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“Naturally, the four mathematical
operations - adding, subtracting,
multiplying, and dividing - were impossible.
The stones resisted arithmetic as they did
the calculation of probability. Forty disks,
divided, might become nine; those nine in

turn divided might yield three hundred.”

Jorge Luis Borges — Blue Tigers
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ABSTRACT

DENSITY-BASED SHAPE DESCRIPTORS AND
SIMILARITY LEARNING FOR 3D OBJECT RETRIEVAL

Next generation search engines will enable query formulations, other than text,
relying on visual information encoded in terms of images and shapes. Content-based
retrieval research aims at developing search engines that would allow users to perform
a query by similarity of content. This thesis deals with two fundamentals problems in
content-based 3D object retrieval: (1) How to describe a 3D shape to obtain a reliable
representative for the subsequent task of similarity search? (2) How to supervise the

search process to learn inter-shape similarities for more effective and semantic retrieval?

Concerning the first problem, we develop a novel 3D shape description scheme
based on probability density of multivariate local surface features. We constructively
obtain local characterizations of 3D points on a 3D surface and then summarize the
resulting local shape information into a global shape descriptor. This conversion mech-
anism circumvents the correspondence problem between two shapes and proves to be
robust and effective. Experiments that we have conducted on several 3D object data-
bases show that density-based descriptors are very fast to compute and very effective

for 3D similarity search.

Concerning the second problem, we propose a similarity learning scheme that
incorporates a certain amount of supervision into the querying process. Our approach
relies on combining multiple similarity scores by optimizing a convex regularized version
of the empirical ranking risk criterion. This score fusion approach to similarity learning
is applicable to a variety of search engine problems using arbitrary data modalities. In

this work, we demonstrate its effectiveness in 3D object retrieval.
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OZET

3B NESNE ARAMA ICIN OLASILIK YOGUNLUGUNA
DAYALI SEKIL BETIMLEYICILERI VE BENZERLIK
OGRENME

Yeni nesil arama motorlart metin diginda imgeler ve sekillerle de sorgulama
yapmaya olanak saglayacaktir. i(;erikle arama alanindaki arastirmalar, kullanicilarin
igerik benzerligine dayali sorgulamalar yapabilmelerine izin verecek arama motorlar
geligtirmeyi amaclamaktadir. Bu tez, icerige dayali 3B nesne aramaya iligkin iki temel
problemi ele almaktadir: (1) Benzerlige dayal arama i¢in, 3B sekil nasil giivenilir bir
bicimde betimlenebilir? (2) Daha etkili ve semantik arama sonuglar1 elde etmek igin,

sekiller aras1 benzerlikler bir uzman yardimiyla nasil 6grenilebilir?

Bu calismada, ilk problemle ilgili olarak yerel ¢okdegerli 6zniteliklerin olasilik
yogunluguna dayali yeni bir 3B sgekil betimleme yontemi geligtirilmigtir. 3B bir yiizey
iizerinde yer alan 3B noktalarin yerel 6zellikleri global bir hetimleyiciye doniigtiiriilmektedir.
Bu gecis mekanizmasinin nesneler arasindaki egleme problemini agarak giirbiiz ve etk-

ili bir betimleme algoritmasi verdigi gortilmektedir. Bircok 3B veritabani iizerinde
yurtittigimiiz deneyler, olasilik yogunluguna dayali betimleyicilerin ¢ok hizli hesaplan-

abildigini ve igerikle arama problemini ¢ozmede ¢ok etkili oldugunu gostermektedir.

Ikinci problemle ilgili olarak, arama siirecine belirli bir miktarda uzman yardimi
katan bir benzerlik 6grenme yontemi onerilmektedir. Yaklagimimiz yanlig siralama
riskinin digbiikey ve diizenlilesgtirilmig bir versiyonunun eniyilenmesi yardimiyla bir-
den ¢ok benzerlik degerinin tiimlestirilmesine dayanmaktadir. Bu yaklagim farkl veri
kipleri kullanan degisik arama motoru problemlerinde uygulanabilir. Bu c¢aligmada,

onerilen skor tiimlestirme algoritmasinin 3B nesne aramadaki bagarimi gosterilmistir.
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1. INTRODUCTION

Communication media have appeared in many guises during the never ending
Information Age. The passage from textual exchange of ideas to audiovisual communi-
cation had been one of the major breakthroughs in the last century. Visual information
in the form of image and video has now become so common that we cannot even imag-
ine a world without photos, television and motion pictures. The advent of high-speed

graphics hardware now offers a new dress to visual information: the digital 3D object.

3D objects arise in a number of disciplines ranging from computer aided-design
and manufacturing (CAD/CAM) to cultural heritage archival and presentation. Other
shades of the application spectrum include architecture, medicine, molecular biology,
military, virtual reality and entertainment. Access to large 3D object databases occur-
ring in these fields demands effective and efficient tools for indexing, categorization,
classification and representation of the 3D data. Content-based retrieval addresses this

challenging task using compact shape representations and intelligent search paradigms.

The next generation search engines will enable query formulations, other than
text, relying on visual information encoded in terms of images and shapes. The 3D
search technology, in particular, targets specialized application domains like the ones
mentioned above [1]. In a typical 3D search scenario, the user picks a query from a 3D
model catalogue and requests from the retrieval machine to return a set of “similar”
database models in decreasing relevance. Content-based retrieval research aims at
developing search engines that would allow users to perform a query by similarity of
content. A request can be made for a number of objects, which are the most similar

to a given query or to a manually entered query specification [2].

3D object retrieval hinges on shape matching, that is, determining the extent
to which two shapes resemble each other [3]. The approaches to shape matching fall
into two main categories: matching by feature correspondences and matching by global

descriptors. The general strategy in the former approach is to compute multiple lo-



cal shape features for every object and then, to assess the similarity of any pair of
objects as the value of a distance function determined by the optimal set of feature
correspondences at the optimal relative transformation [4]. The global descriptor-based
paradigm (or feature vector-based in a different terminology [2]), on the other hand,
reduces the shape characteristics to vectors or graph-like data structures, called shape
descriptors [2,3,5], and then, evaluates the similarity degree between the descriptor
pairs. We call this similarity degree as the matching score between the two shapes.
In the retrieval mode, the matching scores between a query and each of the database
models are sorted out. The retrieval machine then displays database models in de-
scending scores. Effective retrieval means that the shapes displayed at the top of the

list better match the query shape than the rest of the list.

In this thesis, we focus exclusively on the descriptor-based matching paradigm.
A global shape descriptor is considered as a mapping from the space of 3D objects to
some finite-dimensional vector space. Accordingly, for each 3D object in the database,
the retrieval system stores a vector of numerical attributes as a representative. This
vector is expected to encode the information about the object’s shape in such a way
to allow fast and reliable similarity searches. The global descriptor-based paradigm is
more suitable to machine learning tasks other than retrieval, such as object recognition
and unsupervised classification. In fact, a 3D shape descriptor, which is effective in

retrieval, is also expected to be effective in classification.

We address two research challenges concerning content-based 3D object retrieval.
Firstly, we develop a novel 3D shape description scheme based on probability density
of multivariate local surface features. We constructively obtain local characterizations
of 3D points on a 3D surface and then summarize the resulting local shape informa-
tion into a global shape descriptor. For probability density estimation, we use the
general purpose kernel density estimation (KDE) methodology [6,7], coupled with a
fast approximation algorithm: the fast Gauss transform (FGT) [8,9]. The conversion
mechanism from local features to global description circumvents the correspondence
problem between two shapes and proves to be robust and effective. Experiments that

we have conducted on several 3D object databases show that density-based descriptors



are very fast to compute and very effective for 3D similarity search.

Secondly, we propose a similarity learning scheme that incorporates a certain
amount of supervision into the querying process to allow more semantic and effective
retrieval. Our approach relies on combining multiple similarity scores by optimizing a
convex regularized version of the empirical ranking risk criterion [10,11]. This score
fusion approach to similarity learning is applicable to a variety of search engine prob-
lems using arbitrary data modalities. In this work, we demonstrate its effectiveness in

3D object retrieval.

In Chapter 2, we introduce the descriptor-based 3D object retrieval paradigm
along with the associated research challenges. In Section 2.1, we fix ideas on issues
such as descriptor requirements and similarity matching. In Section 2.2, we present the
3D object databases on which we have experimented during the thesis work. In Sec-
tion 2.3, we review state-of-the-art 3D shape description techniques. In Section 2.4, we
recapitulate the notion of computational similarity and introduce the problem of secur-
ing invariance at the matching stage. In Section 2.5, we define some of the performance

assessment tools employed in information retrieval.

In Chapter 3, we develop the density-based shape description framework. Sec-
tion 3.1 of this chapter is devoted to local characterization of a 3D surface and also
addresses the associated computational issues such as feature calculation and feature
domain sampling. In Section 3.2, after providing a brief overview of KDE in general
terms, we explain how this powerful statistical tool can be used in the context of 3D
shape description. Density-based shape description comes also with a set of dedicated
tools, exploiting the probability density structure as we present in Section 3.3: mar-
ginalization and probability density pruning. Section 3.4 demonstrates that pdf-based
descriptors are suitable for guaranteeing invariance to extrinsic effects, such as the ob-
ject pose in the 3D space, at the matching stage. In this section, starting from the
change of variables formula, we develop a similarity measure, which is invariant to

coordinate axis relabelings and mirror reflections.



In Chapter 4, we describe our score fusion approach to the similarity learning
problem in the context of content-based retrieval. In Sections 4.1 and 4.2, we lay down
the problem of learning a scoring function by ranking risk minimization. In Section 4.3,
we provide a support vector machines (SVM) based solution and present a score fusion
algorithm. In Section 4.4, we design two specific applications, bimodal and two-round

search protocols, where the algorithm can be employed.

In Chapter 5, we provide extensive experimental results. In Sections 5.1 and 5.2,
we address the problem of setting the bandwidth parameter involved in KDE and il-
lustrate the regularization behavior and the robustness properties of our descriptors.
In Section 5.3, we deal with the target selection problem, coined as determining the
pdf evaluation points in the feature domain. In Section 5.4, we assess the performance
of standard similarity measures on density-based descriptors and demonstrate the su-
periority of the invariant scheme developed in Section 3.4 in experimental terms. In
Section 5.5, we invoke dedicated descriptor manipulation tools of Section 3.3 to render
our descriptors storage-wise efficient. In Sections 5.6 and 5.7, we experiment with two
information fusion options, feature-level and score-level fusions, to bring the retrieval
performance of the density-based framework at its best. In Section 5.6, we also illus-
trate the use of marginalization for non-heuristic feature space exploration to discover
the most discriminative feature subsets. In Section 5.8, we contrast our descriptors to
their counterparts in the literature and provide a performance landscape of the state-of-
the-art shape descriptors. In Section 5.9, we analyze the performance of our framework
across four semantically different 3D object databases of varying mesh quality. Finally,
Section 5.10 is devoted to statistical learning-based score fusion and shows how more

effective retrieval can be achieved using the algorithm developed in Chapter 4.

In Chapter 6, we conclude and discuss future research directions.



2. 3D Object Retrieval

In this chapter, we formulate the 3D object retrieval problem and describe how a
typical retrieval system proceeds to access 3D objects by content. We focus exclusively
on descriptor-based systems and the associated research challenges. In the paradigm of
descriptor-based retrieval, for each database object, the system stores a representation
containing a numerical summary of the object’s shape. Such representations are called
shape descriptors, which usually are vectors in some high-dimensional vector space.
When a query is presented, the system calculates its descriptor(s) and compares it to
those of the stored objects using a distance function, which measures dissimilarity. The
system sorts the database objects in terms of increasing distance values. The items at
the top of the ranked list are expected to resemble the query more than those at the
end. The number of retrieved objects can be determined, either implicitly, by a range
query in which case the system returns all objects within a user-defined distance, or

explicitly, by fixing the number of objects to return.

In the following section, we provide an overview of the research challenges that we
address in this thesis, in view of the comprehensive surveys [2,3,5]. In parallel, we state
our approaches to deal with specific problems associated with these challenges. In Sec-
tion 2.2, we present the 3D object databases on which we have experimented during the
thesis work. In Section 2.3, we provide a general taxonomy on the state-of-the-art 3D
shape descriptors. In Section 2.4, we briefly describe the notion of computational simi-
larity and introduce the problem of securing invariance at the matching stage. Finally
in Section 2.5, we conclude the chapter with the most commonly used performance

measures adopted in information retrieval.

2.1. Research Challenges in 3D Object Retrieval

Descriptor-based 3D object retrieval is open to many research challenges. Along

the same line as in [2,3,5], we classify them under the following headings.



2.1.1. Description Modalities for 3D Similarity Search

So far, 3D descriptor research has concentrated generally on shape, as given by
the object’s surface or its interior, rather than other attributes like color and texture.
This tendency is not only due to the fact that most of the similarity information is
born within the shape but also because color and texture attributes are not always
guaranteed to be present [2]. Our focus has also been on designing 3D descriptors

based on shape, especially on surface shape information.

There is a multitude of formats to represent the 3D shape [12]. In CAD/CAM
applications, a 3D object is usually represented by a collection of parameterized surface
patches or using constructive solid geometry techniques. In medical imaging, scanning
devices output voxel data or point clouds. Implicit surfaces, superquadrics, NURBS
(non-uniform rational B-splines) and point-based surfaces constitute alternative forms
of the state-of-the-art surface representations. The most popular format, on the other
hand, is the polygonal -usually triangular- mesh, which arises in CAD/CAM and finite
element analysis as well as in virtual reality, entertainment, and web applications.
Furthermore, 3D scanning devices usually come with built-in triangulation software,
thus favoring the use of this particular representation. Although a certain application
usually demands a specific representation, which is more suitable for its tasks, one
can always switch from one format to another. As will be explained in more detail
in Section 2.2, we will work with 3D triangular mesh databases. Consequently, the
descriptors designed in this thesis largely exploit this particular representation, yet

preserve general applicability, especially to 3D point cloud data.

2.1.2. Descriptor Requirements

There are two criteria that matter the most in designing a 3D shape descrip-
tor: effectiveness and efficiency, [2,3]. In general, a shape descriptor can be viewed
as a mapping from the 3D object space to some high-dimensional vector space. The
common objective in 3D descriptor research is to design such mappings in a way to

preserve the maximum shape information with as low-dimensional a vector as possible.



The informativeness requirement is called effectiveness, and the parsimony require-
ment as efficiency. On one hand, a shape descriptor is required to be effective in the
sense of containing necessary discrimination information for retrieval and classification
on a large 3D database. On the other hand, the descriptor should be sufficient and
moderate in size to allow fast extraction and search for practical systems. These two
criteria are in general competing, but also in some way complementary. To preserve
all the shape information contained by the representation form provided, the descrip-
tion methodology should be exhaustive enough for reconstruction. As a result, the
descriptor might be very high-dimensional. However, an approach producing a very
high dimensional vector hampers the fast extraction and search requirements, reducing
the efficiency of the overall system. Furthermore, the curse of dimensionality appearing
in many disguises as far as learning in a large database is of concern, such an approach
might lack generalization ability [13,14], which is fundamental to classification. From
this perspective, the objectives of effectiveness and efficiency may not be completely
orthogonal to each other. For the time being, since there is no universal theory for
designing such mappings, the effectiveness and efficiency of a descriptor (or the system
using that particular descriptor) are evaluated on experimental terms. Regarding these
issues, we would like to emphasize that, for retrieval and classification, not every shape
detail is necessary and should even be discarded in the most principled way possible.

Our thesis work has been guided by this token.

Robustness constitutes another requirement: a descriptor should be insensitive
to small shape variations [2,3] and topological degeneracies. Accordingly, a descriptor
should be more or less invariant to such defects and/or variations. A key point to
consider is that the similarity degree between two descriptors corresponding to two
objects of the same semantics should always be greater than the similarity degree between
two descriptors coming from different semantics. Along this line of argument, we
postulate that a good shape descriptor should smooth out or eliminate individual shape
details and enhance shared global properties. We believe that these global properties
are induced by the semantic concept class that the 3D object belongs to. What would
be nice, but is also difficult, is to have a certain amount of control over elimination of

individual details and enhancement of global properties.



2.1.3. Invariance

Along with effectiveness, efficiency and robustness, there exist other descriptor
requirements relying on well-founded mathematical bases. According to a widely ac-
cepted definition, the shape of an object is the geometrical information that remains
after the effects of translation, rotation, and isotropic rescaling have been removed [15].
Such effects are denominated collectively as similarity transformations. A shape de-
scriptor or the associated matching scheme should be invariant against these effects.

Invariance can be secured in two different ways as we explain next.

2.1.3.1. Invariance by Description. Either the descriptor is invariant by design, or the

3D object undergoes a preprocessing step where it is normalized to have a centered
canonical reference frame and scale. It is hard to advocate for one or the other in terms
of retrieval effectiveness. Several research groups favor their own choices, supporting
their claims with experiments [16,17]. Our opinion is that descriptors, which are in-
variant by design, come usually with a certain loss of shape information that might be
valuable for a specific application. On the other hand, finding a canonical 3D reference
frame on a per object basis is still an open problem. Principal component analysis
(PCA) and its variants [17, 18] constitute a monopolistic tool for 3D pose normaliza-
tion although they are not always very stable to variations of the object’s shape even
in a semantically well-defined class and might result in counter-intuitive alignments.
Recently, Podolak et al. proposed a per-object alignment method based on finding
symmetry axes [19]. Whenever such symmetries exist within the object, this approach
may be promising and useful for obtaining semantically more meaningful reference
frames. Nevertheless, the computational simplicity of PCA makes it still an attractive
and widely used pose normalization tool. Regarding this issue, our standpoint is rather
operational: we think that one should not refrain from the use of pose normalization

schemes when the descriptor fails to be invariant by design.

2.1.3.2. Invariance by Matching. Invariance can also be secured by minimizing a cer-

tain notion of distance between two descriptors, by holding one descriptor fixed and



altering the other under the effect of the transformations that the 3D object might
undergo. The invariance achieved in this way comes with no loss of shape information,
but the matching becomes computationally more involved than merely taking, say, a
Minkowski distance between descriptor vectors. In this approach, it is essential that the
description algorithm is able to reflect the effect of the transformation directly to the
descriptor, without recomputing it at every possible transformation of the object. In
Section 2.4, we formalize this idea, and in Section 3.4, we show that the density-based

shape description framework has this ability.

2.1.4. Similarity

Whatever descriptor one obtains, there is always the ambiguity about the similar-
ity criterion to be associated. Generally, it is not known in advance which distance or
norm would be the most suitable for retrieval and classification. The usual practice is
to experiment with a set of distance functions and report their retrieval performances.
The distance function yielding the best retrieval score is considered as the most suitable
for the particular descriptor and database tested. On the other hand, for content-based
retrieval applications, statistical learning theory provides a mathematical framework
to learn the appropriate distance function, or similarity in general, under the head-
ing of statistical ranking [11,20-22]. In the present work, we tackle the similarity
learning problem using a statistical learning-based score fusion scheme as described in

Chapter 4.

Additional challenges concern the design of index structures associated with the
similarity function used in the retrieval system, the notion of partial similarity and the
availability of ground truth data [2]. The former two problems are not in the scope of
the present work. The latter ground truth problem constitutes a side interest for the
thesis, as we explain in the next section. We refer the reader to references [2,3, 5] for

more information on these issues.
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2.2. 3D Object Databases

A Google search for “3D Model” keyword returns 1,840,000 entries as of August
2007. Furthermore, research groups from all around the world have initiatives on
developing and maintaining experimental search engines using 3D objects. It can be
conjectured that the advent of fully operational 3D engines on the web is now a matter
of time. In Appendix A, we provide a list of some private and publicly available
3D object databases used for research purposes. We note that there also exist many

commercial repositories on the web from where 3D models can be purchased.

In the thesis, we have experimented with four different databases. All of them
consist of 3D models given by triangular meshes, though they differ substantially in

terms of content and mesh quality. These are:

Princeton Shape Benchmark (PSB) [23],

Sculpteur Database (SCU) [24,25],

SHREC’07 Watertight Database (SHREC-W) [26],
Purdue Engineering Shape Benchmark (ESB) [27].

PSB is a publicly available database containing 1814 models, categorized into
general classes such as animals, humans, plants, household objects, tools, vehicles,
buildings, etc. [23] (see Figure 2.1). An important feature of the database is the
availability of two equally sized sets. One of them is a training set (90 classes) reserved
for tuning the parameters involved in the computation of a particular shape descriptor,
and the other for testing purposes (92 classes), with the parameters adjusted using the

training set.

SCU is a private database containing over 800 models corresponding to mostly
archaeological objects residing in museums [24,25]. So far, 513 of the models have been
classified into 53 categories of comparable set sizes, including utensils of ancient times
such as amphorae, vases, bottles, etc.; pavements; and artistic objects such as human

statues (part and whole), figurines, and moulds. An example set of SCU objects is
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shown in Figure 2.2. The database is augmented by artificially generated 3D objects
such as spheres, tori, cubes, cones, etc., collected from the web. The meshes in SCU are
highly detailed and reliable in terms of connectivity and orientation of triangles. The
following figures illustrate the significant distinction between PSB and SCU in terms
of mesh resolution. The average number of triangles in SCU and in PSB is 175250 and
7460 respectively leading to a ratio of 23. SCU meshes contain 87670 vertices on the
average while for PSB this number is 4220. Furthermore, the average triangular area

relative to the total mesh area is 33 times smaller in SCU than in PSB.

SHREC-W has been released for the Watertight track of the Shape Retrieval
Contest (SHREC) in 2007 [26,28]. It consists of 400 watertight meshes of high resolu-
tion, classified into 20 equally sized classes such as human, cup, glasses, octopus, ant,
four-legged animal, etc. Classification semantics in SHREC-W are largely induced by
topological equivalences as shown in Figure 2.3. Accordingly, SHREC-W constitutes a

challenging test environment for geometry-based shape description methods.

ESB is another database that has been used in the SHREC’07 event and consists
of 865 closed triangulated meshes, which represent engineering parts (Figure 2.4) [28,
29]. This dataset is classified into a ground truth classification with two levels of
hierarchy. Overall there are three super-classes, namely, flat-thin object, rectangular-
cubic prism, and solid of revolution, which are further categorized into 45 classes. It
is particularly interesting to see the performance of 3D shape descriptors on such a
database, as CAD offers an important application domain for content-based 3D shape

retrieval.

The existence of widely accepted ground truth is a crucial aspect for objective
and reproducible effectiveness evaluation [2]. Accordingly, obtaining ground truth data
constitutes a fundamental problem, which should be addressed by researchers working
in the field of content-based retrieval. The most rigorous attempt to determine 3D
object semantics has been made by the Princeton group [23] and PSB has been a
standard test environment since 2004. The approach to generate ground truth data

for PSB has been to associate, to each semantically homogeneous group of objects, a
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Figure 2.1. An example set of objects from the Princeton Shape Benchmark
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Figure 2.2. An example set of objects from the Sculpteur Database
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14

class name representing an atomic concept (e.g., a noun in the dictionary) (see [23]
for details). The process has been carried out by computer science students that were
not expected to be experts in semantics. Sculpteur, on the other hand, is a more
specialized database containing cultural heritage objects that ideally require expert
intervention for ground truth classification. Manufacturing styles, periods, places and
artists constitute basic entities of an ontology that would explicitly specify the domain
of cultural heritage information. However, is it possible to derive such entities from
the shape information contained in an object alone? The answer is not clear for the
time being. Furthermore, the priorities of field experts, such as archaeologists, art
historians, museum scientists, can be somewhat orthogonal to what is aimed at in
machine learning. For instance, to an archaeologist, even a scratch on the surface of
an ancient amphora may contain valuable information to determine its manufacturing
period. On the other hand, a retrieval or classification algorithm would most probably
consider this scratch as noise or small shape variation that should be discarded in
the first place. Nevertheless, these conceptual difficulties have not prevented us from
creating our own ground truth for SCU. Together with Helin Dutagaci? , we have
created a hierarchical classification for SCU objects. In determining the categories, we
have been driven by form and functionality. The first two levels of hierarchy in our

classification are given in Table 2.1.

2.3. Background on 3D Shape Descriptors

Although the research on 3D shape descriptors for retrieval and classification has
started just a decade ago or so, there is a considerable amount of work reported so
far. The most up-to-date and complete reviews in this rapidly evolving field are given
in [2,3,5]. In addition, the reference [23] is useful for a quick scan of practical schemes.
Due to the variety and abundance of the methods, there is no universally accepted
taxonomy of 3D shape descriptors. In our review, we preferred to provide a general
classification, emphasizing the specific way to exploit the geometrical or topological

shape information contained in the 3D object. More detailed accounts can be found

2Helin Dutagac1 is with the Bogazici University Signal and Image Processing Laboratory:
http://busim.ee.boun.edu.tr/~helin/.



Table 2.1. Sculpteur Database Classification

First-Level

Second-Level

Utensil

Jar/Jag/Vase
Sugar caster
Amphora
Pilgrim bottle
Bowl

Carafe

Lamp

Computer Generated Artificial Object

Humanoid
Chess piece
Sphere
Torus

Eight

Cone

Cube

Pavement

Artistic Object

Statue
Mould
Relievo

Diverse

in [2,3,5]. According to our generality criterion, we ended up with the categories shown

in Table 2.2.

15

In the following, we describe the first three categories of our taxonomy, i.e.,

histogram-based, transform-based, and graph-based descriptors. Regarding 2D Image-

based methods, the work in [54] provides a comprehensive overview. For the remainder,

we invite the reader to consult the references given in Table 2.2, or for a quicker scan,

the surveys in [2,3,5,54].



16

Table 2.2. A Taxonomy of 3D Shape Descriptors

Category Examples

Histogram-Based | Cord and Angle Histograms [18, 30, 31]

Shape Distributions [32]

Generalized Shape Distributions [33]

Shape Histograms [34]

Extended Gaussian Images [35, 36]

3D Hough Transform [37,38]

Shape Spectrum [37]

Transform-Based | Voxel-3D Fourier Transform (3DFT) [39]

Distance Transform-3DFT and Radial Cosine Transform [40)]

Angular Radial Transform [41]
PCA-Spherical Harmonics [42-44]
Rotation Invariant Spherical Harmonics [16,45]
Spherical Wavelet Transform [46]
Graph-Based Multiresolution Reeb Graphs [47, 48]
Skeletal Graphs [49]

2D Image-Based | Silhouette Descriptor [17]

Depth Buffer Descriptor [17]
Lightfield Descriptor [50]

Other Methods | Spin Images [51]

3D Zernike Moments [52]

Reflective Symmetry Descriptor [19,53]

2.3.1. Histogram-Based Methods

A vast majority of 3D shape descriptors can be classified under the heading of
histogram-based methods. The term histogram is referred to as an accumulator that
collects numerical values of certain attributes of the 3D object. In this respect, not all
the methods presented in the sequel are true histograms in the rigorous statistical sense

of the term, but they all share the philosophy of accumulating a geometric feature in
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bins defined over the feature domain.

In [18,30], Paquet et al. have presented cord and angle histograms (CAH) for
matching 3D objects. A cord, which is actually a ray segment, joins the barycenter of
the mesh with a triangle center. The histograms of the length and the angles of these
rays (with respect to a reference frame) are used as 3D shape descriptors. One short-
coming of all such approaches that simplify triangles to their centers is that they do
not take into consideration the variability of the size and shape of the mesh triangles.
First, because triangles of all sizes have equal weight in the final distribution; second,
because the triangle orientations can be arbitrary, so that the centers may not represent
adequately the impact of the triangle on the shape distribution. In [31], following sim-
ilar ideas as in [18,30], Paquet and Rioux have considered the angles between surface
normals and the coordinate axes. In these approaches [18,30,31], the histograms are
constructed always in univariate manner although it is also possible to consider mul-
tivariate histograms. Paquet and Rioux have argued that the bivariate histogram of
the angles between the surface normal direction and the first two axes of the reference
frame is sensitive to the level of detail at which the object is represented. They have
supported their claim by the example of two pyramids: one with the sides formed by
inclined planes and the other with the sides formed by a stairway-like makeup. How-
ever, our experience shows that considering multivariate information proves to be more
effective than merely concatenating univariate histograms for a retrieval application,

as explained and supported by experiments in Sections 5.6.2 and 5.8.1.

