) can be used.
2.4.2. Mean Correcting Martingale Measure (MCMM)

Another way to obtain a martingale measure under incomplete markets is to
modify the mean parameter of the model. We denote the old mean parameter with
Mmeg (i.e. p—1/20?% in BS setting) and the mean-corrected version as mye,. We follow

Schoutens (2003) definition.

Mpew = Mg + 1 — log(p(—1)) (2.31)

where 7 is the risk-free rate and ¢(z) is the characteristic function of the distribution.
It is also possible to use moment generating function M (u) of the distribution, then

the equation becomes.
Mpew = Mold + T — lOg(M(l)) (232)

For the GBM case log(M (1)) = p and my,e,, becomes

1 1
,u—éaf—i-r—,uzr—iaf (2.33)

Under Lévy processes with GHYP distribution m,,.,, becomes

(2.34)

o? — 32 22 Ky (5\/042—(5—1-1)2)
new — —1 R
m r og (ag_ (5+1)2) K/\ (5 /—OzQ—ﬁ2>
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2.4.3. Esscher Transform

Esscher transform is actually a method from actuarial science, initially proposed
by Esscher (1932). Gerber and Shiu (1994) is the first study which uses Esscher trans-
form as a martingale measure to price options. Siu et al. (2004) used Esscher transform
with GARCH framework. Chorro et al. (2012) use Esscher transforms with GARCH
framework under GHYP distribution. The general approach is to find a parameter

that satisfies the following equation.

= tog (1) (2.35)

Risk neutral density with the Esscher transform becomes

e f(x
Flai8) = ) = e o0 ) (2.3
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3. EMPIRICAL ASSESSMENT OF OPTION PRICING
MODEL PERFORMANCES

Empirical tests, using real life options data, are the common way to assess and
benchmark performance of option pricing models. Though, there is no single method-
ology. The way models are assessed and benchmarked affect the outcome of the as-
sessment. In this chapter, a layout of the empirical option pricing process is presented.
Then, a set of studies is used to show how different studies embrace different ways to

handle each stage of the empirical pricing process.

3.1. Introduction

Even though options were traded on the exchanges before, seminal works of Black
and Scholes (1973) and Merton (1973) made them quite popular with the simplicity
and accuracy of Black-Scholes model? . Though, in time, it is understood that neither

markets are so simple nor the model is so accurate.

There is wide criticism about Black-Scholes model, even by its authors. For
instance, Black (1975) makes some remarks about the use of the model starting with
the constant volatility assumption. This wide criticism is followed by many other
models claiming to deliver where Black-Scholes falls short. Usually, these models lack
the simplicity of the Black-Scholes model. Their intricate nature might hazard other

risks such as overfitting.

The main objective of this chapter is to lay out the differences in how experiments
are conducted with empirical option pricing data. These differences include, but are
not limited to, handling of option contracts, parameter inference methods and results
presentation. To show differences we use a set of studies which perform empirical

experiments with options® . It must also be noted that this study is limited to European

2See Mackenzie (2008) for a detailed history about the development of Black-Scholes model
3This chapter is not a thorough literature survey, so the number of studies are limited.
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options.

The rest of the chapter is organized as follows. Literature used in this study is
provided in Section 3.2 in detail. Section 3.3 is about the data and preparation used
in the experiments. Those include, asset types, handling of risk free rate, handling
of splits and dividends. Section 3.4 is about parameter optimization of the models.
Especially the difference between parameter optimization with options and historical
asset returns are discussed. Results representation and benchmarking methods are
discussed in Section 3.5. Non-standard procedures such as robustness checks and cor-
relations between error terms and contract parameters are discussed in Section 3.6.

Finally, findings are summarized and overall observations are shared in Section 3.7.

3.2. Studies

Criteria for chosen studies from the literature is in line with our objectives. Each
study has an empirical option pricing aspect (i.e. model out-of-sample estimates are
assessed with market option prices). They describe how the data handled in their
experiments and how parameters are optimized for estimation. The list of studies here

are not considered as extensive but as representative.

Pricing error models are as follows. Bakshi et al. (1997) propose an important im-
provement on Black-Scholes model with the addition of stochastic volatility, stochastic
interest rates and jumps. Dumas et al. (1998) propose BS models with implied volatility
values inferred from market prices and contract parameters. Heston and Nandi (2000)
propose a semi-closed form for pricing options with GARCH processes. Christoffersen
and Jacobs (2004b) benchmark different GARCH settings from the perspective of op-
tion pricing. They come up with the conclusion that prudent models work better than
models with many parameters. Lehar et al. (2002) benchmark BS, Hull-White stochas-
tic volatility model and GARCH using both pricing and risk metrics. Barone-Adesi
et al. (2008) propose a nonparametric approach for GARCH error distributions. Fan
and Mancini (2009) implement a model guided non-parametric guidance method for

better pricing results than parametric methods. Chorro et al. (2012) provide different
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ARCH type models with Generalized Hyperbolic distribution for the distribution of

error terms.

It can easily be observed that most of the studies mentioned above use ARCH-
type processes. This is no coincidence. ARCH (or GARCH) is extensively supported
as a good option pricing base method. In addition, it is informative to examine pricing
studies of evolving on a single branch to eliminate additional confusion from different

model structures.

3.3. Data

3.3.1. Underlying Assets

Majority of the studies use S&P 500 and its options (SPX) as the single underlying
asset. There are several exceptions though. Lehar et al. (2002) use FTSE 100. Chorro
et al. (2012) both S&P 500 and CAC 40 indices. This is good practice to see whether
model performances are dependent on the asset. In other words, if the same experiment

was repeated with another asset, would the outcome be the same?

It is possible to use different prices for each asset. Main quote types are either
closing prices or bid-ask mid-prices. There is also a synchronization issue for S&P 500
(perhaps other assets too) closing prices, since closing times of options exchange and
stock exchange are different. Some studies use mid-day prices to match the prices. A

list can be found in Table 3.1

3.3.2. Contract Range and Filtering

Not all contracts in the data set are used for experiments. Studies generally put
moneyness and maturity restrictions on the contracts since pricing contracts with too
high and low moneyness/maturity values does not yield consistent results and skews
the overall results. There are also fewer contracts and there is low trading volume at the

edges of moneyness maturity region which makes market prices scarcer and unstable.
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Table 3.1. Quote types of different studies.

Quote Type Matching Studies

Closing prices Fan and Mancini (2009)

Chorro et al. (2012)

Intraday bid-ask | Bakshi et al. (1997) (3 PM CT)

Dumas et al. (1998) (2:45-3:15 PM)

Heston and Nandi (2000) (2:30-3:15 PM CT)

Real-time trades | Lehar et al. (2002)

Bakshi et al. (1997) use data between 1988-1991. Although same calculations are
also done for put options, they report only results on the call options. There are 38,749
call options in their data set. Contracts with less than 6 days to maturity, price lower

than $3/8, not satifying no-arbitrage conditions are removed.

Dumas et al. (1998) use data between 1988-1993. They use only Wednesdays’
data. Contracts with moneyness outside [0.9,1.1] and with maturity less than 6 or

more than 100 days are removed.

Heston and Nandi (2000) use data between 1992-1994. They use only Wednes-
days’ data. They report to follow Dumas et al. (1998) in their contract filtering. Also, if
a contract is represented more than once on each day, only the earlier recorded contract

is considered. A total of 10,100 contracts are reported.

Lehar et al. (2002) use data between 1993-1997, 1210 trading days. They report
to remove contracts with maturity less than 2 weeks, price less than 0.05, moneyness
outside [0.9, 1.1] and annualized implied volatility outside the interval of 5% and 50%.

The net number of contracts they use in their experiments are 65,549.

Christoffersen and Jacobs (2004b) use the same data set as Bakshi et al. (1997).

In addition, only Wednesday contracts are used.
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Fan and Mancini (2009) use data between 2002-2004. They report only call
options results. Contracts with implied volatility higher than 70%, price less than
0.125, maturity less than 20 days or more than 240 days are removed from the data
set. A total of 101,036 observations are reported.

Chorro et al. (2012) use data between 2006-2007. They report to use only quar-
terly contracts and discard monthly contracts. Contracts outside moneyness [0.8,1.2]

are removed. The number of contracts is 82,657 for CAC 40 and 39,885 for S&P 500.

3.3.3. Risk Free Rate

There are generally three ways to handle risk free rates. It is possible to fix the
risk-free rate to a value, fix to a risk-free yield or interpolate between available matu-
rities. The list of different risk-free rate handling methods can be found in Table 3.2.

Table 3.2. Risk free rate handling methods.

Risk Free Rate Matching Studies
Fixed Christoffersen and Jacobs (2004b) (5%)
T-Bill bid-ask Bakshi et al. (1997)

Dumas et al. (1998)
Heston and Nandi (2000)

Treasury rates Fan and Mancini (2009)
GBP LIBOR Lehar et al. (2002)

Overnight Indexed Swap | Chorro et al. (2012)

3.3.4. Dividends and Splits

Dividends can be adjusted in two ways. First method is to convert discrete values
to a continuous yield. It is a plausible method for indices which contain many divi-
dend yielding assets and European options. Another method is; discounted? discrete

dividends are subtracted from the initial spot price of the underlying asset (.Sp).

4Discount rate is the risk-free rate.
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Table 3.3. Dividend handling methods.

Dividend Method Matching Studies
Discount from S Bakshi et al. (1997)
Dumas et al. (1998)
Heston and Nandi (2000)

Continuous yield Lehar et al. (2002)

Implied from put-call parity | Fan and Mancini (2009)
Chorro et al. (2012)
No mention Christoffersen and Jacobs (2004b)

3.4. Inference

Both parametric and nonparametric models need training data to optimize their
parameters or nonparametric distributions. In this section, studies show greater dif-
ferences in the methodology than in the other sections. Proper parameter inference is
crucial for a model’s out-of-sample success. See Christoffersen and Jacobs (2004a) and

Bams et al. (2009) for further discussion.

Bakshi et al. (1997) use sum of squared differences between the model estimate
and the market option price as the objective to train their models. They also compare
results with maximum-likelihood estimation of historical asset returns and see that
while other parameters show no significant difference, volatility estimate of implied

method is four times larger than the MLE estimate.

SSE =Y (bi—P)’ (3.1)

=1

Dumas et al. (1998) fit a regression using volatilities as the response variable and

transformations of strike price and time to maturity as the covariates. Both local and
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implied volatilities are used.

o =max(0.01,ap + a1 K + ay K? + asT + asT* + a5 KT) (3.2)

Heston and Nandi (2000) use a mixed approach. They use a non-linear least squares
method to estimate GARCH parameters (w, «, 3,) from option prices but, since they
use only Wednesdays as option data they optimize next day variance o7, using un-

derlying asset returns.

Lehar et al. (2002) use “sliding time windows” consisting of groups of option
contracts for every 10 days. During the 1210 trading days time period they report to
have 120 time windows. They optimize the model parameters by minimizing (Average)

Squared Relative Pricing Error of each time window.

N - 2
1 P, — P,
SRPE = > ( 7 ) (3.3)

=1

Christoffersen and Jacobs (2004b) test with both historical assets maximum like-

lihood and NLS minimization of option prices.

Fan and Mancini (2009) fit their automated correction method using a time-

weighted non-parametric regression function.

Chorro et al. (2012) embrace a two stage estimation using historical log-returns
of the underlying asset. Since their models consist of GARCH processes with GH error
distributions, there are two sets of parameters. At the first stage, GARCH parameters
are estimated. Then, by fixing the GARCH parameters GH parameters are estimated

from the residuals.

As it can be clearly seen, parameter inference methods are quite dissimilar due

to both model requirements and inference data sources.
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3.5. Results

Studies covered in this chapter have one thing in common. They represent their
out-of-sample estimation errors using result tables grouped by moneyness, maturity
and, for some studies, years. They usually differ in terms of performance metric and

it is not uncommon to use multiple performance metrics.

3.5.1. Grouping

Pricing errors are generally grouped by call/put, moneyness and maturity. Some

studies also include yearly performances to demonstrate model performance stability.

Bakshi et al. (1997) use 6 moneyness groups {< 0.94, [0.94,0.97), [0.97,1.00),
[1.00,1.03), [1.03,1.06), > 1.06} and 3 maturity groups {< 60, [60,180), > 180 days}.

Dumas et al. (1998) use 4 moneyness groups {[0.9,0.95), [0.95,1.00), [1.00, 1.05),
[1.05,1.11)} and 3 maturity groups {< 40, [40,70), > 70 days}.

Heston and Nandi (2000) use 4 moneyness groups {< 0.95, [0.95,0.99), [0.99, 1.01),
[1.01,1.05], > 1.05} and 3 maturity groups {< 40, [40,70), > 70 days}. They also in-

clude yearly changes in aggregate results.

Lehar et al. (2002) use 7 moneyness groups {[0.9,0.92), [0.92,0.95), [0.95,0.98),
[0.98,1.02), [1.02,1.05), [1.05,1.08), [1.08,1.1]} and 5 maturity groups {< 73, [73, 146),
146,219), [219,292), > 292 days}® .

Christoffersen and Jacobs (2004b) show grouping results only in the appendix.
They use the same moneyness and maturity grouping as Bakshi et al. (2012).

Fan and Mancini (2009) use 5 moneyness groups {< 0.8, [0.8,0.94), [0.94,1.04),
[1.04,1.2), > 1.2} and 3 maturity groups {< 60, [60,160), > 160 days}. Different from

SMaturity grouping in the study is originally fraction of years (i.e. 0.2, 0.4, 0.6 and 0.8).
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other considered studies, their ATM region is not symmetric around 1 (i.e. Sy = K).

Chorro et al. (2012) use 6 moneyness groups {< 0.8, [0.8,0.9), [0.9,1.0), [1.0,1.1),
[1.1,1.2), > 1.2} and 3 maturity groups {< 182, [182,274), > 274 days}° .

Even though studies follow similar moneyness and maturity ranges, their parti-
tioning styles are different. Those differences might cause performance changes within

the groups and even for the selection of the best model in the benchmarks.
3.5.2. Performance Metrics

There are a number of pricing error types used by these considered studies,
but they are usually of two common types. Pricing error (PE) is the difference of
price estimate of the model (ﬁ) and the market option price (P), calculated simply
by PE = P — P. Relative pricing error (RPE) is the division of price difference
with the market price, calculated as RPE = (P — P)/P. Root mean squared error

(RMSE = \/1/N SV(PE;)?) and Absolute Relative Pricing Error (ARPE = |RPE))

are frequently used derivations of PE and RPE.

The main difference, in terms of option pricing errors, is relative errors are more
biased towards short term and out-of-the-money (OTM) options because they are usu-
ally cheap and pricing errors are more biased towards expensive options such as long
term and in-the-money (ITM) contracts. This difference is explicitly noted in several

studies such as Bakshi et al. (1997), Dumas et al. (1998) and Heston and Nandi (2000).

Bakshi et al. (1997) use RPE and absolute pricing error (APE = |PE]) as the

performance metrics.

Dumas et al. (1998) use RMSVE" | Mean Outside Error (MOE) and Mean Ab-
solute Error (MAE = 1/N Y. APE;). MOE measures the PE if the model estimate

6Maturity grouping in the study is originally fraction of years (i.e. 0.25, 0.5, 0.75 and 1).
"Root mean squared valuation error. Essentially same as RMSE.
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is outside bid-ask spread. If the price estimate is below bid price or above ask price,

then the price difference is taken as error.

N
MOE =1/N Z min{P; — Bid;; 0} + max{P;, — Ask;;0} (3.4)

They also use Akaike Information Criterion (AIC) as a goodness of fit test in their

performance assessment metric.

Heston and Nandi (2000) use RMSE, MOE, MAE and %Error in their assess-
ments. Their version of MAE consider absolute pricing errors only if model estimate is
outside the bid-ask spread. %Error is calculated as the RMSE divided by the average

option price in the given moneyness-maturity group.

Lehar et al. (2002) measure only RPE and ARPE in their pricing error assess-
ments. Christoffersen and Jacobs (2004b) use MSE and RMSE in their result tables.

Fan and Mancini (2009) use Bias (i.e. PE) RMSE, MAE and their min/max
and percentage versions such as Bias(%) (RPE), MAE(%) (ARPE) and RMSE(%)
(1/N 2N SRPE;). The last metric Err>0% measures the number of contracts with

positive pricing errors relative to all contracts.

Chorro et al. (2012) use AARPE (1/N va ARPE;) as their only performance

metric.
3.6. Other

Aside from pricing assessment and benchmarking, many studies include extra
analysis about their models. Most common analysis is about (especially Delta) hedg-
ing performance of the models. Other analyses mainly include risk (e.g. VaR) and

robustness checks.
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Bakshi et al. (1997) look into explaining pricing errors with regression. Regres-
sion covariates include moneyness, maturity, risk-free interest rate, bid-ask spread and
implied volatility. They also examine delta hedging with only the underlying asset and
delta hedging for all risks except the jump risk.

Dumas et al. (1998) check for hedging performance and robustness. Their robust-
ness checks mention three issues. Quadratic formulation’s response to distinct values
are tested. They also check for in-sample estimation stability by increasing lookback
period. To check for prediction stability, they divide the contract data into subsamples

and compare subsample performances.

Heston and Nandi (2000) try S&P 500 futures to filter volatility, in addition to
index levels and conclude there is no significant difference in out-of-sample performance

of their model.

Part of the study of Lehar et al. (2002) is dedicated to risk management. Their
calculations are based on Value-at-Risk and Monte Carlo simulations. They first check
for the proportion of values exceeding threshold value. Then they also check for the
distribution of errors with Kupiec test. They make an additional test in pricing, by
fitting a regression on ARPE pricing errors. Covariates are time to maturity, moneyness
and call/put categorization. The methodology and findings are similar to Bakshi et al.

(1997).

Christoffersen and Jacobs (2004b) experiment further with periodic parameter
updates and different parameter inference methods to check the robustness of their
methodology. They also compare risk neutral densities of different models and inference

methods.

Fan and Mancini (2009) visually investigate mispricing of models belonging to

different moneyness and maturity regions.
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3.7. Conclusion

In this chapter we investigated the methodologies embraced by empirical option
pricing studies. All studies are thorough with their analyses and their option pricing

process stages are similar, but there is no unified methodology.

We showed that they usually disagree in how to measure model performance
and how to present them. Different maturity and moneyness intervals can be deemed
short/long term and ITM/OTM. Data handling processes are also different from the

data filtering to the choice of risk free rates and dividends.

We made no conclusive arguments about which methodology is better, because
all of them have their own merits and pitfalls. There should be just few well established
rules such as proper consideration of dividends. Also, it should be kept in mind that,
as reported by Christoffersen and Jacobs (2004a) and Bams et al. (2009), having the
parameter estimation optimization metric and performance assessment metric the same
improves the performance of the models significantly. Other issues, such as measuring
performance with absolute (e.g. RMSE) or relative (e.g. ARPE) metrics is entirely
up to the experimentation. Nevertheless, Table 3.4 summarizes our methodology used
in the numerical experiments in other chapters and compares it with the literature

covered in this chapter.

In addition, RPE, ARPE and APE pricing error metrics are commonly used in all
the main chapters for model assessment. Grouping as in the literature is only done in
Chapter 5. There are 4 moneyness groups {[0.5,0.9), [0.9,1.00), [1.00,1.1), [1.1,1.5)}
and 5 maturity groups { [7,30),[30, 60),[60, 90),[90, 180) and [180, 365] days}.



Table 3.4. Empirical experiments methodology comparison.

Part of the
methodology Literature Our approach
Assets Single Asset Multiple Assets (SPX,
NDX)
Multiple Assets
Quote type Closing prices Closing prices
Intraday bid-ask mid
Real time trades
Contract Fil- | Moneyness limits Moneyness limits
tering [0.5,1.5]

Maturity limits

Arbitrage conditions

Price limit

Wednesdays-only

Maturity limits [7,365]
calendar days

Arbitrage conditions
Trading volume limit (>
100)

Price limit (> $0.05)

IV limit IV limit (> 0.01,< 0.7)
Risk-free rate | Fixed US Treasury yields (ap-
proximated)
Fixed to an asset (i.e. 90
days T-Bills)
Yield approximation
Dividends No dividend Continuous dividend
yield

Discrete dividends
Continuous dividend

yield

29
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4. CLUSTER STABILITY OF ERROR
REPRESENTATION IN OPTION PRICING STUDIES

Model performance is generally not sustained over a long period of time in op-
tion pricing studies. Therefore, aggregate result tables showing model errors should
be approached with suspicion about posterior performance. By extension, prediction
stability over time is problematic. Aggregating over arbitrary moneyness-maturity par-
titions aggravates it further, because each partition might contain a mixture of strong
and weak regions of the model. Assuming that all models have their own moneyness
and maturity boundaries for weak and strong regions, we examine several unsupervised
learning algorithms. We test cluster stabilities and show that using algorithm predic-
tions is better in error representation than merely aggregating results over arbitrary

boundaries.

