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Assist. Prof. Ahmet Öncü . . . . . . . . . . . . . . . . . . .

DATE OF APPROVAL: 18.04.2016



iii

ACKNOWLEDGEMENTS

I want to thank my advisor Prof. Emin Anarım for his guidance and patience

during my Ph.D. I am very grateful to Assoc. Prof. Güneş Karabulut Kurt, who
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ABSTRACT

SPARSE SIGNAL RECOVERY FROM INCOMPLETE AND

PERTURBED DATA

Sparse signal recovery consists of algorithms that are able to recover undersam-

pled high dimensional signals accurately. These algorithms require fewer measurements

than traditional Shannon/Nyquist sampling theorem demands. Sparse signal recovery

has found many applications including magnetic resonance imaging, electromagnetic

inverse scattering, radar/sonar imaging, seismic data collection, sensor array processing

and channel estimation. The focus of this thesis is on electromagentic inverse scattering

problem and joint estimation of the frequency offset and the channel impulse response

in OFDM. In the electromagnetic inverse scattering problem, the aim is to find the

electromagnetic properties of unknown targets from measured scattered field. The re-

construction of closely placed point-like objects is investigated. The application of the

greedy pursuit based sparse recovery methods, OMP and FTB-OMP, is proposed for

increasing the reconstruction resolution. The performances of the proposed methods

are compared against NESTA and MT-BCS methods. Simulations show that the FTB-

OMP method increases the resolution of the regular OMP and is superior to NESTA

for less noisy measurements. OFDM is a multicarrier modulation technique that is

very sensitive to frequency synchronization and channel estimation errors. Frequency

offset destroys the orthogonality of the OFDM carriers and results in intercarrier in-

teference that causes severe performance degradation. A new approach that represents

the channel impulse response as a 1-block sparse signal in a dictionary built by con-

catenating subspaces of frequency offset values is proposed. Thus the frequency offset

and the channel impulse response can be jointly estimated. Only one OFDM training

block is used and noise or channel statistics are not required. Its performance is close

to maximum likelihood estimation and does not depend on frequency offset.
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ÖZET

EKSİK VE BOZUK VERİLER İLE SEYREK SİNYAL

GERİÇATIMI

Seyrek sinyal geriçatımı, yüksek boyutlu sinyalleri az sayıda örnek üzerinden

tekrar oluşturabilen yöntemlerden meydana gelir. Bu yöntemler ile sinyal geriçatımı

için gereksinim duyulan örnek sayısı, geleneksel Shannon/Nyquist örnekleme teoremine

kıyasla çok daha az sayıdadır. Seyrek sinyal geriçatımı manyetik rezonans görüntüleme,

elektromanyetik ters saçılım problemi, radar/sonar görüntüleme, sismik veri toplama,

sensör dizi işleme ve kanal kestirimi olmak üzere birçok uygulamada kullanılmaktadır.

Bu tez çalışmasının odağı elektromanyetik ters saçılım problemi ve OFDM için frekans

kaymasının ve kanal yanıtının birlikte kestirilmesidir. Ters saçılım probleminde saçılan

elektromanyetik alandan hedef cisimlerin özelliklerinin belirlenmesi amaçlanmaktadır.

Bu kapsamda birbirine yakın konumlandırılmış nokta cisimlerin yerlerinin bulunması

incelenmiştir. Bu problemdeki geriçatım çözünürlüğünün iyileştirilmesi için açgözlü

geriçatım yöntemlerinden dikgen uyum kovalama OMP ve esnek ağaç arama yapılı

FTB-OMP yöntemleri önerilmiştir. Önerilen yöntemlerin başarımları NESTA ve MT-

BCS yöntemleri ile karşılaştırılmıştır. Yapılan benzetimler FTB-OMP yönteminin

OMP geriçatım çözünürlüğünü artırdığı ve NESTA’ ya göre düşük gürültü seviyelerinde

üstünlük sağladığı göstermiştir. OFDM çoklu taşıyıcılı modülasyon yöntemi olarak

frekans senkronizasyonuna ve kanal kestirim hatalarına karşı çok hassastır. Frekans

kayması OFDM taşıyıcılarının dikgenliğini bozar ve taşıyıcılar arası girişime sebep

olarak sistem başarımını düşürür. Önerilen yeni yöntemde frekans kayma değerlerinden

oluşturulan bir kitaplık ile kanal yanıtı 1-blok seyrek bir sinyal olarak temsil edilir.

Böylece frekans kayması ve kanal yanıtı birlikte kestirilebilmektedir. Sadece bir OFDM

öbeği pilot yapılırken gürültü veya kanal istatistiğine gerek duyulmaz. Başarımı en

büyük olabilirlik kestirimine çok yakındır ve frekans kaymasından bağımsızdır.
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ỹ Perturbed measurement vector

Z Multiplicative noise matrix

z Additive noise vector

αs Constant of the null space property for sparsity s

δs Restricted isometry constant for sparsity s

δ̃s Modified restricted isometry constant for Ã and sparsity s
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1. INTRODUCTION

One of the most fundamental building blocks in digital signal processing systems

is the analog to digital converter. This block converts an analog signal to bits that

can then be used by digital systems to serve different purposes such as transmission,

storage, and estimation. The first step of analog to digital conversion is to discretize

the signal in time, which is called sampling. The common practice in acquisition of a

signal is to sample it according to the Shannon-Nyquist-Whittaker theorem [1–3] and

reconstruct it with linear interpolation techniques. Current data acquisition methods

are often extremely wasteful: massive amounts of data are acquired first and then

discarded by a subsequent compression stage. In contrast, a recent approach known

as compressed sensing [4,5] combines the data collection and compression and reduces

the volume of data enormously at much greater efficiency and lower costs. A paradigm

of encoding of analog sources by real numbers rather than bits, compressed sensing

deals with effcient recovery of sparse vectors from the information provided by linear

measurements. By leveraging the prior knowledge of the signal structure, e.g. sparsity,

and designing efficient non-linear reconstruction algorithms, effective compression is

achieved by taking a much smaller number of measurements than the dimension of the

original signal. Signals with sparse structure are encountered in many applications of

imaging, signal processing and communications including magnetic resonance imaging,

electromagnetic imaging, radar/sonar imaging, sensor array processing, seismic data

collection, estimation of sinusoids in noise, locating errors in digital transmissions, and

channel estimation. There is a wide variety of available techniques and algorithms,

with the emergence of newer sparsity promoting techniques such as basis pursuit or

greedy pursuits.

The case of incomplete observations or undersampling corresponds to a signal of

interest, x, being observed from a set of linear measurements

y = Ax (1.1)
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where the number of rows of the sensing matrix is less than the number of its columns,

m < n. This means that there are more unknowns than the number of equations

and such a system is called an underdetermined system of linear equations. The so-

lution set is either empty, y is not in the range space of the columns of A, or there

exists infinite number of solutions due to the nontrivial right nullspace of the sens-

ing waveforms. Finding a single solution amongst infinitely many can be achieved by

imposing additional constraints on the signal of interest, x. The sparsity constraint

assumes that the support of x, the set of indices corresponding to the nonzero entries,

S(x) = {i : xi 6= 0}, has at most s elements

x ∈ Σs := {x : ‖x‖0 = |S(x)| ≤ s} (1.2)

where `0-pseudo-norm is defined as the cardinality of the support set.

The recovery process under the sparsity assumptions is the following combinato-

rial optimization problem (1.3).

minimize ‖x‖0

subject to y = Ax (P0) (1.3)

This optimization problem is nonconvex and generally impossible to solve since it

requires an intractable combinatorial search. It is now well known that methods such

as basis pursuit and matching pursuit promotes sparsity. These sparsity promoting

methods are functions of the data (y,A). They are ideal because the data input

(y,A) is not perturbed. However, in practice both the observation vector, y, and the

sensing matrix, A, may be perturbed and the problem under general perturbations,

εtot, can be given as in (1.4).

minimize ‖x‖0

subject to ‖ỹ − Ãx‖2 ≤ εtot (P εtot
0 ) (1.4)
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1.1. Literature Review

Convex relaxation methods such as the basis pursuit method and the Bayesian

compressive sensing has been applied in the reconstruction of objects for microwave

imaging [6–8]. Through-the-wall radar imaging and microwave imaging of sparse scat-

terers has been recast into the Bayesian compressive sensing framework [9–11]. The

multitask Bayesian compressive sensing method which improves upon the Bayesian

compressive sensing method by jointly considering multiple correlated measurements

has also been applied to time-harmonic two-dimensional inverse scattering problems

with both sparse and nonsparse scatterers [12–14].

There exists numerous implementations of the CS based block-sparse signal re-

covery methods for the estimation of the CIR of the OFDM systems [15–17]. In [16] the

block-ISD algorithm is implemented to estimate the CIR of a MIMO OFDM system

with multiple transmit antennas. Block-ISD method is based on the iterative support

detection (ISD) reconstruction algorithm and uses a support set of the detected nonzero

elements of the sparse signal in solving a truncated basis pursuit problem at each it-

eration. Block sparse equivalent CIR is generated by assuming that the CIRs from

different antennas share a common support. In these works, block sparsity is achieved

by either assuming that the several channel instantiations are group-sparse, locations

of the nonzero channel coefficients are same [17] or concatenating multiple CIRs of

different antennas with common support in a block sparse structure [15,16]. However,

frequency offset is not considered in these works, which assume perfect synchronization

for the OFDM system and so only CIR can be estimated using these methods.

1.2. Main Contributions

In this thesis the application of the sparse recovery methods under perturbations

to both the obeservations and the sensing matrix is considered. The sparse recovery

framework is applied to the electromagnetic imaging and to the joint estimation of

channel impulse response (CIR) and carrier frequency offset (CFO) for single input

single output (SISO) OFDM systems. For electromagnetic imaging, the reconstruc-
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tion of two closely spaced point-like objects from measured scattered electromagnetic

field is investigated. The performances of the greedy orthogonal matching pursuit

(OMP) based algorithms are compared to the performances of the convex relaxation

method using Nesterov’s smoothing technique (NESTA) and the multi-task Bayesian

compressive sensing (MT-BCS) method. It is observed that the application of the flex-

ible tree search based implementation of the orthogonal matching pursuit (FTB-OMP)

algorithm increases the resolution of the reconstruction compared to the OMP. The

FTB-OMP is also also able to perform superior than the NESTA and MT-BCS in the

low noise region while the best performance under high noise belongs to the NESTA.

The main contributions of this application can be summarized as:

• To the best of our knowlege this is the first study that applies greedy pursuit

based CS methods to an electromagnetic inverse scattering problem.

• The performance of the greedy pursuit based methods scale better with increasing

SNR level.

• Due to its lower computational complexity the OMP algorithm can be preferred

instead of the more complex methods such as NESTA and MT-BCS when the

number of scatters are few and are sufficiently separated.

• The tree search based method FTB-OMP method increases the resolution of the

regular OMP method when higher number of scatterers are closely placed.

• While the FTB-OMP method is superior to NESTA in the high SNR region, the

best performance belongs to the NESTA method in the low SNR region.

Then the joint estimation of CFO and CIR for SISO OFDM with pilot symbols is

investigated. A new joint estimator that exploits sparse recovery framework is proposed

for SISO OFDM systems. It is shown that the CIR can be represented as a 1-block

sparse signal by using a dictionary constructed by concatenating subspaces of CFO

values taken from a search space. The block orthogonal matching pursuit algorithm is

implemented as the sparse recovery method. The performance of the proposed method

is compared against the well-established pilot based estimators; Moose, Classen, the

maximum likelihood estimator (MLE) and the p-algorithm. Numerical results show

that the performance of the proposed method is independent of the value of the CFO.
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The worst-case analysis of sparse recovery under general perturbations is also applied

for the mean squared error of the CIR estimate for a sparse multipath channel. The

contributions of this proposed framework are given as:

• The proposed CS framework allows to jointly estimate CFO and CIR.

• The proposed method only needs one OFDM block of training symbols.

• There is no need for any initialization since it does not depend on the statistics

of the channel or the noise.

• The performance does not depend on CFO and is very close to the MLE method.

• Sparse recovery bounds from CS perturbation theory are applied from the channel

estimation.

1.3. Outline of the Thesis

The organization of this thesis is as follows: Chapter 2 gives a brief review on the

uniqueness of the solutions given by the sparse recovery algorithms and the stability

analysis of the sparse solutions. In this chapter some of the most important properties

used in the stability analysis of sparse recovery methods including spark, mutual co-

herence, restricted isometry property and null space property and their relations with

each other are covered. The tools given in this chapter are also used in Chapter 3

to give the necessary conditions to achieve the performance guarantees of the sparse

recovery methods. Chapter 3 reviews some of the existing sparse recovery algorithms

and their theoretical performance guarantees. Sparse recovery algorithms are presented

in three categories: greedy algorithms, the convex relaxation by `1 minimization, and

the Bayesian compressed sensing method. While orthogonal matching pursuit, flexible

tree search based orthogonal matching pursuit and block orthogonal matching pursuit

algorithms are considered under greedy methods, interior point methods and the Nes-

terov’s algorithm methods are given under `1 minimization. The Bayesian compressed

sensing approach is covered under its own section. The performance bounds of the

sparse recovery methods are given for additive and multiplicative noise in Chapter

4. A best case and a worst case analysis is provided for each perturbation. Chapter

5 investigates the application of the sparse recovery methods for the electromagnetic
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imaging of closely placed objects. The reconstruction of closely placed point-like scat-

terers in inverse scattering problems is analysed. Numerical results regarding a far

and a close proximity inverse scattering setup are given and the performances of the

sparse recovery methods presented in Chapter 3 are compared. Joint estimation of

CIR and CFO for OFDM systems is studied from the perspective of sparse recovery

framework in Chapter 6. CFO is modeled as a multiplicative noise and sparse recovery

bounds for sparse recovery methods under general perturbations (Chapter 4) are ap-

plied to compute worst case channel estimation bounds with CFO. The performance

of the proposed method are compared against the well-established Moose, Classen, the

maximum likelihood estimation and the p-algorithm for three channel models: a time

invariant channel, a time varying channel and a time varying channel with varying

carrier frequency offset.
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2. UNIQUENESS OF SPARSEST SOLUTION

The uniqueness of a sparsest solution is an important question for sparse signal

recovery. In order to analyse the conditions under which a sparse recovery method

yields an unique solution, several properties/tools have been developed in the CS liter-

ature. This chapter gives a brief review on some of the most important ones including

spark, mutual coherence, restricted isometry property and null space property and

on how they are related to each other. Since some of these properties are also used

in the performance bounds of the sparse recovery methods (Section 4), a thorough

understanding of them is vital.

2.1. Spark

A key property to study uniqueness is the spark of the matrix A, a term coined

and defined by Donoho and Elad [18]. The spark is a way of characterizing the null

space of the matrix using the `0 pseudo norm. The spark of a given matrix is the

smallest number of columns that are linearly independent [18]. The spark of a matrix is

far more difficult to obtain compared to its rank since it is related to linearly dependent

matrix columns. Inclusion-wise minimal collections of linearly dependent columns are

called circuits. A circuit is a set of column indices, Λ ⊆ {1, ..., n}, such that the

submatrix constructed by extracting the columns corresponding to the indices in the

set Λ, has a nonzero solution, AΛx = 0. Thus, finding the size of its smallest circuit is

equivalent to computing its spark [19]. The spark gives a simple criterion for uniqueness

of sparse solutions. By definition, the vectors in the null space of the matrix, Ax = 0,

must satisfy ‖x‖0 ≥ spark(A), since at least spark(A) number of columns must combine

to give the zero vector.

Theorem 2.1. If a system of linear equations has a solution x1 which has a `0 pseudo

norm less than the half of the spark of the sensing matrix, ‖x1‖0 < spark(A)/2, this

solution is necessarily the sparsest possible [20].
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Proof. Suppose there exists another, x2 that satisfies Ax2 = y. Then the difference of

these solutions must be in the null space, A(x1−x2) = 0. `0 pseudo norm satisfies the

triangle inequality (2.1).

‖x1‖0 + ‖x2‖0 ≥ ‖x1 − x2‖0 ≥ spark(A) (2.1)

Since ‖x1‖0 < spark(A)/2, the alternative solution must be ‖x2‖0 > spark(A)/2 in

order to hold for (2.1).

The value of spark can be informative. Checking the sparsity of the solution and

then comparing that with the spark is a way to check global optimality. Large values

of spark allow large values of sparsity. Spark must be in the range, [2,m+ 1] [20].

2.2. Mutual Coherence

Since computing the spark is NP-complete [19], simpler ways to guarantee unique-

ness are of interest. Mutual coherence [21–23] of a matrix is defined as the largest

absolute normalized inner product between different columns of the sensing matrix

(2.2).

µ(A) = max
1≤i,l≤n i 6=l

|〈ai, al〉|
‖ai‖2 ‖al‖2

(2.2)

ai and al denote the i-th and l-th columns of A respectively. If the angle between

each and every column pairs of the sensing matrix is the same, |〈ai, al〉|, this type

of sensing matrices is called equiangular frames. If a sensing dictionary is built by

bringing structured two-ortho matrices side-by-side, then the mutual coherence of this

dictionary can be shown to satisfy 1/
√
m ≤ µ(A) ≤ 1. Identity-Fourier and Identity-

Hadamard pairs achieves the lower bound µ(A) = 1/
√
m [24,25]. For full rank matrices

of size m× n, the smallest value of the mutual coherence is given as (2.3).

