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ABSTRACT

ON ENERGY DECAY AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO THE
LINEAR AND NONLINEAR DISSIPATIVE WAVE EQUATIONS

Gumiusbada, Feda
M.Sc., Department of Mathematics
Supervisor: Assist. Prof. Dr. Davutdurlu

September 2008, 69 pages

In this thesis we survey energy decay and asymptotic behavior of solutions to the
Cauchy problems for the linear and nonlinear wave equations with dissipative terms.

The thesis consists of four chapters. In the first chapter, necessary definitions and
theorems are given. In the second chapter, it is shown that the solution of the Cauchy
problem to the linear wave equation with damping with variabletooent decays to
zero polynomially as t tends to infinity. In the third chapter, it is proved that the solu-
tion to the Cauchy problem for the nonlinear dissipative wave equation decays to zero
as t tends to infinity. In the last chapter, a short discussion of the advantages of the

strengthened multipliers method used in the thesis is given.

Keywords: Nonlinear Wave Equation, Dissipative Term, Asymptotic Behavior, De-

cay Rate of Energy.



OZET

LINEER VE LINEER OLMAYAN SONUM TERIML | DALGA
DENKLEMLERININ ENERJ AZALIMI VE AS IMTOTIK DAVRANISI
Gumisbda, Feda
Master Tezi, Matematik 8Umu
Tez Yoneticisi: Yard. Dog. Dr. Davut Gurlu
Haziran 2008, 69 sayfa

Bu tezde, lineer ve lineer olmayalrgéim terimli dalga denklemleri igin verilen
Cauchy problemlerinin enerji azalim ve asimtotik davraniglari ele alinmistir.

Tez ddrt bolimden olusmaktadir. Birinciddimde, verilen problemlere iligkin
onceki calismalara dgnilmekte ve tez icin gerekli olan tanimlar ve teoremler ver-
ilmektedir. Ikinci bolimde ise lineer ve dgsken katsayili &niim terimli dalga den-
klemi i¢in verilen Cauchy probleminindziminin polinom hiziyla sifira yaklagf
gosterilmektedir.Uciindi bdlumde ise lineer olmayardsiim terimli dalga denklemi
icin verilen Cauchy probleminindziimiiniin polinom hiziyla sifira yaklagh gosterilmektedir.
Sonug IBluminde ise kuvvetlendirilmis carpanlabpteminin faydalarindan kisaca

bahsedilmistir.

Anahtar Kelimeler: Dalga Denklemi,08im Terimi, Asimtotik Davranig, Enerji

Azalim Orani.
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CHAPTER 1

INRODUCTION AND PRELIMINARIES

1.1 Introduction

The energy decay and asymptotic behavior of solutions to the Cauchy problems
for nonlinear wave equations with dissipative terms are important questions and a key
starting point for many open problems.

In this thesis we study the long time behavior of solutions of the Cauchy problems
for the linear wave equation with variable damping tefreee equation (2.1)and
nonlinear wave equation with variable damping and absorbtion terms (see equation
(3.1)). In both cases the variable dieienta(x) ~ ag|X|"*, whereay, anda € [0, 1).

In the former case decay estimates of the energy and.zherm of solutions are
established. In the latter case decay estimates of the energly? tied LP*! norms

of solutions are established. Hepas the exponent of the absorbtion term satisfying
l<p< Qﬁ andn > 3 is the space dimension. The decay rates of solutions of these
problems depend on solutions of the Poisson equétsee equation (2.2})

The thesis is organized as follows. In the next two sections we give some defini-
tions, basic facts and inequalities. In Chapter 2, firstly the main problem to the Cauchy
problem for the dissipative wave equations is introduced and previous studies regard-
ing the energy decay and asymptotic behavior of various dissipative wave equations

are given. Next the main results of this chapter are presented.



Chapter 3 is devoted to the investigation of decay estimates and asymptotic behav-
ior of solutions to the Cauchy problem for the nonlinear dissipative wave equations.

In Chapter 4 the advantages of the method used in the thesis are briefly discussed.

1.2 Definitions and basic facts

In this section we will give some definitions, notations and general facts.

Definition 1.1 LetQ be an open, connected set (domainRfhand1 < p be a real
number. We denote by(Q) the class of all measurable functions u, definedfor

which

flu(x)lpdx< 0.

LP(QY) is a Banach space with the norm

fulls = ( fg |u(x)|pdx)l/p<oo_

For p = o0, L*(Q) is a Banach space with the norm

llullo. = esssup|u(x)|.
XeQ

For p = 2, L?(Q) is a Hilbert space with the inner product

(u,v) := fg u(x)v(x)dx

for all u and ve L?(Q).

Definition 1.2 LetQ c R" be an open, connected set anddet Q — R be a function.

Support of® can be defined as

SUpPH®D} = {x e Q: O(x) # 0}.

2



Definition 1.3 LetQ c R" be an open, connected set. A function@ — R is said to

be locally integrable if for every compact setdQ,

f lu(x)|dx < oo.
K

We denote by} (Q) the space of locally integrable functions definedon

Definition 1.4 C7(Q) is the space of infinitely gierentiable functions with compact

support. This space is also known as the space of all test functions defiged on

Definition 1.5 Let x € R" with coordinates x= (X, -, X,). A multi-index is an n-

tuplea = (a1, - - -, an) (@i € N). If we set

n
lar| = Z ai,
i=1

then

represents the-th order partial diferentiation operator.

Definition 1.6 LetQ be a domain. Supposewe LL (Q), anda is a multi-index. We

loc

say that v is the/'"-weak partial derivative of u, written
Du=v,

provided

f uD%¢dx = (=1) f vdx
Q Q

for all test functionsp € C3'(€2).

Definition 1.7 A sequence of functiong,,} in C7'(€) is said to converge t0 if there

exists a fixed compact set&Q such that supys,,) c K for all m and{¢,,} and all its

3



derivatives converge uniformly to zero on K.

Definition 1.8 A linear functional T from G(Q) to R is said to be a distribution, or

generalized function if wheneveyr, — 0in C3, we have T¢n) — O.

Definition 1.9 The space @0, T], X) consists of all continuous functions

u:[0,T] - X such that

IUllcqomx = @gﬂlu(-,t)llx < oo,

Definition 1.10 Let k be a non-negative integer and ek p < co. Then we define

WKP(Q) to be set of all distributions & LP(Q) such that Du € LP(Q) for |a| < k.

In WP(QQ), we define a norm by

vp
lullep = (D1 IDulE) " if 1<p<oo

lal<k

and

lullkeo := Max DUl if p=co.
0<le|<k

For p = 2 we define an inner product by

(U, V) = ZLD"U(X)D“V(X)dx

lal<k

We also use the notatida*(Q) for Wk2(Q) andL?(Q) for W°2(Q).
Definition 1.11 By V\{j’p(Q) we denote the closure offQQ) in W*P(Q).

This means that € Wg’p(Q) if and only if there exist functiona,, € C7’(Q2) such that

Um — U € WEP(Q).



Theorem 1.12 (The divergence theorem) L@tbe a bounded open subsetRsf with
smooth (or piecewise smooth) boundafy. LetF be a smooth vector field defined in

R" and letn be the unit outward-pointing normal éf). Then

fF~nds:fV~Fdx
o0Q Q

1.3 Inequalities

In this section we give some basic inequalities which will be employed in the thesis.

Cauchy’s inequality.
a b
ab < E + — Ya, beR.

2 9
Cauchy’s inequality with e.

b2
ab<ea®+—, YabeR, Ve> 0.
4e
Young's inequality. Let 1< p,q < coands + ¢ = 1. Then

p ]
ab<® ¥ abso)
P g

Cauchy-Schwarz’s Inequality. Let H be a Hilbert space associated with the inner

product (,.) and normijul| = (u, u)¥’2. Then
I(u, V) < [lull.IMl, Yu,v e H.

Holder’s Inequality. Assume 1< p,gq < oo and% +é = 1. Thenifu € LP(Q),
v e L9Q), we have

f luMdX < [JullLe|IVI]La.
Q



Gagliardo-Nirenberg’s inequality.

IDull, < CID“Ulflull; ™’ Yu e CHR",

where 0< ﬁ <6<1,C=C(nyu,jq,r,60) >0 are constants, and

N A S
P n r n q



CHAPTER 2

DECAY ESTIMATES FOR THE LINEAR WAVE EQUATIONS

2.1 Introduction

Here we consider the following initial value problem for the linear wave equation

with variable coéicient dissipative term:

Ut — Au+a(X)uy =0, (t,x) e R, xR", (2.1)

u(0, X) = Up(X), Ww(0,Xx) = uy(x), xeR", (2.2)

where the unknown function(t, x) : R, x R"™ - R (n > 3 integer) denotes the dis-
placement and the cfigientais a decaying positive radi@l* function which denotes
the friction or potential. The initial conditiong(x) andu;(X) are compactly supported

functions from the energy space:

Up € HYR"), u € L2R"), (2.3)

suppui € B(K) = {xeR": X <K}, i=0,1

The last expression implies that

Ug(X) = 0 and uy(xX) =0 for |x] > K

for someK > 0.



The existence of a solutiamto (2.1)-(2.2) with the regularity

u e C((0, ), HY(RM), u; € C((0, o), L3(R")), (2.4)

and compact support

ut,x) =0 for |x >t+K (2.5)

can be obtained by the finite speed of propagation property (see [32] or [24]).

Our goal, in this chapter, is to review the results obtained in [22], where the authors
have found multipliers that can capture the asymptotic behavior of solutions to problem
(2.1)-(2.2). The idea used here to strengthenlthestimates for (2.1)-(2.2) comes
from the so called diusion phenomenon for dissipative wave equations with constant
potentiala(x) = 1 (see [5], [6] and [7]) and the references therein. THéuslion
phenomenon for wave equations with damping is crucial since it suggests considering
multipliers related to a parabolic equation; these multipliers yield almost optimal decay
estimates.

