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A commutative associative algebra P becomes a Poisson algebra
if it is a Lie algebra with the Lie bracket {, } and if it satisfies the Leibniz

rule,

{p1.p2,p3} = p1.Ap2, p3} + {pP1,p3}.p2, for all py,pa,ps € P.

In this thesis, Poisson algebras, Poisson modules, Poisson deriva-
tions, Poisson ideals are investigated and some theorems, illustrative

propositions and examples about them are given.
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P degismeli ve birlegsmeli bir cebir olsun. Eger P, {,} braket
carpimi ile bir Lie cebiri ve her py, ps, p3 € P icin

{p1.p2,p3} = p1Ap2, p3} + {p1,p3}-p2

Leibniz egitligi saglaniyorsa P ye bir Poisson cebiri denir. Bu tezde,
Poisson cebirleri, Poisson modiilleri, Poisson derivasyonlar1 ve Poisson
idealleri incelenmistir ve bunlarla ilgili baz1 teoremler ve ornekler ver-

ilmigtir.

Anahtar kelimler: Poisson cebiri, Lie cebiri, ideal, modiil, derivasyon.

IT



EXTENDED ABSTRACT

A commutative associative algebra P is a Poisson algebra if it

is a Lie algebra with the Lie bracket {} Leibniz identity

{p1.p2,p3} = p1.Ap2, p3} + {P1,p3}-p2

holds for all py,ps, p3 € P.

Poisson algebras are one of the main topics of discussion in
the twentieth century. Poisson algebras appear in the investigation of
Hamiltonian mechanics and they are in the center of the study of quan-
tum groups. In geometry, manifolds with Poisson structures are called
Poisson manifolds. In physics Poisson algebra structure is a fundamen-
tal part of covariant canonical quantization. In mathematics they play
an important role in Poisson geometry and deformation of commutative
associative algebra.

There are some close similarities between free Poisson algebras
and free Lie algebras as well with free associative algebras. Even though
most of their structures are well known, free Poisson algebras are not
expansively known and they are still being investigated.

The origin of Poisson algebra is mainly from the research of Siméone De-
nis Poisson in the 19th century when he was looking into the structure

of celestial mechanics.
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In this work, we showed how to construct a Poisson algebra
from any arbitrary Lie algebra P. From our investigation we noticed
that there are two main type of Poisson algebras : The symplectic alge-
bra S,,for each n , , S, is a K|[p1,...pn, q1, ---, ¢») polynomial algebra with
its Poisson bracket given as

1, ifi=y,
i, a3} = 6ij , {pi,pi} = {ai, ¢;} = 0 and 6;; = ;
0, ifi#y

here, 1 < 4,5 < n and the algebra of Lie type, where for any Lie algebra
P with linear basis given by ey, es, ..., €,,... and the symmetric algebra
Sp of P given by the bracket defined by

{ei,e;} = [ei, ej] for all 4,5 where [-,-] is the Lie algebra com-

mutator of P is the Poisson algebra of type P.

With this in mind, Poisson algebra P can be constructed over a given
field K as follows;

First, one should observed that as an algebra P is the same
with the symmetric algebra S(py of P and S(py is identified with the
polynomial ring Key, e, ..., e,] where ey, es, ..., e, is a linear basis of P
over K. Next, the Poisson bracket {--} of P is defined by {e;, e;} =
le;, e;] for 1 < 4,5 < nand extend it by linearity using Leibniz’s rule on

all P. For instance,
o {e,.ejex} =e;{ej, e} + {eien}.ej

o {e;.ejep ent =eiej{er, en} +eenfej ent +ejen{e,en}
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and then we considered the restricted enveloping algebra of P with the
linear ordered basis of P and by applying the Poincare- Birkhoff-Witt
theorem (Oh et al., 2002) with this, a canonical basis is obtained, more
so the restricted enveloping algebra has a natural filtration that provide
us with an associative graded algebra that is isomorphic to a truncated
polynomial ring Sipy(P) = gr{Up(P),n 2 0}, where S(p)(P) is the re-
stricted symmetric algebra, when S(py(P) is applied to a defined Poisson

bracket, one obtained a Poisson algebra.

After constructing a Poisson algebra from an arbitrary algebra
P, we looked into it Poisson subalgebra which is defined for any subspace
Q of P. @Q is Poisson subalgebra of P if for all ¢1,q2 € Q , ¢1.q2 € Q and
{q1, 2} € Q and we provide some examples to illustrate how a subspace
Q@ of P can be a Poisson subalgebra of P.

We also investigated Poisson derivations and we noticed that for
a derivation D to be consider a Poisson derivation it has to be a derivation
as an associative algebra as well as a derivation as a Lie algebra. That

is D is a Poisson derivation if and only if

1. D(pq) = D(p)q + pD(q)

2. D{p,q} ={D(p),q} +{p, D(q)}

for all p,g € P

We further looked into the concept of Poisson morphism. For

a map ¢ to be a Poisson morphism, it has to be a morphism both the
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morphism of as an associative algebra as well as a morphism as a Lie
algebra. That is, For any two Poisson algebra P and @), the map ¢ :

P — () is said to be Poisson morphism if;

L. ¢(p1.p2) = ¢(p1)-0(p2)
2. ¢({p1,p2}pr) = {6(P1), d(p2)}o for all p1,p; € P

and we gave and example of a map that is a Poisson morphim. In this
example we showed the map ¢; : P — P ® @ that takes p — p® 1
and ¢y : Q — P ® @ that takes ¢ — 1 ® ¢ are Poisson morphisms and
{p®@1,1®q} =0.

In addition we investigated Poisson polynomial ring.This is be-
cause by considering the conditions on which some Poisson algebras on
a polynomial ring are given by derivation which can be seen as a Poisson
type of an anti-symmetric rings of polynomial constructed from an en-
domorphism § and a 8 - derivation Oh (2006). This is important cos it
gave us an inside on how to use this rings are applied to have a universal
property of Poisson algebra when Poisson enveloping algebra is applied
on them.

As a case study, modules of Poisson algebras are investigated in
the 4th section of our work, In the 5th section we looked into the concept
of Poisson enveloping algebras, in the last section we investigated the
ideals of a Poisson algebras. In each case study, examples, propositions
and theorems are given as well as working out on the proofs of some of

the proposition and theorem stated.
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This study is done in order to establish and give strong evidence
that Poisson algebras are closely related to associative algebras and Lie
algebras and some of the basic theorems that hold for them can be used
for Poisson algebras as well. For example the Jung Van-Der Kulk theorem
(Jung, 1942; Van der Kulk, 1953) which determines the automorphisms
of polynomial algebra with two variables. We used this theorem to give

some examples of Poisson algebra automorphisms with two variables.
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GENISLETILMIS OZET

P, degismeli ve birlesmeli bir cebir olsun. Eger P, {,} braket

carpimi ile bir Lie cebiri ve her py, ps, p3 € P icin

{p1.p2, 3} = p1.{p2, P3} + {1, P3}.P2, P1, P2, D3 € P,

Leibniz egitligi saglaniyorsa P ye bir Poisson cebiri denir. P bir Poisson
cebiri ise {, } garpimi Poisson braket olarak adlandirilir.

Poisson cebirleri 20. yilizyilin onemli aragtirma konularindan
biridir. Poisson cebirleri, Hamilton mekanigi caligmalarinda kargimizda
gikar. Ayrica kuantun grubu ile ilgili ¢caligmalarin merkezinde yer alir.
Geometride Poisson yapilarinin manifoldlar: Poisson manifold olarak bilinir.
Fizikte, Poisson cebir yapisi kovaryant kanonik oOlgiimiintin, Hamilton
mekaniginin ve topolojik cisimlerin 6nemli bir parcasidir. Poisson
cebirleri ayrica, Poisson geometrisinde ve degismeli birlesmeli cebirlerin
deformasyonunda temel bir yere sahiptir.Poisson cebirleri, serbest Lie ce-
birleri ve ek olarak serbest birlesmeli cebirler arasinda bazi benzerlikler
vardir. Serbest Lie cebirleri ile serbest birlesmeli cebirlerin bir cok 6zelligi
bilinmesine ragmen serbest Poisson cerbirleri ilgili genig bir bilgiye sahip

olunmayip bunlarla ilgili caligmalar yogun bir sekilde devam etmektedir.
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Poisson cebirlerinin ¢ikig noktasi esas olarak yaklagik iki yiiz yil
once Simeone Denis Poisson’un "three body problem on celestial Me-
chanic” ile ilgili caligmasina dayanmaktadir. Bu tezde herhangi bir Lie
cebirinden nasil bir Poisson cebiri inga edildigi gosterilmigtir. Poisson
cebirleri ilgili aragtirmalarda karsimizda iki 6nemli Poisson cebiri siifi
gikar.

