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ABSTRACT

AN ALGORITHM TO RESOLVE THE OPTIMAL LOCOMOTION
PROBLEM OF MODULAR ROBOTS

Mencek, Hakan
M.S., Department of Mechanical Engineering
Supervisor : Prof. Dr. Resit Soylu
December 2007, 115 pages

In this study, a novel optimal motion planning algorithm is developed for the loco-
motion of modular robots. The total energy consumption of the robot is considered
to be the optimization criteria. In order to determine the energy consumption of the
system, the kinematic and dynamic analyses of the system are performed. Due to
the variable number of modules in the system, a recursive formulation is developed
for both kinematic and dynamic analyses. Coulomb’s static and dynamic friction

models are used to model the frictional forces at the contact points.

In modular robot locomotion, the number of contact points and the positions of the
contact points vary with time. As a result, the structure of the dynamic equilibrium
equations changes. Depending upon the number and type of contacts (i.e., contact
with static or dynamic friction), the dynamic equilibrium equations may lead to
an overdetermined, regular or underdetermined system of equations. The last case
implies that the system is statically indeterminate. A novel solution method, which
takes into account the deflections of the flexible links in the modular robot, is

introduced to resolve this statical indeterminacy problem.

Another important contribution is the identification of the singularities associated
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with the dynamic equilibrium equations. It is shown that these equations become
singular when all tangential contact point velocities are in the same direction. The
developed optimal motion planning algorithm ensures that such singularities are

avoided.

The procedure is illustrated via a modular, self reconfigurable robot called MTRAN.
However, the method may be easily extended to other modular robots by chang-
ing the structural parameters. In order to display the resulting motion, a visual
simulation program is developed for MTRAN using the commercial software MATH-

EMATICA.

Keywords : Modular Robots, Optimal Locomotion Planning, Static Indeterminacy,

Contact Point Determination, Energy Optimization



OZ

MODULER ROBOTLARIN HAREKET PLANLAMASI SORUNUNU COZEN
BIR ALGORITMA

Mencek, Hakan
Yiiksek Lisans, Makina Miihendisligi Boliimii
Tez Yoneticisi : Prof. Dr. Resit Soylu
Aralik 2007, 115 sayfa

Bu calismada, modiiler robotlarin en uygun hareketini bulmak icin 6zgilin bir al-
goritma geligtirilmigtir. iyile§tirme kriteri olarak toplam enerji tiikketimi géz 6niine
alinmistir. Enerji tiikketimini hesaplamak icin robotun kinematik ve dinamik anali-
zleri yapilmigtir. Degisken modiil sayis1 sebebiyle bu analizler igin yinelemeli bir
formiilasyon gelistirilmistir. Temas noktalarindaki siirtiinmeyi modellemek icin

Coulomb’ un statik ve dinamik siirtiinme modelleri kullanilmigtar.

Modiiler robotlarin hareketi sirasinda, temas noktalarinin sayisi ve konumu zamana
gore degigir. Bu yiizden dinamik denge denklemlerinin yapis1 degismektedir. Temas
noktalarinin sayisina ve konumuna bagl olarak dinamik denge denklemlerinin sayisi,
bilinmeyenlerin sayisindan ¢ok, bilinmeyen sayisina esit veya bilinmeyen sayisindan
az olabilmektedir. Denklem sayisinin bilinmeyen sayisindan az oldugu durum statik
olarak belirsiz bir sisteme yol agmaktadir. Bu statik belirsizlik sorununu ¢ézmek
icin modiiler robot iizerindeki esnek uzuvlarin uzamasini veya kisalmasini géz oniine

alan 0zgiin bir ¢oziim yontemi gelistirilmigtir.

Diger bir 6énemli katki da dinamik denge denklemleri ile ilgili tekilliklerin belir-

lenmesidir. Bu c¢alismada, modiiler robotun temas noktalarindaki teget hizlar
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ayni yonde oldugu takdirde dinamik denge denklemlerinin tekil oldugu gosteril-
migtir. Gelistirilen hareket eniyilestirme algoritmasi, tekil durumlardan sakinacak

bir bigimde diizenlenmistir.

Geligtirilen yontem modiiler ve otonom olarak sekil degistirebilen bir robot olan
MTRAN kullanilarak aciklanmigtir. Fakat, bu yontem bazi yapisal parametrelerin
degistirilmesi ile diger modiiler robotlara da uygulanabilir. Bu caligmada ayrica
elde edilen hareketi gostermek igin ticari bir paket yazilim olan MATHEMATICA

kullanilarak gorsel bir benzetim ortami geligtirilmistir.

Anahtar Kelimeler : Modiiler Robotlar, Eniyilegtirilmis Hareket Planlama, Enerji
Eniyilegtirmesi, Statik Belirsizlik, Temas Noktalar1 Tespiti
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CHAPTER 1

INTRODUCTION

Traditional robotic systems are designed to perform specific tasks in a certain envi-
ronment. Although they carry out their tasks successfully, they are unable to adapt
to the different environmental conditions. Therefore, they are unable to operate
efficiently in an unknown environment. Besides, if a part of the system fails, the
robot has to be turned off until the system is repaired. In order to work properly
under similar conditions, the robots should be more flexible. They should be able
to adapt to new environmental conditions. Also, they should be more intelligent to
replace or repair the failed part of the system. A modular, self-reconfigurable robot
can successfully accomplish these tasks by changing its shape to a more convenient

form.

Modular robots are robotic systems consisting of a set of autonomous modules,
which are connected in an appropriate configuration to perform a required task.
The modules are able to connect to, or disconnect from, the other modules so
that the system can change its shape to a suitable form for the required tasks. In
addition, the modules can move inside the system, so that a failed module can be

replaced by another one.

The motions of a modular robot may be separated into two, namely, reconfiguration
and locomotion. Reconfiguration is the motion with shape change by connection
and disconnection of the modules, whereas, the locomotion is the motion of the
robot to a target location without any shape change. In this thesis, modular, self

reconfigurable robots and their locomotion problems have been studied.

Modular robots are relatively new robotic systems compared to classical robot ma-
nipulators. Hence, their advantages, classification and area of applications are
discussed in the following sections. Furthermore, the physically realized modular

robots and their motion planning methods are also presented.



1.1 Advantages of Modular Robots

Modular robots have several advantages over traditional robotic systems with fixed

structure. Some of them are listed below.

e Modular robots are easier and more economical to build, since production of
the same standard parts are required, instead of the production of different

and complex parts.

e Modular robots are fault tolerant. If a module fails during an operation, the
rest of the system can continue to work by replacing the failed module by an

operational one.

e Modular robots can adapt to the changing environmental conditions by recon-
figuring into an appropriate form. For example, a modular robot in a legged
form can climb stairs, then reconfigure into a snake like form and crawl under

an obstacle.

e Modular robots can have the ability to self-assemble. A set of disconnected

modules can assume a suitable shape and then carry out the task.

e Modular robots can perform multiple tasks by means of the same set of mod-

ules.

1.2 Classification of Modular Robots

Modular robots can be classified into different groups according to their module

types, structures, working environments, capabilities and control systems.

e According to Module Type:

o Homogeneous Modular Robots are composed of identical modules. In

order to work independently, each module has its own actuator(s), power

supply, processing unit and sensor(s).

o Heterogeneous Modular Robots have different kinds of modules. Each

type of module can be suitable for different requirements of the system.
For example, one type of module may carry batteries while another type

of module may hold actuator(s) and sensor(s).



e According to Connection Type:

o Chain Type Modular Robots are composed of modules, which are con-

nected in the form of a string or tree.

o Lattice Type Modular Robots have modules connected in a regular two

or three dimensional pattern, like a cubic or hexagonal grid [1].

o Hybrid Type Modular Robots can connect in a lattice type configura-

tion. Furthermore, they can also perform tasks as chain type modular

robots.

According to Capabilities:

o Self Reconfigurable Modular Robots can reconfigure into another form

automatically.

o Manually Reconfigurable Modular Robots require additional help from

the user to change their shape.

According to Working Environment:

o 2D Modular Robots operate in a planar (2D) space

o 3D Modular Robots perform tasks in a 3D environment.

According to Control System:

o Distributed Control Modular Robots have modules which are controlled

by their own control systems.

o Centralized Control Modular Robots are controlled by means of a central

control system.

According to Reconfiguration Method:

o Deterministic Modular Robots reconfigure into different forms by con-

tinuously controlling the position of each module.

o Stochastic Modular Robots know the location of modules only when they

are connected to the main system. These robots operate in an environ-
ment that enables Brownian motion' like in zero-gravity space or in fluid

surroundings [3].

!Brownian motion is the erratic movement of microscopic particles in a fluid, as a result of
collisions with the surrounding molecules [2]



1.3 Areas of Applications

Modular self reconfigurable robots are versatile, fault-tolerant and self-assembling
systems. These features provide large potentials for robotic applications in different
fields.

First of all, modular robots are useful for tasks in unknown environments. They
can be used for missions in space, or on the ocean floor. A modular robot, in a
suitable form for transportation, can be sent to an environment. Then the robot
reconfigures into an appropriate shape to adapt to the conditions and carry out
the required tasks. In addition, modular robots can carry out search and rescue
missions in natural disaster areas. For example, a modular robot can enter inside
of a collapsed building through a small hole, avoid obstacles by reconfiguring into

different forms and search the ruins for any survivors.

Modular robots can be used in the production lines in industry. Instead of using
different and complex robot manipulators to perform various tasks, a set of modular
robots may be used. They can perform different operations (welding, cleaning,

painting, etc...) with different arrangements of the modules.

A long term vision for modular robots is called “Bucket of Stuff” [1]. In the future,
consumers might have a container of self-reconfigurable modules. When required,
the consumer calls for the robot to achieve a certain task, such as cleaning the room,
changing the oil in the car and the robot reconfigures into a convenient form and

performs the task.

In summary, the flexibility and versatility of modular robots lead to many possibil-
ities for robotic applications in the future, making the studies in modular robotics

well worthy.

1.4 Physically Realized Modular Robots

There has been a lot of researches on modular robots. Several modular robots are
designed and built to study reconfiguration, locomotion and assembling of the sys-
tems. Some of the physically realized modular robots are listed in Table 1.1. Their
structure types, work environments, module degrees of freedoms and developers are
also presented in the same table. Physical appearances of some of these modular

robots are shown in Figure 1.1.



Figure 1.1: Example Modular Robots: (a) Atron [4] (b) CONRO [5] (c) Miche [6]
(d) Molecube [7] (e) PolyBot [8]

Table 1.1: Physically Realized Modular Robots

Name Structure | DOF | Workspace | Developer
ATRON Lattice 1 3D Jorgensen et al. [4]
Catoms Lattice 0 2D Kirby et al. [9]
CHOBIE Lattice 2 2D Koseki et al. [10]
CONRO Chain 2 3D Shen et al.[5]
Crystalline Lattice 4 2D Rus and Vona[11]
Fractum Lattice 3 2D Murata et al. [12]
I-Cubes Lattice 3 3D Unsal [13]
Metamorphic | Lattice 6 2D Chirikjian[14]
Miche Lattice 0 3D Rus et al. [6]
Molecubes Chain 1 3D Zykov et al.[7]
MTRAN Hybrid 2 3D Murata et al. [15]
Pneumatic Lattice 1 2D Inou [16]
PolyBot Chain 1 3D Yim et al. [§]
Prog. Parts Lattice 0 2D Klavins et al.[17]
Stochastic Lattice 0 3D White et al. [3]
Superbot Hybrid 3 3D Shen et al. [18]
Telecube Lattice 6 3D Suh et al. [19]
Tetrobot Chain 1 3D Hamlin et al. [20]
Vertical Lattice 1 2D Hosokawa et al. [21]




1.5 Motion Planning of Modular Robots

Similar to classical robotic systems, modular robots require efficient motion strate-
gies to accomplish their tasks successfully. In order to obtain the motion of a
modular robot, motions of all modules in the system should be determined. Deter-
mination of the motions of all modules, for an efficient system motion, is called to
be the motion planning problem of modular robots. Although a lot of effort has
been spent on the realization of reconfiguration sequences and locomotion gaits of
the modular robots, the studies to generate such motions automatically are limited.
In this section, the research efforts for finding locomotion gaits and reconfigura-
tion sequences for efficient modular robot motions are presented. Furthermore, the
approach used in this thesis, for the solution of the motion planning problem, is

introduced.

1.5.1 Reconfiguration

Reconfiguration is the shape change of the modular robot by means of the connec-
tion and disconnection between the modules. The connection and disconnection of
the modules requires a lot of energy and long time. Therefore, efficient reconfigu-

ration sequences are needed for modular robots.

One approach for the solution of the reconfiguration problem is dividing the problem
into several subproblems. Kotay and Rus [22] have considered this approach and
have divided the reconfiguration problem of a modular robot into three hierarchical
levels, namely, trajectory planning, configuration planning and task-level planning.
Trajectory planning level generates the motion for a single module, which moves
from an initial position to a target position. Configuration planning level synthe-
sizes the motion for a set of modules moving from a starting configuration to a
goal configuration. Finally, task-level planning is used to plan the motion of the
system according to the type of the required task. Similarly, Unsal and Khosla [23]
also used hierarchical layers for the reconfiguration planning of I-Cubes. A multi-
layered planner is developed to solve the reconfiguration problem in three levels,
namely, metacube, cube and link levels. Metacube is defined as a uniform struc-
ture composed of a set of links and cubes. The planner uses Hungarian algorithm
with Manhattan distance for the metacube motion planning and a heuristic search
algorithm for the optimal cube motion planning. The link motions are generated

by means of hard-coded basic link motions on the cube surfaces.

Evolutionary methods using genetic algorithms are also used in the solution of re-



configuration problem of modular robots. Yoshida et al. [24] developed a method
called Evolutionary Reconfiguration Sequence Synthesis to solve the reconfiguration
problem of MTRAN. In this method, different motion segments are defined for the
basic module motions, including motor actuation and connection of modules. Then,
a genetic algorithm is applied to find the reconfiguration sequences by taking the
motion segments as the genes. The results are evaluated according to hardware lim-
itations and module collisions. Several reconfiguration sequences were determined
by means of this approach and they were experimentally verified with the MTRAN
system. In addition, Mytilinaios et al. [25] and Zykov et al. [7] studied the self-
replication of Molecubes by means of generic algorithms to find evolved physical
replicators. In the genetic algorithm, a fitness function was used in order to have a

feasible replication sequence.

Some novel algorithms are also developed for different types of modular robots to
find reconfiguration sequences. For chain type modular robots, Yim et al. [26]
presented a connectivity planning algorithm using canonical forms. This algorithm
outputs attachment and detachment steps to reach the final configuration. Another
planner is developed by Rus and Vona [11] for modular robots with compressible
modules. Considering a set of modules, this planner takes a starting module, com-
presses it into an intermediate module and finally, expands the intermediate module

into the target position.

Evaluation of the reconfiguration sequences according to some criterion has also
been studied. Chiang and Chirikjian [27] introduced some metrics to include the
type of reconfiguration in the optimization. These metrics were used to evaluate
the performance of the reconfiguration motion according to the path length and the

number of moves.

1.5.2 Locomotion

Locomotion is the translational motion of modular robots from one point to another
without changing its configuration. For an efficient locomotion, different motion

gaits should be obtained according to the requirement of the tasks.

To generate locomotion patterns for MTRAN, a locomotion pattern generation al-
gorithm, using a central pattern generator, was developed by Yoshida et al. [24]
and Kamimura et al. [28]. Neural oscillator model of central pattern generator

was applied to each motor in the system. A genetic algorithm was used to evolve



the initial values and the weights of the neural network in order to find a feasible
locomotion gait. Then, the results were evaluated according to a fitness function
designed to have faster locomotion in a straight line with minimum energy consump-
tion. The dynamic analysis of the system during the pattern generation process was
performed by means of a commercial dynamic simulation package, called Vortex.
Similarly, Ostergaard and Lund [29] successfully applied genetic algorithms to real-
ize system locomotion of Atron. Experiments with different starting configurations
were performed to evaluate the performance of the genetic algorithm. These ex-
periments showed that evolutionary methods are useful for generating meaningful
global behaviors in a self-reconfigurable modular robot in spite of a number of issues
to be further studied.

Marbach and Ijspeert [30] used central pattern generators for a modular robotic
system called YaMoR. Instead of a genetic algorithm, they successfully applied
a classical function optimization algorithm, namely Powell’s Method, to find the
optimal locomotion gait. This optimization method is implemented into the central

pattern generator and online optimization is achieved.

In this thesis, the optimal locomotion problem of modular robots is studied. The
problem is converted into a parameter optimization problem. The variations of the
joint variables are calculated by the optimization to have minimum energy con-
sumption. In order to find the energy consumption and check the feasibility of the
locomotion gait, a recursive formulation for the kinematic and dynamic analysis is
developed. Coulomb friction is considered at the contact points and their effects
are also included in the dynamic analysis. The method is illustrated by means of
a modular, self reconfigurable robot, called Modular Transformer (MTRAN). All
of the numerical and symbolic calculations are performed using the MATHEMAT-
ICA software and the numerical solution of the parameter optimization problem is

achieved by means of the NMINIMIZE function of MATHEMATICA.

The outline of the thesis is as follows. In Chapter 2, the modular and self recon-
figurable robot called the Modular Transformer is introduced. In Chapter 3, the
kinematic analysis of modular robotic systems is discussed. The contact point de-
termination of dynamic systems is explained in Chapter 4. The dynamic analysis
of the modular robots is presented in Chapter 5. The definition and the solution
of optimal locomotion problem is discussed in Chapter 6. Several case studies are
presented in Chapter 7 in order to demonstrate the solution method, and finally,

the conclusions of the study is given in Chapter 8.



CHAPTER 2

MODULAR TRANSFORMER

In this chapter, a modular and self reconfigurable robot, called Modular TRANs-
former (MTRAN), is introduced. MTRAN is considered to be a hybrid type mod-
ular robot, since its modules can form both chain and lattice type structures. Since
MTRAN has a hybrid type structure, it represents most of the modular robots in
the literature. Therefore throughout this study, MTRAN system is used for the case
studies to illustrate the methods followed for the solution of the optimal locomotion

problem of modular robots.

MTRAN is developed by Murata et al. in 1998 [15]. So far, several improvements
have been made on the mechanical and electrical characteristics of the system.
During this period, MTRAN version II and MTRAN version III have been designed.