4.1. Introduction

Empirical option pricing studies aim to measure the difference of their option
model estimates from the market prices. They assess models’ performances and bench-
mark the models with the error metrics such as (Absolute) Relative Pricing Error
(A-RPE) and (Absolute) Pricing Error (A-PE). Then, errors are aggregated into arbi-
trarily defined groups based on contract parameters. Criteria used in those studies are
generally based on contract type (call/put), moneyness and maturity. The resulting
tables display the performance of the option model in different moneyness and maturity

regions and for call and put options respectively.

There are many examples in the literature following the above procedure. For
instance, Bakshi et al. (1997) use APE and RPE in their out-of-sample assessments. A
summary table of call option errors are reported. Errors are grouped into moneyness
and maturity intervals, then group averages are displayed and commented on. Group-

ing is based on some loose criteria. Moneyness intervals are symmetric around 1 (i.e.
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spot asset price and strike price are equal) and maturity intervals are labeled as short-
term (less than 60 days), mid-term (60-180 days) and long-term. Similar grouping with
different interval values can be observed in majority of similar option pricing studies.
Some prominent examples are Dumas et al. (1998), Heston and Nandi (2000), Lehar
et al. (2002), Christoffersen and Jacobs (2004b) and Chorro et al. (2012).

There are several weaknesses to this kind of representation, especially for bench-
mark studies. First, the summary table is a snapshot of the results based on the data
set of that time period. There is no indication of how these results might change over
time. For instance, model A can seem better than model B for a time period, say T;.
But for another, perhaps much longer, time period 75 model B could be the better
model.® Error evolution in different time periods is not the concern of these stud-
ies, neither is cross-validation. One of the very few exceptions is Heston and Nandi
(2000). Their summary table consists of benchmark of 4 models’ aggregate errors (no
moneyness/maturity grouping) for the contracts between 1992-1994. They provide in-
formation for each year’s errors and the overall values of all 3 years. Year over year
values show that the model at the third place (Ad hoc BS) was actually in the second
place in 1992. It implicitly indicates that if the data period were chosen from contracts

between 1991-1993, relative model performance could have been different.

The second problem we observe is that, aggregate tables display the performance
of models in given moneyness maturity groups. But from a different perspective, this
also hinders proper representation of their weak and strong parts. Clustering results
over arbitrary boundaries bears the risk of mixing strong and weak regions and report

them as ‘average’ regions.

Total elimination of these problems is not possible due to the mercurial nature of
the financial markets. Relative model performances and strong/weak regions will shift
in time. Yet, it is possible to increase cluster stability and provide consistent summary

results for longer periods of time. In order to achieve this objective, we propose clus-

8Even though the term “better” is dependent on the performance metric, better can be defined
here as the lowest error on an agreed single performance metric (e.g. RPE, APE). See Chapter 5 for
further information.
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tering and regression algorithms to assess model pricing errors. Figure 4.1 illustrates

Arbitrary vs Algorithmic Grouping
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Figure 4.1. Algorithmic vs arbitrary grouping example

an example of the difference between arbitrary grouping vs algorithmic grouping of
ARPE pricing errors for a sample set of 2011 SPX put contracts priced by Heston-
Nandi GARCH model. Different shading of the points denotes the ARPE magnitude
on the contract. A K-Means clustering algorithm is fitted on the sample set and clusters
are illustrated with convex polygons? . The main advantage of the algorithmic method

is its freedom in determining group boundaries according to the error magnitudes.

Data mining algorithms are a good way to dynamically and automatically parti-
tion moneyness and maturity regions via unsupervised learning. K-means is one of the
widely used clustering algorithms for almost any clustering purpose. It will also be a
good base benchmark. In other words, if even K-Means can yield better performance
than arbitrary grouping, then the current practice can definitely be improved. We call

the arbitrary grouping ‘static clustering’.

Other models in consideration are more subtle and powerful in comparison. Sup-
port Vector Machine (SVM) introduced by Cortes and Vapnik (1995) is a classification
and regression algorithm. In this study, only their regression abilities will be used.

Their success in numerous other applications makes the algorithm a good candidate

9Convex polygons are used just for illustrative purposes. Actual K-Means regions are naturally
different.
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method and a benchmark against actual clustering methods are the reasons to imple-

ment SVM in this study.

Decision Trees (DT) are introduced by Breiman et al. (1984). What the algorithm
basically does is splitting the covariate (i.e. moneyness and maturity) values into
regions and fitting a regression model in each region. Splits are binary (hence the tree
structure), so what we actually get is a partitioning close to incumbent static clustering
method. Conditional Inference Trees (CIT) of Hothorn et al. (2006) claim to improve

on overfitting and variable selection bias issues, compared to classical decision trees.

All algorithms as well as static clustering methods will be tested in different
time periods. Only out-of-sample option pricing errors will be used in experiments.
Cluster stability will be measured using difference of realized pricing errors from cluster
estimates. In order to avoid confusion between model pricing error and clustering

stability error, different error terms will be used.

This study makes the following contributions. To the best of our knowledge,
result representation via time series cross-validation is very rare in option pricing.
Thus, our approach enables better error representation stability over long periods.
Training data mining algorithms to group pricing errors is totally a new approach to
model assessment and benchmarking. The first advantage of such an approach is that
comparisons can be better justified and are more robust. The second advantage is to
assess model advantages and disadvantages at a more granular level. This way, more
accurate decisions can be made to choose the specific model for each contract to obtain

better results.

This chapter is organized as follows. Section 4.2 elaborates on data mining models
used in this study and their parametrizations. Section 4.3 describes the conducted
experiment and numerical results. Finally, findings will be summarized in Section 4.2

and further uses will be discussed.
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4.2. Clustering and Regression Algorithms

Clustering models are part of unsupervised learning algorithms. Given a set
of training data, a clustering model aims to construct the best cluster arrangement
according to its objective function. Some algorithms, such as K-Means, might require
predefined information such as number of clusters. Others, such as Decision Trees and

Conditional Inference Trees, also fit regressions to improve their prediction capabilities.

The main purpose of using clustering and regression algorithms is to improve
prediction stability. K-Means, Support Vector Machine (SVM), Decision Tree (DT)
and Conditional Inference Tree (CIT) algorithms are tested to observe their relative
performance to each other and arbitrary grouping methods. All clustering algorithms
used here are powerful tools that are proven to be effective in other clustering, classi-
fication and regression problems. They are also on the top 10 list of Wu et al. (2007)

for data mining algorithms.
4.2.1. K-Means Clustering

K-means method used in this study, is an euclidean distance minimizer clustering
algorithm. The objective is, simply, to find clusters where minimal internal variation

occurs in the clusters. Mathematical representation of the algorithm is as follows.

K D Ny

min» Y > (24— Tra)® (4.1)

k=1 d=1 i=1

where K is the total number of clusters, k& denotes a particular cluster, D is the number
of attributes (i.e. Moneyness, Maturity), d denotes a particular dimension, Ny is the
number of items in cluster k, z; 4 is the value of attribute d of item ¢ and Zj 4 is the

value of attribute d of the center of cluster k.

To train K-Means clusters, pricing error, moneyness and maturity attributes are

used to generate clusters. Because if pricing error is not included in the cluster creation
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phase, then the only criteria will be the “location” of option contracts. While other
data mining algorithms have the advantage of calibrating their parameters using error
values, denying it from K-Means would mean unequal terms in benchmarking. On
the other hand, both in-sample and out-of-sample estimations will be made with only

moneyness and maturity, not pricing error.
4.2.2. Support Vector Machine

Support Vector Machine (SVM) is a classification and regression algorithm. SVM
algorithms perform class separation by finding the optimal separating hyperplane,
which maximizes the margin between two classes; and, if such linear separator cannot
be found, data is transformed into a higher dimension space via kernel techniques. If
there are overlapping classes with data points on the unintended regions, their weights
are reduced. Then, a quadratic optimization model is constructed; which can be solved
easily with known methods. The e-regression version deviation from the fitted values

more than the predefined € constant is aimed to be minimized.

Dual of the mathematical model is reported to be generally easier to solve. The

dual representation for one covariate and one response variable set (z;,y;) is as follows.

1 l

mar Ty ijzl(o‘i —ai)(a; — aj)k(wi ;) (42)
1 l

—e) (ai+ai) +yi)y (o —aj) (4.3)

i=1 i=1

subject to
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where a; and o are Lagrange multipliers of the primal problem, C'is a constant which
regulates the sensitivity of tolerance in terms of deviation from e, y; is the response
variable (i.e. pricing errors) and z; is the explanatory variables (covariates such as
moneyness and maturity) while ¢ = 1,..,[ is the index of the training data set and

k(.,.) is the specified kernel function.

Kernel function used in this study is a radial basis function. Mathematical rep-

resentation is as follows.
k(z;,z;) = exp (—y||x; — xj||2),7 >0 (4.7)

Further information about the SVM model can be found in the tutorials of Smola and

Scholkopf (2004) and Hsu et al. (2003).
4.2.3. Decision Trees

Decision Trees are statistical methods which use recursive partitioning, with roots
in Automated Interaction Detection (AID) by Morgan and Sonquist (1963). Although
there are numerous variations, mainly, there are two fundamental steps to tree based
algorithms. First step is to create regions in the data set via univariate splits. Second
step is, unless it is not a classification problem, the second step is to fit predictive
models to each of those regions. Unlike K-Means and SVM, output tree structure
is similar to static clustering methods in terms of data partitioning. Union of the
partitions cover the whole covariate (parameter) space. An illustration over a basic

example is given in Figure 4.2.

Classification and Regression Trees (CART') of Breiman et al. (1984) is chosen as
the decision tree algorithm. CART tries to minimize the difference between the cluster

estimate and the true value of the response variable.

€= Z(yZ - Z ckI¢7k)2 (4.8)

i=1 k=1
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where y; is the value of the response variable of observation 7, ¢ is the estimate of the

cluster'® k on the response variable and I; ;. is whether observation ¢ is classified under

1]
NetMaturity
p <0.001

=42 >42

NetMaturity
p <0.001

cluster k.

Moneyness
p <0.001

=0.996 >0.996 =84 > 84
H; \E @/ {7]
n=24175 n =45308 n = 24533 n = 26858
y=1.815 y = 0.591 y=0.753 y = 0.647

Figure 4.2. Decision Tree example.

Now, the covariate space is supposed to be split into two clusters; based on the
binary split such as the example given in Figure 4.2 (Maturity < 42, Maturity >
42). To find the best split, a greedy algorithm is used to minimize the sum of the
error of the first split cluster (Cy(p,m) = ie{z;, < m}) and the second split cluster
(Ca(p,m) = ie{x;, > m}) among different alternatives of covariates (p) and covariate

splitting points (m).

min € = Z (y;i — c1)* + Z (yi — c2)? (4.9)

p7m
Ci(p,m) Ca(p,m)

0For the decision tree method used in this study, ¢, = 1/Ny Zfil yil; 1 where Ny is the number
of observations in cluster k.
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This procedure is repeated until stopping conditions are satisfied. Some example stop-
ping conditions are the minimum number of items in a node to be split and the mini-

mum number of items in a terminal node.

It is highly probable that the resulting tree is too large and overfits the data
(i.e. high out-of-sample error). So, a pruning procedure should be adapted. A cost-
complexity parameter («) is used to determine where the pruning should end if the
pruned tree’s error plus |7}, | is minimized. T, is a sub-tree (or pruned) of the resulting
large tree denoted by Ty and |T),| denotes the number of terminal nodes in sub-tree w.

The optimal tree can be found using the following minimization formula.
Tr = min g, + a1, (4.10)

Pruning starts with the terminal node which has the lowest improvement at each
iteration. The trees are cross-validated with different training and prediction subsets
sampled from the data set. Further information on decision trees can be found in

Hastie et al. (2009).
4.2.4. Conditional Inference Trees

Hothorn et al. (2006) propose Conditional Inference Trees with the argument that
decision trees have two weaknesses; overfitting and biased favor towards estimators
(covariates) with many split possibilities. They claim to overcome these problems
via applying statistical tests to both splitting and termination conditions. They also
claim to have a more efficient algorithm. Because, thanks to the statistical tests, their
algorithm does need not to do an exhaustive search on splits of covariates for variable

selection.

The main contribution of CIT to the decision tree structure is the selection of the
split covariate. Instead of doing an exhaustive search on all covariates and covariate

values, each covariate’s statistical significance to the response variable is measured with
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a significance level o' . Among the statistically significant covariates, the one with
the minimal p-value is chosen. Split point can be determined with the same procedure
as the decision tree. In addition to the already available stopping conditions, if no

covariate has a p-value less than « then splitting procedure is terminated.

For pruning, another significance level o is proposed. o’ should be significantly
smaller than « so that the tree shall be pruned until all terminal nodes reach to the

significance level of /.

4.2.5. Static Clusters

Static clustering uses the (almost) arbitrarily defined moneyness and maturity
boundaries to partition the contract data. They are usually symmetric around the at-
the-money (ATM) moneyness and have equivalent intervals. It is the common practice
to show model estimation results in almost all empirical option pricing studies. In this

study, two representative boundary sets from the literature are considered to be tested.

First boundary set is taken from Bakshi et al. (1997). The moneyness bound-
aries they use are 0.94, 0.97, 1.00 (ATM), 1.03 and 1.06. In addition, their maturity
boundaries are 60 and 180 calendar days. It is approximately 42 and 126 trading days,

respectively.

Second boundary set is taken from Lehar et al. (2002). The moneyness bound-
aries they use are 0.92, 0.95, 0.98, 1.02, 1.05 and 1.08. Here, at-the-money (ATM)
position is within the interval of [0.98, 1.02]. In addition, their maturity boundaries

are approximately 50, 100, 150 and 200 trading days.

Static clustering estimation is quite straightforward. Training data will be par-
titioned adhering to the predefined boundaries. Average pricing error in each cluster

will be taken as that cluster’s error prediction.

1 parameter is different than the cost-complexity parameter mentioned above.
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4.3. Numerical Experiments

4 clustering models (K-Means, SVM, DT and CIT) and 2 different arbitrary
groupings will be tested with 3 different pricing error types (RPE, ARPE and APE)
with 2 option pricing models (HN and BS). 10 different time periods will be used and
both in-sample and out-of-sample cluster stabilities will be measured. Option pricing
models and pricing error types are given in Section 4.3.1 and Section 4.3.2. Data and
how the model parameters are inferred are explained in Section 4.3.3. Elaboration of
clustering algorithm testing and cross validation method used in this study are given
in Section 4.3.4. Finally, results and observations based on the benchmarks are shared

in Section 4.3.5.
4.3.1. Option Pricing Models

Experiments will include two different option pricing models, namely Black-
Scholes model of Black and Scholes (1973) and Heston-Nandi GARCH model of Heston
and Nandi (2000). Both of them are widely used as benchmarks in previous empirical
option pricing studies. Black-Scholes model has a closed form solution. The formula

of the call price under risk neutral measure, C(.), can be calculated as follows.

C(So, K,7,q,T,0) = SoN(d;) —e ™ KN(d_) (4.11)

2
log (%) + (r—qi%)T
dy = (4.12)

where Sy is the spot price of the asset, K is the strike price, r is the risk free rate, ¢

is the dividend yield, T is time to maturity (in years) and o is the annual volatility

estimate.

GARCH-type models is widely in use to price option contracts, starting with
Duan (1995). Even though GARCH-type models lack closed form solutions and need
other methods such as Monte Carlo simulation, their performance reportedly make

it up to the computational costs. Heston-Nandi GARCH (HN) model of Heston and
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Nandi (2000) consists of five parameters, which means it is harder to perform parameter
inference than for Black-Scholes!? . Good news about HN model is it has a semi-closed
form solution, different from other GARCH-type option pricing models, making it
easier to compute the pricing estimates. The call price C' at time ¢ for a maturity of 7'

is given as follows.

C =e ""E[Max(S(T) — K,0)] (4.13)
_ @ + # /OOO Re {K_wf;(j” i 1)du} (4.14)
— Ke™™ (% - % /Ooo Re [Wdu}) (4.15)

where Ef[.] is the risk neutral expectation and Re is the real part of a complex number

and f(iu) is the characteristic function of the log spot price.

4.3.2. Option Pricing Error Types

Model option pricing performance is generally measured with the distance of the
model estimates from the market option prices. Most popular metrics are Relative
Pricing Error (RPE), Absolute Relative Pricing Error (ARPE) and Absolute Pricing
Error (APE).

A

rpp = =P (4.16)
P

arpE = |2=F (4.17)

APE = |P — P| (4.18)

where P is the model price estimate and P is the market price of the option contract.

RPE can be considered as the ‘bias’ in the price estimates. Since it includes a
sign, it is an indicator of overpricing or underpricing. ARPE measures the magnitude of

error. When aggregating results, ARPE yields more accurate results on the aggregate

12Tt has one or two parameters to optimize, depending on the inference method.
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error. APE measures the dollar error. APE can be easily used to compute SE and

their aggregate counterparts MSE and RMSE.

Error types are known to react differently to different moneyness and maturity
values. For instance, RPE and ARPE weigh more on OTM and short-term options
but APE weighs more on ITM and long-term options.

One of the objectives of this study is to observe the behavior of cluster stability
with different error types. Therefore, the same experiment will be repeated for all error

types mentioned above.

4.3.3. Data and Option Pricing Model Calibration

Daily S&P 500 index prices and option contracts (SPX) will be used to test
models. All contracts given in the time windows are within the maturity interval of 1
calendar week (7 days) and 1 calendar year (365 days). Allowed moneyness interval is
between 0.9 and 1.1. There are several reasons for determining such limits. Any values
outside these intervals have already unstable pricing estimates by different models due
to being either too cheap or too expensive. Bakshi et al. (1997) explains the effects
of contract values on pricing error types. Briefly, for cheap options relative errors are
more sensitive and for expensive options absolute errors are more sensitive. There
are also fewer contracts outside these regions, so clustering algorithms would have to

include the extended regions which in turn would have yielded inefficient results.

All tests are conducted with the out-of-sample pricing estimates of both Black-
Scholes and Heston-Nandi GARCH models. Parameter inference is done via using
historical log-returns of S&P 500 index of the last 2 and 5 years respectively. For each
trading day, the inference window is moved by one trading day and parameter inference
is repeated with the updated information. For both models, dividends are assumed to
be continuous, and risk-free rates are calculated using interpolations of US Treasuries

with different maturity terms.
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The reason why these models and their respective parametrizations are chosen
is a practical one. Black-Scholes model, however widely used, is known to frequently
misprice I'TM and OTM options due to its assumption of a low tails risk neutral density.
Constant volatility assumption is also another known drawback of the model. On
the other hand, Heston-Nandi GARCH model’s multi-parameter setting with varying
volatility and extended parameter inference period makes it a better alternative for
pricing options. It is also shown by Heston and Nandi (2000) that Heston-Nandi
GARCH model generally performs better than Black-Scholes in terms of lower pricing

eIrrors.

It can also be assumed that if a pricing model has greater errors in pricing, it
will affect cluster stability. Its individual results, therefore overall results will be more
inconsistent. Therefore both Black-Scholes and Heston Nandi GARCH models are
tested to observe the behavior of clustering algorithm performances with models of

varying consistency.

4.3.4. Assessment and Cross Validation

As mentioned earlier, pricing error and cluster stability are different kinds of er-
rors. Cluster stability measures the difference between the actual pricing error and
cluster estimate for each contract. Cluster stability is measured by Mean Absolute
Percentage Error (MAPE) metric. MAPE is suitable metric to observe relative im-
provement as we are aiming to minimize the divergence from the past error estimate

in order to achieve better cluster stability.