Birincisi S, ile gosterilen simpletik cebirdir. S, 2n degiskenli

K[p1, - -Pns @1, -+ Gn

polinom cebiri olup agagida tanimlanan braket islemi ile bir Poisson cebiri
yapisi olugturur.
1, egeri=j,
{pirai} = 0ij - {pi it = {ai, 45} = 0 ve 65 =
0, eger i j.
Digeri ise verilen bir Lie cebirinden insa edilen Poisson cebiridir.
P, lineer bazi ey, es, ..., ¢€,,... olan bir Lie cebiri olsun. S(p) simetrik
cebiri Kleq,es, ..., e,] polinom cebiri olup S(py iizerinde Poisson braketi
{ei,e;} = lei, e;] olarak tanmimlanir. S(py bu komiitator islemi ile bir Lie
cebiridir ve Leibniz kuralini saglar.
Simdi K cismi iizerinde taniml bir P Lie cebirinden bir Poisson
cebiri elde edelim.
Ik olarak P nin bir €1, €, ..., e, lineer baz secilir daha sonra simetrik
cebiri S(py olarak da bilinen K[eq, e, ..., €,] polinom cebiri ele alinir. 1 <
i,j < nigin {e;, e;} = [e;, ;] olarak tamimlanan Poisson braketi, lineer
olarak Leibniz kuralina genisletebilir.

ornegin,



o {e;.ejex} =e;{ej e} + {eien}.ej
o {e;.ej.er,ent =eie;{er en} +eep{ejen} +ejenf{e, ent

Béylece (P) bu {, } ¢arpim ile bir Poisson cebiridir. Ayrica bir
¢ok Poisson cebiri ornegi verilmigtir. En cok bilinenleri ise polinom ce-

birlerinden elde edilen Poisson cebiridir.

Genel olarak K[p1,...pn, q1, -+, @n], 2n degigkenli polinom cebiri
n  9f; 9g; 9gi Ofi
{f,9} = Zi:l 8_;{1-8_21- - a_;g,ia_gi
braket ¢arpimi ile bir Poisson cebiridir.
Bu genellemeden farkli olarak ii¢ degiskenli C[py, po, p3] polinom cebiri

agsagida tanimlanan braket carpimi ile bir Poisson cebiridir.

P = Clp1,p2,p3] ve f € P olsun, her g,h € P i¢in

fm fpz fp3
{97 h}f ~ |91 Yp> Yps
hpl hPQ hps

olarak tanimlansin. O zaman C[py, ps, p3] bu garpim ile bir Poisson ce-
biridir.

Eger L, serbest iiretec kiimesi X olan bir serbest Lie cebiri ise
S(r) serbest iirete¢ kiimesi X olan serbest Poisson cebiridir. Bu tezde
ayrica bircok Poisson cebiri 6érnekler verilmigtir.
Eger P bir birlesmeli cebir ise p,q € P icin {p,q} = p.q — q.p olarak
tanimlanan braket iglemi ileP bir Poisson cebiridir. Yani her birlesmeli

cebir ayni zamanda bir Poisson cebir olarak diistiniilebilir.
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P bir Poisson cebiri ve (), P nin bir alt vektor uzayr olsun. Eger @,
hem birlesmeli cebir hemde Lie cebiri olarak P nin bir alt cebiri ise @) ya
P’nin bir Poisson alt cebiri denir.

p € P olmak tizere p nin P deki merkezi, P nin bir Poisson alt cebiridir.

Ayrica p nin merkezi

her p € P i¢in, C(p) ={q € P: {p,q} = 0}

olarak tanmimlamr ve C(P), P nin bir Poisson alt cebiridir.

P ve @, K cismi iizerinde tanimli herhangi iki Poisson cebiri olsun.

¢ (P7{7}P) 2 (Qv{a}Q)

lineer doniigiimii her py, ps € P icin

¢(p1-p2) = ¢(p1)-d(p2) ve ¢({p1, p2}pr) = {9(P1), ¢(P2) }e
egitliklerini sagliyorsa, ¢ ye bir Poisson homomorfizmi denir. Eger ¢ ayni

zamanda birebir ve Orten ise ¢ ye bir izomorfizm denir.

o P—=PRQ,p—=>pRlvegdy:Q —PRQ,q¢q—>1Rq
birer bir Poisson homomorfizmidir ve {p ® 1,1 ® ¢} = 0.

Jung-van-der-Kulk teoremi K [p, ¢] polinom cebirinin otomorfizmleri grubunun
yapist belirlenmistir (Jung, 1942; Van der Kulk, 1953).

Ornek 3.1 ile K[p, ¢] polinom cebiri iizerinde tanimh

af 0 dg 0
{f.o} =5t - 53 f.9€ Kp.d
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braket iglemi ile bir Poisson cebiridir. Jung-Van-der-Kulk teoreminden

(Jung, 1942; Van der Kulk, 1953)
T:p—>p+q3,q%qvew:p—>p+q,q—>p+2q

K|p, q] polinom cebirinin birer otomorfizmdir. Bu tezde 6rnek olarak
ve 1 nin Poisson cebiri olarak K[p, ¢] nun bir otomorfizmi oldugu géster-
ilmigtir.

P bir Poisson cebir olsun. Eger D : P — P doniisuimi D nin hem
birlesmeli cebiri olarak hem de Lie cebiri olarak bir derivasyonu ise D ye
bir Poisson derivasyon denir.

Yani D : P — P bir lineer doniigtim olmak tizere her p;, ps € P icin

D(p.q) = D(p).q + p.D(q) ve D{p,q} = {D(p),q} + {p, D(q)}

ise D ye, P nin bir Poisson derivasyonu denir. Poisson derivasyonlar1 3.5
Boliimde incelenen Poisson polinom halkalarinin belirlenmesinde 6nemli
bir rol oynar. P bir Poisson cebir olsun. Bu cebir lizerindeki r degigkenine
gore polinomlarmm halkasim P[r| ile gosterelim. Degigmeli ve birlesmeli
bir cebir olan P[r| tizerinde Poisson braketinin varhginin Poisson drivasy-
onlari ile ilgili oldugu bilinmektedir.

Soyleki,
NB:P— P
bir lineer doniigiimler olsun. Teorem 3.1 de (Oh, 2006), p,q € P i¢in

{p,qa} = {p.a}pr,{p,7} = B(p)r + A(p)
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tamiml carpimin Poisson braketi olmasi igin gerek ve yeter kogulun £ nin

bir Poisson derivasyonu, A nin da asagidaki

AM{p,a}p) —{\p),atr —{p,A(@)}r = A(p)B(q) — B(P)A

esitligi saglayan bir derivasyon oldugu gosterilmistir.
p,q € Picin D,(q) = {p, ¢} olarak tamimlanan D, : P — P dontigiimii P
nin bir derivasyonudur. Eger D, P nin bir derivasyonu ise {D, D,} =
Dp(py elde edilir. Ayrica p,q € P i¢in {D,, D;} = Dy, g oldugu goster-
ilmigtir.

4. Boliimde Poisson modiilleri incelenmistir. P bir Poisson
cebiri olsun. P yi birlesmeli cebiri olarak diigiinelim ve Mp bir P-modiil

olsun.
o: P x Mp — Mp
bilineer doniigiimii her py, p, € P ve m € Mp icin

p1© (pam) = {p1, p2}m + pa(p1 o m)

esitligini saglasin. Eger P yi bir Lie cebiri olarak diigiindiigiimiizde, Mp

bir P-Lie modiil ve

(p1p2) o m = p1(p2 0 m) + pa(p1 o m)

ise Mp ye bir Poisson P-modiil denir. Bu kisimda Poisson modiilleri
orneklerle verilmisgtir ve bazi onermeler ispatlanmigtir. 5. bolumde ise
Poisson cebirlerin enveloping cebirini inceledik. Son Boliimde ise Poisson
cebirlerinin ideallerinden bahsettik. P bir Poisson cebiri ve I C P olsun.

