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OZET

KARMA GENETIK ALGORITMALARI KULLANARAK
DERLEYICI ENIYILEME iCiN VERiI YERELLiGINi
IYILESTIRMEK

Bellegin yiiksek verimle kullanilmasi performansa yonelik programlar icin
¢ok Onemlidir. Programlarin c¢alisma performansini belirleyen en Onemli
faktorlerden biri verilerin yetersiz veri yerellii nedeni ile ©n bellekte
bulunamamasindan kaynaklanmaktadir. Dongili doniistimleri teknigi kullanilarak
ana bellege ulagim siras1 degistirilebilir ve yeterli veri yerelligi saglanabilir.

Bu tezde, karma genetik algorithmalar kullanilarak derleyici en iyleme i¢in
veri yerelligini 1iyilestirmeye calisilmistir. Tezde sunulan ¢6ziimde genetik
algoritmalar yerel arama teknikleri ile iyilestirilmeye c¢aligilmistir. Sunulan
algoritmanin performanst ¢ok iyi bilinen derleyicilerin iyilestirmeleri ile
degerlendirme deneyleri kullanilarak yapilmistir. Bu testlerin sonuclari sunulan
yontemin derleyici iyilestirmesi yapilmadiginda orjinal programlara gore basarili
oldugunu gostermistir. Fakat derleyici iyilestirmesi yapildiginda ise %25 inde
iyilestirme saglanirken geri kalanda yaklasik ayni derecede iyilestirme oldugunu

gostermistir.

Kasim 2005 Giilsah Yilmaz



ABSTRACT

IMPROVING DATA LOCALITY for COMPILER OPTIMIZATION
by USING HYBRID GENETIC ALGORITHMS

The efficient use of memory is very important for performance-oriented
programs. Cache misses due to inefficient data locality is one of the critical factors
that determine the performance of the programs. Loop transformation techniques
target to change the order of memory accesses to increase the data locality.

This thesis proposes a compiler optimization framework for improving data
locality by using a hybrid genetic algorithm. Local search techniques were applied
at various phases of the proposed genetic algorithm to improve the quality of
solutions. The performance of proposed algorithm was evaluated using well-known
commercial compilers’ optimizations by using selected benchmark codes. The
results indicate that the transformed codes generated by our algorithm significantly
outperform the source codes of the corresponding source codes with respect to
execution times. Moreover, the transformed codes give better performance than the
related source codes that are compiled with compiler provided optimizations for

25% of the test cases.

November 2005 Giilsah Yilmaz
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PART I

INTRODUCTION

Developing optimization techniques for compilers become one of the
common goals of compiler community for years. Although, there are various
optimization methods proposed for the compilers so far, it is not practical and
possible of selecting the best set of optimizations for each given code. As a broader
categorization, compiler optimization techniques can be grouped as: (a) locally or
globally scoped; (b) they are programming language dependent or independent; and
(c) machine dependent or independent.

Optimization can be applied various scopes, from a single statement to an
entire program. Generally locally scoped techniques are considered due to their
simplicity and importance; since, many programs spend a large percent of their time
inside loops especially image processing, video transmission, scientific programs
etc.Most languages share common programming structures, such as decision blocks
(if, switch, case), looping structures (for, while, do ... while). Thus similar
optimization techniques can be used across languages. However some language
features make some kinds of optimizations impossible and/or difficult. For instance,
the existence of pointers in C and C++ makes certain optimizations of array
references difficult. Many optimizations are dependent to the machine targeted by

the compiler. For instance, the machine cache size, memory hierarchy,



cache/memory transfer rate are important while determining the loop transformation

parameters.

Processors are faster than memories according to their speeds. To overcome
memory speed problem, manufacturers designed memory systems in a hierarchy.
But this hierarchical design is effective when program exhibit data locality. Cache
misses are the main negative effect on program performance. The major reason of
cache misses is the nested loops. In scientific applications, there are loop nests,
which cause the most time and memory consuming. Especially the application
includes like image processing, computational fluid dynamics, geophysical data
analysis has large amount of loop nests. So loop transformations play an important
role in the compiler optimization techniques for these types of applications.

Iterative compilation techniques [7, 8] are proposed in the literature, which
target to choose the type of loop transformation to apply and to decide the best
parameter set for the selected transformations. The parameter space is quite large
and choosing the best parameter combination like tile size, unroll factor etc, make
the problem more difficult. By applying the polyhedral equations and representing
iteration spaces at the recent studies [1, 2], the quality of solutions become better.
Additionally, general loop transformations can be represented with matrix form. The
polyhedral representation gives us a change to create unified framework for
implementation of generic program transformations.

In this study we proposed a compiler optimization framework for improving
data locality of the programs with the objective of minimizing the execution time of
the programs, where the representation of loop nests and statements in our
framework is based on the polyhedral model [1, 2]. Our compiler optimization
framework is not machine dependent since the generated code is not run on a
machine and execution time of the program is not used as our fitness value of the
solution. Our target is finding the optimal code for many machine architecture types
by improving the data locality at source level. Additionally, it is a generic one that it
is not tried to find good loop transformation parameters like tile size, unroll factors
described at section II.2. We considered all types of loop transformations. The

framework is not language dependent, since the parse part of the source code can be



changed to any other languages. Another important difference of our framework is
that we process all statements and loop nests in a procedure not only one loop nest.

Our proposed framework is based on a hybrid genetic algorithm. Genetic
Algorithms (GAs) [10, 11] are stochastic search methods that use the natural
selection principle. The best solution is found by generating various solutions from
the current generation by applying the recombination and mutation operators. These
operators provide the survival of the fittest principle. GAs have been widely used in
the application area of science, engineering and business [12]. GAs are usually
considered with the problem specific knowledge [10, 28] since simple GAs are
generally weak for solving the complex problems [24]. GAs can be used with
conjunction of problem specific knowledge in various ways [10]. Our algorithm
uses a problem specific heuristic to set the initial population; and local search
technique is applied to improve generated offsprings.

The experimental evaluation based on real application codes reveals that our
hybrid genetic algorithm generates good results as much as compiler optimizations
and at some cases it outperforms the compiler optimizations. When we do not apply
the compiler optimization to our transformed code, this choice always gives the

minimum execution time.

I.1 OUTLINE OF THE THESIS

The rest of this thesis is structured as follows. Chapter 2 discusses the main
issues about the compiler optimization problem by applying loop transformations. In
this chapter, firstly compiler optimization techniques and the related terminology are
given in details. After describing known loop transformations, two main approaches
for finding the best loop transformation sequence are presented.

Chapter 3 gives general information about hybrid genetic algorithms. This
chapter firstly describes the principle of genetic algorithm and its usage area then
hybrid genetic algorithms and its characteristics are given in the subsection.

Chapter 4 presents our hybrid algorithm in details. String representation,
initial population, local search method and our problem specific heuristics are given

in subsections.



Chapter 5 gives the result of our experimental evaluation. The source code
and the generated codes are compiled with “SUN” and “GNU” compilers. Also two
types of compilation done for both of them: by opening compiler optimization flag
and by closing compiler optimization flags. The results of our implementation
clearly show that the proposed algorithm is successful in improving data locality in
nested loops.

Finally Chapter 6 summarizes the conclusions of our study and gives brief
information about data transformation techniques that could be addressed as a part

of a future work.



PART 11

COMPILER OPTIMIZATION TECHNIQUES

In this part, we briefly explain the compiler optimization related terminology.
The first section gives a detailed explanation of cache terminology. At the second
section, we present the details of loop transformation techniques that are widely
used in the compiler optimization area. The third section describes the concepts on
preserving the semantic of program in the compiler optimization problem. The
fourth section presents the techniques for measuring performance of programs. Then
we present the polyhedral representation approach to the problem. Finally, related

works on compiler optimization are presented at the last part.

I1.1. CACHE RELATED TERMINOLOGY

There is a growing gap between the cycle time of a processor and the access
time of the main memory, which is due to the recent advances and trends in
computer architectures. To overcome this bottleneck, a cache is employed in
processors commodity. The cache is a fast memory, which is located close to the
CPU. Generally speaking, data can be loaded from/stored to the cache in 1 - 2 clock
cycle. Data transformation between cache and memory can requires 20 - 100 clock
cycles or more [31]. So if a data in the cache is reused several times, high
efficiencies are possible.

Data locality is the sequential data accesses between the neighbor address
spaces. Miss count is the number of data transformations between the memory and

cache, when the data is not found in the cache. The data of very small applications



will fit entirely in the cache, and be very efficient. Larger applications having the
property of data locality will have a high cache hit and low miss count, will also be
quite efficient. If the cache hit decreases and miss count increases, then program
performance degrades rapidly. A high performance computer typically has a larger
cache than a typical PC, which increases the data locality and cache hits, and also
decreases miss counts. Since the memory system may limit the performance of
programs running on modern architectures instead of the speed of the processors,
efficient use of memory systems is one of the key issues to improve the performance
of the programs.

There exist two different types of locality: temporal locality (locality in time)
says if an item is referenced, it will tend to be referenced again as soon, and spatial
locality (locality in space) says if an item is referenced, items whose addresses are
close by tend to be referenced soon.

A compiler can restructure applications to uncover and enhance locality in two
different methods: it can change the order of memory accesses or, it can change the
layout of memory. The most common way is the first one. Applying loop
transformation changes the order of memory accesses. Also rewriting loops make
better use of the memory system by increasing the number of instructions executed,
which can degrade the run-time performance of some programs. Array references
within the loops are used in the loop transformation optimizations. These
optimizations can improve the performance of the memory system and usually apply
to multiple nested loops [1, 2]. The second way, changing the array layout in
memory, is done by data transformations like array padding [15, 16]. The main idea
is to transform the array layouts in memory that provides two loop iterations
executed sequentially access the data in the same memory location as much as

possible. The second method is out of scope of this thesis.

for i =1, N

for i =1, N S1: A(1) = sgrt(A(i))
for j = i+1, N for j = i+1, N
S1: AQ) = AQ) 7 A(D) S2: AQ) = AQ) 7 A(D)
end end
end end

Figure I1.1: (a) A Perfectly Nested Loop, and (b) An Imperfectly Nested Loop



Loop transformations improve the performance according to the memory
system; by decreasing the cache miss counts. Loop nests are categorized as perfectly
or imperfectly nested loops in the literature. In perfectly nested loops, all statements
are contained within the inner most loop of a loop nest. Unfortunately, most loops in
real programs are an imperfectly nested loop that is the assignment statements can
be any where in the loop nest. Figure II.1 shows an example to perfectly and

imperfectly nested loops.

