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ABSTRACT

STABLE ULRICH BUNDLES ON FANO 3-FOLDS WITH PICARD NUMBER 2

Geng, Ozhan
Ph.D., Department of Mathematics

Supervisor : Assoc. Prof. Dr. Emre Coskun

July 2016, [64] pages

In this thesis, we consider the existence problem of rank one and two stable Ulrich
bundles on imprimitive Fano 3-folds obtained by blowing-up one of P3, () (smooth
quadric in P), V5 (smooth cubic in P*) or V; (complete intersection of two quadrics
in IP°) along a smooth irreducible curve. We prove that the only class which admits
Ulrich line bundles is the one obtained by blowing up a genus 3, degree 6 curve in
IP3. Also, we prove that there exist stable rank two Ulrich bundles with ¢; = 3H on a
generic member of this deformation class.

Keywords: Ulrich bundle, Fano variety
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PICARD SAYISI 2 OLAN UC BOYUTLU FANO VARYETELERI UZERINDE
KARARLI ULRICH DEMETLERI

Geng, Ozhan
Doktora, Matematik Boliimii

Tez Yoneticisi : Dog¢. Dr. Emre Cogkun

Temmuz 2016 ,[64] sayfa

Bu tezde, IP3, ) (P* icinde piiriizsiiz ikinci dereceden hiper yiizey), V3 (P* icinde pii-
riizsiiz iiciincii dereceden hiper yiizey) veya V, (P° icinde piiriizsiiz ikinci dereceden
iki tane hiper ylizeyin tam kesigimi) varyetelerinden herhangi birinin, indirgenemez
ve piirlizsiiz bir egri boyunca patlatilmasiyla elde edilen imprimitif ii¢ boyutlu Fano
varyeteleri iizerinde, birinci ve ikinci mertebeden kararli Ulrich demetlerinin varlig
lizerinde durduk. Birinci mertebeden Ulrich demetlerin sadece P3’iin cinsi 3 dere-
cesi 6 egri boyunca patlatilmasiyla elde edilen imprimitif iic boyutlu Fano varyeteleri
lizerinde varoldugunu ispatladik. Ayrica, P¥’iin cinsi 3 derecesi 6 egri boyunca patla-
tilmasiyla elde edilen imprimitif ii¢c boyutlu Fano varyetelerinin genel bir temsilcisi
izerinde ikinci mertebeden, kararli ve birinci Chern sinifi ¢; = 3H olan Ulrich de-
metleri oldugunu ispatladik.

Anahtar Kelimeler: Ulrich demetleri, Fano varyeteleri
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CHAPTER 1

INTRODUCTION AND PRELIMINARIES

1.1 Introduction

The existence of Ulrich bundles on smooth projective varieties is related to a number
of geometric questions. For instance, the existence of rank 1 or rank 2 Ulrich bundles
on a hypersurface is related to the representation of that hypersurface as a determinant
or Pfaffian ([1]). Another question of interest is the Minimal Resolution Conjecture
(MRC) ([23], [13]). In [7], the existence problem of Ulrich bundles on del Pezzo
surfaces was related to the MRC for a general smooth curve in the linear system of
the first Chern class of the Ulrich bundle. Also, in [[10], it is proved that the cone of
cohomology tables of vector bundles on a k-dimensonal scheme X C PV is the same
as the cone of cohomology tables of vector bundles on P¥ if and only if there exists

an Ulrich bundle on X.

It was conjectured in [11] that on any variety there exist Ulrich bundles. Although
it is known that any projective curve ([9]]), hypersurfaces and complete intersections
(L8]], cubic surfaces ([5]]), abelian surfaces ([2]), Veronese varieties ([11]) admit
Ulrich bundles, such a general existence result is not known. The finer question
of determining the minimal rank of Ulrich bundles (which do not contain bundles
of lower rank as direct summands) on a given variety seems to be a quite difficult

problem.

The problem that has attracted the most attention is the existence of stable Ulrich
bundles with given rank and Chern classes. Stable Ulrich bundles are particularly

interesting as they are the building blocks of all Ulrich bundles: Every Ulrich bundle
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is semistable, and the Jordan-Holder factors are stable Ulrich bundles.

In this paper, we studied the construction of stable Ulrich bundles on imprimitive
Fano 3-folds obtained by blowing-up one of P3, () (smooth quadric in P4), V3 (smooth
cubic in P%) or V; (complete intersection of two quadrics in IP°) along a smooth irre-
ducible curve. There are 36 deformation classes of Fano 3-folds with Picard number
p = 2 and 27 of these are imprimitive ([21, Table 12.3]). Among all imprimitive Fano
3-folds of Picard number p = 2, 21 deformation classes are obtained by blowing-up
one of P2, ), Vs or V, along a smooth irreducible curve. We focus on these 3-folds

and we consider rank 1 and 2 stable Ulrich bundles.

First, we prove that the only class which admits rank 1 Ulrich bundles is the one
obtained by blowing up a genus 3, degree 6 curve in IP3, which is [21, No:12 in Table
12.3]. These varieties admit two classes of rank 1 Ulrich bundles £; and £ (Theorem

2.1.17).

The next step is to construct rank 2 stable Ulrich bundles on these varieties. To do
this, we first construct rank 2 simple Ulrich bundles (Theorem [2.2.14])). For this, we

use extensions of rank 1 Ulrich bundles £; and Ls:

0L, —E—Ly—0

or

0= Ly—E— L —0.

Then £ is Ulrich and simple; and it has first Chern class 3H.

Then, to determine whether there exists a stable Ulrich bundle of rank 2 with ¢; =
3H, we use the Quot scheme. It is known that stable vector bundles are simple.
We consider the local dimension of the Quot scheme at the simple Ulrich bundle with
first Chern class 3H and find a lower bound to this dimension (Theorem[2.2.35]). Then
we find an upper bound to the dimension of the subset parametrizing the non-stable
Ulrich bundles (Proposition and Proposition [2.2.39). The latter dimension is
strictly smaller than the former; that is, there are stable, rank 2 Ulrich bundles with

first Chern class 3H (Theorem [2.2.41)).



Notations and Conventions
We work over an algebraically closed field K of characteristic 0.

e X : Smooth projective variety of degree ¢ and dimension & in PV,
e [x: Hyperplane class of X.
e [ x: Canonical divisor of X.

e £(t): The vector bundle £ ® Ox (tHx) where £ is a vector bundle on X, and
teZ.

e (: Smooth, irreducible curve of degree d and genus g.
e (): Smooth quadric in P4

e V3: Smooth cubic in P*

e V,: Complete intersection of two quadrics in P°

o X: Blow-up of X along C'.

o V: Non-hyperelliptic Fano 3-fold which is obtained by blowing up one of P3,
Q, V5 or V; along C'.

e Y: Deformation class of Fano 3-folds which is obtained by blowing up P? along
a smooth irreducible space curve of degree 6 and genus 3, which is scheme

theoretic intersection of cubics.

1.2 Preliminaries

1.2.1 Fano Varieties

Definition 1.2.1 A smooth projective variety X is called a Fano variety if its anti-

canonical divisor — K x is ample.

Definition 1.2.2 A Fano 3-fold is imprimitive if it is isomorphic to the blow-up of a

Fano 3-fold along a smooth irreducible curve.
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The classification of Fano 3-folds with p = 2 has been completed and it can be found
in [21, Table 12.3]. In this paper, we consider the question of existence of Ulrich
bundles on Y.

Upon blowing-up X along C, we have the following commutative diagram:

|

s X
the map f is the blow-down map and £ = PN is the exceptional divisor, where NV is
the normal bundle of C'in X. Recall that X stands for Y. Let / be the class of a plane
in A'(X), and let I = h? be the class of a line in A2(X). We will denote & and { for
the pullbacks of A and [ to X respectively; and e denotes the class of the exceptional
divisor. Also for any divisor D € Z'(C'), we denote by Fp = ¢g*D € Z'(C) the

corresponding linear combination of fibers £/ — C', and similarly for divisor classes.

Theorem 1.2.3 Let D = ah — be be a divisor on Y = P3, where a,b € Z. Let
D(t) = D + tHy. Then

= 1
X(Y,0(D(t)) = Z[62—8d+2g]¢’
+%[(48 —3d)a + (69 — 12d — 6)b — 12d + 3¢ + 93]¢*

+%[12a2 + (69 — 6)b* — 6dab + (48 — 3d)a
+(6g — 6 — 12d)b + 43 — 4d + gt

—|—é[a3 + (4d + 29 — 2)b* + 6a* + (3g — 3da — 3)b* + 11a
+(g — 3da — 4d — 1)b + 6],

Proof 1.2.4 It is well-known that

Kps = (=3 — 1)h = —4h

and

c(Tps) = (1 + ) =1+ 4h + 6h* + 4h°.
So by [14, Example 15.4.3], we have
a(Ty) = fa(lf)+ (1 -2)[E]

4



= f*(4h) —e
= dh—e

oo(Tys) = frea(Ty) + fri.[C] = fren(TP) [ E]
—  f*(6h?) +dI — f*(4h)e
= (6+d)h* — 4he

Kss = [*Kps+ (2—1)[E]

= f*(—4h)+e
T +e.

Then using [24, Lemma 2.1], we obtain

h =1
= —(—Kps-C)+2—-29=—(4h-C)+2 29 = —4d — 29 + 2

e (—Kz)=29—2 = e*(4h—e)=2g—2

= 47@62—63:29—2
= 4he® — (—4d — 29 +2) =29 — 2
= he? = —d

e (—Kp)? = (—Kps -O)+2—29 = e(dh—e)?=(4h-C)+2—2g
= 16h% — 8he® +¢® =4d+2 —2g
= 16h% +4d—2g+2=4d+2—2g
= h2%e=0.

Since Y = P3 is non-hyperelliptic Fano,

Hyy = — K3y = 4h —c.
Let D = ah — be be a divisor class on'Y . Then

D(t)=D+tHy = (ah—be)+t(4h —e)

= (a+4t)h — (b+t)e.

5



Then, we apply Riemann-Roch theorem for line bundles on 3-folds to obtain

(T, 00(0) = Z(DW) + 7ei(Ty) - (DO + Ser(Ty) - e T)
P (A(T) + lT3) - (D).
Then we have
WTOD®) = (a+ 4k — b+ t)ef

6
+%[4ﬁ —eJl(a+4t)h— (b+t)e)?

+%[(4ﬁ _ 24 (64 d)h? — 4he][(a + 405 — (b + )e]

1.~ — =~
+ﬂ[4h — e][6h° + dl — 4he]

_ é[(a + 40T — 3(a+ 40)2(b + )i

+3(a + 4t) (b + t)%he? — (b+ t)3¢"]

+%[4ﬁ — e][(a+4t)2h? — 2(a + 4t) (b + t)he + (b + t)%€?]