Eger I birlesmeli cebir olarak P nin bir ideali ve ¢ € I ve her p € P icin
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{i,p} € I ise I ya P nin bir ideali denir. Yani I, P nin hem birlesmeli
cebir olarak hemde Lie cebiri olarak bir ideali ise I, P nin bir Poisson
idealidir.

Bu tanimi daha iyi anlamak i¢in P = C/[py, ps, p3] polinom cebirini diigiine-

lim. f € P olsun. g,h € P i¢in

fpl fm fp3
{90} r =90, Gpo 9ps
hpl h’P2 hp3

olarak tamml {, }; braket carpimi ile P bir Lie cebiri olup, Leibniz ku-
ralin saglar. Yani (P, ., {, }C) bir Poisson cebiridir.

Daha sonra fP = {f.p : p € P} kiimesinin P nin bir Poisson ideali
oldugu gosterilmigtir.

Son olarak Poisson asal ideal ve Poisson maksimal ideal kavramlarindan

soz edilip bir onerme ve ispati ile tez tamanlanmigtir.
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1. INTRODUCTION Ibrahim BAKARI

1. INTRODUCTION

A Poisson algebra is an algebra that is considered to have the
form of a commutative associative algebras and that of a Lie algebras,
which are congruent with each other when we apply the Leibniz identity
to their structures. This algebra was introduced by Simeone-Denise Pois-
son in the 19th century when he investigated the structures of celestial
mechanics. Poisson algebras is connected to different branches of mathe-
matics and physics. In mathematics, Poisson algebras, contribute a great
deal in Poisson geometry (Vaisman, 2012) and deformation of commu-
tative associative algebra(Gerstenhaber, 1964). In physics Poisson alge-
bra plays a fundamental part in deformation quantization (Kontsevich,
2003), Hamiltonian mechanics and topological field theories (Sneddon
et al., 1980). Poisson structures can be used in the investigation of ver-
tex operator algebra.

In this thesis we investigate the notion of Poisson algebras, mod-
ules of Poisson algebra, enveloping algebras of a Poisson algebra and
Poisson ideals. We will also construct Poisson algebras from an arbitrary
algebra. It should be noted that we will mainly work with commutative

Poisson algebra.



Our work has five sections, the first section is basic definitions
and theorems, here we recalled some definitions and we tried to dis-
cuss and prove some theorems and propositions. This will guide us to
understanding the objectives of our work. In the next four sections, def-
initions, theorems and concepts of Poisson algebras, Poisson modules,
Poisson derivations and Poisson ideals are stated and solutions and some
proves are given. We assume that all fields throughout this thesis have

characteristic zero.



2. BASIC DEFINITIONS AND THEOREMS Ibrahim BAKARI

2. BASIC DEFINITIONS AND THEOREMS

Definition 2.1. Let S and T be two vector spaces over F. A function
¢ S — T is said to be a linear transformation if for any two vectors

s1,82 € S and any scalar f € F' the following axioms hold.

L (51 + s2) = p(s1) + p(s2)

2. p(fs1) = fols).

Definition 2.2. For any algebras S and T'. A linear map ¢ : S — T is

a homomorphism if for all s1, 50 € S, p(s152) = @©(s1)P(52).

Definition 2. A linear transformation ¢ : S — T’ is an isomorphism if
it is a bijection(one-to-one and onto). If there is an isomorphism between

S and T we say that S is isomorphic to T and write S ~ T

The inverse of an isomorphism is an isomorphism and the composition

of two isomorphism is also an isomorphism.

Definition 2.4. For a vector space T', a linear transformation ¢ : T —
T is an endomorphism of 7. The set of all such endomorphism forms a

vector space over the field F' denoted by End(T).

An endomorphism of T which is also an isomorphism is known as an

automorphism.



2. BASIC DEFINITIONS AND THEOREMS Ibrahim BAKARI

Definition 2.5. For any two vector spaces S, T, let ¢ : S — T be a

linear transformation then

o Ker(p)={se€S:p(s)=0}
e Im(p)={teT:t=yp(s),secS}

Definition 2.6. A map ¢ : T xT — F'is a bilinear map if the axioms
below hold,

1. gﬁ(tl + t2,t3) = gO(tl,tg) + QO(tQ, tg) and QO(ftl, tg) = f(p(tl, tg)
2. p(t1,ta +13) = w(t1, ta) + @(t1,t3) and p(t, ft2) = fo(ti, t2)

Definition 2.7. An algebra P on a field F' is a vector space with a

bilinear map
P x P — P, (p1,p2) — pipa-
If we have,

D1, D2, D3 € P, P1(p2p3) = (P1D2)ps

then we say P is an associative algebra.

If 1p € P such that 1pp = pl,, Vp € P then P is a unitary algebra.

Definition 2.8. A Vector subspace T' of an algebra P is a left ideal if
for all py € Pand t € T, tp; € T and a right ideal if for all ¢ € T and
P2 € p, pot € T'. If T is at the same time left and right ideal, then we say

T is a two-sided ideal.



2. BASIC DEFINITIONS AND THEOREMS Ibrahim BAKARI

Definition 2.9. Let T be a two-sided ideal of P, the algebra P/T is
known as the quotient algebra of P by T

Definition 2.10. Let P be an algebra on a F field. An F-linear map
0 : P — P is said to be a derivation of P if it satisfies the the Leibniz’s

law.

0(p1p2) = 0(p1)p2 + p16(p2) for all py,ps € P.

The collection of all such derivations is know as Der(P).

Properties Of Derivation:
If P is an algebra over a vector space F' and 6 : P — P is an

F-derivation then

e If 1 is the unit of P, then 6(1) = 0(1?) = 26(1) this implies that
6(1) = 0. Generally 0(k) =0 for all k € F

e If P is commutative then 6(p?) = pd(p) + 0(p)p = 2pf(p) and
O(p") = np"~10(p) by the Leibniz’s Law.

Proposition 2.1. Let D and G be elements of Der(P) then,
e Der(P) is a vector subspace of P
e The composition D o GG is not a derivation

Proof. We have to show that Der(P) is a vector subspace of P.
Let D,G € Der(P), p1,ps € Pand k € F



2. BASIC DEFINITIONS AND THEOREMS Ibrahim BAKARI

(1)

(D + G)(p1p2) = D(p1p2) + G(p1p2)
= (D(p1)p2 + 11 D(p2)) + (G(p1)p2 + p1G(p2))
= D(p1)p2 + p1D(p2) + G(p1)p2 + p1G(p2)
= D(p1)p2 + G(p1)p2 + p1D(p2) + p1G(p2)
= (D(p1) + G(p1))p2 + p1(D(p2) + G(p2))

= (D4 G)(p1)p2 + pi(D + G)(p2)

Hence D + G € Der(P).
(2)

kD(pip2) = kD(pip2)
= k(D(p1)p2 + p1D(p2))

= kD(p1)p2 + p1kD(p2)

Hence kD € Der(P)
From (1) and (2) we see that Der(P) is a vector subspace of gl(P).



2. BASIC DEFINITIONS AND THEOREMS Ibrahim BAKARI

For simplicity, let denote D o G = DG where DG is the composition of
D and G.

DG(pip2) = D(G(p1)p2 + p1G(p2))
(G(p1)p2) + D(p1G(p2))
(G(p1))p2 + G(p1)D(p2) + D(p1)G(p2) + p1D(G(p2))
= (DG)(p1)p2 + p1(DG)(p2) + G(p1)D(p2) + D(p1)G(p2)
# (DG)(p1)p2 + p1(DG)(p2)

|
S O

Hence DG is not a derivation.
Definition 2.11. An algebra P is a Lie algebra with the product denoted
by

(p17p2) — {P17P2}

(where the bracket {—, —}is a Lie bracket) if the following are true:
e {p,m}=0

hd {plv {p27p3}} + {p27 {plap?)}} + {p3, {pl,pg}} =0

for all p1, pa, p3 € P.
Definition 2.12. For any Lie algebra P and it subspace @), if for all
01,92 € Q, {q1,q} € Q then @Q is a Lie subalgebra of P.