It can be seen from the previous studies that the multiplier method has been very
effective in various problems concerning exponentially small solutions of dissipative
wave equations. We refer to [1], [2], [3] and references therein. Applications to poly-
nomially decaying solutions, however, have been less successful. A typical example is
the Cauchy problem for the wave equation with a constant damping &(xg= con-
stant) whose solutions hav& norms decaying like"4( see [4]). In such a case or
for the time dependent potentiaft), the Fourier integral transform remains powerful
tool and yields optimal results ([12], [13] and [9, 10, 11]). In particular, all multipliers
derived from the scaling invariance of the wave oper&teiVu and similar Morawetz
multipliers) yield dimension independent estimates of tifenorm, such a©(t~/?)

for all n > 2. Below we present more examples suggesting that the multiplier method



based on symmetries of the wave operator is not very suitable for dissipative wave
equations. (Possible exceptions are 1 andn = 2).

On the other hand, the Fourier integral transform becomes useless when the damp-
ing is a space dependent poten#@t). The alternative is a multiplier method.

The asymptotic behavior of tHe norm and energy is well understood wrea ag
is a positive constant. Matsumura [4], using the Fourier analysis, has shown that the

solution of (2.1)-(2.2) satisfies the estimate

fuzdxs Cot2,

f (U? + [VuPP)dx < Cot™2 72,

whereCy is a positive constant depending on the initial data.
Whena = a(t) is a function of time, the authors (see [9, 10, 11], [12] and [13])
have applied the Fourier integral transform and obtained a series of sharp estimates for

(2.1)-(2.2), including

f uPdx < Cot™ 443, (2.6)

f (U2 + |VuPP)dx < Cot~ ARG+,

for a(t) = ap(1 + t)k andk € (-1, 1), wherea, andC, are positive constants. Let us
point out a striking phenomenon: The dampingfGoegent weakens but the decay rates
increase ak — —1. Here the absence &fin the codficienta allows a partial Fourier
transform ofu and a WKB-representation ofby Fourier multipliers. This approach
also generalizes Strichartz’ estimates [14].

Whena = a(x) Fourier techniques become cumbersome as they involve localiza-
tions in both frequency space and extended phase spagg ¥OR". A simple alter-

native is the multiplier method. Below we discuss several results found by non-trivial



applications of this method.
Matsumura [15] and Uesaka [16] have established decay estimates for the energy

when the cofficient has critical decay
a(t,x) > ag(L+t+[x)",
with ag > 0. Their results can be stated as
f (U2 + [VU[2)dx < Cot~ M2, (2.7)

The basic multiplier igw(t)u}; with a suitable weightv(t). Remarkably this method

can handle the critical decay, such as
ax) > ap(1+1|x)™*, ae€]0,1). (2.8)

In fact estimate (2.7) does not remain sharp for stronger dissipations; notice that the
decay rate of energy should be closeto! if « is close to zero.

Multipliers depending omandx yield sharper estimates for (2.1)-(2.2). The equa-
tion is studied in the exterior of star-shaped domains by Nakao [17], Mochizuki and

Nakazawa [18], and Ikehata and Matsuyama [19 #f 2 and
ael™, a(x)>a

for largex, the result of [19], which is the best possible rat&fj is that the energy
decays liket=2. A clever integration of (2.1) with respect tand a radial multiplier,
similar to Morawetz’s multiplier in [20], are the decisive ideas.

Another interesting application of the multiplier method is the weighted estimate

10



of Ikehata [21] for co#ficients

a(x) = )

, a€[0,1).
X [0,1)

Using an exponential multiplier, he has established the following:
_o|x2@
f 2020 (12 4 |Vy?)dx < Co,

for t > 1. Henceu decays very fast ifx>*/t is large. If this ratio is small, the result
does not provide new information.

In general multiplier techniques yield weaker decay estimates than the Fourier tech-
nigues whenever the latter can be applied to (2.1)-(2.2). The discrepancy may be ex-
plained with the equal weight af and|Vul? in the standard multiplier method, while
these terms are veryftierent at large times. In fact the so-calleffasion phenomenon
is observed foa = 1, which means thatl ~ Cow for a constanC, depending on the

initial data and a solutiow of the diffusion equation
Ww,—Aw=0, xeR", t>0.

See the review by Narazaki [5]. We can actually use a Gaussian

X2

W(t,X) =t 2e @

Clearly the time derivative of the Gaussian is smaller than its spatial derivatives, that
IS, [[Wll 2 IS smaller thar|Vw| 2.
The ditusion phenomenon fa = a(t) was studied by Wirth [9]. Here the precise

meaning olu ~ Cow and the exact consta@p are more subtle. However, the important

11



fact is thatwtu ~ C, for a suitable solution of the flision equation

at)wy —Aw=0, xeR", t>0.

In this chapter, we review the paper of Todorova and Yordanov [22], where they
have strengthened the multiplier method for (2.1)-(2.2) by factoring out the asymptotic
profilew and working withw~u. This quotient will admit more precise estimates since
it will vary relatively slowly. Unexpectedlyv is allowed to be an approximate solution

of

at)wy —Aw =0, xeR", t>0, (2.9)

see formula (2.35) below. The decay rateuoiill be expressed in terms af and,
implicitly, in terms ofa. In fact they have derived explicit rates in several cases. These
decay estimates are sharp at the limit> 0 in (2.8), but we do not know whether they
are sharp for alk € [0, 1).

The rest of this chapter is organized as follows. In Section 2.2 the main weighted
energy identities are presented. In Section 2.3 first the modified equatian‘iois

derived. Next the weights are chosen and then the proof of main results are given.

2.2 A Weighted Energy Identity

Let us first consider a general first-order perturbation of the wave equation:

Ut —Au+au +b-Vu+cu=0, (2.10)

where the cofficientsa, b = (by, b,,---,b,) andc areC! functions. Our aim is to

derive a weighted identity far involving three positiveC? functionsw, w; andw.

12



Now definingu = wil and substituting derivatives ofinto (2.10), we have
Ox — A0+ a0 +b-VOi+ei=0 (2.11)
with new codficients

a=a+2wlw, b=b-2wlvw,

¢ =w(wy — AW+ aw + b - Vw + cw). (2.12)

We note that here and hereafter we will use the property of finite propagation speed
of solutions of (2.12) in evaluating the boundary integrals. Also for the sake of conve-

nience, the symbof denote integration ovek".

Proposition 2.1 Let u be a solution of (2.10) with compactly supported initial data
Up € H2(R™) and u € HY(R"). Assume that yyw; and w> 0 are C? functions. Then
the identity

dEtE(Gt, v, 0) + F(0, VD) + G(0) = 0, (2.13)

holds, where

U | . N L A \n
E(C, V0, 0) = > f [Wl(ut2 + [VOP%) + 2wolk0 + 6wy — dWo + awg) 0% [dx,

1
F(Gt,VU) = Ef(—atwl-i-ZéWl—ZWo)Gtde

+ f (VW + bwy) - GVOdx+ % f (— 0wy + 2Wo)|VOPd X,
and
1 .
G(0) = 5 f [02Wo — AWp — 8y (Bwg) — V - (bwo) + 26wy — O, (Ewy)]DPdx.

13



The cogficientsa, b andé are given by (2.12).

Proof. Multiplying equation (2.11) by, andw, (; and integrating oveR" and using

the divergence theorem, respectively, we obtain

fwoﬂﬂttdx + fVG-V(WOG)dX+féW000th (2.14)

+ fwoaﬁ-vo dx+féwol]2dx:0
and

fwll]tattdx + fVG-V(Wlﬁt)dX+fé.W10t2 dx (2.15)

+ fB-VGwlatdx+féW100tdx:O.

Adding equations (2.14) and (2.15) and employing the identities

d Wlﬂtz 1 >

Wi GGy = a( 5 ) — Eat O Wy,
o . d|vog
Wik AD = V - (W10, V) — Wld_t% — 0:VuvVwy,
n d, . R
WoOly = a(wouut) — WolZ, (2.16)

1 1
Vw - OV = 5v - (0PVWo) — EOZAWO

we obtain the desired identity

We can apply the identity in Proposition 2.1 to the wave equation with damping (2.1).
Here

a=a(x), b=0, c=0,
so the transformed cfiecients (2.12) become
a=a+2wiw, b=-2wlvw,

14



& = w{wy — Aw + aw). (2.17)

The weighted identity fou’in Proposition 2.1 simplifies if we choose, = w.
There is no simple expression fag in terms ofw, sow; will be chosen later. It is
convenient to keep the most complex fiment¢ and express the other déeients in
terms ofw, w; anda. The simplified functionals are

1
E(0, V0,0) = 5 f [wl(ﬂt2 + |VOP%) + 2w00 + (Ewy — dw + aw)Oz]dx,

1
F@,.va) = 35 f( — 0wy + 2aw; + 4w 0 Inw — ZW) 02dx
+ f (VWy — 2w,V Inw) - GV dx
1
+5 f (- Owy + 2w)|Vadx,

1
G@) = > f [Ew — 8, (Ewy)]TPd X
which satisfy identity (2.13). However, we will show an inequality that holds for all
initial data in the energy space. At the same time we need more conditions on the

damping terms and weight functiomsandw; to insureF > 0 andG > 0, sodE/dt <

0. These are given in the following proposition.

Proposition 2.2 Let w and w be positive weights and Iétbe defined if2.17). As-

sume that the conditions
(i) €=0, ac<0,
(i) —0wy +w >0,
(i) (—0Wy + 2W) (=0 Wy + 2awy + 4wy 6 Inw — 2w) > (Vwy — 2w,V Inw)?

are satisfied. Then for a solution u of (2.1)-(2.2) withasrH(R") and u € L2(R"),

15



E((, VO, 0) is a non-increasing function of time:

1
> f[wl(ﬂtz + VO + 2wi0 + (Ewg + dw + aw) i |dx < Eg (2.18)

for all t > to, wherell = wu and & = E({, VQ, 0)f,.