In the shape distributions approach [32], Osada et al. have used a collection of
shape functions, i.e., geometrical quantities computed by randomly sampling the 3D
surface. Their shape functions list as the distance of a surface point to the origin,
the distance between two surface points (D2), the area of the triangle defined by
three surface points, the volume of the tetrahedron defined by four surface points
and the angle formed by three random surface points. The descriptors become then
the histograms of a set of these shape functions. The randomization of the surface
sampling process improves the estimation over Paquet et al.’s [18] approach, since in

this way, one can obtain a more representative and dense set of the surface points.
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The histogram accuracy can be controlled by changing the sample size. This quite
appealing method suffers from the fact that the shape functions mentioned above are
not specific enough to describe the 3D shape effectively. The poor retrieval performance
of these approaches has been usually attributed to their global nature. The more recent
generalized shape distributions (GSD) [33] partly overcome this difficulty by a “3D”
histogram where two dimensions account for local and global shape signatures and one
for distances between local shape pairs. However, the improvement provided by GSD

is not sufficient to raise this methodology to the discrimination level of its competitors.

Ankerst et al. have used shape histograms for the purpose of molecular surface
analysis [34]. A shape histogram is defined by partitioning the 3D space into con-
centric shells and sectors around the center of mass of a 3D model. The histogram is
constructed by accumulating the surface points in the bins (in the form of shells, sectors,
or both) based on a nearest-neighbor rule. Ankerst et al. illustrate the shortcomings of
Euclidean distance to compare two shape histograms and make use of a Mahalanobis-
like quadratic distance measure taking into account the distances between histogram
bins. Since the approach proceeds with voxel data, 3D objects represented by polygonal

meshes need to be voxelized prior to descriptor extraction.

Extended Gaussian image (EGI), introduced by Horn [35], and its variants [36,
55,56] can be viewed as another class of histogram-based 3D shape descriptors. An
EGI consists of a spherical histogram with bins indexed by (6}, ¢x), where each bin
corresponds to some quantum of the spherical azimuth and elevation angles (6, ¢) in
the range 0 < 0 < 27 and 0 < ¢ < 7. The histogram bins accumulate the count of the
spherical angles of the surface normal per triangle, usually weighted by triangle area.
An important extension has been proposed by Kang and Ikeuchi who considered the
normal distances of the triangles to the origin [36]. Accordingly, each histogram bin
accumulates a complex number whose magnitude and phase are the area of the triangle
and its signed distance to the origin respectively. The resulting 3D shape descriptor is

called complez extended Gaussian image [36].

In [37, 38|, Zaharia and Préteux have introduced the 3D Hough transform de-
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scriptor (3DHT) as a histogram constructed by the accumulation of points over planes
in 3D space. A plane is uniquely defined by the triple (d, 8, ¢), where d is its normal
distance to the origin, and the pair (6, ¢) is the azimuth and elevation angles of its
normal, respectively. A finite family of planes can be obtained by the uniform dis-
cretization of the parameters (d, 6, ¢) over the domain 0 < d < d4,,0 < 0 < 27, and
0 < ¢ < w. This family of planes corresponds to a series of spherical histograms where
each bin is indexed by (d;,0;, ¢x). To construct the Hough array, one creates planes
at orientation (6, ¢x) passing through the center g of a mesh triangle, and then calcu-
lates its quantized normal distance d; to the origin. If the resulting value is positive,
then the bin corresponding to the threesome (d;, 0;, ¢1.) is augmented by a weight w,.
Zaharia and Préteux have used as the corresponding weight factor, the area-weighted
and thresholded absolute dot product between the normal of the triangle and the nor-
mal of the plane (0}, ¢y). 3DHT can be considered as a generalized version of EGI.
In fact, for a given d;, (6;, ¢x)-bins correspond to an EGI at distance d;, except for
the way the contributions of the triangles are assessed. It can be conjectured that the

3DHT-descriptor captures the shape information better than the EGI-descriptor.

In [37], Zaharia and Préteux have presented the shape spectrum descriptor for
3D retrieval proposed within the MPEG-7 framework for multimedia content descrip-
tion. This descriptor consists of the distribution of the shape index feature, which is
introduced by Koenderink and van Doorn [57]. The shape index is a function of the
two principal curvatures. Its invariance with respect to rotation, translation and scale
is appealing. Nevertheless, the unreliability of curvature estimation leads to a lack of
robustness. Zaharia and Préteux have tried to alleviate this shortcoming by augment-
ing the shape index histogram by two additional attributes named planar surface and
singular surface. Although experiments conducted by the authors with this descriptor
on several 3D databases have shown good retrieval results; in other instances reported

in [2,25], the shape spectrum descriptor has failed to provide adequate discrimination.
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2.3.2. Transform-Based Methods

Two research groups have had considerable impact in 3D shape descriptors re-
search to date: the Princeton group® and the Konstanz group? . Interestingly, trans-
form methodologies from classical signal processing, such as 3D Fourier transform and
spherical harmonics transform to a larger extent, have been the main tool used in a

great deal of descriptors developed by these two groups.

Vrani¢ and Saupe from the Konstanz group have used 3D Fourier transform
(3DFT) to map the rasterized version of a 3D triangular mesh from the voxel grid
to the frequency domain [39]. As 3DFT is not rotation-invariant, the voxelization
operation is performed after pose normalization via PCA. In fact, the voxel data can
also be used as a 3D shape descriptor on its own [39]. By switching from the spatial
domain to the frequency domain via 3DFT, one can obtain a descriptor with a reduced
size by discarding high frequency components. This truncation has the additional
benefit of filtering out individual shape details that are irrelevant for retrieval and
classification. The idea of using 3DFT on a voxelized grid has also been pursued by
Dutagaci et al. [40]. The authors have explored possible voxelization options as well
as radial cosine transform as an alternative to 3DFT. Furthermore, by considering
the sum of magnitudes of 3DFT coefficients at the same frequency shell, they have
obtained a rotation-invariant descriptor, bypassing PCA step at the expense of lost

shape information.

The spherical harmonics transform (SHT) [58] have become a very popular tool in
the field of 3D shape descriptors. The Konstanz group uses SHT to transform spherical
functions densely sampled over the surface of a PCA-normalized object [42-44]. Again,
the array of spherical function values may serve as a descriptor on its own albeit with
very high dimensionality. SHT is suitable to reduce the descriptor size considerably,
yet without losing too much shape information. The so called ray-based or extent

(EXT) descriptor gives the SH-transformed version of the maximal distance from the

3http:/ /www.cs.princeton.edu/gfx/proj/shape/
4http:/ /infovis.uni-konstanz.de/research /projects/SimSearch3D/
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center of mass as a function of the spherical angle [42]. In [43], Vrani¢ has improved
this descriptor by considering a collection of extent functions evaluated at concentric
spheres with different radii, again with SHT-mapping. This latter descriptor, called as
radialized extent descriptor (REXT), proves to be highly discriminating on different
databases [2,23].

Funkhouser et al. [45] from the Princeton group have developed a rotation-
invariant descriptor using SHT. The method requires the 3D object to be voxelized
in a binary fashion. 3D voxel data can be interpreted as a collection of spherical func-
tions f,.(0, ¢), where r corresponds to the distance from the origin of the voxel grid
and (0, ¢) to spherical coordinates. The binary function is sampled for a sufficient
number of radii 7 = 1,..., R and angles (0, ¢). Each function at a specific radius is
SH-transformed and the energies contained in low frequency-bands are stored in the
final descriptor. In [16], Kazhdan et al. have provided mathematical support for ro-
tation invariance of the descriptor. Basically, this mathematical justification relies on
the fact that the energy in a certain frequency band of the ST does not change when
the object is rotated around its center of mass. In the same work [16], they have
also demonstrated that many existing descriptors can be rendered rotation-invariant
by this approach. The rotation invariance of this class of descriptors should be un-
derstood with caution as it comes with a certain loss of shape information [16,59]. In
fact, the use of SHT for 3D shape description has been a matter of debate between the
Princeton and Konstanz groups. The latter argues that PCA normalization should be
applied prior to SHT and the magnitude of transform coefficients should be used as
the descriptor, while the former claims that PCA is unstable and rotation invariance
should be secured by considering the energies in different bands of the transform do-
main. Both groups support their claims with retrieval experiments in large databases
and favor their individual standpoints. This discrepancy might be due to database

differences and/or specific implementation details.
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2.3.3. Graph-Based Methods

Graph-based approaches are fundamentally different from other vector-based de-
scriptors. They are more elaborate and complex, in general harder to obtain; but they
have the potential of encoding geometrical and topological shape properties in a more
faithful and intuitive manner than vector-based descriptors. However, they do not
generalize easily to all representation formats and they require dedicated dissimilarity
measures and matching schemes. Due to their complexity in extraction and matching
stages, they are not very efficient for general-purpose retrieval applications. We note
that, using tools from spectral graph theory, some part of the information contained in
a graph can be encoded in the form of numerical descriptions. Nevertheless, the lack of
a vector representation by construction prevents the use of a great deal of learning algo-
rithms for classification. Although the emphasis in the present work is on vector-based
descriptors, we include two representative studies for the completeness of the account:
multiresolution Reeb graphs [47,48] and skeletal graphs [49]. The works in [60-62] and
references therein include a comprehensive list of other graph-based representations

and matching methods.

Hilaga et al. [47] have introduced the concept of topology matching for 3D object
retrieval. The algorithm relies on constructing Reeb graphs at multiple levels of resolu-
tion of a function u defined over the object’s surface. The function p can be the height
of a point on the surface, the curvature value or the integrated geodesic distance at
that point. According to the function chosen, the resulting descriptor enjoys certain
invariance properties. Each node in each such graph corresponds to a connected com-
ponent of the object in the sense that p-values in that component fall within the same
interval determined by the resolution at which the graph is constructed. Parent-child
relationships between nodes represent adjacent intervals of these p-values for the con-
tained object parts. Furthermore, a graph at a coarser level is encoded as the ancestor
of a graph at a finer level. Obviously, at the coarsest level, the graph consists of a
single node accounting for the whole object. The theoretical support of this multires-
olution approach is that, for a given object, as the resolution gets finer, the nodes of

the resulting graph corresponds to the singular points of the u-function. It has been



23

demonstrated that such critical point locations are valuable in studying the topology
of the underlying object [63]. Sophisticated heuristics have been proposed to match
two graphs for similarity assessment in [47] and in [25,48]. Moreover, in the latter two
works, the graph has been augmented with other vector-based descriptors to improve

the discrimination ability.

In [49], the authors have described a method for searching and comparing 3D
objects via skeletal graph matching. The objective is to build an interactive system
that allows part matching. The visualization of the results is facilitated by skeletal
graphs, which also help the user to refine and interactively change his/her query. The
skeletal graph is obtained from object voxel data as a directed acyclic graph (DAG).
Each node of the DAG is associated with a set of geometric features and a signature
vector that encodes topological information. The latter is called a topological signature
vector (TSV), which is derived from the eigendecomposition of the graph’s adjacency
matrix. The matching procedure consists of two stages where first a topology matching
between the query database graphs is performed on a per node basis. The second
(optional) stage consists of geometry matching. It can be used to refine the possible
set of retrieved database objects. However, the authors have not elaborated on this

issue further.

2.4. Similarity Measures

The assessment of similarity between two objects is usually performed by com-
puting a dissimilarity measure between their corresponding descriptors. Accordingly,
throughout the thesis, we will use the terms similarity and dissimilarity (or dis-
tance) interchangeably. The context will clarify the distinction. A similarity function
stm @ F x F — R can be viewed as the abstract inverse to a dissimilarity function
dist : FxF — R, where F is the space of generic descriptors f. Ideally, we expect that
dist(f, f') decreases (sim(f, f') increases), as the level of semantic similarity between
the corresponding objects gets higher. The dissimilarity measure dist may enjoy the

following properties [3]:
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1
2
3
4

Identity: ¥f € F,dist(f, f') = 0.
Positivity: Yf # f' € F,dist(f, f') > 0.
Symmetry: Vf, ' € F,dist(f, f) = dist(f’, f).

(
(
(
(4) Triangle inequality: NV f, f', f" € F,dist(f, f") < dist(f, f') + dist(f', f").

)
)
)
)

A dissimilarity measure satisfying all of the four properties listed above is said to be a
metric. A pseudo-metric satisfies all metric properties but positivity, and a semi-metric
satisfies only the first three properties. A function satisfying the triangle inequality
is often desirable, since it can make retrieval more efficient [64]. These properties
are abstract in the sense that the dissimilarity function can be defined on arbitrary
descriptor spaces (e.g., for graphs, or even directly for 3D objects). In the present
work, we restrict ourselves to the case of vector-based descriptors, that is, when the
descriptor space F is a finite vector space. Classical dissimilarity measures for vector-
based descriptors are LP-distances (p > 0), Bhattacharyya distance, x2-divergence [65],
symmetricized versions of Kullback-Leibler divergence [65], earth mover’s distance [66]

and histogram intersection distance [67] (see Appendix B for definitions).

A distance function dist on a finite-dimensional vector space F usually arises as
a discretized version of a continuous functional dist on an infinite space of continuous
functions F. Suppose that f is a function describing a certain object by mapping
multidimensional attributes t € R™ to reals. A functional dist, quantifying the amount

of variation between f and another descriptor function f’ can be generically written as

dist(1.5) = [ n(s. F @)t (21)
teRm
where 7 is a point-wise dissimilarity function, e.g., for L', n(-,-) = |- — - |. In practice,

an object is described by a finite vector of f(t)-values, i.e., f = [f(t1),..., f(tn)], in

which case the above integral should be discretized as

@sH(E ) = 30 (f(t), £ (tn) Al (2.2)
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where At,, is the discretization step size. If the space of multidimensional attributes is
uniformly partitioned, At, becomes constant, hence affects the value of the integral by
a constant amount for all descriptors, and consequently, it can be dropped. Otherwise,

it must be taken into account in distance calculation.

The dissimilarity between two objects can be made invariant against certain types

of transformations I' by the following formula:

distr_invarians (£, f) = ?élg? dist(f,T(f")), (2.3)
where Gr is the group of transformations that the objects might have been undergone
prior to descriptor extraction. Since we want that the distance function captures only
intrinsic shape differences and commonalities, Gr should consist of extrinsic effects
such as translation, rotation, isotropic rescaling or a combination of these. The above
formula is practical only when the transformation can be directly effected on the de-
scriptor, without recomputing it for every possible transformed version of the object.
In Section 3.4, we concretize this idea of securing invariance at matching stage and

develop such a measure, easily applicable for density-based shape descriptors.

2.5. Evaluation Tools for Retrieval

In this section, we summarize the most commonly used statistics for measuring

the performance of a shape descriptor in a content-based retrieval application [23].
2.5.1. Precision-Recall Curve
For a query ¢ that is a member of a certain class C of size |C|, Precision (vertical

axis) is the ratio of the relevant matches K, (matches that are within the same class

as the query) to the number of retrieved models K., and Recall (horizontal axis) is
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the ratio of relevant matches K, to the size of the query class |C|:

K

Precision = Kr‘;, (2.4)
K,

Recall = L. (2.5)

Ideally, this curve should be a horizontal line at unit precision.

2.5.2. Nearest Neighbor

The nearest neighbor (NN) score is the percentage of the first-closest matches that
belong to the query class. A high NN score indicates the potential of the algorithm in

a classification application.

2.5.3. First-tier and Second-tier

First-tier (FT) is the recall when the number of retrieved models is the same
as the size of the query class and second-tier (ST) is the recall when the number of

retrieved models is two times the size of the query class.

2.5.4. E-measure

E-measure is a composite measure of the precision and recall for a fixed number
of retrieved models, e.g., 32, based on the intuition that a user of a search engine is
more interested in the first page of query results than in later pages. E-measure is
given by

2
E=— — (2.6)

Precision + Recall
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2.5.5. Discounted Cumulative Gain

Discounted cumulative gain (DCG) is a statistic that weights correct results near
the front of the list more than those appearing later, under the assumption that the
user is interested more with the very first items displayed. To calculate this measure,
the ranked list of retrieved objects is converted to a list L, where an element L, has
value 1 if the kth object is in the same class as the query and otherwise has value 0.

Discounted cumulative gain at the kth rank is then defined as

Lk? k: ].,
DCG, = (2.7)

DCGg_1 + logi%, otherwise.

The final DCG score for a query ¢ € C is the ratio of DCGg, . to the maximum
possible DCG that would be achieved if the first |C| retrieved elements were in the
class C, where K,,,; is the total number of objects in the database. Thus DCG reads

as

DCGk,,,.
C, 1 :
1+ ZkLQ loga (k)

DCG =

2.5.6. Normalized DCG

Normalized DCG (NDCG) is a very useful statistic based on averaging DCG
values of a set of algorithms on a particular database. NDCG gives the relative perfor-
mance of an algorithm with respect to the others tested under similar circumstances.
A negative value means that the performance is below the average; similarly a positive
value indicates an above-the-average performance. Let DCG™ be the DCG of a cer-
tain algorithm A and DCG@9) be the average DCG values of a series of algorithms on
the same database, then NDCG for the algorithm A is defined as

DCGW

NDCGW = — 1. (2.9)
DCG(av9)
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All these quantities are normalized within the range [0, 1] (except NDCG) and
higher values reflect better performance. In order to give the overall performance of a
shape descriptor on a database, the values of a statistic for each query are averaged
over all available queries to yield a single average performance figure. The retrieval

statistics presented in this work are obtained using the utility software included in

PSB [23].
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3. DENSITY-BASED 3D SHAPE DESCRIPTION

Density-based shape description is a generative model, aiming to encode geomet-
rical shape properties contained within a class of 3D objects. This generative model
relies on the idea that, associated with each shape concept, there is an underlying ran-
dom process, which induces a probability law on some local surface feature of choice.
We assume that this probability law admits a probability density function (pdf), which,
in turn, encodes intrinsic shape properties to the extent achieved by the chosen feature.
Shared or individual aspects of two shape concepts can be quantified by measuring the
variation between their associated feature pdfs. The surface feature can be general,
such as the distance from a predefined origin, or specific, for instance, involving local
differential structure on the surface. As one moves from general to specific, discrim-
ination power of a local feature and its pdf increase. General features can be joined
together in order to obtain more specific multivariate features. With its ability to
process multivariate local feature information, the density-based framework generates

a family of 3D shape descriptors on which we elaborate in this chapter.

A density-based descriptor of a 3D shape is defined as the sampled pdf of some
surface feature, such as radial distance or direction. The feature is local to the surface
patch and treated as a random variable. At each surface point, one has a realization
(observation) of this random variable. For instance, if the surface is given in terms of a
triangular mesh as it is generally assumed in this work, the set of observations can be
obtained from vertices and/or triangles. To set the notation, let S be a random variable
defined on the surface of a generic 3D object O and taking values within a subspace Rg
of R™. Let fsjo = fs(+]O) be the pdf of S for the object O. This pdf can be estimated
using the set of observations {s; € Rs}szl computed on the object’s surface. In the
sequel, random variables appear as uppercase letters while their specific instances as
lowercase. Suppose furthermore that we have specified a finite set of points within Rg,
denoted as Rg = {t, € RS}N called the target set. The density-based descriptor

n=1"

fso for the object O (with respect to the feature S) is then simply an N-dimensional
vector fgj0 = [fs(t1|0), ..., fs(tn|O)].
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3D Surface Feature Space

Kernel Density Estimation (KDE)

-3

k=]

Storage
The pdf-based descriptor is >orase
a vector of sampled pdf-values

£ =[f5(t), £s(t,),... £5(2y)

H| exp (s, —1,) Y H (si—t}]

Red dots are 3D points on the mesh:
vertices, centroids, or uniformly spaced points

Figure 3.1. Density-based shape description

Density-based shape description consists of three main stages:

(1) First, in the design stage, we choose good local features that accumulate to global
shape descriptors. Good features are computationally feasible and discriminative
(Sections 3.1.1 and 3.1.2).

(2) Second, in the target selection stage, we focus on determining the pdf evaluation
points sampled in Rg, i.c., determining the target set Rg (Section 3.1.3).

(3) Finally, we address the computational stage, in search of an efficient computational
scheme to estimate fs(t|O) at designated targets t € Rg. In the present work, we
use the kernel density estimation (KDE) approach coupled with a fast algorithm,
the fast Gauss Transform (FGT) [9] (Section 3.2).

The final output of these stages is the shape descriptor vector fg,0, whose components
fs(ta]O) are the pdf values evaluated at the target set Rg. Figure 3.1 illustrates this

descriptor extraction process.

The fact that the description scheme is based on pdfs allows one to use this spe-
cial structure for several ends. For instance, in Section 3.3, we present two descriptor
manipulation tools: marginalization and probability density pruning. Marginalization
integrates out the information contained in a subset of feature components from a
multivariate pdf. This can help us to explore eventual redundancies of certain compo-

nents in a multivariate local feature. Probability density pruning, on the other hand,
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eliminates negligible pdf values from the descriptor by thresholding the prior feature
density fg, which is calculated by averaging conditional pdfs fg0, over a representative
set of objects O = {O,}. Both of these tools can be employed to reduce descriptor
dimensionality without loss of performance. Another advantage that the pdf struc-
ture offers is to secure invariance against certain types of object transformations at
the matching stage, without the need of recomputing the descriptor for every possible
transformation. In Section 3.4, we develop such a similarity measure and show its in-
variance under specific conditions. In Section 3.5, we finalize the chapter by providing

an implementation summary of the density-based shape description algorithm.
3.1. Local Characterization of a 3D Surface
3.1.1. Local Surface Features
In this section, we describe the local geometric features that we use to charac-
terize 3D surfaces (see Figure 3.2). Our approach is inductive in the sense that we
start by simple features with minimal requirements about the underlying surface and

continue with more sophisticated ones in order to arrive to an extensive pointwise

characterization.

3.1.1.1. Zero-Order Features. The most basic type of local information about a point

lying on a 3D surface are its coordinates. Zero-order features require solely that the un-
derlying surface be continuous without any further higher-order differential structure:

a condition, which is usually fulfilled for 3D meshes.

Radial distance R measures the distance of a surface point ) to the origin (cen-
troid) and has taken place in many different shape descriptors [30,32]. Although it is
not an effective shape feature all by itself, when used jointly with other local surface
features, it helps us to decouple the feature distribution at varying distances from the

object’s center of mass.
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Radial Distance Re (0.r,
Radial Direction R = (R R,.R.)

} ‘ | Parameterize the surface point |

Normal Direction N=(N N N, )eS*
( ) } ‘ | Parameterize the tangent plane |
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Tangent Plane Distance D = R| R N | 0.d,,)

radial and normal directions

Radial - Normal Alignment A= R N e [0,1] Encode the relation between
Radial - Normal Torque C=RxNe B’

Shape Index Sie[0,1] - | Characterizes the local shape |

Figure 3.2. Ilustration of local surface features

Radial direction R is a unit length vector (Rx,f%y,]:%z) collinear with the ray
traced from the origin to the surface point (). This unit-norm vector is obviously scale-
invariant. When we augment the R-vector with the radial distance R, the resulting
4-tuple (R, R,, Ry, Rz) can serve as an alternative to the standard Cartesian coordi-
nate representation of the surface point. However in this parameterization, distance
and direction information are decoupled. We say that the feature R radializes the
density of the feature R. Note also that the range of these features can be determined
independently. In fact, the vector R lies on the unit 2-sphere, and the scalar R lies on

the interval ]0, r,,q.], where 7,4, depends on the size of the surface.

3.1.1.2. First-Order Features. First-order features require first-order differentiability,

hence the existence of a tangent plane at each surface point. For 3D meshes, each
interior point on a mesh triangle has obviously a tangent plane, which is basically
the plane supporting the mesh triangle to which the point belongs. At vertices, even
though the situation is more complex, one can compute a tangent plane by using the

1-ring of the vertex point [68].
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Normal direction N is simply the unit normal vector at a surface point and
represented as a 3-tuple (Nx, Ny, Nz) Similar to the radial direction R, the normal N

is scale-invariant.

Radial-normal alignment A is the absolute cosine of the angle between the radial
and normal directions and is computed as A = |(R,N)| € [0,1]. This feature measures
crudely how the surface deviates locally from sphericity. For example, if the local
surface approximates a spherical cap, then the radial and normal directions align, and

the alignment A approaches unity.

Tangent plane distance D stands for the absolute value of the distance between
the tangent plane at a surface point and the origin. This scalar feature D is related to
the radial distance R by D = RA. The joining of D with the normal direction N pro-
vides a four-component vector (D, Nx, Ny, ]\72) that corresponds to the representation
of the local tangent plane. As in the radial case, this representation also separates the

distance and direction information associated with the tangent plane.

In addition to the radial-normal alignment A, the interaction between the surface
normal vector and the radial direction can be quantified by taking the cross product
between R and N. The torque feature C = R x N can be considered as a local
rotational force when R is viewed as the position of a particle, which is under the

influence of an external force N.

3.1.1.3. Second-Order Features. The second fundamental form g contains useful

differential geometrical information about a surface point ). This form is defined as
II(u) = (dNg(u), u), where u is a 3-vector lying on the tangent plane and dNg, is the
differential of the normal field at the point () [69]. The differential dN, is a linear map,
measuring how the normals pull away within a neighborhood of @), along a direction
pointed by an arbitrary vector u on the tangent plane. Minimum and maximum
eigenvalues of dNg, called principal curvatures k; and kg, are also the minimum and

maximum of the second fundamental form I/y. They measure the minimum and
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maximum rates of change at which the normal deviates from its original direction at
(. Given the principal curvatures, one can obtain a unique local characterization up to
a scale [69]. By definition, I requires second-order differentiability. This condition is
never fulfilled for a 3D mesh, which is just piece-wise planar (hence at most first-order
differentiable). Nevertheless, Iy can be computed by fitting a twice-differentiable
surface patch to the vertex point and invoking standard formulae from differential
geometry [69], or by discrete approximation using the mesh triangles within the 1-ring

of the vertex point [68,70].

Shape index SI, first proposed by Koenderink and van Doorn [57], provides a
local categorization of the shape into primitive forms such as spherical cap and cup,
dome, rut, ridge, trough, or saddle (see Figure 3.3). In the present work, we consider

the parameterization proposed in [71] given by

2
- <—) arctan (M) . (3.1)
™ K1 — Ko

S1 is confined within the range [0, 1] and not defined when x; = k1 = 0 (planar patch).

1
SI = —
2

Since the shape index ST is a function of the principal curvatures, it is considered as
a second-order feature. It not only inherits the translation and rotation invariance of

the principal curvatures, but also is a unitless quantity hence scale-invariant.

Saddle ridge Saddle
(0.625) (0.5)

Spherical cap
(1.0)

Saddle rut Rut Trough Spherical cup
(0.375) (0.25) (0.125) (0.0)

Figure 3.3. Shape index characterizes the local surface into a set of representatives.

3.1.1.4. Construction of a Multivariate Feature. Each of the above features reflects a

certain incomplete aspect of the local shape. We can obtain a more thorough charac-
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terization of the surface point () by constructing the multivariate feature (R, R,N, ST )

as explained below:

(1) The radial distance R restricts the point to the surface of a sphere around the
object’s center of mass.

(2) The radial direction R spots the location of the point on the sphere.

(3) The normal direction N associates a first-order differential structure, i.e., a tan-
gent plane with the point.

(4) The shape index SI adds the more refined categorical surface information in

terms of shape primitives.

The construction process is illustrated in Figure 3.4. In the density-based shape de-
scription framework, the pdf of these features, taken together in the form of a higher
dimensional joint feature, would become a global descriptor, summarizing every single
piece of local shape information up to second-order. However, this multivariate fea-
ture construction followed by pdf estimation is not without a caveat. Observe that the
(R, R, N, S1T) is an 8-component feature with an intrinsic dimensionality of 6 as it takes
values within |0, 7,4.] X S x 8% x [0, 1], where 8% denotes the unit 2-sphere. This fairly
high dimensionality brings in concomitant problems of pdf estimation accuracy, high

computation time and huge storage size as will be clarified in the upcoming sections.

Based on the above discussion, the features presented in this section can also
be classified into two types: primary and auziliary. The features involved in the
full characterization up to second order as described above, namely, R, f{, N and S/
are denominated as primary. We call the remaining tangent plane distance D, the
radial-normal alignment A and the radial-normal torque C features as auxiliary, in the
sense that they encode interactions between primary features. From a computational
viewpoint, auxiliary features can be derived from primary ones. In Table 3.1, we

summarize the properties of our local surface features.