Proposition 2.2. Generally subalgebras, quotient algebras and direct

product of Lie algebras are Lie algebras.
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Example 2.1. For any associative algebra P the bracket {p;,p.} =

p1p2 — p2p1 defines a Lie algebra structure on P.

Example 2.2. For a vector space S, End(S), which is the endomor-
phisms of S consists of a structure of an associative algebra and by
the multiplication of the composition of maps denoted by gl(S5), it is
a Lie algebra with the bracket defined as {p1,p2} = pip2 — pap1 for all
p1,p2 € End(S).

Definition 2.13. For any two Lie algebra P, and P, a linear map ¢ :
P, — P, is morphism of Lie algebra if for all p1,ps € P, ¢({p1,p2}) =

{¢(p1), 0(p2)}

Definition 2.14. Let P be an associative algebra and D be an asso-
ciative derivation of P, if for all p1,ps € P, D({p1,p2}) = {p1, D(p2)} +
{D(p1),p2} then D is also a Lie algebra derivation.

Definition 2.15. Let P be a Lie algebra and let p € P the map P — P
defined by p — {p1, p} is known as the adjoint application of p; and de-
noted by adp; .

Proposition 2.2. let P be a Lie algebra, then Der(P) is a Lie subalge-
bra gl(P) and also the map ad : p — Der(P) defined by p — adp is a

Lie algebra homomorphishm.
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Proof. Let D,G € Der(P) and p;,ps € P
{D,G} = (DG — GD)(p1p2)

= D(G(p1p2)) — G(D(p1p2))

= D(G(p1)p2 + p2G(p1)) — G(D(p1)p2 — p2D(p1))

= D(G(p1)p2) + D(p2G(p1)) — G(D(p1)p2) — G(p2D(p1))
= D(G(p1))p2 + G(p1)D(p2) — D(p2)G(p1) + p2D(G(p1))
— G(D(p1))p2 — D(p1)G(p2)) + G(p2) D(p1) — p2G(D(p1))
= D(G(p1))p2 — G(D(p1))p2 + 11 D(G(p2)) — p1G(D(p2))
= (D(G(p1)) — G(D(p1)))pa2 + p1(D(G(p2)) — G(D(p2)))

(
= {D,G}(p1)p2 + p1{D, G}(p2)

Definition 2.1 For any @ # N, P is a free Lie algebra generated by N
if P is a Lie algebra and there exist a map ¢ : N — P satisfying the
following properties. For every Lie algebra L and every map ® : N — L
sthere exist exactly one morphism f : P — L, such that the following

diagram commutes.

N -2, p

N

L
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3. POISSON ALGEBRAS

In this section of the thesis, we will define the main concept of

our work, give some examples and some lemmas and propositions.

Definition 3.1. For any algebra P over a commutative associative
ring R, P is a Poisson algebra over R if (P,.) is associative on R and
(P,.,{—,—}) is a Lie R-algebra which are congruent over the Leibniz’s

rule

{p1.p2,p3} = p1.{p2, p3} + {P1,p3}.p3, for all p1,pe, p3 € P.

From definition 3.1 we see that Poisson algebra is an algebra that makes
commutative associative algebra and Lie algebra to be congruous with

each other via the Leibniz’s identity.

Associative algebras are Poisson algebras if we consider the zero
Poisson bracket {p;,p2} = 0 and Lie algebras are also a Poisson algebras
by the zero associative product p;.po = 0. such algebras are called null

Poisson algebras.

Example 3.1 Let consider the bracket {p1,p2} = p1p2 — p2p1 on an as-

sociative algebra P, P becomes a Poisson algebra.

Solution: Let py,po,p3 € P, we have that

11
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{p1p2,p3} = (ppo)pg —P3 (Plpz)
= p1(pap3) — p1(psp2) + (P1p3)p2 — (P3p1)D2

= p1.{p2.p3} + {p1.p3}.p2

Example 3.2. The commutative ring K|p, g| of polynomial has a Pois-

son structure given by

__ O0fodg 9g Of
{f.9} =575 — 525q

for all f,g € K|p, q|.

Solution: This can be shown by showing that the bracket defined at
Example 3.2 holds for all the axioms of Poisson algebra.

Let f,g,h € K[p,q] and k,r € K ,

of d(kq+rh) O(kg+rh)of
kg rh} = ap  9¢  9p g
_ of d(kg) N 0fo(rh)  O(kg)0f 9(rh)0f
dp 0Oq dp 0Jq dp 0Jq dp 0Jq
:k<a_f@_@ﬁ> H(ﬁ%_@@_f)
Op dq  Op Oq Op dq  Op dq

=k{f, g} +r{f h}

That is {f, kg + rh} = k{f, g} + r{f, h} Vk,r € K and f,g € K|p,q|.

Hence the bracket is bilinear.

12
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Vf,g.h € Klp,ql, is {f,{g,h}} + {9, {N, f}} +{h,{f,9}} =07

{/ {g.h}} +{g,{h, f}} +{h.{[, g}}
_ g4 990h _ Oh0g ohof _ 0f oh 9fdg _ 990f
=1/ Op dq 8p8q}+{g’ Op0Oq Op aq}+{h’ Opdq Opdq
_ 0104 _0ADf | 0408 _0Bdy  0hOC _oC0h
C YOp dq  Op Oq Jp dg  Op Oq Jp 0qg  Op Oq
Jdf 0A 0g0B 0hoC 0AOf 0Bdg 0COh
= (e | T ) M O e
Op dqg Opdq Op Jq Op dq Opdq Op Oq

=0

This proves the Jacobi Vf, g, h € K|[p, q]. This is done as such because our

algebra is assumed to be commutative and hence the partial differentials,

0f 09 _ 99 9f
Op Oq ~ 0Oq Op

For simplicity we take

990h _ 0hdg _ A
Op Oq Op Oq ’

Ohdf _ 0foh _ B

Op 9q Op Oq )
0109 _ 0401 _ v

dp 9q Op dq

3) Leibniz’s identity: Let f,g,h € K|p,q|,

13
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_ 0(fg)0h 0L O(fg)

_ . of  ,09,0h 0Oh Of .99
_Ofdh 0hOf  0g0h Ohdg
_g(f?p@q 8p5q)+(0p0q 8p0q)f

= g{f,h} +{g,h}f

From 1) , 2) and 3) we see that the ring K{p,q] structure is that of

Poisson algebra defined by {f, g} = g—ﬁg—g — g—f}g—g. Hence K|p, q| is forms

a Poisson algebra.
Generally the polynomial ring K[py, ...pn, q1, ..., ¢] forms a Poisson alge-

bra if we define its Poisson bracket as follows,
_ N\ O0fidg; __ 0gi0fi
{f.9)= zi:l dpi 9¢;  Opi Oq;

Example 3.3. Let P = C|p,q,r] and f € P, and by defining the partial

differentials of f with respect to p, ¢, r as follows,

{a.,r} = Lo  Arpy=fo Ap.ad = 1

then there is an exact Poisson bracket {—, —} on P giving by

o fa fr
{gah}: 9o Y9q¢ Gr 7{f7_}:0
hy hy hy

14
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for all g,h € P.

We are going to show that the bracket {g,h} is a Poisson bracket by
brute calculation and thus show that the complex polynomial ring P =
C|p, q,r] is a Poisson algebra.

Solution:

1) Let s,t,c € Clp,q,r], and n,u € C

f fq fr
{Sa Ut + /.LC} = Sp Sq Sy
(nt + pc)y (Nt + pc)g  (nt + pe),

fp fq fr
- Sp sq 87‘

Nty + pcp  Ntq + pcg Nty + pcy

fp fq f?“ fp fq fr

=18, S¢ S| T8 S; S

ntp  ntg Nty HCp  [HCq  HCr

fo o I fo fo T
=T1|sp Sq S| T H|[sp 54 S

t, ty t, Cp Cq Cp

This shows that {s,nt + uc} = n{s,t} + u{s, ¢} which proofs the Bilin-
earity of the bracket

15
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2) By the straightforward but a little bit long calculations, Jacobi iden-

tity holds on the complex ring P = C|[p, ¢, r].

3) Leibniz’s identity holds

P PR
{sticky = |(st), (st)g (st),
Cp Cq Cr

o Jo Ir o Jfo I
=sl|t, t, t.|ttla, a; a,

Cp Cq Cr Cp Cq Cp

= t{s,c} + {t,c}s

Hence the bracket is a Poisson algebra bracket.