Proof. If uy € H2(R") andu, € H(R") are compactly supported, then identity (2.13)

holds. Notice that conditions)(and i) imply
ew — d¢(Ewy) = E(W — dywy) — (0:€)wy > 0.

HenceG(0) > 0. Condition (i) and—d;w;+2w > 0, which follows from {i), guarantee
that the quadratic forrx (O, VO) > 0. Thus (2.13) yieldslE(Oy, V0, () /dt < O or after
integration with respect t

E(y, V0, 0) < Eg

holds.

Let us show that the last estimate holds for all initial data in the energy space.
For any compactly supported initial datg € H* andu, € L?, there exist compactly
supported* sequences of functions’ — ugin H' andu!® — uy in L2 Letus denote
the corresponding solutions of (2.1)-(2.2) WY and their weighted energy functionals

by E(0, va®, t®). The first part of proof shows that
E(ng), Va(k)’ U(k)) < E(ng)’ Vo(k)’ 0(k))|t:to- (219)

Since the weightsr andw; are continuous functions, the weighted energy is bounded

by the standard energy:

IE@®, va®, 0%) — E(0, V0, 0)] < c(T)(nuSk) Ul + VU — Vuan),

16



whenevet € [0, T]. Also it is not difficult to verify that the weak solutions of problem

(2.1)-(2.2) satisfy the energy estimate
16 = i, + 1969 = VU, < U - i, + IV - Vuol?, )
Hence we have
IE@Y, va®, a®) — E(0y, VO, )| < c(T)(||u§k) — Wlle + IVl - Vuolle).

Passing to the limit as — oo we have

E(Cy, VO, O lim E@OX, va®, g®
k— o0 t

IA

lim E@X, va®, 0¥y, = Eo. (2.20)

This completes the proof for general initial data taken from the energy space.

It is essential to have a positive definite weighted en&fy, VQ, 0). The next step
is to find some sflicient conditions. We will rely on an auxiliary estimate derived
from the inequalityE((, VG, 0) < Eg in Proposition (2.1). In fact, neglecting a few

non-negative terms @ ({;, VQ, G) and using the identity
2W06t0 + (9tW02 = at(WGZ)
from (2.20) we obtain

1d ~D 1 ~D
Ed_tfwu dx+§fav\u dx < E,. (2.21)

This is suficient for an upper bound on the weightetinorm if a satisfies

a(l+|x)* <alx), a€l0,1). (2.22)

17



Proposition 2.3 Let w and w be positive weights satisfying conditiofiy — (iii) in
Proposition 2.2. Assume that a satisfies (2.22). Then the following estimate holds for

the solution u of problem (2.1)-(2.2):

fwﬂzdxs Ng + CEqt?

fort > to, where N = [ WidX;_y,.

Proof. Since|x| < t + K on the support ofl,"(2.21) and (2.22) lead to
Y (1) + ap(1 +t + K)™y(t) < 2E,,
where

v = [ wiedx

Rewriting the above inequality as

%(ela%(lH}K)l—ay(t)) < ZEOe%(l-{_t_,_K)l—q

and integrating fronty to t we get

t
ao 1-« _ 20 1-a _ % 1-a a 1-a
y(t) < e—l_a(l+to+K) e = (L+t+K) NO + 2E0e = (L+t+K) f el“y(l+T+K) dr.
to

Using the estimate

t t1-o Ctl-e
1-a 1 a tae
f € dr=—— | Eitidzs —o—
to 1 - té.fa C(l - CU)

on the right hand side of the above inequality gives the desired inequality.

We can now state the conditions for positive definiteneds(af, Va, () which is a

consequence of Propositions 2.2 and 2.3.

18



Proposition 2.4 Assume that condition (2.22) on a holds. If w andsatisfy condi-

tions(i) — (iii) in Proposition 2.1 and the additional conditions
(iv) w < Cot™@wy,
(V) ow > —Cyt™w

with C; > 0, then the solution u of (2.1)-(2.2) satisfies

f wy (07 + [VOP))dx
f awd’dx

for t > to, where i and N, are given in Propositions 2.1 and 2.2, respectively.

IA

C(NO + Eo),

IA

C(No + Eo),

Proof. First an application of Cauchy’s inequality witgh> O gives
2wl 0] < et®wO? + € WP,
Using this estimate in (2.18) we obtain
f [(w1 — et W)(@R + [VOR) + (Ews + dw + aw - e‘lt“’w)ﬂz]dx < 2E,
By using {v) and ) in this inequality and after some rearrangement we get

(1—6C1)fW1(0t2 + |V0|2)dx+f(éwl+aw)02dx

< 2Ep+ (Ci+e Dt f wildx
Let us choose = (2C,)~! and estimate the right-hand side by Proposition 2.3 to have

le(Otz + |VG|2)dX+ 2f(éw1 + aVV)l’.]ZdXS C(Eo + No)
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for t > to, whereC = max{(2 + 6C,C), 6C,t;*}. The proof is complete sinaav; > 0.

O

Sinced’ = wu, Proposition 2.4 shows that thé& norm of the original solution

satisfies
f aw u?dx < C(No + Ep). (2.23)
The corresponding estimateswpfand|Vu| in terms ofti; andVQ are not immediate. In
fact we need another assumptionwandw;. The final estimates are given below.
Proposition 2.5 Assume that conditions (2.22) a(dl- (v) hold. If
(Vi) wiw3(W? + [Vwi?) < Cpa(x)
holds for some €> 0, the solution u of problem (2.1)-(2.2) satisfies

f aw 1u? dx

f wiw (02 + [VOP%) dx

IA

C(No + Eo),

IA

C(No + Eo)

forall t > to.

Proof. The first estimate is just (2.23). Only the estimates;@&ndVu require proof.

We notice that
N2 —2 ~11\2 1 —2,2 —4, 2
02 = (-wAweu + wtu)? > SWEU - 3w WU
and

1
IVO? = (-w2VYwu+ w1Vu)? > éw—2|Vu|2 — 3w 4 VwPul.
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Thus

1
Ewlvv-z(ut2 + VU < Wi (02 + [VOP%) + 3wiw (W2 + VW) U2,

Integrating this inequality and applying the estimate in Proposition 2.4, we obtain
% fwlw‘z(uf + |Vu?)dx < C(Np + Eg) + 3fwlw‘4(wt2 + [VWP?)udx
Condition i) implies that the integral on the left side is bounded by
3C, faw‘luzdxs C(Np + Eo),

as a consequence of (2.28).

Let us point out that the last result yields non-trivial estimates if the weights not
only have properties)— (vi) but also decay dgficiently fast ag and|x| go to infinity.
For instance, the non-decaying weighis= 1 andw; = t are admissible but the

estimates in Proposition 2.5 are rather weak for this choice:

f aufdx

f(ut2 + [Vu?)dx

IA

C(No + Ep),

IA

C(Np + Eo)t™.

The existence of more useful weights is related with the properties of solutions of

the Poisson equation iR". We study this problem in the next section.

2.3 Construction of weights and decay estimates

In this section we will find non-trivial weight&s andw,; which meet conditions

(i) — (vi) in the previous section. For reasons discussed in the introduetiiil be an
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approximate solution of equation (2.1)-(2.2)(or (2.9) andwill be similar tofwdt
To establish the decay estimates of solutiowns (2.1)-(2.2), we will first study the

Poisson equation
AA(X) = a(x), xeR", (2.24)

wherea(x) is a positive radial function satisfying condition (2.22)nn> 3 dimen-
sions. Here we will show that equation (2.24) has a radial sol#{ehin the class of

functions satisfying
(al) A(x) > 0 for allx,

(a2) A(X) = 0(Ix>®) for largelx,

a(x)A(x) -
IVA(X)I?

(@3) m(a) = lim inf
X—00
We rely on the radial symmetry afto simplify the solution, since the Poisson equation

for radial functions becomes an ODE:

d’A n-1dA
W + —r a = a(r), (225)

wherer = |x| = \/xi + X2 + -+ + X2 and we writea(r) instead ofa(rw), w € S™™.

Notice that we can multiply (2.25) witH'-* and rewrite the left-hand side to obtain

408

- dr) — 1" 1a(r). (2.26)

Integrating this equation on €], r > 0 we have

dAI) 10 [
ar =r! fo‘r ta(r)dr. (2.27)

Integrating the last equality once more, choosik{g) = 1 and reversing the order of
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integration we get

1 ' "2
A =1+ — fo (- T)rat)dr. (2.28)

This solution satisfie®\(0) = 1 andA’(0) = 0. Recall thatA(r) meansA(rw) with

w € S"1. We will use the above formulas férto show the following.

Proposition 2.6 Assume that a(x) depends or x| and satisfies
ap(l+x)“<alx) <a(l+X)“ acl0,1), (2.29)

where g and a are positive constants. Then the solution A(x) of equation (2.25)

defined in (2.28) satisfies

Ao(1+IX)* < A(X) < Ag(1+IX)*, xeR",

AL+ X < IVAX) < Ag(L+ X)), x> 1,

forsome R, ---,A; > 0.

