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TRANSFORMATIONS OF NON-CLASSICALLY CORRELATED STATES

SUMMARY

This thesis is about the deterministic and probabilistic transformations of (some of) the
non-classically correlated states. Non-classical correlations which will be discussed
here, entanglement, quantum coherence, and quantum discord, are used as a resource
in many information processing tasks. In order to increase the success probability
of the information processing tasks, it is rather important to convert a non-classically
correlated state into a better one in the same class by local quantum operations.

In Ch. 2 two explicit protocols for the deterministic transformations of coherent states
under incoherent operations are presented. First, a permutation-based protocol which
provides a method for the single-step transformation of d-dimensional coherent states
is proposed. Generalized solutions of this protocol for some special cases of d-level
systems are obtained. Then, an alternative protocol is presented where we use d’-level
(d’ < d) subspace solutions of the permutation-based protocol to achieve the complete
transformation as a sequence of coherent state transformations.

In Ch. 3, in a similar manner, deterministic transformations of pure bipartite entangled
states is discussed. The results, obtained for the deterministic transformations of
coherent states under incoherent operations, can easily be adapted to d-level bipartite
entangled pure state transformations. Various illustrative examples both to demonstrate
the adaptability of our results to the deterministic transformations of entanglement and
to enhance the intelligibility of our method are given. One of the most important things
to bear in mind is that majorization is essential for these deterministic transformations.

The problem of distilling as much entanglement (coherence) as possible from a given
pure state by means of a probabilistic protocol using local operations and classical
communication (incoherent operations) is of fundamental importance. Instead of
aiming at a single output state, however, one can consider a discrete class of states as
targets, namely that formed by all maximally entangled states (coherent states) of any
possible local dimension g. In this sense, in Ch. 4, an optimal probabilistic protocol to
distill quantum coherence is presented. Inspired by a specific entanglement distillation
protocol, our main result yields a strictly incoherent operation that produces one of
a family of maximally coherent states of variable dimension from any pure quantum
state. We also expand this protocol to the case where it is possible, for some initial
states, to avert any waste of resources as far as the output states are concerned, by
exploiting an additional transformation into a suitable intermediate state. These results
provide practical schemes for efficient quantum resource manipulation.

It is well known that quantum states that can be transformed into each other by
local unitary transformations are equal from the information theoretic point of view.
This defines equivalence classes of states and allows one to write any state with the
minimal number of parameters called the canonical form of the state. In this context,
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in Ch. 5, we define the equivalence classes of local measurements for three-qubit
entanglement manipulation such that local operations which transform states from
one equivalence class into another with the same probability are equivalent. This
equivalence relation allows one to write the operators with the minimal number of
parameters, which we call canonical operators, and hence the use of the canonical
operators simplifies the optimal manipulation of quantum states. The canonical local
operators for the concentration of three-qubit Greenberger-Horne-Zeilinger states is
used, and the optimal concentration protocols in terms of the unitary invariants of
quantum states, namely, the bipartite concurrences and the three-tangle are obtained.
Then, an explicit protocol for the deterministic transformations of three-qubit pure
states by local operations and classical communications is proposed.

Quantum discord can be used as a resource for some information processing tasks.
In this context, Werner states are the most studied quantum states. In Ch. 6 three
procedures to obtain the separable Werner states which have nonzero discord are
introduced. The general idea is simple, and the following. In the first stage, we have
a classically correlated state in our hand. Then, we perform some local operations,
where our primary aim is to obtain these local operations, on subsystems of the initial
state. After completing the whole process, a nonzero discord Werner state is acquired.
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KLASIK OLMAYAN ILINTILi DURUMLARIN DONUSUMLERI

OZET

Tiim bilim tarihinde oldugu gibi, doganin igleyis yasalar1 kesfedildikten sonra bu
kesifler insanligin kullanabilecegi iirlinler vermeye baslamistir. Ne var ki bilimin
ve teknolojinin geldigi asamada bilgi islem teknolojileri klasik sistemler kullanarak
ulagabilecegi sinirlara yaklagsmistir. Artik kiiciilen devrelerle birlikte daha 6nceden
dikkate alinmayan kuantum ilintiliklerin dikkate alinmasi zorunlu hale gelmistir. Bu
kuantum etkileri kuantum bilgisayarlarinda, bilgi isleme siireclerinde ve kriptografide
devrim niteliginde sicramalara yol acmistir.

Bu tez biitiinii itibariyle cesitli klasik olmayan ilintilige sahip durumlarin
(non-classically correlated states) kendi icinde deterministik (deterministic) ve
olasiliksal (probabilistic) doniisiimleri (transformations) ile ilgilidir. Burada ele
aliacak klasik olmayan ilintilikler—dolagiklik (entanglement), kuantum esevrelilik
(quantum coherence) ve kuantum uyusmazhik (quantum discord)-bir¢ok kuantum
bilgi isleme siireclerinde kaynak (resource) olarak kullanilmaktadir. Bilgi isleme
siireclerinin basarisimi artirabilmek adina bu kuantum ilintililerin kuantum operasy-
onlar yardimiyla daha iyi performans verebilecek ayni siniftaki bagka kaynaklara
doniistiiriilebilmesi olduk¢a 6nemlidir.

Bu baglamda, ilk olarak, d-seviyeli esevreli bir baslangi¢c durumunun (initial coherent
state), 6rnegin Zi:l are'® |k) (ar € R ve 0 < o < ), bagka bir d-seviyeli esevreli
hedef durumuna (target coherent state), 6rnegin Zizl bre'Pe k) (b e R ve 0 < B <
7), esevreli olmayan operasyonlar (incoherent operations) tizerinden deterministik
doniistimleri ¢alisilmistir. Esevreli herhangi bir durumun katsayilart o duruma ait tiim
bilgiyi icerir diyebiliriz. En genelde bu katsayilar arasinda diizenli bir siralamanin
olmas1 zorunlu degildir; ancak bu katsayilar1 esevrelilik yaratmayan cesitli birimsel
(unitary) dontisimler yardimiyla biiyiikten kiigiige (ya da kiiciikten biiyiige) olacak
sekilde siralamak miimkiindiir. Ornegin, esevreli baslangic durumuna ait katsayilar
ay > ay > --- > ag > 0 ve esevreli hedef durumuna ait katsayilar by > by > --- >
by > 0 seklinde olsun. Bazi farkli iki esevreli durumun biiyiikten kiiciige dogru
sirali olan katsayilar1 arasinda majorization adi verilen bir kismi siralama (partial
order) da mevcuttur. Soyle ki, YX_,a? < Y5 | b? esitsizligi her k = 1,2,...,d icin
saglanir ise (k = d i¢in Z?:l ai2 = Zl‘.lzl bi2 = 1 olmaktadir) baslangic ve hedef esevreli
durumlar arasinda bir majorization iligkisi mevcuttur. Daha da 6nemlisi, majorization
kosulu saglandig1 takdirde esevreli baglangic durumu hedef duruma esevreli olmayan
operasyonlar yardimiyla deterministik olarak doniistiiriilebilmektedir (majorization,
boylesi doniisiimler i¢in gerek ve yeter sarttir). Bu tezin ilk boliimiinde bu doniistimii
gerceklestiren iki farkli yontem Onerilmistir. Birinci yontem ilgili doniisiimii tek
adimda basaran permiitasyon odakli bir yontemdir. Baglangi¢ ve hedef durumlarinin
katsayilart a, ve by (x = 1,...,d) arasindaki bagintilara gore (a, > b, veya a, < by)
bir tablo elde edilmistir. Bu tablo olasi tiim permiitasyonlar1 icermektedir. Daha
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sonra, Oonerdigimiz resmedilmis yontem vasitasiyla hangi permiitasyon kiimelerinin
yeterli oldugu belirlenmigtir. Belirlenen bu permiitasyon kiimeleri kullanilarak ilgili
doniisiimii gerceklestiren kuantum 6l¢iim operatorleri ve olasiliklar elde edilmistir. Bu
yontem kullanilarak tiim Ol¢iim operatorleri ve olasiliklar d = 2,3,...,6,7 seviyeleri
icin elde edilmistir. Ayrica bu yontem cok sayida yiiksek seviyeli baska ornekler
ile de test edilmistir. Bu ilk yonteme ait c¢esitli genel ¢oziimler de elde edilmistir,
ve bu tezde ©zel olarak bir tanesi sunulmustur. Ikinci yontem d-seviyeli iki esevreli
durumun doniisiimiinii birinci yontemde oldugu gibi tek adimda yapmak yerine (belli
bir adimda) pes pese yapilan doniisiimlerle saglamaktadir. Ikinci yontemde, birinci
yontemden faydalamlarak, d’-seviyeli (d’ < d) doniisiimler i¢in elde edilen sonuglar
kullanilmugtir. ikinci yontem detaylica agiklamirken @’ = 5 almmustir. Bu durumda
toplam adim sayisi | (d +2)/4] olmaktadir. Tkinci yontemde dikkat edilmesi gereken
en Onemli nokta pes pese yapilan her bir 6l¢ciimde majorization kosulunun korunmasi
gerekliligidir. Majorization sartinin her bir adimda korunabilmesi i¢in ara durumlarin
(intermediate coherent states) dogru sekilde belirlenmesi oldukca 6nemlidir. 11k
once her bir dl¢lim icin ara durumlar belirlenecek, ardindan birinci yontem ile elde
edilen sonuglar kullanilarak istenilen doniisiim gerceklestirilecektir. Bu yontemin nasil
calistif1 ve majorization kosulunun her bir adimda korunmasi gerektiginin 6nemi bir
ornek ile detayl bir sekilde anlatilmistir.

Esevreli durumlarin doniisiimleri i¢in literatiirde ¢esitli bagka yontemler de mevcuttur.
Ancak baz1 calismalardaki ¢oziimler dolasiklik doniisiimlerine uyarlanamamaktadir.
Ote yandan, bu tezde esevreli durumlarin doniisiimleri icin elde ettigimiz her iki
yontem de kolaylikla dolagiklik doniisiimlerine uygulanabilmektedir. Bu baglamda,
her biri d-seviyeli iki parcacikli dolasik saf bir baslangi¢c durumunun (initial bipartite
entangled pure state), 6rnegin Zgzl aie'® |k) |k) (ar € R ve 0 < oy < 7), yine her biri
d-seviyeli olan iki par¢acikli dolasik saf bir hedef durumuna (target bipartite entangled
pure state), 6rnegin Zgzlbkeiﬁk k) |k) (b € R ve 0 < B < m), yerel operasyonlar
izerinden deterministik doniisiimleri caligilmistir. Burada a; ve by baslangic ve
hedef durumlarm Schmidt katsayilar1 olarak bilinmektedir. Iki parcacikli dolagik
bir durumun Schmidt katsayilar1 o birlesik sisteme ait tiim bilgiyi icermektedir. Bu
Schmidt katsayilarini (esevreli durumlarin katsayilarinda da oldugu gibi) cesitli yerel
birimsel doniistimler yardimiyla biiylikten kiiciige (ya da kiigiikten biiyiige) olacak
sekilde siralamak miimkiindiir. Benzer sekilde, ilk duruma ait Schmidt katsayilar
ay > --->ay > 0 ve son duruma ait Schmidt katsayilari ise by > --- > b; > 0 seklinde
olmak iizere, bunlar arasinda majorization kosulu, Y¥_, a? <¥* | p? (k=1,2,...,d),
saglaniyor ise esevreli durumlarin doniisiimleri i¢in elde etti§imiz ¢oziimler d ® d
dolagik durumlarin doniisiimlerini de gerceklestirir. Ilgili problem igin cesitli rnekler
verilerek sunulan iki yontemin de dolasikli§a uygulanabilirligi gosterilmistir.

Sonrasinda, kuantum esvrelilik damitma (quantum coherence distillation) olarak
bilinen, olduk¢a ©nemli, bir diger problem farkli bir cerceveden incelenmistir.
Bu boliimde sunulan yontem dolasikliga da uygulanabilmektedir. Kuantum bilgi
isleme siireclerinde kaynak olarak kullanilan kuantum durumlar bu siireclerde farkl
performans gostermektedir. Dolasikligi ele alacak olursak, iki parcacikli bir kuantum
durumunu olusturan parcaciklar arasinda dolagiklik miktar1 ne kadar biiyiikse, bilgi
isleme siirecinin bagsartya ulasma olasiigi o denli yiiksek olmaktadir. Ornegin,
all)|1) +b2)[2) (a > b > 0) ile 1/v/2(|1)]1) + |2) |2))-iki kubit maksimal dolagik
durum—kaynak durumlarinin kuantum telenakil (quantum teleportation) prokoliindeki
basar1 olasiliklari sirasiyla 2b% ve 1 olmaktadir. Diger bir ifadeyle kaynak durum

XX1v



dolasiklig1 ne kadar fazla ise protokoliin basari olasigr da o denli yiiksektir. Bu
baglamda, d-seviyeli esevreli bir baglangic durumunun, drnegin ¥ | y;|i) (y; € IR),
g-seviyeli esevreli hedef durumlarina, \/%72?:1 li) (¢ =2,...,d), esevreli olmayan

operasyonlar iizerinden deterministik doniisiimleri calisilmisti. Burada \/LZ]Z?:I i)
durumu g-seviyeli maksimal esevreli durum olarak bilinmektedir. Standart damitma
probleminde d-seviyeli esevreli bir baglangi¢c durumdan d-seviyeli maksimal esevreli
durum ve (d — 1)-seviyeli esevreli herhangi bir son durum elde edilmektedir. Bu tezde,
standart esevrelilik (dolasiklik) damitma probleminden farkli olarak, tiim g-seviyeli
maksimal esevreli (dolasik) durumlar elde edilmistir. Esevreliligin hangi miktarda
yitirildigi de tartigtlmistir.  Sunulan yontemde sifirdan farkli bir olasilikla esevreli
olmayan (benzer sekilde dolagik olmayan (separable)) bir durum da, |1) (|1)[1)),
elde edilmistir. Ayrica, quantum esevrelilik ve dolasiklik doniistimleri i¢in sunulan
yontemlerden (ikinci ve iigiincii boliimler) yararlamlarak |1) (|1)|1)) durumunu elde
etme olasig1 sifirlanmistir. Boylelikle, sunulan protokolii bir adim ileri gotiirerek,
son asamada elde edilen tiim durumlarin her bir seviyeye (¢ = 2,...,d) ait maksimal
esevreli (dolagik) durum olmasi saglanmustir. [lgili yontem bir drnek ile tartigilmistr.

Kuantum bilgi isleme siireclerinde, iki parcacikli (bipartite) sistemlerin dolagikligi
kadar c¢ok parcacikli (multipartite) sistemlerin dolagsikligi da ©Onemli bir yer
tutmaktadir. Bu baglamda, ii¢ parcacikli (her biri iki-seviyeli olan) sistemlerin
dolasiklik doniisiimleri de hem deterministik hem de olasiliksal cerceveden
incelenmistir. Ug-kubit (three-qubit) dolagik durumlar, yerel islemler ile birbirine
doniistiirilemeyen, iki farkli siifa ayrilmaktadir: Greenberger-Horne-Zeilinger
(GHZ) durumu, %(\oom +|111)), ve W durumu, %(\oow 4 |010) 4 |100)). Tezin
besinci boliimiinde, ilk olarak, tic-kubit saf durumun optimal manipiilasyonu problemi
icin ¢oziimler sunulacaktir. Oncelikle ii¢ kubite ait iiniter doniisiimlerden bahsedilerek
tic-kubit saf durumun kanonik halinin diger bir formu elde edilmistir. Bunun ardindan,
tic-kubit icin yerel kuantum oOl¢iim operatorlerinin genel formu bulunmustur. Saf
GHZ durumunun elde edilmesi i¢in bir yontem onerilmigstir. Bu yontem kullanilarak
GHZ durumunu elde etme olasilig1 ve bu doniisiimii gerceklestirem 6l¢iim operatdleri
tic-kubit sisteminin degismezleri cinsinden elde edilmistir. Bu boliim, hem saf W hem
de saf GHZ durumlarindan kendi siniflar1 i¢indeki durumlara deterministik gecislerini
saglayan operasyonlarin elde edilmesiyle sonlanacaktir.

Son boliimde yillarda oldukg¢a popiilerlik kazanmig bir diger énemli klasik olmayan
ilintililige—kuantum uyusmazlik—deginilmigtir. Bir sisteme ait kuantum uyusmazlik,
ortak bilginin (mutual information) I(A : B) = S(pa) + S(pg) — S(pap) ve J(A : B) =
S(pp) — S(B|A) iki farkli tanim arasindaki fark olarak tanimlanmaktadir: D = I(A :
B) —J(A : B). Klasik bilgi teorisinde ortak bilginin bu iki tanimi birbirine esdegerdir.
Diger bir ifadeyle, klasik bilgi teorisinde /(A : B) —J(A : B) = 0 olmaktadir. Ancak,
kuantum mekaniginde bir kuantum durumu {iizerinde yapilacak dl¢iimler o kuantum
durumunu degistirdigi i¢in kuantum enformasyon teorisinde ortak bilginin bu iki
tanim1 arasindaki fark genel olarak sifirdan fakli bir deger vermektedir. Kuantum
uyusmazlik, dolasikligi da kapsayan bir kuantum ilintiliktir. Bir¢cok kuantum bilgi
isleme siireclerinde, dolagik olmayan ve sifirdan farkli kuantum uyusmazliga sahip
durumlar, diger bazi kuantum uyusmazlik miktart sifir olan durumlara gére daha
yiiksek performans gostermektedir. Bunun yani sira, yerel operasyonlarla dolagiklik
yaratilamayacagini biliyoruz. Diger bir ifadeyle dolasik olmayan kuantum durumlari
yerel operasyonlar altinda ayrik kalmaya devam ederler. Ancak bu durum discord

XXV



icin gecerli degildir. Klasik ilintilige sahip durumlar1 kullanarak, yerel operasyonlarla,
kuantum ilintililige—kuantum uyugmazlik—sahip durumlar elde etmek miimkiindiir.
Tezin bu boliimiinde, baslangic asamasinda sifir kuantum uyusmazliga sahip olan (zero
discord) bir durumdan sifirdan fakli bir uyusmazlik degerine sahip (nonzero discord)
olan diger bir duruma, drnegin pw, , = v Yy |+ i () = \%(|Ol) —110)),
Iy ise 4 x 4’liikk birim matris), gecisi saglayan yerel operasyonlar iic yontem ile
sunulmugtur. Bu boliimde sunulan hesaplar, sadece tek bir durum icin degil tiim
dolagik olmayan ve sifirdan farkli kuantum uyusmazlik degerine sahip olan Werner
durumlarinin elde edilmesi i¢in uygulanabilmektedir.
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1. INTRODUCTION

After the discovery of the laws of nature as in the whole history of science, these
discoveries push humankind forward. However, at the current stage of science and
technology, information technology has approached the limits it can reach by using
classical systems. Therefore, it has become imperative to take into account the intrinsic
features of quantum mechanics which have not been previously considered. These
quantum effects have led to revolutionary leaps in quantum computers, in information

processing tasks and in cryptography.

One of the best signatures of nonclassicality in a quantum system is the existence
of correlations that have no classical counterpart. Different methods for quantifying
the quantum and classical parts of correlations are among the more actively studied
topics of quantum information theory. Nonclassical correlations are used as resources
in many quantum information processes, and hence obtaining the necessary resource
from any given quantum state is of utmost importance. The success probability in
fulfilling quantum information tasks depends on the properties of the nonclassical
correlation which is used as a resource. This requires a well-developed theory of the

local manipulation of quantum states which have nonclassical correlations.

1.1 Non-classical Correlations

Quantum states display various correlations. Of these nonclassically correlated states,
entangled states are most used and best known resources. Quantum entanglement
[1] has been playing a critical role in quantum information processes because of its
properties, and it has been widely studied in the context of bipartite pure and mixed
states. Quantum coherence [2, 3] is another core manifestation of nonclassicality.
It is used as a crucial resource in many quantum information processing tasks.
Quantum discord [4,5] is one of the most popular candidates for general nonclassical

correlations. Investigation of the behaviour of nonclassical correlations under local



operations is of paramount importance, and holds the key for the development of

quantum computation and quantum information science.

1.2 State Transformations

Can resource states be converted to each other, and if so, what is the probability of
success? Under what conditions can one state be converted to another using the free
operations? If one defines necessary (and sufficient) conditions for this purpose, then,
one can also ask the following question: What are the quantum operations for these

transformations? These are fundamental questions considered in quantum information.

1.3 Majorization

Majorization [6,/] is an authoritative tool in quantum information. While it can be
characterized in various ways [6]], we here only consider its usage in the context of state
transformations. Let p = ( pf, r.., pj)T and g = (q%, .. ,qﬁ)T be elements of RY whose
components are in non-increasing order, i.e., pf > pﬁ >0 > pﬁ and q% > q% >0 > qfl.

Then p is majorized by g (equivalently g dominates p), written p < g, if the inequalities
k k
Y pi< Y an, (1.1)
x=1 x=1

are satisfied for any k € [1,d — 1] with equality holding when k = d.

1.4 Purpose of Thesis

One of the central problems of quantum information theory is the optimal manipulation
both from a single copy and from many copies of quantum states. Optimal
manipulation of a single copy of a state is of importance from the practical point of
view, as experimentalists are not able to perform joint operations on multiple copies of
a system in general. The object of this thesis is to provide alternative, experimentally
friendly protocols for the deterministic and (optimal) probabilistic transformations of
non-classically correlated states. The non-classical correlations that we are going to

focus on are quantum coherence, entanglement and quantum discord.

This thesis consists of five chapters excluding the current one and the conclusion
chapter, and is organised as follows. In Chapter 2] we present two explicit protocols for

the deterministic transformations of coherent states via incoherent operations. Protocol
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I is a permutation-based protocol which provides the single-step transformation of
d-level coherent states, and protocol II is a step-by-step transformation protocol. In
Chapter [3] we use the results, obtained in Chapter 2} for d ® d entangled pure state
transformations. In Chapter [ we present a simple, practical and efficient strategy for
optimal one-shot distillation of quantum coherence from pure input states of arbitrary
dimension. The key advantage of our protocol lies in its ability to provide a single
map to obtain all g-level (g = 2,3,...,d) maximally coherent pure states starting
from a d-level coherent input pure state. In Chapter ] we define the equivalence
classes of local measurements such that local operations which transform states from
one equivalence class into another with the same probability are equivalent. This
equivalence relation allows one to write the operators with the minimal number of
parameters, which we call canonical operators. The use of the canonical operators
simplifies the optimal manipulation of quantum states. We use the canonical local
operators for the concentration of three-qubit Greenberger-Horne-Zeilinger (GHZ)
states and obtain the optimal concentration protocols in terms of the unitary invariants
of quantum states, namely, the bipartite concurrences and the three-tangle. Then, we
propose an explicit protocol for the deterministic transformations of three-qubit pure
states by local operations and classical communications. In Chapter [6] we introduce
three procedures, all are fairly similar, to obtain the separable Werner states which

have nonzero discord.

The various chapters of this thesis are based on the following publications or preprints.

° Chapter@ G.Torun, and A.Yildiz, Deterministic transformations of coherent states

under incoherent operations, Phys. Rev. A, 97, 052331, 2018.

e Chapter E[ G. Torun, and A. Yildiz, Deterministic transformations of coherent
states under incoherent operations, Phys. Rev. A, 97, 052331, 2018, and G. Torun,
and A. Yildiz, Deterministic transformations of bipartite pure states, Physics Letters

A, 379(3), 113 -118, 2015.