16
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3.1. The Construction of a Poisson Algebra
In this section, Poisson algebra from is built from an arbitrary
associative algebra P.

There are two main categories of Poisson algebras:

1. The symplectic algebra. For each n, S,, as an algebra is a polynomial
algebra k[p1, ...pn, q1, .-, n] With its Poisson bracket defined as
1, ifi=y,

0, ifij.

where 1 < 4,5 < n

2. Algebra of Lie class. For a P Lie algebra that have the linear basis
given by sy, 8, ..., Sy, ... and S(p) the symmetric algebra of P given
by the Poisson bracket defined by {s;, s;} = [s;, s;] for all 4, j where
[-,-] is the commutator of Lie algebra P. This algebra becomes Lie

class algebra of P.

With this in mind, given a Lie algebra on a K-field, a Poisson algebra P

can be constructed as follows:

First, we should observed that P as a space of vectors, is iso-
morphic to the symmetric algebra S(py of P and S(p) is the same as the
ring K|[sy, Sa, ..., S,| where s1, so, ..., s, are linear basis of P on K.

Next, Poisson bracket {—, —} of P is defined by {s;,s;} = [s;, s;] and

expand it by linearity using Leibniz’s axioms on all P. For instance,

17
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o {s;.5;,sK} = si{sj, sk} + {5, Sk}5;
o {5;.5).5k, 8w} = $iSj{Sk; Sw} + Sisk-{5j, Sw} + Sjs6-{5, Sw}

With this expansion, we obtain a Poisson algebra.

Example 3.1.1. In this Example we are going to construct a Poisson
algebra from an almost commutative algebra U, that is filtered asso-
ciative algebra U° C U! C U? C ... and U'U’ C U¥ such that the
gr(U) = &2, = U;/U;_; is commutative and let u* be the class of u € U*

and it Poisson bracket is given by,

{u*,v*} = wv* —v*u* € gr(U) , with this bracket, U is a Poisson
Algebra.
Solution: First we will have to show that the bracket is bilinear and

it is a Lie algebra bracket then show that the Leibniz’s axiom holds.

For all u*,v*, w* in the classes of u,v,w and ki, ks € K.

{u*, ko™ + kow™} = u* (ko™ + kow™) — (k1v* + kaw™)u®

= u*(k1v") — (k1o")u” + (u*(kaw™) — (kaw™)u")

* ok

u*v u*) 4 ko (uw® — kow™u”)

(

= u*(kv") + u*(kaw®) — (kyv*)u* + (kqw™)u*
(
(

1

ki{u*, v} + ko {u", w*}

18
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Here we show that {u*, {s*,w*}} + {v*, {w*, u*}} + {w*, {u*,v*}} =0

{u”, {v", w b} +{o" {w”, w"} )+ {w”, {u”, 0"}
= {u",v'w* —wv'} + {v*, v v —wu} + {w*, v'u" —vu}
= —{v'w, u} + {wv, u} — {uw, v} + {wur, v}
—{u™v*, W'} + {v*u", w}
= —v " {w", v} — {v*, vt +w v u} + {w ut o
—u' {w*, v} — {u", v}t +wt {u, v} + {w" v ot

—u* v, w} — {u, w ot + ot {ut w4+ {vt, vttt

=0
We are going to show that the identity {u*.v*,w*} = u*.{v*,w*} +

{u*, w*}.v* holds

{u* v, W'} = (V") w* — w*(u v")
= (u"(v'w") = u (W) + ((ww")o* — (w*(u")v7))

=u" {v",w} + {u",w "

from the Solution: above, we see that U becomes a Poisson algebra.
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3.2. Poisson Subalgebra
Definition 3.2.1. For any Poisson algebra P, a subspace ) of P is a
Poisson subalgebra of P if Vqi,q2 € Q, ¢1.¢2 € Q and {q1, ¢} € Q.

Definition 3.2.2. For a Poisson algebra P, if for every p € P the set of
element Cp(p) = {p1 € P : {p,p1} = 0} is called the Poisson centralizer
of pin P.

Example 3.2.1. Cp(p) is a Poisson subalgebra of P.

Solution: For py,ps € Cp(p), {p1,p2} € Cp(p) by the Jacobi identity

and

{p1p2,p} = p1{p2, P} + {p1,p}p2
=0

Hence Cp(p) is a Poisson subalgebra of P.
Example 3.2.2. Let P be a Poisson algebra,
Cas(P) ={p1 € P:Vp € P, {p1,p} =0}

is a Poisson subalgebra of P. This is obvious from Leibniz’s identity and
Jacobi identity. This subalgebra is known as Casimir subalgebra and its

elements are called Casimir elements. (Caressa, 2000)
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3.3 Poisson Morphisms
Definition 3.3.1. For any two Poisson algebra P and (), the map
o: (P4, }p) — (Q,{, }o) is said to be Poisson morphism if;

L. ¢(p1-p2) = é(p1)-0(p2)

2. ¢({p1,p2}p) = {9(p1), ¢(p2) }q for all py,p, € P

Proposition 3.3.1. Let P and ) be Poisson algebras. Then we can
construct a Poisson algebra structure on their tensor product P ® @)

(Ciccoli and 1 Witkowski, 2006) by defining its Poisson bracket as follows:

{PL®q1,p2 @ @2} = {P1p2}a ® Q12 + p1ip2 @ {q1, 2} B

for all p1,ps € P and ¢1, ¢ € Q.

Example 3.3.1. From the Proposition 3.3.1 we see that the map ¢, :
P — P®Q that takes p - p® 1 and ¢5 : ) — P ® () that takes
q — 1 ® q are Poisson morphisms and {p ® 1,1 ® ¢} = 0.

Solution: Now let show that ¢; is a Poisson morphism.

¢1(p1p2) = (P1p2) ® 1
=P ®1)(p®1)
= ¢1(p1)<b1 (p2)

then, ¢, is as an associative algebra morphism and since we have
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d1({p1,p2}tp) = {P1.02}Pp®1
={P ®1L,p®1}pgqg
= {01(p1); ¢1(p2) } Pog

¢, is also a Lie algebra morphism.

This shows that ¢; is both an associative algebra morphism and a Lie
algegra morphism. Hence ¢; is a Poisson algebra morphism. By the
same logic ¢s is also a Poisson algebra morphism. Proposition 3.3.2.

Lets consider the map 7 defined by
Tip=p+a’qg—g

we know from Jung -van der Kulk theorem (Jung, 1942; Van der Kulk,
1953) that 7 is an automorphism of the polynomial ring K{p,q]. If we
consider K|p, q] as the Poisson algebra defined in Example 3.2, we claim

that 7 becomes the automorphism of K|[p, ¢| as a Poisson algebra.

Solution: For this, we are going to show that 7({p,q¢}) = {7(p), 7(¢)}.

From the Definition of Poisson bracket in K[p, ¢, {p,q} = 1.

Applying 7 on this bracket we have 7({p,q}) = 7(1) = 1.

Moreover we have {7(p),7(q)} = {p+ ¢, ¢} = {p,q} =1
This shows that 7({p,q}) = {7(p),7(q)}
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Proposition 3.3.3. Consider the automorphism group K{p,q| of poly-
nomial algebra determined by the Jung-Van der Kulk theorem (Jung,
1942; Van der Kulk, 1953). By this theorem we know that the map given
by

Y:p—=p+q,q—p+2

is an automorphism of the polynomial algebra K [p, q] and from Example
3.2 we also know that K|p,q| is a Poisson algebra,then 1) is a Poisson

algebra automorphism of Klp, q|.

Solution: We just have to show that ¥ ({p, ¢}) = {¥(p), ¥(q)}
From the Definition of Poisson bracket in K[p, ¢, {p,q} = 1.
If we apply ¢ on this bracket we have ¥ ({p,q}) = (1) = 1.