+ 1192 1+ d)R2 — She + €2 — dhel[(a+ 4% — (b+ te]

112
o7 [4h — €l[(6 + d)h? — 4hel.
Then,
V., 0(D() = %[(a 4 4t) — 3d(a+ 48)(b+ 1)® — (—dd — 29 + 2) (b + )
+;1[4(a +4t)* — 4d(b +t)* — 2d(a + 4t)(b + 1)

—(—4d — 29 +2)(b + t)?]
+%[22(a +A4) —12d(b+t) — (—dd — 29 + 2)(b + 1)]

1
—[24 + 4d — 4d).
+24[ + ]

Now, by expanding, we obtain

~ 1

x(Y,0(D(t))) = 6[a3 + 12a°t + 48at* + 64t° — 3dab® — 6dabt — 12db*t
—3dat® — 24dbt* — 12dt> + 4db® + 12db*t + 12dbt* + 4dt*
+2gb* + 6gb*t + 6gbt* + 2gt> — 26> — 6b*t — 6bt* — 2t°]

6



1
+Z[4a2 + 32at + 64t* — 4db* — 8dbt — 4dt* — 2dab — 2dat
—8dbt — 8dt* + 4db?® + 8dbt + 4dt* + 2gb* + 4gbt + 2gt*

—20% — 4bt — 217
1
5220 + 88t — 12db — 124t + 4db + 4dt + 2gb + 29t
—2b — 21]
1
— 24,
ibY

Then, collecting the terms with same powers of t

~ 1
x(Y,0(D(t))) = ﬁ[256 — 48d + 16d + 8g — 8]t*
1
+ﬂ[192a — 12da — 96db + 48db + 24gb — 24b + 384 — 24d

—48d + 24d + 129 — 12)¢*

+2—14[48a2 — 24dab — 48db* + 48db* + 24gb* — 24b* + 192a
—48db — 12da — 48db + 48db + 24gb — 24b + 176 — 24d
+8d + 4g — 4]t

+2—14[4a3 — 12dab* + 16db® + 8gb* — 8V + 24a* — 24db*
—12dab + 24db* + 12gb* — 12b* + 44a — 24db
+8db + 4gb — 4b + 24].

Finally,
1
x(Y,0(D(t))) = 6[62 — 8d + 2¢g]t?
1
+6[(48 —3d)a + (6g — 12d — 6)b — 12d + 3¢ + 93]t*

+é[12a2 + (69 — 6)b* — 6dab + (48 — 3d)a
+(6g — 6 — 12d)b + 43 — 4d + gt

+é[a3 + (4d + 29 — 2)b® + 6a® + (3g — 3da — 3)b* + 11a
+(g — 3da — 4d — 1)b + 6].

Theorem 1.2.5 Let D = ah — be be a divisor on Y = @, where a,b € 7. Let
D(t) = D +tHg. Then

(7, 0(D@®)) = 21—4[208 — 24d + 8]



+i[(216 — 12d)a + (24g — 36d — 24)b — 36d + 12g
+312]¢?

+i[72a2 + (249 — 24)b* — 24dab + (216 — 12d)a
+(24g — 24 — 36d)b + 152 — 6d + 4g]t

+i[8a3 + (12d + 8g — 8)b* + 36a” + (129 — 12da — 12)b°

+52a + (49 — 12da — 12d — 4)b + 24 + 3d].

Proof 1.2.6 Since () is a smooth quadric
Kog=((2-4—-1)=-3h

and
(1 + h)1+4

= 1+ 3h + 4h* + 213,
T oh +3h + £

c(Tq) =

So by [14, Example 15.4.3],

a(Tp) = fra(Ty)+ (1 -2)[E]
= ['(3h) —e
= 3h—e

e2(Tg) = [rea(To) + [riu[C] = fra(To)[E]
= [ (4h?) +dl — f*(3h)e
— 4k +dl — 3he
= (4+d)h? - 3he

Ky = [Ko+(2-1)[E]

= f*(-3h)+e
= —3h+te.

Then using [24, Lemma 2.1] and the fact that () is a smooth quadric, we obtain

h? =2
e =—(-Kg-C)+2—-29=—~Bh-C)+2—29=—3d—2g+2

62'<—K@):29—2 = *(Bh—¢)=2g—2

8



= 3%62—63:29—2
= 3he® — (=3d —2g+2) =29 —2

= he® = —d

e (—Kg)'=(-Kq-C)+2—-29 = e(Bh—e)*=(3h-C)+2—2g
= 9h% —6he® + ¢ = 3d+2—2g
= Oh%+6d—3d—2g+2=3d+2—2g

= h%=0.
Since Y = @ is non-hyperelliptic Fano,

H@:—K@:?)h—e.

Let D = aﬁ — be be a divisor class on'Y . Then

D(t)=D+tHy = (ah—be)+t(3h—e)

= (a+3t)h — (b+t)e.
Then, applying the Riemann-Roch theorem for line bundles on 3-folds, we obtain

X(Y,0(D(1)) = =(D()”+ 7a(Ty) - (D) + icl(Tff) (1)

+5(c1(T3) + eo(T3)) - (D(1)).

Then, we have

x(Y,0(D(1)) = l[(a +3t)h — (b+t)e]® + i[zaﬁ — ¢|[(a+ 3t)h — (b+ t)e]?

(=)

+1—12[<3% — )% + (4 + d)h? — 3hel[(a + 3t)h — (b + t)e]
b 30— el[(4 + )R — 37
= é[(a +3t)°h° — 3(a + 3t)*(b+ t)he + 3(a + 3t) (b + t)*he?
—(b+1t)%e?
+%[3ﬁ —€][(a + 3t)%h% — 2(a + 3t) (b + t)he + (b + t)2e?)
o103 + )R — Ghe + ¢ — 3hell(a + 37 — (b-+ 1)
+2—14[3i2 — e][(4 + d)h* — 3he).

9



Then,

(7, 0(D®) = é[Z(a 4 30) — 3d(a + 3t)(b+ 1)°
—(—=3d —2g +2)(b+ 1)

%[3.2(@ +3t)* — 3d(b+t)* — 2d(a + 3t)(b + t)
—(=3d — 29+ 2)(b + 1)

2 1(26 -+ d){a 4 36) — 9d(b + 1) — (~3d — 29 + 2)(b + 1)

1
— (24 + 6d — 3d].
+3 4[ + ]
Then, by expanding

x(Y,0(D(t)) = %[5%3 + 2gt* — 6dt® — 6bt> + 6bgt* — 9bdt” + Hdat®
—3adt® — 6b*t + 6b%gt — 6abdt + 18a°t — 20> + 2b¢g
+3b%d — 3ab*d + 2a”]
%[52152 + 2gt* — 6dt? — 4bt 4 4bgt — 6bdt + 36at
—2adt — 2b* + 2b*g — 2abd + 6a?]
+1—12[76t + 2gt — 3dt — 2b + 2bg — 6bd + 26a + ad]

1
—[3d + 24].
+5 4[ + 24]
Then, collecting the terms with same powers of t

x(Y,0(D(t)) = i[208 + 89 — 24d|t?

+2—14[—24b + 24gb — 36db + 216a — 12da + 312 + 12¢
—36d)t*

+2—14[—24b2 + 24gb* — 24dab + 72a* — 24b + 24gb — 36db
+216a — 12da + 152 + 4g — 6d]t

+i[—8b3 + 8gb® + 12db® — 12dab?® + 8a® + 12gb* — 12dab

24
—12b% + 36a” — 4b + 4gb — 12db + 52a + 2da + 3d + 24].

Finally,
= 1
x(Y,0(D(t)) = ﬁ[zos — 24d + 8q]t*
1
+ﬂ[(216 — 12d)a + (249 — 36d — 24)b — 36d + 12¢

10



+312]t?

—|—2—14[72a2 + (249 — 24)b° — 24dab + (216 — 12d)a
+(24g — 24 — 36d)b + 152 — 6d + 4g]t

+i[8a3 + (12d + 8g — 8)b* + 36a” + (129 — 12da — 12)b°
+(52 + 2d)a + (49 — 12da — 12d — 4)b + 24 + 3d].

Theorem 1.2.7 Let D = ah — be be a divisor on Y —= 17}), where a,b € 7. Let
D(t) = D + tHy,. Then

T, 0(D@#) = 1—12[44—8d+4g]t3

1
+751(72 = 6d)a+ (129 — 124 — 12)b — 12d + 6g + 66"

+%[36a2 + (129 — 12)b* — 12dab + (72 — 6d)a
+(12g — 12 — 12d)b + 46 + 2g]t

+%[6a3 + (4d + 4g — 4)b® + 18a® + (69 — 6da — 6)b?
+(24 4 2d)a + (29 — 6da — 4d — 2)b + 12 + 2d].

Proof 1.2.8 Since V3 is a smooth cubic, we have
Ky,=03-4—-1)=—-2h

and
(14 h)'**

c(Ty,) = T 1+ 2h 4 4h* — 2R%.

So by [I4} Chapter 15.4.3],

a(Ty) = fra(ln) +(1-2)[E]
= ["(2h) —e
= 2h—e

o(Ty,) = [rea(ly)+ [iC] = ffa(Ty,)[E]
= f*(4h?) +dl — f*(2h)e
— 4h% +dl — 2he
= (4+d)h® — 2he

Ko = f'Ky+(2-1)E]

11



= f*(—2h)+e
= —2h+te.

Then using [24, Lemma 2.1] and the fact that V3 is a smooth cubic,

=3
e = —(—Ky,-C)+2—-29=—(2h-C)+2—2g=—2d — 29 +2

¢ (~Kp)=29—2 = *(2h—e)=29-2

= 2%62—63:2g—2
= 2he® — (—2d — 29 +2) =29 — 2
= he?=—d

e (—Kp) = (-Ky,-C)+2-2g = e(2h—e)®=(2h-C)+2—2g
= 4h%e—4he® + ¥ =2d+2 —2g
= 4h%e+4d—2d—2g+2=2d+2—2g
= hle=0.

Since Y = ‘7}) is Fano,
H-

7= K~:2h—e

Let D = ah — be be a divisor on VE;. Then

D(t)=D+tHy: = (ah—be)+t(2h —e)
= (a+20)h— (b+t)e.

Then, applying the Riemann-Roch theorem for line bundles on 3-folds, we obtain

(T, 0D0) = (DO +7ei(Ty) - (DO + Ser(Ty) - e T)
P (T3 + a(Ty)) - (D).
Then, we have
V(7. 0(D(®) = é[m + o) — (b+ )] + ipﬁ — eJ[(a+ 200 — (b+)e]?

1

+25 —[(2h — €)® + (4 + d)h? — 2he][(a + 2)h — (b + t)e]

12



1~ —, o~
+ﬂ[2h—e][(4+d)h — 2he]

1 ~ ~ ~
= 6[(a +2t)°h* — 3(a + 2t)*(b + t)h*e + 3(a + 2t) (b + t)*he?

—(b+t)%e’]
47120~ ll(a+ 20 — 2a -+ 20)(b + t)he + (b + 1))
o8+ ) — dhe + ¢ — 2hel (a+ 2005 — (b+ 1)e]
+2—14[2i2 — e][(4 + d)h? — 2he].

Then,

[3(a +2t)* — 3d(a + 2t)(b+ t)?

—(=2d — 29+ 2)(b + t)?]

+42:3(a + 202 — 2a(b+ 1)? — 2d(a + 216 + 1
—(=2d — 29 + 2)(b + t)?]

+%[3(8 +d)(a+2t) —6d(b+t) — d(a+ 2t)

—(=2d — 29+ 2)(b+t)]

1
+57[2:3(4+d) - 2d).

x(Y,0(D(t)) =

| =

Then, by expanding

(Y, 0(D(t)) = %[2%3 + 2gt° — 4dt® — 6bt* + 6bgt* — 6bdt> + 36at’
—3adt* — 6b*t + 6b°gt — 6abdt + 18a*t — 2b° + 2bg
+2b%d — 3ab*d + 3a”]

+£[22t2 + 2gt* — 4dt* — 4bt + 4bgt — 4bdt + 24at
—2adt — 2b* + 2b*g — 2abd + 6a?]
+%[46t + 2gt — 2b + 2bg — 4bd + 24a + 2ad)

1
—[4d + 24].
+24[ + 24]

Then, collecting the terms with same powers of t

= 1
x(Y,0(D(t) = 5l4d+49 - 8d]t’
1
+ 15120+ 12gb — 12db + 720 — 6da + 66 + 69 — 12d]t*
1
+E[_1%2 + 12gb* — 12dab + 36a* — 12b + 12gb — 12db
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+72a — 6da + 46 + 2g]t
1
+E[—4b3 + 4gb* + 4db® — 6dab® + 6a* — 6b* + 6gb* — 6dab
+18a® — 2b + 2gb — 4db + 24a + 2da + 2d + 12].