From a practical viewpoint, by joining primary and auxiliary features, we can

design other multivariate pdf-based descriptors with manageable dimension in terms
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Radial
Direction

Normal
Direction

Primitive ) \c:,\

Tangent Plane

Constraining ™.
Sphere

Figure 3.4. Construction of a multivariate feature

Table 3.1. Classification and Invariance of Local Surface Features

Classification Invariance
Feature Order Type | Translation Rotation Scale

Radial Distance Zero Primary No Yes No
Radial Direction Zero Primary No No Yes
Normal Direction | First Primary Yes No Yes
T-plane Distance | First  Auxiliary No Yes No
Alignment First  Auxiliary No Yes Yes
Torque First  Auxiliary No No Yes
Shape Index Second  Primary Yes Yes Yes

of pdf estimation accuracy, descriptor computation time and storage size. Radial-
descriptor is the pdf of the Cartesian coordinate representation (R, f{) of the surface
point. T-plane-descriptor is the pdf of the (D, N)—feature and aggregates the local tan-
gent plane information. Torque-descriptor is the pdf of a radialized version of the torque

feature, given by (R, C). Sec-Order-descriptor is the pdf of the (R, A, ST)-feature,
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q=a+xe + e,

withx, y>0and x+ y <1

Origin

Figure 3.5. Parameterization of a point on a 3D triangle

which radializes the auxiliary alignment information A together with the second-order
feature SI. In the experiments, we explore the discrimination ability of these designed

features and their variants.
3.1.2. Feature Calculation

A triangular mesh M is given in terms of a union of K triangles M = U,i(:l T},
where each triangle T}, is associated with a triplet of 3D points (Ayg, By, C), repre-
sented by a triplet of 3-vectors (ay, by, cx). Regarding an m-dimensional local feature
S = (S1,...,S5n), we can obtain the observations by evaluating the value of S at the
barycenter of each triangle or at each vertex. However, the mesh resolution might not
be very fine and/or the triangles might have arbitrary shapes and sizes. Accordingly,
the feature value at the barycenter or at the vertex may not be the most representative
one. The shape of the triangle should be in some way taken into account in order
to reflect the local feature characteristics more faithfully. The expected value of the
local feature E {S|T'} over a generic triangle 7" is thought to be more reliable than the

feature value sampled only at a single point, e.g, the barycenter or the vertex.

Consider T' as an arbitrary triangle in 3D space with vertices A, B, and C' repre-
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sented by the vectors a, b, and c respectively (see Figure 3.5). By noting e, = b — a
and e; = ¢ — a, we can obtain a parametric representation for an arbitrary point )
inside the triangle 7" as p = a + ze; + yey, where the two parameters x and y satisfy
the constraints: x,y > 0 and x+y < 1. Assuming that the point @ is locally uniformly
distributed inside the triangle 7', the expected value of the ith component of S, denoted
by E{S;|T}, is given by

E{S;|T} = //QSi(x, y)f(z,y)dedy, 1=1,...,m. (3.2)

where S; (z,y) is the feature value at (x,y) and f(x,y) is the uniform probability
density function of the pair (x,y) over the domain Q = {(x,y) : z,y > 0,z +y < 1}.
Accordingly, f (z,y) = 2 when (z,y) € Q or zero otherwise® . The integration is per-
formed over the domain €. To approximate Eq. 3.2, we can apply Simpson’s one-third
numerical integration formula [72]. Avoiding the arbitrariness in vertex labeling by
considering the three permutations of the labels A, B, and C, we get three approxi-

mations, which are in turn averaged to yield:

+(4/27)(S;((a+b)/2) + S;((a+c¢)/2) + S;((b+¢)/2))
+(4/27)(Si((2a + b + ¢)/4) + Si((a+ 2b + ¢)/4) + Si((a+ b + 2¢)/2)).
(3.3)

Notice that Eq. 3.3 boils down to taking a weighted average of the feature values
calculated at nine adequately chosen points on the triangle. For meshes with low
resolution, this averaging has the effect of smoothing the observations so that the
subsequent pdf estimation can be performed more accurately, thus resulting in more
reliable descriptors. In Section 5.2.1, we support this claim by experimentation. As a
side remark, we also point out the above averaging scheme can be applied to higher-

order moments and cross-correlations of feature components.

It is also worth noting that the Simpson averaging scheme does not apply to the

®Note that the area of the domain Q is 1/2, thus f (z,y) = 2 whenever (z,y) € Q.
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shape index SI. The computation of the latter feature involves curvature estimation,
which can be carried on a per vertex basis as in [70]. In order to obtain realizations of
ST per triangle, we take the average of the values at the three vertex points forming
the triangle. In a similar way to Simpson averaging, this adds an implicit smoothing

effect to the shape index calculation.

3.1.3. Target Selection

We define the target selection problem as sampling the range of the feature at
which the pdf is evaluated. Since a density-based descriptor is merely a sampled
version of a continuous pdf, we need to be efficient in choosing density evaluation
points. First, we should not include very low density points and second, we should
exploit any special structure associated with the feature range. The features presented
in the previous section are either scalar or vector by construction. Sampling the real
interval Z of a scalar feature is relatively simple. For certain vector features, such as
R and N, on the other hand, the unit-norm condition implies that the feature lies
on the unit 2-sphere S? and that the corresponding target points should satisfy this
property. In the following, we discuss the sampling of Z and S? separately, providing

two different methods for each.

3.1.3.1. Sampling for Scalar Features. The support Z = (Syin, Smaz) Of a scalar feature

S is determined by the lower and upper percentiles (@min, @maz) of the distribution of

S, defined as

Qmin é PT{S S Smin} = / o fs<8)d8, (34)

Umaz = Pr{S > Spmae} = fs(s)ds, (3.5)
where fs(s) is the prior density of the feature S. We set both lower and upper
percentiles to a unique value a. The prior density does not contain any object-

specific information and is calculated by averaging over a set of representative objects
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O={0,:u=1,...,|0|}. Concretely, we have
fs(s) =Y fs(s,00) = ) fs(s10.)Pr{O.} = ﬁ > fs(s0u), (3.6)

assuming that all objects are equiprobable, i.e., Pr{O,} = 1/|O|. Once the domain
of the pdf is set, the N7 targets points remain to be determined by uniform sampling
or equal probability sampling. In uniform sampling, we partition the interval into Nt
equally spaced (uniform) sub-intervals and take the midpoints as targets. In equal
probability sampling, we partition the interval into Nz equal probability regions and
take the midpoints as targets. Similar to Max-Lloyd quantization [73], this scheme
yields non-uniformly spaced sub-intervals and places more targets to regions of high

prior density.

Note that clipping the tails of the distribution is meaningful only if the scalar
feature has a magnitude interpretation (see Figure 3.6), according to which too small
and/or too large values can be considered as outliers. In fact, for the alignment A
and the shape index ST, which both lie on the unit-interval [0, 1], the values near the
boundaries are quite indicative of the local shape. For these, we simply take Nz equally

spaced points within the unit interval.

3.1.3.2. Sampling for Unit-Norm Vector Features. For the radial direction R and the

normal direction N , we sample the unit 2-sphere S? to obtain the targets. We propose

again two different sampling methods.

In octahedron subdivision, we consider an octahedron circumscribed by the unit
sphere, subdivide into four each of its eight triangles, radially project the new trian-
gles on the unit sphere, and iterate a factor of a times the subdivision process. The
barycenters of the resulting triangles (after projecting back to the unit sphere) become
the target set for direction components. This leads to an approximately uniform par-
titioning of the sphere as shown in Figure 3.7. The recursion factor a determines the

number of resulting points Ng2; e.g., for a = 1, we get Ng2 = 8 x 4 = 32 points; for
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Probability Density Function of Distance to the Origin
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L
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o
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0 1 2 3

Distance to the origin

Figure 3.6. Probability density function of R displayed with the lower and upper 1%
tails clipped

a =2, we get Ng2 =8 x 16 = 128, and in general Ng: = 220+3,

In spherical coordinate sampling, we parameterize the unit sphere in terms of
spherical coordinates (0, ¢). Recall that any point on the sphere can be expressed
as a 3-tuple given by (cosfsing, sinfsing, cosp) where 0 < 6 < 27 and 0 < ¢ <
7. Uniformly sampling the - and ¢-coordinates at Ny and N, points, respectively,
results in Ng2 = Ny x N, points. This method, however, does not provide a uniform

partitioning of the sphere (see Figure 3.7).

3.1.3.3. Sampling for Arbitrary Vector Features. As pointed out earlier, we can design

new features by joining the features presented in Section 3.1.1. In such cases, the target
selection range occurs as the Cartesian product of the individual ranges of the features
involved. (R,R) and (D, N) constitute two cases in point: their ranges both consist
of the Cartesian product of an interval Z on the real line with the unit 2-sphere S2.
This decoupling allows us to sample Z and S? independently into N7 and Ng: points
respectively, and to take the Cartesian product of the two resulting sets to yield the

target set Rg of size N = Nz x Ng2. This idea extends naturally to the joining of L
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Sampling the Unit Sphere

(a) by subdivision (b) by spherical coordinates

Figure 3.7. Ng2 = 128 points on the unit-sphere obtained by the two methods
mentioned in the text: (a) by subdividing an octahedron a = 2 times, (b) by

uniformly sampling the spherical coordinates, Ny = 16 and Ny = 8

different features Sj,1 = 1,..., L with individual target sets Rg,,[ = 1,..., L, in which

case the final target set is obtained as the L-fold Cartesian product of Rg,’s.
3.2. Kernel Density Estimation

Given a set of independent observations {sj € Rm}le of a random variable
(scalar or vector) S € R™, the kernel approach to estimate the probability density

value of S at a target t € R™ is formulated in its most general form as

fs(t) = Zwk|Hk|_1/C(Hk_l(t—Sk)). (37)
k=1

where I : R™ — R is a kernel function, H; is an m X m matrix composed of a
set of design parameters called bandwidth parameters (smoothing parameters or scale
parameters) for the kth observation, and wy is the positive scalar weight associated
with the kth observation. The weights satisfy the constraint ) |, wy = 1 and, if all the
observations are considered as equally likely, we have wy = 1/K,Vk. The contribution

of each data point s to the density function fs at a target point ¢ is computed through
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the kernel function K rescaled by the matrix Hy and weighted by wy. Thus KDE
involves a data set {s;}1_, with the associated set of weights {wy}r_,, the choice of a

kernel function K and the setting of bandwidth parameters { Hy.},_,.

Historically, the kernel estimate for a univariate pdf f(s),s € R has been first
introduced by Rosenblatt [74] as a numerical approximation to the derivative of the
distribution function F(s) = [°__ f(u)du. The method is also known as Parzen window
after Parzen who has generalized the approach and proved consistency and asymptotic
normality of the univariate kernel density estimator [75]. The multivariate general-
ization is due to Cacoullos [76]. Scott [7,77,78] and Silverman [79-81] have greatly
contributed to the domain by dealing with issues such as the choice of the kernel
function and the bandwidth parameters. Since then, the KDE approach has been a
powerful non-parametric data analysis methodology finding several application niches

in pattern recognition and computer vision [13,82,83].

KDE can be viewed as a data smoothing technique overcoming certain limitations
of the classical histogram method [6,7]. In the histogram, one places a set of equal sized
bins on the input domain and basically counts the number of observations falling inside
each of them. This approach might become overly restrictive due to two reasons: (i)
depending on the choice of origin, the appearance of the histogram differs significantly,
(ii) all of the samples falling inside a bin contribute to pdf value equally, no matter how
far they are from the bin center, leading to non-smooth estimates especially in high
dimensions and when the number of observations is small. The KDE addresses both
of these limitations [6]. First, by construction, there is no need to fix an origin in the
input domain. Second and more importantly, the kernel K acts as a convolution filter
weighting the observations s, as a function of their distance to the density evaluation
point t. In a nutshell, closer observations contribute more to the pdf estimate and
far-away ones less. The smoothing behavior of the kernel estimator is controlled by the

bandwidth parameter(s).

In Section 3.2.1, we put KDE in context and illustrate its discriminativeness for

shape description. Note that in Appendix C.1, we derive the kernel estimator of a
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multivariate pdf following [13], paving the way for our discussion in Section 3.2.2 on
the crucial issue of bandwidth selection. In Section 3.2.3, we discuss fast computational

schemes to make efficient use of KDE for the 3D shape description problem.
3.2.1. KDE in Context

As pointed out in the previous paragraphs, KDE is a general purpose data
smoothing technique. In the present section, we place this powerful tool in the context
of 3D shape description and illustrate its discriminativeness using a constructed exam-
ple. We need first to instantiate Eq. 3.7 with a particular choice of the kernel function.

In the present work, we prefer the Gaussian kernel, in which case Eq. 3.7 becomes

K
F5(t|0) = (2m) ™2 Zwk\Hkrlexp( - %(t — ) TH2(t — sk)>. (3.8)
k=1
The reason for our choice on the Gaussian kernel is mainly computational. Direct
evaluation of Eq. 3.8 on a target set {t,}._, using a set of observations {s},_, has
O(K N)-complexity, which might become infeasible or impractical for real-time tasks.
The fast Gauss transform algorithm [8,9] alleviates the computational burden by re-
ducing the complexity down to O(K+N) (see Section 3.2.3). To put Eq. 3.8 in context,

we make the following points for 3D shape description.

Observations or sources {Sk}?ﬂ are the feature values (or vectors) computed on
the surface of an object O. They can be obtained from each of the mesh triangles,

vertex points or by the averaging scheme described in Section 3.1.2.

Targets {tn}fj:l are the pdf evaluation points so that fg(t,|O)-values constitute

the descriptor vector fgj0 = [fs(t1|0), ..., fs(tn|O)].

Weights {wk}szl stand for the strength or the intensity of each of the sources.
For a 3D mesh, a weight wj, can be set to the relative area of the mesh triangle (with

respect to the total surface area) over which the feature observation s is computed.
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Bandwidth parameters {H, k}le model the degree of uncertainty about the ob-
servations and control the smoothing bevahiour of the KDE. Appropriate bandwidth
selection is a critical issue for all applications using the KDE scheme [84]. Multiple
hypotheses can be made prior to the choice of the bandwidth parameters. Eq. 3.8
embodies the most general situation in which case the degree of uncertainty about
each observation varies. It is also possible to impose a unique degree of uncertainty
by assigning a fixed bandwidth matrix H to each of the observations in which case we

have H, = H,Vk.

3.2.1.1. Discriminativeness of the KDE-based framework. We can analyze the discrim-

inativeness of the KDE-based framework in two closely related but different contexts:

object recognition and classification.

In recognition, we are given a shape O" and wish to decide whether it is just a
perturbed version of or is completely different from a certain shape O. In the former
case, a good descriptor should not vary too much from shape O to O’, in an appropriate
sense of variation between descriptors. In the latter case, the descriptor must react
more to differences. Put in other words, the amount of perturbation is one of the

determining factors for the shape O’ to be recognized as O or not.

In the more complicated cases of classification and retrieval, we are faced with
the problem of finding an equivalence relation on a given set of shapes. Depending
on the application, we should assign geometrically, topologically and/or semantically
similar shapes into the same equivalence class. All the shapes O belonging to a certain
equivalence class can be considered as random realizations of an ideal shape O, which
may or may not exist physically but should fulfill the idea of the shape class under
question. This platonic view of the affairs subsumes there exists a non-physical “pencil”
and all the real physical “pencils” are just random realizations of it. In this setting, the
variation among the descriptors of the shapes from the same equivalence class should
always be uniformly lower than the variation among the descriptors of the shapes from

different equivalence classes.
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We will make use of the following simple example to illustrate the discrimina-
tiveness of the KDE-based scheme. Let & = {s; € R}le be a set of measurements
about a scalar feature S and S’ = {s, € R: s} = s + e}, be a perturbed version
of §. We assume that the set § is non-random and constitutes an ideal set obtained
from the surface of a generic shape O. The set S’, on the other hand, is non-ideal
and random. Randomness is incorporated through zero-mean independent identically
distributed (i.i.d.) random variables €;’s with variance o2. This additive perturbation
model accounts for random geometrical variations of unconstrained amount, e.g., for
the radial distance feature R. A small perturbation indicates small shape differences,
while a larger one corresponds to more fundamental departures from the original shape.
In recognition, S’ arises from a “noisy” shape O’. The amount of noise, for which o2
is one possible measure, constitutes a determining factor for the shape O’ to be O or
not. In retrieval or classification, S8’ arises from a shape O’, which is similar to the
original shape O. Here, the amount of noise can be viewed as a decreasing function of

similarity.

The shape information contained within the set S is described by the function

Isio:

fsio 2 fs(t|0) = ﬁ S eap (_% (t _hsk) > (3.9)

k=1

The descriptor function fsjor £ fs(+|O’) for the shape O’ can be defined likewise. Note
that, while fs)o is non-random as it is a deterministic function of the deterministic set
S, fsjor is random due to perturbation variables €;’s. Here, to simplify the analysis,
we have assumed that the number of observations K is the same for both sets, all the
observations are equally weighted by 1/K and the scalar bandwidth parameter is fixed,

i.e., hy = h,Vk. To quantify the amount of variation between fgo and fgor, we use
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the mean integrated absolute error (MIAFE) defined as

MIAE(fS|O,fS|O/) £ F {/t : |fs(t]O) — fg(t|0’)| dt}, (3.10)
- / Efs(10) - £(t]0) . (3.11)

where E{-} is the expectation operator. It can be shown that, under the above as-

sumptions and making use of the Hermite identity exp(2ab — b?) = > °°  Lb"H,(a)

n=0 n!

(see Appendix C.2), an upper bound for MIAFE is given by

. 1 Ele
MIAE(fs0, fsjor) < CZ _L Eld
n=1

N (3.12)

where E|e|” = Ele;x|",Vk,n by ii.d. assumption and C' is a numerical constant. We

can make the following comments based on Eq. 3.12:

e MIAF increases as F|e|"-terms increase. Recall that Fle|" quantifies the amount
of geometrical variations exhibited by the random set S’ with respect to the ideal
deterministic set S.

e MIAFE decreases as h"-terms increase. This is a manifestation of the smoothing
behavior of the KDE in our context. Eq. 3.8 tells that a large h flattens the
descriptors so that variation among them gets small. The bound in Eq. 3.12
corroborates this fact.

e One can make MIAFE arbitrarily small or large by choosing the design parameter
h accordingly. For instance, consider the hypothesis that “O’ is O” (recognition)
or “O' is in the same equivalence as O” (classification). If we have to retain the
hypothesis, we should choose a large h so that the distance between descriptors
becomes smaller than the rejection level. Or at the other extreme if the hypothesis
is to be rejected, we should choose a small A so that the descriptor variation is

large enough to reject the hypothesis.

The last point above is an important one as it elucidates the effect of the bandwidth

parameter on the discriminativeness of the KDE-based scheme a posteriori, that is,



48

based on whether the hypothesis is to be accepted or rejected. However, this a posteriori
knowledge is the very purpose of recognition and classification: it cannot be used in
advance. Nevertheless, the above analysis provides us with conceptual guidelines about
the discriminativeness of the KDE-based scheme. To recapitulate, the bandwidth is a

parameter of choice affecting the discriminativeness of the descriptors:

e Large bandwidths lead to smooth feature pdfs eliminating some shape details and
favor the acceptance hypothesis by reducing descriptor variation.
e Small bandwidths preserve shape details more faithfully, lead to more discrimi-

nant descriptors and favor the rejection hypothesis.

How large the bandwidth parameter should be set is a matter of compromise
between descriptor smoothness vs. discriminativeness, which is a hard question to
answer a priori. One can view the bandwidth as a complex function of the feature
dimension, the number of available observations, and in our context, how finely the
shape database is categorized, making the analytical approaches to bandwidth selection
very difficult. In the following section, we present several bandwidth parameter models

and put the selection problem in context.

3.2.2. Bandwidth Selection

Looking at Eq. 3.8, we can see that the KDE scheme places a neighborhood in
the form of a confidence ellipsoid of varying size and shape around each source si. As
a target t is nearer to the center of this ellipsoid, the source s; contributes more to
the pdf value at t. The size and shape of the confidence ellipsoid is determined by the
kernel function parameterized by the bandwidth Hj. As stated previously, the structure
imposed on the bandwidth matrix models the uncertainty about the observations (both
in kind and in degree) as well as the smoothness of the resulting descriptors. In the
sequel, we first present the classical account on bandwidth parameter selection [84],
and then proceed to discuss the selection problem in the context of density-based 3D

shape descriptors.
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3.2.2.1. Bandwidth Models and Standard Selectors. The KDE equation in Eq. 3.7

and its version with the Gaussian kernel in Eq. 3.8 embody the most general situ-
ation. The fact that Hy is a full matrix (i.e., every element can be non-zero) allows
taking into account variances (diagonal entries) along each axis and covariances (off-
diagonal entries) between different axes of the feature distribution. If the variance
along an axis is large, the bandwidth along this axis should be large. A similar remark
can be made for a strong pairwise correlation, which would lead to a higher entry at
the corresponding off-diagonal. Non-zero off-diagonals lead to confidence ellipsoids, of
general form, that need not to be aligned with feature axes. Furthermore, the fact
that Hy varies for every source s, takes into account variations regarding the sampling
density. If the sampling density is low around a neighborhood of s, (of a certain ori-
entation), the corresponding bandwidth matrix Hj should admit higher values as its
entries in order to smooth the estimate at ¢t. The shape and the size of the confidence

ellipsoid vary for each observation.

In practice, Hy’s are not known in advance and the accuracy of the KDE relies
on how to choose the bandwidth matrix. We can make different assumptions about its

structure:

(Al) Hy = H = hl,Vk =1,...,K (I is the m x m identity matrix). The bandwidth
matrix does not depend on the source location, it is diagonal and controlled by a

single parameter h. In this case, Eq. 3.7 gets the simplest form:

fs(t) = him g wik (t _hsk) (3.13)

(A2) H, = H = diag(hy,...,hy),Yk = 1,..., K. The bandwidth matrix does not
depend on the source location and has a diagonal form, determined by m para-
meters.

(A3) Hy = H,Vk = 1,..., K. The bandwidth matrix does not depend on the source
location and is a full matrix determined by m(m — 1)/2 parameters, since H is

m X m symmetric.
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(A4) Hy = hpl,k=1,..., K. The bandwidth matrix depends on the source location, it
is diagonal and proportional to a single parameter hy. Since there are K sources,
we are faced with the problem of choosing K parameters.

(Ab) Hy = diag(hgi, ..., hgm),k = 1,..., K. The bandwidth matrix depends on the
source location and is a diagonal matrix, determined by m parameters for each
source Si. Since there are K sources, we have to choose K'm parameters.

(A6) Hg,k =1,..., K. The bandwidth matrix depends on the source location and is
a full matrix, determined by m(m — 1)/2 parameters. Since there are K sources,

we have to choose Km(m — 1)/2 parameters.

Each assumption above requires a data-driven bandwidth estimation procedure with
varying complexity. Assumptions (A1) to (A3) lead to fized bandwidth models and
differ from the variable ones (A4) to (A6) in the sense that the bandwidth matrix is
unique for a given set of observations, i.e., it does not depend on the source location.
Variable bandwidth models have recently gained interest [83,84]. They are more flexible
since they make no assumptions about the shapes of the confidence ellipsoids (centered
at observations). However, they are computationally very expensive to obtain and then
to use; first because one should estimate as many bandwidth matrices as the number
of observations, and second because, even if they are available in one way or another,
there is no alternative, as efficient as the fast Gauss Transform (cf. Section 3.2.3), to the
direct method for evaluating the pdf estimate at multiple target points. Computational

requirements oblige us to focus on fixed bandwidth models.
Fixed bandwidth selectors split into three classes [6,7]):
e Rule-of-thumb selectors,
e Plug-in selectors,

e Cross-validation selectors.

Rule-of-thumb and plug-in selectors both rely on minimizing the asymptotic mean

integrated squared error (AMISE) [6,7]) (cf. Appendix C.3). Under (A3) and when
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the observations are equally weighted, i.e., wy, = 1/K,Vk, AMISE is given by
1
AMISE(H) = ZC1 / (tr (HTHfH))2 ds + Cy (K|H|) ", (3.14)

where (' and Cy are kernel dependent constants, H; is the Hessian matrix of second
partial derivatives of the unknown pdf fs. In theory, it is possible to minimize Eq. 3.14
with respect to H to obtain a bandwidth matrix, which is optimal in the AMISFE sense.
However, the expression one obtains depends on the unknown pdf. Rule-of-thumb
selectors assume a reference density of known analytic form (such as the multivariate
Gaussian), then calculate an analytical expression for the Hessian to obtain the optimal
bandwidth for the reference density. In [7], it is demonstrated that in the case of
multivariate Gaussian kernel and multivariate Gaussian reference pdf, under (A2),

AMISFE-optimal bandwidths are given by

4 1/(m+4)
hi=+———= L1=1,...,m, 3.15
where o0; is the standard deviation of the reference density along the jth axis. In
practice, one replaces o; with the sample standard deviation of the feature observations.
Although not rigorously demonstrated elsewhere, an analogous expression for (A3)

would be (as suggested in [6]):

H= (L) v »1/2 (3.16)
(m+2)K ’ '
where ¥ is the covariance matrix of the multivariate Gaussian reference. The ex-
pressions in Eqs. 3.15 and 3.16 are called Scott bandwidths. Rule-of-thumb selectors
provide us with explicit, easily applicable formulae, which prove to be useful in practical
real-time applications, where we cannot afford the computational cost of data-driven
parameter estimation. Furthermore, when the true unknown pdf is not that much far
from the multivariate Gaussian, say for instance, if it is unimodal, fairly symmetric
and does not have tails that are too fat, Scott bandwidths are also statistically plausi-

ble [6]. A more complicated option is to employ a pilot estimate for the unknown pdf
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(or properly to say, for its Hessian) and to plug this in the minimizer of Eq. 3.14 to ob-
tain an estimate more adapted to data than in Eqgs. 3.15 and 3.16 [6]. Such approaches
are called plug-in selectors, which can be viewed as data-driven generalizations of the

rule-of-thumb selectors.

Cross-validation (CV) is a fairly general statistical learning method. In the KDE
context, C'V selectors are used in conjunction with the integrated squared error (ISE)
to obtain a criterion, which does not involve the unknown density [6,78]. Under (A1)

and for equally weighted observations, the ISE criterion using C'V can be written as

CV(h) :th;;/c*/c (‘”ﬁf’ﬁ’)
wm o ()

ko KAk

(3.17)

where * stands for the convolution operation. The C'V method fulfills also an optimality

property: it can be shown that ISE(hcy) — mhin ISE(h) [6].

Plug-in and cross-validation methods are applicable in the multivariate case too.
However, estimation of multiple bandwidth parameters is mathematically and com-
putationally much more involved as compared to the scalar case. Except for some
special cases as in the rule-of-thumb type of plug-in selectors, the multivariate problem
has no direct univariate analogue. Furthermore, one should also keep in mind that
there is no application-independent way of finding the optimal bandwidth parameter.
The schemes mentioned above try to minimize AMISE (plug-in methods) or ISE (CV
methods) to estimate optimal bandwidths. However optimality here depends on the
criterion chosen and not on the closeness to a true underlying parameter. For instance,
even asymptotically optimal criteria may show bad behavior in simulations [6]. There
is no guarantee that these criteria would yield the best performance for the given ap-
plication. To us, the best answer to this challenging question can be obtained via

performance-driven experimentation.
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3.2.2.2. Bandwidth Selection in Context. After a classical account of bandwidth se-

lection, we now focus on strategies suitable for our application. Note that the above
discussion dealt with setting the bandwidth for just one set of observations. In the
context of density-based shape description for retrieval, on the other hand, since each
shape induces a set of observations, we have to select as many bandwidth parameters as
the number of shapes in the application database. We consider three levels of analysis
at which the parameters in the bandwidth matrix Hy can be chosen. We show the

experimental results of these options in Section 5.1.

Triangle-level option allows a distinct bandwidth matrix for each triangle in the
mesh (each inducing an observation sy), hence it is a variable bandwidth model. As
discussed above, this choice is very general since it does not make any assumptions
about the shape of the kernel function and hence about the shape of the kth triangle.
In general, finding a KDE bandwidth matrix specific to each observation is a difficult
problem [85]. For the Gaussian kernel, however, the estimation of the bandwidth
matrix H; can be considered as the estimation of the feature covariance matrix over
a given triangle. The moment formula in Eq. 3.2 and its numerical approximation in
Eq. 3.3 can be easily adapted for moments of any order. For example, the (i, j)th

component h;; of H can be computed by

hi ://Qsi(xvy)sj(%y)f(m,y)d:cdy
_ //QSZ( y)f(x,y)dacdy//QSj(I,y)f(x,y)dxdy, (3.18)
ii=1....m

x?
7j A

Note however, the generality of this variable bandwidth model might become overly
restrictive as the approach relies too much on the triangulation of the mesh. The
shapes of the confidence ellipsoids, hence the uncertainty about the observations are
determined solely by the available triangulation. Consequently, the descriptors might

overfit the observations and become too much discriminating.