Proof. To estimateA we substitute the lower and upper boundsaahto formula

(2.28). Thus we have
1+agl (X)) < A(X) <1+ agl(X),

where

1 ' 2 o
'(f):rzfo T(l—rn_z)(1+‘l’) dr, r>0.
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Clearly

1
n-

0% 25 [ @ ar s

with somel, > 0. To derive a lower bound we use

n-2

1 ' T o
I(r) > > ; T(l— = )(1+T) dr
1 21
> = -
Z 022 ), 2T(1 + 1)t
> lor?(L+1)7,

wherelg > 0. Hence (2.28) becomes

X 2
1+ aglo—— < AKX < 1+ agl(1+ X))
aoo(1+|xl)"_ () < 111 (1 + 1))

The above two-sided inequality is equivalent to the first claim in Proposition 2.6.
To show the second claim, we substitute the lower and upper bourafs)anto

expression (2.27) fad A(r)/dr. Thus after integration we get
1+agd(X) < AX) < 1+ apJ(IX),
where
I
J(r) = rl_”f ™1+ 1) dr, r>0.
0
So we estimate

Jr) < fo (14 1)dr < (1 + 1),
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The lower bound of J(r) is similar: if > 1,
r
J(r) > r"(1+ r)‘“f > Jy(l+r)
0

whereJy > 0 is independent of r. The proof of Proposition 2.6 is complete.
In the next proposition we show that such solutid{g), including radial co#i-

cientsa(x) behave likgx|~ as|x| — 0. O

Proposition 2.7 Let a be a radially symmetric function in'@R"), n > 3 satisfying
(2.29). Then equation (2.24) admits a solutiom £2(R") such that

(A1) A(1+IX)* < A(X) < Ag(1+IX)*,

(A2) ma) > 0,

where A and A are positive constants. In the special case
a(x) ~ a|x™, X — oo, (2.30)

with & > 0, equation (2.24) has a solution with the following properties:
(A3) AX) ~ s X, X — oo,
(Ad) ma@) = 5.

Proof. To prove claims A1) and A2) we apply Proposition 2.6 to the solutidrgiven
by (2.28). It is clear that this solution meets conditioA)¢(A2). Claims @A3) and

(A4) follow from (2.27) and

afr) =a)r*+o(r):

]
dﬁ(rr) = rl_”f " ar™ + o(r™)]dr, 1 — oo.
0
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Hence

dA(r) a4, o
dr “n-al T
Ar) = (n_a‘;‘ﬁr“ +0(r*™"),

asr — oo. Now the definition ofm(a) yields

n—-a
m(a):m.

m]
We have shown that there exists a soluthowith properties &1)-(@3). Given a small
§ € (0,2m(a)) and a largeS, > 0, we set

m=m(a) — 26, S(X) = (M(a) — §)A(X) + So. (2.31)

The two weights are defined as

6 S(x)

-1
L W, X) = Z(Y + t_2) w(t, ). (2.32)

s
t

w(t,x) =t™"e (

Constants Iiké:‘»o,‘g1 and 6 are introduced for technical reasons. However0 plays
an essential role in the proof of conditian, (. e. ,¢ > 0 andd;€ < 0. This parameter
leads to the loss df in our decay estimates.

First we collect a few useful propertiesmfandsS.

Lemma 2.8 Define m and S by (2.31) and assume thé)rand A have properties
(al) — (a3). There exists &> 0 such that

(S1) AS(X) = (m+ 6)a(x) for all x,

(S2) 9x) = O(|x>*) for large|x|,

(S3) (1 - zrg(a)) a(\)S(X) - [VS(X)2 = 0 for all x.
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Proof. Property §1) follows from (231) andAA = a. Property §2) is a restatement

of (a2). To verify (S3), we fixe > 0 and used3) to obtain the inequality

1+e€
a) a(x)A(X) — [VAX)]?2 >0

for sufficiently large|x|. Multiplying through with (n(a) — 6)?, we have

(1+em@-o) . x i
m@ XS - IVS(Y)? >0

with S(x) = (m(a) — §)A(X). We now choose = 5/(2(m(a) - ). Inequality §3) holds
with S(x) = S(X) if X is large. ClearlyS(x) = S(x) + S, satisfies $3) for all x if S,

is large constant depending 6n

Next we calculate the first and second order derivatives of w:

W (T (TS (7 B0,
(2.33)
—_ _VS(X)W’ AW = ( ~ ASt(x) . |VS'[(2x)|2)W

t

Thus we can express the d¢beientcin terms ofmandS.

Lemma 2.9 Let w and w be defined by (2.32) artidbe defined at (2.17). Then

AS-ma aS-|VS]?

¢ = +
t t2

( m S(x))2+m 25(x)

t t2 t2 3

Proof. We substitute formulas (2.33) fow;, Aw, andw; into (2.17).0

Finally we state a simple but useful upper boundgm /w;.
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Lemma 2.10 Let wy be defined by (2.32). Then

owy(t,X)  -m+1 4S(x)
< + o=
wi(t, X) t 3 t?

Proof. We calculatedw, /w; = d; Inw; using definition (2.32):

dwi(t,X) _ -m  S(9 (§ L 254 )(6 L S )—1.

wit,x)  t t2 t t2 t

Hence

owa (t, X) < ﬂ+ S(X) N (§ N ZS(X))} _—m+ 1 N ilS(x)'
wa(t, X) t t2 6 t 3 t?

t t2
We can now confirm that our choice of weights leads to conditigns (iv)

Proposition 2.11 Assume that A satisfi¢al)-(a3). Let w and w be defined in (2.32)
with m and S defined at (2.31). Then conditigngvi) in Section2.2 hold for syfi-

ciently large t> to.
Proof.

(i) The formula forcin Lemma 2.9 and Lemma 2.10 show that

N da(x) 6a(X)S(x) -Cs  2S(X)

¢ t t2 B

o6a(x) — Cs/t N S(X)(6:a(x) — 2/1)
t t2 ’

whered; = §/(2m(a)) andC; is determined by conditiorS§3). Clearly we can
assume thalx] < t + K in these estimates. Froa(x) > apg(1 + |x)~*, with

a € [0, 1), we conclude that > 0O for suficiently large time.
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The proof ofd,¢ < 0 is similar, since-t4;¢ and¢are two polynomials of * with

the same leading céiecientsa(x).

(i) Using definitions (2.32) and Lemma 2.10, we find that

oy = ( oW, W

S W,
(oL 4S8 450,

t 3t t 3 t?

0.

%

(iif) We can estimate the first factor on the left side by conditioh (

—0Wy + 2W = (—0W1 + W) + W > W.

The second factor needs more work. We rewrite

—0Wq + 2aw; + 4w, 0; Inw — 2w = ( - M + Za) Wy + (46t_w - Zﬂ) W
Wy W W1
and apply Lemma 2.10 to estimaté,w; /w;:
m-1 4S(X
—-0iWy + 2aw; + 4w 0; Inw — 2w > ( 3 t(2) + 2a(x)) Wy

(_4_m+45(x)_£5_§%)
t t2 t 3 )"

Regrouping the terms, we obtain

( 3m+ 17

oW1 + 2aw; + 4w Inw - 2w > + 2a(x)) Wi

W%

a(x) wi,
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where the latter inequality follows from

a(x) > ag(l+t+K)™“>@Bm+ 171

whenevelx| <t + K andt is suficiently large. Thus we can multiply the lower

bounds of the two factors:

(—atW]_ + 2W)(—(9tW1 + 2aW1

+

AW, 0 Inw — 2w) > W - aw

_ a6+ S(X))wg (2.34)

3t
Wi,

4 a(x)S(X)
3 2

v

where we have used the fact that
w/w; = 4(6t + S(X))/(3t2).
It remains to bound the right side of inequalitiy ), Using
Vw;/wy = Vinw,
we compute

Vw; —2w;Vinw = (Vinw; — 2VIinw) w,
VS(X) VS(X)
(_ 6t+S() |t )Wl
(5t + S(X))VS(X)
t(6t + S(x))

and

_ (5t + S(x))2VS(X)?
Vi — 2wV Inw® = “— CEEO
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Condition S3) shows that
IVS(X)* < a(x)S(x),

so the above expression can be compared with the lower bound (2.34):

(5t + S(X))2VS(X)|? W < a(X)S(X)(5t + S(x))?
t2(6t + S(X))>? t= t2(6t + S(X))>? !
a(x)S(x))Wz
2 1

t

Hence conditioniij) holds.

(iv) From property §2) in Lemma 2.8 we have

w(t,x)  4/6t+S(x)
wi(t,x) 5( t2 )
46t + C|x/>*
§( 2 )
4(§ + %) <Ct*
t  te

IA

IA

3

for|x| <t + K for t is suficiently large. This is equivalent to conditioiv)

(v) The expression for; in (2.33) and property§2) imply this condition. We know
that

(720

This implies that

(- 50w 3+ )

m C
(— + —) < Cot™ w.
t to

—8tW =
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(vi) Itis convenient to rewrite
W1 2 2
W((atw) ) + VW) < Ca(x),

and express the condition in termsmandS:

t? ((_m S(x))2 [VS(x)I?

st+s\ T 1 2 )Sca(x)'

This inequality is true, sinc8(x) = O(|x>*) and|VS(X)|? < a(X)S(X).

The main results of this chapter are the following.

Theorem 2.12 Assume that conditions (2.22) atad)-(a3) hold. Then for every > 0

the solution of (2.1)-(2.2) satisfies
f M@ a()uPdx < Cs(IVUollZ, + llufiZ)t @,
and
f M-I (2 1 VU)X < Cy((IVUolZ, + flug)t ™

forallt > 1. The constant Cdepends also on K, a, and n.

Proof. We apply Proposition 2.5 with the weights defined by (2.31) and (2.32)to obtain

f eM@-0% 53 u2dx < @,
" -1
f e(m(a)“”A(t)(% . _At(zx )) (U2 + |VuP)dx < et

wheret > ty andc is a constant depending dfy and Np. To simplify the second
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estimate, we notice that

-1 -1 )
(} + —A(X)) = t(l + —A(X)) > cte? ™,
t t2 t

The estimates in Theorem 2.12 follow with a loss of dec&gp@d larget > to. To
obtain the final form we increase the constanif necessary, and replacé By 6.