In this study, the specifications of the latest version is considered for the calculations.

MTRAN is a homogeneous modular robot composed of same type of modules. Each
module has two degrees of freedom. Modules can move in a two dimensional space
independently. Each module has male and female connection faces. Connection
and disconnection between two modules are achieved automatically. By connect-
ing several modules in a certain configuration, MTRAN is able to move in three

dimensional space.

2.1 MTRAN III Module Design

Each MTRAN module consists of three parts, namely passive, middle and active
links. Passive and active links have semi-cylindrical and semi-cubic form. The
middle link is also called as the link. They are connected by the middle link via two
actuators. If the diameter of the semi-circle in passive/active link is denoted by d,

then the other link dimensions become d and d/2 as shown in Figure 2.1(a). For



MTRAN III, the value of d is 65mm. Therefore each module is 65 x 130 x 65mm
in size. The weight of a single module is 420¢ [31].

d/2 d d/2

y
A
A
A

Active
Link

d < MiddIeXLink p)

dlz\‘ di2/ passive
Link

(a)

Figure 2.1: MTRAN III module : (a) Special dimensions (b) Physical appearance
32]

2.1.1 Actuation

Two servo motors connects three links and provides two degrees of freedom with
parallel rotation axes as shown in Figure 2.2. They are mounted inside the middle
link. Each motor has a rotational range of £90°. The circuit board controlling the
motors is also in the middle link. The position of the motors are controlled by a
PID control system. Each motor is capable of providing 19.8kg — cm torque. This

value is enough to lift up two modules [33].

Half-cubic & half-cylindrical block
Three connection / » Link l

surfaces Connection

180° rotation C
180 °rotation

Active (male) block  Passive (female) block
L ]

A
module neighbor module

Figure 2.2: Module design of MTRAN III [32]
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2.1.2 Connection Mechanism

The connection of the modules is achieved between passive and active links through
the connection surfaces. Each link has three connection surfaces. Passive links has
female connection surfaces, whereas active links has male connection surfaces. In
the first two versions of the system, permanent magnets and SMA coils were used
for the connection mechanism. However, a mechanical connector has been designed
for the latest version of the module to replace the time and energy consuming mag-
netic system. More information related to the connection by permanent magnets
and SMA coils can be found in [15] and [33]. For the connection between the mod-
ules of the latest version, retractable hook mechanism, which is shown in Figure
2.3, is installed in the connection surfaces of the active link. Several IR emitter and
receivers are also installed on the connection surfaces to be used as target mark-
ers during the connection. They are used to detect the position of the connection
surfaces with respect to each other. When the passive and active connection sur-
faces are close enough for the connection, a motor activates the retractable hook

mechanism on the active link.

Passive surface

Aclive
surface

mechanism

Sliding block

Figure 2.3: Connection mechanism of MTRAN III [31]

Then four hooks move into the slots on the passive connection surface and the con-
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nection is achieved. For disconnection of the two modules, driving the retractable
hook mechanism in the reverse direction is enough. The tolerances for the MTRAN
IIT to achieve connection is 5mm along the connection surface direction, 2mm per-

pendicular distance between modules and 10° in rotation [31].

2.1.3 Electrical Units

There are four processing units, one master and three slaves, in each MTRAN III
module. Renesas SH 1II is used as the master processor and Renesas HS is used as
the slave processors. CAN bus connects all the master processors of the connected
modules for communication, motion synchronization and cooperation. Communi-
cation of the modules is achieved through wireless connection via bluetooth. Each

module is powered by means of lithium-polymer batteries [32].

2.2 Motion of the MTRAN System

Various simulations and experiments have been performed in order to verify the
self-reconfiguration and system locomotion of the MTRAN system. These studies
consider mainly three topics, namely, metamorphosis of large structures, the recon-
figuration between different locomotion gaits and the locomotion of the system with
different gaits [34].

2.2.1 Reconfiguration

Reconfiguration of modular robots can be considered in two different cases. One of
them is the reconfiguration of small systems with a relatively low number of mod-
ules. The reconfiguration sequences of such systems can be found even manually,
following a trial and error procedure. The other case is the reconfiguration of large
systems composed of many modules. For this case, it is very difficult and time
consuming to find the reconfiguration sequence of the overall system. Therefore the

problem is divided into subproblems.

Kurokawa et al. [34] developed three regular structure families. These building
blocks can change their position and/or orientation by using other modules. The
regularity of these structures is also maintained during the reconfiguration sequence.
The first type of structure is based on a parallel linear structure with additional
two modules, called converters, to provide the conversion of motion direction. This
type of a structure can generate caterpillar and crawler motions. The second type

of structure is composed of four modules and two additional converter modules.
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Straight motion and orthogonal turns are possible with such structures. The third
type of structure is a planar structure having four modules connected to form either
a square or a cross shape. The simulation snapshots of these structural types are

shown in Figure 2.4.

Converters

\ Building Block

" Converters

(a) (b)

Figure 2.4: Different types of reconfiguration structures of MTRAN [34] : (a)
Type -1 (b) Type -1I (¢) Type -111

The reconfiguration of modules between different locomotion gaits are also studied.
The sequences necessary for the reconfiguration of such systems are generated sys-
tematically using the structure types. In Figure 2.5, the reconfiguration from a four

legged walker to a caterpillar is shown.

2.2.2 Locomotion

Locomotion of the MTRAN system is studied by considering several specially de-
signed locomotion gaits. These gaits include four and six legged walkers, caterpillar
configurations. Some of the locomotion gaits are shown in Figure 2.6.

The locomotion gaits shown in the figure are experimentally realized and the moving
speeds of these gaits are measured. The fastest gait is the four legged walker having
a speed of 20ecm/s whereas the caterpillar and mini four legged walker gaits are

slower than the other gaits (with a speed of 6em/s) [28].
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Figure 2.5: Reconfiguration of MTRAN III module from a walker to a caterpillar
31]

Figure 2.6: Different locomotion gaits of MTRAN [34] : (a) Four legged walker,
(b) Caterpillar, (c) Six legged walker, (d) Mini four legged walker
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CHAPTER 3

KINEMATIC ANALYSIS

In this chapter, the kinematic analysis of a modular robotic system consisting of
n modules is explained. The kinematic analysis is performed to find the position,
velocity and acceleration of all links for known values of joint variables. The proce-
dure is discussed considering the structure of the MTRAN system. However, this
method can be applied to other modular robots in the literature by adjusting the
parameters (depending on the module geometry) and the joint types (according to

the structure of the modular robot).

The kinematic analysis of a modular robot containing n modules is more efficiently
performed via a recursive formulation for the position, velocity and acceleration
analysis of the system. In this study, all terms in recursive formulation are repre-
sented in the global reference frame unless it is stated otherwise. Therefore, there
is no need for transforming vectorial expressions between the reference frames in

further calculations.

Evaluation order of the modules plays an important role in the execution time of the
kinematic analysis. Therefore, a suitable evaluation order should be determined. In
this study, the calculation starts with the module, on which the center of mass of
the system in its fully open position lies. If it is at the connection of two modules,
the module with smaller identifying number is evaluated first. Then, the modules
connected to starting module are evaluated. This procedure is followed until all
necessary calculations for all of the modules are performed. The evaluation order
of a modular robot results in different evaluation directions within the module.
For the MTRAN system, the direction is either from passive link to active link
or from active link to passive link. The direction from passive link to active link
indicates that the calculations for this module is performed by firstly calculating the

unknown kinematic parameters of the active link using the kinematic parameters of
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the passive link of the previously evaluated module. Then the kinematic analysis of
the middle and passive links is performed by means of the results of the kinematic
analysis of the active link. The directions are shown in Figure 3.1. In the recursive

formulation of the kinematic analysis, both cases are considered separately.

i i i

p1 a1l | p2 a2 | p3 a3

Module 1 Module 2 Module 3

Figure 3.1: Evaluation Directions for the MTRAN system

For the analysis of the system, the center of masses of the passive and active links
are assumed to be on the rotation axes of the joints. In addition, the center of mass

of the middle link is assumed to be at the geometric center of the link.

Note that, the notation and the recursive formulation of the kinematic analysis are

developed by examining the notation and recursive formulation in [35].

3.1 Notation

3.1.1 Body Fixed Reference Frames

The body fixed reference frames of the passive, middle and active links are shown

in Figure 3.2. In this figure,

e F'p;(Op;) is the body fixed reference frame attached to the passive link of the
i*" module with origin Op; coincident with the center of mass of the passive

link
® Tpi, Ui, Zpi are the orthogonal unit vectors of F'p;(Op;)

e F1;(Ol;) is the body fixed reference frame attached to the middle link of the

i*" module with origin Ol; coincident with the center of mass of the middle

link

® Ty, Ui, Z; are the orthogonal unit vectors of F;(Ol;)
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Passive Link

Figure 3.2: Body fixed reference frames of passive, middle and active links

e Fa;(Oa;) is the body fixed reference frame attached to the active link of the
it" module with origin Oa; coincident with the center of mass of the active
link

® T4, Yai, Zai are the orthogonal unit vectors of Fa;(Oa;)

The first orthogonal unit vectors of the body fixed reference frames on the passive
and active links are always directed to the circular part of the link and they are
parallel to the edges of the link. Furthermore, the first orthogonal unit vector of the
body fixed reference frame of the link is directed from the passive link to the active
link. Besides, the third orthogonal unit vectors of passive, middle and active links
are always parallel to each other with the same direction. Using the aforementioned
conventions for positioning the body fixed reference frames on the links is extremely

beneficial while analyzing large systems with many modules.

3.1.2 Definition of Joint Variables

Each MTRAN module has two rotary actuators. As a result, two variables are
enough to define the relative position of the passive, middle and active links with
respect to each other. Let fp; be the joint variable of the revolute joint which
connects passive and middle links of the it module. 6p; is measured from Tp; to

xj; around Zp; in a right hand sense. Similarly, fa; can be defined as the joint
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variable of the revolute joint between middle and active links of the i** module. It
is measured from zj; to ¥y; around Zj; in a right hand sense. The £90° limitation
of the actuators for MTRAN module limits the values of 0p; and 6a;. According to

the definition of these angles, the limitations can be written as

3
2

—S<p<T. D<fa< (3.1)

T
2

where 0p; and 6a; are in radians.

3.2 Position Analysis

Once the joint variables, 6p; and 8a;’s, are specified, the relative positions of all links
of the modular robot are known (with respect to any body fixed reference frame).
In the position analysis, however, the positions of all links are needed with respect
to an inertial, unmoving, reference frame. Therefore, besides the joint variables, six
more parameters are needed in order to determine the position and orientation of
a convenient body fixed reference frame with respect to the inertial frame. These
six parameters may be taken to be the position (x, y and z coordinates) of a fixed
point in the system, preferably the center of mass, and the orientation of the system
(1 — 2 — 3 Euler’s rotational sequence angles) with respect to the global reference
frame. Once these parameters are specified, the position analysis of the system
can be performed using the joint variables. The aforementioned six parameters are
defined using an inertial reference frame and a center of mass reference frame. These

reference frames are shown in Figure 3.3 for a three-link system. In this figure,
e Fy(Op) is the global reference frame with origin Og
e 7y, o and Zj are the orthogonal unit vectors of Fy(Op)

e O, is the center of mass of the system at its fully open position, i.e., when
all 0p;’s are zero and all fa;’s are 180°. Note that O, is a fixed point on the

modular robot.
e Fp(Ocpm) is the body fixed reference frame with origin O,
® e, Yem and Zgy, are the orthogonal unit vectors of Fep,(Ocm)

Fer(Ocp,) reference frame has the same unit vectors as the body fixed reference
frame attached to the link, on which O, lies. But the origin of the body fixed

reference frame is shifted to Og,,. The six parameters that define the position and
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Figure 3.3: Global and center of mass reference frames of a three-link system

orientation of the body fixed Fep,(Ocpn) frame with respect to the global reference

frame Fy(Op) are selected to be x, ys, 25, 71,72 and 72 where
e x,,1ys and zg are the x, y and z coordinates of Oy, in global reference frame,

e 7!, ~2 and ~2 are the rotation angles of 1 — 2 — 3 Euler’s rotational sequence,
which rotate Fy(Op) to Fep(Ocm)-

3.2.1 Center of Mass Calculation

The center of mass location of a dynamic system consisting of several bodies is not
fixed relative to the links in the system. It always depends on the position of the
links with respect to each other. In order to avoid confusion during the calculations,
the center of mass of the system (Ogy,) at the fully open position is taken for all
calculations. In Figure 3.4, the fully open position of an MTRAN system with three

modules and its center of mass are shown.

i I A

Mass Center

Figure 3.4: Three module MTRAN system in fully open position
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The x, y and z coordinates of the center of mass for a k link system can be found
by

k k k
= y  Ys = =l y  Rs — =l (32)

k k k
=1 i=1 i=1

where x;,1y; and z; are the center of mass coordinates and m; is the mass of the
ith link. Similarly, the x, y and z coordinates of the center of mass of an n module
MTRAN system can be written as

-

Il
—

(mp!rpi + myxy; + maxai)
i

LTe =
s n (mp +m; + mq)
n
> (MpYpi + My + MaYai)
s n(my +mg +mg)
n
Z (mpzpi + myzy + mazai>
i=1
Zg =

n(my +m; + mq)

where, mp, m; and m, are the masses of the passive, middle and active links respec-

tively.

3.2.2 Rodrigues’ Formula

For the kinematic analysis of the system, the rotational transformation matrices
of all body fixed reference frames with respect to the global reference frame are
required. These rotational transformation matrices can be calculated by means of

the Rodrigues’ formula. The matrix form of this formula can be written as
R (n,0) = I + nsinf + @i (1 — cos 6) (3.4)

where R (7, 0) represents the transformation matrix between two reference frames,
due to the rotation of one reference frame with respect to the other (around 77) by
an angle of 6, n is the column vector representation of 77, § denotes the rotation
angle around vector 7 and I is the 3 x 3 identity matrix. In addition, 7 is the
cross product matrix form of the column matrix representation of 77 in one of the
reference frames, for which the transformation matrix is calculated. Note that, for

column matrix 7, cross product matrix form 7 is defined as
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ny 0 —n3 no
n= |ny = n=|n3 0 —m (3.5)

ns —Nn2 N1 0

The Rodrigues’ formula is used to transform the column matrix representation of a

vector from its corresponding body fixed reference frame to global reference frame.

3.2.3 Recursive Position Analysis Formulation

The formulation of the recursive position analysis of an n module MTRAN system
will be presented next. Throughout this section, ¢ represents the identifying number
of the module currently being evaluated and j represents the identifying number of
the module connected to the i*" module, which has been evaluated in the previous
steps of the analysis. For the first module to be evaluated, the value of j is taken
to be zero and the necessary recursive expression values for the first module are
obtained via initialization. For the first module to be evaluated 7 = 0. Note that,
the 7 = 0’th module rotational transformation matrix is the same as the rotational
transformation matrix of the reference frame Fe,(Ocpn) The calculation is repeated

for all modules in the system according to the evaluation order.

The formulation of the recursive position analysis is discussed in three parts. Firstly,
the initialization of the terms for the first calculation is given. Then, the expressions
used for the evaluation process from passive link to active link are presented. Finally,
the expressions used for the evaluation process from active link to passive link are

given.

Definitions of Z,% and z used in the formulations are given below.
1 0 0
z=0|, = 1], z=]0 (3.6)
0 0 1

3.2.3.1 Rotational Transformation Matrices

° C’pi, éli and C’ai are the rotational transformation matrices of the passive, mid-
dle and active links of the 7*” module respectively. They are used to transform
a vector from the body fixed reference frame of the corresponding part of the
it" module to the global reference frame. For instance, if Up; and vy denote the

the column matrix representation of a vector ¥ in the reference frame of the
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passive part of the i*" module and global reference frame respectively, then

~

Vg = Cpi Upi

e (j; is the transformation matrix used to transform vectors from the reference

frames of the 5" module to the reference frame of the i** module.

1
ij)
the 1 — 2 — 3 rotational sequence from the body fixed reference frame of the

@ZJ% and d}?j are rotational angles of the Euler’s rotational sequence for

4" module to the body fixed reference frame of the it module. The values
of these parameters depend on the connection surface arrangements. For

example, if the connected passive and active links have parallel x axes, then

1

£ and wfj are equal to zero and wg’j is equal to 7.

The recursive rotational transformation matrices can be efficiently obtained, recur-

sively, via the equations presented below.

e Initialization : . X .
Cow=Cyp=1
oo (3.7)
CiO = Ccm
Here, écm is the rotational transformation matrix between the global reference
frame, Fy(Op), and the body fixed reference frame attached to the center of
mass of the system at its fully open position, Fe,,(Ocp). It can be expressed

as

e Evaluation from passive link to active link:

Cij = R (z,%3) - R (5,9) - R (2,9}))
i = Cug- iy
7 7aj " g (3.9)
Cii = Cpi - R(Z,0p;)
Yai = Cii - R (%, 0a;)
e Evaluation from active link to passive link:
i = R (2,05) - R (5,05) - R (2,4))
Cai = Cpj - Cij
N (3.10)
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3.2.3.2 Orientation of the Links

In three-dimensional space, three angles are used to indicate the orientation of each
link with respect to the global reference frame. A column matrix is defined to rep-
resent these three orientation. Let Q_Spi and g?)az- be the column matrices, whose com-

ponents are the orientation angles of the passive and active links of the i** module,

given by
€T €T
B pi B ai
Ppi = zl y o Pai = zi (3.11)
4 z
pi ai
where,

e ¢,; and ¢7; are the angles measured from g to the projections of the ¢,; and
i On the y-z plane of the global reference frame, respectively around Zy in a
right hand sense.

y.

pi
Zyi on the x-z plane of the global reference frame, respectively around ¢ in a

and ¢Y. are the angles measured from Zj to the projections of the Z,; and

right hand sense.

e ¢, and ¢7; are the angles measured from &y to the projections of the Zp; and
Zq; on the x-y plane of the global reference frame, respectively around Zj in a

right hand sense.

The orientation angles are calculated by means of dot and cross product operations
between the corresponding vectors expressed in the global reference frame. The

details are given in Appendix A.