. ChapterF_f[ G. Torun, L. Lami, G. Adesso and A. Yildiz, Optimal distillation of
quantum coherence with reduced waste of resources, Phys. Rev. A, 99, 012321,

2019.



e Chapter 5] G.Torun, and A.Yildiz, Canonical operators and the optimal
concentration of three-qubit Greenberger-Horne-Zeilinger states, Phys. Rev. A, 89,

032320, 2014.

e Chapter [6] The work presented in this part of the thesis can be thought of as an
alternative method for the corresponding problem, and is planned to be published

later as an article after some progress.

e Chapter[7] We summarize our conclusions.



2. COHERENCE TRANSFORMATIONS

In this chapter, we present two explicit protocols for the deterministic transformations
of coherent states under incoherent operations. We first introduce a permutation-based
protocol which provides a method for the single-step transformation of d-dimensional
coherent states. We also obtain generalized solutions of this protocol for some special
cases of d-level systems. Then, we present an alternative protocol where we use
d’-level (d' < d) subspace solutions of the permutation-based protocol to achieve the
complete transformation as a sequence of coherent state transformations. The material

covered in this chapter is published in the paper [8ﬂ

2.1 Introduction

Coherence, a core manifestation of nonclassicality, is used as a crucial resource
in many quantum information processing tasks, such as quantum thermodynamics
[9412]], quantum metrology [13-16], and quantum algorithms [174H19]. As with
all resources, coherence also needs to be quantified. In line with this goal, the
relative entropy of coherence and the /1 norm of coherence were presented in [2f
for the quantification of coherence as a resource. Manipulation of coherence is also
an important part of resource theory of coherence [3,20-25]. Quantum coherence
has similar features with quantum entanglement [1], the well-known fundamental
resource in many quantum information processes, in the context of state-to-state
transitions. Nielsen [26] used the linear-algebraic theory of majorization and obtained
the necessary and sufficient conditions for a class of entanglement transformations. It
was later realized that it is possible, with the aid of a completely similar approach,
to achieve the deterministic transformations of coherent states under incoherent
operations. The researchers [27,28]] have built the counterpart of Nielsen’s theorem for
coherence manipulation and showed that majorization is also a key ingredient for the

interconvertibility of coherent states. An optimal local conversion strategy of bipartite

IGokhan Torun and Ali Yildiz, Deterministic transformations of coherent states under incoherent
operations, Phys. Rev. A, 97, 052331, (2018).



entangled pure states was proposed by Vidal [29], which is also a generalization
of Nielsen’s theorem [26]. This strategy was adapted to the optimal conversion
of coherent states under incoherent operations [30]. See [3] for a comprehensive
review of the development of this rapidly growing research field that encompasses the
characterization, quantification, manipulation, dynamical evolution, and operational

application of quantum coherence.

While the interconversion of pure states under incoherent operations was studied
in various papers [20, 27, 30-34], providing alternative and easily implementable
protocols for the state-to-state transitions is of paramount importance in quantum
resource theories. We present two explicit protocols (followed by illustrative
examples) for the deterministic transformations of coherent states via incoherent
operations.  Protocol I is a permutation-based protocol which provides the
single-step transformation of d-level coherent states, and protocol II is a step-by-step
transformation protocol. We use d’-level (d’ < d) subspace solutions of the former to

construct the latter, and for d’ = 5 the number of steps is | (d +2)/4].

The present chapter is structured as follows. We begin with a succinct summary of
resource theory of coherence within the scope of the state transformations (Section
2.2). We then give the definition of majorization criteria with the explanation of
its connection with coherent state manipulation (Section 2.3). We construct two

explicit protocols (Subsections [2.4.1] and [2.4.2)) for the deterministic transformations

of coherent states under incoherent operations. We explicitly examine illustrative

examples with discussion for both protocols (Subsections 2.4.1.1] and 2.4.2.1)) and

present solutions for some generalizable cases of the first protocol (Subsection[2.4.1.2).

Finally, we conclude (Section [2.3).

2.2 Basics of the Resource Theory of Quantum Coherence

Throughout this section we give a concise summary of resource theory of coherence
(not the whole theory, just some basics which are adequate to meet the requirements

of our main problem).



2.2.1 Superposition

The fundamental unit of classical information used in classical computation is a bit—a
binary digit. A bit can take one of two values where these are typically characterized
as either a “0” or “1”. The quantum analogue of the classical bit, i.e., the basic unit
of quantum information, is qubit (quantum bit) where two possible states for a qubit
are the states “|0)” or “|1)” H Moreover, a pure single qubit state can be defined by a

linear combination of these states, called a superposition:

W) =al0)+B1), 2.1)

where « and 8 are complex numbers, and satisfy the relation |a|? +|B]> = 1. A
resource theory of superposition, which is a generalization of coherence theory, can be
found in [35]. Additionally, a geometrical representation of the pure state space of a
two-level quantum system can be illustrated as follows. One can write the state given

in Eq. 1), choosing & = cos (§) and § = ¢/?sin (), such that
0 0. 0
lw) :COS(E) 0) +e s1n(5) I1). (2.2)

As shown in Figure 2.1} the numbers 6 and ¢ define a point on the three-dimensional

unit sphere: the Bloch sphere. 1t is a convenient visualisation for the state of a

Figure 2.1 : Bloch sphere representation of a qubit.

single qubit [36]. In the following we proceed with coherence which comes from

superposition principle.

e

)" is the standard notation, called the Dirac notation, for states in quantum mechanics
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2.2.2 Coherence

The superposition principle, mentioned in the previous subsection, states that the most

general form of a finite pure state is written such that

d d
W)=+ a2+ tould) = Yail), (YLlal=1), @3
i=1 i=1

where {|i)};=12, . 4 constitutes an orthonormal basis of the d-dimensional Hilbert
space H, i.e., (i|k) = &y, and the coefficients {c;};—; 2 4 are called as probability
amplitudes, that is o; = (i|y). Here, the state (2.3) with a fixed orthonormal basis
{l#) }i=12.....a contains coherence if one has at least two nonzero coefficients. In other
words, if the stat Py = W) (y] = Z?: j=1 0 |i) (j| has off-diagonal entries, then
this state contains coherence, and is called (pure) coherent state. On the other hand,
quantum states that are diagonal with respect to a fixed orthonormal basis {|i) }i=1 2, 4

are defined as incoherent, and they constitute a set labeled by Z C H [2]]. All incoherent

states 6 € 7 are of the form

M=~

§=) ali)il, 2.4)

i=1
where §; € [0,1] and Zle 0; = 1. One can measure the amount of coherence in a
state by two well known proper measures of coherence [2]: The relative entropy of

coherence

Crelent = S(pdiag) - S(P), (2.5)

where § is the von Neumann entropyﬂ and pgiag denotes the state obtained from p by

deleting all off-diagonal elements, and /; norm of coherence

C, =) lpijl- (2.6)
i/
It is easily seen that for the incoherent state given in Eq. (2.4) one has Ciepen(8) =
C,(8)=0.

3The density matrix p for the pure state |y)is given by Py = W) (W], see Sectionfor detail.
4We are going to give the definition of von Neumann entropy in Subsection
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2.2.3 Free operations

The definition of free operations for the resource theory of coherence is not unique
and different choices are being examined in the literature. A resource theory
is fundamentally determined by constraints which determine the set of the freely
accessible quantum operations /. Here we present the most important classes and

briefly discuss their properties.

2.2.4 Types of incoherent operations

We now recall the five types of incoherent operations. This part of this chapter is

mainly adapted from the papers [2}3,32,33]].

Figure 2.2 : Heuristic comparison between the five incoherent operations MIO, DIO,
IO, SIO and PIO.

Physical incoherent operations (PIO): A completely positive trace-preserving map
(CPTPE € is a physical incoherent operation (PIO) if and only if it can be expressed

as a convex combination of maps each having Kraus operators {K;};— ., of the form
K, =UP = Zeiex |77:,(x)> <x| P, 2.7)
X

where the P; form an orthogonal and complete set of incoherent projectors on primary

system and 7; are permutations.

>A map £ is said to be trace preserving (TP): Tr(£(p)) = Tr(p). One also requires that £ maps
positive operators to positive operators. A map & is said to be completely positive (CP): £ ® I; be
positive for all d € N, where I; denotes the d ® d identity operator. Thus, a map satisfying these two
properties is said to be completely positive trace preserving (CPTP).
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Strictly incoherent operations (SIO): A strictly incoherent operation (SIO) £ has a
Kraus operator representation {K;};—1, ., such that K,-A(p)K; = A(K,-pK;) for all i,
where A is the completely dephasing map given by

d

p—Alp) =Y i) {ilpli) il (2.8)

i=1

Incoherent operations (10): The quantum operations defined by Kraus operators {K;}

such that }; KiTKi =/and, foralliand p € Z,

e KiPKL g (2.9)
p pl Tr[KlpKlT] ) .

are called incoherent operation, and Kraus operators {K;} are called incoherent

operators with the requirement KipK; C Z for all i, i.e., incoherent states remain

incoherent under incoherent operations.

Dephasing-covariant incoherent operations (DIO): We say that a quantum operation
£ is dephasing-covariant relative to the preferred subspaces if it commutes with the

associated dephasing operation A, i.e., if
EoA=A0€. (2.10)

Dephasing-covariant quantum operations are easily seen to be incohorence preserving.

It suffices to note that if £ is dephasing-covariant, then for any incoherent state p € Z,

£(p) =E(A(p)) = A(E(p)), 2.11)

and therefore £(p) is invariant under dephasing and hence incoherent.

Maximal incoherent operations (MIO): A CPTP map £ is said to be a maximal

incoherent operations (MIO) if £(p) € Z for every p € .

2.3 Majorization for Coherence Transformations

Majorization is a good criterion that tells us whether one state can be transformed into
another under some incoherent operations. It was shown [27,28] that a pure coherent

state

v) =Y vili),  vi> i >0, (2.12)



can be deterministically transformed via incoherent operations to another pure

coherent state
d
0) =Y 0ili), ¢;>9;:1>0, (2.13)
j=1

if and only if the coherence vector, defined in [34], u(y) = (yi,v3,...,y2)7 is
majorized by the coherence vector (¢9) = (¢7,97,...,¢3)7 [27], written u(y) <

w(¢). If the following inequalities,
w2
Y wi<Y ¢ (2.14)
i=1 j=1

are satisfied for any k € [1,d — 1] with equality holding when k = d, i.e., Zfizl l//l-2 =
Y9, 07 =1, then u(w) < u(9).

2.4 Deterministic Transformations of Coherent States Under Incoherent

Operations

In the following, we present two protocols for the deterministic transformations of the
coherent state (2.12)) to the coherent state (2.13) for which the majorization condition

is satisfied. We reinforce them by discussing various examples.

2.4.1 Protocol 1

One of the main advantages of this protocol is that it provides a single map for |y) ico,

|¢) (ico stands for incoherently). Let us assume that there are Kraus operators of the

form

d
&=w<vMiﬁ%ﬁm>=wm, (2.15)
j=1 I/’]

which constitute a single map ®; for the transformation |y) (y| — |¢) (¢| such that
d "
Dypy] = ) KipyK; = Py, (2.16)
i=1

where Y4, KS’TK; = I; and p;, = Tr[KipyK; |. It is obvious that quantum operation P
is an incoherent operation whose Kraus operators are also incoherent. In Eq. (2.13))
Usi is the ith element of the set of permutations Uy where s = 1,2,...,n. A partial

detailed exposition for the subscript s follows below. We express the coefficients cy;;

11



in compact form as the elements of the matrix c;, i.e., cj 18 the (ij)th element of the

d X d matrix c; where

Ul(csit,Csizs -+, Csia)T = (01,02, ., 04)7 . (2.17)

We may also interpret the deterministic transformation (2.16) as a d-outcome

positive-operator valued measure (POVMﬂ with measurement operators

Mi= \/ZZ 1 G @.18)

satisfying Zflzl M éTMé = I;. The POVM measurement yields
Mily) — |l = chu (i=1,....d), (2.19)

with probabilities pi = (y|Mi Mi|y) where |@!) is equal to |¢), and |@) (i =
2,3,...,d) is equal to |¢) up to permutation of the basis |j), i.e., Ul|@i) = |¢). The
crucial point of the protocol is to find the correct set of d states |@!) obtained as a result
of the measurement. In general, there are many states which are equal to the target state
|¢) up to permutations of the basis, and there are too many possibilities to choose sets
with d elements. However, there are only few sets which satisfy the conditions on the
measurement, positivity of p’ and ¥; pi = 1. For a complete set of a given case we
need n sets of permutations (where s = 1,2,...,n) which fulfill the positivity of pi.
We encode the correct sets in the d unitary operations (permutations U}, UZ,...,U%)
given in the solutions. These correct sets of states and the permutation sets depend
on the relations between the coefficients of the initial and final states. Hence, finding
the set of permutations (finding cy;;) is a highly nontrivial problem, and the problem
becomes exponentially difficult as the dimension becomes greater. However, we are
able to propose a complete solution (a permutation-based protocol) for d-level systems.
We first identify the set of permutations (SP), U;, and using these we obtain both
probabilities and a set of Kraus operators. The condition Z 1 K it K! = I, implies that

the following s sets of d equations

d . .
Zps Csij = (j:1727~--7d)7 (pryzla PéZ()), (2.20)
i=1

should be satisfied. Here, the coefficients cy;; are given by

%We are going to give the definition of POVM in Subsection

12
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1l
(Csits Csizy---sCsia) = Us (91,92,..,0a)" 221

Hence, given the SPs (we propose a method on how to find them), the problem is
reduced to solving d linear equations with d unknowns pg (i=1,2,...,d), and the
solutions of Eq. (Z:20) determine the solutions for the Kraus operators K: in Eq. (Z.13)
which make the transformation py — py. Succinctly, the problem is to find the correct
SPs in Eq. (2.17).

Although the relations y; < ¢; and y; > ¢, follow from the majorization, there are
29-2 (d > 2) possible relations for the other coefficients of the initial and the final
coherent states. The first step, the crux of our method, is to construct a table (see
Table [2.1) which contains all possible permutations for a case (either yj < ¢4 or
Vi > @O where k =2,3,....d — 1) of d-level systems. In a table there will be a certain
number § of permutations where (d — 1) < § < |d/2|[d/2]. The (d — 1) element
combinations of these permutations constitute SPs together with I; (d x d identity
transformation). A single SP (s = 1) is sufficient if { =d — 1, and there are d — 1
single SP for d-level systems. On the other hand, if { > d — 1, then the given case
splits into subcases, and therefore, for a complete set we needn > 1 (s =1,2,...,n)
SPs for the corresponding case, i.e., number of subcases is n. For different coefficients
satisfying different relations, we need a different SP and set of Kraus operators. We
label each set by the index “s” which refers to a solution for a given relation (subcase

relation) between coefficients. Now, before we begin to explain our protocol, we define

OF+ 07+ O — YW =Vt — = VR = )k
Wi W — O — R — = 0 = Biay. s (2.22)
¢x2 - ¢yz = }/xy7

where y > x and ¥, > 0. Given the correct set of permutations, the solutions of Eq.
(2.20) for the probability, corresponding to the permutation |x) < |y), turn out to be

either

ax X X
p = —tlbct2). k. (2.23)

Yay
where k € [x,y — 1], or

= Py (2.24)

yxy
where [ € [x+1,y].

14



In our protocol, the set of permutations is obtained as follows: We first construct a
table using the relations between the coefficients of the initial (source) and the final

(target) states. Then,

(i) All sets of permutations contain the identity transformation, U] = I;. The
measurement (where the Kraus operator is K') probability corresponding to this

permutation is found to be p! =1 - Y4, pi.

(ii) The permutation |v) <> |m) exists in all the sets of permutations if |v) <+ |m) is the
only permutation in a column of the resulting table. The measurement probability

corresponding to this permutation is found to be (¢ — w2)/(¢2 — 02) = ot/ Yom-

(iii) The permutation |k) <> |k) exists in all the sets of permutations if |k) <> |k) is the
only permutation in a row of the resulting table. The measurement probability

corresponding to this permutation is found to be (W — ¢2)/ (97 — 02) = Br/ Vi

(iv) If any permutation |u) <> |u+ 1) appears in the table then it must be an element

of all the sets of permutations. The measurement probability corresponding to
this permutation is either (W2, | — 07 1)/ (07 — 071) = But1/Yuqus1) O (97 —

vi)/ (97 — ¢3+1) = au/Yu(u+l)-

(v) All sets of permutations contain the permutation |1) <> |d) (Ul = |1) <> |d) =

) (1 + X5 1) (il +[1) ().

After applying the above steps as a first stage of our protocol, we get the set(s) of

permutations of the form
U, ={UuL Uz un ot uty
={l,|v) <> |m),|h) < |k),|u) <> |u+1), (2.25)

U e d) U U

N

We note that a table may contain more than one of permutations |v) <> |m), |h) <> |k)
and |u) <> |u+1). Therefore, r permutations are found after five steps described by
(1)-(v). We still need a certain number, d — r, of permutations to complete the set Us.
In order to be able to explain how the remaining permutations, {U/ !, U/*2 ... U4},

are chosen, we give illustrative examples with pictorial representations.
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Using the pictorial representation of the table of permutations, we observe that Eq.
(2.20) has a solution with positive probabilities for all SPs with no intersection of
permutations. Each nonintersecting set of permutations corresponds to a solution for an
additional relation (subcase) between the coefficients of the states. More importantly,
the collection of the solutions of Eq. (2.20)) for all subcases forms the complete solution
and the collection of the SPs with no intersection in the pictorial representation forms

what we call the “complete set.”

Hence, the problem of obtaining the correct sets of permutations (Uy) is reduced
to the problem of obtaining sets of nonintersecting permutations in the pictorial
representations. It is also obvious that the permutations described by (i)—(v) (I,

v) < [m), [h) > k),

u) <> lu+1), [1) <> |d)) do intersect each other and any other

permutations in the pictorial representation of any table.

2.4.1.1 Examples for protocol I

We can best understand protocol I by explicitly examining some examples; we give

two illustrative examples.

Example 1: Consider the case y» < ¢, and y3 > ¢3 for d = 4 where y; < ¢; and
Y4 > ¢4 follow from the majorization condition. In the beginning we construct Table

[2.2]which contains all possible permutations for this case. There are four permutations

Table 2.2 : All possible permutations for the case v < @, y» < ¢, Y3 > @3 and
Yy > ¢y 0f d =4.

i< wp<pm
vi> g3 1)< [3) [2) < [3)
Va> ¢ [1) < |4) [2) < ]4)

in Table 2.2] Figure 2.3]shows the pictorial representation of these. The three-element
combinations of these four permutations constitute the SPs together with identity
transformation I, where Fig. [2.4] provides the pictorial representations of all possible
three-element combinations. According to our protocol, any set(s) of permutations
contain the identity transformation, ;. We have also proposed that if any permutation

2) < [3)

lu) +> |u+ 1) appears in the table then it must be an element of all SPs,

belongs to this category. The permutation |1) < |4) must also be an element of all

16



Figure 2.3 : Pictorial representation of four permutations given in Table [2.2|for the
case Yp < ¢ and y3 > @3 of four-level states. The permutations
|1) <> |4) and |2) < |3) do not intersect each other and any other

permutations (the green (leftright)arrows). Therefore, |1) <> |4) and
|2) <> |3) will be elements of any possible SPs.

) v () v ()

Y | @ Q/——Q @—{—@ m—{—m

13) I3)

<)

Figure 2.4 : Pictorial representations of all possible three-element combinations of
the permutations given in Table 2.2] Here, the first two three-element
combinations of the permutations (in green with check mark) are
sufficient to constitute a complete set (together with I4). However, last
two (in red with cross mark) are not usable where these sets give
negative probabilities (which is unphysical).

SPs. Thus, the SPs have been obtained such that
Uy = {14,|2> o [3),]1) o |4>,Us4}. (2.26)

The remaining permutation, U7, is chosen among the permutations | 1) <+ |3) and |2) <>
|4). We obtained that U} = |1) <+ |3) and U = |2) <> |4). The SPs were identified,
and using these we can obtain the two sets of Kraus operators. The Kraus operators

are given by

(\/;s 1% ) (s=1,2), 2.27)
Jj=

where Y4 | Ki'Ki = I, and p = Tr[Kéfp\,,Ks"T]. We express the coefficients cy; in

compact form as the elements of the matrix ¢y , i.e., c; is the (ij)th element of the
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matrix c; where Ul(cgi1,Csi2, Csi3, Csia) T = (01,02, 03, ¢4)7. The matrix c; is given by

o1 0 ¢z s
|l 0 9
R TR S S (2.28)

Cs41 Cg42 Cs43  Cga4

The condition ¥4 | Ki'Ki = I, implies that the following two sets of four linear

equations
4 .
Zp;c?l] = l//]27 (] = 1727374)7 (S = 172)7 (229)
i=1

should be satisfied with the constraint p’ > 0. Solutions of the linear equations
Y pick ;= l//jz gives the probabilities of the first set where the matrix ¢ is given

by (follows from U; = {14, ]2) <> |3),[1) <> |4),[1) <> [3)})

o 92 93 P4
o 93 02 P4
c1 = ; 2.30
I TR (230
¢ O P P4
Thus, probabilities of the first set are found to be
4
1 i 2 3_ Ba 4_ P
=1- 7 = = ==, (2.31)
p i;pl Pi=o 0 Pi=o o PI=0C

where B3 > 0, i.e, l//22 + l//32 > ¢22 + ¢32. Similarly, solutions of the linear equations
le pgc%i = I;IJ2 gives the probabilities of the second set where the matrix c; is given

by (follows from U, = {14, ]2) <+ |3),[1) <> [4),]2) <> [4)})

o 92 03 ¢4
o 93 02 P4
)= . 2.32
? o4 92 ¢3 (232)
¢ 91 03 ¢
Then, the probabilities of the second set are found to be
4
1 i 2 B 3 01 4 023
:1— 5 :—’ :—’ :—, (2.33)
P2 izzépl P2 123 b2 Y14 b2 Y24

where op3 > 0, i.e., 11122 + 11/32 < ¢22 + (1)32. This case, Y1 < ¢1, Y2 < ¢, Y3 > ¢3 and
Yy > ¢4 for d =4, splits into two subcases. If the subcase relation is IV22 + 1,1132 > ¢22 + ¢32
(B23 > 0) then the first SP, U;, must be used. If the subcase relation is 11122 + 1;/% <
(2)22 + ¢32 (0cp3 > 0) then the second SP, U,, must be used. These two SPs constitute

the complete set and give the complete solution of the problem, i.e., the probabilities
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and Kraus operators are found for all possible relations among the coefficients for the

given case Y1 < ¢1, Y < o, Y3 > ¢z and Yy > @y of d = 4.