I1.2. LOOP TRANSFORMATION TECHNIQUES

Loop transformations techniques try to change order of memory accesses to
increase data locality and program performance. There are several methods for
implementing loop restructuring like loop fusion, loop fission, loop tiling, loop

unrolling etc [3, 18]. In this section we present the details of the four selected

methods.
for 1 =1, N
for j =1, N
AL = 1/BCi,§)*C@iL ) for i =1, N
end for j =1, N
end Loop Fusion A(i,j) = 1/B(1,3)*C(, )
i D(i.J) = AT, J)*C(LT)
for 1 =1, N end
for j =1, N end
D(i,j) = AL J)*C(,])
end
end

Figure I1.2: Example Code for Loop Fusion

Loop Fusion: Loop fusion consists of combining adjacent or closely located
loops into a single loop [29]. Some programs have separate sections of code that
access the same arrays and perform different computations on common data. By
fusing multiple loops into single loop allow the data in cache used repeatedly before
transferring the memory. This method reduces cache misses generally by exploiting
the temporal locality rather than spatial locality. Figure I1.2 shows an example loop
fusion. In this example, without loop fusion, accessing array A and C increases the

number of misses by twice.



for i =1, N
A(i) = /A1) * C(i)

for i =1, N end

AGI) = 1/ACI) * C(i)

B(i) = B(i) + X Loop Fission for i =1, N

c(i) = 2 * (i) B(i) = B(i) + X
end end

for 1 =1, N
C(i) =2 * Cc(i)

end

Figure I11.3: Example Code for Loop Fission

Loop Fission: Loop fission is the opposite of loop fusion. A loop is split into
two or more loops [29]. This optimization is appropriate if the number of
computations in a loop becomes excessive, leading to register spills that degrade
performance. So loop fission can improve memory locality as better use of
instruction cache or memory cache. Also loop fission may facilitate other
transformations. Sometimes the compiler applies loop fission to split a loop apart,
and then performs loop fusion to recombine the loop in a different way to increase
performance. Figure I1.3 shows an example to loop fission. In this example, loop
fission gets benefit from memory locality since the accesses to the arrays A, B and C

are doing in different loop iterations.

for 1 =1, N
for j =1, N for 1i = 1, N, ti
AL = AGL B3, J)*C@ L] for jj = 1, N, tj
end a.n S for 1 = 11, MIN(ii+ti-1, N)
end 5 =T for j = jj., MINGj+tj-1, N)
oop Trfing /g(i,j)=A(i,j)+B(i,j)*C(i,j)
en
—_— > end >

end l
end

Figure 11.4: Example Code for Loop Tiling

Loop Tiling: Tiling divides the iteration spaces into tiles and loop nests iterate
over them [29]. By iteration over the sub iteration spaces, the use of cache improves.
It improves the temporal data locality and reduces the number of data cache misses.

Tiling enhances the data locality by reducing the number of iterations between uses



of the same data. At Figure 11.4, the 1 and j loops are tiled by tile factor ti and tj,
respectively. This transformation can be used in cases where the amount of data
touched within this loop nest is bigger than the cache size. Wolfe describes the
legality issues of loop tilling and gives practical example of this transformation [18].
Choosing the suitable tile size that can improve the performance become very

important when applying loop-tiling transformation.

for i =1, N
for j =1, N
ACELJ) = AL DB, J)™C(LT)
end
end
for 1 = 1, N, ui
for j =1, N
N ACI+L,J)=A(i+1,§) + B(i+l,§) > C(i+1,j)
Loop Unrollingy A(i+2,j)=A(i+2,j) + B(i+2,J) * C(i+2,j)
AGi+ui-1,§)=ACi+ui-1,j)+B(1+ui-1, j)*C(i+ui-1, )
end
end

Figure I1.5: Example Code for Loop Unrolling

Loop Unrolling: In some programs loops have such a small body that most of
the time is spent to increment the loop-counter variables and to test the loop-exit
condition. We can make these loops more efficient by unrolling them, putting two or
more copies of the loop body in a row. As the body of the loop becomes larger, the
compiler can schedule the instructions more efficiently. For example, instead of
using array element a(i) in one statement, the loop has three statements using
elements a(i), a(i+1), a(i+2) and increments i by 3. This divides the loop overhead
by the amount of unrolling, but more importantly gives the compiler more
statements in the basic block to optimize. This can improve instruction scheduling
and reduce memory access time. For example, at Figure I1.5 the loop i unrolled by
unroll factor of ui. The unroll factor is the number of times that the loop body is

copied [3].



I1.3. DATA DEPENDENCE CONCEPT

Applying transforming must preserve the semantics of the program. This can

be done by finding the dependencies in the program and applying the transformation

by considering these dependencies. There are three main dependence types given in

the literature [29]. Note that X and Y variables in the following examples and

dependence occurs at X.

Flow Dependence: It occurs when a variable is assigned in a preceding statement

and used in a successor statement.
S1: X=1
S2: Y=X
Anti Dependence: It occurs when a variable is used in a preceding statement and
assigned in a successor statement.
SI: ' Y=X
S2: X=1
Output Dependence: It occurs when a variable is assigned in both preceding and

successor statements.

S1: X=1

S2: X=2
Example Code: Graph : Symbolic: Set:
S1: A = 10 @ S1 6F S3 | OUT(S1) n IN(S3) = O
S§2: B=C+ 10 S1 5F S4 |OUT(SL) n IN(S4) = O
S3: C=A @ ..... »(53) S2 5a S3 | IN(S2) M OUT(S3) # @
S4: D=A+C

Figure I1.6: Various Methods to Represent the Dependencies

The three well-known methods for representing these dependencies are

graphical, symbolic and set representations [29]. Graphical representation is a good

way since it allows us to see the dependences easily. In graphical representation, a

plain arrow between statements is used to represent flow dependence. An arrow

with a crossing line is used to represent anti dependence. At symbolic
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representation, the character sigma (d) and the initial character of the dependences
are used to represent dependencies. In set representation two sets IN() and OUT()
are declared. IN(S)) is the set of variables that is read by the statement i and OUT(S;)
is the set of variables that is modified by the statement i. Figure I1.6 gives the three
representations of the given program fragment. In this thesis we uses the set

representation of dependences.

I1.4. MEASURING THE LOCALITY ENHANCEMENT

There are various techniques or metrics that can be used to measure the
“goodness” of an execution order [1]. It is clear that the most exact measurement of
the enhancement is to execute the transformed code. Large solution space makes it
infeasible to execute every possible enhancement. Moreover, it makes the algorithm
machine dependent; and different machines find different best solutions according to
their architectures.

Another type of measurement is to count number of cache misses. Since
much more time is spending while program running when cache miss occurs and
tries to get data from memory, the count of cache misses can show the performance.
Special hardware solutions exist to count the cache misses but it is not also feasible,
since again the execution of candidate transformations must be executed to count
cache misses. There are also some programs, which can model the cache misses
accurately [4]. To calculate cache misses it requires a lot of parameters, including
cache size, cache associativity, cache policy; but these parameters make algorithm
machine architecture dependent.

There is another algorithm, which calculates the count of cache lines that a
loop nest accesses. But it is limited, since it assumes all loops are perfectly nested
[9]. They count the number of cache lines accessed by a loop nest with the help of a
formulation. They grouped the array accesses, which can exhibit temporal or spatial
locality and count the probable cache misses according to the loop nests that
surrounding these reference groups. In this approach, they assume there is no cache
misses in the inner most loops.

Another measurement strategy is based on polyhedral representation model

(see section I1.5) [1, 2]. Statement iterations are modeled on iteration spaces by
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using matrixes. Data reuses are defined as accessing the same memory location from
different statement instances. So the data reuse distances can be shown by difference
vectors of statements. As a result, this approach states that the data reuse distances
can be used for our cost function and aim is to reduce reuse distances by making
reuse difference vectors’ entries zero. If the data reuse difference vectors are
considered as the measurement of enhancements, it does not depend to the machine
architectures. In our study, we consider reuse distances as the metric of measuring

the locality enhancement.

II.S. POLYHEDRAL MODEL

Previous approaches to iterative compilation try to find best loop
transformation sequences by searching in a small set of loop transformations [6, 7,
8]. Current approaches are generally uses more generic methods to find combination
of transformations not only one transformation [1, 2]. The polyhedral modeling of
programs are used to produce more generic framework for optimization. In a
polyhedral model, linear algebraic representations are used to model a program.
This model is very powerful since it benefits from mathematical theory and
geometric representation. Generally, a polyhedron stands for a convex set of points
in a lattice. A set of points in a Z vector space bounded by affine inequalities

defined as follows [21]:
Iteration Space = { x | x € Z, Ax > b}

where x is the iteration vector, A is a constant matrix and b is a constant vector.

. J,
for i =0, N

for j = i+1, N N

AC(L,]) = AGHL DB, D*A,])

end

end
1

P={i,jez? | O <i< N; i+l <j< N } 0 R

Figure I1.7: Polyhedral Definition and Graphical Representation of Sample
Code Iteration Space.
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The polyhedral model allows manipulating loop nests with their bounds as
affine functions of integer-valued parameters [22]. While loop indices are
incremented by a constant integer value, the values of indices form an n-vector,
which belong to a subset of Z": an integer lattice L. The values are taken from the
index vector I € Z", where n is the number of nested loops. The loops nests are
transformed by changing the Z polyhedron representation [23]. Figure I1.7 shows a
sample code iterations modeled by parameterized Z*> polyhedron, where N is a

constant.

I1.5.1. Program Execution Model by Polyhedral Method

Statements iteration spaces in nested loops are defined as a polyhedron by a set
of linear inequalities. Whole program iteration space can be obtained by combining
individual statement iteration spaces [1, 2]. The statement execution points in the
program iteration space can also be obtained by using mapping functions for all
statements. These mappings are affine functions which caries the statements from
their iteration spaces to program iteration spaces. Then the optimization aim is
finding the good mappings that preserve the semantics of the program.