3.2.3.3 Center of Mass Position of the Links

After calculating the rotational transformation matrices, the position vectors of the
mass centers of the links are found recursively by using the formulation shown below.
In the following formulation, 7p;,7; and 74; are the column matrix representations
of the position vectors of the mass centers of the passive, middle and active links
of the ¥ module represented in global reference frame. The initial value of the
recursion has three parts. They are the global coordinates of the center of mass in
the fully open configuration, the coordinate shifting to the nearest center of mass of

the passive or active link and the recursion starting adjustment for the first term.
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e Initialization :

T d d
Fpo = Ta0 = |ys | + 50”" ol | + |o (3.12)
Zs 0
e Evaluation from passive link to active link:
Tpi = Taj — déaj ‘T
_ _ d
T = Tpi + 5 Ci-x (3.13)
d -
Tai =71+ 5 Cli @
e Evaluation from active link to passive link:
Fai = Tpj — d Cpj - T
_ _ d . _
T =Tpi = 5 Gl T (3.14)
_ _d s
Tpi =71 — 5 Cli @

3.3 Velocity and Acceleration Analysis

In order to perform dynamic force analysis and check the feasibility of a given
motion, the velocity and acceleration of all links are required. To find the velocity
and acceleration of the links, firstly, the position analysis must be completed. In this
section, the formulation used to determine the velocity and acceleration expressions

of the links are explained.

Calculations of the velocity and acceleration terms require taking the time deriva-
tives of the vectorial terms. These derivatives have to be evaluated in the global
reference frame. Since all vectorial terms are represented in this reference frame,

differentiating each component of the vector is sufficient to find its derivative with

respect to time.

In order to differentiate the position expressions, the variables that depend on time
should be identified firstly. The main terms, which depend on time are the joint
variables 0),; and 6,;. Furthermore, the reference frame Fi,,(Ocp,) is a moving one.

Hence, the six parameters, namely, x, ys, zs, 7L, 752 and ’yg are also time dependent.
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3.3.1 Recursive Velocity Analysis
3.3.1.1 Angular Velocities of the Links

In the following equations, wy;, w;; and g, are the column matrix representations of
the angular velocity vectors of the passive, middle and active links of the i** module

expressed in the global reference frame.

e Initialization :

@p0 = Dap = Cem C%,, (3.15)

Then,
Wpo = Wa0o = col [écm éém} (316)

Here, col[r] is the column matrix form of the 7 matrix, i.e., 7 = col[F]. Note

that, superscript ¢ denotes matrix transpose.

e Evaluation from passive link to active link:
Wpi = Waj
Wy = Wpi + épi épi -z (3.17)
Dai = D5 4 0a; Ci - 2

e Evaluation from active link to passive link:
Wai = Wpj
@y = Wi + 0a; Co; - 2 (3.18)
Wpi = Wy + Op; Cy; - 2

3.3.1.2 Linear Center of Mass Velocities of the Links

Linear center of mass velocity of a link is the derivative of the position vector of its
center of mass with respect to time. Therefore, the linear velocities of the center of

mass of the links are given by

_ d _
Ups = dtrpi

d
Ty o— 3.19
(% dtrlz ( )
Vai = 7d77 i
ai = dt @

where, U, Uy and 9,4; are column matrix form of the linear velocity vectors of the
passive, middle and active link of the i*” module represented in the global reference

frame.

25



3.3.2 Recursive Acceleration Analysis
3.3.2.1 Angular Accelerations of the Links

Angular acceleration of a link is the derivative of the angular velocity vector of the
link with respect to time. For the i** module of the MTRAN system, the column

matrix form of the angular accelerations can be found as

d._iw.
pz—dt i

d
A 3.20
g dtwlz ( )
@._iw.
az—dt ai

In these expressions, api, &y; and &,; are the column matrix form of the angular
accelerations of the passive, middle and active links of the i** module respectively.

They are expressed in the global reference frame.

3.3.2.2 Linear Center of Mass Accelerations of the Links

Proceeding similar to the linear velocity calculations, the linear center of mass
acceleration of a link can be found by differentiating the linear center of mass

velocity with respect to time. Hence,

_ d _
Qpi = dtvpi

d
A= 3.21
Qg dtvlz ( )
Qgi = 7(1?7 i
ai = gy Vi

where, a,;, a;; and G,; are the column matrix representations of the linear center of
mass accelerations of the passive, middle and active links of the i* module respec-

tively. These column matrices are expressed in the global reference frame.

3.4 Two-Dimensional Analysis

In the previous sections, full (i.e., three-dimensional) position, velocity and acceler-
ation analyses are explained. Clearly, it is possible to use this analysis to perform
a two-dimensional kinematic analysis. This can be achieved by simply equating the
terms related to the unused third dimension to zero. For a two dimensional analysis

of the MTRAN system on the x-y plane, the following terms become zero.
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e 2, the z coordinate of the center of mass of the system

e 7! and 42, the first two rotation angles of the 1 — 2 — 3 Euler’s rotational

sequence

° wz»lj and 1/1%, the rotation angles between the connected links of the i*” and

4 modules around x and y axes respectively

Hence, the rotational transformation matrix between the global reference frame and
the center of mass of the system reference frame becomes Cep, = R(Z,73).

In addition to the terms listed above, wf’j, which is the rotation angle between
the connected links of the ¥ and j** modules around z axis, becomes m for all
connections. If the analyses is performed with these values, zero terms for the third
component of the position, linear velocity and linear acceleration vectors for all
links are obtained. Additionally, the first and second components of the angular
vectorial expressions, such as the orientation angle, angular velocity and angular

acceleration, become zero.
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CHAPTER 4

DETERMINATION OF THE CONTACT
POINTS

In this chapter, the approach used for the determination of the contact points of
a modular robot is explained. Here, the contact points are defined to be those
points on the modular robot which are in contact with the ground. The procedure
is discussed by considering a planar case for simplicity. In the calculations, the y
axis of the global reference frame is assumed to be coincident with the negative
gravitational acceleration direction. Furthermore, the application of this procedure

to an MTRAN system composed of n modules is illustrated.

The main objective of this chapter is to determine the so-called contact point related
parameters of a modular robot when the position and orientation of the modular
robot, moving in the x-y plane, is given. Here, the contact point related parameters

refer to

e The minimum distance of the modular robot to the ground, d;»
e The number of contact points

e The coordinates of the contact points in the global reference frame.

The calculation of the contact point related parameters requires a complete posi-
tion analysis of the system. Once the position analysis is performed, the following

procedure is followed in order to calculate the necessary contact point parameters.
1. Determination of the critical points on the links of the modular robot
2. Determination of the minimum distance of the modular robot to the ground
3. Calculation of the global coordinates of the contact points

Each of the three steps above is discussed, in detail, in the following sections.
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4.1 Critical Points

Critical points are those special points on the links of a modular robot, which are
candidates for being contact points. A contact point must be one of the critical
points. The locations of critical points strongly depend on the geometry of the
links. In general, critical points will not lie on the concave parts of the links since
there cannot be any contact between a point on a concave part of the robot and
the ground, which is assumed to be a horizontal surface without any slope. In
addition to the link geometry, the arrangement of the links plays an important role
in the position of the critical points in the system. Some links can never touch the
ground due to the physical structure of the system. Therefore, the critical points
of such links can be neglected. In Figure 4.1, the critical points for different link
shapes are shown. Triangular and rectangular links have three and four critical
points respectively. However, the circular link only needs three critical points since
a single critical point, P3, represent all possible contact points on the circular part.
Two critical points, which form a line segment that coincides with the boundary of
a link, lead to a line contact. Links with a line contact has a line segment coincident
with the ground at infinitely many points. Critical points are the end points of this

line segment.

Figure 4.1: Critical points of links with different geometries (a) Triangular link
with 3 critical points (b) Rectangular link with 4 critical points (c¢) Circular link
with 3 critical points (P3 represents any point on the semi circle)

Each module of the MTRAN system is composed of three links, namely, the passive,
middle and active links. Passive and active links have the same shape, whereas the
middle link has a different geometry. The critical points of these links are shown in
Figure 4.2. The passive and active links have 3 critical points, whereas the middle
link has 2 critical points. The summation of the critical points for a single MTRAN

module is 8. However, the middle link cannot touch the ground due to the physical
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Figure 4.2: Critical points of MTRAN links (a) Passive/Active link with 3 critical
points (P3 represents any point on the semicircle) (b) Middle link with 2 critical
points (P; and P; represent any point on the two semicircles)

limitations of the system. Hence, the number of critical points for a single MTRAN

module reduces to 6.

4.2 Calculation of Minimum Distance to the Ground

Minimum distance of a modular robotic system to the ground, d,,;,, indicates the
status of the system with respect to the ground. If the minimum distance of the
system is less than zero, some part of the system is below the ground level, which
is physically unrealizable for a system composed of rigid links. If the minimum
distance is greater than zero, the system does not touch to the ground at any points.
This case is also unfeasible unless the considered modular robot has the ability to
fly. The last possible case is having zero distance to the ground, indicating that
the system has contact with the ground at one or more points. This is the only

practical case.

Consider the passive and active links with the critical points shown in Figure 4.3.
In this figure,

m
pi’
the i** module in the global reference frame,

e 1, y,; are the x and y coordinates of the mass center of the passive part of

m
av’

the #** module in the global reference frame,

o x" y" are the x and y coordinates of the mass center of the active part of
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Figure 4.3: Contact point parameters of passive and active links of MTRAN
module

® ¢, is the yaw orientation angle of the passive part of the it" module measured

from Zy to zp; around Zj in a right hand sense,

e ¢°. is the yaw orientation angle of the active part of the i*" module measured

from &y to x4; around zj in a right hand sense,

pii
of the i*" module in the global reference frame,

® x,. .Yy are the x and y coordinates of the j* critical point of passive link

o ., Yq;,; are the x and y coordinates of the 4 critical point of active link of
the i module in the global reference frame,

It can be shown that the vertical distances of each critical point of the i** passive

link to the ground can be written as

d, . .. s
Ypli = Ypi + 5 (sin (¢pi +7/2) + sin ((bpi +))

2
or =y + dsin (67, — 7/2) (4.1)
pr,l ypl,z pL
- d
Ypsi = Ypi ~ 5

Here, d is the unit length of the MTRAN module as shown in Figure 2.1(a). Re-

peating this calculation for the i** active link, one obtains
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d, . ., s
Yali = Yai T+ 5 (sin (Pg; + 7/2) + sin (¢7; + 7))

2
Ya2,i = Ya1,i + dsin (¢g; —7/2) (4.2)
d
ygg,i = Yai — 9
Note that the expressions for ?/f;gz and yggz will be correct iff the third critical point,

on the semicircle, is actually a contact point.

Define, now,

S
Ypl,i
Ccr
pr,i

CcTr
d. o | Y3

mod,i — or
Yal,i

cr
ya2,i

cr
[ Ya3,i ]

where cfmod’i is a 6 x 1 column matrix, which stores the vertical distance of all critical

points in the i** module.

For an n module MTRAN system, Equations (4.1)-(4.3) are empoyed for each mod-
ule, and the vertical distance of all critical points of the system are calculated and
stored as in Equation (4.4). Here, dsys is a 6n x 1 column matrix storing the vertical

distance data of all critical points in the system.

mod,1

dyys = | "% (4.4)

dmod,n

The smallest element of szs is the minimum distance of the system to the ground,

i.e.,
dmin = mini [szs (Z)] (45)
where szs(i) is the it" element of cfsys.

After calculating d,;n, the status of the system with respect to the ground can
be detected. As discussed before, d,,;, will be zero there is contact between the

modular robot and the ground. However, d,,;, can be very close to zero due to the
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numerical round off errors in the calculations. Such cases should also be considered
to correspond to a feasible contact. In order to distinguish these cases from other
non-zero dp;, cases, with values far away from zero, a tolerance, € is used. The
condition to have a feasible contact between the robot and the ground can be written

as

— €< dpmin <€ (4.6)

If this condition is satisfied, the system is assumed to touch the ground at one or
more points. The coordinates of these contact points can be calculated using the

dsys data, which is discussed in the next section.

4.3 Calculation of Contact Point Coordinates

Once it is determined that the system has contact with the ground at one or more
points, the locations of these points should be found using the szs data. The links,
on which the contact points lie, can also be determined by checking the index of

the found critical point distance in szs.

The i*" element of &Sys is considered to be a contact point iff,

— e <dgys(i) <e (4.7)

where € is the user specified tolerance value used in the determination of dj,,.
Checking all elements of szs for this condition and recording the 7 indices that
satisfy it, one obtains a set of index numbers, which is denoted by C1, indicating the
position of the contact points in szs. For each element of C'I, the module number,

the link type (passive or active) and the critical point number are required.

Let ¢ denote an index number that is an element of CI. Using the definition of the

dsys vector, it follows that

. J1 dif 0<mod(i,6) <3
Npare () = { 2 if mod(i,6) = 0V mod(i,6) > 3 (4.9)
. Jmod(i,3) if mod(i,3) # 0
Nep(i) = {3 if mod(i,3) =0 (4.10)
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where Nyu04(2), Npart (i) and Ngy(i) denote the module number, part number and
critical point number corresponding to i. Here, part numbers 1 and 2 correspond
to passive and active links respectively and Ny,,q(7) is the nearest higher integer of
the result of the division i/6. Once the module numbers, part numbers and critical
point numbers of the contact points are determined, the x coordinates of of the

contact points may be obtained via the following equations.

d
Ty = Ty + ~(cos (gbfn- + 77/2) + cos (gb;i + 77))

2
Tyh i = Tpy; + dcos (¢§i — 7/2)
x;g’i ] wgf (4.11)
Tgy ;= Tgp + g(cos (¢%; + 7/2) + cos (¢%; + 7))
Toni = Tay,; + dcos (¢g; — 7/2)

Note that the y coordinates of the contact points can be easily extracted from the

dgys vector.
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CHAPTER 5

DYNAMIC ANALYSIS

In this chapter, the dynamic analysis of modular robotic systems is discussed. Dy-
namic analysis is performed after the position, velocity and acceleration analyses.
In the dynamic analysis, the required actuator forces of the modules are calculated
as a function of time for a specified motion of the system. The derivation procedure
and the solution methods for the dynamic force and moment equations are illus-
trated by considering an n module MTRAN system moving in a two-dimensional

space.

The x-y plane of the global reference frame is taken as the workspace with g being
in the negative y direction. The approach used in this analysis can be expanded to
a three dimensional workspace by considering the reaction forces along the z axis

of the global reference frame and the moments about the x and y axes.

The forces and moments that act on an MTRAN system are:
e revolute joint reaction forces,
e actuator torques due to driving motors,
e gravitational forces,
e contact point forces,

e connection forces and moments (between the connected active and passive
links)

The reaction forces are taken along the x and y axes of the global reference frame.
The gravitational forces are assumed to act on the joints for the passive and active

links since the center of masses of these links are on the joints. Contact point
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forces have normal and tangential components and act on the system at the contact
points. The tangential force is due to Coulomb friction. Its direction is opposite
to the tangential velocity direction at the contact point. Finally, connection forces
consist of two reaction forces and one reaction moment applied to the connected

active and passive links.

5.1 Dynamic Specifications of MTRAN Modules

In order to perform a dynamic analysis of the MTRAN system, the inertial parame-
ters of the links in the system are required. However, all of the necessary information
about the modules is not available. Therefore, the following assumptions are made

in order to use approximate values for the unavailable data.

e The masses of the passive, middle and active links are equal and they are

uniformly distributed on the link

e The body fixed reference frames of the links in the system are the principle

reference frames
According to the assumptions, the masses of the links are taken as
my = mg = my = 140g

In addition, the mass moment of inertias of the links (about the z axis of their body

fixed reference frames) in an MTRAN module are calculated as

I, = 8.774 x 10~ °kg.m?
I, = 8.774 x 10 °kg.m?
I; = 8.580 x 10~ °kg.m>

Here, I,,, I, and I; are the mass moment of inertia of the passive, active and middle
links around their center of masses. The details of the calculations to find these

parameters are presented in Appendix A.

5.2 Free Body Diagrams

In this section, the forces and moments acting on an MTRAN system are described

in detail using free body diagrams.
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5.2.1 Reaction Forces, Actuator Torques and Gravitational Forces

Consider Figure 5.1. In this figure,

e F and F;)/i are the reaction forces acting on the joint of the passive link of

the 7" module along the x and y axes of the global reference frame

e FZ and FY. are the reaction forces acting on the joint of the active link of the

it" module along the x and y axes of the global reference frame

e T and T,; are the actuator torques applied by the motor on the passive and

active links of the it module
e ¢ is the gravitational acceleration constant

e my, m; and m, are the masses of the passive, middle and active links respec-

tively (which are assumed to be equal).

5.2.2 Contact Point Forces

Two forces are acting on the system at each contact point. These forces are the
normal reaction force and the tangential friction force due to Coulomb friction. The
contact point forces acting on the passive link of the i*” module are shown in Figure

5.2 for point and line contact cases. In this figure,

e 7. and y.; are the x and y coordinates of the 4" contact point in the global

reference frame

e f; is the Coulomb friction force (applied by the ground on the link) at the ik

contact point

e N; is the normal reaction force (applied by the ground on the link) at the j**

contact point

5.2.3 Connection Forces and Moments

For every rigid connection between a passive and active link, there are two reaction
forces along the x and y axes and a moment about the z axis of the global reference
frame. The point of application of the forces are assumed to be at the mid point of
the links as shown in Figure 5.3. The labels of the connection forces and moments

are the same according to the module number of the passive link. In Figure 5.3,
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mpg

(c)

Figure 5.1: Free body diagrams for joint reaction forces and moments: (a) Passive
link, (b) Middle link, (c) Active link

e FZ and FY are the connection forces between the passive link of the it" module
and the active link of the j** module along the x and y axes of the global
reference frame. They are assumed to be applied in positive x and y directions

to the active link of the 5 module.

e M,; is the connection moment between the passive link of the ith module and
the active link of the j** module about the z axis of the global reference frame.
It is assumed to be applied in positive direction in a right hand sense to the

active link of the j** module.
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Contact point velocity direction

Figure 5.2: Reaction forces due to the contact of the link with the ground: (a)
Point contact, (b) Line contact

Active link of Passive link of
the | module the i module

Figure 5.3: Reaction forces and moments due to the connection of two links
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5.3 Newton-Euler Equations

The Newton-Euler equations, written for the passive, middle and active links of the

it" module of an MTRAN system moving in the global x-y plane, are given below.

e Passive link of the it module :

SFzp = mpay, (5.1)
Yy = mpay; (5.2
YMoy; = Ipay, (5.3)

e Middle link of the 7" module :

YFx; = maj; (5.4)

Yy = myay, (5.5)

ZMO“ = Ilaﬁ- (56)
e Active link of the i*" module :

Y Fxq = myay, (5.7)

YFYa; = maagi (5.8)

YMog; = 10k, (5.9)

Considering the equations for the passive link, the following notation has been used.

o Y Fuxp, X Fyy, are the net force acting on the passive link of the it module

along the global x and y directions, respectively,

e Y Mopis the net moment (around O,p;) acting on the passive link of the
it" module along the global z direction,

o day;,ap;

of the passive link of the i*" module,

are the x and y components of the acceleration of the center of mass

e ag; is the angular acceleration of the passive link of the i" module (along the

z axis of the global reference frame)

The notation employed for the middle and active links are similar to the one de-

scribed above. In the following three sections, closed form expressions will be given
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for the left hand sides of Equations (5.1) - (5.9). In these expressions, the “+ ="

operator is used. For instance,
A+ =B = A=A,4+B (5.10)

where A4 is the value of A before the summation.