Example 2: Consider the case y, < ¢, (a=1,4,5,7,8) and vy}, > ¢, (b =2,3,6,9) for

d =9. In Table 2.3] there are ten permutations, some eight-element combinations of

Table 2.3 : All possible permutations for the case y, < ¢, (a =1,4,5,7,8) and
W > 0 (b=2,3,6,9) of d = 9.

vi<¢r wu<ds Ys<¢s y7<¢; yYg<¢g
va>¢ (1)< [2)
s> ¢ 1) < |3) - - - -
V6> 06 1) < |6)
W >¢9 1)< |9)

4 <19 15«19 [1)<19 [8) <9

which, together with the identity transformation, constitute the permutations U/ (i =
1,...,9). In our protocol, the SPs are obtained in five steps described in (i)—(v) plus
an additional step (using nonintersecting permutations in the pictorial representations).
Let us consider each step in turn. First, all SPs contain the identity transformation;
U! = Iy. Second, the permutation |v) <+ |m) exists in all the SPs if |v) <+ |m) is the only
permutation in any column of Table U2 =17) <+ |9) and U} = |8) < |9). Third,
the permutation |h) <> |k) exists in all the SPs if |h) <> |k) is the only permutation in
any row of Table U} = 1) <+ |2) and U? = |1) <> |3). Fourth, if any permutation
|u) <+ |u+1) appears in the table then it must be an element of all the SPs; US = |5) «»
|6). Fifth, all SPs contain the permutation |1) < |d); U/ = [1) <+ |9). Thus, after five

steps, the point we have reached is that

s o (2.34)
|5) < 16),[1) < [9),U;, Uy}
The SPs given by Eq. (2.34) satisfies our interesting result—any pairs of permutations

in a SP do not intersect each other in the pictorial representation as seen in Fig. 2.5

We still need two more permutations, US and Uy, and these will be selected from
among four remaining permutations, |1) <> |6), |4) <> [6), |4) <> |9) and |5) <> |9).
The final step is to determine the correct remaining permutations for SPs to constitute
a complete set. The result we have obtained is that three SPs (s = 1,2,3) among
six combinations are sufficient [see Fig. [2.6]] to constitute a complete set, i.e., for

a complete solution, three SPs are required which equally means that three subcases
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Figure 2.5 : Pictorial representation of ten permutations given in Table [2.3|for the
case Y, < @, (a=1,4,5,7,8)and v, > ¢, (b =2,3,6,9) of d =9. The
permutations |7) <> |9), |8) <> [9), 1) <> [2), [1) <> |3), |5) <+ |6), and

|1) <> |9) do not intersect each other and any other permutations.

Figure 2.6 : Pictorial representations of the SPs (also Ig is an element of all SPs) for
the case v, < ¢, (a=1,4,5,7,8) and y;, > ¢, (b =2,3,6,9) of d =9.
Here, the first three eight-element combinations of the permutations (in
green with check mark) are sufficient to constitute a complete set.
However, last three eight-element combinations of the permutations (in
red with cross mark) are not usable while these give negative

probabilities.



exist for the given case. Thus, two remaining permutations for these three SPs are
found to be
(U, U7) = (1) < 6),14) <+ 16)),
(U3,U3) = (14) <> 19),]4) <+ |6) ), (2.35)
(U3,U5) = (14) ¢ 19),15) +19)).
The SPs were identified [combine Eq. (2.34) and Eq. (2.35)], and using these we

obtain the sets of Kraus operators. The Kraus operators are given by

[ i : 2 SIj | o g
KézUé(\/;;jZl%jljml) (5=1,23), 236)

where (Cyi1,Csi2,Csi3y - - - Csi9) ] = (US’.)T((])l,(])z, 03,...,00)7 and pl = Tr[KépWKéT]. The

matrix c; is given by

o1 ¢ O3 P O P O7 P o
o1 ¢ 3 P s Pe G0 P35 P
o1 ¢ 3 P s Qe G7 P9 @3
o 6 03 91 O P 07 P o
cs=| ¢ 0 0 P O P O7 P3P |. (2.37)
o1 ¢ O3 P s Os  O7 P o
do ¢ O3 P10 s 96 ¢7 ¢s P
Cs81 Cs82 Cs83 Cs84 (€485 Cs86 Cs87 Cs88 Cs89
Cs91 €592 €593 Cs594 C595 Cg96 C597 €598 €599

The condition ¥)_, Ki'Ki = I implies the following linear equations

9
Y picki=vwi, pi>0, (j=1.2,..9), (2.38)
i=1

whose solutions for pi give the probabilities for each set. The probabilities
corresponding to the first SP U; (solutions of the linear equations Z?: | p’i c%i ;= w})

are found to be

) p1:_7 p1:_7 P1:_:
i=2 ’ Y79 189 N2 (2.39)
3 s Biso Base oy
m=— pi=—, pl=" pi="22 pl=—,
"3 Y56 Y19 Y16 Va6

where fB456 > 0. The probabilities corresponding to the second SP U, (solutions of the

linear equations Z?:l péc%i ;= l//JZ) are found to be

i Y9 o’ v (2.40)



where oys¢ > 0 and Bs¢ > 0. The probabilities corresponding to the third SP Us;

(solutions of the linear equations Z?:l péc%i = l,l/]z) are found to be

9
; 07 og B>
py=1-Y ., pi=— pi=—, py=--,
i=2 Y19 Yo T2 (2.41)
s e T e T me T g

where aisg > 0. We note that the probabilities p!, p2, p3, p* and p? turn out to be of

the form

9
; (0%l o B> B3
py=1-Y ., pi=—, pl=—, pi=1= pl=" (s=1,2,3),242)
i—2 Y79 "3

as we stated in (1), (i1) and (ii1). We obtained that there are three SPs for this given case.
Then, if the subcase is W7 + W2 + Y2 > 02 + 02 + 2 (Bsse > 0) then the SP Uy will be
used. If the subcase is l//f S 11152 + 11162 e (])f + (])52 -4 (])62 and l[/52 + l//é 2 (1)52 + ¢62 (056 >0
and fBs¢ > 0) then the SP U, will be used. If the subcase is l//% + l//62 < ¢52 + (])g (056 > 0)
then the SP Uz will be used. Thus, these three SPs (s = 1,2,3) form a complete set
for the given case—using one of these three SPs one can transform nine-level coherent
states, whose coefficients have the relations y, < ¢, (a = 1,4,5,7,8) and y;, > ¢,

(b =2,3,6,9), via incoherent operations.

Note that we applied protocol I, to check and verify its validity, to all possible d’-level
(d' =2,3,4,5,6,7) sources and target coherent states (and also some special cases of
higher level systems) and obtained the explicit solutions, i.e., sets of permutations,
probabilities, and Kraus operators, in line with the above discussions. Hence, we
conclude that the protocol we have presented solves the problem of single-step

deterministic transformations of coherent states via incoherent operations.

2.4.1.2 Examples of generalized solutions using protocol I

Although finding the SPs (and hence finding probabilities) is easy, constructing
a general form of probabilities is a highly non-trivial problem, and the problem
becomes exponentially difficult as the dimension gets greater. However, we are able
to extrapolate a complete solution for some special cases of d-level systems. As
an example, we consider the case y; < @1, Yo > ¢, W3 > 03, ..., Y1 > Or_1,

Vi = O Vier1 < Ot Vi2 < ks - Va2 < Qa2 Va1 < Qa—1, Ya = @q (see
Fig. (2.7))and construct the table for the possible permutations as listed in Table [2.4]
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Figure 2.7 : Pictorial representation of permutations for the case y; < ¢y, y» > ¢»,

Y3 > 03, o, Wit 2> Ok—15 Wk = Ok Vi1 < Okt Wi < Prr2s - -
Va2 < Qa2 Wi1=< a1, Ya > @y of d-level systems.

The Kraus operators are given by

i 7 - & Cij | o .
K =U (VP Y 1) (1) (i=1,.00), (243)
=1 Vi

where Y4 | K iTgi = Iyand p' = Tr(Kipl,,KiT). A single SP, for the complete solution,
1s sufficient for this case where it is found to be
U = {1 e+ 1) [d), Jk+2) > 1d)Jk+3) < [d) ... d = 2) < |d),
|d—1) < |d),|1) <> [2),]1) < |3),[1) < [4),...,]1) < [k—=2), (2.44)
1) 4 [k=1),]1) < &), ]1) > |d) }.

Table 2.4 : All possible permutations for the case y; < ¢1, Yo > ¢, Y3 > ¢3, ...

Vi1 2 k1> Vi = O Vit < Okt V2 S Q2 - a1 < Qg1

Y > ¢4. There are d — 1 permutations for this case, and a single set of
permutations is sufficient for complete solution.

o

v < ¢ Virl SOkl W2 < P2 oo Wao1 < Qg
v > M 1) <> |2) - - -

V> s 1) < [3) - - -

Vi1 > G—1 [1) <—>.|k— 1) : :
Vie = Ok 1) < |k) - - -
2B D ld)  k+1) e ld) lk+2)<|d) ... |d—1) < |d)
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The probabilities are found to be

d
. . O O+2
{pl}l 1,2,...,d:{pl:1_§ pl, p2:—+ p3:—+
=2

Yik+1)a 7 Yk+2)d ’
p4:M, ., plkt :M,
Yk+3)d Ya—2)a (2.45)
Pk = Od—1 plkrl = B2 Pk B3 _
Yd-1)d Y2’ %3’ ’
_ - _ ap..
d-2 _ ﬁkl, pdl:&, = 12 k}
Yi(k—1) Yk Yia

where ZI;‘:1 ¢>JZ > lezl l,l/J2 (or equivalently o5, x > 0) follows from majorization. The
resulting table consists of a single row for the case y; < ¢, vo < ¢, y3 < @3, ...,
Vi1 < @s_1, Yg > @y . The set of permutations and the probabilities in that case turn

out to be

U={Is1) ¢ d),[2) > |d),I3) <> |d) ..,

(2.46)
|d—3) <> |d),|d=2) < |d),|d—1) < |d)},
d 2 2
1 i ivi=2,...d i1 i1~ Vi
p=1=)p, {p} == = ; (2.47)
i_zé Yi-1)d 29

respectively. Similarly, the resulting table consists of a single column for the case
Vi<, Yo=M, W3=>03 ..., Wg1 2> @a-1, Ya = ¢q. The set of permutations and

the probabilities in that case turn out to be

U={Is1) ¢ [2),[1) < 3),[1) < [4),..,

(2.48)

d Y
BEP ) ni=2,..d _ Bi _ Wi —9 7 5 49
p i_zép {r'} T (2.49)

respectively. Besides these, there are also different cases which are generalizable.
If a table of permutations, for instance, has d — 1 permutations then for such cases
probabilities can easily be found while a single SP is sufficient. Also, the number of a
single SP is d — 1 for d-level systems where the other 2¢72 —d + 1 (d > 3) cases split
into subcases, and therefore, the complete solutions for these cases require more than

one SP. By using protocol-I, one can obtain all SPs of a complete set.
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2.4.2 Protocol I1

We now present another protocol for coherence transformations similar to the one for
the LOCC deterministic transformations of bipartite entangled pure states [37]. We
use d’-dimensional subspace solutions (d’ < d), obtained by protocol I, to achieve
the transformation |y) (y| — |¢) (¢| as a sequence of transformations of coherent

vyl = o) (ml| — - = () (] — |9) (o

intermediate coherent states satisfying the majorization conditions u(y) < pu(n)

states, that is, , where |1;) are
< ... < u(mk) < pu(@). We stress that the most crucial point of the sequence of
coherent states transformations is to preserve the majorization condition for the entire
transformation. In each step of |y) (y| — @) (¢| we aim to obtain some coefficients
of the final coherent state |@) using d’-level subspace solutions (we move closer to the

final coherent state step-by-step).

In the following protocol, we use five-level (d’ = 5) subspace solutions and transform
four coefficients of the existing coherent state to the coefficients of the final coherent
state starting from smaller ones. This protocol is implementable for transforming any
coefficients satisfying the majorization condition given by the inequalities Z];':1 l//jz <

Z’;zl o) jz, and an equivalent form of the majorization condition is given by

d d
> vz ¥ o 250)
j=k+1 J=k+1

where k =1,2,....d — 1 and 2?21 l//]Z = Z;’:l q)jz = 1. We have coherent states |y),

M), |M2), ..., |nk) and |@) such that
T
w(w) = (Wi, . Va5, Va4 Vi3, Va2, Wa_1,W3)
T
wm) = (Wi, W Va5, 84 073,03 2,02_1,97) ",

2 n 2 2 2 T
I’an = W?"'?W*? 77¢77¢)77"'7¢77¢ 9
( ) (1 d—9Y4-8:Y4—7-%d—6 d—1 d) 2.51)

wme) = (Wi, W1, Vi ;;12+1,¢31+27---7¢5—1»¢5)T7
w(9) = (07,03.07.....00 5.03 2,03 1.92)".
where 1 < m < 4. Here, for the first step of the entire transformation, we have
):?: Ja 1//}2 = Z?: 43 q)j? + q)(ll2_4, and the majorization condition implies those
;?:d_3 l//]Z > ?: d-3 q)f and y7 , < q);{ 4- Additionally, if one starts to transform
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smaller coefficients, there is a probability of obtaining the relations (])l’2 > (])12 and
¢)l’2 > ‘V/? between the coefficients of the coherent states where k = 1,...,(I — 1)
and [ = (d —4),(d —8),...,(m+ 1), which may violate the majorization condition,
and no further deterministic transformation to the final state would be possible.
Therefore, while we construct protocol II, we impose that the intermediate states
satisfy (;)12 < 1//1 ; in any step of the entire transformation. In the following, however,
we are going to discuss the cases by an explicit example where the intermediate states
satisfy ¢/ > ¢7 and ¢,;> > y/ | or more generally, ¢;> > y? [x=1,2,....(I - 1)],
and we explain how one can overcome this problem. Thus, in each step of the entire
transformation the majorization condition is preserved, i.e., () < u(ny) < ... <

1(ne) < w(¢), under the assumption ¢l2 < y/l -

This protocol consists of deterministic transformations of d’-dimensional (consider

= 5) subspace of the initial state (2.12)) in each step (and for the last step 2 < d’ < 5).
We give the explicit solutions for the first two transformations, |y) (y| — |n1) (11| and
In1) (M1| — |n2) (2|, and the last transformation, |nx) (x| — |@) (@, for illustrative
purposes, and other steps of complete transformation can be treated similarly. The

initial coherent state |y) given in Eq. (2.12)) can be written in the form

d=5

v) =Y wili)+mlx), (2.52)
j=1

where |x) = Z?’: J—a4 Xi|i) is a normalized coherent state ():l‘!: J_a X2 =1). Here, we

have M Xy = Wa, MXd—1 = Wa—1> MXd—2 = Vi—2, MXd—3 = Wg—3, and M Xg—4 =

V4. The intermediate coherent states are given by

d—4l—1
=Y wili) b g ld—40)+ Z 0;i1/), (2.53)
Jj=1 j=d—41+1
where
, d
Oha= | Vit Y (vi-02), (2.54)
j=d—a1+1

with 1 <1 < [(d—2)/4], and we assume ¢, ,, < Wy_4;—_;. In each step, four more
coefficients of the target state |¢) are obtained, i.e., the smallest 4/ coefficients of |n;)
and |¢) are equal. For the first transformation |y) (y| — |n1) (11|, the pure coherent

state |1p) is of the form

d—5
m) =Y wili)+mlx), (2.55)
j=1
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where [7) = Y4 , , %:i) is a normalized coherent state and j;f vil+m?=1. We
have 01 ¥a = G0, MXa—1 = Oa—1, MXa—2 = Oa—2. M Xa—3 = Pa—3, and M Xg—a =) _4,
and the assumption is ¢, , < y,;_s [therefore u(x) < p(%)]. The Kraus operators are

given by
d—>5 N
Ki =Y pili) (jl®Ka, (2.56)
j=1

where ¥'2_, Kfl Ki=1Ijand Y3, I?iTIK,-I = I5. Here, the Kraus operators K;; are written

as

d iy
Rn=Un(vpi Y 101, @.57)

jmd—aXj

where K;1 |x) = +/pi|%). Both |x) and |}) are five-level states, so we use solutions
for d = 5. There are eight possible cases for coefficients of coherent states except
the lowest and greatest ones, and the set of Kraus operators {13,-1},-:17“.75 is chosen

accordingly. For instance, let us consider the case Xy_3 > ¥4—3, Xa—2 < Xa—2, and

Table 2.5 : All possible permutations for the case ;3 > Xi-3, Xa—2 < X4—» and
Xd—1 < Ja—1 of five-level coherent states |y) and |} ), where xy_4 < Yu4_4
and y; > ¥4 follow from the majorization condition.

Xd—a4 < Jd—4a Xd—2 < Xa—2  Xd—1 < Xi—1
Xi—3 > Ja—3 |d—4) < |d—3) - -
Xa > X d—4) < |d)  |d—=2) < |d) |d—1) < ]|d)

Xd—1 < Xa—1 where g4 < Xq—4 and x4 > )4 follow from the majorization condition.
In Table 2.3] there are four permutations, and these constitute the SP together with
identity transformation Is, i.e., a single set is sufficient for the complete solution.
Figure [2.§](a) provides the pictorial representation of the permutations given in Table
The set of permutations is obtained as {Uj1 }i=1,. s = {I5,|d —4) <> |d) ,|d — 1) <>
\d),|d—2) < |d),|d—4) > |d—3) }, where Is = ¥'¢_,_,|u) (u|. Then, if we perform
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Kraus operators, we obtain
d .
Ka ) = (me v (v ¥ Zul)
<Z‘/’k’k +m Z %k\k>
) Tk} + ZE:WUJW

(L L w
d d-5 d d
“u ¥ g PATILRRTENS S oAl ><J|k>)(2'58’

_\/_<Zl[/]|j +mUax Z z,ﬂ])

= Vpilm)-
Then, from K;1 |y) = /pi|n1) it follows

5 5
Y K lw) (WK =Y pilnn) (mil = |mi) (mil. (2.59)
i=1 i=1

The condition Y7 _, I?jl K;1 =I5 implies the following linear equations

§

7N

Figure 2.8 : (a) Pictorial representation of the permutations given in Table[2.5] (b)
Pictorial representations of the permutations given in Table@

5
Y pizi=2; (j=(d—4),(d=3),...,d), (2.60)
i=1

whose solutions for p; give the probabilities where (zi(d,4),z,-(d,3),...,zid)T =
U:l((;)[’174,¢4,3,¢d,2,q)d,l,(pd)T. We denote z;; as the (ij)th element of the matrix
z given by

) s Ga—3 Pa—2 a1 Qa
Od  Pa-3 Qa2 Qa1 04
2=\ 0,4 a3 Gu—2 Ga Ga-1 |- (2.61)
Or g G943 0 Gi1 Gs2
Oi—3 Oy Pa—2 Pa—1 Qu
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The probabilities are found to be

=2 =2 2 2
Xa—atXg—3—Xig—a—Xq-3
pl:l_zph P2 = ) 2 y
i=1 Xi-4—Xq
=2 2 =2 2 2 =2
Xi—1— Xd—1  Xd—2—Xg—  Xa—3—X4-3
3 a3 PA= 5 5 DP5= 5 5
Xa—1—Xq Xa—2—Xq Xi—4— X3

(2.62)

where Zﬁ_ 4t 23_3 > xﬁ_ 4t x§_3 due to the majorization condition. Thus, we obtain
the state |1;) (n;]|. Now, in the next step, we obtain the transformation |n;) (1| —

In2) (M2|. The pure coherent state |1;) is written in the form

d—>5
m) = Vilj)+ 0, _4ld—4)+ Z 0;l7)
j=1 j=d-3
d—9
= Y yili)+mle)+ Z 0ilJ), (2.63)
Jj=1 j=d-3

where |@) = Z‘Ji 7_g @jlJj) is a normalized coherent state (Z;j 0 =1, Mg =

Y-8, MQa—7 = Wa—7, M2Qa—6 = Wa—6, N2Pa—5 = WYag—s5, and Ny Qy_4 = ¢d_4- he

second intermediate coherent state is given by

d—9 d
m) =Y wili)+mle)+ Y ¢ili), (2.64)
j=1 j=d-3

where |@) = ZJ —, g ®;|j) is a normalized coherent state (Zl PP =1), mPy7 =
Oa—7, M2Pa—6 = Qi—6> MPu—35 = Pa—5, M2Pu—s = Py—s, and M Py_g = ¢_¢ (and the
assumption is ¢, ¢ < W;_9). Thus, we have (@) < p(@). The Kraus operators are

given by
d—9 . d
Ko=) vpili)leKae Y, Vpili) (il (2.65)
j=1 j=d—3
where Z?:l K;Kiz = I; and Z?:l 1%}21%,2 = Is. Here, the Kraus operators {Kpn}i—1, s
are given by

Kp = ,2(\/_ qu)j 1) JI) (2.66)

where they are chosen according to the eight possible cases of five-level systems
to make the transformation K |@) = \/p;|@). For instance, let us consider the
case Q77 > Pg—7, Pa—6 > Pis—e and @z_5 > Py_s5. In Table 2.6] there are four
permutations, and these, together with identity transformation /5, constitute the set

of permutations (a single set is sufficient). Figure [2.8(b) provides the pictorial
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Table 2.6 : All possible permutations for the case @; 7 > @57, g6 > Pq_¢, and
045 > Qg5 of five-level coherent states |@) and |@) where @;_g < @;_g
and ¢@;_4 > @44 follow from the majorization condition.

Qi—8 < Qy—3
Oi—7> Qg7 |d—8) < |d—1T)
Qi—6> Pi—c |d—28) < |d—6)
Oi—5> Qg5 |d—8) < |d—5)
) )

Oi—4> Qg |d—8)<>|d—4

representation of the permutations given in Table 2.6 The SP is obtained as
{Un}izr,..5 = {Is5,1d =8) <+ |d =7),|d = 8) ¢+ |d — 6) ,|d - 8) <> [d —5) ,|d - 8) ++
|d —4) } where I5 = Y99 o |u) (u]. Then, from K |m1) = /pi|m2) it follows

ZKzzlm (m|K, Z—Zmnz (Ma| = |m2) (ma]. (2.67)

The condition 2?21 1%}21%,2 = [5 implies the following linear equations

5
i=1

whose solutions for p; give the probabilities. We denote z as the (ij)th element of the

matrix 7’ given by

01 g Oi—7 Pi—6 Pa—35 Qa4
Os—7 05 g Pi-6 Pa—5 Qa—a
=\ a6 Ga—7 O) g Gi-s5 Gss |- (2.69)
Oi—s5 Ga—7 Pa-6 ¢y_g Pa—s
Oi—s Gi—7 Pa—6 Pa—s O)_g

The probabilities are found to be

2 2 =2
01— Oi6— Py
pl—l—qu,pz— d—7 d7p_ d—6 — Pd—6

i=1 P75~ 07+ 3_¢5—8_¢5—6,
(2.70)
_ 07 5— P75 B ‘Pd_4 - Q74
=—3 5 o P5= 5 5
7 S Ci 8= Pa s
Thus, we obtained the state |1,) (12| where
d—9 d
. ! .
M) =Y wili) + s sld—=8)+ Y. ¢;li). (2.71)
Jj=1 j=d—1

For the next to the last transformation of the entire transformation we have the coherent

states given by

m m-+5
|Me—1) Z N+ Y, o)+ Z oilJ), (2.72)
Jj=1 Jj=m+1 Jj=m+6

30



and

m+5
Mk Z%I] +me Y, @)+ Z 9;) (2.73)
Jj=m+1 j=m+6

where 1 < m < 4, @it = Yinr1s MeOnt2 = Vint2s MeOnst3 = Yint3, MiOmid =
Vintd, and MxWpy5 = @, 45+ Since our aim is the obtain four more coefficients of the
target state |¢), the coefficients are chosen to be Ny@y,12 = P2, MeOn+3 = Omt3s
M@ v4 = Ot dr Mc@Dpss = Q5. and M@y, 41 = ¢, | (and the assumption is ¢, | <
V). Thus, we obtain the intermediate state transformations, i.e., |Ng—1) (Mk—1| —
IMk) (Nk|. The last transformation of the entire transformation is 1) (k| — |@) (@]
The state |1;) is written as

M = Y W)+ O I 1) + Z 9;1J) (2.74)

J=1 j=m+2

where 1 < m < 4, and the final state is |¢) = Y'¢ —19;1j). The last transformation is
effectively (m + 1)-dimensional transformation. Let us consider, for instance, the case

m = 2. Then we have

d
M) =wi D)+ v |2)+¢513)+ ) ¢;1)), (2.75)
j=4

and the Kraus operators are given by

d
Kikr1y = Ki(k+1)@2\/17i\j> (J

Zil Zi3

¢
d
& g VPili) (il (2.76)

- U(k+1)\/_< 1 (1142 2) 21+ 57 3 631)

where Y7 lK (k1) Kikr1) = Ia and Y 1K k+1)Ki(k+l) = I;. Here, we have ¢} > ¢3,
and one of the inequality relations y, < (>)¢, can be possible, and the set of Kraus
operators {Ki(k +1)} is chosen accordingly. For instance, for the case y, < ¢,, the set of
unitary permutations is obtained as {U;(1 1) }i=123 = {13,]2) ¢+ [3),[1) <> |3) }. The

condition Zl 1 K ik +1)Ki(k +1) = I3 implies the following linear equations

3
Zpiz,-zj =vy;, (j=12), Y pizs=07 2.77)
i=1 i=1

whose solutions for p; give the probabilities. We denote z;; as the (ij)th element of the

matrix z given by

o1 ¢ 93
2= ¢ ¢35 ¢ |. (2.78)
o3 ¢ O
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The probabilities are found to be p; = 1 — p> — p3, p2 = (07 — v3)/(95 — ¢7) and
= (97 —vi)/(#7 — 93). Then, from K1) [me) = \/Pi|9) it follows

3 3
Y Kiern) [T0) (el Ky = X pil9) (8] = 19) (91, (2.79)
i=1

i=1
where k+ 1 = [(d+2)/4]. Thus, we obtain the d-level pure coherent states
transformations by cascading a sequence of coherence transformations, each
corresponding to a single incoherent operation ®[-]. The sequence of pure coherent
states transformations can be summarized as

m+1 5 5
) (Wl = Y Kppp (ZIKH((---ZKA V) <W|KZ~T1~--)Ker> K

f=1 i=1

= D11y

D) {---‘D(s) [‘D(z)[q’(l)(!ll/) <‘I/DH }

2.80
=[n1){m| ( )

) (o]

— e (el

=|9) (o],
where 1 <m <4 and k+1 = |(d+2)/4]. Consequently, we obtain the entire

transformation |y) (y| = [9) (¢] as [w) (w| = [1m1) ([ = ... = M) (M| = [@) (9]

in [(d+2)/4] steps via the set of incoherent operations {®(;)}i—12,. |(@+2)/4]- It
should be noted that the number of steps can be further reduced by using subspace

solutions of d’-level where d’ > 5 (actually, number of steps is | (d +d' —3)/(d"—1))).