A program consists of statement and statements are named as S;, S,, ..., S, in
syntactic order. Sy(ix) is referred as the dynamic instance of the statement k, for
value of index variables ix. So we can show dynamic instance of executing the

programs given at Figure I1.8 as the followings:

Program I:  { Si(1), S1(2), Si(3), ..., SI(N), Sa(1), S2(2), S5(3), ..., S2(N)}
Program 2:  { Si(1), Sa(1), $1(2), S2(2), S1(3), S2(3), ..., SI(N), Sa(N)?}

Program 1: Program 2:

for i =1, N

S, A(i) = B(i) for i =1, N
end S, A(i) = B(i)

S, A(i) = A(i) + B(i) * C(i)

for i =1, N end

S, A(i) = A(i) + B(i) * C(i)
end

Figure I1.8: Two sample Codes
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The iteration spaces for the sample programs at Figure I1.8 are:

Program 1: Iteration space of S; = {1, |1, € Z,1<1i;< N}

Iteration space of S, = {1, |1, € Z,1 <1, < N}
Program 2: Iteration space of S;={ 1)1, € Z,1<1; < N}
Iteration space of S, = {1, |11 € Z,1<1; < N}

As you can see there exist two different iteration space, i; and iy, for the first
program, but only one iteration space, i;, for the second program. At the first one,
since 1; and i, iteration spaces proceed at different times, when 1;=1 there is only one
statement mapped to this point in iteration space which is S;(1). At the second one
S: and S, statements have the same iteration spaces and the order of statements
became important at execution. In another words when i; = 1, there are two
statements mapped to point i;=1, so the execution order of them is determined

according to the statements order and S;(1) executes before S; (1).

I1.6. RELATED WORKS

In this section we give details of two approaches on loop transformations. The
first subsection presents the iterative compiler optimization technique that are
intended to find good loop and data transformation parameters such as till size,
unroll factor [6,7,8]. The second section presents recent studies for compiler
optimization that targets to find good sequence of loop transformations in addition
to the parameters by using polyhedral model [1,2]. By representing the
transformations as matrixes, they catch more flexible way of optimization. Their
aims are only generating good sequence of transformations that enhance the data

locality and do not change the program semantic.

I1.6.1. Iterative Compilation

Consequently, software optimization methods based on program
transformations are used to improve data locality and reduce the number of cache
misses. Some major program transformations can be applied manually for small and
simple programs. However, it requires a good and detailed knowledge of the

underlying hardware from a programmer and is a tedious and time-consuming
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process. Moreover, any small changes in the software or hardware parameters may
invalidate the whole optimization process. Therefore, automatic optimization
approaches are desirable for optimizing portable codes for particular architectures.

Traditional automatic optimization approaches are based on comprehensive
static program analysis which analyses program data locality and to predict the
number of cache misses, taking into consideration software parameters and
hardware models. Static approaches fail to select the best optimization and they fail
in cases where information is not available at compile time.

Dynamic methods are intended to solve these problems by obtaining various
runtime parameters during program execution and then by re-optimizing this
program using these parameters. Smith describes a tool called Pixie in [20] that
collects the runtime information about the program basic blocks. This tool rewrites
the executable file and inserts additional instructions to count the number of
executions of each basic block. The dynamic methods fail to tackle the problem of
the growing performance gap between processor and memory.

Iterative compilation optimization approach overcomes these problems [7, 8,
30]. This approach creates variants of the program with different transformation
parameters. All variants of the program are executed and the one with the lowest
execution time is picked as the best version. The major advantage of this approach is
that it does not need the detailed knowledge of the program and the underlying
hardware. The major disadvantage is the excessive compilation time of iterative
methods.

Iterative compilation studies search the large transformation parameter space
so the search algorithms make difference between them. Since the goal function,
minimization of execution time cannot be estimated at compile time, the
optimization is difficult. These techniques generally run the program at compile
time and get the feedback until the good transformation parameters are found. In
the embedded applications this can be acceptable since these applications compiles

one time and runs many times.

I1.6.2. Generic Polyhedral Methods

In this section, we give details about the recent study [1] on program

optimization by using polyhedral methods.

15



I1.6.2.1. Locality Enhancement for Imperfectly nested Loops

In this section we present the details of Nawaaz Ahmed's work [1,17], which
extends the techniques proposed for perfectly nested loops for locality enhancement
of imperfectly nested-loops. Polyhedral algebra is used to represent program
execution. The loop nests iterations are represented as a point in an integer lattice as
discussed at section II.5. Then good loop transformation sequences are represented
as nonsingular matrixes, which transform one lattice to another. To overcome
imperfectly nested loop problem the loops are transformed the perfectly ones by
introducing the product space concept. The three main problems that they come
across are [1]:

1. Determining representation of imperfectly nested loop and loop

transformations

2. Determining legality of loop transformations

3. Describing and finding transformations that enhance locality

By transforming all statement iteration spaces to the product spaces they
solve the imperfectly nested loops representation problem. By applying
transformation from product space to another product space they solve the loop
transformation representation problem. The second problem is to check the legality
of the generated transformation, which is done by considering an implementation of
Farkas’” Lemma (which is given in detail at Appendix B.). At the end, the
measurement of the locality enhancement is made by maximization of reuse
distances in the program, which is given in detail at section 11.4.

Nawaaz Ahmed's strategy for solving the above mentioned problems is
represented in Figure I1.9. At the beginning, the statement iterations spaces are
generated like at step 2. Then they are combined to produce product space for the
loop nests at step 3 by using affine embedding functions F’s. The representation of
product space at step 3 is the corresponding to the original source code. To
implement transformations like loop tiling, loop unrolling, etc. the transformation
matrix T’s are used. T is a matrix, which is used to convert one product space to
another. The dependences must be considered and the transformation matrix must
checked by using dependences. After finding legal transformation matrix, the new
product space can be produced by multiplication of transformation matrix with the

old product space at step 4. The aim of this study is to find the best transformation
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matrix, which enhances the data locality. Finally, the best solution, product space is
used to regenerate transformed code in step 5. At this point, omega calculator’s code
generator functionality is used. Since our study is based on the technique proposed
by Nawaaz Ahmed, a more detailed explanation of the steps for locality
enhancement are given in the following subsections, which are based on

explanations given in his thesis [1].

ki S
for k F, K k; for ...
for m //v \ ! for ...
Si - m m; k» for ..
for n ! > e
S Ko | T end
end k» S, my (Code end
-y - .
end / . generation|, . 4
end L 2
my
I
1. Source 2. Statement 3. Product 4. Transformed 5. Output
Code Iteration Space Product Space Code
Spaces

Figure I1.9: Locality Enhancement of Imperfectly Nests [1]

1.a. Polyhedral Representation of Iteration Spaces and Mappings

He used the program execution model defined at section I1.5.1. He extends this
definition to consider imperfectly nested loops. So he defined the program execution
model as follow [1]:

e P is product space which is formed by Cartesian product of iteration spaces
e All dynamic instances Sk(ix) can be embedded to product space by
embedding functions Fy, where each Fy must be one-to-one function.
If the all points in P are traversed in lexicographic order, and all statement
instances mapped to a point are executed in original order when that point is visited,

the program execution order is reproduced. It can be easily seen that only P and F
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pairs can model the program execution. At Figure II.10 the product spaces and

mappings for the example codes at Figure I1.8 are shown.

Program 1: Program 1 — Iteration Space:
for i =1, N
Si AG) = B(i) Sii e,
end 1 N
_ - 0 p_
for i =1, N Sa: 1 BALE
S A(i) = A(i) + B(i) * C(i)
end
Program 1 - Product Space: Programl—Corresponding Mappings:
s o)
1 -
Fi(i) = I01
~
e A
ECi N+1
2(12) = i
il ~ J

(a) Program 1 iteration space, product space and mappings

Program 2: Program 2 — Iteration Space:
for i =1, N S, - eo— e
N - 1- 1
S A(i) = B(i) 1 N
Sz A(T) = A(i) + B(1) * C(1) - oo PR
end Sa: i
1 N
Program 2 - Product Space: Program2—Corresponding Mappings:
i2 A ) e i N
N ) SO URIRRURRRRIRRRON -@ Fl(ll) = _l
. | BT
. \ J
Co_ 0
- [P
o Fa(i2) = i,
. > i ~ 7
1 N '

(b) Program 2 iteration space, product space and mappings

Figure I1.10: Product Spaces and Mappings of Two Sample Programs given at
Figure I1.8 [1]
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The number of dimension of iteration spaces depends directly to the number
of loop nests that surrounding the statement. For instance, at Figure 11.9 the
statement 1 iteration space has two dimensions {k;, m;} and statement 2 has three
dimensions {k;, m, and r;}. The product space has five dimensions, which are {k;,
my, kp, mp and r;}. The sum of iteration space dimensions gives us the product space
dimensions. Also affine embedding functions, F;, F,, ... F,, cannot drive more
dimensions than the product space. They only map a point in iteration space to a

point in product space.

i _| Giiz 114Gy N+0; i, |\ | Giiz 12+Gin N+Q1
Fl ([ 1] )_[Gzil i1+GZN N-f'g2 J FZ([ 2]) [GZiZ i2+GZN N+92 J

Figure II.11: Mapping Representation with Unknown Coefficients

General representation of mappings from one-dimensional to two-
dimensional shown at Figure II.11. G’s are the unknown coefficients of mappings.
The goal is to find most suitable G’s to make data locality better. For example at
Figure 11 (b), Gii;=1, Gin =0 and g; = 0 for the first dimension of first statement
mapping.

1.b. Polyhedral Representation of the Dependencies

In the nested loops the dependence analysis are more complicated. Using
explained dependence definitions at section I1.3 we can define dependence relations
for loop nests as follows: dependence exists from instance is of the Sq to instance ig
of the statement Sy if the following conditions are satisfied:

1. S and Sd has a same memory location, and at least one of them writes to

that location.

2. 1isand igq belongs to the iteration domains Sg and Sy, respectively.

3. S, is executed before Sq.

By using these definitions, a polyhedral representation of each dependence
relation between two-statements can be described with affine inequalities. So the

dependence polyhedral has the following components [1]:
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1. Same memory location: Array references can be expressed by using
affine expressions of loop variables. Then a dependence exists if Ag*istas
= Ag*iq +agq.

2. Loop Bounds: Iteration space bounds are affine expression of index
variables. So they can be expressed as Bs*igtbs > 0 and Bg*ig+bg > 0 for
matrices Bs, By and vectors by, bg.

3. Precedence order: The instance is of Ss executed before instance id of

Sd in program execution order can be expressed as X *is - Xq*ig +x > 0.