5.3.1 Contributions Due to Joint Reactions, Actuator Torques and

Gravitational Forces

The following equations can be written for the " module by considering the free
body diagrams in Figure 5.1. Note that initial values of X Fxp;, XFyp;, X Moy,
YXFxy, XFy;, XMoy, XFxe, XFy and X Mo,; are all zero.

e Passive link of the it module:

YFzp + = F; (5.11)
YFyp + = F;fi — mpg (5.12)
EMOpi + = Tpi (513)

e Middle link of the i*" module:

SFa; + = —F% — FT (5.14)

NFyy; += —F) — Fy —mg (5.15)
d

SMoy; + = ~Tyi = Tos = 5 (Fsin = Fhcos )+ (5.16)

d .
+3 (Fisin 3; — FY. cos 3;)

where,
G = gf)fn' + Op; (5.17)
e Active link of the i** module:
YFxq + = FJ, (5.18)
YFYe + = FY —mag (5.19)
YXMog; + = Ty (520)
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5.3.2 Contributions Due to Contact Point Forces

A normal reaction force and a tangential friction force act on the link at each contact
point. The direction of the friction force depends on the direction of motion of the
contact point such that it is always opposite to the direction of motion indicated

by its tangential velocity.

Point Contact :

Consider the point contact case for a link touching the ground for the j** contact

point on the passive link of the ¥ module,

YFzp + = f; (5.21)
YFyp += N; (5.22)
SMopi + = —f; (Yej = ypi) + Nj (2 — 7)) (5.23)

Similarly, for the j contact point on the active link of the i module,

YFx, + = fj (524)
SFyai + = N; (5.25)
YMowi + = ~fj Wej — Yai) + Nj (xej — 2g;) (5.26)

Line Contact :

If an MTRAN link has two contact points, then there exists a line segment with
an infinite number of contact points. This type of contact is called line contact.
Clearly, analysis with an infinite number of contact points is not possible. Therefore,
the number of contact points is reduced to two by means of the following assertion

proven in [36].

Assertion. In the case of planar contact with Coulomb friction between two bodies,
assume that contact between the two bodies occurs along a line segment. Fxcluding
the two contact points at the two ends of the line segment, all of the contact points on
the line segment are “redundant”. Here, the term “redundant” is used in the sense
that the combined effect of “any” set of valid contact forces due to the totality of
the contact points on the line segment may equivalently be provided by the combined

effect of a set of valid contact forces applied at the two ends of the line segment.

where, a valid contact force is defined to be a contact force, which satisfies the

normal and Coulomb friction force constraints.
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Considering the j! and (j+1)* contact points on the passive link of the i** module

(see Figure 5.2(b)), one obtains

YFxp += fj+ fi+1
Epri + = Nj +Nj+1

(5.27)
(5.28)

SMoyi += —fj (yej — ypi) + Nj (e — 237) = Fiv1 (Yeirr) — vpi) + (5.29)

Nji1 (e(j1) — ;)

Repeating the same calculation for the active link of the i*" module gives

YF%q + = fj+ fi+1
YFYqi += Nj + Njqq

(5.30)
(5.31)

SMowi += —f; (Yej = Yai) + Nj (2ej — x3) = fi1 (Weirr) — Vi) + (5.32)

Njt1 (Te(j1) — Ta;)

5.3.3 Contributions Due to Connection Connection Forces and

Moments
Consider Figure 5.3,
e For the passive link of the i module :
YF Tpi + = —F C;i
YFyy + = —F"

d .
YMop; += —M, — B (Ffz sin qS;Z — Fcyl cos gbfn)

e For the active link of the j%* module :
YFz. + = FZ
YFy, + = FY
d :
YXMog; += My + 5 (—Fé sin ¢y,; + FY cos gblzn)

5.3.4 Constraints on the Contact Point Forces

(5.36)
(5.37)

(5.38)

In addition to the dynamic equilibrium equations, there are also contact point force

equations which relate the normal force to the tangential friction force according to

43



the Coulomb friction model. The tangential friction force may be static or dynamic
depending on the tangential velocity at the contact point. In order to determine
the type of the friction force, the tangential velocity of the corresponding contact
point is calculated. For the passive link of the i*" module, the tangential velocity of

the j'* contact point may be written as
Vg = Uy + Wy (yej — y;’f) (5.39)

Similarly, the tangential velocity of the j* contact point on the active link of the
it" module is
Uty = Ug; + Wai (Yej — Yai) (5.40)

If the contact point has zero tangential velocity, then there exists static friction.
Therefore, the relationship between the normal force and the friction force at the
4" contact point is

fj < ,U,SNJ‘ (5.41)

where, 5 is the static friction coeflicient. If the contact point has nonzero tangential
velocity, there exists dynamic Coulomb friction. Therefore, the friction force is given

by the expression

fi = —sgnuvy (na Nj) + (1 — | sgnugl) f; (5.42)

in the cases of both static and dynamic Coulomb friction. Here, 4 is the dynamic

friction coefficient and the sgn is the signum function, defined as

1 if x>0
sgnx =14 0 if =0 (5.43)
-1 if <0

In this study, static friction coefficient is taken as equal to the dynamic friction

coefficient and denoted by p = pus = pg.

Clearly, the normal reaction force has to be greater than or equal to zero, i.e, for
the ;" contact point:
N; >0 (5.44)

since for non-penetrating bodies, it is impossible to have negative normal reaction

forces.

Equations (5.41), (5.42) and (5.44) should be satisfied for each of the m contact
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points.

5.4 Solution of Dynamic Equilibrium Equations

All torques applied by the motors in the modular robots are necessary for the
power and work calculation. Therefore the dynamic equilibrium equations should

be solved for the motor torques by considering the contact point relations.

Consider a modular robotic system with n modules and m contact points. Depend-
ing on the velocity of the contact points, the friction force model can be static or
dynamic. Let mg be the number of contact points with static friction and mg be the
number of contact points with dynamic friction. Therefore, the number of contact

points of the system can be written as
m=ms+my (5.45)

For the i*" module of the MTRAN system, the Newton - Euler equations are given
by Equations (5.1) - (5.9). Hence, considering n modules, the number of equations
due to the Newton-Euler equations becomes 9n. There are also my additional
equations (see Equation (5.42)) given by the dynamic Coulomb friction model. As

a result, the number of equations is
Negn = 9In+myq (5.46)

The number of unknowns can also be found in terms of the number of modules (n)
and the number of contact points (ms and mg). There exists 2 unknown motor
torques and 4 unknown reaction forces on each module. Therefore; six unknowns
are obtained by considering the reaction forces acting on the joints and the motor
torques as the unknowns. Therefore, there are totally 6n joint reactions and mo-
tor torques as unknowns in the system. In addition, two force and one moment
reactions exist at each active - passive connection. For an open chain system with
n — 1 connections, totally 3(n — 1) connection forces and moments exist. Finally,
there exists two contact reactions at each contact point, which leads to 2(ms + mg)
unknown contact point reaction forces. Hence, the summation of the unknowns for

an n module system with m contact points may be written as

Nynke = 6n+3(n — 1) 4+ 2(ms + my) (5.47)
=9n+2mgs+2mg — 3
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where N, denotes the number of unknowns.

Considering the contact points, there exists several inequalities which must be satis-
fied for a feasible motion. For each contact point, the normal reaction force must be
greater than or equal to zero. This condition brings ms+mg inequalities. Moreover,
there are mg extra inequalities (see Equation (5.41) ) due to the static Coulomb
friction model at the contact points with zero tangential velocity. As a result, the

number of inequalities is given by
Nineq = (ms +ma) + ms = 2ms +my (5.48)
where, Nj,eq represents the number of inequalities to be satisfied by the solution.

Equating the number of equations, given by Equation (5.46), to the number of

unknowns, given by Equation (5.48), one obtains
2ms +mg =3 (5.49)

If Equation (5.49) is satisfied, one has a regular equation system where Negn, = Ny
If, on the other hand,
2ms +mgq < 3 (5.50)

one has an overconstrained equation system where Negp, > Nypx. The case of
2ms +mg > 3 (5.51)

corresponds to the underconstrained case where Neg, < Nypi. Figure 5.4 shows
different mg, mg combinations which leads to underconstrained, regular and over-

constrained equation systems.

It should be noted that the cases with a single or no contact point, indicated by x
in Figure 5.4, do not lead to a stable locomotion system. Therefore, they are not
suitable for locomotion. The overconstrained case corresponding to ms = 0 and
mg = 2, on the other hand, may lead to inconsistent set of equations and hence it

is considered to be unsuitable for locomotion in this study.

For an underconstrained system the set of equations has a family of solutions instead
of a unique solution. Using additional equations, the free parameters can be solved.
The solution methods for the regular and underconstrained cases are discussed in

the following sections.
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X Overconstrained and m < 2
+ Overconstrained
30 4 ® ® =2 ms+md =0 line
@ Underconstrained
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Figure 5.4: Conditions for number of static and dynamic frictional contacts to
have under constraint, exact constraint or over constraint systems

5.4.1 Regular System of Equations

If the number of equations is equal to the number of unknowns in the system,
then the motor torques can be solved uniquely as long as the determinant of the
coefficient matrix is nonzero. In this case, the feasibility of the solution is questioned
by checking the inequalities due to the Coulomb friction model and due to the
normal reaction forces. If they are all satisfied, the solution is taken as a feasible

one and the results are used in further calculations.

Although the number of equations is equal to the number of unknowns, the solution
of the equations cannot be found if the determinant of the coefficient matrix is
zero. In order to avoid such cases, the conditions that make the determinant of the

coefficient matrix zero are studied and the results are presented in Appendix B.

The results show that there are two cases that lead to a zero determinant. First
case is the coincident contact points. If the x and y coordinates of any two contact
points are the same, the determinant becomes zero. However, it is impossible to
satisfy this condition if the physical structure of the system is considered. The
second case that makes the determinant of the coefficient matrix zero occurs when
all tangential velocities at the contact points are in the same direction. Therefore,

having all tangential velocities at the contact points in the same direction leads to
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infeasible motion and such cases are avoided.

5.4.2 Underconstrained System of Equations

If the number of equations is lower than the number of unknowns, all of the un-
knowns cannot be determined uniquely because of insufficient number of equations.
Instead of a unique solution, a set of solutions is obtained in terms of some of the
unknowns. In order to find the values of these unknowns, additional relations are
essential. The solution of such systems may be separated into two parts. First
part is the solution of the equations by regarding some of the unknowns as free
parameters. The second part is the solution of the free parameters and checking

the satisfaction of the inequalities due to Coulomb friction model.

5.4.2.1 Solution of Equations in terms of Free Parameters

For the solution of the indeterminate problem,
Nynk — Neqn =2ms+mgqg —3 (552)

(see Equations (5.46) and (5.48)) unknowns are selected as free parameters in order

to equate the number of unknowns to the number of equations.

The free parameters are selected from the normal reaction forces at the contact
points. Then, the equations are solved for the remaining unknowns in terms of the
free parameters. Similar to the regular system of equations case, the determinant
of the coefficient matrix cannot be equal to zero to ensure the uniqueness of the
solution. Hence, the conditions, which yield zero determinant, are also investigated
for different sets of free parameters. Results are the same as the regular system of
equations case. Determinant of the coefficient matrix becomes zero if the contact
points are coincident or the tangential velocities at the contact points are in the
same direction. If these conditions are not satisfied, the equations can be solved
uniquely in terms of the free parameters. The calculation of the free parameters

are discussed in the next section.

5.4.2.2 Calculation of Free Parameters

In order to resolve the indeterminacy and determine suitable values for the free
parameters, additional relations are required. These relations can be found by
considering the deflections of the links. The following assumptions are made while

considering the deflections.
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e Passive and active links are rigid, whereas the middle links are flexible.
e Forces applied to a middle link, deflect the middle link along the axial direction

e Axial deflections of the middle links do not lead to separation of the contact

points from the ground.

Using these assumptions, the changes in the orientations of the middle links due to
the deflections of the middle links are calculated and compared with their values
corresponding to the preloaded conditions. In order to minimize the difference in
the values of the orientations between the preloaded and loaded conditions, the sum
of the squares of their difference is minimized with respect to the free parameters to
determine the approximate values of the free parameters. During the minimization,
inequalities due to the Coulomb friction model and normal reaction forces are also
considered in order to have a feasible solution. The results are then substituted
into the expressions found (in terms of free parameters) for the motor torques.

This procedure is discussed in detail in the following paragraphs.

The axial deflection of the middle link of the i** module can be written as

L
H(x)
§= dx (5.53)
/

EA

Here, § is the axial deflection of the link, H(z) is the variable axial force changing
with respect to the axial position x, L is the length of the link, F is the modulus of
elasticity and A is the cross sectional area. In order to find the variation of H(z),
the axial force diagram of the middle link is drawn. This diagram is drawn by
calculating the force components along the axial direction of the link, including the
inertial effects. Note that the inertial loads are assumed to be lumped at the center
of masses of the links. The free body diagram of the middle link is given in Figure
5.5.

In this figure, H;1, H;2, H;3 and V1, Vjo, V3 are the axial and normal force compo-
nents acting on the middle link of the i** module. In addition, 3, is the orientation
angle of the middle link of the i*” module before the deflection. Equivalence of the

normal components in the statically equivalent systems leads to

Vii = Fj;sin3; — F;ji cos f3; (5.54)
Vie = (myaj;) sin B; — (myaf; + myg) cos G (5.55)
Vis = Fy;sin 3 — FY. cos f3; (5.56)
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Figure 5.5: Free body diagram of the middle link with axial and normal force
components

Similarly, equivalence of the axial components leads to

H;y = ij’“; cos B; + ng sin 3; (5.57)
Hiy = (myay;) cos B; + (myaj; +myg) sin f3; (5.58)
His = F(fz cos f3; —i—ng sin (3; (559)

The axial force diagram of the middle link is shown in Figure 5.6.

H (Axial Force)
A

‘ » X (Axial Distance)
0 d/2 d

Figure 5.6: Axial force diagram of the middle link of the i** module
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The axial forces on the middle link are constant in two different regions, with values
H;; and H;3. Therefore, the axial deflection expression in Equation (5.53) leads to
the total deflection of the middle link of the i*" module given by

H;1 (d/2) His(d/2) (Hj + His)d

%"="Fa T EA ~ 2BA (5.60)

After finding the axial deflections of the middle links, the orientation angles of the
middle links after the deflection should be calculated using the deflected lengths
of the middle links. Let (;; denote the orientation angle of the middle link of the
it" module after the deformation. In order to calculate 3;;, the system is considered
as a multi-loop mechanism. The motors connecting the passive, middle and active
links are taken as revolute joints. The contact points are also considered as joints
depending on the type of the contact. Point contacts are taken as cam pairs due to
the possibility of rotational and translational motion. If there exist a line contact,
only translational motion is possible. Therefore line contacts are considered as
prismatic joints. To illustrate the procedure, consider the two module system with

four contact points shown in Figure 5.7. This system has six links, namely, links

D
B E F
A% G
C: C> /777777777 Cs Ca
ground

Figure 5.7: Two module system with four contact points

ACCoB,BD, DC3E, EF, FC4G and C1Cy. There are four revolute joints at points
B, D, E and F. The contact of the system with the ground consists of one line contact

and two point contacts. Corresponding to one prismatic joint and two cam pairs.

The degree of freedom (DOF) of a mechanism, on the other hand, can be calculated

via the equation

J
DOF =Xl—j—1)+ ) _fi (5.61)
=1
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where, A = 3 for planar mechanisms, [ is the number of links, j is the number
of joints and ) fi is the totality of the degrees of freedom of the joints in the
mechanism. Revolute and prismatic joints have 1 DOF and cam pairs have 2 DOF.

Thus, the DOF of the system given in Figure 5.7 is given by
DOF=36—-7T—-1)+(4x142x2+1x1)=3 (5.62)

Hence, three joint variables must be specified in order to find the deflected orienta-
tion angles of the links. The joint variables of the mechanism are defined as shown
in Figure 5.8. These joint variables are si, s2, 53, A2, A3, Ag, A5 and Ag. Note that
Az and A4 are actually dependent (A3 = Ag + 73).

Consider the two module system shown in Figure 5.7 with no forces or torques

applied at all and let the values of the joint variables be given by
S1 = Slu; 52 = S2u; 83 =S3u; A2 = A2u; A= Mu; A5 = Asu; A6 = A6u

Clearly, the values of these joint variables are known as well as the “dimensions” of
the mechanism (i.e., C1C,C2B, BD, DCs, DE, EC5, EF, FCy, C4G and 73). Now,

consider the actual case where there are forces and torques (including inertial ones)

applied to the system. Let the values of the joint variables be now denoted by
$1=81; S2=3S821; S3 =835 A2 =Au; A =Au; As =55 A6 = Aal

The dimensions of the mechanism are the same as the “unloaded” case except for
the flexible links (i.e., middle links BD and EF). The link lengths of these two

flexible links for the loaded case are given by

@l :E‘i‘éBD (563)

where dpp and dgp are the axial deflections of links BD and EF respectively (see
Equation (5.60)). One can perform position analysis of the “loaded” mechanism
where the dimensions are the same as the “unloaded” one (except for BD; and EF)
given by Equations (5.63) and (5.64)).