The mesh-level option is to use a fixed bandwidth matrix for all triangles in
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a given mesh, but different bandwidths for different meshes. This choice implicitly
assumes that all confidence ellipsoids have the same shape for a given set of obser-
vations obtained from a mesh. In this case, the bandwidth matrix for a given fea-
ture can be obtained from its observations using Scott’s rule-of-thumb [6]: Hgeory =
> w?) " $1/2 where m s the dimension of the feature, 3 is the estimate of the
feature covariance matrix and wy, is the weight associated to each observation. Notice
that this expression is a generalization of Eq. 3.16 for arbitrarily weighted observations,
i.e., wy’s do not need to be 1/K (see Appendix C.3 for our derivation). Recall that
Scott’s rule-of-thumb is proven to provide the optimal bandwidth in terms of estimation
error when the kernel function and the unknown density are both Gaussian. Although,
there is no guarantee that feature distributions to be Gaussian, Scott’s rule-of-thumb

provides us with a simple working alternative.

In the database-level option, the bandwidth parameter is fixed for all triangles
and meshes. Setting the bandwidth at database-level has the implicit effect of reg-
ularizing the resulting descriptors by the same amount. A pilot set of parameters is
estimated from a representative subset of the database by averaging the Scott band-
width matrices over the selected meshes. The bandwidth is then optimized based on
its retrieval performance on a given training database, that is, by experimenting with
a range of bandwidth values centered at the average Scott bandwidth (see Section 5.1).
Notice, however, that this option might not be the best choice from a shape modeling
perspective. The resulting descriptor might be inaccurate in representing the true fea-
ture pdf conditioned on the given shape. In this case, the bandwidth should be viewed
as an application-driven hyperparameter of the algorithm. Imposing a fixed bandwidth
for the whole database corresponds to a great simplification. Such simplifications are
common in machine learning and are both experimentally and theoretically shown to
increase the generalization performance of a pattern recognition algorithm [13]. In the
present case, a different bandwidth for each mesh risks of overly adapting the descrip-
tor to its corresponding mesh, thus unnecessarily emphasizing individual shape details.
However, for discrimination in a relatively large database consisting of various inho-
mogeneous classes, we have to smooth out (or eliminate) the individual aspects and

emphasize the shared ones.
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3.2.3. Computational Considerations

The computational complexity of KDE using directly Eq. 3.7 is O (K N) where K
is the number of observations (the number of triangles in our case) and N is the number
of density evaluation points, i.e., targets. For applications like content-based retrieval,
the O (K N)-complexity is prohibitive. However, when the kernel function in Eq. 3.7
is chosen as Gaussian, we can use the fast Gauss transform (FGT) [8,9] to reduce
the computational complexity significantly. To give an example, on a Pentium 4 PC
(2.4GHz CPU, 2 GB RAM) and for a mesh of 130,000 triangles, the direct evaluation
of the (R, R)-descriptor (1024-point pdf) takes 125 seconds. With FGT, on the other
hand, the (R, R)—descriptor computation takes only 2.5 secs. FGT is an approximation
scheme enabling the calculation of large sums of Gaussians within reasonable accuracy
and reducing the complexity down to O (K + N). In our 3D shape description system,

we have used an improved version of FGT implemented by C. Yang [9].

For the sake of completeness, here, we only provide the conceptual guidelines of
the FGT algorithm (see [8,9] for mathematical and implementation details). FGT is
a special case of the more general fast multi-pole method [8], which trades off com-
putational simplicity for acceptable loss of accuracy. The basic idea is to cluster the
source points and target points using appropriate data structures and to replace the
large sums with smaller ones that are equivalent up to a given precision. The gain
in complexity is achieved by avoiding the computation of every Gaussian at every
evaluation point unlike the direct approach, which has O (K N)-complexity. Instead,
truncated Hermite series (each of which is equivalent to an exponential in the sum) are
constructed about a small number of source cluster-centers in O (K) operations. The
accuracy can be controlled by the truncation order. These series are then shifted to
target cluster-centers, and evaluated at the K targets in O (N) operations. Basically,

since the two sets of operations are disjoint, the total complexity of FGT becomes

O (K + N).
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3.3. Descriptor Manipulation Tools
3.3.1. Marginalization

Features can be selectively removed from the multivariate pdf-based descriptor
by marginalization, that is, by integrating out feature variables. Specifically, to remove
the component S; from the pdf of some m-dimensional feature S = (Sy,...,5;, ..., Sn),
we use the following equation:

fsjo £ fs, (515581, 8415+, 5m|O) (3.19)
= / fs(S1eveySiyevy Sm|O) dsi, (3.20)

which gives the pdf of a “reduced” feature Sy= (S, ..., Si_1,Sit1,--.,Sn). Reducing
the descriptor fsio to fs, 0 saves us one dimension at the cost of losing any information
brought by the component S;. For instance, marginalizing the magnitude component
R from the pdf of (R, R)—feature vector, the size of the descriptor £ 55 is N times
smaller than that of f( rR)j0 Since the target set for (R, f{) contains Ny x Ny points.
We can then hope to identify features that can be marginalized for the sake of di-
mensionality reduction, while monitoring the descriptor’s discrimination ability. An
obvious instance is the case of a redundant component in the directional parts R and
N of the local features (R, R) and (D, N) respectively. For example, R is unit norm
with Rg% + f?g + Rg = 1, hence given any two components, say R, and }A%y, the third one
R, is completely determined up to the sign. Thus, it can be conjectured that R, can
be marginalized out without deteriorating performance. We show this experimentally

in Section 5.5.1.

Marginalization is an appealing tool, which can be used for more interesting
tasks than dimensionality reduction. In the introduction of this chapter and in Sec-
tion 3.1.1, we have pointed out that our framework can produce a family of descriptors
using different sets of multivariate features. The specificity of a feature increases as a

function of the included components, hence, in principle, the corresponding pdf-based
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descriptor should become more discriminating as more components are added. The
critical issue is to determine how much the feature is to be specific, or equivalently,
which components are to be included in the final multivariate feature to obtain the
best performance for a particular classification and/or retrieval task. This problem
can be viewed as a particular instance of feature selection, for which many suboptimal
heuristics have been developed [86]. Given L different features and |O| objects, a naive
solution is to construct all 2% — 1 feature combinations and then to calculate 2% — 1 sets
of |O| pdf-based descriptors for subsequent performance evaluation. Using marginal-
ization, we can avoid this laborious descriptor computation phase by computing just
one set of descriptors, without resorting to any heuristics. This one set of descriptors
corresponds to the case in which all of the L features are included. We can then invoke
the marginalization equation (Eq. 3.20) to obtain the descriptors corresponding to all
subsets of the L features. Evidently, this procedure is exact (within pdf estimation
accuracy) and way more efficient than the naive solution. We employ this particular

facet of marginalization in Section 5.6.2.
3.3.2. Probability Density Pruning

Another approach to reduce a descriptor’s dimensionality involves identifying
insignificant targets (density evaluation points) by pruning the prior feature density,
defined in Eq. 3.6. This idea is effected as follows. For a selected threshold A, we define
a new target set ﬁg = {t, € Rs: fs(tn) > A} (see Figure 3.8). The reduced descriptor
for some object O becomes then f§|0 = [fs(t,]O)] er) I other words, we eliminate
the targets at which prior density values are below the threshold A. We conjecture that
these targets are not significant in describing the shapes as they do not induce large
pdf values on average, hence they can be pruned from the descriptors. Notice that
heuristic selection methods are not practical when the descriptor vector size is in the
order of thousands. Pruning by suppressing small pdf values, albeit not tantamount
to feature selection, still serves the goal by reducing the descriptor size. Note also that
once insignificant target points are eliminated by pruning, we can use the new target
set ﬁg for KDE. ﬁ; having smaller cardinality than the original Rg, we can also save

from descriptor computation time.
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Figure 3.8. Illustration of probability density pruning on a univariate example

3.4. An Invariant Similarity Measure for Pdfs

In this section, we deliver an important result on recovering invariance against
certain types of object transformations at the matching stage. We start by recalling the
rule relating two pdfs under transformations of random variables. Consider a generic
random variable S € Rg with pdf fs. Let I' be a bijection on Rg. The pdf of S is

related to the pdf of its transformed version I'(S) by

fs(s) = fres)(T(s))Ir(s)l, (3.21)

where Jr is the Jacobian of I'. Recall that the Jacobian of a transformation I' is the

determinant of the matrix of its first partial derivatives.

The above identity may have several applications in our context. For instance,
consider the situation where we have a 3D object O embedded in a certain reference

frame F and we dispose of the pdf fso = fs(-|O) of a pose-dependent feature S
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evaluated on the surface of this object. The radial direction feature R and the normal
feature N can be two such features. Suppose furthermore that we observe the same
object O but in a different reference frame F’. Let the transformation I' be the mapping
from F and F’, that is, applying I" on O in F, we can obtain O in . In this specific
case, I' is an orthogonal transformation, accounting for rotations, relabelings, and
mirror reflections of the coordinate axes. Clearly, applying I' on the object O does
not change its intrinsic shape properties neither the shape information contained in
the feature S. The sole effect of this transformation is to map S, evaluated in F, to
['(S) evaluated in F'. By Eq. 3.21 and the fact that |Jr(s)| = |T'| = 1,V¥s € Rg, in this
specific case, we can relate the pdfs fg0 and fr(g)o of the feature S, evaluated when

the object O is in F and F’ respectively, by the following identity
fs(s]0) = fris)(I'(s)|0), Vs € Rg. (3.22)

The problem of recovering the pose of an object O in F’ with respect to F boils down to
finding I that satisfies the identity in Eq. 3.22. In principle, we can solve this problem
by invoking a distance measure between fgio and fr(s)o such as the L'-distance and

setting it to zero:

[ 115510) = fres (D)0} ds = 0 (3.23)

Whenever the pdfs fso and fr(s)o are available, Eq. 3.23 can be solved with respect

to I', either numerically or analytically.

Guided by the above discussion, we can define a similarity® measure between two

different objects O and O’ as follows:

dist(0,0') = min / . | f5(s|0) = fres)(D(s)|0)|ds, (3.24)

reo(3)

where O(3) is the group of orthogonal transformations in R®. This measure is invari-

ant against the extrinsic effects of rotations, relabelings and mirror reflections of the

6 Actually a dissimilarity measure.
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coordinate axes and captures solely intrinsic shape variations to the extent encoded by

the feature pdfs.

Let us now explain how and in which situations we can implement this mea-
sure for density-based descriptors. Observe that Eq. 3.24 is quite implicit and as-
sumes that the pdfs are analytically available and continuous. Recall, however, that
a density-based descriptor is just a discretized version of the continuous pdf, i.e., it is
a finite vector given by fsjo = [fs(t1]O),. .., fs(tn|O)] for the object O and fgo =
[fs(t]O), ..., fs(tn|O")] for the object O'. Recall also that the set Rg = {t,, € Rs}gzl
is the target set at which the pdf is evaluated. With this notation, the discretized ver-

sion of the measure in Eq. 3.24 would be

dZSt(O, O/) = FZ/LOZ(T:L;) Hfg|0 — fF(S)\O’ HL1 (325)
N
= i 321 fs(610) = s )10 (3.26)

provided that Rg is a uniform partitioning of Rg (cf. Section 3.1.3). There remains
one important problem regarding the calculation of this measure. To perform the
minimization in ( 3.25) with respect to I', we need the pdf values fr(s)(I'(£,)]O’) but
we only have fs(t,|O’). Hopefully, whenever R is closed under the action of T' (i.e.,
when Vt € Rg,['(t) = t' € Rg), I’ maps the target ¢ to ¢/, which is also in the target
set. By Eq. 3.22, we have fs(t|O') = frs)(t'|0’). Thus, given the descriptor fgor
and a certain I', we can recover fr(g)or by just permuting the vector entries, without
re-evaluating the descriptor for every admissible I'. Evaluation of Eq. 3.25 becomes a
matter of testing admissible transformations I' (under the action of which the target

set R is closed) and picking the minimum value.

The set of admissible transformations I" needs further attention as it determines
the type of invariances we want to achieve at the matching stage. In Eqgs. 3.24 and 3.25,
this set is specified as the group of orthogonal transformations O(3), which includes
rotations, relabelings and mirror reflections of the coordinate axes. From a practical

viewpoint, the minimization involved in the discrete case of Eq. 3.25 can only be
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performed by an exhaustive search on the set of admissible I". Thus, the cardinality of
the search space matters a lot in order to obtain a measure that can be computed within
reasonable time. Accordingly, we focus on developing a similarity measure invariant to

relabelings and mirror reflections (but not to rotations) due to following reasons.

First, rotations form a subgroup of O(3), and are called as special orthogonal
transformations SO(3), which contains infinitely many I'. Thus in the continuous case
of Eq. 3.24, the minimization is to be performed within an infinite set. In the discrete
case that we are particularly concerned with, the cardinality of the search space depends
on the granularity of the target set, that is, how fine Rg is partitioned into Rg. The
larger the target set is, the larger the set of admissible rotations becomes. On the
other hand, the set of admissible axis relabelings and mirror reflections in R3, denoted
by PS(3), has finite cardinality both in the continuous and discrete cases. A labeling
means which one of the three coordinate axes is the z-axis, which one is the y-axis
and which one is the z-axis. A mirror reflection changes their polarity. The three axes
of the 3D coordinate system can be labeled in 3! = 6 possible ways. Given a certain
labeling, there are 23 = 8 possible polarity assignments. Thus, there are 6 x 8 = 48
possible xyz-configurations. The passage from one axis configuration to another can
be effected with a matrix I', which consists of the product of a permutation matrix (for

relabelings) and a sign matrix (for reflections), as illustrated in Figure 3.9.

Second, in descriptor-based 3D retrieval, rotation errors constitute a lesser prob-
lem than mislabelings or wrong polarity assignments of the coordinate axes. In general,
PCA-based object normalization methods correctly find the major axes of the 3D ob-
ject but fail to unambiguously resolve the labels and/or the polarities of these axes
(see Figure 3.10) [87]. After normalization, rotation errors remain in small amount so
that the variation between descriptors becomes unimportant, or not that much signif-
icant as a mislabeling or a wrong polarity assignment would produce. Furthermore,
smoothness reinforced by the KDE-based scheme can gloss over small rotation errors,

as discussed in Section 3.2.1.

The importance of target selection reappears since the target set Rg should be
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Figure 3.9. A permutation P followed by a polarity reversal S changes the axis

configuration form F to F'.

Figure 3.10. Three airplane models after pose normalization: major axes are correctly

found but the front of the fuselage of the rightmost model is in the opposite direction.

closed under the action of I' € PS(3). Our working example can be pose-dependent
features such as R or N, taking values within the unit 2-sphere S2. In this case, the
target set ﬁﬁ is a set of 3D points lying on S2. Recall that, in Section 3.1.3, we have
presented two different schemes for sampling §%: (i) octahedron subdivision and (ii)
spherical coordinate sampling. The target points in ﬁﬁ produced by spherical sam-
pling are symmetric with respect to each of the xy-, xz- and yz-planes, thus ﬁf{ is
closed when I' is solely a reflection. However, it is not closed under the action of a

permutation since the configuration of the parallels and the meridians depends on the
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1. For a chosen local feature S, specify a set of targets t,,,n =1,....}N.

2. Normalize the object O represented in terms of a 3D triangular mesh
M = Ui‘zl T}, according to the invariance requirements of S.

3. For each mesh triangle T}, calculate its feature value s, using Eq. 3.3 and its
weight wy,.

4. Set the bandwidth parameters H, according to the strategy chosen among the
three options described in Section 3.2.2.

. For each target t,,,n=1,..., N, evaluate the feature pdf fs (¢,]0), using Eq. 3.8.

ot

6. Store the resulting density values fs (¢,|0) in the shape descriptor

fsj0 = [fs (t1]O), ..., fs (tx]O)].

7. If necessary, marginalize and/or prune the descriptor to reduce dimensionality,

as described in Section 3.3.

Figure 3.11. Density-based shape description algorithm

specific choice of the xyz-labels. When ﬁﬁ is obtained by octahedron subdivision, on
the other hand, the closedness under permutations and reflections is ensured. Con-
sider the regular octahedron with its center placed at the origin and its 6 vertices at
{(£1,0,0),(0,+£1,0),(0,0,£1)}. First, the appearance of the octahedron does not de-
pend on the axis labels: after a permutation, we recover the same vertex coordinates.
Second, the octahedron is symmetric with respect to each of the zy-, xz- and yz-planes:
after a reflection, we recover again the same coordinates. This nice property of the oc-
tahedron holds for its successive subdivisions of any order, making the resulting target

set ﬁR closed under the action of coupled permutations and reflections.

3.5. Summary of the Algorithm

The proposed algorithm to obtain a density-based 3D shape descriptor is given
in Figure 3.11. Figure 3.12 depicts the flow diagram of the algorithm when the band-
width parameters are set at database-level. Alternatively, in the triangle or mesh-level
setting, a bandwidth matrix is to be computed for each triangle or for the entire mesh,

respectively. Note that in Figure 3.12, we assume that the mesh M has already un-
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Figure 3.12. Flow diagram of the density-based shape description algorithm

dergone a pose and/or scale normalization step depending on the missing invariance

properties of the local feature S chosen.
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4. STATISTICAL SIMILARITY LEARNING

Ongoing research in 3D shape retrieval shows that no single descriptor is capable
of providing satisfactory retrieval performance for a broad class of shape databases,
regardless of the associated semantics [2, 3,23]. Figure 4.1 displays the response of
two different descriptors A and B to two different queries from the Princeton Shape
Benchmark [23]. The first query is a biplane model and the second one is a chair model.
In response to the biplane model, descriptor A returns correctly four biplanes in the
first three and in the sixth matches, while the fourth and the fifth retrieved models
are not biplanes, but still flying objects that can be considered as relevant. Descriptor
B, on the other hand, returns models that are completely irrelevant to the biplane
query (three shelf models, two coarse human models and a microscope!). For the chair
query, the situation reverts to the advantage of Descriptor B, which can retrieve six
chair models; while descriptor A, after first three correct matches, returns two tree
models and a monument! Thus, the adequacy of the descriptors A and B depends on
the nature of the query. Furthermore, these examples can be multiplied; for instance,
there are cases where the sets of relevant matches for different descriptors are disjoint
(see Figure 4.2). This suggests that a good retrieval machine should rely on a diverse

set of descriptors for robust performance.

As the example in Figure 4.1 illustrates, experimental evidence motivates us to
consider fusion schemes to learn similarities between pairs of objects on statistical
grounds. In the present chapter, we tackle the similarity learning problem by a score
fusion scheme, which minimizes a convex regularized version of the empirical risk asso-
ciated with ranking instances. We follow the statistical learning framework developed
in [10,11] and provide an application to 3D shape retrieval. We observe that learning
a linear scoring function can be cast into binary classification in the score difference
domain, that is, finding a separating hyperplane. Given a query, the hyperplane para-
meters can be considered as optimal with respect to the empirical risk associated with

ranking instances.



66

QUERY RETRIEVED MODELS DESCRIPTOR
biplane

1 2 3 4 5 6
| y " — S A
‘?’fé‘“" ) iU ‘;Trgr e
1 2 3 4 6
g |
chair 1 2 3 4 5 6

iEEEHOEN -
B G B W -

Figure 4.1. Response of two different descriptors A and B to two different queries

biplane and chair

Our approach can be contrasted to the one in [88] where the ranking problem
is formulated as classification of pairwise instances using difference vectors (between
descriptors in our setting) inputted to an SVM-type algorithm. Our solution differs
from that of [88] in that it operates on scores rather than on the specific representations

associated with training instances.

Even though most of the 3D shape descriptors proposed in the literature [2,3] are
vector-based, the computation of non-classical similarity measures involves a minimiza-
tion over a set of plausible transformations in order to secure invariance against certain
types of transformations (cf. Section 3.4). As exemplified in Section 3.4, such proce-
dures may require permutations of descriptor vector entries, in which case, working

with descriptors rather than with scores would become very hard, if not impossible.

On a more general vein, descriptors might not be vectors but graphs with spe-
cialized metrics for matching. Consequently, working with scores makes our approach

a more general solution to statistical similarity learning.
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RETRIEVED MODELS DESCRIPTOR
QUERY 1 2 3 4

1 A

Figure 4.2. Response of two different descriptors A and B to the same query: both

descriptors retrieve different plausible matches.

Finally, in the 3D shape retrieval domain, descriptor dimensionality can easily
reach the order of thousands. Combining scores has this additional benefit of reducing

data dimensionality in an informed way.

There is a considerable body of work concerning statistical ranking, which find
application niches in other than the 3D shape retrieval, such as text-based information
retrieval and collaborative filtering. Large margin approaches as in [88,89] considered
the problem as one of ordinal regression, in which case relevance labels are treated
as categorical variables at ordinal scale. In these approaches, the aim is to find a
set of rank boundaries in the feature domain. In [90], the authors adapted the on-
line perceptron learning scheme to the ranking problem to cope with situations where
training examples are not readily available prior to learning. On a different spirit,
the works in [91,92] treated the problem as combining preference judgments based
on a variation of the AdaBoost algorithm for binary classification. Recently in [93],
the authors proposed a computationally efficient approximation for learning a ranking

function from structured order constraints on sets of training samples.

This chapter is organized as follows. In Section 4.1, we introduce the score fusion
problem as well as the notation that we will use subsequently. In Section 4.2, following
[11], we recapitulate the ranking risk minimization framework. In Section 4.3, we
give an SVM-based solution to the score fusion problem. Finally, in Section 4.4, we

propose different search protocols for the retrieval machine combining multiple sources
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of similarity information.

4.1. The Score Fusion Problem

In this section, we introduce the score fusion problem for 3D shape retrieval
following the statistical ranking framework developed in [10,11]. Consider the problem
of ranking two generic database shapes x and 2’ based on their relevance to a query
shape ¢. Suppose that we have access to K similarity values simg(z,q) £ 5. and
simy(z',q) £ s}, for each of the pairs (z,q) and (2/, q) respectively, where k = 1,..., K.
In our context, each similarity value s, arises from a different shape descriptor and
reflects some, possibly different, geometrical and/or topological commonality of shape
pairs (z,q) and (z,q’). For similar shape pairs, an ideal similarity value should be
higher than it is for less similar ones. In retrieval problems, a shape z in the database
that is more similar to the query ¢ is expected to be ranked higher than another
intrinsically less similar shape x’. These similarity values/scores can be written more
compactly in the vector form as s = [s1,...,sx| and 8’ = [s], ..., s%| where s,s" € RE.
Our objective is to build a scalar-valued scoring function ¢ of the form ¢(x, q) = (w,s),
where w = [wy, ..., wg] € R¥ is a vector, whose components are associated with the
individual scores si. The scoring function ¢ should assign a higher score to the shape,

which is more relevant to the query g, i.e., it should satisfy the following property:

o(x,q) > p(z’,q) if x is more relevant to ¢ than 2, (4.1)

o(x,q) < p(x',q) otherwise,

where ties are arbitrarily broken. The relevance of the shapes x and z’ to the query ¢
can be encoded by indicator variables y and 3 respectively. In this work, we assume
crisp relevances y = 1 (relevant) and y = —1 (not relevant), in which case, the above

property reads as:

o(x,q) > p(a',q) fy—y >0,
,q) ify—y <O0.

(4.2)
o(r,q) < p(x
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The function ¢ must subsume the similarity information residing in the individual
scores sy in order to emulate the ideal similarity notion between shapes, hence to achieve
a better retrieval performance. Given the linear form ¢(z,q) = (w,s), score fusion can
be formulated as the problem of finding an optimal weight vector w, according to some

criterion, as we explain in the following section.
4.2. Ranking Risk Minimization

The criterion of interest is the so-called ranking risk defined as

R(p;q) =P ((p(x,q) — ¢(2',q)) - (y —y') <0). (4.3)

In other words, the ranking risk with respect to the query ¢ is the probability that
¢ gives a score for z higher than it gives to ' while 2’ is relevant to ¢ but x is not.
Naturally, we want this probability to be as small as possible. Rewriting the misranking

probability in terms of an expectation, we have

P((p(z,q) —¢(@'.q)) - (y =) <0) = E{I{(p(z,q) — ¢(2'.q)) - (y — ') <O},
(4.4)
where I{-} is one if the predicate inside the braces is true and zero otherwise. Since we
do not have access to the probability measure P on (x,y), we have to find an empirical
estimate of the ranking risk based on a training set X = {(x,,y,)})_;. A natural
estimate for this expectation can be obtained by averaging over the pairwise instances

of the training set X' [10,11], i.e.,

Rip:0) = =gy 2 HPlned) = @) - (=) <0} (49

m<n

The properties of this empirical quantity, known as a U-statistic in the statistics
literature, has been investigated in the context of statistical ranking [10,11]. This

particular type of risk functional uses the 0-1 loss to assess the cost of a misranked
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pair of objects, i.e., if v(zn,q) < @(x,,q) and y,, > y,, the scoring function ¢(-,q)
(wrongly) assigns a higher score to x, than to x,, while z,, is relevant to the query ¢
but x,, is not. Thus the scoring function has made an error in ranking z,, and x,, with
respect to the query ¢g. Such misrankings are naturally undesirable and our task is to
find a scoring function (or more appropriately its parameters w) so that the number

of misranked pairs is as small as possible.
4.3. SVM Formulation

We can identify the empirical ranking risk in Eq. 4.5 as an empirical classification

error. Let z 2 (y—v') /2, taking values within {—1,0, 1}. We observe then the following;

1 x should be ranked higher than 2/,
—1 x should be ranked lower than z’.

When z = 0, i.e., if shapes x and 2’ are both relevant (y = 3’ = 1) or both not relevant
(y =y = —1), we have no particular preference in ranking them with respect to each
other (we can decide arbitrarily). Corresponding to each non-zero z, we can define a
score difference vector v, which is given simply by v £ s — s/, the difference between
the score vectors s and s’ of the shapes x and z’ respectively. With this new notation
and writing the scoring function ¢ explicitly in terms of its parameters w, Eq. 4.5 now

reads as

~

R(wsa) = = Tz (w,vi) < 0 (@)

where (vy,z;) corresponds to pairs of shapes z,, and x, whose respective relevance
labels y,, and y,, are different (z; is either 1 or —1), and T is the total number of such
pairs. Thus, we have converted the empirical ranking risk written in terms of score
vectors s and relevance indicators y (Eq. 4.5) into an empirical classification error in
terms of score difference vectors v and rank indicators z (Eq. 4.7). In both cases,
the sought after parameter vector w is the same. Replacing the 0-1 loss in Eq. 4.7

with a convex loss function and adding a regularization term on some norm of w, one
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obtains a tractable convex optimization problem in w [14,94]. In particular, using the
hinge loss as the convex loss and the L?-norm as the regularization term leads to the

well-known C'-SVM problem, formulated as

T
1 2
. 1 n
minimize = [lw|" + O;&, (4.8)
subject to  z(w,vy) > 1 =&, Vt=1,...,T (4.9)
L&>0vt=1,....T. (4.10)
where &,t = 1,...,T are the slack variables and C is a constant trading off the

classifier complexity vs. the training error [94]. In summary, the problem of finding the
parameter vector w of the linear scoring function ¢ is the same as the C'-SVM problem
in the domain of score difference vectors. For a suitably chosen C, the solution of the

above convex minimization is

W= — Qi Zpr 'V (411)

where ay are the non-zero Lagrange multipliers (corresponding to the constraints (4.9))
[14,94]. The index ¢’ runs over such non-zero multipliers and the corresponding score
difference vectors vy are the so-called support vectors. The key point here is that the
weight vector learned by SVM in the score difference domain can directly be used to
evaluate the scoring function at the matching stage. The training algorithm to learn

the parameter w of the scoring function ¢ is given in FigureXXX.

4.4. Applications

In this section, we illustrate our score fusion scheme for similarity learning in two

different retrieval protocols: (i) bimodal search and (ii) two-round search.
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Given Database shapes z,,,n=1,... . N

A query ¢
Relevance labels v,
I different shape description schemes

Calculate Calculate a score vector s,, € R for each (x,. ¢)-pair.