As a result, if these inequalities are combined, the dependence matrix is
produced. Each matrix inequality will be called a dependence class and will be
denoted by D with appropriate subscript. So the set of linear inequalities which

capture the constraint between source and destination shown below:

B 0 by
: 0 Bg : by
1 Is
D id +d = Ay -Aq4 id + ds - a4 20 ( IL.1 )
A A4 ad - as
Xs 'Xd X

Shortly the dependence classes can be represented as follows:

I

D: D iy +d>=0
Code for Triangular Solve: Dependence 1: Dependence 2:
S1 loop bounds: S1 loop bounds:
1 < i1 < M 1 < 11 < M
fOFI?l,M 1 < j1 < N 1 < j1 < N
for y =1, N 1 < ki< ji-1 |1 < Kl < ji-1
for k =1, j-1
s1 eng‘o"):A(J")_B(J’k)*A(k") S2 loop bounds: S2 loop bounds:
s2: AGLI) = AGLD) 7 BGLi) 1 < !2 < M 1 < !2 < M
end 1 < j2 < N 1 < j2 < N
end
Array A indices: |Array A indices:
i1 =j2 ki = j2
il =12 il =i2

Figure II.12: Example Dependencies
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An example program is given is shown at Figure I1.12, which has two
dependencies. The first dependence exists since statement S; writes to location
A(j,1) which is then read by statement S,. Also there is a dependence between
statement S; and S;, since S, writes to location A(j,i) which is then read by A(k,i).

Dependence classes are used to check legality. If (P, {Fi, Fa, ... Fp}) is
representing the execution order of a program then we can say that the embedding
functions are legal if the difference vector of the embedding functions in
dependence classes, Fq(iq) — Fs(is), is greater than or equal to zero. In other words,

the point that iy mapped must be earlier than the point that iy mapped.

1.c. Measuring the Enhancements on Imperfectly Nested Loops

In the related work, Ahmed et al. used the polyhedral model representation of
reuses between the array references in order to measure the locality enhancements.
The polyhedral representation and using linear algebra makes this method easier
than other techniques proposed [1].

As dependence classes the reuse classes can be represented in polyhedral from
by using the inequalities, which comes from the definition of reuses. A reuse exists
from instance is of the statement S, to the instance iy of the statement Sq4 if the
following conditions satisfies [1]:

1. Same memory location: Both statement instances have a reference to the
same memory location. If we consider memory locations as array references
then a reuse exists if A *igqtas = Ag*ig +ag.

2. Loop Bounds: Both statement instances lies on the corresponding iteration
spaces. We can represent the iteration spaces bounds as Bs*igtbs > 0 and
Ba*iq4tbg > 0 for matrices B, By and vectors by, bg.

3. Precedence order: The instance is of S, executed before instance id of Sq in
program execution order can be expressed as X *is - Xq*ig +x > 0.

So the set of linear inequalities which capture the constraint between source of

the reuse and destination of the reuse shown below:

Bs 0 bs
i 0 Bs |[; b 0
RyUp| 1= A -As i T as-a = (1L3)
Ay Aq a4 - ag
XS —Xd X
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This definition of reuses is for the temporal reuses since first condition
expresses the same memory locations. The spatial reuses, accessing the nearby
memory locations, can be considered by changing the condition as Ag*istas +c =
Ag*iq +a4, where c¢ is the number of array element that fit into a single cache line.
We show an example to the reuse representation at Figure I1.13. There exists reuse

between statement S; and S, since they touch the same array reference A.

Example: Reuse between S1 and S2:
S; loop bounds:

1<1i, <N
S, loop bounds:

1<i, <N

for i =1, N

>t end A = B Array A indices:
for i =1, N i, = i, for temporal reuse, or
S2 A(i) = A(D)+BQ)*C() i; = i,+4 for spatial reuse
end
R1 = {(il,iz):l Sil,-zg N, i1:i2} or
R2 = {(ii1,i2):1 <i, i< N, O <i,—i;<4 }

Figure I1.13: Example to Polyhedral Representation of Reuses.

Original Code: Transformed Code (Permuted): | Mapping:
for 1 =1, M for k=1, N
for k=1, N for 1 =1, M
S1: Ak) = Ak) + k | S1: Ak = Ak + k k i
end end Fo(l § D= Kk
end end

Figure I1.14: An Example Transformation and Mapping that cause this

Transformation.

Let’s look at the example of loop permutation that reduces the reuse
distance, at Figure I1.14. Array reference A[j] is accessed each time for the iterations
of 1 loop. The reuse distance between the accesses to A[j] is N. We can decrease the
reuse distance by permuting i loop. Now the code that loop permutation is applied
has the ruse distance 0 because of the A[j] reference. At the near of transformed

code, you can see the mappings which cause this transformation.
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PART III

HYBRID GENETIC ALGORITHMS

Evolutionary algorithms (EAs) are a broader class of stochastic search
methods that are based on principles of natural genetics. They have been applied
successfully in many problems on different areas, such as search, optimization, and
machine learning problems [10, 12, 13]. There are many variations of evolutionary
algorithms presented in the literature [10], such as evolution strategies (ES),
evolutionary programming (EP), genetic algorithms (GA), and genetic programming
(GP); The EA term provides a common term for all of its variants.

In this chapter, we present an overview on genetic algorithm, which is
followed by the details of the hybrid evolutionary algorithms called Memetic
Algorithms (MA).

III.1. GENETIC ALGORITHMS

When the applications of GA are examined, it can be shown that GA is
particularly suited to multidimensional global search problems where the search
space potentially contains multiple local minima. The basic GA does not require
extensive knowledge of the search space, such as solution bounds or functional

derivatives. There are two distinct classes of GA:
e Those, which have no concept of a generation, known as steady-state GAs

e Those, which do follow the concept of generations, known as generational,

or generation-based, GAs.

23



In a steady-state genetic algorithm one member of the population is changed
at a time. In crossover two members of the population are chosen, a single child
created which replaces a member of the population. Any selection method can be
used to select the individual for mutation or the parents. There are a number of
different replacement strategies, replace worst (often gives too rapid convergence),
replace a randomly chosen member or select replacement using the negative fitness.

On the other hand, in generational GAs the entire solution is replaced every
generation by the offspring population. Therefore each individual can be alive in
each generation in case of no elitism considered. The steady-state GA, therefore,
appears twice as fast although it can lose out in the long term because it does not
explore the landscape as well as the generational GA. Since their performance
depends the particular problem, there is no common acceptance of one of them in

the GA community.

initialize population

evaluate each candidate solution

while (termination criteria is not satisfied)
select two solution as parents
recombine parents
mutate offspring
evaluate new candidate solution
select solutions for the next generation

end while

VXN WD =

Figure III.1: The Pseudocode for Simple GA.

Figure III.1 shows pseudocode of a simple GA implementation [10]. The
algorithm begins with a set of solutions called initial population. The initial
population is generated by using some heuristics or randomly. Solutions represented
by chromosomes. Solutions from one population are taken and used to form a new
population. GA selection operators perform the equivalent role to natural selection.
The overall effect is to bias the gene set in following generations to those genes,
which belong to the most fit individuals in the current generation.

As mentioned above, the three main operators of GAs are selection,
crossover and mutation operators. Solutions are usually selected according to their
fitness to form new solutions and there are various selection operators described in

the literature [10] such as: roulette wheel selection, tournament selection, rank
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selection and others. Roulette wheel selection is a way of choosing members from
the population of chromosomes in a way that is proportional to their fitness. Parents
are selected according to their fitness. The better the fitness of the chromosome, the
greater the chance it will be selected; however it is not guaranteed that the fittest
member goes to the next generation. In tournament selection n individuals are
selected at random and the fittest is selected. The most common type of tournament
selection is binary tournament selection, where just two individuals are selected.
The roulette method of selection will have problems when the fitnesses differ
greatly. For example, if the best chromosome fitness is 75% of the entire roulette
wheel then the other chromosomes will have a very small chance of being selected.
In the rank selection method solutions in the population gets its rank and then every
solution receives fitness from this ranking. The worst will have fitness 1, second
worst 2 etc. and the best will have fitness N (number of chromosomes in
population).

The algorithm tries to generate new improved solutions by implementing the
recombination (crossover) operator. This is the key procedure of GA that tries to
generate better solutions by combining the features of good ones. The most
commonly used form is chromosome mixing, where intact chromosomes are
randomly swapped, which are highly advantageous in some applications. The
simplest form of crossover is one point crossover in which only one crossover point
is selected. More complex crossover operator is two-point crossover in which two
crossover points are randomly selected. For many real applications, problem-
specific solution representations and crossover operators have been developed. This
flexibility is one of the attractions of GAs. It is very easy to introduce heuristic
operators, which can substantially improve algorithm performance.

Mutation operator prevents irreversible loss of genetic information and
hence provides diversity within the population. For instance, if every solution in the
population has 0 as the value of a particular bit, then no amount of crossover will
produce a solution with a 1 there instead. Again as in the crossover operator the
mutation can be done as single and double point mutation. Figure III.2 shows two
different applications of crossover and mutation operations, which are called single

and double point.
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Figure II1.2: Single and Double Point Recombination Operators

For a given problem, there might be different types of crossover and
mutation operators, different method for setting the initial population and selection
process. Additionally, a set of GA-related parameters need to be set properly,
including population size, number of generations or stopping criteria, crossover and
mutation rates. One disadvantage is the lack of a single combination of these
techniques and parameters that will work best for all problems, or even different
instances of the same problem. For example, a crossover operator that performs well
for a particular problem may be ineffective for another problem, especially when the
structures of the problems are significantly different. For this reason we have to
perform extensive computational study in order to find good combination of the
parameters. The main loop of GA is repeated until the stopping condition is
satisfied. For example, a predefined number of generations or no change in the best
solution for last “k” generations (where k is a predefined constant) can be two

alternatives for stopping condition.

I11.2. MEMETIC ALGORITMS

Although it is very easy to develop simple GA-based solutions for many
optimization problems, they are not generally efficient for the complex
combinatorial problems [24]. In order to improve performance of simple GAs,
problem-specific knowledge, specialized operators or algorithms are incorporated

with EAs to generate complex hybrid systems [10], which are called as  hybrid
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genetic algorithms, genetic local search algorithms, and memetic algorithms.

Moscato [14] used the name memetic algorithm to include wide range of techniques

where evolutionary-based search is augmented by the addition one or more phase of

local search, or by the use of problem specific information. An online site [25]

provides a comprehensive bibliography on memetic algorithms.

II1.2.1. Structure of Memetic Algorithms

There are various ways that GA can be used with conjunction of other

operators and/or problem specific knowledge. The four important ways of

hybridization [10] are summarized below:

1.

Heuristic can be added to generation of initial population. This will increase the
efficiency of GA. Instead of randomly generate initial population previously
known solutions arising from other techniques can be used to set the initial
population. Additionally, local search method can be incorporated with the
initial population generation phase in order to provide an initial population with
a set of locally optimal points. In order to provide diversity, only a portion of the
initial population is set or generated with the good solutions.

The crossover and mutation operators can be redesigned to represent problem-
specific knowledge, instead of random crossover and mutation operators.