Ei_gi

1 N
MAPE:NZ

(4.19)
i €

where ¢; is the realized pricing error (i.e. ARPE, RPE or APE) of the contract i and
€; is the data mining model’s error estimate. Since pricing errors can be very small,
even zero, due to the pricing model’s performance; to avoid large MAPE deviations

minimum value of the denominator of the MAPE is fixed to 0.01.
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For a given time period, pricing error data used in experiment is divided into two
groups; namely Training and Prediction. 6 months data is used for training and the

following month is labeled as prediction data.

To calibrate clustering algorithms and group estimates only the training data is
used. Then for each contract, pricing error estimates (¢;) and resulting MAPE values
are calculated. Aggregate training and prediction MAPE values are reported separately
as in-sample and out-of-sample estimation. The difference between prediction MAPE
and training MAPE is that, no contract in prediction data set is used to calibrate

clustering models.

This procedure is repeated for 10 different time periods between 2009 and 2013,
2 time periods for each year. There are some advantages of this methodology to the
classical 70%/30% assessment. First, prediction data set is relatively shorter (approx-
imately 85/15), so immediate accuracy is measured. Repeating the experiment over
different time periods, in a sense performing time series cross validation, gives the ad-
vantage of making the prediction results more robust. One of the main objectives of
this study is to see if clustering algorithms’ prediction power fluctuates when different
time periods were considered. Aggregate results are reported so a clustering algorithm

can be chosen based on overall results.

4.3.5. Results

When MAPE results are examined by pricing model, contract type, error type
and in-sample/out-of-sample estimations, each analysis bears varying and interesting
results in itself. All eight tables in this section provide different results but one con-

clusion. CIT is the best overall model.

Data sets are enumerated in a chronological order. Each year contains two data

sets'® (DS). For instance, DS 1 and 2 contain data from 2009, and DS 9 and 10 contain

BA data set might include some of either training or prediction data from the previous or next
year. ‘Contains’ means the starting date of the prediction data belongs to that year.
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data from 2013.

Tables 4.1 and 4.2 display the best algorithms for each data set, option type (call

or put) and error type with respect to in-sample MAPE performance.

Table 4.1. Algorithms with the best in-sample MAPE (HN-GARCH).

Call Put
ARPE | RPE APE ARPE | RPE APE
DS 1 CIT | CIT | K-Means | CIT | CIT | K-Means
DS2 | SVM | SVM | K-Means | CIT | CIT SVM
DS3 | SVM | SVM | K-Means | CIT | CIT CIT
DS4 | SVM | SVM SVM CIT | CIT SVM
DS5 | CIT | CIT CIT CIT | SVM CIT
DS6 | SVM | SVM | K-Means | CIT | SVM SVM
DS7 | SVM | SVM | K-Means | CIT DT | K-Means
DS8 | CIT | CIT CIT SVM | CIT CIT
DS9 | CIT | CIT CIT SVM | CIT | K-Means
DS 10| CIT | CIT CIT CIT DT CIT

For HN in-sample results; CIT has the highest frequency in terms of best per-
forming model. SVM comes the second with significant presence in Call ARPE and
RPE. K-Means’ best performing error types are APE in both Call and Put options.
The outcome is similar for BS model in-sample results. CIT has increased frequency

especially in Call APE.

For HN out-of-sample results are given in Table 4.3. CIT, again, has the highest
frequency in terms of the best performing model in different data sets and error types.
K-Means has increased presence in out-of-sample results than in-sample. Interestingly,
static clustering methods became the best methods for Put RPE type errors in 6 data
sets and Put ARPE type errors in 3 data sets.



Table 4.2. Algorithms with the best in-sample MAPE (BS).

Call Put

ARPE RPE APE ARPE | RPE APE
DS 1 SVM SVM | K-Means | CIT | CIT SVM
DS 2 CIT CIT CIT CIT | CIT CIT
DS 3 CIT CIT CIT CIT | CIT CIT
DS 4 CIT CIT CIT SVM | SVM CIT
DS 5 CIT CIT K-Means | CIT | SVM SVM
DS 6 SVM SVM SVM CIT | CIT SVM
DS 7 SVM SVM CIT CIT DT CIT
DS 8 CIT CIT CIT CIT | SVM | K-Means
DS 9 | K-Means | K-Means CIT SVM | SVM CIT
DS 10 CIT CIT CIT CIT CIT | K-Means

Table 4.3. Algorithms with the best out-of-sample MAPE (HN-GARCH).

Call Put

ARPE RPE APE ARPE RPE APE
DS 1 CIT CIT K-Means CIT CIT K-Means
DS 2 | Static 1 DT SVM K-Means | K-Means | K-Means
DS 3 SVM DT SVM CIT Static 1 CIT
DS 4 CIT CIT SVM CIT CIT SVM
DS 5 | K-Means | K-Means CIT CIT Static 2 | K-Means
DS 6 SVM SVM K-Means CIT Static 1 SVM
DS 7 | K-Means | K-Means | K-Means | Static 1 | Static 2 SVM
DS 8 CIT CIT K-Means | Static 1 | Static 2 CIT
DS 9 CIT CIT CIT Static 2 | Static 2 CIT
DS 10 CIT CIT CIT CIT DT CIT

46
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Table 4.4 quantifies the improvement of the best data mining algorithm over the
best static clustering method in terms of MAPE difference. The highest improvement is
in DS6 Call ARPE by SVM with %72.15 better MAPE compared to the best performing
static clustering method. For some data set error type comparisons, the introduction of
data mining algorithms is detrimental to the performance (highest decrease is %21.38
in DS8 Put ARPE), but in overall improvements brought by data mining algorithms is

significantly larger than the poor performance in some data set error type combinations.

Table 4.4. MAPE improvement of the best performing data mining algorithm over
the best performing Static method (HN-GARCH) (%).

Call Put
ARPE | RPE | APE | ARPE | RPE | APE
DS1 | 27.86 | 27.88 | 46.36 | 20.24 | 20.45 | 40.96
DS2 | -0.92 | 7.17 | 19.5 | 11.25 | 11.14 | 43.71
DS3 | 12.29 | 19.31 | 36.87 8 -11.05 | 2.14
DS4 | 31.93 |44.24 | 42 6.98 8.2 | 15.95
DS5 | 21.41 | 2252 | 2891 | 10.57 | -5.45 | 26.32
DS6 | 72.15 | 66.42 | 28.91 | 0.51 -5.85 | 18.03
DS7 | 21.98 | 18.22 | 32.87 | -3.57 | -2.19 | 25.32
DS8 | 42.33 | 424 | 40.96 | -21.38 | -14.62 | 24.2

DS9 | 21.89 | 23.72 | 25.02 | -6.41 | -7.61 | 58.73

DS10 | 19.06 | 18.2 | 31.78 | 7.34 2.39 |63.54

The results are in favor of data mining algorithms regarding the out-of-sample
performance for Black-Scholes model. Table 4.5 shows slightly fewer CIT frequency and
presence of some static clusters (albeit few in number). Presence of static clustering
methods is lower than HN out-of-sample results, but still they are in Put ARPE and
Put RPE. K-Means has significantly decreased presence in out-of-sample results and

performs worse in BS than HN.
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Table 4.5. Algorithms with the best out-of-sample MAPE (BS).

Call Put

ARPE RPE APE ARPE RPE | APE
DS 1 CIT Static 1 | K-Means CIT Static 1 | SVM
DS2 | CIT CIT CIT CIT CIT CIT
DS3 | CIT CIT CIT CIT CIT CIT
DS4 | CIT CIT CIT CIT CIT CIT
DS5 | SVM SVM CIT CIT SVM | SVM
DS6 | SVM SVM | K-Means | CIT SVM DT
DS 7 | SVM CIT CIT Static 1 | Static 1 | SVM
DS8 | CIT CIT CIT CIT DT CIT
DS9 | CIT | K-Means CIT Static 2 | Static 2 | CIT
DS 10| CIT CIT CIT SVM SVM | SVM

Table 4.6 displays the performance improvement of the best data mining algo-
rithm to the best static clustering method for out-of-sample BS results. Compared to
HN, gains of data mining algorithms are higher (tops at 76.74% for DS3 Call APE by
CIT) and failures are relatively modest (bottoms at -10.47% for DS9 Put ARPE).

Aggregate tables are more suitable for robust observations, while above tables
provide more granular insights. With the same order of above tables, Table 4.7 shows
CIT has the best overall performance for all error types. SVM follows CIT in Call
ARPE and RPE and K-Means follows CIT in Call and Put APE but for Put ARPE
and RPE second best methods are Static 1 and DT respectively.

BS in-sample overall results can be seen in Table 4.8. CIT performs significantly
well in all error types except Put RPE, where SVM has the best overall performance.
Contrary to HN in-sample performance, SVM is worse in Call type errors and better
in Put type errors. K-Means on the other hand performs well in all Call type errors

and Put APE. But, K-Means performs the worst in Put ARPE and Put RPE.
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Table 4.6. MAPE improvement of the best performing data mining algorithm over

the best performing Static method (BS) (%).

Call Put

ARPE | RPE | APE | ARPE | RPE | APE
DS1 0.39 | -0.04 | 16.09 | 1.18 | -0.29 | 21.29
DS2 6.05 5.58 | 55.67 | 4.4 3.88 | 64.33
DS3 | 23.28 | 23.13 | 76.74 | 8.38 8.43 | 67.51
DS4 | 42.17 | 41.89 | 62.74 | 20.27 | 18.61 | 55.35
DS5 | 43.17 | 39.18 | 21.7 | 4.13 | 12.13 | 32.05
DS6 | 65.26 | 53.07 | 56.73 | 2.13 1.96 | 3.52
DS7 | 2477 | 23.37 | 16.79 | -1.88 | -7.17 | 34.8
DS8 | 48.66 | 49.26 | 64.38 | 1044 | 6.4 | 6.24
DS9 | 12.38 | 12.9 | 39.71 | -10.47 | -1.38 | 25.22
DS10 | 37.44 | 34.77 | 42.94 | 11.62 | 6.66 | 29.97

Table 4.7. Overall in-sample MAPE of algorithms (HN).

Call Put

ARPE | RPE | APE | ARPE | RPE | APE

K-Means | 2.54 2.67 | 1.75 1.38 1.53 | 2.35
SVM 246 | 241 | 2.12 1.43 | 1.33 | 3.08
CIT 224 | 218|174 | 1.28 | 1.15| 2.30
DT 2.96 | 2.80 | 2.36 1.39 1.22 | 2.87
Static 1 2.68 | 2.57 | 2.74 1.37 | 1.24 | 3.05
Static 2 276 | 2.64 | 2.76 1.38 1.24 | 3.09

Overall out-of-sample results are the most important, since they determine the

prediction consistency of displayed errors in result tables. HN model results are dis-

played in Table 4.9. CIT is notably fares the worst in Call ARPE and RPE type errors,

where SVM excels by a far margin. CIT is the best overall model in both Call and Put



Table 4.8. Overall in-sample MAPE of algorithms (BS).

Call Put

ARPE | RPE | APE | ARPE | RPE | APE

K-Means | 1.81 1.87 | 1.97 1.62 1.76 | 2.51
SVM 2.61 2.61 | 2.54 1.45 1.27 | 2.73
CIT 1.59 | 1.58 | 1.92 | 1.40 1.32 | 2.40
DT 2.56 2.42 | 2.67 1.53 1.38 | 2.75
Static 1 2.11 2.06 | 3.06 1.55 1.40 | 2.94
Static 2 217 | 212 | 327 | 1.55 | 1.39 | 2.96

APE. It is in tie with Static 1 method for Put ARPE and Static 2 is the best perform-

ing model for Put RPE type errors. Results are consistent with in-sample estimations

but the magnitude of errors differs.

Table 4.9. Overall out-of-sample MAPE of algorithms (HN).

Call Put

ARPE | RPE | APE | ARPE | RPE | APE

K-Means | 3.39 | 3.32 | 2.26 | 1.56 | 1.77 | 2.90
SVM 2.97 | 3.03 | 265 | 185 | 1.89 | 3.42
CIT 3.51 | 3.60 | 2.16 | 1.52 | 1.48 | 2.87
DT 4.01 | 3.89 | 278 | 1.57 | 1.48 | 3.45
Static 1 3.67 | 3.70 | 3.17 | 1.52 | 142 | 3.60
Static 2 3.77 | 3.79 | 3.08 | 1.53 | 1.41 | 3.69

Finally, overall out-of-sample MAPE results of BS model is given in Table 4.10.
CIT is the overall best method for Call ARPE and RPE and Put ARPE. K-means is
the best overall method in Call APE, SVM is the best overall method for Put APE
and Static 2 is the best overall model for Put RPE. Even though CIT is not dominant,

it is either the second best model or fairly close to the winner in terms of overall

performance.




o1

Table 4.10. Overall out-of-sample MAPE of algorithms (BS).

Call Put
ARPE | RPE | APE | ARPE | RPE | APE
K-Means | 3.54 3.65 | 3.69 1.91 2.21 | 3.50
SVM 3.66 3.84 | 4.81 1.87 1.82 | 3.30
CIT 3.14 | 3.24 | 3.80 1.72 1.78 | 3.42
DT 3.86 4.06 | 4.50 1.81 1.79 | 3.62
Static 1 3.79 | 388 | 5.11 | 177 | 177 | 3.93
Static2 | 3.79 | 3.87 | 5.14 | 1.78 | 1.76 | 3.98

Regarding the overall and individual data set results, several observations can be

made.

Observation 1. CIT performs significantly better than other methods. CIT is
the overall best model in HN and BS for both in-sample and out-of-sample estimates.
For individual data sets and error types, CIT has a general good performance, closely
following the best performing algorithm in terms of MAPE when it is not the best
model. Its performance is not spotless, especially for Put RPE errors. CIT suffers
from MAPE outliers more than other models, it is one of the main reasons why it

failed to deliver for some error types.

What makes CIT almost superior to DT is employing statistical significance crite-
ria when choosing the split covariates and clusters. This way errors following a pattern

can be clustered more consistently. And it seems to be the case for pricing errors.

Observation 2. When models are compared, BS MAPE values are generally
higher than HN MAPE values for all clustering methods used, including . This is not
unexpected since HN is reported to be a better model in terms of minimizing pricing

errors than BS by Heston and Nandi (2000).
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Observation 3. K-Means performs well in APE type errors regardless of the
contract type for HN both in-sample and out-of-sample. Though, it is not performing
that well in BS model assessments, but again most of the presence is in APE type

eIrrors.

Observation 4. SVM is the runner up of the algorithms covered in this study, in
terms of highest frequency in different data sets, contract types and error types. Its
overall out-of-sample performance in HN displays as the best algorithm for Call ARPE
and RPE type errors. However, the same cannot be said about BS results. For BS
out-of-sample results, SVM has the best overall performance for Put APE type errors.

Its performance in other error types, especially call error types, is poor by comparison.

Observation 5. Static clustering methods perform quite poor in except several
error types and data sets. Though as an exception, presence of static clustering meth-
ods in out-of-sample Put ARPE and RPE results of HN model is significant. This
significance presents itself in overall results too. Though, the marginal MAPE benefit
brought by static clustering methods is modest compared to data mining algorithms’

in all other contract and error types for both models.

As Static 2 is more granular than Static 1, it yields slightly better results than
Static 1. But this might not always be the rule since too many clusters might end up

in overfitting for the method.

4.4. Conclusion

Aggregate pricing error tables in empirical option pricing studies are usually
a snapshot of the time period which the experiment is conducted. Whether those
aggregate results represent the future states of the same partitions is rarely examined.
In addition, arbitrary grouping of contracts bears the risk of hindering true performance

of models; every model has different strong and weak regions in terms of pricing error.
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Four different algorithms are proposed for better clustering and error prediction:
K-Means, Support Vector Machine (SVM), Decision Trees (DT) and Conditional In-
ference Trees (CIT). These algorithms and two static clustering methods previously
used in the literature are tested and benchmarked in terms of cluster stability. MAPE

metric is used to calculate relative deviance in pricing errors in each cluster.

10 different data sets from S&P 500 option contracts (SPX) between 2009 and
2013 are used in the experiments. Call and put options are evaluated separately. Each
data set is priced with two different models: Black-Scholes and Heston-Nandi GARCH.
Three different pricing errors are used: RPE, ARPE and APE. Both in-sample and

out-of-sample performances are investigated.

Each data set’s best performing algorithm or method is reported for each error
type, option type combination. Even though results are shown to change with factors
such as time, model and error type (and even contract type); CIT is shown to be a

good general model for evaluating and clustering pricing errors.

Using data mining algorithms is a good idea in creating robust predictions about
future states of the pricing errors as well as it might be a good idea to select models. If
a model can predict future error states of each contract, it is also possible to compare
strong and weak regions for each pricing model and choose the better pricing model

for each contract. Ultimately, it will lead to better pricing performance.



o4

5. BAD MODEL PROBLEM: HOW TO MEASURE
MISSPECIFICATION FOR OPTIONS?

Choice of the performance metric is a crucial part of empirical assessment of
option pricing model performance and benchmarking, mainly because the outcome is
subject to change based on the metric. Usage of performance metrics in the empir-
ical option pricing literature are examined and their agreement is assessed. We also
propose new metrics based on market efficiency tests for more robust assessment and
to eliminate the confusion of metric choice. We claim efficiency metrics are the better
choice if the objective is to evaluate option models with their financial outcome, not

just price fitting.

5.1. Introduction

What is the determinant factor for a model to be successful? There are certainly
many answers to this question. But, even with the same objective, same experiment

and same data; the outcome may vary due to the performance metric.

For instance, consider two models; namely A and B. Also consider two perfor-
mance metrics; namely X and Y. If model A is deemed better than model B according
to performance metric X and the opposite happens according to performance metric Y,
then the choice of the performance metric affects the assessment of the model perfor-
mance. Lehar et al. (2002) can be shown as an example to this problem. They report
both relative pricing error (RPE) and absolute-RPE (ARPE) values for different mod-
els and there are cases where ARPE of a model is better than the others, but for the

same cases RPE of another model is better than that model in the same experiment.

Although there is no identified ‘best’ way of determining the correct performance
metric there are some possible solutions. Performance metric, also commonly named

as loss function, is also used in model parameter inference. Parameter inference is
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generally done via minimization of a loss function and a parameter set yielding the
minimal loss value is deemed ‘optimal’ or ‘best’. Christoffersen and Jacobs (2004a)
claim that keeping parameter inference (in-sample estimation) loss function of the
model and performance assessment (out-of-sample assessment) loss function the same
would increase the model’s performance on that loss function’s assessment significantly
and that model will generally do better in benchmarks compared to other models which
do not use the same loss function in their parameter inference process. Their claim is
backed with empirical testing of different models and loss functions, with result of the
best model changing with the loss function. This seemingly obvious recommendation
is largely ignored by many other empirical studies as stated in the study. They also
report that dollar mean squared error ($MSE) might be an appropriate metric because
it yields the overall best results. Bams et al. (2009) also agree with these results
and propose a framework for the selection of the appropriate loss function via the

distributions of considered loss functions.

Many methods and models are proposed to price options over the last several
decades. For a general overview of the field, see the studies of Bates (2003), Broadie
and Detemple (2004) and Hull (2012). Nevertheless, most empirical option pricing
studies have the objective of getting their model estimates as close to market prices as
possible. The main motivation is to come up with a hedge using the same parameters
of the relevant model. Only spot option prices are relevant to the assessment of these
kind of studies. So, performance metrics based on this type of studies measure the
distance from the market prices. Examples of such studies are Bakshi et al. (1997),
Heston and Nandi (2000), Christoffersen and Jacobs (2004b) and Christoffersen et al.
(2009).

There is also another branch of studies testing market efficiency with option
pricing models. Their concern is to analyze the difference between estimated prices and
hedges and actual market prices. The main objective of the assessment is to outperform
the market in terms of risk adjusted profitability. Tests include dynamic positions in
both options and underlying markets, so both asset and option price evolution data are

required. Usually a profit-loss metric is considered and unlike hedging oriented studies,
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the outcome is affected by the payouts but not by the spot distance from the market.
Although efficiency tests are mainly for underlying markets, studies such as Black and

Scholes (1972) and Galai (1977) perform efficiency tests on options markets.