Hencem(a) determines the decay rate and A(x) determines the actual support of
solutions. (Solutions decay exponentially in the reghdr) > t.) Moreover,m(a) is
invariant under scaling — Ca. Definition (@3) shows tham(a) is determined by the

behavior ofa(x) as|x| — co. Additional assumptions oa will probably allowé = 0.

Corollary 2.13 Assume that a is radial €function satisfying condition (2.29). Then

for everys > 0, the solution of (2.1)-(2.2) satisfies

[ < oo,

and

f Pol2-a+0) 2T (U2 + [Vu?)dx < Ctom@-1,

where t> 1.

Proof. The weighted energy estimate is immediate. To obtain the weidlitestimate
we recall

Ao(L+ X)Z < A(X) < Ad(L + X)>.

Thusa(x) > c(A(X)) 2= with somec > 0. We have the lower bound

a

a(x) > ct‘z”n(A(tX) ) > et et
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which completes the proof:

Corollary 2.14 Assume that a is radial £function satisfying conditions (2.29) and

(2.30). Then for every > 0 the solution of (2.1)-(2.2) satisfies

2—a
j.e<’:12(2—w+6)‘2|"t UdeS Cété—%’

and

f g2y 2 (U2 + |VuP)dx < Csto 2,

where t> 1.

Proof. The proof is based on Corollary 2.13 and equalfg)from Proposition 2.70

We should note that the above estimates predict slower decay rate than estimates
(2.6) withk = —a. No conclusion can be drawn until we know the sharpness of Corol-
lary 2.14.

Another important consequence of Theorem 2.12 is that all norms under consider-
ation, restricted tgx : A(x) > t'*<} with € > 0, decay exponentially as— co. Such
regions are inside the coffe: [x| < t+ K} in many cases, including cfieients (2.29)

ande € (0,1 - a).

Corollary 2.15 Assume that conditions (2.22) afal)-(a3) hold. Then for every

ande > 0, the solution of (2.1)-(2.2) satisfies
f (U2 + U2 + |VU2)dx < C,e (M@=t
A(X)>tl+e

where t> 1.
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Proof. We add the two estimates in Corollary 2.13, or Corollary 2.14, and restrict the

integration to the sdix € R" : A(X) > t1*€} :
f em@-0 (2 4 12 + [VUP)dx < Gt
A(X)>tl+e
wherec depends o andn. From@ > t° we find that
f (U + U2 + [VuP)dx < cse M@-or
A(X)>tl+e
sincet® can be included in the exponential term after a slight increageNdtice that

the region of integration is inside the supporudf0 < e <1—-a. O

The proof of Theorem 2.12 is split into Sections 2. The crucial step is derive an

equation fowtu, wherew is an approximate solution of (2.9). In fact we choose

W(t, X) = t e (2.35)
with suitable parameters,, m, < m(a). We estimatev-'u by a standard multiplier
method usingv; (wu), + wo(wu). The weightswv, andw; are also functions of and
m(a). A good choice is

Wo =W, W =

with some constant andmy. It turns out thatv1u is asymptotically much simpler

thanu itself, which explains why this approach works.
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CHAPTER 3

DECAY ESTIMATES FOR THE NONLINEAR WAVE
EQUATIONS

3.1 Introduction

This chapter is devoted to investigate the energy decay properties of solutions to

the semilinear wave equations with variable damping

Ut — Au+a(X)u + uPlu=0, xeR" t>0 (3.1)

together with compactly supported initial data (2.2) satisfying (2.3), wher& is an
integer andp is a real number satisfying4 p < (n+ 2)/(n - 2). The potentiaha is a
radial C* function of x satisfying condition (2.29). The terna$x)u; and|u/’~u in the
equation, wherei(t, X) : R, x R" — R is the solution of (2.2)-(3.1), are the damping
with variable coéicient and absorbtion, respectively.

It is well known that under the above conditions, problem (2.2)-(3.1) possesses a
unique global solutiom satisfying (2.4) and (2.5)(see [23] and [24]).

Let us recall the definition of energy associated with a solution of (2.2)-(3.1):

1 1
E(t) = > f (U2 + [VuP?)dx+ o1 f JulPtdx, (3.2)

which satisfies

E(t) = E(0) - fotfa u(x, s)’dxds (3.3)
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where

1 1 .
E(0) = > f(u§+ [Vuol?)dx + o 1f|u0|p ldx

Let us recall that identity (3.3) is obtained by multiplying equation (3.1)pwnd
integrating over ((X) x R" and using (2.5). This quantity decays in time as a result of
the conservation laws. The decay rate, however, is not evident from such conservation
laws.

We are also interested in the asymptotic behavior ot fhéP** and energy norms
of u:

[lulliz, Nlulle @nd [|uglliz + [IVUllL2,

respectively.

Identity (3.2) implies that the enerdy(t) associated with problem (2.2)-(3.1) is
a non-increasing function of t and hence it is a natural question whether the energy
decays to zero asgoes to infinity and if so, how fast it decays. Of course a lower
bound ona will be necessary , since the solutions are asymptotically fraelgcays
very fast. It is known that the energy ofapproaches a non-zero constant as o if
a(x) = O(Ix|"+-°) with somes > 0 (see [8]).

There are many papers where the decay problems of soluliemgshe Cauchy
problem for the damped wave equations with absorption and potefxjak 1 have
been treated. Due to thefllision phenomena the behaviorwést — oo is expected

to be the same as the corresponding heat equation
UW—Au+uPlu=0, xeR" t>0. (3.4)

Kawashima, Nakao and Ono in [25] have considered the decay problem for large ex-

ponentp of the absorption where the decay rate is expected to be as that of the linear
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heat equation. The authors of [25], by using the energy method combined Ritt

estimates, have proved this only for very laggenamely for
4
p>1+ﬁ and 1<n<3.
They have shown that if

1+4< <n+2
n P n-2

for n=3 or 1+g< p<oco for n=1, 2,
the solutionu decays as
lull.e = O(t~2~2)
when the initial data
(Up,uy) € (HENL'(RY)) x (L2N L"(RM) for 1<r <2

Let us mention here the paper [26] where the authors have considered the equation

with a forcing nonlinearity
Ut — AU+ U = U, xeR" t>0

in the supercritical case, namghy> 1 + % and they have proved that any small initial
data solutions are global and their decay rate is like the decay rate of the linear heat

equation
IDull = O(t3-2),
whereD = (£, V).
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Based on [25], Karch [27] have shown that the asymptotic profile of the solution
is the Gauss kernel. Again the above result have been proved only for verylarge
smalln namely

p>1+§; and 1<n<3.

Only in dimensionn = 1 in a very recent paper [28] the authors have succeeded to

close the gap and have proved that the asymptotic profildafthe supercritical case
2
p>1+ - andn=1

is the Gauss kernel. The decay rate of the solution in subcritical case, namely with
small exponent

2
1 1+-—
<p< + -

of the absorption term was expected to be the decay of the corresponding nonlinear
heat equation (3.4). In a very recent paper [29] Nishihara and Zhao have proved this
for the exponentially decaying data as— o, by using the weighted energy method

with convenient weights similar to the weights in [26]. They have shown that
(IullLons, IVUll2) = O(E 72725, £717472),

forl<p<1l+ % which coincides with the decay results of Escobedo and Kavian [30]
for the corresponding norms of the semi-linear heat equation.

In this chapter, based on the paper [31], we consider the decay problems of solu-
tions for the nonlinear damped wave equation (2.2)-(3.1) with poteap@lin both
cases supercritical and subcritical. Of course the critical number as well as the decay
rates are quite éierent than the case of constant poterd{a) = 1. Moreover we ob-
serve a newféect which does not show up in the case of constant potential. Unlike the

decay problems for constant potential were there are tfferdnt decay rate regions
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dependent on the sizes of the exponent of nonlinearity. The decay rate for the nonlinear
problem is closely related with the decay rate of the linear damped wave equation in
the region of large exponents of the nonlinearity. This problem is quite delicate and
deserves separate consideration.

We should note that in deriving the decay estimates of solutions of (2.2)-(3.1) the
same approach, as in the previous chapter, will be used and it relies on three compo-

nents:
1. Finding an approximate solution of (3.1).
2. Deriving a modified equation fav-1u and weighted identities.

3. Choosing weights to derive the optimal decay rateufor

Unexpectedly w is allowed to be even an approximate solution of the inequality

Wi + a(X)w; — Aw > —f(t, X)w (3.5)

with a suitable functiorf decaying sfliciently fast at infinity. In fact the approximate

solution of inequality (3.5) can be chosen as

AX
t

w(t, X) = t™Me”® (3.6)

with suitable parameters, 3. HereA is a positive radial solution of the Poisson equa-
tion (2.24) satisfying conditionsal)-(@3). The choice of weights and of the function
f in (3.5) is delicate. It turns out that the sharpest estimates for high expomants

obtained wherf = 0; low exponentp requiref > 0.
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3.2 A Weighted Energy Identity

We derive an identity for first-order perturbations of the semi-linear wave equation.
Similar identities will hold for all second-order hyperbolic equations. Our nonlinear

equation has the form

Vi — Av+av + b.Vv+cv+ hvPlv=0 (3.7)

with codficientsa, b = (by, by, .....,b,), candh > 0in C}((0, o) x R"). It is convenient

to assume that

vt,X) =0 if [x >t+R (3.8)

for someR > 0, and

v € C((0, ), H3(R") N C((0, ), H(RM).