The most common use of hybridization is applying local search on whole
solutions created by mutation or crossover. This can occur in different places
before or after selection or after crossover and/or mutation. It is the application
of improvement of individual members of the population during the life cycle.
Local search moves one solution point to neighboring points to examine for an
improved solution.

Prior to evaluation process a heuristic can be applied during the genotype—
phenotype mapping. A heuristic about instance-specific knowledge can be used

in the repair function.
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Figure II1.3: Possible Places to Insert Problem Specific Knowledge and Other
Operators in GA lifetime [10].

initialize population via local search
evaluate each candidate solution
while (termination criteria is not satisfied)
select two solution as parents
recombine parents
mutate offspring
evaluate new candidate solution
improve new solution via local search
. select solutions for the next generation
0. end while

S0 0N R W

Figure I11.4: The Pseudocode for Hybrid GA [10]

Figure I1.3 summarizes the places and methods of hybridization in Memetic
Algorithms [10]. Figure II1.4 gives a pseudocode for typical implementation of
Hybrid GA [10]. The first step, generating initial population includes some
heuristics and uses known solutions. Starting with good solution is an advantage,

since it decreases the computational effort and increases the probability of finding
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better solution. Then, local search can be applied to after generating initial
population solutions by making the points in the solutions locally optimum. Local
search is performed by selecting the neighbors of solutions wisely, calculating the
fitness values of these neighbors, and choosing the better solution between them.
Local search can be also performed on a set of or all individuals right after the

crossover and mutation operators are performed.

I11.2.1.1. Details on Local Search

It should be noted that there are various methods and algorithms that can be
considered under the name local search. Local search is an iterative algorithm that
moves from one solution s to another solution s* according to some neighborhood
structure. These algorithms are very generic and can be applied many problems
successfully. Generally local search procedure has four steps [24]: initialization,
neighbor generation, acceptance test and termination test. The difference between
local search algorithms occurs at the acceptance test step. The other steps are same
for all variants.

In the initialization step, an initial solution is chosen randomly or using
heuristics as the current solution and the fitness value of this solution is calculated
and it is represented as f(s). In the second step, one of the neighbors of current
solution is chosen and again the fitness value for chosen solution is calculated and it
is represented as f(s*). The acceptance test step differs the local search algorithms.
In some algorithms only moves the better solutions are accepted; others also accept
the moves to the worse solutions. The algorithm terminates after completing the
predefined number of computation or computation time exceeds the predetermined
limit. The important local search techniques are simulated annealing and hill
climbing.

In simulated annealing, acceptance test known as probabilistic acceptance

can be described as follows: ( A term is computed by : A = f(s*) — f(s) )
e If A <0 then move to new location S* is always accepted.

e If A >0 then, it is moved to the S* with probability " where T is a
parameter called temperature. Usually T is large at the beginning and

then it decreases until it is zero at final step.
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In hill climbing a single solution is selected as the current solution and a new
solution is selected from the neighborhood of the current solution at each iteration.
If the new solution is better then it becomes the current solution. Otherwise some
other neighbor is selected as the current solution. The method terminates if no

further improvement is possible or for predefined number of iterations.
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PART IV

PROPOSED FRAMEWORK FOR IMPROVING
THE LOCALITY IN LOOPS

In this part, we present the details of our framework for improving the
locality in imperfectly nested loops. The representation of loop nests, and statements
in the framework are based on work proposed by Ahmed et al [1], which is
presented in detail at section 11.6.2.1. His work is considered as a reference in our
framework, due to its representation of imperfectly nested loop. Section IV.1
demonstrates the major phases of our framework including the data structures
considered, which is followed a section on details of hybrid genetic algorithm

proposed.

IV.1. DETAILS OF THE FRAMEWORK

Our compiler optimization framework is not machine dependent since the
generated code is not run on a machine and execution time of the program is not
used as our fitness value of the solution. Our target is finding the optimal code for
many machine architecture types by improving the data locality at source level.
Additionally, it is a generic one that it is not tried to find good loop transformation
parameters like tile size, unroll factors described at section I1.2. We have tried to
implement all types of loop transformations. The framework is not language

dependent, since the parse part of the source code can be changed to any other
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languages. The other parts of our optimization algorithm are not dependent to any

language and we do not use any assumption on languages. Another important

difference of our framework is that we process all statements and loop nests in a

procedure not only one loop nest.

Figure IV.1 shows the flow diagram in our framework, which is also

represented in terms of steps given at Figure IV.2. The details of the steps are

presented at the following subsections of this part.

1. Parse the source code
& Generate Tokens

\ 4
2. Process Tokens &

Build Statement Structures

/ .

3. Generate Dependence 4. Generate Reuse Classes by
Classes by Using the Using the Information from
Information from Statements Statements

A 4

5. Run Omega Calculator &

Get the Relations that Legal
Solutions must Obey.

6. Generate the Initial
Population Randomly

l

7. Check Legality of Solutions by Using
the Dependence Info from Step5 &
Modify Not Legal Solutions to Make

M No
Yes
9. Generate Transformed Code

by Using Omega Calculator
Codegen Utility

8. Apply Crossover & Mutation
Operators to Get Better
Solutions.

Figure IV.1: Flow Diagram of Our Optimization Framework
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Parse Original Code & Produce Tokens

Generate Statement Structures by processing tokens

Find Dependencies between statements

Find Reuses between statements

Generate Constraints on embedding functions (mappings)
Generate Solutions

Check Legality of solutions

Find Best Solution by Using GA

Generate Transformed Code

WXk W=

Figure IV.2: The Steps of the Proposed Framework

The framework inputs a file that has the original code and it generates an
output file that has the transformed code. The transformed code includes renamed
iterations; since the original names of iterations are not preserved due to the
transformations performed. The following example code (given in Figure IV. 3) is

considered for explaining the phases of the framework throughout this part of thesis.

fori =1, M
for j =1, N
for k =1, j-1
S1: A(Q.,.1) = AQ.,1) - Bg.,.k*Ak, 1)
end for
S2: AQ.1) = AG.1 7 BA.1)
end for
end for

Figure IV.3: An Example Code for Triangular Solve

IV.1.1. Parsing the original code into the tokens

We implemented a function for parsing a given input code. The delimiters
like ‘[, ‘T’, © 7, ¢,” are used to separate symbols, reserved keywords, etc. Token array
includes also the meaningful delimiters like ‘[’, ‘]’ since they are used when
constructing the statements and iterations structures. So token array has the elements
that guide our while getting information about the statements. Figure IV.4 shows the

first sixth element of the token array for the code sample at Figure IV.3.
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tokenArr [0] = “for” tokenArr [3]=“1"  tokenArr [6] = “for”
tokenArr [1] = “i1” tokenArr [4] =" .
tokenArr [2] =“="  tokenArr [5]=“M" ...l

Figure IV.4: Example Token Array Elements for the Sample Code.

IV.1.2. Generating the Statement Structures

The statement structures are constructed while processing the token array.
The sequence is important in the token array. While tokens are being processed one
by one, the iterations input and output array references per statement of the original
code are constructed. Also at the same time, the structured information for input to
the Omega Calculator is constructed like the loop bounds for new iterations of the

product space. Figure IV.5 presents pseudocode of the statement generation phase.

—_

initialize iteration_index and statement index
if “for statement” is considered
process “for statement™:
create an iteration instance
set its lower, upper bounds and iterator symbols
increase iteration_index
3. else if “assignment statement™ is considered
process “assignment statement”:
create a statement instance
copy the iteration instances that this statement is inside of
to new statement instance.
increase statement_index
4. else do nothing just skip

N

Figure IV.5: Pseudocode for Construction of Iterations and Statements

The iteration index and statement index variables store the indexes for
iterations and statements that show which statement and iteration is performed at the
moment. Also these indexes are used to give numbers to statements and iterations.
Iteration structure has information about the loops like lower bound, upper bound

and iterator. The core structure of our algorithm is the statement structure. All
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dependences, reuses and mappings are calculated by using info on the statements.
Since all statements have their own iteration spaces in the product space, we copied
the iterations info onto statements. The iterations are stored in the “IterationArr”
element of the statements. After all we get the product space by combining the all
statements iteration spaces. So we can obtain the dimensions of product space after
processing the token array. Figure IV.6 shows the values of statements instances for

the sample code at Figure I'V.3.

Statement 1 :
level >3
iteraions >1l,j1,kl
iteration[0] ->1, M, 1,1l
iteration[1] > 1,N,j,jl
iteration[2] ->1,j1-1,j,kl
bounds >1<=i1l <=M && 1<=jl <=N && 1 <=kl <=jl1-1
output > A (,1)
input[0] > A (,1)
input[1] > B (j,k)
input[2] > A (k1)
Statement 2 :
level =>2
iteraions -=>12,j2
iteration[0] ->1,M,1,12
iteration[1] > 1,N,j,j2
bounds >1<=2<=M&& 1 <=j2<=N
output > A (,1)
input0 > A (,1)
inputl > B (j,))

Figure IV.6: Values Stored at the Statement Structures for the example given at

Figure IV.3.

IV.1.3. Finding Dependencies in the Statements

To check legality of solutions, the dependencies between the array
references should be determined. Array references are stored with their keys and
indexes in a structure. A statement has an output array reference and input array
references as shown previous section. Storing the array references in this method is

based on the set representation of dependencies mentioned at Section I1.3.
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We determine the dependencies by considering the definition given below. It
should be noted that output dependence is false dependence since it can be

eliminated by renaming and it is out of scope of our study.

Definition 1: There exist dependence between two statements, from source
statement S to destination statement S4 if the following intersections have not
empty set.
OUT(Ss) n IN(Sq) # & flow dependence
IN(Ss) n OUT(Sq) # & anti dependence
The dependence representation is important since we must check the legality of
solutions across them. Polyhedral representation of dependencies is considered as in
the Nawaaz Ahmed’s work [1] described at section I1.6.2.2.b. The intersection of the
sets defined at Definition 1 is not enough for the loops. The loop bounds and array
reference indexes are also important. We consider Definition 1 with the definition of
dependencies in loops from Ahmed’s work to find the dependencies in our
algorithm.
Figure IV.7 shows the dependence as of the polyhedral form. Since OUT(S;)
M IN(S;) has not an empty set, there is a dependence from statement S, to statement
S,. Again OUT(S;) m IN(S;) has not an empty set and second dependence exist

from statement S, to statement S;.

Di={[i,ji, ki, i, o] : 1< i, b SM, 1<, p <N, I < ki< ji-1L, ji=Jo, 1= 1
D2= { [ilajlakla i23j2] : 1 < ila i2 SM) 1 SjlajZSNa 1 < klgjl_laklszJ il=i2}

Figure IV.7: Polyhedral Representations of Dependencies.