The problem with market efficiency tests is due to joint hypothesis problem. Any
error (excess profit) found in the market might be due to the model not considering all
the risk sources. Studies measuring the distance from the market should have implicitly
assumed markets are informationally efficient, as they measure model performance
with the ‘best’ benchmark and associate all error with the model specification. Studies
testing market efficiency implicitly assume that their model is well built for the purpose

and any ‘error’ found in their experiments is against the efficiency in the market.

We propose a performance metric to measure option pricing errors by taking
positions and calculating the outcome of those positions in terms of profit and loss,
similar to Galai (1977) did to test market efficiency with ex-post and ex-ante delta
strategies. Differently, our aim is not to test market efficiency but to test the model
performance. It can be made plausible by assuming EMH perfectly holds and all error
belongs to model misspecification. The objective of such a performance measure would
be to keep risk adjusted profit/loss as close to zero as possible since EMH does not
allow for excess profits. Though, we also keep in mind that, such performance metric
can be used to find ‘profitable’ models with little change but that is currently beyond

our scope since this is not a trading exercise but a model assessment.

Our main contributions are two fold: (1) we demonstrate that efficiency based
metrics differ from pricing error metrics, and (2) we show that efficiency based met-
rics are a better choice if outcome of a contract is significant to the objective of the
study. We then introduce efficiency based metrics based on the efficiency tests but
with the objective of minimizing model error instead of testing market efficiency. Fi-
nally, we compare those metrics and make suggestions about how to use them in model
assessment experiments. We also claim that if the financial output of the option pric-
ing models is of more interest to the experiment, efficiency based metrics are better

alternatives than measuring the fit of model prices to the market prices.
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This paper is organized as follows. Section 5.2 elaborates on efficent markets
hypothesis, joint hypothesis problem and their relevance to the performance metric.
Section 5.3 lists commonly used pricing error metrics and makes comparisons within
those metrics. Section 5.4 elaborates on efficiency based metrics and how they can be
used as more robust model error metrics than basic pricing error metrics. Compar-
isons are made both within efficiency metrics and between efficiency and pricing error
metrics. Section 5.5 presents benchmarking of two models to display the differences
between pricing and efficiency errors. Finally, Section 5.6 summarizes the findings and

provides explanations on how they can be used in model assessment and selection.

5.2. Efficient Markets Hypothesis and Joint Hypothesis Problem

In his seminal paper on capital markets efficiency, Fama (1970) defines market
efficiency as prices ‘fully reflect” available information. In other words, market prices are
the best estimates on the fair value of the assets and it is impossible to get consistent
excess risk-adjusted returns. This claim is also called Efficient Market Hypothesis

(EMH).

Efficiency in capital markets is categorized under three forms. Weak form of
efficiency considers only information about the past prices. It is also the most popular
one to test among the researchers. The common conclusion is; even though it is possible
make small profits by making frequent trades, but not significant enough considering

transaction costs.

Semi strong form of efficiency is about market’s adaption to all available public
information such as dividends and stock splits. This form is also reported to support

efficient markets hypothesis.

Strong form of efficiency is about information asymmetry, assuming one party has
exclusive access to some information which can be used in profit making. Specialists
(or market makers) and corporate insiders are examples of this kind of exclusivity but

any private information can be categorized under strong market efficiency.
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One of the rather unnerving results of the efficient markets is, fluctuations become
completely random; therefore ‘unforecastable’. In other words, there is no model or
any other way to make consistent profits in efficient markets. One conjecture of such
state of efficiency would also be the loss of incentive to be active in the market due to
loss of prospective profits. Grossman and Stiglitz (1980) formalize this state in their

study on their market model with informed and uninformed participants.

As in many other great contributions to the financial literature, from its formal
definition by Samuelson (1965), efficient markets hypothesis sparked a debate about
whether markets are efficient or not, which is still ongoing. Ever since, many studies
dealt with EMH in terms of both theoretical and empirical aspects. Jensen (1978),
Fama (1991), Fama (1998), Lo (2007) and Alajbeg et al. (2012) provide a good history

of the evolution of proponents and opponents of EMH.

One of the most significant developments in EMH discussions is the “joint hy-
pothesis problem”. After Fama (1970) the best way to support or reject EMH was
thought to be testing it with data. If a model or trading strategy could provide excess
risk adjusted returns, then EMH is rejected by that model. Else, it is documented as
another supporting evidence of EMH. But later Fama (1991) and Fama (1998) state in
order to reject EMH, one should use an asset equilibrium model. Any excess returns
found by the model can be due to market inefficiency as well as the model’s inability
to account for some other risks in the market. Since making the distinction is not a
trivial task, EMH became harder to ‘falsify’. Joint hypothesis problem is also called
“bad model problem”. Further information about joint hypothesis problem can be

found in the works of Jensen (1978), Fama (1991) and Fama (1998).

On the options side, theoretical developments gained pace after the seminal works
of Black and Scholes (1973) and Merton (1973). Black-Scholes formula laid out a self-
financing portfolio in a simple yet elegant way. As Mackenzie (2008) report theoretical
work was built on Black-Scholes formula, not the other way around. No arbitrage, risk
neutral measures, complete markets and Funadamental Theorems of Asset Pricing, all

came later. See Shreve (2004) for detailed explanations of these concepts.
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Option markets are no exception to market efficiency tests. Both Black and
Scholes (1972) and Galai (1977) performed empirical tests using Black-Scholes model
to check for market efficiency. Their conclusions are similar. Even though there is
profit opportunity, the transaction costs wipe out most of the excess profits. Both
Galai (1978) and Bhattacharya (1983) examine market efficiency boundary conditions
of Merton (1973) with spread tests and come to similar conclusions that any profits
yielded by models are too small compared to transaction costs. Not all studies confirm
those results. Coval and Shumway (2001) reject the claim of risk free returns with
delta neutral positions by testing with straddle positions. Ahmad and Wilmott (2005)
examine profiting opportunities while hedging when volatility estimates of the market
and the individual differ. Constantinides et al. (2007) claim post-1987 crash show

stochastic dominance and boundary violations in OTM call options.

Although there were empirical studies, for a long time there were no studies
explicitly connecting EMH to option pricing theory. Jarrow and Larsson (2012) study
this problem and provide theoretical framework for the EMH using no arbitrage and
no domination. Jarrow (2012) makes the connection with derivatives markets and
propose the Third Fundamental Theorem of Asset Pricing. Jarrow (2013) discusses
the implications of EMH in option pricing. The cited studies claim, in order to reject
market efficiency without falling to joint hypothesis problem, one must seek arbitrage
opportunities or asset dominance. This in turn would affect many option pricing model

assumptions such as no arbitrage and risk neutral valuation.

Option pricing model performances are usually measured with their distance from
the market prices. It is a reasonable method given the EMH and its connection with
risk neutral valuation relation. If a pricing model can represent the market correctly,
then it can be used to construct a ‘perfect hedge’, if applicable, and a self replicating

portfolio.

From the efficiency perspective, it is not the distance but the consequences of the
actions taken by the trading that defines the performance of a model. That is especially

important if positions on contracts have asymmetric payoffs. Two models might have



60

the same distance to the market price from opposite signs, but the magnitude of the

outcome, most probably, will not be similar.

5.3. Pricing Error Metrics

Empirical option pricing literature is quite rich with various performance metrics.
But at least one of the following fundamental metrics, on a relative or absolute scale,
are used in almost every study. Those metrics, also used in this study, are Relative
Pricing Error (RPE), Absolute Relative Pricing Error (ARPE) and Squared Pricing
Error (SE). In the literature, their applications measure only the distance between
the market price and the model estimate for a contract. Measuring pricing error in
an absolute scale or relative scale, and absolute values or with positive/negative signs

have different impacts on the assessment of performance.

The rest of this section is about detailed examination of these performance metrics
and their comparative results using the same empirical data set. Our data set consists
of daily S&P 500 option contracts (SPX) of 2011. There are a total of 47,715 contracts
in our data set, 21,167 calls and 26,548 puts. Maturity values range between 7 calendar
days and 1 year, and moneyness'* values range betweeen 0.5 and 1.5. Risk-free interest
rate is calculated from US Treasury yields approximated to the maturity values for each
contract. Dividend yield is taken as continuous. Closing prices are used in both option

contracts and underlying asset prices. Contract prices range from $0.05 to $1239.45.

The option model used to get price and delta estimates in the numerical experi-
ments is the Heston Nandi GARCH model of Heston and Nandi (2000) with continuous
dividends'® . Parameters are esimated using log-returns of the underlying of the past

5 years for each contract.

4Moneyness is defined as the ratio between spot price and the strike price (Sy/K).
15See Hull (2012) and Stentoft (2011) for implementation.
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5.3.1. Relative Scale Pricing Errors

Relative Pricing Error (RPE) measures the underpricing or overpricing of model
estimates relative to its market price. P denotes the model price estimate and P
denotes the market price.

P-P

P~ P|

ARPE =
R P

Measuring the bias with RPE is not without problems. It is generally useful informa-
tion to know whether a model is biased towards a side. Unfortunately, magnitude of
error is usually underrepresented when aggregated, depending on how evenly RPE is
distributed to negative and positive values. The magnitude of aggregate values can be
measured better with ARPE. Another issue is, since price cannot take values less than
zero, the most negative an RPE value can take is —1. Depending on the market price

and model estimate the positive side can be much larger.

Figures 5.1 and 5.2 display the RPE values of call and put options respectively
with axis values of moneyness and maturity in days. Error magnitudes are illustrated
with the shades of the data points (darker points are contracts with larger error) and
negative and positive errors are given equal shading as if they are on an absolute
scale. Due to the large number of contracts, for better visibility, random sample of 500

contracts are displayed for each plot.'¢

The main difference between call and put options is the extreme overpricing
in call options. This is mainly due to the price difference in cheap options such as
out-of-money options and/or short term options. Due to the low market price, the
denominator in RPE is small and even a dollar difference seems huge. For instance, if
the contract price is $0.05 and model estimate is $1.05, RPE becomes 20 and skews the

error metric. In Figure 5.1, majority of severe errors are clustered between moneyness

1611 points are removed from display in Figure 5.1 for being very few and on distant values of
moneyness, so they would not squeeze the graph. They are not removed from calculations however.



62

values of 0.9 and 1.0 (slightly OTM) and they are overpriced by the model.
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Figure 5.1. RPE values of Call options.

RPE errors of put options shown in Figure 5.2, are restricted in a more reasonable
RPE interval. Majority of the ‘high’ errors start from low maturity and increasing OTM

but they are not restricted to low maturity as the moneyness increases.
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Figure 5.2. RPE values of Put options.
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5.3.2. Absolute Scale Pricing Errors

Squared Error (SE), or in aggregate terms Mean Squared Error (MSE) or Root
Mean Squared Error (RMSE), measures model estimate distance from market prices

in dollar terms. Absolute Pricing Error (APE) is also used but not as popular as the

MSE.

Nevertheless, APE will be used as this section’s representative error, mainly be-
cause plots are represented per contract and it has a better scale perception than SE.
Exponential increase in SE would cause the maximum error to be too large and mid
error values would be dwarfed in illustrations. Also, APE can easily be interpreted to

RMSE through transformation.

APE = |P, — P| (5.3)

SE = (B, — P,)’ (5.4)

pase - | L35, - py (55
N =1 7 7

Main disadvantage of using the squared or absolute error is the opposite of relative
error’s: Expensive options such as in the money and long term options are more prone

to large error values than errors in cheap options.

Despite the intuition that relative pricing errors are more informative in explain-
ing option pricing errors, Christoffersen and Jacobs (2004a) claim RMSE is the best
candidate metric if error function is not specifically aligned with the parameter infer-

ence loss function. Their results are also backed up by Bams et al. (2009).

As mentioned above, absolute scale error values are generally more biased towards
expensive options. The more an option is ITM and long term, the higher its price will

be and so the absolute difference between market price and model estimate.
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Figures 5.3 and 5.4 illustrate absolute pricing errors of call and put prices, re-

spectively, dispersed among moneyness and maturity values.!” The largest APE values

belonging to call options are around the location of ATM and 300 days of maturity.
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Figure 5.3. APE values of Call options.
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For put options, larger errors are dispersed on a wider region of moneyness and

maturity but still around the same location of ATM to OTM values and high maturity.
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Figure 5.4. APE values of Put options.
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17Same sample of the data set with the RPE is used for illustration, so side by side visual comparison

becomes possible.
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5.3.3. Relative vs Absolute Errors

When compared to the relative error with the same set of data, Figures 5.5 and
5.6 indicate important differences.'® On the left side of the Figure 5.5, a group of
contracts have a high APE amount while their ARPE is still low. It also happens, with
low APE high ARPE this time, at the bottom right of the graph. Those contracts
where APE and ARPE disagree are ‘cheap’ and ‘expensive’ contracts mentioned in
the previous section. It is commonly observed and reported in other studies also. For
instance, Bakshi et al. (1997) prepare different tables for APE and ARPE errors with

similar explanation.
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Figure 5.5. Comparison of ARPE and APE type errors with Call options.

For the put options, even though there is increasing APE values with increasing

ARPE, the points rather disperse than making a clear pattern.

Aggregate graphs can help us see how error metrics behave and disagree by show-
ing distinctive patterns. Even a single contract can show us how error metrics differ
with the difference between model estimate and the market price. Table 5.1 is an ex-
ample contract of how the pricing errors changed during the life of the contract. It is a

put option, with strike $1280 and expiration is within almost a month of the first data

8Figures below make use of only APE and ARPE values, despite RPE values are also reported
on previous sections. But it is easy to interpret ARPE values to RPE values since shapes denoted as
Overpriced/Underpriced imply positive/negative signs of RPE.
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Figure 5.6. Comparison of ARPE and APE type errors with Put options.

date (2011-11-19). The underlying was $1254.19 at its first day.

Table 5.1. Pricing errors on example contract.

Date Market | Model

(Y/m/d) | Moneyness | Price | Price | RPE | ARPE | APE
11| 2011-10-24 0.98 45.77 | 45.71 | -0.00 | 0.00 0.06
2 | 2011-10-27 1.00 26.00 26.27 | 0.01 0.01 0.27
3| 2011-10-28 1.00 25.50 25.10 | -0.02 | 0.02 0.40
41 2011-10-31 0.98 36.90 42.38 | 0.15 0.15 5.48
5 | 2011-11-03 0.99 36.15 34.50 | -0.05 | 0.05 1.65
6 | 2011-11-04 0.98 42.20 38.70 | -0.08 | 0.08 3.50
71 2011-11-11 0.99 26.10 25.54 | -0.02 | 0.02 0.56

Error estimates can vary in their assessments with the moneyness and maturity
values as also shown in the above graphs. Tables 5.2 and 5.3 show the average values
of each metric within predefined intervals. Five maturity intervals between 7, 30, 60,
180 days and 1 year are defined. Moneyness breaks are defined between 0.5, 0.9, 1,
1.1 and 1.5. Number of contracts in each interval is also given on the third column.

Fourth and fifth columns are the average market and model prices.*’

19 Average RPE, ARPE and APE might not be calculated from reported average prices, because
reported errors are averaged after applied to each contract (not to the averages of each interval).
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Table 5.2. Pricing error averages of Call options based on moneyness and maturity

intervals.

Number of | Market | Model
Maturity | Moneyness | Contracts | Price | Price | RPE | ARPE | APE
[7,30] (0.5,0.9] 718 0.34 0.52 | 2.22 | 2.61 0.37
[7,30] (0.9,1] 4501 6.14 846 | 3.38 | 3.58 | 4.54
[7,30] (1,1.1] 1165 38.74 | 39.56 | 0.09 | 0.21 6.21
[7,30] (1.1,1.5] 19 154.10 | 147.55 | -0.04 | 0.04 | 6.59
(30,60] (0.5,0.9] 754 1.08 238 | 5.03 | 5.14 1.50
(30,60] (0.9,1] 3537 12.13 | 1822 | 2.96 | 3.04 | 8.41
(30,60] (1,1.1] 950 50.17 | 5245 | 0.12 | 0.23 | 9.34
(30,60] (1.1,1.5] 23 147.64 | 139.89 | -0.05 | 0.06 | 8.14
(60,90] (0.5,0.9] 473 2.54 531 | 5.74 | 5.81 3.24
(60,90] (0.9,1] 1593 21.74 | 2847 | 1.32 | 1.41 |11.00
(60,90] (1,1.1] 599 58.64 | 60.78 | 0.09 | 0.21 | 10.92
(60,90] (1.1,1.5] 18 164.01 | 160.41 | -0.02 | 0.03 4.12
(90,180] (0.5,0.9] 783 5.14 10.89 | 5.68 | 5.71 6.42
(90,180] (0.9,1] 1741 30.22 | 39.25 | 0.79 | 0.88 | 13.37
(90,180] (1,1.1] 579 74.12 | 76.27 | 0.06 | 0.18 | 12.09
(90,180] (1.1,1.5] 34 179.95 | 173.73 | -0.03 | 0.06 | 10.33
(180,365] | (0.5,0.9] 708 13.69 | 26.45 | 3.46 | 3.48 | 13.36
(180,365] (0.9,1] 1261 54.86 | 67.41 | 0.38 | 0.43 | 16.86
(180,365] (1,1.1] 443 101.04 | 106.67 | 0.07 | 0.15 | 13.88
(180,365] | (1.1,1.5] 35 193.17 | 192.93 | 0.00 | 0.05 | 9.06

Both call and put aggregate tables show different sections were error terms peak.
While RPE and ARPE are expectedly closer, largest errors are with mid-term maturity
and OTM regions on the call options and short to mid-term maturity and OTM regions

on the put options. APE peaks on long term options for both call and put options,
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while moneyness is between ATM and I'TM.

Table 5.3. Pricing error averages of Put options based on moneyness and maturity

intervals.

Number of | Market | Model
Maturity | Moneyness | Contracts | Price Price | RPE | ARPE | APE
[7,30] (0.5,0.9] 61 209.27 | 199.04 | -0.04 | 0.04 | 10.25
[7,30] (0.9,1] 1219 45.15 | 43.91 | 0.03 | 0.18 6.51
[7,30] (1,1.1] 4192 9.99 7.66 |-0.16 | 0.49 | 4.70
[7,30] (1.1,1.5] 1874 2.95 0.25 |-0.89 | 0.89 2.70
(30,60] (0.5,0.9] 61 210.59 | 202.89 | -0.04 | 0.04 | 8.11
(30,60] (0.9,1] 858 54.84 | 54.79 | 0.05 | 0.18 8.86
(30,60] (1,1.1] 3056 21.30 | 18.37 | -0.07 | 0.32 7.29
(30,60] (1.1,1.5] 2635 5.82 1.02 |-0.81 | 0.81 4.80
(60,90] (0.5,0.9] o1 234.49 | 22798 | -0.03 | 0.03 7.51
(60,90] (0.9,1] 427 67.67 | 65.10 | 0.00 | 0.17 | 11.36
(60,90] (1,1.1] 1657 33.19 | 2798 | -0.11 | 0.25 9.22
(60,90] (1.1,1.5] 1615 9.90 239 |-0.77| 0777 | 7.52
(90,180] (0.5,0.9] 83 235.86 | 232.18 | -0.01 | 0.03 7.18
(90,180] (0.9,1] 493 83.12 | 7794 | -0.04 | 0.15 | 12.33
(90,180] (1,1.1] 1670 46.49 | 38.84 | -0.13 | 0.21 | 10.83
(90,180] (1.1,1.5] 2046 17.58 5.74 | -0.71 ] 0.71 | 11.84
(180,365] | (0.5,0.9] 38 315.10 | 314.80 | 0.01 | 0.03 8.74
(180,365] (0.9,1] 360 113.60 | 103.76 | -0.07 | 0.12 | 13.84
(180,365] (1,1.1] 1072 78.85 | 64.62 | -0.17 | 0.18 | 15.06
(180,365] | (1.1,1.5] 1436 35.70 | 16.30 | -0.59 | 0.59 | 19.40
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5.4. Efficiency Centered Performance Metrics

So far, commonly used pricing performance metrics and their explanatory power
are discussed. As explained in the introduction, pricing errors and market efficiency

tests have different objectives.

In this section we propose to use efficiency testing methods with the objective of
pricing errors. To elaborate, position and hedging payoffs will be used to assess models
with the assumption of EMH is correct. Thus, any excess profit (or loss) generated by
the model is admitted to be the model’s lack of covering for other risks of the market
(i.e. model error). So if the same level of hedging is maintained for all models in

consideration, benchmarking using efficiency testing metrics becomes plausible.

