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ABSTRACT

IMPLEMENTATION OF A BROADBAND
MULTILEVEL FAST MULTIPOLE ALGORITHM FOR
MULTISCALE ELECTROMAGNETICS PROBLEMS

Manouchehr Takrimi
Ph.D. in Electrical and Electronics Engineering
Advisor: Vakur Behget Ertiirk
June, 2016

Fast multipole method (FMM) in computational physics and its multilevel ver-
sion, i.e., multilevel fast multipole algorithm (MLFMA) in computational elec-
tromagnetics are among the best known methods to solve integral equations
(IEs) in the frequency-domain. MLFMA is well-accepted in the computational
electromagnetic (CEM) society since it provides a full-wave solution regarding
Helmholtz-type electromagnetics problems. This is done by discretizing proper
integral equations based on a predetermined formulation and solving them nu-
merically with O(N log N) complexity, where N is the number of unknowns. In
this dissertation, we present two broadband and efficient methods in the context
of MLFMA, one for surface integral equations (SIEs) and another for volume
integral equations (VIEs), both of which are capable of handling large multiscale
electromagnetics problems with a wide dynamic range of mesh sizes. By invoking
a novel concept of incomplete-leaf tree structures, where only the overcrowded
boxes are divided into smaller ones for a given population threshold, a versatile
method for both types of IEs has been achieved. Regarding SIEs, for geometries
containing highly overmeshed local regions, the proposed method is always more
efficient than the conventional MLFMA for the same accuracy, while it is always
more accurate if the efficiency is comparable. Regarding VIEs, for inhomoge-
neous dielectric objects possessing variable mesh sizes due to different electrical
properties, in addition to obtaining similar results from the proposed method,
a reduction in the storage is also achieved. Several canonical and also real-life
examples are provided to demonstrate the superior efficiency and accuracy of the

proposed algorithm in comparison to the conventional MLFMA.

Keywords: Multilevel Fast Multipole Algorithm, Integral equations, Incomplete-
leaf tree.

iii



OZET

GENIS BANTLI COK-SEVIYELI HIZLI COKKUTUP
YONTEMININ COK-OLCEKLI ELEKTROMANYETIK
PROBLEMLER ICIN GERGEKLESTIRILMESI

Manouchehr Takrimi
Elektrik ve Elektronik Miihendisligi, Doktora
Tez Danigmani: Vakur Behget Ertiirk
Haziran, 2016

Hesaplamali fizikte kullanilan hizh ¢okkutup yontemi (HCY) ile bu yontemin
gok-seviyeli bigimi olan gok-seviyeli hizli ¢okkutup yontemi (CSHCY), frekans
uzayinda integral denklemlerinin (ID) ¢6ziimii icin bilinen en iyi metotlardandur.
CSHCY, Helmholtz tipi elektromanyetik problemlere tam-dalga ¢oztimleri sun-
abilmesi sayesinde, hesaplamali elektromanyetik (HEM) camiasi i¢inde biiyiik
kabul gormektedir. Bu yontem, uygun integral denkleminin ¢nceden belirlen-
mis formiilasyonlara dayanarak ayriklagtirilabilmesi ve N sayida bilinmeyen igin
O(Nlog N) karmagikhig1 ile sayisal olarak ¢oziilebilmesi ile gergeklegtirilmekte-
dir. Bu doktora tezinde, genig bir aralikta orgii boylariyla ayriklagtirilan cok
Olcekli elektromanyetik problemlerinde kullanilabilecek, biri yiizey integral den-
klemleri (YID), digeri ise hacim integral denklemleri (HID) icin, CSHCY kap-
saminda gelistirilmis iki genig banth ve verimli yontem sunmaktayiz. Orjinal bir
kavram olan ve sadece 6nceden belirlenen bir popiilasyon egiginden daha kalabalik
kutularin kii¢iik kutulara boliindiigii tamamlanmamig-yaprak agac yapilarindan
yararlanilarak, iki tipteki ID icin de kullanilabilen cok yénlii bir yéntem gelistir-
ilmistir. Onerilen yontem aym dogruluk icin, YID’lerde fazla agla érgiilenmis
yerel bolgeler iceren geometrilerde her zaman geleneksel CSHCY’ den daha ver-
imli olmakta, verimliligin kiyaslanabilir oldugu durumlarda ise her zaman daha
dogru sonuclar vermektedir. HID’lerde ise homojen olmayan, farkli elektriksel
ozelliklerden dolay1 ¢ok degisken agla orgililenmis dielektrik nesneler igin, Oner-
ilen yontemden YID’lerdekine benzer sonuclar elde edilmesine ek olarak, bellek
gereksiniminde biiyiik bir azalma elde edilmistir. Onerilen yoéntemin geleneksel
CSHCY ye kiyasla yiitksek verimlilik ve dogrulugunun gosterilmesi amaciyla, ku-
ralsal orneklerin yam sira gercek hayattan da érnekler sunulmaktadir.

Anahtar sézcikler: Cok-Seviyeli Hizli Cokkutup Yoéntemi, Integral denklemleri,
Tamamlanmamig-yaprak agag.
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Chapter 1

Introduction

These days, the area of computational electromagnetics (CEM) plays a critical
role in the analysis of electromagnetic (EM) phenomena and also in design and
implementation of high-frequency EM systems. Using modern computer technol-
ogy and recent numerical algorithms, many practical and real-life problems can

be efficiently modeled and simulated within acceptable range of accuracy [1].

A powerful computational algorithm, known as the method of moments (MoM)
2], has been verified to be one of the most versatile and accurate techniques for
solving radiation and scattering problems. Apart from many good features, this
method has some serious disadvantages. The major one is due to its high com-
putational cost regarding memory consumption and CPU time, both of which
are great burdens even for today’s modern computers. Hence, fast and accu-
rate solvers have been developed based on iterative solutions of matrix equations
along with specialized acceleration techniques for matrix-vector multiplications
(MVMs) to empower this method. These accelerations are generally performed

in two ways [3] described as follows:

e To use some sets of directional basis and testing functions radiating narrow

beams with quasi-sparse impedance matrices, such as

1. Impedance Matrix Localization (IML) [4],
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2. Complex Multipole Beam Approach (CMBA) [5],
3. Wavelet Expansion [6].
e To use mathematical or physical properties of MoM matrix to approximate
MVMs, such as
1. Fast Multipole Method (FMM) [7],
Multilevel Fast Multipole Method (Algorithm) (MLFMM=MLFMA) [8],
Adaptive Integral Method (AIM) [9],
Precorrected Fast Fourier Transform (pFFT) [10],
Multilevel Matrix Decomposition Algorithm (MLMDA) [11],
QR-Based or SVD-Based Methods [12],

NS ok N

Adaptive Cross-Approximation (ACA) [13].

Generally speaking, in many of these and other similar methods, the memory and
CPU requirements are reduced from O(N?) complexity to O(N*) (1<a<2) for
single level implementations, and to O(Nlog®N) for the corresponding multilevel

versions, where N denotes the number of unknowns.

Regardless of different approaches used in the above mentioned methods, the
ultimate goal is to increase the efficiency and/or accuracy using a wide variety of
analytical or numerical algorithms, matrix manipulation techniques, and diverse
parallelization schemes. Because we try to accelerate the MVMs by using the
mathematical / physical properties of the MoM matrix in this dissertation, we
should first focus on the accuracy, and consider the possible error sources com-
monly encountered in the MoM, FMM and its multilevel version. These errors
can be categorized as (a) MoM-related errors due to surface and operator dis-
cretizations and integration over basis and testing functions, (b) FMM-related
errors due to truncated summations, computations of special functions over unit
sphere, and interpolation/anterpolation operations, (c) other computational er-
rors due to various numerical integrations, compression and decomposition of
matrices (if any), and residual errors due to iterative solutions. It should be em-

phasized that the convergence of an iterative solver is an important issue for the
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total efficiency of any algorithm, so if the object has a complicated shape and
it requires discretization with fine elements that are very small compared to the

wavelength, then the convergence of these iterative solvers will be problematic.

For the above-mentioned error sources, there are many primitive or elegant
remedies, leading to a wide range of novel and practical methods. However, an-
other serious issue regarding the MoM arises when there are a wide variety of dif-
ferent element sizes over the meshed surface to capture the fine geometric features.
Using mixed-size elements to capture sharp geometric features embedded inside
or around highly overmeshed local regions, another source of error or a signifi-
cant inefficiency originates from the fact that almost all of the above-mentioned
methods deploy fixed-size boxes at each and every level of the corresponding tree
structures. In such multiscale problems, one may use very dense meshes over the
entire geometry to possess the fine details, so that accurate results can be ob-
tained using fixed-size boxes. However, such an attempt is a brute-force solution
with a huge number of unknowns requiring excess amount of memory in addition

to being extremely inefficient even when large numbers of levels are employed.

Note that as a heuristic definition, any sort of concentration of large number
of unknowns in an electrically small domain leads to a multiscale problem in
frequency, length or both. Most of the existing methods face some complications
when applied to this class of multiscale problems. Narrow feeding lines for an
array of small printed-circuit antennas over a large ground plane is a good example
for the aforementioned class of problems. Such problems deteriorate the condition
number of the matrix system and hence, causes iterative solvers to converge slowly

or become stagnant.

A widely preferred approach is to use nonuniform meshes to discretize multi-
scale problems. In this approach, one may use large boxes together with lower
number of levels to maintain the desired accuracy. Unfortunately, in this case, an
O(N?) complexity is inevitable in near-field computations due to boxes enclosing
locally overcrowded regions. On the other hand, one can use smaller boxes with

some deep levels of MLFMA to avoid the O(N?) complexity. However, leaf level



boxes at deep levels are too small to hold basis/testing functions. Parts of ba-
sis/testing functions may be located in different boxes and some of these boxes
may even be in the far-zone of each other based on the one-buffer-box criterion
[1] that is frequently used in MLFMA implementations. Hence, critical computa-
tional errors contaminate the accuracy. Furthermore, these errors become more
significant as the multiscale factor, which is defined as the ratio of the largest

edge length to the smallest one over the entire meshed surface, increases.

As a multipurpose solution, i.e., to alleviate the low-frequency breakdown, to
exploit the high-frequency performance of MLFMA, and in order to overcome the
multiscale limitations, this dissertation proposes a novel broadband incomplete-
leaf (IL) MLFMA for multiscale electromagnetics problems by invoking a concept
of novel IL tree structures, where only overcrowded boxes are divided into the
smaller ones. Therefore, for multiscale problems, in addition to using variable
mesh sizes, variable box sizes are used so that both O(N?) complexity coming
from the near-field calculations of overcrowded boxes and the computational er-

rors arising from the protrusion of basis/testing functions are eliminated.

1.1 Literature Review

In 1985, Rokhlin proposed fast multipole method (FMM) to evaluate particle
interactions and also to solve static integral equations [14],[15]. Later on it was
extended to solve the scattering problems regarding the acoustic waves and sub-
sequently to solve electromagnetic scattering problems in both two and three
dimensions [7],[16]. It has been proved that MLFMA [17] achieves O(N logN)

complexity under the conventional fixed mesh size scenario, which may be defined

o2
B

length. This complexity brings us the possibility of facing with electrically large

as ka = =ta ~ constant, where a is the mesh size and A is the corresponding wave-
EM problems [18],[19]. However, this great performance decreases dramatically
for high density multi-size meshes or low-frequency problems where MLFMA is
subjected to the “sub-wavelength breakdown” [20],[21]. The main reason behind

this deficiency comes from the fact that, the spherical Hankel functions utilized
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Figure 1.1: Octree structure in FMM. For a given red (black) box on a certain level, only a
constant number of interactions take place (dark blue (gray) boxes as far-field and transparent
boxes as near-field). The remaining interactions (light blue (gray)) are performed in a different
level.

in the derivation of the translation operators are almost singular when the source
and observation points are in the close proximity of each other [20]. Consequently,
the expansion of the Green’s function (using spherical Hankel functions) becomes
unstable for multiscale and/or low-frequency EM applications. To alleviate this
dilemma, a scaling factor was introduced by Chew [22] to smooth the transition
from the high-frequency regime down to the low-frequency Laplace FMM. Al-
though it was a great step forward, later on it has been demonstrated that this
approach is not suitable for problems with discretization sizes of multiple orders
[23]. To clarify it a bit further, recall that multilevel FMM puts the object in a
cubic box and uses a recursive clustering technique to construct an octree struc-
ture from nonempty subboxes in consecutive levels (Fig. 1.1), wherein the last
level, namely the leaf level (with a minimum box size of % to %), is prone to face
with breakdown issues. Vikram et al. in [23] introduced Cartesian expansions
and claimed that, in order to implement a wideband FMM and overcome the
limitation of multiple length/frequency scales, a combination of Cartesian har-

monics (for multipoles) and local expansions are exploited for levels beneath the



Figure 1.2: Tree structure of the interpolative decomposition MLFMA (ID-MLFMA) [3].

leaf level. Consequently, a mapping procedure has to be performed between ac-
celerated Cartesian expansion (ACE) and fast multipole expansion to accomplish
the integration task. Unfortunately, this conversion and additional computational
cost at ACE levels for each and every MVM can be considered as a drawback
of this method. When the frequency drops, evanescent waves dominate over the
propagating waves, hence, an MLFMA implementation using propagating plane-
wave expansions encounters a breakdown for translation distances below 0.1\
[24]. In order to simultaneously solve the low-frequency breakdown of MLFMA
and high-frequency inefficiency of low-frequency FMM, a mixed-form of FMM
has been devised to address a unified broadband FMM [25],[26].

In another method by Rokhlin et al. [27], the spectral expansion of the Green’s
function in terms of evanescent waves and propagating plane-waves was devel-
oped. It is applicable for both spatial and frequency scaling but an indefinite
integral has to be evaluated in the k-space. The k-space is an extension of the
concept of Fourier space which represents the spatial frequency information in
two or three dimensions [28]. Another work proposed for wideband FMM [29] re-

defines the translation procedure within a spherical harmonic space (h-space) and



uses complicated matrix rotation operations. Also it requires additional compu-
tations to make a bridge between the plane-wave expansion in the high-frequency

regime and the partial-wave expansion used in the low-frequency regime.

A slightly different idea to circumvent the difficulties arising from fine meshes
was propounded by X.Pen et al. by combining the interpolative decomposi-
tion (ID) with conventional MLFMA, denoted by ID-MLFMA [3]. As shown
in Fig. 1.2, some of the leaf level (i.e., transition level) boxes in terms of the
MLFMA, which are chosen based on a predetermined size criterion (e.g., 50 basis
elements), are further decomposed as ID levels. Near-field interactions are con-
ducted through the skeleton approximation at ID levels. Far-field interactions
in MLFMA levels obey traditional rules, but in ID levels, using interpolative
decomposition method [30], very efficient data sparse representation is found to

approximate these rank deficient sub-matrices.

Another new method, hierarchical MLFMM (H-MLFMA) was proposed for
the solution of multiscale problems. It benefits from two distinct types of basis
functions to address two different natures of physics based on electrical size of
elements. H-MLFMM employs the so-called skeleton basis for evanescent waves.
Some compression techniques along with ACA has been used to compress the

near-field matrix and near-to-far mapping matrices [31].

Another novel algorithm, called the nondirective stable plane-wave multilevel
fast multipole algorithm (NSPWMLFMA) [32],[33], was presented for low fre-
quencies. The method is based on an analytical expression for a translation
operator in the z direction. This translation operator is made numerically stable
using a shift of the integration path into the complex plane. A QR-based method
is then used to extend the applicability to all the other translation directions.
Obviously integration in a complex plane makes the implementation more diffi-
cult, and also the computational effort for evaluating the translation operators is

increased in comparison to the original MLFMA.

More recently, an approximate method for the diagonalization of the Green’s

function, which is stable at arbitrary short distances was developed by Ergiil et



al. [34]. In this method, scaled spherical functions have been employed for the
stabilization of plane-wave expansions, where the value of scaling factor depends
on the electrical distance of the translation and shift operations. Simulations
based on canonical problems reveal that the proposed method remains stable by
increasing the mesh density, which in turn, makes it quite suitable choice for

multiscale and low-frequency problems.

By presenting an elective set of diverse methods to get through the bottlenecks
of using traditional MLFMA in a class of multiscale and/or wideband real-life
problems, we have to choose which strategy is more powerful, yet flexible to
proceed on. In this dissertation, we deploy the idea of extending highly populated
over-meshed boxes in each level and invoke the approximate method proposed for
the diagonalization of the Green’s function [34] to present a wideband MLFMA

capable of handling multiscale electromagnetics problems.

It should be mentioned that in various advanced computing [36], chemistry
[37], biology [38], and physics [39] applications, especially in N-body problems, a
modified version of FMM, namely, adaptive FMM has been used. This method
employs an adaptive-tree strategy, which visually resembles our proposed IL-
tree structures using variable-sized boxes. However, these problems deal with
N discrete entities (particles, molecules, masses, etc.) with static (and mostly
analytical) kernels. Hence, they use the original FMM with variable-sized boxes
with a single level only. Extension of the adaptive FMM to dynamic problems
and constructing its multilevel version (for the desired complexity) have not been
attempted to the best of our knowledge. In fact, a direct extension of the adap-
tive FMM would be less accurate compared to the proposed IL-MLFMA, and it
would yield problems when parallelization is concerned, as briefly explained in
the upcoming chapters. We note that the concept of using a simple hybrid tree
structure for a multiscale problem was proposed in [40] with only two different

box sizes at the leaf level.



1.2 Some Preliminary Concepts

1.2.1 Surface Integral Equations and Surface Formula-

tions

Surface integral equations (SIE) are used to solve radiation and scattering prob-
lems. By defining equivalent electric and/or magnetic current sources on the
surface of the metallic or homogeneous dielectric object(s), it is possible to en-
force the appropriate boundary conditions (BCs) and formulate the problems.
Depending on the BC as well as the testing strategy, four fundamental SIEs
may be defined [35]. These are the tangential electric-field integral equation
(T-EFIE), the tangential magnetic-field integral equation (T-MFIE), the normal
electric-field integral equation (N-EFIE), and the normal magnetic-field integral
equation (N-MFIE). In the tangential versions, tangential components of the
fields on the surfaces are sampled and tested regarding each BC. However, in
the normal versions, the BCs are first rotated via cross-product operations with

proper outward normal vectors and then, they are tested accordingly.

Generally speaking, all formulations can be grouped as tangential formu-
lations involving T-EFIE/T-MFIE, normal formulations involving N-EFIE/N-
MFIE, and mixed formulations with at least one of each with appropriate coef-
ficients. It is worth to mention that some of these combined formulations are
not stable [35] and hence, to solve real-life EM problems a proper combination of
SIEs are needed.

1.2.1.1 Perfectly Conducting Objects

For a perfect electric conductor (PEC), all four formulations may be solved in-
dependently to carry out the induced electric current on the surface of the ob-
ject(s). Among them, N-MFIE and T-EFIE are mostly used in the literature
[17],]22],]26]. It should be mentioned that for those objects with a closed surface,



these formulations suffer from internal resonances. Consequently, it is preferred
to use a convex combination of EFIE and MFIE to derive a proper combined-field

integral equation (CFIE) formulation [41].

1.2.1.2 Homogeneous Dielectric Objects

For homogeneous dielectric objects, surface formulations may be obtained by
testing the BCs on both sides of the surface of the object. This means that,
one can linearly combine and simultaneously solve both of the EFIE and MFIE
formulations [42] for outer and inner regions to carry out two sets of unknowns,
one for the electric surface currents and another one for the magnetic surface

currents.

There are different formulations using this approach. Some of the most com-
mon ones are as follows [35]. Poggio-Miller-Chang-Harrington-Wu-Tsai (PM-
CHWT) formulation, normal Miiller formulation (NMF), combined tangential
formulation (CTF), and combined normal formulation (CNF). Finally, a fully
mixed formulation called the electric and magnetic current combined-field in-
tegral equation (JMCFIE) can be used by combining all four types of integral
equations. It is worth mentioning that the proposed IL-MLFMA may be used for
dielectric objects concerning SIEs, but we will not discuss it in this dissertation.
However, scattering problems regarding dielectric objects using volume integral

equations (VIEs) will be discussed in the last chapter separately.

1.2.2 Discretization

To solve real-life EM problems with complicated shapes and geometries, it is nec-
essary to discretize the SIE (VIE) as well as the surface (volume) of the geometry.
This can be accomplished by expanding the equivalent currents over the surface
(inside the volume) of the geometry of interest with a set of appropriate basis
functions. By invoking the MoM and testing the BCs using a proper formulation,

the resultant dense matrix equations can be solved to find the coefficients of those
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basis functions.

To obtain the elements of the MoM matrix, where each element represents a
mutual electromagnetic interaction between a pair of discretized elements, it is
very common to use the Galerkin method. By using this method, the same set of
functions are used to expand the currents (i.e., basis functions) and also to test
the BCs (i.e., testing function) as well. Using such a scheme, tangential, normal,
and mixed formulations can be obtained. Two types of these formulations, i.e.,
the normal and the mixed one contain the identity operator, which is proved to
be a well-tested operator. Hence, the resultant MoM matrix that belongs to any
formulation containing such an operator is known to be diagonally dominant and
well-conditioned [43]. Note that the other formulation type, i.e., the tangential
one, does not contain a well-tested identity operator and hence, the resultant
MoM matrix may be an ill-conditioned one. This is why it is mostly preferred to

combine those formulations from the efficiency point of view.

Unfortunately, existence of a well-tested identity operator may dramatically
decrease the accuracy of the solutions. This means that the solution error in
some normal formulations in comparison to those obtained from the tangential
formulations may be significant [43],[44]. To improve the accuracy of these for-
mulations, it is common to use either higher-order basis functions [45] or some

other functions introduced recently like Buffa-Christiansen [46].

1.2.3 Condition Number

Assume that we want to solve a matrix equation, e.g., Az = b. To find out the
possible impact of a small change in b (due to some numerical errors) on the final
solution @, one can compute and use the condition number of the matrix A. The

condition number k(A) > 1 is defined as

x(4) = | 4] a7 (L)
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where ||-|| denotes a matrix norm. If 2-norm is used to calculate the condition

number, then it can be simplified as

~ Oma(A

K(A) = Omae(A) (1.2)
Umin(A)

where 0,4, and 0,,;, are the maximal and minimal singular values of A. Tt can

be shown that for normal matrices (a matrix is normal if it commutes with its

conjugate transpose) [47], the condition number is given by

)\max(

/@(A):|)\ o )[, (1.3)

S

where \,,4. and \,,;, are the maximum and minimum eigenvalues of A, respec-
tively. If the condition number is small, the matrix is well conditioned and the
solution to the matrix equation converges rapidly via iterative solvers. If the
condition number is very large, then the matrix is said to be ill-conditioned. This
means that the iterative solver converges slowly, or even it may not converge and
become stagnant. A matrix that is not invertible has a condition number equal

to infinity.

1.2.4 Multilevel Fast Multipole Algorithm

It is more than 20 years that the fast multipole method (FMM) has been intro-
duced for the efficient solution of EM problems [7]. For such an efficient solution,
one needs to choose a proper and convenient integral equation based on one of
the above mentioned formulations and use an appropriate set of basis functions
to obtain a dense matrix equation, which can be solved iteratively via a Krylov-
subspace algorithm. FMM reduced the computational complexity from O(N?)
to O(N'5) using MVM in an iterative manner. Later on, a multilevel version
of FMM, namely MLFMA [8], reduced the complexity of MVMs to O(NlogN)
[1]. MLFMA uses a tree structure consisting of L = O(logN) levels. The tree is
constructed by putting the object inside a cubic box and dividing it recursively

into eight equal sub-boxes down to a predetermined level. It should be noted
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that the smallest box size at the lowest level depends on the desired accuracy.
However, when the box size at the lowest level is smaller than A/10 where X is
the wavelength, the low-frequency breakdown of MLFMA is expected [1]. Af-
ter eliminating the empty boxes, the interactions between near (touching) boxes
are computed directly. For far boxes, group-by-group interactions between the
basis boxes (as radiating ones) and the testing boxes (as receiving ones) are com-
puted based on a diagonalized version of a well-known EM theorem known as
addition theorem. Such a group-by-group interactions are carried out in three
separate steps called aggregation, translation, and disaggregation. In each and
every MVM, these steps (with more details in Section 3.2.2) are performed hier-

archically as follows:

Aggregation:
At the lowest level, the radiated fields of individual boxes are obtained by
combining the radiation patterns of the basis functions inside each and every
box. At higher levels, the radiated fields of a larger box (containing smaller
sub-boxes) are computed by combining the radiated fields of its sub-boxes.
This strategy continues to be applied for parent boxes upto the topmost

level.

Translation:
Outgoing radiated fields, computed and collected at the center of the boxes
during the aggregation process, are translated into incoming fields at the
center of the receiving boxes. For each box located at any level, there
are at most 73 — 3% = 316 different translations which are independent of
the number of boxes at that level. This is mainly due to the bisecting

mechanism of the cubic structure and the strict definition of the far boxes.

Disaggregation;
All of the aggregated and translated incoming fields arriving from different
boxes at the same level are collected and combined with those incoming
fields arriving from the center of existing higher levels (i.e., parent levels).
In the lowest level, testing functions within a testing box, receive a part of

this field according to their overall receiving patterns.
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In MLFMA outgoing (radiated) and incoming (receiving) fields are sampled
on the unit sphere as a function of spherical coordinates 6 and ¢. The number
of samples needed for each box is proportional to the electrical size of the box
[48]. This means that, to match different sampling rates among the consecutive
levels, efficient interpolation and anterpolation techniques are required during

aggregation and disaggregation processes, respectively.

In the setup phase of MLFMA, the translation operators are calculated and
stored in memory. This is mainly because they are going to be used repeatedly
in MVM routines. Another important computation that should be directly cal-
culated and stored in memory for the same reason, concerns with the near-field
interactions with a complexity of O(N). These interactions are either between
touching basis and testing boxes or between basis and testing functions within
the same box. These calculations are based on a combination of analytic and also
numerical methods where the accuracy of the numerical part is controllable and
can be increased by sacrificing the efficiency. The analytic calculations are based
on well-known singularity extraction techniques [49],[50],[51] and the numerical
calculations are mostly based on Gaussian quadratures [52]. More details about

these techniques are discussed in Section 2.6.

1.2.5 Low-Frequency Breakdown

As stated in the introduction and briefly reviewed in the literature, MLFMA
suffers from an important breakdown when the box sizes at the lowest level (the
leaf level) get smaller than a fraction of a wavelength. This is due to the fact
that MLFMA is based on the plane-wave expansion and it becomes inaccurate for
short distances. Therefore, it is not efficient for problems involving some small
objects, which are discretized with large numbers of unknowns. As another type
of breakdown, in such sort of problems, the matrix equations obtained from any
combination of T-EFIE become increasingly ill-conditioned. However, N-MFIE
is usually stable unless the frequency is extremely low [53]. In the first part of
this dissertation, we will use MFIE along with Rao-Wilton-Glisson (RWG) [54]
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vector basis functions to solve scattering problems concerning PEC objects. The
aim of this dissertation is not dealing with formulation breakdowns; we consider
the breakdowns of MLFMA for dense discretizations encountered in multiscale

problems.

1.2.6 Iterative Solvers

To solve the associated matrix equation of SIEs or VIEs efficiently, one needs to
use iterative solvers based on Krylov-subspace method. There are many methods
proposed in the literature, that perform differently depending on the problem.
Obviously, it is not possible to find the best one that fits for all EM problems.
Finding the best one for a given problem is a matter of trial and error. Some of

the well-known methods are as follows [35]:

BiCG: Biconjugate Gradient.

BiCGStab: Biconjugate Gradient Stabilized.

CG: Conjugate Gradient.

CGS: Conjugate Gradient Squared.

GMRES: Generalized Minimal Residual.

LSQR: Least-Squares QR.

QMR: Quasi-Minimal Residual.

Sequential and parallel implementations of these iterative algorithms can be found
in [55]. In this dissertation, we will use GMRES due to its flexibility of solving
wide range of EM problems.
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1.3 Problem Statement and Motivation

Considering the aforementioned brief summery about SIEs, MLFMA, and the
tree structure, we can deduce important points regarding possible bottlenecks
when we start moving from normally meshed structures toward overmeshed ones,

known as multiscale problems. We have to emphasize the following issues:

1. Generally speaking, most of the multiscale problems end up with an un-
balanced condition regarding the number of unknowns within the leaf level
boxes. This means that, overcrowded boxes will constrain the CPU to com-
pute near-field interactions in the context of MoM, which in turn takes much
longer time to be computed in comparison with normally loaded boxes. This

issue gets worse for VIEs especially if the nearby boxes are also crowded.

2. Dividing all leaf-level boxes to gain one more level, somehow alleviates this
puzzle, but it doesn’t help the unbalanced distribution of the basis functions
within each box. This will be problematic for parallel implementation of
MLFMA among multiple CPUs.

3. Sometimes, multiscale nature of the problem prevents further dividing of
some boxes. This happens when a group of individual boxes are occupied

by large RWG functions, hence, bisecting those boxes may be quite difficult.

4. Increasing the number of levels, effectively decreases the number of near-
field interactions, which in turn, lowers the burden of the CPU, at least from
the computational point of view, but apparently by overdoing it, another
critical issue arises when the smallest box size reaches to a fraction of a
wavelength (e.g. under A\/16). In such cases, the box size at the leaf level
is so small that the argument of the translation function tends to be zero

and as we will see later, it causes a kind of numerical instability.
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1.4 Contribution

We summarize major achievements of this dissertation as follows.

1.4.1 Regarding SIEs

1. We deployed an approximate method for the diagonalization of the Green’s
function proposed in [34] to handle the well-known low-frequency problems
of MLFMA. We modified the method to increase its accuracy and imple-
mented a corrected version of that to propose a broadband incomplete-leaf

(IL) MLEMA to solve large multiscale electromagnetic problems.

2. We investigated one of the major sources of error in the solution of SIEs
concerning PEC objects. We demonstrated that using the conventional
fixed-size boxes in the context of FMM and MLFMA leads to a kind of
computational error which is not evident at a first glance, and dramatically
contaminate the computation of far-zone interactions, especially in multi-
scale EM problems where the surface discretization possess a wide range of

mesh sizes.

3. We proposed a novel IL-tree structure, where the boxes are bisected into
smaller boxes based on their content populations. We introduced new con-
cepts about the near-field interactions and postulated new rules to identify
the near and far boxes across the whole tree structure. Using the proposed
IL-tree structures, both O(N?) complexity arising from the near-field cal-
culations of overcrowded boxes and the hidden computational errors origi-

nating from the protrusion of the basis/testing functions are eliminated.

4. We demonstrated that the proposed method is always more efficient than
the conventional MLFMA for the same accuracy, while it is always more
accurate if the efficiency is comparable. Also we conducted a series of
studies to investigate in detail the fact that the accuracy of the IL-MLFMA

remains almost fixed regardless of the number of levels, which eliminates
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the need of testing different levels of the conventional MLFMA in order
to find out the best choice. This provides us an optimization on efficiency

without sacrificing the accuracy.

5. We presented a reliable method that always converges iteratively, regardless

of the given population threshold.

6. We showed that the IL-MLFMA performs much better for larger EM prob-
lems with high multiscale factors, or for medium-sized problems with very

high multiscale factors.