IV.1.4. Determining Reuses

Reuses represents the data locality in the code; and our algorithm find reuses
in the similar way as in the dependences. In order to find dependencies it is required
that one statement writes and other statement reads the same array reference. On the
other hand, a reuse exists if two statements read or write to the same array reference.

So we can define reuses based on the following definition.
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Definition 2: There exist reuses between two statements, from source statement S

to destination statement Sy if the following intersections are not empty set.

OUT(Ss) N OUT(Sq) # &

OUT(S) N IN(Sq) # @

INGS;) N INGSy # &

IN(S;) m OUT(Sy) # &

Our algorithm uses above definition to determine reuses between the

statements. We represent the reuses in the polyhedral form by using the Ahmed’s

work given in detail at section 11.6.2.2.c. Figure IV.8 shows the reuses in their

polyhedral form.

Ri={ [i1, ji, ki, 12, j2] :
Ro= { [i1, j1, ki, 12, J2] :
R3= { [i1, j1, ki, 12, 2] :
Ry= { [i1, j1, ki, 12, J2] -
Rs= { [i1, j1, ki, 12, J2] :
Re= { [i1, j1, ki, 12, 2] :
R7={[i1, j1, ki, 12, 2] :

11, 1
11, 1
11, 1
i1, 1
i1, 1
i, i

11, 12

<M, 1<iL <N, 1< ki <ji-1,ji=o i1 =2 }
SM,1<jL SN, 1< K <ji-1,ji=jo i1= 12 }
SM,1<jL SN, 1< K <ji-1,ji=jo i1= 12 }
<M, 1<jL <N, 1< K <ji-1,ji=jo, i1 =12 }
<M, 1<j, <N, 1< ki<j-lki=jo, i1=12 }
<M, 1<i, <N, 1< ki <jp-1 ki =jo, i1 =12 }
<M, 1<i, <N, 1< ki <ji-L,ji=jn ki=jo }

Figure IV.8: Polyhedral Representations of Reuses.

There exist seven reuse classes from statement S1 to statement S2 for our

sample code shown at Figure IV.3. First reuse exist since OUT(S;) N OUT(S;) has

not an empty set. Second reuse comes from OUT(S;) N IN(S;), third and fifth ones

from IN(S;) N OUT(S,), fourth, sixth and seventh ones from IN(S;) N IN(S;). Only

forward directions are considered. The backward reuses, from S, to S;, are not

necessary since it has already considered at forward direction. It only generates the

same set of reuses and multiplies the number of reuses by two.
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IV.1.5. Generating Constraints on Unknown Coefficients of
Mappings

The polyhedral form of dependence classes generated at step 3 of the
proposed framework (see Figure IV.2) is used to find constraint on the mapping’s
unknown coefficients. We used a tool called Omega Calculator for this purpose. A
brief explanation of the Omega Calculator tool is given at Appendix A. Finding
constraints is not a simple job. Until now we determine the dependencies. The
mappings, which are candidate solutions, must obey the rules from these
dependencies. Firstly we must understand that what dependence relations represent.
Since we combine the statement iteration spaces, dependence relations guide us that
how they will be combined to form a valid product space. In other words, it shows
the relation between the indices of the combined iteration spaces hence the rules
from dependencies are not violated. For instance, there exist two dependencies for
the sample code shown at Figure V.3, which are:

Di={[iLj, ki, 2] : 1< 1,10 SM, 1<), 2SN, 1L ki <i-1, ji=jp, 11=12 }
Do= { [is,j1, ki, i2,jo] : 1 < i, ia SM, 1<, <N, 1< ki <ji-1, ki =jo, i1 =12 }

These two dependence classes form two polyhedrons that are constructed
from the relations above. Transformed code iterations must be inside of this
polyhedron. These polyhedrons can be described as the affine functions. The affine

form of D, is given Figure IV.9.

/ \r\ Y Y
1 00000 O i -1 0
010000 0 -1 0
001 000 0 i -1 0
000100 0 -1 0
000010 0 ki -1 0
10 0 0 0 1 0 0 0
0-1000 0 1 Ll T ol = o
01-10000 -1 0
00 0-10T120 i 0 0
000 0-01 0 0
1 00-100 0 M 0 0
10 01 0 00 0 0
01 00-100 N 0 0
Q-lOOloy‘” L0 ) L0 )

Figure IV.9: Affine representation of first dependence in the example.
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The Farkas Lemma [26] proves that a function is always has a positive value
on a polyhedron domain, which is given in detail at Appendix B. We can obtain the
constraints on the product space dimension by applying the Farkas Lemma [26] to
the affine form of dependencies. The f(x) functions come from the difference
vectors of dependencies and all solutions have their own dependence difference
vectors. But the right side of the equation comes from the dependence classes. Since
the dependence classes are generated from the source code at once, the all
constraints on the product space dimensions generated only once.

Several polyhedral libraries were considered and it was decided to use
Omega Calculator. The Omega Calculator has a function (called Farkas), which
implements the Farkas Lemma. Also it is very useful since there is no need to
convert dependence to the affine form; which the Omega Calculator can do. Since
Omega Calculator requires a file as its input and returns the result in a file, then all
dependencies should be written to a file in the form of Omega Calculator; and it is
executed once. Then, it generates an output file and this file must be parsed to get
the resulting relations. Figure IV.10 gives an example to a sample input file format

to Omega Calculator and the resulting output file format.

symbolic n;

R1 = {[il,j1,i2,j2,k2] : 1 <=il,j1,i2,j2,k2 <=n && i1=i2 && j1=j2};
R2 := farkas R1;

R2;

# Omega Calculator v1.2 (based on Omega Library 1.2, August, 2000):
# symbolic n;

#

#R1 = {[il,j1,i2,j2,k2] : 1 <=11,j1,i2,j2,k2 <=n && i1=12 && j1=j2};
#

# R2 = farkas R1;

#

# R2;

{[11,j1,i2,j2,k2]: 0 <= n && 0 <= n+k2 && 0 <= n+il+i2+k2 && 0 <= n+il+i2
&& 0 <=n+il+j1+i2+j2+k2 && 0 <= n+il+j1+i2+)2 && 0 <=
constantTerm+n+il+j1+i2+j2+k2 && 0 <=n+j1+j2 && 0 <= n+j1+j2+k2}

#

Figure IV.10: (a) Content of the Input File to Omega Calculator (b) Content of the

Output File from Omega Calculator
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While Omega Calculator applies Farkas lemma for the given relations, it also
implements the Fourier Motzkin elimination to eliminate Farkas multipliers. The
steps of Fourier Motzkin elimination is explained at Appendix C. You can see how a
relation can be defined in omega calculator form at Figure IV.10 (a). Applying
Farkas lemma gives the result shown at Figure IV.10 (b). There exist nine relations
in this output. These relations give us the constraints on unknown coefficients of the
mappings. For example second relation “0 <= n + k2” tells us the coefficient of the
term “n” + the coefficient of the term “k2” must be grater or equal to zero to provide

input relation of the “farkas” function.

IV.1.6. Checking the Legality of Mappings

In this section we present how we will control that the semantic of the
program remains unchanged. For a set of mappings {Fi, F,, ... Fn}, walking the
product space lexicographically and executing the all statement instances (mapped
to each point as we visit it) will generate the execution order of the statements. To
obtain the legal order, the transformed product space must satisfy all dependencies.
The difference vector for a dependence class D, which dependence exists from

statement 1 to statement 2, is defined as follows [1]:

V(is,ig) = Fq (ia) —Fs(is)

Then we can say that the set of mappings {F;, F», ... Fn} is valid if the all
entries of the all difference vectors of the program are zero or positive values. At the
previous section we mentioned that the constraints comes from the dependencies are
calculated by applying Farkas Lemma. To check legality of the embeddings we use
these constraints. Now the f(x) function that is mentioned at Farkas Lemma is our
difference vectors. We want to difference vector non-negative everywhere in the
domain of polyhedron from dependence relations. After applying Farkas Lemma,
we get some affine equations, which include the product space dimensions. We must
look at the difference vector whether satisfies these inequalities or not.

Figure IV.11 shows an example one valid solution and one invalid solution
according to the relation from Farkas Lemma. Let’s assume we get an inequality
after applying Farkas Lemma like i;+i,+ConstantTerm > (. This inequality tells us
that the sum of coefficients of i, i and constant term must be equal or greater than

zero. At Figure IV.11.a, the first dimension of difference vector violates this rule.
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The coefficients of 1, i, constant term are —1, 1 and —1, respectively. Since the sum
of coefficients is —1 this solution is invalid. Figure IV.11 (b) shows a valid solution
according to the given inequality. Now the coefficients are —1, 1 and O at the first
dimension and -1, 1 and 1 at the fourth dimension. The sum of the coefficients is 0
and 1, respectively. So this solution is valid base on the given inequality. At real
applications a lot of inequalities comes from the dependencies that seem the

inequality given in this example.

1 0 0 0 O\[1i 1 1 0 00 0
01 0 0 0][j 0 01 0 0 b 0

Fi=[0 0 1 0 Oofl|lk|+[1PF2=]0 1 0 0 2]+
1 0 0 0 of|M| |- 1 00 0 M
0100 0)|N 0 0100 N 0

(a) Invalid Solution Mappings

1 0 0 0 O\[q 0 1 0 00 , 0
01 0 0 0]]j 0 01 0 0 ?2 0

Fi=[0 0 1 0 Oofl|lky|+[113F2=]0 1 0 0 2]+
1 0 0 0 0of|M| |- 1 00 0 M1y
0100 0)|N 0 0100 N 0

(b) Valid Solution Mappin:gs

Figure IV.11: Valid and Invalid Solutions for the example given at Figure IV.3.
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IV.1.7. Generating Transformed Code from Mappings

Our algorithm uses the Omega Calculator “codegen” function again to
generate transformed code from the found best mapping. At the last step of
algorithm Omega Calculator runs one more time to generate output code. Since the
Omega Calculator accepts an input file, the best solution mappings are written to a
file in its format. After run Omega Calculator the result file for our algorithm that
includes the transformed code generated. Figure IV.12 gives an example
transformed code and the mapping that yields this transformation. Also the input file

format and output file format of the Omega Calculator is shown at Figure IV.12.

