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ABSTRACT

OPTICAL AND OTHER SOLITON SOLUTIONS OF SOME NONLINEAR
PARTIAL DIFFERENTIAL EQUATIONS AND SYSTEMS

This thesis deals with the investigation of Lie point symmetries, optical and other
solitons, conservation laws (Cls) and modulation instability analysis (MI) of some of
nonlinear Schrodinger equations (NLSEs). We present a detailed analysis for the existence
of dark, bright, dark-bright or combined and singular soliton solutions of some NLSEs.
Furthermore, the soliton solutions and Cls of some nonlinear partial differential equations
(NLPDES) are investigated. For some of the NLPDES, we present a detailed analysis for the
existence of topological, non-topological, hyperbolic, function, singular and periodic soliton
solutions. Seven different integration schemes are used to study the nonlinear models,
namely; the complex envelope ansatz, sine-Gordon expansion method (SGEM), the Riccati
Bernoulli sub-ODE (RBSO), modified F-expansion, the generalized tanh, generalized
projective Riccati equation, Jaccobi elliptic function ansatz and the undetermined coefficient
methods. The problem on nonlinear self-adjointness of several nonlinear models has not been
studied in previous time. In this thesis, we solve this problem for several nonlinear models
and find an explicit form of the differential substitution satisfying the nonlinear self-adjoint
condition. Then we use this fact to construct a set of conserved vectors using the classical
symmetries admitted by the models and by invoking the general Cls theorem due to
Ibragimov. Moreover, we investigate MI of some NLSEs by using the concept of linear
stability analysis. Some figures are plotted to show the physical interpretations of the

obtained results.

Keywords: Solitons, Modulation Instability, Conservation Laws, Lie Symmetries,

optical soliton.
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OZET

BAZI LINEER OLMAYAN KISMi DIFERANSIYEL DENKLEMLERININ OPTIiK
VE DiGER SOLIiTONLARI, LiE NOKTA SIMETRELERi, KORUNUM
KANUNLARI VE MODULASYON KARARSIZLIK ANALIZi

Bu tez, bazi lineer olmayan Schrédinger denklemlerinin (NLSE) Lie simetrileri, optik
ve diger solitonlari, korunum kanunlari (Cls) ve modiilasyon kararsizlik analizi (MI)
aragtirmasi ile ilgilidir. Baz1 NLSE'lerin koyu, parlak, koyu parlak veya kombine ve tekil
soliton ¢oziimlerinin varligi i¢in detayli bir analiz sunuyoruz. Ayrica, bazi lineer olmayan
kismi diferansiyel denklemlerin (NLPDE) soliton ¢dziimleri ve korunum kanunlar
incelenmistir. Baz1 NLPDE!'ler i¢in, topolojik, topolojik olmayan, hiperbolik, fonksiyon, tekil
ve periyodik soliton ¢6ziimlerinin varligi i¢in detayli bir analiz sunuyoruz. Dogrusal olmayan
modelleri incelemek i¢in yedi farkli entegrasyon semasi yani; karmasik zarf tahmin yiiriitme
hesaplamasi, sinlis-Gordon agilim yontemi (SGEM), Riccati Bernoulli alt-ODE (RBSO),
degistirilmis F-genislemesi, genellestirilmis tanh, genellestirilmis projektif Riccati denklemi,
Jaccobi eliptik fonksiyonu tahmin yiiriitme hesaplamasi ve belirsiz katsayr yontemleri
kullanilir. Bazi lineer olmayan modellerin lineer olmayan kendiliginden eslesmesi (self-
adjointligi) ile ilgili problem onceki yillarda incelenmemistir. Bu tezde, bazi lineer olmayan
model i¢in bu problemi ¢oziliyoruz ve lineer olmayan kendi kendine eslesme kosulunu
saglayan diferansiyel yerine koyma metodunun agik bir formunu buluyoruz. Sonra bu
gercegi, modeller tarafindan kabul edilen klasik simetrileri kullanarak ve Ibragimov'un
olusturdugu genel Cls teoremini kullanarak bir dizi korunmus vektorler insa etmek i¢in
kullaniriz. Ayrica, lineer kararlilik analizi kavramini kullanarak bazi NLSE'lerin MI'larini

arastirdik. Elde edilen sonuglarin fiziksel yorumlarini géstermek i¢in baz1 sekiller ¢izilmistir.

Anahtar Kelimeler: Solitonlar, Modiilasyon Kararsizligi, Korunum Kanunlari, Lie

Simetrileri.
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1. INTRODUCTION

A system is said to be nonlinear if its output is not linearly proportional to its input; on
the basis of this definition, one can say that most of the systems in this universe qualify to be
nonlinear [1]. The science which deals with nonlinear systems is known as nonlinear science.
In the past few decades, nonlinear science has emerged as a tool to study all those complex
natural Phenomeno which cannot be studied completely by linear science [2].

The study of nonlinear system means to study the nonlinearity present in it. Nonlinearity
plays a role in dynamics of several physical phenomena like in laser physics, electronic
circuits nonlinear mechanical vibrations, population dynamics, astrophysics, plasma physics,
chemical reactions, nonlinear wave motions, heart beat, nonlinear diffusion, time-delay
processes etc. Nonlinearity in any system make the system more complex and it become very
difficult to study. Hence a nonlinear system exhibits a sensitive dependence on initial
conditions [3]. However, linear systems are generally gradual, smooth and regular, common
example of linear system are slowly flowing streams, engines working at low power, slowly
reacting chemicals, etc. Any system with large input generally show nonlinear behavior. For
example, the behavior of a spring is linear for small displacement, but if the initial
displacement is large the spring shows nonlinear behavior. In similar way, for small initial
displacement simple pendulum behaves as linear system however as the initial displacement
become large enough, its motion become nonlinear [4].

In every first encounter of methods of solving ordinary differential equations, one
understands them as tools that are designed to derive the solutions of some equations, which
includes the variable separable equations, the exact analytic solutions, homogenous or non-
homogenous equations [1].

To obtain the solution of NLPDEs is a challenging aspect of nonlinear dynamics. In
recent times, the research in the field of finding exact solution of NLPDEs have reached an
advanced stage due to development of several mathematical software and due to
advancement in high speed computing [2]. Similarly, NLSE plays a significant role in
nonlinear fiber optics, condensed matter physics, plasma physics, etc [4, 5]. The study of
exact solutions of NLPDEs such as solitary waves and periodic solution plays a significant
role in illustration of several natural phenomenon. This thesis involves the study of NLSE

and its variants in contexts of nonlinear optics.



In the 19th century, the great scientist Sophus Lie made a great discovery on some
special cases of a general technique of symmetries that is based on invariance of DEs that
are under a continuous set of group of symmetries [6]. These set of groups now generally
known as the Lie Groups have now gone a long way in making an impact on all fields of
sciences, especially mathematics both applied and pure, as well as engineering and physics.
Some of its applications include the field of algebraic topology, differential geometry,
invariant theory, classical mechanics and so on.

In 1870, he developed the theory of “finite and continuous groups”. Lie devoted his
mathematical career to the development and application of the theory of continuous groups.
These groups are now known as “Lie groups” [6]. Lie gave an algorithm to find all
infinitesimals generators of point transformations and, more generally, contact
transformations admitted by a given differential equation. Importantly, for a given DE, the
basic applications of Lie groups only require knowledge of the admitted infinitesimal
generators [7].

Generally, a symmetry group of a differential equations can be seen as a group which
tends to transform the solutions of the systems to other solutions without actually changing
or affecting the original solutions [6]. Typical examples includes the group translations and
rotations and the group of scaling symmetries. The search for these group symmetries can be
done using recent computational methods.

Once the group symmetries of an equation are determined, several applications are
available to utilize it. Such properties can be used to derive new solutions of the model.
Therefore, symmetry group provides a means of classifying different classes of solutions.
Another good application of these groups is that they can be used to determine which type
of differential equation admits some uniqueness of its characteristics. This is achieved with
the infinitesimal methods using the theory of invariants of differential equations [6]. In the
study of symmetries of ODEs, invariance under one parameter symmetry group implies that
the order of the equation can be reduced by a step of one, which give rise to recovering the
solutions of the original equation. For systems of NLPDEs, the acquired symmetry groups
generally is of no importance in establishing the general solution of the system. But rather
one can employ the general symmetry groups to determine the some special types of
solutions that are invariant under some subgroups. These group of invariant solutions are
established by finding the solution of the reduced ODEs that involves a fewer number of

independent variables which is easier to solve. For example, a solution of NLPDEs under



some parameter symmetry group, are obtained by solving systems of ODEs using any of the
available methods which include the power series method, the classical symmetry, travelling
waves solutions etc [7]. As such, a solution of the obtained differential equations will satisfy
the original partial differential equation.

It is a very well known fact that several differential equations have a number of features,
that is, their symmetries and Cls. Cls are relevant in the analysis of NLPDEs particularly in
the studies of the stability and uniqueness solutions [6].

In 1918, E. Noether proved two very remarkable theorems that relates symmetry groups
of variational integrals with its associated Euler-Lagrange equations. In her first theorem,
she shows how each single parameter variational symmetry group give rise to a conservation
laws of the Euler-Lagrange equation [6].

Many NLPDEs admit infinitely many Cls. Cls are significant in the solution and
reductions of NLPDEs [8]. In the last few decades, many powerful techniques have been
put forward to derive the Cls of NLPDEs such as the multiplier approach a technique [9, 10]
and the new conservation theorem [11- 14].

There are several applications of Cls. Some Cls are fundamental laws of physics (e.g.,
conservation of momentum, mass and energy) while others facilitate the analysis of the PDEs
[6]. They assist in obtaining reductions and solutions of NLPDEs. A large number of Cls for
a nonlinear model is a predictor of integrability of an equation. Without these conserved
vectors (integrals of motion), an understanding of the problem would be incomplete [8].

In nonlinear dynamics, much attention has been given to the study of MI of nonlinear

Schrodinger equations [15].
1.1. Solitary waves and solitons

The solitary wave was first observed in 1834 by J. Scott Russel during his experiment
on efficient design of canal boat [16]. During experiment he saw a long water wave
propagating without change in shape. He named this wave as ”Great Wave” of translation or
”Solitary Wave” and performed further investigations to study the nature of this wave. The

speed of such wave is given by

v=,/gth+a), (1.2)



where g is acceleration due to gravity, h is depth of water channel, a is maximum amplitude
of solitary wave. He published this work in the British Association in 1844 with the name
Report on Waves. His description of solitary waves contradicted the theories of water waves
according to G. B. Airy and G. G. Stokes; they raised questions on the existence of Russells
solitary waves and conjectured that such waves cannot propagate in a liquid medium without
a change of form. Despite the mathematical theory, the experimental evidence in favor of
solitary waves was convincing. It was until the 1870s that Russells prediction was finally
and independently confirmed by both J. Boussinesq in 1871 and Lord Rayleigh in 1876.

In 1895, D. J. Korteweg and G. de Veries formulated a mathematical model for solitary

wave known as KdV equation, which can be express as

dt + qqx + 6qxxx = 0, (1-2)

where g is amplitude of wave having functional dependence on space x and time t
coordinate, second term is nonlinear term and & is the coefficient of nonlinear term
Dispersive term is responsible for the broadning of pulse while nonlinear term leads to the
steepening effect. In 1965, Zabusky and Kruskal [17] solved the KdV equation numerically
found that solitary wave solutions interacted with each other elastically. As a result of this
particle-like property, which they termed these solitary wave solutions as solitons. When
nonlinearity is balanced by dispersion then waveform take the shape of permanent form
known as soliton. This research work attracted the attention of large number of research
groups all over the world and hence soliton concept was widely accepted. With the
acceptance of concept of solitons, a lot of research work was undergone to obtain the soliton
solutions which leads to development of several mathematical methods. Figure. 1.1 shows

the modern day re-creation of the soliton observed by Russell in 1834.



Figure 1.1: Modern day re-creation of the soliton observed by Russell in 1834. [Union Canal near

Edinburgh, Scotland, July 1995, at a conference on nonlinear waves at Heriot-Watt University

1.1.1. Solitary wave

In some media, such as layer of water or an optical fiber, under suitable conditions the
widening of wave packet due to dispersion could be balanced exactly by narrowing effect of
nonlinearity of medium [17]. In these cases, it is possible to have localized waves,

propagating with constant velocity and undistorted shape, often known as solitary waves.

1.1.2. Solitons

Solitons are those solitary waves which retain their individuality under collisions and
eventually travel with their original shapes and speeds. This property looks like interaction
between free particles. Due to this particle nature of solitary waves, they are named as
’Solitons’ [18]. The solitons are mainly of many such as the bright, dark, dark-bright also
called combined, dark-singular and singular solitons. The solitons pulse, intensity of which
is larger than the background is known as bright solitons. It’s physical appearance is shown
in Figure. 1.2. Soliton with lower intensity than background is known as dark solitons. The
evolution of dark soliton is shown in Figure. 1.3. While the soliton combining the properties

of dark and bright solitons called the dark-bright soliton is shown in Figure. 1.4.



Figure 1.2: Evolution of bright soliton

Figure 1.3: Evolution of dark soliton
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Figure 1.4: Evolution of dark-bright soliton
1.1.3. Properties of solitary waves

* Solitary waves do not survive collisions.

* The speed of the wave depends on the size of the wave, and its width depends on the

depth of channel.

» The waves can travel over large distances without change in size and shape , and are
stable.

1.1.4. Applications of solitary wave and solitons

(a) Fluid dynamics
Solitary wave was first noticed and studied by Russell. Solitary waves also arise in deep

water Vladimir Zakharov [19] in 1968. Hence solitons find application in the study of various
problems of fluid dynamics.

(b) Fiber optics

An optical soliton can propagate without distortion over long distances. This feature of
optical soliton helpful in high speed communication through an optical fiber. Apart from the
field of communications, solitons also find application soliton photonic switches, logic gates,

fiber laser, timing jitter , pulse compression and pulse amplification [20, 21].



(c) Plasma Physics

Plasma consists of large number of charged ions. In perturbation of charge density, the
local ion density can be studied by using KdV equation and Kadomtsev- Petviashvili (KP)
equation. These equations admits soliton solutions. Soliton concept penetrated into plasma
physics in the late 50s. Later on number of researchers showed interest in study of soliton
solutions for plasmas [16, 17].

1.2. Outline of Thesis

The organization of this thesis is outlined as follows. Part 2 includes the full description
and discussion of the techniques that will be applied to study the nonlinear models. Some
definitions and theorems are also given in this part. Firstly, several forms soliton solutions
dark, dark-singular, bright, dark-bright and singular solutions will be investigated. Secondly,
we aim to give some concepts of the Lie point symmetries and the a detail of its mathematical
formulation. In the third section, we provide the description of the Cls method due to
Ibragimov. Part 2 concludes by giving a brief introduction of the concept of MI.

In part 3, we will study the optical solitons and Cls of three NLSE. In chapter 4, we will
study the optical solitons and M1 of three different NLSEs. In part 5, we aim to investigate
the solitons and conservation laws of some NLEEs. In part 6, the general discussions,

conclusions are given.
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2. FUNDAMENTAL CONCEPTS AND METHODOLOGY

In this part, we present the fundamental mathematical concepts that will be used
throughout this thesis. The techniques that will be applied in subsequent chapters to study
the nonlinear models will be briefly described.

2.1. Complex Envelope Ansatz Method

This method was put forward by Li. et al. [22] to investigate the solitary wave solutions
of for the higher order nonlinear Shragdinger (HNLS). The method also provide an expression
for computing nonlinear phase shift. Since its implementation, it has attracted the attention
of several researchers [23, 24, 25]. To describe the technique, we consider a NLPDE given
by

P(q,9t G Gees Qo Gexr---) = 0, (2.1)

where P is a polynomial in q(x, t). We consider the following transformation
q(x,t) = A(x, t)e ™D, ¢(x,t) = —kx + wt + 6, (2.2)

where A(x, t) is a function. ¢ represents the linear phase shift, k represents the wave number
and w is the wave frequency, while 8 represents the phase constant. The complex envelope

ansatz assumes the following form
A(x,t) =if + Atanh[n(x — vt)] + ipsech[n(x — vt)], (2.3)

where 1 is the pulse width and v is the velocity. If = 2 = 0 in (2.3), a bright soliton can
be derived. But if p = 0, the solution given in (2.3) decompose to a dark soliton. The

amplitude of A(t, x) is given by

|A(x, )| = (A% + B? + 2Bpsech[n(x — vt)] + (p? — 1*)sech?[n(x — vt)])%, (2.4)

while the nonlinear phase shift ¢, is represented by

B+psech[n(x—vt)]]_ (2.5)

dnL = arctan[ Atanh[n(x—vt)]



Substituting the ansatz (2.3) into the nonlinear equation (2.1), one can acquire the

solutions based on the acquired coefficients.
2.2. Sine-Gordon expansion method (SGEM)

Here, we will describe the [25, 26]. Consider the following equation

Qxt = asin(q),
with a been a constant. Applying
q(x,t) =u($), §&=n(x+wvt),
Putting (2.7) into (2.6) yields
u' = #sin(u(f)).

(2.8) is simplified to

Uvz = % o2 1u@)
(D] = oz S [=71+C,

(2.6)

(2.7)

(2.8)

(2.9)

with C being an integration constant. Setting C = 0, w(§) = %f) and f2 = v;:;z (2.10)

reduces to

w'(§)? = f2sin®(w(£)),

which can be written as

w'(§) = fsin(w()).

Letting f = 1 in (2.12), we get

w'(§) = sin(w(¢)).

10

(2.11)

(2.12)

(2.13)



(2.13) possess the solutions

sin(w(§)) = sech(§) orcos(w(§)) = tanh(§), (2.14)
sin(w(§)) = icsch(§) orcos(w(€)) = coth($). (2.15)

Consider the NLPDE given by

P(C[, e, Qo> Gtt> Qoxer Qxer -+ - ) = 0’ (216)

we apply the following series given by
u(w) =X, cos’~1(w) x [B;sin(w) + Ajcos(w)] + Ao. (2.17)

From (2.14) and (2.15), the solution of (2.16) can be written as:
u;(§) = Xj=y tanh/~* (&) x [Bjsech(§) + A;tanh(£)] + A,, ((2.18)
and
Uy (§) = Xj=1 coth/ (&) x [Bjcsch(§) + Ajcoth(§)] + A,. (2.19)
The value of n can be acquired using the balancing principle. Substituting n into (2.17)

and substituting the result into the ODE using (2.13) and carrying out all the required

algebraic calculations, the solutions of (2.16) can be derived.
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2.3. Riccati Bernoulli Sub-ODE method

This integration technique was introduced by Yang et.al [28] to investigate the solutions

of nonlinear equations. One good advantage of this scheme is that it integrates a differential

equation without the need of a balancing term. The technique begin by supposing a NLPDE

given by

P(q,9t Qx Gt Qxxor Qaer -+ ) = 0,

Stepl: Let
q(x,t) = U($),§ = A(x £ vt),
to get
P, U U",...) =0,
ey = W
where U'(§) = =

Step 2: Assuming the solution of (2.22) is a solution of the RE given by

U' =bU+ aU?> ™+ cU™,

where a, b, ¢, and m are constants. Differentiating (2.23), we get

U' =012 (qU? + cU?™ + bUY™)(—a(=2 + m)U? + cmU?™ + pUyt*tm),

U" = U2t (hy 4 qU2™ 4 cU™)(a?(—2 + m) (=3 +
2m)U* + c?m(—1 4 2m)U*™ + ab(-3 +

m)(=2 + m)U3t™ + (b? + 2ac)U?+?™ +

bcm(l + m)U1+3m)_

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

Remark 2.4 (2.23) is a Riccati equation if ac # 0 and m = 0.When a # 0, c = 0 and

m # 1, (2.23) is a Bernoulli equation. For the above reasons, we say RBE in order to avoid

the introduction of new terminologies.

(2.23) has solutions as follows:

12



Case 1: If m = 1, (2.23) has the solution given by:

U(f) — Ce(b+a+c)f.