µ(A) ≥
√

n−m
m(n− 1)

(2.3)
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This bound (2.3) is also known as the Welch bound [24–27]. For general matrices with

more columns than rows, mutual coherence is strictly positive. In order to get closest

to the behaviour exhibited by unitary matrices, the sensing matrices with the smallest

mutual coherences are desired, µ(A) = O(1/
√
m) [27]. Grassmanian frames are of unit

norm and minimize the maximum correlation among all frames. Equality is achieved

if and only if the sensing matrix is equiangular and tight, AA∗ = I.

The change in the mutual coherence of some of the well-known sensing dictio-

naries against the varying undersampling ratio and different signal dimensions can be

observed in Figures 2.1(a), 2.1(b), 2.1(c), 2.1(d). The Bernoulli Ensemble, the Gaus-

sian Ensemble, the random convolution matrix, the partial discrete Fourier transform

(DFT), and the noiselet basis are used to generate the sensing matrices. The under-

sampling of the sensing matrices is accomplished by choosing the rows of the sensing

matrix uniformly. The undersampling ratio range is kept within the interval of (0, 1].

The representation basis where the signal is assumed to be sparse is taken as the iden-

tity basis. For all signal dimensions, it is seen that the partial DFT and the noiselet

basis yield sensing matrices with smaller mutual coherences while the mutual coher-

ences of the sensing matrices built from the Bernoulli Ensemble, the Gaussian Ensemble

and random convolution sensing matrices are greater. The mutual coherences of the

Bernoulli and the Gaussian sensing matrices are very close to each other within the

whole undersampling ratio range for all signal dimensions. The mutual coherence of

the random convolution matrix is also close to these two within the undersampling

ratio interval of [0.4, 0.6] for signal dimension n = 256 (Figure 2.1(a)). When the

undersampling ratio increases beyond this range, the mutual coherence of the random

convolution matrix gets smaller. However, as the signal dimension gets larger, the

undersampling ratio range for which the mutual coherence of the convolution matrix is

close to the Bernoulli and Gaussian sensing matrices increases. It is seen for all sensing

matrices that decreasing the undersampling ratio increases the mutual coherence. The

mutual coherence of the partial DFT is closest to the Welch bound. On the contrary as

the signal dimension increases, it is observed that the mutual coherence for all sensing

matrices gets smaller.
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Figure 2.1. Mutual coherence of sensing matrices with identity basis.

Representation basis where the signal is sparse does not always have to be the

identity basis as shown in Figure 2.1 and so can from different basis such as a wavelet

basis or a Fourier basis. In order to demonstrate such an example, the mutual co-

herences of Gaussian and noiselet sensing basis against Haar, Daubechies-4 (D4) and

Fourier representation basis are given in Figures 2.2(a), 2.2(b), 2.2(c). For the Gaus-

sian sensing matrices, changing the representation basis from Haar to D4 does not

affect the mutual coherence. However, when the representation basis is Fourier, it is

observed that the Gaussian sensing matrix yields lower mutual coherence compared to

Gauss-Haar and Gauss-D4 pairs for all signal dimensions. When Haar and D4 basis are

used as the representation basis for the noiselet sensing matrix, the mutual coherence

is closest to the Welch bound. If the Fourier basis is paired with the noiselet sensing

matrix, then the mutual coherence becomes the greatest. The mutual coherence of the

noiselet sensing matrix also depends on the chosen representation basis. Noiselet-Haar

and noiselet-D4 pairs appear to be the most incoherent basis pairs while Gauss-Haar

and Gauss-D4 pairs result in larger coherences.
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Figure 2.2. Mutual coherence of sensing matrices with wavelet basis.

Mutual coherence and spark of a sensing matrix are related to each other as

shown in the following Theorem 2.2.

Theorem 2.2. For any sensing matrix A, the spark is greater than the inverse of the

mutual coherence (2.4).

spark(A) ≥ 1 +
1

µ(A)
(2.4)

Proof. Modify the matrix A by normalizing its columns to unit norm and obtain

the Grammian matrix, A∗A. While diagonal entries of the Grammian is equal to 1

due to normalization, off-diagonal entries must be less than the mutual coherence by

definition. Choose a subgroup of p columns from A and compute its Grammian matrix.

If the sub-Grammian is diagonally dominant, this sub-matrix is positive definite and

the chosen columns are linearly independent. The condition p < 1 + 1/µ(A) implies

the smallest number of columns that leads to linear dependence is p = 1 + 1/µ(A).
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2.2.1. Minimizing Mutual Coherence via Stochastic Optimization

Choosing the rows of the sensing matrix during undersampling is an important

problem since some row configurations may yield sensing matrices with lesser mutual

coherence. One particular application is designing the pilot symbols in an OFDM

system with pilot assisted channel estimation [28–30]. Let the sensing matrix be the

DFT matrix whose rows are to be chosen as

Fw =
1√
n


1 e−j2πω1/n · · · e−j2πω1(n−1)/n

1 e−j2πω2/n · · · e−j2πω2(n−1)/n

...
...

. . .
...

1 e−j2πωm/n · · · e−j2πωm(n−1)/n


m×n

(2.5)

where w = [ω1 ω2 ... ωm]T . Mutual coherence for this sensing matrix can be computed

using Equation (2.6).

µ(Fw) = max
1≤i,l≤n

∣∣∣∣∣
m∑
v=1

e−2jπωv(l−i)/n

∣∣∣∣∣ (2.6)

The problem is to find the rows or in this case the frequency vector, w, which gives the

sensing matrix with the least mutual coherence. It is possible to exhaustively search for

all of
(
n
m

)
row configurations and find the one with the least mutual coherence but as the

signal dimension increases, this is computationally not feasible. A discrete stochastic

approximation can be used to sequentially search a near-optimal row placement. The

algorithm generates a sequence of the estimates of the optimal row subset where the

new estimate is based on the previous one by moving a small step in a good direction

towards the global optimizer. An occupation probability vector p is used to keep an

estimate of the occupation probability of one state, i.e. a row subset. The algorithm

converges to the state with the largest occupation probability in p [28,30]. Let wl, ŵl

and w̃l denote the chosen rows at iteration l and the number of all possible placements
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are nx =
(
n
m

)
. The state occupation probability at iteration l is given in (2.7).

p =

{
[pl,1,pl,2, ...,pl,nx ]T ∈ Rnx

∣∣∣∣ nx∑
i=1

pl,i = 1,pl,i ∈ [0, 1]

}
(2.7)

The algorithm starts at a random row position w0 and initialize p0 = 0. Given wl a

new row placement, w̃l is obtained by sequentially changing one row position of wl. In

every iteration only one row position is changed so that the computational complexity of

the algorithm is reduced. µ(Fw̃l
) is compared to µ(Fwl

) and then the algorithm moves

towards the global optimizer (Figure 2.3). The frequency of the selected row placement

is updated via the state occupation probability vector pl+1 = pl + (rl+1 − pl)/(l + 1)

where rl+1 ∈ Rnx is defined as a zero vector except for its (l+ 1)th component to be 1.

The output of the stochastic algorithm for the undersampled DFT sensing matrix

with dimensions m = 17 and n = 273 is shown in Figure 2.4. For these dimensions the

Welch bound (2.3) exists and the mutual coherence of the DFT matrix with the initial

randomly selected rows is approximately two times greater than the Welch bound.

However, the algorithm decreases this gap by sequentially changing one row position

using the state occupation probability vector (Figure 2.3). When the iteration number

reaches to 102, the decrease in the mutual coherence of the newly seleceted rows become

smaller (Figure 2.4).

2.3. Restricted Isometry Property

One of the most used tools in the analysis of sparse recovery is the restricted

isometry property (RIP) [31]. For each integer s = 1, 2, ..., the restricted isometry

constant (RIC) of a matrix A is defined as the smallest number such that

(1− δs)‖x‖2
2 ≤ ‖Ax‖2

2 ≤ (1 + δs)‖x‖2
2 (2.8)

holds for all s-sparse vectors x ∈ Σs [31]. s-sparse vectors cannot be in the null space,

Ax 6= 0. An equivalent description of the RIP (2.8) is that all subsets of s columns
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Randomly generate w0, ŵ← w0

p0 ← 0,p0,0 ← 1, u← 0, v ← 0

for i = 0 to Istoc − 1 do

for k = 0 to m− 1 do

l← iIstoc + k

generate w̃l \wl

if µ(Fw̃l
) < µ(Fwl

) then

wl+1 ← w̃l, u← l + 1

else if µ(Fw̃l
) ≥ µ(Fwl

) then

wl+1 ← wl

end if

pl+1 ← pl + (rl+1 − pl)/(l + 1)

if pl+1,u > pl+1,v then

wl+1 ← w̃l+1, v ← u

else if pl+1,u ≤ pl+1,v then

wl+1 ← wl

end if

end for

end for

Figure 2.3. Discrete stochastic approximation algorithm for row allocation.
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Figure 2.4. Comparison of the algorithm and the Welch bound for n = 273.

taken from A are in fact nearly orthogonal and so

(1− δs)‖c‖2
2 ≤ ‖AΛc‖2

2 ≤ (1 + δs)‖c‖2
2 (2.9)

must be satisfied for all submatrices AΛ with cardinality |Λ| ≤ s and coefficient se-

quences c. Another result of this property is that the eigenvalues of the Grammian

matrix, A∗ΛAΛ, must be within the interval determined by the RICs (2.10).

(1− δs) ≤ λmin(A∗ΛAΛ) ≤ λmax(A∗ΛAΛ) ≤ (1 + δs) (2.10)

In this context the largest and smallest singular values taken over all s-column sub-

matrices of A are also related to the RIC as ‖A‖(s)
2 = σ

(s)
max(A) ≤

√
1 + δs and

σ
(s)
min(A) ≥

√
1− δs. A matrix obeys the RIP of order s if δs is not too close to one.

The RIC can be equivalently defined as the maximum spectral norm of the difference

of the Grammian matrix and the identity matrix [27].

δs = max
Λ⊂{1,...,n},card(Λ)≤s

‖A∗ΛAΛ − I‖2 (2.11)
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Given a matrix A it is hard to evaluate δs for s � 1 since the computation requires

a sweep through all the
(
n
s

)
supports. The RIC can be bounded using the mutual

coherence [20] as in (2.12).

δs ≤ (s− 1)µ(A) (2.12)

For the completely perturbed case where the sensing matrix is also perturbed by the

multiplicative noise, Ã = A + Z, the RIP (2.8) can be redefined as in (2.14).

Theorem 2.3. Given the sparsity level of the signal, the RIC associated with matrix A

and the relative perturbation ε
(s)
A = ‖Z‖(s)

2 / ‖A‖(s)
2 associated with the perturbation

matrix Z, the maximum RIC can be fixed as in (2.13).

δ̃s,max = (1 + δs)
(

1 + ε
(s)
A

)2

− 1 (2.13)

Then the RIP constant δ̃s ≤ δ̃s,max for matrix Ã = A + Z is the smallest nonnegative

number such that

(1− δ̃s)‖x‖2
2 ≤ ‖Ãx‖2

2 ≤ (1 + δ̃s)‖x‖2
2 (2.14)

holds for any x ∈ Σs [32].

Proof. Assume that δ̃s,1 and δ̃s,2 satisfy the RIP for Ã

(1− δ̃s,1)‖x‖2
2 ≤ ‖Ãx‖2

2 ≤ (1 + δ̃s,2)‖x‖2
2 (2.15)

Using the triangle inequality, the relative perturbation bound ε
(s)
A = ‖Z‖(s)

2 / ‖A‖(s)
2
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and ‖A‖(s)
2 = σ

(s)
max ≤

√
1 + δs the right hand side of (2.15) can be written as:

‖Ãx‖2
2 ≤ [‖Ax‖2 + ‖Zx‖2]2 (2.16)

≤
[√

1 + δs + ‖Z‖(s)
2

]2

‖x‖2
2 (2.17)

≤ (1 + δs)
[
1 + ε

(s)
A

]2

‖x‖2
2 (2.18)

If the right hand side of (2.15) is compared to (2.18) using the fact that δ̃s,2 must be

the smallest nonnegative number in order to satisfy the RIP, then δ̃s,2 should satisfy

(2.19).

(1 + δ̃s,2) ≤ (1 + δs)
[
1 + ε

(s)
A

]2

(2.19)

When Z is a positive real valued multiple of A, the inequalities (2.16) and (2.18)

become equality. The bound (2.18) can be attained by using (2.20).

δ̃s,2 = (1 + δs)
[
1 + ε

(s)
A

]2

− 1 (2.20)

The left hand side of (2.15) is obtained in the same way using similar arguments (2.21).

δ̃s,1 = 1− (1− δs)
[
1 + ε

(s)
A

]2

(2.21)

Since (1− δ̃s,2) ≤ (1− δ̃s,1) and (1 + δ̃s,1) ≤ (1 + δ̃s,2), δ̃s,max can be chosen as

δ̃s,max = δ̃s,2 = (1 + δs)
[
1 + ε

(s)
A

]2

− 1 (2.22)

and the proof is finalized [32].

The bound (2.13) represents a worst case deviation of δ̃s. For a given ε
(s)
A there

are infinitely many Z which satisfy it. It is possible to construct nonzero perturbations

which result in δ̃s = δs. For example suppose Ã = AU for some unitary matrix U 6= I.

Here Z = A(U − I) 6= 0 and yet δ̃s = δs. In such cases more information on Z is
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needed to estimate more accurate value of ε
(s)
A [32].

2.4. Null Space Property

A matrix is said to satisfy the null space property (NSP) of order s, if for all

vectors x in the nullspace, Ax = 0, it holds that

‖x‖s,1 ≤ αs‖x‖1 (2.23)

where ‖x‖s,1 denotes the sum of the s largest absolute values of entries in x. αs is a

constant and for αs < 1/2 exact recovery of s sparse solutions are guaranteed [23,33].

The NSP (2.23) is also related to the RIP (2.8) as presented in the following

theorem.

Theorem 2.4. Assume that A satisfies the RIP of sparsity order S = s + s
′

with RIC

constant δS ∈ (0, 1). Then A has the NSP (2.23) of sparsity order s with the NSP

constant given as αs =
√

[s(1 + δS)]/[s′(1− δS)] [27].

Proof. Let x ∈ {x |Ax = 0}, Λ ⊂ {1, . . . , n} and card{Λ} ≤ s. Define Λ0 = Λ and

Λ1, . . . ,Λr to be disjoint sets of index size at most s
′

associated to a nonincreasing

rearrangement of the entries of x (2.24).

|x[l]| ≤ |x[k]| l ∈ Λl′ , k ∈ Λk′ , l
′ ≥ k

′ ≥ 1 (2.24)

Ax = 0 implies that AxΛ0∪Λ1 = −
∑r

l=2 AxΛl
. Then using the Cauchy-Schwarz in-

equality, the RIP (2.8) and the triangle inequality, the following sequence of inequalities
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can be deduced:

‖xΛ‖1 ≤
√
s‖xΛ‖2 ≤

√
s‖xΛ0∪Λ1‖2

≤
√

s

1− δS
‖AxΛ0∪Λ1‖2 =

√
s

1− δS
‖AxΛ2∪···∪Λr‖2

≤
√

s

1− δS

r∑
l=2

‖AxΛl
‖2 ≤

√
1 + δS
1− δS

√
s

r∑
l=2

‖xΛl
‖2 (2.25)

It follows from (2.24) that |x[l]| ≤ |x[k]| for all l ∈ Λl′+1 and k ∈ Λl′ . Taking the

sum over k ∈ Λl′ and then the `2 norm over l ∈ Λl′+1 yields |x[l]| ≤ (s
′
)−1‖xΛ

l
′ ‖1, and

‖xΛ
l
′
+1
‖2 ≤ (s

′
)−1/2‖xΛ

l
′ ‖1. Using (2.25) gives

‖xΛ‖1 ≤

√
s

s′
(1 + δS)

(1− δS)

r−1∑
l=1

‖xΛl
‖1 ≤

√
s

s′
(1 + δS)

(1− δS)
‖xΛc‖1 (2.26)

and the proof is completed.

Some of the most important CS stability analysis tools; spark, mutual coherence,

RIP and NSP are covered in this chapter. While spark, RIP and NSP are compu-

tationally inefficient for higher signal dimensions, mutual coherence can be computed

for any given sensing matrix. Although it is possible to use mutual coherence to give

bounds for the other tools such as spark and RIP, these bounds are not tight.
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3. RECONSTRUCTION METHODS

Since there exists a wide variety of sparse recovery methods, the algorithms that

are given in this chapter do not cover all of them but they include some of the im-

portant well-established methods. Sparse reconstruction methods can be presented in

three categories: greedy pursuits, convex relaxation methods, and Bayesian compressed

sensing.

3.1. Greedy Pursuits

Greedy pursuits constructs an approximation to the sparse signal of interest one

term at a time by making locally optimal choices at each step of the algorithm. These

methods selects the column of the sensing matrix which correlates most strongly with

the residual signal in a greedy fashion. Greedy pursuits consists of the orhogonal match-

ing pursuit (OMP) [34–36] algorithm and modified versions of the OMP. Compressive

sampling matching pursuit (COSAMP) [37], regularized OMP [38, 39] and stagewise

OMP [40] are some of the examples of greedy pursuits that are based on OMP.

3.1.1. Orthogonal Matching Pursuit

In order to identify the signal x, the columns of A which participate in the

measurement vector y must be determined. The idea of OMP is to pick columns of A

in a greedy fashion. OMP algorithm iteratively chooses the columns of the matrix by

selecting the column whose correlation with the remaining part of y has the maximum

value [36]. Then the contribution of the chosen column is subtracted from y and the

new residual is used for the next iteration. At each iteration the new signal estimate is

calculated by least squares projection which can be implemented with Gram-Schmidt

scheme. The Gram-Schmidt orthogonalization procedure uses the selected column to

create an orthogonal set of vectors. A new residual is computed as the difference

between the previous residual and the projection of the previous residual onto the

new vector obtained through Gram-Schmidt scheme (Figure 3.1). The algorithm is
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expected to identify the correct support set of the signal x in s iterations.