Finally

(7, 0(D(1) = %[44—8d+4g]t3

1
+E[(72 — 6d)a + (129 — 12d — 12)b — 12d + 6g + 66]t*

+11—2[36a2 + (129 — 12)b* — 12dab + (72 — 6d)a
+(12g — 12 — 12d)b + 46 + 2¢]t

+%[6a3 + (4d + 4g — 4)b° + 184a” + (69 — 6da — 6)b°
+(24 + 2d)a + (2g — 6da — 4d — 2)b + 12 + 2d.

Theorem 1.2.9 Let D = ah — be be a divisor on Y = ‘74, where a,b € 7. Let
D(t) = D + tHy,. Then

> 1
x(Y,0(D(t)) = E[60 — 8d + 4g]t3
1
+ﬁ[(96 — 6d)a + (129 — 12d — 12)b — 12d + 6g + 90]t?
1
+E[48a2 + (129 — 12)b* — 12dab + (96 — 6d)a

+(12g — 12 — 12d)b + 54 + 29 + 2d]t
1
+E[8a3 + (4d + 4g — )b + 24a® + (6g — 6da — 6)b?
+(28 4+ 3d)a + (29 — 6da — 4d — 2)b+ 12 + 3d].

Proof 1.2.10 Since V5 is a complete intersection of two quadrics,
Ky,=(242-5-1)=—-2h

and
(1+ h)t*

C( V4) =

So by [14, Example 15.4.3],

a(Ty) = [alTy)+(1-2)E]
SN AC R
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= 2h—e¢

o(Ty,) = [fe(lv)+ ffilC] = ffa(Ty,)[E]
—  f*(3h®) +dl — f*(2h)e
— 3h%+dl — 2he
= (3+d)h? —2he

Ky = f'Ky +2-1)E]

= f(=2h)+e
= —2h+te.

Then using [24, Lemma 2.1] and that V is a complete intersection of two quadrics,

R®P=22=4
e =—(—Ky,-C)+2—-29=—(2h-0)+2—29g=—2d — 29 +2

2 (K )=29—2 = *(2h—e)=2g—2
= 271,62—63:2g—2
= 2he® — (—2d — 29 +2) =29 — 2

= he?=—d

e (—Kp)?=(-Ky,-C)+2-29 = e(2h—e)?=(2h-C)+2—2g
= 4%26—4%62%—63:261%—2—29
= 4h’e+4d—2d—29+2=2d+2—2g
= hPe=0.
Since Y = Vj is non-hyperelliptic Fano,
Hf/ = —K‘74 =2h —e.
Let D = ah — be be a divisor on 174. Then

D(t)=D+tHy = (ah—be)+t(2h —e)

= (a+2t)h — (b+t)e.
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Then, applying the Riemann-Roch theorem for line bundles on 3-folds, we obtain

X(V,0D(0) = (D) + ger(Ty) - (DO + 510 (T5) - o(Ty)

P AT) + eaT5)) - (D).

Then, we have

(7, 0(D@#) = é[m L) — (b+ )] + i[zﬁ — dJ[(a+ 20 — (b+)e]?
+1—12[(2i2 —e)®>+ (34 d)h? — 2he][(a + 2t)h — (b + t)e]
b7 (20— €][(3+ d)F? — 2he]

_ %[(a +2)% — 3(a+ 20)2(b+ )% + 3(a + 26) (b + £)%he?
—(b+1t)%e?
41120 — ell(a+ 207 — 2a -+ 20)(b + e + (b + 1))
o7+ ) — dhe + ¢ — 2hell(a+ 20)F — (b + )]

il ~ ~
+—[2h — €][(3 + d)h* — 2he].
24
Then,

x(Y,0(D(t)) = é[él(a +2t)* — 3d(a + 2t)(b + t)?

—(—2d — 29 +2)(b+1)7]

451240+ 207 — 2d(b -+ 1)? — 2d(a+ 26)(b + 1
—(—2d — 29+ 2)(b + )]

+%[4(7 +d)(a+2t) — 6d(b+1t) — d(a+2t)

(=24 29+ 2)(b+ 1)

1
571243+ d) — 2]

Then, by expanding
~ 1
x(Y,0(D(t))) = 6[30t3 + 2gt° — 4dt® — 6bt* + 6bgt* — 6bdt> + 48at*
—3adt® — 6b*t + 6b%gt — 6abdt + 24a*t — 20> + 2b%¢g
+2b°d — 3ab*d + 4a”]
1
+=[30t% + 2g1? — 4dt* — 4bt + 4bgt — 4bdt + 32at

—2adt — 2b* + 2b*g — 2abd + 8a?]

16



1
+E[54t + 2gt + 2dt — 2b + 2bg — 4bd + 28a + 3ad]

1

—[6d + 24].
+24[ + 24]

Then, collecting terms with same powers of t
> 1
X(Y,0(D(#) = 55[60+4g - 8d]t
1
+E[—12b +12gb — 12db + 96a — 6da + 90 + 6g — 12d]t*

1
+E[—1262 + 12gb* — 12dab + 48a* — 12b + 12gb — 12db

+96a — 6da + 54 + 2g + 2d]t
1
+E[—4b3 + 4gb* + 4db® — 6dab® + 8a® — 6b* + 6gb* — 6dab
+24a” — 2b + 2gb — 4db + 28a + 3da + 3d + 12].

Finally
(F.0DW) = 551008+ 1gif
+11—2[(96 — 6d)a+ (129 — 12d — 12)b — 12d + 6g + 90]12
+%[4ga2 + (129 — 12)6* — 12dab + (96 — 6d)a

+(12g — 12 — 12d)b + 54 + 2g + 2d]t
1
+E[8a3 + (4d + 4g — 4)b® + 24a® + (69 — 6da — 6)b*
+(28 + 3d)a + (29 — 6da — 4d — 2)b + 12 + 3d].
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CHAPTER 2

ULRICH BUNDLES

The general references for this section are [7]] and [20]].

Definition 2.0.11 Let £ be a vector bundle on a nonsingular projective variety X.
Then & is said to be semistable if for every nonzero subbundle F of £ we have the

inequality
Pr > Pe
rank(F) ~ rank(€)’
where Pr and P are the respective Hilbert polynomials and comparison is based on

the lexicographic order. It is stable if one always has strict inequality above.

Definition 2.0.12 Let £ be a vector bundle on a nonsingular projective variety X.
The slope pu(E) of € is defined as deg(E)/rank(E). We say that £ is p-semistable if
for every subbundle F of £ with 0 < rank(F) < rank(E), we have u(F) < u(E).
We say & is p-stable if strict inequality always holds above.

Lemma 2.0.13 The two definitions are related as follows:

[ — stable = stable = semistable = p — semistable.
Proof 2.0.14 See [20, 1.2.13].

Definition 2.0.15 A vector bundle £ on X is called ACM (arithmetically Cohen-
Macaulay) if H(E(t)) = 0 forallt € Z and 0 < i < k.

Definition 2.0.16 Letr £ be a vector bundle of rank r on X. Then & is Ulrich if for

some linear projection ™ : X — P* we have 7, = Ogi.
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Proposition 2.0.17 Let £ be a vector bundle of rank r on X. Then £ is Ulrich if and
e, . . . t+k
only if it is ACM with Hilbert polynomial cr( k )

Proof 2.0.18 See /|7, Proposition 2.3].

Theorem 2.0.19 Let Y be one of the following Fano 3-folds:

~

the blow-up of P? along an intersection of two cubics,

2. the blow-up of P along a curve of degree 7 and genus 5 which is an intersection

of cubics,

3. the blow-up of P along a curve of degree 6 and genus 3 which is an intersection

of cubics,
4. the blow-up of P? along the intersection of a quadric and a cubic,
5. the blow-up of P? along an elliptic curve which is an intersection of two quadrics,
6. the blow-up of P? along a twisted cubic,
7. the blow-up of P along a plane cubic,
8. the blow-up of P? along a conic,

9. the blow-up of P? along a line.

Then Ulrich line bundles can exist only on the class (3).

Proof 2.0.20 Let D = ah — be be a divisor class on Y. We can compute Hilbert
polynomial of Oy (D) by Theorem By Proposition this must be equal to
deg(f/) (tgs)' We will equate the coefficients of these two polynomials and try to find

integer solutions for a and b in each case separately.

1. (This case is [21, No.4 in Table 12.3].) Since C'is an intersection of two cubics,
d = 9. By the adjunction formula, g = 10. Then k = H® = 10. Now, equate
the coefficients of t*:

106 , 1
TtQ = [(48=39)a+ (610 129 = 6)b —12.9+3.10 + 93]t
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which gives

18b + 15
a=—".
7
Next, equate the coefficients of t and use the above relation between a and b to
get
10.11 1 180 + 15 180+ 15
——1 = guﬂ——;—qﬁ+m10—®w—ch—éi—m

18b + 1
+M8—3%@§%LE)+@10—6—12%b

+43 — 4.9+ 10t
which gives
3 7
b=—-F —V65.
2730
There is no integer solution for a and b, so there exists no Ulrich line bundle.

. (This case is [21, No.9 in Table 12.3].) It is given that d = 7 and g = 5. Then
k = H? = 16. Now, equate the coefficients of t*:

166 , 1
—g¢%:au8—3Ha+w5—127—®h—m7+35+9$ﬁ
which gives
20b + 24
a=———.

9

Next, equate the coefficients of t and use the above relation between a and b to
get

16.11 1
——t = gl

20b + 24 20b -+ 24
. DE e (65— 6% — 6.7(0 2

9 9
20b + 24
+@8—3n@—31—)+m5—6—1zmhwg—47+mt

)b

which gives
3 9
b=-F —V34.
SRIETA
There is no integer solution for a and b, so there exists no Ulrich line bundle.

. (This case is [21, No.12 in Table 12.3].) It is given that d = 6 and g = 3. Then
k = H3 = 20. Then equate the coefficients of t*:

206 , 1
—E%%za@8—3ma+m3—12&—®h—uﬁ+33+9$ﬂ

21



which gives

a=2b+ 3.

Next, equate the coefficients of t and use the above relation between a and b to
get

20.11 1
£%4 = 12020 +3)° + (63— 6)1* — 6.6(2b +3)b

+(48 —3.6)(2b+ 3) + (6.3 — 6 — 12.6)b + 43 — 4.6 + 3]t

which gives
b=0orb=3.

Then we have (a,b) = (3,0) or (a,b) = (9,3). Both of these solutions satisfy
also the equality of coefficients of t* and constant terms. So the divisors 3h and
9h—3e vield possible Ulrich line bundles. (We note that to be Ulrich, they must
also satisfy the ACM condition.)

. (This case is [21, No.15(a) in Table 12.3].) Since C' is the intersection of a
quadric and a cubic, d = 6. By the adjunction formula g = 4. Then k = H?3 =
22. Then equate the coefficients of t*:

226 , 1
—E¢%=ams—ama+m4—12@—®n—m6+34+qm2
which gives
186433
==

Next, equate the coefficients of t and use the above relation between a and b to

get
22.11 1, 18b+33., ) 18b + 33
2o = Clp(—/——= A4—6)b — 6.6(——)b
g12(—5—)" + (64 -6)b" — 6.6(—5—)
18b + 33
+M8—3®b—j;—)+®4—6—12@&%%—46+Mt
which gives
3 5
b=>F —/627.
2 ¥ 66V 07

There is no integer solution for a and b, so there exists no Ulrich line bundle.
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5. (This case is [21, No.25 in Table 12.3].) Since C is an elliptic curve of inter-
section of two quadrics, d = 4 and g = 1. Then k = H? = 32. Then equate the
coefficients of t2:

326, 1
— = glé48 = 34)a+ (6.1 -124 - 6)b — 124+ 3.1 + 93]¢°

6
which gives
4b 4 12
a= :
3
Next, equate the coefficients of t and use the above relation between a and b to
get
32.11 1 4b + 12 4b + 12
P o (TR 4 (6.1 - 6)6 — 6.4
6 3 3
4b+ 12
(48 — 3.4) (220 (6.1 — 6 — 12.4)b + 43 — 4.4 + 1]t
which gives
3 3
b=—-F V6.
> ¥ 1V0

There is no integer solution for a and b, so there exists no Ulrich line bundle.