Case2: Ifm #1,b =0, and ¢ = 0, the solution of (2.23) is given as:

U) = (a(m - 1)(§ + €)1,

Case 3:

U@ =

Case4: Ifm # 1,a # 0and b? — 4ac < 0, (2.23) has the solution given by

U =
and
ue = (

Case5: Ifm # 1,a # 0and b? — 4ac > 0, (2.23) has the solution given by

U =
and
ue = (

Case6: Ifm # 1,a # 0and b? — 4ac = 0, (2.23) has the solution given by

U = (

Ifm=+1,b+# 0,and c = 0 (2.23) has the solution given by:

1

Cem-1)§) _ ﬁ)ﬁ_
b

1
_ b A vV4ac—b? tan [(1—m)\/4ac—b2 (f + C)])l_m,
2a 2a 2
_r
_p2 _ _p2 _
_%_Mazcab cot [(1 m)\/24ac b (f+c)]>1 m

b vbZ-4ac (1-m)Vb2—4ac
- tanh
2a 2a 2
_ b Vb%-4ac coth (1-m)Vb2—4ac
2a 2a 2

1 a

1

1-m
- )

a(m-1(E+C) b

13

¢ + C)])ﬁ.

&+ C)Dﬁ.

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)



where C is a constant.
Step 3: Putting the derivatives of U into (2.22) gives a set of algebraic equation in U.
Setting the value of m and comparing the coefficients of u!, gives a system algebraic

eexpressions in b, a, ¢, v. Solving the system, one can derive the solutions of (2.20).

2.4. Backlund Transformation

If U, (&) and U,_; (&) are solutions of (2.23), then we can have

dUn($) _ dUn(§) dUp-1($) _ dUn($) 2—-m m
A @ vt (aUZT* + bU,_1 +cU;L ), (2.34)
namely
dUn(§) _ dun—1($) (2 35)

aUZ ™ 4+bUp+cUM — aUZZ™4+bUp_q+cUM ;"

Integration of (2.35) with respect to &, we get

Un(§) = (

—CA1+aA2(Un—1(€))1_m
bAj+adz+ady(Up—1(§)™

Y, (2.36)

where A, and A, are any constants. (2.36) is a Backlund transformation. Using (2.36), one

can construct many solutions of (2.20).

2.5 Modified F-Expansion method

In this part, we will give the description of the above mentioned method [29, 30].
Considet a NLPDE given by

P(q, e Qo> Qet> Qx> Axctr - ) = 0: (237)

Step1l: Let

q(x,t) =U(), &= (xzxvt), (2.38)
to obtain the ODE given by

PU,UU",...) =0, (2.39)

We seek for the following solutions

14



u@) =Xk aiF (), (an#0),
where a;(i = —n,...,n) are arbitrary constants and F (¢) satisfies the Riccati equation
F'(§) = A+ BF (&) + CF(&)?(C # 0).

A, B, C are all parameters. To find U (¢) explicitly, we consider the following steps:

Step 2:

(2.40)

(2.41)

Finding the integer n using balancing principle in (2.37).

Step 3:  Substituting (2.40) into (2.39), using (2.41), one can get a finite series in F(&)*

(i = —n,...,n). Equating each coefficients of F (&) to zero yields a system of algebraic

equations in a;(= —n,...,n) and v.

Step 4: We Solve the resulting system of algebraic equations for a;(= —n,...,n) and
v, then substitute the results into (2.40).

Step 5: Using the cases described in the table below, one can get a series of soliton-like

solutions, trigonometric function solutions and rational solutions of (2.37).

Relation between values of 4, B, C and corresponding F (§) in Riccati equation F'(§) = A +

BF(§) + CF(§)?

Table. 2.1: Solution structure for solitons

(C # 0). Table.2.1 shows the structures of solutions of th method

Case A B C
1 0 1 -1 1 1 1
E + Etanh <E f)
2 0 -1 1 1 1 1
2~ 3% (3¢)
3 1 0 —_1 tanh(¢) + isech(¢), coth(¢)
2 2 + csch(é)
4 1 0 -1 tanh(¢), coth(¢)
o 1 0 1 tan(§) + sec(§), csc(§) — cot(§)
2 2
6 -1 0 -1 csc(é) + cot(§),sec(é) — tan(§)
2 2
7 1(-1) 0 1(-1) tan(¢), coté)
8 0 0 *0 -1
CE+ 2
9 constant 0 0 AE
10 constant #0 0 eBS — A
B
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2.6. Generalized tanh method

In this part, we will give the description of the the general generalized tanh method
(GTH) [31- 34]. Consideta NLPDE given by

P(C[, de» Ler et Qoexr At - - - ) = 0. (242)
Letting
q(x,t) = U(S), (2.43)
where ¢ = x — vt. (2.6.1) can be transformed into the ODE
P, U U",...) =0. (2.44)
Next we introduce the function ¢ = ¢ (&) which is a solution of the following equation
¢ =K + ¢ (2.45)
Suppose:
U@) = Xiko a:i9". (2.46)
(2.45) admits the following solutions
—V—=Ktanh[V—K¢],
p=1{_ [“Kcoth[V—=K¢&], for K <0, (2.47)
¢ =~ for K=0, (2.48)
—V—Ktanh[V—-K¢],
¢ = ——Kcoth[V=K¢], for K > 0. (2.49)

The positive integer n in (2.46) is derived by the balancing principle. By putting (2.46)
along with its derivatives into (2.44), yields a a set of algebraic expressions in terms of ¢ (&).
After making some mathematical computations and simplification, one can get the solution
of (2.42).

2.7. Generalized projective Riccati equations method
In this part, we will give the description of the above mentioned method

[35 - 37]. The method can be described below:
Suppose we have a NLPDE given by by
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P(C[, e, Qo> Gtt> Qcxer Qxctr -+ - ) = 0’ (250)

Step 1. We apply the travelling wave transformation given by

q(x,t) =UE), &= (xxwvi), (2.51)
to get the following ODE
P(U,U,U",...) =0, (2.52)

wherelU’(¢) = Z—?.

Step 2:  Suppose that (2.52) has the following solution

u(§) = Ao + XL, o) A0 (©) + Bit(§)], (2.53)
where A, A; and B; are constants and ¢ (&) and 7(§) satisfy the ODE:

0'(§) = ea(§)T(), (2.54)

T (&) =R + e1(§)? — uo(§), €= +1, (2.55)
where

w(9)? = —& (R - 2u0() + 1570 ()?), (2556)

r = +1, R and u are non zero constants.
If R = u =0, (2.52) has the following solution:

U = Xy A, (2.57)
with 7(&) satisfying:
T'(§) = 2. (2.58)

Step 3: The integer n in (2.7.4) can be derived by the balancing principle equation.

Step 4:  Substituting (2.57) along with (2.54), (2.55), (2.56) or (2.58) into (2.52),
collecting all terms of the same order of o/(&)T!(§)(j = 0,1,...;i = 0,1) together and
setting each to zero, we get a system of algebraic expressions whose solution gives the values

of AO,Ai,Bl’,‘Ll, v, R.

Step 5:  (2.54) and (2.55) the solutions represented by the following cases:

17



Casel: Ife=-1,r=—-1,R > 0, we get

__ Rsech|[VR¢] VRtanh[VR¢]
01(§) = psech[vVRE|+1’ n(§) = psech[VRE]+1' (2.59)
Case2: Ife=-1,r =1,R > 0, we obtain
Resch[VRE] VRcoth[VR¢]
01(§) = pesch[VRE]+1’ 1§ = pesch[VRE]+1 (2.60)
Case3: Ife=1,r=—-1,R > 0, we attain
__ Rsec|[VR¢] VRtan[vVR¢]
a3(§) = psec[VRE]+1’ 13(8) = uSec[VRE|+1’
(2.61)

Resc[VRE] VRcot[VR¢|
04(§) = pesc[VRE]+1’ 14(§) = ucsc[\/ﬁf]+1'

Case4: |IfR = u =0, wehave
05(§) =< Ts(f) = (2.62)

where C is a constant.
Case 5: Putting the values of Ay, 4;, B;, 1, v, R and using (2.59)-(2.62), the solutions of
(2.50) can be obtained.

2.8. Undetermined Coefficients Method

The method of undetermined coefficients [38, 39, 40, 41] uses the ansatz approach.
Consider a NLPDE of the form

P(q, 9t Q> Get> Dxexer Dt - - - ) = 0. (263)

The solutions of (2.8.1) can be derived by apply solitary wave ansatz. Applying the

transformation

q(x,t) = U(S), (2.64)

where ¢ = (x £ vt). (2.8.1) can be transformed into an ODE given by:
P, U U",...) =0. (2.65)

We will consider the following six ansatz to integrate:
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w(§) = atanh?(ug), (2.66)

w(§) = asech? (uf), (2.67)
w(§) = acsch? (us), (2.68)
w(&) = acoth? (ud), (2.69)

where g, p and p are constants. Substituting any of (2.66)-(2.69) into the reduced ODE (2.65)
gives a algebraic equation of sech, csch, tanh, coth, cosine or sine terms among the unknowns
o, p and u. We then collect the coefficients of the resulting hyperbolic and trigonometric
functions and set each to zeros to acquire a set of algebraic expressions among the unknowns.
Determining the constants g, p and w, the solutions proposed solutions of (2.63) follow

immediately.

2.9. Concept of Lie point Symmetry Analysis

In this part, we give the description of the Lie point symmetry technique [6].

Symmetry can be seen as a transformation that tends to leaves an object unchanged or
invariant. It is used in our daily life activities [7]. In its literal meaning, it denotes the property
of an object that can be measured simultaneously. We will consider some examples to

illustrate the concept of symmetries.

x =rcosf, x =rcos(@+¢), y=rsing, y=rsin(f +¢) (2.70)

which after eliminating 8 becomes
X = xcose — ysing, y = ycose + xsine. (2.71)

One can easily see that the circle is invariant under the transformation (2.9.2) since

X +y =712 (2.72)
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Another example showing the concept of symmetry involves the invariance of the line y =

1 .
X under the transformation

x =xef y=ye‘. (2.73)

One can clearly see that

1—

y =35 (2.74)
and then
yet = %xes' (2.75)
implying that
1
y=1x, (2.76)

2

and then the invariance followed. Another example is the invariance of a DE. We consider

the ordinary differential equation.

d
ﬁ = xy3, (2.77)

under the transformations

x =xef, y=ye ¢ (2.78)
Then, we have

dy —2& —2&

, xy3 = e %xy3, (2.79)

and From (2.79), we can clearly see that (2.77) is invariant under the transformation (2.78).
Therefore, ordinary and partial differential equations possess quite a number of group
transformations which make them invariant. In the subsequent sections, we shall see how to

obtain these group of transformations that leave differential equations invariant.

Consider the PDE given by:
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F(x,y,u,uy,uy) = 0. (2.80)

We intend to derive the general format of obtaining the Lie groups and infinitesimals
[7].
We seek for the invariance of the PDE by assuming an arbitrary Lie groups of the form:

X = fl(x,y,u,s),y = fz(X,y,U,E),ﬁ = fg(X,y,u,S)
fiGoy,u,0) =x, f,(6,y,u,0) =y, f3(x,y,u,0) = w

If we assume ¢ is small, then we can establish the Taylor series expansion of (2.81) about
e=0:

(2.81)

X = fl(x:y; Uu, 3) + 8% + O(EZ)ﬂ (282)
€leg=0

— _ afz 2

y=fyue) +e 2 +0(%), (2.83)

£=0

— 6f3 2

u=fi(x,y,u,¢)+ €= + 0(&9). (2.84)
€le=0

Letting

oLl _ a1 02| _ 2 sl

oel,_, =5 Coyw), A =8 Cuyw, 7 =0y, (2.85)

and using (2.82)-(2.84), we have

X =x+&(x,y,u) +0(e?),
y=y+&(x,y,u) +0(?), (2.86)
u=u+n(xyu)+ 0(e).

The above equations are refereed to as Lie groups or vector fields. &1, &2 and n are called
infinitesimals. Thus, if we have infinitesimals of a given NLPDE, we can recover the Lie
group and vice versa.

In general, we construct the symmetries of nt"* order NLPDE of the form:

F(t,x, U, Up, Uy, Upp, Upser Unees - - Ue (M), .., U (M — D) x (D), ... u(n)) = 0. (2.87)

Introducing the infinitesimal operator

a a
= fiﬁ"‘”&ﬁ' (2.88)

21



where &' = &1(t,x,u), &2 = &%(t,x,u) and n =n(t,x,u) are to be determined. We

therefore define nth extension of the operator I" as I'"* which is given in a recursive form as

™ =T"" + 3 Mem—ix()] i gxl’

and the Lie’s invariance condition given by

Fn(A) |A=0 = O'

where

A= F(t,x, U, Up, Uy, Ugp, Ups Ui - - U (M), o, ue (= D) x (D), ... Uy (1))

and the extended transformations are given as:

Me = De() — ueDe(§Y) — uy D (82),
Nx = Dx(n) — uth(Sd) - uxDx(fz)'

The nth extension is
Niem=-ix(@)] = DeMie—i-1)x@)) — Uem-ix(iPe € —

Upe(n-i—1)x(i+1)) De (€2).
The total derivative operators are given by the relations below,

Di=2+u L+ . .+ o
t = 57 T Ue gy T TULG+1)x()) Durory
] d oitJ
Dx = a + U, a +... +ut(i)x(j+1) aut(i)x(j) .

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)

(2.94)

The Lie’s invariance condition above give rise to a system of overdetermined equations

as functions of &1, £€2 and 7, solving the overdetermined system of equations give rise to the

solution of the infinitesimals &%, £2 and 5. The infinitesimals can then be applied to reduce

the original equation to a lower order ODE involving less parameters [6]. And the solution

of these ODEs imply the solutions of the original NLPDE.
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2.10. Concept of Nonlinear Self-Adjointness

Here, we give a brief preliminary of the concept nonlinear self-adjointness given by
Ibragimov [12]. Many differential equations cannot be formulated as Euler-Lagrange
equations since they have no Lagrangians. Therefore, it is impossible to apply Noether’s
theorem for calculating conservation laws. However, according to [12], it is possible to
introduce a formal Lagrangian if any given system of equations is taken into consideration
together with the adjoint system. In his recent paper [12], lbragimov has proved that the
adjoint system inherits symmetries of the given system and has suggested a new theorem on
nonlocal conservation laws.

A locally analytic function of a certain finite number of the variables (x,u) and the
differentials of the dependent variable u is called a differentiable function. And the highest

order of derivatives in the differential function is named the order of the function.

Theorem 9.1 The system of m differential equations
Fz(x,u,uq,...,us) =0, a=1,....,m, (2.95)

having m dependent variables u = (u!,...,u™) has adjoint equation

. 8zPrp  _
FZ(x,u,z,uq,24,...,Us, Z5) = 5w 4= 1,...,m, (2.96)
and Lagrangian represented by
L =zPF3, (2.97)

where z8 = zE(E, t).
2.11. New Conservation Laws theorem

Ibragimov introduced the following new conservation theorem [11].

Theorem 10.1 Let
a

ou«

— il _
['= Ei(x,u,ul,...)§+na(x,u,ul,...) (2.98)

be a symmetry (point, Backlund or contact) of (2.95) with an adjoint (2.96) and a Lagrangian
(2.97). Then (2.10.1) satisfies the conservation equation as:

D; (Tl)|(Eq.2.95=0) =0, (2.99)
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with

0L oL

i _ oz ar 9L _ 0L n. 9L
T'=§L+W [au? D](aug)+pjnkaugk...] 2
+D;(WH)[2% — Dy (z2)+...] + DD (W) [+ (2100
'j au% k au%k Yk au%k vy
and
W =ng — &uf. (2.101)

2.12. Modulation instability analysis

The relation between M1 and solitons is best observed in the fact that the trains of pulses
that emerge from the MI process are actually trains of almost ideal solitons. Hence it can be
loosely considered as a precursor to soliton formation. MI can be classified into three main
categories-spatial, temporal and spatiotemporal [42, 43, 44]. The spatial MI occurs due to
the interaction between the nonlinearity and diffraction which results into the breaks up of
homogeneous beam into numerous small filaments. The temporal M1 occurs due to interplay
between the group velocity dispersion(GVD) and nonlinearity and manifests itself as break-
up of cw into a train of ultrashort pulses. In temporal Ml the anomalous GVD plays the same
role as is played by diffraction term in spatial MI. However in spatiotemporal M| all the three
terms-nonlinearity, dispersion and diffraction are nonzero and it occurs due to the
simultaneous presence of spatial and temporal M1 in nonlinear medium. To study the MI of
any nonlinear evolution equation (NLEE), following steps have to be followed:

* Steady state solution of the equation is considered

» The beginning of instability can be investigated by perturbing the steady state solution
of NLEE, by applying some weak perturbation

* As perturbation is assumed as small so the resultant equation is linearized in
perturbation term by neglecting the terms containing higher order perturbation.

« This equation can be easily solved in frequency domain. However, the equation contain
the term having complex conjugate of perturbation hence the Fourier components at
frequencies Q and —(Q are coupled. Therefore perturbation term is splited into two parts.

* The dispersion relation for MI gain spectrum is obtained from resultant equation.
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3. OPTICAL SOLITONS AND CONSERVATION LAWS OF SOME
NONLINEAR SCHRODINGER’S EQUATION

A nonlinear Schrodinger’s equation as previously described in part 2 is one of the
equations describing wide class of nonlinear systems. It has been widely used to address the
physical, biological and engineering systems. We will consider three different nonlinear
Schradinger type equations in this chapter. The solitons, point symmetries and Cls of the

equations will be investigated by using the concepts discussed in chapter two.

3.1. The nonlinear Schrodinger equation with spatio-temporal dispersion (NLSE-
STD)

In this section, we will study the (NLSE-STD) that arises in a propagation of light in
nonlinear optical fibers, planar wave guides, Bose-Einstein condensate theory. We aim to
investigate the soliton solutions of the equation for two types of nonlinearities, namely; Kerr
and Parabolic law nonlinear fibers using the complex envelope ansatz and Riccatti Beroulli
sub-Ode methods. Then, we construct the conservation laws using the vector fields of the
equation. The results of this section have been published in [45, 46]. The model is given by
[47, 48, 49, 50]

iqe + Sqex + jqux + IF(191*)q =0, i=+-1, (3.1)

where x represents the non-dimensional distance along the fiber and ¢t is the temporal
variable. The constants s and j are real valued. The term q(x, t) represents the dependent
variable. On the left of (3.1.1), the coefficient s is the STD while j is group velocity
dispersion [47]. Finally, I represents the coefficient of the nonlinear term and the functional

F is the non-Kerr law nonlinearity [5].



3.1.1. Application of the complex envelope ansatz method to the Kerr law

nonlinearity

This is the instance where F(u) = u [5]. For this case, (3.1) reduces to
iqe + 5qex + jqxx + 1(191*)q = 0. (32)
Substituting (2.2) into (3.2), we get
JAxx + 1(—2jk + sw)A, — i(—1 + sk)A; + sAy, + A(—jk? — w + skw + [|A]?) = 0.
(3.3)

Substituting (2.3) into (3.3) and performing all the necessary algebraic computations, we

acquired

Family 1: We have
/’lzip,jzif—;,s:%,v:%, =0,w = 2lp?. (3.4)

Thus, we derive the following dark-bright soliton

q(x,t) = {ptanh[n(x — vt)] + ipsech[n(x — vt)]} x el(Tkx+o+tw) (3.5)
with intensity
lg(x, )| = p?. (3.6)

The nonlinear phase shift is represented by

_ sech[n(x—vt)] ]
¥y, = arctan [itanh[n(x—vt)] (3.7)
Family 2 |If
A=+p,s==p %,v=\/j_lp,,8=0,a)=\/Ekp+lp2. (3.8)
Thus, we derive the following dark-bright soliton
q(x,t) = [+ptanh[n(x — vt)] + ipsech[n(x — vt)]] X e!Thx+0+tw), (3.9)
with intensity given by
lq(x, )2 = p2. (3.10)
The nonlinear phase shift is represented by:
_ sech[n(x—vt)] ]
Yy, = arctan [itanh[n(x_vt)] : (3.11)
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Family 3: If

1=0j=2 s=
Thus, we acquire the bright optical soliton

q(x,t) = [ipsech[n(x — vt)]] x e Thx+0+tw)
The intensity is

q(x,t)|? = p?sech?[n(x — vt)].