OMP algorithm initializes by setting the residual equal to the measurement vec-

tor. Then OMP attempts to reconstruct the support set of x iteratively by starting

with an empty set of selected columns Λ = ∅ (Figure 3.1). In the i-th iteration, a

new element which denotes the column of A that has the largest absolute value of

inner products with the residual r is added to Λ. The residual is updated at the end

of each iteration by representing the components of the measurements y that cannot

be represented by AΛ. The computational complexity of the OMP algorithm depends

upon whether the sensing matrix, A, is a dense matrix that can only be implemented

with regular matrix multiplication or a matrix that can be implemented with a faster

matrix multiplication. For dense sensing matrices and iteration number set to sparsity,

Imax = s, the total complexity of the OMP algorithm is (4/3)s3+smn+O(n) at most. If

the sensing matrix allows fast matrix multiplication with computational cost CA, then

the complexity of the OMP method is (4/3)s3 +2sCA +O(n) . The running time of the

OMP algorithm is dominated by the Gram-Schmidt procedure which has a marginal

cost of O(im) for i iterations and can be maintained with Cholesky factorization [36].

3.1.2. Flexible Tree Search Based OMP

Although the performance of OMP algorithm is proven in various problems [36],

it may not always provide the sparsest solution when an erroneous decision is made

on the initial iterations. This shortcoming of the OMP algorithm prevents the algo-

rithm to find a good approximation to the signal of interest and leads to suboptimum

representations. The tree search based techniques can be integrated to matching pur-

suit (MP) algorithms in order to avoid such error propagations [41]. These algorithms

are referred as tree search based matching pursuit (TB-MP) algorithms and they can

greatly improve the approximation and detection performance of the MP algorithms

at the expense of increased computational cost.

Such a tree search based algorithm, referred to as flexible tree search based orthog-

onal matching pursuit (FTB-OMP), is proposed in [42]. Through the design parame-
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Input: y, A, Imax

Initial State: r0 = y,Λ0 = ∅

for i = 1 to Imax do

ϕ← A∗ri−1

l← arg max
k∈{1,...,n}

|ϕk|

Λ← Λ ∪ {l}

qi ← al −
i−1∑
k=0

〈al,qk〉qk

qi ← qi/ ‖qi‖2

ri ← ri−1 − 〈ri−1,qi〉qi
end for

x̂← arg min ‖y −AΛx‖2

Output: Λ, x̂

Figure 3.1. Orthogonal Matching Pursuit Algorithm.

ters, FTB-OMP provides the flexibility to establish a tradeoff between the performance

of the reconstruction and the size of the search tree which effects the computational

complexity. FTB-OMP is implemented by substituting a single vector selection at each

iteration by considering ϑ number of possible vectors. In this way the greedy pursuit

is substituted by a search on a tree with the branching factor, ϑ. The complexity of

the search may be decreased by reducing the number of children as the depth of the

search tree increases. In addition the size of the search tree can be further controlled

by employing a correlation based pruning. Branch pruning is controlled by a decay-

ing parameter, ι, which affects the tree structure by reducing the branching factor at

each iteration. A maximum number of branches are searched for each node in order

to find a partial solution. In the initial iteration, the branching factor is set to the

given parameter value and then for each iteration the algorithm recursively calls itself

with the new branching factor given as dϑ/ι(i−1)e (Figure 3.2). The idea is to construct

the search tree with a large number of branches at the initial iteration where an erro-

neous selection is more likely to appear, and then reduce the branching factor as the

number of iterations increases. Further reduction on the tree size may be achieved by
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using a correlation threshold. This may help in reducing the size of the search tree by

prunnig the tree branches that are heuristically believed to be unnecessary and keep

only the branches among which are highly correlated with OMP’s first choice branch.

At the output of the algorithm, the indices of the selected vectors representing the

measurement signal in the most accurate manner provide the support of the signal.

Input: y, A, Q, Λ, ϑ, ι, Imax

Initial State: r = y, Φ = A, i = 1, Λ = ∅

ϕ← A∗r

(∼, I)← sort (ϕk)

if i < Imax then

for l = 1 to dϑ/ι(i−1)e do

qnew ← aIl −QQ∗aIl

qnew ← qnew/ ‖qnew‖2

rnew ← r− 〈r,qnew〉qnew

Qnew ← [ Q qnew ]

Λ← Λ ∪ {Il}

(rl,Λl)← FTB-OMP (r,Φ,Qnew,Λ, ϑ, ι, i+ 1)

el ← ‖rl‖2

end for

p← arg min ek

r← rp

else if i ≥ Imax then

q← aI1 −QQ∗aI1

q← q/ ‖q‖2

r← r− 〈r,q〉q

Λ← Λ ∪ {I1}

Return

end if

Figure 3.2. Flexible tree search based orthogonal matching pursuit algorithm.
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3.1.3. Block Orthogonal Matching Pursuit

Sparse signals may have additional structure in the form of nonzero coefficients

occurring in clusters. Such signals are referred to as block-sparse signals and they

can be encountered in multi-band signals, measurements of gene expression levels, and

multiple measurement vector problems [43,44]. Block-sparse signals are concatenation

of nb number of blocks with length lb

x = [x1 . . . xlb xlb+1 . . . x2lb . . . xn−lb+1 . . . xn]T (3.1)

where n = nblb and x[i] denotes the i-th block x[i] = [x(i−1)lb+1 . . . xilb ]T . The sensing

matrix for block sparse signals is similarly represented as concatenation of column

blocks (3.2).

A = [a1 . . . alb alb+1 . . . a2lb . . . an−lb+1 . . . an] (3.2)

A[k] denotes the k-th block matrix A[k] = [a(k−1)lb+1 . . . aklb ]. A block s-sparse signal

is defined as a vector that satisfies ‖x‖2,0 ≤ s. ‖x‖2,0 is defined as

‖x‖2,0 =

nb∑
i=1

I (‖x [i]‖2 > 0) (3.3)

where I(·) is the indicator function which is zero when its argument is zero and is one

otherwise. The indicator function counts the number of nonzero blocks in the signal.

The problem of finding a sparse representation which uses the minimum number of

blocks of the sensing matrix is given as the following optimization problem (3.4).

minimize ‖x‖2,0

subject to y = Ax (3.4)

However, solving (3.4) is an NP hard problem since it involves searching over all choices

of a few blocks of A [43,44]. A number of algorithms such as Group Lasso [45], mixed
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`2/`1 program [46], block orthogonal matching pursuit (BOMP) algorithm [43], block

sparse Bayesian learning [47], block iteratively reweighted least squares (BIRLS) [48]

and block iterative support detection (block-ISD) [16] have been shown to recover block

sparse signals.

BOMP algorithm is an extension of the OMP algorithm used in conventional

sparse recovery. The steps of the BOMP algorithm are shown in Figure 3.3. First step

of the BOMP is to initialize the residual r = y [43]. At each iteration the block that is

best matched to the residual from the previous iteration is chosen according to (3.5).

l = arg max
k=1,...,nb

‖A[k]∗r‖2 (3.5)

Once the block index l is chosen, the signal estimate x̂i is computed as

x̂i = arg min

∥∥∥∥∥y −∑
k∈Λ

A[k]x[k]

∥∥∥∥∥
2

= A†Λy = (A∗ΛAΛ)−1A∗Λy (3.6)

where Λ is the set of indices Λ = {l1, ..., li} chosen up to iteration i. Then the residual

is updated as in (3.7).

r = r−Ax̂i (3.7)

The computational complexity of the algorithm for 1 block-sparse signals is O(mnd).

The BOMP method [43] selects the block that is most correlated with the current

residual and then applies LS. So at any given iteration of the BOMP method, the

solution is guaranteed to be i block-sparse.

The BOMP algorithm is shown to recover any s-block sparse vector x if the

following condition [43] is satisfied

slb <
µ−1
B (A) + lb − (lb − 1)νµ−1

B (A)

2
(3.8)
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Input: A, y, s

Initial State: Λ = ∅ and r = y

for i = 1 to s do

l← arg max
k=1,...,nb

‖A[k]∗r‖2

Λ← Λ ∪ {l}

x̂i ← A†Λy

r← r−Ax̂i

end for

Output: x̂

Figure 3.3. Block Orthogonal Matching Pursuit Algorithm.

where b represents the block length for A and µB(A) denotes the block-coherence

µB(A) = max
l,k 6=l

1

n
σmax(A[l]∗A[k]) (3.9)

and ν represents the subcoherence of A as ν = maxi µ(A[i]). If the columns of A[i]

are orthonormal for each i, then the subcoherence is zero.

3.2. Convex Relaxation by `1 Minimization

Convex relaxation methods are based on the equivalance between `1-norm and

`0-pseudo-norm under certain conditions. Another effective method which is called the

least absolute shrinkage and selection operator (LASSO) [49] is the solution to the

following optimization problem (3.10).

minimize ‖x‖1

subject to ‖y −Ax‖2 ≤ ε (3.10)
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An unconstrained adaptation of the LASSO (3.10) can be given as

minimize
1

2
‖y −Ax‖2

2 + ζ‖x‖1 (3.11)

which the hard constraint ‖y −Ax‖2 ≤ ε is replaced with a quadratic penalty scaled

by 1/2ζ as (1/2ζ)‖y − Ax‖2
2. This problem is also known as basis pursuit (BP) or

basis pursuit denoising [50].

3.2.1. Interior Point Methods

The LASSO (3.10) or the BP (3.11) problem is also known as `1-regularized

least squares problem (LSP) and there is no analytic formula or expression for the

optimal solution to `1-regularized LSP [51]. In this case the solution must be computed

numerically. These problems can be transformed to a convex quadratic program (QP)

for real data or to a second order cone program (SOCP) [52] for complex data. Both QP

and SOCP are solved by standard convex optimization methods called interior-point

methods [53]. Interior-point methods are implemented in general purpose solvers such

as the CVX package [54,55] for the MATLAB programming environment. In order to

apply an interior point method to a SOCP, the first step is to reformulate (3.10) or

(3.11) as a convex problem

minimize

∥∥∥∥∥∥A′

 x<

x=

− y
′

∥∥∥∥∥∥
2

2

+ ζ 1Tu

subject to

√
(x<[i])2 + (x=[i])2 ≤ u[i] (3.12)

where i = 1, ..., n. The variables are x< = <{x}, x= = ={x}, u ∈ Rn and the new

problem data are shown in (3.13).

A
′
=

 <{A} −={A}
={A} <{A}

 ∈ R2m×2n y
′
=

 <{y}
={y}

 ∈ R2m (3.13)



28

Using the standard barrier function for second order constraints, the convex function

to be minimized is given as

φt(x<,x=,u) = t

∥∥∥∥∥∥A′

 x<

x=

− y
′

∥∥∥∥∥∥
2

2

+ t ζ 1Tu + Φ(x<,x=,u) (3.14)

where Φ(x<,x=,u) is the logarithmic barrier function defined in (3.15).

Φ(x<,x=,u) = −
n∑
i=1

log
(
(u[i])2 − (x<[i])2 − (x=[i])2

)
(3.15)

An optimal solution is achieved by computing a sequence of points (x<,x=,u) on the

central path (3.14) for an increasing sequence of values of t. A typical method is to

select t = t0, %t0, %
2t0, ... where % is chosen within the range [2, 50] [51]. The search

direction of the barrier method is found via solving the Newton equation (3.16).

H


∆x<

∆x=

∆u

 = −g (3.16)

The Hessian can be computed as H = ∇2φt(x<,x=,u), while the gradient computation

is given as g = ∇φt(x<,x=,u). The exact solution of (3.16) gives the search direc-

tion for the sequence of points on the central path. The computational complexity

of obatining the exact solution of the Newton system is rather high. Instead an ap-

proximate solution using preconditioned conjugate gradients is often preferred. This

overall method is called the truncated Newton method and its algorithm is shown in

Figure 3.4. Given the search direction, the new point is calculated using the step

size parameter. The parameter t is updated at the end of each iteration. For dense

sensing matrices the interior point methods can be implemented with computational

complexity Icont(2n)3/3 + O(mn). The computational complexity with fast matrix

multiplication, CA, can be reduced to 2nCA + O(mn).
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Input: εr > 0

Initial State: t = 1/ζ,x = 0,u = 1

for i = 1 to Icont do

Compute the search direction, (∆x<,∆x=,∆u), by solving (3.16)

Compute the step size by backtracking line search

Update the iterate as (x<,x=,u) = (x<,x=,u) + s(∆x<,∆x=,∆u)

Construct a dual feasible point of the Lagrange dual problem

if Duality gap ≤ εr then

Quit

end if

Update t

end for

Figure 3.4. Custom interior point method.

3.2.2. Nesterov’s Algorithm

Nesterov’s algorithm also known as NESTA [56, 57] is a first-order method with

an improved gradient method aiming to improve the speed, accuracy and robustness

of `1 regularized LSP (Section 3.2.1). NESTA is based on an algorithm to minimize

any smooth convex function f on the primal feasible convex set Qp (3.17).

min
x∈Qp

f(x) (3.17)

The function is assumed to be differentiable and its gradient ∇f(x) is Lipschitz

‖∇f(x1)−∇f(x2)‖2 ≤ L%‖x1 − x2‖2 (3.18)
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for x1 and x2 with Lipschitz constant, L%. For CS problems NESTA minimizes the

smooth approximation to the `1 norm

f%(x) = max
u∈Qd

〈u,x〉 − (%/2)‖u‖2
2 (3.19)

over Qp = {x : ‖y−Ax‖2 ≤ ε} where the dual feasible set is given as the infinity ball,

Qd = {u : ‖u‖∞ ≤ 1}. f% in (3.19) is the Huber function and its gradient, ∇f%(x), is

Lipschitz with constant L% = 1/%. The gradient can be computed as in (3.20).

∇f%(x)[i] =

 %−1x[i] if |x[i]| < µ

sgn (x[i]) otherwise
(3.20)

The steps of the NESTA algorithm is shown in Figure 3.5. The NESTA algorithm

makes use of the continuation and iteratively solves a sequence of CS problems with

decreasing smoothing parameters, %0 ≥ · · · ≥ %Icont . The solution of each problem

is used as a initial solution for the next problem in the sequence. The number of

continuation steps is denoted as Icont. For each continuation step, NESTA iteratively

estimates three sequences {xl}, {x̂l}, and {vl}. NESTA computes the current guess of

the optimal solution by solving (3.21).

x̂l = arg min
x∈Qp

L%
2
‖xl − x‖2

2 + 〈∇f%(xl),x− xl〉 (3.21)

After applying the Karush-Kuhn-Tucker (KKT) conditions to the Lagrangian of this

problem, the primal-dual solution (x̂l, ζε) can be found as in (3.22).

x̂l =

(
I− ζεA

∗A

ζε + L%

)(
ζεA

∗y

L%
+ xl −

1

L%
∇f%(xl)

)
ζε = max

(
0, ε−1

∥∥y −A
[
xl − L−1

% ∇f%(xl)
]∥∥

2
− L%

)
(3.22)

It is assumed that A∗A is an orthogonal projector and the rows of A are orthonormal.

NESTA makes use of the previous iterations by computing the sequence vl which is
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the solution to (3.23).

vl = arg min
x

L%
2
‖x− x0‖2

2 +
ζ

2
‖y −Ax‖2

2 + 〈
∑
k≤l

υk∇f%(xk),x− xl〉 (3.23)

KKT conditions of this problem gives the primal-dual solution (vl, ζε) (3.24).

vl =

(
I− ζεA

∗A

ζε + L%

)(
ζεA

∗y

L%
+ x0 −

1

L%

∑
k≤l

υk∇f%(xk)

)

ζε = max

0, ε−1

∥∥∥∥∥y −A

(
x0 − L−1

%

∑
j≤k

υj∇f%(xj)

)∥∥∥∥∥
2

− L%

 (3.24)

The sequence vl keeps memory of the previous iterations since it is calculated using

a weighted cumulative gradient
∑

k≤l υk∇f%(xk). The weight υl can be chosen as

υl = 1/2(l + 1) [56]. In the last step of NESTA, the current point xl is updated using

a weighted average between vl and x̂l (3.25).

xl+1 = τlvl + (1− τl)x̂l (3.25)

The weight τl can be chosen as τl = 2/(l + 3) which provides a faster convergence

rate than standard gradient-based optimization techniques according to the theoretical

analysis [56]. Stopping criteria of the NESTA algorithm is to check whether the relative

variation of f% is small enough. For this purpose ∆f% is defined as in (3.26).

∆f% =
|f%(xl)− 1

min{10,l}
∑min{10,l}

k=1 f%(xl−k)|
1

min{10,l}
∑min{10,l}

k=1 f%(xl−k)
(3.26)

The convergence can be claimed when ∆f% < εg. εg can be chosen from εg ∈ [10−5, 10−8]

depending on the desired accuracy [56]. The complexity of each iteration of the NESTA

method is dominated by three steps. The computational complexity of calculating ∇f%
is O(n). Then the computation of both x̂l and vl requires the application of the matrix

A three times for each of them. The total cost of finding them is 6 CA with CA denoting

the cost of the matrix multiplication for A. Thus the complexity of a single NESTA
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iteration is 6 CA + O(n) where CA is dominant.