On the other hand we have that {¢(p), ¥ (q)} = {p+4q,p+2¢} = {p,q} =
1

This shows that ¢ ({p, ¢}) = {¥(p), ¥(q)}-

Definition 3.3.2. For P and () be a Poisson algebras and the trans-

formation ¢ : P — @ be a Poisson morphism
e ¢ is a Poisson isomorphism if it is bijective
o If P = () then, ¢ is a Poisson algebra endomorphism

e If P =@ and ¢ is bijective then ¢ is a Poisson algebra automor-

phism
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3.4 Poisson Derivations
Definition 3.4.1. Let P be a Poisson algebra and the map D : P — P

is a Poisson derivation of P if D holds on following;
1. D(pq) = D(p)q + pD(q)

2. D{p,q} ={D(p),q} + {p. D(q)}

Vp,q € P

From Definition 3.4.1 we see that for a derivation D to be a Poisson
derivation of a Poisson algebra P, D has to be both a derivation of P as
an associative algebra and that of P as a Lie algebra.

Proposition 3.4.1. Let P be a Poisson algebra, for every p € P if we
defined a map D, : P — P such that D,(q¢) = {p,q} then D, is a
Poisson algebra derivation.

Proof. Let ¢q,r € P, from Leibniz’s law we have that,

Dy(qr) = {p,qr}
=q{p,r} +r{p, ¢}
= qu(T) + er(Q)

and from Jacobi identity

Dy({qg,7}) = {{p. a},r} +{a. {p.r}}
= {DP(Q)7 T} + {Qa Dp(r)}
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Leibniz’s identity shows that D, is a derivative of an associative algebra
P and by using the Jacobi identity on D, we see that D, is the Derivative
of Lie algebra P. Hence Dp is a Poisson algebra derivation.

Result: For every p e P, D, : ¢ — {p, ¢} is canonical, that is, it is both

associative product and the Poisson bracket derivation.

Example 3.4.1. The map adp : P — P, p — {p, ¢} is a derivation of
P as Poisson algebra.

Solution: From Leibniz’s law we have,

adp(qr) = {p,qr}
=q{p,r} +r{p,qa}

= q.adp(r) + r.adp(q)

which is the derivation of () as an associative algebra. From Jacobi

identity, we have that,

adp{q,r} = {p,{¢,r}}
={{p.q¢},r} +{a.{p,7}}
= {adp(q),r} + {q, adp(r)}

which a derivation of P as a Lie algebra. Therefore adp is a Poisson

algebra derivation.
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Definition 3.4.2. The associative derivation of a Poisson algebra is

known as ”Hamiltonian”. It is defined by
ham(p) : P — P

such that;

ham(p)q = {p, q}

Vp € P. The set of all such derivation is denoted by Ham(P).
Proposition 3.4.2. Let D be a derivation of P and p € P then
{DvDP} = DD(P)'

Proof. For an element ¢q of P

{D,Dp}(q) = (DD, — D,D)q
= (DDy)q — (DpD)q
= D(Dy(q)) — Dp(D(q))
= D({p.q}) —{p, D(q)}
={D(p),qa} +{p, D(q)} — {p. D(a)}
={D(p), ¢}
= Dp)(q)

from the prove above we see that Ham(P) is a Lie ideal of Poisson deriva-

tion of P.
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Proposition 3.4.3. For all p,q € P, {D,, Dy} = D

Proof. For an element r € P

{Dp, Dg}(r) = (DpDy — Dy Dy)
= (DpDyg)(r) — (DgDy)(r)
= (Dp(Dy(r)) = (Dg(Dp(r))
= Dy({a.r}) = Dy({p,7})
={pAer}t —{aAp.r}}
={{p.q},7}

— D{p,q} (r)

Then we get {D,, Dy} = Dy, q1- We note that Ham(P) is a Lie subalge-
bra of Der(P).
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3.5 Poisson Polynomial Rings

When we consider the conditions on which some Poisson alge-
bras on a polynomial ring are given by derivation which can be seen as a
Poisson type of an anti-symmetric rings of polynomial constructed from
an endomorphism 5 and a 3 - derivation Oh (2006). With this in mind,
we know that for any Poisson algebra P, a k-linear map f: P — P is a
Poisson derivation if 5 is both a derivation as an associative algebra and
a derivation as a Lie algebra. In this part we used the articled written
by Oh (Oh, 2006).
Theorem 3.1.
Let 8 and A be k-linear map on a Poisson algebra P with Poisson bracket
{.,.}p, Then the ring P|r| of polynomial is a Poisson algebra with a

bracket given as

{p,qa} = {p,a}pr,{p,7} = B(p)r + A(p) (1)

for all p, ¢ € P if and only if § is a Poisson derivation and A is a derivation

so that

A{p, atp) —{AD), a}r —{p, M@)}r = AP)B(g) = B()A  (2)

for all p,q € P see (Oh, 2006). Here we can denote the Poisson algebra
Plr] = P[r; 5; A
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Proof. Let P[r| be a Poisson algebra with the Poisson bracket given by

(1), we have

{pg,r} = B(pa)r + A(pq)
pla.r} +{p.rta =p(B(@)r + A(q) + (B(p)r + Ap))g
= (pB(q) + Bp)@)r + (pA(q) + A(p)q)
= (pB(a))r + (B(p)a)r + pAla) + A(p)g

Since {pq,r} = p{q,r} + {p, r}q then by the polynomial identity we have
B(pq) = pB(q) + B(p)g and A(pg) = pA(q) + A(p)g for all p,q € P. This

shows that both § and A are associative derivations on P. In addition,
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since the Poisson bracket satisfy the Jacobi, we have

0={{p.¢},v} +{{a.v}.p} + {{r.p}. ¢}
={p,atp, 7} + {B(@)r + Aa),p} + {q, B(p)r + A(p)}
= B({p, a}p)r + A({p, a}r) + {B(a)r. p}
+{M@).p} +{a. B(p)r} + {g\(p)}
= B({p.atr)r + A({p.a¢}r) +{B(a),p}r
+{t,a}B(0) + {A(b),a} + {b, B(a)}t + {b,1}B(a) + {b, A(a)}
= B({p,a}p)r + A({p, a}r) + {B(a), p}r — (B(p)r
+ A(p))B(a) + {A (@), p} +{a, B(p)}t + (B(q)t
+ A@)B(p) + {a, Mp)}
= B({p. atr)r + A({p.a}r) +{B(p), a}r — B(a)B(p)r — B(a)A(p)
+ {Ma),p} + {a. B(p)}r + B(p)B(a)r
+B(P)Ma) +{a. Ap)}
= (B{p.a}r) —{BP), a}r —{p, B(@)}p)r
+A({p.atr) — {A D), atr — {p, M)} — A(p)B(a) + B(a)A(p)

for all p,q € P and this shows that § is a Poisson derivation and A is a
derivations such that (3, \) satisfies

Mp.gtp) —{Mp). ¢k — {0, M)} = A(p)B(q) — B(b)A(a)

That is, equation (2) holds.

On the other hand, by assuming that 3 is a Poisson derivation and A

is a derivation such that (5, \) satisfies equation (2) and by defining a
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k-linear map {.,.} : P[r] x P[r] — PJr| such that for all monomials

pr',qr? € P[r] we have

{pr', qr’} = ({p, a¥p+JjaB(p) —ipB(q))r"™ + (jar(p) —ipA(q))r'7 =" (3)

By taking the case where 1 = 0,7 =1 and b = 1 we get

{p,r} = B(p)r+ A(p), that is equation (3) becomes equation (1)
. From equation (3 ), we have that for all f,¢g € Plr] {f, g} = —{g, f}
and that for a fixed element f € PJ[r|, the k-linear map

{f,-}: Plrl — PIr], g = {f. 9}
{.f}: Plr]— Plr], 9= {9, f}

are derivation on P[r] because § and A are derivations. Now, by checking

that for pri, qri, trk € P[r] the Jacobi identity
{{at", b7} , et} + {{bt7, ct*} | at’} + {{ct*, at’} 0P} =0 (4)

We are going to use induction on i, j, k to proof that the identity in equa-
tion (4) holds for pré qri tr* € Plr] Case 1 : Let i = j = k =0, in
equation (4), the result is trivial.

Case 2 : Let p = 1,4 = 1,j = 0,k = 0 then equation (4) becomes
0={{r . tr°} + {{or®, 0% '} + {{tr% 01} @ = {{r.a} .t} +
{{q,t} ,r} + {{t,r} ,q}. This result is obvious from equation (2).