Family 4: If

k(2 +z/12 [k2-122 k(2jkn+1BA
p=0s="10= (m )ﬁ__/Jl o = K@ik tiBY)

Thus, we acquire the dark soliton given by

q(x,t) = [if + Atanh[n(x — vt)]] X e‘Ckx+6+tw),
The intensity gives is

lq(x, t)|?> = B + A2 — A%sech?®[n(x — vt)].

The nonlinear phase shift is represented by

. B
l/)NL = arctan [Atanh[n(x—vt)]].

Family 5: If
_ kp?+Jcn?p?2j(k?+n*)—1p?)
1=0s )
L(k2+n?)p?

_ =lkp?+/en?p?(2j(k24+n2)-1p?) , _

- 2_'72 lﬁ - OI (3'19)

_ Im?p?+kycn?p2(2j(k2+n?)-1p?)
W= o ,

Thus, we acquire the bright soliton given by
q(x,t) = [ipsech[n(x — vt)]] x el-kx+b+tw),

The intensity is

lg(x, )|* = p?sech?[n(x — vt)].
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(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.20)
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Family 6: If

_ _2jn?+41A2
p=0v =z

_ 1(A-skA)+\1(4jn?+1(3(—1+sk)%2—4s2n2)A2)
= 2sin ) (3.22)

2j(1+sk)n?+A(—21(~1+sk) 1+ 1(& 2 +1(B(—1+sk)2—4s272)27) )
- 25272 '

Thus, we derive the following dark soliton

q(x,t) = [if + Atanh[n(x — vt)]] X el(Thx+b+tw) (3.23)
With intensity given by

lq(x, t)|? = B% + A2 — A%sech?[n(x — vt)]. (3.24)
The nonlinear phase shift is represented by

— B
Yy = arctan [ Ztanhin (x_vt)]]. (3.25)

3.1.2. Application of the complex envelope ansatz method to the parabolic law

nonlinearity

For this case, F(s) = d;s + d,s?, where d, and d, are constants [6]. For this case, (3.1)

reduces to

iq; + Sqex + jqux + 1(d11q]? + d2lq|")g = 0. (3.26)
Substituting (2.2) into (3.26), we get

(A(—jk? — w + skw + ld,|A|* + ld,|A|Y) + i(—2jk + sw)A, = 0. (3.27)

Substituting (2.3) into Eq.(3.27) and performing all necessary algebraic calculations, the

following cases are acquired.

Family 1: If
2 2 2 2
A=+p b= cp (d;{:p dz)’a — %,U _¢p (d1I:'P dz)’w — 2Cp2(d1 +p2d2),ﬁ =0,
(3.28)
we acquire the combined optical soliton
q(x,t) = [ptanh[n(x — vt)] + ipsech[n(x — vt)]] x ei(Tkx+b+tw) (3.29)
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and the intensity is
la(x, D)|? = p?.
The nonlinear phase shift is represented by:

sech[n(x—vt)] ]
ttanh[n(x—-vt)]

Yy = arctan [

Family 2: If

— — / b - 2
A=1tpa=+= cp2d1+cp4d2'v - p\/bc(dl +p dz)'

B =0,w = cp?d, + cp*d, + k\/bcp?(d, + p2d,),

we obtain the combined soliton given by

q(x,t) = [+ptanh[n(x — vt)] + ipsech[n(x — vt)]] X elThx+b+tw)

and the intensity is
la(x, )|? = p2.
The nonlinear phase shift is represented by:

sech[n(x—vt)] ]
+tanh[n(x-vt)]l’

Yy = arctan [

3.2. Investigation of solitons to the (NLSE-STD) using RBSO method

To solve (3.1) using the above mentioned technique, we let

q(x,t) = U(§)eP™D, & =K(x+ vt),
where
¢ = —kx + wt + 6.
Putting (3.36) into (3.1), the imaginary part is being represented by

_ 2jk-sw
T o1-sk

and the real part gives

)

(—jk? — 0 + ksw)u + F(|ul®)u + (jK2 +

29

2 e
K*s(2jk sw)) U =0

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)



3.2.1 Application of RBSO method to Kerr law nonlinearity

For this nonlinearity , (3.39) simplifies to

(—jk* —w + ksw)u + u® + (sz + W) u"” =0. (3.40)
Putting (2.23) and (3.24) into (3.40), we get
kswu + ud + jK2u1"2"(qu? + cu®™ + bul*"™)(—a(-2 + m)u? + cmu®™ + bult™)
_1—sz5(—ij + sw)u" " (au? + cu®™ + bult™)(—a(-2 + m)u? + cmu®™ + bult™) —
(k% + w)u = 0.
(3.41)
Substituting m = 0 into (3.41) and performing all the necessary algebraic calculations,

the following coefficients are obtained:

—2cK?s%+,/4c2K*s*—8jK2(1—2ks+k2s2)
a= v ,b=0,w

__ k?-2acK?-k3s—2ackK?s
4jK? - :

2a2K?

(3.42)

Subsequently, we acquire the singular and dark solitons given by

—2¢(cK2s2+,/K2(c2K2s5*—2j(—1+ks)?)) %

q(x,t) = [\/ e

c(cK?s2—\/K?2(c2K25*—2j(—1+ks)?2)) i(kr—0—
tan[\/ T (C + &)]] x e itkx—b-tw)

(3.43)

2c(cK?s2—\/K2(c2K25*—2j(—1+ks)?2)) %

q(x,t) = [J e

c(cK2s2+,/K%(c2K?%2s*-2j(—1+ks)?)) —i(kx—0—
cot[\/ v T (C-I—f)]] X e i(kx—6 tw),

where A = /— m With (—jk? + w — ksw)l < 0 for existence of soliton.

) = [\/ZC(CKZSZ - \/Kz(czjll(:zs‘* —2j(—=1 + ks)?2)) y

(3.44)

tanh[\/C(CKZSZ — \/KZ(CZKZS“ —2j(—1 + ks)?)) (C + £)]] x e-itkx-0-t0),

2jK?
(3.45)

and
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o t) = [\/ZC(CKZSZ - \/K2(62]§(2254 —2j(—1 + ks)?)) o

COth[\/c(cl(zs2 — \/KZ(CZKZS4 —2j(—1+ ks)?)) (C + £)]] x e-itkx-0-tw),

2jK?
(3.46)

where B = /m (jk? + w — ksw)l > 0 for existence of soliton,

3.2.2. Application of RBSO method to Parabolic law
For this case, (3.39) simplifies to

(—jk2 — @ + kso)U + dyU? + d,US + (jK2 + KS@R=sO\ i _ (3.47)

1-ks
Setting
1

U=uz, (3.48)

(3.47) is transformed to:

—4(jk? + @ — ksw)u?® + 4dyu’ + 4dyut — K2(j + ZE )2 4+ 2K2(j +
s(2jk—sw) "o_
Substituting (2.23) and (2.24) into (3.49), we get

s(—=2jk + sw

4d ud + 4dyu* + 2K? (j + S(E2jk + 50) _i e )> u™?™m(qu? + cu®™ + bult™)

s(—2jk + sw))

(—a(=2 + m)u? + cmu®™ + bu'*t™) — (4(]'k2 + w — ksw)u® + K? (j Ly

(bu + au®™ + cu™)?) = 0.
(3.50)
Setting m = 0 in (3.50) and performing all the necessary algebraic calculations, the

following coefficients are obtained:

b= 3adq ,
4d,
c =0,
. —3d}-16d,w+16ksdyw (3.51)
- 16k2d, ’
__ abjK?+d,
" absk?

Subsequently, we acquire the following solutions
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3adq -1

q(x, ) = 3d, (3e‘76a _ 43) pil-kx+0+tw) (3.52)
q(x,t) = — % (1 + tanh [38621 (C + E)D ei(Tkx+o+tw) (3.53)
q(x,t) = — % (1+ coth [3;;21 (€ +)]) eiCrrrorte), (3.54)

4d, 3d?K

where A = —
3a2sK  16kZ2sd,

— 04 X9 Wwith ad,d, > 0 for the existence of the soliton.
k k2s

3.3 Lie symmetry Analysis of NLSE-STD

In this part, we will apply the Lie point symmetry technique to study the Cls of the Kerr
and parabolic laws media. To perform this task, we let

q(x,t) = u(x,t) + iv(x, t). (3.55)
Putting (3.55) into (3.2),we obtain

Ve = lu(u? + v?%) + sugy + jllyy,

3.56
Uy = —l(U? + V2V — SV — jUpy. (3:56)
And the parabolic law (3.2) is transformed to the system
v, = ldud + ldydyu® + ldjuv? + 21d, d,uv? + ldy dyuv® + juy, + Sy,
ut = _ldluzv - ld1d2u4v - ld1v3 - 2laﬁu2173 - ldldzvs _jvxx - Svtx.
(3.57)
The Lie symmetries of (3.56) and (3.57) are generated by the following infinitesimal
generators
{'—x = 2C2t] - Czsx + C4_, (358)
{'—t = _Czst + C3, (359)
Nu = V(€ — x(3), (3.60)
Ny = —u(C; — xGy), (3.61)

with C;, C,, C; and C, being constants. The algebras of point symmetry of (3.2) are

represented by the following generators
]

_a,

r, (3.62)
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=2 (3.63)

Ly =—u—+v, (3.64)
a ] ] . ]
I, =sta—t+uxa—v—vxa+(2]t—sx)a. (3.65)

3.3.1. Non local conservation Laws for kerr law nonlinearity of NLSE-STD

Applying Theorems 2.10.1 and 2.11.1 on (3.2), the Lagrangian of (3.2) is obtained as:

L =p(—lu(u?® + v?) + v; — SUpy — jlyy) +

3.66
w(l(u? + vV + up + SV + jUsy), (3.66)

where p = p(x,t) and w = w(x, t) are dependent variables. The adjoint of (3.2) is presented

as.

—lp(u® +v*) — W — P — jPxx = 0, (3.67)
I(u? + v?) = pp + sWex + jWyy = 0. |

Using (2.100), we construct the conserved vectors for the Kerr law nonlinearity.

a .
[ = 55 JIves:
X 1 P P 2 2
T = E(—sptux — 2jpyuy + SWeUy + 2jw, v, — p(luu + 2luv® — 20, + Suyy) +
w(2lu?v + 2lv%v + 2u, + svy)),

1
T! = 5 (—Cw + spy)uy, — (2p — SWy) Uy + SPULy — SWVLy).

T, = % yields the following conserved vector:

1 . . . .
Ty = 2 (=Sprus + SWeV + SPU — SWV — 2JUeDy + 2J Ve Wy + 2JDUpy — 2JWV4y),

1
Tf = E(—sutpx + sv,w, — pRIUPU + 2luv? + SUyy + 2jUyy) +
w2y + 2lv%v + sV + 2jUyy)).
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a a .
*[3 = —u—+v—gives:
ay ay

1

TS = E(—swut — spv; + v(sps + 2jpy) + ulsw, + 2jw,) —2jwu, — 2jpvy),
1

TS = 5 (s(py + uwy) + w(2v — su,) — pRu + suy)).

a a a , a .
oI, = sta—t+uxa—v—vxa+ (2]t—sx)aylelds:

1
Ty = E((Spt + 2jp,) (—xv — stu; + (—2jt + sx)u,) — (sw; + 2jw,) (xu —

Stve + (—=2jt + sx)vy) + sp(suy + xvp + Sty + 2ju, + 2jtug, —
SXUpy) + SW(XUp — SV — StV — 2V — (2]t — SX)Vpy) +

2jp(v — suy + XU, + Sty + 2jtUspy — SXUL) + 2jw(u + XU, +
SV — StV — (2jt — 5X)Vxy) + 2(2jt — sx)(p(—lu(u? +

V%) 4+ vy — SUpy — JUyy) + WlW? + vV + up + svp, +
jvxx))) Y
1
Tf = > (2w + sp) (—xv — stu, + (—2jt + sx)uy) +
sSw.
2 (p - Tx) (xu — stv, + (—2jt + sx)v,) —

sp(—v + Suy, — XV, — StUp, — (2t — SX)Uyy) +
sw(u + xu, + SU, — Stvg, — (2ft — SX)Vyy) +

2st(p(—lu(u? + v?) + vy — SUy — Uyy) + Ww(l(W? + vH)v +
jut + Svtx +jvxx))) '
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3.2. Non local Conservation Laws for Parabolic law nonlinearity of NLSE-STD

Applying Theorems 2.10.1 and 2.11.1 on (3.26), the Lagrangian of the (3.26) is obtained

as:

L =p(=ldyu® — ld,d,u® — ldyuv? — 2ld,;d,u3v? — ld;d,uv* — ju,, + v, — Sug,) + (3.68)
w(ldu?v + ld,dyu*v + 1d,v3 + 2ld,d,u?v? + 1d dyv° + U, + up + Sv4y)

The adjoint to (3.26) is

2ldywuv(1 + 2dyu? + 2d,v?) — 1dyp(5dau* + v2 + dyv* + u?(3 + 6d,v?)) —
JPxx — We — SPex = 0,

=2ld;puv(1 + 2d,u? + 2d,v?) + ld,w(d,u* +

v2(3 + 5d,v2) + u?(1 + 66v2)) + jwyy — pr + SWyy = 0.

(3.69)

Using (2.100), we construct the conserved vectors for the parabolic law nonlinearity:

o .
[ = 5, dives:

T = —p(ld dyu® + ldyuv?(1 + d,v?) + 1dud (1 + 2d,02) + iy, — Uy +SUgy) +
w(ld,du*v + 1d;v3 + ld dyv° + 1duv(1 + 2d,12) +jve + up + SV,

T! = 0.

Tt = —p(ld du’® + ld;uv?(1 + Bv?) + laud(1 + 2Bv2) + juy, —
Vi + sug ) + w(laputv + lav® + lafv® +
lauv(1 + 2Bv%) + jvg, + up + SUL).

. ] ] .
* For the point symmetry [ = —u o tvos the conserved vector T3, T vanishes. Thus, no
v u

conserved vector is obtained for this vector field.
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* Applying the same procedure to the symmetry I, = stai + ux ai — VX ai + (2jt — sx) ai’
t v u X

we get the conserved quantities given by:

Ty = (2jt — sx)(—p(lafu® + lauv?(1 + fv?) + laud(1 + 2Bv?) +juy, — ve +
SUgy) + w(lapu*v + lav® + lafv® +lau?v(1 + 26v2) + jvg, + Uy + sv)), TS =
st(—p(lapu® + lauv?(1 + fv?) + lau3(1 + 2Bv2) + juy, —V; + Susy ) + w(lafu'v +
lav® + lafv® + lau?v1 +2B12) + jvey + U + SV.y).

3.4. Cubic Nonlinear Schrodinger’s equation with Repulsive Delta Potential
(CNSE)

In this part, we will study the optical solitons to the NLSE having a Repulsive Delta
Potential that arises in nonlinear optical fibers by utilizing using the envelope ansatz
technique. Furthermore, the Lie point symmetries will be constructed and will be used to
obtain the Cls of the model. Then, by applying the general Cls theorem, the Cls of the model
will be explored. This § —NLSE equation is given by [51]

iqt+qzﬁ—a6q—y|q|2q =0, i=+-1, (3.70)

where a # 0 and y # 0 are constants, & represents the Dirac measure [51]. The delta
potential is called attractive for « < 0, and repulsive for @ > 0. The model was studied using

different approaches in [52, 53, 54, 55]. The results of this section have been published in
[56].

3.4.1. Application of envelope function ansatz to the CNSE

We start the analysis by substituting (2.2) into (3.70) to obtain

A(k? 4 2a8 + 2w + 2y|A|?) + 2ikA, — Ay, — 2iA, = 0. (3.71)

Substituting (2.3) into (3.71) and performing all the necessary algebraic calculations, we
obtain the families given by

Family 1: If
p=0v=—k+pyy,0=12(-k?—2p% —2a8 — 2y2%),n =22, (3.72)
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we get the dark soliton soliton represented by

q(x,t) = [if + Atanh[n(x — vt)]] X el(Thx+b+tw) (3.73)
The intensity yields
lq(x,t)|? = B% + A2 — A%sech?[n(x — vt)]. (3.74)

The nonlinear phase shift is represented by

— B
Yy, = arctan [Atanh[n(x—vt)]]' (3.75)

Family 2: If

p=0,=0v=—kw=:(—k?—2a8 - 2yA%),n = \¥A, (3.76)
we get the dark soliton soliton represented by

q(x,t) = [if + Atanh[n(x — vt)]] X e‘Ckx+6+tw), (3.77)
Intensity yields

lq(x, t)|?> = B + A2 — A%sech?[n(x — vt)]. (3.78)

(3.70) admit dark and bright solitons. The profile views of the dark soliton equation (3.73)
and the intensity equation (3.74) which appear as bright soliton are shown in Figure 3.1.
Figure 3.2 describes the contour surfaces of solutions equations equations (3.73) and (3.74)
by setting the values of f=05y=05K=0360=041=02k=0.86§=
0.5,(-10 < x <10, —10 <t < 10). Figure 3.3 describe the the profile views of of the
dark soliton equation (3.77) and the intensity equation (3.78) which appear as bright soliton.
Figure 3.4 describes the contour surfaces of solutions equations (3.77) and (3.78) by setting
the values of « = 0.2,41=0.6,6 = 0.5,k =0.3,6§ = 0.5,(-10 < x < 10,—-10 < t < 10).
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Figure 3.2: Contour surfaces of equations (3.73) and (3.74)

Figure 3.3: The 3D and 2D surfaces of equations (3.77) and (3.78).
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Figure 3.4: Contour surfaces of equations (3.77) and (3.78)

3.5. Lie Symmetry Analysis of the CNSE

In this part, we aim to apply the Lie symmetry technique to (3.4.1). To begin, we let

q(x,t) = u(x,t) + iv(x,t), (3.79)
we obtain

{Zut = 2ab6v + 2yv(u? + v?) — vy, (3.80)

2v, = —2adu — 2yu(u? + v?%) + uy,. '
The Lie point symmetries of (3.70) is generated by a vector field of the form
] ] ] ]

['=¢&(x tuv) pyis &(x, t,u,v) prins n1(x, t,u,v) ot n.(x, t,u,v) e (3.81)
(3.70) has the infinitesimals given by

L0 tu) =24+ t0 + G, (3.82)

52 (xr t: u, v) = tCZ + Cll (383)

n(x, t,u,v) = ‘1;“'2 — v(—tasCy + xC5 + C5), (3.84)

N, (x, t,u,v) = _I;CZ + u(—tadC, + xC5 + Cs), (3.85)

C;, C,, C3, C, and Cg are constants. The symmetries of (3.70) are generated

-9
h=_ (3.86)
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L= (3.87)
Ly=-v—+tu, (3.88)
[,=—-vx—+ux—+t— (3.89)
[ = 2t— +(—u+ 2tva6)— - (v+ 2tua8)— +xZ (3.90)

ox

3.6. Nonlinear Self-Adjointness of the CNSE

In this part, we study the nonlinear self-adjointness of (3.70). Considering (3.70), we

obtain its Lagrangian as follows:

L =rQadu + 2yu? + 2yuv? + 2v,

— Uyy) + z(—2abv — 2yu?v — 2yv3 + 2u, +

VUxx)- (3.91)
The adjoint system can be obtained by
5L . 6L

Ff = .= 0 ===, (3.92)
where

= t——D T+ (D)

Su du au

8L _ oL az; (3.93)

== —D,— + (Dx)?

ov 6v t v
On the basis of Lagrangian (3.91), we obtain the adjoint equation as:

Ff = 2r(ad + 3yu? + yv?) — (4yuvz + 2z, + 1) = 0,
(3.94)

Fy = 4yruv + Zy, — (2((a6 + yu? + 3yv?)z + rt)) =0.

Theorem 6.1 (3.70) is nonlinear self-adjoint whenever z and r in (3.94) are given by

Z = UCq,

r = vcl.

Proof:

Let

z=¢(x, t,u,v),
r =Y(x,t,u,v).