7. Due to the versatility of the proposed algorithms, other methods
that are proposed to treat the well-known low-frequency breakdown
3],[27],]29],[31],[32],[33] can be used in conjunction with the proposed IL-
MLFMA to increase the accuracy.

8. The proposed IL-MLFMA can be combined with other available algo-
rithms, such as the equivalence principle algorithm (EPA) [56], hierarchical
MLFMA [31], multi-resolution basis functions [57], and accelerated carte-
sian expansion (ACE) [23], which are also used together with the conven-
tional MLFMA to attack multiscale electromagnetic problems with very

large multiscale factors.

9. For uniform meshes, the IL tree structure reduces to the traditional ones
and the proposed IL-MLFMA reduces into the conventional MLFMA if

desired.

1.4.2 Regarding VIEs

All achievements regarding the SIEs are mostly achievable in VIEs with the fol-

lowing exceptions / differences.

1. VIEs show no visible low-frequency breakdown, so there is no need to de-

ploy an approximate method as what we did for SIEs. This means that

18



the implemented IL-MLFMA regarding the volume formulations are more

accurate than surface formulations.

2. The protrusion of the basis/testing functions for volume discretizations are
much worse than surface discretizations. Therefore, the concept of having
a fixed accuracy which is independent of the number of levels is slightly

violated.

3. The intrinsic nature of a VIE requires higher amount of memory to be
used and processed. Since IL-MLFMA has no practical limit regarding
the number of used levels (in order to construct the IL-tree structure),
and because IL-MLFMA almost always uses deeper levels of MLFMA, it
consumes much less memory than the conventional MLFMA to solve EM

problems.

1.5 Organization

This dissertation involves 7 main chapters. In Chapter 2, we commence by
some basics about integral equations and briefly review the needed formulations.
Then we proceed by introducing a mathematical background regarding FMM
and MLFMA in Chapter 3. In Chapter 4, we discuss about a recently developed
approximate method that can be used to overcome the low-frequency problem.
A rigorous derivation followed by an amending factor to improve its accuracy
will be given. Chapter 5 covers the proposed IL-MLFMA and its implementation
regarding SIEs. In Chapter 6, we present the same concept of IL-MLFMA dedi-
cated for the VIEs. Finally in Chapter 7, we propose some new ideas for possible

future works.

In this dissertation, the e~™" time convention is used and it is suppressed for

the sake of conciseness.
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Chapter 2

Basics of EM Theory

2.1 Maxwell’s Equations

The frequency domain Maxwell’s equations inside a linear, isotropic, and homo-

geneous medium can be written as

V x E(r) =iwuH(r) — M(r) (2.1)
V x H(r) —iweE(r)+ J(r) (2.2)
E(r) = tpe(r) (2.3)
H(r) = Lp,(r) (2.4)

where 7 is the position vector and € and p are the constitutive parameters of the
medium, respectively. It should be noted that the magnetic charge density p,, and
the magnetic current density M are fictitious sources and they are extensively
employed in EM related problems as mathematical tools to solve a wide range
of scattering and radiation problems. The relation between different electric and

magnetic sources are based on continuity equations, given by

V- J(r) = iwpe(r) (2.5)
V- M(r) = iwpy,(r). (2.6)
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By utilizing the potential theory [58], one can write the EM fields in terms of the

vector and scalar potentials as

E(r) = iwA,,(r) — V.(r) — 1V x A (r) (2.7)
H(r) =iwA.(r) — Von(r) + iV X Ap(r), (2.8)

where A, and A,, are the electric and magnetic vector potentials, respectively,
whereas ¢, and ¢,, are the electric and magnetic scalar potentials, respectively.

These quantities are related to each other by the Lorentz gauges as

V- A, (r) =iwepVo(r) (2.9)
V- A1) =iweuV o, (r). (2.10)

Using above mentioned potentials, the corresponding gauges, and the Maxwell’s

equations, a set of four well-know Helmholtz equations can be derived as

V2A.(r) + KA (r) = —eM (7) (2.11)
VA, (r) + KA, (r) = —ud(r) (2.12)
V20e(r) + K ¢e(r) = —Lpe(r) (2.13)
V2¢m(r) + k2¢7n<'r) = _%pm(rr): (2'14)

for electric and magnetic potentials, and
V?E(r) + K E(r) = —iwpJ (r) + 1Vpe(r) + V x M (r) (2.15)
V2H(r) + K H(r) = —iweM (r) + inm('r) -V x J(r), (2.16)

for the electric and magnetic fields, where k = w,/eu is the wavenumber.

Solving the equations in (2.11)-(2.14) for some arbitrary currents and charges
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results in

A(r) = ¢ / dr' M (r')g(r, ') (2.17)
An(r) =4 / dr' J(r')g(r, ') (2.18)
o.r) =1 [ dr'p.(rglr.r) (2.19)
on(r) =4 [ dr'onlrg(r. ), (2.20)

where

exp(ikR)  exp(ik|r —r'|)
4R Ax;lr — 7’|

g(r,r') = (R=7r—17") (2.21)

is the homogeneous-space Green’s function. By substituting the above solutions,
i.e., (2.17)-(2.20) together with (2.21) into (2.7) and (2.8), one may arrive at

E(r) = z’kn/dr’ J(r') + iv’ : J(r')V}g(r, r’)

L2
— /dr'Vg(r,’r') x M (r") (2.22)

H(r) = ikn" / ar' [ M) + ;v/ M)V g, r)
+/dr'Vg(r,’r') x J(r'"), (2.23)

as a set of solutions for Helmholtz equations regarding arbitrary source distribu-
tions J and M within a homogeneous background medium possessing an intrinsic
impedance of 1. Assuming X (r) to be a general position-dependent vector, it is
more convenient to define and use the integro-differential 7, KL and Z operators
[35] as

T{X}(r) = ik/d’r’ X(r') + I;V/ - X (V] g(r,r") (2.24)
K{X}(r)= /dr’X('r") x V'g(r,r") (2.25)
T XHr)=nxIZ{X}(r) =n x X(r) (2.26)
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to write (2.22) and (2.23) in a more compact form for electromagnetic fields as

E(r) =nT{J}(r) — K{M}(r) (2.27)
H(r)=n""T{M}(r) + K{J}(r). (2.28)

It is worth to mention that, even though these linear operators are generally
defined based on volume integrals, they may reduce to surface integrals depending

on the problem. We will use these notations through the rest of this dissertation.

2.2 Near and Far Fields

2.2.1 Near Fields

For near-field computations one may directly use (2.22) and (2.23). Apparently,
when the observation point r approaches to a source point 7/, some advanced
computational techniques [49],[59] are necessary to evaluate the integrals due to
the singular behavior of the Green’s function (as will be explained in Sections
2.5.4 and 2.6.2). Note that for many real-life problems there is no need to deal
with magnetic sources and (2.27) and (2.28) reduce to

E(r)=nT{J}r) (2.29)
H(r) =n""K{J}(r). (2.30)

2.2.2 Far Fields

For far away observation points in which kr > 1 and r > 1/, it is more convenient
to approximate the Green’s function and its gradient. Using the well-known far-

field approximations, i.e., |R| = R ~ r — 7 - v’ for phase variations and |R| ~ r
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for amplitude variations, one can derive

_exp(ikR) _ exp(ikr)

/ Y- /
g(r,r") = R S 4y exp(—ik? - ') (2.31)
Vyg(r,r")=(r —r")(ikR — 1)76Xp(lkR) ~ ik%fexp(zkr) exp (—ik? - 7). (2.32)

47 R3 4y

By inserting (2.31) and (2.32) into 7 and K operators defined in (2.24) and (2.25),

and using the divergence theorem, 7 and K operators can be written as [35]

TIX)(r) ~ m“iiﬁ“”(zm — ) / dr' X (r') exp (—ik# - ') (2.33)

ik
K{XY(r) ~ ik;exz(m'ﬁ x / dr' X (r') exp (—iki - '), (2.34)
wr
where i3><3 is a unit dyad. Note that due to the existence of (igxg —77) in (2.33)
and 7x in (2.34), we expect no radial component for both approximations at
r = |r| — oo. This means that by ignoring the phase shift, i.e., exp(ikr), we can

define a kind of normalized far-zone EM fields as

E>(0,¢) = TlLI’&{T exp(—ikr)E(r)} (2.35)
H>(0,¢) = lim {r exp(—ikr)H (r)}, (2.36)

which depend on the angular direction of the observation point. Note that to solve
many real-life EM problems concerning metallic structures, only J is required to

be known and hence, by substituting (2.33) into (2.29), one can easily obtain

E®(0,¢) = 417T kn (Lsys — #7) - / dr' J(v') exp (—ik# - ') (2.37)
H®(0, ) 7177' < E®(0, 8). (2.38)

In the upcoming chapters, after finding a proper solution for induced currents
on the surface of the metallic objects, we have to use (2.37) to calculate the far-
zone electric fields and compare them with some analytic solutions to study the

accuracy of the proposed algorithms.
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2.3 Equivalent Problems

It is more convenient to formulate scattering and radiation problems in terms of
other equivalent problems that may be easier to solve. These equivalent problems
are usually based on either equivalent surface currents for merely homogeneous
objects or equivalent volume currents for inhomogeneous objects. In all of these
equivalent problems, one tries to mathematically eliminate the presence of the
object inside the original problem by introducing some auxiliary surface (volume)

currents.

In this dissertation we use two well-know equivalence theorems to establish the
corresponding integral equations, i.e., the physical equivalence theorem is used
for PEC objects in the framework of SIEs, and volume equivalence theorem is
used for inhomogeneous dielectric objects in the framework of VIEs. Solutions
of dielectric objects based on SIEs are not addressed here and hence, surface

equivalence theorem is not discussed.

2.3.1 Physical Equivalence Theorem

Assume that J and M radiate in a homogeneous region with parameters ¢ and
@ creating the incident fields E™ and H™¢. If we put a PEC object inside
the region, the scattered fields E** and H*“ are created outside the object.
Obviously the inside fields are zero. This is illustrated in Fig. 2.1(a) as the
original problem. We need to find those scattered fields outside of the object.
Hence, we introduce an equivalent problem that permits the elimination of the
object inside the region. This is useful due to the fact that now we have a
homogeneous region again. Fig. 2.1(b) shows the equivalent problem. To do this,

one needs to eliminate the original sources and then put appropriate equivalent
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surface currents on the surface of the PEC object and satisfy the BCs as

MS — —_fi % (Einc 4 Escat) — —_fi % (Escat o (_EinC)) =0 (239)
']S — A % (Hinc + Hscat) — A % (Hscat o (_Hznc>> (240)

Note that the second term at the right hand side of (2.40) implies that Jg by
itself can create the scattered fields outside and the negative incident fields inside
the eliminated object. Apparently, by taking into account the existence of the
original sources, the total fields inside and outside of the PEC object would be

zero and E, H | respectively, as shown in the original problem.

E = Emc + Escat

scat scat
I = ™ + Jrecat 7 L ’H =
Jg=nxH e ‘Zi g
MS = 0 /, \\‘

i \
q . . 1
I nc nc 1
i -E",-H )
H ’
\

/

7
" \‘ I’f E? /UL/’I
S ¢ ’f// E? ;I’

Figure 2.1: Physical Equivalence. (a) Original problem consisting of a PEC object illuminated
by incident fields E™¢ and H™¢. The total fields outside the object are a superposition of
the incident fields plus the scattered fields E*“** and H®****. (b) Equivalent problem without
the object. Introduced surface currents can radiate in a homogeneous space and create the
scattered fields outside the object.

It is worth to mention that even though eliminating the object and introducing
Js reduce the original problem into a simple radiation problem, the induced
current Jg depends on both of the fields, i.e., the known incident field and the
unknown scattered field. To overcome this issue, we use (2.39) and (2.40) to
establish a set of integral equations (IEs) that only need the incident fields to be

known on the surface of the object.
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2.3.2 Volume Equivalence Principle

For the sake of convenience, the volume equivalence principle will be addressed

at the second part of this dissertation when the VIEs are discussed.

2.4 Surface Integral Equations

Radiation and scattering problems are among the most important EM problems
to be solved analytically or numerically in the literature or engineering applica-
tions. For the radiation problems, one needs to integrate a known electric current
J using (2.29) and (2.30), or their more general versions given by (2.27) and (2.28)
if the magnetic M exists, to obtain the needed near or far fields. But regarding
the scattering problems, the currents used in these equations are unknown. This
means that to solve a scattering problem, one has to carry out two tasks: (a)
Solve a proper integral equation to find out the unknown currents induced by
some incident fields E™ and H™*. (b) Integrate the computed induced currents

to obtain the scattered fields quite similar to radiation problems.

In this section, based on the physical equivalence theorem, which was recently
discussed, we derive two well-known integral equations for PEC objects. These
are electric-field integral equation (EFIE) and magnetic-field integral equation
(MFIE). Note that a convex combination of these two, known as the combined-
field integral equation (CFIE), is also available. All of these SIEs are extensively
discussed in [35].

2.4.1 EFIE

When there is an induced current on the surface of a PEC object which is illu-
minated by an incident field, it will radiate and create a secondary field. This

field, which is commonly known as the scattered field, can be obtained from the

27



induced current J using (2.22) as

E*(r) = z'k:n/dr' {J(r') + l:QV/ ~J (V| g(r,r"). (2.41)

To eliminate E*“ in this equation, it is enough to enforce the BC regarding the

tangential component of the electric field, i.e,
f x EB*"(r) = —f x E™(r), (2.42)

where r € S and 7 is the outward normal unit vector on the surface of the object
as shown in Fig. 2.1. By rearranging the equation, we obtain N-EFIE formulation

N x T{I}r) = —f x E™(r), (2.43)

and by performing a cross product with —# (from the left), we obtain T-EFIE

as
—nh x A x T{J}r) =n x A x E™(r), (2.44)

which is commonly known as EFIE for perfectly conducting objects. Such sort of
IEs, where the unknown only appears inside the integral, are known as Fredholm
integral equations of the first kind. EFIE may be applied for all types of open
and closed objects due to the fact that its derivation does not need any constrain

to be imposed on the shape of the object.

2.4.2 MFIE

By following the same method, i.e., enforcing the BC for the tangential component
of the magnetic field on the surface of a PEC object, a similar IE can be derived.

Using physical equivalent of (2.40), one can write

J =7 x (H*" + H™), (2.45)
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where Jg is the induced current on the surface of the object and the observation
point r approaches the surface from outside of the object. Due to the fact that
the scattered magnetic field H*** can be computed via (2.30) by invoking the

definition of K operator, (2.45) can be written as

J(r) — lim {fx [ dr'J@") x Vg(r,r)} =n x H™(r) (2.46)
Ly |

r—S+

where ST implies approaching the surface from the outside. To evaluate the

integral inside the bracket, we can separate it into two distinct parts, i.e.,

lim [ dr'J(r") x Vg(r,r') = lim dr' J(r") x V'g(r,r")
+ lim [ dr'J(r") x Vg(r,7") (2.47)
650 5o

where 65 is a tiny circular region on S in the vicinity of the observation point 7,
as shown in Fig. 2.2. The first and second terms on the right hand side are known
as the principle value and the limit value of the above integral, respectively. It can
be shown [60] that the limit value depends on €2;, which is defined as the internal
solid angle of the surface at the observation point. Based on this definition, the

limit value can be written as

/ Q;
. ’ ’ n 2 A
51:%1—1}0 Ny dr'J(r") x V g(r,r") = —47TJ(7“) X Tb. (2.48)

Figure 2.2: The observation point r approaches to a tiny circular portion of the smooth surface
S from the outside.
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Using a “PV” sign to imply the principal value, (2.46) can be written in a more

compact form as

Q; ,
J('r') — N X KPV{J}(’I") — 7L X ZlJ(r) X fi = i X HZTLC(T)
™

LTI (r) A x Koy (J)(r) = x H™(r), (2.49)

where 0, = 41 — €); represents the external solid angle of the surface at the
observation point. The IE given in (2.49) is known as the N-MFIE formulation.
Considering the fact that the exterior solid angle is simply 27 for smooth surfaces,
which is the case when we use planar triangles to discretize the surface of the
object [35], the above general form of the N-MFIE may be reduced to

ST ) — 2 x Kev{ T} (r) = 7 x H"(r). (2:50)

By simply performing a cross product with 7 (from the left), it is also possible
to derive the T-MFIE formulation as

;IX”{J}(T) A XA x Kpe[JYr) = A x ox H™(r). (2,51

Once again, after solving MFIE for unknown surface currents, (2.29) and (2.30)
can be used to compute the EM fields. It is worth to mention that MFIE is
a Fredholm IE of the second kind, which means that the unknown J appears
outside and inside of the integral. From the computational point of view, this
type of IEs seem to show better convergence when solved by iterative solvers

rather than the first type, but their accuracy are generally worse than the first
type [1].

It should be mentioned that MFIE can only be used for closed surfaces due
to the fact that its derivation is based on a limiting approach from outside (or
even inside) of the object. In this dissertation, we implement a broadband solver.
This simply means that, we need a formulation that is stable at low frequencies.
Fortunately, N-MFIE is capable of handling this issue [34] and hence, we use it
through the first part of this dissertation.
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2.5 Method of Moments

Due to the fact that both of the differentiation and the integration are linear
operators, any IE can be treated as linear operator £ acting on an unknown
function f(r), where the result is another function g(r), and they can be written

in a compact form as

L{f(r)} = g(r). (2.52)

In EM related problems, f may be either a surface or volume current density (J
or M), or it may be a scalar function when (2.52) reduces from a 3-D to a 1-D
problem. On the other side of this equation, we have a known function g, which

is usually an excitation due to some external (or internal) EM sources.

In this method, we try to expand the unknown function f in a series of locally

defined linearly independent basis functions b, (7) as

f(r) ~ 2_:1 anbn (1), (2.53)

where a,,n = 1--- N are the unknown coefficients that should be found at the
end of the solution process. These basis functions have to be chosen in such a
way that they can approximate the f function appropriately. Obviously there
would be a residual error in this approximation, but the goal is to make this error
controllable. By inserting (2.53) into (2.52) and using the fact that £ is a linear

operator, we can write

N
> anl{bu(r)} = g(r). (2.54)
n=1

Equation (2.54) consists of N unknown coefficients. To solve this equation, one

can use another set of N properly chosen testing functions ¢,,(r) to test both

sides of it. To perform this task, we need to define and use an inner product
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defined as

< Frr) Folr) > = / dr f,(r) - (r). (2.55)

where the integration may be over a line, on a surface, or inside a volume, depend-
ing on the problem of interest. By testing both sides of (2.54), and interchanging

the order of summation and integration we may arrive at

> an [ dr () £{ba(r)} = / drt,(r) - g(r). (2.56)

Equation (2.56) still consists of N unknowns. To solve it properly, one needs to
use M independent testing functions, which leads us to a matrix equation in the

form of
N
> anZyp =Vm, m=12,...,M, (2.57)
n=1

where the matrix elements are given by

Znin = /dr t,(r) - L{b,(7)} (2.58)

and the elements of the right-hand side vector are given by
Uy = /dr t,(r)-g(r). (2.59)

Usually Z and v are called the impedance matrix and the excitation vector,
respectively. Utilizing such an approach to transform an IE into a linear matrix
equation is referred to as the MoM. For EM problems it is very common to utilize
the Galerkin’s scheme, which means that the testing functions can be chosen to
be the same as the basis functions. Using this scheme, the final impedance matrix

is a square one, which can be solved by direct or iterative methods.

Finally it should be noted that for a problem with N unknowns, the square
impedance matrix generated by the MoM has N? elements, each of them to be

calculated separately. Both the CPU time (required to generate the matrix) and
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the required memory (to store the matrix) have O(N?) complexity. Apparently,
the resultant matrix equation has to be solved either directly or iteratively. By
using a direct method, like Gaussian elimination, the computational complexity
reaches to O(N?), while using iterative solvers (via MVM) this complexity may
be reduced to O(¢N?) operations, where ¢ denotes the total number of iterations.
Consequently, if ¢ =& O(N), the total computational complexity may be close to

O(N?), which becomes increasingly inefficient for large values of N.

2.5.1 Geometry Discretization

In order to use MOM, one needs to discretize the geometry as well as the SIE
formulations. This means that, depending on the type of the basis function to be
used, the surface of the object has to be meshed. For example in Fig. 2.3(a), pla-
nar (linear) triangles are used to mesh the surface of a typical toroid. Low-order
basis functions are proper choices for this type of discretization. It is also possi-
ble to use parabolic triangles to mesh the same surface as shown in Fig. 2.3(b).

Higher-order basis functions can be used for this type of discretizations.

Figure 2.3: Discretization of a typical toroid using two common types of meshes. (a) Using
planar (linear) triangles. (b) Using parabolic triangles.

To have a reasonable efficiency and also a small error, the size of the mesh
should be kept smaller than A\/10. Although a smaller mesh seems to be better
from the accuracy point of view, it increases the number of unknowns /N, which

in turn, increases the solution time.
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It should be noted that there are two sources of error regarding geometry
discretization. The first one is due to the approximation of the surface of an
object with planar (linear) triangles. This can be effectively reduced by using
parabolic triangles along with higher-order basis functions. The second error,
that always exists, is due to the approximation of a continuous surface current
utilizing discrete functions. As an expensive remedy, one can use smaller triangles

to reduce this error.

2.5.2 Triangular Basis Functions

In the first part of this dissertation (for SIEs), we use linearly varying RWG
vector functions, which are defined over planar triangular domains. They are
commonly used in MOM applications as basis and testing functions due to their
useful properties. An RWG function defined on a couple of triangles with a
common edge of length [,, is shown in Fig. 2.4, which is associated with the nth
edge of the mesh. The mathematical definition for such a vector basis function

is given by

» ()

Figure 2.4: An RWG function defined on a couple of planar (linear) triangles with a common
edge of length 1,,.
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2AF

bV G () = 22_ (r=—7), res (2.60)

n

(r—rh), resS’

0, r¢&.5,,

where A and A, are the areas of S} and S, triangles, respectively. Some useful

properties of an RWG function can be summarized as follows.

1. Inside each triangle, a vectorial summation of three linearly independent
RWG functions, one associated with each edge, can represent any constant

vector in any desired direction.

2. An RWG function is tangential to both side edges and has only a normal

component on the common edge.

3. The component of b, (r) normal to the nth edge is constant and continuous
across the edge because the normal component of pF along the common
edge is just the height of ST with the common edge n as the base, and
its value is equal to 24F/1,,. This is crucial in order to normalize b,(r) in
(2.60) and force the surface current passing through out the common edge

to be continuous.

4. The charge density represented by the nth RWG function can be derived

as I
A—T;, reSh
Vb (r) = _jl, res (2.61)
0, r¢5S,.

Note that the charge density is constant within each triangle and also the
total charge density associated with a pair of adjacent triangles remains
zero. Due to the fact that no charge accumulation occurs on any edge,
RWG basis functions are known to belong to the category of divergence-

conforming basis functions.

It should be emphasized that other types of basis functions, i.e., curl-

conforming basis functions as well as higher-order basis functions [61] are
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also common in computational EM problems.

2.5.3 Operator Discretization

In order to solve any of the aforementioned formulations numerically, one has to
discretize the associated operators, and calculate the elements of the impedance
matrix, as well as the elements of the RHS of the matrix equation obtained from
MoM. Due to the fact that in the proposed IL-MLFMA we only deal with MFIE
(=N-MFIE) formulation for SIEs, it is enough to calculate only the normally-
tested Kpy and tangentially-tested Z operators. These operators are discretized

as

KN [m,n] = <tm('r), 7 x /va{bn}(r)> (2.62)
(tnlm). T(b,} ()
(tm(r), bu(r)), (2.63)

fT[m,n]

where < - - > is defined in (2.55), and the integration is on the support of the
testing function S,,. Putting all together, the corresponding equations for Z,,,

and vy, in (2.58) and (2.59) can be written as [35]

ZMFIE[m,n] = —;fT[m,n] + ng[m,n] (2.64)
viylm] = (tn(r), = x H™(r)). (2.65)
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2.5.4 Elements of the Impedance Matrix (N-MFIE)

By invoking the Galerkin’s scheme and deploying the divergence-conforming
RWG functions, and substituting (2.62) and (2.63) into (2.64), the explicit ex-

pressions for the impedance matrix elements of (2.64) can be obtained as [35]

—MFIE

Z [m,n| = —;/ drt,,(r) - b,(r)

+/ drt,,(r) - f X / dr'b, (r") x V' go(r, 7). (2.66)
S PV,Sn

Using the definition of an RWG function given in (2.60), we can write (2.66) as

7 Cma n
ZMFIE[m7 n,a, b] — g 2’ béma,nb/ d,r. (,r _ rma) . (fr' — Tnb)
Sma
+Cma7nb/ dr (r — rpg) - 7 X / dr'(r" —r.) X V/go(r,r'), (2.67)
ma P‘/’Snb
where .,
—_ __mm 9.
Cma,nb 4AmaAnb’7ma7nb ( 68)
1, m=n
5m7n = (2.69)
0, m#n

and Yma, Tns = +1, depending on the orientation of the n'* basis and m'" testing
functions inside the associated triangles. Although it seems to be clear, m and
n are used to indicate that the interaction computed in (2.67) is between the
m™ testing and the n'* basis triangles, while a and b denote the orientation of
those functions. Also note that the Kronecker delta function used in the first
term of the above expression denotes a self-interaction term, and should only be

considered in near-field interactions.

To simplify (2.67) one more step, one can take the gradient of the Green’s
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function, and calculate the rightmost integral of (2.67) as

I :/ dr' (r' — ) X V go(r, 1)
PV,Spp

- / dr (1 — 1) (1 — )] (1 — i) SPUFR) (2.70)

3
V.S, 4R

Using the identity (r' — r.) X (r —7') = (r —ry) x (r — '), (2.70) can be

written as

I=(r—ry) X / dr’ [(fr —r)(1 - ikR)M
PV,Smb 47TR
I=(r—ry) X / dr'~ go(r,7), (2.71)
P‘/vsnb
and hence, (2.67) becomes
S MFIE Cma nb
2", 0,8 = — 7005, / 0 (7 — Pa) - (1 — )
Sma

—i—Cma,nb/ dr (P —Tpa) - A X (P — Ty X / dr'¥ go(r, 7). (2.72)
ma PV, Sy

Finally, by using the vector identity A - B x C' = (A x B) - C we can rewrite
(2.72) as [35]

—MFIE

5mCLTL
Z [m,n,a,b] = — Cranb { b / dr (r —rpa) - (1 —Tw)

2

_ /mad'r [(P—Tma) X 7] - [(r — ) ></P dr’ Vlg()('r’r’)] } . (2.73)

V,Snb

2.5.5 Excitation

To illuminate the scatterer, we can use a plane-wave excitation, i.e.,

) 1 - .
H™(r) = —k x Eye™*, (2.74)
7
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where Ej is a complex vector and it should satisfy E, -k = 0. Inserting (2.74)
into (2.65) gives us the elements of the RHS vector of the MoM system given by

1 N -
v m] = 77/ drt,,(r) - (ﬁ, x k x E e’kk’r> : (2.75)

2.6 Evaluation of the Integrals

In the context of the MoM, there are two types of integrals that should be eval-
uated accurately: (a) Those integrals that can be handled by using numerical
integration (quadrature) methods. (b) Those integrals with singular kernels that

can be evaluated using some special singularity-extraction techniques.

For example in the N-MFIE formulation given by (2.73), the first term (the
self-interaction integral) can be easily evaluated by a second-order quadrature.
But the inner integral of the second term needs more careful evaluation due to the
singular behavior of its integrand when r approaches to r’. This happens when
the source and testing triangles are overlapping or they are at close proximity of

each other.

2.6.1 Numerical Integration

There are many methods in order to numerically evaluate an integral over tri-
angular domains. The most commonly used method is the Gaussian-Legendre
quadrature with symmetric rules presented in [52]. In this method, it is possible

to choose the optimum abscissas to integrate a function f(z) as

/ e =Y wif(r) (2.76)
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Figure 2.5: Definition of simplex coordinates inside a triangle T.

where x;,7 = 1... N are the roots of P, (z), i.e., the Legendre polynomial of order

n, and the weights w; are [62]

2
(1 —a?) [Py(z,)]

(2.77)

w; =

Apparently, to use the rule, a proper change of variable has to be used to map

the interval from [—1, 1] to [a, b].

Note that these rules cannot be directly used to integrate a given vectorial
function over triangular domains. To carry out such sort of integrals, one needs
to use simplex coordinates, which enables us to easily find the coordinates of an
arbitrary point inside a triangle based on the coordinates of its vertices. To clarify
the concept, we briefly consider a triangle T" as shown in Fig. 2.5 by defining three
position vectors V1, V5, and V3 as its vertices. An arbitrary point 7 inside T
can be found as a weighted sum of those three vectors associated with the vertices

via
r=aV+ BV, +Vs, (2.78)

where «, 3, and v are the simplex coordinates defined by

Ay Ay As

« 217 Y Aa
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and A is the total area of the triangle consisting of A;, Ay, and Az as shown
in Fig. 2.5. Apparently, A; + Ay + A3 = A and hence, a + § + v = 1. Now
by extending the one-dimensional quadrature rule of (2.76) over a triangle (and

later on inside a tetrahedron), one can write

/Tf(r)dx =AY wif(r). (2.80)

where r; is calculated via tabulated values for «, 3, and ~ using (2.78).

2.6.2 Analytic Integration

To evaluate the singular integrand of the gradient of the Green’s function in
(2.73), i.e.,

I :/ dr' V' go(r, "), (2.81)
PV,Sp

some singularity extraction methods are needed. Due to the fact that I is infinite
when the testing point is on the edge of the source triangle S, the interaction
of the touching triangles can be computed accurately by using those observation
points that are strictly inside the testing triangle. Now, in order to remove the

singularity from numerical integration [51], one can write I as

Y 2 122
7 1 ' (exp(sz) 1+ 0.5k*R )

:47T S R

1 C 1N K2 ,

e ()—/ dr' V'R 9.82
e o,V \R) s g, (2.82)

The expression in the parentheses in the first integral has two continuous deriva-
tives with respect to R and hence, it can be evaluated accurately using Gaussian
quadrature. To evaluate two other integrals we prefer to use the analytical meth-
ods elaborated in [49] and [50], which are briefly repeated here for convenience.
It should be noted that in these methods, the source triangle S, is assumed to

be located on the x-y plane as shown in Fig. 2.6 and hence, a proper geometrical
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manipulation may be needed for an arbitrary triangle in 3-D space [35].

e N
~ T~

- ’
/ F |

’ ]

4 |

Observation Paint ;'r d!
k.
l

Ry

Figure 2.6: Various geometrical parameters regarding singularity extraction [35].

/der v ( ) Zi:uf2+zr§: (2.83)

(2

3
/ dr'V'R == Zu1f31+zz|z|25z—zzZtofgz, (2.84)
S’nb

where
t05+ tos._
=1t -1 Mm% gt 2.85
= e R ®E IR (2:85)
R + st
foy=1n (RZ n s?) (2.86)
fai=sT R — 57 By + (R) fas, (2.87)

The remaining geometrical parameters depend on each edge (i = 1,2,3) and

based on Fig. 2.6 they can be listed as

e 4;(i =1,2,3) denotes the outward unit vector on the plane of the triangle

that is prependicular to the i*" edge.

e R and R; denote the distances between the observation point and the
end points of the i*" edge. The plus and minus signs are determined based
on the right-hand rule regarding the outward normal unit vector of the

triangles (here V; — Vo — V3 — 1)),
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e R?is the prependicular distance between the observation point and the ‘!

edge (or its extension).

e t! is the prependicular distance from the projection of the observation point
on the plane of the triangle toward the i*" edge (in Fig. 2.6 ¢? is shown).