6. (This case is [21, No.27 in Table 12.3].) Since C' is a twisted cubic, d = 3 and
g = 0. Then k = H?® = 38. Then equate the coefficients of t*:

386, 1
—’ = l48 =3.3)a+ (6.0 - 123 - 6)b —12.3 4+ 3.0+ 93]t

6
which gives
- 13a — 57
14
Next, equate the coefficients of t and use the above relation between a and b to
get
38.11 1 13a — 57 13a — 57
—t = —[12a® 0—6)(———)* —6.3a(————
5 120" + (6.0 = 6)(——,—)" — 6.3a(——)
13a — 57

+(48 — 3.3)a+ (6.0 — 6 — 12.3)( )+ 43 — 4.3+ 0]t

14

which gives
21
=6F ——Vv969.
=0T 53

There is no integer solution for a and b, so there exists no Ulrich line bundle.
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7. (This case is [21, No.28 in Table 12.3].) Since C' is a plane cubic, d = 3 and
g = 1 by the degree genus formula. Then k = H? = 40. Then equate the
coefficients of t2:

40.6 1

Tt2 = 6[(48 —3.3)a+ (6.1 —12.3 — 6)b — 12.3 + 3.1 + 93]¢?

which gives
13a — 60
b= —.
12

Next, equate the coefficients of t and use the above relation between a and b to
get
40.11 1 13a — 60
——t = —[12a? d1—=6)(——
5 6[ a“+ (6 6)( 12

+(48 — 3.3)a + (6.1 — 6 — 12.3)(

13a — 60
2 10a —bU
)© — 6.3a( D )

1 _
¥) 443 — 4.3+ 1)t

which gives
2
a=06%F g vV 35.

There is no integer solution for a and b, so there exists no Ulrich line bundle.

8. (This case is [21, No.30 in Table 12.3].) Since C'is a conic, d = 2 and g = 0.
Then k = H? = 46. Then equate the coefficients of t*:
46.6 1

TR = 5l(48-32)a+ (6.0 -12.2 - 6)b — 122+3.0+ 93]t*

which gives
~ 14a —69
10

Next, equate the coefficients of t and use the above relation between a and b to

b

get

46.11 1
—t

14a — 69
—t = 6[12a?+(6.0—6)(a—

10
+(48 — 3.2)a + (6.0 — 6 — 12.2)(

14a — 69)
10

14a — 69
al—o) + 43 —4.2+O]t

)% — 6.2a(

which gives

)

There is no integer solution for a and b, so there exists no Ulrich line bundle.
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9.

(This case is [21, No.33 in Table 12.3].) Since C'is a line, d = 1 and g = 0.
Then k = H?3 = 54. Then equate the coefficients of t*:

54.6 , 1
Tt2 = 5l(48-31)a+ (6.0~ 12.1 - 6)b — 121 +3.0+ 93]t*
which gives
,_ be—27
=~

Next, equate the coefficients of t and use the above relation between a and b to

get

54.11 1 5a — 27
ot = 21207 + (6.0 6) :

Sa — 27

)? — 6.1a(
dba — 27

)+ (48 —3.1)a

+(6.0 — 6 — 12.1)( )+ 43 — 4.1 4 0]t

which gives
1
a=06F 5\/ 105.

There is no integer solution for a and b, so there exists no Ulrich line bundle.

Theorem 2.0.21 Let Y be one of the following Fano 3-folds:

~

the blow-up of Q) along the intersection of two divisors from |Og(2)|,
the blow-up of Q) along a curve of degree 6 and genus 2,

the blow-up of Q) along an elliptic curve of degree 5,

the blow-up of Q) along a twisted quartic,

the blow-up of () along an intersection of two divisors from |Og(1)| and
[0q(2)

>

the blow-up of () along a conic,

the blow-up of () along a line.

Then Ulrich line bundles can not exist on non of them.
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Proof 2.0.22 Let D = ah — be be a divisor class on Y. We can compute Hilbert

polynomial of Oy (D) by Theorem By Proposition this must be equal to
deg(?) (tgs). We will equate the coefficients of these two polynomials and try to find

integer solutions for a and b in each case separately.

1. (This case is [21, No.7 in Table 12.3].) It is given that C' is obtained by in-
tersection of two divisors from |Oq(2)|; so d = 8. By the adjunction formula
g = 5. Then k = H? = 14. Then equate the coefficients of t*:

14.6 1
th = 2—4[(216 —12.8)a + (24.5 — 36.8 — 24)b — 36.8 + 12.5 + 312|t*
which gives
p_ 10a — 21
16

Next, equate the coefficients of t and use the above relation between a and b to

get
14.11 1 10a — 21 100 — 21
——t = —[72a®+ (24.5 — 24)(————)? — 24.8a(———
6 2 720"+ (245 = 24) (75— Sa(—3—)
10a — 21
+(216 - 12.8)a + (245 — 24 — 36.8)(—=—)

+152 — 6.8 + 4.5]t

which gives
9 2

There is no integer solution for a and b, so there exists no Ulrich line bundle.

2. (This case is [21, No.13 in Table 12.3].) It is given that d = 6 and g = 2. Then
k = H?® = 20. Then equate the coefficients of t*:

20.6 1
o1t = 57(216 — 12.6)a + (24.2 — 36.6 — 24)b — 36.6 + 12.2 + 312)¢°

which gives

6a — 15
b= )
8

Next, equate the coefficients of t and use the above relation between a and b to

get

6a — 15 6a — 15

)2 — 24.6a(

ik i[?2a2 + (24.2 — 24)( )
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6a — 15
8

+(216 — 12.6)a + (24.2 — 24 — 36.6)( )

+152 — 6.6 + 4.2]¢
which gives
a= g %\/ 10
“oTEv
There is no integer solution for a and b, so there exists no Ulrich line bundle.

. (This case is [21, No.17 in Table 12.3].) It is given that d = 5 and g = 1. Then
k = H?3 = 24. Then equate the coefficients of t*:

: 1
Tt2 = ﬂ[(216 —12.5)a + (24.1 — 36.5 — 24)b — 36.5 + 12.1 + 312]¢*

which gives

13a — 36
b= ——+—.
15
Next, equate the coefficients of t and use the above relation between a and b to
get
24.11 1 13a — 36 13a — 36
——t = —[12a*+ (241 —24)(———)* — 24.5a(———
- 11720% + N2 = 24 50( )
13a — 36
(216 — 12.5)a + (24.1 — 24 — 36.5)(“1—5)
+152 — 6.5+ 4.1t
which gives

9 5
=—-F-V3.
a=5 ¥V
There is no integer solution for a and b, so there exists no Ulrich line bundle.

. (This case is [21) No.21 in Table 12.3].) Since C' is twisted quartic, d = 4 and
g = 0. Then k = H3 = 28. Then equate the coefficients of t:

28.6 1
o1t = 57216 — 12.4)a + (24.0 — 36.4 — 24)b — 36.4 + 12.0 + 312)¢°

which gives

b=a—3.
Next, equate the coefficients of t and use the above relation between a and b to
get

28.11
—t

1
—t = ﬁ[72a2 +(24.0 — 24)(a — 3)* — 24.4a(a — 3) + (216 — 12.4)a
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+(24.0 — 24 — 36.4)(a — 3) + 152 — 6.4 + 4.0]¢

which gives
9 1
=—-F=Vv13.
“=37F5
There is no integer solution for a and b, so there exists no Ulrich line bundle.
. (This case is [21, No.23(a) in Table 12.3].) It is given that C' is obtained by

intersection of two divisors from |Og(1)| and |Og(2)
formula g = 1. Then k = H? = 30. Then equate the coefficients of t*:

; so d = 4. By adjunction

) 1
?z@ = ﬁ[(216 —12.4)a + (24.1 — 36.4 — 24)b — 36.4 + 12.1 + 312]t*
which gives
14a — 45
b= —.
12

Next, equate the coefficients of t and use the above relation between a and b to

get
30.11 1 14q — 45 14a — 45
Tt = —[12a® + (24.1 — 24)(——)?% — 24.da(————
14q — 4
+(216 — 12.4)a + (24.1 — 24 — 36.4)(“1_25)

+152 — 6.4+ 4.1]¢

which gives
9 9
=—-F —Vo.
a=5F V5
There is no integer solution for a and b, so there exists no Ulrich line bundle.

. (This case is [21, No.29 in Table 12.3].) Since C'is a conic, d = 2 and g = 0.
Then k = H3 = 40. Then equate the coefficients of t*:

40.6 1
11 = 551216 — 12.2)a + (24.0 — 36.2 — 24)b — 36.2 + 12.0 + 312)¢°

which gives
b 4a — 15
-—

Next, equate the coefficients of t and use the above relation between a and b to

get

40.11 4a — 15 4a — 15

1
—t = —[72a%> + (24.0 — 24
t 5 720" + (24.0 — 24)(

- )2 — 24.2a(

)

28



4a — 15
2

+(216 — 12.2)a + (24.0 — 24 — 36.2)( )

+152 — 6.2+ 4.0]¢
which gives
9 1 /6
a=—-F =V6.
273
There is no integer solution for a and b, so there exists no Ulrich line bundle.

. (This case is [21, No.31 in Table 12.3].) Since C'is a line, d = 1 and g = 0.
Then k = H3 = 46. Then equate the coefficients of t*:

46.6 1
— = ﬂ[(216 —12.1)a + (24.0 — 36.1 — 24)b — 36.1 + 12.0 + 312]¢*

6
which gives
b 17a — 69
= - )
Next, equate the coefficients of t and use the above relation between a and b to
get
46.11 1 17a — 69 17a — 69
2t = (7202 + (24.0 — 24) (L 20)2 94 1q(— L)
6 4 5
17a — 69
+(216 — 12.1)a + (24.0 — 24 — 36.1)(“7)

4152 — 6.1+ 4.0]¢

which gives
9 10
= —F —V598.
“= 2T 209

There is no integer solution for a and b, so there exists no Ulrich line bundle.

Theorem 2.0.23 Let Y be one of the following Fano 3-folds:

1. the blow-up of V3 along a plane cubic,

2. the blow-up of V5 along a line.

Then Ulrich line bundles can not exist on non of them.

Proof 2.0.24 Let D = ah — be be a divisor class on Y. We can compute Hilbert

polynomial of Oy (D) by Theorem|1.2.7} By Proposition this must be equal to
deg(f/) (tgg). We will equate the coefficients of these two polynomials and try to find

integer solutions for a and b in each case separately.
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1. (This case is [21, No.5 in Table 12.3].) Since C'is a plane cubic, d = 3 and
g = 1 by the adjunction formula. Then k = H?® = 12. Then equate the

coefficients of t2:

12.6 1
Tt2 = (12 =63)a+ (121 -12.3 -12)b - 123 +6.1 + 66]t”
which gives
b 3a — 6
=—

Next, equate the coefficients of t and use the above relation between a and b to
get
12.11 1

= = —[36a% + (12.1 — 12
S t 12[36a +( )(

3a —6 3a —6

)2 — 12.3a(
3a —6

)

) + 46 + 2.1]¢

+(72 = 6.3)a + (12.1 — 12 — 12.3)(

which gives

a:3:|:\/§.