(3.95)

(3.96)
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Putting (3.96) into the adjoint (3.94), we get

G =0,y = 0,9, =0, =0,y = 0,y = 0,05, =0,
Yy =0,y =0, Y5y = 0,00, + ¢, =0, -9, + ¢, = 0, —¢p, — Y, = 0,
—2(u?y + 3v2y + abd) ¢ + 2udyy, + 2uuyy + v3yyY, + ady,) —

2u2vy1/)u - 2U3)/ll}u - 2Ud5ll}u - let + ¢xx =0, (3.97)
2%y + ad)yP + 2udy P, + 2u(—2vyp + v3yp, + adp,) —

2U3Y¢u - 2U0(5¢)u + u? (6]/1/) - Zvyd)u) - Zd)t - l/)xx = 0.

Solving (3.97) by SYM [63], we obtain

¢ = uc, (3.98)

Y = vcy.

Substituting (3.98) into (3.95) gives the required result.

3.7. Conservation Laws of the CNSE

We can consider the case when c¢; = 1 in (3.95), we obtain
z=u, r=n. (3.99)
Putting (3.99) into the Lagrangian (3.91), we obtain
L* = v2abdu + 2yud + 2yuv? + 2v; — Uy, ) + u(—2adv — 2yu?v — 2yv3 + 2u, + vyy).
(3.100)

The conserved vectors are given by:
I, =0, yields

Tlx = Z(Uut + th),

TE = =2(uu, + vv,).

* The generator I, = d; gives

X —
T = viuy — Uy + DUy — UV,

T = —VUy, + UDy,.

* The generator I, = —vx d, + uxd, + t d, gives
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T = u? + 2tuu, + v(v + 2tv,),

T} = =2t(uu, + vv,).

* The generator I['; = 2t d; + (—u + 2tvad) d, — (v + 2tuad) d,, + x d, gives

TS = 2t(veuy, — upvy) + v(2x0;, + 3uy + 2tuy,) + u(2xuy — 3v, — 2tvy,),

Té = =2(u? + v(v + xvy + tUyy) + ulxuy, — toyy)).

3.8. Nonlinear Schrodinger’s Equation in Compressional Dispersive Alven \Waves
(NLSE-CAW)

In this section, the CDA waves are considered. Two experiments have been carried out
on the CDA waves. The first experiment [57] studied the relationship between the
perturbation and the CDA waves within a low plasma. The second experiment [58]
considered the amplitude of the waves in a magnetic electron-positron plasma. In all the two
experiments, it was finalized that the system of equations obtained can be written as single

wave equation represented by

e — (3a2 + Cz)(pxx - 62¢xxxx - 62¢xxtt = 0. (3-101)

When the envelope of the CDA evolves, the following NLSE is obtained [57]

iqe + 1lql?q + ivgy — 6qxx = 0, (3.102)

where x is the distance along the fiber, t represents the temporal variable, § is the coefficient
of group-velocity dispersion (GVD), u is the self-phase modulation (SPM) and y is the
intermodal dispersion (IMD). The model was studied using different approaches in [57 -60].

In the remaining part of this section, we report some solutions of (3.102) by applying
the SGEM. Then, we construct the Cls by invoking the new conservation theorem. The

results of this section have been published in [62].
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3.9. Application of sine-Gordon equation method to the NLSE-CAW

In order to solve (3.102), we let

q(x,t) = U(E)eP™D, & = K(x — vt), (3.103)
where
¢ = —kx + wt + 6. (3.104)

Putting (3.103) into (3.102), we acquire

v =y + 2k, (3.105)

and
(=ky — k?5 + 0)U — pU3 + K25U" = 0.

(3.106)
Balancing the terms U3 and U" in (3.106) gives n = 1. Putting n = 1 into (2.17), we obtain
U(w) = iB;sin(w) + A cos(w) + i4,. (3.207)

Differentiating (3.107), we acquire
U" = —2cos(w)sin(w)?4, + icos(w)?sin(w)B; — isin(w)3B;. (3.108).

Putting (3.107) and (3.108) into (3.106) using (2.12) and applying trigonometric identities,
gives
—kyAg — k?6Ay + wAy — uA3 — ky cos(w) A; — k285 cos(w) A; +
wcos(w)A; — 2K?8cos(w)sin(w)24, — 3ucos(w)A3A,
—3uAyA? + 3usin(w)?4,A3 — ucos(w)A3 + pcos(w)sin(w)?
sin(w)AyA,B; — 3ucos(w)?sin(w)A2B; — 3usin(w)?4,B% —
3ucos(w)sin(w)24,B? — usin(w)B3 + ucos(w)?sin(w)B3 = 0.

(3.109)
Collecting terms and performing all the necessary algebraic calculations, we obtain:

—A;(ky + k%6 — w + 3ud3 + uA?) =0, (3.110)
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—Ag(ky + k26 — w + pA% + 3ud?) =0, (3.111)

—61AyALB, = 0, (3.112)
3udy (A% — B2) = 0, (3.113)
—B;(ky + k?6 + K?6 — w + 3ud3 + uB%) = 0, (3.114)
B,(2K?8 — 3uA? + uB?) = 0, (3.115)
A (—2K?%6 + pA3 — 3uB?) = 0. (3.116)

Solving (3.110)-(3.116), we acquire the sets of solutions given by:

Family 1: When

Ay=0,B; =04, = iK\@,a) = ky + k%6 + 2K?5, (3.117)
we obtain the dark soliton given by

q(x,t) = [£K \/%tanh[x — (y + 2k&)t]] x elhx+(ey+k*5+2K28)t+6) (3.118)
along with the dark-singular soliton

q(x,t) = [+K \@ coth[x — (y + 2k&)t]] x ei(kx+(ky+k?*86+2K28)t+6) (3.119)

Family 2:  When

AO=0,A1=O,Bl=i\/¥,w=k'}/+k26—]{26, (3120)

we obtain the bright soliton given by
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q(x,t) = [iK\/% sech[x — (y + 2ké)t]] x el(-kx+(ky+k*8-K*)t+6) (3.121)

along with the singular soliton

q(x,t) = [+iK \/% csch[x — (y + 2k6)t]] x ei(hx+(ky +k*6-K*)t+6), (3.122)
Family 3: When
Ay =0,B; = iiK\/%,Al = iK\/%,w =~ (2ky + 2k?6 + K26), (3.123)

we obtain the dark-bright soliton given by

10) o)
q(x,t) = |tiK ‘ﬂsech[x —(y + 2ké)t] £ K /Ztanh[x — (y + 2ké)t]| x (3.124)

) 1
eL(—kx+(z(2ky+2k28+K28))t+9)’

and the combined singular soliton

q(x,t) = —K\/gcsch[x — (y + 2ké)t] + K\/%coth[x — (y + 2ké)t]| X

(3.125)

. 1
el(—kx+(§(2ky+2k26+1<25))t+9)_

(3.102) admit dark and bright solitons. The profile view of the dark soliton equation
(3.118) and the bright soliton equation (3.121) are shown in Figure 3.5 for the values of
K=1,u=0.1,y=0.5k=0.3,6 =0.3,0 = 1. Figure 3.6 describes the surface view of
the dark- bright soliton of solutions equation (3.124) by setting the values of 8 = 0.5,y =
05 K=03,0=041=02,k=08,6=05,(-10<x<10,-10 <t <10).
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Figure 3.6: The 3D and 2D views of equation (3.124)
3.10. Lie point symmetry analysis of the NLSE-CAW

Here, we will study the Lie symmetry of (3.102). To begin, we let
q(x,t) = u(x,t) + iv(x,t). (3.126)
Putting (3.126) into (3.102), we acquire

Uy = —vu(U? + V2) — YUy + SV, (3.127)
Ve = upt(u® + v?) — YUy — Sy, |

(3.127) has the following Lie point symmetries

= (3.128)
d
=5 (3.129)
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a
F4—2t——u£—v—+(yt+x)—

a ] a
[ = —2t6a + (ytv — vx)a + (—ytu + ux) P
3.11 Nonlinear Self-Adjointness of the NLSE-CAW

Considering (3.127), we compute its formal Lagrangian as

L =r(—uud — puv? + vy + yuy + Suy,) + z(uuPv + pvd + up + yu,

The adjoint system can be derived using:

6L *_ﬁ_
Ff _5u_0’F2 —6v—0,
where
6_L_0L oL 2 0L
Su’ du tau D +(D)
61:_01: oL 2 aL
6v_6v tav D +(D)

On the basis of Lagrangian of (3.133), one can get the adjoint system as

Ff = 2puzv — ur(3u? + v%) — z, — yz, + 61 = 0,
F; = =2pruv + puz(u? + 3v%) — 1, — 1 — 62, = 0.

(3.130)

(3.131)

(3.132)

— OUyy).

(3.133)

(3.134)

(3.135)

(3.136)

Theorem 11.1 System of (3.127) is nonlinear self-adjoint if z and r in (3.136) are given

Z=uc
r =vcy.

Proof:

Suppose

= ¢(x,t,u,v),
r =Y(x,t,u,v).

Substituting (3.138) into the adjoint (3.136), we obtain
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SPyy = 0,8y = 0,60y = 0,80y, = 0,89y, = 0,8¢, =0,
8Py = 0,8y, = 0,85, = 0,695, = 0,8(p, +¥,) =0,6(dhy +Y,) =0,
61/)1) = 6¢ur 3UU2¢ - u3.ul/)v - uMU(Zl/J + Ul/}v) + /'w3l/}u + uzfu((p + Ul/)u) -
1/)t - yl/)x - 6kpxx =0, —Mvzl/) - u3u¢u + uuv(qu - U¢v) +
UU?’(]’)u +u? (=3uw + uvey,) — b — Yy + Py = 0.
(3.139)

Solving (3.139) by SYM [63] gives

fZ _ 5211 (3.140)

Substituting (3.140) into (3.137) gives the required result.
3.12. Conservation laws of NLSE-CAW

(3.127) is nonlinear self-adjoint with the substitution (3.137), this fact along with the
Lie point symmetries (3.128)-(3.132) will be used to construct the Cls. We consider the case
when ¢; = 1 in (3.137) which reduces to the following
z=u(x,t),r =v(x,t). (3.141)
Substituting (3.141) into the Lagrangian (3.133), we obtain
L = u(—pud — puv? + vy + yu, + Styy) + u(uuv + pv3 + up + Y, — GUyy).
(3.142)

The conserved vectors are given by.
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* The generator I'; = d,, gives the conserved vector given by

Y = —pu* + puv — pu?v? + u(uv® +vp) + Sux(uy — vy),

T{ = —uv,.

* The generator I, = d; gives the conserved vector given by

TS = 6(uy —v)u, — u(yvt + 8 (uye — Uxt)):
th = —u(uu® — pu?v + puv? — pvd — YUx = SlUyy + SUsy).

* The generator [; = —u d,, + v d,, gives
T = —yu? — Svu, + u(yv + 6vy),
T: = u(—u +v).

* The generator I, = 2t d; —ud, —vad, + (yt + x) d, gives

TY = —(x + ty)put + (x + o) pudv + Su, (2t0v, + (x + ty) (uy — vy)) —
u?((x + ty)uv? — 2t(yue + Suye)) + u((x + ty)uv® + (x + ty)u, +
S(—uy + vy) + v (x + ty — 2t6v,) + 2tv(yv, — Svyr)),

Tf = u(2tuu, + 2tvv, — (x + ty) (Uy + vy)).

* The generator [y = —2t6 d,, + (ytv —vx) d,, + (—ytu + ux) d,, gives

T = 2téuu® — 2t6puuv + 2t6uu?v? — u((y(x — ty) + &)v + 2téuv® + 2t65(u, +vy) +
(x — ty)6vy) + Suy ((x — ty)v + 268 (—uy + vy)),

TE = u((—x + ty)v + 266 (uy + vy)).
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4. OPTICAL SOLITONS AND MODULATION INSTABILITY ANALYSIS TO
SOME NONLINEAR SCHRoDINGER’S EQUATIONS

The relation between M1 and solitons is best observed in the fact that the trains of pulses
that emerge from the MI process are actually trains of almost ideal solitons. Hence it can be
loosely considered as a precursor to soliton formation. In this chapter, we will discuss three
different nonlinear schradinger equations. We beging by finding the soliton solutions and

thereafter study the MI analysis of each of the equations.

4.1. Coupled Nonlinear Schrodinger Equation in Monomode Step-Index Optical
Fibers (CNLSE)

This section addresses the CNLSE in monomode step-index in optical fibers describing
the nonlinear modulations of two monochromatic waves. Dark, bright and combined optical
solitary wave the model are derived using the envelope function ansatz. The MI analysis of
the equation. The results of this section have been published in [67].

4.1.1. Theoretical model

The CNLSE equation is given by [68- 70]:

04, %4,

L Tl (alAq]* +14,1%)A; = 0,
(4.1)
94, 024,
LW‘F a2 T (al4z]? + 41142 = 0,

where A; and A, are complex functions, a is a real valued constant. The equation is an

extension of the NLSE given by [69]

. 0A 924
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4.1.2. Optical Solitary Waves

We let
A;(x,t) = B(x, t)elo®D), (4.3)
Ay(x,t) = S(x,t)e ™D, (4.4)
where
¢(x,t) = —kx + wt + 0. (4.5)

In (4.3) and (4.4), B(x, t) and S(x, t) are functions and ¢ is as described in (2.2).
The ansatz [22] requires a modification in the form
B(x,t) = if; + A;tanh[n(x — vt)] + ip;sech[n(x — vt)], (4.6)

S(x,t) =i, + A,tanh[n(x — vt)] + ip,sech[n(x — vt)], 4.7
n is the pulse width and v represents the velocity. The functions B(x, t) and S(x, t) can

be represented as: as
|B(x,t)| = {21 + Bf + 2B, pssech[n(x — vt)] + (pf — Af)sech?[n(x — vt)]}%,
(4.8)
ISCx, O = (23 + B2 + 2Bzpysech[n(x — vi)] + (o3 — B)sech?[n(x — v}z, (49)

The nonlinear phase shifts are represented by
1+pisech[n(x—vt)]

_ B
¢y, = arctan [ Aotanhin o] ) (4.10)
_ B2+pzsech[n(x—vt)]
dnL, = arctan[ 7 tanhin v D] (4.12)
Putting (4.3) and (4.4) into (4.1) gives:
B(—k% — w + |S|? + a|B|?) — 2ikB, + Byy + iB; = 0,
(4.12)

S(—k? —w + a|S|? + |B|?) — 2ikS, + S,, + iS; = 0.

Substituting (4.6) and (4.7) into Eq.(4.12), we acquire
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—2n?%sech(7)?A tanh(7) + (—k? — w + BZ + A5 + a(B? + A5 + 2sech(7)Byp1 +

sech(1)2(—A% + p?)) + 2sech(t)B,p, + sech(r)?(—23 + p%)) (i, +
isech(t)p; + A;tanh(7)) — 2ik(nsech(7)?1, — insech(t)p;tanh(7)) +
i(—vnsech(1)?1, + ivnsech(t)p,tanh(7)) + ip; (—n?sech(7)3 +
n?sech(r)tanh(7)?) = 0,

—2n?%sech(7)?A,tanh(7) + (—k? — w + B? + A2 + 2sech(7)B,p; + sech(7)?
(=23 + p2) + a(B? + 23 + 2sech(r) B, + sech()2(=A3 + p3)) ) (iB, +
isech(7)p, + A,tanh(7)) — 2ik(nsech(1)?1, — insech(7)p,tanh(7)) +
i(—vnsech(1)%A, + ivnsech(1)p,tanh(7)) + ip,(—n?sech(r)3 +
n?sech(r)tanh(7)?) = 0,

where T = n(x — vt). After making some computations, we obtain:

ifr(—k* —w+ B +a(Bi+23)+125) =0,
iBr(—k*—w+ B2+ 22 + a(Bz + 23)) = 0.

i((—kz + 772 —w+ 3aﬁf + .322 + a/ﬁ + A%)m + 2ﬁ1ﬁ2,02) =0,
i(2B1B2p1 + (=k* +1* — w + Bf + 3aps + A + al3)p,) = 0.

_i((Zk + v)ni, + aﬁlﬁ — 2B,p1p2 + ,81(/1% - 3apf - P%)) =0,
_i((Zk + v)nd; — 2B1p1p2 + ﬁz(ﬁ + a/lg - Pf - 3ap%)) = 0.

ip1(=2n* —ali — A5 + api +p3) =0,
ipy(=2n* — A} — aA3 + pf +ap3) = 0.

ML~k —w+p2+a(p?+12)+1%) =0,
Ao(—k? —w+ BE+ 22 +a(Bz +13)) = 0.
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(—(2k +v)n — 2ap1A1)p1 + 2241p2) = 0,

(= @k +v)np; + 22, (B1p1 + aBzps)) = 0. (4.20)

A (=2n% —alAi — A3 + ap? + p3) = 0, (4.21)
Ay (=2n% = 2} — a2l + p{ + ap3) = 0. '

The solution of (4.15)-(4.21) gives the following sets and solutions.

(a) Bright Optical Solitary Waves
If
Az = O,Al = O,ﬁz = Oiﬁl = O,a == 1,U == _Zk,

e 4.22
n=t [P @ = 2(=2k% + p} + pd), 2

the following bright optical solitary wave is retrieved

A;(x,t) = ip;sech[n(x — vt)] x el(-kx+wi+)
(4.23)
A,(x,t) = ipysech[n(x — vt)] X el(-kx+wt+6)

The intensities are given by

1A, (x, ) = pysech?[n(x — vt)],
(4.24)
|42 (x, )2 = pysech?[n(x — vt)].

The 2D and 3D surfaces of the bright solitary wave (4.23) are given in Figure 4.1 for some

selected values of the parameters written in the figures:

1
k=0.1,1,=0.5, ,=0.1 t\
0.9 = = )
———k=02,),=08, p,=02| / \
e e ol N
08 k=03,,20.7, ,=03 / «,\\
/f
0.7 /-’,"
S /f A\
< 06 1/ \
1] /[ A\
£ / / 4 P
£ 05 // i\ S
g // 4\ i
Z 04 // A e
// \ z
< // \\ Z
// R =
0.3 // A <
/ A\
02 177 ‘x‘\\
0.1 5 e
|z =
oE
3 2 1 0 1 2 3

Figure 4.1: The 3D and 2D views of equation (4.23).
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(b) Dark Optical Solitary Waves

pz = O’pl = 0,’82 :O’Bl :O,a: 1,17: _Zk,

—12-22 (425)
n=+ /—12 2,0 =—k*+ A2+ 25,

the following dark optical solitary wave is retrieved

A (x,t) = A tanh[n(x — vt)] x el(“kxtwt+d)

(4.26)
Ay (x,t) = Atanh[n(x — vt)] X ei(-kx+wt+)
The intensities are given by
|41 (x, £)|? = {A1 — Afsech?[n(x — vt)]},
(4.27)

|42 (x, £)|? = {47 — AZsech?[n(x — vt)]}.

The solitary waves are exist provided (—1%2 — 13) < 0.

The 2D and 3D surfaces of the bright solitary wave (4.26) are given in Figure 4.2 for some

selected values of the parameters written in the figures:

k=0.1,4,=0.5, A,=0.1

09 ‘\
0.8 e

0.7 bt 7/

1,2)

0.6 Ay 1/

=12)

05 \“‘\

\
= 0.4 Y 4 /

A (x,0)]%n

1A (X (n

03 W\ //
0.2 A\ i

0.1 \ /

Figure 4.2: The 3D and 2D views of (4.26)
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(c) Dark-bright Optical Solitary Waves

If
p1 = Epa A = X2A5,6, = B2 = "#.
(4.28)
22 /2 A2+
a:—l,v:—Zk—T;,n— ( 3 pZ) kz,

the following dark-bright optical solitary wave is retrieved

A;(x,t) = {if; + Ay tanh[n(x — vt)] + ipysech[n(x — vt)]} x el(-kx+wt+6)

-4 +P2

Ay (x,t) = {if, + A,tanh[n(x — vt)] + ip,sech[n(x — vt)]} x el(-kx+wi+d) )
The intensities are given by

|41 (x, )17 = {41 + BT + 2B1pssech[n(x — vt)] + (pf — A7)sech?[n(x — vt)]},

|42(x, )2 = {43 + B3 + 2fpzsech[n(x — vt)] + (pF — A3)sech?[n(x — vt)]}.