Its sign is determined based on its alignment with @. Obviously R =
V22 + |92

e A point on the i*" edge, where its distance from the observation point is R?,
breaks the edge into two segments. s and s; are the algebric distances
from this point toward the plus and minus end points of the edge via the

right-hand rule.
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Chapter 3

Basics of FMM and MLFMA

3.1 Introduction to FMM

We briefly discussed the MoM procedure in the previous chapter. For a given
EM problem consisting of N unknowns, its memory cost is O(N?) and the com-
putational cost reaches to O(N?) when direct solvers are used. By using iterative
solvers, the computational cost may be reduced to O(qN?), where ¢ is the number
of iterations. In this chapter we briefly review the FMM, which is originally based
on the MoM, but with a different strategy to calculate the interactions. Based on
a special technique used to diagonalize the Green’s function, FMM is capable of
reducing the memory requirement and the CPU time down to O(N'?). The mul-
tilevel version of FMM or MLFMA is also addressed in this chapter, which can
reduce the complexity to O(N log N), making it feasible to solve larger real-life

problems consisting of millions of unknowns [18].

It should be emphasized that FMM (also MLFMA) is based on fast MVM,
and its efficiency strongly depends on the choice of the integral equation to be

used, as well as the iterative solver to be deployed.
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3.1.1 Matrix-Vector Multiplication

Based on a brief review already discussed in Section 2.5, the MoM procedure ends

up with a linear matrix equation as
Za=mwv, (3.1)

where the system matrix Z represents the electromagnetic interactions between
the basis and the testing functions, and the left-hand side unknown vector a
contains the unknown amplitudes of the basis functions. The result of Z a as an
MVM is a vector, where its rows are the coherent sum of those fields “received” by
each testing function due to the fields “radiated” by all basis functions. Consid-
ering the fact that the amplitude of the interaction between the basis and testing
functions tapers off quickly with distance, we can divide the space around a ba-
sis function into two regions: a near-field region where some strong interactions
occur, and a far-field region where weaker interactions exist. Such a separation
between the near and far regions is illustrated in Fig. 1.1. Taking the red box
as the one containing the radiating basis functions, other basis functions within
the transparent boxes are considered to be in the near region, and those outside,
i.e., light or dark blue boxes, are considered as the far region boxes. Writing the
+Z far, where Z"" is a sparse matrix, MVM

—near

impedance matrix as Z=2Z

can be written as the sum of a near product and a far product yielding

Snear = far

Z a+Z a=w. (3.2)

In FMM, the MVM is performed in two separate steps: an MVM involving Z""",
where the elements are computed directly as usual and stored explicitly, and
an MVM involving me, where the individual elements are not computed or
available explicitly. An important reason why FMM is one step ahead of the
MoM is originated from the fact that a large number of the matrix elements
are located inside Z fm, leaving behind a relatively very small number of matrix

elements to be computed and stored for Z"““". Based on this perspective, Z

is highly sparse and its computation takes much less time than the original dense

45



impedance matrix. This leads to a considerable amount of saving in the memory
consumption and CPU time. On the other hand, the computations of Z'
elements in each iteration are based on group-wise interactions, which take much
shorter time than their equivalent MoM based calculations. It is noteworthy to
remind that MLFMA can extend this capability by deploying a higher number

of levels.

3.1.2 The Gegenbauer’s Addition Theorem

Consider the three dimensional free space Green’s function, which can be written
as r .
ezk|r—r | 62k\R\

"N = - 3.3
g, ') 4rclr —r'|  Aw|R|’ (3:3)

where 7’ and r are the source and field points, respectively. By defining a small
vector offset v and a larger vector w such that R = r — ' = w + v, we can

rewrite (3.3) as
eik|r—r'\ eik|w+v|

= . 3.4
Alr — 7| Aw|lw + v| (34)

Assuming that |v| < |w|, we may define the addition theorem for spherical waves
[63], as

eik|w+v\ i 00 1 o
b S D@+ Dk h (Rl B - @), (3.5)

4|w + v T i =

where 7; and hl(l) are the spherical Bessel function and the spherical Hankel func-

tion of the first kind, respectively, and P)(z) is known as the Legendre polynomial
of order [ [62],[64].

3.1.3 Diagonalization

Looking closely at (3.5), one can see that it is a different way of writing a wave,

which is radiating from a given point, as if it were radiating from a different point
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close to it. As explained in [63], (3.5) can be transformed into a surface integral

over the unit sphere via the identity

(i) Kol P - @) = Pl - ), (36)
where k is the radially oriented unit vector over the sphere. Another important
aspect of this identity is due to the fact that, it presents an expansion to express a
spherical wave in terms of the plane-waves. Note that the orthogonality relation-
ship among the plane-waves in different directions provides us a complete base in
l%—space. Using this identity and another common notation for integration over
the unit sphere as ¢ dS = [[sin(0)dfdp = [ d2k, one can write the digonalized

form of the Green’s function as

eik|w+v\ ik " . o0 ~
= Pk ™37 (@) (20 + 1)V (k|w]) Pk - 3.7
o o] = (i | RS0 O G k), (67
where the orders of the integration and summation have been interchanged. This
interchange will be practical if we truncate the summation at some finite order

7. Making this truncation, we can now write (3.7) as

et * 2k Bk ko, )T (kR 3.8
Irfw + o] (47r)2/ I k)T k) 9
using
Bk, Fe,v) = eFkv (3.9)
To(k ke, w) =S ()12 + DA (klw|) Pk - @), (3.10)

where (&, k, v) and T, (k, k, w) are defined as the diagonal shift and translation

functions for plane-waves, respectively.

From a practical point of view, we have to consider two important issues,
namely, integration over the unit sphere [ d2k and the truncation number 7.
As a remedy for the first issue, the integration over the unit sphere in (3.8) is

carried out numerically with quadratures in the 6 and ¢ dimensions. It is shown
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in [65] that for a function f(6,¢) of bandwidth L, such kind of integrals can be
evaluated optimally using an (L+1) point Gauss-Legendre quadrature rule in 6,
and an equally spaced 2(L+1) point quadrature in ¢. The solution for the second
issue comes from a variety of suggestions given by different authors [35] to choose

the optimal value for 7 using
7~ 1.73ka + 2.16(dig) 3 (ka)3 (3.11)

where “dig” is the number of desired accurate digits, and a is the box size contain-
ing the basis functions. It is worthy to note that the box size a has to be changed
across different levels inside the hierarchical tree structure when the multilevel
version of FMM has to be deployed.

3.1.4 Wave Translation

Now we illustrate the addition theorem by cal-
culating the Green’s function between a source
point 7 and an observation point . We first
introduce two arbitrary points in space, defined

by two position vectors a and b, that are very

close to the field point r and the source point

r’, respectively, as shown in Fig. 3.1. Breaking

Figure 3.1: Wave translation.

up the vector between the source and observa-

tion points as
r—r'=(r—-a)+(a—>b)+(b—1r") (3.12)

and then
r— 'r, = Tra + Tab + Ty, (313)
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we can rewrite (3.8) using (3.12) and (3.13) as

ik|r—r'| ik o X

~ Ak e et )T (kK 14

Am|r — 7’| (477)2/ c w(k, K, 7an) (3.14)
ik 27 2 - .

~ (471')2 /d k ﬁ(k, k7Tra)ﬂ(k,k,’l"br/)T.,-(k,k,’l"ab), (315)

provided that the assumption considered in the addition theorem is satisfied (that
iS g +7p < Tgp). This is an important result due to the fact that the translation
function T only depends on r,,. Recalling our assumption about the closeness of
a tor and b to r’, if we move both of » and r” a small distance from their previous
locations, the translation function remains intact, and only the phase shifts due
to 0 function change. Therefore, we can compute any interaction between any
pair of points near a and b by using the same translation function. Now we write
(3.15) as

ik|r—r'| ik . . N ~
~ &’k R(k,v)T,(k, k,ry)S(k, "), 3.16
e~ T | PR RE T kSR, (310

where, at the source point 7/, it is beneficial to define the radiation function as

A

S(ke,r) = ek ro (3.17)

and at the field point r, the receiving function as

A

R(k,r) = eiFhrre. (3.18)

If we now move 7’ or 7 to another close location, only the radiation or receiving
function changes. As a result, we can now compute a sum of the Green’s functions
evaluated at the field point r due to many source points 7/, located close to b.

Using (3.16), this can be written as

k[ i R, 3 3.19
Z4W|r_r'| (4m)? / (k. )T (b K ran) 32 S0l (3.19)
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where the radiation functions are

ikkr
bry,

Sp(k,r')=e (3.20)
The arrangement shown in (3.19) is what enables us to quickly compute a MVM
and deploy it within the context of the FMM. The radiation functions for all
source points r’n should be consistently added (aggregated) to create a local field at
b. This field is then transmitted via the translation function yielding a local field
at @. This “incoming” local field is then multiplied with the receiving function
at the field point 7 and integrated over the unit sphere (disaggregated) producing

the desired sum.

In a practical FMM implementation, the basis and testing functions are dis-
tributed into a pre-ordered set of clusters based on their spatial positions. Conse-
quently, the radiation and receiving functions, as well as the inter-cluster trans-
lation functions are computed and stored in the memory in order to effectively

carry out the aggregation, translation and disaggregation processes.

We have to emphasize that, even though the provided derivations regarding
the FMM concepts and related radiation and receiving functions have been de-
rived in the frame of point sources, the introduced concepts remain valid for
arbitrary distributed sources as well, apparently with some extra mathematical

complications.

3.1.5 Matrix Elements for FMM

In order to derive the matrix elements for FMM, it is more convenient to use the
vector identity of A- B x C = (A x B) - C and rewrite the second term of (2.67)

in a more suitable form as

ZMFIE[m, n,a,b] = meb/ dr [(r — 7pa) X R -/d’r’/('r/ —Tup) XV’go(T,r’).
Sma Snb

(3.21)
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Note that since the FMM can only be deployed for far interactions (due to the
use of the addition theorem), the self-interaction term is ignored and [, , s

changed to [ -

Now, we consider a pair of RWG functions located at two far boxes as shown
in Fig. 3.2. It is clear that

_______ far boxes ————

Figure 3.2: Interaction between a pair of RWG functions located at two far boxes in the context
of the FMM.

R=r—r'=(r—rc)+(rc—rc)+ (ro —1r'), (3.22)

where 7o and r¢ are fixed vectors pointing to the center of two far boxes, where
the interacting basis and testing function are located. Recalling the addition

theorem given in (3.8)-(3.10) and by using w = r¢ — r¢ and v = (r — ro) +
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(rcr — r') one can write [35]

k -~ 1.1, ’ A -
g(’)", ’l"/) — (4@7()2 /dzk €7Zkk.(r —rcr) TT<I{7, ki, ro — TC’) elkk-(’r‘f’l‘c). (323)

To take the gradient of the Green’s function in the primed coordinates it is enough
to consider only the first exponential term and write
ik

Vg(r,r')= (4n)?

/ P (i) T (ke ke e — o) ) (3.94)

By inserting (3.24) in (3.21) we arrive at

ZMFIE[m, n,a,b] = Cma,nb/ dr[(r — Tpma) X 1 - /d’r"(r' — Tpp) X
Sma Snb
ik 2 7'ka (r'—rar 7 ikk-(r—r
[ RO T 0 o ) )

(3.25)

By exchanging the order of the integrals and using the vector identity A-BxC =

(A x B) - C one more time, one may arrive at

_ 17 2 R
Z""mn,a,b) = —Conan <Z> / &k / dr / dr' (7 — Ta) X 72 -
41 - Sop

('I‘/ . rnb) > ’%efikfc-(r'frcl) T. (k ’% To— TC’) ikk-(r—rc)

_Cmanb<2k> /ko/ d’r/ drk:x 7o X (1 — Tpa)] -

(’I"/ . rnb) e —ikk-(r"—7 1) T, (k? k,’l"c . TC’) ezkk (r—rc)

K . N
Am s

Tk, k7o — 7o) {/ dr’ (v’ — rnb)e_ik’%'(rl_’“c’) } . (3.26)
s

nb
Now by recalling the definition of C,qnp from (2.68) and using the relation

~

ko [ (1 —1a)] - (' =) = kX [ (r—10)] - [(Tss — k) - (' —7)]
(3.27)
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—-MFIE

we can write the final form of Z as [35]
S MFIE ik\?
VA [m, n,a, b] = (4) /ko Rma<l{3, k, Tc) : TT(/{Z, k, Te — T‘C/)Snb(k?, ki, TC/),
m
(3.28)
where

= n ln = A oA kb (! —
Sk, ke, re) = Jnb (ngg—kk)-/ dr' (v — 1) e R mren) (3.29)

24, S
5 malm 2 A ikk-(r—
R,k k,rc) = zA k x / dr [P X (1 — 1) FF =) (3.30)

are the radiation and receiving functions for N-MFIE formulation, respectively.
Note that all the integrations are performed over the triangular domains of the

respective RWG functions.

3.2 The Multilevel FMM (MLFMA)

We briefly introduced MLFMA in Section 1.2.4. The main idea in FMM and
specifically in MLFMA is to compute the interactions between basis and testing
functions in a group-wise manner. Creating higher-level groups from one side and
organizing the far-field interactions between these groups across multiple levels
from the other side are the key features of this powerful algorithm, which makes

it suitable for the large EM problems.

3.2.1 The Tree Structure

To calculate far-field interactions in a multilevel fashion, a proper tree structure is
needed. To construct the tree, one needs to put the object(s) in a cubic box and
start a recursive process to divide the computational domain into subdomains
through bisecting the box edges. This process stops either in a given level L, or

when the box size reaches to A\/4 (and sometimes A\/8), due to the well-known
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low-frequency breakdown. Note that in such a tree structure, the highest level is
the object itself in one piece, and the second level is the MoM level with at most
23 = 8 sub-boxes. Consequently, the first level of the multi-level FMM starts
from the third level (i.e., the FMM level) and continues to some deeper levels.
Apparently, for an arbitrary geometry, some of the sub-boxes would be empty
that should be eliminated.

Somehow similar to FMM, where a box is either a near box or a far box
regarding a given box of interest, the tree structure of MLFMA categorizes the

boxes into three different groups (as already illustrated in Fig. 1.1):

1. Near boxes with at most 33 = 27 boxes, where the interactions are computed
directly based on MoM at the deepest level.

2. Far boxes with at most 72 — 3% = 316 boxes per level, where the interactions
are computed explicitly in a group-wise manner and based on FMM in each

and every level.

3. Very far boxes (with no limit), where some indirect interactions exist among

the super groups of the boxes at the higher levels.

3.2.2 MLFMA Stages

A typical MLFMA scenario is illustrated in Fig. 3.3. Here, two sub-boxes labeled
as (a) and (b) are in the same level and hence, a conventional FMM scenario
can be applied regarding the far-field interactions. But considering the sub-
boxes labeled as (a) and (c), they are very far from each other and hence, their
interaction must be computed at higher levels, i.e., among the parent interactions.
This simply means that, a kind of FMM-based computation is needed, but this

time among the parent boxes.
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Figure 3.3: Aggregation, translation, and disaggregation processes inside a typical MLFMA
scenario.

3.2.2.1 Aggregation

By starting from the lowest level L (i.e., the leaf level), the radiation functions
of all basis functions b,, inside the sub-box (a) are computed, stored, and then
aggregated at the center of the sub-box by taking into account their coefficients

a[n| as

Solk,kyre) =Y aln] Sp(k, k, ), (3.31)

where S,;, denotes the radiation function of the respective basis function and 7.
refers to the center of the sub-box (a). Aggregation at the leaf level is depicted
by red arrows in Fig. 3.3. By climbing to a higher level (I = L —1,...,4,3), the
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aggregation process splits into two separate tasks. The first task is to up-sample
(interpolate) the radiated fields of all sub-boxes, since higher level (larger) parent
box possesses a higher bandwidth than its own sub-boxes. The second task is
to perform a proper diagonal shift regarding each of the sub-boxes and then
obtain the cumulative radiation function for the parent box (A) at its own center
rcr. Note that a diagonal shift is nothing more than multiplying with a proper
complex exponential function (from the center of the sub-box to the center of the
parent box). Both tasks are denoted by upward blue arrows in Fig. 3.3 and can

be written as

N A~ up-sampled .
Oc/(k k)= Y [Sulkkra)|”  ehhtremren, (3.32)

boxes € (A)

where ¢ and O¢» refer to the center of the parent box (A) and the total outgoing
fields transferred to this center, respectively. Based on the bisecting strategy
discussed before, there are at most 8 sub-boxes inside a parent box. It is worth
to state that, by such a higher-level aggregation process, in fact, we re-aggregate
the radiation of all the basis functions that reside inside the parent box to its

own center. This is simply because

efiklzz-(rclfrc/) Z efikfc-(r’frc/) _ Z efiklz:-(r'frc/)' (333)

3.2.2.2 Translation

When all of the aggregation processes are finished from the leaf level up to the
third level (the FMM level), in the translation stage, the outgoing radiated fields

of the boxes across the levels are transformed into appropriate incoming fields for

other far boxes in the very same level (I = L,...,4,3). This can be written as
Io(k,kro)= > Oclk k,re) Tk, ro —rer), (3.34)
C’ e Far{C}

where Far{C} denotes a list of far boxes with respect to a given box center

C (i.e., a testing box). Clearly, T, represents the translation function, which
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is responsible for such a transformation from outgoing radiated fields O¢ into
incoming received fields I'. These translations are shown by two types of green
arrows in Fig. 3.3, one for sub-boxes and the other one for parent boxes (at a

higher level).

3.2.2.3 Disaggregation

Disaggregation stage starts from the topmost level (level 3) and continues down
to the leaf level (level L). For all higher levels other than the leaf level, all of the
translated incoming fields are collected at the center of the receiving parent box
and then, they are down-sampled and diagonally shifted toward their respective
sub-boxes. This can be written as

I(k k,r.) = [Ic(k k,rc)] gthk (re=ra), (3.35)

down-sampled

where 7. refers to the center of an intended sub-box. Finally at the leaf level,
the total incoming fields, either from the higher levels or from the same level, are

received by a testing function t,,(r) as

N . 2
S 2" . nlafn] = (ﬁ [ Rl o) (1 o) + T ).
m

n=1

(3.36)

where I represents the incoming fields from some other leaf level boxes in the

vicinity.

It should be noted that each of the above mentioned three stages consists of
many practical considerations. These are elaborated in full details in [66] along
with some other important concepts regarding the efficiency and the complexity
of MLFMA. In the next chapter, we demonstrate a newly developed method to
deal with the low-frequency breakdown under N-MFIE formulation and then, we

proceed on by introducing an amending factor to improve its accuracy.
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Chapter 4

Amending Factor for
Approximate Diagonalization of
the Green’s Function at Low

Frequencies

4.1 Introduction

Recently, an approximate method for the diagonalization of the Green’s function,
which is stable at arbitrary short distances, has been developed by Ergil et al.
[34]. In this method, scaled spherical functions are deployed to stabilize the
plane-wave expansions, where the value of the scaling factor depends on the
electrical size of the boxes. In this report, we use the same idea and introduce
some correction factors to further decrease the error level. By invoking the ideal

diagonal form of the Green’s function, i.e.,

. , eik|r—r'\ 6ilc|'w-i-'v\ i1
g(r’r)_ik\r—r’\_ik\w—i-v\ (41)
/ k Bk k,v) a(k, k,w), (4.2)
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where, 3 and & are the diagonal shift and translation functions, respectively, we
will use the scaled version of the conventional shift function, as proposed in equa-
tion (11) of [34], and try to find a “suitable” translation function. By “suitable”
we aim to find an & function that reduces the overall error after integration on
the unit sphere. The main reason for choosing the method proposed in [34] is
that it can be easily implemented into existing MLFMA codes with minimum

modifications.

4.2 Some Calculus

By using the infinite series representation of a scaled exponential function

Bilk kv, 5) = ™5 (4.3)
= io(i)t(% + 1)%("2’)3(1& - D), (4.4)

and inserting the summation into (4.2), we have

6ik|w+v| 1

/d?l% (i( ) (2t+1)3t(k )Pﬂ%@)) a(k, k,w, s, v). (4.5)

ik|lw + v| T 4r =

Note that @, function has two extra parameters, i.e., s due to the scaling and v
coming from non-ideal diagonalization. For the sake of simplicity, we consider a

general form of the translation function as
O~és(k} ,Ww, S, U Z ft’ Pt’ ) (46)

where fy(-) is assumed not to be a function of k. Using this assumption, and
exchanging the summation and integration, we can write
1 oo [e.e]

1) = 53 S0+ 0D o) [ R Pk Pek-0). (0

47T t=0 /=0
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Based on an identity for the product of two Legendre functions over the unit

sphere given in [63]

(2t+1)

Pt<’l/> . ’ﬁ])étt/ - T

/dQI% Py(k- )Pk -d), (4.8)

where 0, is the Dirac delta function, we can further simplify (4.7) as

i(r.3%) = 30)(5) AP ). (1.9

Now, recalling the Gegenbauer’s addition theorem for the scalar Green’s function

[62], which is based on an infinite series of the form

eik\w—f—’u\ 00

_ t : (1) D1 .
P ;)(—1) (2t + 1) 3¢ (kv) by (kw) Py( - W) (4.10)

and comparing with (4.9), we can easily find f;(-) as

()2t + 1) julho) " (hw)

fi() = e (4.11)
' Jt(%)
Hence, the final form of the needed translation function would be
(k. ey w,5,0) = 3 (1) (2t + 1) W; ] MO )P @),  (412)
t=0 Jt\ g

where the term inside the bracket, as we expected, brings an extra parameter v
into the list of arguments. Considering s as a scaling factor, we have few choices

as follows.

e The choice s = +1 turns out to be the standard form of the diagonal translation

function, which is unstable at low frequencies.

e The choice s = —1 turns out to be the same as above, with only difference that
the summation over the unit sphere starts from the lower hemisphere as if k
is reversed, considering two simple identities, i.e., j;(—kv) = ji(kv)(—1)" and
(=1)'P,(k - @) = P,(—k - @) [62]. It is still unstable at low frequencies.
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e The choice s # +1 gives us an approximate diagonal form for &, due to the
fact that it is not independent of v. In the next section, we discuss about this

approximation.

4.3 Some Approximations

Defining a as the box size in the lowest level of the octree structure, the low-
frequency breakdown problem manifests itself for box sizes a < A/16. For this
size, the argument of the Bessel function inside the bracket in (4.12) is small
enough, which means that we can utilize the small argument approximations in
comparison to the order. Apparently, the existence of s as a scaling factor may
be problematic using such an assumption, but as we will see later, we can avoid

this situation by choosing proper values for s.

Using a mathematical software (e.g., MAPLE®) and by defining F(k,v, s) =
[ je(kv) /G (22) } , we compute the Maclaurin series of F' up to order 4 about kv = 0

for different orders of the Bessel function from ¢ = 0 to ¢t = 9 as follows.

e t=10
1(s—=Ds+1) (ko) 1 (s=1)(s+1)(3s2=7) (kv)*
- 5 + 265 S (4.13)
o t=1
8_i(3—1)(5+1)(kv)2+ 1 (s—1)(s+1)(5s>—9) (kv)* (4.14)
10 s 1400 53 '
o t=2
, L (s=D(s+1)(kv)> 1 (s=1)(s+1)(7s*—11)(kv)*
SV 1 T35 52 (4.15)
e t=9

5

5
81144

s? — 1 sT(s — 1) (s + 1) (kv)® +

12 (s = 1) (s +1) (218" = 25) (kv)"

(4.16)
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Note that the only term in these expansions that is independent of (kv) is s'.
Consequently, as the first approximation for equation (4.12), ignoring powers of

(kv), we can write

o)

a,(k, k,w, s) (i)' (2t + 1) (s") b (kw) Po(K - ), (4.17)

t

which is exactly the same expression as equation (6) given in [34]. It is worth
mentioning that even though this independence with respect to v seems very
useful, it imposes somehow a fixed amount of error regardless of the distance
between the basis and testing boxes. This can be considered as the penalty of
using (4.3) instead of its scaled infinite series given by (4.4). The reason for
this behavior may be described by using the asymptotic formulas for the Hankel
function due to small arguments. As we know, hgl)(z) = ji(2) + iy(2), where
j¢ and y; are spherical Bessel functions of the first and second kind, respectively.
For small arguments, the real part of the Hankel function approaches to zero,
but its imaginary part has an asymptotic behavior, which can be approximated
by —%z’(t“). Considering the scaling factor s' in (4.17), it is readily seen
that each term of this summation is a multiplication of three terms: (1) a fixed
coefficient, (2) a normalized term of (£)’, and (3) an extra unnormalized term of
1/z. This is important, because as we move to farther boxes or even to higher
levels, we expect to see less error, but unfortunately the amount of error at larger
distances due to larger translation (w) vectors does not vanish. The graphical

representation of this issue will be addressed in next sections.

As a better approximation for (4.12), we can include some other terms contain-
ing the higher even orders of (kv) in (4.13)—(4.16). However, we have to consider
that any correction to &, needs to be independent of basis and testing boxes, be-
cause we are going to reuse the same translation function among different boxes
inside each level. To resolve this dilemma, we can normalize the second terms of

the expansions in (4.13)—(4.16) with respect to s' and approximate F'(k, v, s) as

ot:0_>50(1_%(5—1)(ss;21)(’“’)2)

ot:1_>51(1_%(3_1)(38+)(k”)2>
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1 (s=1)(s+1)(kv)?

o t=0 01— L oNENt

Now for small boxes, (k;;)Q will be small enough to dominate the second terms

of above approximations inside the parentheses. Therefore, the coefficients of
these terms (i.e., é for t =0 or 4—12 for t = 9) are all approximated as é for the
sake of simplicity. It should be noted that a wide range of values with different
combinations were tested and finally it is revealed that the best results can be

obtained when é is used. As a result, (4.12) is approximated as

ag(k, k,w, s,v) = [1—(13( ) <88+1 ]§ (2t + 1)s'h" (kw) Py(k - w)
(4.18)

B 1(s—1)(s+1)(kv)*] .,
= [1 = =2 ] as(k, k,w, s). (4.19)

Writing this way helps us to break the translation function into two multiplicative
terms. The first term depends on v and acts as a correction factor, while the
second term is independent of v. Consequently, we can detach the correction
factor from @&, function and recast it as a correction factor to the shift function
(Bs). The only remaining issue is that, we have to take into account both of
the aggregation and disaggregation parts simultaneously, which means that we
have to divide the correction factor into non-equal parts, due to the fact that
aggregation and disaggregation vectors are independent and can be different. To

do this, we can consider another approximation as

2
L 1 (s—=1) (k\/ V2, T v, + 2 Vqgg Vais COS 1/1) N
6 52
o 1(s—1 1 2 1(s—1 1 )
1- = (s ) (s + 1) (kvagy) wl1- 2 (s ) (s + 1) (kvais) 7 (4.20)
| 6 52 6 52

where v,44 and vg;s denote the aggregation and disaggregation vectors, respec-
tively, and 1 is the angle between them which is an unknown parameter among

the boxes interacting with each other. Note that in (4.20) two distinct terms
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concerning the product of v,4, and vg4;s have been omitted due to the fact that
they are small enough to be ignored without considerably affecting the overall
results. First, the term related to ’;—ivagg vgis cos Y and second, the much more

fats 1 k'Ua,gg 2( kvgis \2
smaller term consisting of gz (=292 )2 (=dis )2,

Now, by defining the correction factor as

1(s=1)(s+1)(k|v])
Ck, s,v) = ll 5 5 7 (4.21)
we can rewrite (4.2) as
~ N ~ 1 7[5 7 ~ 7
g(r,r') = 47r/d2k [5(k,k,vagg,s)cagg(k,s,vagg)] a,(k, k,w, s)
{BS(IC?’%?vdisas) Cdis(k>salvdis)} ) (422)

where C,4, and Cy;s denote needed correction factors for aggregation and disag-

gregation operations.

4.4 Numerical Results

4.4.1 Single Level FMM

To have an estimation about the accuracy of all the approximations we went
through, we start by computing the error coming from point-by-point interactions
inside two far boxes within the leaf level. We use the well-known “one-buffer-
box” scheme as usual to define far boxes in each level. Considering the fact
that the far testing box may be any of the boxes along three main directions
within a radius of 3a from the center of the basis box, we have to consider
(3+1+3)% — 33 = 316 different combinations for &, function, which is a bit large

number to be considered and compared among the results.

To decrease the number of possible combinations, we note the following.
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Figure 4.1: (a) 2D representation of different testing boxes with respect to the basis box of
interest. Ordered triple sets are shown just for the xy plane. (b) 27 different points inside each
box consisting of 8 at corners, 12 at mid-sides, 6 at mid-faces and 1 at the center of the box.

1. P,(k - w) is the only direction-dependent term in ds.

2. No matter how many number of harmonics (7) we use to truncate the
infinite series in &, computation, we always use 7 + 1 sampling points in
the 0 direction (Gaussian-Legendre) and 2(7 + 1) sampling points in the ¢
direction (uniform) [66]. Careful consideration of these directions reveals
that, in the k space over unit sphere, we have a complete symmetry with
respect to three main planes, i.e., ry, xz and yz planes, which divide the

whole sphere into 8 equal sections.

By considering these simple facts, one can readily conclude that it is enough
to consider only those boxes that reside in the positive side of the axes of the
coordinate system, i.e., just (1 + 3)> — 23 = 56 far boxes are enough, to have
an estimation about different and possible directions affecting the @ function.
These boxes and their relative positions with respect to the basis box of interest,

beside a simple labeling scheme to name them, is shown in Fig. 4.1(a).

A careful investigation regarding the addition theorem reveals that inside each
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box, the points at the vertices are prone to the highest level of error. Conse-
quently, we choose 27 points in each box, consisting of one point at the center,
8 points at the corners, 12 points at the middle of the sides, and 6 points at the
middle of the faces, as shown in Fig. 4.1(b). To have a precise information about
the position of far boxes and also points inside each box in forthcoming numerical
results, we decided to reorder the box numbers as follows (note that these box

numbers will be used in upcoming figures).

1. Boxes numbered from 1 to 3, which belong to near-far boxes in Fig 4.1(a),
are the closest ones to the basis box. More precisely, these are (2,0,0),
(0,2,0) and (0,0,2) (not shown here) in three different directions. We will
call them as group A.

2. Boxes numbered from 4 to 9, which again belong to near-far boxes,
are the next closest boxes comparing to the first group. These are
(0,1,2),(0,2,1),(1,0,2),(1,2,0),(2,0,1) and (2,1,0). We will call them as group
B.

3. Other boxes consisting of 13 near-far boxes and 37 far-far boxes are at the

third level of closeness to the basis box, which we call them as group C.

4. Similar to boxes, first 8 points belong to vertices, from 9 to 20 belong to
the middle of the sides, from 21 to 26 belong to the middle of the faces, and
27th point is at the center of the box.