Input: y, A

Initial State: x% = A∗y, %0 = 0.9‖A∗y‖∞
for i = 1 to Icont do

x0 ← x%

for l = 0 to Imax do

x̂l =

(
I− ζεA

∗A

ζε + L%

)(
ζεA

∗y

L%
+ xl −

1

L%
∇f%(xl)

)
vl =

(
I− ζεA

∗A

ζε + L%

)(
ζεA

∗y

L%
+ x0 −

1

L%

∑
k≤l

υk∇f%(xk)

)
xl+1 ← τlvl + (1− τl)x̂l
x% ← xl+1

if ∆f% < εg then

Return

end if

end for

%i+1 ← γ%i

end for

Output: x̂

Figure 3.5. Nesterov’s Algorithm (NESTA).

3.3. Bayesian Compressive Sensing

The Gaussian likelihood model for the CS measurement vector under zero mean

additive Gaussian noise with variance σ2 is given in (3.27).

p(y|x, σ2) = (2πσ2)−m/2 exp

(
− 1

2σ2
‖y −Ax‖2

)
(3.27)

The constraint that the signal is sparse is formalized by placing a sparseness promoting

prior on x and then the CS problem can be solved via a manimum a posteriori (MAP)

estimate of x using the sparseness prior. An estimate of the full posterior on x and σ2



33

can be realized using the relevance vector machine (RVM). By defining a zero-mean

Gaussian prior with αi inverse-variance on each element of the signal, N
(
x[i]
∣∣0, α−1

i

)
,

and then marginalizing over a Gamma prior Γ
(
αi
∣∣a, b), the overall prior can be written

as in (3.28).

p
(
x
∣∣a, b) =

n∏
i=1

∫ ∞
0

N
(
x[i]
∣∣0, α−1

i

)
Γ
(
αi
∣∣a, b) dαi (3.28)

The integral (3.28) corresponds to the Student-t distribution and can be evaluated

analytically [58]. The Student-t distribution favors most x[i] being zero and so promotes

sparseness when the parameters a and b are chosen appropriately. This structural form

allows the implementation of iterative algorithms for the evaluation of the posterior

density function of x and α0. The RVM applies the type-II maximum-likelihood (ML)

procedure to estimate the parameters α and α0. The posterior for x can be expressed as

a multivariate Gaussian distribution with mean vector m = α0KATy and covariance

matrix K =
(
α0A

TA + E
)−1

. The matrix E is diagonal with E = diag(α1, ..., αn).

The logarithm of the marginal likelihood for parameters α and α0 is given in (3.29).

log p (y|α, α0) = −1

2

[
m log 2π + log

∣∣σ2I + AE−1AT
∣∣+ yT

(
σ2I + AE−1AT

)−1
y
]

(3.29)

The type-II ML approximation uses the point estimates of {αi}

α̂i =
1− αiK[i, i]

(m[i])2
(3.30)

for i = 1, ..., n in order to maximize (3.29). Since the inverse variance of the noise is

σ2 = 1/α0, α0 can be estimated as in (3.31).

α̂0 =

m−
n∑
i=1

1− αiK[i, i]

‖y −Am‖2
2

(3.31)

BCS algorithm uses the point estimates of {α̂i} (3.30) and α̂0 (3.31) to compute the new

mean vector, m = α0KATy, and the new covariance matrix, K =
(
α0A

TA + E
)−1

, of
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the posterior for the signal. Then the newly computed mean and covariance is put into

(3.30) and (3.31) to update the point estimates of {α̂i} and α̂0. The BCS algorithm

iterates between computation of the mean and covarince and the point estimates (3.30)

and (3.31) [58].

When CS measurements are reapeated for similar scenes or for the same type

of diagnostic task, e.g. repeated MRI images, many of the measurements {yi} are

statistically related. The Bayesian model can be applied to this multi-task CS problem

to exploit statistical inter-relationships between the sensing tasks [59]. For this case

the likelihood function of the received signals can be written as in (3.32).

p
(
yi
∣∣xi, α0

)
= (2π/α0)−mi/2 exp

(
−α0

2
‖yi −Aixi‖2

2

)
(3.32)

The signal coefficients xi[l] of each task is assumed to be drawn from a product of zero

mean Gaussian distributions

p
(
xi
∣∣α) =

n∏
l=1

N
(
xi[l]

∣∣0, α−1
0 α−1

l

)
(3.33)

which is shared by M number of tasks. Gamma prior is placed on the noise precision

parameter α0 (3.34).

p(α0

∣∣a, b) = Ga(α0

∣∣a, b) =
ba

Γ(a)
α

(a−1)
0 e−bα0 (3.34)

The likelihood function of the signal, xi, given the measurements yi

p(xi
∣∣yi,α) =

∫
p(xi

∣∣yi,α, α0)p(α0

∣∣a, b)
=

Γ(a+ n/2)
[
1 + 1

2b
(xi −mi)

T K−1
i (xi −mi)

]−(a+n/2)

Γ(a)(2πb)n/2|Ki|1/2
(3.35)

where the mean and the covariance for each task can be computed as in (3.36) and
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(3.37) respectively.

mi = KiA
T
i yi (3.36)

Ki = (AT
i Ai + E)−1 (3.37)

This representation allows us to integrate α0 out and to change the multivariate Gaus-

sian distribution to the multivariate Student-t distribution. The parameters α can be

estimated by maximizing the logarithm of the marginal likelihood function

L(α) =
M∑
i=1

log p(yi
∣∣α) =

M∑
i=1

log

∫
p(yi

∣∣xi, α0)p(xi
∣∣α, α0)p(α0

∣∣a, b)dxidα0

= −1

2

M∑
i=1

[
(mi + 2a) log(yTi B−1

i yi + 2b) + log |Bi|
]

+ constant (3.38)

where Bi = I + AiE
−1AT

i . A point estimate of α can be obtained by applying either

direct differentiation or the EM algorithm

αl =
M∑M

i=1 m2
i [l](ni + 2a)/(yTi B−1

i yi + 2b) + Ki[l, l]
(3.39)

for l = 1, . . . , n. An iterative algorithm can be built using the equations (3.39) and

(3.36)-(3.37) until convergence is achieved. The total computational complexity of the

MT-BCS method can be reduced to O(m2n) with a fast implementation for the inverse

operation (3.37) [59].

All sparse recovery methods have their tradeoffs. The greedy pursuits have lower

computational complexity in general. When compared to other CS methods, they can

be considered intermediate regarding the number of measurement samples needed to

obtain a sparse solution. Some of the greedy pursuit methods may require an initial

guess of the sparsity level of the unknown signal. The running time of the convex

relaxation methods, on the other hand, is greater than those of the greedy pursuit

methods. They don’t require apriori knowledge about the sparsity level of the signal

and they work with lower undersampling ratios compared to greedy pursuits.
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4. SPARSE SIGNAL RECOVERY BOUNDS

The performance of the sparse recovery methods reviewed in Chapter 3 depends

on a number of parameters such as the number of measurement samples, the choice and

the dimensions of the sensing matrix and the perturbations to both the measurement

vector and the sensing matrix. In order to accurately estimate the signal of interest by

exploiting sparsity, certain conditions relating to these parameters must be met. The

sparse signal recovery bounds are useful in showing limitations of CS and designing

the sensing matrices for CS applications.

The variation in the sensing matrix can be modelled using a set-based, worst-

case approach. The uncertainty of the sensing matrix can be described by a set of

possible values Ã ∈ A which is assumed to be nonempty and bounded. The associated

worst-case error of a candidate approximate solution x may be given as

ewc(x, Ã) = sup
{
‖Ãx− y‖ | Ã ∈ A

}
(4.1)

which is always a convex function. The objective is to minimize this worst-case error

as in (4.2).

minimize ewc(x, Ã) = sup
{
‖Ãx− y‖ | Ã ∈ A

}
(4.2)

This is a worst case robust approximation problem where the variable is x and the

problem data are y and the set A. The robust approximation problem is always a

convex optimization problem, but its tractability depends on the norm used and the

description of the uncertainty set A. The set A gives our uncertainty in the linear

relation between x and y. The robust approximation problem can be interpreted as

the robust design problem: find design variables x that minimize the worst possible

mismatch between Ãx and y over all possible values of Ã. For sparse signal recovery
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we should consider the worst-case error (4.3) over all x ∈ Σs.

ewc(x, Ã) = inf
x̂

sup
x∈Σs

E
{

1

n
||x̂− x||22

}
(4.3)

4.1. Perturbation Analysis of Additive Noise

The noise term that is added to the ideal measurement vector in the signal model

is called additive noise. For communication systems additive noise may arise from

electronic components and amplifiers at the receiver or from inteference encountered

in radio signal transmission. This type of noise can also be characterized as thermal

noise. A best case and a worst case analysis of the signal reconstruction error under

additive noise is presented.

4.1.1. Best Case Analysis

An oracle estimator is constructed using the knowledge of the support of S(x).

Since it depends on an unknown information that is the support of the signal in the

actual problem, the oracle estimator is infeasible. However, the oracle gives a reference

performance quality to compare against and simple closed form expressions can be

obtained for the mean squared error [20]. Since that the support, S(x), is known in

advance, the values of the s nonzero entries is related to the solution of the least squares

problem

x̂?S = arg min
x̂S

‖ASx̂S − ỹ‖2 (4.4)

where x̂?S is the restriction of x̂? to the set S(x). An ideal estimator x̂? can be con-

structed by using the LS projection (4.5).

x̂?S = (A∗SAS)−1A∗Sỹ (4.5)
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The ideal estimator x̂? is constructed by setting its entries indexed by the complement

of S(x) to zero. Assuming that the measurement noise is from zero mean Gaussian

distribution, z ∼ N (0, σ2
zI), the expected mean squared error (MSE) can be deduced

from the following equations:

E
{
‖x̂? − x‖2

2

}
= E

{
‖(A∗SAS)−1A∗Sz‖2

2

}
= E

{〈
(A∗SAS)−1A∗Sz, (A∗SAS)−1A∗Sz

〉}
= Tr

(
E
{[

(A∗SAS)−1A∗Szz∗AS(A∗SAS)−1
]})

= Tr
(
(A∗SAS)−1A∗S E {zz∗}AS(A∗SAS)−1

)
= σ2

z Tr
(
(A∗SAS)−1

)
(4.6)

If the sensing matrix A obeys the RIP (2.8) for sparsity level s, then all the eigenvalues

of the Grammian matrix A∗SAS must belong to the interval [1− δs, 1 + δs]. In this case

the ideal expected MSE can be bounded as in (4.7).

E
{
‖x̂? − x‖2

2

}
≥ sσ2

z

1 + δs
(4.7)

Suppose for simplicity that A is the identity matrix so that the measurements under

Gaussian noise is also Gaussian distributed with ỹ ∼ N (x, σ2
zI). In this case the oracle

estimator yields the coordinates, locations of x which are significant, i.e. the set of

indices where |x[i]| > σ. Equipped with this knowledge, an ideal estimation can be

done by setting x̂?[i] = ỹ[i] for each index in the significant set, and x̂?[i] = 0 otherwise.

The expected MSE of this ideal estimator [60] is given in (4.8).

E
{
‖x̂? − x‖2

2

}
=

n∑
i=1

min
(
(x[i])2, σ2

z

)
(4.8)

The ideal LS estimator, x̂?, can be found by minimizing the expected MSE

x̂? = arg min
Λ⊂{1,...,n}

E
{
‖x̂Λ − x‖2

2

}
(4.9)
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where Λ is a subset of indices and ỹ is regressed onto this subset, x̂Λ = (A∗ΛAΛ)−1A∗Λỹ.

It can be asked whether any real estimator would obey

‖x̂− x‖2
2 = O(log n)E

{
‖x? − x‖2

2

}
(4.10)

with large probability. Equation (4.8) can be intepreted as a proxy for the ideal risk,

E {‖x? − x‖2
2}. The error of this estimator can be written as in (4.11).

‖x̂Λ − x‖2
2 = ‖x̂Λ − xΛ‖2

2 + ‖xΛ − x‖2
2 (4.11)

The expected MSE of the first term, x̂Λ − xΛ = (A∗ΛAΛ)−1A∗ΛAxΛc + (A∗ΛAΛ)−1A∗Λz,

is given in (4.12).

E
{
‖x̂Λ − xΛ‖2

2

}
= ‖(A∗ΛAΛ)−1A∗ΛAxΛc‖2

2 + σ2
zTr((A∗ΛAΛ)−1) (4.12)

Using (4.7) as E {‖x̂Λ − xΛ‖2
2} ≥ [σ2

z card(Λ)]/[1 + δcard(Λ)], this term can be written as

E
{
‖x̂Λ − x‖2

2

}
≥ 1

2

[∑
i∈Λc

x2
i + σ2

zcard(Λ)

]
(4.13)

for all sets Λ with card(Λ) ≤ s, and δs < 1. Then the proxy (4.10) can be used to

bound the ideal MSE (4.14).

E
{
‖x? − x‖2

2

}
≥ 1

2
min

Λ

(∑
i∈Λc

(x[i])2 + σ2
zcard(Λ)

)
=

1

2

∑
i

min
(
(x[i])2, σ2

z

)
(4.14)

4.1.2. Worst Case Analysis

Worst case analysis provides the worst performance that can be attained by any

CS recovery algorithm for all possible signals of interest with a given sparsity level

and a sensing matrix under additive noise. In worst case analysis there is no prior

knowledge about the signal of interest.
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Theorem 4.1. Suppose that we observe ỹ = Ax + z where A is an m× n matrix with

m ≥ s, and z ∼ N (0, σ2
zI). Then there exists a constant C > 0 such that for all A ∈ A,

(4.15) holds [61].

ewc(x,A) ≥ C
sσ2

z

‖A‖2
F

log
(n
s

)
(4.15)

We also have that (4.16) is satisfied for all A ∈ A [61].

ewc(x,A) ≥ sσ2
z

‖A‖2
F

(4.16)

This theorem states a fundamental limit on the minimax risk which holds for

any matrix A ∈ A ⊆ Rm×n and any possible recovery algorithm. The constant C can

asymptotically be taken as 1/128 [61]. This theorem says that there is no A and no

recovery algorithm that does fundamentally better.

Theorem 4.2. If there exist a RIP constant δ2s <
√

2−1 for A, for partial perturbations

‖z‖2 ≤ ε the solution of the BP problem (3.11) obeys

‖x? − x‖2 ≤
C0√
s
‖x− x(s)‖1 + C1ε (4.17)

where xs contains the s largest entries of x with rest set to zero.

4.2. Perturbation Anaysis of Multiplicative Noise

The variation or pertubation in the sensing matrix is called multiplicative error

since it multiplies the variable x. Multiplicative noise arise in many applications of

compressed sensing including discrete radar/sonar imaging [62–64], sensor array pro-

cessing [65], and channel estimation [66–68]. In all of these applications imaging targets

are taken to be on a regular grid in delay, Doppler, and wavenumber. However no mat-

ter how large the size of the grid is, the sources of the actual field cannot be placed

on the center of the grid points in frequency or wavenumber. The grid misalignment
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problem results in a mismatch between the actual basis and the assumed sparsity basis

and yields a perturbed sensing matrix that differs from the actual but unknown sensing

matrix.

In the completely perturbed setup where z 6= 0 and Z 6= 0, the BP problem is

given in (4.18).

x? = arg min
x̂
‖x̂‖1 subject to ‖Ãx̂− ỹ‖ ≤ εtot (4.18)

The perturbed sensing matrix can be written in terms of the sensing matrix (4.19).

Ã = A + Z (4.19)

When (4.19) is used, the received signal can be written as

ỹ = Ãx + z = (A + Z)x + z = Ax + Zx + z (4.20)

the extra noise term, Zx, can be intepreted as multiplicative noise. The perturbations

of the completely perturbed BP problem (4.18) can be quantified with the following

relative bounds

‖z‖2

‖y‖2

≤ εy,
‖Z‖2

‖A‖2

≤ εA,
‖Z‖(l)

2

‖A‖(l)
2

≤ ε
(l)
A , ε = max

l=1,...,s
ε

(l)
A (4.21)

where ‖ · ‖2 denotes the spectral norm for a matrix and ‖ · ‖(l)
2 denote the largest

spectral norm taken over all l-column submatrices. With the help of relative perturba-

tions (4.21) the total perturbation term, Zx + z, can be bounded using the following
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inequalities:

‖Zx‖2 + ‖z‖2 =
‖Zx‖2 + ‖z‖2

‖y‖2

‖y‖2 =

(
‖Zx‖2

‖Ax‖2

+
‖z‖2

‖y‖2

)
‖y‖2

≤

(
‖Z‖(s)

2√
1− δs

‖x‖2

‖x‖2

+ εy

)
+ ‖y‖2

≤

(
‖Z‖(s)

2√
1 + δs

√
1 + δs√
1− δs

+ εy

)
+ ‖y‖2

≤

(
‖Z‖(s)

2

‖A‖(s)
2

κ
(s)
A + εy

)
+ ‖y‖2

≤
(
ε

(s)
A κ

(s)
A + εy

)
+ ‖y‖2 = εtot (4.22)

where A is assumed to satisfy RIP (2.8), ‖A‖(s)
2 ≤

√
1 + δs [32]. κ

(s)
A is defined as

the ratio of κ
(s)
A =

√
(1 + δs)/(1− δs). For sensing matrices with very small δs which

means that every s column submatrice is approximately orthonormal, then κ
(s)
A ≈ 1.