T10:={[tij] -> [t,i]};
T20:={[t,i,j] -> [t,j+1,i+1]};

Symbolic T,N;

IS10:={[t,i,j] : 1<=t<=T && 2<=i,j<=N-1};
1S20:={[t,i,j] : 1<=t<=T && 2<=i,j<=N-1};
codegen T10:1S10,T20:1S20;

if (N>=23) {
for(tl = 1; t1 <= T; tl++) {
for(t2 = 2; 12 <= N; t2++) {
it (N >= t2+1) {
s1(tl,2,t2);

if (12 <= 2) {
for(t3 = 3; t3 <= N-1; t3++) {
s1(t1,t3,2);

}
if (N >= t2+1 && 2 >= 3) {
for(t3 = 3; t3 <= N-1; t3++) {
s1(tl1,t3,t2);
s2(tl,t3-1,t2-1);
by

}
if (t2 >= 3 && N >= t2+1) {
s2(tl,N-1,t2-1);

}
if (N <= t2) {
for(t3 = 3; t3 <= N; t3++) {
s2(tl,t3-1,N-1);

Figure IV.12: An Example for the Omega Calculator Code Generation Facility, and
the Mappings that Causes This Transformation.
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IV.2. HYBRID GENETIC ALGORITHM OF THE
FRAMEWORK

We propose a steady state genetic algorithm that takes two parents and
generates one offspring by recombination operators. The hybridization is performed
first for setting initial population by considering a problem specific heuristic. The
second hybridization is performed to improve the offspring before inserting it into
the population. In this subsection we present the details of our hybrid genetic

algorithm.

IV.2.1. Solution Representation

As mentioned before our aim is finding the good transformation for a source
code that provides most efficient data locality. The transformation is constructed
from mappings for each statement of the given source code. Then our goal is to find
the best mappings, which maps statements iteration space to the product space. As a
result our solution includes mappings of each statement. Figure IV.13 shows the

affine form of mappings as our solution representations.

1 00 0 ON[iy] (o) ( i )
01 00 0flj 0 i1
Fr=10 0 1 0 O||k|+]|1]|=|k+1], Fi=A;xi+b;
1 00 0 0||M -1 i -1
01 00 0)|N 0 ji
. J G J
1 000 , (0] (i, )
0O 1 0 O %2 j2 R F2:A2X2+b2
F,b=| 0 1 0 0 i1 |= |1
M
1 0 0 0 0 i
0100 N 0 i
. J G J

Figure IV.13: Solution Representation of Mappings in Their Affine Form

In our algorithm a solution has all mappings for all statements. In the
example shown at Figure IV.13, there exist two mappings since the sample code
given at Figure IV.3 has two statements. First statement iteration space has three

dimensions as {il, jl and kl}, and second one has two dimensions as {i2 and j2}.
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So the product space has five dimensions; and all mappings map their iterations
spaces to a five dimensional product space. So the number of rows is equal to
product space dimension and the number of columns is equal to (product space
dimension + the number of symbols + 1) which the last entry is added as a constant

term.

IV.2.2. Initial Population Generation

In the initial population, predefined numbers of solutions are generated
randomly by using the problem specific information. As we mentioned at previous
section, our solution is the statement mappings. The mappings have two parts a
constant matrix and a constant vector. The matrix and vector for all statement

mappings are generated randomly.

1. initialize all mappings of all solutions.
2. while solution counter < population size

3 while mapping_counter < statement count

4 while dimension_couter < product space dimension

5 if decide to choose a dimension

6. select one dimension among the iteration space dimensions
7 assign this dimension entry of the mapping 1.

8 end if

9 if decide to choose a symbol

10. select one of the symbol

11. assign this symbol entry of the mapping 1.

12. end if

13. if decide to choose constant

14. get a random number between predefined range

15. assign the constant term entry of the mapping this number
16. end if

17. increase dimension_counter

18. end while

19. increase mapping_counter

20.  end while
21.  check legality of solutions according to the dependencies
22.  if not legal

23. make it legal by arranging the mappings
24. if legal

25. increase solution counter

26. end if

27.  endif

28. end while

Figure IV.14: Our Initial Population Generation Algorithm.
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There are two main considerations that are very important for generating
valid mappings. A mapping cannot be legal if the entries of the matrix A have the
values other then 1, -1 and 0. Moreover a mapping, which maps il dimension to
il+j1, cannot be legal. Figure IV.14 shows the algorithm for the initial population
generation. While we are generating initial population, we check whether the
solution is valid or not. The dependence constraints come from output of Farkas
lemma implementation is used to decide the solution is legal or not. If an invalid
solution is generated in initial phase, it is tried to be converted to a valid solution for
a predefined number of iterations. If it is not successful to validate the solution, it is

discarded.

IV.2.3. Recombination Operators

A single point crossover operator combined with problem specific
knowledge is considered in our GA-based solution. The crossover operator can be
applied to the mappings belonging to the same statements; and application of
crossover operator between the different statements mapping generates invalid

solutions, since all statements have their own iteration space.

Crossover point Crossover point

Oll OlO

10 01 10 0:0
0100 10 001000
Parent 1: F;=|0 0 1 0 0{0|; Parent2:2F;=[0 0 1 0 01
1000 1 1 0100 0 -1
01000 0 1 00000

T 0 0|0 0.0
01 0/0 0 0
Offspring: F;={0 0 1|0 01
1 000 0 -1
01 0(0 0i0

Figure IV.15: Example Crossover Operation with Crossover Point 3 over the First

Statement Mappings.
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We chose two parents with the Roulette wheel selection method and we
choose the mapping to which crossover applied. After finding the mapping, the
crossover point is determined. Only one offspring is produced from these parents.
Figure IV.15 shows an example to crossover operation when the crossover point is
selected as 3, randomly. The mappings at Figure IV.15 we combine the matrix A
and vector a, for simplicity.

We implemented single point mutation operation. Our mutation operator
firstly decides whether to mutate the new offspring or not. If mutation will be done,
it randomly chooses which dimension and which column to mutate. Mutation is
simply done by making O entries to 1 and 1 entries to 0. Figure IV.16 shows an
example to mutation operation on the offspring generated at Figure IV.15. The
fourth dimension and third column is selected to mutate. Since this entry has a zero

value, mutation make it 1.

10 0 0:0 1 00 0 0:0
0 1 0 0:0 01 00 0:0
Offspring: Fi =10 0 0 0:1| Mutationy [0 0 1 0 0 1
1 0:@0 0:-1 1 o@o 0 -1
Ql 0 0:0 0 1 0 00

Figure IV.16: Example Mutation Operation with Points (4,3).

The new offspring must be checked against the dependencies due to the
possibility of invalid mappings. Therefore the arrangement after the generation of
offspring must be applied. The rearrangement process is applied for the predefined
times to get valid solutions. If a valid solution cannot be obtained at the end, this
solution is discarded and regeneration starts again. Discarded solutions are not

counted as a generation and not increments the generation counter.

1V.2.4. Local Search

Our algorithm implements the local search method at initial population
generation and after recombination operators generate a new offspring. Local search

is applied to improve solution by checking a set of its neighbors. A neighbor of a
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given solution is obtained by randomly choosing a row and column to update. A
modification on the matrix part is done by making 1’s to 0’s and 0’s to 1’s to
generate the solution neighbors. It can generate a not valid solution again we try to
make the neighbor solution valid. Our goal is finding better combination for a given
solution in the neighbor space. We implemented the hill-climbing algorithm for the

local search phase. In this section we give the details of this method on our problem.

1 000 0:0
0100 0:0

Offspring: F, = 0 01 0 01

1 000 0:-1

0100 0:i0

100 0 0(

0100 0:0

Neighbor Offspring: Fi= | 0 (D 0 0 1
1 000 0:-1

0100 0:i0

Figure IV.17: An example offspring and its neighbor

If we define the fitness values of offspring as f(s) and neighbor offspring as

f(s*), the local search described in the hill-climbing method, acts as follow:
o If f(s®) — f(s) > 0 then update the offspring s from its neighbor s*.

o If f(s*) — f(s) <0 then choose another offspring s at random.

Our problem is maximization; so offspring s* is better than offspring s if f{s*) —
f(s) is greater than zero. Searching the neighbors continues until no improvement
done for the last k iterations. At the end the last selected solution is returned as a

new offspring to be joined to population.

IV.2.5. Fitness Function Evaluation

There exist three level of fitness function evaluations performed in our
framework. These are dimension based, mapping based and solution based fitness
function. All of them are shown at Figure IV.18. As we mentioned before

measuring the cache misses or executing the transformed code and getting the
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execution time is not practical, it takes a lot of time. Especially GA generates many
valid solutions and calculated the fitness value for each of them. So calculation of
fitness value must not require too much time. Also these techniques for fitness value
calculation make the algorithm machine dependent. If we used these techniques, it is
required that the code must be compiled for the specific machine. To have general
fitness value we used the Ahmed’s [10] approach of measurement of goodness of
mappings. He suggests usage of reuses to measure the improvement. Since his
algorithm determines mappings dimension by dimension, he does not consider all
reuses while determining mappings. Our algorithm also differs at this point. We
consider all reuses while calculating the fitness value. Since our aim is increasing

the data locality our fitness function is based on the reuses.

_ Fitness Fitness
1 0 0 0 0:0) 6 1 0 0 0:0) 6
0100 0 030 01 00 0|30
Fi=10 0 1 0 0 0|24 F= [0 1 0 0:0]|24
1000000 1 00000
01 00 0 0)24 01 0 0:0)24
Fitness F| = 84 Fitness F, = 84
Solution Fitness F = 168

Figure IV.18: Fitness Values for the example given at Figure IV.3

We have already mentioned how the reuses in the code is found and
represented in polyhedral form at section IV.1.4. For each reuses we construct the
difference vector and for each dimension in this difference vector we look at the
entry whether it is zero or non-zero according to the given reuse. If it is zero then we
give a reward to this dimension and increment its corresponding dimension fitness
values in the mapping by one. After all reuses are controlled in this way we finish
the dimension based fitness values of solutions. Mapping based fitness values are
calculated by summing the dimension fitness values of them. At the end solution

based fitness values are also the sum of all mappings fitness values.
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PART YV

EXPERIMENTAL STUDY

In this section we present the experimental study to measure the
effectiveness of our framework. The first part of testing is dedicated to set Genetic
algorithm parameters, which include population size (P), number of generations (QG),
crossover probability (p.) and mutation probability (m,).

The performance of our framework is examined when the population size is
in the range P={50, 100, 150, 200, 250} for the chosen sample codes. It was
observed that the performance of the algorithm does not depend on population size
when the number of iteration is fixed. The best results in terms of transformed code
performance are observed with the lowest population size, i.e., when P is equal to
50. This is due to the fact that the population of individuals is not completely
generated in every generation. Additionally, the proposed algorithm for the initial
population (given in Section 1V.2.2.) generates a limited number of different
individuals because of dependence constraints; and when the population size is
increased, there will be various replications of individuals in the population.