Identify The pairs of labels (v,,,,v,) such that y,, — v, # 0,¥Ym,n=1,..., N.

Let ¢ run over such (m,n).

Construct The score difference vectors v, and their rank indicators z,.

Run The C-SVM algorithm to learn the weight vector w € R* |

using the set {(vy, z) L, Cc R® x {—1,1}.

Figure 4.3. Training algorithm the parameter w of the scoring function ¢

4.4.1. Bimodal Search

In this scenario, the user provides a textual description associated with the query
shape. The keyword can be selected from one of the predefined class concepts. We
call this protocol as bimodal since the query is formulated in terms of two information
modalities, a 3D shape and a concept keyword. This protocol necessitates an off-line
stage during which the weight vectors associated with each class concept are learned.
Note that the criterion that we have elaborated on in the previous sections is per-query
and should be extended to a per-concept risk R(W, C), where C stands for the working
concept. This can be done straight-forwardly by averaging per-query risks associated

with a given concept, that is,

R(w;C) == > R(wiq), (4.12)

where |C| is the number of training shapes belonging to C. However, since the minimiza-
tion should be performed in the score difference domain, the problem turns out to be a
very large-scale one even for moderately sized classes. Given a training database D of

size |D|, the number of score difference instances per concept is |C|x (|C|—1) x (|D|-|C|),
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e.g., for |D| = 1000 and for |C| = 10, the number of training instances becomes ~ 90000,
in which case we incur to memory problems using standard SVM packages [95]. In or-
der to maintain the generality and practical usability of our approach in this protocol,

we develop two heuristics:

4.4.1.1. Average per-query weight vector. The weight vector w¢ for a given concept

class is computed as the average of the per-query weight vectors corresponding to the

training models within that class, that is,

R 1 R
we = Tl qu (4.13)

qeC

where w,, is the weight vector for query ¢, obtained by minimizing the convex regular-

ized version of Eq. 4.7. We denote this heuristic by AVE-W.

4.4.1.2. Per-class risk minimization using per-query support vectors. In this second

heuristic, we exploit the sparsity of the SVM solution, which means that the per-query
weight vector given in Eq. 4.11 is the weighted sum of usually a much smaller number
of training instances than the size of the whole training set. It is a well known fact
that, for a given problem, the SVM solution remains the same when only the support
vectors are provided for minimization [14,94]. By this token, support vectors can also
be called as “difficult instances” of the training problem. They reflect the distribution
of training data in an economical way, as they are fewer in number than the whole
training instances. Accordingly, the learning of a per-concept weight vector can be
carried in two stages. First, we identify the support vectors of per-query problems
by per-query minimization. Then, we pool all the support vectors corresponding to a
given concept and perform the minimization using this newly formed set to learn the
per-concept weight vector. We repeat this procedure as many times as the number of

predefined shape concepts. We denote this heuristic by PCMIN-W.
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4.4.2. Two-round Search

This protocol requires user intervention during the querying process. In the first
round, the retrieval machine returns a ranked list of shapes using a simple scoring
scheme, e.g., the sum of the available raw scores. After the first found, we can invoke

the score fusion scheme in two different ways.

4.4.2.1. On-line. In this variant, the user marks M models among the returned ones,

as either relevant (y = 1) or non-relevant (y = —1) with respect to his/her query. In
the second round, the retrieval machine returns a refined ranked list using the scoring
function ¢y (z, q) = (w,s). The weight vector w is learned on-line using the M marked
shapes as training instances. In order not to demand too much from the user, M should
not be large and is typically limited to a few first instances. For example, when M = 8
and the number of positive M T and negative instances M~ are equal (M = M~ = 4),
the total number of training score difference vectors is just 16. Consequently, on-line

learning is computationally feasible.

4.4.2.2. Off-line. In this variant of the two-round search, all the shapes in the database

have their individual weight vectors stored, which have already been learned off-line.
The individual weight vectors can be obtained as in the bimodal protocol. At querying
time, the user is asked to mark just the first relevant item in the displayed page of
the results. The second round evaluates the scoring function py(z,q) = (w,s) using
the weight vector corresponding to the marked shape. Clearly, this protocol does not
perform any on-line learning and constitutes a less demanding option than the former

in terms of user interaction needed, as the user is asked to mark just one item.

The two variants of the two-round protocol presented here constitute particular
forms of relevance feedback and prove to be more suitable applications for our similarity

learning scheme than bimodal search, as the experiments in Section 5.10 demonstrate.
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5. Experiments

In this chapter, we concretize the density-based shape description framework and

the score fusion based similarity learning approach in experimental terms. Our analysis

extends over ten different sections clustered into the following groups:

(1)

Parameter Selection and Robustness Experiments. Bandwidth parameter
selection constitutes the major issue in all applications based on KDE. As a
starting point, in Section 5.1, we experiment with possible bandwidth selection
strategies introduced for 3D shape description (cf. Section 3.2.2), since the results
of all the subsequent analyses rely upon the bandwidth parameter. In Section 5.2,
we illustrate the robustness properties of the density-based framework with an
emphasis on the effect of the bandwidth in conjunction with the discussion in
Section 3.2.1 on KDE in context.

Efficiency Experiments. We treat the efficiency problem as a matter of de-
scriptor parsimony. Target selection experiments in Section 5.3 deal with feature
domain sampling, as well as with descriptor size. In Section 5.5, we experiment
with our marginalization and probability density pruning tools for descriptor di-
mensionality reduction. We also compare our findings with those of the classical
PCA approach.

Effectiveness Experiments. FEffectiveness refers to the discrimination abil-
ity of the descriptors in a retrieval application. In Section 5.4, we show how
the invariant matching scheme introduced in Section 3.4 outperforms standard
similarity measures. Sections 5.6 and 5.7 invoke feature-level and score-level in-
formation fusion to further improve the retrieval performance of the density-based
framework.

Comparison Experiments. Quite many shape descriptors in the literature
have analogies to cases of the density-based framework in the local surface fea-
tures they use. Our approach differs from these, which we denominate collectively
as histogram-based, in the use of KDE, in which case multivariate extensions come

naturally and prove to be more descriptive for the retrieval task as shown in Sec-
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tion 5.8. We also compare our scheme against its state-of-the-art competitors.
In another comparison study in Section 5.9, we analyze the performance varia-
tion of our descriptors across databases differing in classification properties, class
cardinalities and mesh qualities. These databases are (see also Section 2.2):

— Princeton Shape Benchmark (PSB) [23]. 1814 general-purpose low-quality
3D models split into two subsets: Training (907 models in 90 classes) and
Test (907 models in 92 classes). Classification is induced by functionality as
well as by form. In general, the meshes in PSB have low resolution, they
are non-regular, non-smooth and disturbed with degeneracies such as non-
manifold, non-connected triangles of varying size and shape. These models
are usually called as “triangular soups”.

— Sculpteur (SCU) [24,25]. 513 high-quality 3D models in 53 classes consisting
largely of archaeological models. The meshes in SCU are regular, smooth
and highly detailed in terms of resolution.

— SHREC Watertight (SHREC-W) [26]. 400 high-quality 3D models in 20
classes. The specialty of this database is that the classification assumes
topological equivalences in addition to geometrical, constituting a challeng-
ing test environment for geometry-induced description methods. The meshes
in SHREC-W are regular and smooth.

— Purdue Engineering Shape Benchmark (ESB) [27]. 865 3D models of engi-
neering parts in 45 classes. The meshes in ESB are regular but in general
non-smooth due to the general platonic solid form of the engineering parts.

(5) Statistical Score Fusion Experiments. This last cluster addresses the sim-
ilarity learning algorithm for retrieval (Section 5.10). We test the bimodal and
two-round search protocols introduced in Chapter 4 and show that more effective
3D retrieval is possible when a moderate amount of supervision is incorporated

into the querying process.

We mostly experiment with PSB and to a lesser extent with SCU. Nevertheless,
the extensive Section 5.9 reflects the virtues of our approach on SHREC-W and ESB.
Before proceeding with the forthcoming sections, we need to make a clarification on

object normalization. The local surface features presented in Section 3.1.1 have dif-
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ferent invariance properties. Consequently, whenever a certain feature is invariant to
one of the so-called extrinsic effects such as translation, rotation, mirror reflection and
isotropic rescaling, the 3D object should be normalized prior to descriptor extraction.
In our experiments, we had to carry out the following normalization steps. For trans-
lation, the object’s center of mass is considered as the origin of the 3D coordinate
system. We calculate the center of mass as the area-weighted average of the triangle
barycenters. For rotation, we use Vranic’s “continuous” PCA approach, where the
covariance matrix of the surface points is evaluated by integrating over triangles in-
stead of mere area-weighted averaging [17]. The major axes are then found, as is the
standard practice, by an eigendecomposition of the estimated covariance matrix. The
x,1, z labels of the axes are assigned in the decreasing order of the eigenvalues, while
the polarities are estimated by Vranic’s moments-based approach [17]. Note that, with
our invariant matching scheme (cf. Section 3.4), we do not need the last two types of
normalization, concerning coordinate axes relabelings and mirror reflections. For scal-
ing, we calculate an isotropic scale factor as the area-weighted average of the surface
point-to-origin distances. Dividing the surface point coordinates by this factor yields

scale normalization.

We hope the reader will enjoy this experimental journey.

5.1. Bandwidth Selection

Discrimination ability of the density-based approach critically depends upon the
judicious setting of the bandwidth parameters. In this first experimental section, we
explore the impact of the bandwidth selection strategy on the retrieval performance
for the following multi-dimensional local features: Radial (R, }?méy,f%z), T-plane
(D,Nm,Ny,Nz) and Torque (R,C,,Cy,C,).

5.1.1. Levels of Analysis for Bandwidth Selection

Recall that in Section 3.2.2, we have introduced three levels of analysis for band-

width selection:
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Table 5.1. DCG (%) for Possible Bandwidth Selection Strategies on PSB Training Set

Descriptor
Bandwidth Setting | Radial T-plane Torque
Triangle-level 35.2 - -
Mesh-level 51.1 51.4 49.9
Database-level 57.0 59.8 55.6

(1) Triangle-level: The bandwidth parameters are set using the Simpson averaging
scheme described in Section 3.1.2. This computationally expensive setting is
only tested for the Radial descriptor, and is implemented using the KDE toolbox
developed by A. Ihler [96] since the available FGT implementation does not allow
a different bandwidth per triangle [9]. The KDE toolbox makes use of kd-trees
and reduces the computational burden considerably, though not to the extent
achieved by FGT.

(2) Mesh-level: The bandwidth matrix is distinct for each mesh and is computed
using the Scott’s rule-of-thumb.

(3) Database-level: The bandwidth matrix is the same for all meshes and is computed
as the average Scott bandwidth over the meshes.

We have used only diagonal bandwidth matrices H = diag (hy, . .., hy,), after ob-
serving that, in general, off-diagonal terms are negligible (close to zero) as compared to
the diagonal ones: they have no considerable effect on KDE, thus on descriptor entries.
The following retrieval results have all been obtained using the L!'-measure. Table 5.1
compares the DCG scores obtained with Radial, T-plane, and Torque descriptors on
PSB Training Set. Figure 5.1 shows the precision-recall curves corresponding to mesh
and database-level settings for Radial and T-plane-descriptors. From Table 5.1 and
Figure 5.1, we clearly observe that setting the bandwidth H at database-level is a

better option than triangle and mesh-level settings.
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5.1.2. Sensitivity Results

In Table 5.2, we provide the average Scott bandwidth values obtained from PSB
Training meshes for Radial, T-plane, and Torque features. We have also analyzed the
DCG performance sensitivity as a function of the database-level bandwidth parame-
ters. Given a database-level Scott bandwidth matrix H, we have carried this analysis
by testing the performance of the descriptors obtained using perturbed bandwidth

matrices of the form ¢H where c is a scalar multiplicative perturbation factor.

In Figure 5.2, we provide the DCG profile as a function of ¢ € [0.1,2.0] with
steps of 0.1 for the Radial descriptor. From this profile, we observe that within the
¢ € 10.9,1.3] interval, the profile remains flat at around DCG=57%. This shows that,
under the database-level assumption, averaging Scott bandwidths is a sensible option.
The performance degrades for small (¢ € [0.1,0.9]) and large (¢ € [1.3,2.0]) band-
width values. Small bandwidth values correspond to under-smoothed pdf estimates
while large values correspond to over-smoothed estimates (cf. Section 3.2.1). The
performance degradation for under-smoothed estimates is much steeper than the over-
smoothed ones. We interpret this as an experimental evidence for the regularization
behavior of the KDE-based approach. Under-smoothed estimates reflect specific details
about the features, hence descriptors become too much object-specific. Over-smoothed
estimates, on the other hand, eliminate such details and emphasize commonalities
between features/shapes. We deduce that the performance is less sensitive to large

bandwidth values than to smaller ones.

The above analysis changes the bandwidth parameters only along a line in the
parameter space. One might wonder about the situation when each average Scott
bandwidth value is perturbed by its own factor. For each of the four bandwidth values
of the Radial descriptor, we have sampled 100 uniformly distributed values within the
flat performance interval [0.9h;,1.3h;]. Using the obtained 100 bandwidth four-tuples,
we have recomputed 100 descriptor sets and tested their performance. The average
DCG statistic over these 100 descriptor sets has been 56.8 +0.1%, the maximum and
the minimum values being 57% and 56.5%. We deduce that, since the DCG perfor-
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Table 5.2. Average Scott Bandwidths Obtained from the PSB Training Set:

h;,i =1,...,4 corresponds to the ith component of the feature.

Bandwidth Parameters

Descriptor | h; ho hs hy
Radial 0.199 0.338 0.226 0.141
T-plane 0.202 0.239 0.270 0.285
Torque 0.199 0.153 0.236 0.236

Performance Sensitivity to Bandwidth Parameters

. l \ B*\N\.

| Max. DCG = 57% |

0O 02 04 06 08 1 12 14 16 18 2
c

Figure 5.2. DCG Performance Sensitivity of the Radial descriptor to bandwidth

parameters (see text)

mance persists with very low variation, the Scott bandwidth averaged at database-level

constitutes a viable bandwidth selection option.

5.2. Robustness Results

5.2.1. Effect of Feature Calculation

The feature observations can be obtained from each mesh triangle, vertex or

using the Simpson averaging scheme as presented in Section 3.1.2. In this section, we
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Table 5.3. DCG (%) of Radial descriptor using Different Feature Calculation Schemes
on PSB Training Set and SCU

Databases

Feature Calculation | PSB Training SCU

Vertex 56.0 71.3
Centroid 55.6 71.2
Simpson 57.0 71.3

experiment with these feature calculation options. For this analysis, we have evaluated
the retrieval performance of the Radial feature on PSB Training Set and SCU. As
mentioned in Section 2.2, PSB meshes contain, in general, a smaller number of triangles
of arbitrary size and shape, in contrast to highly detailed and regular SCU meshes.
In Table 5.3, we provide the DCG performance of the Radial descriptor for each of
the feature calculation schemes. These results show that Simpson averaging is more
effective than the remaining vertex or centroid-based options for PSB, while for SCU, all
schemes lead to similar performance. Consequently, we recommend Simpson averaging

especially for coarse meshes.

5.2.2. Robustness against Low Mesh Resolution

3D models of a certain shape may occur in different levels of detail, as in Fig-
ure 5.3, where we display meshes representing a unit sphere at various resolutions,
from fine to coarse. Although after a certain level, the mesh might become seman-
tically different from its original version, mesh resolution should not be taken as an
intrinsic shape property. Accordingly, we expect that a shape descriptor exhibits small
variations against changes in the level of detail. To analyze the behavior of the density-
based descriptors under such circumstances, we have taken the highest resolution sphere
(with 65024 faces) shown in Figure 5.3 and simplified it successively using the quadric
edge collapse decimation procedure built in the MeshLab software [97]. Each decima-
tion halves the number of faces. After simplifying the meshes successively, we have

calculated the pdf-based descriptors corresponding to Radial Distance and Normal Di-
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Figure 5.3. A 3D sphere at decreasing levels of mesh resolution
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Figure 5.4. L' descriptor variation as a function of decreasing mesh resolution for

three different smoothing options

rection features. Figure 5.4 shows the L' descriptor variation (with respect to the
original mesh) as a function of decreasing resolution for both of the features. For the
Radial Distance, we have considered three different choices for the scalar bandwidth
parameter h = 0.01, h = 0.1 and A = 0.5. For the Normal feature, we have taken
bandwidth matrices determined by a single scalar parameter of the form H = hl again
with the above choices for h (I is the 3 x 3 identity matrix). Note that the exact

values of h are designated arbitrarily, as what matters here is rather their relative
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magnitudes, which correspond to different levels of descriptor regularization: a small
amount of smoothing (h = 0.01), a moderate amount of smoothing (h = 0.1) and a
large amount of smoothing (A = 0.5). We interpret the descriptor variation curves in

Figure 5.4 as follows.

When A = 0.01, we see that Radial Distance descriptors exhibit noticeable vari-
ations after only 4 levels of mesh simplification. A small A yields under-smoothed pdf
estimates, which rely too much on the available feature observations. Thus, descrip-
tors become too specific to the mesh upon which they are estimated and are affected
by spurious resolution information as if it were an intrinsic shape property. Normal-
descriptors are even more sensitive to the change in level of detail. Clearly, a small of
amount of smoothing is not sufficient to discard spurious variations between descrip-

tors.

When h = 0.1, descriptors start to exhibit variations after 9 levels for the Radial
Distance and after 7 levels for the Normal. Interestingly, these are also the first levels

at which we can visually notice that the sphere is slightly altered.

When h = 0.5, descriptor variation persists at negligible values until 11 levels,
after which the object looks more like a polyhedron, which is less plausible to be in the
same shape class as the sphere. In conclusion, this over-smoothing option is suitable

whenever objects are represented by low resolution meshes.

5.2.3. Robustness against Noise

Figure 5.5 displays sphere and cone models contaminated with various amounts
of isotropic Gaussian noise (¢ = 0.01, 0.05, and 0.1). Observe that even o = 0.05 has
a destructive effect on the visual appearance of the shape. In Figure 5.6, we provide
variation profiles as a function of the noise standard deviation for Radial Distance and
Normal descriptors, again with the same choices for the bandwidth parameter value h.
In much the same way as in the previous section, descriptor variations can be rendered

negligible by increasing the smoothing level.
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Sphere Noise Std. = 0.01 Noise Std. = 0.05 Noise Std. = 0.1

Cone Noise Std. = 0.01 Noise Std. = 0.05

Figure 5.5. Sphere and cone models contaminated with various amounts of isotropic

Gaussian noise
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Figure 5.6. L! descriptor variation as a function of increasing noise level for three
different smoothing options (the bar at each data point indicates standard deviation

across different realizations of the additive noise)

We note that the smoothing effect illustrated by these descriptor variation curves
should be interpreted with caution. In the present analysis, we know, in advance,
that all mesh occurrences are either a low resolution or a noisy version of an original
ideal shape. Consequently, the aim has been to show that the KDE-based scheme
is able to make descriptor variations arbitrarily small by increasing the bandwidth
parameter. However, when we are concerned with a discrimination task in a large
database, arbitrarily large smoothing is not a good option as, on one hand, we want
small variations between descriptors belonging to the same class, and on the other

hand, we want large variations between descriptors belonging to different classes. The
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Cylinder Rotated Versions

Figure 5.7. A cylinder model and its slightly rotated versions
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Figure 5.8. L! descriptor variation as a function of increasing angular deviation level
for three different smoothing options (the bar at each data point indicates standard

deviation across different realizations of the angular deviation)

issue is to find the proper amount of smoothing for a satisfactory performance, as in

the bandwidth selection experiments reported in Section 5.1.
5.2.4. Robustness against Pose Normalization Errors

The smoothing behavior of KDE may become profitable also for small pose de-
viations, arising due to the imperfections of the PCA-based normalization. We desire
that descriptors based on pose-variant features, such as the Normal, be robust against
perturbations as in Figure 5.7, which illustrates the case of an up-right cylinder and

its slightly deviated versions. To make our point, we have generated randomly rotated
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versions of a cylinder at increasing levels of angular deviation and evaluated the de-
scriptor variation as in the previous two sections. We have again used h = 0.01, 0.1,
and 0.5 values for the bandwidth parameter. Variation profiles for the Normal descrip-
tor are displayed in Figure 5.8. We see that, even for deviations as large as 30°, it is

possible to maintain a small descriptor variation when h = 0.5.

5.3. Target Selection

5.3.1. Effect of Sampling Schemes

In Table 5.4, we provide the DCG and NN scores corresponding to all combi-
nations of the sampling schemes presented in Section 3.1.3. The running examples
are the Radial and the T-plane descriptors. First, we would like to remind a subtle
issue in target selection, which is closely related to the discretization of the continuous
similarity measure as we have mentioned in Section 2.4. For the uniform sampling
of the feature domain, the step size factor At,, in Eq. 2.2 becomes constant and then
irrelevant. When sampling a scalar component, say R, with equal probability intervals
(same area under the pdf curve) and/or when sampling a unit-norm vector component,
say f{, with equal spherical coordinate steps, the discretization step size At, should
be taken into account in order not to incur into any performance degradation. If this
is the case, the performances of equal probability and uniform samplings of the scalar
components become virtually equal (within 1%). The same observation also holds for
sampling the unit sphere by octahedron subdivision and by spherical coordinates. Ta-
ble 5.4 shows that all sampling schemes result in equivalent performances. We have
also investigated the effect of changing the clipping level « (cf. Section 3.1.3) to deter-
mine the range of the scalar components. Our experiments with clipping levels 0.5%,

1%, 2%, and 5% yielded comparable results.

5.3.2. Effect of Descriptor Size

We have also analyzed the effect of changing the descriptor size N = Ny x N,

between 128 and 8192 under uniform sampling (i.e., uniform scalar set and octahedron
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Table 5.4. DCG (%) and NN (%) Performances using Different Sampling Schemes for
Target Selection, scalar set size N, = 8 and unit-norm vector set size N, = 128, 1:
scalar set: uniform, unit-norm vector set: by subdivision, 2: scalar set: uniform,
unit-norm vector set: by spherical coordinates, 3: scalar set: equal probability,
unit-norm vector set: by subdivision, 4: scalar set: equal probability, unit-norm vector

set: by spherical coordinates

Radial T-plane
1 2 3 4 1 2 3 4
DCG | 57.0 56.8 56.0 56.3|59.8 60.5 59.5 60.1
NN |[57.3 559 55.7 551|587 60.8 59.8 60.5

Table 5.5. DCG (%) for Various Target Set Sizes

Radial T-plane
N,=512 N,=128 N,=32| N,=512 N,=128 N, =32
N, =16 57.2 56.6 52.2 60.7 60.6 58.3
Ny =8 57.0 57.0 52.0 60.5 59.8 58.1
N, =4 55.8 55.4 49.9 57.3 57.1 53.4

subdivision for unit-norm vector set) using the L'-metric. N, stands for the size of
the scalar set and N, for the size of the unit-norm vector set. We have tested the
combinations of N, € {4,8,16} and N, € {32,128,512} values. Table 5.5 reveals that
to maintain adequate DCG performance, N, should not be less than 8 and that N,
should be at least 128. We also remark that, for the combination (Ng, N,) = (8,128), on
PSB, preprocessing, feature calculation and density estimation stages take 0.4 second

CPU time on the average using a Pentium M 1.86 GHz processor, 1 GB RAM.

5.4. Similarity Measures

The choice of the similarity measure associated with a certain descriptor dras-

tically affects the retrieval performance. In Table 5.6, we provide the DCG scores
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Table 5.6. DCG (%) Values on PSB and SCU using Standard Similarity Measures

Database | Descriptor | L% L' 2 [* KL x* B
PSB Training Radial 57.0 H57.0 54.7 444 544 5H57.0 56.7
T-plane 62.0 59.8 55.3 47.1 582 61.1 594

PSB Test Radial 55.0 549 52.0 43.6 534 547 549
T-plane 58.9 578 545 470 558 589 58.6
SCU Radial 70.9 71.3 70.7 62.8 70.1 71.3 T71.0

T-plane 72.8 72.0 69.5 63.1 70.1 71.6 71.3

on various databases using standard metrics defined in the Appendix B, namely, L?,
Kullback-Leibler (K L), Chi-Square (x?), and Bhattacharyya (B) distances. Note that,
for LP-distances, descriptors are rescaled to have unit LP-norm. For KL, x2, and B,
on the other hand, we have rescaled the descriptors to unit L'-norm because these
measures are defined originally for histograms and/or pdfs. We have observed that for
all metrics, appropriate normalization invariably improves the performance. For both
the Radial and the T-plane descriptors, the measures L', x?, and B yield the best
results while L> has the poorest performance. Intrigued by the lower performance of
L? with respect to L', we have also explored the variability of DCG as a function of the
p parameter of the LP-metric within the interval p €]0,2]. As illustrated in Figure 5.9,
the performance degrades significantly for p > 1, and for 0 < p < 1, DCG peaks around
p = 0.6, even outperforming y? and B, the best measures of the previous experiment
(see Table 5.7). However, the performance differential is minute. We advocate the
use of the L'-metric due to its computational simplicity and its satisfactory retrieval
performance. We remark also that the performance ordering of the considered metrics

remains more or less the same for all databases tested as can be seen in Table 5.6.

Another interesting result is the performance improvement gained by using the
invariant version of the L'-metric, introduced in Section 3.4 (see Table 5.7). Recall
that this invariant metric can be implemented by taking the minimum distance after
holding one descriptor fixed and permuting the entries of the other over a set of pos-

sible configurations. The set of 48 possible permutations are given by coordinate axis
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Figure 5.9. DCG Performance vs. the p parameter in the LP-metric

Table 5.7. DCG (%) of L' vs. Invariant-L' on Different Databases

Database | Descriptor | L! Invariant-L*
PSB Training Radial 57.0 61.2
T-plane 59.8 64.9
PSB Test Radial 54.9 57.9
T-plane 57.8 61.4
SCU Radial 71.3 74.4
T-plane 72.0 76.2
SHREC-W Radial 74.4 78.0
T-plane 80.3 82.6
ESB Radial 68.8 70.1
T-plane 73.7 75.4

relabelings and mirror reflections. Taking the minimum renders the measure invariant
to pose normalization deficiencies. From Table 5.7, we observe that, invariably for all
databases, this invariant scheme provides significant improvements over the standard

L'-measure at the expense of increased yet affordable computational cost.
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5.5. Dimensionality Reduction

We now report the outcome of the dimensionality reduction experiments via ded-
icated marginalization and probability density pruning tools presented in Section 3.3
as well as the more classical principal component analysis (PCA). In order to quantify
our findings, we define a DCG-efficiency measure € as the ratio of DCG after reducing
dimensionality to the baseline DCG (i.e., the DCG of the “non-reduced” descriptor),
concretely, € = DCG,equced/DCG pui.-

5.5.1. Marginalization Results

Table 5.8 summarizes the effect of marginalizing one component from the Radial
and T-plane descriptors. We see that, one of the unit-norm vector components, i.e.,
]%x, ]%y or R, for the Radial descriptor, and Nx, Ny or N, for the T-plane descriptor,
can be sacrificed. We do not incur into any significant loss in marginalizing one of
these components (in some cases, we even observe an increase in performance) and the
descriptor size is halved. This should not be a surprise: as we have pointed out in
Section 3.3.1, a directional component is completely determined up to a sign given the
other two. It is also worth noting that, with these results at our disposal, we can directly
estimate the pdf of the most informative components and reduce the computational
overhead beforehand. Note also that the above observations hold invariably for both

PSB and SCU.
5.5.2. Probability Density Pruning Results

We experiment with the probability density pruning technique by varying the
threshold parameter A\ (cf. Section 3.3.2). Clearly, as we increase A, we can obtain
more reduction in descriptor size. The task here is to achieve this at no or little
performance loss. From the DCG profiles in Figure 5.10, we observe that, for Radial
and Sec-Order descriptors, a reduction rate at around 35% can be obtained with nearly
100% DCG efficiency. The performance of the T-plane descriptor, on the other hand,

is much more sensitive to pruning. We want to point out that for density pruning, the
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Table 5.8. Retrieval Performance After Marginalization

Databases
PSB Training | PSB Test SCU
Desc. Size | NN DCG | NN DCG |NN DCG

(R,R,, R,,R.,) | 1024 | 57.8  57.0 |546 549 |75.0 713
R,R,,R,) | 512 |56.6  57.1 |535 545 | 747 70.5
R, R, R.,) | 512 |584  57.0 |527 543 |760 714
R,R, R.) | 512 | 556 562 |[53.7 542 |739 70.8
N,,N,,N,) | 1024 [ 59.9 598 |59.1 57.8 |745 720
) | 512 [59.2  60.0 |55.7 57.3 | 717 69.6
) | 512 | 609 605 |57.0 580 |743 727
)

512 | 59.3 59.7 56.7  57.7 | 73.1 720

reduction in size changes monotonically as a function of the performance loss incurred.
Furthermore, insignificant targets can be eliminated off from density estimation stage,

reducing the computational overhead beforehand.