First we try to verify the results of [34]. To do this, we use /3, function of (4.3),
& function of (4.17), and the scaling factors already given in the paper, which
are repeated in Table 4.1 for more convenience. The simulation results for two
box sizes, i.e., a = A\/32 and a = \/1024 are shown in Fig. 4.2(a) and Fig. 4.2(b),

respectively. Based on these results, we note the followings.

1. The maximum error is about 5.8% for a = A\/32 and 5.4% for a = \/1024,
corresponding to group A boxes and the first 64 points that belong to vertices.

66



Error for box=a17 A 1=9 Scale=20.0 Eror for box=——
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Figure 4.2: Percentage of error using (4.3) and (4.17) as shift and translation functions for 56
far boxes and 27 different points inside each box. Scales shown here are normalized to a/A,
where (a) a = A\/32 with s = 20.0 and (b) a = A/1024 with s = 28.9.

2. Next maximum error is about 3.9% for a = A\/32 and 3.4% for a = /1024,
corresponding to group B boxes and the points located at the middle of the

sides.

3. The scales shown in the pictures are given by the authors as the best ones

with a minimum achievable worst-case error.

4. The maximum error area (in red) is limited to a portion of the plot that
belongs to the first 9 boxes and the first 64 points (i.e., group A + B boxes

and 8 points of vertices).

5. For group C boxes, the amount of error doesn’t change so much. On the other
hand, no matter how much we are close to the basis box or far from it, the
error is almost fixed around 2.7% ~— 3.3%. This effect, as briefly mentioned

in the previous section, is mostly because of using scaled &, function.

6. Lower amount of errors correspond to all group of boxes with points at the
middle of the faces.

7. Minimum errors, as we expected, belong to the center of the boxes. These
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Figure 4.3: Percentage of error using (4.22) for 56 far boxes and 27 different points inside each
box. Scales shown here are normalized to a/\, where (a) a = A/32 and (b) a = A/1024.

are in pink color and they are repeated every other 27 points in between, on
the axis labeled by “Points”. Note that the interaction between 27th point
of each box with 27th point of another box (center-to-center interaction) is
illustrated by 729 (27 x 27)th point in the plot (the end point).

Exactly the same simulation has been carried out with correction factor applied
to the system using (4.22). The results are shown in Fig. 4.3 for some optimized
values of scaling factor s. The procedure to find these optimal values are described

at the end of this subsection after defining an error gauge.

We can conclude a few facts comparing these two plots with their counterparts.

1. The maximum error is reduced by 10% corresponding to group A of boxes

and the first 64 points, which belong to the vertices.

2. The next maximum error is reduced by more than 15%, corresponding to the

group B of boxes and the points that are located at the middle of the sides.

3. As we expected, the maximum error area (in red) again is limited to a portion
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of the plot that belongs to the first 9 boxes and the first 64 points (i.e., group
A + B boxes and 8 points of vertices).

4. For group C boxes, we have more than 90% decrease in the error level, which
means that the contribution of farther boxes in the overall error is negligible,

which was not true in previous plots.

Table 4.1: Optimal Scaling-Factor Values for Minimum Worst-Case Errors in The Approximate
Diagonalization of The Green’s Function [34].

Box Size (a) | Scaling Factor (s) | s\/a
A/32 6.26E-1 20.0
/64 4.03E-1 25.8
/128 2.19E-1 28.0
/256 1.12E-1 28.7
/512 9.63E-2 28.8

/1024 2.82E-2 28.9
/2048 1.41E-2 28.9
/4096 7.04E-3 28.8
A/8192 3.52E-3 28.8
/16384 1.76E-3 28.8
/32768 8.81E-4 28.9

By considering these results, we have to define an error gauge as a figure of
merit to be able to compare these and forthcoming results. We can define the
volume under these “Error” plots weighted by proper coefficients and normalized
to the number of sampling points, as an error gauge. To be more precise, we have
to apply some weights to these points as they do not have equal contributions in

the overall error.

e 3 boxes among 56 have the maximum amount of errors. These are group A

boxes.
e 6 boxes among 56 have the next maximum errors. These are group B boxes.

e 47 remaining boxes are middle-far or far-far boxes.

An important fact that should be considered is that, when we deal with real ob-

jects with an overly-meshed scenario, most of the basis functions inside the nearby
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boxes have rather flat surfaces or they possess very high radius of curvature, oth-
erwise the mesh density around this area is not enough to capture the details of
the object. Consequently, for most of the cases in the low-frequency regime, we
are facing with middle-far and far-far boxes lying over nearly flat surfaces. This
is promising because then we have just 2 boxes among 3 for maximum error and
4 boxes among 6 for the next maximum errors, while the rest of the boxes are far
enough. Considering all of these facts, we define our error gauge as

_ 1
Err= points x boxes X

—~

—- -
g5 glo Gk

[volume under the error plot for group A boxes (1+ 3)]
[volume under the error plot for group B boxes (4 — 9)]

[volume under the error plot for group C boxes (10— 56)]),
(4.23)

which is somehow a prorated percentage of error per box per interaction. Using
this error gauge for the results of Fig 4.2(a) and (b) we get Err = 0.712% and
Err = 0.561% respectively, and for Fig. 4.3(a) and (b), we get Err = 0.030% and
Err = 0.109%, which clearly shows that applying the correction factor effectively

decreases the amount of error.

Based on our observations regarding sensitive boxes, we limit the number of
points to those located at the vertices. This helps us to have a closer look re-
garding the maximum amount of error. Obviously, those points belonging to the
middle of the sides and faces as well as the center of the box have less contribution
in the total error. For example, using 56 boxes each with 8 points at the vertices,
the error plots are shown in Fig. 4.4(a) and (b) for @ = A\/64 and a = \/2',
respectively. The corresponding errors are Err = 0.888% and Err = 0.852%,
respectively. As it is clear from the picture, they are almost the same with less
than 1% difference in between. The same types of plots are shown in Fig. 4.5(a)

and (b) after applying the proper corrections.

It should be mentioned that by minimizing the error gauge of (4.23) for dif-
ferent box sizes, the new optimal values for the scaling factor may be calculated.

These optimal values are given in Table 4.2.
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Figure 4.4: Percentage of error using (4.3) and (4.17) as shift and translation functions for
56 far boxes and 8 points at vertices inside each box. Scales are normalized to a/\, where (a)
a = \/64 and (b) a = \/2!4.

4.4.2 Two Level FMM

We apply the proposed correction for two levels using the same far boxes as
before. The important fact to bear in mind is that the box sizes in this higher

level are doubled, each of which containing eight smaller boxes.

Again, we may have 56 testing boxes (groups A,B and C'), each containing
8 leaf-level smaller boxes, each of which with 27 points that are interacting with

another 27 basis points located inside 8 leaf-level boxes.

Based on the elucidation given above and our numerical experiments regarding
the behavior of the addition theorem, we realized that utilizing a wisely prepared
labeling scheme can effectively reduce the number of needed interactions to be
computed. Based on a few trial and errors, if we label eight different boxes in
each larger box exactly the same way as we label the points at eight corners of the

leaf-level boxes, then considering only these eight corner points will be completely

'We use boldface letters to distinguish between groups A,B and C at the leaf-level and A,B
and C at the higher levels.
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Table 4.2: New Optimal Scaling-Factors for Minimum Worst-Case Errors Using Correction
Factors.

Box Size (a) | Scaling Factor (s) | s\/a
\/32 6.26E-1 16.65
A/64 4.03E-1 19.25
/128 2.19E-1 19.96
/256 1.12E-1 20.18
/512 5.63E-2 20.22

/1024 2.82E-2 20.24
/2048 1.41E-2 20.24
/4096 7.04E-3 20.25
/8192 3.52E-3 20.26
/16384 1.76E-3 20.26
A/32768 8.81E-4 20.26

enough to have a rough estimation of the maximum error, as well as the error

distribution among the boxes at different locations.

4.4.2.1 Without Correction

To test the proposed scheme, we use the scaled versions of the shift and translation
functions as before, i.e., (4.3) and (4.17), to have an estimation about the error
level without using any correction factor. As mentioned previously, the group
of near-far boxes (group B) are prone to have the maximum errors among the
others. We choose (2,0,1) (see Fig. 4.1(a)), as it is one of the worst cases among
the leaf-level testing boxes. Fig. 4.6(a) illustrates the percentage of error for 7 = 9
and a = \/2'° with a given scaling factor of s = 28.9. Fig. 4.6(b) is the top-view
of part (a) to have an overview about how the error has spread out over the boxes

of interest.

As stated before, due to the above-mentioned labeling scheme, the group of
maximum errors are almost always located diametrically. Here we can see 13.56%

error as the worst case. To identify the box number (or equally, point number),
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Figure 4.5: Percentage of error using (4.22) for 56 far boxes and 8 points at vertices inside
each box. Scales are normalized to a/)\, where (a) a = /64 and (b) a = A/2!4.

two simple formulas may come in handy:

basis hox — |_BOX NuISnber — 1J 41

Box Number — 1
8 )

testing box = Box Number — 8 x |

It is important to emphasize that, even though we are dealing with larger trans-
lation distances, the error level is a bit higher than expected. Also note that the
distance between basis and testing boxes is not an important parameter to delimit
the error. To verify this claim, we choose the last testing box, i.e., (3,3,3) and
reproduce a similar plot as shown in Fig. 4.7. Here the maximum error decreases
only by 22% taking into account that we are at the farthest possible box with
respect to the basis box. It can be seen that the maximum error is still located

around the diagonal points of the plot.
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Error for box=—7o- %, 1=9 Scale =289 w= [201]

Figure 4.6: Percentage of error for two-level FMM based on (4.3) and (4.17) using 8 boxes, each
with 8 corner points for both of the basis and testing boxes. Scales shown here are normalized
to a/A. (a) The translation vector w is chosen to be the worst case for a = A\/1024. (b) Top
view of the same plot to distinguish 8 x 8 different basis and testing boxes.
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Figure 4.7: The same plot as Fig. 4.6 except for farthest testing box, i.e., [3,3, 3].

4.4.2.2 With Correction

By utilizing the proposed correction factor given by (4.22), to be applied in both
of the levels, we investigate the potential of this correction. We expect to get two

simultaneous results:

1. Lower errors for near-far and middle-far boxes (group A & B).

2. Much lower errors for the farther boxes at the higher levels.

Based on our simulations, the optimum value for the scaling factor s is a matter
of optimization. Its optimal value somehow depends on the relative direction of
w vector with respect to the basis and testing boxes and also on the distance
between these two, which in turn, depends on the current box size. Dependency
on the direction of the translation vector w is due to the fact that we ignore the
angle between the aggregation and disaggregation vectors, i.e., cos(¢) in (4.20).

Considering all of these inconsistent parameters, we have two choices as follows.
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1. Using the same scaling factor s for all of the levels, optimized for the overall

least error.

2. Using specific scaling factor for each level, aiming to minimize the error in

a systematic manner.

Actually the former is the normal way of applying the correction factor without
any increase in complexity order, i.e., O(N logN), but the later, increases the
complexity to O(N log”N), because each correction inside the individual levels
has to be carried out with a proper scaling starting from the basis box up to the
desired testing box at the higher levels. Before applying these correction factors,
we have to modify the error gauge defined in (4.23). This is mainly because of
some noticeable changes in the pattern of error plots that we are going to use
hereafter for comparison purposes. Despite the fact that we have to consider all
of the 56 different far boxes to define a fair and solid error gauge, this is not
practically possible due to the huge number of combinations as the number of
levels increases. So it suffices to use a few known worst cases that would be group

B boxes as discussed before.

By removing the weighting coefficients in (4.23) and computing the volume

under the error plot, we may redefine the error gauge as

1
points X boxes

Err(%) = X (volume under the error plot) . (4.24)

Applying this error gauge for plots shown in Fig. 4.6 and Fig. 4.7 ends up with
2.106% and 2.045%, respectively which seems to be quite high.

4.4.2.3 Correction: Based on Multilevel Optimization

In this approach, we choose a proper scaling factor to optimize the response of
this method as a whole. Although this is not the best approach for a minimum
error, our simulations clarify that its outcome is quite satisfactory, comparing to

its uncorrected counterpart. Based on a wide range of simulations, it is revealed
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that s should be a function of the electrical size of the boxes, where s = 50a/\
seems to be a good choice for this case. The error plots for a = \/64 and
a = )\/2'9 regarding one of the worst cases are depicted in Fig. 4.8(a) and (b),
respectively. The respective error gauges are Err = 0.415% and 0.164%. Beside
the fact that the latter is 12.8 times less than the corresponding error gauge

referring to Fig. 4.6, the maximum error is also 2.6 times less than it.

So far we have shown that the correction factor can satisfy our first expectation
already declared in the previous section. To illustrated whether it satisfies our
second expectation, we attempt to show the effect of applying the correction
factor to the farthest testing box, exactly similar to the case shown in Fig. 4.7.
The resulted plot, shown in Fig. 4.9 reveals that, not only the maximum error
level is reduced by about 75%), but also the error gauge shows 80% reduction from
Err =2.045% to Err = 0.395%.

4.4.2.4 Correction: Based on Level-Wise Optimization

Very similar to the multilevel optimization method, we try to find proper scaling
factors for each and every level individually based on the corresponding box sizes.
These factors are chosen based on a wide range of numerical simulations due to
the fact that we cannot find an analytic optimum point as a function of box size.
Repeating the same scenario for different levels, we can compute and save an
appropriate lookup table, which can be used for other simulations as a reference
table.

As stated previously, using dedicated scaling factors for each level increases
the complexity. It stems mainly from the fact that for each level, the whole cycle
of the testing operation, i.e., aggregation, translation, and dissaggregation, along
with their corresponding scaling and corrections, has to be carried out exactly the
same way as the other levels. It simply means that we never use aggregated values
of the lower levels at the higher levels. Hence, every testing cycle starts from a
group of basis boxes and ends up with the desired testing boxes. This simple fact

guaranties that previously discussed single level FMM (Section 4.4.1) works fine
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Figure 4.8: Percentage of error for two-level FMM based on a global optimization and consid-
ering one of the worst cases. Scales shown here are normalized to a/A, where (a) a = A\/64 and
(b) @ = A\/1024.

78



=. 1 = = =
Error for box= 1624 A 1=9 Scale=50.0 w [3 3 3]

Figure 4.9: Percentage of error for two-level FMM based on global optimization by considering
the farthest testing box, i.e., [3,3,3]. Compare with Fig. 4.6.

for multilevel FMM but carries the penalty of slightly increased complexity from
O(N logN) to O(N log®N).

We have to emphasize that the level-wise optimization is revealed to be a better

choice and it is used in the context of IL-MLFMA due to the following reasons.

1. As mentioned in the previous section, a proper choice for the scale factor s

is a function of ¢ and unfortunately, this function is not linear.

2. Using MLFMA with a few number of FMM levels, it is possible to find
an almost optimum scale factor to optimize the overall correction process
based on a multilevel optimization scheme. However, such a universal scale
factor depends on the average size of the boxes, which in turn depends on
the size of the object itself. This simply means that we have to take care
of both the object size and the total number of levels to find an optimum
value for s, may be based on a large lookup table or an object-dependent

separate pre-processing routine, both of which are not feasible.

3. As we will see in the next chapter, 5 up to 12 (and even higher) levels
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of IL-MLFMA is quite normal to solve some medium-sized canonical or
even real-life EM problems. Consequently, finding a universal scale factor

is obviously not efficient or even practical.

4.5 Corrected Version of the MFIE Formulation

In order to implement a wide-band MLFMA based on the N-MFIE formulation
(see Section 2.4.2), we need to replace the high-frequency stable diagonalized
Green’s function with the so called “full-frequency” stable, approximate version
of the digonalized Green’s function. Both of these expansions are repeated here

for convenience, i.e.,

R eik|w+v| 1 o . ~ .

i) = ol = i /ko Bu(k, k,v) ay(k, kyw),  (4.25)
Ll [ta s o
r. )= / e [ By, oy aggy 5)Cagy (. 5, Vagy)| - sk, B, w0, 5).

{Bs(kyéavdisvs) Cdis(kasavdis>:|a (426>

where (3, and @&, are defined in (4.3) and (4.17), respectively. To have a more
compact representation of the correction factor, C' can be written as
1(s—1)(s+1)(kv|)

C(k,s,v) = [1—6 =

]:1+q|v|2:1+qv'v, (4.27)

where

1 (s —1)(s+1)k?
1= 7% 52

(4.28)

and v may be any of the aggregation or disaggregation vectors (i.e., v,g, oOr

vais)- To derive the corrected version of the N-MFIE formulation, we can use the
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definition of Kpy{X }(r) operator in (2.62) and write

K{ [m,n] = /drtm(r)- [ﬁ X /PV dr'b, (r') x V' g(r,r')
—/dr [t (r) X A - /PV dr'b,(r") x Vg(r,r"). (4.29)

To calculate the gradient of the newly defined Green’s function with respect to the
non-primed coordinates, we have to notice that only vy = r — 7, is a function

of r» and hence,

1 A [ gk Yags
Vg('r,'r') = E /ko l:elkk' 5 (1 + q’vagg ) ’Uagg):| &SU{:: ki,'lU, 8)

\Y {eikk' £ (1+ qugs - vdis)]. (4.30)
The last gradient can be carried out and simplified as

7. Udis
\V/ ezkk: s

i vais | ikk
(1 + q Vs Udis)} = k7 [S q1 + 2q Udis] , (4.31)
where
@ =1+ q vl (4.32)
Inserting (4.31) in (4.30) and taking into account that g = §i£, we have
N B ik
KCor[m7n] - (471')72 /d’l‘ /d

N .7 Vagg ikk. Ydis Zkk?
/d% {e“fk S (L4 q [Vagy|” ] s{ekk (52 a1+ 20va0)|

(4.33)
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By exchanging the order of the integrals and using the vector identity A-BxC =

—(C x (—A)) - B, we can rewrite the same expression as

2
Zk /d%/dr/ dr’
PV

|
b, (r) { (1 +Q|va99| } g { e d”}
— Zk2 /dzkz/dre”‘k d” Zk Udzs) X ( )

a, - l / dr' R (1 4 g |vagg|2) bn(r’)] . (4.34)
PV

N
K¢, [m,n]

—q1+ vdw X [ X t,(r)] -

S

Now by defining corrected versions of the radiation and receiving functions as

SN (ko) = / 0P M (14 [0a00]?) () (4.35)

A~

1.1, Vdis k 2
Rm Cor(k7rm) :/d’l" elkk.dT [g (1 +q |'vdis’2) - Z?q Ivdis} X {ﬁXtm(T)L (436>

we can rewrite the last expression for K%, Cor I @ more compact and elegant form

as

K .
Ko = (P [ @R RS (k) (b bow,s) - S5, (ko). (437)

7

Note that these new radiation and receiving functions reduce to the previously
defined functions in (3.29) and (3.30) when we deal with conventional MLFMA

without any scaling or correction, i.e., s =+1 = g¢=0& ¢ = 1.

4.6 Comparison Among Three MLFMA Ver-

sions

A perfect electric conductor (PEC) sphere of radius R=0.3 m (A\/250) at f =
4.0 MHz with a uniform mesh consisting of 984 triangles (1476 RWG functions)
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is used to investigate the accuracy of three MLFMA versions, i.e., the conven-
tional MLEMA | the scaled-MLFMA, and its corrected version using (4.34)—(4.37).
In all simulations, second-order Gaussian quadrature is used in the integrations
over the surfaces of the triangles to capture rapid field variations in near-field
computations. Regarding the far-field computations, the first-order Gaussian
quadrature is used to carry out the required interactions. Furthermore, the so-
lutions are obtained without any preconditioning using the generalized minimal
residual (GMRES) iterative solver with error tolerance of 1073 and a restart value

of 100, while the maximum number of iterations is fixed at 1000.

Results obtained from these three versions are compared to that of the Mie-
series approach, which is an analytic method for scattering from PEC sphere
problems. To assess the accuracy, the relative root-mean-square (RMS) error is

used, given by

im e |2
S | B — By
N Mie |2 ’ (4.38)
Yt [ By,

Relative RMS Error =

where Eglm and ngie are the dominant # component of the far-zone electric field

obtained from the MLFMA simulations and the Mie-series solution, respectively.

Fig. 4.10 depicts the far-zone electric field as a function of the bistatic angle,
along with the Mie-series solution, where 0° and 180° correspond to the backscat-
tering and forward-scattering directions, respectively. Field values around the
forward-scattering direction, i.e., from 170° to 190°, are further focused in an
inset. The relative RMS errors for these results are 6.51% for the conventional
MLFMA, 2.35% for the scaled MLFMA, and 2.28% for the corrected version of
the scaled MLFMA, respectively. It is seen that there is a little improvement due
to the use of higher order corrections applied to the scaled MLFMA, and hence,
this formulation is used to implement the IL-MLFMA in the next chapter.
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Figure 4.10: A comparison among three versions of MLFMA i.e., the conventional MLFMA,
the scaled-MLFMA, and its corrected version using the Mie-series solution as the analytic
(exact) solution. Field values around the forward-scattering direction, i.e., from 170° to 190°,
are further focused in an inset, where a small improvement can be seen in the corrected version.
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Chapter 5

Incomplete-Leat MLFMA and its

Implementation

5.1 Introduction

In this dissertation, we modify the tree structure of the conventional MLFMA,
and deploy the approximate method for the diagonalization of the Green’s func-
tion which is discussed in the previous chapter to handle the low-frequency prob-
lems of MLFMA. Thus, a wideband MLFMA, capable of handling multiscale
electromagnetic problems regarding closed-surface PEC objects is presented. It
is worth mentioning that, even though the previously discussed corrected /scaled
version of MLFMA is capable of handling low-frequency problems that usually
appear in a wide frequency spectrum, there are serious accuracy/efficiency issues
regarding the multiscale meshes originating from the fact that available methods
(including the conventional MLFMA) deploy fixed-size boxes at each and every

level of the corresponding tree structure.

In multiscale problems, very dense meshes over the entire geometry can be
used to possess the fine details, so that accurate results can be obtained using

fixed-size boxes. However, such an attempt is a brute-force solution with a huge
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number of unknowns requiring excess amount of memory in addition to being

extremely inefficient even when large numbers of levels are employed.

A better and widely preferred approach is to use nonuniform meshes to dis-
cretize multiscale problems. In this approach, one may use large boxes together
with lower number of levels to maintain the desired accuracy. Unfortunately,
in this case, an O(N?) complexity is inevitable in near-field computations due
to boxes enclosing locally overmeshed regions. On the other hand, one can use
smaller boxes with some deep levels of MLFMA to avoid the O(N?) complex-
ity. However, leaf level boxes at deep levels are too small to hold basis/testing
functions. Parts of basis/testing functions may be located in different boxes and
some of these boxes may even be in the far-zone of each other based on the one-
buffer-box criterion that is frequently used in MLFMA implementations. Hence,
critical computational errors contaminate the accuracy. Furthermore, this error

becomes more significant as the multiscale factor increases.

Therefore, in this dissertation for multiscale problems, in addition to using
variable mesh sizes, variable box sizes are used so that both O(N?) complexity
coming from the near-field calculations of overcrowded boxes and the computa-

tional errors arising from the protrusion of basis/testing functions are eliminated.

To have a clear idea about the imposed errors and the necessity of intro-
ducing the novel incomplete-leaf concept to overcome them, we consider a flat
two-dimensional mesh with a multiscale factor of 4 in Fig. 5.1(a). The size of the
largest box shown in the figure is assumed to be A/4. Hence, after two consecutive
clustering (i.e., recursively bisecting the boxes in both directions), one reaches to
the minimum box size of A/16. To demonstrate the borders of some typical boxes
in three consecutive MLEFMA levels, different colors are used in Fig. 5.1, where
the largest (yellow) box casts as the top level, four (blue) boxes numbered from
2 to 5 as the next lower level, and finally, 16 small (red) boxes numbered from
6 to 21 as the second lower level. Midpoints of all edges are labeled with small
(green) circles to track the edge-based RWG functions. Based on the three levels
and the boxes involved, one can observe two important issues that are interfering

with each other.
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Figure 5.1: A demonstration of computational errors due to multiscale meshes. (a) Recursive
clustering of a multiscale mesh. (b) Some problematic interactions between touching RWG
functions that are interpreted as far-field in the given clustering scheme.

5.1.1 Considering Box Sizes

e The largest box with a size of A\/4 contains 40 edges (RWGs). It costs
40% = 1600 near-field interactions by itself, and some others with possible

nearby boxes.

e The lower-level boxes contain 5 to 19 RWGs. They involve 25 to 361 near-
field interactions by themselves and some others with nearby boxes. But
those boxes involve large errors in far-field interactions either due to their

small size (A\/8) or due to those triangles sticking out of the boxes.

e The lowest level boxes contain 1 to 6 RWGs. They involve 1 to 36 near-field
interactions by themselves and some others with nearby boxes. Consider-
able errors regarding far-field interactions occur, mainly due to very small

box sizes (A/16) and severe protrusions.

Fortunately, deploying the corrected/scaled MLFMA introduced in the previous
chapter or some other broadband solvers [29],[32],[23] can effectively eliminate,

or at least alleviate box-size-related inaccuracies to some limited extent. This
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limit is governed by the size of the RWG functions in such a way that after some
critical point, we may not have a complete RWG function embedded inside the
box of interest. On the other hand, some or even many of those halved boxes are
so small that they can hardly enclose the functions, no mater how powerful and
accurate our computational routines are. Note that this limit has a close relation
with the multiscale factor and the distribution of box populations in each and
every level. Obviously, uniform or mostly uniform meshes do not suffer from such

sort, of problems.

5.1.2 Considering Box Populations

e The largest box contains almost 40 RWG functions, but only 17 (=42%) of

them are completely inside the box.

e The lower-level boxes contain 5 to 19 RWGs, but only the 4th box contains
6 (=30%) complete functions.

e The lowest-level boxes contain 1 to 6 RWGs, and none of them contains a

complete RWG function.

This simply means that, by increasing the number of levels over multiscale meshes
possessing high multiscale factor, a new error source is introduced regarding the
far-field computations. To have an intuition about this effect, consider two boxes,
i.e., 18 and 10, that are independently depicted in Fig. 5.1(b) for further clarifi-
cation. Considering the level where the red boxes are concerned, these two boxes
are supposed to be far-field boxes based on the one-buffer-box criterion. Hence,
we attempt to use the addition theorem to test the radiated field of an RWG
function located inside the 18" box over any RWG function located inside the
10th box. However, both RWG functions have a common node inside the 9th box
and even a common edge partially inside the 12" box (the buffer box), which

means, they are in fact practically near to each other.

At this stage, we note that if we consider only the edge centers as the source
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and test points, they completely satisfy the necessary condition needed for far-
field assumption and totally fulfills the usage of the addition theorem (or may be
its corrected/scaled version). But considering these midpoints as representatives
of their corresponding RWG basis and testing functions, this assumption is not
valid anymore, and their interactions are prone to a considerable error. The same
argument holds for the other RWG functions that are protruded out of their
corresponding boxes. Increasing the box size effectively diminishes the error,
but on the other side, it dramatically increases the computation time due to
increased number of RWGs inside the boxes leading to O(N?) complexity in self
and near interactions of boxes. Obviously, for real-life large multiscale problems
with millions of unknowns, we have no other choice than increasing the number of
levels to run away from quadratically increasing number of near-field interactions.
It should be mentioned that this problem becomes worse for three-dimensional
structures (and the worst case happens for the VIEs via volumetric discretization,

which will be covered in the next chapter).

5.2 Incomplete-Leaf Tree Structure

The aforementioned deficiencies arising from large RWG functions inside rela-
tively small boxes can effectively be eliminated by totally modifying the whole
clustering strategy. In the new strategy there is no need to divide all the boxes
across a given level to create the next level, therefore, some boxes with a lower
RWG population may stay at an upper level while those with a higher population
can be further divided into smaller boxes. While such a clustering strategy seems
trivial, its implementation needs detailed investigation of box-to-box interactions
and their careful organizations for an efficient and accurate solver. Note that
some other alternative options regarding this clustering scenario could be used.
Among them are the RWG population, the size or aspect ratio of the basis/testing

functions, and the position of the integration points inside the triangles.

In this dissertation, we present an implementation, where the boxes with RWG

populations exceeding some predetermined threshold (that may be a function of
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the corresponding level) are split into smaller boxes. This is achieved by letting
the program to start from an arbitrary level, which is mainly the second level
(i.e., the MoM level), and continuing the clustering process as far as it takes,
such that none of the leaf boxes (those boxes at the very end of any branch) are
overpopulated. However, it is also possible to start by a uniform clustering for
a few initial levels, and then continue with a nonuniform clustering after a given
level. This is useful to prevent some leftover RWG functions at the corners of
some boxes (to be explained later). Finally, via a semi-automatic process with
a kind of end truncation, the program continues the division process up to a
maximum allowed level. In this scenario, some of the last level boxes may be
overcrowded. This is mainly to prevent a situation that the very last level boxes
are not capable of enclosing the triangles any more. This is very similar to our
2D example even in the topmost level. Note that, at topmost level indicated by
the yellow box (#1), we have a fairly high population, say 40 RWG/box, but

strictly speaking, only 42% of them are complete without any protrusion.

It should be emphasized that the novel IL tree structure can be reduced to a
traditional one by simply assigning unity population threshold for all higher levels
except the leaf level. Then the program starts from the second level and continues
the division process equally everywhere up to a maximum allowed level (though
some of the last level boxes may be overcrowded), and hence, the conventional
MLFMA is recovered.

5.2.1 Box Populations

To determine how deep the program has to continue the partitioning process and
to make sure that none of the boxes inside any of the levels has a population
more than desired, we have to perform two simultanecous tasks. We have to re-
cursively slice the object in three dimensions and then, take the population record
of those non-empty boxes. This is somehow memory consuming and also CPU
demanding operation at the higher levels, and should be carried out carefully.

For example at the 10th level, each side of the cube that encloses the object
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has to be divided into 2'°~! = 512 smaller boxes, which means that at each of
the 512 layer of the sliced object, we have 512 x 512 ~ 262K boxes and we
have to check all of the RWG functions to see which one belongs to which box.
Taking into account that we have no prior information
about the box populations, we have to consider all of
the boxes across 512 layers, which simply leads us to
512 x (512 x 512) x 8(Byte) ~ 1 GBytes of memory.

Note that we need the population information for each

non-empty box to decide whether it is an overcrowded

Figure 5.2: Using a sparse
matrix to represent each
slice of the object.

box or not.

As a remedy, we can utilize the “sparse” facility
in conjunction with the “cell” structure of MATLAB
(even though they slightly reduce the efficiency of the the algorithm) to allevi-
ate this bottleneck. Each element of a cell structure in MATLAB can hold an
independently separate sparse matrix, which can be associated with each layer
along the z axis. This procedure, partially shown in Fig. 5.2, is extremely useful
because empty layers act as empty elements inside the cell structure, and empty
boxes in each layer are not saved in the sparse representation of that layer, hence,

saving huge amount of memory.

5.2.2 The New Tree Structure

To define some new concepts, establish new rules and algorithms in a structured
manner, and to be able to implement the IL-tree structure efficiently and accu-
rately, we commence by wisely prepared 2D pictures and then generalize them
to their 3D versions. Fig. 5.3(a) illustrates six-level nonuniform clustering for
an object (without showing the object itself) that might be electrically large and
possess very fine local features. Its 2D cross sectional view is shown in Fig. 5.3(b).