Mean relative recovery error using the OMP algorithm is given for varying relative

perturbation, εA = 0, 0.01, 0.05, 0.1 in Figure 4.1. While the size of the signal vector

is n = 512, the dimension of the measurement vector is n = 128 resulting in an

undersampling ratio of 0.5. In order to focus on the effect of multiplicative noise, the

measurements are not perturbed by additive noise. The sensing matrix is chosen from

the Gaussian ensemble and the relative perturbation is computed as εA = ‖Z‖2/‖A‖2.

The perturbed BP problem is solved by using the interior point method (Section 3.2.1)

implementation of the CVX package [54, 55] in MATLAB. MOSEK is chosen as the

solver of the CVX package. When there is no multiplicative noise εA = 0, it is seen

that the sparse recovery algorithms can yield solutions of this undersampled system of

equations with relative error less than 0.1 for sparse signals with support size less than

40. As the relative bound of the multiplicative noise increases, it is observed that the

compressibility of the signal decreases.
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Figure 4.1. Mean relative error for varying relative perturbations.

4.2.1. Best Case Analysis

A best of the worst-case analysis can also be applied to the completely perturbed

case where the sensing matrix is perturbed as Ã = A + Z. In this case the oracle

estimator gives the LS solution (4.23).

x#
S = arg min ‖ÃSxS − ỹ‖2 (4.23)

Golub and Van Loan’s model in Theorem 5.3.1 [69] formulates the perturbed LS prob-

lem by subtituting ÃS = AS + (t/ε)ZS and ỹ = y + (t/ε)z as

(
AS +

t

ε
ZS

)∗(
AS +

t

ε
ZS

)
xS(t) =

(
AS +

t

ε
ZS

)∗(
y +

t

ε
z

)
(4.24)

where the solution is assumed to be continuously differentiable for all t ∈ [0, ε]. With

the solution given as x#
S = xS + εẋS(0) + O(ε2) [69], the error can be bounded as in

(4.25).

‖x#
S − xS‖2 = ε‖ẋS(0)‖2 +O(ε2) (4.25)
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Differentiating Equation (4.24) and setting t = 0 yields (4.26).

ẋS(0) =
1

ε
(A∗SAS)−1A∗S(z− ZSxS) (4.26)

The solution is bounded above by inserting (4.26) into (4.25)

‖x# − x‖2 ≤ ‖A†S‖2

(
‖ZSxS‖2

‖Ax‖2

+ εy

)
‖y‖2 (4.27)

where the complete solution, x#, is obtained by extending x#
S with zero-padding on

the complement of the support set S and A†S = (A∗SAS)−1A∗S is the pseudoinverse of

AS [32].

4.2.2. Worst Case Analysis

The objective of the worst case analysis under multiplicative noise is to find x

that minimize the worst possible mismatch between Ãx and y over all possible values

of Ã. Unlike the best case analysis there is no prior knowledge about the support of

x.

Theorem 4.3. Let x(s) be the best s-term approximation to the signal x, the tail of the

signal be x(t) = x− x(s) and

εh =
1.23

(1− εA)
[εA + εy + (1 + εy)(β + γ)] ‖x(s)‖2 (4.28)

where β = ‖x(t)‖2/‖x(s)‖2 and γ = ‖x(t)‖1/
√
s‖x(s)‖2. If A satisfies RIP (2.8) of order

s+ 1 with RIC less than

δ̃s+1 <
1

(
√
s+ 1)

− 3

(
√
s+ 1)

εh
t0

(4.29)

where t0 = min
j∈S(x(s))

|xj|, then for any signal OMP will recover the support set S(x)
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exactly from ỹ and Ã in s iterations and the error is given in (4.30) [70].

‖x? − x‖2 ≤
εh√

1− δ̃s
(4.30)

Theorem 4.4. For the fixed relative perturbations εA, ε
(s)
A , ε

(2s)
A , and εy in (4.21) the so-

lution of the completely perturbed problem (4.18) is bounded by the total perturbation

(4.22) as

‖x? − x‖2 ≤
C̃0√
s
‖x− x(s)‖1 + C̃1εtot (4.31)

provided that the sensing matrix A satisfies the RIP property (2.8) for

δ2s <

√
2[

1 + ε
(2s)
A

]2 − 1 (4.32)

and the signal x satisfies (4.33) [32].

β + γ <
1

κ
(s)
A

(4.33)

The constants, C̃1 and C̃2, are defined as in (4.34) and (4.35) respectively.

C̃0 =

2

(
1 + (

√
2− 1)

[
(1 + δ2s)

(
1 + ε

(2s)
A

)2

− 1

])
1− (

√
2 + 1)

[
(1 + δ2s)

(
1 + ε

(2s)
A

)2

− 1

] (4.34)

C̃1 =
4
√

1 + δ2s

(
1 + ε

(2s)
A

)
1− (

√
2 + 1)

[
(1 + δ2s)

(
1 + ε

(2s)
A

)2

− 1

] (4.35)

In order for A to satisfy Equation (4.32) the RIC must be nonnegative 0 < δ2s

and so the relative perturbation must be less than ε
(2s)
A < 4

√
2− 1 ≈ 0.1892. The upper

bound given in (4.31) can be considered the worst instance of the worst case scenarios.
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CS recovery methods are known to achieve much better performance in practice. When

the signal x is strictly sparse, the tail of the signal is zero, x(t) = 0, and so the terms

related to the tail disappear. Then the accuracy of the solution becomes (4.36).

‖x? − x‖2 ≤ C̃1 εtot ≤ C̃1

(
κ

(s)
A ε

(s)
A + εy

)
‖y‖2 (4.36)

The bounds covered in this chapter shows the limitations of the CS recovery

methods. Two types of perturbations, additive noise and multiplicative noise, are in-

vestigated. For each type of noise, a best-case and a worst-case analysis is presented.

Best-case analysis assume that the sparsity of the signal of interest is known before-

hand. Although it is not feasible to implement the best-case estimator in practice, the

best-case bounds can be used as a benchmark to compare the performances of different

sparse recovery methods. In worst-case analysis no knowledge about the signal of in-

terest is known. They represent worst-case performances under which the CS methods

in practice perform. The worst-case analysis can be used in designing sensing matrices

for the applications of the sparse signal recovery since the parameters of the worst-case

bounds can be related to the physical attributes of the applied system which can better

demonstrate the limitations of the application at hand.
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5. ELECTROMAGNETIC IMAGING

The reconstruction of the electromagnetic properties of the unknown targets from

measured scattered field is called electromagnetic inverse scattering problem and it con-

stitutes a nonlinear and ill-posed problem. The CS framework can provide a way to

overcome the issues of such ill-posed inversion problems such as non-uniqueness and

numerical stability. The efficient sparsity promoting methods of the CS framework have

already found many applications in electromagnetic inverse source problems. Convex

relaxation methods such as the BP method (Section 3.2) has been applied in the recon-

struction of objects for microwave imaging [6–8]. Another sparse recovery method that

has gained much recognition in imaging is the BCS method (Section 3.3). Through-

the-wall radar imaging and microwave imaging of sparse scatterers has been recast

into the BCS framework [9–11]. The MT-BCS method (Section 3.3) which improves

upon the BCS method by jointly considering multiple correlated measurements has

also been applied to time-harmonic two-dimensional inverse scattering problems with

both sparse and nonsparse scatterers [12–14].

5.1. Inverse Scattering Problem

Resolving the positions of closely spaced scatterers is an important problem of

electromagnetic imaging. The CS framework may allow us to accomplish this aim but

in order to recast this problem within the CS framework, the nonlinear problem must

first be linearized. Thus Born approximation (BA) is considered to linearize the non-

linear inverse problem [71–73]. Let us consider a configuration where two scattering

objects are closely placed in homogeneous medium. Transverse-magnetic (TM) polar-

ized incident electric field Einc is considered for illumination. Ntx Transmitting and Nrx

receiving antennas are located on a closed line around the object Γ. For each source,

i = 1, 2, . . . , Ntx, the scattered field Esc can be formulated as

Esc
i (r) = k2

0

∫
D

G(r, r′)χ(r′)Etot
i (r′)dr′ (5.1)
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where r ∈ Γ, s scatterers, B1, . . . , Bs, are located in the investigation domain D and

the total electric field composing of the incident and scattered fields is given as Etot
i (r′).

The wavenumber of free space is denoted by k0. The object function χ(r′) defines the

characteristics of the scatterer as χ = εr−1 where relative permittivity εr is a complex

number in general. G(r, r′) is the Green function of homogeneous medium and defined

as

G(r, r′) =
j

4
H0 (k0 |r− r′|) (5.2)

where H0 is the zero order Hankel function of the first kind. Inverse scattering algo-

rithms aims to determine the unknown object function which assumed to be located in

some investigation domain from the measured scattered field using (5.1). In general,

it is a difficult task to obtain a solution due to nonlinearity because of the total field

term in the right hand side of (5.1). BA can be used in linearization by replacing

the unknown total field inside the investigation domain with the known incident field

for weak scatterers. The pulse expansion function is used to approximate the object

function in discretized investigation domain which results in (5.3).

Esc
i (r) =

Nc∑
n=1

χ̃n k
2
0

∫
cell n

G(r, r′)Einc
i (r′)dr′ (5.3)

Nc is the total number of square cells in the investigation domain and χ̃n is a constant

value of object function for the n-th cell. For Ntx sources, (5.3) can be written in CS

framework as

y =


Esc

1

...

Esc
Ntx

 = Ax (5.4)

where y is the measurement vector of size NtxNrx × 1, A is the sensing matrix of size

NtxNrx×Nc and the unknown sparse vector of object functions is denoted as the vector

x = [χ̃1 ... χ̃Nc ]
T of size Nc × 1.
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5.2. Numerical Results

Numerical experiments are conducted to compare the performances of different

CS algorithms as well as classical BA method for reconstruction of point-like scatterers.

Source frequency is chosen as 300MHz, and the wavelength is ξ =1m. The scatterer

objects are squares with 0.1m side length and complex permittivity εr = 1.5. 30 line

sources and 50 receivers are placed on a circular line of radius 3m. The size of the

investigation domain is 4m × 4m and it is discretized into 37 × 37 sections. This setup

is investigated for two cases: two scatterers placed in far proximity and four scatterers

placed in close proximity.

5.2.1. Two Scatterers In Far Proximity

At first, the objects are separated by ξ which can be resolved by the classical BA

method (Figure 5.1(b)). Sparse recovery methods of OMP, NESTA (Section 3.2.2) and

MT-BCS (Section 3.3) algorithms are applied in the reconstruction of the objects. The

SNR is set to 50 dB. The maximum number of iterations is assigned to 3000 for the

NESTA algorithm in order to obtain a fair comparison. The reconstructed permittivity

profiles of BA, OMP, NESTA and MT-BCS methods are shown in Figure 5.1. As it can

be seen from Figure 5.1, all of the applied sparse recovery methods are able to resolve

the sufficiently separated objects and provide better reconstruction than the classical

BA method. Amongst the applied sparse recovery methods the OMP algorithm may

be preferable for such high SNR and far proximity cases since the performance of the

OMP algorithm matches to those of more complex methods of NESTA and MT-BCS

with the least computational complexity. The total reconstruction error (Figure 5.2)

of the methods are computed in order to compare the performance of the algorithms

against varying levels of noise quantitatively. The SNR is set between 5dB and 50dB.

As it can be observed from Figure 5.2, in low SNR region (5dB and 10dB) the NESTA

method yields the best performance followed by the OMP algorithm. As SNR increases

beyond 15dB, the OMP algorithm outperforms the NESTA method and becomes the

best performing algorithm in high SNR region. The worst reconstruction performance

belongs to the classical BA method as expected.



50

−2 −1 0 1
−2

−1

0

1

 

x[m]

 

y
[m

]

1

1.1

1.2

1.3

1.4

1.5

(a) Exact profile

−2 −1 0 1
−2

−1

0

1

 

x[m]

 

y
[m

]

1

1.1

1.2

1.3

1.4

1.5

(b) BA

−2 −1 0 1
−2

−1

0

1

 

x[m]

 

y
[m

]

1

1.1

1.2

1.3

1.4

1.5

(c) OMP

−1.5 −1 −0.5 0 0.5 1 1.5

−1.5

−1

−0.5

0

0.5

1

1.5

x [m]

y
 [

m
]

 

 

1

1.05

1.1

1.15

1.2

1.25

1.3

1.35

1.4

1.45

1.5

(d) NESTA

−2 −1 0 1
−2

−1

0

1

 

x[m]

 

y
[m

]

1

1.1

1.2

1.3

1.4

1.5

(e) MT-BCS

Figure 5.1. Reconstructed permittivity profiles for SNR= 50dB and ξ.
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Figure 5.2. Total error for two objects separated with ξ.

5.2.2. Four Scatterers In Close Proximity

In order to make the reconstruction a nontrivial task for the second case, the num-

ber of scatterers is increased to four and they are pairwise placed in close proximity of

ξ/8 (Figure 5.3). First less noisy measurements are considered and the reconstructed

permittivity profiles for this case (SNR=50dB) are shown in Figure 5.3. The param-

eters of the FTB-OMP algorithm are chosen as ι = 2, ϑ = 16. It is seen that both

OMP and MT-BCS algorithms cannot differentiate all of the unknown objects (Figure

5.3(b) and Figure 5.3(e)). On the other hand, the FTB-OMP and the NESTA meth-

ods are clearly able to resolve all of the four objects, as shown in Figure 5.3(c) and

Figure 5.3(d) respectively. The FTB-OMP algorithm aided with the tree based search

outperforms the OMP algorithm as expected. However, it should be noted that this

performance improvement comes at the expense of increased computational complexity.

The reconstruction results with 30 dB SNR is also presented in order to obtain further

insight about the robustness of these algorithms (Figure 5.4). While the OMP, MT-

BCS and FTB-OMP methods all suffer from the higher noise level, the performance of

the NESTA method proves to be more robust. The highest performance degradation

due to noise belongs to the MT-BCS method. The NESTA method outperforms all of

the other algorithms in this high noise case.
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Figure 5.3. Reconstructed permittivity profiles for SNR= 50dB.
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Figure 5.4. Reconstructed permittivity profiles for SNR= 30dB.
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The reconstruction error of the close proximity setup against varying SNR levels

are presented in Figure 5.5. As it can be seen from Figure 5.5, the best performance

for the noisy region belongs to the NESTA method. The performances of both greedy

methods, OMP and FTB-OMP, are very close to each other in the noisy region but

once the SNR reaches 20dB, the performance of the FTB-OMP method begin to scale

better with the increasing SNR level and differentiate itself from the OMP method.

The OMP method, on the other hand, appears to reach an error floor at 20dB SNR.

When the SNR reaches 30dB, the performance of the FTB-OMP method catches up

the NESTA method and then begin to outperform the NESTA method past 30dB SNR.

The MT-BCS method yields the worst performance in the high noise region (5dB and

10dB) but then catches up the OMP method and hit an error floor at 20dB SNR just

like the OMP method.
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6. JOINT FREQUENCY OFFSET AND CHANNEL

ESTIMATION FOR OFDM

Orthogonal frequency division multiplexing (OFDM) has become a standard

multi-carrier modulation technique for broadband wireless communication networks

due to its resistance to interblock interference (IBI) caused by frequency selective mul-

tipath fading channels. The success of OFDM systems relies on the orthogonality

property of its chosen subcarriers which transforms the frequency selective channel

into a set of frequency flat fading channels simplifying the equalization task. However

it is known that OFDM is very sensitive to both frequency synchronization and channel

estimation errors. The oscillator mismatches and/or Doppler shifts introduce carrier

frequency offset (CFO) which destroys the orthogonality amongst the subcarriers. As

a result, the signal constellation is rotated and inter-carrier interference (ICI) occurs.

The quality of the channel estimates, which is vital for coherent data detection, is also

affected negatively under CFO. All of these effects reduce the effective SNR at the

receiver and degrade the performance of the OFDM system. Thus, accurate CFO and

channel estimation is essential for exploiting the full potential of OFDM systems.

CFO and channel estimation can be done separately by first estimating the CFO

and then performing channel estimation in the second step. Both training symbol

based and blind CFO estimators have been proposed in the literature [74–78]. The es-

timator proposed by Moose uses repeated data symbols [74]. Classen’s method inserts

pilot subcarriers in OFDM blocks for CFO estimation and assume that the channel

does not change for two consecutive OFDM blocks [75]. Both methods assume a suffi-

ciently small CFO and also a not high SNR so that the ICI is much smaller than the

noise and can be ignored. They are sensitive to the value of the CFO and are valid for

small CFO values. The blind estimator developed by Beek exploits the redundancy in

the cyclic prefix (CP) [76]. A blind estimator based on MUSIC subspace method is

developed in [77] using the virtual subcarriers (VC). The p-algorithm in [78] considers

both VC and pilot carriers in each OFDM block but assumes that the channel remains
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constant for two OFDM blocks like the Classen method. Channel estimation can be

performed after applying these well established CFO synchronization methods. How-

ever, since perfect synchronization is not possible, the residual CFO will degrade the

performance of the channel estimate significantly. Thus, better performance can be

obtained when CFO and channel are estimated jointly. There exists a number of joint

CFO and channel estimators that use pilot symbols [79–82]. Both [79] and [80] use the

framework of the expectation-maximization (EM) algorithm. While [79] directly com-

putes the channel parameters, [80] estimates the parameters of a basis expansion based

parametric channel model assuming the channel delays are known. The initialization

of [79] requires a coarse CFO estimate such as provided by the Beek’s method [76]. A

joint maximum likelihood estimate (MLE) of CFO and channel impulse response (CIR)

using a training symbol is given in [81]. The estimator in [82] is an approximate MLE

since the received signal samples of the OFDM system are assumed to be Gaussian.

Also both [79] and [82] require the second-order statistics of the channel and noise.