There is no integer solution for a and b, so there exists no Ulrich line bundle.

2. (This case is [21, No.11 in Table 12.3].) Since C'is a line, d = 1 and g = O.
Then k = H3 = 18. Then equate the coefficients of t*:

18.6 1
th‘ = l(72=6.1)a+(12.0 —12.1 - 12)b — 12.1 4 6.0 + 66]t”

which gives
11a — 27
b= ——r.
4

Next, equate the coefficients of t and use the above relation between a and b to
get

18.11 | 1la — 27
—=t = E[36a2+(12.0—12)(a—

11a — 27
)2 12.1a(“T)

11a — 27
H(72— 6.1)a+ (12.0 — 12 — 12.1)(GT) + 46 + 2.0]t

which gives

2
= ——/2145.
a=3F 17 5

There is no integer solution for a and b, so there exists no Ulrich line bundle.
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Theorem 2.0.25 Let Y be one of the following Fano 3-folds:

1. the blow-up of V, along an elliptic curve which is an intersection of two hyper-

plane sections,
2. the blow-up of V, along a conic,

3. the blow-up of Vy along a line.

Then Ulrich line bundles can not exist on non of them.

Proof 2.0.26 Let D = ah — be be a divisor class on' Y. We can compute Hilbert

polynomial of Oy (D) by Theorem By Proposition this must be equal to
deg(?) (tgg). We will equate the coefficients of these two polynomials and try to find

integer solutions for a and b in each case separately.

1. (This case is [21 No.10in Table 12.3].) Since C is an elliptic curve which is an
intersection of two hyperplane sections, d = 4 and g = 1. Then k = H? = 16.

Then equate the coefficients of t*:

16.6 1
TtQ = 5l(96 = 6.4)a+ (12.1 - 12.4 —12)b — 124+ 6.1 + 90]¢*

which gives

_3a—6

b=

Next, equate the coefficients of t and use the above relation between a and b to
get

16.11 1 - -
6Tt = ldsa” + (121 - 12)(2 02 g gq32 =0

3a —6

)

+(96 — 6.4)a + (12.1 — 12 — 12.4)( )

54421+ 2.4]t

which gives

azSIF\/g.

There is no integer solution for a and b, so there exists no Ulrich line bundle.
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2. (This case is [21, No.16 in Table 12.3].) Since C'is a conic, d = 2 and g = 0.
Then k = H?3 = 22. Then equate the coefficients of t*:

22.6 1
TtQ = E[(96 —6.2)a+ (12.0 — 12.2 — 12)b — 12.2 + 6.0 + 90]¢?

which gives
- 14a — 33

6

Next, equate the coefficients of t and use the above relation between a and b to

get

22.11 1

14a —
=y = E[48a?+(12.o—12)(“—33

14a —
)2 12.2a(“T33)

14a — 33
(96— 6.2)a + (12.0 - 12 = 12.2)(———)

+54 4 2.0+ 22t

which gives

3
= —V1265.
a 3ZF110 65

There is no integer solution for a and b, so there exists no Ulrich line bundle.

3. (This case is [21, No.19 in Table 12.3].) Since C'is a line, d = 1 and g = O.
Then k = H? = 26. Then equate the coefficients of t*:

26.6 1
TtQ = 5(96 = 6.1)a+ (12.0 = 12.1 - 12)b = 121+ 6.0 + 90]¢°
which gives
,_ 15a—39
=0

Next, equate the coefficients of t and use the above relation between a and b to

get

26.11 1
Tt = —[48a% + (12.0 — 12
- 1480 + (12,0 — 12)(

15a — 39 15a — 39)
4

15a — 39)
4

)2 —12.1a(

+(96 — 6.1)a + (12.0 — 12 — 12.1)(
+54 4 2.0 + 2.1]¢

which gives

2

There is no integer solution for a and b, so there exists no Ulrich line bundle.
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2.1 Ulrich Line Bundles on Y

We recall that Y is the Fano 3-fold which is obtained as the blow-up of P along a
curve C of degree 6 and genus 3.

We also recall the following commutative diagram as in ’Preliminaries’ section:
E .y
|
Ot p3

Proposition 2.1.1 The canonical map Oc — ¢.Opg is an isomorphism.

Proof 2.1.2 Note that g : E — C'is a ruled surface. Then the result follows from
[16, Lemma 2.1 of Chapter V].

Corollary 2.1.3 f,(Og;(—mE)) = I and R'f,Oz;(—me) = 0 for m > 0 and
i > 0.

Proof 2.1.4 See [22| Lemma 4.3.16].
Lemma 2.1.5 f.Og(mE) = 0 form > 0.

Proof 2.1.6 Note that g : E — C'is a ruled surface. So, by [16| Proposition 8.20 of
Chapter 1], we have

wg 2wy @Oy(E)® O = wg = O0g(E)(-1)
= Op(F) =wg(1)

Then we have

1%

Or(mkE) Oy(mE) ® Og
Oy (E)*™ @ O
Oy (E) ® Op]®™

Op(E)*™

I

12

I
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I

Op(Kg + Hg)®™

where D = mKg + mHy.
Also, by [I7, Lemma 2.10 in Chapter V], we know that

Kp=-2Cy+ D¢ - F

where Cy is a section of the map g, F' is the fiber of g and D¢ is a divisor class on C.

Then

= —2mCy-F+mD¢-F*+mHg - F
= —2m+0+m

= —m.

Hence D - F' is negative. So, following the proof of [17, Lemma 2.1 in Chapter V],

one can easily show that

[:O0p(D) = f.Op(mE) = 0.
Proposition 2.1.7 f,(Oz;(mE)) = Ops for m > 0.
Proof 2.1.8 We have the exact sequence
0= Oz (—FE) = Oz — O — 0.

Now twist this exact sequence by E and get

0= Oz — Ops(E) = Op(E) — 0. (*)
Then consider the long exact sequence

0= f.0s = f.Ox(E) = f.Og(E) = - -

By Lemma2.1.5} f.Op(E) = 0. So
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[:O033(E) =~ f.Op; =~ Ops.
Similarly, now twist the exact sequence (*) by 2E and get
0= Op:(E) = Ops(2E) — Op(2E) — 0.

Then consider the exact sequence

0= fiO0p(E) = [i03(2E) = f.Op(2E) — - - -
Again by Lemma2.1.3] f.Op(2E) = 0. Therefore

[+O053(2F) =~ f.Oz:(E) =~ Ops.

Hence, by induction on m, we have f,(Oz;(mE)) = Ops for m > 0.
Lemma 2.1.9 Let € be an Ulrich bundle of rank r on'Y. Then E¥(3) is also Ulrich.

Proof 2.1.10 We use Proposition

First,

(x) H(Y,EY(3)(t) = H'(Y,EY(3+1))
= H*(Y,E(-3—1)® Ky)Y (Serre Duality)
_ H3—i(}7’ E(-3—1t)®(—H))" (}7 is Fano)
— H*(Y,E(-4—1)).

But we know that £ is Ulrich, so it is ACM by Proposition [2.0.17] Then the middle
cohomologies of all twists of € vanish; so H3 (Y ,E(—4 — t)) vanishes fori = 1,2
andt € 7.

Hence H'(Y ,£Y(3)(t)) = 0; that is, £¥(3) is ACM.

Second,

XY, E73)(1) = Z(—l)ihi(?,é’v@)(t))



3

= > ()R, E(-4—1) (by (%)

1=0

—4—t+3
= —cr
3

(=t —1)(=t—=2)(—-t—=3)
6
(t+1)(t+2)(t+3)
6

= —cr

= Cr

(t%—3>
= cr
3

Therefore £ (3) is Ulrich by Proposition

Lemma 2.1.11 Let C be a curve cut out scheme-theoretically in P2 by cubic hyper-

surfaces. Then
HY (PP, 1§55 (k) = 0 fori > 1 provided k > 3a.

Proof 2.1.12 This is a special case of [3, Proposition 1].

Lemma 2.1.13 IfC is an ACM curve in P? with d = 6 and g = 3, then its ideal sheaf

I¢ in P3 has the minimal free resolution:

0— 0%} (—4) = O (-3) = Ic — 0.

Proof 2.1.14 Since C is ACM, by [12, p.2], it has a minimal free resolution of the

form:
k—1 k
0— @ Ops(—n;) — @ Ops(—my) — I — 0.
j=1 =1

Since I(3) is generated by global sections [I7, Ex. 8.7(c)], m; = 3 for all | and we

have: - i
(%) 0 — P Ors(—n;) = D Ors(—3) = I — 0.
j=1 =1

We know that h°(1¢(3)) = 4 and h'(Io(3 — 1)) = 0 for all i > 0 by [I7, Ex. 8.7(c)].
Since h'(I(3 — 1)) = 0 for all i > 0, we have h*(I(1)) = 0.

Then Zf;ll h3(—n;+1) = Zf;ll ho(n; —1—4) = 0. Then n; < 4. But, since (*) is
a minimal free resolution, we have n; > 4. So n; = 4. Since h°(I(3)) = 4, we have

k= A4.
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Proposition 2.1.15 (Yusuf Mustopa, written in private communication) IfC'is an
ACM space curve with d = 6 and g = 3, then H'(1%(5)) = 0 for all i > 0.
Proof 2.1.16 Twisting the sequence
0—Ic— Ops—Oc—0
by I(5) yields the long exact sequence
0 — Tory ™ (Ic(5), Oc) = Ie ® Io(5) = Io(5) = Ngyps(5) — 0
This can be broken into two short exact sequences, one of which is
0 — Tor,® (Io(5), Oc) — I @ Io(5) — I3(5) — 0.

Since Tor?”3 (Ic(5), Oc¢) has at most 1-dimensional support, we have

H"(Tor?P3 (Ic(5),0¢)) = 0 for all i > 1. It then suffices to show the vanishing of
H'(Ic ® I(5)) for all i > 0.

We know, by Lemma[2.1.13} that I has a minimal free resolution of the form

0 — O} (—4) = OZH(=3) = Ic — 0.
As before, we consider the twist by 1(5). Then we have a long exact sequence
0 — Tor\ ™ (I, Ic(5)) — Io(1)® = 16(2)®* = Io ® Io(5) — 0.

Given that Tor?“”3 (Ic, 1(5)) has at most 1-dimensional support and is a subsheaf of

the torsion-free sheaf 1c(1)%3, it is equal to 0; so we have
0— Io(1)®® = Ic(2)% = Ic ® Io(5) — 0
But, we know that, by Lemma[2.1.13} I has a minimal free resolution of the form
0— O} (—4) = OZH(=3) = Ic — 0.
So H'(Ic(k)) = 0 foralli > 0and k > 0. Then H'(Ic @ 1c(5)) = 0 forall i > 0;

so the result follows.

Theorem 2.1.17 Suppose that C'is ACM. Then there are only two Ulrich line bundles
Ly and Ly, and they correspond to divisors D = 9h — 3¢ and Dy = 3honY.
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Proof 2.1.18 We will use Proposition[2.0.17|to show that L, and Ly are Ulrich line
bundles. In Theorem 2.0.19, we showed that L, and L- satisfy the Hilbert polyno-
mial condition. So, it remains to show that L, and Lo are ACM; i.e, to show that
HYY, Li(t)) = H*(Y,L(t)) = 0 and H* (Y, Lo(t)) = H*(Y, Ls(t)) = 0 for all
t e Z.

Consider L first.
o t>0:

Then
Li(t) = Oy (9h — 3¢ + t(4h — €)) = Oy ((4t + 9)h + (—t — 3)e).