2.4.2.1 Explicit example for protocol II with discussion

In protocol II we consider deterministic transformations of coherent states by
transforming the four smallest nonequal coefficients step-by-step. This procedure
requires that the condition q)lz < 1//1 | 18 satisfied in each step of the entire
transformation to preserve the majorization condition for intermediate states. However,
the condition q)l’z < wlzi | 1s not satisfied for some sources and the target states. In all
these cases, it is always possible to find intermediate states where lower dimensional
transformations can be used. For illustrative purposes, we start with a six-dimensional
initial pure coherent state |y) and six-dimensional final pure coherent state |¢) such
that

1
= —(11,11,8,8,8,7)7, (2.81)

u(y) 53
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(o) = %(12,12, 10,9,6,4)7, (2.82)

respectively. It is obvious that u(y) < u(¢). For the first step of the entire
transformation |y) (y| — |¢) (¢

, if one starts to transform smaller coefficients, using

five-level solutions, then for an intermediate coherent state |1{) we have
1
p(np) = 55(11,13,10,9,6,4)", (2.83)

where the last four coefficients of coherent states |¢) and |7{) are the same, and also
first coefficients of coherent states |y) and |n]) are the same. Since the majorization
condition, ((n]) < 1(¢), is not satisfied, the deterministic transformation |n{) (n{| —
|@) (@] is not possible via incoherent operations. This is why we stress that our
protocol consists of the intermediate coherent states for which ¢/ B 1//,271 in any step
of the entire transformation. On the other hand, for the first step of the complete
transformation, if one starts to transform greater coefficients then for an intermediate

coherent state |1);') we have
" 1 T
u(n) = (12,12,10,9,3,7)", (2.84)

where the first four coefficients of coherent states |¢) and |n]) are the same,
and also the last coefficients of coherent states |y) and |n{) are the same.
Since the majorization condition, u(ny) < wu(¢), is not satisfied, the deterministic
transformation |n{) (n{| — |¢) (¢| is not possible via incoherent operations. At
first glance the transformation |y) (y| — |@) (¢| looks unachievable by protocol II.
However, it is always possible to choose intermediate states—intermediate states are
not unique—which do not violate the majorization condition. For the first step of the
complete transformation we consider the pure coherent state |17;) as an intermediate

state for which we have
1
u(m) = £5(12,12,10,8,7,4)", (2.85)

where four coefficients (first three and the last) of coherent states |¢) and |1;) are the
same, and also the fourth coefficients of coherent states |y) and |1;) are the same. It
is obviously seen that the majorization condition is satisfied, u(y) < u(ny) < u(o).

Then, under the Kraus operators given by

. 112 /12 5 7 /4
Kll =U11\/P_1dlag< ﬁv ﬁv\/;vla\/ga\/;>7 (286)
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K> = Uai\/p2 diag(\/%, \/%, \/g,l,\/g, \/g), (2.87)
K31:U31\/p_3diag<\/%,\/%,\/§,l,\/g,\/¥>, (2.88)
Ky = U41\/p_4diag(\/%, \/% \/Z’l’\/; \@) (2.89)
K51—U51\/_d1ag \/>\/>\/», ,\/7\/7 (2.90)

we obtain the transformation |y) (y| — 1) (n1], i.e., ): Ki1 |y) (ll/! = [n1)(m,
where p1 = 1/4, P2 = p3 = 1/8, P4 = 1/3, ps = 1/6, Ui =1g, Uy = |1> — |6>,
U1 = |2) <> |6), Us; = |3) <> |5), Us; = |3) <> |6). We now obtain the transformation

Im1) (n1| — |9) (@], where |1;) and |@) can be written in the form

M) = \/7| \/7\/7 \/7|5 (2.91)

38 15 9 6
e D 25 (2.92)
V505w s
respectively. Here, [x) = /5[1) +1/512) +1/3513) +1/516) is a normalized

coherent state. Then, under the Kraus operators given by

3 [6
Kia = Upa/pr dia (1,1,1,—,\/21), (2.93)
12 12+/P1 d1ag 22 V7

. 3
K2 = Uny/p2 dlag(l Y3 ) (2.94)

Y&
we obtain the transformation |n;) (n;| — |¢) (¢, i.e., Y2, Kn |n1> <n1|KlT2 |9) (0],
where p; =2/3, pp = 1/3,Uyp = I, Uzy = |4) <> |5), and Zi:l i2 K;» = I. Thus, we
obtain the entire transformation |y) (y| — |9) (@] as |y) (y| — [n1) (M| — |9) (9|,
where p(y) < u(n1) < u(¢). As an example of the nonuniqueness of the intermediate

states we may consider another coherent state for which
1
u(fy) = 5(12, 12,7,9,6,7)". (2.95)

satisfying u(y) < (1) < n(¢). Hence, it is always possible to find intermediate
states satisfying the majorization condition p(y) < pu(n;) < ... < u(ng) < 1(¢9) and
make the transformations |y) (y| — [n1) (M| — ... = [Mk) (M| — |9) (@] using the

Kraus operators which can be obtained using protocol I.
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2.5 Conclusion

In this chapter, we presented two explicit protocols for the deterministic
transformations of coherent states under incoherent operations. We first presented
a permutation-based protocol (protocol I) which reduces the problem of d-level
deterministic coherence transformations to solving d linear equations for d unknowns
(probabilities). We gave two illustrative examples to make the protocol clearer. One
of the most significant points of protocol I is that it provides a single map, that
is, ®5[py| = py. Using protocol I, one can easily find the sets of permutations,
probabilities and Kraus operators for d-level systems. We then presented generalized
solutions for some source and target states using protocol I. We also presented an
alternative protocol (protocol II) where we use lower dimensional (d’ < d) solutions
of the permutation-based protocol to obtain the complete transformation as a sequence
of coherent-state transformations. In each step of the complete transformation, we
obtained at least d’ — 1 coefficients of the final coherent state |¢) using d’-dimensional
subspace solutions. Thus, we obtained the d-level pure coherent state transformations
by cascading a sequence of coherence transformations with the set of incoherent

operations {® ;) }i—1 2, . | (d+a'—3)/(@—1)|- We discussed an example for protocol II.
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3. BIPARTITE ENTANGLEMENT TRANSFORMATIONS

In this chapter, we are interested in the deterministic transformations of pure bipartite
entangled states. The results, obtained in Chapter [2] can easily be adapted to d-level
bipartite entangled pure state transformations. The material covered in this chapter is

published in the papers [8, 37ﬂ

3.1 Introduction

Quantum entanglement is used as a resource in quantum information processes such as
teleportation [38]], dense coding [39] and quantum-key distribution [40]. The success
probability in fulfilling quantum information tasks depends on the properties of the
entangled state which is used as a resource [41,42]]. This requires a deep understanding
of the transformation properties of entangled states under local operations and classical
communication (LOCC). One line of research is the interconvertability of multi-qubit
states, and the optimal [43-49] and deterministic [5S0-52] transformations of some
classes of multi-qubit states have been widely studied. Another line of research is
the interconversion of bipartite entangled states [53,54]]. In particular, Bennett et
al. [55] showed that the entanglement in any pure state of a bipartite system can be
concentrated by LOCC into maximally entangled states, and conversely, an arbitrary
partly entangled state of a bipartite system can be prepared by LOCC using maximally
entangled states as the only source of entanglement. Vidal [29] obtained the maximum
transformation probability of d ® d pure states in terms of the Schmidt coefficients
and explicitly constructed a local protocol. Lo and Popescu [56]] showed that any
general transformation between bipartite pure states using LOCC can be performed
with one-way classical communications only, and one way communication is more
powerful than those without communications. Chau et al. [57] presented necessary and

sufficient conditions for the probabilistic transformations of quantum states using local

!Gokhan Torun and Ali Yildiz, Deterministic transformations of coherent states under incoherent
operations, Phys. Rev. A, 97, 052331, (2018), Gokhan Torun and Ali Yildiz, Deterministic
transformations of bipartite pure states, Physics Letters A, 379(3), 113 -118, (2015).
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operations (without classical communication) only. Jonathan and Plenio [58] used a
minimal set of entanglement monotones, and presented an optimal local strategy for

entanglement concentration.

Deterministic transformation of a state by LOCC is of fundamental importance in
quantum information theory, because if a state |¥) can be transformed into another
state |®) with unit probability by LOCC, then the information tasks that can be
performed by using the state |¥) can also be performed by using the state |®). He
and Bergou [59] showed that classical communication is necessary in realizing the
deterministic transformations of a single bipartite entangled state. Nielsen [26] used
the algebraic theory of majorization and obtained the necessary and sufficient condition
for the deterministic transformations of bipartite pure states. The same condition was
derived by using the method of areas [60]. Roa et al. [[61] proposed a method for the
probabilistic transformation of bipartite pure states based on local overlap modification
and they obtained the deterministic transformation as a special case for states satisfying

the majorization condition. Majorization condition states that a state in Schmidt form
d
2y =Y wildli), (W= w1 >0), (3.1)
j=1
can be transformed into another state
d
@)=Y 9l 1), (9= 911 20), (3.2)
j=1

by LOCC with unit probability if and only if A(¥) is majorized by A(P), written
A(W) < A(®), where A(¥) and A(P) denote the vectors of decreasingly ordered
eigenvalues of the reduced density matrices p;‘P and pf, respectively. Majorization
condition implies that the transformation |¥) — |®) can be obtained with unit

probability if and only if the inequality

d d
Yor<Y v (3.3)
j=k j=k

is satisfied for any k (1 < k < d), with equality holding when k = 1.

However, deterministic transformations of states by a single measurement get more
complicated as the dimension increases, since the construction of the doubly stochastic

matricesﬂ, measurement operators and unitary operators gets more complicated

2A doubly stochastic matrix A = (a; ;) has the following property: ¥;a;;=};a;j= 1 for all i and j
where g;; > 0.
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[36]. Hence simple and explicit protocols for the deterministic transformations
of quantum states are of paramount importance. If the explicit solutions for the
deterministic transformations of states in higher-dimensional space are known, then
deterministic transformations of states in lower-dimensional space can be obtained as
the special cases of higher-dimensional solutions. However, the protocols for explicit
transformations of states in higher-dimensional space using the lower-dimensional

solutions still need to be developed.

The content of the present chapter is organised as follows. We begin with a succinct
summary of resource theory of entanglement within the scope of the bipartite state
transformations: Entanglement (Section @), Schmidt Decomposition (Section @,
Positive Operator Valued Measure (Section |3Zf[) Then, we show, with various
examples, that the results obtained in the previous chapter can be easily adapted to

entanglement (Section [3.5). Finally, we conclude (Section 3.6).

3.2 Entanglement

An isolated quantum system which is in a pure state is described by its state vector |y).
This is a normalised vector in a Hilbert space H,; which is associated with the quantum
system. To a pure state, which we have up to now described by the normalised state

vector |y) we can also unambiguously assign the operator

p=v) (vl (3-4)

It is called the density operator of a pure state or often also the density matrix. The

following properties of the density operator for pure states can be read off directly:

e p is positive, (@|p |@) >0,V |p),
o 1r(p) ={olp) =1,

which also generalize the mixed states.

A bipartite pure state |y) , 5 is entangled if it cannot be written such that

Wiap =), ®|B)p, (3.5)

for any choices of states |a), and |B)z. Otherwise, in the case when a bipartite pure

state |y) 45 can be written in the form (3.3), it is called separable. In case of mixed
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states, a density matrix psp defined on a tensor product Hilbert space Hs ® Hp is

entangled if it cannot be written in the form

p=Yriokph (p=0, Ypi=1) (3.6)
k i

3.3 Schmidt Decomposition

Let @), (i=1,...,ds)and |@;), (j=1,...,dp) be two arbitrary local bases of system
Sa and Sp, respectively. Any pure state |y),p in the product Hilbert space Hap =
Ha @ Hp with dimH 4 = d4 and dimH p = dp can be expressed such that
V) g :Zdij“Pi>A®“Pj>B' 3.7
ij
One can always find local orthonormal vectors {|u;) 4 }i=12,..q and {|wi)g}i=12, . 40N
the first and second subsystem, respectively. Then, the state |y) ,5 can be represented

such that
d
W)ap =Y Vi) Wi, (3.8)
=1

where d = min{ds,dp}. Here, {A; > 0};,—;» 4 are known as Schmidt coefficients

and satisfy Zle A; = 1. The representation given by Eq. (3.8) known as Schmidt
decomposition. All information on the entanglement of a bipartite state is encoded in
the Schmidt coefficients. In other words, if there is only one non-vanishing Schmidt
coefficient, then the state |y),p is separable. The state |y), is entangled when at

least two Schmidt coefficients are different from zero [|62].

3.4 Positive Operator Valued Measure

The measurement operators which leave the Schmidt form invariant can be taken such
that
d d
M; = Zluij WGl Ei=M M, Z;E,- = 1. (3.9)
j= i=
The operators E; are known as the POVM-—positive operator valued
measure—elements associated with the measurement. The complete set of {E;}

are known as a POVMEkfor details [36]).

3We define measurement operators (and therefore POVM elements) in diagonal form. However, in
general, it is not necessary to be diagonal, i.e., the most general measurement operators are given by

MO =¥ 1l 15) (k-
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3.5 Deterministic Transformations of Bipartite Pure States

The initial state given in Eq. (B.I) can be transformed to the final state given in
Eq. (3.2) by performing a d-outcome measurement on one of the particles with the
operators defined by Eq. (2.I8), where the parameters cy;; are the same as found by
protocol I (see Sec. 2.4.1). The POVM measurement yields one of the states

M |¥) — |®) = ZCWU 1y (i=1,...,d), (3.10)

with probabilities pi = (‘P|M§TM§' |¥). Depending on the result of the measurement
one of the the unitary transformations U/ is applied on both particles to obtain the target

state, i.e., (Ul @ U) |®L) = | D).

3.5.1 Examples for the entanglement transformations

We now give four illustrative examples both to demonstrate the adaptability of
our results to the deterministic transformations of entanglement and to enhance the
intelligibility of our method. The first three examples will be solved with protocol 1

(see Subsection [2.4.1) and the last one will be solved with protocol II (see Subsection
2.4.2).
We first consider the complete solution of three-level systems. There are two possible

cases for d = 3: Either y, < ¢, or Y, > ¢ may exist where y; < @ and y3 > @3

follow from the majorization condition.

Example 1: The case y; < @1, Yo < ¢o, Y3 > ¢3. We first construct Table 3.1} The

Table 3.1 : All possible permutations for the case y; < ¢1, y» < ¢, and Y3 > ¢3 of
d=3.

i< w<p
vi>¢3 1)< [3) [2) < [3)

permutations in Table [3.1] constitute the SP together with identity transformation I3
(while there are d — 1 permutations in Table 3.1] a single SP is sufficient). Figure

[3.1fa) provides the pictorial representation of permutations given in Table[3.1] The SP
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(a) (b)

» Ja\ "
W—m  ® o ‘\.
Figure 3.1 : (a) Pictorial representation of the permutations given in Table 3.1 n (b)

Pictorial representation of the permutations given in Table[3.2] (c)
Pictorial representation of the permutations given in Table |315|

is then obtained such that
zJ:{UHU{Uf}:{@42<+B%u>eﬂ&}. G.11)

The measurement stage begins after completing the first and most important
step—obtaining the correct set of permutations U’. A generalized three-outcome
measurement with the measurement operators,

=i Z Sy ZM”MI = 1), (3.12)

]III/J i=1

is performed on one of the parties of the initial state |¥) = Z?:l v;|j)|Jj). Here, ¢;j is
the (ij)th element of the matrix ¢ where (c;1,cp,ci3)T = (U')(1,¢2,$3)7. The matrix

c is given by

o1 ¢ @3
c=| 01 ¢ ¢ |. (3.13)
o3 ¢ 01

The state after the measurement turns out to be one of the states

M'|P) — @) = ZCUU )y (i=1,2,3), (3.14)

with probabilities p’ = (‘P|M"TM !|¥). The state |®') is already the target state |®) =
Z?: 1 0;17)17), and the states |®?) and |®*) can be transformed to the target state by
local unitary transformations (permutations) |2) <+ |3) and |1) <+ |3), respectively. In

other words, the POVM measurement yields one of the states

3
@) = Zla»m 1)
=

D7) =01 [1)]1)+512) 2) +6213) 3)., (3.15)

(D7) =3 1) [1) +9212) [2) + 1 [3)3),
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with probabilities p’ where (U? @ U?)|®?) = |®), (U@ U?)|®) = |®) and the
permutations U’ are given in Eq. (3.11). Also, the condition ¥'3_, MM = I; implies

that the following three linear equations

3
Y pici =y, (j=12.3), (3.16)
i=1

should be satisfied, and solutions of these linear equations give the probabilities. Thus,

probabilities are found to be

Sk VO R id 7}
05— 93 of — 93

pl=1-p"=p* p (3.17)
Example 2: The case Yy < @1, Y2 > ¢, Y3 > ¢3. The permutations in Table [3.2]
constitute the SP together with identity transformation /5 (a single SP is sufficient).

Figure [3.1(b) provides the pictorial representation of permutations given in Table [3.2}

Table 3.2 : All possible permutations for the case y; < ¢1, y» > ¢, and Y3 > ¢3 of
d=3.

v < ¢
wv>o 1)< [2)
s> 1)« [3)

Then, the SP is obtained such that
U:{UI,UZ,U3}:{13,\1><—>\2>,\1><—>\3>}. (3.18)

A generalized three-outcome measurement with the measurement operators defined by
Eq. (3:12) is performed on one of the particles of the initial state |¥). In Eq. (3.12),
cij is the (ij)th element of the matrix ¢ where (c;1,¢i2,¢3)T = (U7 (91, 92,93)T. The

matrix c is given by

o1 ¢ 03
c=1 ¢ o 03 |. (3.19)
o3 ¢ O

The state after the measurement turns out to be one of the states, given in Eq. (3.14),
with probabilities p’ = (‘P|MiTMi |¥). The state |®') is already the target state |P),
and the states |®?) and |®3) can be transformed to the target state by local unitary

transformations (permutations) |1) <+ |2) and |1) <> |3), respectively. In other words,
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the POVM measurement yields one of the states
. 3
@) = 0;i)17)
j=1
(D7) =2 1) [1) +¢112) |2) + ¢313) |3) ,

%) =¢3 1) [1)+¢212) [2) + 91 [3) 13) ,
with probabilities p' where (U? ®@ U?)|®?) = |®), (U? @ U3)|®?) = |®) and the

(3.20)

permutations U’ are given in Eq. (3.I8). The condition ¥3_, M!'M' = I3 implies that

the following linear equations

3
Y pichi=vwi (j=1,2,3), (3.21)
=1

should be satisfied, and solutions of these linear equations give the probabilities. Thus,

probabilities are found to be

2 _ vi— 95 pzz‘/’32_¢32‘
07 — 93’ 07 — 03

We eventually obtained the complete solution for d = 3 by solving the two possible

pl=1-p*—p°, p (3.22)

cases.

Example 3. As a third example, we consider the case y» > ¢, and y3 < ¢3 ford =4
where y; < ¢1 and yy > ¢4 follow from the majorization condition. To begin with,

we construct Table[3.3] The permutations in Table [3.3] constitute the SP together with

Table 3.3 : All possible permutations for the case y; < @1, y2 > ¢, W3 < ¢3, and
Yy > ¢gof d =4.

vi<¢r y3<¢3
wv=>o 1)< |2) -
vi>¢s 1) 4) [3) < 4)

identity transformation I, (while there are d — 1 permutations in Table[3.3] a single SP
is sufficient). Figure [3.Tfc) provides the pictorial representation of permutations given

in Table 3.3l The SP is then obtained such that
U :{UI,UZ,U3,U4}

(3.23)
{1, 11) > 2),13) 5 4),[1) < [4) }.
A generalized four-outcome measurement with the measurement operators,
i T Cij oy /s u ithqi
M'=Vp Y Gl (MM =1), (3.24)

=1 Y i=1
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is performed on one of the particles of the initial state |¥) = Z‘}-: L Vili)|J). Here, c;j
is the (ij)th element of the matrix ¢ where (c;1,ci2,ci3,cia)’ = (U (1,02, 03,04)7.
The matrix c is given by

¢ ¢ ¢35 Pa

¢ 01 93 04 | (3.25)

01 ¢ 04 O3
01 ¢ O3 O

The state after the measurement turns out to be one of the states
M |¥) — |&') = Zc,,|] 1)) (i=1,2,3,4), (3.26)
with probabilities p’ = (W|M!' M |¥). The state |®!) is already the target state |®) =

):‘}:1 ;1) 1), and the states |®?), |®3) and |®*) can be transformed to the target state
3) <> [4) and [1) <> |4),

by local unitary transformations (permutations) [1) <> |2),
respectively. Also, the condition ZleMiTMi = I, implies that the following linear

equations

4
Y rigi=vi, (i=1,....4), (3.27)
i=1

should be satisfied, and solutions of these linear equations give the probabilities. Thus,

probabilities are found to be

4 2 42 (PZ_
pl=1-Y o, p=22 ¢§, r=3—3,
=2 (pl - (PZ ¢3 - ¢4 (328)
PR
o7 — 03

Succinctly, the POVM measurement yields one of the states

@) = il¢j|j> )
j=
(%) =92 (1) [1) + 1 [2) [2) + 63 13) |3) + 94 14) |4), (3.29)
(D) =1 [1)[1) +9212) [2) + ¢4 [3) [3) + 95 |4) |4) ,
(%) =04 [1)[1) +212) [2) + 63 13) |3) + 91 14) |4),
with the probabilities p’ given in Eq. (3:28) where (U' @ U') |®') = |®) (i = 1,2,3,4)
and the permutations U’ are given in Eq. (3:23). Since all states obtained after

the measurement are transformed to the target state by local unitary transformations
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and the total probability of success is unity (Z?: | p' = 1), we may conclude that the

deterministic transformation |¥) — |®) can be obtained by LOCC.