(4.30)
The solitary waves exist provided (—A3 + p3) > 0.

Physically, (4.30) describes dual pulse solutions based on the signs of £y, p1, B2, p2. If
(B1p1) > 0 and B,p, > 0, the intensities (4.30) are bright solitary waves, whereas the dark
solitary waves are obtained whenever $,p; < 0 and 3,p, < 0.

Thus, the nonlinear phase shifts are represented by

Bitpisech(n (x—vt)]]
Atanh[n(x-vt)] 1’

¢n1, = arctan
(4.31)

2+p2sech[n (x—vt)]]

_ B
bni, = arctan[ Aptanh[n(x—vt)]

The 2D and 3D surfaces of the dark-bright solitary wave (4.29) are given in Figure 4.3 for

some selected values of the parameters written in the figures:

25
——k=0.1,p,=05, A,=0.1 :|k=0,1,/,2:u_5‘ A,=01
k=02,p,=0, 3,202
2 k=0.3,p,=0.7, 1,203 N
4 %
/ N
% 4 TN &
I~ .
= 15 i \\ W
= J S =
= / 5
=) / X
o / e
= / <
< /
N §
0.5 % 4
NN i
R y
N Y/
7
. N
3 2 el 0 1 2 3 X 10 10 t

Figure 4.3: The 3D and 2D views of equation (4.29).
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4.1.3. Modulation instability analysis of the CNLSE

Suppose (4.1) has steady-state solution

A;(x, ) = {{/P; + F;(x, 1)} x '), (4.32)
where (F; << P;, P;) is incident power,
¢;(x) = a(P; + 2P;_j)x (4.33)

is the phase component [82]. Substituting (4.32) into (4.1) and linearizing, the perturbations
F(x,t) and F,(x, t) satisfy system given by

) 1
(iZ2+22 4 Pia(F, + F)) + 2(PP):(F, + Fy) = 0,

d 0x?
{ (4.34)
k. da, . 9%a, * =] *\
l?‘l’ axz +P2a(F2+F2)+2(P1P2)2(F1+F1)—O.

Because of F", the frequencies Q and —( are coupled. So,

Fi(x,t) = B; x ' &¥=00 4 g x o7 iKx-00 = j =1 2, (4.35)
In (4.35), Q represents frequency and K represents the wave number. (4.34) and (4.35) give
a set of two sets of equations. Putting (4.35) into (4.34), we acquire the following:

—(K? —a+ Qay + apy + 2P P (a; + B) = 0,

aay + (K% + a+ Q)p; + 2,/PPy(a; + ;) =0,

—(K?*—a+ Qa, + mel +B) +ap, =0,

aa, + 2,/PPy(ay + 1) + (K% + a+ Q)B, = 0.

(4.36)

From (4.36), we obtain the following matrix in ay, a,, 1, and S,

/(—K2 +a-Q) 2.PP, a 2./P, P, \ -
| a 2/ PP, (-K*+a+9) 2,/PP, | /az\
2/P; P, (~K2+a—Q) 2JP,P, a | gl =
kz PP, a 2./P.P, (-K?+a+Q) / 2
0
0
0 | (4.37)

Expanding the determinant of (4.37), we acquire the dispersion relation given by
—K® + 4K%a — 4K*a? + 2K*Q? — 4K?aQ? — Q* + 16K*P,P, = 0. (4.38)

The dispersion relation of (4.38) has the solution
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Q= iJK4 — 2K2?q + 4K2.,/P,P,.

If Q is imaginary, the steady-state is unstable. On the other hand, if Q is real, then it is stable.
Therefore, the condition of existence of MI from (4.39) is
PP, <0,

oris

(K* — 2K?a + 4K%,/P,P,) < 0.

We acquire the gain as

g(K) = 2Im(Q) = 2\/1{4 — 2K2?q + 4K2.[P,P,.

gain spectrum g(K)

51J — — —a=1,alpha=0.1P =0.1,P,=0.1
9 9 <

. 107 gain spectrum and Wave Number

— # —a=1,alpha=05, =0.7.P2=0.6
& — a=1.alpha=0.9.P,=1.P2=2

-30 -20 -10 0 10 20 30

Wave number (K)

Figure 4.4: Regions of modulation instability gain spectrum (4.42).

(4.39)

(4.40)

(4.41)

(4.42)

The modulation-instability gain is significantly affected by the incident power P; and P,

as can be seen from Figure 4.4

4.2. Nonlinear Schrodinger-Hirota Equation with Spatio-Temporal Dispersion and
Kerr Law Nonlinearity (NSHE)

Dispersive optical solitons are studied when group velocity dispersion (GVD) is small
and needs to be supplemented with third order dispersion (30D) [71]. The model that

accurately describes this phenomena is the (NSHE) which originated from the nonlinear
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Schraodinger equation (NLSE) through Lie transform. The results of this section have been
published in [77]. The dimensionless form of the perturbed SHE with STD and Kerr law
nonlinearity is given by

[72-74]

Ve + asy + by + PP + i[Yhnr + o2 ] — (i[ayp, +
AW1H) +vp@lyl*),]) =0, (4.43)

where a is the GVD and b represents the (STD) term. The inclusion of STD makes the model
well-posed. In the perturbation terms, y is the 30D coefficient, ¢ and v are the nonlinear
dispersions, « is the inter-modal dispersion and A represents the self steepening term.

The integration tool that will be applied to SHE is the sine-Gordon expansion method.
This scheme will lead to the extraction of dark, bright, dark-bright and singular optical

solitons. The M1 of the equation will be studied. Then, we derive the Cls of the equation.

4.2.1. Application of sine-Gordon equation method to nonlinear the NSHE

To solve (4.43), we apply the transformation

PYx,t) = U§)e™D, & =K(x —vt), (4.44)
where
¢ = —kx+ ot +6. (4.45)

Putting (4.44) into (4.43) and then separating the result into real and imaginary components,
a pair of equation is acquired. The imaginary part yields
—K(Q2ak + v — bkv + a + 3k*y — bw)U' + K(=31 —2v + o)u?U' + K3yU'" = 0,
(4.46)

real part gives
(—ak? —ka — k3y — w + bkw)U + (c + k(=A + 0))U? + K*(a — bv + 3ky)U" = 0.
(4.47)
Integrating (4.46) once, we get

—K(2ak +v — bkv + & + 3k%y — bw)U + 2K (=31 — 2v + 0)U> + K3yU" = 0. (4.48)
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Balancing the terms of U3 and U"" in (4.47) and (4.48) gives n = 1.Puttingn = 1into (2.17),

we obtain

U = B;sin(w) + A;cos(w) + A,. (4.49)

Differentiating (4.49) twice, we acquire
U" = —2cos(w)sin(w)?4; + cos(w)?sin(w)B; — sin(w)3B;. (4.50)

Substituting (4.49) and (4.50) into (4.47) and (4.48) using (2.12) and performing all

necessary computations, we acquire the following:

—A;(ak? + ka + k3y + w — bkw — 3(c + k(=1 + 0))A% — (c — kA + ko)A3) = 0,
—§1(A1(3(2ak +v — bkv + a + 3k%y — bw) + (94 + 6v — 30)A% + (31 + 2v — 0)A4%) = 0.

(4.51)

—Ao(ak? + ka + k3y + w — bkw — (¢ + k(=1 + 0))A% — 3(c — kA + ka)A3) = 0,
—§KA0((3,1 +2v — 0)A% + 3(2ak + v — bkv + a + 3k%y — bw + (31 + 2v — 0)43)) = 0.

(4.52)
6(c + k(—=1+ 0))AeA1B, =0, (4.53)
2K (=31 —2v + 0)AgA; By = 0 '
=3(c + k(=A+0))Ao(A] = B) = 0, (4.54)
K(3A+ 2v —0)A,(A3 — B?) = 0. |
—B,(ak? + aK? — bK?*v + ka + k3y + 3kK?y + w — bkw —
3(c + k(-4 + 0))A% — (c —kA+ ko)BE) =0, (4.55)

— KB, (3(2ak + v — bkv + a + 3k?y + K%y — bw) +
(92 + 6v —30)A3+ 31+ 2v—0)B¥) = 0.
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B1(2K?(a — bv + 3ky) + 3(c + k(—A + 0))A4% — (c — kA + ka)B?) = 0,

4,
§K81(6K2y + (=91 — 6v + 30)A47 + (31 + 2v — 0)B?) = 0. (4.56)

A;(-2K?*(a — bv + 3ky) — (¢ + k(—A + 0))A? + 3(c — kA + ko)B?) = 0,

4.57
—gKA1(6K2y + (—31—2v + 0)A% + (91 + 6v — 30)B%) = 0. (457)

Solving (4.51)-(4.57), we obtain the following solutions

Family 1: When

_ _ 6y _
A =0,4, = iK\I 3/1+2v—a’B1 =0,

[—3c((—1 + bk)? — 2b2K?)y — 6ky(A +v) — 2b%k(k? — 2K2)y(v + o) +

a =

3A+2v-0o
b(a(—31—2v+0)+y(2K?*(—-31—2v +0) + 3k?*(A + 2v + 0)))],
v = ———[a(—31—2v + 0) + y(c(6k — 3bk? + 6bK?) + 2K*(—31 — 2v + 0) —

2bk3(v + 0) + 4bkK?*(v + 0) + 3k*(1 + 2v + 0))],
L [3c(k? — bk3 + 2K? + 2bkK2)y + k(a(—=31—2v + o) +

3A+2v—-0o

Y(6K?(—=A+ o) — 2bk3(v + 0) + 4bkK?(v + 0) + k?(31 + 4v + 0)))],

w =

(4.58)
we acquire the dark soliton given by:
W t) = [£K [—X—tanh[K (x — vt)]] x ei-kx+wt+6) (4.59)
3A+2v—-0o
and the dark-singular soliton
W, ) = [2K |—Z— coth[K (x — vt)]] X ei(-kx+wt+d), (4.60)

3A+2v—-0
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Family 2: When

6y
Ag=0,A; =0,B; = tK |[————,
0 1 1 \/—3/1—2v+0

1
[ _ 2 2172 _ _ 2 2 2
a = gom— o [=3c((=1 + bk)? + b2K*)y — 6ky (A +v) — 2b%k(k? + K*)y (v +0) +

b(a(—31—2v+0)+y(K*(BA+2v —0) + 3k?*(A + 2v + 0)))],
1
=——  [a(-31-— — _ 2 227 _
v =33 [@(=34=2v + 0) —y(3c(k(=2 + bk) + bK?) + K*(=31 = 2v + 0) +

2bk3(v + 0) + 2bkK?(v + 0) — 3k?*(1 + 2v + 0))],
— _ 20__ 2 _ _ 2 _ _
© = 3355 =5 [3c(k* (=1 + k) + (1 + bIOK?)y + k(a(=31 = 2v + 0) + Y(3K*(1 — 0)

2bk3(v + 0) — 2bkK?(v + 0) + k*(31 + 4v + 0)))],

(4.61)
we obtain the bright soliton given by:
P(x,t) = [2K | —"—sech[K (x — vt)]] x el(-kx+at+0), (4.62)
and the singular soliton
W(x t) = [+iK /# csch[K (x — vt)]] X ei-kx+wt+6), (4.63)
Family 3: When
Ay =04, = 1K 3y B; = tiK i
0= 0T DBt zv—a) T T 23— 2v + 0)’
1
- - 90 2 2172\, _on2 2 _ 2
@ = = [3e(=2(=1+bk)* + b?K?)y — 12ky (A +v) = 2b*k(2k> = K*)y (v + 0) +
b(2a(—31—2v + o) + y(K?(—=31 = 2v + 0) + 6k*(1 + 2v + 0)))],
1
_ _ _ _ 2 2 20__ _ —
v_—6/’l+4v—20[2a( 31 —=2v+0)+y(Bc(4k — 2bk* + bK*) + K“(—31 — 2v + 0)
4bk3(v + 0) + 2bkK?(v + 0) + 6k%(A1 + 2v + 0))],
- - 2 _ 3 2 2 23
) 6/1+4v—20[3c(2k 2bk® + K* + bkK*)y + k(2a(=31—2v +o0) +
Y(BK?(—A+ o) — 4bk3(v + 0) + 2bkK?(v + 0) + 2k?(31 + 4v + 0)))],
(4.64)

we obtain the combined soliton given by:

_ . 3y _
Y(x,t) =[1iK ’—2(_3/1_2V+0) sech[K(x —vt)] +
(4.65)
3y _ i(—kx+wt+0)
K ’—2(3“21/_0) tanh[K(x —vt)]] X e ,
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and the combined singular soliton

— 3y _
Y(x,t) = [iK\/% csch[K(x — vt)] +
(4.66)
— - i(—kx+wt+6)
choth[l((x vt)]] X el-kxtw .

Family 4: When
Ap=0,B; = +K |[—X A, = +iK |—L —

I e DYy I S e PTaEy W

___2x Ky , _ 2k+V2K
4= "oz ky + z’b © 2Kk2-K2’

1

V= [2a(—31 —2v+o)+ y(c(6k - 3\/?1{) + (4.67)
K2(—31—2v + 0) — 2V2kK(v + o) + 2k*(31 + 4v + 0))],

b 1 _ 2 il 2 — —
® = ———[2k(—a + k*y)(3A + 2v — 0) + 3K?y(c + k(=A + 0))

V2kKy(3c + 2k(v + 0))],

we obtain the soliton given by:

— 3y il
Y(x,t) =[£K ’2(_31_2”0) sech[K(x —vt)] £
(4.68)
; 3y _ i(—kx+wt+0)
iK ’2(_3/1_2%0) tanh[K (x — vt)]] X e* wtro),

Y(x,t) =i[tK /m csch[K(x —vt)] +

3y
mCOth[K(X - Ut)]] X

ei(—kx+a)t+9)

(4.69)

(4.43) admit dark and bright solitons. The profile view of the dark soliton (4.59) are shown
in Figure 4.5 for the sellected values of K = —-0.2,w =0.5,b =0.3,80 = 0.5,k = 0.5,
(10 < x <10, —10 <t < 10). Figure 4.6 describes the surfaces of the bright soliton
solutions (4.62) by setting the values of K = —0.2,w = 0.5, =0.3,60 = 0.5,k = 0.8,
(—10 < x <10,—-10 < t < 10). Finally,Figure 4.7 describe the the profile views of of the
dark-bright soliton (4.65) by choosing the values of a =0.2,4=10.6,0 =0.5k =
03,6 =0.5,(-10 <x <10,-10 <t < 10).
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Figure 4.6: The 3D and 2D views of (4.62).

Figure 4.7: The 3D and 2D views of (4.65)
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4.2.2. Modulation instability analysis of the NSHE

To study the MI of the NSHE. We apply the linear stability analysis technique discussed
in section 2. We suppose that (4.2.1) has the perturbed steady-state solution of the form

Y0 =[P +p(x 0] x W, ¢y, = Pox, (4.70)
Substituting (4.70) into (4.43) and linearizing the result in p(x, t), we acquire
Pr + apsxx + bpxe + cPo(p + p7) + i(YPxxx + 0Popx) = lapy + IAPo(2px + px) +

VP (px + px)- (4.71)
We seek for
p(x,t) = a;cos(Kx — Qt) + ia,sin(Kx — Qt). (4.72)

Substituting (4.72) into (4.71), separating the coefficients of cos(Kx — Qt) and sin(Kx —

Qt) and solving the result, we get

K = [a? + 2aQ + Q% — b?Q? + y% + 4adPy + 2avP, — 2acP, —
2bcQPy + 4AOP, + 2vQP, — 200P, + 312P¢ +
22vP2 — 420P2 — 2voP? + 02P2 + (2baf + 2caPy) + (4.73)
1
(—a? + 2ay + 2yQ + 4yAP, + 2yvP, — 2yaPy)]-.
In the case when

[a? + 2aQ + Q? — b2Q? + y2 + 4aAPy + 2avP, — 2acP, —
2bcQPy + 4AQP, + 2vQP, — 20QP, + 3A2P¢ + 2AvPZ — 4AcP¢ —
2voP¢ + 0?P§ + (2baQ + 2caPy) + (—a? + 2ay + 2yQ + 4yAP, +
2yvPy — 2yaP,)] > 0,

the wave number K is real and the steady state is stable against small perturbations. However,
the occurrence of modulation instability is

[a? + 2aQ + Q? — b2Q? + y2 + 4aAPy + 2avP, — 2acP, —
2bcQPy + 4AQP, + 2vQP, — 20QP, + 3A2P¢ + 2AvPZ — 4AcP¢ —
2voP¢ + 0?P§ + (2baQ + 2caPy) + (—a? + 2ay + 2yQ + 4yAP, +
2yvPy — 2yoPy)] < 0,

the wave number K is imaginary since the perturbation grows exponentially. Thus, the

growth rate of the modulation stability gains spectrum g(£) can be expressed as:
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g(Q) = 2Im(K) =

2[[@® + 2aQ + Q% — b%2Q% + y% + 4aAP, + 2avP, — 2a0P, —

2bcQPy + 4AQP, + 2vQP, — 20QP, + 3A*P¢ + (4.74)
2AvP¢ — 4A0P§ — 2vaP¢ + 02P§ + (2baQ + 2caP,) +

1
(—a? + 2ay + 2yQ + 4yAP, + 2yvP, — 2ycPy)]z].
The modulation-instability gain is significantly affected by the incident power P, as can

be seen from Figure 4.8.

.107  gain spectrum and Frequency of pertubation

o | = — —7702:0%02,1=02,0=02P=0.1,3=0.3,a=1,b=1 c=1
— % —+=02,a=02,1=02,0=0.2,P_=0.5,4=0.3,a=1,b=1,c=1

8 i - -,=0‘2.n=0.2.u=0.2.n=0.2.P0=1,,\=0,3‘a=1.b=1,c=1
. %
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O 5 \ %
c 4 % *
‘@ \
o

Frequency of pertubation (2

Figure 4.8: Regions of modulation instability gain spectrum (4.74).

4.3. An integrable model of (2+1)-Dimensional Heisenberg Ferromagnetic Spin
Chain Equation (HFSC)

In this section, we study the integrable model of (2+1)-Dimensional Heisenberg
Ferromagnetic Spin Chain Equation which describes the magnetic ordering in ferromagnetic
materials. The optical soliton solutions of the HFSC will be studied by using the complex
envelope function ansatz and the GTM. Moreover, we will study the MI with the aid of
standard linear-stability analysis. Then, we construct the conservation laws using the Lie
point symmetries of the equation. The results of this section have been published in [78]. The

model is given by [79].
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iq; + Qqx + 1qyy + 8qxy —vqlql* =0, i=V-1, (4.75)
where

a=c*(J+ ), u=0c*(;+/5),6 =20%,y = 20*A. (4.76)

The term ¢ is the lattice parameter, /] and J; are the coefficients of bilinear exchange
interactions along the X and Y axis. J, refers to the neighboring interaction on the
diagonal,while A denote the uniaxial crystal field anisotropy parameter [81]. The model was

studied using different approaches in [80, 81, 82, 83].