The potential benefits regarding this kind of 2D illustration are as follows.

e Although we cannot see the real object, it is easy to imagine its mesh
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Figure 5.3: A sample of forthcoming 2D pictures representing how they are created from cor-
responding 3D structures. (a) 3D structure of a typical object after 6 levels of partitioning into
proper boxes. (b) 2D cross section of the 3D frame.

density since none of the boxes have more than n RWGs, where n is a
predetermined value (e.g. 50). This is useful due to the fact that, each box
has the same computational cost (regardless of its size) and hence, one can
have an educated guess about the total computational cost of the whole

process.

e By looking at a 2D cross section, we may acquire enough information to
imagine the relative sizes of the RWG functions at different levels. Obvi-
ously, large boxes on top (i.e., first couple of) levels contain relatively large
RWG functions, and small boxes at deep levels may contain extremely small
RWG functions.

e [t is considerably easier to extend the new processing algorithms from 2D

cases to 3D ones just by generalizing the rules.

To handle such a nonuniform clustering scheme, we need a threshold, which
may be fixed or a function of level. Having this threshold as the maximum RWG
functions per box, three different types of boxes should be defined as listed in
Table 5.1.
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Table 5.1: Different Box Definitions for the Modified Tree Structure

Box type Definition and Properties
A box with a population equal to or more than the given
threshold.
O ded
vererowce e An overcrowded box cannot be located at the last level
Box (OCB) ) . . .
unless we use the semi-automatic process discussed in
Section 5.2.
A box with a population less than the given threshold such
that it should be the end box along the corresponding ramified
branch.
e A truncated box may exist at any level.
Truncated
Box (TB) e There must be no other boxes branching from truncated

boxes.

e For semi-automatic process, the last level overcrowded
boxes will be considered as truncated ones.

Pruned Box
(PB)

A virtual box, which was supposed to be one of the extensions
for a truncated box.

e [t is not possible to have a pruned box at the second
level.

Hereinafter in this dissertation, we use OCB, TB, and PB abbreviations in-

stead of their long names, i.e., “OverCrowded Box(es)”, “Truncated Box(es)”,

and “Pruned Box(es)”, respectively. Furthermore, to identify these boxes inside

the program, we will use positive population for both of the OCBs and PBs and

negative population for TBs. Obviously positive values used for both OBs and

PBs will not be confusing due to the fact that there is a clear distinction between

these two: the population for an OCB is always higher than the a given threshold

while for a PB, it is always less than it.
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Truncated Box

Figure 5.4: A typical IL tree structure. Note that the height of the boxes are not in scale for
the second and third levels (to save space).

Imagining the tree structure based on these new definitions, one can easily
deduce that the truncated boxes are actually new “leaves” but with distributed
positions across the whole tree structure. Using this visual concept, some or many
of the branches are not complete ones, leading us to the novel IL tree structure,
and hence, “Incomplete-Leaf” MLFMA (IL-MLFMA). Fig. 5.4 illustrates a typi-
cal four-level IL tree structure for a thin object (without taking into account the

correct height of the boxes), where OCBs, TBs, and PBs can clearly be seen.

5.2.3 Two Possible Scenarios

Since an IL tree structure is different than a traditional one used by the con-
ventional MLFMA, near-box and far-box concepts are required to be redefined.
In addition, some ground rules must be constructed to determine the near and
far boxes from the accuracy and efficiency point of views. Hence, possible two
different 2D scenarios to determine the near and far boxes in an IL tree structure

are illustrated in Fig. 5.5, where the small gray box at the middle is the testing
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box and the surrounding red (dark grey) and green (light gray) boxes denote
near and far basis boxes, respectively. The borders for the third to fifth levels are

shown in the legend.

Near

Far

Box

Level 3

Level 4

Level 5

(a) (b) (c)

Figure 5.5: Two different scenarios to define near and far boxes, shown by red (dark grey) and
green (light gray) boxes, respectively. (a) Near boxes based on touching boxes, (b) near boxes
based on either touching boxes or larger near boxes at higher levels. Far boxes are defined as
the rest of the boxes inside a proper cuboid of size 6 x 6 x 6 at the corresponding level.

In the scenario shown in Fig. 5.5(a) only touching boxes with equal or larger
sizes are labeled as near boxes. However, when the second scenario shown in
Fig. 5.5(b) is considered, unclustered near boxes of all the upper-level parents, if
exist, are added to those boxes found in the first scenario. For example, addi-
tional two level-3 large (i.e., unclustered) boxes should also be considered as near
boxes for the parent of the shaded box. Then, in both scenarios, far boxes are
determined by the rest of the boxes that reside inside a proper 6 x 6 x 6 cuboid of
the same size (of the gray box). A detailed comparison between these two scenar-
ios reveals that, although the second scenario is more complicated to implement,

it is more superior than the first one due to the following three reasons:

1. For the scenario shown in Fig. 5.5(a), consecutive interpolation and an-
terpolation operations are needed for both aggregation and disaggregation

processes within MVM routines. The reason is that, there are a few larger,
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some equal, and some other smaller far boxes for which, the far-field in-
teractions should be calculated using FMM. Consequently, for these boxes
at the very same level (i.e., level 4 refering to Fig. 5.5) one needs an an-
terpolation, a direct calculation, and an interpolation, respectively, each
followed by a proper translation to carry out the far-field interactions cor-
rectly. These extra computations based on FMM (and not MoM) bring in
undesired additional errors. On the other hand, using different-sized boxes
and the one-buffer-box scheme pushes the limits of the addition theorem, if
the buffer box is smaller than any of them. It should be emphasized that
these interpolation/anterpolation operations bring additional challenges in

paralellization.

2. In the conventional FMM or MLFMA, due to the uniform size of the leaf-
level boxes, x, y, and z components of translation vectors are integer mul-
tiples of the leaf-level box size. Assume that the triplet (m, n, p) represents
the multiples and a is the smallest box size at the very last level. Obviously
any translation vector can be written as W = a(mi + ng + p2), where
0 < m,n,p < 3. Once the translation vector for a triplet is calculated, it
can be reused everywhere with the same relative vector between two far
boxes. Hence, there is no need to calculate it for each pair of far interac-
tions. However, in the scenario given in (a), as mentioned in the first item
(above), we may have larger boxes as well as smaller boxes at the same level
(also from upper and/or lower levels) to be considered as far boxes. Clearly,
far boxes may be anywhere in the 3D space and the three components of
the translation vectors are not integer multiples of a. Because the size of
the smaller boxes are among a/2, a/4, a/8 and smaller downward to the last
level, and at the same time larger boxes are among 2a, 4a, 8a and wherever
it takes upward. Hence, we may have fractional multiples of translation
vectors, referenced to the size of the boxes at a given level. This is not
efficient, since the number of distinct translation vectors would be at the
same order of the number of far-field interactions. Note that this degrades

the overall performance, but still doable.

3. For the scenario shown in Fig. 5.5(b), larger boxes are treated via MoM
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computations leading to higher accuracy without any of above mentioned

issues.

Two important issues should also be noted at this point.

1. Although the scenario shown in Fig. 5.5(b) has more near-field interactions
than the scenario in Fig. 5.5(a) (so that it improves the accuracy but leads
to a higher computational cost), the total number of near-field interactions
are controllable [and in fact O(N)] as there is no practical limit regarding
the needed levels. This will be addressed in the numerical results, where

we discuss the complexity of the proposed algorithm.

2. The total number of interacting boxes are always less than the conventional
MLFMA due to the pruned boxes that were supposed to branch from TBs

across the levels.

5.2.4 Near, Pseudo-Near, and Far Boxes

In many multiscale problems that have to be meshed nonuniformly with large
multiscale factors, one can see some special boxes that belong to upper level
parents, and are located farther than some of the far boxes at the same level
based on the scenario shown in Fig. 5.5(b). These boxes, here after to be called
“pseudo-near” boxes, are defined as non-touching TBs located at any upper level
that have the following three properties: (a) They are larger than the box of
interest (the gray box). (b) They can be classified as touching near boxes for
the parent or any of the grandparents of the box of interest. (c) They cannot
be smaller than the size of the parent or the grandparent to be compared in (b).
Such a definition justifies its appellation and helps us to distinguish these boxes
from the real near boxes that touch each other. Note that, touching boxes may be
smaller, equal, or larger than the testing box, but pseudo-near boxes are always

larger, because they usually contain larger basis functions.

The importance of this pseudo-near concept can be displayed best by once
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Figure 5.6: Applying IL tree clustering on the multiscale mesh of Fig. 5.1. The numbers given
next to the curly braces show RWG populations of the corresponding boxes. Only the largest
box and the 4th box are divided into four smaller boxes.

again considering Fig. 5.1(a). By clustering the same mesh using the proposed
IL tree structure for a given population threshold (e.g. 20), Fig. 5.6 is obtained,
where the numbers near the curly braces show the RWG populations. Only the
largest box and the 4th box are divided into four smaller boxes, namely, 2 to
5 and 14 to 17, respectively, since their populations are larger than or equal to
the given threshold. Considering the small box labeled as 17 and applying the
aforementioned ground rules used to determine the near and far boxes, apart
from the trivial near boxes 14, 15, 16, and 5, there are two larger pseudo-near
boxes labeled as 2 and 3. When the large RWG functions extended into the
2nd and 3rd boxes are considered, most of the RWG functions inside the 17th
box are connected to them justifying our rule that all RWG functions inside a
pseudo-near box of a testing box, should indeed have near-field interactions with
the RWG functions inside the testing box regardless of the distance between the

testing box and the pseudo-near box.

The final reason about why we have to treat the pseudo-near boxes using MoM
computations is that, they usually contain larger (and sometimes the largest)

basis functions all over the surface of the object. As the basis function becomes

98



larger, its radiation intensifies and creates sharper field variations at rather farther
distances (and may be at the other side of the object). This means that assuming
a slow variation and using a single point integration to calculate the interactions
(as is the case for any far-field interaction in the context of FMM) is not valid

and accurate anymore.

It is very important to emphasize that, such a treatment, i.e., dealing with
some of the far boxes as if they are near boxes, and hence, computing MoM-based
interactions instead of FMM-based interactions, do not imperil the robustness and
reliability of the proposed method in comparison to the conventional MLFMA.
As a corollary fact, we can strongly claim that the robustness and reliability of

the proposed method are inherited from the conventional MLFMA.

In the upcoming sections, it is assumed that we know the total number and ex-
act positions of non-empty boxes, as well as the corresponding RWG contents, to-
tal number of levels satisfying our population criteria, detailed population statis-
tics at all levels, and finally the full list of far-field and near-field boxes based
upon the conventional MLFMA definitions [66].

5.2.5 Construction of a List of Near and Pseudo-Near

Boxes

Construction of a list of near-field interactions containing all of the near and
pseudo-near boxes of a given testing box is an important aspect of the proposed
method. To develop an effective and flexible algorithm, it is enough to carefully
use the full properties of what we have defined so far. Interestingly, there is no
need to consider any PB or OCB. No need for any PB, because the parent or one
of the grand parents of any PB is a TB, which is already considered somewhere
at a level above the current one. Also there is no need to consider any OCB,
because of a simple fact, which reads “if two boxes are near or pseudo-near to
each other for any reason, this relationship is mutual, regardless of their relative

sizes”. Consequently, if inside any of the levels, an OCB is near or pseudo-near to
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any given TB, then all the smaller sub boxes inside that OCB are also considered

as the pseudo-near boxes with respect to the given TB.

From the programming point of view, this simply means that, the very same
TB (which is larger and belongs to one of the higher levels) should be added to
the so called “near list” of all the smaller sub boxes (which reside inside the OCB
and belong to some lower levels) and the similar operation must be repeated
across all the levels from top to bottom. This eliminates the need to find out
which one of the larger boxes at the higher levels are near or pseudo-near to a
small box located at a lower level. To fulfill this claim, we wrote a MATLAB
function, or namely “ContentBoxes”, that is capable of traversing the traditional
tree structure in order to find all the truncated contents (i.e., TBs) inside a given
OCB. This simply means that, “ContentBoxes” can find the leaf boxes inside a

given branch of the tree.

The pseudo-code shown in Algorithm 1 is used to construct the near list for
each level. Note that a positive box number is used for an OCB and a negative
box number is used for a TB. Hence, the ‘—’ sign used in lines 6 and 11 and the
‘+’” sign used in the 8th line are important, since they facilitate discriminating
OCBs from TBs within the list. By putting all together, it is possible to develop
a proper algorithm capable of filling the near-field sparse matrix by computing
the corresponding RWG interactions for our new tree structure. The algorithm
is briefly illustrated in Algorithm 1 by means of pseudo-codes. At a first glance,
it is clear that it consists of six successive for loops, which means that it takes a
long time to be computed. To accelerate this important issue, one has to vector-
ize the codes as much as possible and use the high-speed compiled codes (known
as MATLAB-EXecutable or MEX codes) to speed up the whole process. This
was exactly why we were trying to develop some practical techniques capable of
handling sparse matrices inside the MEX codes. It is worth mentioning that the
resulting “near list” is actually a highly-sparse matrix. This sparsity completely
depends on the population statistic, operating frequency and some other geomet-
rical details, but with a limit for the maximum number of near boxes commonly

known as 27.
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Algorithm 1: Construction of IL Near List

Input: given level, traditional near list
Output: IL.NearList
1 TB.List := List of TBs within the given level
2 foreach TestingBox € TB.List do

3 Trad.NearList := traditional near list for TestingBox
4 foreach BasisBox € Trad.NearList do
5 if BasisBox € TBs then
6 put —BasisBox into IL.NearList of TestingBox
7 else if BasisBox € OCBs then
8 put +BasisBox into IL.NearList of TestingBox
9 Trunc.SubBoxes := ContentBoxes (BasisBox)
10 foreach SubBox € Trunc.SubBoxes do
11 put —TestingBox into IL.NearList of SubBox
12 end
13 end
14 end
15 end

For example, a sphere of radius R = 700 mm, meshed with an average size
of 5 mm under a population threshold of 50 RWG/box at f = 500 MHz, needs
100 K boxes to be processed. Total required memory to store the whole matrix is
no more than 22 MB, which is negligible. But, considering the fact that we need
few dozens of different indices to keep the needed data, the memory easily exceeds
200 MB even for such a small example with an electrical length of approximately
A. Obviously, for larger objects, we need tens of GBs of memory, and therefore,
we have to take care of these wasted memories regarding highly-sparse matrices.
Later on in this dissertation, we will cover this issue, i.e., how to squeeze and
compress such sort of sparse matrices in order to efficiently use the memory

without slowing down the computations.
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5.2.6 Construction of a List of Far Boxes

Another important aspect of the proposed method is to construct a list of far-field
interactions for a given testing box, where the same rules used in the conventional
MLFMA in order to determine the boundaries of the far boxes are deployed. To
create a so called “far list” for each level and based upon the existing information
obtained from the traditional tree structure, we invoke the same policy regarding
negative and positive box numbers. One more time, we have to emphasize that
there is no need to deal with any pruned box, neither as a box to be processed,
nor as a far box to be registered, exactly based on the similar reasons we already

discussed for the “near list”.

The main difference between the “far list” and the “near list” algorithm stems
from the fact that, none of the larger boxes (belonging to the higher levels)
in the neighborhood of a smaller box (belonging to a lower level) can act as a
far-field box. Note that this neighborhood approach is precisely defined within
the context of conventional MLFMA. To clarify this important rule, we should
carefully review Fig. 1.1(a) one more time, even though it is a 2D example.
Considering Level 5, which is a complete demonstration of near and far boxes,
we realize that only dark blue (gray) boxes can be considered as far-field boxes
to the red (dark gray) one. The boundary is governed by a simple rule: Move at
least 2 and at most 3 boxes in all tree directions and stop at the boundaries of
either the object itself or one of the parent boxes around, whichever comes first.
Using this approach, there will be no chance for any larger box in the vicinity to

act as a far box.

A corollary fact is that, we can reuse our “near list” algorithm by considering
two facts: (a) Unlike the “near list”, we should process the OCBs in addition to
the TBs because we need to aggregate the radiation of the smaller sub boxes inside
OCBs. (b) We must start from the third level, where the far-field interactions
make sense. Putting all together, we can write another compact algorithm to

fill-in the needed “far list” as shown in Algorithm 2.
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Algorithm 2: Construction of IL Far List

Input: given level, traditional far list
Output: IL.FarList
1 Joint.List := List of TBs U OCBs within the given level
2 foreach TestingBox € Joint.List do
3 Trad.FarList := traditional far list for TestingBox
4 foreach BasisBox € Trad.FarList do

5 if BasisBox € TBs then

6 put —BasisBox into IL.FarList of TestingBox
7 else if BasisBox € OCBs then

8 put +BasisBox into IL.FarList of TestingBox
9 end

10 end

11 end

Again, we have to be careful about the “far list” from the memory point of
view. A simple computation based on the given rules (for far-field boundaries)
reveals that the number of boxes can reach up to (2(backward) + 3(forward) +
1(itself))® — 33(near) = 189 boxes. By considering our previous example with
approximately 100 K boxes, we need at least 150 MB of memory just to hold the
required “far list” data. This is another evidence for the necessity of using sparse

matrices to optimize the memory structure for large simulations.

5.3 Pictorial Examples

Based upon the 2D equivalent cross section discussed in Section 5.2.2, one can
apply the newly developed algorithms to find near, pseudo-near, and far boxes for
a given testing box in order to construct the IL tree structure. Here, the target is
to find two lists of boxes: a “near list” containing a list of boxes in which we have
to carry out direct near-field computations and a “far list”, as a list of boxes in
which we should carry out the far-field computations. An important concept to

bear in mind is that, the “near list” algorithm works based on a hierarchy implied
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Figure 5.7: A step-by-step pictorial approach to determine both near and far boxes for a given
testing box inside a typical IL tree structure. (a) The box of interest in gray. (b) The first
near box. (¢) A group of next level near boxes. (d) All near boxes together regardless of size
or level. (e) Far boxes at the same level. (f) All far (and near) boxes regardless of size or level.
In all of these pictures, higher level boundaries always coincide with the lower level boundaries
and consequently cover their designated color or thickness. Note that near and far boxes are
shown in dark gray (red) and light gray (green), respectively.

by the 9th line of the Algorithm 1, which means that one has to first process the
larger boxes at the upper levels, then process the next level smaller boxes and so
on. Note that this is not necessary for the far list algorithm. Getting back to the
figure, our observations are as follow. To start with, we consider a simple case

shown in Fig. 5.7(a), where the given testing box is in gray.

1. The only TB in level 2 is shown in red (dark gray) in Fig. 5.7(b). All three
near boxes of this TB in this level, which are OCBs, are labeled by the
letter “N”. However, the gray box (i.e., the testing box) is the sub box of
only one of them. Hence, the remaining OCBs are not our interest and the

TB is the first member of our near list.

2. Considering level 3, Fig. 5.7(a) also shows that there are only two TBs in
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this level, which are near to each other. One of them is the testing box,
and the other one is the second member of the near list. However, referring
to Fig. 5.7(c), boxes labeled with “N” are also the members of the near list
at this level. Fig. 5.7(d) illustrates all the near boxes including level-wise
details.

3. For the far boxes, we must move at least two and at most three boxes from
the given test box. However, we also need to stop at the object boundaries.
Fig. 5.7(e) and Fig. 5.7(f) show all the far boxes labeled with the letter “F”

and the final structure including all details, respectively.

A more complicated and peculiar structure, shown in Fig. 5.8(a), is considered

next, where the same strategy is followed.

1. Starting from level 2, the only TB box is shown in red (dark gray) in
Fig. 5.8(b). As before, all three near boxes to this TB of this level are
labeled by “N”, where the test box is inside one of them. Similar to the
first example, the other boxes labeled with “N” are OCBs, and are not
considered at this level. Hence, the large red (dark gray) box is the first

member for the near list as a pseudo-near box.

2. Referring back to Fig. 5.8(a), we can see three level-3 TBs labeled as 1
to 3 in Fig. 5.8(c). Neither box 1 nor box 2, with opposite cross-hatched
shaded regions, may have near-field interactions with the small gray box.
Proceeding to Fig. 5.8(d), the box labeled as 3 is the only level-3 box having
near-field interaction with the given test box, thus, it will be the member

of the near list again as a pseudo-near box.

3. There is only one level-4 TB near to the test box, as shown in Fig. 5.8(e).
In a similar fashion to the previous cases, this TB is also a member of the
near-list as a near box. Considering the level of the test box, the touching
seven boxes are the members of the near list. Fig. 5.8(f) shows all near and

pseudo-near boxes.
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Figure 5.8: Another pictorial example to determine the near, pseudo-near, and far boxes inside
a symmetric IL tree structure. (a) The box of interest in gray. (b) The first pseudo-near box.
(¢) None of two boxes labeled by 1 and 2 can cover the gray box. (d) Only 3rd box is pseudo-
near to gray box. (e) The same procedure but with the next level smaller boxes. (f) All the
near, pseudo-near, and far boxes in one shot.

4. To find far boxes, if we move down or right, object boundary comes first,
however, if we move up or left, the level-4 box boundaries come first. Hence,
after excluding all near boxes, we end up with the indicated far boxes as
also illustrated in Fig. 5.8(f).

To clarify the philosophy behind this new concept, lets review Fig. 5.1(a) from
another perspective, but somehow related to the multiscale issues we already
discussed at the beginning of this chapter. Considering the small red box labeled
20 and following the same strategy to find the “near list”, we find out that beside
trivial ones, i.e., 15, 17, 18, 19, and 21, we have two farther but larger pseudo-near
boxes labeled as 2 and 3. Investigating the large RWG functions inside 2 and 3,
one can easily realize that they are very close to the RWG function located inside
box 20. Actually this situation is very similar to what is illustrated in part (b) of

the same figure. The same reasoning goes to smaller RWG functions inside box
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Figure 5.9: For a nonuniform clustering, six examples illustrating the near, pseudo-near, and far
basis boxes regarding a given testing box. In each sub-figure, different testing box is considered.
Note that in (f), there is no far box due to some large and very large nearby basis boxes.

16 where all three larger boxes 2, 3 and 5 are considered to be pseudo-near boxes.
Generalizing to the higher levels and also larger boxes, we can always find such

sort of faraway pseudo-near boxes.

More complicated examples are shown in Fig. 5.9 without any step-by-step
details about how to apply the ground rules and the related strategies. Note that
in Fig. 5.9(f) there is no far box regarding the given gray box, mainly because of
the large and very large nearby basis boxes. Obviously this is not an abnormal
condition due to the fact that, after aggregation from level 5 (the gray box) up
to level 4 (the blue boxes) or even higher, we will have lots of far-field boxes to

test on.

107



5.4 Construction of Near-field Sparse Matrix

It is well-known that the impedance matrix regarding near interactions is highly
sparse. Even though we can use sparse facilities embedded in MATLAB (or any
other programming language that we use) to store data, we rarely use them. This
is simply because sparse-oriented commands in MATLAB (or scripts in any other
language) are generally slow since they have to track the non-zero elements in

every operation, which takes some time.

On the other hand and regardless of this retardation, MATLAB does not
support the use of sparse matrices inside the MEX codes. To circumvent this
issue, one may use one of the following methods, which are somehow similar to

each other:

1. The first method is suitable for element-wise random access read and write.
In this method, all sparse data are embedded inside a long column (or row)
vector, and then, by means of another wisely prepared index, casting as a
kind of address pointer, one can compute and then access the exact positions
of the matrix elements. Near interaction between ith basis function and jth
testing function, where ¢ and 7 belong to a predetermined set of n RWG
functions, is a good example of this group. In this section (and later on
inside the near-field MVM routines), we use this method to compute and

store the near-field interactions as a sparse matrix.

2. Second method is suitable for block-wise read and write. In this method, the
whole sparse matrix is transformed into a self-containing long row or column
vector, whichever best suites our needs. It is self-containing, because the
needed address pointers in order to have access to nth block of the stored
data are already embedded inside the vector. Those near and far indices
that are already discussed in Section 5.2, also some other indices used in
our program, are typical examples of this kind of sparse matrices. We use

this method for the far-field interactions later.
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A careful benchmarking reveals that the second method is faster than the first
one, not only because of accessing a block of data in one shot, but rather due to
the fact that one needs to compute the address pointer using a dedicated formula
and an index prepared beforehand, and then use that pointer to access somewhere
inside the data vector. For both methods, two important key points should be

emphasized.

e First method cannot be replaced by the second one due to its versatility,

and hence, we need to deploy both of them.

e The secondary matrix used as an index in the first method is also a kind
of sparse matrix. Therefore, in order to save more memory, we adopted
the use of the second method to store the required sparse index of the first

method.

Utilizing the above mentioned methods to store either the near-field sparse
matrix or the corresponding near indices, one has to consider two important
facts to compute the matrix based upon existing near list. First, the testing/basis
functions only exist inside the TBs. Second, within the near list of a given testing
box, there may be a combination of TBs together with some other OCBs. Each
one of the OCBs may also contain some other OCBs in a recursive manner and
this may extend down to the very last level. Combining all together, Algorithm 3
briefly describes the steps needed to perform this task.

Regarding these pseudo-codes, two important concepts should be clarified.
First, although it is possible to use a recursive function in MATLAB to extract
and add the needed TBs within all OCBs, a simple loop (2 +— 8) is preferred
due to the fact that in MATLAB, calling a function is slower than updating a
list. Second, all extracted box numbers are negative, hence, we need a minus sign

before using them as a basis box (— 10).

Finally, it is important to emphasize that in multiscale meshes, due to possible

small distances between the basis and testing functions, the radiated and received
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Algorithm 3: Near-Field Sparse Matrix

Input: IL.NearList
Output: Near-Field Sparse Matrix
1 foreach TestingBox € All of the TBs do
2 Mixed.List := List of near and pseudo-near boxes regarding TestingBox
using [L.NearList
3 Final.NearList := Negative elements of Mixed.List
4 Overcrowded.List := Positive elements of Mixed.List

5 foreach TmpBox € Overcrowded.List do

6 Content.List := List of all TBs inside TmpBox
7 Final.NearList := Final.NearList U Content.List
8 end

9 TestingBox/As := List of As inside TestingBox

10 foreach BasisBox € -Final.NearList do

11 BasisBox/A\s := List of As inside BasisBox

12 foreach testing/A € TestingBoxAs do

13 Compute integration points over testing/A

14 foreach basis/A € BasisBoxAs do

15 Compute integration points over basis/A

16 forall the valid testing functions do

17 forall the valid basis functions do

18 Invoke singularity extraction routines to compute

formulation dependent integrals (e.g. MFIE)
19 Update Near-Field Sparse Matrix
20 end
21 end
22 end
23 end
24 end

25 end
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fields are not smooth to be handled by a single point integration. Hence, the order

of numerical integration must be increased for better accuracy.

5.5 Far-field Interactions

Far-field calculation routine is the most challenging part of the IL-MLFMA. It
is challenging, because apart from the implementation difficulties due to variable
box sizes inside a level and/or multiple levels, two different far-field algorithms,
one associated with the corrected/scaled MLFMA (as discussed in Chapter 4) for
smaller boxes to avoid the low-frequency breakdown, and the other associated
with the traditional MLFMA (as summarized in chapter 3), are deployed simul-
taneously, in order to successfully calculate the far-field interactions across the
levels. Frequency, population threshold, multiscale factor, number of levels or
equivalently smallest box size are among the key factors that govern the border
in which one has to switch between these algorithms. Both of them consist of
three separate parts, i.e, aggregation, translation, and disaggregation, as briefly
discussed in Section 3.2.2. Translation parts of both algorithms can be merged as
a single routine making the program more modular. The aggregation and disag-
gregation parts are computationally different due to dissimilar intrinsic natures

of the computations to be carried out.

The relative positions of the existing far-field algorithms concerning the box
sizes are illustrated in Fig. 5.10. It is seen that, as we move from larger boxes
to smaller ones (or equivalently from the higher levels to the lower levels), we
have to pass through the border of “boxsize < A/4”. This fictitious border dis-
criminates the “Traditional” MLFMA from the “Scaled/Corrected” MLFMA. A
combination is also a possibility, where some of the boxes are larger than /4 and
the rest of them are smaller than A/4. For these cases, the traditional MLEMA
routines either fail or give us inaccurate or completely wrong results. Interest-
ingly, scaled/corrected routines can handle these problems rather easily by using
a unity scale factor or s = 1, with a slightly higher complexity (O(N log?N)) as
addressed in Section 4.4.2.4.
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Figure 5.10: Two different types of MLFMA routines and their relative positions with respect
to various box sizes. The border between their operational area is determined with box size
< A\/4 as shown by a transparent wall. Complexities are given under each method.

At this point it is worth to emphasize the followings.

e In the literature, different standards are used to define this border, such as
A/10 or even lower. However, as an undeniable fact, there exists such a bor-
der and practically limits the operational area of the traditional MLFMA.
This is not true for the Corrected/Scaled MLEMA, despite the fact that we

will present some cases where this method also fails.

e Both of those methods, regardless of accuracy, need to deploy fixed-size
uniform boxes in each and every level. This simply means that we cannot
directly use them to handle variable sized boxes, because of quite different

near and far definitions we should use.

e For Hybrid-MLFMA, i.e., a combination of traditional MLFMA for the
higher levels and Corrected/Scaled MLFMA for the lower levels, the overall
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complexity must be O(N log®N), where (1 <a <2) (o = 2 for the low-
frequency regime [34]), totally dependent on the frequency and the leaf-level

box sizes.

After a brief explanation about the translation routine, we proceed to develop

new aggregation and disaggregation algorithms to finish this section.

5.5.1 A Review

As we know, the corrected N-MFIE formulation is based on the normally tested
IC operator. Details of this formulation are discussed in Section 4.5, but they are
repeated here for convenience. We have
ik\’
K&l = (1) [ERREE ) k) - S 0r), (5)
where, &, S, and R are the translation, radiation, and receiving functions, re-

spectively, defined as

S Cor (k) = / dr' €™ (14 g [vagy ) b (7). (52)
Gk, kyw, s) = 3 (i) (2t + 1) (') b (kw) Py(k - ), (5.3)
t=0
K.N _ ikk- 2dis k 2 2q ~
R oo (B, ry) = [ dre™ s [g (1+qlvas|”) — it vdis} X {n X tm(r)] (5.4)

To carry out (5.1), integration over a unit sphere is needed. As we know, [ Pk =
[[sin(0)dfd¢, hence, the integrand should be calculated and stored for each and
every separate direction, and then added up to the total sum. Despite the fact
that we are going to deploy both of the above mentioned far-field algorithms, each
with different number of k —space samples for the higher and lower levels, both of

them obey the same rules to determine the optimum number of samples. Briefly,
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as discussed in Section 3.1.3, it is sufficient to use (7 + 1) and (27 + 2) samples
in # and ¢ directions, respectively, where both of them are merely functions of
the truncation number 7. Note that the optimal value for 7 (based on 3.11)
is only accurate and useful for the conventional MLFMA. In other words, for
corrected /scaled MLFMA we have to use some other tabulated optimal values

that are collected from a wide range of numerical simulations.