Example 4. We now will use the protocol II to transform a 5 ® 5 entangled pure
state into another one (in the first step we will use three-level solutions and then in
the second step we will use two-level solutions of protocol I) for which majorization

condition is satisfied (see Subsectionm for details). Consider the state

1
\/11 1)+ \/>|2 )12) + !3>\3> \/§!4>\4>+ﬁ!5>\5>, (3.30)

as the initial one and the state

@) = )|3) + )]4) + V5), (3.31)

1 1 1 1 1
— D)) +—=12)12)+—==|3 — 4 —5
\/§’>|> \/§|>|> \/ﬁl \/ﬂ| \/ﬂ|
as the final one. Then, as protocol II required, we need to define an appropriate

intermediate (or temporary) state. We choose this state such that

\/7|1 )1+ |2 2) + \/7|3 Y3) + \/—|4>I4> \/—|5>\5> (332

where three Schmidt coefficients of the states |®) and |n) are same, and two Schmidt
coefficients of the states |¥) and |7n) are same. First, using three-level solutions of

protocol I, one can obtain the POVM measurement operators such that

) 1 1
My =Un®Un)y/p1 dlag<1,1,\/§, \/; \/;)
) 1 8 1
My, :<U21 ®U21)\/E dlag<17 1357 \/;7 \/;)a (333)
: 1 /1 /8 3
My =(Usi ©Us)v/ps diag(1,1,5.4/5.1/5). (L MiMa =1),
i=1

where p; =3/7, p» =2/7 and p3 = 2/7. The POVM measurement operators given in
Eq. (3.33) transform the state |¥) given in Eq. (3.30) into the state |n) given in Eq.

(3:3T)) deterministically. In other words we have

My |¥) = pi(Un @ Un) 1), (3.34)

where (U @ Uy ) |x%) = |x) fori=1,2,3, (UU)|x) =|n) and U = |2) <+ |3). Here,
the unitary transformations are found to be Uy =1, Uz = |3) <> |4) and Uz = |3) <>
|5). We now will obtain the transformation |n) — |®), where the states |1n) and |®)

can be written in the form

:\/g|<p>+\/g(\/§u>|1>+\/§rz>|3>), (3.35)
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!ﬂb)z\/gy<p>+\/g(\/§|1>yl>+\%|3>y3>), (3.36)

Q) = \/%|2> 12) + \/LTO |4)14) + \/LTO |5)|5) is a normalized

entangled state. Then, under the POVM measurement operators given by

. D)

Mi» :(U12®U12)\/p1 d1ag<\/;, 1, \/;, 1, 1),
. 2 12

Moy =(Usy @ Un) /P2 dlag< 5oL ?,1,1),

we obtain the transformation |n) — |®) where p; =7/10, p =3/10, U1 =1, Uy =

|1) <> |3), and Ziz:lM;ZM,-z = 1. In other words we have

respectively.  Here,

(3.37)

Mo n) = /pi(Up@Up) |®'), (3.38)

where (Up @Up) |®') = |®) fori = 1,2, U1y =1 and Uy = |1) <+ |3). Thus, we obtain

the entire transformation |¥) — |®) as |¥) — |n) — |P).

3.6 Conclusion

We adapted the results obtained in the previous chapter to the deterministic
transformations of d ® d bipartite entangled pure states. We explicitly examined

various examples for both protocols.
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4. OPTIMAL DISTILLATION OF COHERENCE

In this chapter, we present an optimal probabilistic protocol to distill quantum
coherence. Inspired by a specific entanglement distillation protocol, our main result
yields a strictly incoherent operation that produces one of a family of maximally
coherent states of variable dimension from any pure quantum state. We also expand
this protocol to the case where it is possible, for some initial states, to avert any waste
of resources as far as the output states are concerned, by exploiting an additional
transformation into a suitable intermediate state. These results provide practical
schemes for efficient quantum resource manipulation. The material covered in this

chapter is taken from the paper [63ﬂ

4.1 Introduction

Over the past three decades quantum entanglement has been identified as one of the
main resources that allows us to overcome the intrinsic limits of classical information
processing in a distributed setting [1]]. It is therefore not surprising that entanglement
manipulation is often seen as one of the fundamental tasks in the theory of quantum
information. In several cases of practical interest, the goal is that of preparing a target
state (e.g., maximally entangled) starting either from many i.i.dEl copies of the same
state [64,65]], or — probabilistically — from a single copy of a known pure state [26),
29,156]. The problem of distilling as much entanglement as possible from a given
pure state by means of a probabilistic protocol using local operations and classical
communication (LOCC) was considered in [58,|60]. Instead of aiming at a single
output state, however, one can consider a discrete class of states as targets, namely
that formed by all maximally entangled states of any possible local dimension g. The
protocol given in [58|60] always succeeds in producing one of these states, and a

failure occurs only when said local dimension takes the “trivial” value g = 1.

IGokhan Torun, Ludovico Lami, Gerardo Adesso, and Ali Yildiz, Optimal distillation of quantum
coherence with reduced waste of resources, Phys. Rev. A, 99, 012321, (2019).
%i.i.d: independent identically distributed.
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As entanglement of pure states is one of the manifestations of the superposition
principle, one can more fundamentally regard the phenomenon of coherent
superposition as a valuable resource in its own right. Quantum coherence plays in
fact an essential role in applications to quantum algorithms, quantum metrology, and
quantum biology [3]. To deal with this point of view, a resource theory of quantum
coherence has been recently established [2}3}20,|66,67]. Coherence distillation is
a central task in the resource theory of quantum coherence, and is a subject of very

active current investigation [2}20,/68-72].

In this chapter, we introduce an explicit protocol for coherence distillation via a single
strictly incoherent operation where we originally have a d-level coherent input state,
see Fig.[d.1] This strategy is a counterpart to the entanglement distillation given in [58]
60]]. One of the most significant points of this single-step strategy, when we compare
it to some common distillation protocols [56,73,/74], is that we can have any of all
g-level (¢ = 2,3,...,d) maximally coherent pure states at the end of the measurement
process. When compared with the previously available protocols [S6], we see that
the failure probability is thus relatively small, and a useful coherent state is almost
always produced, unless the incoherent outcome (¢ = 1) is obtained. In particular, our
protocol is optimal with respect to the distillation of d-level maximally coherent states,
as the associated probability of success is maximal. We complement our analysis with
a quantification of the coherence loss on average in our protocol, and comment on how
and for which input states it is possible to modify our strategy, to avoid any waste of

resources and always output a state with nonzero coherence.

The content of the present chapter is organised as follows. We present a protocol
for achieving the optimal distillation of coherence (Section {.2). We explicitly
introduce our protocol (Subsection {.2.T)), examine coherence loss (Subsection f.2.2)),

and discuss no complete waste of resources (Subsection #.2.3). Finally, we conclude

(Section 4.3

4.2 Optimal Distillation

In the following, we introduce an explicit protocol for coherence distillation where we

originally have a d-level coherent state. Our protocol, in the respect of the distillation
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of d-level maximally coherent state, is optimal while the probability of success is

maximal.

ly) e C "

Figure 4.1 : Our strategy solves the coherence distillation problem as follows. We
originally have a d-level coherent pure state |y). We perform a strictly
incoherent operation (SIO) on the particle and obtain any of all g-level
(9 =2,3,...,d) maximally coherent states |¥,), or an incoherent state

(g = 1). The explicit quantum operation used in the protocol is described
in the main text.

4.2.1 Coherence distillation

To start with, we need to recall the basis-dependent notions of incoherent and coherent
states followed by incoherent operations. Quantum states that are diagonal with respect
to a fixed orthonormal basis {|i) };—; 2.....4 are defined as incoherent, and they constitute

a set labeled by Z [2,3]]. All incoherent states p € Z are of the form

d
p=7) pili)i, (4.1)
i=1
where p; € [0,1] and }; p; = 1. In addition to this, a finite d-dimensional pure coherent
state is given by

d .
w) =Y ysli), (0<6;<x). (4.2)
j=1

where {l//j} j=1,2,....d are non-negative real numbers, arranged in non-increasing order
(¥; = yj1 > 0), and satisfying Z?: 1 l//JZ = 1. Here, without loss of generality, we can
and from now on will assume that 8; = 0 for all j, as all these complex phases also can
be eliminated by diagonal unitaries, which are always assumed to be free operations in

any version of the resource theory of coherence.

We will focus on particular quantum operations for which measurement outcomes are

retained as stated in [2]. These quantum operations are defined by Kraus operators
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{K;} that map incoherent states into incoherent states, i.e., such that }; K;Ki = [ and,
foralliand p € Z,

KipK]

——c7. 4.3)
Tr{KipK] |

p—pi=

Operations of the form as in Eq. (@.3) in which the Kraus operators satisfy the above
condition are known as incoherent operations (IO0) and can be adopted as the free
operations in the context of the resource theory of coherence as defined in [2]. A
relevant subset of IO is constituted by strictly incoherent operations (SIO), which
are completely positive trace preserving maps whose Kraus operators K; satisfy both
KZK; C T and K;TK; C T [20,21,33,/75]. We will demonstrate that, although
SIO have a very limited coherence distillation power when mixed input states are
concerned [71], they nonetheless suffice for our distillation protocol with pure input

states.

We are now ready to analyze the task of one-shot coherence distillation, whose goal
is to transform a single copy of the input states given in Eq. {.2)) into a maximally
coherent one via (possibly probabilistic) incoherent operations. The state given in

Eq. (@.2) is a d-level maximally coherent state for {y;}i—; 4= {\/Lg, ey \/LZZ}’ ie.,

|Wy) = 4.4)

f Z ).
An optimal local conversion strategy of bipartite entangled pure states was proposed
by Vidal [29]. Adapting those results to the case of coherence distillation, one can
obtain the maximal probability of transforming the coherent state |y) in Eq. #.2)) to
the maximally coherent state [¥;) in Eq. @.4) [30L[76], which is given by

— : le kll/l _ 2

We construct the explicit Kraus operators to implement the transformations

lefz ) =3 {(pqaiqi{ﬁ»} : (4.6)

q=1.2,....d
by means of SIO as defined above. These are given by
Rl UAY
K;=pa| —=Y "), @.7)
q q (\/a l:ZI Vi
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where
pa=dv3,
Pa=q(W2—v2,), q=12,....(d-1).

Note that the operation identified by the above Kraus operators is not only incoherent

(4.8)

but also strictly incoherent. Observe further that the above Kraus operators satisfy
the normalization condition Z?: lKjK,- = I;, implying that they define a legitimate

quantum channel. By construction, we have that

KQ|II/>:\/p_C]|qu>7 qzlazaada (49)

i.e., such channel implements the transformations in Eq. (.6). Observe that the
success probability of the transformation |y) — |¥4), denoted by p, and given by Eq.
([.8), achieves its maximal value as given by Eq. ({@.3) (see also [29]]). In this sense,
the described protocol is optimal. It is not difficult to verify that the probabilities in
Eq. [@.8) correctly satisfy the completeness relation, that is Zle pi = 1. As aresult,

we initially have the coherent state Zf.lzl W

i), and after a single-step measurement
process with the given Kraus operators in Eq. (@.7) we obtain a g-level (¢ =2,...,d)
maximally coherent state with a certain probability given by Eq. (.8). This ensures
minimal waste of resources in the distillation protocol, as a useful (albeit of smaller
dimension) maximally coherent state is obtained even when the desired outcome is
not recorded. Such a feature is explored in more quantitative detail in the following

section.

4.2.2 Coherence loss

While we know that the degree of coherence cannot increase under IO defined in
Eq. (.3), when quantified by suitable coherence monotones [3]], one may wonder
how much coherence is lost on average during our protocol. We adopt the /; norm
of coherence [2]], a proper quantifier of coherence fulfilling strong monotonicity under

10, for this study. The /; norm of coherence of the state |y) = Y'¢_, y;|i) is given by

Ci (Py) (sz) -1, (4.10)
and the /; norm of coherence of the (maximally coherent) state |¥,) = f Y, i) is
given by

Chpy) =q-1, (¢=1.2,...,d), (4.11)
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where [W') = |1) is an incoherent state, and therefore, C;, (p)g,)) = 0. Combining Eq.
@.8) with Eq. (.I1) we can obtain the average coherence for the output ensemble,

given by

d
Cry (Powt) = Z PeCi, (Ppw,)) Z (i— 1)y (4.12)
q :

Monotonicity (under selective 10 on average) yields that Cy, (p|yy) > Ci, (Pour)s i-e.,
(XL, wi)>—1>2Y4  (i—1)y?. Thus, the average loss of coherence for our protocol
is found to be

_ d 2 d
Ciy (1)) — Gy (Pout) = (Zw,) —2Y iy 1. (4.13)
i=1 i=1

The quantity in Eq. (#.I3) obviously vanishes when the input is already a
d-dimensional maximally coherent state, in which case the protocol leaves it invariant
with certainty. On the other hand, it can be interesting to investigate classes of states
for which there is a large loss of coherence on average during the distillation protocol.
One such a class is given by what we may refer to as ‘harmonic power states’, namely,

input states |y) with coefficients

w=—— (4.14)
(2a)
i%\/H,
where Hflza) is the d™ harmonic number of order 2c, HCSZa) = 2?21 1/ 2%, with o0 €

[0,00). These states nearly achieve the minimal C;, (Pou) for a given C (). as

plotted in Fig. .2] for dimension d = 4.

4.2.3 No complete waste of resources

While the obtained (d — 1) outcomes are maximally resourceful states of their
corresponding dimension, an incoherent state—waste—is also obtained with a nonzero
probability p; = lylz — 11122. The above strategy can be improved so as to avoid complete
waste of resources with certainty, provided that the initial state satisfies some mild
assumptions on the amount of coherence it contains. Namely, if l//lz < 1/2itis possible
to modify the described protocol in such a way as to make p; = 0, where p; is the
probability of outputting an incoherent state (the case ¢ = 1 in @.9)). This can be

accomplished by first transforming |y) into an appropriate intermediate state | ), and
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Figure 4.2 : Plot of the output average /; norm of coherence Cj, (pout) versus the input
coherence Cj, (p|w>) for states in dimension d = 4. The solid (red) line
corresponds to harmonic power states defined by Eq. (#.14). The dashed
(blue) line corresponds to states maximizing the average coherence loss
defined by Eq. (.13)), as obtained by solving numerically the
corresponding constrained optimization problem. The small difference
between the two lines is better seen in the zoomed-in inset. Even if
coherence is decreased on average, our protocol always yields a
maximally coherent state (in some dimension g < d) with nonzero
probability, apart from the trivial case ¢ = 1 in which an incoherent state
is obtained. All the quantities plotted are dimensionless.

by finally applying the original protocol to |x). The required state |x) takes the form

k d

) =wi YD)+ k+1)+ Y wili), (4.15)
i=1 i=k+2

where k > 1 is any integer such that ky? + l//,ﬁl +yd, WP =1 is satisfied for
some Y, subjected to the constraints w > Wy | > W0 > -+ > yy > 0. Using
the results in [8,26,27], we know that the transformation |y) — |x) can be performed
deterministically. After attaining the temporary state |y ), we apply the protocol defined
by Eq. @7), which outputs the ensemble |x) — {(pq,\‘l’q))}q:kwd. The entire

transformation is then given by

1 & .
V) = 12) = {(pq,ﬁ; |l>)} : (4.16)

q=k,....d
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It should be highlighted that the probability of obtaining the state |¥;), ps = d l//ﬁ, is
still maximum. Let us discuss a simple example of the above procedure. Consider the
initial state |y) = v/0.35|1) ++/0.3|2) ++/0.25|3) ++/0.1|4) in dimension d = 4. We
can transform this into the temporary state |x) = v/0.35|1) +1/0.35[2) +1/0.2|3) +
v/0.1|4) (k = 2) with unit probability. Then, the protocol in Eq. (@7) yields the states
W4),

¥3), and |¥,) with probabilities 0.4, 0.3 and 0.3, respectively. Ultimately,
by the help of a proper intermediate state |x) given in Eq. (@.I3), we can obtain an
ensemble of maximally coherent g-level (g =k, ...,d) states, guaranteeing that all the

output states have coherence.

As one can easily notice, this strategy can also be adapted to the entanglement
distillation by local operations and classical communication.  For the initial
bipartite pure entangled state |¢) = Y9 | ¢; |ii) (Schmidt coefficients are ordered in
non-increasing order as usual), provided that qblz < 1/2 one can find an intermediate

state |@) such that

d
@) = 1 [11) + ¢1 |22) + 93133) + ) o1 i) , (4.17)
i=4

where ¢ > @5 > ¢4 > --- > ¢4 > 0. Then, analogously to coherence distillation, using
the results in [8,[26] we can obtain the transformation |¢) — |¢@) deterministically
in order to avoid producing a separable output with certainty. The complete

transformation is then given by

19) =+ 10) = { (Po, @) | (4.18)

g=23,....d

where |®,) = \/Lé Y.L, |ii) and the probability of obtaining the separable state |®;) =
|11) is equal to zero. Here, while the probability of getting |®;) and |P3)
increases (p2 = 2(¢7 — ¢4?)) and decreases (p3 = 3(95> — 97)), respectively, the other
probabilities p,, of getting |®,,) (m = 4,5,...,d) remain unchanged. It is always
possible to find an intermediate state |@) of the form {@.17) for the initial states such
that 97 — @7 > ¢? — ¢7. Therefore, if the initial entangled bipartite states Y%, ¢ ii)
satisfy this relation, our results ensure that both the transformations given in Eq. (.18))
can be implemented and hence that no waste of entanglement resources is achieved

when only the set of the output states are considered.
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Another point that needs to be discussed pertains to the largest amount of distilled
entanglement. It is given by

d
(E) 0y = Z()L,-—Aj+1)j1nj, (4.19)
j=1

for the state Y.9_, \/4;|jj) [58,/60]. Considering the state |¢) = +/0.35[11) +
v0.3]22) +v/0.25|33) +1/0.1|44) as the initial bipartite entangled state, one can
transform it into the intermediate state |@) = v/0.35|11) +/0.35[22) +/0.2|33) +
v/0.1]44) deterministically. Then, the largest amount of distilled entanglement is
found to be 1.11821 and 1.09205 for the states |¢) and |@), respectively. Thus,
although the entire transformation |¢) — [@) — {py,|Py)}4=2.. ¢ may provide no
complete waste of resources, it may lead to a decreased amount of the largest distilled
entanglement. This is resulting from the increase (decrease) of the probability of

obtaining lower (higher) dimensional maximally entangled states.

4.3 Conclusion

In this chapter, we presented a simple, practical and efficient strategy for optimal
one-shot distillation of quantum coherence from pure input states of arbitrary
dimension. The key advantage of our protocol lies in its ability to provide a single
map to obtain all g-level (¢ = 2,3,...,d) maximally coherent pure states starting from
a d-level coherent input pure state, as illustrated in Fig. .1} In this way, useful
degrees of coherence resource are “recycled” even when the maximally resourceful

d-dimensional state is not obtained.

The probability of success, defined by the outcome g = d, is maximal, confirming
optimality of the protocol. On the other hand, our protocol only fails when the trivial
outcome g = 1 is obtained, in which case no resource is distilled. This makes our
protocol preferable to conventional distillation protocols such as the one in [56], which
has instead a higher failure probability and produces no useful output in case the
desired maximally resourceful output is not obtained. We furthermore showed how
to modify the protocol into a two-step strategy which completely nullifies the failure
probability, leading to no waste of coherence in the outputs; this is possible for a
subclass of input states that we characterize. Our strategy can also be adapted to

entanglement distillation.
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A further generalization of our scheme and of the seminal works in [58,60] to other
quantum resource theories [77], beyond coherence and entanglement, would be a

worthwhile direction for future investigation.
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5. THREE-QUBIT PURE STATE TRANSFORMATIONS

In this chapter, we are interested in two problems under the umbrella of three-qubit
pure states transformations. The first one is presented under the title “Canonical
operators and the optimal concentration of three-qubit Greenberger-Horne-Zeilinger
states", and the second one is presented under the title “Deterministic transformations

of three-qubit pure states".

It is well known that quantum states that can be transformed into each other by local
unitary transformations are equal from the information theoretic point of view. This
defines equivalence classes of states and allows one to write any state with the minimal
number of parameters called the canonical form of the state. We define the equivalence
classes of local measurements such that local operations which transform states from
one equivalence class into another with the same probability are equivalent. This
equivalence relation allows one to write the operators with the minimal number of
parameters, which we call canonical operators, and hence the use of the canonical
operators simplifies the optimal manipulation of quantum states. We use the canonical
local operators for the concentration of three-qubit Greenberger-Horne-Zeilinger
(GHZ) states and obtain the optimal concentration protocols in terms of the unitary
invariants of quantum states, namely, the bipartite concurrences and the three-tangle.

The material covered in the first part of this chapter is published in the paper [49ﬂ

In the second part of this chapter, we propose an explicit protocol for the
deterministic transformations of three-qubit pure states by local operations and
classical communications. In this protocol we use the fact that a three-qubit pure
state can be written in two different sets of parameters in the canonical form [49].
This allows us to construct a protocol such that each party performs a two-outcome
measurement where each state after the measurement can be transformed into the
other by local unitary transformations. By the application of that protocol we find

the set of target states that can be obtained from a general W-type source state

!Gokhan Torun and Ali Yildiz, Canonical operators and the optimal concentration of three-qubit
Greenberger-Horne-Zeilinger states, Phys. Rev. A, 89, 032320, (2014).
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with unit probability by measurements on one qubit only, on two qubits, and on all
qubits. Using the results, we find the conditions for deterministic transformability of
general W-type pure states. We then apply the proposed protocol for the deterministic
transformations of the GHZ state. We obtain the set of states that can be obtained
from the GHZ state with unit probability, by measurements on one qubit only, on two
qubits, and on all qubits. We find that all states, except the state with all bipartite
concurrences are nonzero, can be deterministically obtained from the GHZ state by
local operations and classical communications. We explicitly find the local operations
for these transformations. This work can be thought of as an alternative method for the

corresponding problem, i.e., optimal manipulations of the three-qubit pure states.

5.1 Introduction

Quantum entanglement is not only the most fascinating aspect of quantum mechanics,
but it is also used as a resource in quantum information processes. The use of quantum
entanglement as a resource requires a deep understanding of how the states are
transformed under local operations and classical communication (LOCC). Two-qubit
maximally entangled Einstein-Podolski-Rosen (EPR) state, (|00) +|11))/+/2, is used
as a resource in perfect quantum information processes such as teleportation [38]] and
dense coding [39]. If the resource is a mixed state of two qubits, then the fidelity
of the teleportation can be increased by the manipulation of the quantum state by
LOCC [64,78-80]. In the case where the resource is a nonmaximally entangled
pure state, v'1—a2]|00) +a|l11) (0 < a < 1/2), it is possible to perform the task
with some nonzero probability [41,[81]]. An alternative way is concentrating the
partial entanglement by local operations and then performing the information task
with unit probability [55]]. Optimal concentration of an EPR state can be obtained

by a measurement of one of the qubits with the positive operator valued measurement

(POVM) elements
a V1—2a?
M| = 0) (0 1) (1 M, = ———10)(0]. 5.1

This method is called the Procrustean method [55]] as the state is either transformed
to an EPR state with a probability of P = 24 or else to a separable state. It is also
possible to obtain any partially entangled state from an EPR state with unit probability.