Since —t — 3 < 0, by the projection formula and Corollary[2.1.3| we have
FLi(t) = f.0y((4t + 9)h + (—t — 3)e)
= Ops(4t +9) ® f.Oy((—t — 3)e)
= 157 ® Ops(4t +9)
= 1534t +9).
So HY(P3, f.Ly(t)) = HY(P3, I53(4t + 9)) and it is 0 by Lemmal2.1.11] since

4t +9 > 3(t + 3).
Now we consider H°(P3, R f,L1(t)). By projection formula, we have

HO(P3 RUf, Ly (1)) = H°(P3, R' f.Ops((—t — 3)e) @ Ops (4t +9))

But R f,Ops((—t — 3)e) = 0 by Corollary since —t — 3 < 0.
Since HP(P3, R1f,L(t)) = HP4(Y, Li(t)) by the Leray spectral sequence and we
showed that H' (P, f,L,(t)) = H°(P?, R' f.L,(t)) = 0, we have

HY(Y, Li(t)) = 0.

Now consider H°(P3, R*f,L,(t)) and H (P?, R' f.L,(t)). Note that they are 0 by
Corollary2.1.3)
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Also H*(P?, f.Ly(t)) = H*(P?, IL(4t + 3)) = 0 again by Lemma2.1.11
Since HP(P3, R1f,L,(t)) = HPT4(Y, Li(t)) by the Leray spectral sequence and we
showed that HO(P?, R*f.Ly(t)) = H'(B3, R\ f.L(t)) = H2(P?, f.L(t)) = 0,

H2(Y, Ly(t)) = 0.
o < —4:

Then
HY(Y,Li(t)) = H*(Y,L{(~t) ® Ky)"
= H*(Y, Oy ((=4t — 9)h + (t + 3)e) ® Oy (—4h + ¢))"
= H2(Y,Oy((—4t — 13)h + (t + 4)e))".

Similarly,
H(Y,Li(t)) = HYY,Op((—4t — 13)h + (t + 4)e)).

So, if H(Y, Oy ((—4t — 13)h + (t +4)e)) for i = 1,2 vanishes, the result will follow.
Since t + 4 < 0, by the projection formula and Corollary[2.1.3) we have

FOy (=4t —13)h + (t +4)e)) = Ops(—4t —13) @ f,Oy((t + 4)e)
= 1" ® Ops(—4t — 13)
= I;"7*(—4t —13).

So HY(P?, f,Oy ((—4t — 13)h + (t+4)e)) = H (P?, I;t~4(—4t — 13)) and it is 0 by

Lemma since —4t — 13 > 3(—t — 4).
Now consider HO(P®, R f,Oy ((—4t — 13)h + (t + 4)e)). By the projection formula,

we have

HO(P?, R Oy ((—4t — 13)h + (t + 4)e)) =
HO(P3, R' f,Ops ((t + 4)e) ® Ops(—4t — 13)).

But R f,Ops((t + 4)e) = 0 by Corollary[2.1.3} since t +4 < 0.
Since HP(IP%, R1f,Oy ((—4t — 13)h + (t + 4)e)) = HP(Y, Oy ((—4t — 13)h +
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(t +4)e)) by the Leray spectral sequence and we showed that
HY(P3, £.Oy (=4t —13)h+ (t+4)e)) and H(P3, R' f,Oy ((—4t —13)h+ (t +4)¢))
vanish. So H'(Y, Oy ((—4t — 13)h + (t + 4)e)) = 0. So,

H*(Y, Ly(t)) = 0.

Now consider HO(P®, R2f,Oy ((—4t — 13)h + (t + 4)¢)) and

H'(P3, R f,Oy ((—4t —13)h+ (t+4)e)), and note that they are 0 by Corollary
Also H2(P?, f,Oy ((—4t — 13)h + (t + 4)e)) = H2(P3, 154 (—4t — 13)) = 0 again
by Lemma[2.1.11]

Since HP(P3, R1f, Oy ((—4t — 13)h + (t + 4)e)) = HP (Y, Oy ((—4t — 13)h +
(t +4)e)) by the Leray spectral sequence and we showed that

HO(P3, R2f, Oy (=4t —13)h+ (t+4)e)), H'(P3, R' f.Oy ((—4t — 13)h+ (t +4)¢)),
H2(P3, f,0y ((—4t—13)h+(t+4)e)) and HX(Y, Oy ((—4t —13)h+(t+4)e)) vanish.
So

H\(Y, Ly () = 0.

Then
Hi(Y, Li(—4)) = H'(Y, Oy (=Th + €)).

Then by [3| Lemma 1.4], we have
H(Y,Op(=Th+¢)) = H'(P? Ops(7h)).

So,

H'(Y, Li(—4)) = H(Y, Ly(~4)) = 0.

Then
H'(Y,Li(=3)) = H'(Y, Oy (—3h)).
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Then by [3, Lemma 1.4], we have
H(Y,0y(=3h)) = H'(P? Ops(3h)).

So,
H'(Y, Ly(~3)) = HA(Y, Li(~3)) = 0.

So far, we showed that H'(Y, L,(t)) = H*(Y, Li(t)) = 0 for all t exceptt = —1, —2.

For the remaining two values of t, we assume that C' is ACM.
o t=—1:

Again by the Leray spectral sequence, if H'(P3, f,Li(—1)) fori = 1,2,

HI(P3, R f.L1(—1)) for j = 0,1 and H°(P3, R%f,L,(—1)) vanishes,

then H'(Y, L1(—1)) and H*(Y, Ly(—1)) vanish.

Note that H'(P?, f.L,(—1)) = H'(P3, I2(5)) for i = 1,2 by the projection formula
and Corollary[2.1.3} and we know that H'(P?, I1%(5)) = 0 for i = 1,2 by Proposition
Also, we know that H’(P3 R' f,Li(—1)) = 0 for j = 0,1 and

HO(P3, R2f..L(—1)) = 0 by the projection formula and Corollary[2.1.3| So,

HYY,Ly(-1)) = H*(Y,Ly(-1)) = 0.
o t=-2:

By the Leray spectral sequence, if all of H'(P3, f.L1(—2)) fori = 1,2,

HI(P3, R f.L(—2)) for j = 0,1 and H°(P3, R%f,L(—2)) vanish,

then H' (Y, L1(—2)) and H*(Y, L1(—2)) vanish.

Note that H'(P?, f,L1(—2)) = H(P?, 1c(1)) for i = 1,2 by the projection formula
and Corollary 2.1.3] But H'(P®,Ic(1)) = 0 for i = 1,2 since C is ACM and by

Lemma[2.1.13| I has a minimal free resolution
0 — O} (—4) = OZ(=3) — Ic — 0.

Also, we know that H (P?, R' f,L,(—2)) = 0 for j = 0,1 and
HO(P3, R?f,L,(—2)) = 0 by projection formula and Corollary So,
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HY(Y, Li(=2)) = H*(Y, Li(-2)) = 0.

Hence H* (Y, Li(t)) = H*(Y, Li(t)) = 0 for all t € 7Z, and the result follows for L.

Consider Lo next.

Ly is Ulrich by Lemma since
LY(3) = (—(9)h + 3¢) + 3(4h — ) = 3h = Ly.

Remark 2.1.19 We know that Hg 33, which is the open subscheme of the Hilbert
Scheme parametrizing the smooth irreducible curves of d = 6 and g = 3 in P3, is
irreducible by [8, Theorem 4]. Also, we know that the property of being an ACM
sheaf is an open condition by [5|]. Hence, if we assume C is ACM, then the line

bundles L, and Lo exist on a generic element of the deformation class Y .

2.2 Rank 2 Ulrich Bundles on Y

Let E be a vector bundle of rank r, and L a line bundle on X. Then, by [14, Ex.
3.2.2], forall p > 0,

GESD) =Y (2Dt

—1
im0 \P

Then, if E is a rank 2 vector bundle, we have

a(Bwoxm) = Y (37 )alb) - (Ox)

= 2CO(E) . Cl(OX(tH)) + Cl(E>

= o(B)+2tH
and
w(Beoxm) = Y (57 )alb) - (Oxt)

¢(E) - & (Ox (LH))

M- 14+

Il
o

)

E)-{(Ox(tH)) + c1(E) - c1(Ox (tH)) + c2(E)
= (tH)* +tc(E) - H + cy(E).

—~
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Theorem 2.2.1 Let (}7, H) be a Fano threefold which is the blow-up of P* along a
smooth, irreducible curve of degree d and genus g. If £ is a rank 2 Ulrich bundle on

Y, then we have

1. H2~Cl(g) :SHS,
2. H-cy(E)=LiH-3(E) —2H? + 4,

— 2

3. 20%(5) - 601(8) : CQ(E) + 01(5) : CQ(K?) = 9H3

Proof 2.2.2 Let ¢c; = ¢;(€) and d; = ¢;(ICy7). Then, by Riemann-Roch theorem

V(1) = é[(2tH 1) = 3(2H + e))(tH)? + ter - H + )]
%&H[(%H +c¢1)? = 2((tH)? + tey - H + )]

1 1
+E(H2 + dg)(ZtH + Cl) + Eﬂdg

1
= 6(8H3t3 +12H? - 1t + 6H - it + ¢} — 6H*t* —6H? - ¢;t°
—6H - cot —3H? - c1t? — 3H - &t — 3¢y - )
1
+Z(4H3t2 +4H? eit + H-c§ — 2H — 2H? - 1t — 2H - ¢3)

1 1

+E(2H3t+H2 cc1 +2H - dyt + ¢y - dy) + E<H - dy)
= 1H3t3+(1H2~c +1H3)t2
3 2 L)
1 1

—|—(—H C%—H 62+§H2'C —|—6H3+6H dg)t

1 1 1 1
+(BC?_§CI 02+ZH-C§—2H CQ"‘EHQ'Cl

1 1

—¢1dy+ —H-d

Tpa bt i d)

Since & is a rank 2 Ulrich bundle, by Proposition we have

. .
x(Y,E()) :2H3(t+3> _ P67+ 11+ 6)

3 3

So, if we equate coefficients of t2, we get

1 1
SH2 e+ ~H3 = 21®
g aty

= H?.c¢; = 3H3.
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If we equate coefficients of t, we get

1 1 1 1 11
§H'C%—H'CQ+§H2'61+6H3+6H'(12:?Hg
1 1
= H-02:§H-c%—2H3+6H-d2 (by part (1))

1
= H-02:§H-c%—2H3—|—4.

If we equate constant terms, we get

1 1

1 1 1 1 1
3 2 2 3
e —Zcico+-H -c*—=H -co+—H? ¢+ —cy-do+—H -dy =2H
6C1 QC1 “ 4 “ 2 “ 12 “ 1ZC1 D 2

= 20} —6c1-cy+ oy - dy = 9H?,

Theorem 2.2.3 Let & be a rank 2 Ulrich bundle on'Y with ¢1(Y) = zh — ye. Then

there are 7 possibilities for ¢,(Y'), which are
e 6,
o Sh-e,

o 10h-2e,

12h-3e=3H,
o 14h-de,
o 16h-5e,

18h-6e.

Proof 2.2.4 We know that Hy = 4h — e. By Theoremm

(4h — €)*(zh — ye) = 3(4h — €)?
= 162 + 8y(—6) + z(—6) — y(—28) = 3.20 (Theorem|[1.2.3)

= z=2y+6.