The inputs for the position analysis are

S1 = S1u = S11; 82 = S2u = S2]; S3 = S3u = 831
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which imply that the contact point locations do not change after the loading. The
position analysis of the mechanism, which is detailed in the next paragraph, yields

the unknown joint variables A9, Mg, As; and Ag;.

\ 4

A 4

A 4

Figure 5.8: Mechanism model of the two module system

For the given input joint variables, the system can be separated into a four-bar
and a slider-crank mechanism. The links of the slider-crank mechanism are CyC3,
C9B, BD and DC5. For the input of CyCs = s9, — S14, the position analysis of
the mechanism is performed to find Ag;, which is equal to §y;. The joint variable
Ag; is also found for further calculations with the four bar mechanism consisting of
CsE,EF, FCy and C3Cy. The length of the link C3C}y is found by subtracting so,
from s3,. In addition, Ay is calculated by subtracting ~vs from Az and it is taken
as the input of the four-bar mechanism. Performing position analysis to find the
joint variable A5;, one obtains the other orientation angle (39;. Proceeding similarly,
the orientation angles of the middle links for other types of contact point combina-
tions can be calculated. The modeling for different contact point are presented in

Appendix D.

After finding the orientation angles of all middle links in the system after the loading,
the sum of the square of the differences in the orientation angles before and after

the loading for each link is calculated. This summation can be written as

n

Sum =3 (Biu — Ba)’ (5.65)

i=1

This summation is minimized with respect to the unknown free parameters by

also considering the inequalities due to friction modeling at the contact points (see
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Equation (5.41) and (5.44)). The results of this minimization is substituted into
the previously found solution for the dynamic analysis (in terms of free parame-
ters) and a unique solution is obtained for the underconstrained system of dynamic

equations.
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CHAPTER 6

OPTIMIZATION

For a modular robotic system, an optimal control problem should be solved in order
to find the optimal locomotion gaits. In this chapter, the modeling and the solu-
tion of the optimal locomotion problem by selecting the performance index, design

parameters and physical constraints of the optimization problem are explained.

6.1 Optimal Locomotion Problem

Optimal locomotion problem of modular robots can be defined as the determina-
tion of the locomotion gait that minimizes or maximizes the value of a performance
index. The solution of such a problem gives the variation of the joint variables with
respect to time. Due to the time dependency, the optimization problem for finding
the optimal locomotion modes has time dependent unknown functions. In order
to solve this optimal control problem, it is converted into a parameter optimiza-
tion problem. The conversion is achieved by replacing each unknown function by
a time dependent expression consisting of a number of constant unknown param-
eters. The forms of the time dependent expressions, which are used to represent
the unknown functions, depend on the preferred form of the time dependent joint

variable expressions.

In this study, the locomotion of a modular robot is considered to be a periodic
motion, so that the locomotion gait may be used repetitively to go from the starting
point to the target point. For a periodic motion, all time dependent expressions,
which are used to represent the locomotion, must also be periodic. A periodic
locomotion gait must have a common system period which is the lowest common

multiple of the periods of the time dependent locomotion functions.
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6.2 Design Parameters

For a parameter optimization problem, the design parameters are unknown, con-
stant terms. The values of these parameters are calculated in order to minimize or
maximize the performance index. For a modular robot, several design parameters
are used in the optimization problem to express the optimal locomotion gait. These

parameters are explained in the following sections.

6.2.1 Joint Variable Parameters

The joint variables are expressed as time dependent periodic functions in order
to have a periodic modular robot locomotion. The periods of the joint variable
functions do not have to be the same. However, the overall system period must
be an integer multiple of each joint variable period to complete one cycle of the

locomotion gait at the same time.

In order to express the joint variables as a periodic function, the following general

periodic function is considered.
f(t) = Asin (wt + () (6.1)

In this expression, A is the amplitude, w is the frequency and ( is the phase differ-
ence. For the periodic locomotion gaits of the modular robots, the overall system
period must be an integer multiple of the period of the function. This condition

can be implemented by rewriting the frequency of the periodic function as follows.

Sl (6.2)

Here, T represents the overall system period and p denotes an integer, which is
called period factor in this study, obtained by dividing the system period by the
function period. Therefore, the period of the function becomes T'/p. Substituting

Equation (6.2) into Equation (6.1) gives

2
£(t) = Asin (;pt + g) (6.3)
The application of this periodic function to express the time dependent terms leads

to three design variables for each periodic function. These variables are the ampli-

tude (A), phase shift (¢) and period factor (p) of the function. Applying the function
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in Equation (6.3) to the joint variables of the i module of MTRAN system, one

obtains

27 Ppi
Opi(t) = Ay;sin ( 7;731’ t+ gpi) (6.4)

2 ai
fai(t) = 7 + Ag sin < 7;{9 t+ gai>

In these equations A,;, A, are the amplitudes, pp;, pq; are the period factors and
Cpis Cai are the phase shifts of the actuators on the passive and active links of the
it" module. Consequently, six design parameters are required to express the time
dependent joint variables of each module. Hence, for an MTRAN system containing
n modules, 6 X n design parameters are necessary for the joint variables. Note that
there is a slight difference between the two expressions in Equation (6.4). The
difference is that Oa;(t) is shifted by 7 in order to satisfy the constraint for the

rotational range of the actuators of the active links.

If the period of the locomotion, T, is not specified, it is also considered as a design

parameter for the parameter optimization problem.

6.2.2 System Position Parameters

System position parameters are used to locate the system with respect to the global,
fixed reference frame. For a two dimensional analysis, three position and orientation
parameters are required. These parameters are x(t), ys(t)) and v3(¢). Similar to the
joint variables, ys(t) and 72(t) are also defined as periodic functions. Considering

Equation (6.3), they may be written as

. 2
ys(t) = yso + Ay sin (;)yt + Cy> (6.5)

2
200) = Aysin (222046,

Here, A, is the amplitude, p, is the period factor and ¢, is the phase shift of the
periodic function to represent the y coordinate of the center of mass of the system
in the fully open configuration. Similarly, A, represents the amplitude, p, denotes
the period factor and ¢, is the phase shift of the periodic function used to represent
73(t). There is also a shifting term, denoted by ys0, for ys(#). This term is used
to increase the mean value of the periodic function to eliminate the possibility of

having negative y coordinates. The value of ys is not known, therefore it is also
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used as a design parameter. Therefore, by representing ys(¢) and v3(t) as periodic
functions with constant design parameters, seven additional design parameters are

obtained for the optimization problem.

The x coordinate of the center of mass of the system in fully open configuration
(zs(t)) depends on the horizontal velocity of the system. Since its value should
always be increasing, it cannot be expressed as a periodic function. However, the
horizontal velocity of the center of mass of the system in fully open configuration
should be a periodic function to have continuous motion. Considering this term as

constant, the x coordinate of the center of mass of the system can be written as,
xs(t) = Vyt (6.6)

where, V, is the constant horizontal velocity of the center of mass of the system
in the fully open configuration. If it is unspecified, it can be treated as a design

parameter to find the locomotion gait with maximum horizontal velocity.

In summary, the eight design parameters used to represent the system position are

Ay» A’ya Toyy My, Cy, C’ya ys0 and V.

6.3 Performance Indices

In this section the expressions used as performance indices for the optimization are

presented.

6.3.1 Minimum Distance

Modular robots must always have contact with the ground during the locomotion.
Therefore, the following expression is considered in order to ensure continuous con-

tact with the ground.
ty
1
MD = — / Apmin(t)?dt (6.7)

t
fo

Here, d;in(t) is the variation of the minimum distance of the system to the ground,
MD is the average value of the square of the minimum distance over time ¢, and
ty is the final time. This expression may be used as a performance index or, as a

constraint.

In order to have continuous contact with the ground, d,,(t) must be identically

zero leading to M D = 0. If M D equals zero, it is guaranteed that there exists at
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least one contact point between the system and the ground. However, M D cannot
be exactly zero due to the round off errors. Hence, the values of M D “close” to

zero are also considered to be satisfactory.

Locomotion of modular robots requires continuous contact with the ground. Hence,
the minimum distance expression is used as a constraint to provide continuous
contact. In this case,

MD <e (6.8)

is used as a constraint for the optimization problem to compensate the round off

errors during the calculations. Here, € is a user defined tolerance value.

6.3.2 Consumed Energy

In order to find the energy spent by the system, the dynamic analysis of the system
must be performed, which is discussed in Chapter 5. Assuming that the actua-
tors are not regenerative, the average energy consumption of the ith actuator in a

dynamic system can be written as

ty
1
- 0/ (Py(t)dt (6.9)

where,

|T;(t) 0;(t)|  for rotational actuators
IP(t)] = { (6.10)

|Fi(t) $i(t)]  for linear actuators

In these expressions, P;(t) is the " actuator power, Tj(t) is the i*® motor torque,
HZ(t) is the angular velocity of the i*® actuator, Fj(t) is the force applied by the

i" linear actuator and $;(t) is the linear velocity of the i** actuator.

Considering all of the motors in an n module MTRAN system, the total power will

be given by
PO =3 (1Ti(t) )] + [Tas(t) fus(1)]) (6.11)

=1

Therefore, the average consumed energy becomes

/ [Z (1T (®) G0 + 1 Tui(2) m<t>|)] dt (6.12)

=1
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6.4 Constraints

6.4.1 Number of Contact Points Ratio

Suppose that the time interval for a full cycle of locomotion (i.e., 0 < t < T) is
divided into N equally spaced intervals. The (N+41) “nodes”, along the time axis,
are then defined by

T
ti:i(]\f) fort=0,1,2,..., N (6.13)
A stable locomotion gait, on the other hand, must always have at least two contact
points during the motion. In order to satisfy this condition, a ratio, namely, the
percent constraint violation of the number of contact points (RC), is used. This

ratio is defined as,

Number of nodes having 0 or 1 contact point

RC & (6.14)

Total number of nodes in one period

According to this definition, the value of RC must be equal to zero for having two

or more contact points during the locomotion.

6.4.2 Contact Point Velocities Ratio

As discussed in Section 5.4.1, the velocity directions of the contact points should not
be the same for three or more contact points in order to find a dynamically feasible
locomotion gait. Therefore, a ratio called percent violation of the tangential velocity
directions of the contact points, is defined. Similar to the ratio defined for the
number of contact points, it also requires discretization of the locomotion period.

This ratio is defined as

Ry A Number of nodes having the same direction for all contact point velocities

Total number of nodes in one period
(6.15)

Similar to the ratio defined for the number of contact points, the value of RV must

be zero so that the velocity directions of the contact points are not the same.

The percent violation of the tangential velocity directions of the contact points has
some special conditions. For example, if the number of contact points is two, the
sign of the velocities may be the same (see Appendix B). In addition, the tangential

velocities of the contact points of a line contact are considered as a single velocity
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because there cannot be two tangential velocity with different values on the line

contact of the link.

6.4.3 Normal Reaction Forces Ratio

In order to have a feasible locomotion, all normal reaction forces must be greater
than or equal to zero throughout the motion. To ensure this condition, percent

violation of the normal reaction forces ratio is defined. This ratio can be written as

Number of nodes having negative normal reaction forces

RN £ (6.16)

Total number of nodes in one period

If all normal reaction forces at the contact points are non-negative throughout the

motion, RN is zero.

6.4.4 Friction Forces Ratio

If the tangential velocity at a contact point is zero, the friction model is considered
to be static. For static friction, Inequality (5.41) should be satisfied for all contact
points having static friction. In order to guarantee this condition, percent violation
of the friction forces ratio (RF) is defined. RF' can be written as

RF & Number of nodes having unsatisfied static friction inequalities

(6.17)

Total number of nodes in one period

For a feasible solution, RF' must be zero. This ratio is slightly different than the
previously defined ratios. If all ratios are zero, the obtained locomotion can be
performed on a surface with selected coefficient of friction in calculations. However;
it is possible to find that the friction forces ratio is not zero while other ratios are
still zero. In this case, the coefficient of friction may not be enough for the ob-
tained locomotion pattern. Increasing the coefficient of friction (selecting a working

environment with higher friction) may lead to a feasible motion.

6.4.5 Module Design Constraints

The operational range of the joint variables depends on the module design of the
modular robot. Therefore, the limitations on the rotations or translations of the

joint variables should be considered as constraints in optimization.

MTRAN system has two actuators with the following rotational limitations

T ™ T 3T
5 Op;(t) 5 3 Oa;(t) 5 (6.18)
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These limitations should be included in the optimization problem for a physically
realizable locomotion. Clearly, these constraints should be expressed in terms of
the design parameters. Consider the limitation for fp;(t). Substituting the periodic
form of Op;(t) (see Equation (6.4)) into this inequality, one obtains

-5 < A (PG ) < 7 (6.19)
Since (o
1§sm( T t+Cpi> <1 (6.20)
Inequality (6.19) implies
el o2

The constraints on A,; can be found similarly. Substituting the periodic form of

fa;(t) given by Equation (6.4) into the limitation for fa;(t) in Equation (6.18), one

obtains 5 5
g < 7+ Agisin < MPaiy | Cm) < g (6.22)
which leads to 5
T . TDwi T
) < Agisin <1{)mt + Cm> < 5 (6.23)

Inequality (6.23) is exactly the same as the constraint for 0p;(t) given by Equation

(6.19). Therefore, proceeding similarly, one obtains

— 5 < Au < (6.24)

| N

T
2
The constraints given by Equations (6.21) and (6.24) are considered for all modules
in the system Hence, 2 x n optimization constraints are necessary for the rotational
limitations of the actuators.

6.4.6 Physical Constraints

Clearly, the period, T, and the horizontal velocity of the center of mass, V, must

be strictly positive, leading to the constraints

T>0 (6.25)
Ve >0 (6.26)

In order to have a periodic locomotion gait, all time dependent functions have been

expressed as periodic functions as explained in the previous sections. Therefore, the
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locomotion period, T, must be the lowest common multiple of the periods of the
time dependent periodic functions. To guarantee this condition, a design parameter,
period factor, has been defined. It is obtained by dividing the locomotion period
by the period of the corresponding periodic function. Therefore the period factor

must be an integer.

6.4.7 Initial Position Limitations

The initial positions of the joint variables can be specified as optimization con-
straints to indicate the required starting positions of the locomotion gait. To illus-
trate, consider Equation (6.4) for 0p;(t) of an MTRAN system, i.e.,

2T Ppi
Opi(t) = Apisin ( T+ cm-> (6.27)
Evaluating 6p;(t) at t = 0, one obtains
0pi(0) = Ap; sin ((pi) (6.28)

Equating the right hand side of Equation (6.28) to the specified initial value, one
obtains the necessary limitation for the initial position of the actuator in the passive
link of the i*» module. By repeating similar calculations for all actuators in the
system, the initial position of the system can be defined by means of additional

constraints.

The final position of the system is the same as the initial position due to the
periodicity of the functions. Therefore, it is not necessary to add a constraint for

the final position of the system.

6.5 Solution of Optimization Problem

The solution of the optimal locomotion problem requires the minimization of the
selected performance index. The possible performance indices, on the other hand,
require definite integrals to be evaluated. The integration and the minimization

methods applied in this study are discussed in the following parts.

6.5.1 Symbo-Numeric Integration for Performance Indices

The performance indices of the optimization problem, which are discussed in Section

6.3, require integration of complex functions. It is not possible to find analytical
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solutions for these integrals. This is because the expressions inside the integral de-
pend on the value of the minimum distance and the minimum distance depends on
the numerical values of the expressions. Therefore, the integrals can only be eval-
uated numerically. However, the performance indices also depend on the unknown
design parameters. Therefore, it is not possible to execute numerical integration. A
convenient method of evaluating these integrals is to use symbo-numeric integration

[37).

Consider, for instance, the following example,

ty
I= | f(a,b,c,t)dt (6.29)
/

In this equation, a,b, ¢ are unknown constant parameters and f(a,b,c,t) is a very
complex function, which cannot be evaluated analytically. Symbo-numeric integra-
tion yields

I =g(a,b,c) (6.30)

where, g(a,b, c) is obtained by numerically integrating f(a,b, c,t).

The numerical integrals are calculated by means of the Gaussian Quadrature method.

For instance, the definite integral f_ll f(x)dx can be approximately obtained via

1

/ Fa)de =S w,f () (6.31)
r=1

-1

Here, x, is the r*" absisca and w, is the r*" weighting factor. Note that the limits
of the integral are -1 and 1. Therefore, the limits of the integration should also be
converted to these values if necessary. The values of the absiscas and the weighting
factors are calculated by means of the GAUSSIANQUADRATUREWEIGHTS function
of the MATHEMATICA software

The accuracy of the numerical integration depends on the number of quadrature
points used for the evaluation. Increasing the number of points, more accurate
results are obtained. However, the execution time of the integral is also increased.

Therefore a compromise must be made.
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6.5.2 Minimization of the Performance Index

The minimization of the performance index is achieved by means of the NMINIMIZE
function of the MATHEMATICA software [38]. NMINIMIZE function numerically de-
termines the design parameters which minimize the objective function subjected
to a number of constraints. In order to use NMINIMIZE function, the method of

minimization and the minimization options must be selected.

NMINIMIZE function uses four different numerical minimization methods. These
methods are NelderMead, Simulated Annealing, Differential Evolution and Random
Search. The algorithms used in these methods and their optimization techniques

can be found in the Mathematica Documentation [38].

Some options of the NMINIMIZE function are used to define the maximum number
of iterations, the tolerance of calculation and the accuracy of the minimization. The
maximum number of iterations for NMINIMIZE is defined via the “MaxlIterations”
option. It is used to terminate the calculations if a solution is not found at the end
of the maximum number of iterations. “Tolerance” option is used for the constraints
in order to evaluate the acceptability of the constraint violation. In addition, two
options are used for the accuracy of the final value of the objective function. These
options are named as “AccuracyGoal” and “PrecisionGoal”. MATHEMATICA at-
tempts to ensure the numerical error for the result = to be less than 107 4 |z| 107P
where a is the AccuracyGoal and p is the PrecisionGoal. Specifying these options
appropriately, the numerical error of the optimization can be adjusted to desired

values.