Another advantage of efficiency centered performance metrics over pricing error
metrics is that the consequences of actions are assessed instead of merely measuring
the distance from spot prices. Also, since options market is actually a forecast on the
underlying asset’s market prices, efficiency metrics cover both markets. One disadvan-
tage of measuring with efficiency metrics is it requires increased number of calculations

and data.

Three different efficiency centered metrics are considered with increasing hedging
activity. First metric is ‘naked’ positioning. A position on the option is taken and the
resulting payoff is also considered with the market option price. Second metric, static
delta or ‘hedge and forget’ strategy also considers taking a delta position with the
option position but never change until the expiration of the contract and closing the
position only at expiration. Third metric, the most comprehensive and computation
intense of all is to go with dynamic positioning and delta hedging throughout the
lifetime of the option. The process is very similar to dynamic hedging tests of Galai

(1977).

One of the advantages of using efficiency metrics with increasing hedging activity

is to measure each added hedging activity’s marginal contribution. For instance, it
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would be interesting to know how much additional effort to hedge actually contributes

to model performance.

5.4.1. Naked Positioning Error

Naked positioning error is a simple estimate on the outcome of the option at

expiration, dependent on the taken position.

NPE, = p(P,, P)[n(Sr, K, call /put)e" T — P} (5.6)

St is the price of the underlying at expiration, K is the strike price and r is the risk
free rate. Position function, p(P;, P,) (or simply p;), is an if else condition taking values
of 1, if f’t > P, or —1.,if Pt < P;. n is the payoff function of the contract. For European
options, it is maz{Sr — K, 0} for calls and max{K — Sr,0} for puts.

This metric is essentially the bare model error value, given there is no hedging
measures in place. Since all equilibrium models are suspected of not covering for
all risks according to bad model problem, providing a base for errors is a reasonable
first action. Hence, model estimate has no effect on the error except determining the
position, therefore the sign of the outcome, of the contract. Also, under risk neutral

measure, the expected value of the absolute value of NPE, is equivalent to APE.

Table 5.4 shows the position changes and NPE of the same contract used in
Table 5.1. At expiration, underlying price was at the level of $1215.65 and moneyness
was close to 0.95. The relationship between the relative position of model prices vs

market prices and outcomes is quite different.

Figure 5.7 illustrates the NPE histogram for all call and put options, respectively.
Both type of options have high kurtosis and heavy tails. Skew is observable in the call

options but it is more significant in put options.



Table 5.4. NPE on example contract.

Date Underlying | Market | Model

(Y/m/d) Price Price | Price Pt NPE
1| 2011-10-24 1254.19 45.77 | 45.71 | -1.00 | -18.58
2 | 2011-10-27 1284.59 26.00 26.27 | 1.00 | 38.35
3| 2011-10-28 | 1285.09 25.50 | 25.10 | -1.00 | -38.85
4 1 2011-10-31 1253.30 36.90 42.38 | 1.00 | 27.45
5 | 2011-11-03 1261.15 36.15 34.50 | -1.00 | -28.20
6 | 2011-11-04 1253.23 42.20 38.70 | -1.00 | -22.15
71 2011-11-11 1263.85 26.10 25.54 | -1.00 | -38.25
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Figure 5.7. Histogram of NPE values for Call and Put options.
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5.4.2. Static Hedging Error

Static hedging, also known as a hedge-and-forget positioning, consists of taking
a delta position together with the option positioning and then making no adjustments
until the expiration of the contract or changing the option position itself. At the
expiration, the outcome after the delta position is closed and the payoff is realized

gives the Static Hedging Error.

SHE = p(P,, P)[n(St, K, call /put)e™" T — B] + A(Sp — Sp) (5.7)

A value shows the amount of the underlying stock to be hedged. Position of A is
determined by the position taken on the option according to the basic rules of delta
hedging. For deep out of the money options where A is practically zero, SH E becomes
equivalent to NPFE.

Table 5.5. SHE on example contract.

Date Market | Model
(Y/m/d) | Price | Price | |A] | p+ | SHE
11| 2011-10-24 | 45.77 45.71 1 0.65 | -1.00 | 6.38

2011-10-27 | 26.00 | 26.27 | 0.49 | 1.00 | 4.63

2011-10-28 | 25.50 | 25.10 | 0.49 | -1.00 | -5.15

2011-10-31 | 36.90 | 42.38 | 0.67 | 1.00 | 2.21

2011-11-03 | 36.15 | 34.50 | 0.64 | -1.00 | 0.91

2011-11-04 | 42.20 | 38.70 | 0.70 | -1.00 | 4.00

N | O | O | = | W N

2011-11-11 | 26.10 | 25.54 | 0.67 | -1.00 | -6.09

Figure 5.8 illustrates the distribution of SHE for call and put options, respectively.
The most notable improvement is that its tails are much shorter than of NPE?° . When
compared, SHE provides lower values than NPE. That is the natural effect of delta

hedging. Though, even with a single hedge position the outcome error value is reduced

20A single contract with SHE greater than 200 is removed from the histogram, but not from
calculations.
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by up to 90%. Also, due to the hedging error, outcome sign is changed for some

contracts.
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Figure 5.8. Histogram of SHE values for Call and Put options.

Tables 5.6 and 5.7 represent the aggregate efficiency metric errors of call and put
contracts, respectively. APE is also appended for easier side by side comparison with

pricing errors.

First point of interest is; even if SHE is larger than NPE for some moneyness
maturity combinations, the error reduction of SHE is much more significant than NPE
in other combinations. Improvement brought by SHE with added delta hedging is most

visible for ATM options on mid to long range of maturities in call options.
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Table 5.6. Efficiency error averages of Call options based on moneyness and maturity

intervals.

Number of | Market | Model
Maturity | Moneyness | Contracts | Price | Price NPE SHE | APE
[7,30] (0.5,0.9] 718 0.34 0.52 0.02 0.16 | 0.37
[7,30] (0.9,1] 4501 6.14 8.46 -0.51 261 | 4.54
[7,30] (1,1.1] 1165 38.74 | 39.56 | -0.30 4.63 | 6.21
[7,30] (1.1,1.5] 19 154.10 | 147.55 | 16.10 | -2.82 | 6.59
(30,60] (0.5,0.9] 754 1.08 2.38 -0.37 | -0.94 | 1.50
(30,60] (0.9,1] 3537 12.13 | 18.22 | -2.47 6.70 | 8.41
(30,60] (1,1.1] 950 50.17 | 52.45 | -8.27 | 10.68 | 9.34
(30,60] (1.1,1.5] 23 147.64 | 139.89 | -6.00 9.28 | 8.14
(60,90] (0.5,0.9] 473 2.54 5.31 -0.37 | -1.83 | 3.24
(60,90] (0.9,1] 1593 21.74 | 2847 | -7.52 6.61 | 11.00
(60,90] (1,1.1] 599 58.64 | 60.78 | -22.00 | 3.95 | 10.92
(60,90] (1.1,1.5] 18 164.01 | 160.41 | 7.28 4.11 | 4.12
(90,180] (0.5,0.9] 783 5.14 10.89 | -4.04 | -391 | 6.42
(90,180] (0.9,1] 1741 30.22 | 39.25 | -21.70 | 1.37 | 13.37
(90,180] (1,1.1] 579 74.12 | 76.27 | -53.62 | -6.28 | 12.09
(90,180] (1.1,1.5] 34 179.95 | 173.73 | -80.70 | -3.85 | 10.33
(180,365 | (0.5,0.9] 708 13.69 | 26.45 | -8.14 |-13.49 | 13.36
(180,365] (0.9,1] 1261 54.86 | 67.41 | -36.92 | -16.83 | 16.86
(180,365] (1,1.1] 443 101.04 | 106.67 | -61.69 | -20.53 | 13.88
(180,365 | (1.1,1.5] 35 193.17 | 192.93 | -116.79 | -28.50 | 9.06

For put options displayed in Table 5.7, there is a more of an overall improvement
by SHE. Except for several moneyness maturity regions where difference is quite small

(e.g. Maturity [7,30], Moneyness (1.1,1.5]) SHE provides much smaller values.
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Table 5.7. Efficiency error averages of Put options based on moneyness and maturity

intervals.

Number of | Market | Model
Maturity | Moneyness | Contracts | Price | Price | NPE | SHE | APE
[7,30] (0.5,0.9] 61 209.27 | 199.04 | 17.26 | 10.88 | 10.25
[7,30] (0.9,1] 1219 45.15 | 43.91 | 12.60 | 3.70 | 6.51
[7,30] (1,1.1] 4192 9.99 7.66 | 2.18 | 094 | 4.70
[7,30] (1.1,1.5] 1874 2.95 0.25 | 091 | 0.95 | 2.70
(30,60] (0.5,0.9] 61 210.59 | 202.89 | 16.22 | 9.81 | 8.11
(30,60] (0.9,1] 858 54.84 | 54.79 | 31.48 | 9.88 | 8.86
(30,60] (1,1.1] 3056 21.30 | 18.37 | 1445 | 6.22 | 7.29
(30,60] (1.1,1.5] 2635 5.82 1.02 | 3.83 | 4.14 | 4.80
(60,90] (0.5,0.9] 51 234.49 | 227.98 | 39.50 | 10.75 | 7.51
(60,90] (0.9,1] 427 67.67 | 65.10 | 48.80 | 11.35 | 11.36
(60,90] (1,1.1] 1657 33.19 | 2798 | 22.63 | 5.51 | 9.22
(60,90] (1.1,1.5] 1615 9.90 239 | 934 | 9.03 | 7.52
(90,180] (0.5,0.9] 83 235.86 | 232.18 | 46.40 | 12.45 | 7.18
(90,180] (0.9,1] 493 83.12 | 7794 | 55.43 | 4.54 | 12.33
(90,180] (1,1.1] 1670 46.49 | 38.84 | 32.76 | 10.48 | 10.83
(90,180] (1.1,1.5] 2046 17.58 5.74 | 16.71 | 16.14 | 11.84
(180,365] | (0.5,0.9] 38 315.10 | 314.80 | 35.15 | 1.61 | 8.74
(180,365] (0.9,1] 360 113.60 | 103.76 | 65.58 | 9.51 | 13.84
(180,365] (1,1.1] 1072 78.85 | 64.62 | 58.99 | 34.75 | 15.06
(180,365] | (1.1,1.5] 1436 35.70 | 16.30 | 35.69 | 31.98 | 19.40

5.4.3. Dynamic Hedging Error

Merton (1973) proves that it is possible to achieve perfect hedging given delta of

the option is updated continuously, under Black-Scholes model assumptions. Though,
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in reality, delta portfolio is rebalanced periodically due to practical reasons and trans-

action costs.

Our dynamic positioning and hedging error calculations are similar to Galai
(1977). Option positioning and rebalancing is performed daily. The differences are
due to missing data and closing contract positions earlier than expiration. Since our
options data set is on a wider moneyness scale than most studies, not every contract is
traded in volume each day. So option position is re-evaluated each day and if no market
value emerges due to lack of sufficient volume, no change is made to the contract. Also,

due to our data filtering rules, contracts with maturity less than a week are discarded.

By extension, it is also assumed that there is prior knowledge on which days a
contract can be traded. Any open position is closed on the last trade possible before
the expiration. Even though this assumption, spotting where the trading ceases 100%,
seems slightly unrealistic, it is entirely possible to set some strict rules with trading
volumes and prices to determine early exit opportunities. But it would further reduce
the data set due to false positives, contracts which can still be traded but discarded
due to filtering rules. It is considered as a good trade-off between adhering to reality
and keeping the data set as large as possible.

T
DHE =) p"(Pi P)* (=F) + (A = Apa) # (=5y) (5.8)

t=1
p* denotes the net position change in the option contract. For the first position
p*(P,, P) = p(P,,P,) and takes the value of either 1 or —1. But if, at some time
point ¢, the position on the contract changes then the position should be taken twice.
First position is taken to close the existing position and the second is to take the op-
posite position. Also, if p(P;, B,) = p(P,—1, P,_1) no position change should be made.
Finally, when totally closing the position on the contract, the opposite position of the
net position (say p') of the previous period. The terminal position of the contract
is determined by pi, (Ppr, Pp) = —pt . So pf can take values of —2,—1,0,1 and 2

different from py.
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net

pret is used for proper calculation of pf. pf = pi(Py, B) — pit ¥, 1 <t < T" and
pret = py(Py, B,) if P, exists. Otherwise pye* = pi®t and pi = 0.

The procedure is explained in detail in Figure 5.9. The resulting DHE is the
error of not a single contract traded at a single date, but the cumulative value of that

contract from the time it is first traded till the closing of the position.

Take option position according to p(P;, ]51) and take A position accordingly.
DHE = p(P1, Py) % (—P1) + Ay % (=51)
piet = p(Pr, Pr)
for t = 2 to T (expiration) do
if ]5t exists then
if Pt is not the last tradeable contract. then
Re-evaluate option position.
Rebalance A.
DHE = DHE + p"(P,, )+ (= B) + (A& = Ay) # (=S)
pret = ppet — p(Py, P,)
else
Close both option and A positions.
DHE = DHE + p=(P,, P,) * (—P))
break (Interrupt the for loop.)
end if
else
Rebalance A.
DHE = DHE + (A — Ay_q) * (—=Sy)
§"(P P)  (—P) = 0
end if
end for

return DHE

Figure 5.9. Dynamic Hedging Error calculation algorithm.
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Table 5.8 displays DHE process for a single contract. Missing values in Market
Price column means either the contract is not always traded in sufficiently high volume
or there is missing data. Underlying price is seamless for all the trading days and since
the model uses only past underlying asset innovations for price estimation process the
model price and model delta evolution can also be calculated seamlessly. p; column
contains the action information on option positions. The values with —2 or 2 mean
the model changed its position on the contract from long to short or short to long,
respectively. One position is taken to close the current position and another position
to be net one contract on the opposite position. DHE error evolution is represented in
the last column, but only the last value, 5.82 is taken into account. Because it is the

final outcome value where all option and delta positions are netted to zero.

Table 5.8. DHE on example contract.

Date Underlying | Market | Model

(Y/m/d) Price Price | Price | |A] | pf DHE
2011-10-24 1254.19 45.77 | 45.71 | 0.65 | -1.00 | 857.73
2011-10-25 1229.05 62.59 | 0.76 | 0.00 | 999.69
2011-10-26 1242.00 52.41 | 0.71 | 0.00 | 937.59

2011-10-27 1284.59 26.00 | 26.27 | 0.49 | 2.00 | -658.36
2011-10-28 1285.09 25.50 | 25.10 | 0.49 | -2.00 | 644.45
2011-10-31 1253.30 36.90 | 42.38 | 0.67 | 2.00 | -877.04
2011-11-01 1218.28 68.00 | 0.83 | 0.00 | -1075.13
2011-11-02 1237.90 51.65 | 0.76 | 0.00 | -988.73
2011-11-03 1261.15 36.15 | 34.50 | 0.64 | -2.00 | 852.33
2011-11-04 1253.23 42.20 | 38.70 | 0.70 | 0.00 | 922.39

2011-11-07 1261.12 32.34 | 0.65 | 0.00 | 867.03
2011-11-08 1275.92 22.36 | 0.55 | 0.00 | 731.27
2011-11-09 1229.10 54.71 | 0.86 | 0.00 | 1124.09
2011-11-10 1239.70 4491 | 0.83 | 0.00 | 1075.86

2011-11-11 1263.85 26.10 | 25.54 | 0.67 | 1.00 5.82
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Finally, DHE histograms of call and put options are illustrated in Figure 5.10.
Tails are significantly lowered and shortened. Hence, the amount of data is also signif-
icantly reduced due to the requirement of using the lifetime of a contract as a single
contract. For instance, Table 5.8 displays 8 different market prices which are all data
points in all previous error terms (including pricing errors), but only the final outcome
is used as a data point in the histogram. DHE might be a better method in assessing
option model performances. But, due to data requirement, parameter inference might

better be made with SHE instead.

Call Options DHE

1501

100

501

B —

Put Options DHE

1501

100

504

DHE

Figure 5.10. Histogram of DHE values for Call and Put options.

It is already shown that pricing errors and efficiency errors are not in accordance
in terms of the outcome if contract and/or delta positions are taken on the options.

If efficiency metrics are to be used in assessing and benchmarking options DHE will
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give the theoretically most accurate information. Because both contract and delta
positions are taken periodically as described in Galai (1977). But contract-wise SHE
is useful, since it uses much fewer data points. SHE can be used in model selection or
more granular analysis of option performances. NPE, on the other hand, is useful in
auxiliary analysis and trading purposes. It can be thought as a ‘weighted positioning
error’, since position is the only element of the profit or loss. For trading purposes, if
a model consistently proposes correct positions more often than not in ‘lucrative’ (i.e.
market price and payoff difference is substantial) contracts, then hedging requirements

can be lowered according to the decision maker’s taste of risk and trust of the model.

Empirical CDF of Efficiency Errors

1.00+

0.75+

0.50 -

0.007  memmeseeememnmseeeem s

P&L Error

— DHE ---* NPE -+ SHE

Figure 5.11. Empirical CDF graph of NPE, SHE and DHE.

Figure 5.11 illustrates the comparison of tails and kurtosis of efficiency metrics
using empirical cumulative distribution functions. DHE (denoted with the solid line)
presents the shortest tails and steepest ascent of all as desired. SHE (dashed line) has
asymmetric but moderate tails with again a moderate ascent. NPE has expectedly the

longest tails and angular ascent.
5.5. Benchmarking with Efficiency Metrics
Efficiency metrics can be used as a benchmark measure just like pricing errors.

Their difference lies on the information they use. Efficiency metrics use the outcome

of the position (or positions) taken on the contract. Positions should be closed or
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contracts should expire to have a conclusion on the benchmark. Pricing errors, on the
other hand, use only the spot price of the contract. Therefore, benchmarking can be

done real time with pricing errors.

To display the differences of those two metrics in terms of benchmarking, we
benchmark the results of the Heston-Nandi GARCH model with the Black-Scholes
model. Tables 5.9 and 5.10 show NPE, SHE and APE type errors of different moneyness
and maturity intervals for call and put options, respectively.?!’ Our main objective is
not to compare these two models’ performances, but rather to show how performance
interpretation of models can change when efficiency metric is used instead of pricing

eIrors.

In Table 5.9, there are notable disagreements between pricing and efficiency er-
rors which can be found both between models or within models. For instance for BS
for the same maturity group of (30,60], at the money intervals (0.9,1] and (1,1.1] have
similar APE values (11.86 and 11.66 respectively). On the other hand, for the same
moneyness maturity intervals, NPE and SHE values are significantly different. For ma-
turity interval (60,90] and moneyness interval (0.9,1] BS model has a higher APE value
but a lower SHE than HN model. It means either of the models can be deemed better
depending on the performance measure. For maturity interval (60,90] and moneyness
interval (1.1,1.5], both HN and BS have similar APE values but this time the SHE and
NPE values differ significantly.

Similar disagreements can be found in put options as well. In Table 5.10, HN
model has similar APE values for moneyness-maturity intervals (30,60]-(1,1.1] and
(90,180]-(0.5,0.9] but SHE value in the latter interval is almost the double of the former.
For moneyness-maturity interval (60,90]-(0.5,0.9] APE values of HN and BS are quite
close but SHE value of HN is twice the BS SHE value.

We repeated the same experiment with different time periods, assets and models.

2IDHE is not reported since its calculation requires multiple contracts which are not necessarily in
the same moneyness and maturity region.
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Even though error value tables and relative performances changed, disagreement be-
tween efficiency errors and pricing errors continued to occur for all experiments. The
difference between these two types of errors is especially striking for those who cali-
brate their model for price fitting, but still care about the outcome of the positions on

contracts based on information from their models.

Table 5.9. BS and HN benchmarks for Call options.