4.3.1. Application of the complex envelope function ansatz to the Heisenberg

Ferromagnetic spin chain equation

Putting Eq.(2.2) into (4.75), we obtain

A(w +VI|AI? + aki + Skik, + pk3) + i(ky (A, + 2aA,) + k,(2uA, + 6A,) +

. 4,77
[(UAyy + 8Ayy + adyy) — Ar) = 0. (4.77)

Substituting (2.3) into (4.77), we get

iB3y + iByA% + ifw + 3ip%ypsech(T) + iyA?psech(t) + ipwsech(7) + ivnAsech(1)?
—ifyA%sech(t)? + 3ifyp?sech(1)? + ian?psech (1) + ién?psech(7)3 — iyA?psech(r)3 +
in?upsech(t)? + iyp3sech(7)® + 2ianisech(7)?k, + idnAsech(t)?k, + iafk? +
iapsech(t)k? + idnAsech(t)?k, + 2inAusech(t)%k, + ik, k, + idpsech(t)k k, +
iBuk? + iupsech(t)k3 + p?yAtanh(7) + yA3tanh(7) + Awtanh(t) + vnpsech(t)tanh(r) +
2fyApsech(t)tanh(7) + 2an?Asech(r)?tanh(7) + 26n%Asech(7)?tanh(7) — yA3sech(7)?
tanh(7) + 2n?Ausech(r)?tanh(7) + yAp?sech(t)?tanh(7) + 2anpsech(t)k;tanh(7) +
Snpsech(t)k tanh(7) + atk?tanh(t) + dnpsech(t)k,tanh(t) + 2nupsech(t)k,tanh(z) +
8k k,tanh(7) + Auk3tanh(t) — ian?psech(t)tanh(1)? — idn?psech(r)tanh(r)? —
in?upsech(t)tanh(7)? = 0,

(4.78)

where T = n(x + y — vt). Performing some algebraic calculations, we obtain:
iBy(B? + A2) + w + ak? + Skik, + uk3) = 0, (4.79)
ip(3B%y +yA? + w + ak? + Skyk, + uk3) =0, (4.80)
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i(vnA — ByA? + 3Byp? + a + )ik, + nA(S + 2wk,) =0,
ip(n?(a+38+uw) +y(—22+p?)) =0, (4.82)
Ay (B? + 22) + w + ak? + Skik, + uk3) =0,
p(vn + 2ByA + (2a + 8)nky + (8 + 21)k,) = 0,
A2n%(@+ 8+ W) +y(=212+p?)) =0,
—in*(a+8+wp =0,
Solving (4.79)-(4.86), we acquire the families given by:

Family 1: |If
B=0,p=4Av=—(5+2w)(~k, +ky),w=—yp?+ 5k? + uk?.

we acquire dark-bright soliton given by

(4.81)

(4.83)

(4.84)

(4.85)

(4.86)

(4.87)

q(x,t,y) = [Atanh[n(x + y — vt)] + idsech[n(x + y — vt)]] x el(Tkix—kay+wt+) (4 gg)

laCx, t,y)|? = 2%
The nonlinear phase shift is given by as:

sech[n(x+y—vt)]]
tanh[n(x+y-vt)]l’

Yy, = arctan [

Family 2: When

p=0,v=2B%y(a+6+u) — Qa+ 8k, — (§+ 2wk,
w = —y(B*+ %) — ak{ — 5kyk, — uk3,
ByA

1= TeFvarsm’
we obtain the dark soliton given by

q(x,t,y) = [if + Atanh[n(x + y — vt)]] x el(TFax-ky+wt+6)
The intensity is also given by

lq(x,t,v)|? = A2 + B? — A%sech?[n(x + y — vt)].
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With (28%y(a + & + ) > 0 for the soliton to exist.

Family 3: When
p = O,ﬁ = 0,17 = _Zakl - 6k1 - 6’(2 - Z‘Ukz,(l) = _)//12 - ak% - 6k1k2 - /lk%,

_ / Y (4.94)
n=4 2(a+6+u)’

we get the following dark optical soliton

q(x,t,y) = [Atanh[n(x + y — vt)]] x el(Tkix—kay+wi+6) (4.95)
The intensity is also given by
lq(x, t, y)|? = [A% — A?sech?[n(x + y — vO)]], (4.96)

with y(2(a + 6 + 1) > 0 for the soliton to exist.

4.3.2. Application of the generalized tanh method to the HFSC

We begin by applying the transformation given by
q(x,t,y) = U(&) X elPxty), (4.97)
with
E=(x+y—vt). (4.98)
Substituting (4.97) into (4.75) and then decomposing into real and imaginary

components, the imaginary component gives

representing the velocity and the real component yields
(w + ak? + Skik, + BE2U +yU3 —n2(a+ B+ 65)U" = 0. (4.100)

Balancing the terms of U3 and U" in (4.100) gives m = 1. Substituting m = 1 into
(2.46), we obtain

U(§) = ao + a19(5). (4.101)
Putting (4.101) along with the necessary derivatives into (4.100) using (2.45) and performing

all the necessary algebraic computations, we obtain

. _ 2(a+8+up) _ wtaki+8kiky+uks
a, =0,a, =+ / S K = T I (4.102)
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Thus, we acquire dark soliton given by

w+ak?+8k ky+uk? w+ak?+8k ky+uk?
Q(X,t,y)Z—\/— 1 ylzﬂztanh[_\/_ 1 12#2€]x

2(a+8+u) (4.103)
ei(6+tw—xk1—yk2),
the dark-singular soliton
w+ak?+8k ky+uk? w+ak?+8k,ky+uk?
(nty) = - [~ o ot g
and the periodic singular solutions
_ |w+aki+8kiky+uk3 w+ak?+8kyky+pk3
(t,y) = [ o [ste ikl ) (4105
ei(9+t(l)—xk1—yk2)
- w+ak?+8kyky+pks _ w+ak?+8kyky+pk3
q(x' t’y) - \/ y COt[ \/ 2(a+6+p0) f] X (4.106)

ei(9+t(l)—xk1—yk2)
)

with (0 + ak? + Skyky + uk2)(2(a + 8 + 1)) < 0 for the soliton to exist in (4.3.29),
(4.3.30) and (4.3.32) and (w + ak? + Sk k, + uk?)(2(a + & + w)) > 0 for the soliton to
exist in (4.3.31). Where & = x +y + (2ak, + 8k, + 8k, + 2uk,)t.

(4.75) admit dark and dark-bright solitons. The profile view of surfaces of the dark-bright
soliton (4.88) are shown in Figure 4.9 for the sellected values of A = 0.4,k; = 0.8,k, =
04,u=2,t=16=08y=360=04, (—10<x <10, —10 <y < 10). Figure 4.10
describes the surfaces of the dark soliton (4.92) by setting the values of w = 0.4,k; =
08,k; =04,aa=2,t=1,6§=08y=01,u=0860=01, (-10<x<10, —-10<
y < 10).
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Figure 4.9: The 3D and contour views of (4.88).
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Figure 4.10: The 3D and contour views of (4.92) .
4.3.3. Modulation instability analysis of the HFSC

To analyze the M1 of (4.75), we apply the linear- stability analysis. Assuming (4.75) has the
steady-state solution given by

q(x, t,y) = [{Po + a(x, t,y)] x eV, ¢\, = yPyx, (4.107)
Substituting (4.107) into (4.75) and linearizing, we obtain
la; + alyy + pay, + 8ay, —yPy(a+a*) = 0. (4.108)

We look for a solution of the form
a(x, t,y) — alei(Kx+k1y—Qt) + aze—i(Kx+k1y—Qt). (4.109)
Substituting (4.109) into (4.108), separation the coefficients of ei(Kx*+k1y=08) gnq

e~ i(Kx+k1y=Q1) and solving, we get
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_6k1i\/62kf—4auk%—4ayPoi-4a\/m
K =

— : (4.110)

In the case when

{62k? — 4auk? — 4ayP, + 4a /QZ +y2P?} >0,

the wave number K is real, the steady state is stable. Modulation instability occurs when

{62k? — 4auk? — 4ayP, + 4a /QZ + 2P} <0,

the wave number K is imaginary. Thus, the growth rate of the MI gain spectrum g() can
be expressed as

gQ) = 2Im(K) = i\/Szkf — dauk? — 4ayP, + 4a/Q? + y2P}. (4.111)

The modulation-instability gain is significantly affected by the incident power P, as can
be seen from Figure 4.11.

+ 104 gain spectrum and Frequency pertubation

12
— — —a=07,6=1k, =06,4=04,7=04,P =02
1o Ly |~ 0708072k =0.7,4=05,7=05P =03
| —#%— a=09,6=3k, =09,=0.1,7=06,P =0.4

gain spectrum g(f?)
(=]

-10 -5
Frequency pertubation €2

Figure 4.11: Regions of modulation instability gain spectrum (4.111).
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5. DYNAMICS OF SOLITONS OF SOME NONLINEAR PARTIAL
DIFFERENTIAL EQUATIONS

This chapter addresses three different NPDEs, namely; Coupled Nonlinear Maccari’s
System (CNMS), the generalized Schradinger-Boussinesq system (GSBE) and the the
nonlinear Kudryashov-Sinelshchikov (NKSE). The solitons, point symmetries and
conservation laws of NKSE and GSBE will be investigated using the concepts discussed in

chapter two. For the CNMS, only the soliton solutions will be investigated.
5.1. Coupled Nonlinear Maccari’s System

In this section, we will consider the CNMS system. The System is a kind of nonlinear
equation often presented to describe the motion of an isolated waves which is localized in a
small part of space and applied in many fields such as plasma physics, hydrodynamic,
nonlinear optic, e.t.c [90]. We will investigate solitary wave solutions of the CNMS using
the modified F-Expansion and projective Riccati equation methods. More precisely, we
present some new solution structures, including topological, non topological, singular and
trigonometric function and complexiton soliton solutions. These solutions may be useful to
explain some physical phenomena in isolated waves. The results of this section have been
published in [93]. The CNMS is given by [91, 92]:

iQt + Qxx + RQ =0,
iS; + S,y + RS =0,
iN, + Nyx + RN = 0, (5.1)
\R, + Ry + (|Q + S + N|?), = 0.
(5.1) has been discussed in [90] using the (G'/G) —Expansion method, in [91] using the first

integral method and in [92] using the Exp-function method.
5.1.1 Analytic studies

To derive the travelling wave solutions (5.1.1), we let

Q(x, t,y) = u(x, t,y) x ellkxraytotty)

S(x,t,y) = v(x, t,y) x ellextayrotsy) 62)
N(x, t,y) = w(x, t,y) x el(kxtaytotty)



where k, a, w and y are arbitrary constants. Putting (5.2) into (5.1), we acquire
—(k?* + w — R)u + i(u; + 2kuy) + uy, = 0,
—(k*+w—Rv+i(vy + 2kv,) + v, =0,
—(k* + w — R)w + i(w; + 2kw,) + w,,, = 0,
Ry+ R +2(u+v+w)(uy +v,+wy) =0.
Applying the following transformations on (5.3)
u(x,t,y) =U¢), vixty)=v(), Rxty)=R(E), wxty) =w(),
where
E=x+yp — 2kt.
We acquire the system of ODE given by
((k2 +w—-R)U—-u"=0,
k*+w—-Rv—v" =0,
k*+w—-Rw—-—w" =0,
QRk—=BR -2U+v+w)(U' +v +w') =0.

Integrating the fourth equation of (5.6), we get

_ (U+v+w)?
T 2k-pB

Substituting (5.7) into the first three equations of (5.1.6), we obtain
If—(k2 + o — R)u + i(us + 2ku,) + Uy, =0,
—(k*+ w—R)v+i(v, + 2kvy) + vy = 0,
—(k*+w—R)w + i(w; + 2kw,) + Wy, = 0,
\Ry + R +2(u + v+ w)(uy + v, + wy) = 0.

Giving a simple relation in u, v, w, we let

v=gU, w=2zU,

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

where g and z are any constants. Putting (5.9) into the last two equations of (5.8), the system

reduces to the following ODE

N 4 24 2 _(1+g+z)2 3 _
U+ UK + ) - D3 =,

5.1.2 Application of the modified F-expansion method to the CNMS

(5.10)

In this part, we find the solutions of (5.1). From (5.10), balancing the terms U3 and U",

gives n = 1. Therefore, (2.40) reduces to
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UE) = +ag+Fay, (5.11)
where F = F(&). Substituting (5.11) into (5.10) yields

2
_ (1+g+2) (L4 ag+Fa
(b )+ - o0t Y
((A+F(B+CF))((2A+BF)a_1+F3(B+2CF)a1)) .
F3 )

Case 1: Solving (5.12) with the values of A = 0,B = 1,C = —1, we obtain

/ —2—4w 2(ptV—2-4w)
k= |22 S N e (5.13)
> .

a_1=0,a9 =
! 0= (1+g+z) a1 = (1+g+2)

using F(¢) = % + %tanh (% f), we obtain the the topological solitons given by

B—m -
Qs ty) = | =S ftanh [ (v + yB - V=2 = 40)| | xe (e rora)

(5.14)

ﬁ—m -
S(x, t,y) = N (1+g+z) tanh[ (x +yB — tm)] % o <ya+y+x / > w+tw>'
(5.15)

ﬁ—m -
N(x,t,y) = AT (1+g+2) tanh[ (x +yB — tm)] % e <ya+y+x f 2 w+tw>'
(5.16)
R(x, t,y) = —%tanh [%(x+yﬁ _t\/T—‘Lw)]z_ 617

Case 2: Solving (5.12) with the valuesof A = 0,B = —1,C = 1, we acquire

/ V=2-2w 2(ptV—2-4w)
k= |22 N e (5.18)

a_,=0,a
2 0= (1+g+z) a1 = (1+g+2)

Using F(¢) = % — %coth G E), we obtain the the singular solitons given by
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Q(x, t,y) = B-m N [ (x + Y8 - tm)] (ya+y+x\m+tw>,

(1+g+z)

(5.19)

ﬁ—m -
S(x, L y) - (1+g +z) COth[ (x + Yﬁ - tm)] X e <ya+y+x\J w+tw>’
(5.20)
B—m -
N@xty) = (1+g+ ) COth[ (x +yB — t\/TALa))] X e (ya+y+x\l 2 w+tw>’
(5.21)
R(x, t,y) = —%coth E (x +yB - t\/W)]Z_ 5.22)

Case 3: Solving (5.12) with the values of A = %,B =0,C = _71 we acquire the
following family and solutions using F(¢) = tanh(§) + isech(¢) and F(§) = coth(é) +
csch($).

Family 1:  When

BtV-2-1w

k=t |72 a,=0,a_,=0a =++—2— (5.23)

2 (1+g+z) '’

we obtain the following complexiton solutions

ﬁ—\/—z 40

Q(x, t,y) = (1+—+) (isech[x + yf — tV—2 — 4w] +

(5.24)
7 1
tanh[x + yB — tvV—2 — 4w]) X el(ya+y+x /—E—w+tw)'

g B—m
S(x, t,y) = (1+g+z) ————(isech[x + yB — tV—-2 — 4w] (5.25)

; 1
tanh[x + yf — tm]) % el(ya+]/+xm+tw)'
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Z
N(x,t,y) =

B—\/—z 4w

(1+g+ )

—————(isech[x + yf — tV—2 — 4w]

. 1
tanh[x + y8 — tV—-2 — 4w]) X el(ya+y+x [ w+tw)’

R(x,t,y) = —(sech[x + yB —tV—2 — 4w] — itanh[x + yf — tV—2 — 4w])

and the singular soliton solutions

B—\/—z 4w

Qx, t,y) =

B—\/—z -4

S(xty)—

B—x/—z 40

Z
N(x,t,y) =

(1+g +Z)

(1+g+z)

(1+g+z)

Y coth [S(x + yB - V=2 —4w)| x e (rasran[Frova)
coth |2 (x + yp — tV=2—4w)| x e (> “*”"\/‘%7“*’“‘*’),

~—coth [ (x + y8 — V=2 —40)| x e (& “*“’CJ‘%—“"”‘“)

R(x,t,y) = —%coth E (x +yB —tvV—2— 4w)]2.

Family 2:

When

(k=+V—2—wk=+VI—w)a=0,a, = J ~2ictf

1+2g+g2+2z+2gz+2z2’

a-1 = g(—a1 — 2k?a; — 2way),

we obtain the following complexiton solutions using k = V1 — w

Qx, t,y) =

S(x, t,y) =

i /Z(ﬁ—zM) .
S —sech[x + yB — 2tV1 — w] X eilvaty+xiT-w+tw)

(1+g+2)

(1+g+2)

sech[x +yp — 2tV1 — a)] x el(vaty+i-w+tw)
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(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)



iz |2(f-2VI-w) '
N(ty) = —sech[x +yB — 2t\1 —_a)] x ellya+y+x/I-w+tw) (5.35)

(1+g+2)

R(x,t,y) = ZSech[x +ypB —2tV1 — a)]z, (5.36)

and singular solutions

i [2(B-2v1-w) _
:csch[x +yB — 2t 1= w]el(ya+y+x\/1—a)+tw), (5.37)

Qb t,y) = (1+g+2)
ig /2(/3—2\/1—(1)) ]
S(x,t,y) = —————csch[x + yf — 2tV1 — w] x eilvaty+x/i-w+tto) (5.38)

(1+g+2)

iz /2(3—2@) .
N(x,t,y) = ~———csch[x + yB — 2tV1 — w] X eilvatyix/i—otto) (5.39)

(1+g+2)

R(x, t,y) = 2csch[x +ypB —2tV1 — a)]z,(5-40)
and using k = v—2 — w, we acquire the following topological soliton solutions

2(B-2v—2-w)
(14+g+2)

Q(x,t,y) = tanh[x + yf — ZtM]ei(y“”*xm”“’), (5.41)

W i sy
g\/m tanh[x +yB — Ztm] % ei(ya+y+xm+tw)' (5.42)

S(ty) = (14+g+2)

z [2(f-2V—2-w) '
N(x,t,y) = :tanh[x +yB — Ztm] % el(ya+y+mew)'

(1+g+2)
(5.43)

R(x, t,y) = —2tanh[x +yp —2tV-2 — a)]z. (5.44)
and the following singular soliton solutions

2(p-2v"7—w)

coth[x +yB —2tV—-2 — w| X ei(ya+y+x\/—2—w+tw) (5.45)
(1+g+2) ’

Qx, t,y) =
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(-0
R ) coth[x + yB — 2tV=2 — @] x ellvatr+x/=z-attw) - (5:46)

(1+g+2)

S(x, t,y) =

z [2(B-2v=2-w) ,
N(x,t,y) = ~—————coth[x + yf — 2tV-2 — w] x elvatyx/=2-w+tw) (5.47)

(1+g+2)

R(x,t,y) = —2coth[x + yB — 26V=2 — ] . (5.48)

Case 4: Solving (5.12) with the values of A=1,B =0,C = —1, we acquire the
following family and solutions with F(¢) = tanh(¢§) and F(§) = coth(¢).
Family 1: When

2(B+2V=2-w)
k:im,ao =0,a1 =i—,a_1 :O, (549)

(1+g+2)

we acquire the following topological soliton solutions

2(B-2v—2-w)
(1+g+2)

Q(x, t,y) = tanh[x + yf — 2tV-2 — w] x eilvary+x=2=w+tw) (5.50)

92(B-2V"2-0) .
S(x,t,y) = tanh[x + yB — 2tV—2 — w] x elVarr+x/"z-o+tw) (5.51)

(1+g+2)

z [z(ﬁ—zx/—z—w) '
N(x, t, y) = —tanh[x + Yﬁ — 2t =2 — w] % el(ya+y+xx/—2—w+ta>)'(5.52)

(1+g+2)
R(x,t,y) = —2tanh[x +ypB —2tV-2 — w]z, (5.53)
and
2(B-2"7-) .
Qxty) = wtanh[x +yB — 2tV—2 — @] x eilvatr+r/z-o+tw) (5.54)
g /2(B-2v=2-w) .
S(x,t,y) = ——————tanh[x + yf — 2tV-2 — w] X eilvary+xy=z=o+tw)  (5.59)

(1+g+2)
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z[2(p-2v-7=w) ,
N(x,t,y) = ~————tanh[x + yf — 2tV-2 — w| X eilvary+x=z=w+tw)  (5.56)

(1+g+2)

R(x,t,y) = —2tanh[x +yp —2tV-2 — a)]z. (5.57)
Family 2: When

A _ _ 2(—2k+pB)
(b =2V-8-wk=1V4—w)a, =0,a, = i\/1+2g+gz+2z+29z+z2’ (5.58)

a_, = —%(2 + k% + w)ay,
we acquire the following solutions using k = v—8 — w

2(B-2V-8-w)
Q(x,ty) = w(l + coth[x +yf — 2tV—-8 — cu]z) X (5.59)

tanh[x +yp — 2tV—-8 — a)] X ei(ya+y+x\/—8—a)+ta))’

f —2V=8-w
" dld )(1+coth[x+y,8—2t\/—8—cu]2)><

SCLY) =~ (5.60)
tanh[x +yp — 2tV—-8 — a)] X ei(ya+y+x\/—8—a)+ta))’

z [2(B-2V=8-w) ,
N(x,t,y) :w:+2)(1+coth[x+yﬁ—2tv—8—w] ) X (5.61)

tanh[x +yp — 2tV—-8 — w] X ei(ya+y+x\/—8—w+tw)’

R(x,t,y) = —2(coth[x + yB — 2tv/—8 — w] + tanh[x + y§ — 2tV—8 — w])z, (5.62)

and the following singular solutions using k = +vV4 — w

[2(B-2v2—w
Q(x, t,y) = iwcsch[z(x +yB — 24 — w)] % ei(ya+y+xm+tw)' (5.63)

(1+g+2)

29 [2(B-2Va-w) :
S(x, t,y) = i—g ? csch[Z(x +yB — Zt\/mn x elvaty+x/i—w+tto) (5.64)

(1+g+2)
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22 [2(-2V3-w) _
N(x,t,y) = +——————csch[2(x + yB — 2tV4 — w)] x e!Vaty+x/a-wttw) (5.65)

(1+g+2)

R(x,t,y) = —8csch[2(x +yp — 2tV4 — a))]z. (5.66)
Case 5: Solving (5.12) with the values of A = % B=0,C = % we acquire the following
family and solutions using F (&) = csc(§) — cot(§) and F(§) = tan(§) + sec(§).