The optimization problem involves several unknown design variables. As a re-
sult, it is possible to have many local extreme points. Although the algorithm of
the NMINIMIZE function is developed to find the global optimum, it may converge
to suboptimum values depending on the starting values of the design parameters.
Hence, the NMINIMIZE function should be used for different initial values in order
to find a better optimum value. The starting values of this function can be altered
by means of the “RandomSeed” option. The default value of this option is zero.
In this study the optimization algorithm is executed several times by changing the

value of RandomSeed, in order to find better solutions.

6.6 Post Processing of the Solution

Solution of the optimal locomotion problem by means of the NMINIMIZE function

yields the numerical values of the unknown design parameters. Substituting the
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values of the optimal design parameters into the corresponding expressions, one
obtains the variations of the joint variables and the position and orientation param-
eters of the system with respect to time. These parameters are sufficient to describe

the locomotion gait.

After finding the locomotion gait, the characteristic of the motion is investigated by
means of visual simulation. This simulation visualize the motion of the links with

respect to the ground. The details of the visual simulation is presented in Appendix
D.
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CHAPTER 7

CASE STUDIES

In this chapter, the algorithm developed to solve the optimal locomotion problem of
modular robotic systems is illustrated via some case studies by using the MTRAN
system. In addition, several snapshots of the visual simulation of the determined

solutions are presented to show the motions of the links.

The flowchart of the optimization algorithm is shown Figure 7.1 and the necessary

inputs are explained below.

e I -1 (System and workspace definition parameters)

o Module dimensions
o Number of modules
o Dynamic properties of the links (mass, inertia, etc ...)

o Coefficient of Coulomb friction, for dynamic and static cases, for the

working environment
o Tolerance for contact point evaluation

o Number of Intervals for evaluating ratios (RC, RV, etc...) = 20

e I -2 (Numerical integration parameters)

e}

Gauss Quadrature integration precision

o Number of points to be used for the Gauss Quadrature method

e I - 3 (Optimization parameters for the NMINIMIZE function)

e}

Method (NelderMead, DifferentialEvolution, Simulated Annealing)

(¢]

Numerical calculation options (MaxIterations, Tolerance, AccuracyGoal,

PrecisionGoal, WorkingPrecision, RandomSeed)

67



A
Design Parameter
Selection

A A 4
Constraint Formation Objective Function

A 4
Numerical Optimization
Algorithm

A

A 4
Post Processing

A 4

Visual Simulation,

Actuator Rotations
and Torques

Figure 7.1: Flowchart of the optimization algorithm

After the specification of the inputs, the NMINIMIZE function tries to find an op-
timum value of the objective function, subjected to several constraints, by means
of an iterative approach. Flowchart of a single iteration is presented in Figure
7.2. These iterations are continued until the specified accuracy is reached or the

maximum number of iterations is exceeded.

The number of design parameters depends on the type of periodic function that
is selected to be used and the number of modules. Considering a sine function
for all time dependent joint variables, 6 X n parameters are necessary to indicate
the variation of the joint variables (with respect to time) for an n module system.
Furthermore, there are 8 more design parameters which are used to express the

position of the center of mass of the system, in the fully open configuration, as
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Figure 7.2: Flowchart of the optimization iterations
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discussed in Section 6.2.2. Finally, the overall system period is also considered as
a design parameter. Consequently, there are 6n + 9 design parameters for an n

module system.
In the case studies, the following abbreviations are used.

e MD : Minimum Distance

e CE : Consumed Energy

e RC : Number of Contact Points Ratio
e RV : Contact Point Velocities Ratio

e RN : Normal Reaction Forces Ratio

e RF : Friction Forces Ratio

In the following sections, the solution of the optimal locomotion problem for an
MTRAN system consisting of two modules, is presented. For this analysis, necessary
input parameters are taken as follows. Note that, some options of the NMINIMIZE
function are changed during the case studies. Hence, they are presented in the

corresponding sections.
e [-1:
o d = 6bmm
on=2
o my =m; = mg, = 0.140kg
o I, =1,=8.774 x 10~ °kg.m?, I, = 8.580 x 10~ 5kg.m?
o= ps=pqg=0.3
o € =2mm
e l-2:
o Gauss Quadrature integration precision = 40
o Number of points to be used for the Gauss Quadrature method = 20
e I-3:

o MaxlIterations = 500

o Tolerance = 1075
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o AccuracyGoal = 20
o PrecisionGoal = 20

o WorkingPrecision = 40

After the specification of the necessary inputs, the design parameters are selected.
For a two module system, there exists (6 x 2) +9 = 21 design parameters. In
the following sections, the solution of the optimal locomotion problem for a two
module MTRAN system is presented. The problem is solved by considering different
objective functions and constraints. Limitations due to the design of the modules
and due to the physical constraints are given to the optimization algorithm for all
cases. However, in addition to these constraints, RC, RV, RN and MD expressions
are not defined as constraints for all cases. Solution of the problem for these different

cases and their results are discussed in the following sections.

All calculations presented in the following sections are performed on a desktop pc
with Intel Core 2 Duo 6700 @ 2.66 GHz processor and 4 GB DDR2 800 MHz RAM.

7.1 Case 1 : Minimize MD

In this case, minimization of MD subjected to only module design and physical
limitations is performed. Clearly, the minimum value of MD should be exactly
zero.MD being equal to zero guarantees that the modular robotic system is in con-
tact with the ground at all times. However, the number of contact points may not
be sufficiently large for a feasible motion. Furthermore, in this case, the horizontal
velocity does not affect the optimization process, since MD considers only the ver-
tical distance of the system from the ground. Therefore, further analysis is needed

for the determination of the horizontal velocity of the robot.

In Table 7.1, results of the optimization by means of different methods are presented.
For each method, 51 different starting points are used by increasing the value of
the RandomSeed option of NMINIMIZE from 0 to 50, one by one. The data shown
in Table 7.1 correspond to the best results obtained for the 51 trials. In order
to decrease the necessary execution time for the optimization, AccuracyGoal and

PrecisionGoal options are specified as 10 for this part only.

The locomotion parameters that corresponds to the best MD values, listed in Table
7.1, are given below. Note that, the horizontal position of the system, x4(t), is
selected arbitrarily due to the fact that, the horizontal position does not affect the
value of MD.
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Table 7.1: Results of the minimization of MD by means of different optimization
methods

Method Best MDD | Total Time | Average Time
(mm?) (h) for one trial (s)
Nelder-Mead 0.0012983 4.49 317.2
Differential Evolution | 0.0018671 6.13 432.7
Simulated Annealing | 0.0064715 5.16 364.5

e Nelder-Mead Solution Method :

1(t

—0.118sin (2.538 — 1.902t)

m — 0.048sin (5.764 — 1.902t)
—0.006 sin (0.0075 + 3.803t)
2(t) = 7 + 0.118 sin (2.403 + 1.902¢)

1(t

(
(
(
(

o (t

Op
o fa
Op
fa

)
)
)
)

0.863t mm

© 553(75)

ys(t)
o y3(t)
o T =3.304s

33.717 4+ 1.118sin (4.922 — 1.902t) mm

0.013sin (3.213 — 1.902¢)

e Differential Evolution Solution Method :

1(t) = —0.1205sin (2.651 + 0.992¢)

2(t) = 0.033sin (0.152 + 0.992t)

Op1(t)
fay(t) = 7 + 0.044sin (6.251 — 0.992t)
o Opa(t)
fas(t) = m — 0.004 sin (4.371 — 2.975¢)

o xs(t) = 41.650t mm
ys(t) = 33.891 — 0.720 sin (6.283 + 1.984t) mm
o 43(t) = 0.0211sin (5.447 — 0.992t)

o T =6.335s

e Simulated Annealing Solution Method :

o Opy(t) = 0.056 sin (4.037 — 2.381¢)

o fay(t) = 7 — 0.0495 sin (2.381¢)

o Opa(t) = —0.020sin (0.407 — 4.761¢)

o fay(t) = ™+ 0.0495sin (1.236 + 2.381¢)
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x5(t) = 35.946t mm

o ys(t) = 34.201 — 1.644 sin (0.095 — 2.381t) mm
73(t) = —0.007 sin (3.428 — 4.761¢)

o T =2639s

The results indicate that, all methods successfully find a minimum of MD. How-
ever, the Differential Evolution method requires more time with respect to the other
methods. The variations of the number of contact points and the minimum distance
(with respect to time) corresponding to the results given above are shown in Figure
7.3. Although the number of contact points is 2 or more, throughout the motion, for
the solutions with the Nelder Mead and Simulated Annealing methods, the num-
ber of contact points drops to one for the solution with the Differential Evolution
method. In order to avoid such cases, a constraint related to the number of contact

points, which is discussed in the next section, is defined.

7.2 Case 2 : Minimize MD subjected to RC = 0

In order to have stable solutions with two or more contact points, throughout the
motion, the number of contacts ratio, which is explained in Section 6.4.1, is used.
If the number of contact points is greater than or equal to two for the whole period
then RC becomes zero. Hence, the addition of RC = 0 condition to the optimization
is necessary to obtain a locomotion with at least two contact points during the

motion.

Similar to the previous case, 51 different initial values are used for each of the
three different optimization methods. In the evaluation of RC, equally spaced 20
intervals are used per period. The results are presented in Table 7.2. To satisfy
the constraint RC = 0 with the NMINIMIZE function, the AccuracyGoal and the
PrecisionGoal options are set to 20, whereas the WorkingPrecision is increased to
40.

The resulting locomotion parameters, corresponding to the best solutions for the
three different methods are presented below. Similar to the previous case, the

horizontal velocity is completely arbitrary.
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Figure 7.3: Minimum distance (d;,;) and the number of contact points (# of Con-
tacts) with respect to time for (a) Nelder-Mead method, (b) Differential Evolution
method, (c¢) Simulated Annealing method
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Table 7.2: Results of minimization of MD, which is subjected to the RC = 0
condition, by means of different optimization methods

Method Best MDD | Total Time | Average Time
(mm?) (h) for one trial (s)
Nelder-Mead 0.0044389 7.45 525.6
Differential Evolution | 0.0013775 7.37 520.3
Simulated Annealing | 0.0035569 8.56 604.4

e Nelder-Mead Method Solution :

Opy(t) = 0.138sin (4.580 — 1.307¢)

Oay (t)
o Opa(t)

faz(t) = m — 0.121sin (2.970 — 1.307¢)

7+ 0.089sin (0.918 — 1.307¢)

—0.073sin (2.493 + 1.307¢)

o x4(t) = 17.664t mm
ys(t) = 33.990 — 0.522sin (5.593 — 1.307¢) mm
o A3(t) = 0.046sin (0.862 — 1.307¢)

o T =4.805s

e Differential Evolution Method Solution :

o Opi(t) = 0.104sin (0.022 + 0.789¢)

o Bay(t) = — 0.006sin (1571 + 1.578¢)

o Opa(t) = —0.010sin (1.612 + 1.578¢)

o fas(t) = 7 — 0.062sin (0.019 + 0.789¢)

o xs(t) = 17.188t mm

o ys(t) = 33.465 + 0.064 sin (2.629 + 2.367¢) mm
o 73(t) = —0.014sin (6.283 — 0.789t)

o T =17.964s

e Simulated Annealing Method Solution :

o Op1(t) = —0.058sin (4.533 + 0.118¢)
o fay(t) = 7 + 0.029sin (5.320 + 0.118¢)
o Bpa(t) = 0.020sin (2.726 — 0.118¢t)
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o faa(t) = 7 — 0.077sin (2.387 — 0.118¢)

xs(t) = 34.218t mm

ys(t) = 33.477 — 1.0425sin (3.634 — 0.118t) mm
73(t) = —8.56610~ 12 sin (6.278 + 0.118¢)

o T =0.100s

e}

o

e}

According to the results shown in Table 7.2, all methods successfully determine a
set of design parameters which minimize the MD. In addition the solutions have
two or more contact points during the motion Hence, they satisfy the constraint

RC = 0 as shown in Figure 7.5.

£xX3 X3

(a) t=0s (b) t=0.96s
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o olNoe o ) o olNe o
_d
() t=1.92s (d) t=2.88s
EX3d X3
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(e) t=3.84s (f) t=4.80s

Figure 7.4: Some snapshots of the visual simulation of the system corresponding
to the solution obtained by Nelder-Mead method

If the total execution times of the optimizations for the 51 different starting points
are considered for different methods, it can be seen that the Differential Evolution
method requires the longest time and the Nelder-Mead method requires the shortest
time. Therefore, it is better to use Nelder-Mead method for the minimization of
MD subjected to RC = 0. The motion of the system for the solution obtained by
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Figure 7.5: Minimum distance (dipn) and the number of contact points (# of Con-
tacts) with respect to time for (a) Nelder-Mead method, (b) Differential Evolution
method, (c¢) Simulated Annealing method

7



Nelder-Mead method is visualized via the visual simulation program and several

snapshots of the simulation are given in Figure 7.4.

The number of contact points depend upon the numerical tolerance (€) that is
selected. If € is selected to be too small, it may be concluded that there is no
contact with the ground. On the other hand, if it is selected to be too large, all of
the links may seem to be in contact with the ground. As an example, consider the
solution obtained by the Simulated Annealing method. For e = 2mm, it can be
seen that the number of contact points is changing between 4 and 6. However; if
the value of the tolerance is decreased to 0.5 mm, the constraint RC = 0 cannot be
satisfied. If € is taken to be 1 mm, then RC = 0 condition is satisfied. Therefore, the
value of the tolerance plays an important role in the determination of the contact
points. The number of contact points variations for different € values are presented

in Figure 7.6.
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Figure 7.6: Number of contact points vs time for different values of tolerance

7.3 Case 3 : Solution subjected to RC = 0, RV = 0,
RN =0and RF =0

In order to minimize the total energy consumed by the actuators of the modular

robot, firstly dynamically feasible solutions are determined. As discussed in the
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previous sections, a dynamically feasible solution requires RC' = 0, RV =0, RN =0
and RF = 0.

The solutions which satisfy the RC' = 0 constraint are easily determined. However;
the determination of the solutions which satisfy the remaining constraints are dif-
ficult. In order to find such solutions, the NMINIMIZE function is employed using
different optimization methods. The Nelder - Mead, Simulated Annealing and Dif-
ferential Evolution methods are used with different starting points to find solutions,
which minimizes a constant, pseudo objective function subjected to the constraints
RC =0, RV =0, RN =0 and RF = 0. These attempts have not led to a feasible
solution satisfying all of the constraints. A possible reason of this failure is the size
of the search space. Considering a two-module MTRAN system, for instance, there
are 21 design parameters to be determined for an optimal locomotion, which leads
to a 21-dimensional search space. Therefore, the NMINIMIZE function could not

find a solution which satisfies all constraints.

On the other hand, for the solutions which satisfy the RC' = 0 constraint, it is
possible to change some of the design parameters and still fulfill the RC' = 0 con-
straint. Horizontal velocity can be considered to be such a design parameter, since
it does not affect RC. Furthermore, the system period, T, has been selected to be
the second design variable to be manipulated to satisfy the constraints RV = 0,
RN =0 and RF = 0.

Applying a divide and conquer approach, the determination of the solutions, which
satisfy RC' =0, RV =0, RN =0 and RF = 0, is separated into two steps. Firstly,
many solutions satisfying the RC' = 0 condition is determined. Then, the remaining
constraints are satisfied by changing the values of the horizontal velocity and the
system period. In this procedure, the values of the design parameters, excluding the
horizontal velocity of the system and system period, are taken from the previously

determined solutions.

By means of this procedure, the following solution, which satisfies RC' = 0, RV = 0,
RN =0 and RF = 0, has been determined by dividing the period into 50 intervals.
The variations of the minimum distance of the system to the ground and the number
of contact points for this solution are shown in Figure 7.7. The resulting locomotion

parameters for this solution are as follows.

e Op1(t) = —0.202sin (5.609 + 15.708t)

e 0ay(t) = 7+ 0.129sin (4.699 + 15.708¢)
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Figure 7.7: Minimum distance (d;,) and the number of contact points (f of
Contacts) with respect to time for the solution, which satisfies all constraints

Opa(t) = 0.074sin (1.244 + 15.708t)
e fay(t) =m — 0.124sin (4.022 + 15.708t)

o x.(t) =6tmm

ys(t) = 34.730 — 0.011 sin (4.100 + 15.708t) mm

73(t) = 0.074 sin (1.841 — 15.708t)

e T'=04s

For this solution, the variations of the motor torques with respect to time for a
single period are presented in Figure 7.8. As shown in the plots, the motor torques
are not continuous. This is due to the fact that the number of contact points does
not change continuously (with respect to time). As soon as a contact between a
link and the ground occurs, the normal and friction reaction forces are applied to
this contact point, which results in sudden changes in the dynamic structure of the

system.

Several snapshots of the motion of the system corresponding to the obtained solution

are given in Figure 7.9.

In order to perform dynamic analysis for this locomotion pattern, solution of the
dynamic equations for underconstrained cases have been performed. As an example,
consider the system at time t = 0.22s where the number of contact points is 4.
The snapshot of the position of the system is shown in Figure 7.10. This system
position is considered to be the combination of a slider-crank mechanism and a four

bar mechanism. The mechanism model and related joint variables are shown in
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Figure 7.8: Variations of motor torques with respect to time

Figure 7.11. Performing the analysis using one free parameter gives the results in
Table 7.3. In the deformation analysis, the Young’s Modulus has been taken to be

E = 3.1GPa for the material delrin, which is a type of an engineering plastic.

The results show that the joint variables after the loading are very close to the
joint variables before the loading, since the axial deflections are very small with
respect to link length. According to this analysis, motor torques are calculated as
Tp1 = 0.1704 Nm, T,1 = —0.2974 Nm, T2 = 0.2914 Nm and T,o = —0.1553 Nm.

7.4 Case 4 : Minimize CE

It is indeed possible to minimize CE subject to the constraints RC = 0, RV = 0,
RN = 0 and RF = 0. However, due to the large number of design parameters,
complicated constraints and objective function; the various attempts that have been
made using NMINIMIZE have failed to yield a satisfactory result. Hence, in this case
study, the number of design variables is reduced to two (namely, the horizontal

velocity V,, and the period, T). The remaining design variables are fixed at their
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Figure 7.9: Some snapshots of the visual simulation of the motion of the system
corresponding to the solution which satisfies all dynamic analysis constraints

values obtained in case study 3. Recall that case study 3 has yielded a solution
which satisfies all constraints (i.e., RC =0, RV = 0,RN =0 and RF = 0) leading
to CE = 0.202J.