Considering the fact that we are going to extensively use the concept of
I%fspace in upcoming sections, it is worth to have a 3D visualization regard-
ing this space as graphically shown in Fig. 5.11(a). In this figure, the transparent
blue (light gray) box represents a sample basis box containing some limited num-
bers of basis functions without considering its relative size with respect to a unit

sphere, which is drawn in red (dark gray). Note that the number of separate k

(a) (b)

Figure 5.11: A 3D illustration of IAcfspace around a typical basis box. In part (a) if 7 = 5,
then we have 0 x ¢ = (7 + 1) x 2(7 + 1) = 6 x 12 separate directions. (a) A typical basis box
with a hypothetical unit sphere containing k directions. (b) A flat 2D equivalent version of the
3D I%fspace.

directions in the figure has been chosen to be consistent with the optimal sam-
pling scheme described above. Due to the fact that it is not possible to include all
features of a 3D structure inside a 2D picture, we consider their 2D equivalents in
subsequent sections of this dissertation. For example, Fig. 5.11(b) is considered
as a 2D representative of its 3D version. The last thing to bear in mind is that the

directions shown here are dedicated for basis boxes (or functions) as they radiate
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Figure 5.12: Aggregation process inside basis boxes.

outward. Obviously when we are going to deal with testing boxes (functions), we

use opposite directions for the very same arrows to imply the receiving state.

5.5.2 Aggregation

By incorporating the above mentioned 2D equivalent pictures into the concept
of aggregation, we can elaborate (5.2) in a much more comprehensive manner.
In this equation, [ d2k means that we have to calculate, store, and then sum

M (k. ry)) of all the basis functions inside the

up the radiation functions (S, c,,

box of interest for each and every k vector over the dedicated lAcfspace. Figure
5.12 is a graphical demonstration of how different components in the dedicated
directions are added up. In this figure, each color represents the radiated fields
of the corresponding basis functions and each direction represents a plane-wave

independent of the others.

Obviously, this has to be done for all TBs as well as OCBs, but not PBs, since
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the content of PBs will be automatically taken into account at some higher lev-
els. To implement this part, we have to develop another useful function (script)
capable of extracting a list of RWG functions inside a given TB or OCB. This
function, namely “ContentRWGs”, is somehow similar to “ContentBoxes” func-

tion discussed earlier.

Considering the two algorithms discussed before, we need two kinds of aggre-
gation routines. Even though the fundamental concept is the same for both of
them, the one which belongs to the conventional MLFMA needs some extra com-
putations to be carried out due to its hierarchical structure. As stated before,
different implementations for MLFMA use different definitions to discriminate
between “large” and “small’ boxes. Here we will use A/4 as a sharp boundary to

switch between the two algorithms.

5.5.2.1 Aggregation in the Low-Frequency Regime

During the construction of the IL tree structure, the box size in each level must be
compared against different upper and lower limits to assign a proper scale factor.
These optimized scale factors are based on experimentally tabulated values. If
the scale factor reads less than one, it simply means that we are dealing with
a level that needs the low-frequency treatments. In this dissertation, we use
the corrected version of the scaled MLFMA based on the level-wise optimization
discussed in Section 4.4.2.4. In the other words, it is enough to apply the proper
algorithm across the designated levels independently with no need to perform
any interpolation between the successive layers. The whole algorithm is given in

Algorithm 4.

5.5.2.2 Aggregation in the High-Frequency Regime

When we are dealing with larger boxes, s = 1 and we can reuse the aggregated
values of the lower levels for their parent (or higher) levels in a hierarchical fashion.

This is the result of a simple addition theorem for the exponential function which
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Algorithm 4: Aggregation in the Low-Frequency Regime

Input: TBs, OCBs
Output: Aggregation Sparse Matrix
1 foreach level € low frequency levels do

2 Joint.List := List of TBs U OCBs within the level
3 Compute Ny, N, as the numbers of needed samples
4 0; := 0 locations over unit sphere
5 ¢; := ¢ locations over unit sphere
6 foreach BasisBox € Joint.List do
7 foreach basis function inside BasisBox do
8 foreach 6;,i =1: Ny do
9 foreach ¢;,7 =1: Ny do
10 Compute radiation functions
11 (regarding needed formulation)
12 Update Aggregation Sparse Matrix
13 end
14 end
15 end
16 end
17 end
is
exp(Vagg) X €XP(Vagg) = €XP(Vagg + Vagg), (5.5)

where vq4, and v44, denote the aggregation vectors for two consecutive levels
(i.e., a given level and its parent level, respectively). Interestingly, by reusing the
computations of each level at the higher levels, the overall complexity reduces
from O(N log?N) to O(N logN). This can be attributed to the fact that there
is no need to carry out the same computations for approximately log/N higher

levels.

Note that this is not true for the low-frequency regime with different values of

the scale factor since

v, V4 Vagg T VA4
eXp(?fg) X eXP(?Qgg) # eXP(%%

(5.6)

except for s; = sy = s3 (which is the case when s = 1).
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To implement an accurate aggregation procedure, a computational issue has to
be solved, which is not evident at a first glance. The issue originates from the fact
that, for the higher levels with some larger boxes, one needs a higher bandwidth to
compute the radiation functions. This simply means that using (3.11) with larger
values of a as the box size ends up with a larger number of samples over the unit
sphere. Consequently, to use the aggregated values of a lower level (with smaller
number of samples) at the higher levels (with a larger number of samples), one
needs to interpolate them. In our routines, we use Lagrange interpolation for this
purpose. Fig. 5.13 illustrates this procedure. In this figure, coarse samples that
belong to smaller blue boxes are interpolated from 12 directions (yellow arrows)
into 18 directions (silver arrows), shown as four tiny brown arrows at each new
direction. After summation over all basis functions inside the box, the needed

fine samples are ready to be used for the aggregation process at the higher level.

The needed algorithm for this kind of aggregation for the higher levels is almost
the same as Algorithm 4 except there is an important difference. This difference
comes from the fact that the OCBs need to be processed using interpolations.
Hence, Algorithm 4 can be used twice; one for the TBs without interpolation,
and another one for the OCBs with proper interpolation from the lower levels.
Obviously we can wisely merge outer loops of both algorithms to make it faster

and more modular.

5.5.3 Translation

Regarding the translation operator, we can reuse the routine of the traditional
MLFMA, except one small modification. Comparing the translation function of
the conventional MLFMA (3.10) with that of the scaled MLFMA (4.17), the
only difference is the scale factor s* inside the summation. Based on the detailed
discussions in Section 4.2, using s = 1 leads us to the conventional MLFMA,
and consequently, we can use the translation function of the scaled MLFMA for
both of them as well. Considering the new translation function given by (4.19)

for the corrected version of MLFMA, even though it seems to be a bit different,
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Figure 5.13: Aggregation process at the higher levels by means of interpolation.

we can reuse the same routine. This is exactly why we try to detach both of
the correction factors Cpyg(k, 5, Vagq) and Cyis(k, s, v4is) in (4.22) to use the same

translation function.

As an algorithm, it is sufficient to process both of OCBs and TBs at each
and every level to perform the required translations. Algorithm 5 demonstrates a
versatile pseudo-code to perform this task. Note that, there is no need to change
anything from the corrected/scaled version to the conventional version because
of the fact that in both versions of MLFMA, all boxes in any level are exclusively
either OCB or TB. Hence, all of them will be processed accordingly. It should be
reminded that, based on the last item given at the definition of a TB (Table 5.1),
the last level boxes of the IL-tree structure can be treated as TBs, regardless of
their population. This helps us to prevent any interpolation for an OCB that may
exist at the last level due to semi-automatic leveling or using the IL-tree structure
to emulate the conventional MLFMA. A few remarks about this algorithm are as

follows.
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Algorithm 5: Translation

Input: given level
Output: Disaggregation Matrix
1 foreach level € designated levels do

2 Compute Ny, Ny as the numbers of needed samples
3 Joint.List := List of TBs U OCBs within the level
4 foreach TestBox € Joint.List do
5 TestBox.center := Center coordinates of the TestBox
6 FarBox.List := List of far boxes concerning the TestBox
7 foreach BasisBox € FarBox.List do
8 BasisBox := |BasisBox]|
9 BasisBox.center := Center coordinates of the BasisBox
10 W e := TestBox.center - BasisBox.center
11 Compute translation index(W ,..)
12 Compute translation function(translation index)
13 Compute aggregation index(BasisBox)
14 Compute disaggregation index(TestBox)
15 foreach 6;,7=1: Ny do
16 foreach ¢;,j =1: N, do
17 disaggregation := aggregation X translation
18 end
19 end
20 end
21 end
22 end

1. There are positive and negative box numbers inside the “far list” of a given
test box, therefore, the use of abs(+) function is important in the 6th line of

the algorithm.

2. Among the boxes within each level, there are many duplicated translation
vectors that should be avoided. This is because of the fact that to compute
the translation operator, only the relative position of the testing box with
respect to the basis box matters. Therefore, one has to construct and save

a lookup table (or index) to prevent any duplication (9 — 10). This is
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another important routine, which is processed after the construction of the

tree structure and before far-field calculations.

3. All three indices used here, i.e., aggregation, translation, and disaggrega-
tion are sparse matrices. Hence, they need their own address pointers (as

discussed in Section 5.4).

5.5.4 Disaggregation

Disaggregation process is quite similar to its aggregation counter part, but in a
reverse order. Clearly, we need two slightly different disaggregation routines for

the low-frequency and high-frequency regimes.

5.5.4.1 Disaggregation in the Low-Frequency Regime

Fig. 5.14 illustrates the whole disaggregation process as well as the corresponding
aggregation and translation operations. In this figure, pale pink and blue squares
are placeholders for the near and far boxes, respectively. Among far boxes, three

of them are explicitly shown to illustrate all of the required interactions in detail.

As an algorithm, it suffices to consider the fact that the levels are independent
of each other and hence, both of the TBs and OCBs have the same role in this
regime. It means that no matter which box is overcrowded or truncated, we

perform the standard testing operation regarding the MFIE formulation.

5.5.4.2 Disaggregation in the High-Frequency Regime

Disaggregation process at the higher levels is also very similar to its counter part
aggregation process except the need for anterpolation instead of interpolation.

In this method, the normal testing procedure is accomplished for TBs. On the
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Figure 5.14: A complete illustration of the aggregation, translation, and disaggregation pro-
cesses in the low-frequency regime at designated levels. Red box represents the testing box,
where the light blue boxes are three far boxes among all others. Thick silver arrows show the
translation vectors as well as operations regarding the far boxes.

other hand, for OCBs, we just anterpolate the translated values collected from
surrounding far boxes and update the corresponding positions inside a dedicated
matrix. These anterpolated components will be tested in the lower levels or may
be at the last level as one of the truncated boxes in that level. The whole process
of aggregation plus interpolation, translation, and anterpolation plus disaggre-
gation are illustrated in Fig. 5.15. It should be emphasized one more time that
regardless of the population, the last level boxes are treated as TBs to prevent

any anterpolation over them.

5.5.4.3 Practical Notes

Since MATLAB is used to write the IL-MLFMA codes, it is worth mentioning

some practical notes about its implementation.
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Figure 5.15: A complete illustration of the aggregation, translation, and disaggregation pro-
cesses in the high-frequency regime at designated levels. It is considered that the interaction
is between two OCBs in a typical level. Both transparent large boxes contain four TBs, where
yellow arrows show radiation and receiving functions based on their direction (outward or in-
ward). Thick silver arrows show the translation vectors as well as operations regarding the far
boxes.

1. The program has been written in a modular fashion which means that, it
is straightforward to convert the whole program from PEC to dielectric

formulations.

2. We use MEX compiled codes to accelerate many of the routines containing
concatenated for loops. Most of the time, this scenario effectively speeds
up the execution of complicated routines, but in some occasions it slows
down. To overcome this issue, the only remedy is to vectorize the needed

routine(s) as much as possible.

3. Due to extensive use of large arrays inside the program, MEX codes are not
able to handle arrays larger than 23! = 2,147,483, 647 elements. This limit

is currently an issue for both 32 and even 64 bit systems. Note that normal
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routines do not suffer from this limitation. Thus, they can use all available

memory but they will be very slow.

4. MATLAB built in m-files and routines are very versatile and general. Con-
sidering only the ease of programming, this is very important because of
flexibility, but considering the run time, they are very slow. Consequently,
we changed most of the needed functions, like dot product, cross product,

binary to decimal and decimal to binary to achieve maximum speed.

5. Sharing a small or even a medium sized array or matrix among different
programs (e.g., the main program to its subroutine(s)) is fast enough to
ignore the latency, but when it becomes larger (around GB), the delay is
considerable. This issue manifests itself within iterative routines in which
large MVMs are in progress. To circumvent this issue, it is better to pass

the large arrays as an argument and prevent global variables.

6. Writing and especially reading data in MATLAB are dramatically slow.
Therefore, using hard disk as a temporary place to store data is not efficient.
In other words, we have to store all needed data in memory. Note that this

is not true for other popular programming languages like Fortran or C.

5.6 Numerical Results

To make a fair comparison between all three versions of MLFMA, we merged

them together. This is mainly because of four reasons.

1. As mentioned in the fourth note of the previous subsection, our new codes
are faster than previously written codes for the conventional MLFMA and
even newly developed scaled version of it. Therefore, to evaluate the perfor-
mance of the new method, we have to equalize other parts of the codes that
are common among them. As an example, the most time-consuming part of

the near-field calculation is the singularity extraction routines. Inside these
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routines, dot product and cross product functions are widely used, which

make them very slow. Hence, they should be replaced with faster ones.

2. In some of the routines that belong to the conventional and scaled MLFMA,
there was no option to change the order of the numerical integration. We
modified them to include this option. This is quite important as we will see

for the upcoming results.

3. Obviously, timing information is one of the key factors to compare the
results. Hence, we had to unite them in a structured manner to have a fair

comparison.

4. We have only the Mie-series solution as an analytical reference for RMS
error computations. Therefore, an appropriate Mie routine has been inte-

grated within the program regardless of which MLFMA version is used.

We start the numerical examples by using a PEC sphere of radius R = 0.25 m
(Fig. 5.16) at f = 500 MHz with a non-uniform flat triangular mesh consisting of
7458 RWG functions (4972 triangles), where the edge size varies from 60 mm at
equator down to 3 mm at north pole (with a multiscale factor of 20). It should
be noted that one of the key benefits of IL-MLFMA is the use of “population
threshold”. It provides an extra degree of freedom to optimize the efficiency
or accuracy or may be both. By changing the population threshold using the
automatic partitioning mode, the program decides how many levels it takes to

fulfill this requirement.
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Figure 5.16: Sphere with a non-uniform mesh used in our simulations. Mesh size changes from
3 mm to 60 mm, with a multiscale factor of 20 and consisting of 4972 triangles.
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On the other hand, practical observations based on a wide range of simulations
reveal that the number of numerical integration points over basis and testing tri-
angles (=functions) used inside the near-field routines has a considerable impact
on the overall accuracy of the results. This effect is somehow negligible for the
far-field computations except the fact that it dramatically increases the simu-
lation time. This is mainly because of intensive field variations regarding near
and pseudo-near boxes. As already discussed before, one has to bear in mind
that near-field calculations are not merely for near distances, so the size of those
basis functions located inside the larger boxes are also effective in the overall
distribution of the radiated fields and consequently in numerical computations of

corresponding integrals.

5.6.1 Timing Results for Incomplete-Leaf MLFMA

By changing the order of numerical integration from 1 to 2, four different sets
of results can be achieved. To name them properly, we use N or F labels beside
a number (1 or 2) to designate near-field and far-field calculations with desired
integration orders. For example, N2F1 means that the second order integration
and first order integration are used for near-field and far-field calculations, re-
spectively. Based on the aforementioned numerical reasons, only N1F1 and N2F1
simulations are included in timing results as a function of maximum box popu-
lation (MBP, i.e., RWGs/box). Based on the results, illustrated in Fig. 5.17(a)

and (b), we have the following conclusions:

1. Construction of the tree structure and also computing the translation vec-
tors (functions) are hardly visible in comparison to the solution time and

near-field calculations.

2. Both timings clearly reveal that near-field calculations increase with popu-

lation threshold in a significant manner (red part of each column).

3. Solution times decrease as the near-field times increase. Therefore, there

are some optimum points in both sets.
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Cumulative Timing Chart for Incomplete-Leaf MLFMA versus Maximum Box Population
Sphere: R=0.25m, RWG=7458, f= 500 MHz, Mesh=3-60mm (N1F1 results)

Seconds

MBP MoM 1500 1000 500 @250 200 150 120 100 = 80 70
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M Nearfield = 257 | 207 163 | 154 139 8 | 81 | 59 | 59 32 29 g
W Translation 0 06 08 09 1 18 177 2 2 27 27 27 27 27 35 36 | a3 3
 Tree 0.6 2 19 | 29 29 29 29 47 46 48 49 5 5 7 9 9.7 | 225
(a)
Cumulative Timing Chart for Incomplete-Leaf MLFMA versus Maximum Box Population
Sphere: R=0.25m, RWG=7458, f= 500 MHz, Mesh=3-60mm (N2F1 results)
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Figure 5.17: Timing diagrams for important routines used in IL-MLFMA for two sets of
integration orders regarding near-field and far-field calculations. Simulations are carried out
for a sphere of R = 0.25 m at f = 500 MHz, depicted in Fig. 5.16. Multiscale factor for the
mesh is about 20. (a) Considering the first-order integration for both near-field and far-field
calculations. (b) Considering the second-order integration for the near-field and the first-order
integration for the far-field calculations.
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4. Although we can see two optimal timings for MBP around 150 + 200 in
the first set (N1F1), they are not real optimums due to some computational

overheads concerning the near-field and far-field routines.

5. Careful probing of both sets (including many others) suggests that there
are optimum MBP values between 50 and 250.

6. The number of required levels to keep box populations under the given
MBP is not shown here, because it is not an important parameter for IL-
MLFMA. However, from the computational point of view, and in order
to compare its efficiency and accuracy with other MLFMA versions, the
number of required levels varies from 8 to 2 (=MoM) for MBP from 10 to
2000, respectively.

5.6.2 Accuracy Results for Incomplete-Leaf MLFMA

Using Mie-series as an analytic solution for a scattering problem of an ideal PEC

sphere, we can calculate the RMS error as

1 X
RMS Error = J N S ES™ — Y (5.7)
=1

where ES;m and Ey'" are the dominant  components of the far-zone electric
field, calculated with MLFMA and Mie solutions, respectively. Fig. 5.18 shows
the corresponding RMS errors for different values of MBP using the same sphere.
N2F2 results are also included for further comparison. Some important aspects

of RMS error results are as follows:

1. The RMS error is almost independent of the box population. This is very
important, since it gives us the opportunity to optimize the simulation time

as the second important parameter.

2. Considering only the optimum values of MBP obtained from the timing

results, i.e., 50 — 80, and by increasing the integration order from one to
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RMS Error for Incomplete-Leaf MLFMA versus Maximum Box Population
Sphere: R=0.25m, RWG=7458, f= 500 MHz, Mesh=3-60mm
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Figure 5.18: RMS errors as a function of MBP for three different scenarios, i.e., N1F1, N2F1,
and N2F2 for the same sphere shown in Fig. 5.16.

two, the RMS error effectively decreases by around 52%.

3. It should be noted that by decreasing the box population threshold, the
chance for basis or testing functions to stick out of their corresponding
boxes increases. Hence, we expect to see a bit higher RMS error for some

lower values of MBP.

4. Tt seems that increasing the integration order, somehow degrades the accu-
racy of far-field calculations. This maybe due to the fact that the location
of integration points may fall outside the corresponding boxes leading to
some inaccuracies regarding the use of addition theorem. This is not true
for near-field calculations because of two reasons: (a) We always use sin-
gularity extraction routines for the basis functions which means that the
evaluated integrals are exact. (b) There is no other approximation (like
addition theorem) other than the numerical evaluation of the needed inte-

grals.

5. The last line of data shown under the graph is the maximum level used to

partition OCBs. As we see later, none of the other MLFMA versions can
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reach to such lower levels without dramatic loss in accuracy.

5.6.3 Accuracy and Timing Results: All Versions

Up to this point, we have demonstrated that by using a proper value for MBP, we
can simultaneously optimize the accuracy and also the total run time. To see the
performance of other two methods over multiscale meshes, we carry out similar
simulations to compare with the new method. These simulations are based on

the number of levels and also the order of the integration.

Total Simulation Times for three MLFMA Versions
Sphere: R=0.25m, RWG=7458, f= 500 MHz, Mesh=3-60mm
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Level 0 3 4 5 6 7
M Total Time (IL N1F1) 324 261 225 253 260
Total Time (IL N2F1) 1218 954 531 325 341
o Total Time (Normal N1F1) 226 135 129 215 478
H Total Time (Normal N2F1) 884 411 214 241 467
H Total Time (Scaled N1F1) 278 236 393 885 )
® Total Time (Scaled N2F1) 936 510 477 905 w22

Figure 5.19: Total simulation times for three versions of MLFMA based on level-wise compar-
isons. Note that the last two transparent columns do not exist due to the fact that corresponding
routines do not converge at all.

Using the same sphere as before, Fig. 5.19 illustrates the total simulation time
for three versions of MLFMA. Note that IL-MLFMA does not work based on the
number of levels (in automatic mode). Consequently, we choose the optimum
values for the simulation results among the same group of levels. Something
important to bear in mind is that, because none of the other MLFMA versions
are able to converge at deep levels, no data is available for levels larger than 8

and even part of level 7. This is shown by cross-hatched cells inside the figure.
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Also the last two columns are painted in transparent to imply no data. Careful

investigation of the given data reveals the followings.

1. Considering N1F1 results for the IL, normal, and scaled versions (red, pur-
ple, and brown), one can see that the timings are comparable to each other
before level 4; but starting from level 6, IL. shows a faster simulation time.

This is more evident at level 7.

2. Considering N2F1 results (yellow, green, and blue), which are more accu-

rate, the same trend exists starting from level 5 on.

It is very important to note that even though the conventional MLFMA shows
the best simulation time over N1F1 scenario around level 4, 5, and 6 (correspond-
ing to 135, 129, and 215 seconds), as we see in accuracy charts, its RMS error
dramatically increases by 18%, 40%, and 490% with respect to the IL-MLFMA
results. To have a better view regarding the accuracy, Fig. 5.20 shows the perfor-
mances of all three versions with respect to the level. It is important to remind
that the scaled and conventional MLFMA versions either do not converge at level
7 or they converge with a very high amount of error. The vertical transparent

patches at the end of the graphs imply this issue.

Regarding the accuracy, the conventional MLFMA with N1F1 scenario drops
behind the others very quickly. For N2F1 results, even though it has an acceptable
accuracy for levels 2 and 3, corresponding simulation time is two to three times

longer than that of the IL version.

Regarding the scaled version, the accuracy level is close to the IL version and
even sometimes better than that for both N1F1 and N2F1 scenarios before level
5. After level 5, the RMS error increases rapidly by an amount of 56% to 203%,
which means that the computed RMS values are not accurate enough or even
not trustable. One logical explanation for such a behavior originates from the

protrusion of the basis functions from their assigned boxes at the leaf level.

Considering both figures carefully and regardless of aforementioned argument
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RMS Error with respect to Mie Solution for Three MLFMA Versions
Sphere: R=0.25m, RWG=7458, f= 500 MHz, Mesh=3-60mm

RMS-Error (N1F1) Normal
RMS-Error (N1F1) Scaled
RMS-Error (N1F1) IL

RMS Error (%)

RMS-Error (N2F1) Normal

RMS-Error (N2F1) Scaled

RMS-Error (N2F1) IL

Level 7
Level 2 3 4 5 6 7
M RMS-Error (N2F1) IL 0.724 0.685 0.816 0.621 0.622 0.597
B RMS-Error (N2F1) Scaled 0.724 0.613 0.586 0.562 1.721
RMS-Error (N2F1) Normal 0.724 0.611 1.024 1.658 5.943 17.11
RMS-Error (N1F1) IL 1.464 1.399 1.543 1.534 1.534 1.397
RMS-Error (N1F1) Scaled 1.464 1.524 1.378 1.039 2.665
M RMS-Error (N1F1) Normal 1.464 1.523 1.825 2.149 9.165 23.731

Figure 5.20: RMS error with respect to the Mie solution to investigate the accuracy of all three
versions as a function of level. Cross-hatched cells represent the lack of data for that level due
to convergence problems.

about validity of computed RMS values, it seems that the only potential com-
petitor is the scaled version with N1F1 scenario at level 4, where the simulation
time and corresponding accuracy is near to IL N1F1 at level 5. Other than that,
the IL-MLFMA represents better timing along with robust and stable accuracy

performance.

5.6.4 Efficiency and Accuracy for a Higher Multiscale Fac-

tor

At this stage, we introduce and use a modified version of (5.7), i.e., relative RMS
error to assess the accuracy of the forthcoming results obtained from simulations.
This is crucial and the main reason is that, for electrically smaller spheres, the
absolute values of scattered electric fields get smaller, misleading to smaller RMS

errors using (5.7). By normalizing the previously defined RMS error with the
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Figure 5.21: A PEC sphere of radius R = 5 cm possessing a dense discretization around the
north pole with a multiscale factor of 110.

RMS value of the Mie-series solution, a more realistic error gauge can be obtained.

This new error gauge is the same as (4.38) and it is repeated here for convenience

SN B - Byl

Relative RMS Error = ~ N
ity By,

(5.8)

Note that in the previous section, we use a sphere of radius R = 25 cm at 500 MHz
to illustrate and compare the results. Now, we proceed by more complicated
simulations with wider range of frequencies and different spheres to test and

demonstrate another aspect of this method, which is expected to be a broadband
method.

To investigate the performance of IL-MLFMA for higher multiscale factors,
another PEC sphere of radius R = 5 cm (A/2) is used at f = 3.0 GHz as depicted
in Fig. 5.21. The edge size for the triangles varies from 0.135 mm (A/740) at the
north pole upto 15 mm (A/7) at the south pole resulting a nonuniform mesh that
has a multiscale factor of 110 and consisting of 11343 RWG functions. The MFIE

formulation in conjunction with N2F1 scenario is used for this simulation.

Table 5.2 includes the run-times and the relative RMS errors of IL-MLFMA
for this geometry with respect to MBP. Regarding the run-time, we may arrive

at almost the same conclusions as we had in Section 5.6.1.
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1. Construction of the IL tree, though it is more complicated, takes at most

1% of the total run-time.

2. The processing time required to fill the near-field matrix decreases as the
value of MBP decreases. On the other hand, due to the growing tree struc-
ture, the solution time increases. Therefore, there is an optimal value of
MBP for the best efficiency in terms of the total time. This optimal value
is between 50 and 250 for different problems.

3. It is observed that IL-MLFMA always converges regardless of the value of
MBP but this is not true for other two versions of MLFMA. This is mainly
because of small box sizes at leaf levels and protrusion of RWG functions

from relatively small boxes.

Regarding the accuracy and based on Table 5.2, we may arrive at similar conclu-

sions as we discussed in Section 5.6.2 as follows.

1. The accuracy is almost independent of the number of levels. This is im-
portant because it provides us the opportunity to only optimize the total

run-time rather than the accuracy as a function of MBP.

2. The relative RMS error observed in the IL-MLFMA results is comparable
with that of MoM.

Next, the same PEC sphere, depicted in Fig. 5.21, is used to compare the
efficiency and accuracy of IL-MLFMA with (a) the conventional MLFMA, and
with (b) the scaled MLFMA. Fig. 5.22 illustrates the total run-time (left vertical
axis; and blue (black) lines are used) and the relative RMS error (right vertical
axis; and orange (gray) lines are used) versus the number of levels for the three
versions of MLFMA. Considering the accuracy, all three versions are comparable
to each other upto level 4. However, due to a high multiscale factor, the results
obtained from the conventional and scaled MLFMASs start to become inaccurate
after level 4, and both versions fail to converge for large number of levels (no data

is available for levels higher than 6 for both version, which is shown by dashed
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lines in the figure). On the other hand, the efficiency of IL-MLFMA is much
better than the both versions for the optimal MBPs that correspond to 8th or
9th level for IL-MLFMA, where the accuracy remains almost stable. This is more
evident regarding larger problems involving larger numbers of unknowns, where

more levels are required.

3500 T 8
No Convergence
T ™
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i‘; 2000 \ 05caled MLFMA | 5 S
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Figure 5.22: Total run-times and relative RMS errors versus the number of levels for three
versions of MLFMA. The geometry in Fig. 5.21 is used at f = 3.0 GHz. Square, circle, and
triangle markers are used to separate three MLFMA versions. Black (blue) lines and gray
(orange) lines along with corresponding vertical axis at left and right show the total run-times
and the relative RMS errors, respectively.

5.6.5 Efficiency and Accuracy for Larger Problems

To evaluate and demonstrate the superiority of IL-MLFMA, we investigate three
larger problems. Table 5.3 summarizes the solutions of scattering problems in-
volving four discretizations of the PEC sphere shown in Fig. 5.21 (R = 5 cm
at 300 MHz) formulated with MFIE. The first model is the same as before, in-
volving 11,343 RWG functions with a multiscale factor of 110. The other models
are obtained by mesh refinement leading to 45,372, 181,488, and 725,952 RWG
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functions, respectively, retaining the same multiscale factor. Note that the con-
ventional MLFMA results are not included either due to very large errors or due
to convergence problems. According to these results, (a) IL-MLFMA is two to
six times more efficient than the scaled-MLFMA, (b) accuracy is also more than
six times better than the scaled version for a large problem.

Table 5.3: Performance Comparison Between IL-MLFMA and Scaled-MLFMA Applied to Four
Densely Meshed Spheres of R =5 cm at f = 300 MHz with Multiscale Factor of 110

Number of Unknowns | 11,343 | 45372 | 181,488 | 725,952
Method ‘ IL ‘ Scaled 1‘ IL ‘ Scaledz‘ IL ‘ Scaled:’" IL ‘ Scaled 4
MBP 100 - 100 - 100 - 100 -
Level 8 3 9 6 10 8 11 -
Total Time (sec) 1331 | 2674 | 7018 | 22131 | 27171 | 184550 | 136441 -

Near-Field Time (sec) | 399 2315 | 1898 | 16679 | 4030 | 26128 | 15568 -
Solution Time (sec) 917 346 5023 | 5394 | 22624 | 158039 | 113578 -
Iteration 61 60 64 64 66 196 67 -

Rel. RMS Error (%) | 245 | 260 | 149 | 1.69 | 1.37 | 9.04 | 1.37 -

I The best solution regarding efficiency and accuracy 2 The best result among two available solutions

3 The only available solution 4 No solution due to convergence problem

5.6.6 A More Complicated Sphere Problem

Finally, we consider a PEC sphere with a more complicated discretization in-
cluding multiple overmeshed areas, as illustrated in the inset of Fig. 5.23. In
this figure, three among six highly-overmeshed areas, which are aligned with the
positive and negative directions of the x, y, and 2z axes over the sphere, can be
seen. A refined version of this mesh with a multiscale factor of 100 is used at
f =300 MHz, containing 557,184 RWG functions. Fig. 5.23 depicts the far-zone
electric field as a function of the bistatic angle, along with the Mie-series solu-
tion, where 0° and 180° correspond to the forward-scattering and backscattering
directions, respectively. It is seen that there is a very good agreement between
the Mie-series results and the values obtained with IL-MLFMA. Small amount
of discrepancy is originated from the approximate method in the low-frequency
regime. Note that, for the same reason, the relative RMS error of 1.37% given in

Table 5.3 does not change for very fine meshes, i.e., when the discretization error
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is minimized and the low-frequency inaccuracies dominate the total error.
103
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Figure 5.23: Far-zone electric field scattered from a PEC sphere of radius R = 5 cm with a more
complicated discretization as shown in the inset, illuminated by a unit plane wave at 300 MHz.
The sphere contains six dense mesh regions aligned with the positive and negative directions
of x, y, and z axes, where only three of them are visible in the figure. The multiscale factor is
about 100, leading to 557,184 RWG functions.