Family 1: When
BVZ—4w
k = +Fa0—0a1—0a1 im, (5.67)
we acquire
B—2—2w
Q(x,ty) = (1+ yos, (sec[x + yB — tV/2 — 4w] + (5.68)

tan[x + yﬁ _ tm]) X eEi(Zya+2y+x\/2—4w+2tw)

i B—\/m
S(x, t,y) = (1+g+) ————(sec[x + yB — tV2 — 4w] (5. 69)

tan[x + yﬁ _ tm]) X e;i(Zya+2y+x\/2—4w+2tw)

B—m
N, 6Y) = —aegy (seclx +¥8 — tV2 — dw] + (5.70)

tan[x + yﬁ _ tm]) % eEi(Zya+2y+x\/2—4w+2tw)

R(x,t,y) = = (seclx + yB — tvVZ — 4w] + tan[x + yf — tV2 — 4w))?, (5.71)

and
L—V2-4w ) 1 ( ) (5 72)
— = _ — Si(2ya+2y+xV2—4w+2tw .
Q(x, t,y) = (1+g+ - tan [2 (x +yB — tV2 4w)] X ez ,
2 L( VZ=ia+2tw) (5.73)
— _ =i 2ya+2y+xV2—-4w+2tw
S(x, t,y) = (1+g+z) tan [ (x +yB —tv2 — 4w)] X ez
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B—2-4w

1,
N(X, t, y) — Z—Ztan [1 (X + J’ﬁ —t /—2 — 4(‘))] x eEl(Zya+2y+x\/2—4w+2tw)' (5.74)

(1+g+2) 2

R(x,t,y) = —%tan E (x +yp —tv2 — 40))]2.

Family 2: When
~ _ B —— _ _ —2k+p
(k=+V2—wk=+V-1-w),ap=0,a, = i\/1+2g+gz+22+292+22'

a-, = %(al —2k?a; — 2wa,),

we acquire the following trigonometric function solutions using k = V2 — w

[2(8-2vz=w) _
Q(x, t,y) = —tan[x +yB — 2tV2 — a)] X el(Ya+y+x\/2—w+tw)’

(1+g+2)

g.2(B-2v2-w) _
S(x, t,y) = :tan[x +yB — 2t\2 — w] % el(ya+y+x\/2—w+tw)'

(1+g+2)

z [2(B-2v2-w) .
N(x,t,y) = :tan[x +yB - 2tV2 — w] X elyaty+xiz-w+te)

(1+g+2)

R(x, t,y) = —Ztan[x +yf — 2tV2 — a)]z,(5-80)

and

2(B-2v2-w)

_ — i(yat+ty+x2—w+tw)
191D cot[x + yB — 2tV2 —w] x e ,

Q(X, t,y) = -

g.2(B-2v2-w) .
S, t,y) = —:cot[x +yB — 2tV2 — w] x elatrrzmotto)

(1+g+2)

z [2(-2V2-w) .
N(x,t,y) = — :cot[x +yB — 2tV2 — ] x ellatrin/z-atte)

(1+g+2)

R(x,t,y) = —2cot[x + yB — 2tV2 — w]2
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and the following trigonometric function solutions when k = v—1 — w

2(p-2V-1-w) ,

Q(x, t,y) = o sec[x +yB —2tV—1— a)] x elyaty+x/=T-w+tw) (5.85)
g |2(-2v=T-w) _

S(x, t,y) = T sec[x +yB —2tV—1— w] x elyaty+x/=I-w+tw) (5.86)
z [2(B-2V—1-w) _

N(x,t,y) = :sec[x +yf —2tVv—1— w] % el(ya+y+x\/—1—a)+ta))’ (5.87)

(1+g+2)

R(x,t,y) = —2sec[x + yp — 2tV—1— w]z.(5-88)

and
2(p-2v-1-w) .
Q(x, t,y) = wCSC[x +yB —2tV—1— w] x elya+y+/=1-w+tw) (5.89)
g [2(8-2v=T=0) ,
S(x, t,y) = csc[x +yB — 2tV —1 — 0)] x el(ya+y+x\/—1—w+tw)' (5.90)

(1+g+2)

z |2(B-2v=1-w) .
N(x,t,y) = —csc[x +yB — 2t [—1 = w] % el(ya+y+xv—1—w+tw)' (5.91)

(14+g+2)

R(x, t,y) = —2csc[x +yp —2tv—1— a)]z.(5-92)

Case 6: Solving (5.12) with the values of A = % B=0,C = % we acquire the following

parameters

5 LrV2-4w ( )
_ ’1— w _ _ _ 2 5.93
k=+ . ,aO—O,a_l—O,al—i(1+g+Z),

and using F (&) = csc(é) + cot(é) and F(&) = sec(é) — tan(§).
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B—2-4w

2

Qx,t,y) =~y (seclx + yB —tVZ — 4] - (5.94)

tan[x + yB — tvV2 — 4w]) X e%i(Zya+2y+x\/2—4a)+2tw)’

L—V2—-4w
g"—
S(66Y) =~y (seclx + yB — V2 = 4w] — (5.95)

tan[x + yB — tv2 — 4w]) X e%i(Zya+2y+x\/2—4a)+2tw)’

z b=2-40
N(x,t,y) = ————(sec[x + yB — tV2 — 4w] — (5.96)

(1+g+2)
tan[x + yﬁ _ tm])e%i(Zya+2y+x\/2—4w+2tw)

R(x,t,y) = —%(sec[x +yB — tV2 — 4w] — tan[x + yf — tV2 — 4w])?. (5.97)

and
2(B-2v2—4w) 1, —
Q(x, t, y) = wcot[x +y8 — Ztm x ezl(Zya+2y+x\/2 4-w+2tw)' (5,98)

(1+g+2)

(1+g+2)
R(x, t,y) = —%cot[x +yp — 2tV2 — 40)]2.(5.101)
Case 7: Solving (5.1.12) with the values of A = 0, B = 0, C # 0, we acquire

2¢2(B-2ivw
k=+ivw,a,=0,,a_, =0,a; = +—J() (5.102)

(1+g+z)2 '’

and using F (&) = % , We get
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!

2¢2(B-2ivw)
(1+g+2)(A+C(x+yp-2itVw))

Q(x, t,y) = x ei(ya+y+ix\/5+tw)’ (5.103)

i

(1+g+z)(A+C(x+yﬁ—2it\/E))

i

z [2¢2(B-2iVw
(1+g+z)(/1+C(x+yﬁ—2it\/5))

% ei(ya+y+ix\/5+tw), (5.105)

2( A
St y) = <_ g j2c?(B-2iVw % ei(ya+y+ix\/5+tw), (5.104)
N(x,t,y) = (—

2¢?
(/1+C(x+yﬁ—2it\/5))2 .

R(x, t,y) =— (5.106)

5.1.3. Application of the generalized projective Riccati equation method to the
CNMS

In this section, we find the solutions of (5.1) using the GPRE method. In (5.10),
balancing U3 and U"', gives n = 1. Therefore, (2.53) reduces to

U(E) = Ay + A10(8) + By7(8). (5.107)

Substituting (5.107) into (5.10) and using (2.54)-(2.56) and performing some algebraic

calculations, we obtain

_AO(—(Zk—ﬁ)(kZ+w)+(1;—l;g_-|-;)2A(2)—3R(1+g+z)Zer) =0, (5.108)

1 _ 2 _ 3 _ 242
oy (((2k = B)(k? —Re + 2Re® + w) —3(1 + g + 2)?A43)A, + (5.109)
3(1+ g + 2)?e(—2udy + RA;)B?) =0,

_r _ _ _ 2y, _ 2
RGP (RA;(—k —B)e(—1+4e*)u—3(1+ g +2)°Ay4,) + (5.110)
3(1+ g + 2)%e((r + u?)Ao — 2Rué,)B?) = 0,

A1(—R(1+g+z)2A§+s(r+u2)(2(2k—ﬁ)sz+3(1+g+z)23f)) _ 0, (5.111)
R(2k-p)
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B1(2k-PB)(k?+w)—-3(1+g+2)?A5+R(1+g+2z)?eB%)
2k- -

B1(6(1+g+2)2A0As +eu((2k-B)(~1+28%)+2(1+g+2)?B2))

h 2k-p =0,

31(—3R(1+g+z)2A§+s(r+u2)(2(2k—ﬁ)sz+(1+g+z)233))
R(2k—P)
Consider the following cases:

=0.

(5.112)

(5.113)

(5.114)

Case 1: Setting e = —1 and r = —1 in (5.108)-(5.114) and solving the system of

algebraic equations, we acquire

2
2 N (zszk)ng:)u) \/TH?)
R=-2(k*+ w), 4 =04, = W’ T (14g+2)’

which gives the hyperbolic solutions represented by

Qxt,y) = (—VRk=B)(-1+p)k2+w)(1+g+2)+(1+g+2) X

J(=2k + B)(—k? — w)sinh[(=2kt + x + yB)y/2(=k% — w)])((1 + g + 2)? X

(i + cosh[/2(—k? — w)(—2kt + x + yﬁ)]))_l) x ei(kx+ya+y+tw)

S t,y)=g(—JQRk—B)(-1+u)(k*+ w)(1+g+2)+(1+g+2) X

J(=2k + B)(=k? — w)sinh[(=2kt + x + yB)/2(—=k? — @)]) (1 + g + 2)? X

(# 1+ COSh[\/Z(—kZ — o) (—2kt + x + yﬁ)]))_l) x eilkx+ya+y+tw)

N t,y) =z(—J/Qk = B)(-1+p2)(kK2+ w)(1+g+2)+ (1 + g + 2) X

J(=2k + B)(=k? — w)sinh[(=2kt + x + yB)/2(—=k? — @)]) (1 + g + 2)? X

(# 1+ COSh[\/Z(—kZ — o) (—2kt + x + yﬁ)]))_l) x eilkx+ya+y+tw)

R(x,t,y) = (1 + g+ 2y (2k = B) (-1 + u?)(k* + w) —
\/(—Zk + B)(—k? — w)(k? + w) X

(1+ g + 2)sinh[(—2kt + x + yB)2(—KZ — @)])’ x

((1+g+2)(2k - B)(k?* + w) X

(u + cosh[(—2kt + x + yB)/2(—k? — w)])z)_l
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Case 2: Setting e = —1 and r = 1 in (5.108)-(5.114) and solving the results, we obtain

—2k+p

R=—20k*+w),Ag = 0,4, =L 2_p = J_r\/ ~2k+p (5.120)

(1+g+2)’ 2(1+2g+9g2+2z+2gz+z2)’

which gives the hyperbolic solutions represented by

Q(x, t,y) = ((—\/(Zk -BHA+u)k?+w)(Q1+g+2)+(1+g+2)X
J(=2k + B)(—kZ — w) cosh [V2(=2kt + x + YV —k? — w|) x
((L+ g+ 277 (e + sinh [V ZP = @) (~2ke +x + yﬁ)])>_1> x pilkeryarysie)

(5.121)

S ty) =g (V@ =BA+ ), +w) (1 +g+2)+(1+g+2) %
J(=2k + B)(—k? — w)cosh[V2(—2kt + x + yBIV—k? — w]) X

((1 + g + 2)? (,u + sinh [N/Z(—kz —w)(—2kt +x + yﬁ)]))_1> x gllkxtya+y+tw)

(5.122)

N(x,t,y) = Z((—\/(Zk—ﬁ)(l +u)k?+w)(A+g+2)+(Q+g+2)X
J(2k + B)(=k? = w) cosh [V2(=2kt + x + yp) —k2 — w]) x
((1 + g + 2)? (u + sinh [\/M(—Zkt +x+ }’:3)])>_1> x gllkx+yaty+tw)

(5.123)

R(x, t,y) = ((1 +g+2)(k*+ a))\/(Zk -+ u?) — \/(—Zk + B)(—k? — a))((k2 + w)) X

(1+ g + z)cosh[V2(—2kt + x + yB)V—k* — a)])2 X
((1 +g+2)2(2k — B)(k? + w) (u + sinh [w/2(—k2 — ) (=2kt + x + yﬁ)])2>_ .

(5.124)
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Case 3: Setting e=1 and r = —1 in (5.108)-(5.114) and solving the system of

algebraic equations, we obtain

(2k=B)(-1+42)
= 202 A s (5129)
R=2(k*+w),Ay=0,4; = (1+g+2) B = (1+g+2)’

and subsequently, we acquire the following trigonometric function solutions

and

Qxty)=({Ck—-B) K2+ w)(—1+pu2)(1+g+2)+ (1 +g+2) X
J2k + BY(Z + w) sin | (—2kt + x + yp)2(kZ + w)|) X

((1 + g+ 2)* (,u + cos [\/f(—Zkt +x+ yﬁ)M]»_l X gllkxtyaty+to)
(5.126)

S ty)=9(JRk—B) (k2 +w)(—1+p)(1+g+2)+(1+g+2) X
J(=2k + B)(k* + w) sin [(—Zkt +x + yB)2(kZ + w)]) x

((1 + g+ 2)? (,u + cos [\/E(—Zkt +x + yB)J2(k% + a))]))_l x gllkxtyaty+iw)
(5.127)

N(x,t,y) = z(\/(Zk -Bk?+w)(—1+p>)A+g+2)+(Q+g+2) X
J(=2k + B)(k* + w) sin [(—Zkt +x + yB)2(kZ + a))]) x

<(1 + g+ 2)? (,u + cos [\/7(—2kt +x + yB)2(k% + w)])>_1 x gllkxtyaty+iw)
(5.128)

R(x,t,y) = <sec |(—2kt + x + yB)y2(k7 + w)]2 (1+g+2)x

(V(=1+ p2)(2k — B)(k? + ) ++/(=2k + B) (k2 + w) (k? + w) X

sin [(—Zkt + x + yp)2(k? + w)])z) X

((1 + g +2)?(2k = F)(k? + w) (1 + psec [(—2kt + x + yp)2(kZ + w)])z)
(5.129)

-1
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Qx,t,y) = (1 + g+ 2)(V(=1+ 22k — BY(k? + w) =/ (—2k + B)(k? + w) X

cos [(—Zkt +x + yB)2(k? + w)])) X

((1 + g+ 2)? (,u + sin [(—Zkt +x + yB)J2(k% + a))]))_l x gllkxtyaty+iw)
(5.130)

S@t,y) = g((1+ g + DL+ D@k - KR? + ) —/(—2k + BYKE + w) X

cos [(—2kt +x + yB)J2(k? + a))D) X

((1 +9g+2)* (u + sin [(—Zkt +x+ yﬁ)M]»_l x glkxtyatytto)
(5. 131)

N(x, t,y) =z((1+ g+ 2)(/ (-1 + u2) 2k — B)(k? + w) — y/ (=2k + B) (k2 + w) X

cos [(—Zkt +x+ yB)J2(k?% + w)])) X
((1 + g +2)* (,u + sin [(—Zkt +x + yﬁ)M]»_l x gllkxtyatytto)

(5. 132)
R t,y) = (A + g+ 2k + 0) (VT + Dk = B)
—J(=2k + B)cos [(—Zkt +x 4+ yB)J2(k% + w)])2 x
(5. 133)

esc [(=2kt +x + yp)2(kZ + a))]2>> (1 +g+2)?x
2k — B)(k? + w)(1 + pesc[VZ(=2kt + x + ypIVKZ + w])z)_l.

Figure.5.1 shows the surface profiles (a) topological solutions (5.14)-(5.17), and (b) topological solution
(5.50)-(5.53) by choosing the values w = 0.4,z =1, = 0.5, =05,y =02,t =0.5,g =1, (-10 <
x <10, —10 < y < 10). Figure.5.2 shows the surface profiles (a) complexiton solutions (5.24)-(5.26),
and (b) complexiton solution (5.27) by choosing the values w = 0.5,z =1, = 0.6, = 0.5,y = 2,9 =
1,t = 0.1,(—10 < x < 10, —10 < y < 10) of (5.14)-(5.17).
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Figure 5.1: The 3D and 2D profiles of equation (5.1) .
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Figure 5.2: The 3D and 2D profiles of equation (5.1.1) .
5.2. Generalized Schrodinger-Boussinesq System (GSBE)

In this section, we will consider the generalized Schradinger-Boussinesq system
(GSBE). Solutions of the CGSBs based on the undetermined coefficients method will be
studied in this section. Applying the new conservation theorem, the Cls will be established.
The results of this section have been published in [94]. The CGSBs is given by [95, 96, 97]

I + Qux + aq = qw,
5.134
{Bth — Wyxxx T 3(W2)xx + fWyx = (lCIlz)xx- ( )

The independent variables are x and t, while g, w represent the dependent variables.
(5.2.1) have been solved by using different integration techniques. Biswas et.al [95] studied
the equation using the tanh method. In [96], the (G'/G, 1/G) was used to obtain the solutions
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of the equation. However, in [97], the extended simplest equation method was used to acquire

the solutions of the equation.

5.2.1 Analytic study

In this Let

q(x,t) = U(§)e' ™D,
w(x, t) =W(),§ =x+ct,

where U (§) and W (&) represents the pulse shapes and
¢(x,t) = px + vt. (5.136)
Substituting (5.135) into (5.134), we acquire the relation ¢ = —2p and the system of ODEs

(5.135)

(a—v—pHU+U"—UW =0,
(B + 12pH)W" + BW2 —U?" —W"" = 0.

Integrating the second equation in (5.137) twice, taking the integration constant to be

(5.137)

zero, we acquire

(a—v—pHU+U"—UW =0,

(B + 12pH)W + (3W2 = U?) —W" = 0. (5.138)

5.2.2. Application of the undetermined coefficients method to the GSBE

In this part, we will employ the technique of undetermined coefficients to acquire non

topological and singular solitons for (5.134).

(a) Non topological Solitons

The non topological soliton of (5.134) can be written as:

U(&) = oysech(&§)F, W (&) = a,sech(§)*z, (5.139)
where a;, g,, R; and R, are to be determined later. Inserting (5.139) into (5.138), we acquire
p?sech(ué)*1o; + vsech(ué)Rio; — asech(ué)Rro; + u?sech(ué)?+*®1R 0y —
u?Sech(ué)?* Risech(ué)?R?0, + sech(ué)f1tkeg g, = 0,

sech(u$)*f1af — 12p?sech(ug)®>a, — Bsech(u§)*2a, —
u?sech(ué)?**2R, 0, + u?sech(ué)?**zsech(ué)?R20, — 3sech(ué)?R202 = 0.

(5.140)

After some algebraic computations, we obtain
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from which one can obtain R; = R, = 2. Substituting into (5.140), we acquire

sech(ué)oy(p? + v — a — 4u? + sech(ué)?(6u? + 0,)) = 0,
sech(ug)? (—(12P2 + B — 4p?)o, + sech(ué)?(of — 30, (2u? + 02))) = 0.