5.5.3. PCA Results

A more traditional approach to reduce dimensionality is to project the descriptor
vector onto a linear subspace using standard methods such as principal components
analysis (PCA) or independent component analysis (ICA) [13]. The PCA of our Ra-
dial descriptor on PSB Training Set reveals that the total variance in the first 270
components reaches 99%, suggesting that significant dimensionality reduction can be
achieved. We have experimented by changing the projection dimension from 200 down
to 10 (with increments of 10) and performed retrieval experiments using L' and L*-
distances. In Figure 5.11, DCG efficiency profiles for both L' and L2-distances are
shown. Note that L' and L? performances of the full descriptor (size = 1024) are
57% and 54.8% respectively in terms of DCG. In Figure 5.11, we see that, for the L!-
distance, although dimensionality reduction at the maximum possible DCG efficiency

(= 96%) is significant (reduced descriptor size is 50), we can never achieve 100% DCG
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dimensionality reduction on PSB Training Set

efficiency . This contrasts the cases of marginalization and probability density pruning
where lossless dimensionality reduction is possible. On the other hand in the same

figure, we observe that, when the L?-metric is used, we can improve the DCG with re-
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spect to the full descriptor even after dimensionality reduction (efficiency above 100%).
This should not be a big surprise as PCA is basically an L? method. Unfortunately,
the L?-metric is not our preferred one as it is always inferior to L' in terms of DCG
performance (cf. Section 5.4). Nevertheless, reduction rates achieved by PCA are quite
impressive. In applications where a DCG loss at the order of 2-5% is affordable, PCA
may become interesting. We have also experimented with the ICA method but we have

not observed any improvement in comparison to PCA.

In conclusion, we recommend the following procedure to reduce the dimensional-

ity of a density-based descriptor:

(1) Use marginalization to discover redundant feature components whose removal do
not lead to a performance loss.

(2) Apply then probability density pruning to the marginalized pdf to reduce the de-
scriptor size further, by adjusting the A parameter at a rate where no performance

loss is incurred.
5.6. Feature-Level Fusion

Feature-level fusion refers to joining simple scalar features to obtain more specific
multivariate ones for subsequent density-based descriptor extraction. In principle, as
we add more components, the discriminativeness of the multivariate feature increases.
Accordingly, it is essential to discover which subset(s) of the whole feature set gives the
best performance for a given data set with a certain classification semantics. Recall
that, in Section 3.1.1, we have introduced several scalar and multivariate features to
locally characterize a 3D surface. In this section, we take the individual components
of the multivariate features introduced in Section 3.1.1 as scalars. Afterwards, we pool

them with the remaining scalar features to obtain an exhaustive set given by

A A

FS ={R Ry, Ry, ., DN, Ny, N, G, C,, €, A, ST
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In the following section, we first test the impact of feature-level combinations by syn-
thesizing a few example subsets from FS. Then, in Section 5.6.2, we invoke the

marginalization tool to explore a non-redundant subset of 7S in a complete manner.
5.6.1. A Few Examples

Obviously, the KDE scheme can be applied to any joining of the 13 features in
FS. The whole space of combinations contains Zzlil (123) = 8191 possibilities. How-
ever, estimation accuracy and computational/memory constraints limit the maximum
number of features that can be joined. In fact, for dimensions exceeding five, even with
a sparse sampling of the multidimensional feature range, we obtain an impractical de-
scriptor size of the order of 10%. Hence, we should limit ourselves to three-, four-, or
five-tuple feature combinations in which case the cardinality of the combination space
reduces to (133) + (f’) + (153) = 2288. Even without an exhaustive search, a small sub-

set of judiciously chosen combinations can indicate the effect of feature-level fusion in

retrieval performance.

In Table 5.9, we give the results of a small subset of 13 combinations, where
the shaded cells in any row show the features taking role in that specific combination.
Consider, for example, row 1: the shaded cells pick the Radial Distance R and the
Radial Direction R so that this row corresponds to the (R, Rx, Ry, Rz)—combination.
On the rightmost columns, we provide the size of the multivariate density descriptor,
the NN and DCG scores respectively for the three data sets (PSB Training, PSB Test
and SCU). Recall that the size of a descriptor equals the number of density evaluation
points, i.e., the targets (see Section 3.1.3). In the experiments, as a general rule, for
each scalar feature we have chosen 8 equally spaced points within its domain (9 for the
shape index ST, in order to cover the shape primitives such as spherical cap and cup,
ridge, trough, saddle, etc., see [57,71] for details). For unit-norm directional features
such as Radial Direction R or Normal N, we have sampled 128 points on the unit
sphere (by subdividing twice the triangles of an octahedron into four triangles). When
a directional feature occurs without its third coordinate, as for example (}?x, ]%y), we

choose 64 points. An exception to this case is (R, R, ]:Ey, N,, Ny) where we have chosen
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16 points for both (R,, R,) and (N,, N,) pairs to maintain a reasonable descriptor size.

Finally, for the Torque feature C, we have sampled 320 points within the unit sphere.

For the three datasets, the (R, R,, Ry, N,, Ny) (row 4 in Table 5.9) and (}?27 D, N,, Ny)
(row 10) configurations, of sizes 2048 and 4096 respectively, are the two descriptors

with top performance.

The better performance of (Rz,D,Nz,Ny) against other 4-tuple combinations
suggests that mixing pieces of radial and normal information results in a better descrip-
tor than any other using solely the radial information (R, }A%x, }?y, ]%Z) or the tangent
plane information (D, N,, Ny, ]\72)

Adding the alignment information A into a configuration significantly increases
the discrimination performance, at the cost of increased descriptor size. For instance
on PSB Training Set, the (R, R,, fiy, }?iz)—conﬁguration has a DCG performance of 57%
(row 1), while its augmented version (row 2) has a DCG of 61.7%.

The (R, A, ST)-descriptor, which radializes the alignment information coupled
with the shape index, has the poorest performance with respect to the remainder.
However, the performance differential is less important for SCU than for PSB. We can
explain this fact by the high resolution of SCU meshes in comparison to PSB, which

makes ST computation more reliable for SCU meshes.
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5.6.2. Marginalization Revisited

The aim of the previous section has been to explore performance variation among
moderately sized descriptors, which can be computed fast enough for a real-time ap-
plication. In the present section, putting such computational and memory constraints
aside, we carry out a performance-driven combinatorial analysis of the feature set FS.

We make use of marginalization to explore a non-redundant subset of FS.

In Section 3.3.1, marginalization has been introduced as a tool to obtain a family
of nested descriptors, starting from the discretized pdf of an exhaustive feature combi-
nation. An obvious candidate for this multivariate feature is obtained by joining all the
members of the set FS into a 13-dimensional vector. However, we will not start with
this huge feature vector due to two reasons: (i) KDE in 13-dimensional space is just
infeasible, (ii) the set FS contains redundant members in the sense that some of them
can be computationally derived from the others. Consequently, in a first attempt, we

will evaluate the performance of the following multivariate features:

(R, R, N, SI) = (R, R,, Ry,]f?z,](fx, Ny, N, ST). Recall that our construction in
Section 3.1.1 synthesized this feature, which combines all the available local surface
information up to second-order. It makes use of solely primary features (cf. Table 3.1),
so it is non-redundant. Omne important problem associated with this feature is its
dimensionality: beyond six dimensions, we can no longer be sure about the accuracy
of KDE due to the curse of dimensionality [7,13]. Another problem is the associated

descriptor size.

(R, fix, Ry, N,, Ny, ST). This feature is a subset of the above one, in which case
we have removed one component from each of the Radial Direction R = (RE, ]%y, Rz)
and the Normal N = (N,, N,, N,) features. Marginalization results in Section 5.5.1
have demonstrated that one such component can be safely removed, without risking a
performance loss in practice, due to unit-norm condition on R and N. Here, we have

arbitrarily chosen to delete the z-component.
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Table 5.10. Performance of the Three Starting Feature Candidates for

Marginalization Experiments on PSB Training Set

Descriptor Size | NN DCG
(R, Ry, Ry, R., N, N,, N, SI) | 73728 | 53.4  54.4

(R, Ry, Ry, N, N, SI) 10240 | 57.3  58.4
(R, Ry, Ry, Ny, Ny, A) 10240 | 63.1  62.1

(R, Rx, }A%y, Nw, Ny, A). This feature is similar to the previous one except the ST
feature, which has been replaced by the alignment A. We have decided to consider this
third candidate to start the marginalization analysis by observing the poor performance
of the primary second-order SI feature against the auxiliary first-order radial-normal
alignment A. Furthermore, the alignment A has the additional effect of restoring the

information lost due to the removal of RZ and NZ components.

In Table 5.10, we display the DCG performance of the above descriptors on PSB
Training Set and their associated descriptor sizes. From this table, we see that the
exhaustive feature (R, R,N, SI) exhibits the poorest performance among the three
options tested. This a priori unexpected result can be explained mainly by the po-
tential inaccuracy of KDE in dimensions beyond six [7]. Another possible reason of
the poor performance of (R, R, N, ST) might be the fact that such a specific feature
induces an overly specific descriptor so that very individual shape details are pre-
served, preventing common shapes to cluster in the descriptor space. In addition,
comparing the performances of the two remaining two features, we uncover a fact
that we could have intuitively anticipated: (R, }A%x, }?y, Nx, Ny, A) performs better than
(R, R,. ]%y, N,, Ny, ST), as the alignment A has proved to be very successful in boosting

the performance of a lower-dimensional combination (cf. previous section).

Once we have determined a good starting point for subsequent feature space
exploration, we can proceed with combinatorial performance assessment using mar-
ginalization. We emphasize that this analysis is exact within pdf estimation accuracy

and does not involve any heuristics such as sequential floating search [86,98]. As the full
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Table 5.11. Best Performing Descriptors at Each Stage of Marginalization

Components Joint-PDF | Concat. Marginals
Retained Removed | DCG Size | DCG Size
R,R.,R,,N,,N,, A - 62.1 10240 | 57.7 45
R, R,, R,, N,, A N, 62.6 5120 | 57.1 37
R, R, N,, A R, 63.4 2560 | 57.1 29
R,, N,, A R 61.5 320 | 54.8 21
R,, N, A 581 64 | 51.7 16
N, R, 44.8 8 44.8 8

(R, lfix, I%y, Nx, Ny, A)-descriptor is available by the above analysis, we can remove one
component at a time to evaluate the performance of all 26 — 2 = 62 remaining subsets
of this 6-component feature, without explicit descriptor computation. The DCG values
of all the 62 sets of descriptors are tabulated in the Appendix D. The best performing
descriptors at each stage of marginalization are tabulated in Table 5.11. In this table,
we also display the performance of concatenated marginal pdfs to further illustrate the
benefits of feature fusion. Observe that the components are removed in the following
order (from left to right) Ny, Ry, R, A, R,. If we interpret these results as an indica-
tion about the informativeness and /or discriminativeness of individual components, we

have the following order relation: ]\Afx - fix = A= R > }?y — Ny.

A thorough investigation of the tables in Appendix D reveals the following inter-
esting fact: if we were to resort to a heuristic telling us to remove the component whose
exclusion gives the greatest performance loss at each stage, we would have obtained
the same sets of best descriptors depicted in Table 5.11. That is, after a feature is
removed at a certain stage, no descriptor instance using that feature reappears as the
best performing one at later stages. This suggests that the above discriminativeness
ordering is reliable. Finally, we point out that, at each stage, the performance of joined
features is superior to their concatenated marginal pdfs, putting again into evidence

the effectiveness of feature-level fusion.
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5.7. Basic Score Fusion

There is a limit for feature-level combinations with a dimension greater than five:
(i) the quality of density estimation degrades due to the curse of dimensionality [13],
and (ii) descriptors become prohibitively large and cannot be computed fast enough
for on-line applications. Score fusion at descriptor-level provides a working alterna-
tive to extract most of the information brought by different features. However, in its
basic form, it cannot make use of feature correlations. Accordingly, it constitutes a

“suboptimal” heuristic way to fuse shape similarity information.

In basic score fusion, we simply sum the L!-distances between descriptors com-
puted using various feature combinations considered in Section 5.6.1. Note that sum-
ming the L!-distances coming from several descriptors can be effected by concatenating
the involved descriptors to obtain a larger one and then calculating a single distance.

In this view, basic L! score fusion is the same as descriptor-level information fusion.

In the following experiments, we consider pairwise and triple concatenations of the
13 descriptors (each indicated by its boldface number) presented in Section 5.6.1. The
performances of various descriptor combinations are visualized in Figure 5.12 (pairwise)
and Figure 5.13 (triple). In Figure 5.12, the horizontal axis stands for descriptors 1, 2,
3, and 5 of Table 5.9. Each bar series illustrates DCG performance improvements after
pairwise combination with descriptors 6, 7, 8, 9, 10, 11, and 13 (displayed on the top
of the bar) one at a time. For instance, at descriptor 1, the bar with the index 6 on
the top corresponds to the pairwise combination 146, i.e., the concatenation of the
(R, R,. f?y, fiz)-descriptor with (D, N, Ny, Nz)—descriptor. The gray bars indicate the
maximum of DCG performances of the individual descriptors involved in that specific
combination, e.g., maz(DCG1,DCGg). The white portion of the bar on top of the
gray one shows the DCG improvement due to the combination. Figure 5.13 illustrates
these gains for triple combinations, that is, descriptor vectors resulting from three
concatenated descriptors. Accordingly, in Figure 5.13, the horizontal axis has labels
of pairwise combinations, such as 1+6, 147,..., 5+9, 54+10. The darker portion of

the bar again indicates the maximum individual performances of descriptors before
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combination, and the light portion indicates the corresponding DCG improvement
after triple combination. In these experiments, the third descriptor is always either the
(R, Cy, Cy, C,)-descriptor (11) or (R, A, SI)-descriptor (13), as they bring in different
shape information than the pairwise combinations displayed at the horizontal axis of

Figure 5.13.

We have intuitively chosen the combinations so that their corresponding feature
sets are as disjoint as possible. For instance, we did not consider concatenating the
pdf of (R, I%x,l%y, Rz) (descriptor 1) with that of (R, R,, Ry,RZ,A) (descriptor 2) as

the latter already contains the information brought by the former.

As expected, descriptor combinations become effective only when the involved
features bring in a different kind of shape information. A case in point involves
(R, Rx,}?y,f%z) (descriptor 1 in Table 5.9) and (D,Nx,Ny,Nz) (descriptor 6 in Ta-
ble 5.9). For PSB Training Set, individual DCGs of these descriptors are 57% and
59.8% respectively (see Table 5.9). After the combination, the DCG performance
boosts to 64% achieving a DCG improvement of 7% for PSB Training Set (6.7% for
PSB Test Set and 2.5% for SCU), as shown in Figure 5.12. Furthermore, in this case,
the descriptor size is 2048 (2 x 1024) and quite reasonable in comparison to other

options.

When we consider the triple combinations, in the case where (R, A, ST)-descriptor
(descriptor 13 in Table 5.9) is concatenated to the previous descriptor combination
146, DCG score has a further but smaller jump to 65.2% for PSB Training Set,
to 62.3% for PSB Test Set, and to 75.7% for SCU (Figure 5.13). Presently, this
combination constitutes the most interesting option as it has the smallest size among

other triple combinations tested (1024 + 1024 + 576 = 2624 in total).

These experiments demonstrate the potential of score fusion to improve retrieval
performance, even in its basic form where no statistical learning is involved. This fact
provides further motivation for statistical similarity learning. We deliver the results of

statistical learning-based score fusion in the forthcoming Section 5.10.
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5.8. Comparison to Other Methods

In this section, we illustrate the effectiveness of our shape description scheme
in comparison to other state-of-the-art methods. First in Section 5.8.1, we compare
certain instances of the density-based framework to their histogram-based peers. Then

in Section 5.8.2, we provide a more general comparison.

5.8.1. Comparison with Histogram-Based Peers

One of the motivations of the present work is to show that a considerable im-
provement in the retrieval performance can be obtained by more rigorous and accu-
rate computation of local feature distributions as compared to more practical ad-hoc
histogram approaches. The term “histogram-based descriptor” stands for any count-
and-accumulate type of procedure. Accordingly, in terms of the local surface features
employed, many shape descriptors in the literature [30,32,35,36,87] correspond to an
instance of the density-based framework. Our descriptors differ from their peers in one

or more of the following aspects.

First, features are evaluated using the Simpson averaging scheme presented in
Section 3.1.2. This provides smoother, hence more reliable observations for subsequent

density or histogram estimation.

Second, we use multivariate features by joining scalar ones and render the re-
sulting descriptor more effective. The effectiveness of using multivariate features has
already been demonstrated in Section 5.6.2. Here, we provide additional evidence for

this claim.

Third, we use KDE instead of the histogram for density estimation. The most
important distinction between KDE and histogram approach is that the former leads to
smoother estimates of the pdf by judiciously chosen bandwidth parameters. KDE-based
descriptors emphasize common intrinsic aspects of the shapes in a better way than

histogram-based ones, and eliminate extrinsic effects such as differing mesh resolutions
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and small pose deviations (cf. Section 5.2).

5.8.1.1. Radial vs. Cord and Angle Histograms. An interesting case in point is cord

and angle histograms (CAH) [30]. The features in CAH are identical to the individual
scalar components R, R, Ry, and R, of our Radial feature up to a parameterization.
In [30], the authors consider the length of a cord (corresponding to R) and the two
angles between a cord and the first two principal directions (corresponding to R, and
Ry). Notice that in our parameterization of R, we consider the Cartesian coordinates
rather than the angles. In order to compare CAH with our Radial descriptor, we have
implemented it by also including the histogram of the angle with the third principal
direction. The resulting CAH descriptor is thus the concatenation of one cord length
and three angle histograms. Each histogram consisting of 64 bins leads to a descriptor
of size N = 4 x64 = 256. We have compared our approach to CAH in two levels. First,
likewise to C'A H, we have estimated only scalar pdfs of the individual components of our
Radial feature and concatenated them. In Table 5.12, we denote this particular form of
the descriptor by Radial-CM to remind that it consists of concatenated marginal pdfs.
Then, to illustrate the true power of our scheme, we have used the joint pdf of the
multivariate Radial feature (R, Rw, }?iy, ]-?Z) We denote this instance of the descriptor
by Radial-J.

Radial-CM differs from CAH in three aspects: first, it uses a different parame-
terization of the angle (direction) components; second, the local feature values are
calculated by Eq. 3.3 instead of using mere barycentric sampling; third, it employs
KDE instead of histogram. In Table 5.12, we provide the retrieval statistics of CAH,
Radial-CM and Radial-J descriptors on PSB and SCU. In Figures 5.14, 5.15 and 5.16
we display the corresponding precision-recall curves. Observe that for all databases,
the performance of Radial-CM is clearly superior to its histogram-based equivalent

CAH. Radial-J improves the results even further.

Note that the performance improvement using our scheme is less impressive over

SCU than over PSB. This can be explained by the fact that SCU meshes are much
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denser than PSB meshes in the number of triangles. As the number of observations
K increases, the accuracies of the histogram method and KDE become comparable
and both methods result in similar descriptors. This also indicates that the KDE

methodology is especially appropriate for coarser mesh resolutions as in PSB.

5.8.1.2. Normal vs. Extended Gaussian Image. A second instance of our framework

outperforming its competitor is the case of the EGI descriptor [3,23,35], which can
be obtained by binning the surface normals. The density of the Normal feature N
is similar to FGI. There can be different implementation choices for binning surface
normals, e.g., by mapping the normal of a certain mesh triangle to the closest bin
over the unit sphere and augmenting that bin by the relative area of the triangle. In
the present work, similar to [87], we preferred the following implementation for the
EGI descriptor. First, 128 unit norm vectors f,;,j = 1,...,128 are obtained as
histogram bin centers by octahedron subdivision, as described in Section 3.1.3. Then,
the contribution of each triangle Ty, k =1, ..., K with normal vector ni; to the nth bin
center is computed as wy, |(fig, Apip, ;)| if |(Ag, Rpin ;)| > 0.7 or otherwise as zero (recall
that wy is the relative area of the kth triangle). The Normal descriptor of the same
size, 1.e., 128, achieves a superior DCG of 51% as compared to the DCG score of 43.8%
for EGI on PSB Test Set (see Table 5.12). For SCU, the DCG performance differential
is even more pronounced (DCG = 63.4% for the Normal, DCG = 53.5% for EGI).

Precision-recall curves in Figures 5.17, 5.18 and 5.19 corroborate these facts.

5.8.1.3. T-plane vs. 3D Hough Transform. A third instance of comparison can be con-

sidered between our T-plane descriptor and the 3DHT descriptor [87] since both of
them use local tangent plane parameterization. The procedure to obtain the 3DHT
descriptor is carried out as follows. We first recall that $DHT is a histogram con-
structed by accumulating mesh surface points over planes in 3D space. Each histogram
bin corresponds to a plane P;; parameterized by its normal distance d;,7 = 1,..., Nz
to the origin and its normal direction 0, ;,7 = 1,..., Ns2. Clearly, there can be
Nz x Ng2 such planes and the resulting descriptor is of size N = Nz x Ng2. We

can obtain such a family of planes exactly as described in Section 3.1.3. In our ex-
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Figure 5.17. Precision-recall curve: Normal vs. EGI on PSB Training Set
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Figure 5.18. Precision-recall curve: Normal vs. EGI on PSB Test Set
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Figure 5.19. Precision-recall curve: Normal vs. EGI on SCU
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Figure 5.21. Precision-recall curve: T-plane vs. 3SDHT on PSB Test Set
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Table 5.12. Retrieval Statistics (%): Density-Based Descriptors vs. Their

Histogram-Based Peers

Database | Descriptor | NN FT ST E DCG

Radial-J 57.8 288 378 21.5 57.0
Radial-CM | 48.5 247 347 20.1 534
CAH 36.4 15.7 225 13.0 438
PSB Training Normal 50.3 247 339 19.1 53.1
EGI 33.8 16.1 23.8 14.2 443
T-plane 59.9 319 42.8 243 598
3DHT 60.0 31.4 40.6 23.2 587
Radial-J 54.6 269 352 20.7 54.9

Radial-M | 45.6 22,5 31.9 18.9 51
CAH 33.2 159 229 13.7 433

PSB Test Normal 45.1 234 319 187 51
EGI 31.1 16.5 245 145 438
T-plane 59.1 30.3 39.9 229 578
3DHT 58.8 31.1 39.6 23.0 5H7.7
Radial-J 75.0 458 572 323 713
Radial-M | 73.1 427 55.6 31.6 70.0
CAH 67.8 42.7 53.6 309 68.1
SCU Normal 64.1 372 474 265 634
EGI 48.9 252 349 203 535
T-plane 74.5 484 585 33.0 720
3DHT 77.8 485 60.3 33.6 727
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periments, we have used Ny = 8 distance bins sampled within the range [0,2] and

Ng2 = 128 uniformly sampled normal directions. This results in a $DHT descriptor

of size N = 1024. To construct the Hough array, one first takes a plane with normal

direction Ny j,7 = 1,..., Ns2 at each triangle barycenter my, k& = 1,..., K and then

calculates the normal distance of the plane to the origin by |(my, i, ;)|. The resulting

value is quantized to the closest d;,i = 1,..., N7 and then the bin corresponding to
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the plane P;; is augmented by wy, |(fig, g ;)| if |(fig, Dpir ;)| > 0.7 (the value of 0.7 is
suggested by Zaharia and Preteux [87] and we have also verified its performance-wise
optimality). In Figures 5.20, 5.21 and 5.22, we compare the T-plane and the SDHT
descriptors in terms of precision-recall curves. In Table 5.12, we provide the retrieval
statistics. On PSB Training Set, the T-plane descriptor is better than SDHT by 1.1%
DCG; on PSB Test, by just one tenth DCG percent point. On SCU, on the other hand,
the 3DHT has a DCG of 72.7% against 72.0% of the T-plane. Since there is no con-
vincing evidence (as compared to the previous cases) that one method outperforms the
other uniformly on the available databases, we can state that the T-plane descriptor

and its histogram-based peer 3DHT are performance-wise equivalent.

5.8.2. General Comparison

The results in Sections 5.6 and 5.7 established that our scheme is most effective
when we consider the score fusion of the Radial, T-plane and Sec-Order descriptors.
Accordingly, we compare the retrieval performance obtained by the fusion of these
descriptors against other well-known 3D shape descriptors on PSB Test Set. Apart from
S3DHT and CAH descriptors that we have implemented, we have taken the performance
scores either from their original works or other comparison studies on PSB Test Set

[4,23].

Depth-buffer images (DBI) take their roots from 2D image analysis and describe
the object by six depth buffer images captured from orthogonal parallel projections
[2,17]. These binary images are then represented as concatenated vectors of Fourier
coefficients of the lowest frequencies. DBI have been the best performing descriptor
on the Konstanz database (cf. Appendix A) [2]. Here, we have taken the performance

scores reported in [4].

Light field descriptor (LFD), like DBI, is considered as a 2D method as it rep-
resents an object as a collection of 2D images rendered from the 20 vertices of a
dodecahedron inscribed in a sphere enclosing the object [50]. The images can then

be represented as Fourier coefficients or 2D Zernike moments as the authors suggest.
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In order to evaluate the dissimilarity between two objects, the corresponding LFDs,
which consist of 20 light field images each, are aligned over all possible rotations and
pairings of vertices, then the minimum distance value is taken. The performance scores

reported here are from [23].

Radialized extent function (REXT) consists of a collection of spherical harmonics-
transformed version of shape functions giving the maximal distance from the center
of mass as a function of spherical coordinates (6, ¢) and radius. See Section 2.3.2

and [17,43] for more details.

Global spherical harmonics descriptor (GSHD) results from the decomposition
of a sphere into concentric shells of different radii [45]. The intersection of the shape
with each of the concentric shells defines a spherical image, which is subsequently
transformed to spherical harmonics coefficients. GSHD is rendered rotation-invariant
by summing the magnitude of the harmonics coefficients within a given frequency

shell [16]. See Section 2.3.2 and [16,45] for further details.

Spherical wavelet descriptor (SWD) is a very recently introduced descriptor [46],
overcoming the limitations of representing a spherical function in terms of spherical
azimuth and elevation angles (0, ¢). The spherical functions are of general type, as
in REXT and GHSD. Parameterization in terms of (6, ¢) leads to over-accumulation
of features near the poles and to sparsity near the equators. Notice that this is the
same type of irregular (or non-uniform) sampling problem that we have dealt with in
target selection (see Section 3.1.3). In [46], Laga et al. map the spherical domain
of the function to a (unfolded) flat octahedron, which has regular 2D support. This
sphere-to-octahedron mapping overcomes the irregular sampling problem and trans-
forms the function defined on the sphere into an image defined on a regular 2D grid.
Afterwards, the descriptor is obtained by applying classical 2D wavelet transform to
the 2D image and then collecting a few first level’s transform coefficients into a vector.
Although the term “spherical wavelet” is slightly misleading as there is no genuinely
spherical wavelets (e.g., second-generation wavelets [99]) involved in this procedure,

SWD constitutes the first instance where the wavelet transform is used to describe a
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3D shape.

Shape distribution (D2) descriptor is simply a histogram of the Euclidean distance
between two 3D points on the object’s surface [32]. See Section 2.3.1 and [32] for details.
Generalized shape distribution (GSD) is introduced as a generalization to D2-shape
distribution [33]. Accordingly, GSD is a 3D histogram counting the number of specific
local shape pairs at certain distances: two dimensions of the histogram account for
pairs of shape signatures, which are simply k-means quantized versions of spin images
computed on the mesh, while the third dimension records the Euclidean distances of

the local shape pairs (at which the signatures are calculated).

Shape histogram (SECSHELL) is defined by partitioning the 3D space into con-
centric shells and sectors around the center of mass of a 3D model [34]. The histogram
is constructed by accumulating the surface points in the bins (in the form of shells,

sectors, or both) based on a nearest-neighbor rule.