Since & is Ulrich, it is p-semistable by Theorem[2.2.24] So, we can apply Bogomolov’s
Inequality [20, Theorem 7.3.1] and get

(22¢2(8) — (2= 1)} (E)H >0
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= 4Hcy(E) — HE(E) >0

= 4(H c%(;f) 2H? +4) — H(E) >0 (Theorem|2.2.1

= Hc}(E) —8H?+16 >0

= (4h —e)(zh — ye)*> —8.20 4+ 16 > 0

= 42® + 4y*(—6) + 22y(—6) — y*(—28) — 144 > 0 (Theorem|1.2.3)
= 4(2y +6)? —24y* — 12y(2y + 6) +28y* — 144 > 0

= —dy® +24y >0

= 0<y<6.

2.2.1 Simple Ulrich Bundles on Y with ¢; = 3H

Proposition 2.2.5 Let X be projective variety of dimension k in PV and Ix be the
ideal sheaf of X in PN. Then H'(PN I\ (t)) is upper semi-continuous for i > k.
Proof 2.2.6 Twisting the sequence
0—=Ix —>0Opyv > 0O0x =0

by 1" (t) yields the long exact sequence

0 — Tory ™ (I€"(1), Ox) = IZ"(t) = 12\ (t) = Ox @ IZ1(t) = 0
This can be broken into two short exact sequences, one of which is

0 — Tory ™ (I2"7(t), Ox) — IZ"(t) — I(t) — 0.

Since Tor?fp’ MILH(t), Ox) has at most k-dimensional support, we have
H{(PN, TOI“?PN (Ig"1(t),0x)) = 0 forall i > k. So, by long exact sequence of
cohomology, we get H'(PY 1" (t)) = HY (PN, I%(t)) for all i > k. Since left hand

side is upper semi-continuous, the right hand side is upper semi-continuous.

Theorem 2.2.7 Let C' be an smooth ACM space curve with d = 6 and g = 3. Then
h%(P3, 13,(6)) = 0 and h*(P3, I2(2)) < 8 for a generic such C.

Proof 2.2.8 Use Macaulay? [15|] for computations:
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il : k = ZZ/32467; R = k[x,y,2,W];

Then load the package RandomSpaceCurves [4|] to produce explicit example of smooth
ACM space curve C' of d = 6 and g = 3 with ideal J:

i2 : load"RandomSpaceCurves.m2";

i3 : J=(random spaceCurve) (6,3, R)

03 : ideal (-2215x"3+10620x"2y+2508xy"*2-15048y"3-5453x"2z2-2767xyz
+8885y"2z+2225x272+41759yz"2-94992"3+3014x"2w+12412xyw
-1419y"2w-11910xzw—3506yzw—831z"2w-1546xw"2+4414yw"2
-10576zw"2+15249w"3, -6292x"3-10864x"2y+5626xy"2-8024y"3
+10837x"2z2-6966xyz+9956y"22-9501x2"2-9538yz"2+97452"3
+15655x"2w-3220xyw—-12116y"2w+11148xzw—-3392yzw—-15392z" 2w
-3915xw"2-5992yw"2+15589zw"2+7309w"3, 870x"3+9582x"2y
-172xy"2+8082y"3-13952x"22+1923xyz+13352y"22z+7141xz"2
-13354yz"2+157472"3+1042x"2w+1494xyw—-11584y"2w+7730xzw
—-4628yzw+98372"2w-4220xw"2+4893yw"2-15379zw"2-13719w"3,
-15941x"3-8361x"2y-16223xy"2+12866y"3-4501x"2z+13591xyz
-11196y"2z-6043xz2"2-7842yz"2+11284z"3+1057x"2w-2552xyw
+6508y"2w+15994xzw—-2374yzw—-10280z"2w+7766xw"2+15317yw"2
-10555zw"2+7241w"3)

o3 : Ideal of R
Then check whether C' is a smooth ACM space curve of d = 6 and g = 3:

i4 : (degree J, genus J, resolution J)
o4 : (6, 3, R*1 <—— R™4 <—— R"3 <—— 0)
0 1 2 3

o4 : Sequence

Then compute h*(J%,(6)) and h*(JZ,(2)):

i5 : J3

JIxJ*J;

J2 = JxJ;

vJd3 = Proj(R/J3);
vJ2 = Proj(R/J2);

sdJ3 = sheaf module ideal vJ3;
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sJ2 = sheaf module ideal vJ2;
05 : Ideal of R
06 : Ideal of R
ill: (HH"2 (sJ3(6)), HH"2 (sJ2(2)))
oll: (0, k”8)

oll: Sequence

But, we know that these cohomologies are upper semi-continuous functions by Propo-
sition Hence, we have h?(P3, I3,(6)) = 0 and h*(P3,1%(2)) < 8 for a generic
element of all smooth ACM space curves of d = 6 and g = 3.

Remark 2.2.9 Since cohomology is an upper semi-continuous function, as stated in
the proof of Theorem smooth ACM space curves of d = 6 and g = 3 satisfying
h*(I.(6)) = 0 form an open subset of all smooth ACM space curves of d = 6 and
g = 3. Also by Remark we know that Hg 3 5 is irreducible and smooth ACM
space curves of d = 6 and g = 3 form an open subset in Hg33. So, smooth ACM
space curves of d = 6 and g = 3 satisfying h*(P?, I3.(6)) = 0 form an open subset of
all smooth space curves of d = 6 and g = 3. Hence, h*(P3, 13.(6)) = 0 for a generic
element of the deformation class Y. By a similar argument, h*(P3, 12(2)) < 8 for a

generic element of the deformation class Y .

Corollary 2.2.10 For a generic element of the deformation class of Y, we have
€$t1 (LQ, Ll) = 8.
Proof 2.2.11 We know that

ext'(Ly, L) = h' (Y, Ly ® Ly),

where LY ® Ly = Oy (—(3h) + (9h — 3¢)) = Oy (6h — 3e).
By Theorem x(Y,Ly ® Ly) = —8. So, we have

RO(LY @ Ly) — h'(Ly ® Ly) + h*(Ly @ L) — h*(Ly @ Ly) = —8
= h'(Ly® L) = 8+h"(Ly® L)+ h*(Ly @ L) — h*(Ly @ Ly)
= 8+hom(Ly, Ly) + h*(Ly ® Ly) —hom(L;(1), L)
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where hom(Ls, L1) = hom(L,(1), Ly) = 0 by [20, Proposition 1.2.7]. So
RYY, Ly ® L) = h*(Y,Lj® L)+ 8.
Use the Leray spectral sequence to compute h*(Y, LY @ Ly):
HP(P? RIf, Ly ® Ly) = H?™(Y, Ly ® L)

where f is the blow-down map.

We know that H*(P3, R?f.Ly ® L1) = H(P3, R? f,Oy(—3e) ® Ops(6)) by the pro-
jection formula and R*f,Oy(—3e) = 0 by Corollary

So, HY(P*, R2f.LY ® Ly) = 0. Similarly, H'(P*, R' f,LY ® L) = 0.

Also by the projection formula, we know that

fLY @ L) = f.Oy(6h— 3e)
= Ops(6) ® f,Oy(—3e)
= I ® Ops(6)
= I2(6).

So H*(P3, f.Ly ® Ly) = H*(P3, I3.(6)). Hence, by the Leray spectral sequence,
H*(Y,Ly ® Ly) = H*(P*, 12(6)).
So
RYY, LY ® L) = R*(P? I2(6)) + 8.
But, h*(P?, I2.(6)) = 0 by Remark [2.2.9, for a generic element of deformation class
Y. Hence, ext(Ly, L) = 8 for a generic element of deformation class Y .

Corollary 2.2.12 For a generic element of deformation class Y, ext'(Ly, Ly) < 8.

Proof 2.2.13 We know that
ext'(Ly, Ly) = h' (Y, LY ® Ly) = h*(Y, Ly ® L, ® Ky)

where LY @ Ly @ Ky = Oy (—(3h) + (91 — 3¢) + (—4h + ¢)) = Oy (2h — 2e).
Use the Leray spectral sequence to compute h*(Y, LY @ L; ® Ky):

HP(P? RIf, L) @ L1 @ Ky) => H?T(Y,h*(Y, Ly @ L1 ® Ky))
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where f is the blow-down map.

We know that H(P3, R*f, Ly ® L1 @ Ky) = H°(P? R? f,Oy(—2¢) @ Ops(2)) by
the projection formula and R? f,Oy (—2¢) = 0 by Corollary

So, H'(P3 R?f,LY @ L, ® Ky) = 0.

Similarly, H'(P3, R' f.Ly ® L1 ® Ky) = HY(P3, R' f.Oy(—2¢) ® Ops(2)) by the
projection formula and R* f,Oy (—3e) = 0 by Corollary

So, H\(P*, R\ f.LY ® L, ® Ky) = 0.

Also, by the projection formula, we know that

Ly ® L@ Ky) = f.Oy(2h— 2e)
= Ops(2) ® f.O0y(—2e)
= 2 ® Ops(2)
= 12(2).

So H*(P?, f,LYy® Li®Ky) = H*(P? 12(2)). Hence, by the Leray spectral sequence,
H2(Y7 L;/ ® Ll ® KY) = H2(]P)37 I%(Q))

But, h*(P3, 1%(2)) < 8 by Remark[2.2.9, for a generic element of deformation class
Y.

Hence, ext'(Ly, Ly) < 8 for a generic element of deformation class'Y .

Theorem 2.2.14 Let £ be a rank 2 vector bundle on'Y obtained by a non-split exten-
sion

0—-Li—&—=Ly—0

or

0—=Lys—E—L;—0

where L1 = Oy (9h — 3¢) and Ly = Oy (3h). Then £ is a simple Ulrich bundle with
c1(E) = 12h — 3e and c5(E) = 27h? — 9he.

Proof 2.2.15 By Theorem[2.1.17] L, and Ly are Ulrich line bundles. Since they are
Ulrich, they have the same slope by Proposition[2.0.17) Since they are line bundles,
they are trivially stable. Clearly, they are non-isomorphic. Hence £ is a simple vector

bundle by [5, Lemma 4.2].
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Since Ly and Ly are Ulrich bundles, £ is an Ulrich bundle by [7, Proposition 2.8].

Moreover, we have

(&) = al(ly)+ (L)
= (9h — 3e) + (3h)
= 12h—3e

and

(&) = c(Ly)er(Le)
= (9h — 3¢)(3h)
— 27h2 — 9he.

Theorem 2.2.16 Let € be a rank 2 simple Ulrich bundle on'Y with ¢,(€) = 12h — 3e
and c3(E) = 27h* — Yhe. Then h*(E ® V) — h*(E @ £Y) = 15.

Proof 2.2.17 Note that the Chern polynomial of & is

2

(&) = (1+ (9h = 3e)t)(1 + (3h)t) = [[(1 + ait)

where a1 = 9h — 3e and Ay = 3h.

Also,

alE) = (-D'a(E)
= —12h+3e

and

(&) = (=1)%c(€)
— 27h2 — 9he.

Then the Chern polynomial of £V is
2
(V) = (L4 (=9h+ 3e)t)(1+ (=3h)t) = [ [ (1 + bit)
i=1
where by = —(9h — 3¢) and by = —3h. Then we have

aE®&Y) = ]+ (ai+b)t)

ij=1
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— (14 0t)(1 4 (6h — 3e)t)(1 + (—6h + 3e)t)(1 + 0t)
= 140t + (—36h% + 36he — 9¢*)t2 + 0> + 0t*.
S0, c2(€ ® EY) = —36h2 + 36he — 9e® and ¢;(E R EY) = 0fori=1,3,4.
By Theorem[1.2.3] we have
o (Ty)=4h —e
eo(Ty) = 121 — 4he

and
deg(h®) = 1
deg(h%e) = 0
deg(he?) = —6
deg(e®) = —28.