After performing some calculations, we obtain

L /_—/3;4”2,02 = —6u?, 01 = £6v2u%,v = = (12a + f + 44412). (5.144)
The non-topological soliton solutions read

q(x,t) = (6v2u?sech[u(x — 2pt)]?) x e!@**v0),

(5.143)

+

p:

(5.145)
w(x,t) = —6u?sech[u(x — 2pt)]?,

where £ = x — 2pt.

(b) Singular Solitons

The singular solitons of (5.134) can be derived using the following ansatz:
U(§) = aycsch(§)R1, W (§) = a,csch(§)"z, (5.146)

Inserting (5.146) into (5.138), we acquire
p2csch(uéd)Rro; + vesch(uéd)Rroy — acsch(uéd)®ro; — p?esch(ué)?*tRiR 00 —
u?Csch(ug)*1Riay — pPesch(ué)***1 R oy + csch(u§)f1+ 20,0, = 0,
csch(ué)?1o?2 — 12p2csch(ué)*20, — Besch(ué)R20, + u?csch(ué)?*R2R,0, +
p?esch(ué)R2R30, + u?csch(ué)?**2R20, — 3csch(ué)?Rz02 = 0.

(5.147)
After some algebraic computations, we obtain

from which one can obtain R; = R, = 2. Substituting R; and R, into (5.147), we get
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csch(ué)oy (p? + v — @ — 4u? + csch(ué)?(—6pu? + 0;)) = 0,

5.150
(12p? + B — 4u®)csch(ué) o, — csch(ué)3 (o2 + 6ua, — 30%) = 0. ( )
After some algebraic computations, we obtain
1 —B+4ﬂ2 2 _ 2 _ 1 2
p=t = 0= 6p% 0 =+6vV20%v =—(12a + B + 44p%). (5.151)
The singular soliton solutions read
q(x,t) = (6v2u2cschlu(x — 2pt)]?) x e'P¥+vD),
(5.152)

w(x,t) = 6p?cschlu(x — 2pt)]%

Figure.5.3 shows the surface views of the non topological soliton solutions (5.145) by
choosing the values § = 0.5, 4 = 0.5, = 0.2,(—10 < x <10, -10 <t < 10).

wii 1)

¢ A0 0 ¢ A0 g

Figure 5.3: The 3D and 2D surfaces of the soliton solutions (5.145).

5.2.4. Lie Symmetry Analysis of the GSBE

Here, we aim to obtain the point symmetries of (5.134), we let
q(x,t) = u(x,t) + iv(x, t). (5.153)
Putting (5.153) into (5.134), we acquire

Fi=u+av—wv+uvy, =0,
F, =v,—au+uw —u,, =0,
F; = 3wy + 6w, 2 + (B + 6W)wyy — 2(uy? + 0,2 + Ullyy + VVyy) — Wagrn = 0.

(5.154)

The algebras of (5.154) are generated by [30]
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I'= fl(x; t,u,U,W)a-F Ez(X,t,u,U,W)a-f-Th(_x,t'u,v’w)a_F

s ) (5.155)
N, (x, t,u,v,w)a +n3(x, t,u,v, W)ﬁ.

(5.154) has the infinitesimals given by
LHxtuvw) =0 -2 (5.156)
E(x, t,u,v,w) = —tC, + C3, (5.157)
ni(x, t,u,v,w) = Ciu+ %v(t(6a + B)C, — 6C,), (5.158)
N2(x, 1, 0,W) = = (6w + B)Cy, (5.159)
n3(x, t,u,v,w) =C — %tuC2(6a + B) + vC, + uC,, (5.160)

(5.154) has the following vector fields
I, =d,, (5.161)
I, =a, (5.162)
I3 =—-vd, +ud,, (5.163)

[, =—-6td, + (6u + 6tav + tvp)ad, + (6w + B)d,, — 3x 9, + (—6tua — tuff +
6v) 0.
(5.164)
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5.2.5. Nonlinear Self-Adjointness of the GSBE

In this section, we study the nonlinear self-adjointness of (5.2.21).The Lagrangian of (5.2.21)
is represented by

L=r(—au+uw +v; — Uyy) + z(aU — Wv + Uy + Uyy) +

h(Bw + 6wy ? 4+ (B + 6W)Wyy — 2(Uy? + Uy + Ullyy + VUxy) — Warrer), (5.165)
The adjoint can be derived using the following relation
Fi=32=0F=2=0F=2"=0, (5166
with
o B - 00 00
= Dt% —Dyo - + (Dx)? 5 o Dy)* = o Dy)* avxxxx (5.167)
T (D) (0t ()

From the Lagrangian (5.165), one can get the adjomt system as

Ff =r(—a+w)—2z, —2uh,, — 1 =0,
Fy=ru—zv+3hy + (B +6W)hyy — hyyxx =0, (5.169)
F;=(a—w)z—r1,—2Vh, + 2, = 0.

Theorem 2.1 A System of PDEs is nonlinearly self-adjoint on the condition of the adjoint

system if it satisfies

F{ |Z=Z(x,t,u,v,w),r:R(x,u,v,w),h:H(x,u,v,w) = A1F1 + A2F, + A3F5 =0,
FZ*|Z=Z(x,t,u,v,w),r=R(x,u,v,w),h:H(x,u,v,w) = A1 Fy + A50F, + 233F5 =0, (5.169)
F’;|Z=Z(x,t,u,v,w),r=R(x,u,v,w),h:H(x,u,v,w) = A31F + A35F, + A33F5 = 0,

where not all z = Z(x, t,u,v,w), r = R(x, t,u,v,w) and h = H(x, t,u,v,w) equal to zero.
The coefficients 4;;(i,j = 1,2,3) are to be determined. From the coefficients of u,, v, wy, we

get

Mi1=—2Zy, Ap=—2Zy, Aiz=—Z,,
121 = _Ru, 2.22 = _RU' Az3 = _RW' (5170)
A31 = —Hy, Az, =—H,, A33=-—H,,.

Substituting (5.170) into (5.169), we get a huge system of linear PDEs. Solving the system
using SYM package [63], we obtain
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zZ = ucl,

r =vcy, (5.171)
h = ¢, + xc, + t(c3 + xcs).

Theorem 2.2 System (5.154) is nonlinear self-adjoint if z,  and h are given by (5.171).
5.2.6. Conservation Laws of the GSBE

In accordance of Theorem 2.11.1, we construct the Cls for (5.134) using the Lie point
symmetries (5.161)-(5.164). Substituting the nonlinear self-adjoint substitution (5.171) into
the Lagrangian (5.165), we obtain
L' =cu(—au+uw + vy — Uy,) + cqu(av — wu + up + vyy) + (cz + xc, + t(cs + xcs)) X
Bwee + W2 + (B + W)Wy — 2(Uy® + U2 + Ullyy + VU4y) — Wagar)- (5.172)

The property (5.2172) will be used together with the point symmetries and conservation
formular to construct the Cls. The only trivial conservation law is that generated by the point

symmetry I';. The conserved vectors are given as follows:

* The symmetry I; = dx admits the conserved vector:

T = ¢;(uuy + vvy) + 3(c, + teg + xcy + txcs)wy — (¢4 + tes) Quu, — (B + 6w)w, +
20U, + Wyxy),

Tf = 3(c3 + xcs)wy, — ¢; (U, + vv,) — 3(c, + t€3 + xCy + tXC5) Wy

* Lie point symmetry generator I, = dt yields the conserved vector with components:

T = —wi(—(c4 + tcs) (B + 6w) + 6(c, + xcy + t(c3 + xC5))w,) — v:(2(cy + teg)v —
CiUy, — 2(cy + teg + xcy + txcs)v,) — U (2(cy + tes)u — 2(cy + tez + xcy + txcs)u, +
C1Uy) — (—2(cy + tez + x€4 + txC5)U — €1V) Uy — (€3 + xC4 + t(C3 + xC5)) (B + W)W, —
(cqu — 2(cy + teg + x€4 + tXC5)V)Vyp — (€4 + C5)Wyy + (€3 + xC4 + £(C3 + XC5))Wisnt

Tf = —cyuu; + 3(c3 + xcg)wy — ¢quue — 3(¢y + x€4 + (€3 + XC5))wy +
cv(u(—a+w) + vy — uyy) + cqu((a@ —w)v + up + vyy) + (€3 + xc, + t(c3 + xC5)
(Bwy + 6W,2 + (B + 6W)w,, —

Z(uxz + sz T Ullyy + vax) - Wxxxx)-
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* The Lie point symmetry [, = —6t d; + (6u + 6tav + tvf)d, + (6w + ) d,, —3x 0, +
(—6tua — tuf + 6v) d,, determines the conserved vector:

T = (B + 6w + 6tw, + 3xw,)(—(cy + tes) (B + 6w) + 6(c; + xcy + t(c3 + xC5) )wy ) +
(—t(6a + B)u + 6v + 6ty + 3xV,)(2(cy + tes)v — €U, — 2(cy + tez + xCy + txcs)vy) +
(6u + t(6a + B)v + 6tu, + 3xu,)(2(cy + tes)u — 2(c, + tez + xcy + txcs)uy, + c1vy) +
(—2(cy + teg + xcy + txcs)u — ) (uy + t(6a + B)vy + 6tUy + 3XUyy) + 3(c, + xC4 +
t(cs + x¢s5)) (B + 6W)(Bwy + 2twy, + xWyy) + (cyu — 2(c, + tez + XCy + txC5)V)
(—t(6a + Buy + Uy + 6tUy + 3xUsy) + 3(Cy + tC5) (AWyy + 2tWyyr + XWyny) —

3x (€ (Vs — Uy) + UUg + Vyy)) + (€5 + €3 + xCy + txC5) By — 2y + 6w, % —

20,2 = 2Ullyy + (B + 6W)Wyy — 20Ux, — Wyrny) ) — 3(€2 + x4 + (€5 + xC5))

(SWxxx + Zthxxt + xWxxxx):

Tf = cqu(6bu + t(6a + B)v + 6tu, + 3xu,) — 3(c3 + xc5)(B + 6w + 6tw, + 3xw,) +
c,u(—t(6a + f)u + 6v + 6ty + 3xvU,) + 9(cy + xC4 + t(C3 + xC5)) (AW + 2tWy + XWyp) —
6t(cL(V(V — Uyy) + U(Us + V) + (€; + tC3 + xCy + txCs) (Bwy — 2u, 2 + 6w, 2 — 20,2 —
2uuxx + (.8 + 6W)Wxx - Zvvxx - Wxxxx))-

5.3. The Nonlinear Kudryashov-Sinelshchikov Equation (NKSE)

In 2010, Kudryashov and Sinelshchikov [98] derived a NPDE describing the pressure
waves in a mixture liquid. We intend to investigate the solutions of this equation using the
RBSO method. Furthermore, we will apply the new Cls theorem to derive the Cls of the
equation. The results of this section have been published in [99]. The equation that will be

studied in this section is given by [100, 101]:
U + auiy + Plyyy + ¥ (Ul ) + dUuyuy, = 0. (5.173)

In (5.3.1), u is the density. a, B, y and d are real constants. (5.173) was studied using
different approaches in [102- 106].

5.3.1. Application of the Riccati Bernoulli sub-Ode method to the NKSE
In this part, we apply the Riccati-Bernoulli sub-ODE to (5.3.1). Let

u(x,t) =U¢), &=K(x+vt). (5.174)
Putting (5.174) into (5.173), we acquire:
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KU'(v+aU+K?*(d+y)U")+K3(B+yU)U" = 0. (5.175)
Substituting (2.23), (2.24) and (2.25) into (5.175), we acquire

k(bU + aU?™™ + cU™)(v + aU + k?(d + y)U~172™m(aU? +

cU?™ 4+ pUM™)(—a(-2 + m)U? + cmU?™ + bU™) +

K2U2 M (B + yU) (a? (=2 + m) (=3 + 2m)U* + (5.176)
c2m(—1+2m)U*™ + ab(—3 + m)(—2 + m)U3*™ +

(b% + 2ac)U**™ + bem(1 + m)ULH3™)) = 0,

Setting m = 0 in (5.176), we obtain

ck(v + b2k2B + 2ack?B + bek?(d + 1)) + k(b3k2B + b(v + 8ack?B) +
b?ck?(2d + 3y) + c(a + 2ack?(d + 2y)))U + k(7ab?k?*p +

a(v + 8ack?B) + b3k?(d + 2y) + b(a + 2ack?(3d + 7y)))U? + (5.177)
ak(a + 12abk?B + 4ack?(d + 3y) + b?k?*(4d + 11y))U3 +

a’k3(5bd + 6aB + 17by)U* + 2a3k3(d + 4y)U° = 0.

After performing some algebraic computations, we get
ck(v + b%k?B + 2ack?p + bck?(d +y)) =0, (5.178)

k(b3k?B + b(v + 8ack?B) + b?ck?(2d + 3y) + c(a + 2ack?(d + 2y))) =0,

(5.179)

k(7ab?k?B + a(v + 8ack?B) + b3k2(d + 2y) + b(a + 2ack?(3d + 7y))) =
0, (5.180)
b2k2(4d + 11y)) = 0, (5.181)
ak3(5bd + 6ap + 17by) = 0, (5.182)
2a3k3(d + 4y) = 0. (5.183)

Solving (5.178)-(5.183), we obtain the cases given by:
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_ Ckzyzi\/_kzaﬁ2y+c2k4-y4-

2k2ﬁ2 ’
p= ck?y?+\/—kZaB2y+c2kiy*
B k2By
d = —4y, S (5.184)
2¢c(ck?y? 4+ —-k2aB2y+c2k4y
V= kZ,B( k2p2 -
(Ck2y2+\/—k2a,82)/+62k4']/4)2
Kk4B2y2 ).

Using the parameters obtained in (5.184), we obtain the following traveling wave solutions:

; B + RZBZ\/ZR‘*ﬁzyztan[%\/Zk“Bzyz(C+k(x+k2tﬁA]
u(x,t) = —=
. 0) 14 ck2y2+\/—kZaB2y+c2k*y*

(5.185)

)

B k2 B2AK* B2y? cot|SVAK* B2y (C+k(x+k2tBA]
u(xt) = - ; B ck2y2+\/—2k2aﬁzy+czk4y4 ’ (5.186)

2¢(ck2y?+y —k2af?y+c2ktyt ck2y?2+y -kZaB?y+cky*)?
WhereA:\/ (ck?y szﬁzﬁy vH _ (ck?y \/mfyzy r?
RZBZ\/ER‘*,BZ}/Ztanh[%\/Ek‘*ﬁZyz(C+k(x+k2tBB]

— A 5.187
u(x,t) ¥ ck2y2 4 —K2aBZytcikiy? ’ (5.187)

B kZﬁZ\/Ek‘*ﬁzyzcoth[%\/Ek‘*ﬁzyz(c + k(x + k?tBb]
u(x,t) =——— ,
(x6) 14 ck?y? + \/—k2af?y + c2k*y*

—2c(ck2y2+.\/—-k2aB?y+c2k*y* ck2y2+.\—k2aB?y+c2k*y*)?
where B = (ck?y?+J-k?ap?y+cicty®) _ (ck?y®+J-k?aBy+cZkiyh?
kZBZ k4B2y2

c=O,aziig,bzi%\/%,vzi—ﬁ,dz—ély. (5.188)

Using the parameters obtained in (5.3.17), we obtain the following traveling wave solutions:

-1

. |a tap
w(x, ) = <el e lﬁ) , (5.189)
u(x, t) = —f— ;—ﬁztan[ﬁ\/% (€ +k(x+ %))], (5.190)
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u(x,t)=—3+—c tZka+k(x+taB ), (5.191)

ay > 0, C,k > 0 for the solitons to exist.

u(x, t) = — § - %tanh[i \/% (C + k(x + “"ﬁ))] (5.192)

and the singular soliton solution

u(x, t) = — § - %coth[i \E (€ +k(x+ “"ﬁ))] (5.193)

ay < 0, C,k > 0 for the solitons to exist.

_ - _ a __ap
c=0a=0b=+ ——dk2—2k2y'v = (5.194)

Using the parameters obtained in (5.3.23), we obtain the following traveling wave solutions:

a ( k2apB
u(x, t) = }ekJ-dkz-Zkzv\x'<-dk2-2kzv)t). (5.195)

5.3.2. Lie symmetry Analysis of the NKSE

In this part, we give the Lie point symmetries of (5.173). The infinitesimals are given by the

following
&l = abtC, + Cs, (5.196)
&2 = —ytC; + Gy, (5.197)
n = Ci(b + cu), (5.198)

The point symmetries are represented by:

_a
17 ax

(5.199)
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] ] ]
I3=(F+yu) -yt +aft_—.
5.3.3. Conservation Laws of the NKSE

The Lagrangian of (5.173) is represented by

L=v(x,t)(u; + auuy + Liyyy + Y (Ulyy)x + dUylyy).

And the adjoint equation reads

X S(UF
F*(x,u,v,uUq, V1, Uy, Ug, U3, Uz, Uy, Uy, Us, Us) = Esuu) =
S(up+auuy+PBuyxx+y (Ullyyx)x+dUxlyy]) =0

su '
After some calculations, the adjoint yields

F*=
(d - zy)vxuxx + duxvxx - Zyuxvxx r lgvxxx
—uU(aVy + YVsxx) — V¢ = 0.

(5.200)

(5.201)

(5.202)

(5.203)

(5.204)

Using the symmetries Egs.(5.199)-(5.201) and utilizing the conservation formlar, we obtain

the following fluxes

a .

t _
Ty = —vuy,

T = v, ((d - V)uxz + (B + yWuyy) — (B + YU Uy Uy + VU,

T, = %yields

th =v(ux(au + (d + Y)uyy) + (B + YW yyy), T

= _((_d + V)uxvx + YVUy + LUxx + u(av + yvxx))-

d a a .
= +yu)£_yt5+ aﬁta gives
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TS = —v(tue (@ + y(d + V)Uyx) + B(=1 +t¥Upyy) + Yu(=1 + tauy + tyuyey)), TS
= tafv(uy(au + (d + ¥)yx) + Bllyxy + VUUgxx H1Ut)
+ ((=d + V) UpVy + YVUy + BUgy + u(@V +y0,,) ) (B + yu — tafu,
+ tyue) + dvuy, — (B + yu)vy) (Yuy — tafuyy + t(yuy) +(B
+ VWU (Y Uy — LAB Uy + Y Upyx)-
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6. CONCLUSION

In the thesis, an emphasis on nonlinear Schradinger and evolution equations was placed.
Although these have been studied in the past, and continuing to be studied, it is our hope that
the new results of the equations reported in this thesis will be of interest to the world of
physics and mathematics.

In section 2 of the thesis, we gave detailed description of the methods used in the thesis.
In section 3, we investigated the optical solitons and Cls for three different NLSES. The
optical solitons were investigated using several techniques including the complex envelope
ansatz, sine-Gordon expansion method, the Riccati Bernoulli sub-ODE, modified F-
expansion, the generalized tanh, generalized projective Riccati equation, Jaccobi elliptic
function ansatz and the undetermined coefficient methods. The methods successfully
derived the optical soliton solutions of some nonlinear Schrodinger equations. It is worth
mentioning that some of the optical soliton solutions derived in this thesis are to the best of
our knowledge new. The Cls of the equations in this chapter were investigated using the new
conservation theorem introduced by Ibragimov. In section 4, we constructed the bright, dark
and dark-bright optical solitons of three NLSEs. Singular solitons for the equations were also
reported. Some of the solutions derived are also new. Furthermore, we studied the M1 of the
equations presented in this section by applying the concept of linear stability analysis, and
reported the M1 gain spectrum. Analysis shows that M1 exist for all regions although there
are some conditions which must be satisfied for the Ml to exist. In section 5, we constructed
the soliton solutions and Cls of three NLPDEs. Topological, non topological, hyperbolic and
singular solitons were derived by applying the techniques described in section 2. The Cls of
the equations studied in this part were derived using the new conservation theorem due to
Ibragimov. Some figures have been provided to describe physical meaning of the acquired

results.
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