For [82], an initial estimate of both the channel and CFO is necessary to initialize the

joint MLE.

6.1. FFT Implementation of OFDM with Carrier Frequency Offset

Information is transmitted in blocks of symbols in an OFDM system. An OFDM

block consists of Ns transmitted symbols X[k], k = 0, ..., Ns − 1, each chosen from

a signal constellation. Time domain samples of the OFDM block is obtained after

performing inverse discrete Fourier transform (IDFT) on the transmitted symbols

x[i] =
1

Ns

Ns−1∑
k=0

X[k]ej2πk(i−Ng)/Ns (6.1)

where i = Ng, ..., Nt− 1, Nt is the total number of samples in a OFDM block including

the cyclic-prefix (CP) samples, Nt = Ns +Ng. CP samples required to ensure that no

IBI occurs and so the first Ng samples of the OFDM block, {x[0], ..., x[Ng − 1]}, are

taken same as the last Ng samples of the OFDM block {x[Nt −Ng], ..., x[Nt − 1]}.
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The baseband signal is converted up to the passband by carrier modulation and

then the receiver converts the passband signal down to baseband by using a local carrier

signal with the same carrier frequency. Distortions occur when the carrier signal of the

transmitter is not perfectly matched to the carrier signal of the receiver. There are

two types of carrier signal distortions between the transmitter and the receiver. The

instability of the carrier signal generators used at the transmitter and the receiver is

called phase noise. The other type of distortion is called CFO, ∆fc. CFOs are typically

introduced by a small frequency mismatch in the local oscillators of the transmitter

and the receiver. Doppler shifts can also induce a slight frequency change of the

carrier frequency which leads to CFO. CFO can be normalized as εn = ∆fcNsT where

1/(NsT ) is the subcarrier bandwidth and T is the sampling period. Some examples of

the maximum Doppler frequency and the normalized CFO for different communication

systems such as DMB, 3GPP and mobile WiMAX, at the mobile speed of 120 km/h

are shown in Table 6.1 [83].

Table 6.1. Doppler frequency and normalized CFO.

System fc 1/(NsT ) Doppler frequency εn

DMB 375MHz 1kHz 41.67Hz 0.042

3GPP 2GHz 15kHz 222.22Hz 0.0148

Mobile WiMAX 2.3GHz 9.765kHz 255.55Hz 0.0263

The received signal after being transmitting x[i] through a channel h[i] can be

written in terms of the normalized CFO as

y[i] = Ns cεn [i](h[i] ∗ x[i]) + z[i] (6.2)

where ∗ is the convolution operator, i.e. h[i] ∗ x[i] =
∑Ng

r=0 h[r]x[i − r], and z is zero

mean complex additive white Gaussian noise with variance σ2
z , and cεn [i] is given in

(6.3).

cεn [i] =
1

Ns

ej2πεni/Ns (6.3)
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The relative frequency offset can be divided into an integer and non-integer/fractional

part, εn = εi + εf. If only the integer part of the CFO is present, a CFO of εi causes a

phase offset 2πiεi/Ns in the time domain, ej2πεii/Nsx[i] ignoring the effect of the channel.

This is equivalent to cyclic-shifted frequency domain signals, X[k − εi] which causes a

significant degradation in the BER performance if not compensated. However, since

there is no fractional CFO, the orthogonality amongts the carriers is maintained and

so no ICI occurs. Assuming that the integer part is zero, εi = 0, the DFT applied

received samples can be written as:

Y [k] =
Ns−1∑
i=0

y[i]e−j2πki/Ns

=
Ns−1∑
i=0

1

Ns

Ns−1∑
l=0

H[l]X[l]ej2π(l+εf)i/Nse−j2πki/Ns +
Ns−1∑
i=0

z[i]e−j2πki/Ns

=
1

Ns

Ns−1∑
l=0

H[l]X[l]
Ns−1∑
i=0

ej2π(l−k+εf)i/Ns + Z[k]

=
1

Ns

H[k]X[k]
Ns−1∑
i=0

ej2πεfi/Ns +
1

Ns

Ns−1∑
l=0,l 6=k

H[l]X[l]
Ns−1∑
i=0

ej2π(l−k+εf )i/Ns + Z[k]

=
1

Ns

1− ej2πεf
1− ej2πεf/Ns

H[k]X[k] +
1

Ns

Ns−1∑
l=0,l 6=k

H[l]X[l]
1− ej2π(l−k+εf)

1− ej2π(l−k+εf)/Ns
+ Z[k]

= Cεf [0]H[k]X[k] + I[k] + Z[k] (6.4)

where H[k] and X[k] are the DFT applied h[i] and x[i] respectively. The ICI term,

I[k], is given in (6.5)

I[k] =
Ns−1∑
r=1

Cεf [r]H[k − r]X[k − r] (6.5)

Cεf [r] can be expressed as in (6.6).

Cεf [r] =

[
sin(π(εf − r))

Ns sin(π(εf − r)/Ns)
ejπ(εf−r)(Ns−1)/Ns

]
(6.6)

When both the integer part and the fractional part are present (|εn| ≥ 0.5), the received
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sample at the k-th subcarrier is given in (6.7) [84].

Y [k] = Cεn [0]H[k − εi]X[k − εi] + Z[k] +
Ns−1∑
r 6=εi

Cεn [r]H[k − r]X[k − r] (6.7)

For this case the integer frequency offset correction algorithms such as [85–88] are

employed. In this work the integer frequency offset is assumed to be zero and so

|εn| < 0.5. The received symbol at the k-th subcarrier can be written as in (6.8).

Y [k] = Cεn [0]H[k]X[k] + I[k] + Z[k] (6.8)

As it is seen from (6.8), the received signal is affected by the CFO. While the magni-

tude of the signal H[k]X[k] is attenuated by |[sin(πεn)]/[Ns sin(πεn/Ns)]|, its phase is

increased by πεn(1− 1/Ns) + 2πεn(Ng/Ns). Effect of CFO on the constellation can be

seen in Figure 6.1. Ignoring the effects of the channel and the noise, it is clear that

the amplitude and phase distortion for the 16-QAM rectangular constellation becomes

severe as the CFO increases from 0 to 0.3.

6.2. Effect of Carrier Frequency Offset on SNR

Since the CFO attenuates the desired signal and introduces the ICI, the SNR

decreases. The SNR degradation can be analyzed for εi = 0 because the integer

frequency offset does not affect the SNR. In order to decode the received symbol

Y [k] correctly, the receiver should be able to estimate the phase of Cεn [0]H[k]. Let

Cεn [0]H[k] = |Cεn [0]H[k]|ejθ[k] and assume that the phase θ[k] is estimated perfectly

via training preambles or pilot subcarriers. The received symbol Y [k] can be multiplied

by e−jθ[k]

e−jθ[k]Y [k] = |Cεn [0]H[k]|X[k] + I
′
[k] + Z

′
[k] (6.9)

where the ICI and the noise is multiplied by e−jθ[k] given as I
′
[k] = e−jθ[k]I[k] and

Z
′
[k] = e−jθ[k]Z[k] respectively [84]. The desired signal in the decision metric (6.9)
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Figure 6.1. 16-QAM constellation for varying CFO.
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is |Cεn [0]H[k]|X[k] because knowledge of |Cεn [0]H[k]| is required for demodulation.

Taking the desired signal into consideration, the SNR for the k-th subcarrier can be

written as in (6.10).

SNR(εn, k) =
E{|Cεn [0]H[k]X[k]|2}
E{|I ′ [k] + Z ′ [k]|2}

(6.10)

The power of the desired signal can be computed as

E{|Cεn [0]H[k]X[k]|2} = |Cεn [0]|2 E{|H[k]|2} E{|X[k]|2}

= σ2
X |Cεn [0]|2 E{|H[k]|2} (6.11)

since the channel is independent of the transmitted symbol and E{|X[k]|2} = σ2
X .

Assuming that the channel response at time p is uncorrelated with the channel response

at time i, E{|H[k]|2} can be given as

E{|H[k]|2} = E

{
Ng∑
i=0

Ng∑
p=0

h[i]h∗[p]e−j2π(i−p)k/Ns

}

=

Ng∑
i=0

E{|h[i]|2} = Ph (6.12)

where Ph denotes the total average power of the channel response. Using (6.12) in

(6.11), the power of the desired signal is given in (6.13).

E{|Cεn [0]H[k]X[k]|2} = σ2
XPh|Cεn [0]|2 (6.13)

The power of the ICI-plus-noise signal is

E{|I ′ [k] + Z
′
[k]|2} = E{|I ′ [k]|2}+ E{|Z ′ [k]|2} (6.14)

since the ICI and the noise are independent. Assuming that data symbol in each

subcarrier is independent of one another E{X[k − r]X∗[k − p]} = σ2
Xδ[p− r], the ICI
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power can be expressed as:

E{|I ′ [k]|2} = E

{
Ns−1∑
r=1

Ns−1∑
p=1

Cεn [r]C∗εn [p]H[k − r]H∗[k − p]X[k − r]X∗[k − p]

}

= σ2
X

Ns−1∑
r=1

|Cεn [r]|2 E{|H[k − r]|2}

= σ2
XPh

Ns−1∑
r=1

|Cεn [r]|2 = σ2
XPh(1− |Cεn [0]|2) (6.15)

The magnitude of |Cεn [k]| is always less than or equal to 1 (6.16).

|Cεn [k]| =

∣∣∣∣∣
Ns−1∑
i=0

cεn [i]e−j2πik/Ns

∣∣∣∣∣ ≤
Ns−1∑
i=0

∣∣cεn [i]e−j2πik/Ns
∣∣ =

Ns−1∑
i=0

1

Ns

= 1 (6.16)

Due to the DFT property and (6.16),
∑Ns−1

r=0 |Cεn [r]|2 = Ns

∑Ns−1
i=0 |cεn [i]|2 = 1. Using

(6.12) and (6.15) the power of the ICI-plus-noise signal is given in (6.17).

E{|I ′ [k] + Z
′
[k]|2} = (1− |Cεn [0]|2)Phσ

2
X + σ2

Z (6.17)

The SNR of the k-th subcarrier can be rewritten by putting (6.13) and (6.17) into

(6.10) as

SNR(εn) =
E{|Cεn [0]H[k]X[k]|2}
E{|I ′ [k] + Z ′ [k]|2}

=
|Cεn [0]|2Phσ2

X

(1− |Cεn [0]|2)Phσ2
X + σ2

Z

(6.18)

where |Cεn [0]|2 = [sin(πεn)]/[Ns sin(πεn/Ns)] due to (6.6) and the argument k of SNR

is dropped since it is the same for all subcarriers. The SNR degradation caused by the

carrier frequency offset can be found as

D(εn) =
SNR(0)

SNR(εn)
=

1 + (1− |Cεn [0]|2)

|Cεn [0]|2
SNR(0) (6.19)

where the nominal SNR in the absence of carrier frequency offset is given in (6.20).

SNR(0) =
Phσ

2
X

σ2
Z

(6.20)
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As it can be seen from (6.19), the frequency offset decreases the signal power by |Cl(0)|2

and increases interference power by the amount of the decreased power. The SNR

degradation is plotted as a function of the relative frequency offset for −0.5 < εn < 0.5

in Figure 6.2. The nominal SNR is changing between -5dB to 20dB. As the frequency

offset increases, the SNR degradation also increases. When the nominal SNR is high,

the noise power is small and the effect of ICI becomes more visible.
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Figure 6.2. SNR degradation versus CFO.

6.3. Proposed Method

The DFT applied received signal samples can be represented in matrix form as

ỹ = CεnXF


h[0]

...

h[Ns − 1]

+


Z[0]

...

Z[Ns − 1]

 (6.21)

where F denotes the Ns-point DFT matrix, the frequency domain received signal is

ỹ = [Y [0] · · ·Y [Ns−1]]T , the pilot symbol matrix is X = diag{X[0], ..., X[Ns−1]} and

Cεn is given in (6.22).

Cεn =


C[0] C[Ns − 1] · · · C[1]

C[1] C[0] · · · C[2]
...

. . . . . .
...

C[Ns − 1] C[Ns − 2] · · · C[0]

 (6.22)
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Assuming that channel length is smaller than the number of subcarriers L � Ns and

the number of cyclic prefix is chosen as Ng ≥ L, the channel coefficient vector is zero-

padded as h = [h[0] · · ·h[Ng − 1],01×Ns−Ng ]
T . The zeros can be removed by using the

first Ng columns of the Ns-point DFT matrix F that is FNg

ỹ = CεnXFNg


h[0]

...

h[Ng − 1]

+ z

= Ãh + z (6.23)

where Ã = CεnXFNg , z = [Z[0] · · ·Z[Ns − 1]]T , and h = [h[0] · · ·h[Ng − 1]]T .

A search space for the fractional frequency offset can be created by a set of

d values {ε̃0, ε̃1, ..., ε̃d−1} ∈ [−0.5, 0.5]. Each value ε̃i corresponds to a Cε̃i and the

received samples can be rewritten as

ỹ = [Cε̃0XFNg · · ·Cε̃d−1
XFNg ] x + z

= Ax + z (6.24)

where the vector x is built by stacking d blocks of Ng × 1 channel vectors, x =

[h0 . . .hd−1], and the matrix A is constructed by concatenating d matrices each corre-

sponding to a Cε̃i . Each block of x is represented as x[i] = hi = [h[0], . . . , h[Ng − 1]]T .

In this representation x can be considered as a 1 block-sparse vector. Thus, a joint

estimator of CFO and CIR using the CS framework can be constructed in this way.

The proposed framework allows solving for both CFO and CIR simultaneously by using

the CS recovery algorithms for block-sparse signals. There exists numerous implemen-

tations of the CS based block-sparse signal recovery methods for the estimation of the

CIR of the OFDM systems [15–17]. In these works, block sparsity is achieved by ei-

ther assuming that the several channel instantiations are group-sparse, locations of the

nonzero channel coefficients are same [17] or concatenating multiple CIRs of different

antennas with common support in a block sparse structure [15,16]. However, frequency
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offset is not considered in these works, which assume perfect synchronization for the

OFDM system and so only CIR can be estimated using these methods. The main

advantages of the proposed method are the following:

• The proposed method only needs one OFDM block of training symbols unlike

Moose, Classen and the p-algorithm. The use of multiple blocks makes the esti-

mation susceptible to changes in the channel or the CFO. Also the use of more

blocks means an increase in pilot overhead.

• The proposed method does not require any initialization or the second-order

statistics of the channel and noise unlike EM based methods. Apriori knowledge

about either the channel or the noise may not be available for every case.

• The performance of the proposed method does not depend on the value of the

CFO.

6.4. Numerical Results

Numerical results are presented for three scenarios: time invariant sparse multi-

path channel, time varying sparse multipath channel and time varying sparse multipath

with varying CFO. The number of carriers of the OFDM system is chosen as Ns = 128.

The length of the sparse multipath channel is fixed to L = 20 with s = 6 nonzero

coefficients for all cases. The nonzero coefficients of the channel are generated from

independent complex Gaussian with variances set according to an exponential decaying

power delay profile. The CP length is set to Ng = 25 to prevent IBI. The mean squared

error of the frequency estimates (MSE CFO) and channel estimates (MSE CIR) are

given for varying SNR = 10 log10(‖y‖2
2/‖z‖2

2) and 1000 Monte Carlo iterations. The

pilots symbols are randomly chosen from 16-QAM constellation and then are fixed for

each Monte Carlo iteration.

6.4.1. Time Invariant Sparse Multipath Channel

The sparse multipath channel is assumed to be fixed between two consecutive

OFDM blocks. The magnitude of the generated time invariant sparse multipath chan-
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nel is shown in Figure 6.3 and it can be seen that only s = 6 coefficients of the CIR

are nonzero.
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Figure 6.3. Impulse response of the time invariant sparse multipath channel.

MSE obtained using the BOMP algorithm is compared to pilot symbol based

Moose [74], Classen [75] methods, the approximate MLE [82] and the p-algorithm [78]

for CFO value εn = 0.03. The search space of the BOMP, the approximate MLE

and the p-algorithm is assigned to the set of 500 uniformly sampled values within the

interval [−0.5, 0.5]. The actual CFO value, εn = 0.03, is included in the search grid

to prevent error floors in the MSE of the CFO estimates. The block coherence of the

dictionary built using the search grid µB(A) = 0.04 satisfy the recovery condition given

in Equation (3.8) for Ng = 25. MSE of the CFO estimates are illustrated in Figure

6.4(a). Moose and Classen methods perform better than the BOMP and the MLE

for SNR levels below 15dB. Moose and Classen methods ignore the ICI and so when

the SNR is low, ignoring the ICI term does not degrade the performance significantly.

However, as the SNR increases beyond 15dB the Moose and Classen methods reach an

error floor. The performance of the BOMP algorithm is close to the performance of

the MLE which is implemented by using the actual channel and noise statistics. Since

in practice it will also be neccessary to estimate both the channel and noise statistics,

the performance of the MLE given in Figure 6.4(a) can be considered an ideal case. It

is seen that the best performance is achieved by the p-algorithm [78]. Although the p-

algorithm makes use of two consecutive OFDM blocks like Moose and Classen methods,

it is based on cost function minimization using a search space and so it performs better

than Moose and Classen methods. The Cramer-Rao bound (CRB) (Figure 6.4(a))
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given in [89] represent a lower bound for the maximum likelihood estimation using one

OFDM block of pilot symbols. CRB is used as a benchmark for evaluating different

CFO estimators and the closest performance to CRB belongs to the p-algorithm.
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(a) MSE of CFO estimates for εn = 0.03
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Figure 6.4. MSE of CFO and CIR estimates for time invariant sparse channel.