Apply the Riemann-Roch theorem for EQEY onY if ¢; = ¢;(EREY) and d; = ¢;(Ty):
1

1
4d1 (C% = 262) + E(d% + dQ)Cl

3 1
Y, EQREY) = 6(6? — 3c1e0 + 3e3) +

4
+ﬁd1d2
1 ~ r -
E 1(4h — e)(—2(—36h* + 36he — 9¢%))

4 ~ ~ ~
—(4h — e)(12h% — 4
+24(4h e)(12h he)
1 1
= —(=72)+ =(24
(-T2 + £ (24)
= —14.

Then we have
WERE)—h(ERE)+R(ERE)—REREY) =—14
ShERE)-REREY) = U+R(EREY)-R(EREY)
= 14+ hom(&, £) — hom(£(1), )
where hom(&, £) = 1 since & is simple. So
MERE)—R(E®EY) = 1441 —hom(£(1),E)
where hom(E(1),E) = 0 by [20, Proposition 1.2.7]. So
RHERE)—M(EREY) = 14+1-0
= 15.
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2.2.2 Quot Scheme

The general reference for this section is [20, Section 2.2].
The Quot scheme Quot x (F, P) parametrizes quotient sheaves of a given O x-module
F" with Hilbert polynomial P. In this subsection, we briefly review some properties

of the Quot scheme, including properties about its local dimension.

Let x be a field, S be x-scheme of finite type and Sch/S be the category of S-
schemes. Let ¢ : X — S be a projective morphism and Ox (1) an ¢-ample line
bundle on X. Let H be a coherent Ox-module and P € Q[z] a polynomial. The

functor

Q:=Quot . :(Sch/S)° — (Sets)

X/8

is defined as follows:

If ' — S is an object in Sch/S, let Q(T') be the set of all T-flat coherent quotient
sheaves Hr = Or @ H — F with Hilbert poynomial P. Andif h : 7" — T is
an S-morphism, let Q(h) : Q(T) — Q(T') be the map that sends Hy — F to
Hpr — W F.

Theorem 2.2.18 The functor Quot /s

S-scheme 7 : Quotxs(H, P) — S.

(H, P) is represented by a projective

Proof 2.2.19 See [20, Theorem 2.2.4].

Proposition 2.2.20 Let X be a projective scheme over a field k and H a coherent
sheafon X. Let [q : H — F] € Quot(H, P) be a k-rational point and K = ker(q).
Then

hom(K, F) > dimyQuot(H, P) > hom(K, F) — ext' (K, F).
If equality holds at the second place, Quot(H, P) is a local complete intersection
near [q]. If ext' (K, F) = 0, then Quot(H, P) is smooth at [q].
Proof 2.2.21 See [20, Proposition 2.2.8].
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2.2.3 Stable Ulrich Bundles on Y with ¢; = 3H

We review some well-known facts.

Proposition 2.2.22 Let £ be a stable bundle on X. Then £ is simple; i.e, End(E) =
K.

Proof 2.2.23 Since K is algebraically closed, it follows from [20, Corollary 1.2.8].

Theorem 2.2.24 Let £ be an Ulrich bundle of rank r on a nonsingular projective
variety X. Then,
o & is semistable and pi-semistable,

o [f& is stable, then it is also -stable.

Proof 2.2.25 See [5| Theorem 2.9].

Hence, (semi)stability and p-(semi)stability are equivalent for an Ulrich bundle £ by
Lemma [2.0.13] and Theorem 2.2.24

Proposition 2.2.26 Let £ be an Ulrich bundle of rank r on a nonsingular projective

variety X. Then & is globally generated.

Proof 2.2.27 See [I7, Corollary 2.5].

Lemma 2.2.28 Let € be an Ulrich bundle on X. Then for any Jordan-Holder filtra-
tion

0=6ECEC---CEL1CE,=E

we have that &; is an Ulrich bundle for 1 < ¢ < m. In particular, if £ is a strictly
semistable Ulrich bundle of rank r > 2, then there exist a subbundle F of £ having

rank s < r which is Ulrich.

Proof 2.2.29 See [|6| Lemma 2.15].
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Definition 2.2.30 Let E be a nontrivial locally free sheaf on X. The trace map tr :
End(E) — Ox induces tr' : Ext'(E,E) = H(End(E)) — H'(Ox). These

homomorphisms are surjective. Let Ext'(E, E), denote the kernel of tr'.

Proposition 2.2.31 If E is locally free sheaf on'Y, then Ext'(E, E), = Fxt'(E, E)
for( <1 < 3.

Proof 2.2.32 Note that H'(Y,Oy) = 0 for 0 < i < 3. So the kernel of tr' is
Ext'(E,E) for 0 <i < 3.

We want to analyze the local dimension of Quot scheme. For this, we will follow the
discussion and the notation of [20, Section 4.3].

Let F' be semistable sheaf on X. Let m be a sufficiently large integer such that
F(m) is globally generated, V' be a vector space of dimension Px(m) and H :=
V ®r Ox(—m). Let R C Quot(H, P) be the open subscheme of those quotients
[p: H — &E] where V — H°(E) is an isomorphism.

Proposition 2.2.33 H'(Y,Oy) = 0 fori > 0.
Proof 2.2.34 See [19 p. 153].

Theorem 2.2.35 Let € be a rank 2 simple Ulrich bundle on'Y, with ¢1(€) = 12h— 3¢
and c3(E) = 27h* — Yhe. Then dimy, R > 1614 for a fixed [p : H — &|.

Proof 2.2.36 We will follow the construction in [20, p.115].
First, note that £ is semistable by Theorem Second, & is globally generated

by Proposition[2.2.26]
So V' is a vector space of dimension 40, since Py (0) = 20 - 2(3;:0) = 40.
Then H .=V XK Oy = 0340.
Fix[p:H— & €eR
1. Let K be the kernel of p; that is, we have

0K —-H—=E—=0.
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Then we have the long exact sequence of cohomology

0

Ll

Since H = (’)@40 and & is globally generated by Proposition
HY(Y,H) = H°Y,E). So H(Y,K) = 0. Then, since Hom(H, K)
Hom(Oy, K)®0 =~ HO(Y, K)*° Hom(H, K) = 0.

Since H'(Y,H) = H'(Y, Oy)®* = 0 by Proposition[2.2.33|and H* (Y, H) =
HY(Y,E), HY(Y,K) = 0. Then, since Ext'(H,K) = Ext'(Oy, K)® ~
HY(Y, K)®, Eat'(H, K) = 0.

Since H*(Y,H) = H?(Y,Oy)®4 = 0 by Proposition2.2.33|and H'(Y,€)
0 by being that £ is Ulrich, H*(Y,K) = 0. Then, since Ext*(H,K)
Ezt*(Oy, K)®% = H2(Y, K)®, Ext*(H, K) = 0.

Since H3(Y,H) = H3(Y, Oy)®% = 0 by Proposition[2.2.33|and H*(Y,&) =
0 by being that £ is Ulrich, H3(Y,K) = 0. Then, since Ext*(H,K)
Ezt3(Oy, K)®% = H3(Y, K)®, Ext3(H, K) = 0.

Hence Hom(H, K) = 0 and Ext'(H, K) = 0 for i > 0.

I

I

2

12

. Consider the short exact sequence
0K —=H—=E—=0.
Then take the functor Hom(H, —)

0 — — Hom(H,H) — Hom(H,E)

Y

om(H
— tl(’H,, — Ext' (H,H) — Ext' (H,E)
—  Ext*(H

(H,

K)
K)

JK) — Ext*(H,H) = Ext*(H,E)
K)

— Ext*(H,K) — Ext*(H,H) — Ext*(H,E) — 0.

By step (1), we know that Hom(H, K) = 0 and Ext'(H,K) = 0 for i > 0.
So, Hom(H,H) = Hom(H,E) and Ext'(H,H) = Ext'(H,E) fori > 0.

On the other hand, Ext'(H,H) = Ext' (O3, OP*) = H (Y, Oy )P0 for
i > 0. Since H'(Y, Oy') = 0 for i > 0 by Proposition Ext'(H,H) =0
Hence Hom(H,H) = Hom(H,E) and Ext'(H,E) =0, i > 0.
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3. Again consider the short exact sequence
0K —=H—=E—=D0.
Then take the functor Hom(—, &) of it

0 — Hom(&,€) - Hom(H,E) - Hom(K,E)
— Ext'(£,8) = Ext'(H, ) =0 — ...

leads to equality hom(K,E) = hom(H, E) + ext' (E,E) — hom(E,E).
Since Ext'(H,E) = 0 fori > 0, Ext'(K,E) = Ext™™Y(&, &) fori > 0.

4. The boundary map Ext'(K,E) — Ext*(€,E) maps the obstruction to extend
[p] onto the obstructions to extend [E] (see [20, 2.A.8]). The latter is contained

in the subspace Ext*(E,E),. This gives the dimension bound, using Proposi-
tion[2.2.20,
dimy, R > hom(K,E) — ext*(E,E),.

Then, by step (3), we have

dimy,) R > hom(H,E) + ext' (E,E) — hom(E,E) — ext?(E,E),.
Then, by Proposition[2.2.31|

dimy, R > hom(H, E) + ext'(E,E) — hom(E,E) — ext?(E,E).
Then, by step (2), we have

dimp, R > hom(H, H) + ext' (E,E) — hom(E,E) — ext?(E,E).
Since & is simple and H = O ywe have

dimp, R > 1600 + ext'(€,€) — 1 — ext®(€, €).
Then, by Theorem|[2.2.16|and the equality (€ @ EV) = ext'(E, E), we have
dimy R > 1600 + —1+ 15 = 1614,

Let R C Quot(H, P) be the subset parametrizing the quotients [p : H — £] where

£ is obtained as an extension of Ly by L;.
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Proposition 2.2.37 dim,;; R = 1606 for a fixed [p : H — ).

Proof 2.2.38 The projectivization of Ext'(Ly, L1) has dimension 8—1 = 7 by Corol-
lary|2.2.100 R is the union of all orbits of extensions of Lo by Ly under the action of
PGL(V), so around each fixed [p : H — €], dimy, R = 1599 + 7 = 1606.

Let R C Quot(H, P) be the subset parametrizing the quotients [p : H — &] where

£ is obtained as an extension of L, by L.
Proposition 2.2.39 dim,; R < 1606 for a fixed [p : H — &

Proof 2.2.40 The projectivization of Ext'(Ly, Ly) has dimension < 8 — 1 = 7 by
Corollary|2.2.12l R" is the union of all orbits of extensions of L by L, under the
action of PGL(V'), so around each fixed [p : H — €], dimy,) R" < 159947 = 1606.

Theorem 2.2.41 There exist rank 2 stable Ulrich bundles with ¢,(E) = 12h — 3¢ on

a generic element of the deformation class 'Y .

Proof 2.2.42 By Theorem there are rank 2 simple Ulrich bundle £ with the
given Chern classes.

We know that the property of being Ulrich is an open condition. So there is an open
subset U of R around [p : H — &| containing Ulrich bundles. By Theorem U
has dimension at least 1614.

We also know that every Ulrich bundle is semistable by Theorem If all ele-
ments of U were strictly semistable, then by Lemma and [/, Proposition 2.8],
they would be extensions of Ulrich line bundles. But there are only two Ulrich line
bundles Ly and L, on Y. So they would be extensions of Lo by Ly or extensions of Ly
by L.

However, the dimension of R at the points that are extensions of Lo by Ly is 1606
by Proposition and the dimension of R" at the points that are extensions of L,
by Ly is at most 1606 by Proposition Since both these dimensions are strictly
smaller than 1614, not all Ulrich bundles with the given Chern classes are obtained
by extensions. In other words, not all Ulrich bundles in U are strictly semistable.

Hence there are rank 2 stable Ulrich bundles with ¢, (£) = 12h — 3e.
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