These conditions are simple but not optimal; later we use a standard approximation
argument to establish the result for data in the energy space. Another direction for
generalization is to allow data decaying exponentially fast at infinity. Givandw;

in C?((0, ) x R"), we form the multipliem,v; + wv. To derive the modified equation

for v, we substitutel = vwinto equation (3.1). This yields a first-order perturbation of

the semi-linear wave equation:

Vit — AV+ Ay + b- Vv + &v+ hviP v = 0, (3.9

41



where the coficients are given by

a=a+2ww, b=b-2wlvw,
& =w(wy — AW+ aw + b - Vw + cw) (3.10)

h=w?

Proposition 3.1 Let ve C((0, o), H2(R") N C((0, o), HY(R")) be a solution of (3.7)
with compact support (3.8) and:h 0. For any pair of Cfunctions w and w, we have

the equality

d

aE(vt,Vv, V) + F(w, Vv) + G(v) + H(v) = 0. (3.11)
where

E(v;, VV,V) = %f[wl(vt2 + [VV2) + 2wwv + (Bwy — W; + Aaw)V?
1
- p+1
+ erlfw1h|v| ax
F(\, VV) = % f (—(Wa); + 28w — 2wW)V2dx + f (VW + bwy) - v Vvdx
1
+ Ef(—(wl)t+2w)|Vv|2dx,

G = 5 f [ — AW — (AW), — V - (wh) + 26w — (Ew)Jv2dx
f (wh - p%l(wlh)t)wwﬂdx

A simple consequence is th&ft) is bounded above if

H(v)

F(t) + G(t) + H(t) > —f(t) with f el

Next we relax the regularity conditions ershowing that the same result holds for all

vin the energy space.
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Proof. Multiplying equation (3.9) bywv andw;Vv; and integrating oveR" and using

the divergence theorem, respectively, we obtain

fwthdx + fVV-V(WV)dX+féWV\(dX (3.12)
+ fva-Vvdx+féwv’-dx+fh|v|p+1dx:0

and

fwlvtvndx + va-V(wlvt)dx+fé\W1vt2 dx (3.13)

+ fﬁ-wlvthdx+féwlvvt dx+fh|v|p‘1vvt dx=0.

Adding the above equations and using the identity

1 d 1
hivP vy = ———hv|P*! — ——hyv|P**
p+ 1dt p+1

as well as identities (2.16) we obtain identity (3.1:1).

We can apply the identity in Proposition 3.1 to the wave equation with damping
(3.1). Here
a=a(x), b=0, c=0.

So the transformed cficients are
a = a+2wlw, b=-2wlvw,

(3.14)

wiwg — Aw+ aw), h=wP™t

(@)
Il
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Proposition 3.2 Let u be a solution of (3.1)-(2.2) with compactly supported data

Up € HY, upel?

and define v= wtu, where w> 0 is a C*function. Assume that w aridis given at

(3.14). Then
E(v, VV,V) = %f[wl(\/t2 + [VV2) + 2wwv + (@wy + W + aw)v?]dx
1
P11 p+1
+ —p+1fwlw [V|PTHd X,
F(wi, VV) = % f (—(Wy) + 28w + 4wy (Inw), — 2w)vZdx
+ f(VWl — 2w, VInw) - v\Vvdx+ % f(_(wl)t + 2W)|Vv2dx,
1 R ~
6w = 5 [Tow- Emyvdx
1
H(v) = f (Wp—pTl(Wlwp_l)t)|V|p+ldX

Moreover, the condition
F(v, VV) + G(V) + H(V) > —f(t)
with a non-negative function ¢ L1(R.) implies that the weighted energy of v satisfies
t
E(w, Vv,V) < Eo + f f(s)ds t>to,
to

where B = E(\, VV, V) i,-

A

Proof. We apply the following corollary to equation (3.9) witht, & andh defined at
(3.14).0
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Corollary 3.3 Let v € C((0, o0), HY(RM) N C*((0, =), L>(R")) be a solution of (3.7)
with compact support (3.8) and i 0. Define the functionals,l6,H, and E as in

Proposition (3.1). If there exists a non-negative functioa lf*(R, ), such that
F(v, VV) + G(V) + H(V) > —f(t), t>ty,
then the weighted energy of v satisfies
t
E(v, Vv,Vv) < Eo + f f(s)ds t >t
to

where B = E(V;, VV, V) i, .

Proof. It is simple to prove ifvy € H? andv; € H™. If we havev, € H! andv; € L?
we find compactly supported regular sequenés— vy in H' , V¥ — v; in L? and
denote the corresponding solutions of (3.7 Notice thatE(w;, Vv, v) is controlled

by the energy norm:

IE(VY, v, V) — EO, v, v0)

< (T, MYV = VOI2, + 19V — wD|2,)

whenevet € [0, T] and [Vl + [Vl < M, [IVOllz + [IVVO]|2 < M.
The latter conditions hold with
M = o(T)(IW(O, Iz + IIVV(O, iz + Ivoll 23,

Lp+1

in facth > 0 implies the following estimate for all j artde [0, T]:
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| | | | o
IVl + VW12 < o(T)IVONe + 9Vl + IV D72y,

Lp+1

The energy norm of solutions to problem (3.1)-(2.2) is a locally Lipschitz function

of the initial data ifp € [1, (n + 2)/(n — 2)) ( see [23] or [24]). Hence

IEQM", WO V) — B, v V),

< (T, MYV =2, 4+ v — wl)2,),

which yields
E(vi, VV,v) = r!m E", vv®, V)
< lim E(”, WO V)l + ft f(9)ds
0
= Eo+ftf(s)ds
to
o

We will apply the estimate in Corollary (3.3) to= wu, whereu is a solution of

(3.1)-(2.2) andv > 0 is a smooth solution of the fiierential inequality

Wi — AW + a(X)w; > T w (3.15)

with a suitablec® decaying sfficiently fast at infinity. The idea is to work with a new
functionv which is asymptotically much simpler than[22]. The sharpest estimates
for high exponentgp are obtained wheer "= 0; low exponentp require certairc™ > 0,

see Section 5.
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3.3 Weighted energy estimates

In this section we show that Proposition 3.1 applies to all positive welgh&nd
w satisfying eight dierential inequalities. Hence tligv;, Vv, v) is a bounded function
of time for such weights. Another problem is to show that the weighted energy is

positive definite, so it can be used for decay estimatesasfd the original solution

u=ww

Proposition 3.4 Assume that w> 0 and w> 0 are Clfunctions, such that

(i) Ew— (Ewy) > Cw,

where

« P p+l
W TP T dXx dt< oo,
to

(i) —(wp) +w =0,

(i) (=(Wa); + 2W)(=(Wa); + 2a(X)wy + 4wy (Inw), — 2w) > (Vw; — 2w,V Inw)?,

(iv) (p+ WP — (wawP 1), > wP,

Let u be a solution of (3.1)-(2.2) in the energy space and defin@vtu. Then
F(vi, VV) + G(V) + H(v) > —wa‘1|é—|3+i dx

see the definitions of these functionals in Proposition 3.1. Thus the weighted energy

E(wv, Vv, V) satisfies

1
Eo+Co > > f[wl(vt2 + V) + 2wvv + (@ws + W + aw)v?]dx

1
+ — f wiwP P dx
p+1
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for all t > tg, where

Eo = E(Vt, VV, W)l=tp» Co=C f f wE| P dx dt
to

Proof. From conditionsi{) and {ii ) thatF (v, Vv) > 0 as a nonnegative quadratic form
of vy and Vv. To deduce a lower bound dB(v), we use conditionif and Young’s

inequality with exponentsp(+ 1)/2 and o + 1)/(p — 1):

G(v) = %f[f:w—(éwl)t]v2 dxz%f&‘wv2 dx

—fw"lvl'”*ldx—wa‘llc“:‘H:+i dxdt

\%

Condition {v) yields
H(v) > f wPvPHdx,
so we have
G(V) + H() > —c:fw-1|e-|3*3I dx dt

We complete the proof we just apply Proposition 311.

It is important to have a positive definite weighted enekgy;, Vv, v). Thus we
need a suitable upper bound on the indefinite tenmPunder conditionsif— (iv). We
will essentially rely on assumption (2.29) concerning the decay rateldhfortunately
there is an additional conditiow)(on w; andw to guarantee thatwiv? is dominated

by the positive nonlinearity,wP-1|v|P**,

Proposition 3.5 Assume that conditior(g) — (iv) in Proposition 3.4 hold for wand w

and condition (2.29) holds for(a). If
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A A A il
(v) €> ¢ andsup | wyw2|&7[rT dX < oo,

t>to

then
fwvzdx < Gy + C(Eg + 1)t*

fort > to, where G = [ WvPdX_s,.

Proof. Notice that if we drop the derivatives E(v;, Vv, V) < Eq + ¢y from Proposition

3.4, the resultis

%fwvzdx+fawv2dx

2
2(Eo + Co) + f |6 W vPd X — or1 f wywWP P dx

IA

We use Young’s inequality

n 1 pi
[&™ Wy VP < o 1W1Wp_l|v|p+1 + Cww 2E| 7t

and introduce

!
b = Csup | waw &7 |s1 dx
t>tp

Thus we obtain

dgtfwvzdx+fa(x)vaSZ(Eo+Co)+bo, t> 1.

We can now derive an estimate of the weightédorm ofv. From|x < t + Rand

condition (2.29) on a, we get

fwv2 dx+ R)afwxﬁ dx < C(Eg + 1).
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This inequality is equivalent to

dgt(ela.iy(l+t+R)1—a fwvz dX) < C(EO + 1)6%(1+t+R)1—a.