One can obtain the partially entangled state by the measurement of one of the qubits
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of an EPR state with POVM elements
My =VT=a[0) (0] +al){l], My=al0)(0]+VI-a2|1)(1].  (52)
followed by local unitary transformations.

While the entanglement of two qubits is well understood, many problems still remain
unsolved for higher-dimensional systems. One of these problems is the optimal
manipulation of states both from a single copy or from many copies. Optimal
manipulation of a single copy of a state is of importance from the practical point of
view, as experimentalists are not able to perform joint operations on multiple copies
of the system in general. Nielsen [26] used the algebraic theory of majorization and
obtained necessary and sufficient conditions for the entanglement transformation of
two pure states of a bipartite system. An optimal local conversion strategy of these
states was proposed by Vidal [29]. Although an extension of Nielsen’s theorem
to three-qubit pure states has recently been obtained by Tajima [51], there is no
straightforward generalization to the multipartite systems. In the three-qubit case,
there are two classes of tripartite-entangled states which cannot be converted into each
other by stochastic local operations and classical communication (SLOCC), namely,
the Greenberger-Horne-Zeilinger (GHZ) and W class states [[82,83]]. It has been shown
that the minimal number of product terms for any given state remains unchanged under
SLOCC and the minimal number of product terms is three for W class states. Any GHZ
class state, on the other hand, can be written as the sum of two product vectors uniquely

in the standard product form
Wanz) = VK(c510)10)[0) +s5¢'® |@a) [95) [@c)), (5.3)
where
|@a) = cal0) +5a[1), |@B) =cplO)+sp[1), |oc)=cylO)+sy[1),  (54)

and K = (1 +2c5s5cacﬁcyc(p)*1 (cs and sg stand for cos § and sin 8, etc.). The ranges

for the five parameters are d € (0,7/4],a,B,v,€ (0,7/2], and ¢ € [0,27). The W

state,
1
W) =—(|001) 4+ |010) + [100)), 5.5
|>\/§(!>|>\>) (5.5)
and the GHZ state,
1
|GHZ) = (|000) + |111)), (5.6)

S

2
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are the representatives of the W and GHZ classes, respectively. Any GHZ class state

given by Eq. (5.3) can be obtained by the application of the invertible local operators

1
\WeHz) = —=(A®B®C)|GHZ), (5.7)

VP
where
A = c5l0) 0]+ spcae™® [0) (1] +s550¢ |1 (1]
B = 10)(0]+cp|0) (1] +s5]1) (1], (5.8)
C = 10){0]+ 710} (1] +s51) (1]

and the probability of success, p = (GHZ|ATA ® B'B® C'C |GHZ), is not necessarily
the maximum probability that can be achieved. The optimal transformation of the
GHZ state, given by Eq. (5.6), to any GHZ-type state, given by Eq. (5.3), is still an
open problem. Cui et al. [84] used the two-term product decomposition of the GHZ
class states to obtain the upper bounds for the optimal probability of transformation
from a GHZ state to other states of the GHZ class. The complexity of the optimal
transformation of multi-qubit systems is mainly due to the large numbers of parameters
coming from the general local operators since the general local operators acting on

qubits are two-by-two complex matrices in general.

The optimal manipulation of the GHZ and W states is important because they are
used as a resource in quantum information processes [85-90]. The optimal distillation
protocols for symmetric and asymmetric three-qubit W states were proposed in
[44]]. Kintas and Turgut obtained an upper bound for the maximum probability
of transforming N-qubit W states [91]] and the necessary and sufficient conditions
to obtain this upper bound were presented by Cui ef al. [45]. The optimal local
transformations of flip and exchange symmetric multiqubit states were obtained in
[46]]. Sheng et al. proposed practical two-step entanglement concentration protocols
for some W class states [47]. The first GHZ state distillation protocols [92]] consisting
of two stages, primary and secondary distillations, were not optimal. Acin et al. [43]]
used one successful branch protocol in the the optimal concentration problem starting
with the two-term product decomposition of a GHZ class state and obtained some

partial results.

We approach the quantum-state manipulation problem from a different perspective by

using the canonical form of states presented in [93,94] and the equivalence classes of
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local operators. The use of equivalence classes reduces the number of parameters and
hence simplifies the manipulation problem since local operators which transform the
states from one equivalence class into another with the same probability are equivalent.
Moreover, the conversion probabilities and measurement operators can be found in

terms of the unitary invariants of the quantum state.

The present chapter is organised as follows. We start with the canonical form of a
general GHZ class pure state and discuss the equivalence classes of local POVMs
(Section [5.2). These equivalence classes are used to obtain the maximum success
probabilities and measurement operators for the optimal concentration of the GHZ
states (Section [5.3). We then propose an explicit protocol for the deterministic
transformations of three-qubit pure states (Section [5.4). We conclude with discussion

and summary (Section[5.53)).

5.2 Canonical Forms of States and Operations on Three-qubit Pure States

First, we define the notation for the equivalence relations for states and operations.
Two states |@) and |@’) are in the same equivalence class (|@) ~ |@')) if they can
be transformed into each other by local unitary transformations. Two operators M
and M’ are in the same equivalence class (M = M) if they both transform states in
one equivalence class, |y;), to states in some other equivalence class with the same
probability of success, i.e., the operators M and M’ are equivalent (M = M) if they
satisfy the following relations:

M) gy = M)
(Wil MTM [ y;) VAW MM [y;) (5.9)
(P= (il MM |ys) = (yal MM i) 7 L))

p) =

Following the approach presented by Acin et al. [93,94], we define the canonical form

of the GHZ class states which we are going to use in the concentration. Any three-qubit

State
10) =Y 13k |ijk) (5.10)
ijk
defines matrices Ty and 77 by
19) = YT, [0) &) + T i | 1) | ). (5.11)

Jjk
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Under the unitary transformation on the first qubit, the matrices 7 and 77 transform as

Ty = To +uy T,

(5.12)
T =i o+ 1o, (e = (lUL2) ).
It is always possible to make det7;] = 0 and the unitary transformations on the second

and third qubits diagonalize T;j which bring the state to the canonical form given by
lW) = A0]000) + A1€'® |100) + A2 |101) + A3 [110) + A4 [111), 2, >0.  (5.13)

However, the parameters A; and ¢ do not uniquely determine the state (the equivalence
class) because there are two solutions for detTO’ = 0, and this leads to two sets of
parameters for the canonical form. The state with the other set of parameters can be

found to be

~ ~ ~ ~ ~ 4 ~
W) = 29]000) + A;€'? [100) + A5 |101) 4+ A3 |110) + A4 [111), (A >0, Y. A7 =1),

i=0
(5.14)
where
e _AO 5 . .
7(0—?, b=hk, B=Mhk, M=K, (5.15)
/2
T+C3, :
= < 1
= o mar) (10
. M [AZAZ+AZ+A0) — AN} -
L MAAL Ay TATT A 23 _
1e - [ (1224_)’42)(132_‘_142) cos(@) —isin(@)
Mdsha(Ag + A7 =23 — A5 —A)
2 L 22V(22 22 (.17)
K(As + A7) (A5 +4)

The equivalence of the states given by Eqs. (3.13) and (5.14) under local unitary

transformations can be explicitly shown as follows: the following unitary operators

_ 1 ( AaAz — el® Ay Ay Aoky )
\/M«zﬂg — eifpﬂ,l l4| 2 + )bglé% _)LOAAL )LZ)B — €_I(P)Ll )L4 !

U 1 ( QLZ 7L4 ) U 1 ( 13 14 > (5 18)
B— —F/—— ’ C— — :
Jaeaz N R Jazrag\ M A

applied to parties A, B and C respectively will transform the state Eq. (53.13) into the
state Eq. (5.14). It follows from Eq. (5.13) that Agd> = AgA, and hence one may

Ua
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conclude that AgA; is invariant under local unitary transformations. In this way, the

five unitary invariants can be found to be

Aody = Aohy = Cac/2,  Aodz=2AA3=Cyup/2, Aohs =Aos =/T/2,
Aoz — € PAi Ag| = |MaA3 — €A1 | = Cpe /2,
oAz — 1114c0s(¢) = Az — A1 Ay cos(@),
Js = 403 (| MAge™® — A3 > + 2343 — APAZ) = ASCoc+ A3C3 —AiT  (5.19)

where 7 is three-tangle [95] and C,, is the concurrence between qubits one (a) and two

(b), etc. Concurrence [95]] is given by
Cup = max{(), o — 0 — 03 — a4}, (5.20)

where o > o > 03 > oy are the eigenvalues of the matrix \/\/PapPab+/Pap- Here,
Par = (0y® 0y)p., (0y ® 0,) where the density matrix p, is the complex conjugate of
the density matrix p;, (the reduced density matrix of pypc, i.€., Pap =Tr¢[Papc])- We use
Eq. (5.13), Eq. (6.16) and Eq. (5.I7) to remove the ambiguity in the definition of the
canonical form and define the equivalence classes uniquely in terms of the parameters
of the canonical form. By using the property
G

A3 +2A2) (A5 + A7)

T+C2

- — 2 — < 1(>1), (5.21
W apaieay ~ e e

K

>1(<1) <K

we choose the state with k¥ > 1 as the canonical form. In the case where Kk = 1, we
obtaink =1, A; = ii, and ¢ =27 — @, and we choose 0 < ¢ < 7 as the canonical state.

If the three-tangle is nonzero, then the three-qubit state is of GHZ class. If three-tangle

is zero and the reduced density matrices ps =Trgc |W) (Y|, ps, and pc have rank two,

then the state |y) is a W-class state.

We consider that the most general local operator

A’ =¢1a|0) (0] +e%b|0) (1| + e c|1) (0| +®d |1) (1| (a,b,c,d >0) (5.22)
acts on the first qubit which transforms the state given by Eq. (3.13) into
A @Ix1c) |v) (5.23)

AN
ly') T
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with a probability of ps = (w|(A”TA’ @ Iy @ Ic) | w) and then the resulting state can be

brought into the canonical form

1 ei(91+94)ad _ ei(92+93)bc‘
/
L P 000
v \/p_A[ Vb +d? 0007
i(61-62) yp 4 £i(03=64) g
+(7Loe % € +e"”llx/b2+d2>\100> (5.24)

Y

+ b2+d2</12]101>+/13]110)+/14]111)>

by local unitary transformations. Using the fact that the action of the POVM operator

ei(el +94)ad — ei(92+93)bc

A= 10) (0|
2 2
,(9”;)2‘1 ol (5.25)
e"\"17%2)ab + "\ BT e
—I—( N >|1><O|+\/b2+d2|1)<1]

on the first qubit transforms the state (5.13) into the state (5.24) with the same
probability p4, we conclude that the operators given by Eqs. (3.22) and (5.23) are
in the same equivalence class (A’ = A). Hence, the canonical local operator on the first

qubit can be taken as
A=ar|0)(0|4+ecy [1)(0]+dy[1) (1] (ar,c1,dy >0, 0<ay <2m) (5.26)

The fact that the probability of any transformation should be less than or equal to unity
(P = (y|ATA |y) < 1) implies that the eigenvalues of ATA should be less than or equal

to one. This leads to a constraint on the parameters given by

A+ /(a1 —di)2+) (@ +di)? + ) <2. (5.27)

The parameters aj, ¢y, and d; satisfying the inequality (5.27) and o uniquely

determine the equivalence class. Now we consider that the most general transformation

B = Pig|0) (0] + &P r|0) (1] + &Ps |1) (0] + P41 [1) (1] (q,r,5,6 >0)  (5.28)

is performed on the second qubit and the state given by Eq. (5.13) is transformed into

the state

1
= _— (LB QI 5.29
ly™) \/p—B(A o)) (5.29)
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with probability pg = (w| (I4 @ B"'B'®I¢) |w). Then the resulting state can be brought

into the canonical form
1
vy =—— | AoV ¢? +52]000
v \/PB 1000)

. i(B2—PBr) i(Ba—B3)
+ (7L1e"”\/q2—|—52—|—7t3e arte s’) 1100)

(5.30)
i(B2—P1) i(Bs—Bs)
NN IV P arte 71 1101)
/q2 + 52
i(Bi+Ps) g — oi(B2+P3)
+|¢ \;’Tez S (/l3|110>+/l4|111>>],
q-+s
by local unitary transformations. Using the result that the operator
¢! B=B0) g ¢i(Ba—hs3) g
B=1/q>+52|0) (0\+< N7 0) (1
1 (5.31)

el BitBo) gt — ot (BatP3) g
/q2 + s2

on the second qubit transforms the state given by Eq. (3.13) into the state given by

+ 1) (1

Eq. (5.30) with the same probability pp we conclude that B and B’ are in the same
equivalence class (B’ = B). Hence, the canonical operator on the second qubit is given

by
B=a3|0) (0| +¢®by |0) (1| +da [1) (1| (a2,b2,dy >0, 0<ap <2m). (5.32)
It can similarly be shown that the canonical operator on the third qubit is of the form
C=a3|0) (0| +e®b3|0) (1| +d3[1) (1| (az,b3,d3 >0, 0< a3 <2m). (5.33)

The condition that eigenvalues of B'B and C'C should be less than or equal to one

leads to the constraint

G0+ dP (@ —d)?+ ) (@ +di)?+07) <2, i=23.  (5.34)

The parameters a;, b;, and d; satisfying the inequality (5.34) and ¢; uniquely determine

the equivalence classes.
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5.3 Optimal Manipulation and Concentration of GHZ States

In this section, we discuss the optimal manipulation of three-qubit pure states using
one successful branch protocol (OSBP). In this protocol, we maximize local success
probabilities and the state is either transformed into the desired one or else the particle
is disentangled from other particles. Maximization of the probability imposes some
conditions on the operators. Two operators A and A = @A (o constant) make the
same transformations on states
1

VP

with probabilities p and p = |a|p, respectively. By choosing o, it is possible to

1 .
N = Aly) = —A ), 5.35
v’ ly) NG ly) (5.35)

increase or decrease the transformation probability for any transformation. However,
the value of o and hence the probability is restricted by the condition that the greater
eigenvalue of ATA can not exceed one. Hence, the transformation probability is
maximum when the greater eigenvalue is one, i.e., det(Iy —ATA) = 0. In this case,
for a two-outcome POVM with elements A and A, satisfying ATA +ATA = I, the
rank of A is one, and hence the state (A ® Iz ® Ic) | W) is a product state in the first
particle. Similar considerations can be done for the measurement of the second and
third particles with the POVM elements B, B and C, C satisfying B'B+B'B = Iz and
C'C+CTC = I¢. If the transformation (A ® B® C) |y) gives the desired state then the

probability maximization of this transformation requires
det(Iy —ATA) =0, det(Iz — B'B) = 0, det(lc —C'C) =0, (5.36)

which imply that the state is either transformed into the desired state or otherwise

disentangled (i.e., we are using OSBP).

The problem is the optimal transformation of the generic state given by Eq. (5.13)) into

the state

W) = A |000) + A€ |100) + A, [101) + A4 [110) + A4 [111), ()L,.’ > o), (5.37)
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by the action of all three parties

(A®BRC)|y)
VP

Aoaiaraz |000> + <(%C1€ial + M ei"’dl)aza3 + 12d1a2b3€ia3

V') =

1

VP
+ 7(«3d1b26ia2613 + Asdy b2b3ei(a2+a3)> |100) (5.38)

+ |(Aadiaxds + Aadibre'®d3) | |101)

+ |(M3di1doaz + Aadydobze'™)| [110) + Agdydods |111>] ;

where P = (y|ATA® B'B® CTC |y). We now impose that the transformed state given
by Eq. (5.38)) is the GHZ state and obtain the conditions

; 1213 — ei(p)yl 14 },2 13
0 — dy, by=-— by = —
=0 ="7, Maaas = Mddrds3,
and the probability of success turns out to be
P =2A}atd3as. (5.40)

The maximization of the local probabilities given by Eq. (5.36) leads to the following

constraints

C2
(1—a) (1 —df) =t = =,

1—a3)(1—d?) =b3 = Z%<43, (5.41)
2 2 2 T 2
2 2 2 Czb 2

(1—03)(1—513):’93:—2 as.

The problem of optimal concentration of the GHZ state using OSBP is reduced to
the problem of the maximization of the probability given by Eq. subject to
the constraints given by Eqs. (5.27), (5.34), (3.39) and (5.41)). The solution for the

most general case, where all bipartite entanglements C,, C,¢, and Cp. are nonzero,

requires numerical calculations. However we find the analytical solutions in terms of
the concurrences and the three tangle in the cases where at least one of the concurrences
is zero. In these cases, complex phases in the states can be eliminated using local
unitary transformations. For example, in the case C,;, = 0 (A3 = 0) the general state

turns out to be

W) = 2]000) +¢'?2 |100) + A |101) + A4 | 111). (5.42)
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However, the complex phase can be eliminated by the local unitary transformations

U=(|0)(0]+e 1) (1]) @1z @ (|0) (0| +€'? |1) (1]). (5.43)

(i) States with no bipartite entanglement (C,, = Cye = Cpe = 0): In this case the

canonical form of the state is given by

W) = 201000) + A4 | 111) (A0 > Ag). (5.44)

The local operation % |0) (O] + |1) (1| on one of the qubits is sufficient to obtain the

GHZ states with the maximum success probability given by
Pux=1—+vV1-—r1. (5.45)
Since the three tangle, 7, is an entanglement monotone, so is Py

(if) States with only one nonzero bipartite entanglement (e.g., Cyp, = Coe = 0, Cpe # 0):

In this case the canonical form of the state is given by
W) = 20]000) + A; |100) + A4 |[111). (5.46)

We find that the concentration of the GHZ state depends solely on the party A: The
parties B and/or C cannot obtain the GHZ state, but only party A has this privilege.

The solutions for the local operators are found to be

VP, MVP, iy
A=Y 0y (0 — 2V 1y (o) + Y2 ) (1], B=1, C=1,  (5.47)
V22 V204 V224
where the maximum probability is found to be
Poox=1—+V1-r1. (5.48)

We note that if the bipartite entanglement exists only between two qubits, the
concentration probability depends only on the three-tangle, not on the bipartite
concurrence as given by Eq. (5.48). From symmetry it is straightforward to find the
optimal distillation protocols for the other states in this class: The states

(W) =201000) + 2> [101) + A4[111),

(5.49)
W) =20(000) + A3[100) + A4 |111),,
can be optimally transformed to the GHZ state by the operators

Pmax 2’ max max

A=, B= Y1) (o] - 22 e S0 1+ I ], e =1,

Prax )L3 max max .
A=I,B=1,C= - 1]+ 1) (1],
Vmomu fvm4|><| ) 1
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respectively, with the maximum probability given by Eq. (5.48).

(iii) States with only one vanishing bipartite entanglement (e.g., Cy, = 0, Cye #

0, Cpe # 0): In this case, the canonical form of the state is given by
|y) = 20 ]000) + A; |100) + A, [101) + A4 |111). (5.51)

We find that the condition C,, = 0 together with the maximization of the local
probabilities given by Eq. (5.41) leads us to the result that a3 = ds = 1, b3 =0,
and any operation other than the unitary transformation on the third qubit reduces
the probability of obtaining the GHZ state. By using the transformation given by Eq.
(5.38)), it can be shown that neither party A nor party B can concentrate the GHZ state
alone, but the combined action of both parties A and B is necessary to obtain the GHZ

state. We find the solution for the maximum success probability given by

CucChe CucCre \
Poox = 1+ “\%’ —\/<1+ \/%b) —1. (5.52)

To prove that no concentration protocol can give a greater probability, one needs to

show that the inequality
P(ly)) = Y piP(|yi)) (5.53)

is satisfied for any sequence of local quantum operations that transform |y) into |y;)
with a probability p;. The right-hand side of the inequality (5.53)) is the average
probability of obtaining the GHZ state using several branches, whereas the left-hand
side is the probability for OSBP. By taking into account that any POVM can be

decomposed into a sequence of two-outcome POVMs [43], it is sufficient to show

P(ly)) = p1P(ly1)) + p2P(ly2)), (5.54)

where |y1) and |y») are obtained by the most general POVMs on one of the qubits.

We start with a two outcome POVM with operators

A1 =ay |0) (0] +c1e® 1) (0| +d; |1) (1],
. (5.55)
As =£110) (0] + g1P1 1) (0] + Ay 1) (1],
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acting on the first qubit and satisfying AIAl —I—A;Az = I. The states

_ 1 iy
v1) —ﬁ(aoal 1000) + (Agcte™ -+ Ardy ) |100)
+/12d1|101)+7L4d1|111)>,
| A (5.56)
- 000 Bl 4 A1ky) 100
v == (20111000) + Chogre! + 24h) [100)

+ Aok [101) + Aaly |111>>,

are obtained with probabilities p; = <l[/‘AlTA,- ® Ip @ Ic |y). The complex phases in Eq.
(3.56) can be eliminated by local unitary transformations and then OSBP is used on
the states |y;) and |y») to give the maximum probabilities P(|y;)) and P(|y»)) for
the concentration of the GHZ state. To check if the inequality (5.54)) is satisfied, we
maximize piP(|y1))+ p2P(|y2)) and find that the maximum is obtained for P(|y1)) =
0 or P(|y»)) = 0, which proves that no concentration protocol can produce a higher

probability of success than the OSBP we present.

5.4 Deterministic Transformations of Three-qubit Pure States

While deterministic transformations of some classes of multi-qubit states have been
widely studied [50-52,91], it is a general manner to keeping doors always open for
alternative protocols. In the following, from this point of view, the problem of the

deterministic transformations of three-qubit pure states will be discussed.

5.4.1 Deterministic transformation of W -type states

We will present the quantum operations to succeeding the transformations between

three-qubit W-type states. The general form of three-qubit W-type states is given by
3
i) = 20 ]000) + A1 [100) + 4> [101) + A5 |110), (/1,- >0, Y A7 = 1), (5.57)
i=0

where the pure |W) state is of the form |W) = \% (|100) +1010) 4 |001)). The state

with the other set of parameters (second solution of det(7; = 0)) is given by
3
W) = AJ[000) + AL [100) + A4 [101) + AZ]110), (/l[ >0, Y A2 = 1), (5.58)
i=0

where A/ = A; (i =0,2,3) and A{ = A, (¢/ = 0,7). The states |yw) and |yy,)
are equivalent (|yw) ~ |yj,)) under local unitary transformations, i.e., local unitary
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(LU) equivalent. Thus, unitary invariants are found to be C,, = 2403 = 2AJA5,
Cac = 2).()12 = Zlélé, Cbc = 27(«213 = 27(«2/2‘3/ and J5 = CabCachc-

We now start with a general three-qubit W-type state with all concurrences Cgp,, Cyc

and Cp. are nonzero. This state is given by [91]]

|) = x0]000) +x; [100) +x2 |010) +x3|001) . (5.59)
The state (5.39) can be transformed into the canonical form

|2) = x1]000) +x0 |100) +x2 [110) +x3 |101), (5.60)

with the unitary transformation oy on the first qubit, that is |0), <> |1),. Then, Alice
(party a) performs a general two-outcome measurement on her respective part of the

state (5.60) with canonical measurement operators

a 2'2
M,E):\/p_ki‘—iIO)(Ol—{—\/m 1—x—(%)‘1><0‘+\/17_k‘1><1‘7 (5.61)
(X MO M = 7).
k=1

We then have the states

M @10 1)) |x)
N (5.62)
=20]000) 4 (—1)*711; [100) +x3|101) 4 x |110),

i) =

for k = 1,2. Here, the probabilities are found to be p; = (A; +x9)/24; and p, =
(A1 —x0)/2A;. The unitary transformation o, = |0) (0| — |1) (1| applied by the parties
a, b and ¢ will transform the state |y») into the state |y), i.e., (0;® 0, ® ;) |yr) =
|w1). What we finally have is the following:

%) = x0]000) + x1 [100) + x5 [010) 4 x3 |001)

(a) _1 (—l)k_l)c()
¢{(Mk L a7 ) SR (01>%, x<h)  (563)

lw) = 4, [000) + Ao |100) +x7 [010) -+ x3|001) .