Voxel descriptor (VOXFEL) consists of merely a binary rasterization of the object
boundary into a voxel grid [23].

For 3D Hough transform descriptor (3DHT), see Section 2.3.1 and [37,38]; for
extended Gaussian image (EGI), see Section 2.3.1 and [35, 36]; for cord and angle
histograms (CAH), see Section 2.3.1 and [31].

The specific instances where we compare our framework against the above de-
scriptors are Radial+ T-plane using the Invariant-L'-metric and Radial+ T-plane+Sec-
Order using the L'-metric. The former instance uses the sum of the invariant-L! dis-
tance values corresponding to the pdfs of (R, R) and (D, N)-features. Recall that the
mentioned invariance is against coordinate axis relabelings and mirror reflections, as
described in Section 3.4 and experimented with in Section 5.4. The latter instance uses
the sum of the plain L'-distance values corresponding to the pdfs of (R, R), (D, N)
and (R, A, SI)-features.
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In Table 5.13, we tabulate the full retrieval statistics corresponding to all of the
descriptors in decreasing NDCG values. In Figure 5.23, we depict a visual performance
landscape in terms of a DCG vs. NN scatter plot. The best two descriptors are DBI
and Radial+ T-plane (Inv-L'). While DCG of our descriptor is slightly worse than DBI
by 0.4%, its NN score is better by 2.1%. The instances of the density-based framework
are placed in the top league together with DBI, LFD and SWD. DBI and LFD take
their roots from 2D ideas as they describe the shape in terms of 2D projections of the
3D shape. SWD also employs the wavelet transform in 2D although it starts from
3D shape information. Interestingly, except than our descriptors, 2D methods perform

better than those using directly 3D shape information.

Figure 5.23 reveals that performance DCG and NN scores are generally corre-
lated, that is, if DCG is high, then NN is also high, and vice versa. The sole exception
is SWD whose NN performance is relatively poor as compared to its DCG score. Ra-
dial+ T-plane+Sec-Order marks the performance boundary between 2D methods and
the remaining 3D descriptors. The clear performance gap between our descriptors and
others such as REXT, GSHD and 3DHT indicates that the density-based framework

is currently the most successful way to process the 3D shape information for retrieval.

Finally, we note that the density-based framework coupled with FGT is computa-
tionally very efficient. On a standard laptop PC (1.86 GHz CPU and 1 GB RAM), the
Radial, T-plane and Sec-Order descriptors can be computed under one second on aver-
age (over 907 PSB meshes). Furthermore, even without any dimensionality reduction
and compression, the storage of these descriptors coded with 16-bit double precision

costs only 12 KB on average per object.

We close this section by noting that a more impressive retrieval performance on
this data set has been reported using Funkhouser and Shilane’s priority-driven search
(PDS) method [4], which belongs to the paradigm of matching by feature correspon-
dences. Given a query object and a database of target objects, all represented by
sets of local 3D shape features, the PDS algorithm evaluates how well any subset of

query features match target features. However, as the authors report in [4], this al-
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Table 5.13. Retrieval Statistics (%): State-of-the-Art 3D Shape Descriptors on PSB

Test Set
Descriptor NN FT ST DCG NDCG
DBI 66.5 40.3 51.2 66.3 17.1
Radial+ T-plane (Inv-L*) 68.6 39.3 50.0 65.9 16.4
SW 46.9 314 39.7 654 15.5
LFD 65.7 38.0 48.7 64.3 13.6
Radial+ T-plane+Sec-Order (L") 65.3 35.2 452 625 10.4
REXT 60.2 32.7 43.2 60.1 6.2
GSHD 55.6 309 41.1 584 3.2
SDHT 58.8 31.1 39.6 57.7 1.9
SECSHELL 54.6 26.7 35 04.5 -3.7
VOXEL 54.0 26.7 35.3 543 -4.1
GSD 434 215 29.5 49.3 -12.9
EGI 377 197 277 472 -16.6
D2 31.1 158 235 434 -23.3
CAH 33.2 159 229 433 -23.5

gorithm takes considerably more computation time to preprocess the database (4-5
minutes per object), more memory per object (100 KB per target object), and more
time to find matches than 3D shape descriptors. In this computationally and memory-
wise demanding scheme, there is no underlying global and compact shape description.
DCG of PDS is 75.9%, 10% better than DBI and Radial+ T-plane (Inv-L'), indicating
that, performance-wise, there is more way to go for descriptor-based 3D shape retrieval

systems.

5.9. Performance Variation across Databases

In this section, we address the following types of questions concerning the retrieval

performance of the density-based framework over different 3D object databases:
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Figure 5.23. Performance landscape of 3D shape descriptors: DCG vs. NN on PSB
Test Set

Given a database, which local feature is the most effective?

Given a feature, which database is the most challenging for the retrieval task?

In which database, the benefits of score fusion become more important?

Does the invariant version of the L'-metric lead to significant improvements re-

gardless of the nature of the database?

We illustrate the effectiveness of each feature on each database, as well as the
improvements due to score fusion and to the use of the invariant metric, using “DCG-
eye diagrams”. These plots will help us make useful inferences at a glance. For instance
in Figures 5.24 and 5.25, at each (Database, Feature)-pair, we have placed a filled blue
circle (hence, the name “eye”), whose radius is proportional to the DCG of the feature
pdf on that database. We have also put the exact DCG score at the center. The outer
circle stands for the ideal unit DCG. Clearly, a small white space between the filled

circle and the outer one indicates a good performance.
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As in the previous section, we consider the Radial, Tplane and Sec-Order features,
whose pdfs summarize respectively zero, first and second-order local surface informa-
tion. From Figures 5.24 and 5.25, we see that, for all databases, the T-plane feature
performs better than the Radial feature, indicating that first-order surface information
is more descriptive than the zero-order. The behavior of the Sec-Order feature is inter-
esting: it performs the worst in PSB and the best in SHREC-W, when the L!-distance
is used. On a more general basis, the performance of this feature is somewhat corre-
lated with the shape characteristics of the databases. PSB and SHREC-W represent
two extremes in terms of mesh regularity and smoothness. SCU and SHREC-W have
smooth and manifold meshes with second-order differential structure locally present at
every mesh point. On the other hand, the meshes in PSB (referred to as triangular
soups) are low resolution, non-manifold and cannot always be given a natural orien-
tation; ESB consists of engineering parts, which contain many joints and flat patches.
Consequently, for meshes belonging to these two databases, the shape index feature is
either not defined everywhere or unreliable. The curvature estimation being reliable
only when there is second order differential structure and data is smooth, we observe

that the Sec-Order feature has unstable performance across different databases.

Figure 5.25, which depicts the results of the Invariant-L!-distance for the Radial
and T-plane features, is compatible with Figure 5.24, except that, in SHREC-W, the
performance of the Sec-Order-feature is no longer better than the T-plane. As we
have already demonstrated in Section 5.4 (see Table 5.6), the invariant scheme always

improves the performance for all databases and features’ .

Regarding the effectiveness of score fusion, we have tested two possible combina-
tions: Radial+ T-plane and Radial+ T-plane+Sec-Order, using first the plain L!-metric
(Figure 5.26) and then its invariant version (Figure 5.27). Note that, in these figures,
these combinations are denoted using the initials of the involved features as R+ T and

R+T + S to avoid clutter.

"Observe that the invariant scheme does not apply to Sec-Order as this feature is pose-invariant
by definition.
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Figure 5.25. DCG-eye diagram for Features vs. Databases (Invariant-L'-metric).
Note that the Invariant-L'-metric improves the average DCG performance over
databases by at least 1.7 points for the T-plane and by 3 points for the Radial

features.
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Figure 5.26. DCG-eye diagram for Score Combinations vs. Databases (L'-metric)
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Table 5.14. Retrieval Statistics of the Density-Based Framework (%)

Database | NN FT ST E DCG

PSB 68.6 39.3 50.0 28.6 659
SCU 80.3 559 670 375 783
SHREC-W | 945 62.7 73.5 53.1 86.7
ESB 83.9 459 586 382 T5.7

In any event, the combination of the Radial and T-plane scores improves the re-
sults with respect to using solely the Radial score or the T-plane score, as established
in Section 5.7. Adding the Sec-Order score is significantly effective only for SHREC-W.
For other databases, under the plain L!-metric, we obtain a just noticeable improve-
ment by including the Sec-Order score. Under the Invariant-L'-metric, it actually
worsens the performance for PSB and does not change anything for ESB. This last
fact is compatible again with our comment above on mesh characteristics. Finally, we

restate the most effective feature combinations and metrics for a given database below:

PSB: Radial+ T-plane scores using Invariant-L*,

SCU: Radial+ T-plane+Sec-Order scores using Invariant-L*,

SHREC-W: Radial+ T-plane+Sec-Order scores using Invariant-L*,

ESB: Radial+ T-plane scores using Invariant-L1.

The full retrieval statistics of these combinations are tabulated in Table 5.14.
The corresponding precision-recall curves are shown in Figure 5.28. DCG-wise, the
performance order of the density-based framework over these databases is SHREC-W >
SCU = ESB > PSB. This order is also evidenced in Figure 5.29 where we display the
histogram of per-class DCGs for all databases: the variation in per-class DCGs follows
the same order. Furthermore, as depicted in Figure 5.30, within-class distances in
SHREC-W and SCU are lower on the average and more localized than in PSB and
SCU.
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Retrieval Performance of the Density-Based Framework
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Figure 5.28. Precision-recall curves for the best the density-based descriptors on

different databases
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Figure 5.29. Histograms of class-wise DCGs for different databases

PSB is the most challenging database among the ones tested. The number of

objects (907) and classes (92) are higher than the remainder. More importantly, in this
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Figure 5.30. Distributions of within and between-class distances for different

databases

database, classification is induced mainly by functionality-driven semantics. Since the
form does not always follow the functionality, for discrimination, relying solely on global
shape description has its limitations. For more intuitive and useful retrieval, we need
user intervention to incorporate functionality-driven semantics to the search process,
as will be explored in the final experimental Section 5.10. Nevertheless, on PSB, the

density-based framework is at the top of the state-of-the-art 3D shape descriptors.

In Figure 5.31, we depict the repartition of PSB classes obtained by multidimen-
sional scaling (MDS) [13], applied on the average between-class distances given by our
descriptors. MDS is a method to map pairwise dissimilarities to a lower dimensional
display where the distance order between pairs of entities is preserved as much as
possible. The MDS mapping of PSB classes is open to many interesting observations
showing that the density-based descriptors capture functionality-driven semantics to

some extent. We itemize below some of the visible regroupments:
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Repartition of PSB Classes
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Figure 5.31. MDS map for PSB Test Set classes

In the south-west part of the map, we see a clustering of sharp object classes,

such as aze, knife, shovel and sword, used for cutting.

In the north part, we observe a super-class of furniture objects such as table, desk
and bench.
e In the south part towards the middle, classes such as bush, plant, conical-tree,

barren-tree and flowers are clustered.

In the middle part towards the west, although within a clutter of irrelevant classes,
we can detect a regroupment of flying objects such as airplane, biplane, fighter-jet,

enterprise-spaceship, stealth-bomber and flying-bird.

We should note that the performance on SCU is satisfactory (DCG=78.3%, 513
objects in 53 classes). The best DCG performance reported on an earlier release of this

database, containing 266 objects in 27 classes, was 88% due to the augmented Reeb
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Sample Classes from SHREC-W
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Figure 5.32. A few challenging SHREC-W classes where the density-based framework

performs particularly well

graph approach [48]. The least challenging database seems to be SHREC-W. Although
it contains a small number of shape classes relative to the remainder, the fact that
its classification is induced by topological equivalences makes it, a priori, a difficult
database to be described by geometry-based methods like ours. It is interesting to
observe that a geometry-based method performs so well on SHREC-W, especially on
the type of classes shown in Figure 5.32. We also note that, in the Watertight track of
the SHREC’07 event, our shape description scheme outperformed other geometry-based
methods and had overall the second rank [26]. The performance on ESB as measured
by precision-recall is less impressive than the performance reflected by the DCG score
(75.7%). In fact, the performance for Recall < 0.4 is worse than the more difficult
PSB where our method has a DCG of 65.9%. It seems that, on ESB, the density-based
framework does not always find the correct matches in the very beginning of the list
but is eventually capable of retrieving them, thus lifting the DCG to a satisfactory

value.

The main conclusion that we draw from this analysis is that the performance of
the density-based framework generalizes well for databases with different application

domains, semantics and shape properties.
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5.10. Statistical Learning-Based Score Fusion

In the previous sections, we have investigated the discriminative power of the
density-based 3D shape description in an unsupervised mode. Now we want to explore
the contribution of a certain amount of supervision to the search process. The schemes

tested in this section were described in Chapter 4.

In the following two sections, we will quantify the performance of the statistical
learning-based score fusion that we interpret as an instance of supervised similarity
learning. We consider the two applications introduced in Section 4.4, bimodal and two-
round searches, to supervise the querying process and then to fuse the similarity scores
resulting from different descriptors. Naturally, we employ instances of the density-
based framework, namely Radial (R, R), T-plane (D,N) and Sec-Order (R, A, ST)-
descriptors, but in a way different than the previous sections. Note first that all of these
descriptors are radialized in the sense that, at a fixed distance from the origin ry (or dj
for the T-plane), they capture the distribution of the remaining features at concentric
shells. These remaining features are the radial direction R for the Radial, the normal N
for the T-plane and the (A, SI)-pair for the Sec-Order. We refer to these distributions
as cross-section descriptors. For instance, let us take the Np x Ng = 8 x 128 = 1024-
target pdf of the (R, f{)—feature. Recall that Nz = 8 is the number of points sampled
within the R-domain and Ny = 128 is the number of points sampled on the unit-sphere,
in order to form the target set for this descriptor. The 1024-point (R, R) descriptor is
then considered as N = 8 chunks of Ng = 128-point cross section descriptors, each of
which can be used to evaluate a similarity score sim; = s, between two objects at a
given concentric shell, say at a distance r; from the origin. Of course, these individual
scores do not capture the shape similarity to the full extent. However, this decoupling
adds more degrees of freedom to the subsequent score fusion stage, where we learn a
distinct weight wy, for each of the individual scores s; by ranking risk minimization (cf.
Section 4.2). Accordingly, for each of the Radial, T-plane and Sec-Order descriptors,
we obtain Ny = 8 per-chunk similarity scores. Notice that under the L'-metric or
its invariant version, summing these scores is the same as taking the distance directly

using the original full descriptors. The idea of fusing per-chunk scores subsumes a
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linear similarity model. More precisely, given a query ¢ and a database object x, we
seek an optimal similarity or scoring function of the form ¢(z,q) = >, wisy as in
Section 4.3. In the following experiments, we use the Invariant-L'-metric to quantify

per-chunk similarities and compare the results against the basic SUM rule of the form

900(37’ Q) = Zk Sk-

The following performance results have been obtained on a modified version of
PSB. Originally, PSB Training and Test Sets do not share the same shape classes.
Accordingly, we have merged these two sets into a single one, consisting of 1814 models
in 161 classes® . We have then split them into two subsets A and B of sizes 946 and 868,
sharing the same 161 classes. We will clarify the use of these two sets in the context
of the application chosen. This modification lets us treat the problem in an even more
challenging complexity than in the original PSB Test Set, since the number of classes

is now increased from 92 to 161.

5.10.1. Performance in the Bimodal Search

Recall that the bimodal search protocol assumes the existence of a training set
categorized into a fixed set of concepts. Learning is done off-line. From the training
set, we take one shape at a time as a query and the remaining ones as database shapes,
then feed the pairwise scores to the algorithm in Section 4.3 to learn a shape-specific
SVM. In Section 4.4.1, we had to introduce two different heuristics to obtain a weight
vector corresponding to each class concept, since minimizing directly a per-concept
risk functional using all the available instances was computationally too complex. We
remind that, in the AVE-W heuristic, the weight vector for a given concept class is
computed as the average of the per query weight vectors corresponding to the training
shapes within that class. In the second PCMIN-W heuristic, on the other hand, we
minimize a per-concept risk by using only support vectors learned during the prior

per-query learning.

8The number of classes shared by training and test sets is 21, hence the merged PSB contains
90 + 92 — 21 = 161 classes.
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Table 5.15. DCG Performance of Score Fusion on Bimodal Protocol using 8 Radial

and 8 T-plane-Scores

Rule PSB Set A PSB Set B
SUM 61.9+28.4 61.8427.9
AVE-W 69.4+27.0 62.8+28.1
PCMIN-W | 71.14£26.3 62.1+27.6

Table 5.16. DCG Performance of Score Fusion on Bimodal Protocol using 8 Radial, 8

T-plane and 8 Sec-Order-Scores
Rule PSB Set A PSB Set B

SUM 61.6£28.1 60.6£28.1
AVE-W 71.84+26.5 62.6£28.4
PCMIN-W | 74.9425.2 62.5£27.7

In the bimodal experiments, we have taken the PSB Set A as the training set,
which we have used to learn per-concept weight vectors. PSB Set B has been reserved
for testing purposes. In Table 5.15, we provide the results of fusing 8 Radial-scores and
8 T-plane scores, making 16 scores in total. In Table 5.16, we report the performance
after including 8 more scores corresponding to Sec-Order chunks in addition to Radial

and T-plane scores. We also display the results of the basic SUM rule for reference.

Although, the learning-based score fusion does improve the average DCG perfor-
mance significantly on the training set, it does not lead to a significant gain in the test
set (only 1% using the AVE-W heuristic). That is, learning-based score fusion does
not work well for certain concepts. This might be due to heuristics-based learning of
per-concept weight vectors, but, we think that the following arguments better explain

the situation.

For some concepts, the linear similarity model might not be flexible enough to
maintain good classification accuracy in the score difference domain. When instances
from queries belonging to a certain concept are pooled together, the discrimination

problem in the score difference domain might become more complex than what can be
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solved using a simple linear decision boundary.

If the linear similarity model were totally unacceptable, we would not expect a
good performance on the training set either, as in Tables 5.15 and 5.16. In fact, in
only 4 out of 161 concepts in PSB Set A, the AVE-W fusion of the Radial and T-plane
scores has worsened the performance by at most 2.3% DCG points with respect to the
baseline SUM rule. In PSB Set B, on the other hand, 61 concepts (again out of 161)

have suffered an average performance loss of 8.5% DCG points.

In Tables 5.17 and 5.18, we provide the DCG scores when we use the basic SUM
rule instead of learning-based score fusion (AVE-W or PCMIN-W) for negatively af-
fected concepts (i.e., those concepts for which learning-based score fusion has worsened
the DCG performance). The right most columns give the number of positively affected
concepts, indicating in which proportion the learning-based score fusion generalizes
satisfactorily. We deduce that the linear similarity model is adequate for the training
set and generalizes well on the previously unseen instances of ~100 concepts in the test
set. A plausible reason for the lack of generalization for certain concepts is that the
score differences between training shapes might not be representative enough for those
between test shapes. In such cases, the parameters of the linear decision boundary

might overfit the training instances.

5.10.2. Performance in the Two-round Search

In the two-round query formulation, the benefits of the proposed score fusion
scheme become much more evident. In Section 4.4.2, we have introduced two variants
of this protocol, with varying amount of user interaction needed. In the on-line variant,
the system learns a per-query weight vector at query time after having been provided
with M marked shapes (either as relevant or not relevant) of the first round. In the
off-line variant, the user is asked to mark just one single shape among the M displayed
ones after the first round. The second round proceeds with the weight vector associated
with the marked shape, which has been learned off-line. To evaluate the performance

in this search protocol, we have reserved the PSB Set A as the database shapes and
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Table 5.17. DCG Performance of Score Fusion on Bimodal Protocol using 8 Radial
and 8 T-plane-Scores when the basic SUM rule instead of learning-based score fusion

has been used for negatively affected concepts

Rule PSB Set B | # Positively Affected Concepts

SUM 61.8+£27.9 -
AVE-W 64.6+24.2 100
PCMIN-W | 64.8423.8 88

Table 5.18. DCG Performance of Score Fusion on Bimodal Protocol using 8 Radial, 8
T-plane and 8 Sec-Order-Scores when the basic SUM rule instead of learning-based

score fusion has been used for negatively affected concepts
Rule PSB Set B | # Positively Affected Concepts

SUM 60.6£28.1 -
AVE-W 64.0+£24.1 106
PCMIN-W | 64.4£23.9 100

PSB Set B as the query shapes. The first round results have been obtained by the
basic SUM rule.

In Figures 5.33 and 5.34, we display the DCG performance of the on-line sub-
protocol as a function of the number of marked items M from 4 to 32. Figure 5.33
illustrates the results for 16 Radial and T-plane scores, while in Figure 5.34, we have
also included 8 Sec-Order scores. In these figures, the line at the bottom stands for
the DCG of the first round (i.e., the performance of the SUM rule, DCG = ~62% for
all score combinations). The line at the top stands for the DCG when all database
models are marked as either relevant or non-relevant, serving as an empirical ideal,
i.e., the maximum achievable DCG on this data set using the presented score fusion
algorithm and the running set of description schemes (DCG = ~75% for Radial and T-
plane scores, DCG = ~79% when Sec-Order scores are also included). As the number
of marked items M increases, we observe a steep increase in the DCG performance,
compatible with theoretical fast rates of convergence proven in [10,11]. The DCG profile

converges smoothly to the empirical ideal as the user marks more and more items in
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the first round. To give certain performance figures, for M = 8, DCG obtained after
fusing Radial and T-plane scores becomes ~67%, giving a 5% improvement compared
to the baseline. When the Sec-Order scores are included, the DCG gets ~68%. The
70% DCG barrier is reached after M = 16 marked items for Radial and T-plane scores.
Adding Sec-Order scores reduces this number down to M = 12, showing in fact the

Sec-Order scores can indeed be useful in contrast to the case of the basic SUM rule.

In Figures 5.35 and 5.36, we display the DCG performance of the off-line sub-
protocol as a function of the number of displayed items M again 4 to 32. We emphasize
that, in this mode, M refers to the number of displayed items and the user interaction
needed is limited to mark just one shape, the first relevant one after the first round.
Accordingly, here, M is not related to the convergence of the algorithm, but just
an application-specific parameter determining how far the user is allowed to look for
relevant items. Increasing M does not cost anything in terms of user interaction.
At M = 4, combining Radial and T-plane scores boosts the retrieval performance by
2.5%, adding the Sec-Order scores by 3.5%. Note that the DCG profile keeps a slow but
constant increase as the number of displayed items M in the first round is increased.
In a typical retrieval scenario, displaying M = 32 items has no cost. These results
tell us that we can obtain DCG improvements by ~4% with respect to the baseline.
Recalling from Section 5.8.2 that the performance of top 3D shape descriptors differ
only by a couple of percentage points, this 4% gain can be considered as significant and
comes virtually at no cost at the querying process. The only bottleneck is the off-line
processing of the database shapes to learn the weight vectors, which may eventually

be used in the second round.

When we contrast the on-line and off-line versions of the two-round search pro-
tocols, we arrive at a compromise. With on-line score fusion, we can obtain significant
improvements as the user is asked to mark more and more items. In special applications
where the user voluntarily marks the demanded number of items, the on-line scheme
is preferable. The off-line scheme, on the other hand, comes at no cost at query time
and still yields satisfactory improvements. Sample two-round searches using these two

variants are shown in the Appendix E.
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Figure 5.33. DCG performance of the two-round search with on-line learning as a
function of the number of marked items M in the first round for Radial and T-plane
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Figure 5.34. DCG performance of the two-round search with on-line learning as a
function of the number of marked items M in the first round for Radial, T-plane and

Sec-Order scores
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6. CONCLUSION AND PERSPECTIVES

6.1. Discussion and Conclusion

This thesis has dealt with two fundamentals problems in content-based 3D object

retrieval:

(1) How to describe a 3D shape to obtain a reliable representative for the subsequent
task of similarity search?

(2) How to supervise the search process to render it more effective and semantic?

Our main contribution concerning the first problem is the density-based frame-
work, which produces not only a single but a family of shape descriptors at various levels
of discrimination. This framework unifies histogram-based approaches and enables the
passage from multivariate local surface characterization to global shape description
with considerable ease. Performance-wise, density-based descriptors are significantly
better than their histogram-based counterparts®? . The upper bound on the mean inte-
grated absolute error (MIAE) of the univariate KDE illustrates the smoothing effect

of the bandwidth parameter(s) in the context of shape discrimination.

We have shown that the density-based framework proves to be very effective in
comparison to state-of-the-art descriptors. In fact, one of its instances performs better
than all purely 3D methods and equally well as DBI [2], which is the best 2D method
to date. We have also tested our framework on four different 3D databases, which
are selected from distinct domains, in order to show the potential of density-based
descriptors in a wide range of applications targeted by the 3D object retrieval research.
We have shown that their performances generalize well on these databases with varying

mesh quality, semantic content and classification granularity.

9Meanwhile, we note that the T-plane descriptor is just equally well as SDHT.
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As by-products, we have developed dedicated dimensionality reduction tools,
marginalization and probability density pruning, which exploit the pdf structure. Fur-
thermore, we have shown that marginalization can be employed for non-heuristic fea-
ture subspace exploration in terms of retrieval performance. We have also demon-
strated that the pdf structure can also be used to guarantee invariance to certain 3D

transformations at matching stage.

Finally, the present work constitutes a first application of FGT in the 3D domain.
This fast approximation scheme turns the KDE method, which is computationally
practical only in a few dimensions, into a computationally very efficient tool for 3D

shape description.

We can discuss the key aspects of the density-based framework along the following
lines. The features used in the density-based framework are the most basic and direct
differential geometric quantities that can be associated with a 3D point lying on a
surface. They are intuitive from a shape modeling perspective and computationally
cheap to obtain. Furthermore, the fact that they have mathematically well-defined
ranges helps us in the subsequent target selection. A joint consideration of these
features characterize the surface point completely up to second-order. As we add more
dimensions to a multivariate feature, we increase its specificity. When coupled with
the KDE, this family of local features leads to a family of descriptors, each of which
has a different level of discrimination. It is worth noting that we have not particularly
refrained ourselves from the use of non-invariant features, since invariance at feature-
level comes usually at a certain loss of shape information, which cannot be restored
back afterwards. We have employed PCA-based normalization to discover the major
axes of the object to secure rotation invariance without loss of information, but at
the cost of small errors for which we have relied on the robustness of the KDE. More
destructive deficiencies such as mislabelings and wrong polarity assignments have been
handled in an exact manner at the matching stage. Furthermore, the density-based
framework uses a robust feature calculation scheme. Although a triangular mesh leads
to a plausible visualization of the 3D object at changing levels of resolution, it is

somewhat artificial and approximates the continuous surface only in the limit, i.e.,
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when the triangles are sufficiently small and regular. The Simpson averaging scheme
provides a robust feature calculation option by smoothing the feature values over a

mesh triangle so that mesh irregularities become a lesser problem.

Note that if the pairwise correspondences between two sets of feature observations
are known in advance, two shapes can be matched much more effectively than by using
any known 3D shape descriptor. The superior performance of the PDS method [4] is
a manifestation of this fact. This correspondence problem is the main bottleneck for
global 3D shape descriptors, which all try to circumvent it in one way or another, by
registering the shape information on some adequately chosen grid. The KDE-based
framework too effects a kind of registration but, unlike other approaches, adopts a soft
assignment strategy so that a feature observation does not only contribute to the closest
grid point but also to the nearby ones as a function of its closeness. This strategy makes
the resulting descriptors less sensitive to small shape variations and extrinsic effects.
Closely related to this robustness property is the smoothing behavior of the KDE. In
fact, the idea of variability reduction by smoothing has been our main motive in using
KDE. Adapting the example given by Edelman in [100], the method of comparing two
feature sets must allow for some location uncertainty; otherwise, any small perturba-
tion would render an object unrecognizable. Testing all possible perturbations within
a small neighborhood around each feature observation raises combinatorial problems
and hence is unfeasible. One simple way to achieve relative insensitivity to feature
location uncertainty is to blur at least one of the feature sets before comparison, e.g.,
by convolving it with a bell-shaped kernel such as the Gaussian. The bandwidth pa-
rameter of the kernel accounts for this very uncertainty as discussed in Section 3.2.2.
Furthermore, by judiciously adjusting the bandwidth parameter, the descriptors can
be rendered smoother or more specific. Large bandwidths enhance shape commonal-
ities, discard very fine maybe irrelevant details and favor the matching hypothesis by
reducing descriptor variation, while small bandwidths produce more faithful descrip-
tors and impose more stringent requirements for a positive match to occur. Finally,
along with the pragmatic benefits mentioned above, describing a 3D shape by the pdf
of its local features is also philosophically appealing. The density-based framework is a

generative method in the sense that it models the conditional density of a local feature
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S € Rgs given a certain shape X. Accordingly, let S be a set of feature observations
regarding X. Given two shapes O; and O, modeled by the conditional pdfs fs0, and
fsjo, respectively, we consider the following question: apart from X, which one of O,
and Oy could have also generated S? 1f the problem is treated as the one of binary
classification, the optimal solution is given by the Bayesian decision rule of the form
“assign S to Oy if fs(S]01) > fs(S]O2), and to Oy otherwise”. The error of this rule

can be expressed as [13]

1 .
Pr(error) = —/ min (fs‘ol, fg‘oz),
2 Jrq
which can be viewed as a measure of confusion between fso, and fg0,, as well as a
measure of similarity. In the context of matching via pdfs, to determine which one
of fsjo, or fsjo, better match fgx, we have to pick the model O*,i = 1,2, which

maximizes the confusion with fgx, that is,

O = argmazx / min (f5|X, fs|oi).
i=1,2 Ry
As shown in Appendix B.1, the above maximization is equivalent to minimizing the L!-
distance between fgx and fg0,,% = 1,2. Observe that this equivalence is distribution-
free and independent of feature dimension. This result does not only explain the
superior performance of the L!'-metric notably against other Minkowski metrics (cf.
Section 5.4), but also provides a rigorous justification for the adequacy of our approach.
We conclude that, from the perspective delineated above, the density-based framework

is the right way to process local surface information for shape matching.