Now lets supposed that for j = 0 and k = 0, equation (4) holds

Case 3 : for i+ 1,5 = K = 0 we have {{pr'*!,q},t} + {{q, t},pr't'} +

31



3.5 Poisson Polynomial Rings Ibrahim BAKARI

{t.pr'*'} ¢}

= ({{pr',a}, 3 + Ha th o'} + {{tpr'} a})r

+prt({{r,ab th + o thr} + {{t. v} a})

= 0 We get this by the Leibniz’s law and the induction hypothesis. Thus
for the case j = k = 0 equation (4) holds. From here we see that by

respectively using induction on k£ and j, the proof is complete.

Result of Theorem 3.1
Let g and X a derivation on a Poisson algebra P generated by a set S as

an algebra.

L. If B(s)=A(s) for all s € S, then § = A
2. If sA(s) = A(s)s for all s € S then sA = As

3. If B satisfies B({s1,s2}) = {B(s1), 82} + {s10(s2)} for all 51,5, € S

then [ is a Poisson derivation

4. If B and A satisfy equation (2) for all elements in S then 5 and A

satisfy equation (2) for all elements in P
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Proof:
1) Let B(s)=A(s). Since  and A are derivations we have
B(s152) = $28(s1) + B(s2)s1 and A(s182) = s2A(s1) + A(s2)s1.
This implies that
$28(s1) + B(s2)s1 = saA(s1) + A(s2)s1
S20(s1) — s2A(s1) + B(s2)s1 — A(s2)s1 =0
s2(8(s1) = Als1)) + (B(s2) — Als2))s1 =0
Since s; # 0 and so # 0 we see that
B(s1) = A(ss1) = 0 and B(s2) — A(s2) =0
Hence for all s € S, B(s)=A(s)

2) Let sA(s) = A(s)s

Since s can be any element of S we see that s\ = A\s as required.
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4. MODULES FOR POISSON ALGEBRAS

In this part, we entirely study the article by Farkas (Farkas,
2000) to understand the Poisson module structure.
Definition 4.1. For any Poisson algebra P and P-module Mp, Mp has

a Poisson action given that there is k-bilinear map

o: Px Mp— Mp

such that

p1 o (pem) = {p1, p2}m + p2(p1 o m) (5)

for all p1,ps € P and m € Mp. Then, Mp is a Poisson a P-module if
there is an action which can make Mp into a Lie algebra module over P

and if it can satisfy the Leibniz’s rule

(p1p2) ©m = p1(pa 0 m) + pa(p1 0 M) (6)

Example 4.1. Let Mp = D(P) where D(P) is the ring over P with
differential operators. We know that all d-derivations of P lies in D(P);
let P.Ham(P) be the P-module generated by Ham/(P), we can say that

P.Hamp C D(P). Therefore we can define
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(pom) = ham(p)m

This has a Poisson argument because

ham(p1)p2 = p2ham(p1) + {p1, p2} (7)

It is a Lie algebra argument because

{ham(p1), ham(pz)} = ham{py, 2} (8)

and finally

ham(p1p2) = prham(ps) + paham(p:) 9)

so the Leibniz’s rule hold and thus the D(P) module inherits the structure
of a Poisson P-module.

Example 4.2. Assume that P is an integral domain with the zero
bracket { P, P} = 0 and that we have a d-linear derivation D € Dery(P)

of P which is not zero. There are many such derivations when P is a
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polynomial algebra in at least one indeterminate.

Let P to have an action given as follows

p1(p2 om) = D(p1)pam

Then

pi(p2 o m) = D(pl)(pz om)
= p2(D(p1) o m) + {p1, pa}m

= po(p1 o m) + {p1, p2}m

for all p;,ps € P and m € Mp.

Here we see that {p1,p2} = 0, this is a Lie algebra action because P is
a commutative associative algebra. The left Leibniz’s rule holds because
D is an associative algebra derivation. This action made P into Poisson
module over itself, and there exist some p € P with [p, —] different on
the zero map, and yet we have that ham(p) = 0.

Example 4.3. All of the Poisson structures of a P-module can be be
determined by a Poisson derivation of P on the associative module P
itself.

If p1, p2 € P then, any Poisson module bracket satisfies

(p1op2) = {p1,p2} +p2(p1o1)

From here we can understand that every Poisson module action is given
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by a function,

7:P— P w(p)=pol.

By basic computation we see that 7 is a derivation of both an associative
algebra and that of a Lie algebra on itself. More so, every Poisson deriva-

tion ¢ of P gives a Poisson P-module with an associative P- module by

(p1 o p2) = {p1,p2} + P2io(p1)

and denote by P,.
Proposition 4.1. Let P be a Poisson algebra and Mp be a P-module
with a Poisson action then Mg = Hom,(Mp, P) has a Poisson action

given by,

(pos)(m)={p,s(m)} —s(pom)

forallpe P, s e Mg and m € Mp

Proof. Firstly, whenever p € P and s € Mg we verify that (pos) € Ms.
It is obvious that (p o s) is additive.
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Now for all p; € P,

(pos)(pim) = {p, s(pim)} — s(po (p1m))
={p.prs(m)} — s({p, p1}m + p1(p o m)
= {p.p1}s(m) + pi{p, s(m)} = ({p, p1}s(m) — prs(pom)
= pi{p, s(m)} — prs(pom)
= pi({p,s(m)} — s(pom))

=pi((pos)(m))

Next we verify the property of a Poisson action. If po € P then

(p o (p2s))(m) = {p, (p25)(m)} — (p2s)(p o m)
= {p, p2}s(m) + pa{p, s(m)} — p2s(p om)
= {p, p2}s(m) + (p2{p, s(m)} — pas(p om))
(

= {p, pa}s(m) + pa(po s)m

Hence (po (p2s)) = {p,pa}s + p2(pos)
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5. ENVELOPING ALGEBRA OF POISSON ALGEBRAS

In this section we benefit from the article written by Sei-Qwon Oh in
(Oh, 1999).

Definition 5.1. For any P=(P, ., {, }) Poisson algebra on a field F, the
set (R,0,7) here, R is an algebra, 6 is an algebra homomorphism from
(P,.) into R and 7 is a Lie homomorphism from P, {, } into Ry, so that
for all pi,ps € P

0({p1,p2}) = m(p1)0(p2) — O(p2)7(p1) and
0(p1,p2) = 0(p1)m(p2) + O(p2)7(p1)

In this case R is known as Poisson enveloping algebra of P if the following
is true: If B is an algebra, £ is an algebra homomorphism from (P, .) into

B and 7 is a Lie homomorphism from (P, {, }) into By such that for all

p1,p2 € P

5({191,]92}) = 77(]01)5(]72) - §(p2)77(p1) and
n(p1p2) = E(p1)n(p2) + E(p2)n(p1)

Then there exist a unique algebra homomorphism w from R into B such

that wf = ¢ and wr = n (Oh, 1999).

P-""5 R
wlw
B

Example 5.1. If we consider the Weyl algebra P, generated by the

elements p1, pa, q1, g2 under the relations
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P1P2 = P21
q192 = 9241
qipj — pjq = 05 for i,5 = 1,2

see (Oh, 1999)
and we know that the commutative k[p, g] ring of polynomial has a Pois-

son structure giving by

_ 0f9g 99 Of
{f,9} =55 — 525q

for all f, g € k[p, q] see Example 3.2.

We can see that there is an algebra homomorphism
0 : k[p,q] — P» such that p — g2, ¢ — p1

The map above is well defined because p; € P, commutes with ¢, € P;.

Now by defining a k-linear map 7 : k[p, ¢ — P> given by
0(p'd’) = i0(p"'¢’)ar + jO(p'q;-1)p2
for all positive integers 7, j. From here we can see that

m((p'd)(P'¢%)) = 0(p'd)m(p ) + 0(p"¢*)7 (')

0{p'd.pa’}) = m('d)0(p"¢*) — 0" ¢*)m(p'e’)
m({r'd, ' ¢}) = 7(p'd)m(p"q*) — m(p ¢ ) (')

for all positive integers i, j, r, s, this implies that 7 is a Lie algebra ho-

momorphism from (k[p, ¢|,{,}) into (P,), such that
7({u,v}) = m(uw)f(v) — O(v)r(v) and 7w(uv) = O(v)7(u) + 7(v)0(u)
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for all u,v € k[p, q|.

Now, we are going to show that (P,), 6, 7 is a Poisson enveloping algebra
of (k[u,v],..{,}).