We note that the state |y) given in Eq. (5.63) is LU equivalent with the state |y;). The
state |y) given in Eq. (5.63) is the most general state that can be deterministically
obtained by the measurements on the first qubit (the party a) of the source state

|x) given in Eq. (5.60). Furthermore, if Bob (party b) performs a two-outcome
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measurement on the second qubit of the state |y) given in Eq. (5.63) with canonical

measurement operators given by
(b) I«lzz J22)
M = Vpelo) 01+ py 1= 10 (1 + VA (11, 6
2

X2
2
(0) 3 p0) _
(XM m?=1),
k=1
then the resulting state will be one of the states

oy 1M S 1|y)
N (5.65)
=(=1)*" 1 |000) + A9|100) + 112[010) +13[001)

where the probabilities are found to be p; = (o + A1) /2u and pr = (o — A1) /2 Mo,
respectively. The states |¢;) and |¢,) are LU equivalent, and the unitary transformation
—0; applied by party a, and unitary transformation o, applied by party b will transform
the state |¢) into the state |¢), i.e., (—0, ® 0, R1) |¢) = |¢1). What we finally have

is the following:

ly) = 4,]000) + Ao |100) + x5 |010) -+ x3 |001)

w 1 (=D
¢{(Mk LEE i el IR (2>, M<m) (566

|9) = 110]000) + A [100) + 112 [010) +x3[001) .
Alice and Bob (the parties a and b) together can transform the state |y) given in Eq.
(.60) to a state |¢) given in Eq. (3.60) with unit probability (by combining the Eq.
(3.63) and Eq. (5.66)). In a similar way, we can find how Charlie (party c) transforms
a W-type state into another W-type state, i.e., we start with the general measurement
operators and impose conditions for deterministic transformations and solve for the
equations. One can find that a two-outcome measurement on the third qubit (of the

state |y) given in Eq. (3.66)) with measurement operators
(© o a3
M7 = /pi0) 01+ v/Paky [1 =5 10) (T + /e~ 1) (1] (5.67)
3

2
AT .
(5w 1)
k=1
gives one of the states

(1@ @ 1® @ M) |¢)
VP (5.68)
=(—1)*"L oy [000) 4 A9 |100) + 1 [010) + 3 |001)
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with probabilities p; = (ap+ o) /20 and pr = (@ — Ho) /204, respectively. The
states |¢@;) and |@,) are LU equivalent, and the unitary transformation —o; on the first
qubit, and unitary transformation o, on the second qubit transform the state |¢,) into

the state |@;), i.e., (—0, ® 6, ®1) |@2) = |@;). What we finally have is the following:

9) = Ho[000) 4 A9 [100) + 12 [010) +x3|001)
@ 1 (=D)"Tu

\L{(Mk 7pk_2+ 200 ) k:]727 <X3>(X3, .u0<a0> (569)
|@) = 01 |000) + A9 |100) + > [010) + 03 |001) .

To sum up, the solutions for the deterministic transformations of three-qubit pure

W-type state by the measurements on all three qubits are given by

%) = xo 1000> —I—x1 1100) +x2010) +x3 [001)
(_1)k le
\l/{ 2+ 22{] ) y 127 <X1>).(), X()<A,1)
) = Ay ]000>+7to]100>+x2|010>—|—x3|OOl>
(=D
{ +—2H0 ) A (X2>ll2, M <H0> (5.70)
[¢) = Mo |000> +% 1100) + 2 [010) +x3 [001)
(=" "uo
i{ +T) k127 <X3>0537 N0<050>

= 0 |000) + A9 |100) + 5 |010) + 3 {001) .
In this subsection, using the canonical operators, we showed that any given initial
W-type state |x), Alice (party a) can deterministically transforms |y ) into states |y).
The party a can only decreases the value of the coefficient of [100) and increases
the value of the coefficient of |[000) while it can not deterministically change the
coefficients of the basis vectors |010) and |001) by LOCC. The party b (Bob), on
the other hand, decreases the value of the coefficient of |010) and increases the value
of the coefficient of |000), but can not change the coefficients of the vectors |100) and
|001) in a deterministic transformation. The party ¢ (Charlie) decreases the value of
the coefficient of |001) and increases the value of the coefficient of |000), but can not
change the coefficients of the vectors |100) and |010). This implies that the states that
can be deterministically obtained by the cooperation of the three parties are the states
with greater coefficients of the basis vectors [100), |010) and |001). These results are
consistent with the fact that local operations on some particles can not increase (may

decrease) the average entanglement between the particle and its environment.
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5.4.2 Deterministic transformation of GHZ-type states

After discussing the deterministic transformations of three-qubit W-type states in
the previous subsection, we now go ahead with the deterministic transformations of

three-qubit GHZ-type states. Any state in the GHZ class can be written as
\Werz) = A0 |000) 4 A1€'® |100) + A [101) + A3 [110) + A4 |111), (5.71)

where A4 # 0, A; >0, Z?:o 7Ll~2 =1 and ¢ € [0,7]. The state with the other set of

parameters (second solution of det(7;; = 0)) is given by
(Worz) = A41000) +A{e™® [100) + A4 [101) + A3 110) + A4 [111) (5.72)

where A)A; # 0, A/ >0, Z?:o Al 2 — 1. We also have

/2
Ao [ T+C2 ]1

r_ A /:)L /:A A/:k = BC

ho="0 =k A=Aak, A=Ak K A2+

20921 22492 292

Hecsunr sl
2,22,32,4(/13 + ;le == 1.22 — 7L32 — 142)
KA +A0) (A3 +A5)

We originally have the three-qubit pure GHZ state given by Eq. (3.6). The unitary

)
Ale'? =

(5.73)

invariants appertaining to this state ((|000) 4[111))/v/2) are T =1, Cppy = Cye = Cpe =
0 and J5 = 0. We are going to find the quantum operations for the deterministic
transformations of the GHZ state given by Eq. (5.6) by performing measurements

on one party only, two parties only and all three parties.

The first case, measurements on one party only: First, we start with the general
two-outcome measurement on the first qubit of the state (|000) + [111))/+/2 with the

measurement operators given by

=200) (O] + A1 [1) (O] + A4 | 1) (1],

a) , , ) 2 ( (5.74)
=3610) 01 = A{ 1) 01+ A1l (XM " =1).
The state after the measurement will be one of the states
[W1) = 40|000) + A1 [100) + A [111), p1 =1/2,
(5.75)

) = 241000) — A{ [100) + A [111),  py=1/2,

T
where p; = (GHZ|M,Ea) M,Ea) |GHZ) for k = 1,2. The states given in Eq. are

LU equivalent, and the local unitary transformations U(®) =

\/W ( )Lll l)LQGy) ,
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U®) = —oyand U (€) = ioy, on qubits a, b and c, respectively, will transform the state
ly») into the state |yq), ie., (UYD @U® @U©))|y) = |y1). Here, o, = |0) (1] +
1) (0], oy, = —i|0) (1| +i|1) (0] and o, = |0) (0] — |1) (1| are the Pauli matrices. The
second and the third qubits will be entangled (Cj. # 0), while the first qubit will stay
unentangled with the other two qubits (C,,=C,-=0) by the measurement on the first
qubit. This is consistent with the fact that any local operation on any particle cannot

increase average entanglement between the particle and other systems.

Second, we start with the general two-outcome measurement on the second qubit of

the GHZ state with the measurement operators given by

M =2410) (0] + 2210 (1] + Ag 1) (1],

2 (5.76)
b bt (b
M =2410) (0] — A3 10) (1] + A4 1) (1], (ZMIE ) M,E):1>.
k=1
The state after the measurement will be one of the states
lw1) = A0[000) + A5 [101) + A4 [111),  py =1/2,
(5.77)

lya) = A5[000) — A5 [101) + A4 |[111), pr=1/2,

-}-
where py = (GHZ|M,§b) M,Eb) |GHZ) for k = 1,2. The states given in Eq. (5.77) are LU

i i i (@) — _ (b) — __1 _
equivalent, and the local unitary transformations U Oy, U T (/121

i/l46y) and U(©) = i0y, on the qubits a , b and c, respectively, will transform the state
|ys) into the state |y;). The first and the third qubits will be entangled (C,. # 0),
while the second qubit will stay unentangled with the other two qubits (C,,=Cp.=0) by
the measurement on the second qubit. This is consistent with the fact that any local
operation on any particle cannot increase average entanglement between the particle

and other systems.

Third, similarly, we start with the general two-outcome measurement on the third qubit

of the GHZ state with canonical measurement operators given by

M =20 10) (0] + A3 [0) (1] + A4 1) (1],

© 4 / / et (o) (5.78)
M) =2310) (01~ 2410) (1 + A1) (1], (XM m =1).
k=1
The state after the measurement will be one of the states
[y1) = A0[000) + A3 [110) + A4 [111), p1 =1/2,
(5.79)

y2) = 241000) — A4[110) +A4[111),  pr=1/2,
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C T C . .
where pj = (GHZ|M,£ ) M,E ) |GHZ) for k = 1,2. The states given in Eq. (5.79) are LU

equivalent and the local unitary transformations U @ = —g,, U = ioy and U (©) =
\/W (231 — iA40y), on the qubits a, b and ¢, respectively, will transform the state

|y») into the state |yp). The first and the second qubits will be entangled (C,p, # 0),
while the third qubit will stay unentangled with the other two qubits (C,.=Cp.=0) by
the measurement on the third qubit. This is consistent with the fact that any local
operation on any particle cannot increase average entanglement between the particle
and other systems. Similarly, three-tangle cannot be increased by any local operation.
In the case discussed above the initial three tangle is 7;=1 and the final three tangle is

T=4A3 A7 < 1 as expected.

The second case, measurements on any two of three parties: We now discuss
the deterministic transformations that can be obtained by the measurements of two
parties. First, we will consider the first two qubits (parties a and b). As discussed
above the state that can be obtained by measurements on the first qubit is given by
lw) = A9]000) + A |100) + A4 |111). In that case, if Alice applies the measurement

operators

= 200) (0] + A1 [1) (O + ) (11,

7"

, (5.80)
@:%mmpwmmm+fﬂﬂb (; é )’

to the state (|000) +[111))/+/2 it gives the state |y) = Ao|000) + A; [100) + % [111)

deterministically. Then, if Bob applies the measurement operators

b
Ml”—m0 ) (0] + 12 [0) (1] + pa 1) (1],
(b) _ Mg =BT 0) 8D
. ! / _
My = OOy, (XM M 1),
to the state).o]000>+ll]100>+%\111>,one of the states
[01) = o [000) + p1 [100) + 12 [101) + pg [111)
(5.82)

|02) = 119/000) + p17 [100) — 15 [101) + pag | 111),
is obtained with probabilities p; = p, = 1/2, respectively. The following unitary
operators
—H10z + HoOx U® — Mol —ipl4 Oy
NTETE N
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applied to parties a, b and c, respectively, will transform the state |¢) into the state

— IJO lJl /Jo+/~11
where , , KU, = KUy, and K% =
1) Mo = 5 1y = 5 My = Kia, iy = K[y u3+ug”

deterministic transformations of the GHZ state by measurements by parties A and B

Consequently,

can be summarized as follows:

1
E(|000>+|111>)

a 1
k=1,2

(GHZ) =

lw) = Ao [000) + A; [100) + \/_|111> (5.84)
i{M P } + (Rops = Aipo)

k=12
|0) = 110/000) + 1 [100) + 2 [101) + pig [ 111) .

We note that for the final state |¢) given in Eq. (5.84), we have C,, = 0, C,c # 0 and

Cpe # 0, i.e., there is no bipartite entanglement between the first and the second qubits.

Second, we will consider the first and third qubits (parties a and c¢). We know that
if Alice applies the measurement operators given in (5.80) to GHZ state it gives the
state |y) = A9|000) + A, |100) + % |111) deterministically. Then, if Charlie applies

the measurement operators

M = mﬂ|o><ow+ugro><1r+u4u><1|,
(© (2 @ () ) (5:85)
M, = ) (O] = p5 [0) (1] + pg | 1) (1], M M =1),
2 \/_AO ];1 k k
to the state?to|000>+7tl|100>+\i@|111),0ne of the states
|91) = 1o [000) + g1 [100) + 3 [110) + g [111)
(5.86)

|92) = 116]000) + 11 [100) — 3 [110) + pz [111),
is obtained with probabilities p; = p, = 1/2, respectively. The following unitary

operators

— 10z + HoOx p3l —ipls Oy
\/ Mg+ i 43+ ug

applied to parties a, b and c, respectively, will transform the state |¢h) into the state

1 Mo _ #o+l11
|¢1) where = £2, ui = £ uf = ks, pf = ks, and K2 i wn

deterministic transformations of the GHZ state with measurements by parties a and ¢

U@ — v = i, U = (5.87)

Consequently,
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can be summarized as follows:

1
72(|000>+1111>)

a 1
¢{M,E),pk=5}
k=1,2

IGHZ) =

v) = |ooo>4-zq|1oo>4_:7:|111> (5.88)
+ {M P } , (Aomr = A o)

k=1,2
0) = 1o |000) + 1y [100) + a3 [110) 4 pag [111).

We note that for the final state |¢) given in Eq. (5.88)), we have C,. =0, C,p, # 0 and
Cpe # 0, i.e., the local measurements on the first and the third qubits create bipartite
entanglements between the first and the second qubits, between the second and the

third qubits, but do not create an entanglement between the first and the third qubits.

Third, we will consider the second and third qubits (parties b and c¢). As discussed
above the state that can be obtained by measurements on the second qubit is given
by |w) = A |000) + A, [101) + A4 |111). In that case, if Bob applies the measurement

operators

be):%\m<0|+7Lz|1><0|+7t4|1><1’;

w 1 2wt ) (5.89)
M :\ﬁ\0><0|—7Lz’|1><0|+7t4|1)<1y, (ZMk M :1),

to GHZ state (|000) +|111))/+/2 it gives the state |y) = \/Li |000) + 2, [101) + A4 |111)

deterministically. Then, if Charlie applies the measurement operators

()
M’ = 0 1|+ —— 1 1/,
(c) Hy SITCUYC 20
M = uf|0) (0] — 0) (1] + 1) (1], M M =1),
to the state —\2\OOO>+12\101>+14\111>,then one of the states
[§1) = Lo |000) + 1 [100) + 2 [101) + pi3 [110) + pig [111) 591)

[92) = 1h1000) — ] |100) + 413 [101) — [ 110) + i [111)
is obtained with probabilities p; = p» = 1/2, respectively. The following unitary

operators

M2 07 + U4 Ox U© _ Uzl —ily0y

NEETTE Vg
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applied to parties a, b and c¢, respectively, will transform the state |¢,) into the
state |¢;) where uj = £, ub = ko, pj = kp3 and py = kps.  Consequently,
deterministic transformations of the GHZ state by measurements by parties b and ¢

can be summarized as follows:

1
\ﬁ(\ooo>+|111>)

1
\L {Mlgb)apk = 5}
k=12

IGHZ) =

W) = —— [000) + A2 | 101) + A [111) (5.93)
\/_
i{M ). pi } (Mo =Aops,  Aapli = Aops,  p s = foli3)
k=12
|9) = Lo [000) + 11 [100) + wp [101) + p3 [110) + pia [111)

We note that for the final state |¢) given in Eq. (5.93), we have C,. = 0, C,, # 0 and
Cyuc # 0, i.e., the party b is not entangled with the party ¢ while the parties a and b, and

a and c are entangled.

The third case, measurements on three parties: We will now discuss the deterministic
transformations of the GHZ state by the measurements performed by all three
parties. We know that the state |¢) = o |000) + w;|100) + pp [101) + g |111) can
be deterministically obtained by measurements on the first and second qubit (see
Eq. (5.84)). Then, if we perform a two-outcome measurement by the measurement
operators M\ = a3|0) (0] + b3 [0) (1] + d3|1) (1] and M = a4 |0) (0] + B4 ]0) (1] +
dj|1) (1] on the third qubit of the state given in Eq. (3.84)), we obtain one of the states

1
[y = (03110 000) + (azp1 +b3pz) [100) + b3 s [110)
+d3uz|101>+d3u4|111>> (554)
— 10 [000) + 01 [100) + 02 |101) + 03 | 110) + g [111),
1,
=——/|a 000) + (a3u; +b 100) + b5 |110
02) == (a0 1000) + (aipu + Do) [100) + B [110)
(5.95)

+d§u2]101>+d§u4|111)>
=04 |000) + a1 [100) + 015 |101) — a5 [110) + oy [111)
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with probabilities p; and p», respectively. For the equivalence of the states |¢;) and

|@2) under local unitary transformations we impose the following conditions

OC(/):%, (XéZ(XZK, aé:a3K7 064/1_20641(,
] (03 + a3+ o) — azzoc%] a3 0u (0 + o — a3 — a3 — aF)
—}
kL (05 +0g) (05 +03) Klog+ag)(og+oag)

T C2 1/2
KE[ > Jchz 2] : (5.96)
4(a5 + o) (o5 + )

T
Also, for the case of deterministic transformation, it is required that Z,%Zl M lgc) M ,EC) =

1. After some calculations, it is not hard to find that
CarCacCpe = 07 (5.97)

where C,, = 20003, Cye = 2000 and Cp. = 2|0paz — oou| (0 # 0). Hence,
deterministic transformation from the pure GHZ to a GHZ-type state is possible if
the target state satisfies the condition C,,C,Cp. = 0. In other words, the GHZ state
can not be deterministically transformed to a state with all bipartite entanglements are
nonzero. All other states can be obtained with unit probability using the protocol we

present.

5.5 Conclusion and Discussion

One of the main difficulties in the optimal manipulation problem of multipartite
entangled states is that there are too many parameters coming from the general forms
of the states and local operations. The use of equivalence classes significantly reduces
the number of parameters as the states that can be transformed into each other by local
unitary transformations are equal from the information theoretic point of view. In
addition to the equivalence classes of states, we define the equivalence classes of local
measurements such that local operations which transform states from one equivalence
class into another with the same probability are equivalent. This approach does not
only simplify the concentration problem, but also the results arise in terms of the
local unitary invariants of the quantum states, namely, bipartite concurrences and the

three-tangle.

We showed that any given initial W-type state | ), Alice (party a) can deterministically

transforms |y) into states |y). The party a can only decreases the value of the
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coefficient of [100) and increases the value of the coefficient of |000) while it can
not deterministically change the coefficients of the basis vectors |010) and |001) by
LOCC. The party b (Bob), on the other hand, decreases the value of the coefficient
of |010) and increases the value of the coefficient of |000), but can not change the
coefficients of the vectors |100) and |001) in a deterministic transformation. The party
¢ (Charlie) decreases the value of the coefficient of |001) and increases the value of the
coefficient of |000), but can not change the coefficients of the vectors |100) and |010).
This implies that the states that can be deterministically obtained by the cooperation of
the three parties are the states with greater coefficients of the basis vectors |100), |010)

and |001).

We found that when there is no bipartite entanglement between particles (Cpp =
Cac = Cpe = 0), the optimal concentration of the GHZ state can be obtained by a
single measurement on any one of the particles. In the case where there is bipartite
entanglement between only two particles (e.g., Cyp = Cye = 0, Cp # 0), the optimal
concentration of the GHZ state can only be done by a measurement on the particle
which has no bipartite entanglement with the other two as given by Eq. (.47).
We obtained the interesting result that the maximum success probabilities for both
cases, states with no bipartite entanglement and states with only one nonzero bipartite
entanglement, depend only on the three-tangle as given by Eqs. (5.43) and (5.48).
We also found that the optimal concentration of states with only one vanishing
bipartite entanglement (e.g., C,p = 0, Cye # 0, Cp # 0) can only be obtained by local
measurements performed by the parties A and B with the maximum success probability
given by Eq. (5.532). We may conclude that the use of equivalence classes of local
measurement operators simplifies the optimal manipulation problem and may be used

for the manipulation of other multi-partite states.
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6. QUANTUM DISCORD

In this chapter, we introduce three procedures (all are fairly similar) to obtain the
separable Werner states which have nonzero discord. The general idea is simple, and
the following. In the first stage, we have a classically correlated state in our hand.
Then, we perform some local operations, and our primary aim is to obtain these local
operations, on subsystems of the initial state. After completing the whole process, a
nonzero discord Werner state is acquired. This work can be thought of as an alternative
method for the corresponding problem, i.e., obtaining the separable Werner states

which have nonzero discord.

6.1 Introduction

Quantum discord, one of the most popular candidates for general non-classical
correlations was first introduced by Zurek [4] and independently by Vedral [5],
attempts to quantify non-classical correlations. It has been experimentally shown that
separable states with nonzero quantum discord may have high probability of success
in various quantum processes [96,97]. It is accurate to conclude that the investigation
of the behaviour of quantum correlations, i.e., quantum discord, under local operations
is of paramount importance to hold key for the development of quantum computation
and quantum information science. The reader is referred to [98,99] for many other

applications of quantum discord.

We are going to obtain separable Werner state, pw, /30 which has nonzero quantum
discord and may have high probability of success in remote state preparation, by local
operations where we initially have a classically correlated state, i.e., a zero discord

state.

The present chapter is organised as follows. We expound on the basic notions which
are necessary to follow the corresponding work (Section [6.2). We recall the definition
of quantum discord, and local operations which are focussed on (Section[6.3). We then

discuss local creation of quantum discord (Section[6.4]). We first give the definition of
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correlation rank (Subsection [6.4.T)) which has crucial importance for our problem and
set of (non)zero discord state (Subsection [6.4.2). We finally introduce three fairly

similar methods to obtain the separable Werner states which have nonzero discord

(Subsection [6.4.3).

6.2 Basic Notions

6.2.1 Shannon entropy & von Neumann entropy

In classical information theory the amount of information contained in a random
variable X is quantified as the Shannon entropy. The Shannon entropy associated with

probability distribution, py, is defined by the following formula

H(X)EH(pl,,..,pn)E—prlogpx, (6.1

where logarithms indicated by log are taken to base two. Then, it is conventional to say
that entropies are measured in bits with this convention for the logarithm. The Shannon
entropy measures the uncertainty associated with a classical probability distribution.
Quantum states are described in a similar fashion, with density operators replacing
probability distributions. Von Neumann defined the entropy of a quantum state p by

the formula

S(p) = —tr(plogp). (6.2)

In this formula logarithms are taken to base two, as usual. If A, are the eigenvalues of
p then von Neumann’s definition can be re-expressed as S(p) = — Y, A, log A, similar

to the Shannon entropy.