To complete the proof we integrate dg, f] and apply the following estimate:

t tl—(lf a Ctl—a
1-a 1 _a t €
f e dr = ezt dz <
to

S l-aJye “Cl-a)

Combination of the last two results yields a weighted estimatearidVv. Now recall

the inequality of Proposition 3.4:

2(Eg +Co) > f[wl(vtz + [VVP) + 2wvv + (Bwy + W + aw)vZ]dx
2 fw wPLvPt dx
p+1 !

This result and2vv| < et*w\ + e t~*wv?, wheree € (0, 1) imply

f(wl — et®W)(V? + |[VV?) dx + fawv’- dx
< 2(Ep + ¢ + f (e 1w — w)V? dx

2
& w2 dx— —— Lyt g
+ f| |Wy X 0T 1fw1w V| X

Applying the argument of Proposition 3.5, we find that

f(wl — et®W)(V? + V%) dx + fawv2 dx
—p—lr : fwlwp‘lwl"*l dx (3.16)

< 2(E0 + Co) + bo + f(E_lt_aW— Wt)V2 dx
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The left side is positive and the right side is bounded by a constant if the weights

andw meet two additional conditions.

Proposition 3.6 Assume that a satisfies (2.29). If the weightsand w satisfy condi-

tions(i) — (iv) in Proposition 3.4, conditiorfv) in Proposition 3.5, and
(Vi) w < ct™wy,

(Vi) |wy| < ct™w,

we have
f[Wl(Vtz + |VV|2) dx < C(Go + Eo + 1),
f aw < C(Go+ Eg+ 1),
j‘W1Wp_1|V|p+1 dx < C(Go + Eg + 1),
forallt > to.

Proof. Estimate (3.16) and Proposition 3.5 show tvat- et*w > w; /2 and
f(e‘lt“’w— wW)V? dx < C fwv2 dx

are stficient to establish the claim. These hold if we choese(2c;)~! with ¢, given

in condition (i) and use conditionvi), respectivelyo

Let us restate Proposition 3.5 and Proposition 3.6 in terms afsingv = wlu we

readily obtain

IA

Go + C(Eo + 1t

f wtu? dx
f aw 1u? dx

f wyw2JulPid x

IA

C(GO + Eo + 1),

IA

C(Go + Eo + 1).

51



However, we need a final assumptionwnandw to deduce such estimates fgrand

Vu. Fromv = wtu we find that

1
V2 = (—W2wu + Wllg)? > EW_ZutZ — 3w wWAu?

and
1
IVV2 = (-w 2Vwu + wlVu)? > EW_2|VU|2 — 3w VWP,
Proposition 3.6 and these inequalities imply

1
> fwlw‘z(ut2 +|VuP?) dx < C(Go + Eg + 1) + 3fwlw‘4(wt2 + [VW?)u? dx

If the weights satisfyvw4(wW? + [Vw|?) < c,a(x)w2, we can apply Proposition 3.5 to

the right side. The final estimates are given below.
Proposition 3.7 Assume that a satisfies (2.29) andamd w satisfyi) — (vii) and
(viii) wiw3(W2 + [Vwi?) < ca(x)

where ¢ is a constant. Then the solution u of (3.1)-(2.2) satisfies

faw‘lu2 dx < C(Gg+ Eq+1),

IA

fwlw‘z(ut2 + [Vul®) dx C(Go+ Eg + 1)

fW1W_2|U|p+l dx < C(Go + Eg + 1),

fort > to. Here C depends only on the equation and weights.

The above result yields non-trivial estimates if there exist weights with propeities (
(viii) which decay sfiiciently fast ag and|x| go to infinity. Such weights;, andw are

already constructed for the linear equation in [22]. Here we find a new pair of weights

52



adapter to the nonlinear term in problem (3.1)-(2.2). Both weights are defined in terms
of certain positive solutions to the Laplace equatioi®ftiWe provide more details in

the next section.

3.4 Existence of weights

We rely on results from [22] and Proposition 2.7 for the existence of weights

satisfying all conditionsi} — (viii). Given parameterS, > 0 andg > 0, we introduce
S(X) = BA(X) + Sp, xeR",
where A(X) is the function constructed in Proposition 2.7, and define the family of

weights

6 S(X

1
Wt X) = g(? ; t—z) w(t, ), (3.17)

w(t, X) = Mgt
wherem > 0 is an additional parameter. The two numh@endm will depend onn,

p anda. Constants likeS, % and 6 are introduced for technical reasd®gjs a large
number depending omandn (see [22]). It is important to mention thatdetermines
the implicit decay rates ds— oo in Proposition 3.7. SimilarlyS determines the decay
of these norms restricted to the regiprt S(x) > t*<}, € > 0.

The following result is established in [22].

Proposition 3.8 Let w and w be defined in (3.17). Then conditio(is), (iii), and

(vi) — (viii) on w hold for syficiently large t> t,.

The proof is straightforward so it will not be repeated here. Instead we verify the
remaining conditionsi], (iv), and ¢). Actually the conditionif) holds for all positive

mandgin (3.17).
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Proposition 3.9 Let w and w be defined in (3.17). Then conditi@r) holds for syfi-

ciently large t> to.

Proof. Condition {v) is (p + 1)wP — (wywP~1); > wP or pwP — (wywP~1), > 0. To show

this we use conditionii) and two simple computations:

—(Wy) +w > 0, % __m_ S w

+ =7 =
t t2 w 4

.50

Hence

_ (W)

IV
I
£|2
|2

IA
INER

We obtain

pWP — (W)Wt — wy(p — DwP 2w
_ (w—1)
= wp- - (p-1)

> wp(p—l—g(p—l))zo-

pWP — (WPt

Wlwt)
W w

The final two conditionsif and {) are related to the asymptotic behaviorvofs a
solution to (3.5). We choose 5o thatm is maximized. It turns out that the cases of
low and high exponentg are very diferent.

Let us compute the first and second order derivatives of

(3.18)
Vw = —VSt(X)W, Aw = ( - ASt(x)) + |Vst(zx))|2)w.
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Thus the cofficientCin (3.14) is expressed as

R AS-ma aS-|VSP
e = +
t t2
(3.19)

(_T S(x))2+m ZS(x)_

+ —_— _—
t t2 t2 t3

We can now choose andg so that conditionsi) and ) are satisfied. Our first choice
of parametersn andg will be optimal for supercritical exponents This choice is the
following. Recall the definition ofn(a) in Proposition 2.7 and let > 0 be an arbitrary

small number. We set

m=m(a) — 25, B =m(a) - 4. (3.20)

Proposition 3.10 Let w and w be defined in (3.17) and m agdare defined in (3.20).

Then conditiongi) and(v) hold for syficiently large t> t,.

Proof. Assume that we have showr»"0 andc; < O for larget > t,. Then we can take
¢~ = 0. Thus the integrals in conditiong @nd ) are trivially bounded. Moreover,

from these assumptions and conditian (e find
Cw— (Ewy) = E(wW — (Wa)) — Ewy > 0.

Thus the inequality in conditiori)(also holds. It remains to check= 0 andc; < 0.

The crucial lower bounds are

AS(X) > (M+0)V(X), (1-ks)a(x)S(X) > [VS(X)?
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for large|x|, with k = (1 + m(a))~!; the latter bound follows from Proposition 2.7 and

our definition ofS(x). From equality (3.19) we obtain

A da(x) koa(x)S(x) —-C  2S(x)
¢ + -
t t? t3
sa(x) — Ct? N S(x) (kéa(x) — 2t™1)
t t2 ’

whereC is a constant depending @ Notice that we can consider only < t+ R
in these estimates. Usirafx) > ag(1 + |x|)~*, with « € [0, 1), we see that > O for
suficiently large timd. The proof ofc; < 0 is similar.

Our second choice of parametensandg is optimal only for subcritical exponents

p. We again fix a smalf > 0 and set

ap+l_D
2p-1 2

=
I

©
3 Tl
|
[=%)

Proposition 3.11 Let w and w be defined in (3.17) and m apcare defined in (3.21).

Then conditiongi) and(v) hold for syficiently large t> t,.

Proof. We need estimates ofanhdc; from below and above, respectively.

Lemma 3.12 There exists positive constanisik= 1, 2, 3, 4, such that

c(t, x)

\%

—kat 1L+ X)) + kot 3L+ [X)) 22,

IA

té(t, X) ket (1 + |X)) ™ — kat™2(1 + [x])>2.

Let us postpone the proof and apply the first estimate. We see that the lower bound of

¢ in condition {) can be chosen as
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A —katH (@A + X)), if 1+ x| < ktY/?
c(t,x) =
0, if 1+]|x > kt'/?

wherek = % To verify the integral condition inv§, we use the estimates
w(t, X)wi(t, X) < Ct and w(t, x) > Ct™
on the support of”. The condition to check becomes
f Wiw e[ dx < Ct™ -5 f (1 +|x)""% dx
IX|<ktl/2

Notice that for every > 0 we have

n_aptl
=51 +0 H p+1
Cstz72p17° if CZE <n,

_g Pt
f (1 + X)) dx <
|x|<ktl/2

: 1
C, if a—gfl >n
which gives

if &% <n,

M1+ 0—(1+2) 2l s
C(St 2 2/p 17 o1 S

oA Pt
WiW 4E7 | T dX <

b1
ct™lwi, if a% >n.

Clearly the right sides are bounded functiong of t, if mis defined as (3.21). The

condition for integrability i) leads to similar estimates; we can show that

® 1A 2
W e dX dt< oo
to

for the samem andg defined in (3.21).

Finally we can verify the inequality in conditiom) oy using

t™'wy < Cw, |(wy)] < Cw
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together with

from Lemma 3.12. The resulting lower bound is

ew— (@wy); = ew—t& - t7twy — C(wy),

Ctw.

\%

Thus conditionsi and {) hold if Lemma 3.12 holds. To complete the proof of Propo-
sition 3.11 we will show the auxiliary result.
Proof. The main diference with Proposition 3.10 is thatcan be larger tham(a).