Figure 6.4(b) shows the MSE of CIR estimates. The performance of the least-

squares (LS) CIR estimate can be improved by first applying a CFO synchronization

method. LS method combined with the p-algorithm can be considered a two step

joint CFO and CIR estimator. Figure 6.4(b) indicates that the two step LS estimator

gives the best performance and the BOMP method performs closely to the two step

LS estimator. The best possible channel estimate is represented by the oracle which

is computed using the actual CFO value and the support of the channel. The closest

performance to the oracle is achieved by the two step LS estimator and the BOMP

method. Using the perturbation analysis (Chapter 4), two upper bounds for the channel

estimation performance of the OFDM system with CFO εn = 0.03 can be obtained.

These bounds are plotted as WWCB and BWCB (Figure 6.4(b)) which stands for worst

worst-case upper bound given in Equation (4.36) and best worst-case upper bound

given in Equation (4.27) respectively. The coefficients for the WWCB are computed

as ε
(s)
A = 0.1654, ε

(2s)
A = 0.1710, C̃1 = 45.08 and κ

(s)
A = 1. Since the exact computation

of the RIC δs and δ2s is not possible, σ
(s)
max(A) and σ

(s)
min(A) are computed to obtain

a bound for the RIC. The bound obtained is on the order of 10−15 making the RIC

practically zero. WWCB shows the worst possible channel estimation performance for

a OFDM system with CFO εn = 0.03 and a sparse multipath channel with s = 6
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nonzero coefficients. BWCB gives a much tighter bound than WWCB since it makes

use of the channel tap values in its computations. The advantage of WWCB is that

its computation only requires the sparsity level of the multipath channel.

In order to demonstrate that the performance of the proposed joint estimator

does not depend on the CFO value, the SNR is fixed at 15dB and the CFO is varied in

a set of 30 uniformly spaced values within the interval [−0.5, 0.5]. As the value of CFO

increases, MSE of Moose and Classen methods increase due to their sensitivity to the

value of the CFO while MSE of the BOMP method does not increase as seen in Figure

6.5. Classen’s method assumes a sufficiently small CFO in order for ICI to be neglected

so the performance of the Classen’s method degrades as the CFO increases. Only for

very small CFO values, εn ∈ [−0.0172, 0.0172], the performances of the Moose and

Classen methods are better than the BOMP method. The BOMP method and the p-

algorithm do not exhibit any sensitivity to the value of the CFO and their performances

do not depend on the value of the CFO. The p-algorithm gives the closest performance

to the CRB but needs at least two OFDM blocks like the Moose and Classen methods.
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Figure 6.5. MSE of CFO estimates for time invariant channel and 15dB SNR.

MSE of CIR estimates are given first for a smaller CFO range of [−0.03, 0.03] as

seen in Figure 6.6(a). WWCB cannot be computed for εn > 0.0306 since the relative

bound on the perturbation must satisfy ε
(2s)
A < 0.1892 and so the CFO range is assigned

to the set of 12 uniformly sampled values within the interval [−0.03, 0.03]. For this

range of smaller CFO values, it is observed that the WWCB becomes much looser as

the CFO increases. Thus the WWCB can be considered much more sensitive to CFO
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value than the BWCB. The best performance is achieved by the two step LS estimator,

while the performance of the BOMP method is close. As expected, the oracle bound is

the lower bound for the sparse channel estimation and is not subject to any change by

CFO value since it is provided with the actual CFO value and support of the sparse

channel. Figure 6.6(b) gives the MSE of CIR estimates versus the extended range of

CFO values, [−0.5, 0.5]. Of the two upper bounds only the BWCB can be shown for

the CIR estimate within this range since it is not possible to calculate the WWCB

for εn > 0.0306. Although the BWCB is a much tighter bound and can be computed

for the full CFO range, the computation of the BWCB requires the prior knowledge

of the channel. On the other hand, the computation of the WWCB does not require

the channel information. Best performance is achieved by the two step LS estimator

combined with the p-algorithm while the proposed BOMP is very close.
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Figure 6.6. MSE of CIR estimates for time invariant channel and 15dB SNR.

6.4.2. Correlated Time Varying Sparse Multipath Channel

Depending on the mobility of the receiver, the channel may remain essentially

constant over the duration of the block, or may be slowly time varying. For time

varying sparse channels the CIR cannot be assumed to be static over two consecutive

OFDM blocks. When the channel is time varying, the nonzero channel coefficients may

vary slowly and are temporally correlated. The parameters of the channel may remain

constant over several OFDM blocks. Consequently the locations of the nonzero channel

coefficients coincide in successive channel instantiations. The temporal variations of
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such a channel can be captured by an autoregressive (AR) state space model. It is

shown in that the local behaviour of fading wireless channels is accurately represented

by the first order AR model [90]. The temporally correlated time varying sparse channel

is generated using a first order AR model given as

hl+1 = ρhl + ul (6.25)

where l = 1, 2, ... denotes the OFDM block, ul denotes the driving noise and ρ is calcu-

lated using the zero order Bessel function of the first kind, ρ = J0(2π∆fcT ) [17]. Each

entry of the driving noise is generated independently from zero mean complex white

Gaussian distribution with variance (1−ρ2)ςi [17,91]. The sparse channel is initialized

using multivariate complex white Gaussian distribution with the covariance matrix

Ω = diag (ς1, ..., ςL) where the variances are set according to the same exponential

power decay profile used in Section 6.4.1.

MSE of CFO estimates for the time varying sparse channel are shown in Figure

6.7(a). For SNR=-5 dB the p-algorithm yields lower MSE than the MLE and the

BOMP methods. As SNR increases beyond -5 dB, the performance of the the p-

algorithm stays the same. The performances of the Moose, Classen and the p-algorithm

cannot be improved with increasing SNR due to the time varying channel. The p-

algorithm performs better than the Moose and Classen methods. The performances of

the MLE and the BOMP methods are not affected by the time varying sparse channel.

Figure 6.7(b) shows the MSE of CIR estimates for the time varying sparse channel. The

pure LS estimator without any CFO synchronization performs closely to the BOMP

method for SNR below 10 dB. As SNR increases beyond 10 dB, the MSE of the pure

LS estimator reaches an error floor seen in Figure 6.7(b). If the results illustrated in

Figure 6.7(b) are compared to the results of the time invariant sparse channel (Figure

6.4(b)), the BWCB is seen to be a much tighter bound as the SNR increases for the

time varying sparse channel. The upper bounds WWCB and BWCB exhibit an error

floor as the SNR increases for the time varying sparse channel. Degradation due to

time varying channel is not observed for the BOMP method since the BOMP method
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does not use a channel model.
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(a) MSE of CFO estimates for εn = 0.03
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Figure 6.7. MSE of CFO and CIR estimates for time varying sparse channel.

MSE of CFO estimates versus the CFO range of [−0.5, 0.5] are presented in

Figure 6.8. The p-algorithm no longer holds the performance advantage but manages

to perform better than the Moose and Classen methods. As the CFO increases, the

performance of the Moose and Classen methods degrades severely. Figure 6.8 shows

that the Moose and Classen methods are prone to greater performance degradation for

larger CFO values when the sparse channel is time varying. The p-algorithm does not

show sensitivity to CFO value.
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Figure 6.8. MSE of CFO estimates for time varying sparse channel and 15dB SNR.

WWCB for the time varying sparse channel is illustrated in Figure 6.9(a). It is

seen that the performance the pure LS method is much better than the performance

of the two step LS estimator combined with the p-algorithm. MSE of CIR estimates
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versus the extended CFO range [−0.5, 0.5] are presented in Figure 6.9(b). For smaller

CFO values the pure LS channel estimate is better than the two step LS estimate using

the p-algorithm synchronization.
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Figure 6.9. MSE of CIR estimates versus CFO for 15dB SNR.

6.4.3. Uncorrelated Time Varying Sparse Multipath Channel

The support, the nonzero taps, of the sparse multipath channel are generated

from uniform distribution while the nonzero coefficients are generated from standard

Gaussian distribution for each OFDM block. MSE of CFO estimates for this case are

shown in Figure 6.10(a). The performances of the Moose, Classen and the p-algorithm

does not improve as the SNR increases if the sparse channel changes between two

consecutive OFDM blocks. All of the three methods which rely on consecutive OFDM

blocks, yield the worst performance. The performances of the MLE and the BOMP

methods stay consistent with the performances given for the time invariant channel

since they use only one OFDM block and are not affected by the changing channel.

Figure 6.10(b) shows the MSE of CIR estimates for the time varying channel. It is

observed that the performance of the two step LS estimator using the p-algorithm is

worse than the pure LS estimate which does not use any CFO synchronization. The

performance of the two step LS estimator is observed to be even worse than the BWCB

for SNR greater than 0 dB. The pure LS estimator without any CFO synchronization

performs closely to the BOMP method for SNR below 10 dB. As SNR increases beyond

10 dB, the MSE of the pure LS estimator reaches an error floor as seen in Figure 6.10(b).
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Figure 6.10(b) indicates that the upper bounds WWCB and BWCB exhibit an error

floor as the SNR increases for the time varying sparse channel. Figure 6.10(b) shows

that the performance of the BOMP method does not exhibit any degradation for the

time varying channel as a consequence of not relying on a channel model. The BOMP

method gives the closest performance to the oracle bound for time varying sparse

channel.
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(a) MSE of CFO estimates for εn = 0.03
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Figure 6.10. MSE of CFO and CIR estimates for uncorrelated time varying sparse

channel.

MSE of CFO estimates versus the CFO range of [−0.5, 0.5] are presented in Figure

6.11. The Moose, Classen, and the p-algorithm gives the worst performance as seen

in Figure 6.11. The closest performance to the CRB bound is achieved by the BOMP

method.
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Figure 6.11. MSE of CFO estimates for time varying sparse channel and 15dB SNR.
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WWCB for the time varying sparse channel is illustrated in Figure 6.12(a). When

the sparse channel is time varying, it is seen that the performance the pure LS method

is much better than the performance of the two step LS estimator combined with

the p-algorithm. MSE of CIR estimates versus the extended CFO range [−0.5, 0.5]

are presented in Figure 6.12(b). For smaller CFO values the pure LS channel estimate

yields lower MSE than the two step LS estimate using the p-algorithm synchronization.

The closest performance to the oracle bound versus the whole CFO range is achieved

by the BOMP method. For smaller CFO values the pure LS channel estimate yields

lower MSE than the two step LS estimate using the p-algorithm synchronization. The

closest performance to the oracle bound versus the whole CFO range belongs to the

BOMP method.
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Figure 6.12. MSE of CIR estimates versus CFO for 15dB SNR.

6.4.4. Time Varying Sparse Multipath Channel with varying CFO

CFO may also be subject to change between each successive OFDM block. In

order to give numerical results for this case, CFO is assumed to be uniformly distributed

in the interval, εn ∼ U(−0.03, 0.03), for each successive OFDM block as in [89]. The

sparse multipath channel is time varying as in Section 6.4.2. Figure 6.13(a) gives the

MSE of CFO estimates versus SNR for varying channel and CFO. The Moose, Classen,

and p-algorithm perform worse than the MLE and the BOMP methods since both CFO

and CIR is changing for each OFDM block. The BOMP and the MLE methods give the

same performance and are not affected by the changing CFO and CIR. Figure 6.13(b)
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shows the MSE of CIR estimates. The pure LS method and the LS method combined

with the CFO estimate provided by the p-algorithm produces the same MSE. They are

subject to the same error floor as the BWCB for SNR levels above 25 dB. The closest

performance to the oracle estimator is achieved by the BOMP method.
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(a) εn ∼ U(−0.03, 0.03)
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Figure 6.13. MSE of CFO and CIR estimates for time varying sparse channel.
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7. CONCLUSION

In this thesis sparse signal recovery from incomplete and perturbed data is in-

vestigated. Sparse signal recovery allows the representation of signals using far less

measurements than the tradional Nyquist/Shannon sampling theorem requires. For

this reason there has been a great interest in this subject and it has found many

applications. The focus of this thesis is on two applications of sparse signal recov-

ery: electromagnetic inverse scattering and joint estimation of CFO and CIR for SISO

OFDM systems. A brief review on the uniqueness and the stability analysis of the

sparse solutions is given in Chapter 2. Spark, mutual coherence, restricted isometry

property and null space property and their relations with each other are explained.

The sparse recovery algorithms are presented in three categories: greedy algorithms,

the convex relaxation by `1 minimization, and the Bayesian compressed sensing method

(Chapter 3). While the covered greedy pursuits consist of the OMP, FTB-OMP and

BOMP methods, interior point methods and the NESTA methods are explained under

`1 minimization. The Bayesian compressed sensing approach is covered under its own

section. The performance bounds of the sparse recovery methods are given for additive

and multiplicative noise in Chapter 4. A best case and a worst case analysis is provided

for each type of noise.

The electromagnetic inverse scattering problem is about the reconstruction of

the electromagnetic properties of the unknown targets from measured scattered field

and it is a nonlinear ill-posed problem. With the introduction of the CS framework,

the sparse signal recovery methods such as NESTA and MT-BCS have quickly found

applications in electromagnetic imaging problems. However, the application of greedy

pursuit based sparse signal recovery methods has not been considered yet to the best of

our knowledge. We propose the application of the OMP and the FTB-OMP algorithms

to increase the reconstruction resolution of electromagnetic scattering problems. Our

imaging setup is focused on closely placed point-like scatterers. The reconstruction

performance of the proposed greedy based recovery methods are compared against

those of the other sparse recovery methods including NESTA and MT-BCS that had
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already been applied in the literature. The imaging setup is investigated under two

cases: a far proximity case with two scatterers where the objects are separated by ξ

and a close proximity case with four scatterers where the separation is decreased to

ξ/8. For the far proximity case it is observed that the the performance of the OMP

algorithm betters the performances of the NESTA and the MT-BCS methods in high

SNR region where the SNR is greater than 15dB. Considering the low computational

complexity of the OMP compared to NESTA and MT-BCS, the application of the OMP

may be preferable for these scenarios. In order to present a more challanging setup

the number of scatterers is increased to four and the separation distance is decreased

to ξ/8 for the close proximity case. The numerical results of this case show that the

FTB-OMP benefits from the implementation of the tree based search and increases

the resolution of the reconstruction compared to the OMP method though at a cost

of higher computational complexity. It is seen that the superior performance belongs

to the FTB-OMP in the very low noise region. For both the far and the close promity

cases, the NESTA method gives the best reconstruction performance for high noise

region where the SNR is less than 15dB.

A joint estimator of CFO and CIR using the CS framework of block-sparse signals

is proposed for OFDM systems. A dictionary is created by concatenating matrices of

OFDM training symbols perturbed by CFO values taken from a search space and then

this dictionary is used to represent the unknown CIR as a 1 block-sparse signal. The

proposed framework allows solving for both CFO and CIR simultaneously using the CS

recovery algorithms for block-sparse signals. There exists numerous implementations

of the CS based block-sparse signal recovery methods for the estimation of the CIR of

the OFDM systems [15–17]. In these works, the block sparsity is achieved by either

assuming that the several channel instantiations are group-sparse, locations of the

nonzero channel coefficients are same, [17] or concatenating multiple CIRs of different

antennas with common support in a block sparse structure [15, 16]. However, CFO is

not considered in these works, which assume perfect synchronization for the OFDM

system and so only the CIR can be estimated using these methods. The proposed

framework proves advantageous when compared to these other CS based methods since

they cannot estimate the CFO and the CIR jointly. Comparisons against the classical
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joint estimation methods can also be made. The proposed method does not require any

initialization or the second-order statistics of the channel and noise unlike EM based

methods or the MLE method. This is important since apriori knowledge about either

the channel or the noise may not be available for every case. The proposed method

only needs one OFDM block of training symbols while the methods such as the Moose,

Classen and the p-algorithm needs more than one OFDM block of training symbols.

The use of multiple blocks makes the estimation susceptible to changes in the channel

or the CFO. Also the use of more blocks means an increase in pilot overhead. The

performance of the proposed method does not depend on the value of the CFO like

the MLE method. The BOMP algorithm is used to reconstruct the CIR coefficients.

Our work make use of the worst-case bounds of the perturbed CS recovery. Worst

case analysis using perturbation bounds from CS theory are applied to give bounds for

sparse channel estimation. These bounds provide a way to observe how the performance

of the sparse channel estimation methods scales with the perturbation due to frequency

offset. To compare the advantages and disadvantages of the proposed framework three

different cases including the time invariant sparse channel, time varying sparse channel

and time varying sparse channel with varying CFO are investigated. For the simulation

of the time varying sparse channel case, both a slowly changing AR based model

and an agressively changing random channel model is used. For the time invariant

sparse channel numerical results show that the proposed estimator gives the same

CFO estimation performance as the MLE while the p-algorithm provides the best

performance. When the multipath channel is time varying, the performances of the

Moose, Classen and the p-algorithm all degrade as expected.
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APPENDIX A: PROOFS IN CHAPTER 4

A.1. Proof of Theorem 4.1

The proof is given for σ = 1 and the proof for arbitrary σ can be obtained by

simple scaling. The signal x is assumed to be distributed uniformly on a finite set of

points X ⊂ Σs, where the elements of X are well separated. From the convexity of the

Kullback-Leibler divergence, mutual information can be written as

I(x,y) ≤ 1

|X |2

|X |∑
i,l=1

DKL(Pi,Pl) (A.1)

where DKL(Pi,Pl) represents the Kullback-Leibler divergence from Pi to Pl. Pi denotes

the distribution y conditioned on x = xi. Since the additive noise is distributed as

z ∼ N (0, I), Pi is given as N (Axi, I). Thus DKL(Pi,Pl) = (1/2)‖A(xi−xl)‖2
2. Mutual

information can be written in terms of the entropy as

I(x,y) = H(x)−H(x|y) (A.2)

where H(x) = log |X | since x is assumed to be uniformly distributed. The conditioned

entropy can be bounded using the weakened Fano’s inequality

H(x|y) ≤ 1 + Pe log |X | (A.3)

where Pe = P[T (x̂) 6= x]. For any x = xi ∈ X and any x̂, T (x̂ 6= xi) if and only if

there exists an xl ∈ X with l 6= i satisfying (A.4).