5.6.7 An Extreme Case: Sphere of D = 2R = 4\

So far, we have simulated and compared three versions of MLFMA for electrically
small objects, at most up to 0.5\. To demonstrate how IL-MLFMA performs for
much larger objects, we use another sphere of size D = 2R = 1 m (= 4)), similar
to Fig. 5.16. A higher multiscale factor of 375 was chosen with minimum and
maximum mesh size of 0.08 mm and 30 mm, respectively, consisting of 722,529
unknowns. It is excited by a plane-wave at f = 1.2 GHz (A = 25 cm). A
population threshold of 100 leads to 12 levels of FMM, where 5 deep levels are
in the low-frequency regime, and the rest in the high-frequency regime. Fig. 5.24
depicts the far-zone electric field as a function of the bistatic angle, besides the
Mie-series solution. The relative RMS error is 4.24% with a simulation time of
about 26.5 hours. It is seen that there is a good agreement between Mie-series

results and the values obtained with the IL-MLFMA | except a small discrepancy
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at the forward scattering portion of the curve. This is mainly due to two reasons:
(a) A big part of the meshed surface consists of elements with edge sizes larger
than A/10 = 20 mm, which degrade the simulation accuracy a bit. (b) Almost half
of the deep FMM levels reside in the low-frequency regime, where an approximate
method is utilized to handle it.

3.5 T T T T T T T T T T T

= = =MFIE /IL-MLFMA
——— Mie-Series Solution

Far-Zone Electric Field (V)

0 30 60 90 120 150 180 210 240 270 300 330 360
Bistatic Angle

Figure 5.24: Solution of a scattering problem using IL-MLFMA | involving a large PEC sphere
of radius R = 0.5 m (2) illuminated by a unit plane wave at f = 1.2 GHz. The discretized
surface consist of 722,529 basis functions possessing a multiscale factor of 375. The population
threshold was chosen to be 100 leading to 12 levels of FMM.

5.6.8 A Near-Field Test

To find out the performance of IL-MLFMA in near-zone fields, we use the third
sphere example given in Table 5.3 with a radius of R = 50 mm consisting of
181,488 RWG functions. Both of the figures in Fig. 5.25 illustrate the magnitudes
of the total electric field on the xy plane, inside the PEC sphere as well as an
extra 10 mm around it, assuming the center of sphere at origin. The sphere is
illuminated by a unit plane wave at 300 MHz, propagating in the z direction
with the electric field polarized in the = direction. Fig. 5.25(a) shows the IL-
MLFMA solution with a relative RMS error of 1.37%, while Fig. 5.25(b) shows
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the only available scaled-MLFMA solution with a relative RMS error of 9.04%.
High amount of error can be distinguished in the latter specially inside the sphere,
where a zero electric field is expected. It should be noted that the high values of
the field on the boundary are due to singularity.

Magnitude of Total Electric Field |E| (V/m) Magnitude of Total Electric Field [E| (V/m)
-60 -

-40

20+

y ()
=3
y ()

201

40

60 -40 20 0 20 40 60 0 40 20 0 20 40 60
x (mm) o (mm)

(a) (b)

Figure 5.25: Near-field total electric field values on the zy plane for a PEC sphere of radius
R = 50 mm illuminated by a unit plane wave at 300 MHz, propagating in the z direction with
the electric field polarized in the x direction. The sphere is chosen to be the third example
given in Table 5.3 regarding 181,488 RWG functions. (a) Solution using IL-MLFMA with 1.37%
error. (b) Solution using Scaled-MLFMA with 9.04% error.

5.6.9 Realistic Examples

In the previous numerical examples, we use spheres with different discretizations
to demonstrate the efficiency and accuracy of the proposed IL-MLFMA. This is
mainly due to the fact that for a scattering problem of a PEC sphere, we have
an analytic Mie-series solution to compare the results with. But when we deal
with some real-life problems, there is no such an analytic solution and hence,
the accuracy assessment procedure fails or at least, it is not solid enough. To
circumvent this important issue, it seems that we can rely upon three approximate

solutions as follows.
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1. If a full MoM solution can be computed, even though its cost could be
quite high, then it is the best feasible solution to compare the other results,
and to have an estimation about the relative RMS error. Note that MoM

solution is just a two-level MLFMA solution.

2. If a MoM solution is not available, the next most trusted solution would
be the FMM solution, which is a three-level MLFMA solution. In FMM,
the memory consumption is considerably lower than the MoM, but still
the simulation time may be very high since 24.4% of the computations are
based on MoM (1000 out of 64 x 64 = 4096 interactions among 4% = 64
boxes). The rest (75%) of the computations are based on FMM, which
in turn relies on the addition theorem via well separated large boxes with

acceptable accuracy.

3. Apart from the above, there is no obvious choice than tracing the conver-

gence of the solutions at some higher levels.

Here, we present two other numerical examples, in which the first two options
mentioned above are used as reference solutions (instead of the Mie-series) to

compute the relative RMS error via (5.8).

5.6.9.1 Missile

As the first example, we consider a hypothetical metallic missile (assumed to
be a PEC object) of length 1.3 m (~ 2\ at f = 500 MHz) as illustrated in
Fig. 5.26(a). It is illuminated by a unit plane wave that propagates in the z
direction with the electric field polarized in the x direction. Fig. 5.26(b) partially
depicts its discretized surface with 31,966 triangles or 47,949 RWG functions. The
multiscale factor is about 54. By considering the FMM solution as a reference,
we compute the far-zone scattered electric fields, and calculate the relative RMS
error. The RMS errors as well as the total run times are given in Fig. 5.26(c) for
comparisons. Note that the axes are in logarithmic scale. We can arrive at the

following conclusions.
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Figure 5.26: (a) A 1.3 m (= 2.15)) hypothetical PEC missile illuminated by a unit plane wave
at 500 MHz, propagating in the z direction with the electric field polarized in the x direction.
(b) The surface of the missile is discretized with 31,966 triangles or 47,949 RWG functions.
The multiscale factor is 54. (c¢) The relative RMS error and the total run time for the missile
problem calculated via three versions of MLFMA. The red and blue lines are matched with
their respective axes.
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1. The results for the third and fourth levels are almost the same for both
conventional and scaled versions. This is because of the fact that the scaled
version is the same as the conventional version for those objects in which,
the box sizes are larger than or equal to A/4 after recursively clustering the
whole object. In this case and at level four, the box size is 2.15\ /241 >
A4

2. At level five (where the low-frequency treatment starts for the scaled ver-
sion), despite the fact that the error levels are a bit less than the IL version,

the timing of both versions are much higher than the IL method.

3. After level six, the RMS error of the conventional MLFMA is not acceptable,
though it shows a better timing. The same happens for the scaled version
starting from level seven. Hence, it seems that only the sixth level of the

scaled version is the only competitor for our proposed IL version.

5.6.9.2 Water Mine

It is worth to remind that the IL-MLFMA is most suitable for large problems
with high multiscale factors, where there is no other choice than using some
higher levels of MLFMA to solve the problem due to computational issues. As a
final numerical example, we solve a medium-sized PEC scattering problem with
a multiscale factor of 550. The object is a hypothetical water mine of size 0.7 m
(=~ A\/4) as shown in Fig. 5.27(a). Its discretized version consisting of 103,527
RWG functions is shown in Fig. 5.27(b), where the mesh size varies from 110 mm

on its surface down to 0.2 mm on the side actuators.

In this case, a more powerful computer with a larger RAM has been used
to carry out the needed computations up to level 5. Fig. 5.28 illustrates the
simulation results for the three versions of MLFMA from level 3 (FMM) up to
level 10. Note that the MoM result is missing due to the lack of memory (it needs
190 GB), but the FMM result has been computed as a reference (using 72 GB).

Based on these results, the following conclusions can be made.
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Figure 5.27: (a) A 0.7 m (= \/4) hypothetical PEC water mine illuminated by a unit plane
wave at 100 MHz, propagating in the z direction with the electric field polarized in the z
direction. (b) The surface of the mine is discretized with 69,105 triangles or 103,527 RWG
functions. The mesh size varies from 110 mm down to 0.2 mm, giving rise to a multiscale factor
of 550.

1. At level four, the accuracy and efficiency of all versions are comparable, but
the timing of IL version is a bit higher since its tree structure and the total

number of near-field interactions are different from the other two versions.

2. Level five is the only useful level for both of the conventional and scaled

versions since starting from level six, the error dramatically increases.

3. The IL version shows almost a fixed accuracy around 1% for all levels.
Interestingly, the efficiency of the IL version manifests itself at higher levels
(9 or 10), where it is 4 times faster than the conventional version and 2.8

times faster than the scaled version.

5.7 Complexity Assessment for IL-MLFMA

The proposed broadband solver shows O(N log” N) computational complexity,
where « (1 <a<2) depends on how deep we are getting into low-frequency regime

after recursively clustering the object based on the given population threshold.
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The number of levels follows an O(logN) complexity, where the base of the log-
arithm mainly depends on the population statistics. By reusing the information
given in Table 5.3, all three important processing times, i.e., the near-field time,
the solution time, and the total run-time of the proposed method, are plotted in
Fig. 5.29. For comparison purposes, both O(N log,N) and O(N) lines are also
plotted (in dashed black and gray lines, respectively), where the former passes
through the first point of the total run-time line and the latter passes through the
first point of the near-field line. As it can be seen from the figure, the efficiency of
the proposed method manifests itself for larger and more complicated geometries
with a higher number of unknowns. This is more evident comparing the number
of near-field interactions (the blue line) and the O(N) line. Even though the so-
lution and near-field computation times show a bit higher and lower complexities
with respect to their dedicated reference dashed-lines, the total run-time closely

follows the claimed linearithmic complexity.
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Figure 5.29: Three important processing times, i.e., the near-field time, the solution time, and
the total run-time for four scattering problems given in Table 5.3.
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Chapter 6

Incomplete-Leat MLFMA for

Volume Integral Equations

6.1 Introduction

There is a wide variety of frequency-domain, and also time-domain, integral-
equation based methods that can be used for electromagnetic problems, but
frequency-domain SIE and VIE solvers are proved to be among the best solvers for
multi-scale problems. This is mainly because of two important reasons: (a) They
only find unknown currents on the surface of the object (for SIE) or the fields
inside the object (for VIE) by analytically enforcing the boundary conditions, and
they never discretize the background medium. (b) These methods do not invoke
artificial, and most of the time, approximate mesh termination techniques. Also

they are capable of modeling and solving inhomogeneous materials.

SIE solvers are very useful at microwave frequencies, where most of the metalic
parts can be modeled as an ideal PEC. Such an approximation reduces computa-
tional costs significantly due to the fact that they can be formulated in terms of
only the tangential electric currents on the surface. When the PEC approxima-

tion is not valid or when there are dielectric materials or some composite objects,
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SIE solvers can still be used effectively for piecewise homogeneous structures by
formulating integral equations in terms of tangential electric and magnetic fields
on interface surfaces [67]. As the inhomogeneity increases, SIE solvers are no
longer a good choice in comparison to VIE solvers, since the area of the inter-
face surfaces converges to the object volume itself. Obviously for inhomogeneous

objects, volume integral equations are inevitable.

Similar to SIE, the VIE solvers use MoM in a quite similar fashion, i.e, the
volume fields inside the object are discretized by N sub-domain basis functions
with unknown coefficients and then, the resulting integral equations are tested
by N testing functions and converted into a linear system of equations. At this
stage one has to consider three important issues regarding the MoM [68]. These
issues are: (a) The choice of basis/testing functions. (b) The frequency regime in
which the problem is intended to be solved. (c) The total computational cost. We
briefly elaborate these issues as follows: Considering the first two issues, recall
that for SIEs in the high-frequency regime, divergence-conforming functions (e.g.,
the RWG functions) can be used successfully, but in the low-frequency regime,
IEs generally break down when the edge lengths shrink down to a small fraction
of the wavelength. This is mainly due to the finite precision arithmetic [69], and
the imbalance between vector and scalar potential terms at the frequency of in-
terest. Wide range of solutions have been proposed by different papers to resolve
this issue, as discussed in the first chapter. Interestingly, VIEs are not affected by
low-frequency breakdown as discussed in [70], and hence, there is no need to sep-
arate low- and high-frequency regimes in VIE formulations. On the other hand,
regarding the last issue, the traditional MOM suffers from a high computational
cost. As we know, it requires O(N?) floating point operations (as well as mem-
ory space) to compute and store a dense linear system of equations and O(N?)
operations per iteration to solve this system using an iterative solver. But this
computational cost can be reduced by invoking fast methods, e.g., FMM, low-
rank approximation, FFT-based [71] and multigrid-based algorithms [68]. Most
of these methods have been successfully demonstrated to reduce the memory and
computational costs of MoM for almost uniform discretizations. But, when the

object possesses fine features, and needs to be discretized with multi-sized meshes
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(to reduce the number of unknowns) or when it resides in a layered-medium [68],
most of these fast algorithms break down or at least lose efficiency, and must be

modified [23],[72],[73] in order to reduce the computational complexity.

In this dissertation and up to this chapter, we focus on the scattering problems
for homogeneous dielectric objects, although the developed codes and methods
may be directly used for the analysis of inhomogeneous dielectric objects as well
[74],[75],[76]. For these inhomogeneous objects, the solution to the scattering
problem is usually formulated with different versions of the electric-field vol-
ume integral equation (EFVIE). EFVIE can be formulated either for the electric
flux, “D-formulation”, or for the electric field , “E-formulation” [77],[78]. The
major difference in the D- and E-formulations is the choice of the basis func-
tions used to represent the unknowns. In the D-formulation, the unknown D
has continuous normal component on the element boundaries, whereas in the E-
formulation, the unknown E has continuous tangential component on the bound-
aries. Consequently, to satisfy continuity properties, the D-formulation should
be discretized with divergence-conforming basis functions and the E-formulation

with curl-conforming ones.

Both formulations of EFVIE have a double derivative operator, i.e., VV. For
numerically accurate solutions, the singularity may be reduced by moving one of
the derivatives away from the singular Green’s function onto the testing functions.
This means that, a proper choice for a testing function is quite important to obtain
an efficient numerical method. By discretizing the D-formulation with Galerkin’s
method using divergence-conforming basis and testing functions, the gradient can
be moved onto the testing function and a boundary integral appears on the outer
surface of the object only. However, in the case of the E-formulation, discretized
with Galerkin’s method using curl-conforming basis and testing functions, we end
up with boundary integrals on the surfaces of all elements of the mesh. To avoid
the additional boundary integrals one can rewrite the EFVIE in an alternative
form containing a double curl operator [79]. This formulation requires the curl of
the testing functions rather than the divergence, and hence, with curl-conforming
testing functions the boundary integrals appear only on the outer surface of the

object.
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The volume integral equations may be formulated for the magnetic field, giv-
ing the magnetic-field volume integral equation (MFVIE). Botha [77] investigated
the solution of MFVIE and EFVIE (D-formulation), and revealed that they give
almost the same accuracy considering electrically small and low contrast objects.
Scattering by small and low contrast magnetic objects with an alternative electric
formulation dual to MFVIE has been proposed by Sun and Chew in [80]. The
method can also be generalized for those scatterers where both the permittiv-
ity and permeability differ from the background medium [81], [82]. All of these
new formulations contain two unknowns (D and B or E and H) and two equa-
tions. However, it is possible to derive formulations that contain only a single
unknown [77]. The VIE method has also been generalized for bi-isotropic [83]
and anisotropic scatterers [84]. It is also possible to combine VIEs with SIEs
to analyze more complicated inhomogeneous composite objects. Recently, a new
formulation was proposed for VIEs in terms of the volume equivalent currents by
employing piecewise constant basis functions, which do not impose continuity of

either normal flux or the tangential fields [85].

In this dissertation we use the well-known D-formulations to solve the time-
harmonic electromagnetic scattering by low to medium contrast penetrable ob-
jects of arbitrary shape. The formulation is discretized with the Galerkin’s
method using divergence-conforming surface elements known as Schaubert-
Wilton-Glisson (SWG) functions [75]. To accelerate the MVM operations, we
use MLFMA with IL tree structures. Our numerical results demonstrate that the
accuracy and efficiency of EFVIE can be significantly improved by incorporating

the newly developed IL concept.
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6.2 Volume Integral Equations

6.2.1 The Volume Equivalence Principle

We commence by considering the Maxwell equations in phasor form as

(r) = iwB(r) — Mi(r)
V x H(r) = —iwD(r) + Jg(7)
(r)
(r)

where the impressed electric and magnetic volume current sources Jg. and M.

provide the excitation. The permittivity and permeability may be functions of

position, but the background medium is considered to be the homogeneous free

space with constants €y and .

The set of equations (6.1)-(6.4) can be reformulated by invoking the volume

equivalence principle, which states that field-dependent sources may be intro-

duced into Maxwell’s equations in such a way that an equivalent set of equations

may be obtained with the same field solution, but now existing in free space [58].

By eliminating D and B from (6.1)-(6.2), and rewriting the resulting equations

as

V x E(r) = iwpoH (r) — Mg(r) + iwpo(p,(r) — 1) H ()
V x H(r) = —iweg E(1) + Jgc(r) — iweg(e,(r) — 1) E(r),

one can define the equivalent volume (polarization) current sources as

Jeq(r) = —tweg(e,(r) — 1) E(7r)
M eo(r) = —iwpo(pr(r) — 1) H(r),
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to obtain a new set of free space equations with the same solution as (6.1)—(6.4):

V x E(r) = iwB(r) — Myc(r) — My(7) (6.9)
V x H(r) = —iwD(7) + Jgc(r) + Jeq(T). (6.10)

Finally, decomposing the total electric and magnetic fields into incident fields
(E™, H™) and scattered fields (E**, H*®'), and considering the fact that
the effects of the impressed sources J.. and M. can be consolidated into the
incident field terms, we may arrive at the following equations regarding solely the
scattered fields

V x Escat<,’,> — iwuoHscat(T) i Meq<r> (611)
V x H*(r) = —iweg B (1) + Joq(). (6.12)

6.2.2 VIE Formulations

Solutions of equations (6.11)—(6.12) using equivalent current sources in a homo-
geneous background medium are straightforward and they are given by (2.27)—
(2.28). Using ko and 7 for the background medium and the definitions of 7" and
IC operators, the total electric and magnetic fields, i.e., incident fields plus the

scattered fields, can be written as

. = 1
{E] - {Ei“] ikomo <I+ ]{%VV) S -V xS

H™ VxS <I+k12vv-> S

(6.13)
known as electric- and magnetic-field VIEs where, T is the identity dyadic oper-

ator and S is the volume integral operator defined as

S{F}(r)= / dr' go(r,r")F(r'). (6.14)

A%

We briefly consider three different types of formulations, the DB-formulation
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using the flux densities as unknowns, the EH-formulation using the fields as un-
knowns, and the single volume integral equations, EE- and HH-formulations, that

contain either the electric field and its curl, or the magnetic field and its curl.

6.2.2.1 DB-Formulation

The volume integral equation formulation regarding the fluxes, i.e., D and B,
can be further simplified by replacing the equivalent currents in (6.13) with the

flux densities as

Jeq(r) = —twkg(r)D(r) (6.15)
M. (r) = —iwkg(r)B(r), (6.16)

leading us to the DB-formulation given by

= 1
GLTD D k2 (I + %VV) S wegV xS kpD
= +
inc . > 1
iB B —iwpeV x S k3 (I—i— szV-) S| |~uB
0
(6.17)

In (6.17), kg and kg defined as

kp(r)=1-— er(lr) (6.18)
fa(r) =1 — Miﬂ, (6.19)

are the permittivity and permeability contrast functions, respectively. Since the
DB-formulation in (6.17) uses the fluxes as unknowns, it should be solved with
divergence-conforming basis functions maintaining the normal continuity on the

boundaries.
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6.2.2.2 EH-Formulation

The VIE formulation may also be written for the fields E and H. Using

Jeq(1) = —twer (1) E(T) (6.20)
Mo (r) = —iwpery (r)H (1), (6.21)

one may arrive at the EH-formulation as

= 1

E Eine kg <I + WVV) S 1wV x S nE
. |+ 0 ) . . (6.22)

H H'™e —iw€0v x S kg <I - HVV) S THH

0
Similarly,

m(r) = e:(r) — 1 (6:23)
TH(’[") e MT(T) — 1, (624)

are two other permittivity and permeability contrast functions, respectively. Con-
sidering the continuity of the tangential components of the fields on the bound-
aries, it is more reasonable to expand E and H fields with the curl-conforming
basis functions. Since (6.22) involves the divergence of basis functions rather than
the curl, it is not computationally a good choice for curl-conforming functions.

To overcome this problem, one can use the identity
VxVxF=(VV--V)F (6.25)

and the fact that the volume integral operator defined in (6.14) satisfies the
Helmholtz equation [78] to obtain

(VV -+ k)S{F}=VxVx S{F}-F. (6.26)
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Substitution of (6.26) into (6.22) results in a more suitable form of this formula-

tion as

& F E™c VxVxS8 iwuVxS||E
= |+ : (6.27)
- H H"™ —iwegV xS VxVx S| |tuH

6.2.2.3 EE- and HH- Formulations

By using the Maxwell’s curl equations outside the source region, we can manip-

ulate the last formulation to separate the unknowns as

] TEE
&E=E™+[VxVxS Vx85] , (6.28)
HHV x B
known as the EE-formulation and
) keV x H
wH=H"™+[Vx§ VxVxS| : (6.29)
THH

known as the HH-formulation. Note that both formulations need to be discretized

with curl-conforming functions due to use of E and H fields.

6.2.2.4 Formulations for Inhomogeneous Dielectric Objects

For an inhomogeneous dielectric object, u,(r) = 1, and hence, 7y = 0 and kg = 0.

In this case, the first formulation in (6.17) separates into two equations as

1 ; = 1
E—D =D"™ + k] (I + kQVV-) S{kpgD}, (6.30)

r 0
B = B"™ —jwuyV x S {kgD}. (6.31)
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Similarly, (6.27) separates into two smaller equations given by

&E=FE"+V xVx S{rpE} (6.32)
H = H™ —iweV x S {rpE}, (6.33)

and (6.28) and (6.29) reduce to (6.32) and
H=H"4+V xS{kgV x H}, (6.34)

respectively. The formulations in (6.31) and (6.33) are not useful due to the
existence of two unknowns. Note that expressing B in terms of D in (6.31)
requires taking the curl of a divergence-conforming function. Also note that
casting E in terms of H in (6.33) leads us to (6.34).

Finally for an inhomogeneous dielectric object, we end up with three
computational-friendly formulations (6.30), (6.32), and (6.34). These formula-
tions are called electric flux volume integral equation (EDVIE or EFVIE-D) or
the D-formulation, electric-field volume integral equation (EFVIE or EFVIE-E)
or the E-formulation, and the magnetic-field volume integral equation (MFVIE
or MFVIE-H) or the H-formulation, respectively. More details and comparison

between all formulations can be found in [86].

Clearly, all of them fall into the category of the second kind Fredholm integral
equations. This means that all three formulations are in the form of (L+Z) {F} =
R where L is a linear integral operator, Z is the identity operator, F' is an
unknown function to be found, and R is a known right-hand side function. It
is worth mentioning that the MFIE formulation we use for SIE in the previous
chapter was also of this kind. This is beneficial due to the fact that these integral

equations lead us to a better conditioned matrix equation than the first kind [1].

Hereafter we proceed by using the formulation given in (6.30) along with
divergence-conforming SWG functions to implement IL version of EFVIE-
MLFMA.
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6.3 SWG Functions

Let V' denote the volume of an inhomogeneous dielectric object with a position
dependent dielectric constant of €(r). V' is subdivided into a number of tetrahe-
dral elements such that an inhomogeneous dielectric region is approximated by
a proper number of tetrahedrons, in each of which the dielectric properties are
approximated as constant. Each of these tetrahedrons acts as a homogeneous
dielectric region, which is bounded by a surface that is approximated by simple
triangular faces. After properly modeling the volume of the scatterer object by
tetrahedral elements, the faces of the tetrahedrons are of primary importance for

the development of the basis functions. Fig. 6.1 shows a pair of tetrahedra, D

n2
.
centroid of
common face
T
» O

Figure 6.1: A pair of tetrahedra as a full SWG function and geometrical parameters associated
with nth face. pc* are centroid of coresponding tetrahedrons.

and D, associated with the nth face of the subdivided region V' modeling the
scatterer object. Any point inside D, may be addressed either by the position
vector r defined with respect to the origin, or by the position vector p;, defined
with respect to the free vertex of Df". Similar definition may apply for the points
in D, and the position vector p,,. Note that the former is directed from the free

vertex of D} toward the common face, but the latter is directed from the common
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face toward the free vertex of D . The plus or minus designation of a tetrahe-
dron is determined by the choice of a positive flux direction, which is assumed
to be from D} to D, . Each SWG function is defined as a pair of tetrahedra
sharing a common face. The nth SWG basis function with a spatial support of

D, = D,1 + D,5 can be written as

An
3Vn1 ('I" — 'l"nl), T E Dnl
SWGy ) A,
bn (’I”) - %(rrﬂ — ’I"), re Dn2 (635)
0, r¢&D,,

where A,, represents the area of the common face, whereas V,,; and V,,5 are volumes
of the first and second tetrahedra, respectively. In (6.35), r,; and 7,2 are the
coordinates of the two vertices opposite to the common face. For numerical
solutions of (6.30), the flux density D (or later on iwD) can be expanded by a

set of SWG basis functions, i.e.,

D(r)= Zlanbn(r). (6.36)

Using SWGs as the basis functions for D(r) has the following properties that

make them useful for representing [75]:

1. Inside each tetrahedron, D(r) is the vectorial sum of four linearly indepen-
dent basis functions, one associated with each face, which can represent any

constant vector in any direction.

2. b,(r) is tangential to three side faces and has only a normal component on

the common face of the conjoined pair D;" and D, .

3. The component of b, (r) normal to the nth face is continuous across the face
and it is constant, because the normal component of pF along the common
face is just the height of DE, which is equal to 3V, */A, with the common
face n being the base. This is essential in order to normalize b, (7) in (6.35)
such that its flux density normal to face n is unity ensuring the continuity

of the D normal to the face.
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4. The charge density represented by the nth SWG function can be derived as

A
o D,
Vn17 e !
Vb5 (r) = —;173 re D, (6.37)
n2
0, r¢&D,.

Note that the charge density is constant within each tetrahedron.

5. The expansion coefficient a,, in (6.36) represents the normal component of
D over the nth face.

6. The moment of b, (r) over D is

An c+

/Di dr'b,(r'") = PR (6.38)

where p¢* are the vectors between the free vertices and the centroid of each
tetrahedron directed toward and away from the common face (Fig. 6.1),

respectively.

Note that if the nth face is on the boundary of V', then only one of the tetra-
hedrons, D, or D, is interior to V. In this case only a half SWG function is

defined regarding the interior tetrahedron.

6.4 Discretization

In order to carry out a code-friendly formulation, the double derivative operator,
i.e., VV in (6.30) should be handled properly. The detailed procedure is as follow:
First, as a shorter notation, we replace kg with x for all up-coming formulations.
Then by substituting «(r)D(r) into (6.14), which is the definition of S operator,
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we may rewrite (6.30) or the D-formulation as

D(r)

€oer (1)

—i—ik‘ono/ dr'iws(r")D(r")go(r,r")

D

— Zk@ V [ dr'iws(r)D(r') -V go(r, ') = E™(r). (6.39)
0 D

Expanding wD by a set of basis functions, i.e., iwD(r) = Y| a,b,(r),

and testing the resultant equation by a set of testing functions ¢,(r) for m =

1,2,--- N, leads us to an N x N dense matrix equation in the form of

ZEEVIED aw FFVIED. (6.40)

where the matrix elements are defined as [35]

= EFVIE-D

Z fmyn] = — /Ddr(l—f-a(r))tm(r)-bn(r)

1WE

+ iw,uo/m drt,,(r) - /n dr’ k(r")b,(r")go(r,r")

+ - / drt,(r) -V [ dr's(r)bu(r) - V go(r, ),
1wep Jp,, Da
(6.41)
and the right-hand-side (RHS) vector is given by
WD ] — [t () B (), (6.42)

m

respectively. Now by considering the interaction of two half SWG functions, i.e.,
t... and b,; associated with the ath tetrahedron of the mth face and bth tetrahe-

dron of the nth face, assuming a constant permittivity within each tetrahedron,
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and using (6.35), (6.41) can be written as [35]

= - ma,n 6man 1-— n
ZEFVIED[m,n,a,b]:C b Oma i Hb)/ dr (r —rpe) - (1 — Tp)

’MUEO

ma

+ LW oK Cma’nb/ dr (r — ) / dr’ (r" —ru)go(r, ")

ma Dy

iweo

+ H”bcm‘l"b/ dr (r — rma)'v/ dr'(r' — Tnb)'vlgo(?“, ),
ma Dnb

(6.43)

where 0, ; is the Kronecker’s delta function, which is 1 for ¢ = j and 0 otherwise,

and

A A,

< 1, YmaVnb; 6.44
9Vmaan7 Tnb ( )

Cma,nb s

where Y,nq, Yoy = £1, depending on the direction of the basis and testing functions
in each tetrahedron. To reduce the singularity in the last term of (6.43), we can
use the identity F-V'g =V - (Fg) — gV - F, and write it as [35]

J

dr'(r' — ) - Vgo(r,7') = / dr'V - (7" = o) go(r, 7))

Dpp

nb

— /D dr' go(r, v )V - (¥ — 7). (6.45)

nb

Using the divergence theorem for the first integral, in the right-hand-side of (6.45),

the expression simplifies as [35]

/ dr'(r' — 1) - Vlgo(r, r') = / n'ds' - (r" — ) go(r,7")
D,y ODyp

—3/(%@@#% (6.46)
D.

nb

where 0D, represents the surface of the four faces of the tetrahedron D,;, con-
sisting of three side faces and a front face (with respect to the free vertex r,;),
and n’ is the unit vector normal to these faces. Recalling the second and the

third properties of the SWG functions, only the front (common) face contributes.
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Hence, one can arrive at [35]

/ dr'(r' —ry) - V/go(r,fr') = 3V / dr’ go(r,r") — 3/ dr’ go(r,r"),
D An n D

nb nb

(6.47)

where S, is the surface of the front (common) face. Now, we can insert (6.47)
into the last term of (6.43) and use the divergence theorem one more time. For

convenience, we repeat the formula here and proceed with more details.