Let U be an algebra , € to be an algebra homomorphism from (k[u, v], ., {, })
into U and 7 to be a Lie homomorphism from (k[u,v],..{, }) into Uy, such
that

§({u, v}) = n(w)(v) = E(u)n(v) and n(uv) = E(u)n(v) +E(v)n(u)

for all u,v € U, then there is a unique algebra homomorphism w : P, —

U such that

w(pr) = &(v), wp2) = ), wg) = nu), wg:) = &(w).

the equalities above hold because the following are true.

w(pr)w(pz) — wlp2)w(pr) = E(v)n(v) —n(w)é(v) = —E({v,v}) =0
w(g)w(gz) — wlg2)w(q) = §(u)n(u) —n(u)é(u) = {({u, u}) =0
w(g)w(pr) — wp)w(g) = §(u)n(v) —n()§(v) = E({v, up) =1
w(gz)w(pz) — w(p2)w(gz) = £()n(u) —n(w)é(v) = —=({u,v}) =1
w(g)w(p2) — w(p2)w(qr) = n(u)n(v) —n(v)n(u) = n{u,v}) =0
w(g2)w(pr) — w(pr)w(gz) = §(u)é(v) — §(v)€(u) = {(uv —vu) =0

<

Thus (P, 6, ) is a Poisson enveloping algebra of (k[u,v], ., {, })
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Proposition 5.1 Let P be a Poisson algebra and E(P)= (E(P),0,r)
be Poisson enveloping algebra of P and if M is a k-vector space, then M
is a Poisson P-module if and only if M is a left E(P)-module. Oh (Oh,
1999)

Note. A P-vector space Mp is a Poisson P-module if and only if there
exist an algebra homomophism 6 and a Lie homomophism 7 from P into

the linear map End(Mp) such that,

0({p,q}) = 7(p)0(q) — 0(g)m(p) and O(p, q) = O(p)7(q) + 0(q)7(p)

for all p,q € P.

Proof. Let Mp be a Poisson P-module, from Note 1 we remark that
there exist an algebra homomophism ¢ : P — Endi(Mp) and a Lie

homomorphism 7 : A — Endy(Mp) such that

E({p, q}) = n(p)&(q) — &(p)nlq) and n(pq) = £(p)n(q) + E(p)n(q)

for all p,q € P and from this there exist an algebra homomorphism

h: E(P) — Endi(Mp) such that
hol=¢,hom=n

We see that Mp has a left E(P)-module through h.
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6. IDEALS OF POISSON ALGEBRAS
In this section, we will present ideals under Poisson algebra and give some
lemmas in relation to Poisson ideals. The material used in this section

is mostly from the work of Sasom (Sasom, 2012).

Definition 6.1. Let the algebra P be a Poisson algebra and I C P, an
ideal I of P given by{i,p} € I foralli € I and all p € P is a Poisson ideal.

Definition 6.2. Let S be a Poisson algebra ideal of a Poisson algebra
P. If S is both a prime ideal and a Poisson ideal, then we say that S is
a Poisson prime ideal. From this Definition, we can also say that S is a

Poisson ideal, and for all Poisson ideals I, J C P
HflIJCS=ICSorJCS

Definition 6.3. An ideal I of a Poisson algebra P is a Poisson maximal
ideal if I is both a maximal ideal of P and a Poisson ideal.

we say that I is a maximal Poisson ideal of P if
J is a Poisson ideal and I ¢ J then J = P

It should be noted that Poisson maximal ideal is not equiva-
lent to maximal Poisson ideal. For Example, let P = C{p, ¢} which is a
Poisson algebra with a Poisson bracket given by {p,q} = 1 Then 0 is a

maximal Poisson ideal but not a Poisson maximal ideal.
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Example 6.1 Let consider the Poisson algebra P = C|py, ps, ps] given
Example 3.3, that is for an element f € P the Poisson bracket is defined
by

fm fp2 fp3
{97 h}f = |9p1 Yp> Yps
hpl hp2 hp3

for all g, h € P.
From this we claim that fP = {f.p:p € P} is a Poisson ideal of P.

Solution: It is enough to show that {fg,h} € fP for all g,h € P.

foo e fm

{f97 h} = (fg)m (fg)pz (fg)p3
hpl h‘P2 hp3

= for (P9 paPows = Tpy (F D)) — oo (F D piTrps — Tpy (f9) )+
Sos ((F D) prpy = hpy (F9)ps)

= Jor (fp29Pps & [ GpaPps = s fps 9 — Tipo [ 9ps) —

SP2(fp19hps + [ 9piheps + Py fos9 = Py [ 9s)

/031 9hws + F 9. hoy — Ny fp29 = Pip, [ Gps)

= (o1 9p2Pps = Sor Ppa s — Sp2 G ipa

N L fpahmgpz)

This shows that fP is a Poisson ideal of P because
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f(fplgmhps_fplhngps_fngmhps + fp2 epy Gps +fpsgp1hp2_fp3hplgpz) efp

Definition 6.4. Let Ngi be a left module over a ring R. Given any
subset Y C Npg, the annihilator of Y is the set

anng(Y)={re R:ry=0,Yy € Y}

which is a left ideal of P

Proposition 6.1. Let P be a Poisson algebra and Mp be a Poisson
P-module.

(a) The annihilator annp(Mp) is a Poisson ideal of P;

(b) if Mp is a simple Poisson module, then annp(Mp) is a Poisson prime
ideal of P;

(c) if Mp is a finite dimensional simple Poisson module then annp(Mp)
is a Poisson maximal ideal of P

Proof:

(a) Let pMp = 0 for some p € P. It follows from Definition 4.1 that

0=po(gm)={p,q}m for all p € P.

This shows that {p, ¢} € annp(Mp) thus annp(Mp) is a Poisson ideal of
P.

(b) Let Mp a simple Poisson module and let I, J be Poisson ideals of P .
Suppose that IJ C annp(Mp) this implies that IJMp = 0. Now we

are going to show that JMp is a Poisson submodule of Mp. Let j € J
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and m € Mp. For p € P, po(ym) = j(pom)+ {p,j}m € JMp which
implies that JMp is a Poisson submodule of Mp. Considering that Mp

is a simple Poisson module, then
JMp =0or JMp = Mp
If JMp = Mp , this implies that IMp = IJMp = 0, this shows that
I Cannp(Mp) or J C annp(Mp)

Hence annp(Mp) is a Poisson prime ideal of P

(c) Let Mp be a finite dimensional simple Poisson module and I, .J be
Poisson ideals of P. By (b) , annp(Mp) is a Poisson prime ideal of P.
With this, Mp is a faithful P/annp(Mp)-module. Let ¢ be the transfor-
mation from P/annp(Mp) to the endomorphism ring of Mp Endc(Mp)
given by

o(a+ annp(Mp))= pm

for all p € P and m € Mp. We consider ¢ to be an injective C-
homomorphism

(i) Let p,q € P,p # q and m € Mp then ¢(p + annp(Mp)) = pm and
o(q + annp(Mp)) = qm

Now, let ¢(p + annp(Mp))=p(+annp(Mp)), this implies that

pm =qm
= pm —qm =0
= (p—q¢m=0

since m # 0

=P=4q
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Hence ¢ is well defined.
(ii) Let p,q € P then o((p + annp(Mp))(q + annp(Mp))) = pgm
= pqm = ¢(p + annp(Mp))qm
= pgm = ¢(p + annp(Mp))p(q + annp(Mp))m thus
o((p + annp(Mp))(q + annp(Mp))) = ¢(p + annp(Mp))p(q +

annp(Mp)) hence ¢ is a C-homomorphism.

(iii) Let p+annp(Mp) € P/annp(Mp) be such that ¢(P+annp(Mp)) =
0. This implies that pm = 0 for all p € annp(Mp) and all m € Mp, with
this, we have kerp = 0. Hence ¢ is one-to-one

dimc(Mp) < 00

dzm(c(P/annp(Mp)) < dlmcEnd(c<Mp) = (dlm(c(Mp))Q

Since P/annp(Mp) is a finite dimensional algebra over C , then P/annp(Mp)
is an Artinian ring (A ring that satisfies the descending chain condition
on ideals; that is there is no infinite descending sequence of ideals) . From
(b) we saw that P/annp(Mp) is a prime ideal as well thus annp(Mp) is a

prime ring. Thus A/ann (M) is simple hence A/ann (M) is a maximal.
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