6.2.2 Mutual information

Consider two random variables A and B. The mutual information content of A and B,

measures how much information A and B have in common. It is defined as
J(A:B)=H(A)—H(AB) (J(B:A)=H(B)—H(B|A)), (6.3)

where H(A) (H(B)) is the information content of the subsystem A (B), and H(A|B)

(H(BJA)) is the uncertainty in measurement of A (B) when B (A) is known. In other

words, H(A|B) =Y, ppH(A|b) (H(B|A) = ¥, poH (B|a)) is the conditional entropy of
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A (B) given B (A) where p,, (p,) is the probability that the random variable B (A) takes
the value b (a), and H(A|b) (H(B|a)) is the entropy of the variable A (B) conditioned
on the variable B (A) taking the value b (@), H(A|b) = — Y., pap10g(py)p) (H(Bla) =
— Y Pbjal0g(Ppja))s and py, (Pp|q ) is the probability of a (b) given b (a). Hence,
the mutual information measures the average decrease of entropy on A when B (on B
when A) is found out. Using the Bayes rule, paj, = pap /pp, a classically equivalent
form of mutual information can be derived. Starting from the definition of H(A,B),

the information content of the composite system, one can obtain

H(A7B> = - Zpa,b 10g(pa,b)
a,b

= =) Pap10g(Pajprs)
a,b

= —ZpabIOg Palp) — Y, Pa10g(pp)
ab

= —Zpb (Paplog(pap)) =Y. Prlog(ps)
a,b b

— H(A|B)+H(B). (6.4)

The equation H(A|B) = H(A,B) — H(B) leads to another classically equivalent

expression for the mutual information:

I(A:B)=H(A)+H(B)—H(A,B). (6.5)

6.2.3 Quantum and classical correlations

A state shared by two parties, Alice and Bob, is called separable if and only if the

density operator p can be written as a convex combination of pure product states
p =Y pilvi) (Wils®10:) (9l (6.6)
i

where |y;) , and |¢;) 5 are state vectors on the spaces 4 and #p of subsystems A and
B, respectively, and the probabilities p; are nonnegative and sum up to one, Y ; p; = 1.
Otherwise the state is an entangled state. A mixed state is called classically correlated

if it can be written as
Pec _ZPU (i ®1j) Gl (6.7)

where {|i)?} are orthogonal states on Alice’s Hilbert space Hy and {|j)°} are

orthogonal states on Bob’s Hilbert space Hg. The probabilities p;; are nonnegative and
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sum up to one, Y; ; pij = 1. On the other hand, a separable state psep = ¥, pi |ai) (ai| ®
|b;) (b;| is not necessarily classically correlated only, since the states {|a;)} and {|b;)}

do not have to be orthogonal (see subsection [6.4.2).

6.3 Quantum Discord and Local Operations

The two classically identical expressions for the mutual information, Eq. (6.3) and
Eq. (6.9), differ in the quantum case. In the quantum analog, the definitions of mutual
information, given by Eq. (6.3) and Eq. (6.3)), take form J(A : B) = S(pg) — S(B|A)
and I(A : B) = S(pa) + S(ps) — S(pas), respectively. In contradistinction to the
classical case, in the quantum analog there are many different measurements that
can be performed on a system, and measurements generally disturb the quantum
state. The state of B, after the outcome corresponding to M, has been obtained, is
Psja = Al (Mo @ 1) pap(M] @ 1)}/ pa with probability p, = tr(M, @ I)pas(M @ 1)).
This allows us to define a classical-quantum version of the conditional entropy
S(B|A) = ¥4 paS(Ppla). The quantum discord [4], a measure of the quantumness
of correlations, of a state psp under a measurement {M,} is defined as a difference

between the quantum forms of mutual information,
D = I(A:B)—J(A:B)
= S(pa) —S(pan) +?11‘}fizpa5(PB\a)7 (6.8)
asl a

where the minimization is over all local projectors. Quantum discord was only
calculated for some special states due to the complexity of the minimization problem,
and it still needs to be developed. Besides this, there is a different measure of quantum
discord, namely geometric measure. Dakic et al. introduced the following geometric

measure of quantum discord [[100]:
D(p) = min [p — x|, (6.9)
XEQ

where Q denotes the set of zero-discord states and ||X — Y|> = Tr(X —Y)? is the
square norm in the Hilbert-Schmidt space. For two qubit systems geometric measure
of quantum discord can be evaluated analytically. Any two qubit state can be written
in Bloch representation as
1 3 3 3
p:Z<I®I+i_zlx,-6,~®l+i§yil®6,-+ijz_’lT,'j(7,~®6j)7 (6.10)
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where x; = Tr[p (0; ®1)], yi = Tr[p (I ® ;)] are components of the local Bloch vectors,
T;j = Trp(0; ® ;) are components of the correlation tensor, and o;, i € {1,2,3} are

the three Pauli matrices. Then, the geometric measure of discord is given by [[100,[101]

(I + 1T 1% — ko) (6.11)

4>|~

Da(p) =

where kyq, is the largest eigenvalue of matrix K = ¥/ + TTT. We will use both

Eq.(6.8) and Eq.(6.11)) for the measure of quantum discord.

After giving sufficient information about quantum discord, we give details on the
quantum operations that we will apply it in our problem. The action of a quantum

operation {M;} on a density operator p is given by

Alp) = ZMipMj, (6.12)

where Z,-Ml.T M; = I. The corresponding operators M; are called Kraus operators. For
composite systems, local quantum operations can be defined in the same way as it was
done for local measurements. The importance of quantum operations lies in the fact
that they describe the most general change of a quantum state possible. The classically

correlated composite state consisting of the subsystems given by

pcc—Zp, (il ® i) (il (6.13)

can be transformed to other states by local operations. If a local operation is performed
on Alice’s subsystem, then the subsystem of Bob remains unchanged. In this case,
the Kraus operators have the form M; = M2 ® IB. That is, A%(pe.) = Y;(MA @
1) pec(MA)T @ 18), where ¥;(M#)"M#* = I. For M* = |y;) (i| ,, we obtain

“(Pec) pr, (Wil , @ 1) (il = Pge- (6.14)

Similarly, Kraus operators corresponding to local operations on Bob’s subsystem have
the form M; = * @ MB. That is, A’(p.) = Y,(I* @ MB)pe.(I* @ (MB)T), where
Li(M7') "M}’ = 1. For M’ = |¢;) (i

p» We obtain

Pcc ZP! (il4®10:) (9l = Pcq- (6.15)
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6.4 Local Creation of Quantum Discord

It is well known that entanglement cannot be created by local operations, i.e., separable
states remain separable under local operations. However, it is possible to obtain
non-classically correlated states using classically correlated states and local operations.
Before discussing the local creation of quantum discord, it will be useful to give
information about correlation rank, set of zero and nonzero discord states and remote

state preparation.

6.4.1 Correlation rank

We briefly recall the definition and the main properties of the correlation rank due
to its crucial role on the problem that we are interested in. A given state p can be
represented in terms of arbitrary bases of Hermitian operators {A;} and {B;} of the

two Hilbert spaces H4 and Hp, respectively:

di dj

p:ZZriin(X)Bj. (6.16)
i=1j=1

The real-valued dj x d% correlation matrix R = (r; ;) can be decomposed into its
singular value decomposition with the aid of orthogonal matrices U and V as
R = Udiag(cy,cz,...,c1,0,0, ..,O)VT, where ¢; are the nonzero singular values and L
denotes the rank of the correlation matrix of p. Introducing the matrices S; =} ;u;iA;
and F; =) ;v;iBj, where U = u;j and V = v;j, the state p can be written in a diagonal
representation as p = Z,-L:1 ¢iS; ® F; [100]. The state p is then characterized by two
different properties. On the one hand, L determines how many product operators
are needed to represent p and thereby allows to draw conclusions about the total
correlations [102]. On the other hand, the commutation relations of the local operators
S; (F;) determine the local quantumness of the state in the subsystem Hy (Hp),

indicated by the quantum discord [[100].
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6.4.2 Set of (non)zero discord states
The state p 1s of zero discord state on the first subsystem if and only if there exists a von
Neumann measurement {IT; = | ) (yi|} on the first subsystem such that [[100,/103]]

Y (@ 1p)p (T @ Ip) = p. (6.17)
%

In other words, the zero-discord state is of the form p = Y pr | W) (Wi| ® px, where
{|wk)} is some orthonormal basis set, p; are the quantum states in B, and p; are
nonnegative numbers such that Y, py = 1. As explained in the subsection [6.4.1]
introducing the matrices S; = Zj ujiA; and F; = Zj vjiBj, where U = u;j and V = v;;,
the state p can be written in a diagonal representation as p = ZiLzl ¢iS; ® F;. Then,
the necessary and sufficient condition (6.17) becomes YL, ¢, (YIS, IT) ® F, =

Zl,;: 1 cnSn ® F, and it is equivalent to the set of conditions:
Y IS I =S, k=1,..L, (6.18)
k

or equivalently [S,,II;] = O for all k, n. This means that the set of operators {S,} has
a common eigenbasis defined by the set of projectors {II;}. Therefore, the set {II;}

exists if and only if [[100]]
(S, Sm] =0, nm=1,... L. (6.19)

In order to identify a zero discord state we have to check at most L(L —1)/2
commutators, where L = R < min{d/%,dlzg}. Now, recall that the state of zero discord
is of the form p = ZZ‘; 1 Pl @ py; therefore, it is a sum of at most ds product
operators. This bounds the rank of the correlation tensor to L < d4. Thus, the rank

of the correlation tensor is a simple discord witness: If L > dy, the state has a nonzero

discord [[100].

6.4.3 The transformations psep — Png

The 2 x 2 dimensional Werner state, lies in a joint Hilbert space H4 ® Hp spanned by

two qubits a (Alice) and b (Bob), is given by the following density operator

1—
pw. =zly ) (W + (), ze [0,1], (6.20)
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where I, is the identity operator on Hy @ Hp and |y ~) = %(|01> —110)) is one of the
Bell states. For z € (3, 1] the state given in Eq. (6:20) is entangled, and for z € [0, ]
it is a separable but a nonzero discord state. The Figlo.T| clearly shows some relevant

correlations for the state py, given in Eq. (6.20).

10

Correlations

0.0

Figure 6.1 : The graph shows the values of Total Correlation (TC), Concurrence (C),
Discord (D) and Geometric Discord (GD) for Werner state,
pw, =z|y ) (W~ |+ (15%)14, as a function of z.

We consider the problem of the transformations psep — pPng Where the state pgep is our
initial separable (or classically correlated) state and the state p,q is our target state

which is a nonzero discord state, e.g. Werner state for z = 1/3.

At this point we firstly need to find the rank of the correlation matrix of the state py, /30
Ly, to establish the rank of classically correlated states that we manipulate to obtain

the separable Werner state by local operations. From (6.16) and (6.20)) one has

]
AU R

W | =

Pw,; =

I
-

1

4
Z riin®Bj
1j=1

—

1 1 1
= -A B —A B —A B —A B 6.21
2 1® 1+12 2® 2+12 3Q 3+12 4 @By, (6.21)

where Ay =5, Ay = —0y, A3 = —0,,A4 = —0;, B = I, B = 0y, B3 = 0y and B4 = 0.

These choices imply that the nonzero entries of the correlation matrix are found to be
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rir = 1/4, ryy = 1/12, r33 = 1/12, r44 = 1/12, that is

1/4 0 0 0

r e r
O “1 | o iz oo o 622
=1 =l o o 112 0 '
ranocra 0o 0 0 1/12

The matrix RT R (or RRT) have the eigenvalues of A; = 1/16, Ay = A3 = Ay = 1/144.
The singular values on the diagonal of X, where R = UXVT, are the square roots of
the nonzero eigenvalues of RR” (or RTR). Then, the singular values are found to
be (c1,¢2,¢3,¢4) = (1/4,1/12,1/12,1/12). This implies that rank of the correlation
matrix is four, Ly = 4. Thus, the correlation rank L of the classically correlated state

that we originally have must be greater or equal to four.

To obtain the separable Werner states from classically correlated state we need to
express it in terms of product states: p = Y;|vi) (W;| ® |¢;) (¢;]. This facilitates the
process of investigating the necessary quantum operations. For this purpose, we start

with the Werner states given in [104} 105]

3
pw, = Y o) (o, (6.23)
i—0
where
1
| o) 5( 1 1x1) + €% |xa) + €% x3) 4 €% |xy) )
1/ . .
|(D1>:§<6191 |x1)+e‘92 |X2> 193 |X3 104 |X4 )
2 (6.24)
) =5 (6’91 1) — €% x2) + €% |x3) — ' |xa) )
1/ .
j@3) = 5 (¢ ) — e x2) = frs) e [x) )

with xy) = Y55 [y ) = Y2 |y, ) = Y52 [0, ) = YI=2[¢F). Here,
\l,l/ ) = 1 (|01>j:\10>) and |¢ = %(|00)j: [11)). Also, we have (w;|@y) = z/4

for i,k =0,1,2,3 (i # k), and (w;|®w;) = 1/4. The parameters 6; satisfy the following

%I

equation
e MO (14+30) + (e 20 o720 4 o720 (1—2) =0, (6.25)

where two of phase can be chosen as ) = 0, 6, = m/2 for simplicity. By choosing

such that we have cos 63 = , /1’—EZ, sin 03 = , /l—tz, cosOy=—,/ 11:3; and sin 6, =

2(]1“ - We are now ready to find the separable states |@;) for z = 1/3 via the details
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given above. If we explicitly write the state |@y), we get

jov) = %<rx1>+ i) i)
1 1
- T+ 1o+ e
f< f G ) (6.26)
5( 0) + v (1) ) @ (90]0) + o1 /1))
= 3 1¥0) @),

where

1 .
!‘Po>:—i0|0>+%€_m/4|1>, Do) = ———e 40V £ e|l).  (6.27)

1
Véc
Similarly, other states can also be written in terms of product states: |@;) = 1 |¥;) ®

|®;). Thus, we obtain

1 . .
W) = —ic|0) + ——e /M)
[¥n) 0) Jee 1)
1 y .
|Py) = —ﬁe_l”/ 1™ 10) 1),
ic & (6.28)
W) = ——=0) —ce™ e’””|1>,
Ve
|q)n> — _Ceiﬂ/4ein7r|0> \/_ |1>
form = 0,1 and n = 2,3. Here, c = ———, (¥;|®;) =0 (i =0,1,2,3), (¥;|¥)) #0

V343

and (®;|Dy) # 0. All in all, we rewrite the separable Werner state for z = 1/3 such that
1 3
Pw, ;3 = ZZ|‘P1> (Vi @ |D;) (D] (6.29)
i=0

We turn now to the problem we are interested in. We introduce three fairly similar
schemes to obtain the state pw, , given in Eq. (6.29). First, suppose Alice (a) and Bob

(b) share a 4 ® 4 classically correlated state given by

L o o s
y = ZZ|l>a<l|®|l)b(z|. (6.30)
i=0
Two auxiliary particles, @' and b’, can be incorporated into systems a and b,
respectively (see Fig. [6.2)). Then, the state illustrated in Fig. [6.2] can be written such

that

)ar (0| [0} (O]

®10
1
z<' i) (1 10) 0]) @ (10) (1 ©10) (0]) - 6.31)

I
Mw

0

~.
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a Ob
a Ob'

Alice (a) Bob (b)

Figure 6.2 : While two 4-level particles, a and b, are classically correlated (a—b), the
ancillary particles, a’ and ', are uncorrelated.

The local unitary transformations on both sides transform the initial state to the state

given by

6 = (Uaw ®Up)0(Upy ®Upy)
3

3
= Y () (vl @ld (1) @Y (I6) (il @lidGl) . (632

i=0 =0
where U, is given by

3 3

(X vswad 1) (01 X i) ) (1 (6.33)
3 3

F R ) (sl 2+ B (e 6l) - 634

Here,

)= i[0)+Bi|1). ;) = =B [0) + o [1) (wi | yi-) = 0. [W) = 04]2) +
Bi|3), |Wt) = —B72) + & |3) (W | ¥-) = 0). For the unitary transformation Uy

replace v, a and 8 with ¢, A and 8, respectively. We also note that the unitarity
conditions are satisfied, thatis U I U,y =1 and Ubb,Ubb/ = 1. By tracing out ancillary

particles, Tr,y (&), we obtain

Tryp (6 Z Vi) (Wil @ 100), (0] - (6.35)

By choosing |y;), = [¥;) and [¢;), = [®;), we get the target state pw, ;. We can also
express the above transformation in the Kraus operator formalism. The transformation
with Kraus operators, M = |¥o) (0|, M{ = \‘Pl) (1], M§ = \‘Pz) (2| and M§ = |¥3) (3|
= |P1) (1 = |®) (2| and M3 =
|®3) (3] on Bob’s subsystem of the given state in Eq.(6.30) gives Werner state that we

on Alice’s subsystem, and M2 = |&®g) (0

aim to obtain, py, e that is
T
ZZ (Mf @ MP)y(M @ M) )Zzzl‘l’ﬂ (¥i|@|P;) (Pi].  (6.36)
i=0
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Second, consider two systems, Alice (a) and Bob (b), are prepared locally, and both
consist of two qubits where qubits a; —b; and a; —b; are classically correlated (green
lines), and qubits a; and b; are uncorrelated with qubits a, and b;, respectively (see

Fig.[6.3). The density matrix of the total system possess by two parties Alice and Bob

al O bl
az O b2
Alice (a) Bob (b)

Figure 6.3 : Two systems, Alice (a) with qubits a;, a; and Bob (b) with qubits by, bs,
are prepared locally where qubits a; —b; and ap — b, are classically
correlated.

as illustrated in Fig. [6.3]is written such that
1
p = (Zr (Wel), 5(;1 iela)

= Yy ) (637

P20 ajazbiby
Then, the local operations on Alice’s subsystem (a; ® ay)
0 = [0%W0) (00[,  M{ = [0%) (01],
M= ey (ol Mg —pwyl, (Yo —r), P
i=0
and the local operations on Bob’s subsystem (b; ® b))
Mg = [0o) (00|, M7 = [0®y) (01],

b b S (6.39)
M7 =122 (10], ¢ = [12a) (1], (L (M])'b? = L)
are applied on their respective systems to give
p = %(\0‘1’@ (0%o| @ [0Po) (0P| + [0F1) (OW'1] @ [0D1) (0P|
+|1‘P2)(1‘P2|®\ICI>2><1CI>2]+|1‘P3>(1‘P3|®|1<I>3><1<I>3|>a1a2 1 2,(6.40)

where |¥;) and |®;) are given in Eq.(6.28). Then, taking partial trace of the qubits a;
and b; of the state p in Eq. (]@[) i.e., Try,p, [P], gives the target Werner state:

T,y [P Z W) (Wil @ @) (@i] = pw, - (6.41)
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Third, consider two systems, Alice (a) and Bob (b), are prepared locally distant from
each other. Furthermore, both contain three qubits where qubits a; by, a,—b, and

az—bs are classically correlated (green lines, see Fig. [6.4). The state of the total

a; —'_.bl
a _—._—. bz
a3 —._. b3

Alice (a) Bob (b)

Figure 6.4 : Two systems, Alice (a) with qubits a1, ay, a3 and Bob (b) with qubits by,
by, b3, are prepared locally. Here, qubits a;— by (k=1,2,3) are
classically correlated.

system possess by two parties Alice and Bob, illustrated in Fig. [6.4] is of the form

p= pa1b1 ®pa2b2 & pa3b37 (642)
where
1 1
pun=5 (LIl ) (6.43)

for k =1,2,3. Then, Alice performs the unitary transformation

UA EUa1a2a3
1
N (6.44)
= ¥ i) (i@ (%20 0]+ 1) (1]),
i,j=0
on her subsystems. The unitarity condition on Uy, UyUy = UsU; = I, gives the
constraints (¥;|®y) = 0 (k = 0,1,2,3) where these are attested by Eq. (6.28).

Similarly, the unitary transformation Up, of Bob’s subsystem, is taken such that
U =Up, b, b5

1
= .Zo|ij) (ij| ® <|q)2i+j> (O] + [W2i ) <1|>v
i,j=

(6.45)

where the unitarity condition on Up gives the same constraints with Uy. After

performing the unitary transformations on both Alice’s and Bob’s respective
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subsystems, we get

p = (Ualaza3®Ublbzb3)<palb1 ®pdzb2®p03b3)(U;1a2a3®Uljlbzb3)
LN Ny Ny N

= g( Y 1i) [Waie ) (] (Wair j| @ 1) [ Daie j) (0] (i
ij=0

1) @i ) (] (@i 1 © 1) (Wi ) (7] (Piss ) . (646)

ayazazbibybs

Then, tracing out the qubits aj, az, by and by of the state p given in Eq. (6.46), we

obtain
3 1/1¢ 1e
Traamnlp] = 5(7 X 190 (% @ 103 (@] + 7 Y |®0) (@] 2 %) (¥)])
2\ = 45
1
= E(pW1/3+pW1/3>
= Pw,- (6.47)

6.5 Discussion and Conclusion

Quantum discord was first identified as a resource for computation by Datta et al. [[103],
where they took a separable state as the resource and showed that the computation was
better than using a classical state. In other words, it has been experimentally shown that
separable states with nonzero quantum discord may have high probability of success
in some quantum processes. In this astonishing case, we obtained separable Werner
state, Py, 5. which have nonzero quantum discord and have high probability of success
in remote state preparation (when we compare it with separable but zero discord states)

by optimal local operations.
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7. CONCLUSION AND FUTURE DIRECTIONS

We proposed alternative and experimentally friendly protocols for the deterministic
and (optimal) probabilistic transformations of the non-classically correlated states:

Entanglement, Quantum Coherence and Quantum Discord.

In summary, we presented two explicit protocols for the deterministic transfor-
mations of coherent states under incoherent operations. We first introduced
a permutation-based protocol which provides a method for the single-step
transformation of d-dimensional coherent states. We obtained generalized solutions
of this protocol for some special cases of d-level systems. Then, we presented
an alternative protocol where we used d’-level (d' < d) subspace solutions of the
permutation-based protocol to achieve the complete transformation as a sequence
of coherent state transformations. Moreover, we adapted the same results to the
deterministic transformations of d ® d bipartite entangled pure states. We gave
various illustrative examples both to demonstrate the adaptability of our results to
the deterministic transformations of entanglement and to enhance the intelligibility
of our methods. Then, we presented a simple, practical and efficient strategy
for optimal one-shot distillation of quantum coherence from pure input states of
arbitrary dimension. Inspired by a specific entanglement distillation protocol, our
main result yields a strictly incoherent operation that produces one of a family of
maximally coherent states of variable dimension from any pure quantum state. We
expanded this protocol to the case where it is possible, for some initial states, to
avert any waste of resources as far as the output states are concerned, by exploiting
an additional transformation into a suitable intermediate state. Another important
problem is the manipulations of the three-qubit pure states. We discussed both
(optimal) probabilistic and deterministic transformations of three-qubit pure states. We
defined the equivalence classes of local measurements such that local operations which
transform states from one equivalence class into another with the same probability are

equivalent. We used the canonical local operators for the concentration of three-qubit
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GHZ states and obtain the optimal concentration protocols in terms of the unitary
invariants of quantum states, namely, the bipartite concurrences and the three-tangle.
Finally, we introduced three procedures to obtain the separable Werner states which

have nonzero discord.

One future direction for pure state transformations can be the following. The
majorization condition is necessary and sufficient for a pure-to-pure transformation to
be implementable via SIO and IO. However, we simply do not know whether the same
condition is necessary also under DIO. Additionally, we can show that a coherent state
can be transformed into another one (for which majorization condition is satisfied) via

DIO. Let us consider the transformation

@@+@m£ﬂﬁmﬂﬁm‘ 7.h

As it seen majorization condition is satisfied. We then define Kraus operators such that

&K:£MM+ m1uJﬁ

=§|o><0|—\/;O|o><1|+ﬁ|1><1|'

One can easily check that the operation given in Eq. (7.2) is DIO and not IO. Then, if

(7.2)

we perform the operators K| and K on the state |y) = \/é 0) + \/g |1) we get

K |y) = \/7\0 \/7|1 =Vailen), (7.3)
Ky |y) = ¢h Jh = Va2192), (7.4)

where the probabilities are found to be g; =9/10 and g, = 1/10. Here, the state |¢;) is
already equal to the target state |@) = \/g 0) + \/; 1), and the state |¢,) is equal to the
target state with the permutation |0) <+ |1). Therefore, we obtain E(|y) (y|) = |¢) (@]
where the operation £ is a dephasing-covariant incoherent operation (DIO). However,
obtaining a general and explicit form of DIO for such transformations is still an open

problem that we are interested in.
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