()
F [ I
3Vip ’ ’ ’ ’
dr F -Vi = dr (r —rp.) -V dr’ go(r,v") =3 | drigy(r,r)
ma T An Js, Ds
/ drF -Vi = drV-(F¢)—/ dry V- F
ma Dma ma
A 3Vma
:/nds'(Fl/z)—i%/ dr ) = d’m/;—?)/ dr .
Sm ma Am Sm ma

(6.48)

Note that the properties of SWG functions are used one more time to arrive at
the above simplified formula. It is clear that both equations (6.47) and (6.48)
are similar except that the former is carried out for basis functions and the latter
for testing functions. On the other hand, the second V operator has been moved
onto the testing function to reduce the singularity. Finally, replacing 1 by its
equivalent term defined above, substituting it into (6.43), and factorizing the

whole equation, one can derive the final formulation for the matrix elements as
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follows [35]

_ ) C J
z VD [m,n,a,b] = ~manb Tma;nb / dr (r—mpe) - (1 —Tmw)
D’"L(l

iwﬁo €r,nb

+ Z.w,UOKan Cma,nb/ dr ('I" - rma) : / dr’ (T, - rnb)gO(r7 T,)

ma Dy

9Cman K‘“I'L
b tnb / dr / dr’ go(T, 7'
ZU)GO ma
menb'Ymaﬁnb/ d’!‘ / d’l" QO r ’I"
weg V, .
n ni ma/in
— by b/dr/drgofr'r
Z"LUEO -

%wmaﬁnb/ dr/dr go(r,r") (6.49)

TWEq

Similarly, the RHS vector is evaluated as [35]

wBVIED [y ) = YmaAm / dr (r —rp.) - E™(r). (6.50)
3Vina -
It is clear that accurate evaluation of surface and volume integrals in (6.49) and
(6.50) are very important from the computational point of view. This is more
critical due to the singularity of the Green’s function. Therefore, we have to
use proper singularity extraction routines for inner surface and volume integrals
regarding the last five terms of (6.49). Among different methods detailed in [87],
[49], and [50], we will use [49], which is quite similar to what we have utilized for

SIE routines.

Considering outer integrals, one may use Gaussian quadrature rules with dif-
ferent orders or even fully analytical methods as introduced in [59]. Here, we use
the second order quadrature for near-field calculations, although single order is
also possible and quite usual. The main reason to use the second order quadrature
is due to the fact that in IL tree structure we encounter wide range of tetrahe-
dra and triangles with orders of magnitude difference in their sizes. Therefore,
it seems much wiser to use higher order quadratures to ensure better accuracy.
On the other hand, another important reason, which validates the use of the sec-

ond order numerical integration, originates from the mathematical observation
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we already discussed in Section 6.2.2.4. Recall that all VIE formulations are cat-
egorized as the the second kind Fredholm integral equations, or more precisely in
the form of (L+Z) {F'} = R. Here, the identity operator Z manifests itself as the
first term of (6.49) known as the “self-interaction” term. Clearly, it is a second
order volumetric integral with respect to the vector position r, and and hence,
we need at least a second order Gaussian quadrature to calculate it accurately.
Its accurate evaluation determines the values of diagonal elements regarding the
MoM matrix.

It is worth to mention that the penalty of using higher order quadratures for
better accuracy is a much higher computation time. For example, switching from
the first order quadrature to the second order one, quadruples the computation
time due to the use of four points inside a tetrahedron instead of a single point
at the centroid of a tetrahedron (and equivalently triples for triangular compu-
tations). Taking into account such a computational burden, and also considering
more smooth variation of far fields and the corresponding interactions, we may
use single-point quadrature for far-field computations. Numerical simulations

also confirm the use of first order quadrature for far-field calculations.

6.5 FMM for Far-field Interactions

To derive a suitable form for far-field interactions and extract the receiving, send-
ing, and translation functions to be used in FMM codes, one can omit the self-

interaction term from (6.43), and write it as [35]

Zfzi;i/elli_]) [m,n,a,b] = 2.u}NO"{nb Cma,nb/ dr ('f‘ - Tma) / dr’ (’l", - Tnb)QO(ra 'I"/)

ma Dnyp

iU)GO

+ ’W’Cma"b/ dr (r — rma)'v/ dr'(r" =) - V go(r, 7)

(6.51)
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By rescaling (4.2) as the diagonalized version of the Green’s function (note that

g= LE]%), one can simply obtain

, eik’o|7‘77"| eikO‘UH”'Uagg‘i‘vdisl
gO(T7T) - 47T|’I"—'r'l| - 47T|w+vagg+vdis|
k‘ . R .
— (i 0)2 /d2k eXp(/lk()k * (Uagg + vdis)) Oé(k(], k’ w)7 (652)
m

where w = ro — r is a constant translation vector, and v,g, = 7’ — 7 and
V4is = T — T¢ are aggregation and disaggregation vectors with 7. and r¢ vectors
referring to aggregation and disaggregation box centers, respectively. Now by
considering two V operators operating on the Green’s function at the right hand
side of (6.51), we can write [35]

— EFVIE-D wok & - N .
Z e grq [mansa,b]=— (Z?);/d?k Ra(kos k,rc)-alko, k,mo—7c)Su(ko, k7 er)
(6.53)
with
a(ko, ke, w) = S0 (2t + DAY (kr) Pk - w) (6.54)
=0
A 'VmaAm T Iy R
R, (ko k,Tc) = 3 (I —kk) - dr exp {zkokz (r— rc)} (r — Tia)
(6.55)
» n An nb ;7 & RS
Sop(ko, k, 7o) = M(I — kk) - / dr’ exp [—zkokz (' — ro,)] (r" —ru).
3Vob Dy
(6.56)

From the numerical point of view, and using a first order quadrature, one may
compute the integrals given in (6.55) and (6.56) by evaluating the integrands at
the centroid (7cen;) of the corresponding tetrahedron. Note that this approxi-
mation, i.e., using [, drf(r) = V f(7cen) with f representing a general vector
function becomes exact if f is a linear function of r. Clearly, the integrands of
the last two integrals regarding the receiving and sending patterns are not strictly
linear. However, for far-field interactions, the exponential part shows small varia-

tions with respect to the integration variable allowing us to assume a quasi-linear
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behavior and use the first order quadrature.

6.6 Computation of Far-fields

After solving the problem, expansion coefficients a,, in iwD(r) = N | a,b,(r)
are known and can be used to compute all far-field values. Invoking the far-field
radiation formulas given by (2.37) and utilizing previously defined equivalent

volume current given by (6.15), we can simply write

Efb;ﬁ%eld = %(i - IACIAC) ) /;d’f‘l J(’l",) eXp(—Z'k()’;} : ’l",)
- —ZZ“O (I — kk) - / dr’ iwk(r')D(r') exp(—ikok - '), (6.57)
w D

where after discretization we end up with

)

S

=
)

; _ N
Bithaa= et (T = k) - [ dn’ (0 anba(r') expl(=ikie ).
n=1

6.7 Implementation of IL-VIE

We will deploy the D-formulation in order to implement the IL version of EFVIE.
Also we use MATLAB programming environment to simulate and compare the
results on a 64-bit Windows platform. This is chosen because it is fully compatible

with divergence-conforming basis functions, i.e., SWG functions.

A full SWG function may be considered as three full RWG functions connected
to each other from the side edges with two shared vertices at two ends, and hence,
some similar methods with low complexity can be used to read the file containing
node coordinates and quadruple node numbers per each tetrahedron and detect
the needed edges and faces. The file containing such nodal information to model

the discretized structure are produced by commercial 3D-meshing software like
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Siemens NX, COMSOL, Ansys, Autocad and many more.

6.7.1 Tree Structure

Interestingly, the tree structures we used before in SIEs are very similar to what
we need in VIEs. In both of them we start from a large box, encompassing the
whole object, and bisect the edges in three directions to get smaller boxes, each
of which containing a part of the original box. This operation starts from level 1
(the root box), and recursively continues down to a given level, commonly known
as the leaf level. Obviously the empty boxes at each level are eliminated. Similar
operations have to be performed to find and create a list of near and far boxes,

which are going to be used later on in near-field and far-field computations.

Assuming fine enough meshes (at the leaf level) to discretize the sur-
face/volume of the object, we can highlight an important difference between the
two trees, i.e., the tree used in SIEs and the tree used in VIEs. Most of the near
boxes in SIEs are located in the same plane of the box of interest (except at the
sharp corners). This means that, each box has a near interaction with 8 nearby
boxes (in average). But in VIEs, each box involves with all 26 surrounding boxes
(except those boxes close to the boundaries). This simply means that for VIEs,
the list of near and far boxes are much more dense than what we had for SIEs.
Also the protrusion of the large SWG functions are worse than the protrusion
of the RWG functions, and hence, we expect to see a higher amount of error

regarding the multiscale meshes.

Having access to detailed population information and needed indices regarding
the near and far boxes in each and every level, we may construct the IL tree

structures quite similar to what we discussed in Chapter 3.
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6.7.2 MVM Routines

As already mentioned in the introduction, the low-frequency breakdown is not a
concern in VIEs, and MoM may be used in conjunction with SWG function at an
arbitrary low frequency. The main reason is that VIEs are second kind Fredholm
integral equations, and the resultant impedance matrix is well-conditioned [70].
Based on this important fact, there is no need to use two distinct MVM routines
to separate the high- and low-frequency regimes. Recall that regarding this issue
in SIEs, we used an approximate diagonalization method to properly expand the
Green’s function and deploy it in far-field interactions. By eliminating this need,
we may achieve two goals: (a) We may have the same O(N logN) complexity
instead of O(N log?N) for MVM routines. (b) Because we are not using an
approximate method, we expect to see better accuracy for VIEs than what we
have for SIEs. Besides, we may use the same interpolation and anterpolation

routines among different levels.

6.8 Numerical Results

Generally speaking, a multiscale volume discretization may be used in one or a

combination of these cases:

1. When the object is homogeneous but possesses fine details.

2. When the object is piece-wise homogeneous or when there are multiple
homogeneous objects each of which with different electrical properties. Ap-
parently, smaller mesh sizes should be considered for those materials with
higher permittivity and/or permeability. A multilayer coated dielectric fil-

ter is a good example for this case.

3. When the object is inhomogeneous, as most of the real-life problems are in

this category.
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For the first two cases above, one can use canonical sphere problems (either single
or multilayer spheres) along with the Mie-series solution as an analytic solution in
order to compare the results and calculate the error. But for the last case, there
is no other choice than accepting the MoM solution or even the FMM solution
as a reference. For the upcoming numerical results, we use a similar definition to

calculate the relative RMS error given by

N B - BT

Relative RMS Error = A (6.58)
N |ERef
=1 92

where Egjm and ngf are the dominant  components of the far-zone electric field,
computed from the simulation and the reference solutions (Mie, MoM, or at least

FMM), respectively, to assess the accuracy of the proposed IL-MLFMA.

It should be reminded that in the conventional MLFMA, the proper choice
of the number of levels has an important role in the efficiency and also the ac-
curacy of the final solution. However, in IL-MLFMA, the number of levels is
not a concern, since it is automatically determined by the program based on a
given (maximum) box population (MBP). Consequently, there may be a couple
of solutions based on different MBPs leading to the very same number of levels.
This is particularly noteworthy about IL-MLFMA , which gives us an opportunity
to optimize the overall efficiency and find the best value (or range of values) for
MBP. Due to above reasoning, in the upcoming subsections, we will present the
efficiency and accuracy results based on the number of levels, since it is the only
common parameter between the conventional MLFMA and IL-MLFMA.

6.8.1 A Homogeneous Sphere (I)

Fig. 6.2 shows a homogeneous dielectric sphere of radius R = 50 mm and ¢, =
12, discretized with a highly non-uniform volumetric mesh, consisting of 19,515
tetrahedrons (40,273 SWG functions) with a wide range of edge sizes varying
from 0.1 mm at the north pole up to 16 mm at the south pole, i.e., a multiscale

factor of 160. It is illuminated by a unit plane wave at 300 MHz propagating in
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Figure 6.2: A homogeneous dielectric sphere of radius R = 50 mm, €, = 12, discretized with a
highly non-uniform volumetric mesh, consisting of 19,515 tetrahedrons (40,273 SWG functions)
with a wide range of edge sizes varying from 0.1 mm at the north pole up to 16 mm at the
south pole. The multiscale factor is about of 160.

the z direction with the electric field polarized in the x direction. Fig. 6.3 shows
the total run-times and the relative RMS errors of IL-MLFMA for this geometry
as a function of maximum box population, which is changed from 20 to 9000.
Note that we have two vertical axis with red and blue numbers corresponding to
red and blue data points. The red one at the right concerns the simulation time,

and the blue one at the left concerns the RMS error.

Interestingly, we can see almost a similar behavior that we have seen in SIEs.
This means that, even though the population threshold changes more than two
orders of magnitude from 20 to 9000 (shown by MoM in the figure), the relative
RMS error changes by less than 0.8%. On the other hand, the total simulation
time is minimized for some population thresholds, around 30 up to 100. We solved
the same scattering problem using a modified version of the conventional MLFMA
(to be discussed later) to have a comparison among both versions. Fig. 6.4 illus-
trates the results. Note that, IL-MLFMA is based on the population threshold
and the number of levels is determined automatically by the program. Hence,
we may have the same level for multiple populations. We have chosen the best

results in Fig. 6.4.

In Fig. 6.4, if we consider the best timing that belongs to level 5 of the con-
ventional MLFMA, the RMS error is unacceptably high. Therefore, we consider
the next best timing at level 4 with a relative RMS error of 1.8% and simulation
time of 21,000 seconds. Regarding IL-MLFMA, we obtain 2.2% RMS error and

a simulation time of less than 3,000 seconds.
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Figure 6.3: Total run-times and the relative RMS errors of IL-MLFMA for the geometry shown
in Fig. 6.2 as a function of box population threshold.

6.8.2 A Homogeneous Sphere (II)

As a larger problem, Fig. 6.5 shows a homogeneous dielectric sphere of radius
R = 60 mm and a relative permittivity of €, = 4, illuminated by a similar plane
wave at 600 MHz (R ~ A\/4). The sphere is discretized with a non-uniform volume
mesh consisting of 49,452 tetrahedrons (105,081 SWG functions), where the edge
sizes vary from 0.1 mm (A/2500) at the north pole up to 25 mm (A\/10) at the
south pole giving rise to a multiscale factor of 250. By assigning four different
values for MBP from 50 to 1500 (regarding IL-MLFMA) and four consecutive
levels from 3 to 6 (regarding conventional MLFMA), Fig. 6.6 illustrates the total
run-time (right vertical axis and the solid (red) lines) and the relative RMS error
(left vertical axis and the doted (blue) lines) versus the common number of levels
for both versions of MLFMA. Note that both axes are in logarithmic scale and
the relative RMS error is calculated using the Mie-series solution for a scattering

problem of a dielectric sphere, as a reference.

Considering the accuracy, even though the MoM solution is not included due
to a large amount of needed memory (> 180 GB), both versions are comparable
to each other upto level 4 (with error < 2%). However, due to a high multiscale
factor, the results obtained from the conventional MLFMA either start to become

inaccurate after level 4 or it fails to converge beyond level 5. Interestingly, this
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Figure 6.4: Total run-times and relative RMS errors versus the number of levels for both
versions of MLFMA. The geometry in Fig. 6.2 is used at f = 300 MHz. Blue lines and red
lines along with corresponding vertical axis at left and right show the total run-times and the
relative RMS errors, respectively.

is not true for the IL version, since it always converges for a wide range of MBP
spanning three orders of magnitude, i.e., from 25 up to 25000 (equivalent with
level 10 down to the MoM level), although the values higher than 300 are not

very efficient.

Regarding the timing results, the IL version demonstrates much better effi-
ciency than the conventional version for some optimal values of MBP (i.e., 120

and 50) which are equivalent with the 8th or 9th level. Note that the accuracy
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Figure 6.5: A homogeneous dielectric of radius R = 60 mm and relative permittivity of €, = 4
possessing a dense discretization around the north pole with a multiscale factor of 250. The
mesh size varies from 0.1 mm up to 25 mm, consisting of 49,452 tetrahedrons and 105,081 SWG
functions.
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Figure 6.6: Total run-times and relative RMS errors versus the common number of levels for
both versions of MLEMA, where the geometry shown in Fig. 6.5 is used at f = 600 MHz. Cir-
cle and triangle markers are used to separate the IL-MLFMA and the conventional MLFMA,
respectively. Black (blue) doted lines and gray (red) solid lines along with the correspond-
ing logarithmic vertical axis at left and right, show relative RMS errors and total run-times,
respectively.

for the conventional MLFMA increases dramatically from 1.5% upto 35%. How-
ever, regarding IL-MLFMA, it remains almost stable with only 0.5% increase
from level 6 (MBP=1500) upto level 9 (MBP=50), mainly due to the fact that
for lower MBP one expects to see more protrusions. Consequently, by accepting
the error margin as less than 2%, the best timing for the conventional MLFMA
belongs to 4th level with 81000 seconds and for IL-MLFMA | the 9th level with
4400 seconds, which is 18 times better.

This issue regarding the conventional MLFMA (i.e., using fixed-box sizes) can
be better seen for larger problems involving with either larger numbers of un-
knowns or larger sizes. When we are dealing with larger number of unknowns,
more levels are required to efficiently solve the problem and hence, the box sizes
shrink significantly, leaving behind a bunch of leaf-level boxes with severe protru-
sions. On the other hand, when dealing with geometrically larger objects, even

at some deep levels, the leaf-level box sizes are overcrowded enough to encounter
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O(N?) complexity regarding near-filed computations.

6.8.3 A Double Layer Sphere

To demonstrate the performance of IL-MLFMA for a piecewise homogeneous
dielectric object, we choose a double layer sphere as depicted in Fig. 6.7 with
inner and outer radii of 20 mm (¢, = 16) and 200 mm (e, = 2), respectively.
The volume discretization is such that the mesh size varies between 1 mm and
75 mm, leading to a multiscale factor of 75 with 33,450 tetrahedrons (71,594
SWG functions). Due to different permittivities, the finer meshes mostly belong
to the inner core of the sphere while the coarse meshes are embedded inside the

cladding.

By exciting such a double layer sphere at f = 800 MHz, we solve a canonical
scattering problem first by using the Mie-series solution, then using the conven-
tional MLFMA for levels 4, 5, and 6 (no other solutions for higher levels due to
convergence problems), and finally with IL-MLFMA for MBP=100. The far-zone
electric field as a function of bistatic angle along with the Mie-series solution are
shown in Fig. 6.7. It is seen that there is a very good agreement between Mie-
series result and the values obtained from both versions except the 6th level of the
conventional MLFMA. The small amount of discrepancy for all other solutions
are originated from the fact that some of the large meshes inside the cladding (be-
tween 30 mm and 75 mm) are larger than the minimum acceptable mesh size at
f =800 MHz for ¢, = 2 (;22= = 26.5 mm). Note that such a discretization error

10,6
is more dominant in lower levels than the error incurred by the protrusions and

thus, we expect to see comparable accuracies for both solutions since the IL-tree
structure cannot compensate for discretization errors. Table 6.1 includes both
run-times and relative RMS errors for the aforementioned sphere problem. As
expected, the accuracy for the 4th and 5th level of the conventional MLFMA is
comparable with IL-MLFMA, but the 6th level delivers a higher amount of error.
Note that there is no other solution for the conventional MLFMA after level 6 due

to convergence problems. Considering the total run-times, IL-MLFMA presents
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Figure 6.7: Far-zone electric field scattered from a double-layer dielectric sphere with the inner
radius of R = 20 mm (e, = 16) and the outer radius of R = 200 mm (e, = 2). The sphere is
illuminated by a unit plane wave at f = 800 Mhz. The results from the Mie-series solution and
from both MLFMA versions are presented for comparison.

3.5 to 7.5 times better efficiency than the conventional MLFMA for an optimum
value of MBP.

6.8.4 A More Complicated Object

A more complicated dielectric resonance structure consisting of three layers are
shown in Fig. 6.8. The bottom layer is a 40 x 40 mm? dielectric slab of thickness
5 mm and €, = 2, and it is loaded by two groups of perpendicular arrays at
the top of each other, where each group contains 15 dielectric rods of ¢, = 8
in parallel. The sizes along with the left- and right-side views are shown in the

picture. The bottom layer is discretized with an average mesh size of 5 mm, while
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Table 6.1: Performance Comparison Between The IL-MLFMA and Conventional MLFMA Ap-
plied to the Double Layer Sphere Shown in Fig. 6.7 at f = 800 MHz with a Multiscale Factor
of 75.

Total Run-Time | Rel. RMS Error
Conv. (Level 4) 95,131 s 3.26 %
Conv. (Level 5) 46,316 s 3.55 %
Conv. (Level 6) 31,900 s 4.88 %
IL (MBP 100) 12,600 s 3.66 %

the dielectric bars are discretized with an average mesh size of 0.5 mm, leading
to 37,253 tetrahedrons and a multiscale factor of 22.

The whole structure is illuminated by the same plane wave as used for previous
examples at f = 2 GHz. The far-zone electric fields are calculated for both
MLFMA versions for different levels and also MBPs. Due to the fact that there
is no analytic solution for such a scattering problem, it is reasonable to use the
MoM solution as a reference to assess the relative RMS error. Fig. 6.9 illustrates
the total run-time (right logarithmic vertical axis and the solid (red) lines) and
the relative RMS error (left logarithmic vertical axis and the doted (blue) lines)
versus the common number of levels for both versions of MLFMA. Based on the
given results, one can arrive at the following results regarding the efficiency and

more importantly, regarding the accuracy.

By considering the efficiency, the best timing for the conventional version be-
longs to level 5 with about 10500 seconds, where the error is 0.16%, however,
for the equivalent 6th level of the IL version and almost the same accuracy, the
total timing shows 4380 seconds, which is 2.4 times more efficient. Note that the
8th equivalent level of IL-MLFMA delivers even a better efficiency (about 3000
seconds) if under 0.8% error is acceptable. Regarding the accuracy, it is seen that
the conventional version acts perfectly for levels up to 5, however, the error jumps
1.5 orders of magnitude starting from the level 6. Considering the IL version, the

error smoothly increases due to lower MBPs (and actually higher protrusions).

It should be remarked that there is an important difference between this ex-

ample and the others regarding the discretization, which is not clear at the first
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Figure 6.8: A dielectric resonance structure consisting of three layers. The bottom layer is a
slab of 40 x 40 x 5 mm? with €, = 2, while two other top layers contain two sets of 15 parallel
dielectric rods perpendicular to each other. All dimensions and side views are shown.

glance. In this example, the leaf-level box boundaries at levels 3 up to 5 (equiva-
lent to box sizes from 10 mm down to 2.5 mm) are located in very special positions.
This is mainly because the object has a simple geometrical structure consisting
of flat and mostly parallel boundaries which are also parallel with the box bound-
aries. On the other hand, the discretized object (not shown here) mostly includes
right-angled tetrahedrons within the parallel rods and some other very ordered
larger meshes inside the bottom layer. Both of the above mentioned geometrical
features produce a situation that a very few number of tetrahedrons are getting
cut by the box boundaries, leading to minimum possible protrusions regarding
the SWG functions. This is why the conventional MLFMA performs very good
up to level 5. But starting from level 6 (i.e., a box size of 1.25 mm) almost all of
the SWG functions are severely getting cut by the leaf-level box boundaries and
hence, one expects to experience heavy protrusions by which, the conventional

MLFMA is unable to compensate for it. Note that for the other examples, there
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Figure 6.9: Total run-times and relative RMS errors versus the common number of levels for
both versions of MLFMA, where the geometry shown in Fig. 6.8 is used at f = 2 GHz. Cir-
cle and triangle markers are used to separate the IL-MLFMA and the conventional MLFMA,
respectively. Black (blue) doted lines and gray (red) solid lines along with the correspond-
ing logarithmic vertical axis at left and right, show relative RMS errors and total run-times,
respectively.

is no such a special condition and the large number of the SWG functions (or the
tetrahedrons) are cut from almost the first levels so the error increases gradually

(and not abruptly as we see in this example).

6.9 Memory Performance of IL-MLFMA

Up to this point, we investigated the superiority of IL-MLFMA from both effi-
ciency and accuracy point of view for some medium and large scattering prob-
lems. Considering the fact that for IL-MLFMA, there is no theoretical limit for
the number of levels to be used within the solution procedure, we can conclude
that the memory consumption for IL-MLFMA will be much less than the con-
ventional version. This is simply because IL-MLFMA is able to use the higher
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Figure 6.10: The amount of memory needed to store the near-field interactions and also compute
the far-field interactions for a canonical scattering problem shown in Fig. 6.5 with the results
given in Fig. 6.6.

(equivalent) levels very safely and without compromising the accuracy, which is

not possible for the conventional MLFMA.

To compare the performance of the IL versus the conventional version regarding
the memory consumption, it is enough to reconsider the second numerical example
(a homogeneous sphere) shown in Fig. 6.5 since all other examples have some
similar behaviors. In this case we just compare the required memory to hold the

near-field and also far-field computations.

Recall from Fig. 6.6 that for an accuracy of better than 2%, only the 3rd and
4th levels of the conventional MLFMA may be used. These levels correspond to
150 GB and 90 GB of memory, respectively. Even for the 5th level (RMS error
of 3.5%), 32 GB of memory is needed. However, by invoking IL-MLFMA, all
four equivalent levels may be used with wide range of memory needs from 40 GB
downto 1.2 GB, where the last one is an obvious choice from all three points of

view, i.e., efficiency, accuracy, and also hardware resources.
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

An efficient, accurate, and versatile broadband MLFMA, referred to as IL-
MLFEMA, is presented to solve multiscale electromagnetic problems for either
PEC objects under SIEs or inhomogeneous dielectric objects under VIEs. The
concept of IL-tree structures is introduced, where only the overcrowded boxes are
divided into smaller ones for a given population threshold, leading to a nonuni-
form clustering. Thus, protrusions of RWG or SWG functions from the boxes
are minimized that improves the accuracy, and the total number of interacting
boxes is reduced that improves the efficiency. For SIEs, the error of the proposed
method is almost independent of the required levels, while for VIEs, the error
increases very slowly as we use deeper levels. Consequently, for the geometries
that can be discretized with nonuniform meshes with a large multiscale factor,
IL-MLFMA is always more efficient than the conventional one for the same ac-
curacy, and it is more accurate if the efficiency is comparable, as demonstrated
with some canonical and also real-life examples. Furthermore, IL-MLFMA recov-
ers the conventional MLFMA for uniform meshes, if desired. As a result, all other
computational methods that can be combined with the conventional MLEFMA can

also be used in conjunction with the proposed IL-MLFMA.
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7.2 Future Works

This dissertation opens various potential research avenues from different points

of view. Therefore, we can propose possible future works in two categories.

7.2.1 From Programming and Computational Point of

View

In order to successfully implement the proposed IL-MLFMA for both SIEs and
VIEs, it is necessary to write proper codes and carefully combine lots of routines
and algorithms in a consistent manner. These codes begin from a very simple
task of calculating the area of a triangle or volume of a tetrahedron and ascend to
more complicated routines like nonuniform clustering of an arbitrary 3D object.
In each of these routines, it is almost always possible to find and write more
efficient codes. Significant improvements may be obtained by implementing the

following suggestions.

1. Even though MATLAB is known as one of the best programming envi-
ronments for engineering applications and rapid numerical prototyping, its
performance for large scale problems is not even comparable with other
engineering languages like Fortran or Python. For example, Fortran’s low
level input/output (I0) commands are at least 10 times faster than MAT-
LAB. As another important limitation, MATLAB has serious problems with
MEX codes regarding memory allocation, which is not the case for Python
or Fortran. Therefore, if using MATLAB is preferred due to its wide range
of flexible commands, it is highly recommended to use it in conjunction

with Fortran, C, Python, Java or any other proper language.

2. Using “Profile” feature of MATLAB helps us to find the bottlenecks of the
written codes from timing point of view. Using this feature, one can exactly

find out that how many times a command is executed, a subroutine is called,
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a variable or an array or a matrix is updated and many more. This helps
us to optimize the codes for some time-consuming commands, vectorize the
loops and some array manipulations, or use some ready libraries written in
other languages (e.g., Fortran, C, Java) to do the job. Note that in this
dissertation, we have already optimized and vectorized the codes as much

as possible.

. Sparse-oriented and cell-based MATLAB commands, though they are very
useful, are comparatively slower than other normal commands. Also using
these commands inside the MEX codes are not implemented yet. Instead,
using linked-lists in C or Fortran are highly recommended to overcome such
a shortage in MATLAB.

. Commonly used MATLAB commands are designed to be as flexible as pos-
sible. This flexibility sacrifices the execution time, which manifests itself
in large problems where a command or a group of commands are executed
hundreds of million times. Consequently, as already mentioned in Section
5.5.4.3, it is better to optimize the codes as much as possible, or even rewrite

some application specific scripts to minimize the execution times.

. Although many of the time-consuming loops are converted into fast MEX
codes, there are many others than can be partially replaced by proper MEX
codes to increase the performance. For example, the loops required to
process the meshes and cluster the boxes within the IL-tree structure are
among these codes. For medium-sized EM problems, where the object size is
no more than a few wavelengths, the construction time of the tree structure
takes at most 10% of the total run-time. However, when dealing with
slightly larger problems, 10 or even 12 percent of the total run-times leads

to hours of extra simulation time.

. The most time-consuming and CPU demanding piece of our codes belong to
singularity extraction routines. Though it seems not to be trivial, singular-
ity extraction routines can be merged due to the fact that the methodology
used in our codes are triangle-based rather than RWG-based or SWG-based

computations. This means that, it is possible to compute and save many
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of the variables inside these routines and wisely use them multiple times to

save time.

7. Similar to our newly developed VIE routines, which exhibit no memory
limit regarding large or very large problems, it is also possible to modify
the SIE routines to get rid of the memory limitations imposed by fast MEX
routines. Note that MATLAB has an inherit 256 GB memory limit under
64-bit Windows platform.

7.2.2 From Algorithmic and Structural Point of View

1. SIEs suffer from an approximate method regarding the diagonalization of
the Green’s function. This is remediable by using other accurate diagonal-
ization methods, though they might be more complicated than what is used
in our codes (i.e., the scaled MLFMA).

2. Construction of near and far lists can be optimized within overcrowded
boxes by temporarily saving the list of child boxes and reusing them wisely.

This is extremely useful for larger problems.

3. The list of far boxes for a given basis box can be properly reused for other
boxes which are near to the given box to save time. This is very useful for

large problems.

4. Higher order basis functions maybe used with IL-MLFMA to reduce the

number of unknowns.

5. Since volume discretization shows much sever protrusion inside the buffer
boxes, it may be a good idea to use two-buffer-box scheme rather than
the standard “one-buffer-box” scenario to reduce the computational error

arising from the closeness of SWG functions.

6. It is worth to investigate a different scenario where most of those SWG

functions that are cut by the faces of the boxes, can be calculated directly
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by the MoM. This ensures us about the accuracy of the addition theorem
used by the far boxes.

. The program assumes a background medium at the opposite side of a half-
SWG function, where there is a common face (as a triangle) with the surface
of the object. Now, when two half-SWG functions with different electrical
properties and more importantly, with comparatively different sizes, are in a
touching situation, this assumption is not valid anymore and hence, a small
amount of error occurs. This happens when the discretizing program is un-
able to properly discretize the object and create a smooth transition among
the mesh sizes. Therefore, a pre-processing routine is required to check the

proximity of half-SWG functions and modify the needed calculations.
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