Hence a negative lower bound of the form
1 _
AS(X) — max) > (m(@) — m—-d)a(x) > _Ekl(l + X))

can not be improved. Howeves, guarantees a positive bound for larigeon the

difference
a(x)S(x) — [VS(x)|? = Csa(X)S(X) — C = 2ky(1 + [X|)* % - C,

wherek, > 0. These two estimates and formula (3.10) yield

1
¢ > —éklt‘l(l + X)) + 2kot2(L + [X])>% — Ct72 — 2t73S(x)
> kot ML+ X)) + ket 2L+ X))

for suficiently larget > to. Thus the inequality foc in Lemma 3.12 is established.
The estimate of¢; is very similar, sinceeis a polynomial oft=%. There are more

terms int¢; but its leading terms are just opposite to the corresponding terms/ife "
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can readily bound all small terms t# usingS(x) < C(1+|x)>™®. Such estimates will

complete the proof of Lemma 3.182.

3.5 Main theorem and its corollaries

We use the weights constructed in the previous section to derive these results from

the conditional results in Proposition 3.7.

Theorem 3.13Letl < p < (n+ 2)/(n — 2) and assume that a satisfies (2.29). Then

the solution of (2.2)-(3.1) satisfies

C6t6+ﬁ—m(a) ,

IA

f dm@-9% 2 4
f eM@-0 (12 1 1vu) dx

f e(m(a)—a)@wlpu dx

C(;té -1-m(a) ,

IA

C5t5 -1-m(a) ,

IA

wheres > 0 is an arbitrary small number and ¢ 1. The constant Cdepends o

and the initial data g and u.

This decay rate is optimal only for large expongnt close to 1.The next result
may be sharper when the exponens close to 1.
Proof. We choose weight& andw; defined in (3.17) with parametens= m(a) — 26
andg = m(V) — ¢, [see (3.20)]. Then Proposition 3.7 yields the following weighted

estimates:

f M- a2 dx < @@,

C t26— m(a)

IA

2(1  AX)\?
fe(rT\(a)—5)A§)(¥ ; %) (U + [VuP?) dx
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-1
fe(”‘a)‘é)@(%+¥) uP*tdx < Ct* ™,

wheret > ty andC is a constant depending & andGy. To simplify these, we recall
Ao(L+ [X)* < AX) < Ag(L+ |X)*.
Thusa(x) > C(A(X))"z= with someC > 0. We have the lower bounds

2-a@ Yt

2-a @

a(X) = Ct_Z(-YH(A(X) )_ﬁ > Ct @ 5

and

-1 -1 A
(} N _A(X)) = t(l + —A(X)) > Cte™.
t t2 t

The estimates in Theorem 3.13 follow with a loss of deca&gp@d larget > to. To

obtain the final form we increase the constayif necessary, and replacé By 6.

Theorem 3.14 Letl < p < (n+ 2)/(n — 2) and assume that a satisfies (2.29). Then

the solution of (3.1)-(2.2) satisfies

fe("‘(a)_§)A(tX)u2 dx < C6t5+ﬁ—ﬁ—min{gg§—g,0}
fe(’“("")“”Aﬁx)(ut2 LIVUR) dx < Gt rimingFi-30
fe(m(a)—é)A(t’o|u|p+ldX < C té—%—mm{%%l—g 0}

whered > 0 is an arbitrary small number and* 1. The constant Cdepends o

and on the initial data giand u.
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Proof. By using the weightsv and w; with the second set of parameters defined
in (3.21), the result is again a simple consequence of Proposition 3.7 and the lower

1
bounds ora(X) and(% + %) .0

An important observation for both theorems is the following: the average decay rate
of all norms under consideration in the regia(x) > t'*¢, e > 0, is exponential. In
fact we can add the three estimates in Theorem 3.13 or Theorem 3.14 to obtain the

following.

Corollary 3.15 Letl < p < (n+ 2)/(n - 2) and assume that a satisfies (2.29). Then

the solution of (3.1)-(2.2) satisfies the estimate
f (U? + U + |VU? + |ulPY) dx < CyemM@-9
A(X)>tl+e

where G is a positive constant which dependsarp, and n.

Proof. We add the three estimates in Theorem 3.13, or Theorem 3.14, and restrict the

integration to{x : A(x) > t'*<} to obtain
f M@= (2 4 U2 + [VUP + |ulP*) dx < Cyt°,
A(X)=tl+e
whereC depends om, p,andn. FromA(x)/t > t¢ we have that
f (U2 + U2 + VUl + JulP"h) dx < CstCe M@-or
A(X)>tl+e

This completes the proof, sinde can be included in the exponential term after a
slight increase o6. Notice that the region of integration is inside the suppont df

O<e<l—-a.O

Remark 3.16 Another interesting observation is that the decawqxf;j is the same

as the decay of the energjyil5 + [|Vull5 for all solution u of problem (2.2)-(3.1). This
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estimate is much better than the estimate that can be derived by the standard inter-
polation inequality, namely the Gagliardo-Nirenberg inequality, and the independent
decay estimates ¢, and||Vull,. All other normg|ul|swith2 < s < 2%2 and s# p+1

will have a decay rate lower then the decay rate of the energy. The exact calculation
of the decay of these norms may be done by using the dedaij,adnd ||Vu||, and

Gagliardo-Nireberg inequality.

In the case oin(a) = 5= we derive from Theorem 3.13 the following explicit

estimates.
Corollary 3.17 Let a be a potential. Assume that

2(4-a?) < n+2

PO = e <P 2

Then the solution of (3.1)-(2.2) satisfies the following estimates:

_2x%@ —20
f g0t " F 12y < CyttFa,

A

@]

T,
X

_ XZ—U/ n—a
[een @ mutdx < cp i,

feao(Z—a+6)2X|2t”|u|p+1dX <

A
O
-
ik
T
Y
R

where t> 1. Here¢é > 0is an arbitrary small number and {lepends o and on the

initial data up and u.

Corollary 3.17 shows that for the supercritical region

n+2
n-2

pi(na) < p<

the decay of the solution of nonlinear problem coincides with the decay of the solution

of corresponding linear problem, see [22] for comparison.
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Remark 3.18 Let us mention that when the potentigkp= 1 it can be shown that
6 = 0in the above decay estimates. In this case we get the optimal decay, that was
derived by Matsumura by using the Fourier technique.Moreover, unlike Matsumura’s

method our approach can work in exterior domains as well.

For the subcritical region & p < pi(n, @), Theorem 3.14 yields much faster decay

rates.

Corollary 3.19 Let a be a potential described with (2.29) Assume that
1< p< puna).

Then the solution of (3.1)-(2.2) satisfies the following estimates:

c 2 f +1
C5t5+ﬁ—m—m'”{%m—5’0}

IA

b

f eao(Z—w+5)’2‘X|2t_a W dx

f oo+ (12 4 yy?) dx

p+1 : +1
C5t6_ 1-min{g 55 -5.0}

IA

2

5—22 _ming &1 _n g
C5t p-1 2p-172

IA

feBO(Z—owé)zth_a |u|p+1 dx

whereé > 0 is an arbitrary small number and* 1. Here g depends o and on the

data py and u.

Remark 3.20 The subcritical regionl < p < pi(n, @) is further divided into two
subregions with completelygirent decay rates as follows.
For exponent p very close tbnamelyl < p< 1+ nz_—“a = p2(n, @) the decay rates

are
TS
(IullLess, VU2 + [ullz) = Ot 7%, t72-0*),

wheres is a small number. In this region the decay rate is independemt of
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For the second subcritical region, namely the region of medium exponents p,

p2(n, @) < p < pa(n, @),

the decay rate is

_(1+2)-L1 n _(1e2y Pl . n
(Ull o, VU2 + [Ulle2) = Ot M+ D eitzem ™ (2 ze-ntato),

whered is an arbitrary small number.

Remark 3.21 Let us mention that in the case of constant potential in (3.1)-(2:2
0) the second critical exponent(m, ) = 1 + nz_—‘iy is equal tol which explains why
in the case of constant potential there are only twgedent regions with respect to

the decay rate of the solution of (3.1)-(2.2). In the case of constant poté&mtialO)

2(4-a?)

the first critical exponent ffn,a) = 1 + )

becomes the Fujita critical exponent

2
1+ﬁ'

Remark 3.22 A byproduct of the above corollaries is that the gap between the su-
percritical and subcritical regions is closed for any n if the potenti@f)as constant

(a =0).
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CHAPTER 4

CONCLUSIONS

In the thesis we have surveyed the papers [22] and [26] which are about the
weighted energy decay estimates leading to asymptotic behavior of solutions to the
Cauchy problems for the dissipative linear and nonlinear wave equations (2.1) and
(3.1), respectively.

In those papers using the fact that asymptotic behavior of linear or nonlinear dis-
sipative wave equations is the same as the asymptotic behavior of linear heat (or dif-
fusion) equations as— oo( so called difusion phenomenon), the authors established
suitable multipliers (weight functions). On the other hand, their ([26] and [22]) re-
sults are restricted only for radial déieients. In case of this restriction, this way of
construction of multipliers is a key starting point and can be applied various equations
for this type because the déieients of the damping term is dependent on the space
variable and it is dficult to apply the Fourier integral transform (used by many au-
thors) even though it is easily applied to equations withfficients are functions of
time only.

Also we should note that the way of construction of multipliers of [26](or [22]) has
been applied to a dissipative hyperbolic wave equation with arbitrary variabfg-coe
cients (see [32]).

As a consequence we believe that this method is general enough and will be em-
ployed to investigate decay estimates and asymptotic behavior of various dissipative

wave equations with space variable fiaments.
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