The design parameter space considered in this case study is given by 5mm/s <
Ve < 10mm/s and 0.2s < T < 2s. A grid is formed in this space by taking AV, =
0.1mm/s and AT = 0.01s. CE is evaluated at each node of the grid provided that all
constraints are satisfied. As a result, a suboptimal solution, yielding CF = 0.192J
(i.e. a %5 decrease in consumed energy), is obtained. The resulting locomotion

parameters are given below.

e Opi(t) = —0.202sin (5.609 + 13.369¢)

e Oay(t) = 7+ 0.129 sin (4.699 + 13.369¢)

Opa(t) = 0.074sin (1.244 + 13.369¢)

e fay(t) =m — 0.124sin (4.022 + 13.369¢)
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Figure 7.11: Mechanism model of the system and related joint variables at t =

0.22s

Table 7.3: Results of the underconstrained dynamic analysis for t = 0.22s

Parameter

Before the Loading

After the Loading

Bl (rad)
ﬂz (rad)

01 (mm)

-0.04939
-0.00084
0
0
58.0683
164.6208
1.3760
0.4759
2.2398

83

-0.00836
-0.02730
-1.17004
0.07546
58.0683

164.6208

1.3892
0.4811
2.2719



o z4(t) =5.4tmm
e y(t) = 34.730 — 0.011sin (4.100 + 13.369¢) mm
e 73(t) = 0.074sin (1.841 — 13.369¢)

e T'=047s

According to these results, the variations of the minimum distance and number of
contact points are shown in Figure 7.12. Furthermore, the variations of the motor
torques are presented in Figure 7.13 and several snapshots of the motion are shown

in Figure 7.14.

Gmin (MM) 1 of Contacts
0.5} 5
0.4F a
0.3f
| /\ /\ ]

2l
. . . Time(s)
0. 0.2 0.3 .
FYAVAVAAA
d 0.1 0.2 0.3 0.4

(a) (b)

Time(s)

Figure 7.12: Minimum distance (d,;,) and the number of contact points (f of
Contacts) with respect to time for the sub-optimal solution
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Variations of motor torques with respect to time for the sub-optimal
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corresponding to the sub-optimal solution
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CHAPTER 8

CONCLUSION

In this study, a novel algorithm is developed for the optimization of the locomotion
of modular robots. The method is illustrated via a modular robot called MTRAN,
however; it may be extended to other modular robots in the literature by adjusting
the module parameters accordingly. The optimization procedure is separated into
in four parts, namely, kinematic analysis, contact point determination, dynamic

analysis and optimization.

In the kinematic analysis, the position, velocity and acceleration of the links in
the modules are calculated in terms of the joint variables and the global position
variables. The number of modules is not constant for a modular robot. Hence, the
kinematic analysis is performed recursively. The recursive equations are derived for
a 3D MTRAN system composed of n modules. However, in proceeding calculations,

the locomotion of a 2D system is studied as a special case.

It is necessary to determine the contact points of the system and their coordinates
in the global reference frame. In order to determine the contact points; the critical
points, at which a contact between a link and the ground may occur, on the links
are considered. The vertical distance of all the critical points in the system are
calculated and the minimum value is taken to identify the status of the system with
respect to the ground. If the minimum distance of the robot to the ground is less
than a user defined tolerance, the robot is considered to be in contact with the

ground.

In order to find the actuator torques corresponding to the specified system position,
dynamic analysis of the system is performed. The normal and frictional reaction
forces applied to the system at the contact points are included in the dynamic

analysis. Unfortunately, the number of contact points and the locations of the
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contact points vary with respect to time. Hence, the number of equations and
the number of unknowns in the dynamic analysis change between overconstrained,
regular and underconstrained cases. In the regular case, the number of equations
is equal to the number of unknowns. If the determinant of the coefficient matrix
is non-zero, the solution is easily found. However, if the number of unknowns is
higher than the number of equations, the system is underconstrained. In order
to determine the unknowns, additional relations are required. These relations are

obtained by considering the axial deflections of the middle links.

The final part of the optimization procedure is the selection of the objective function,
design parameters and the constraints. The optimization problem is solved by
using the NMINIMIZE function of the MATHEMATICA software. In the optimization,
MD and CFE are considered as the objective functions. M D expression guarantees
that the robot is in contact with the ground. Furthermore, it also ensures that
the contact points do not penetrate into the ground more than the user defined
tolerance. Therefore, the normal velocities at the contact points cannot be negative.
In short, the M D = 0 guarantees that the normal velocities at the contact points
are non-negative so that the links do not hit to the ground. On the other hand, the

CFE expression is used for the minimization of the work done by the actuators.

In the case studies, different optimization problems with various objective functions
and constraints are studied. First of all, the minimization of M D, subjected to only
the physical constraints, is successfully performed via different optimization algo-
rithms. However, the results are not sufficient for a stable locomotion because the
number of contact points are not always greater than or equal to two. Hence, an
additional constraint, called the number of contact points ratio (RC'), is defined in
order to ensure two or more contact points during the motion. Executing the opti-
mization algorithm to minimize M D subjected to RC' = 0 yields stable solutions,

which have two or more contact points throughout the motion.

In order to perform dynamic analysis, on the other hand, the contact point velocities
ratio, normal reaction forces ratio and friction force ratios are defined. These ratios
must be equal to zero to obtain singularity-free and physically feasible solutions
at the end of the dynamic analysis. In order to determine solutions which satisfy
the RC = RV = RN = RF = 0 constraints, firstly, the solutions with RC' = 0
are considered. By changing suitable design parameters (such as the horizontal
velocity of the system, and the locomotion period) while keeping the remaining

parameters to be the same, these constraints are satisfied. Then using the design
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parameters of the dynamically feasible solutions, minimization of the consumed

energy is performed.
In conclusion, the following problems are solved in this thesis.

e Solution of position, velocity and acceleration analyses for a 3D modular robot
e Determination of the contact points of a modular robot on a flat surface
e The dynamic analysis for a 2D modular robot system

e Determination of the necessary conditions on the tangential velocities at the
contact points necessary such that the equations in the dynamic analysis are

solvable (i.e. singularity free)
e Solution of the underconstrained system of equations in dynamic analysis

e Determination of optimal locomotion patterns with respect to minimum en-

ergy consumption

e Visualization of the locomotion of modular robots

The algorithm can be further improved in the future by considering the following

issues.

e Deformation model used for the flexible links may be extended to include

continuous, rather than lumped, inertial effects.

e The objective function used in the solution of underconstrained case may be

modified to reduce the sudden changes in the actuator torques.

e Optimization of the consumed energy can be studied via more efficient nu-

merical optimization methods.

e Locomotion patterns corresponding to different periodic functions instead of
the sine function used in this thesis, can be studied. Furthermore, locomotion

for different horizontal velocity profiles can be studied.
e The algorithm can be extended to the 3D motion of modular robots.
e Locomotion in a non-flat environment can be studied.

e Optimal reconfiguration of modular robots can be studied and the locomo-
tion and the reconfiguration algorithms can be combined in order to have a

complete motion planning algorithm for modular robots.
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e A graphical user interface can be developed for the kinematic and dynamic

analysis of modular robots.
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APPENDIX A

BASIC CALCULATION

A.1 Calculation of Angle Between Two Vectors

The angle measured from a to b around € can be calculated by means of dot and
cross product operations. Note that, ¢ is perpendicular to both of the vectors @ and

b. Dot product of @ and b can be written as

@-b=|d||b| cosd (A1)
Here, 0 is the angle between @ and b. The magnitude of the cross product vector of
@ and b is

|@ x b| = |d@]||b| sin 6 (A.2)
If @ and b are unit vectors, their magnitudes are unity. Substituting |@| = |b| = 1

into Equations (A.1) and (A.2) yields

@-b=cosb A3
|@ % b| = sinf (A.4)

Therefore, 6 can be found to be
f = arctan (cos 6, sin §) = arctan (EL’- b, |d@ x 5]) (A.5)

There exists two solutions, namely, §; = 6 and 02 = 27 — 0 for the angle measured
from @ to b. The solution is the angle measured around ¢ in a right hand sense.
Therefore, the direction of the cross product vector and ¢is compared. If they are in
the same direction, 61 = @ is taken as the result. If they are in opposite directions,

0y = 2w — 0 is the angle measured around ¢ in a right hand sense.
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A.2 Calculation of Mass Moment of Inertias

The mass moment of inertias of the passive and active links can be calculated by

separating each link into two parts, namely, a semi-cylinder and rectangular prism

as shown in Figure A.1. The mass moment of inertias of the passive and active

links are assumed to be the same since they share the same geometry. Therefore,

calculation of the mass moment of inertia of a passive link is sufficient.
y

\ J %/_/

Rectangular Prism Semi-Cylinder

1
N

Figure A.1: Separation of the link shape into semi-cylinder and rectangular prism

The masses of the semi-cylinder and the rectangular prism are not the same. Since

the densities are the same, these masses are proportional to their cross-sectional

areas. The cross-sectional area of the rectangular prism, in terms of the unit length

d, is
d2
AT — ?
whereas, the cross-sectional area of the semi-cylinder is given by

o Em_md
4 2 8

Hence, the total cross-sectional area of the passive link becomes

&  7d? 1 T+ 4
A:— _— = 2 — — = 2
O d<2+8> d< 8 )
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The masses of the semi-cylinder and the rectangular prism can be calculated as

A,
m, = Emp (Ag)
Ac

Substituting A, and A, from Equations (A.6) and (A.7), one obtains

4

M = (A.11)
T

Me = ——— My (A.12)

Now, the mass moment of inertias of the semi-cylinder and the rectangular prism
can be calculated with respect to the reference frame shown in Figure A.1. The

mass moment of inertia expressions for semi-cylinder and rectangular prism are

shown in Figure A.2.

Volume = -2'-7r[<7L

Semicylinder
Yy
s 972 — 64 > 1 :
(A e i —miRS ijL
1 1
L= R e T 2
vy 4771 + ]2mL
9g2 ~ 309
2T o mR
1 g
Ly = amlx’" + —mL?
Ly = 2mR?
g S

Volume = abc
1 >
],\.t : ﬁl)l(bz H$eg)
I :
I, = Em({t2 ]

1 2 9
I, = Em(u“ + b%)

1
Ty Em(b2 +4c?)

T e : 2 2
Yy = Em(u +4c”)

Figure A.2: Mass moment of inertias of semi-cylinder and rectangular prism [39]

Using these expressions, the mass moment of inertia of the semi-cylinder about the
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7 axis can be written as

1 1 (d\* md®
I= §mr2 = I.=-m. <> = m8 (A.13)

Similarly, the mass moment of inertia of the rectangular prism is

1 1 d\*\  m.d?
I=—m(@+4?*) = L=—m |d+4(-) |=— A.14
Thus, the mass moment of inertia of the passive link becomes
mpd?  med?
L=IL+I.=—+— (A.15)

6 8

Substituting the expressions for m. and m, in Equations (A.12) and (A.12), one

obtains mpd? (37 + 16)
I,= 1°24(W—+4) (A.16)
For d = 65mm and m;, = 140g, the mass moment of inertia of the passive link
becomes I, = 8.774 x 10* gomm? = 8.774 x 10~°kg.m?. Since the mass moment
of inertias are assumed to be the same for the passive and active links, I, = I, =
8.774 x 10~ %kg.m?. Similarly, calculating the mass moment of inertia of the middle

link, one obtains I; = 8.580 x 10~%kg.m?
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APPENDIX B

ZERO DETERMINANT CONDITIONS

In this appendix, the conditions, which make the determinant of the coeflicient
matrix of dynamic analysis equations are presented by means of MATHEMATICA

outputs.

B.1 Notation

Configuration of the contact points in a modular robot is specified via the following

notation.

Coordinates

Contact Point Data = {{Npod, Npart, {{z1,y1}, {22,y2}}}

Data of Single Module

where, Npoq is the module number, Ny, is the part number (1: passive, 2: active)
and x1,yl are the coordinates of the contact point in global coordinate system.

Following cases are presented as examples.

e ContactData = {{1,1,{{z1,y1}}},{2,2,{{22,y2}}}} represents two contact
points. One of them is on the passive part of the 15 module with coordi-

2nd

nates (z1,y1) and the other one is on the active part of the module with

coordinates (z2,y2).

e ContactData = {{1,1,{{z1,y1},{22,y2}}}} represents line contact on the
passive part of the 1! module. The coordinates of the endpoints of the contact

line segment is (z1,yl) and (x2,32).

The tangential velocity of a contact point defines whether the static or dynamic
Coulomb friction model is used. Hence, different velocity conditions for the same

contact point configuration are considered. In order to define non-zero tangential
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velocity V; symbol is used. In this expression ¢ indicates the contact point number.
On the other hand, if there is a line contact, the tangential velocities at both ends

of the line segment are taken as equal.

B.2 Program Outputs

In the following pages, MATHEMATICA output for different contact point and cor-

responding tangential velocity configurations are presented.
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= Two Contact Points

Contact Point Data : {{1, 1, {{x1, yv1}}}, {1, 2, {{x2, y2}}}}

Tangential contact point velocities : {V1, 0}
Condition of zero determinant for coefficient matrix : x1+ (yl-y2) uSign[V1l] = x2
Tangential contact point velocities : {0, V2}
Condition of zero determinant for coefficient matrix : x1+ (yl-y2) uSign[V2] = x2

Contact Point Data : {{1, 1, {{x1, y1}}}, {2, 1, {{x2, y2}}}}

Tangential contact point velocities : {V1, 0}

Condition of zero determinant for coefficient matrix : x1+ (yl-y2) uSign[V1l] = x2
Tangential contact point velocities : {0, V2}

Condition of zero determinant for coefficient matrix : x1+ (yl-y2) uSign[V2] == x2

Contact Point Data : {{1, 1, {{x1, y1}}}, {2, 2, {{x2, y2}}}}

Tangential contact point velocities : {V1, 0}
Condition of zero determinant for coefficient matrix : x1+ (yl-y2) uSign[V1] = x2
Tangential contact point velocities : {0, V2}
Condition of zero determinant for coefficient matrix : x1+ (yl1-y2) uSign[V2] == x2

Contact Point Data : {{1, 2, {{x1, y1}}}, {2, 2, {{x2, y2}}}}

Tangential contact point velocities : {V1, 0}
Condition of zero determinant for coefficient matrix : x1+ (yl-y2) uSign[V1] = x2
Tangential contact point velocities : {0, V2}
Condition of zero determinant for coefficient matrix : x1+ (yl-y2) uSign[V2] = x2

Contact Point Data : {{2, 1, {{x1, yv1}}}, {2, 2, {{x2, y2}}}}

Tangential contact point velocities : {V1, 0}
Condition of zero determinant for coefficient matrix : xl1+ (yl1-y2) uSign[V1] == x2
Tangential contact point velocities : {0, V2}
Condition of zero determinant for coefficient matrix : x1+ (yl-y2) ¢ Sign[V2] = x2

Contact Point Data : {{1, 1, {{xl, y1}, {x2, y2}}}}
Tangential contact point velocities : {0, 0}

Condition of zero determinant for coefficient matrix : x1 =x2

Contact Point Data : {{1, 2, {{x1, y1}}}, {2, 1, {{x2, y2}}}}
Tangential contact point velocities : {0, 0}

Condition of zero determinant for coefficient matrix : x1 =x2
Contact Point Data : {{2, 2, {{x1, y1}, {x2, y2}}}}

Tangential contact point velocities : {0, 0}

Condition of zero determinant for coefficient matrix : x1 =x2

Figure B.1: Mathematica output for different contact point and velocity configu-
rations
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Three Contact Points

Contact Point Data : {{1, 1, {{x1, y1}}}, {1, 2, {{x2, v2}}}, {2, 2, {{x3, y3}}}}
Tangential contact point velocities : {V1, V2, V3}

Condition of zero determinant for coefficient matrix
(Sign[V2] == Sign[V3] && (Sign[V1] == Sign[V3] || x2 + (y2 - y3) u Sign[V3] =x3)) ||
1
Sign[V2] - Sign[V3]
(-x2 8ign[V3] + Sign[V1] (x2 -x3 + (-yl +y2) uSign[V2] + (yl -y3) uSign[V3]) +

Sign[V2] (x3+ (-y2+y3) uSign[V3])) =x1&&Sign[V2] # Sign[V3]| || i =

Tangential contact point velocities : {V1, V2, 0}
Condition of zero determinant for coefficient matrix
w=01]]Sign[V1l] =0 || x2+ (y2-y3) uSign[V2] == x3
Tangential contact point velocities : {V1, 0, V3}
Condition of zero determinant for coefficient matrix
u=01]]|Sign[V1l] =0 || %2+ (y2 -y3) £ Sign[V3] = x3
Tangential contact point velocities : {0, V2, V3}
Condition of zero determinant for coefficient matrix : (Sign([V2] =0 &&Sign[V3] =0) ||
-x2 8Sign[V3] +Sign[V2] (x3+ (-y2+y3) 1 Sign[V3])
Sign[V2] - Sign[V3]
(Sign[V2] == Sign[V3] && x2 + (y2 - y3) 4 Sign[V3] =x3 &&Sign[V3] #0) || u=20

= x1 && Sign[V2] # Sign[V3] | ||

Tangential contact point velocities : {V1, 0, 0}
Condition of zero determinant for coefficient matrix : x2=x3||u=0]] Sign[V1l] =
Tangential contact point velocities : {0, V2, 0}
Condition of zero determinant for coefficient matrix : x1 =x3 || pu=0]] Sign[V2] ==
Tangential contact point velocities : {0, 0, V3}

Condition of zero determinant for coefficient matrix : x1=x2||u=0]|]| Sign[V3] =20

Contact Point Data : {{1, 1, {{x1, y1}}}, {2, 1, {{x2, y2}}}, {2, 2, {{x3, y3}}}}
Tangential contact point velocities : {V1, V2, V3}
Condition of zero determinant for coefficient matrix
(Sign[V2] = Sign[V3] && (Sign[V1] == Sign[V3] || x2 + (y2 - y3) u Sign[V3] =x3)) ||
1
Sign[V2] - Sign[V3]
(-x2 Sign[V3] +Sign[V1] (%2 -x3 + (-yl +y2) uSign[V2] + (yl -y3) uSign[V3]) +