‖x̂− xi‖2 ≥ ‖x̂− xl‖2 ≥ ‖xi − xl‖2 − ‖x̂− xi‖2 (A.4)
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This would imply (A.5).

2‖x̂− xi‖2 ≥ ‖xi − xl‖2 ≥
√

8newc(x,A) (A.5)

It is assumed that the Euclidean distance between any pair of points xi,xl ∈ X obeys

‖xi − xl‖2
2 ≥ 8newc(x,A). Using the Markov’s inequality, Pe can be bounded as in

(A.6).

Pe ≤ P[‖x̂− xi‖2
2 ≥ 2newc(x,A)] ≤ E {||x̂− xi||22}

(n/2)ewc(x,A)
≤ newc

(n/2)ewc

=
1

2
(A.6)

Combining (A.6) with (A.3), (A.1) can be rewritten as in (A.7).

1

2
log |X | − 1 ≤ 1

2|X |2

|X |∑
i,l=1

‖A(xi − xl)‖2
2 (A.7)

Suppose that there exists a set X with cardinality |X | = (n/s)s/4, then (A.7) can be

further simplified using the following equations:

s

4
log(n/s)− 2 ≤ 1

|X |2

|X |∑
i,l=1

‖A(xi − xl)‖2
2 (A.8)

= Tr

A∗A

 1

|X |2

|X |∑
i,l=1

(xi − xl)(xi − xl)
∗

 (A.9)

It can be shown that

1

|X |2

|X |∑
i,l=1

(xi − xl)(xi − xl)
∗ = 2(Kxx −mxm

∗
x) (A.10)

where mx and Kxx are given as mx = (1/|X |)
∑|X |

i=1 xi and Kxx = (1/|X |)
∑|X |

i=1 xx∗i

respectively [61]. Thus using (A.10), (A.9) can be bounded as

Tr {A∗A(Kxx −mxm
∗
x)} ≤ Tr{A∗AKxx} (A.11)
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where the inequality is due to Tr(A∗Amxm
∗
x) = ‖Amx‖2

2 ≥ 0. Since A∗A and Kxx

are positive semidefinite

Tr(A∗AKxx) ≤ Tr(A∗A)‖Kxx‖2 = ‖A‖2
F‖Kxx‖2 (A.12)

The norm of Kxx can be bounded as ‖Kxx‖2 ≤ (1 + β)/n

32(1 + β)‖A‖2
F

n
ewc ≥

s

4
log(n/s)− 2

ewc ≥
ns log(n/s)

128(1 + β)‖A‖2
F

=
Cs log(n/s)

‖A‖2
F

(A.13)

where β is a constant that can be arbitrarily small as n gets bigger.

A.2. Proof of Theorem 4.2

Let e denote the perturbation from the true solution x of the BP problem (3.11),

then the minimizer can be given as x? = x+e. The perturbation from the true solution

can be decomposed into a sum of vectors eΛ0 , eΛ1 , . . . each of sparsity at most s. Λ0

denotes the locations of the s largest coefficients of x, Λ1 to the locations of the s

largest coefficients of eΛc
0
, Λ2 to the locations of the next s largest coefficients of eΛc

0
,

and so on [92]. Using eΛ0 and eΛ1 , e can be decomposed into

‖x? − x‖2 = ‖e‖2 ≤ ‖e(Λ0∪Λ1)‖2 + ‖e(Λ0∪Λ1)c‖2 (A.14)

as given in [31, 92]. The second term on the right hand side of (A.14) can be written

as in (A.15).

‖e(Λ0∪Λ1)c‖2 = ‖
∑
i≥2

eΛi
‖2 ≤

∑
i≥2

‖eΛi
‖2 ≤ s(−1/2)

∑
i≥2

‖eΛi−1
‖1 ≤ s(−1/2)‖eΛc

0
‖1 (A.15)
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The error restricted to Λc
0 cannot be very large because ‖x + e‖1 should be minumum

due to x? being the solution and so (A.16) holds.

‖x‖1 ≥ ‖x + h‖1 ≥ ‖xΛ0‖1 − ‖eΛ0‖1 + ‖eΛc
0
‖1 − ‖xΛc

0
‖1 (A.16)

Since ‖x‖1 − ‖xΛ0‖1 = ‖xΛc
0
‖1, (A.16) can be used to bound ‖eΛc

0
‖1 (A.17).

‖eΛc
0
‖1 ≤ 2‖xΛc

0
‖1 + ‖eΛ0‖1 (A.17)

Using (A.17) in (A.15) yields the following equations:

‖e(Λ0∪Λ1)c‖2 ≤ s(−1/2)‖eΛc
0
‖1 ≤ s(−1/2)(2‖xΛc

0
‖1 + ‖eΛ0‖1)

≤ s(−1/2)(2‖xΛc
0
‖1 + s(1/2)‖eΛ0‖2) (A.18)

≤ 2s(−1/2)‖x− x(s)‖1 + ‖eΛ0‖2 (A.19)

The second step is to bound the first term on the right hand side of (A.14). In order

to accomplish this, ‖AeΛ0∪Λ1‖2
2 is written as

‖AeΛ0∪Λ1‖2
2 = 〈AeΛ0∪Λ1 ,AeΛ0∪Λ1〉

= 〈AeΛ0∪Λ1 ,Ae〉 − 〈AeΛ0∪Λ1 ,
∑
i≥2

AeΛi
〉 (A.20)

where AeΛ0∪Λ1 = Ae −
∑

i≥2 AeΛi
. The first term on the right hand side of (A.20)

can bounded as

|〈AeΛ0∪Λ1 ,Ae〉| ≤ ‖AeΛ0∪Λ1‖2‖Ae‖2 ≤ 2ε
√

1 + δ2s‖eΛ0∪Λ1‖2 (A.21)

where the Cauchy-Schwarz inequality is applied first and then the RIP is used for

‖AeΛ0∪Λ1‖2. The term ‖Ae‖2 is bounded using

‖Ae‖2 = ‖A(x? − x)‖2 ≤ ‖Ax? − y‖2 + ‖y −Ax‖2 ≤ 2ε (A.22)



94

where both x? and x satisfy the constraint, ‖Ax̂−y‖2 ≤ ε, in order to be feasible. The

second term on the right hand side of (A.20) can be bounded using the Cauchy-Schwarz

inequality and the parallelogram identity combined with the RIP (A.23).

〈AeΛ0∪Λ1 ,
∑
i≥2

AeΛi
〉 ≤ |〈AeΛ0 ,

∑
i≥2

AeΛi
〉|+ |〈AeΛ1 ,

∑
i≥2

AeΛi
〉|

≤ δ2s‖eΛ0‖2

∑
i≥2

‖eΛi
‖2 + δ2s‖eΛ1‖2

∑
i≥2

‖eΛi
‖2

≤ δ2s(‖eΛ0‖2 + ‖eΛ1‖2)
∑
i≥2

‖eΛi
‖2 (A.23)

Using ‖eΛ0‖2 + ‖eΛ1‖2 ≤
√

2‖eΛ0∪Λ1‖2 and ‖
∑

i≥2 eΛi
‖2 ≤ s−1/2‖eΛc

0
‖1, the bound

(A.23) can be further simplified as in (A.24).

〈AeΛ0∪Λ1 ,
∑
i≥2

AeΛi
〉 ≤ δ2s(

√
2‖eΛ0∪Λ1‖2)

∑
i≥2

‖eΛi
‖2

≤
√

2δ2s‖eΛ0∪Λ1‖2(s−1/2‖eΛc
0
‖1) (A.24)

Combining (A.21) and (A.24) on the lower RIP bound for the error restricted to Λ0∪Λ1

gives (A.25).

(1− δ2s)‖eΛ0∪Λ1‖2
2 ≤ ‖AeΛ0∪Λ1‖2

2

≤ 2ε
√

1 + δ2s‖eΛ0∪Λ1‖2 + s−1/2
√

2δ2s‖eΛ0∪Λ1‖2‖eΛc
0
‖1 (A.25)

Dividing both sides of (A.25) by ‖eΛ0∪Λ1‖2 and (1− δ2s) results in:

‖eΛ0∪Λ1‖2 ≤
2
√

1 + δ2s

1− δ2s

ε+

√
2δ2s

1− δ2s

s−1/2‖eΛc
0
‖1

≤ αε+ ρs−1/2‖eΛ0‖1 + 2ρs−1/2‖x− x(s)‖1

≤ αε+ ρ‖eΛ0∪Λ1‖2 + 2ρs−1/2‖x− x(s)‖1

≤ (1− ρ)−1(αε+ 2ρs−1/2‖x− x(s)‖1) (A.26)
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where α = (2
√

1 + δ2s)/(1 − δ2s), and ρ = (
√

2δ2s)/(1 − δ2s). Finally the error (A.14)

can be bounded as:

‖e‖2 ≤ ‖e(Λ0∪Λ1)‖2 + ‖e(Λ0∪Λ1)c‖2 ≤ 2s−1/2‖x− x(s)‖1 + 2‖eΛ0∪Λ1‖2

≤ 2
(1 + ρ)

(1− ρ)
s−1/2‖x− x(s)‖1 + 2

α

(1− ρ)
ε

≤ C0√
s
‖x− x(s)‖1 + C1ε (A.27)

where C0 = 2(1 + ρ)(1− ρ)−1 and C1 = 2α(1− ρ)−1 as in [92].

A.3. Proof of Theorem 4.3

Assuming that the support is exactly recovered

‖x? − x‖2 ≤ ‖Ã†Sỹ − x‖2 =
∥∥∥Ã†S [Ã(x(s) + x(t))− Zx + z

]
− x

∥∥∥
2

= ‖Ã†S‖2‖r‖2 (A.28)

where r = Ãx(t) − Zx + z. r can be bounded using the following inequalities:

‖r‖2 ≤ ‖Ãx(t)‖2 + ‖Zx‖2 + ‖z‖2

≤ ‖Ãx(t)‖2 + ‖Zx‖2 + εy‖Ax‖2

≤ (‖Ãx(t)‖2 + ‖Zx‖2)(1 + εy) + εy‖Ãx(s)‖2

(A.29)

‖Ãx(t)‖2 and ‖Zx‖2 can be written as

‖Ãx(t)‖2 ≤
√

1 + δ̃s

(
‖x(t)‖2 +

‖x(t)‖1√
s

)
=

√
1 + δ̃s (β + γ)‖x(s)‖2 (A.30)
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and

‖Zx‖2 ≤ ‖Zx(t)‖2 + ‖Zx(s)‖2 ≤ ‖Z‖(s)
2

(
‖x(s)‖2 + ‖x(t)‖2 +

‖x(t)‖1√
s

)
≤ εA

1− εA

√
1 + δ̃s(1 + β + γ)‖x(s)‖2 (A.31)

respectively [37].

‖r‖2 ≤
√

1 + δ̃s
1− εA

[εA + εy + (1 + εy)(β + γ)] ‖x(s)‖2 (A.32)

≤ 1.23

1− εA
[εA + εy + (1 + εy)(β + γ)] ‖x(s)‖2 = εh (A.33)

Finally using that δ̃s ≤ 1/(
√
s+ 1) < 0.5 [93], (A.32) becomes (A.33).

A.4. Proof of Theorem 4.4

For the perturbed sensing matrix, the RIC is modified as δ̃s and the relation of the

RIC δ̂s for Ã to the RIC δs for A is given in (2.14). Let ẽ denote the perturbation from

the true solution x of the BP problem (4.18) induced by Z and z. Then the minimizer

of the BP problem can be given as x? = x + ẽ. Using the same steps given in the proof

of Theorem 4.2, the perturbation from the true solution can be decomposed into a sum

of vectors as in

‖ẽ‖2 ≤
∥∥ẽ(Λ0∪Λ1)

∥∥
2

+
∥∥ẽ(Λ0∪Λ1)c

∥∥
2
≤ 2(1 + ρ̃)

(1− ρ̃)

‖x− x(s)‖1√
s

+
2α̃

(1− ρ̃)
εtot (A.34)

≤ C̃0
‖x− x(s)‖1√

s
+ C̃1εtot (A.35)

where α̃ = (2
√

1 + δ̃2s)/(1 − δ̃2s) and ρ̃ =
√

2δ̃2s/(1 − δ̃2s) are modified versions of α

and ρ from (A.27) [32]. Using (2.14) and substituting 2s in place of s allows C̃0 and
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C̃1 to be written in terms of the original RIC δ2s as in (A.36) and (A.37) respectively.

C̃0 =
2(1 + ρ̃)

(1− ρ̃)
=

2

(
1 + (

√
2− 1)

[
(1 + δ2s)

(
1 + ε

(2s)
A

)2

− 1

])
1− (

√
2 + 1)

[
(1 + δ2s)

(
1 + ε

(2s)
A

)2

− 1

] (A.36)

C̃1 =
2α̃

(1− ρ̃)
=

4
√

1 + δ2s

(
1 + ε

(2s)
A

)
1− (

√
2 + 1)

[
(1 + δ2s)(1 + ε

(2s)
A )2 − 1

] (A.37)

Finally the solution of the completely perturbed problem (4.18) can be bounded as in

(A.38) [32].

‖x? − x‖2 ≤ C̃0
‖x− x(s)‖1√

s
+ C̃1 εtot (A.38)
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APPENDIX B: CRAMER RAO BOUND

In this appendix the closed form expression for the Cramer-Rao bound (CRB) is

derived for the data-aided estimation of frequency offset and channel impulse response.

The received signal sampled at the symbol rate through a frequency-selective channel

can be written in vector form as

ỹ = Λ(ω0)Ah + z (B.1)

where ỹ = [y[0] . . . y[N − 1]]T , z = [z[0] . . . z[N − 1]]T

Λ(ω0) = diag
(
1, ejω0 , . . . , ej(N−1)ω0

)
(B.2)

A[i, l] = x[i− l], 1 ≤ i ≤ N, 1 ≤ l ≤ L (B.3)

The angular frequency offset is denoted as ω0 = 2πε, and the channel impulse response

of length L is shown as h = [h[0] . . . h[L − 1]]T . The noise vector, z, is assumed to

be zero mean circularly symmetric complex valued Gaussian with covariance matrix

(B.4).

Kzz = E{zzH} = σ2
zI (B.4)

The parameter vector to be estimated is given as

η =


ω0

hRe

hIm

 (B.5)

where hRe and hIm stand for the real and imaginary part of h = hRe +jhIm respectively

[94]. The received signal ỹ (B.1) is also complex valued circularly symmetric Gaussian

vector with mean vector mỹ = Λ(ω0)Ah and covariance matrix Kỹỹ = σ2
zI. The

Fisher information matrix (FIM) for the estimation of [ηT σ2
z ]
T is block diagonal and
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so the estimation of σ2
z is decoupled from that of η [95,96]. The FIM for η is in (B.6).

2

σ2
z

<

{
∂mH

ỹ

∂η

∂mỹ

∂ηT

}
(B.6)

The partial derivatives with respect to parameters (B.5) can be written as:

∂mỹ

∂ω0

=
∂

∂ω0

ΛAh = jDΛAh

∂m∗ỹ
∂hRe

=
∂

∂hRe

(ΛAh)∗ = A∗Λ∗

∂m∗ỹ
∂hIm

=
∂

∂hIm

(ΛAh)∗ = −jA∗Λ∗ (B.7)

where D = diag(0, . . . , N−1). When (B.7) is put into (B.6), the FIM can be expressed

as in (B.8).

2

σ2
z


h∗A∗D2Ah ={h∗A∗DA} <{h∗A∗DA}

−={A∗DAh} <{A∗A} −={A∗A}

<{A∗DAh} ={A∗A} <{A∗A}

 (B.8)

The inverse of the FIM (B.8) yields the Cramer-Rao bound (CRB). Using a lemma on

the inverse of partitioned matrices, the CRB can be obtained as

CRB =
σ2
z

2


B−1 B−1=

{
bT
}

−B−1<{bT}

B−1={b} <{S}+ B−1={b}={bT} −={S} −B−1={b}<{bT}

−B−1<{b} ={S} −B−1<{b}={bT} <{S}+ B−1<{b}<{bT}


(B.9)

where b, S and B are given in (B.10).

b = (A∗A)−1 A∗DAh

S = (A∗A)−1

B = h∗A∗D(I−PA)DAh (B.10)
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PA is the projection matrix for A, PA = A(A∗A)−1A∗. The CRB for ω0 [81,89,94] is

given as in (B.11).

CRB(ω0) =
σ2
z

2
B−1 =

σ2
z

2
[h∗A∗D(I−PA)DAh]−1 (B.11)

(B.9) shows that the CRB depends on h but not on ω0. The CRB estimation errors for

the real and imaginary parts of h are correlated to one another. This implies that the

channel estimation errors are not circular. The CRB of h for any unbiased estimate ĥ

is given in (B.12).

E
{(

ĥ− h
)(

ĥ− h
)∗}
≥ CRB(h) =

σ2
z

2

(
2S + B−1bb∗

)
(B.12)