HN BS
Maturity | Moneyness | NPE SHE | APE | NPE SHE | APE
[7,30] (0.5,0.9] 0.02 0.16 | 0.37 | -0.09 | -0.14 | 0.53
[7,30] (0.9,1] -0.51 2.61 | 454 | -1.74 233 | 6.17
[7,30] (1,1.1] -0.30 4.63 | 6.21 | -5.02 3.64 | 7.78
[7,30] (1.1,1.5] 16.10 | -2.82 | 6.59 | 22.61 | -1.86 | 7.35
(30,60] (0.5,0.9] -0.37 | -094 | 1.50 | -0.71 | -2.12 | 2.35
(30,60] (0.9,1] -2.47 6.70 | 8.41 | -4.54 4.41 | 11.86
(30,60] (1,1.1] -8.27 | 10.68 | 9.34 | -11.43 | 7.15 | 11.66
(30,60] (1.1,1.5] -6.00 9.28 | 8.14 7.52 9.77 | 8.06
(60,90] (0.5,0.9] -0.37 | -1.83 | 3.24 | -1.32 | -4.86 | 4.92
(60,90] (0.9,1] -7.52 6.61 | 11.00 | -7.45 3.44 | 15.14
(60,90] (1,1.1] -22.00 | 3.95 | 1092 | -17.79 | 2.04 | 13.66
(60,90] (1.1,1.5] 7.28 411 | 412 | 29.74 549 | 4.62
(90,180] (0.5,0.9] -4.04 | -391 | 642 | -225 | -6.49 | 9.84
(90,180] (0.9,1] -21.70 | 1.37 | 13.37 | -17.62 | -0.80 | 18.54
(90,180] (1,1.1] -53.62 | -6.28 | 12.09 | -45.07 | -7.43 | 14.85
(90,180] (1.1,1.5] -80.70 | -3.85 | 10.33 | -72.87 | -6.56 | 11.44
(180,365 | (0.5,0.9] -8.14 | -13.49 | 13.36 | -5.84 | -17.66 | 20.04
(180,365] (0.9,1] -36.92 | -16.83 | 16.86 | -28.45 | -19.99 | 23.75
(180,365] (1,1.1] -61.69 | -20.53 | 13.88 | -54.52 | -22.03 | 17.84
(180,365) | (1.1,1.5] |-116.79 | -28.50 | 9.06 | -118.75 | -33.89 | 11.16




Table 5.10. BS and HN benchmarks for Put options.

HN BS
Maturity | Moneyness | NPE | SHE | APE | NPE | SHE | APE
[7,30] (0.5,0.9] | 17.26 | 10.88 | 10.25 | 7.53 | 10.05 | 9.07
[7,30] (0.9,1] 12.60 | 3.70 | 6.51 | 16.50 | 4.18 | 7.68
[7,30] (1,1.1] 218 | 0.94 | 470 | 5.83 276 | 5.45
[7,30] (1.1,1.5] 091 | 0.95 | 2.70 | 1.95 1.75 | 2.11
(30,60] (0.5,0.9] | 16.22 | 9.81 | 811 | 2891 | 8.82 | 7.02
(30,60] (0.9,1] 31.48 | 9.88 | 886 | 1591 | 298 | 11.67
(30,60] (1,1.1] 1445 | 6.22 | 7.29 | 16.39 | 5.35 | 9.49
(30,60] (1.1,1.5] 3.83 | 4.14 | 480 | 4.73 391 | 3.65
(60,90] (0.5,0.9] | 39.50 | 10.75 | 7.51 | 26.51 | 5.37 | 7.88
(60,90] (0.9,1] 48.80 | 11.35 | 11.36 | 23.64 | 5.79 | 14.61
(60,90] (1,1.1] 22.63 | 5.51 | 9.22 | 14.29 | -1.78 | 11.95
(60,90] (1.1,1.5] 9.34 | 9.03 | 7.52 | 7.01 4.13 | 544
(90,180] (0.5,0.9] | 46.40 | 1245 | 7.18 | -348 | 0.08 | 11.72
(90,180] (0.9,1] 55.43 | 4.54 | 12.33 | 15.55 | -5.44 | 15.58
(90,180] (1,1.1] 32.76 | 10.48 | 10.83 | 14.29 | -14.23 | 13.89
(90,180] (1.1,1.5] | 16.71 | 16.14 | 11.84 | 10.20 | 2.98 | 8.20
(180,365] | (0.5,0.9] | 35.15 | 1.61 | 8.74 |-12.00 | -10.63 | 24.65
(180,365] (0.9,1] 65.58 | 9.51 | 13.84 | -6.89 | -23.81 | 19.05
(180,365] (1,1.1] 58.99 | 34.75 | 15.06 | -3.85 | -31.75 | 16.07
(180,365] | (1.1,1.5] | 35.69 | 31.98 | 19.40 | 12.48 | 0.31 | 10.28

5.6. Conclusion and Directions for Future Research

83

In this study we have shown that current model performance (error) metrics

widely used in measuring the distance such as RPE, ARPE and APE are not strongly

relevant with the consequences of the contracts.
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From the perspective of the efficient markets hypothesis and bad model problem,
these metrics are not wrong. Bad model problem dictates that to disprove market effi-
ciency an equilibrium model must be used. But, any disagreement between the model
and the market might also be due to model’s inability to address some risks included
in the prices. Pricing error functions implicitly assume markets are informationally

efficient and disagreement with the market is attributed to the ‘model error’.

We, on the other hand, combined metrics previously used to measure market
efficiency with the assumption of pricing error metrics. In other words, any ‘inefficiency’
displayed by these metrics are attributed to model’s inability to take risks into account.
Naked Pricing Error, Static Hedging Error and Dynamic Hedging Error metrics are
used to show the model’s performance throughout the lifetime of the option and the

incremental improvement in model performance when hedging activity is increased.

Relation between efficiency metrics and pricing error metrics are examined and
disparities are examined. It is shown that contracts with similar pricing errors might
yield significantly different results when the payoffs of the contracts are calculated. A
clear advantage of using efficiency metrics is that consequences of actions taken on
options (such as positions) becomes quantifiable. So the model misspecification can be
measured more consistently. In exchange, more data is required to calculate the error

of the contract and the calculations become more cumbersome.

The difference between SHE and DHE are comparably small to the difference
between SHE and NPE, so SHE can also be used to benchmark model performances
and model selection. Since calculating DHE requires a time series of the same contract
and different models might give better results at different points of the lifetime of that
contract, SHE is a better choice for model selection despite static hedging is a less

effective model performance metric.

New efficiency metrics can also be introduced in the future. For instance, spread
based tests of Galai (1977) can also be considered as model errors. Relative versions

of such metrics can also be useful.
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6. A MODEL SELECTION FRAMEWORK FOR PRICING
OPTIONS

Empirical studies show that even the best performing option pricing models can-
not sustain their performance for all contracts. It can also be added that each model
can give the best price estimate for at least a set of contracts. Our aim is to de-
tect which model (and parametrization) is the best price estimate for each individual
contract and delta hedging. A model selection framework is proposed to achieve this
aim. Both model selection and individual models are benchmarked with different error
metrics and underlying assets. Results indicate that model selection is a good and

consistent way of pricing option contracts.

6.1. Introduction

Currently, there are hundreds, if not thousands, of option pricing models out
there; some of which are used extensively for a broad range of assets and contracts.
Those models are often iterations on previous models, claiming to improve the weak-
nesses of their predecessors. Empirical tests are employed to prove and measure their
effectiveness over benchmark models, or merely to benchmark different models to see
which model prevails under that experiment assumptions. Although there is usually an

overall “best” model, detailed examination shows significant room for improvement.

Results may differ based on the choice of performance metric, asset and time
period. There is also the usual practice of partitioning of the results in moneyness
and maturity regions. The “best” model is expected to be the best in all the regions,
though occasionally another model is shown to be better (even by a small margin) in
some regions. It shows that a model is rarely, if ever, a dominant model for even a
contract region for all time periods. What if there was a way to detect which model
would perform better than all others in a given model set for a given objective (e.g.

minimize ARPE)?
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There is enough evidence in the literature to arouse concern about trusting a
model for prolonged periods of time or use the same model for all contract parameter
regions. Heston and Nandi (2000) experiments show that year-over-year results have
different ranking of models in terms of performance. Even though the best model
didn’t change with their calculations, the second place is occupied by different models
in different years. Lehar et al. (2002) benchmark Black-Scholes (BS), GARCH and
Hull-White Stochastic Volatility (HW) models in terms of option pricing and risk.
Their result tables accommodate different pricing error types and moneyness maturity
regions. The outcome indicates that even the base benchmark model, BS, can be
the model with the least error for a given moneyness-maturity region. Chorro et al.
(2012) assess the performances of their proposed models using two different assets;
S&P 500 and CAC 40 contracts. The results and the best models differed based on

the underlying asset.

There are three ways to improve model performance. First way is to improve
parameter fit without changing the model itself. Second way is parametric improve-
ment, such as adding new parameters to the model or making constant parameters
time varying. Third way is structural improvement, by introducing new processes or
underlying distributions. Parameter fitting improvement is stressed highly in the liter-
ature, such as implied parameters (e.g. implied volatility) from market option prices is
better than using historical returns, because market option prices are ‘forward looking’.
The actual reason is captured by Christoffersen and Jacobs (2004a) by the simple but
effective thumb rule “optimize the parameters of the model with the same objective
function that model performance is assessed with”. Parametric improvements can in-
crease model performance only so far. After a degree of complexity, models overfit (i.e.
provide worse predictions). For instance, Christoffersen and Jacobs (2004b) examine
different streams of GARCH models to come up with conclusion that high complex-
ity models with many parameters do not fare better than more parsimonious models.
In addition, it is harder to optimize parameter values. Structural improvements such
as using a GARCH model, instead of a simple BS or transforming underlying asset
log-return innovation distribution assumption from Brownian Motion to Generalized

Hyperbolic (GHYP) distribution can also improve the performance of the model up to
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a point. Even then, the fortified model provides no guarantee that it will dominate all

other models for all contracts and all time periods.

We propose a model selection framework that will work with a set of option
pricing models. The method will not produce a price estimate but predict which
individual model provides the best estimate and copy that model’s price estimate as
its own estimate. Model selection is expected to perform better than all individual
models for any given objective (not just pricing errors, but also market efficiency tests).
Model selection is easily scalable (i.e. it is possible to add any number of models) and
is less prone to overfitting. Also, it can pick different models’ estimates for different

moneyness maturity regions, therefore eliminating individual models’ local weaknesses.

Rest of this chapter is organized as follows. Section 6.2 describes the model
selection framework and the generalized pricing model. Section 6.3 describes the data
and methodology of the emprical analysis as well as numerical results for SPX and
NDX, and observations about model selection. Finally, Section 6.4 summarizes the

findings and discusses further directions for model selection framework.

6.2. Model Selection Framework

The idea behind model selection framework is simple: A method to pick models
to price options which gives better results than the individual models it picks from.
The required execution for better performance is not necessarily as simple. The term
better can be defined as better performance in the given objective (e.g. minimizing

pricing error).

Any model selection method consists of two parts: individual models and selection
methodology. There are two assumptions required to make a set of individual models

for model selection to operate on.

Assumption 1. Market assumptions of model selection should be able to accom-

modate the market assumptions of all individual models.
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Assumption 2. Each model in the model set should yield the best result for at
least a contract in the given set of contracts. In other terms, no model is dominated

by other models.

For every k' € K there exists ¢ € I such that ¢ < ¢ for all k € K, k # k' where

e¥ is the error?? of the individual model k, k" in the model selection set K for contract

7 in the contract set I.

Assumption 1 is required so each model can perform in a market where its as-
sumptions are satisfied, therefore its estimates are valid. Assumption 2 is to ensure no
inferior model is considered in the model set. Inferior models have no added advantage
to model selection and can even be detrimental to the performance if model selection
picks their estimates. This assumption is also in line with the claim that no model is

dominant.

Highest similarity for model selection in the literature can be found in hyper-
heuristics studies. Like model selection, hyper-heuristics employ a heuristic to “pick”
the best “heuristic”. Though, similarity ends here. There are few, perhaps even zero,
hyper-heuristics studies regarding option pricing. Selected entities are not heuristics,
they are pricing models. Hyper-heuristic studies usually pick from simple heuristic
methods using a more sophisticated heuristic method, although it can be done either
way. Current proposition of model selection employs a rather simple and greedy rule
to pick from fairly sophisticated models. Detailed coverage of hyper-heuristics can be

found in Burke et al. (2010).
6.2.1. Model Selection Process
The proposed model selection process is straightforward. The criteria (£) consists

of two parts; an objective and cluster error estimate. For each model a Conditional

Inference Tree (CIT) is trained in the clustering part. Out-of-sample predictions of

22 Any error measure including measures with maximization objective (i.e. efficiency tests) can be
used as long as negative value of that measure is taken.
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these CIT models are calculated for each contract (é¥). Decision is made upon the
error term of individual models. Model selection picks the best model according to its

objective function for each contract. Let & € KC be the index of the best model, so

& = argmin{é¥, k € K} (6.1)

The term ¢ should not be confused with €¥. While é¥ is the model selection method’s
error prediction for the contract ¢ and model k£ and model selection method’s decision

is based on €¥ values; €¥ is the realized value of the error on contract i by model k and

k

i

both individual models and model selection methods are evaluated on e

The objective can be the minimization of model error (pricing or efficiency) as
well as efficiency tests themselves (i.e. maximizing profit from trading strategies with
models). Both naked positioning error (NPE) and static hedging error (SHE) can be
rearranged for maximization of naked P&L (NPL) and hedge and forget P&L (HPL)

respectively. Model selection process is illustrated in Figure 6.1 as a pseudo algorithm.

for k =1 to K (each model) do
Train CIT with the training data
for i =1 to I (each out-of-sample contract) do
Predict CIT errors
end for
end for
for i =1 to I (each out-of-sample contract) do
Select a model for each contract using the objective function argmin{e¥, k € K}
Use that model’s price and delta estimates for that contract as model selection’s

estimates.

end for

Figure 6.1. Model selection framework process.

There are two immediate disadvantages of using this model selection framework:

It requires the computation of all individual models’ price estimates and model selection
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performance is still limited if individual models agree. For instance, with naked position
profit maximization objective case, if all models decide to be on the wrong (money
losing) side of the contract then model selection’s only choice is also taking that side of
the contract. The second disadvantage might be alleviated by increasing the number
of models, therefore decreasing the probability of model consensus, at the expense of

aggravating computational burden. The trade-off should be adjusted properly.

Training data lookback period and update frequency are important matters for
the performance of the model selection. Preliminary tests indicated shorter lookback
periods and frequent updates are better in catching shifts in the model performances.
However, shorter lookback periods would mean fewer data in calibration of especially
OTM/ITM and long term contracts and frequent updates would mean increased com-
putational burden. Lookback period of one year and monthly update is a good com-
promise according to initial runs. Especially switching from yearly update to monthly
update boosted algorithm performance significantly. Even though tests indicated two
years training lookback and one year training lookback are less significant, one year

lookback displayed more promising results to the favor of model selection.

6.3. Numerical Experiments

Model selection performance is benchmarked empirically with S&P 500 and NAS-
DAQ 100 indices between 2009 and 2013. 5 option pricing models are used to calculate
contract prices and delta values for both assets. Then, 7 model selection methods with
different objectives draw information from all individual models by using the model

selection framework.

Both model sets are benchmarked with each other according to different error
types. It is expected for the model selection methods to provide more sustainable
if not better results than individual models in their respective objectives. It is also
interesting to see a model selection method showing better performance when using
not its own selection methods. For instance, the model selection method aimed to

minimize ARPE yields also better results in RPE than the model selection method
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with the objective to minimize RPE.

This section includes preparation of models and data as well as the experiment
results. First, individual models and model selection methods are introduced. Then,
details of the contract data for both assets are provided. Finally, for both assets, overall
numerical results are given for each model and error type. Year over year detailed tables

are given in the Appendix.

6.3.1. Models and Model Selection Methods

Performance of model selection framework is tested with 5 different parametriza-
tion of 2 option pricing models. These are Heston-Nandi GARCH model of Heston
and Nandi (2000) and Black-Scholes model of Black and Scholes (1973).

Model parameters are inferred using historical log-returns of the underlying as-
sets, and parameter inference is updated on each trading day. Although it is widely
acknowledged that using option prices for inference is better than using historical log-
returns mainly because log-returns are “backward looking” and option prices are “for-
ward looking”, there are several reasons why log-returns are used. Even though Dumas
et al. (1998) show parameter inference using option prices is better for Black-Scholes
model, tests of Christoffersen and Jacobs (2004b) display no significant difference in
GARCH-type models®® . Also recent studies such as Chorro et al. (2012) and Guégan
et al. (2013) frequently use historical asset prices, since market option prices are not

always consistent predictors of the future (especially after the 2008 crisis*® ).

All seven of the model selection methods draw information from these five indi-
vidual models. Model selection methods differ only on the objective function, inference
method is the same. Minimization of ARPE, RPE? and APE are the pricing error
objectives. Minimization of Naked Pricing Error (NPE) and Dynamic Hedging Error

(DHE) are also included as efficiency metrics. Finally, market efficiency test metrics

23They also start with option prices, then test with historical prices for additional insight.
24See Guégan et al. (2013) for a similar explanation.
25Proximity to zero is the objective.
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are included with the objective of maximization of trading profit and loss (P&L). These
metrics can be considered as the opposite of the efficiency model error metrics. They
are named as naked positions P&L (NPL) and hedge and forget P&L (HPL). The list of
model selection methods is given in Table 6.1. All model selection methods are tested
with the same data sets. Their performances are assessed and benchmarked according

to their respective objectives.

Table 6.1. Model Selection methods.

Model Selection Method | Type Error

MS ARPE Pricing Error Absolute Relative Pricing Error
MS RPE Pricing Error Relative Pricing Error

MS APE Pricing Error Absolute Pricing Error

MS NPE Efficiency Model Error | Naked Pricing Error

MS SHE Efficiency Model Error | Static Hedging Error

MS NPL Efficiency Test Naked P&L

MS HPL Efficiency Test Hedge and Forget P&L

6.3.2. Data

Both model selection methods and individual models are assessed and bench-
marked using closing prices of two different assets; S&P 500 (SPX) and NASDAQ 100
(NDX) indices. Very few empirical studies embrace testing with two assets and when
such course of action is taken results may vary significantly. For instance, Chorro et al.
(2012) use both S&P 500 and CAC 40?° and best models are different in at least half

of the moneyness maturity regions in the out-of-sample error summary tables.

Option data used in this study is subject to some filtering as common in other

empirical studies. Contracts which have moneyness less than 0.5 and more than 1.5

26French stock market index.



are removed. Also, maturity values below a week?’ and above a year?
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are removed.

Finally, contracts with volume less than 100 or contracts which violate no-arbitrage

rules are removed. Both SPX and NDX option data sets are prepared in the same way.

Table 6.2 displays the number of contracts and average price, moneyness and

maturity values of SPX and NDX contracts for each year. Each contract on each day

counts as a data point if it is within the filtration described above. SPX has about

four times more contracts than NDX, longer average maturity. For all years, there are

more put options than call options. Average moneyness values indicate that far OTM

put options are in high demand?® .

Table 6.2. YoY descriptive statistics and contract parameter averages of SPX and

NDX contracts.

SPX NDX
Avg. Avg. Avg. Avg. Avg. Avg.
Contracts | Price | Maturity | Moneyness | Contracts | Price | Maturity | Moneyness
2009 | Call 18084 24.50 51 0.94 4670 29.91 31 0.94
Put 22159 27.28 50 1.13 5571 25.03 30 1.13
Total 40243 26.03 51 1.04 10241 27.26 30 1.05
2010 | Call 19045 21.36 54 0.95 4483 23.76 30 0.95
Put 26724 22.48 51 1.13 5795 24.14 29 1.12
Total 45769 22.01 52 1.05 10278 23.97 29 1.05
2011 | Call 20030 24.00 55 0.95 4390 32.23 27 0.96
Put 27959 26.21 51 1.12 5538 30.05 27 1.10
Total 47989 25.29 53 1.05 9928 31.01 27 1.04
2012 | Call 17961 22.77 59 0.96 3435 25.85 26 0.96
Put 27255 20.86 55 1.12 4692 21.51 25 1.09
Total 45216 21.62 57 1.06 8127 23.34 25 1.04
2013 | Call 20502 25.33 60 0.97 3110 20.03 23 0.97
Put 30016 19.95 55 1.11 4618 13.44 23 1.08
Total 50518 22.14 57 1.05 7728 16.09 23 1.04

277 calendar days or approximately 5 trading days.