Sign[V2] (x3+ (-y2+y3) uSign[V3])) =x1&&Sign[V2] # Sign[V3]| || u=20

Tangential contact point velocities : {V1, v2, 0}

Condition of zero determinant for coefficient matrix
u=01]]Sign[V1l] =0 || x2+ (y2-y3) uSign[V2] == x3

Tangential contact point velocities : {V1, 0, V3}

Condition of zero determinant for coefficient matrix
pu=01]]Sign[V1l] =0 || x2+ (y2-y3) uSign[V3] = x3

Tangential contact point velocities : {0, V2, V3}

Figure B.2: Mathematica output for different contact point and velocity configu-
rations continued
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Condition of zero determinant for coefficient matrix : (Sign[V2] =0 &&Sign[V3] =0) ||
-x2 Sign[V3] +Sign([V2] (x3 + (-y2 +y3) 1 Sign[V3])

= x1 && Sign[V2] # Sign[V3] | ||
Sign[V2] - Sign([V3]

(Sign[V2] == Sign[V3] && x2 + (y2 - y3) u Sign[V3] == x3 && Sign[V3] #0) || u =0
Tangential contact point velocities : {V1, 0, 0}
Condition of zero determinant for coefficient matrix : x2=x3||u=0]] Sign[V1l] =
Tangential contact point velocities : {0, V2, 0}
Condition of zero determinant for coefficient matrix : x1=x3||u=0]] Sign[V2] =
Tangential contact point velocities : {0, 0, V3}

Condition of zero determinant for coefficient matrix : x1=x2 || u=0 || Sign[V3] =

Contact Point Data : {{1, 1, {{x1, y1}, {x2, yv2}}}, {1, 2, {{x3, y3}}}}
Tangential contact point velocities : {V1, V1, V3}

Condition of zero determinant for coefficient matrix

u=01|]xl+ (yl-y2)uSign[Vl] ==x2 || Sign[V1] == Sign[V3]

Tangential contact point velocities : {V1, V1, 0}

Condition of zero determinant for coefficient matrix
u=01]]Sign[Vl] =0 || %2+ (y2-y3) ¢ Sign[V1l] = x3

Tangential contact point velocities : {0, 0, V3}

Condition of zero determinant for coefficient matrix : x1 =x2 || u=0]] Sign[V3] =0

Contact Point Data : {{1, 1, {{xl, y1}, {x2, yv2}}}, {2, 1, {{x3, y3}}}}
Tangential contact point velocities : {V1, V1, V3}

Condition of zero determinant for coefficient matrix

u=0]|x1+ (yl-y2) uSign[V1l] =x2 || Sign[V1l] = Sign[V3]

Tangential contact point velocities : {V1, V1, 0}

Condition of zero determinant for coefficient matrix
u=01]]Sign[V1l] =0 || x2+ (y2-y3) uSign[V1] == x3

Tangential contact point velocities : {0, 0, V3}

Condition of zero determinant for coefficient matrix : x1=x2 || u=0|] Sign[V3] =

Contact Point Data : {{1, 1, {{x1, y1}, {x2, yv2}}}, {2, 2, {{x3, y3}}}}
Tangential contact point velocities : {V1, V1, V3}

Condition of zero determinant for coefficient matrix
pu=01]]x1+(yl-y2)puSign[V1l] ==x2 || Sign[V1l] = Sign[V3]

Tangential contact point velocities : {V1, V1, 0}

Condition of zero determinant for coefficient matrix
u=01]]Sign[V1l] =0 || x2+ (y2-y3) uSign[V1] == x3

Tangential contact point velocities : {0, 0, V3}

Condition of zero determinant for coefficient matrix : xl1=x2||u=0]]| Sign[V3] =0

Contact Point Data : ({1, 2, {{x2, y2}}}, {2, 1, {{x3, y3}}}, {1, 1, {{x1, y1}}}}
Tangential contact point velocities : {V1, V1, V3}

Condition of zero determinant for coefficient matrix
pu=01]]x2+ (y2-y3) uSign[V1l] =x3 || Sign[V1l] = Sign[V3]

Tangential contact point velocities : {V1, V1, 0}

Figure B.3: Mathematica output for different contact point and velocity configu-
rations continued
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Condition of zero determinant for coefficient matrix
u=01]]Sign[V1l] =0 || x1+ (yl-y3) uSign[V1] == x3
Tangential contact point velocities : {0, 0, V3}

Condition of zero determinant for coefficient matrix : x2=x3 || u=0|] Sign[V3] =

Contact Point Data : {{1, 2, {{x1, vy1}}}, {2, 1, {{x2, y2}}}, {2, 2, {{x3, y3}}}}
Tangential contact point velocities : {V1, V1, V3}

Condition of zero determinant for coefficient matrix

pu=01]]x1+ (yl-y2)puSign[V1l] =x2 || Sign[V1l] = Sign[V3]

Tangential contact point velocities : {V1, V1, 0}

Condition of zero determinant for coefficient matrix

u=01]]Sign[V1l] =0 || x2+ (y2-y3) uSign[V1] = x3

Tangential contact point velocities : {0, 0, V3}

Condition of zero determinant for coefficient matrix : x1=x2 || u=0|]| Sign[V3] =

Contact Point Data : {{1, 1, {{x1, y1}}}, {2, 2, {{x2, y2}, {x3, y3}}}}

Tangential contact point velocities : {V1, V2, V2}

Condition of zero determinant for coefficient matrix

p=201]8ign[V1l] = Sign[V2] || x2 + (y2 - y3) uSign[V2] = x3

Tangential contact point velocities : {V1, 0, 0}

Condition of zero determinant for coefficient matrix : x2=x3||u=0]] Sign[V1l] =
Tangential contact point velocities : {0, V2, V2}

Condition of zero determinant for coefficient matrix
u=01]]Sign[V2] =0 || x2 + (y2-y3) 4 Sign[V2] == x3

Contact Point Data : {{1, 2, {{x1, yv1}}}, {2, 2, {{x2, y2}, {x3, y3}}}}
Tangential contact point velocities : {V1, v2, V2}

Condition of zero determinant for coefficient matrix
u=01]|Sign[V1] = Sign[V2] || x2 + (y2 - y3) ¢ Sign[V2] = x3

Tangential contact point velocities : {V1, 0, 0}
Condition of zero determinant for coefficient matrix : x2=x3||u=0]]| Sign[V1l] =20
Tangential contact point velocities : {0, V2, V2}

Condition of zero determinant for coefficient matrix
u=01]]|Sign[V2] =0 || %2+ (y2 -y3) ¢ Sign[V2] = x3

Contact Point Data : {{2, 1, {{x1, y1}}}, {2, 2, {{x2, y2}, {x3, y3}}}}

Tangential contact point velocities : {V1, V2, V2}

Condition of zero determinant for coefficient matrix

pu=0|]Sign[V1l] = Sign[V2] || x2 + (y2 -y3) uSign[V2] = x3

Tangential contact point velocities : {V1, 0, 0}

Condition of zero determinant for coefficient matrix : x2=x3 || u=0]] Sign[V1l] =0
Tangential contact point velocities : {0, V2, V2}

Condition of zero determinant for coefficient matrix
w=01]]Sign[V2] =0 || x2+ (y2-y3) 4 Sign[V2] == x3

Figure B.4: Mathematica output for different contact point and velocity configu-
rations continued
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Four Contact Points

Contact Point Data : {{1, 1, {{x1, y1}, {x2, y2}}}, {1, 2, {{x3, y3}}}, {2, 2, {{x4, y4}}}}
Tangential contact point velocities : {V1, V1, V3, V4}

Condition of zero determinant for coefficient matrix
(Sign[V3] == Sign[V4] && (Sign[V1] == Sign[V4] || x3 + (y3 -y4) uSign[V4] =x4)) ||
1
Sign[V3] - Sign[V4]
(-x3 8ign[V4] + Sign[V1] (%3 -x4 + (-y2+y3) £ Sign[V3] + (y2 - y4) uSign[V4]) + Sign[V3]

(%4 + (~y3+y4) ©Sign[V4])) == x2 && Sign[V3] # Sign[V4]| || u=0 || Sign[V1l] =

Tangential contact point velocities : {V1, V1, v3, 0}
Condition of zero determinant for coefficient matrix

pu=01]8ign[V1l] =0 || x3 + (y3 -y4) uSign[V3] == x4
Tangential contact point velocities : {V1, V1, 0, V4}
Condition of zero determinant for coefficient matrix

u=01]]|Sign[V1l] =0 || %3+ (y3-y4) pSign[V4] == x4
Tangential contact point velocities : {0, 0, V3, V4}
Condition of zero determinant for coefficient matrix

x1=x2 || pu=01]] Sign[V3] =0 || Sign[V4] =0
Tangential contact point velocities : {0, 0, 0, V4}
Condition of zero determinant for coefficient matrix : True
Tangential contact point velocities : {0, 0, V3, 0}
Condition of zero determinant for coefficient matrix : True
Tangential contact point velocities : {V1, vl, 0, 0}
Condition of zero determinant for coefficient matrix : x3=x4||u=0|]| Sign[Vl] =
Contact Point Data : {{1, 1, {{x1, y1}}}, {1, 2, {{x2, y2}}}, {2, 2, {{x3, y3}, {x4, y4}}}}
Tangential contact point velocities : {V1, V2, V3, V3}

Condition of zero determinant for coefficient matrix

pu=0|]Sign[V1l] =0 || Sign[V2] = Sign[V3] || x3 + (y3 -y4) 1 Sign[V3] = x4
Tangential contact point velocities : {V1, v2, 0, 0}

Condition of zero determinant for coefficient matrix

x3=x4 || =20 | Sign[Vl] =0 || Sign[V2] =0

Tangential contact point velocities : {V1, 0, V3, V3}

Condition of zero determinant for coefficient matrix

pu=01]]8ign[V1l] =0 || Sign[V3] =0 || x3 + (y3 -y4) u©Sign[V3] = x4

Tangential contact point velocities : {0, V2, V3, V3}

Condition of zero determinant for coefficient matrix

p=01||Sign[v2] =0 || Sign[V3] =0 || x3 + (y3-y4) 4 Sign[V3] = x4

Tangential contact point velocities : {0, 0, V3, V3}

Condition of zero determinant for coefficient matrix : x1=x2 || u=0|]| Sign[V3] =
Tangential contact point velocities : {V1, v2, 0, 0}

Condition of zero determinant for coefficient matrix

x3=x4 || pu=01]]Sign[Vl] =0 ]| Sign[V2] =0
Contact Point Data

({1, 1, {{x1, y1}}}, {1, 2, {{x2, y2}}}, {2, 1, {{x3, y3}}}, {2, 2, {{x4, y4}}}}

Figure B.5: Mathematica output for different contact point and velocity configu-
rations continued
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Tangential contact point velocities : {V1, V2, V2, V4}

Condition of zero determinant for coefficient matrix

u=01]]Sign[V1l] =0 || x2+ (y2-y3) uSign[V2] =x3 || Sign[V2] == Sign[V4]
Tangential contact point velocities : {V1, V2, V2, 0}

Condition of zero determinant for coefficient matrix

pu=01]8ign[V1l] =0 || Sign[V2] =0 || x3 + (y3 -y4) uSign[V2] = x4
Tangential contact point velocities : {V1, 0, 0, V4}

Condition of zero determinant for coefficient matrix

x2=x3 || u=0]]Sign[V1l] =0 || Sign[V4] =0

Tangential contact point velocities : {0, V2, V2, V4}

Condition of zero determinant for coefficient matrix
-x3Sign[V4] +Sign[V2] (x4 + (-y3+y4) uSign[V4])

= x1 && Sign[V2] # Sign[V4]| ||
Sign[V2] - Sign[V4]

(Sign[V2] == Sign[V4] && x3 + (y3 - y4) 1 Sign[V4] == x4 && Sign[V4] #0) || u=0 || Sign[V2] ==
Tangential contact point velocities : {0, V2, V2, 0}
Condition of zero determinant for coefficient matrix : xl=x4 || u=0|] Sign[V2] =
Contact Point Data : {{1, 1, {{x1, yl1}, {x2, y2}}}, {1, 2, {{x3, y3}}}, {2, 1, {{x4, y4}}}}
Tangential contact point velocities : {V1, V1, V3, V3}
Condition of zero determinant for coefficient matrix
p=201]]8ign[V1l] =0 || Sign[V1] = Sign[V3] || x3 + (y3 -y4) uSign[V3] = x4
Tangential contact point velocities : {V1, V1, 0, 0}
Condition of zero determinant for coefficient matrix : x3=x4||u=0]]| Sign[V1l] =20
Tangential contact point velocities : {0, 0, V3, V3}
Condition of zero determinant for coefficient matrix : x1=x2 || u=0|] Sign[V3] =
Contact Point Data : {{1, 1, {{x1, yv1}, {x2, v2}}}, {2, 2, {{x3, y3}, {x4, v4}}}}
Tangential contact point velocities : {V1, V1, V3, V3}
Condition of zero determinant for coefficient matrix
pu=201]]8ign[V1l] =0 || Sign[V1] = Sign[V3] || x3 + (y3 -y4) uSign[V3] = x4
Tangential contact point velocities : {V1, V1, 0, 0}
Condition of zero determinant for coefficient matrix : x3=x4||u=0]] Sign[V1l] =20
Tangential contact point velocities : {0, 0, V3, V3}
Condition of zero determinant for coefficient matrix : x1=x2 || u=0]] Sign[V3] =
Contact Point Data : {{2, 2, {{x1, yl1}, {x2, y2}}}, {1, 2, {{x3, y3}}}, {2, 1, {{x4, y4}}}}
Tangential contact point velocities : {V1, V1, V3, V3}
Condition of zero determinant for coefficient matrix
pu=201]]8ign[V1l] =0 || Sign[V1l] =Sign[V3] || x3 + (y3 -y4) uSign[V3] = x4
Tangential contact point velocities : {V1, vl1, 0, 0}
Condition of zero determinant for coefficient matrix : x3=x4 || u=0]] Sign[V1l] =0
Tangential contact point velocities : {0, 0, V3, V3}

Condition of zero determinant for coefficient matrix : xl1=x2||u=0]]|Sign[V3] =0

Figure B.6: Mathematica output for different contact point and velocity configu-
rations continued
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APPENDIX C

MECHANISM MODELS

The modeling of the different contact point configurations by basic mechanisms
are presented in the following tables for a two module system. In these tables, P

indicates point contact, whereas L indicates line contact.

Table C.1: Models for two contact points

Configuration ‘ Type ‘ Model

2P 1x Four bar

2P 1x Four bar

2P 1x 6-link

1L | Not Applicable
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Table C.2: Models for three contact points

Configuration ‘ Type ‘ Model

3P 2x Four bar

L+P | 1x Slider-crank

L+P | 1x Slider-crank

Table C.3: Models for four contact points

Configuration ‘ Type ‘ Model

2P 1x Four bar

L+P | Slider-crank + Four bar

2L 2x Slider-crank
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Table C.4: Models for five and six contact points

Configuration ‘ Type ‘ Model

2L+P | Double slider + slider crank

2L+P 2x Slider crank

3L 2x Double slider
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APPENDIX D

VISUAL SIMULATION

In order to visualize the locomotion pattern, a visual simulation algorithm is devel-
oped. In this appendix, the details of the simulation algorithm are discussed and

various snapshots of the simulations are presented.

The visual simulation is developed by means of the MATHEMATICA software. In
order to model the links, the module design of the MTRAN system is considered.
The developed simulation algorithm is able to perform both 2D and 3D simula-
tions. In the 2D visualization all links are modeled by means of rectangles and
circles. However, in the 3D visualization, the links are modeled via 3D geometric
objects (like rectangular prisms and cylinders). 2D simulation is mainly used for
the examination of the motion of the links with respect to each other during the
system locomotion. On the contrary, it is not possible to investigate the relative
motion of the middle links (with respect to the passive and active links) in the 3D
simulation. This is because, the motion of the middle links cannot be distinguished
clearly. Hence, the 3D simulation is solely used for the demonstration of the motion

in a working environment.

The basic principal of the simulation is plotting the positions of all links at different
time instants through the discretization of time. Firstly, the required time range
for the simulation is divided into a number of equally spaced segments. Secondly,
the physical shapes of the links are modeled and their positions and orientations are
plotted for each point of the discretized time range. Finally, the plots are played in
sequence by means of the LISTANIMATE function of the MATHEMATICA software.

The flowchart of the simulation algorithm is presented in Figure D.1.

In order to perform visual simulation of an n» module MTRAN system, the following

parameters are needed as inputs.
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Figure D.1: Flowchart of the visual simulation algorithm
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e Actuator rotation variables (0p;(t), 6a;(t))

e Global position variables (x4(t),ys(t), zs(t),vL, 72 and 43

e Start and stop times of the simulation

e Time increment for the discretization of the time range of the simulation

Consider the solution, which is calculated in the case studies which leads to the

locomotion parameters given below.

o Opy(t) = 0.088 sin (4.363 — 14.758¢)

e Oay(t) = 7+ 0.083sin (1.975 — 14.758¢)

Opa(t) = 0.077 sin (4.815 — 14.758t)
o Oas(t) = 7+ 0.092 sin (2.489 + 14.758¢)

o z5(t) = 40.992t mm

o (t) = 33.790 — 0.580sin (3.5270 — 14.758t) mm
o ~3(t) = 0.0421 sin (1.999 — 14.758t)
o T =0.426s

The snapshots of the 2D visual simulation for this solution are presented in Fig-
ure D.2. As the snapshots indicate, the motion of the middle links are clearly
distinguishable. However, it is not possible to show the locomotion at different per-
spectives in the 2D simulation. By means of the 3D visual simulation, the motion
of the system can be seen at any perspective (i.e., front view, top view, isomet-
ric view, etc,...). Executing the 3D visual simulation algorithm according to the
given locomotion data, the snapshots in Figure D.3 are obtained. Furthermore, the

snapshots displayed at different perspectives are presented in Figure D.4.
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Figure D.2: Some snapshots of the visual simulation of the system locomotion
from 2D visual simulation
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(a) t=0s (b) t=0.085s

200 ~100

(d) t =0.255s

200 100

(e) t=0.341s (f) t=0.426s

Figure D.3: Some snapshots of the visual simulation of the system locomotion
from 3D visual simulation
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200 —100
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Figure D.4: Some snapshots of the visual simulation of the system locomotion
from 3D visual simulation at different view angles
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