Marginalization, this fairly general concept of probability theory, has found an
interesting application in our framework. Using marginalization, we can switch from
one descriptor to a less specific one, by discarding one or more feature components.
Accordingly, we have avoided descriptor computation for every possible feature con-
figuration and have been able to explore the whole feature space in terms of retrieval
performance very efficiently and without resorting to any suboptimal heuristic-based

feature selection method.
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Another advantage that the pdf structure offers is to secure invariance against
certain types of object transformations at the matching stage, without the need of re-
computing the descriptor for every possible transformation. Starting from the change
of variables formula, we have developed a minimization-based similarity measure, com-
pletely invariant to coordinate axis relabelings and mirror reflections, without sacrific-
ing any intrinsic shape information. This measure has provided significant performance

improvements in all databases.

Concerning the second problem, we have adapted the theoretically well-founded
ranking risk minimization framework [10,11] to the learning of inter-shape similari-
ties for more effective and semantic retrieval as shown in Section 5.10 and illustrated
in Appendix E. We have cast the problem into one of linearly combining similarity
scores, which arise from different shape descriptors, and have shown that learning can
be carried straightforwardly by the well-known SVM algorithm. This rigorous score
fusion approach allows us to benefit from powerful aspects of individual descriptors by
incorporating different levels of supervision into the search process. Our contributions

on similarity learning are as follows:

To the best of our knowledge, there is no prior work in the 3D domain using
statistical learning techniques to combine multiple shape descriptors. The present

work constitutes a first successful attempt to this challenging problem.

The approach presented in this thesis is a direct application of a recently intro-
duced rigorous statistical framework [10,11], where consistency and fast rate of con-
vergence of empirical ranking risk minimizers have been established. These theoretical

results place our approach on well-founded grounds.

Our algorithm operates on scores, and not on descriptors themselves, unlike other
risk minimization-based approaches [88,89]. In this sense, it is a general scheme, which
does not depend on the type of description and can be used for arbitrary data modalities

as long as one provides similarity scores between entities.



138

We have illustrated the use of our scheme in two different search protocols. Ex-
periments have shown that the two-round protocol benefits more from our score fusion
framework than the bimodal protocol. The approach is able to boost the retrieval per-
formance for as many as 100 shape concepts under bimodal query formulations. In the
two-round search, on the other hand, we can obtain DCG improvements by as large as

~10% even with a fairly modest amount of user interaction.

6.2. Perspectives

An immediate research direction to pursue is the extension of invariances, which
can be achieved using the scheme presented in Section 3.4, to arbitrary 3D rotations.
Such an extension would render the matching completely invariant to rotations as well,
and would further improve the retrieval performance of the density-based descriptors.
Apart from 3D object retrieval, recovering the pose of a 3D object with respect to a
given reference frame is still an open problem and constitutes the preliminary step in
applications such as 3D model reconstruction from existing parts, texture and surface
detail mapping, etc. [101]. In order to provide a solution to this problem within the
density-based framework, we need to find unit-sphere partitionings that would remain
closed under the action of an arbitrary 3D rotation as discussed in Section 3.4. Alter-
natively, we can relax the strict closedness requirement and rely on nearest-neighbor

mapping to establish target correspondences after a certain 3D rotation.

Another possible direction of research is towards parametric density estimation.
While the KDE approach coupled with FGT proved to be very useful; beyond four
dimensions, descriptors get impractically large and the statistical accuracy is no longer
guaranteed due to the curse of dimensionality. In our context, the virtues of parametric
mixture models are as follows: (i) accuracy problems related to high dimensionality
can be more effectively managed, (ii) they lead to more parsimonious descriptions. If a
local feature pdf were available in terms of a parameterized analytical form, we would
not need to sample it to obtain the descriptor vector but just store its parameters as the
descriptor. However, we should think of alternative matching schemes since the com-

putational cost of parametric pdf estimation cannot be afforded at the matching stage.
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Given a set of i.i.d. feature observations § = {sk},iil regarding the query and a set of
database objects O, each represented by its own parametric pdf, the matching problem
would then be to select the pdf that best explains the set S by invoking a Bayesian
classifier of the form “assign S to O* such that O* = argmaz ), logfs(sx|O)”. This
maximum likelihood procedure can be carried efficiently Zier?ce the pdfs are analytically
given. Furthermore, using a parametric pdf, we could more conveniently extend the
type of invariances that can be secured at the matching stage. The research problems
in this direction are: (i) finding a mixture model that would be flexible for a wide range
of local features, (ii) determining the number of parameters involved in the mixture,

(i) efficient estimation of the mixture parameters.

Motivated by the fact that our framework is based on pdfs, a natural research
direction would be an information-theoretic analysis of the local surface features. In
the present work, we have quantified the descriptive power of the local features by their
retrieval performance. Information theory provides us with universal measures for the

same end and raises the following interesting issues.

Let, for instance, Y be the discrete class label of a random 3D object O on which
the feature S is evaluated. The mutual information value I(S,Y’) stands then for the
amount of information that the feature S contains about the class label Y. It is the
reduction in the uncertainty of the unknown class label due to the knowledge of the
feature. Consequently, I(S,Y") arises as a natural measure, which can be used to order
different local features in terms of their descriptive power. It would also be interesting
to compare such an ordering, once found, to the one given by an empirical performance

evaluation.

Furthermore, if we consider a 3D object as a communication channel, the entropy
of the local feature can be viewed as the average number of bits transmitted to pass
its true value to a recipient. This observation may have implications in 3D mesh com-
pression. Along the same line, but on an even more theoretical vein, it is tempting to

investigate the relationship between local feature entropy and global shape complexity.
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Finally, the score fusion scheme presented in this thesis leaves the door open
for two important research issues. First, scoring functions can be extended to non-
linear forms to cope with situations where a linear decision boundary is not flexible
enough to discriminate between score difference vectors. The linear scoring function
o(w) = (w,s) induces a linear discrimination problem in the score difference domain
where the optimization variable is again the weight vector w. As a consequence, once
the weight vector is learned in the score difference domain, it can directly be used in
the score domain too. In principle, the discrimination problem can be non-linearized
by the kernel trick, in which case the sought-after weight vector no longer lives in the
score difference domain, but in a higher dimensional space: it is only implicitly given
except for some special choices of the kernel such as the polynomial [94]. In a standard
classification problem, this poses no problem as the decision function can be efficiently
evaluated in terms of kernel values. In the retrieval problem as considered in this thesis
on the other hand, decision values can only be used to find the relative rank of an item
with respect to another. There are two main questions here: (i) How can we resolve
the final ordering from relative pairwise ranks in a way fast enough for a real-time

application? (ii) Does this resolution phase lead to a consistent final ordering?

Second, one can consider a formulation of the score fusion problem by minimizing
the DCG criterion. Although the pairwise ranking risk model has proved to be success-
ful in the score fusion problem, it has two limitations [20]: (i) it is not the best metric
used in practical retrieval systems, (ii) only the top few positions of the ranked list
are of importance. The DCG criterion addresses these limitations naturally as first,
by definition, it weights correct results at the top more than those at the bottom and
second, it constitutes the most widely used measure to evaluate the performance of a

retrieval algorithm.
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APPENDIX A: 3D OBJECT DATABASES

In this appendix, we list the main features of 3D mesh databases used for research

purposes.

e Princeton Shape Benchmark (PSB)
— 1814 models in 161 classes
— Split into two sets: Training (907 models in 90 classes) and Test (907 models
in 92 classes)
— 3-level classification hierarchy also available
— Example classes: animal, building, furniture, household object, human, mu-
sical instrument, plant, vehicle
— Low resolution, non-regular meshes
— Public
— http://shape.cs.princeton.edu/benchmark/
e Sculpteur Database (SCU)
— 858 archaeologically valuable object models: 513 of them categorized in 53
classes
— 2-level classification hierarchy also available
— Example classes: amphora, vase, pavement, statue, relievo, mould
— High resolution, watertight meshes

Private

http://www.sculpteurweb.org/
http://www.tsi.enst.fr/3dmodels/
¢ SHREC Watertight Database

— 400 models in 20 classes

Example classes: ant, chair, glasses, hand, human, octopus, spring
— Topology-driven equivalence classes

— High resolution, watertight meshes

— Open to SHREC’07 participants

— http://watertight.ge.imati.cnr.it/
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e Purdue Engineering Shape Benchmark (ESB)
865 CAD models in 45 classes

2-level classification hierarchy also available

Example classes: bearing, contact switch, elbow, gear, handle, housing, thin
plate, T-shaped part, U-shaped part

— Middle resolution, watertight meshes

— Open to SHREC’07 participants

— https://engineering.purdue.edu/PRECISE /shrec/

http://shapelab.ecn.purdue.edu/Benchmark.aspx

Konstanz Database

— 1839 models: 473 classified

— Public

— http://merkur(O1.inf.uni-konstanz.de/CCCC/
MPEG-7 Database

— 227 models: all classified

— Private

— http://merkur01.inf.uni-konstanz.de/CCCC/
National Taiwan University Database (NTU)

— 10911 models
— Public
— http://3d.csie.ntu.edu.tw/ dynamic/database/index.html

Informatics-Telematics Institute Database (ITT)
— 544 models in 13 classes
— Example classes: animal, airplane, helicopter, car, couch, human
— Public
— http://3d-search.iti.gr/3DSearch /index.html
http://shrec.iti.gr/download.html
e McGill Database
— Articulated object models
— Public
— http://www.cim.mcgill.ca/ shape/benchMark/

e Carnegie Mellon Database
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— ~2000 models

— Private

— http://amp.ece.cmu.edu/projects/3DModelRetrieval /
e SHREC 3D Face Database

— 1000 3D face models

— Open to SHREC’07 participants

— http://give-lab.cs.uu.nl/SHREC /shrec2007/
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APPENDIX B: STANDARD DISSIMILARITY
MEASURES

In this appendix, we provide definitions for some of the standard measures to
evaluate the dissimilarity between two histogram-based descriptors f = | fz]z]L and
f' = [ f]’]j\:l Except for the earth mover’s distance, we assume that descriptors have
the same dimension, i.e., N = N’, their entries f; and f; are real numbers and they

sum to one, ie, > . fi=>" ; f; = 1. In the following definitions, the index i runs from

1to N and j from 1 to N'.
B.1. [P-Distances

For p > 1, these measures are also known as Minkowski distances, L', L? and L
being the most commonly used ones, especially because they are computationally very
cheap. For p < 1, LP-measures are called as sublinear norms. They emphasize small
point-wise absolute differences |f; — f/| more than Minkowski norms. On a general
basis, as p decreases, small differences, typically in the tails of distributions become

more and more important. LP-distances for vectors are given by

)

(1/p)
LP(f, ) = (Zm ~ f;|”> :

L'-distance, in particular, has an interesting connection with binary classification [7].
Suppose that an observation s (regarding a random variable S € Rg) comes from one
of the two equally likely classes C and C’ represented by densities f and f’ respectively.
The misclassification probability Pr(error) of a Bayesian decision rule of the form:

assign s to C if f(s) > f'(s), and to C’" otherwise, is given by

Pr(error) = % min(f, f).
Rs
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la+b]  Ja—b]

5 5 it can be shown that

il

1 1 l

Using the identity min(a, b) =

Pr(error) =

N — N~

Thus, the maximum Bayesian probability of misclassification occurs at the minimum

L'-distance between class-conditional densities f and f'.
B.2. Symmetric Kullback-Leibler Distance

In probability theory, the Kullback-Leibler divergence K Ly, is a non-symmetric
measure of difference between two probability distributions. A symmetric version of

this measure can be obtained as follows

KL(f,f) = KLgy(f||f') + K Ly (f']£),
. /
= 3 flogh; + 3 fitog .

= S (- f{)log%

i

Note that K Lg;, is a special case of the more general a-divergence given by (in the

continuous case)
1 "
agn(fIIf) = ﬁlog/f/ (7> ,
where o € [0, 1]. K Lg;, can be obtained in the limit as o — 1.
B.3. y%-Divergence

In statistics, y?-test is a generic method to decide whether two data sets are

drawn from the same distribution or not. The acceptance hypothesis is retained based
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on the significance of the y2-divergence value given below

/ (fz_fz/)z
2f, 1) = -
X (5.6) Z fitfl

In matching two descriptors, the above value is taken directly as a measure of dissimi-

larity without performing any significance test.
B.4. Bhattacharyya Distance

Bhattacharyya Distance is an alternative measure that can be used to decide

whether two statistical distributions differ or not:.
B(f.f)=1-> /fifl.

In view of the discussion for the L!-distance, Bhattacharyya distance can be related to
the Bayesian probability of misclassification. Consider the binary classification setup

as in the above. Accordingly, from (B.1) and the fact that min(a,b) < vab, we have

Pr(error) S/R \/f_f’

Thus, an upper bound on the Bayesian probability of misclassification is maximized at

the minimum Bhattacharyya distance between class-conditional densities f and f’.
B.5. Histogram Intersection

Histogram intersection is originally proposed for matching color histograms [67].

The associated distance function is expressed as
HI(f ) =1-) min(fi, f}).

By invoking min(a,b) = @ — @, we can see that H1 is equivalent to L!'-distance.
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B.6. Earth Mover’s Distance

A descriptor entry f; can be a two-tuple (m;, w;), where m; € R™ is interpreted as
a bin center in a multidimensional histogram and w; € R as the amount of mass concen-
) N N
trated around m,;. In such a case, descriptors f = [(m;, w;)];_; and ' = [(m;,w;)}jzl
are called as signatures. Let W be the total amount of mass contained in the descriptor
f, that is, W = Y w; (likewise for W’), and let n be a ground distance between bin
centers such as L2. The earth mover’s distance is then defined as the minimum value
of an optimization problem [102]:
D s N(mi, mj e
EMD(f,f") = min="~ :
( ’ ) Cij min (W, W’) ’
such that

Cij 2 O,Vi,j,
Z cij < wj, Vi,
J

Z%‘ < wj, Vj,

i
Z cij = main (W, W'),
1,3
where the optimization variables c¢;; stand for the amount of mass to be carried from
the bin m; to the bin m/;. The use of EM D is motivated by the fact that the bin centers
in two different descriptors might not be aligned. The computational complexity of the
above program is above O(N?3) and limits its practical usability for large signatures. A
recently introduced algorithm reduces this complexity down to an empirically shown

O(N?) when the ground distance 7 is chosen as L' [103].
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APPENDIX C: KDE AND RELATED ISSUES

In this appendix, we provide some derivations related to kernel density estimation
(KDE). First, in C.1, we derive the univariate KDE using a fixed scalar bandwidth as
in [13]. In C.2, we derive the upper bound on the mean integrated absolute error
(MIAE) in the univariate shape description context, which were used to illustrate
the smoothing effect of the KDE in Section 3.2.1. This derivation is our original
contribution. In C.3, following [7], we recapitulate the asymptotic mean integrated
squared error (AMISE) and extend the expression for the univariate Scott bandwidth

to the case of arbitrarily weighted observations.
C.1. Derivation
Suppose we want to estimate the pdf fg of some random variate S € R™ at some

target t € R™. Let N(¢) be some neighborhood around the target ¢, with volume
Vol[N(t)]. The probability that S falls inside N (¢) is

Pr{S e N} = //\/(t) fs(u)du.

For sufficiently small A/ (¢) and continuous fg, a reasonable approximation to fs(t)

would then be

_Pr{SeN(@®)}
fs(t) = Vol[N(1)]

(C.1)

Given a set of independent observations {s;}r_,, a natural estimate for Pr{S € N}
can be obtained by counting the number of s;’s falling inside N (¢) in which case we

can write
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P’/’{S GM} ~ #{Sk7S inside N(t)} _ %ZH{SIC EN(t)}, (02)
k=1

K

where I{-} is one when the predicate inside the curly brackets is true, and zero oth-
erwise. Now suppose momentarily that the neighborhood N (¢) is an m-dimensional
hypercube with edge length h so that Vol[N(t)] = h". Accordingly, combining Egs. C.1

and C.2, we can write

folt) = T S s € M0)) (©3)

The kernel family of density estimators arises in a quest to generalize Eq. C.3.
Observe that, when the neighborhood is chosen to be a hypercube, we can analytically

express the 0-1 counting function I{-} as

I(t—s
(s e N0 =k (122),
where K is interpreted as a kernel function and I is the m xm identity matrix. Thus, the
0-1 counting function occurs as just a special case of a generic kernel K, corresponding
to a hypercube neighborhood of fixed volume. One can also identify h='I as the

bandwidth parameter matrix H, which remains the same for all the observations, i.e.,

o, = H,Vk.

Allowing kernels that are smoother than the 0-1 counting function lies at the heart
of KDE methodology. The specific form of the kernel paramaterized by the bandwidth
H determines implicitly the shape and the size of the neighborhood chosen. In fact,
one does not need to define a crisp neighborhood such as a hypercube. When a smooth
function of the observation-target distance is chosen as a kernel, all the observations
contribute to the density estimate. In a nutshell, closer observations contribute more,

far-away ones less. As a result, KDE can also be viewed as a data interpolation method.
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Thus, the KDE equation for arbitrary kernels reads as

fo(t) = — > K (Hy'(t = s1)). (C.4)

For the Gaussian kernel given by

Cm 1
’CGaussian(u) = (27T) /261;29( - 5 ||u||2 >7

we have

Fo(t) = (Qﬁ)_m%K 7 ; eap( - %(t )T (- s). (C.5)

Egs. 3.7 and 3.8 in Section 3.2 are more general forms of Eqs. C.4 and C.5, where
each observation induces a differently sized of neighborhood around the target ¢ through
the variable bandwidth parameter Hy. Another distinction is the scalar importance
weight wy, associated with each observation, which is set to 1/K above, in the abscense

of any prior information regarding the sampling density.



151

C.2. Derivation of the Upper Bound on MIAE
Let f and f’ be two real-valued functions with scalar domains, given by
K 2
1 1/t— Sk
) = —— exp§ —= ,
0 = e p{ (5 )}
K 2
1 1 (t—ys,
(¢ _ ex - k> ’
0 = p{ 5 (5

where s;’s are known deterministic scalars, s.’s are their randomly perturbed versions

so that s, = s, + €. The additive perturbations €;’s are zero-mean i.i.d. random
variables. Both f and f’ are positive and integrate to one. In the following, we derive
an upper bound on the expected variation between f and f’ in the integrated absolute
sense. We call this measure of variation as mean integrated absolute error (MIAE).

Concretely,

MIAE(f, ) 2 E{/u—f@,
R
= /E|f_f/|a
R

where E{-} is the expectation operator. We can write the point-wise difference f(t) —

f'(t) as

0= g Eenl () i)

k=1

Let us now use the Hermite identity exp(2ab — b*) = Y>> Lo"H,,(a), where H, are

n=0 n!

the Hermite polynomials. Identifying that a = (¢ — s;)/v/2h and b = €;,/v/2h, we get

f@t)—f'(t) = \/2_71hK giexp{—% (FTS’C)Q} % (%)an (7_—2?) .
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Taking the expected absolute value of the above expression and using the triangle

inequality, we obtain

U001 o 3ok ET Zew{_- (52) }’H ()],

where we have used the fact that E |e;| = F|e|,Vk by the i.i.d. assumption. Now,

integrating both sides of the above expression with respect to t, we obtain an upper

bound on MIAE,

Cu(h) Eel”
2n/2pl pn

MIAE(f, f) < i (C.6)

where C,(h) = \/7 [e —u?2 g ( fh)|du Furthermore, Cramer’s inequality for Her-
mite polynomials tells that | H,,(u)| < C2%/2v/n! e*’/?, where C'is a numerical constant
less than 1.09 in value [8]. Thus,

Co(h) < (02”/2\/_ ) o / exp (—2“—;) exp (4“—;) du,

= (orm) o [ e (g
_ ooy

Finally, combining the above result with the bound in (C.6), we get

o0

MIAE(f, f') <CZ L Ele

</l b

where we have lumped the V2 factor into the constant C.

C.3. AMISE and the Scott Bandwidth

The asymptotic mean integrated squared error (AMISE) of a univariate kernel

estimator is given by the sum of the asymptotic integrated squared bias (AISB) and
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the asymptotic integrated variance (AIV):
AMISE(h) = AISB(h) + AIV(h).
When the observations are equally weighted by 1/K, we have [7]:

AISB(R) = 7§ lm(OI R,

R(K)

where R(¢) = [ ¢* and [|u2(K)|| £ [ u?K(u)du. Observe that AISB does not depend
on the number of observations K neither on how they are weighted. Thus, to derive
an expression for the A MISE-optimal bandwidth for arbitrarily weighted observations
by wg, where Y, w; = 1, we need to work with the variance term as follows. The

univariate kernel estimator f of a density f is given by

K
f(S) = Z wiKn (s, 58),
k=1

SRS

where KCp,(s, sp) £ K (£52) and {s},_, are i.i.d. realizations of a random variable

S. The variance of the estimate f (s) is given by

Var{f(s)} = W Var{Ku(s,5)},
W BG5S W B {Ka(s, S

where W £ Zszl w?. Expanding the first and the second terms above in Taylor series

and then integrating the result, the integrated variance IV can be shown to be [7]:
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Finally, based on Theorem 6.1, page 131 in [7], we get
RIK) 1
Amsg ) = w B 001 Rent

h

o= W >
()™ R(f")

)
for the univariate kernel estimator using arbitrarily weighted observations.

To find the Normal reference rule or the Scott bandwidth, we proceed by assuming
a Gaussian reference density f with variance 02 and a Gaussian kernel K. Plugging

2
|

in the corresponding expressions for R(f"), R(K), and ||u2(K)||”, we obtain the Scott

bandwidth:

4 1/5
hScott = (gW) 0.

The m-dimensional multivariate generalization of this result for a diagonal bandwidth
matrix H = diag(hy, ..., h,,) can be obtained by working with multidimensional Taylor

expansions [7]. Here, we simply state the result:

4 1/(m~+4)
Hseott = (m—+2w> diag(oq,...,0m).
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APPENDIX D: MARGINALIZATION RESULTS

Starting from the pdf of an m-dimensional feature S = (Si,...,S,,), the mar-
ginalization analysis is carried in m — 1 stages. At a certain stage t = 1,...,m — 1,
we integrate t-tuple of components out from the pdf of the original m-dimensional

m) such operations, yielding 2™ — 2 possible

feature. At a given stage t, there are ( :

marginalizations in total.

The following tables present the DCG results of the exhaustive marginalization
analysis applied on the pdf-based descriptor of the 6-dimensional feature (R, Rz, Ry, Nx, Ny, A),
as presented in Section 5.6.2. The analysis involves 5 stages, thus the total number of
marginalizations is 2™ — 2 = 62. In these tables, a given row corresponds to a specific
marginalization where the retained components are indicated by gray-shaded cells and
the removed one(s) by white cell(s). The black cell at the right-most column stands for

the feature configuration, which yields the maximum DCG of the corresponding stage.
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Table D.1. DCG (%) Results of One-Component Marginalization (the white cell in a

given row indicates the component removed)

R R, R, N, N, A | pCG | Max

599
62.6
62.0
622
616
60.6

Table D.2. DCG (%) Results of Two-Component Marginalization (the white cells in a

given row indicate the two components removed)

~ ~

R R R N N. A DCG | Max

X 3 X 3

60.0
503
58.2
59.8
62.1
59.7
62.0
62.0
59.8
58.2
60.8
60.1
60.6
508
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Table D.3. DCG (%) Results of Three-Component Marginalization (the white cells in

a given row indicate the three components removed)

R

R

X

R

y

~

N

X

~

N

¥

A

DCG

Max

497

60.8

59.2

58.1

59.5

59.8

57.2

54.9

60.5

59.7

57.7

57.1

53.0

57.7

61.5

60.0

57.1

59.9

595

55.1
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Table D.4. DCG (%) Results of Four-Component Marginalization (the white cells in

a given row indicate the four components removed)

R

R

X

R

y

~

N

X

~

N

¥

A

DCG

Max

49.1

49.1

54.9

53.9

50.1

421

58.1

56.2

52.5

56.2

56.2

50.9

46.1

55.0

53.8

Table D.5. DCG (%) Results of Five-Component Marginalization (the white cells in a

given row indicate the five components removed)

R

R

X

R

3y

~

N

X

A

N

¥

A

DCG

Max

37.7

39.9

40.5

44.8

42.8

385
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APPENDIX E: SAMPLE TWO-ROUND SEARCHES

In this appendix, we illustrate the two-round application of learning-based score

fusion. We remind the on-line and off-line versions of this protocol below:

e On-line.

— The user enters a query shape.

— In the first round, the system returns M ranked databases shapes using the
basic SUM rule and asks the user to label all of them as either relevant or
non-relevant.

— The system learns a weight vector using the score difference vectors corre-
sponding to these marked shapes on-line.

— In the second round, the system uses the learned weight vector to evaluate
a weighted similarity score and returns a new set of database shapes.

e Off-line.

— The user enters a query shape.

— In the first round, the system returns M ranked databases shapes using the
basic SUM rule and asks the user to label just one shape, the very first one
that he/she finds relevant.

— In the second round, the system uses the weight vector corresponding to
the marked shape, which has already been learned off-line, to evaluate a

weighted similarity score and returns a new set of database shapes.

Figures E.1 and E.2 illustrate two applications of the on-line mode using a “couch”
and a “human” 3D model as queries respectively. Figures E.3 and E.4 illustrate two
applications of the off-line mode using a “plant” and a “bench” 3D model as queries

respectively.
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FIRST ROUND

COUCH

SECOND ROUND
on-line learning mode

Figure E.1. Two-round search with on-line learning on a “couch” query. In the first
round, only the first-ranked item is relevant (marked as green, the remainder as red);
the secound round retrieves four more “couch” models. Notice also that the
fourth-ranked “bench” model is plausible to human intuition but not used as a

positive result in performance evaluation.
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FIRST ROUND

3

SECOND ROUND
on-line learning mode

5 6 7 8

Figure E.2. Two-round search with on-line learning on a “human” query. In the first
round, the system returns non-relevant “car”, “bird” and “helicopter” models
(marked as red) in addition to other “human” models (marked as green); the secound

round eliminates the non-relevant ones and returns only “human” models.
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FIRST ROUND

SECOND ROUND
off-line learning mode

1 2 3 4

Figure E.3. Two-round search with off-line learning on a “plant” query. In the first
round, the very-first relevant item occurs only at the fourth position (marked as
green); the second round retrieves two more crisply correct matches along with three
“tree” models (positions: 3, 6 and 8) and one “potted-plant”, which are also plausible
(but not used as positive results for performance evaluation). The only totally

non-relevant item of the second round is the seventh-ranked “human” model.
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FIRST ROUND

SECOND ROUND
off-line learning mode

Figure E.4. Two-round search with off-line learning on a “bench” query. In the first
round, the first item is marked as relevant (in green); the second round returns four
more “bench” models at positions 2, 3 and 7 respectively. The eight-ranked “desk” is

semantically similar to the query as well.
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