28365 calendar days or approximately 252 trading days

29 Although not reported, median values are also examined. Especially put options are significantly

closer to ATM.
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6.3.3. Model Selection Preferences

Each model selection method, according to their objectives, picks price estimates
from individual models for each contract. Table 6.3 presents frequency of each indi-
vidual model for each objective for SPX. Black Scholes models are in high frequency

in error metrics but HN models are more favored in efficiency test metrics.

Table 6.3. Frequency of individual models for each objective (SPX).

APE | ARPE | RPE| SHE | NPE | HPL | NPL
BS2 61656 | 54955 | 67524 | 55002 | 60292 | 24642 | 38577
BS5 39503 | 38864 | 36556 | 43320 | 50142 | 34415 | 46965
HNS2 | 34948 | 33763 | 31621 | 36648 | 41795 | 22333 | 33630
HNA2 | 36142 | 41033 | 39989 | 36704 | 38604 | 42507 | 38842
HNAS5 | 50293 | 53927 | 46852 | 50868 | 31709 | 98645 | 64528

Figure 6.2 shows a sample of individual model preferences of the model selection

with the objective of minimize ARPE. Calls are predominantly HN models and a

significant portion of OTM puts are BS5 and mid-to-long term ATM puts are BS2.
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Figure 6.2. Model selection results for ARPE objective on sample data (SPX).
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Table 6.4 presents frequency of each individual models for each objective for NDX.
HNAS model is considered as the best individual model by the model selection methods
for all objectives except APE and RPE. In those two objectives BS2 model has the
highest frequency of preference. Though, overall, all individual models are considered

useful by the model selection algorithms.

Table 6.4. Frequency of individual models for each objective (NDX).

APE | ARPE | RPE| SHE | NPE | HPL | NPL
BS2 13846 | 11245 | 16128 | 12397 | 11315 | 7011 | 8194
BS5 6858 6556 | 6190 | 6919 | 9870 | 6530 | 11568
HNS2 | 7536 6477 | 6611 | 8283 | 8298 | 4310 | 7266
HNA2 | 6818 8969 | 7253 | 6744 | 7459 | 7616 | 7040
HNAS5 | 13708 | 15519 | 12584 | 14423 | 11824 | 23299 | 14698

Figure 6.3 shows a subsample of individual model preferences of the model se-
lection method with the objective of minimizing ARPE for NDX contracts. Almost
all options are priced by HN models, but BS models are more frequent in OTM and

mid-to-long term options.
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Figure 6.3. Model selection results for ARPE objective on sample data (NDX).
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In the following sections, the outcome of out-of-sample estimates will be exam-

ined. Model selection methods’ performance will be assessed based on predictive power.

6.3.4. S&P 500 (SPX) Results

Result tables, both SPX and NDX, are split into three groups. The first group
consists of individual option pricing models. The second group consists of MS methods
with efficiency related metrics. Finally, the third group consists of MS methods with
pricing error metrics. Total NPE and Total SHE rows can also be interpreted as
Total NPL and Total HPL, respectively. Since individual models have no objectives
to minimize or maximize the output, the results will be the same for Total NPE and
Total NPL. It will also be the same for Total SHE and Total HPL values. For model
selection methods, since each method has its own objective, the Total NPE/NPL results

are given in the same row as well ass Total SHE/HPL results.

For total results (i.e. Total NPE, Total SHE and Total DHE), overall results are
the sum of yearly outcomes. For other error types, the overall results are averages of

yearly results.

Each model selection method should be benchmarked with the individual models
on its own objective. For instance, ARPE performance is important for MS ARPE
against the individual models to assess the success of model selection. However, there
might be cases where other model selection methods surpass the performance of model

selection method in its own performance metric.

Table 6.5 presents the results of individual models. Best Total NPE, Total SHE
and Total DHE values are provided by BS5. HNA2 brings the highest Total NPL,
closely followed by HNS2. Yet, highest Total HPL is provided by HNA5. Regarding
pricing error metrics, BS2 model yields the best results in relative errors (i.e. ARPE
and RPE) but HNS2 and HNA2 models are better in absolute error metric (APE).
Significant differences between BS2 and BS5 models imply the effect of lookback period

In errors.
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Table 6.5. Aggregate outputs of individual models for SPX contracts.

BS2 BS5 HNS2 HNA2 HNA5
Total NPE/NPL | 270379.76 54586.48 | 1205714.81 | 1287788.54 | 1138496.25
Total SHE/HPL | -122310.49 | -420028.59 99058.49 | 174927.34 | 396374.78
Total DHE -2945.79 9315.46 13933.55 19606.82 20639.16
Median DHE 0.10 0.28 0.53 0.75 1.31
Mean DHE -0.26 0.85 1.15 1.61 1.85
SD DHE 13.95 14.52 13.49 13.58 12.69
ARPE 1.71 2.20 1.34 1.52 1.59
RPE 1.26 1.79 0.80 0.90 0.97
APE 9.13 11.19 7.88 8.18 9.11

Results of the model selection methods with efficiency metrics are given in Ta-
ble 6.6. Respective performance metric results in alignment with the model selection
objectives are given in italics. For instance, MS NPL aims to maximize naked profit
and yields the highest Total NPE. On the other hand MS NPE aims to minimize Naked
P&L metric and yields significantly lower Total NPE value.

Overall results indicate model selection performance is in alignment with their
respective objectives. MS NPL yields the highest Total NPE, MS HPL yields the
highest Total SHE and MS SHE yields the lowest MS SHE. Only MS NPE is the
second model in its objective (MS SHE is lower), but it is low enough. DHE results
are also in line with the model selection objectives. As expected, MS HPL and MS
SHE have the highest and lowest Total DHE values. Median values also support the
objectives. As an interesting observation standard deviation of DHE values are fairly

close to each other. So, the effect of model objective in SD DHE seems limited.

Compared to individual models, model selection methods show promising results.
MS NPL yields better Total NPE than all individual models. In terms of naked profit
generation, MS NPL achieves its aim to come up with better decisions. MS HPL is

second only to HNAS in Total SHE metric. For minimization of model error objectives
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BS5 model is the best model in all efficiency model error metric.

Table 6.6. Aggregate outputs of MS efficiency metric models for SPX contracts.

MS NPE | MS SHE MS NPL MS HPL
Total NPE/NPL | 373748.80 | 285641.30 | 1665650.90 | 1218328.77
Total SHE/HPL | -69237.43 | -98016.93 209426.41 | 251420.65
Total DHE 15952.22 8401.57 23749.45 28035.58
Median DHE 0.48 0.37 0.90 0.97
Mean DHE 1.36 0.78 2.01 2.40
SD DHE 14.10 12.93 13.42 13.32
ARPE 1.57 1.45 1.42 1.23
RPE 1.12 1.01 0.82 0.61
APE 8.62 8.72 8.84 8.08

Results of the model selection methods with pricing errors are given in Table 6.7.
MS ARPE yields the best results in all pricing error metrics. MS ARPE also yields bet-
ter results than both individual models and other MS methods. In addition all pricing
error metric MS methods are better than other models and MS methods in RPE and
APE. For SPX contracts for the given period of 5 years, MS methods with pricing error
metrics perform parallel to expectations. In terms of efficiency metrics, performance

of MS methods with pricing error objectives is not even as good as individual models.

Table 6.8 presents the relative performance changes brought by the model selec-
tion method in its own performance metric.?® For instance, MS NPL improves the NPL
value of the best individual model (HNA2) by 29.19%.%! All model selection methods
except MS NPE and MS HPL performed better than all other individual models in
their respective performance metrics. Even so, MS NPE failed to improve only on BS2
and BS5, and MS HPL failed to improve only on HNA5. MS SHE, even by a small

margin, succeeded to surpass all individual models. Even though MS ARPE surpasses

30Signed performance metrics (NPE, SHE and RPE) are evaluated with absolute values.

31Missing values in MS HPL row indicate the individual models BS2 and BS5 actually incurred net
losses, so the relative performance improvement cannot be measured simply because of the change is
from loss to profit.
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Table 6.7. Aggregate outputs of MS with pricing error metrics for SPX contracts.

MS ARPE | MS RPE | MS APE
Total NPE/NPL | 421149.81 | 292899.04 | 294598.17
Total SHE/HPL | -12931.22 | -77642.85 | -2313.18
Total DHE 20753.89 | 11349.10 | 16958.76
Median DHE 0.52 0.34 0.42
Mean DHE 1.80 1.02 1.46
SD DHE 13.15 13.33 13.26
ARPE 0.94 1.02 1.06
RPE 0.54 0.64 0.67
APE 6.17 6.75 6.60

the performances of MS RPE and MS APE in their respective performance metrics,

those model selection methods still performed better than all individual models in their

respective performance metrics.

Table 6.8. Respective performance changes for each model selection method against

individual models for SPX (%).

BS2 BS5 | HNS2 | HNA2 | HNA5S
MS NPE -38.23 | -584.69 | 69.00 | 70.98 | 67.17
MS SHE 19.86 76.66 1.05 | 43.97 | 75.27
MS NPL 515.30 | 2947.73 | 37.98 | 29.19 | 46.13
MS HPL - - | 153.81 | 43.73 | -36.57
MS ARPE | 45.03 57.27 | 29.85| 38.16 | 40.88
MS RPE 49.21 64.25 | 20.00 | 28.89 | 34.02
MS APE 27.71 41.02 | 16.24 | 19.32 | 27.55
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6.3.5. NASDAQ 100 (NDX) Results

Same experiment is repeated with NDX contracts. Overall results are similar to
SPX results, although not without subtle differences. Table 6.9 displays the individual
models’ benchmark results. Once again, HNA2 has the greatest value in Total NPE
and all HN models yield greater Total NPE values than BS models. HNAS yields the
greatest Total SHE and all HN models yield greater Total SHE than BS models.

Interestingly, BS models yield net losses in Total DHE and BS2 has the greater
loss. Also in terms of efficiency metric model error objective HNS2 yields the best
value in Total DHE. Differences in Mean DHE and Median DHE imply skew in terms

of error magnitude.

Regarding pricing error metrics, results are quite similar to SPX. BS2 model
yields the best results in ARPE and RPE, and all HN models yield lower APE than
BS models. HNS2 and HNA2 provide the best result in APE.

Table 6.9. Aggregate outputs of individual models for NDX contracts.

BS2 BS5 HNS2 HNA2 HNA5
Total NPE/NPL | 103887.69 | 97793.50 | 167356.67 | 198505.87 | 192383.62
Total SHE/HPL | 23806.38 | 18085.35 | 54032.99 | 69326.63 | 98325.65
Total DHE -9262.31 | -1509.32 | -2105.08 -163.37 4168.42
Median DHE -0.12 0.12 0.57 1.08 1.26
Mean DHE -2.23 -0.25 -0.44 0.07 1.31
SD DHE 19.55 19.32 18.77 18.65 17.45
ARPE 1.70 2.12 1.36 1.45 1.57
RPE 1.29 1.76 0.91 0.90 1.07
APE 11.28 14.28 9.44 9.48 10.91

Overall results of MS methods with efficiency metrics are given in Table 6.10.

They contain both increased success and objective-outcome conflict.
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MS NPL has the highest Total NPE value with a wide margin. On the other
hand, MS HPL model yields a lower Total NPE value, than MS NPE and MS SHE.
Outcome is the opposite of the MS method’s objective. In addition, MS SHE performs
better (i.e. yields less) in Total NPE but worse in Total SHE than MS NPE. In terms
Median
DHE and Mean DHE results also support MS SHE. SD DHE results do not differ

of Total DHE, MS SHE performs the best, in line with the expectations.

significantly.

Compared to individual models, MS NPL yields 58% higher Total NPE than
HNA2 (highest Total NPE value in individual models). It strikes as a remarkable
improvement. Only HNA5 model yields more Total SHE than MS methods. BS5 also
yields the best Total SHE, meaning no MS method performs the best in any objective
regarding SHE. But, in terms of Total DHE, MS SHE method is better than HNS2.
For mean and median DHE values BS5 and HNS2 provide better results, respectively.

Table 6.10. Aggregate outputs of MS efficiency metrics for NDX contracts.

MS NPE | MS SHE | MS NPL | MS HPL
Total NPE/NPL | 101306.50 | 111733.75 | 315217.61 | 131937.86
Total SHE/HPL 26058.90 | 64423.27 79982.22 | 64816.33
Total DHE -3167.71 | -2410.62 -96.72 2734.53
Median DHE 0.42 0.31 1.09 1.06
Mean DHE -0.62 -0.37 0.22 0.83
SD DHE 18.91 17.70 19.00 17.95
ARPE 1.69 1.47 1.51 1.39
RPE 1.27 1.06 1.00 0.90
APE 10.99 10.90 10.66 9.75

Overall results of MS methods with pricing error metrics are given in Table 6.11.
The outcome is parallel to SPX results. MS ARPE, again, yields the best results for

all pricing error metrics compared to both other MS methods and individual models.
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Table 6.11. Aggregate outputs of MS with pricing error models for NDX contracts.

MS ARPE | MS RPE | MS APE
Total NPE/NPL | 169863.60 | 139126.60 | 144199.96
Total SHE/HPL 42029.90 | 32595.91 | 44632.14
Total DHE 61.37 | -3784.25 | -2202.36
Median DHE 0.42 -0.09 0.08
Mean DHE 0.11 -0.86 -0.45
SD DHE 17.48 17.63 17.64
ARPE 0.99 1.08 1.13
RPE 0.60 0.72 0.77
APE 7.88 8.62 8.30

Table 6.12 presents the relative performance changes brought by the model se-
lection method in its own performance metric.3?> Model selection methods except MS
NPE, MS SHE and MS HPL performed better than all other individual models in their
respective performance metrics. Even so, MS NPE failed to improve only on BS5, and
MS HPL failed to improve only on HNA2 and HNA5. Even though MS ARPE surpasses
the performances of MS RPE and MS APE in their respective performance metrics,
those model selection methods still performed better than all individual models in their

respective performance metrics.

Benchmarking individual models with model selection methods over 5 years and
with 2 different assets helps us to come up with some interesting observations about

both option pricing models and model selection methods.

Observation 1. Model Selection shows promising results beyond initial expecta-
tions for both underlying assets, given the simple structure of the selection methodol-
ogy. Best overall MS methods are MS NPL and MS ARPE in their respective objectives
(i.e. MS NPL has the highest naked P&L and MS ARPE has the lowest ARPE).

32Signed performance metrics (NPE, SHE and RPE) are evaluated with absolute values.
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Table 6.12. Respective performance changes for each model selection method against

individual models for NDX (%).

BS2 BS5 | HNS2 | HNA2 | HNA5S
MS NPE 2.48 -3.09 | 3947 | 4897 | 47.34
MS SHE -170.61 | -256.22 | -19.23 7.07 | 34.48
MS NPL 203.42 | 222.33 | 88.35 | 58.80 | 63.85
MS HPL 172.26 | 258.39 | 19.96 | -6.51 | -34.08
MS ARPE 41.76 53.30 | 27.21 | 31.72 | 36.94
MS RPE 44.19 59.09 | 20.88 | 20.00 | 32.71
MS APE 26.42 41.88 | 12.08 | 12.45 | 23.92

Observation 2. Regarding efficiency error metrics (i.e. NPE, SHE and DHE),
some individual models perform better than MS methods. BS5 is the best model in all
three metrics for SPX and it is the best in all but Total DHE for NDX. HNS2 yields
the best Total DHE for NDX. Though, model selection objective for efficiency errors
can easily be confused with poor model performance. Better efficiency should aim for
long-term stable minimal divergence from “perfect hedge” returns (i.e. risk-free rate
of return). High, but symmetric deviations from efficient returns might yield better

efficiency error. Even so, there is still room for improvement for both MS NPE and

MS SHE methods.

Observation 3. About pricing errors; MS ARPE performance is the best not only
in ARPE, but also in RPE and APE. Year over year results provided in the Appendix
indicate stable performance. Considered with the findings of Chapter 4, CIT performed
the best in clustering ARPE values. MS RPE also performs well, but not just as good
as MS ARPE. An improvement can be to change the clustering method dependent on
the model selection objective. For instance, K-Means performed better in APE type
errors. Had contracts been clustered with K-Means, performance of MS APE can be

improved for APE metric.
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Observation 4. DHE is the hardest metric to interpret. Since it includes daily
rebalancing, the models are assessed over a longer term. For individual models, best
DHE changes between different models and parametrizations. For MS methods, MS
SHE provides the best overall results as expected.

Observation 5. Model selection framework is not without problems. Model selec-
tion decisions are naturally dependent on the success of the individual models. Extreme
shifts in performance by individual models are detrimental to model selection success.
Also, especially for metrics requiring taking short and long positions on option con-
tracts model selection performance can be affected without choice. In other words, if
all models agree on a position, model selection must also agree even if it is the wrong

decision.

These problems can be overcome by increasing the number of individual models
in theory. Unfortunately, our initial tests show decrease in performance especially if low
performing models are added to the individual models set. So either individual models
should be carefully selected a priori or framework should be improved to address these

problems.

6.3.6. Significance of Model Selection Methods

Numerical results show that model selection methods perform in parallel to ex-
pectations for most of the objectives. But are they statistically so different from the
individual models and how do they rank in terms of having the least error? Fried-
man and post-hoc Nemenyi tests are employed to check for significance using complete
5 years’ out-of-sample estimations. All individual models are compared with their

respective model selection methods for each objective and with each other.

Demsar (2006) is followed for the implementation of the statistical tests. Fried-
man test is the nonparametric equivalent of ANOVA with repeated measures. ANOVA
test has assumptions like normality and equal variances and those assumptions are

likely to be violated by the data mining algorithms and the underlying data sets.
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Friedman test’s relaxation of those assumption costs statistical power for two-model
comparisons, but given the sample size and the number of models there should be less
concern about the power. The null hypothesis of Friedman test is all average ranks of

the models are equal.

Hy : At least one My, k= 1... K is different. (6.3)

In order to measure that, error values® are replaced with ranks (for K models, ranked
from 1 to K) and average of each ranks are considered. For equal values (tied ranks),
mean value of ranks are taken. It gives a slight disadvantage for MS method since its
error value should be equal to an individual model’s error for all data sets and it will

always get a tie with an individual model®* . Friedman test statistic is as follows.

2

XF:{NKK+ }—3NK+1) (6.4)

||MN

where N is the total number of data points (blocks)*® . R? is the square of the sum of
the ranks (r,, ) of model k for contract n (R = 3., 7,x). Test statistic is chi-squared

distributed with degrees of freedom K — 1.

If Friedman Test null hypothesis is rejected, post-hoc Nemenyi test can be applied
for pairwise comparisons of the models. Null hypothesis for any two models is their
performance is statistically the same. Nemenyi test introduces a critical distance value.
If two models’ average ranks differ by more than the critical distance, then those two

models are significantly different in terms of performance.

K(K +1)

OD =\ =5

(6.5)

33Error terms with signs (i.e. RPE, NPE and SHE) are considered as absolute values and negative
values are taken for criteria with the maximization objective (i.e. NPL and HPL).

34For lower ranks it can be thought as an advantage. Though, it means using model selection is
pointless if it consistently finds itself in lower ranks among individual models.

35Complete block design is followed for this test meaning each block consists of only one data point.
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where « is the significance level and ¢, is the critical value based on the Studentized

range statistic divided by /2.

Friedman test results show significant power to reject the null hypothesis for all
objectives and both underlying assets. Mean rank values for all individual models and
respective model selection methods are given in Table 6.13 for SPX and Table 6.14 for
NDX.

For SPX, Model Selection results are in line with the error results. MS ranks are
high for the reported objectives in the numerical experiments. It supports our claim of
MS can pick good individual models for each contract. The biggest failure of the MS
method is in the hedge-and-forget type errors (SHE and HPL).

Table 6.13. Nemenyi test rank averages (SPX).

MS | BS2 | BS5 | HNA2 | HNA5 | HNS2
NPL | 3.31 | 3.66 | 3.79 | 3.37 3.43 3.44
HPL | 3.27 | 3.77 | 3.75 | 3.24 3.39 3.59
SHE | 3.44 | 3.63 | 3.82 | 3.37 3.49 3.26

ARPE | 2.63 | 3.70 | 4.05 | 3.61 3.67 3.33
RPE | 2.80 | 3.67 | 4.03 | 3.58 3.63 3.29
APE | 2.81 | 3.67 | 4.02 | 3.58 3.63 3.28

For NDX contracts, The results are similar only with increased difference between

MS and the individual models.

Nemenyi critical distances for SPX and NDX are 0.016 and 0.035 respectively.
There are very few model pairs which failed to reject Nemenyi test at 95% significance
level. Those are HNA5-HNS2 for NPL criterion for SPX; HNS2-HNA2 for SHE and
HNA2-MS for HPL for NDX.
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Table 6.14. Nemenyi test rank averages (NDX).

MS | BS2 | BS5 | HNA2 | HNA5 | HNS2
NPL | 3.35 | 3.63 | 3.69 | 3.39 3.45 3.50
HPL | 3.35 | 3.79 | 3.56 | 3.34 3.28 3.68
SHE | 3.47 | 3.69 | 3.84 | 3.25 3.51 3.25

ARPE | 2.68 | 3.82 | 4.09 | 3.51 3.65 3.25
RPE | 2.90 | 3.79 | 4.05 | 3.46 3.61 3.20
APE | 2.88 | 3.79 | 4.05 | 3.46 3.61 3.20

6.4. Conclusion

In this study, a model selection framework is proposed, under the assumptions
that no model is dominant and every model can perform better than the other for
some contracts. Model selection framework criteria consists of two parts; the clustering
method and the objective (e.g. minimize ARPE). Our main objective is to come up
with better results via model selection methods than all the individual models they

use.

Conditional Inference Trees (CIT) algorithm is used for clustering and different
objectives are used for model selection methods. Five option pricing model parametriza-
tions stemming from Black-Scholes and Heston Nandi GARCH models are chosen as
individual models to be used by MS methods. Seven different objectives are used in
MS methods based on either pricing or market efficiency metrics. Two different assets
(SPX and NDX) are used in experiments to see if results change with different asset

price processes.

Overall results indicate that model selection framework improves the option pric-
ing process for most of the objectives, despite its simplicity. Especially, efficiency tests
with maximization of naked positioning objective performs well. In addition, success-
ful model selection methods’ overall performances are not only dependent on one time

success but they display sustainable performance over long time periods.
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Despite its success, model selection is not without cost or problems. First of all,
model selection requires pricing and delta estimates by all models and extra clustering
and selection processes over it. Therefore model selection consumes more computa-
tional resources than any individual model. Second, model performance is extremely
dependent on individual model performance and number of models. Selection criteria

needs improvement to address scalability and model dependence issues.
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7. CONCLUSION AND FUTURE RESEARCH

This study examined some very significant issues in empirical option pricing and
model assessment process with the main contribution of the introduction of model

selection framework.

First, methodologies of empirical option pricing experiments in the literature are
presented in Chapter 3 and they are examined in all stages from data preparation to
results representation. Even with the small number of studies explicitly examined,
methodological differences became apparent. In addition, remarks about the experi-
mentation itself by the other studies are brought to the attention of the reader that
had the effect of a discussion. For instance, different opinions of studies from differ-
ent authors and time periods about the choice of performance metric and its role in
the model performance served to understand the underlying reasons for choosing the
proper performance metric. Finally, we also presented our methodology used in the

experiments in this study.

Chapter 4 claims current pricing error grouping practices widely seen in empirical
option pricing studies is not robust enough to hold for further time periods, so any
assessment about the model’s future performance is actually in question. In addition,
the rigid division of moneyness and maturity regions does not necessarily fit the weak
and strong parts of each model. So, real high and low performance regions of the model

can be averaged out by these predetermined regions.

We propose the employment of data mining algorithms to learn the true perfor-
mance regions of each model with the objective of better and more robust pricing error
grouping for model assessment. K-Means, Support Vector Machine, Decision Tree and
Conditional Inference Tree algorithms with the two benchmark static clustering meth-
ods are used to determine the best method to group pricing errors. The experiment
is repeated for two pricing models (BS and HN), three performance metrics (RPE,
ARPE and APE) and data from ten different time periods for proper cross-validation.
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Conditional Inference Tree turned out to be the best overall method to cluster pricing
errors, but other algorithms are also proved to be prominent in different pricing error
types. Static clustering methods, even though they had some success in some data sets

and error types, lag in terms of cluster stability.

Chapter 5 discusses the reasons of pricing errors to assess option model perfor-
mance. Pricing errors, as in the distance from market prices in absolute (e.g. APE)
or relative (e.g. RPE) form, are widely used in option pricing studies to assess model
performance. Nevertheless, pricing errors implicitly admit Efficient Market Hypothesis

and they provide little information about the outcome (payoff) of the contract.

We propose new performance metrics by converting some of the efficiency testing
metrics by admitting Efficient Market Hypothesis with the bad model problem. We
admit any excess profit (or loss) generated by taking positions in the market is actually
the model’s lack of covering the risks associated with the positions. This way, the
proposed efficiency metrics can now be an alternative to pricing errors to measure
the outcome of the model. Three metrics with increasing risk coverage measures are
introduced: NPE, SHE and DHE. These metrics are compared with the pricing errors

and shown that, similar pricing error values do not necessarily mean similar payoffs.

Finally, in Chapter 6 a model selection framework is proposed to price option
contracts. Objective of this study is to find out whether better option price estimates
can be found using a set of pricing models than using any of the individual pricing

models.

The proposed option pricing method consist of an objective, selection rule and a
data mining algorithm (i.e. Conditional Inference Tree) as a selection support. Past
performances of individual models are grouped and out-of-sample estimates for each
contract and individual model are made. Model selection then selects the models with
the least predicted “error” (according to the objective) for each contract. Then the
model selection can be assessed just as any option pricing model based on its picked

price estimates. Objective function of the model selection can be the minimization of
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a pricing metric (e.g. ARPE), efficiency error (e.g. NPE, SHE) or an efficiency test to
maximize profit and loss. Numerical experiments with different assets (i.e. SPX and
NDX), time periods (2009-2013) and objectives show that model selection is a good

and sustainable way of pricing options.

Even though model selection method used in this study fails to deliver the best
performance all the time, there are still many possibilities for improvement. For
starters, improving the selection procedure and using different data mining algorithms
for different objectives are the most promising routes to better performance. Though,
it cannot be claimed for the individual models. An option pricing model requires an
increase in complexity in order to increase its performance, given parameters fit op-
timally. Improvement with model complexity eventually hits a performance barrier
and suffers from overfitting. In addition, complex models’ parameters are harder to
optimize. Finally, if another good pricing model emerges, model selection can easily

add that model to its model set.

In the future, model selection can be improved to be even more sustainable. First
improvement would be to the scalability issue. Model selection should be able to draw
information from more individual models without being detrimental to performance.
Improvement can also be achieved by improving the clustering method behind the
selection process by either refining it or changing the algorithm with the objective.
Also, model selection is only applied to European type options and might need further

changes to handle American, Barrier or exotic options (i.e. Asian, Bermudan).
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APPENDIX A: OPTION PRICING FUNDAMENTALS

This chapter includes brief information about the fundamentals of option pricing.

Expanded information can be found in textbooks such as Hull (2012).

A.1. What is an option?

An option is derivative product which is a contract on the future state of the
underlying asset. The distinctive feature of an option, from other derivative product
types (e.g. futures), is only one side (writer of the contract) is bound by the contract.
There are many different kinds of options, some of which are; European, American,

Bermudan, Asian, Lookback, Barrier etc.

Options are one of the most actively traded derivative contracts both in exchanges
and over the counter. CBOE Market Statistics, in 2014, option trade volume in CBOE
was above 570 billion dollars and approximately 380 billion dollars of the that volume
were on S&P 500 contracts (SPX).

The common definition of a European option is: “A European Call/Put option
is a contract which gives the owner the right but not the obligation to buy/sell the
underlying asset at a predetermined price at a predetermined time.” This study is
almost completely about European type options, though it can be generalized to other

contract types.

European Options are only profitable if the spot price at the time of exercise is

higher /lower than the exercise price for a call/put option.

There are several parameters of or related to an option contract: Spot price
(Sp) is the current price of the underlying asset, strike price (K) is the exercise price
determined by the contract, maturity (7' —ty) is the time remaining to expiration date

(also determined by the contract) and moneyness (Sp/K) is simply the relative position
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of spot price to moneyness.

Maturity groups are labeled as short term, middle term and long term; but bound-

ary values usually depend on the study.

Moneyness groups are identified by the criteria of yielding profit in case of imme-
diate exercise. They are labeled as deep-in-the money (DITM), in-the-money (ITM),
at-the-money (ATM), out-of-the-money (OTM) and deep-out-of-the-money (DOTM).
Boundaries on the levels are also dependent on the study but ATM options are always

around moneyness level 1.

In addition, same moneyness level is adversely labeled for calls and puts; a DOTM

labeled moneyness level for a call (e.g. 0.85) option is DITM for a put.

A.1.1. An example option pricing problem

The European Option pricing problem can be illustrated with a simple example.
Suppose a European Call (buy) option contract is to be written on $GARAN (Garanti
Bank stock symbol) on April 22, 2016. Spot price of $§GARAN is 8.45 TL. The spec-
ifications of the contract is as follows. Strike price (predetermined buy price of the

contract) is 8.5 TL and expiration date (predetermined date) is June 21, 2016.

Parameters of the problem are

Spot price (Sp): 8.45 TL

Strike price (K): 8.5 TL

Maturity (7" — to): 2 months (time before expiration)
Moneyness (So/K): 7/7.5 = 0.99

Suppose on the exercise date, November 30, 2015, spot price of $§GARAN is 10
TL. The contract will give the owner the opportunity to exercise it and buy $§GARAN
at 8.5 TL and sell it to the market at 10 TL; therefore making a profit of 1.5 TL per
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share. But, if the spot price is below 8.5 TL, say 7 TL, the contract will be worthless.
Because it will always be better to buy the stock from the market for 7 TL, instead
of buying from the writer for 8.5 TL. The payoff of the European call option can be
formulated as (St — K)* or maz{Sr — K, 0}.

If it were a put option with the same parameters, the outcome would be the
reverse. If the exercise spot price (Sr) would be above 8.5, say 10 TL, the contract
would be useless. Else, say 7 TL, it would be possible to buy the stock from the
market for 7 TL and sell it to the writer for 8.5TL, therefore make a profit of 1.5 TL
per share. The payoff of the European put option can be formulated as (K — Sy)* or
maz{K — Sr,0}.

See Figure A.1 for the payoff behavior of the put and call options.
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Figure A.1. Payoff of Call and Put options.

The question is simple: “What should be the fair value of the contract?”. Due
to the uncertain nature of the future prices of an asset, there are many answers and

models.

American options are quite similar to European options with the single difference
of the opportunity to exercise the option at ‘or’ before the expiration date. For the

others, Hull (2012) covers the formulation of many different option types.
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A.1.2. Fair Value

Fair value or fair price (used interchangeably in this study) of an option is a price
level which neither party of the contract have a greater probability of making a profit

than the other, including time value of the money (i.e. risk-free discounting).

Market price is often quoted as the fair prices. This is especially the claim for
underlying stock market by the Efficient Market Hypothesis. Fama (1970) provide

details about market efficiency.

However, options, being derivative products on underlying assets and having their
own market (or exchange) where prices are not necessarily ‘in synchronization’ with the
underlying market. Although the problem is approached differently in many studies,
occasional mismatches are admitted (for examples see REF HERE). It might be due
to ‘forward looking nature’ of options market or some other reason. Therefore since
efficiency of options market is at question (if underlying asset’s is not), so is options

market prices being accepted as fair prices.

A.2. Volatility

Volatility is the main parameter of uncertainty in the asset log-return process
which is not observed directly. Therefore it should be estimated. The most basic
construction is as the standard deviation of past log-returns of the underlying asset,
though there are different formulations of volatility. Every formulation is devised obtain
more information from the price process in order to come up with better prices and

hedging schemes.
A.2.1. Historical Volatility
Historical volatility basically uses past innovations over a given time period. The

sample standard deviation of log-returns is the common calculation of the historical

volatility.
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Sy is the price of the security, Y; is the log-return, n is the time period (number of
observations) and Y is the average of log-returns. With large enough sample, replacing
n — 1 with n will not make a big difference. Some formulations take Y = 0 to further

simplify the calculation process.

Historical volatility can be measured with almost any time interval (e.g. daily,
weekly, hourly) and can be converted to other time intervals by adjusting with a time
coefficient assuming underlying distribution is normal or another distribution with
similar scalability property. For example, to convert daily historical volatility to yearly
(annual) historical volatility it is generally assumed® that there are 252 trading days

and the daily volatility is multiplied by the square root of that value.

O_annual = Ohistorical ﬁ (Ag)

historical

A.2.2. Tmplied Volatility

While historical volatility uses underlying asset’s log-returns, implied volatility is
the volatility measure extracted from option prices usually the market quotes. Deriva-
tion of implied volatility is predominantly done by reversing Black-Scholes formula

(explained in detail in Section 2.1).

36Some studies use different trading days per year
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A.2.2.1. Volatility Smile (Skew) and Surface. An interesting phenomena observed in

options markets especially after 1987 crash (see Mackenzie (2008) for details), is the
volatility smile (smirk/skew). Volatility smile is observed on the contracts on the
same asset with the same maturity but different moneyness values. Normally, implied
volatilities of those contracts are expected to be very similar and the implied volatility
line to be flat. Because, strike price is not actually an element which affect the volatility
parameter. But, it is commonly observed that implied volatility values display a skewed

pattern resembling a “smile/smirk”.

One of the main reasons of observing this smile is about the assumptions about
the underlying asset’s log-return distribution. Since the actual distribution is observed
to have higher tails and kurtosis than the GBM, volatility smile appears. Hull (2012)

provide further details about volatility smile and its reasons.

DOTM puts as well as DITM calls usually yield higher implied volatilities. Im-
plied volatility is expected to be lowest at ATM leevels. See Figure A.2 for a represen-

tation.

Volatility Surface is the volatility smile with the added dimension of time to

maturity. See Figure A.3 for the graphical representation.

A.2.3. Non-Constant Volatility

Constant volatility assumption (i.e. volatility stays the same at least during the
lifetime of the option) is a strong one. It is frequently questioned even by Fischer Black
on Black (1975). It is empirically proven volatility tends to change, cluster and there
is a negative correlation between volatility and stock price process. Bouchaud et al.
(2001) provide tests and elaborations and they conclude negative correlation is more

strongly observed in index prices.

Predicting the behavior of volatility in time is no easy task. Though, it can be said

that mere inclusion of a varying or stochastic volatility is an important improvement
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over models with constant volatility assumptions.

Volatility clustering is simply the behavior of high volatility periods following high
volatility periods and low volatility periods following low volatility periods. Figure A.4
shows the daily log-returns of Google (3GOOG) stock between 2007 and 2012. The
effects of 2008 crisis (around data point 500) result as an increase in volatility and the

calm period after the high volatility period can be observed.
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Figure A.4. Log-returns of Google stock price between 2007 and 2012.

Volatility and asset price process being adversely affected, also known as lever-
age effect, is an observed phenomenon especially in indexes such as SPX and NDX.
Although by leverage, it is initially implied by Black (1976) that the company being
highly leveraged in terms of debt equity ratio, the relationship is not clear. Bouchaud
et al. (2001) report that leverage effect and individual firm leverages have little in

comimaon.

A.3. Arbitrage

Arbitrage in the financial markets, simply put, is the opportunity to exploit price
differences of the same asset in different markets. To define the concepts in this sub-
sections, Schachermayer (2008) work is followed generally. For instance, if the exchange
rate of USD/TRY is 2.10 in market A and 2.1001 in market B the arbitrage opportunity

here is to buy in market A and sell in market B at the same time. This way in each
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exchange a 0.0001 profit is made without any risk of losing money.

Formal definition of arbitrage is “an investment with zero probability of losing
money with positive probability of making profits without net investment of capital.”
This opportunity is actually an anomaly in the financial markets but is reported to
appear on occasion. Real arbitrage opportunities is usually more complex in nature
consisting of several markets and several assets; but frictions (i.e. trading costs) in real

world makes it harder to find and exploit arbitrage opportunities.

For the option prices, an example arbitrage opportunity can be defined as the
risk-free rate being higher (lower) than the upper (lower) bound of the option payoff
rate. So if the risk free rate is higher than the upper bound of the option payoff rate,
one can short the option and invest in the riskless asset (i.e. a bond). Otherwise if the
risk fee rate is lower than the lower bound of the option payoff rate one can borrow
from the money market at the risk free rate and long the option contract therefore
making money without risk or net capital. In the earlier days, there were also arbitrage
opportunities by just using options, though those opportunities are much less common

(see Mackenzie (2008)).

Though, while modeling the financial systems, markets are assumed that they do

not allow arbitrage. Otherwise, the problem would obviously be trivial.

A.4. Risk neutral measure (Martingale)

Prices of financial products usually incorporate risk premiums. But detecting
and measuring risk preferences of market players, therefore the magnitude of those

premiums is not an easy task.

Risk neutrality is the assumption of investors being unwilling to increase their
expected returns in exchange for increased risk. A world where all investors behave in
the norms of risk neutrality is called a risk neutral world. Also a fair price found in

the risk neutral world is a fair price in all other ‘worlds’.
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Despite seemingly an incorrect description of the real world, risk neutral pricing
is actually plausible with the possibility of perfect and continuous hedging with the

underlying asset.

Under the risk neutral world assumption, the expected return rate of an invest-
ment is equal to the risk-free rate and the fair price of an option is the expected payoff

of that option discounted by the risk free rate.

Detailed information on risk neutral measure and risk neutral world can be found

in Hull (2012).

If perfect hedging is possible (i.e. all risks can be hedged with the available in-
struments) then the market is called a complete market (see Shreve (2004)). Complete
market’s relevant feature is they contain a unique risk neutral measure. If there are
risks dependent on unknown parts (i.e. stochastic volatility) and there are no other

securities to hedge the risk, then that market is called incomplete.

Multiple martingale measures exist for given models and also not each martingale
is defined for all model parameters. For instance, Esscher Transform martingale mea-
sure under Lévy processes with GHYP distribution is only defined for specific combina-
tions of the parameters and the risk free rate. In this study three different martingale
measures will be covered: (Generalized) Local Risk Neutral Valuation Relationship
((G)LRNVR), Mean Correcting Martingale Measure (MCMM) and the Esscher Trans-

form. Further details on different martingale measures are given in Chapter 3.

A.5. Dividends and Stock Splits

Dividends are payments from individual firms to stock holders. Although it is
generally known to be in cash form, dividends in terms of shares are also known. There
are two types of dividends; regular and special. Regular dividends are announced long
time before and distributed in a periodic time period within a plan. For instance,

Company A declaring they will be distributing dividends of 0.5% in each quarter in the
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following year is the announcement of a regular dividend. Special dividends, on the
other hand, are usually one off and announced only a short time before the dividend

occurs.

The empirical relevance of dividends is although they are discounted from stock
prices at the ex-dividend date, the option prices are not adjusted for regular dividends.
For European Options, regular dividends are usually discounted from initial asset prices

or assumed as continuous. Details of dividends in pricing process are discussed in

Chapter 3.

A.6. Risk-Free Rate

Risk free rate is the rate of return from an assumed ‘riskless asset’. Examples of
riskless asset can be bonds, treasuries and swaps. Details of risk free rate in pricing

process are discussed in Chapter 3.

A.7. Delta Hedging

Hedging, in general terms, is the covering of the risks of an investment by taking

positions in other assets with the objective to reduce substantial unexpected loss.

Hedging in options is taking positions in different instruments based on the under-
yling asset. Delta hedging in options include taking a position in the underlying asset
itself proportionate to the option position to offset the movements from the underlying

asset. Delta calculation of Black-Scholes model is given in Section 2.1.

Delta hedging is not the only hedging method for options. For instance Gamma
hedging is used to offset the changes in the underlying asset’s delta.
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APPENDIX B: SOURCE CODE AND SOFTWARE

R programming language is extensively used in this study. Source code required to
replicate the calculations can be found in Orbay (2016). GitHub repository will also be
updated to further accommodate experiments and ease replication of results. Following
R packages and their depending packages are used in computational experiments, i/o
operations and graphics: fOptions, party, el071, rpart, tidyr, plyr, reshape2, ggplot2,
grid, gridExtra, RcolorBrewer, scales, xlsx, readxl, xtable, lazyeval, NbClust, foreach,

doMC, devtools and Quandl.