We have also examined the best c,-m,, pairs; we have used the c, values in the
range {0.5, 0.6, 0.7, 0.8, 0.9, 1.0} and m, values in the range {0.10, 0.15, 0.20, 0.25,
0.30}. The crossover probability is usually given a high probability. On the other
hand, mutation can be given a relatively small probability. At the end, we have
found the best parameter set of ¢,=0.8, and m,=0.2. The tests are done with the
population size of 50 and for 250 generations. At low crossover probability the
success probability of generating best solution is decreased. On the other hand at

very high crossover probability it is increased with increasing running time. The
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same success rate is also obtained when crossover probability is equal to 0.8. Again
high values of mutation probability is increased the execution time of framework
since the framework consumes much more time to make solutions valid after
mutation operators generates invalid solutions. On the other hand the smallest
mutation probabilities is decreased the variations of solutions and decreased the
success rate of our genetic algorithm to find best solution.

After each parameter is set with the best value that is observed, the main
experiments are performed on four important codes, Triangular Solve with multiple
left-hand sides, Cholesky Factorization, Jacobi Kernel and Red-Black Gauss-Seidel.
All experiments we run in he domain called “moonstar” at Istanbul Technical
University. It has 12 CPU (900 Mhz UltraSPARC III-Cu) with 24 GB memory. We
present the following performance numbers for each source code (SC) and

transformed code (TC).

1. Performance of code produced by Sun compiler
Performance of code produced by Sun compiler with optimization

Performance of code produced by GNU compiler

Eal

Performance of code produced by GNU compiler with optimization

GNU compiler —O3 flag is turned on to allow its optimization so we can
compare the result with our framework optimization. For the same reason, -xO5 flag
of the SUN compiler is turned on. The number behind the —O is called the
optimization level. The default is O0, which means do not optimize. More details
about optimization flags are given at [32, 33]. The source code and transformed
code are compiled and run for the various sized matrixes for 5 times for all. The
average execution times are obtained and comparison made between the
transformed code and the original one. The performance numbers shows the benefits
of finding better transformations instead of searching the best transformation
sequence sequentially. Even though the Sun compiler and GNU compiler
implements all the transformations necessary to optimize our benchmarks, they do
not find the right sequence of transformations for source code, so the performance of

resulting code suffers.
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V.1. PERFORMANCES

We represent our framework results on four important code samples in the

subsections.

IV.1.1. Triangular Solve

The original source code and the transformed code generated by our

algorithm for triangular solve with multiple right-hand sides shown at Figure V.1.

forc =1, M
for r =1, N
for k =1, r-1

S1: B(r,c) = B(r,c) — L(r,k) * B(k,c)
end for
S2: B(r,c) = B(r,c) / L(r,r)
end for
end for

forc =1, M
for r =1, N

S2: B(r,c) = B(r,c) / L(r,r)
for K = r+1, N
S1: B(k,c) = B(k,c) — L(k,r) * B(r,c)
end for
end for
end for

Figure V.1: (a) Original Code and (b) Transformed Code for Triangular Solve

The embeddings generated by our framework shown at Figure V.2.
Although the framework find five dimensional spaces, the omega calculator gives us
the generated code as at most three levels as shown at FigureV.1 (a). It removes the

redundant dimensions for us.

Ci C2
C1 kl CH 1§
r _ _
F1 1 = I Fz ) = 1
kl Ci1 C2
I I

Figure V.2: Generated Mappings for Two Statements of Triangular Solve
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Triangular Solve

600.00
500.00 -
—+—GNU_NO_TC
= —=—GNU_NO_SC
& 400.00 GNU_0_TC /
= GNU_O_SC /
~ 300.00 —%—SUN_NO_TC
5 —e—SUN_NO_SC
E 4+ SUN.O.TC
L% 200.00 —_SUN_O_SC / /
100.00 =
0.00 +———8—%= ; .
100 200 300 400 500 600 700 800 900 1000 1100 1200 1300 1400 1500
Matrix Size (n*n)
Figure V.3: Graphical Performances for Triangular Solve
GNU SUN
Matrix Not Optimized Optimized (-O3) Not Optimized Optimized (-xOb5)
Size(n*n) TC SC TC SC TC SC TC SC
100 0.13 0.12 0.02 0.02 0.03 0.03 0.00 0.00
200 0.99 1.15 0.13 0.16 0.22 0.22 0.02 0.03
300 3.37 3.63 0.57 0.56 0.77 0.75 0.09 0.10
400 8.02 8.67 1.07 1.32 1.82 1.80 0.22 0.25
500 15.59 16.83 2.25 2.59 3.56 3.51 0.42 0.49
600 27.52 29.21 3.77 4.50 6.17 6.10 0.73 0.90
700 43.13 44.64 6.06 7.15 9.87 9.72 1.16 1.41
800 65.64 66.99 9.34 10.81 14.81 14.43 1.74 2.14
900 92.18 95.90 12.97 15.47 21.07 21.02 2.53 3.14
1000 130.14 128.44 17.95 21.42 29.32 28.73 3.42 4.50
1100 168.43 174.27 24.13 29.68 40.29 40.55 4.97 7.31
1200 219.66 231.54( 32.93 46.21 51.87 58.87 7.45 15.57
1300 283.83 306.57| 41.32 73.93 67.47 44 .84 12.45 31.78
1400 361.50 399.12| 54.90 108.97 88.92 129.99 18.18 59.32
1500 440.21 517.60 70.75 162.38| 121.86 186.80 24.97 100.77

Table V.1: Numerical Performances for Triangular Solve
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Figure V.3 and Table V.1 shows the execution times for original source code
and transformed code for various compiler and settings. Approximately in all cases
the transformed code performance is the best. If we look the values of the case
transformed code with SUN optimization, we can see it has the best performance
among all cases. Our framework does not consider the tiling. It can be another study
on our framework. The SUN compiler optimization gives better result by applying
the tilling to our code. On the other hand we can say that the codes produced by our
framework is more proper to optimize by compilers. If we compare two commercial
compilers we can say that the SUN compiler is the best on SUN server since it
knows the architectural details and make the best optimization on known

architecture.

IV.1.2. Red-Black Gauss-Seidel Relaxation

The original source code and the transformed code generated by our

algorithm for Jacobi shown at Figure V 4.

for t =1, T
for j = 2, N-1
for i = 2, N-1, 2
S1: U(i,J) = 0.25*(B(1,J)-U@-1,5)-U(i+1,J)-U@,J+1)-U(i,j-1))
end for
end for

for j = 3, N-1, 2

S2: UGi,j) = 0.25*(B(i,J)-U@(i-1,))-u@i+1,j)-u(,j+1)-u(,j-1))
end for
end for
end for
for t =1, T
for j = 2, N-1
S1: U(2,3)=0.25%(B(2,5)-U(1,J)-U(E,1)-U(2,j+1)-U(2,j-1));
for i = 4, N-1, 2
S2: U(i,3)=0.25*B(i,j)-U(i-1,j)-U(i+1,j)-U(Ci,j+1)-U(,j-1))
S3: U(i-2,j)=0.25*(B(i-2,j)-U(-3,j)-U(i-1,j)-U(i-2,j+1)-U(i-2,j-1))
end for
S4: U(N-2,j)=0.25*(B(N-2,j)-U(N-3,j)-U(N-1,j)-U(N-2,j+1)-U(N-2,j-1))
end for
end for

Figure V.4: (a) Original Code and (b) Transformed Code for Red-Black Gauss-
Seidel Relaxation
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Red Black - Gauss Seidel

30.00

25.00 —+—GNU_NO_TC
— —s—GNU_NO_SC
o
z 20.00 GNU_O_TC N
© GNU_O_SC /é//
£
= —%—SUN_NO_TC
F 15.00 - -
S —e_SUN_NO_SC !/)'//.;/
h= —+—SUN O TC

A |

3 10.00 —-SUN_O_SC
w

Figure V.5: Graphical Performances for Red-Black Gauss-Seidel

GNU SUN

Matrix Not Optimized Optimized (-03) Not Optimized Optimized (-xO5)

Size(n*n)| TC SC TC SC TC SC TC SC

100 0.04 0.04 0.01 0.01 0.01 0.01 0.00 0.00

200 0.17 0.17 0.03 0.04 0.03 0.04 0.01 0.01

300 0.38 0.39 0.07 0.09 0.08 0.10 0.03 0.03

400 0.69 0.68 0.12 0.16 0.14 0.19 0.05 0.05

500 1.10 1.08 0.18 0.24 0.25 0.28 0.07 0.08

600 1.61 1.69 0.32 0.47 0.39 0.53 0.16 0.22

700 2.33 2.44 0.51 0.82 0.56 0.86 0.28 0.43

800 3.09 3.36 0.71 1.20 0.78 1.25 0.52 0.72

900 4.10 4.37 0.96 1.72 1.15 1.74 0.65 1.06

1000 5.17 5.60 1.24 2.43 1.45 231 0.90 1.45

1100 6.31 7.16 1.59 2.69 1.79 2.88 1.09 1.96

1200 7.60 8.32 1.95 3.54 2.17 3.49 1.33 2.23

1300 8.80 10.31 2.61 4.36 2.60 4.43 1.56 2.79

1400| 10.52 11.97 2.76 4.92 3.02 5.09 1.97 3.46

1500| 11.79 13.76 3.08 5.17 3.55 6.26 2.18 3.90

1600| 12.89 15.49 3.54 5.99 4.10 6.85 2.61 4.65

1700| 14.59 17.00 4.09 7.08 4.68 7.46 2.89 5.71

1800| 16.37 19.51 4.61 7.66 5.29 8.72 3.29 4.55

1900| 18.12 21.69 5.23 9.05 6.09 9.63 3.59 4.92

2000] 20.03 24.19 5.56 10.29 6.62 10.83 3.87 7.58

Table V.2: Numerical Performances for Red-Black Gauss-Seidel
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Figure V.5 shows the results for Red-Black Gauss-Seidel code. It is clear
that in all cases the transformed code by our framework has the minimum execution
times. As in the previous sample code the best result is obtained by combining our
optimization with compilers one. Our framework generates more suitable codes to
optimize for compilers. Our framework chooses the embeddings shown at Figure

V.6 to optimize the source code:

- 4 N ~ t ~N
Ji j2
t . ) .
. . +
Fi| n|~= i Fo| | = 2+l
. t . t
T J 1» _]
1 2
L 11 ) _ 12+1J

Figure V.6: Generated Mappings for Two Statements of Red-Black Gauss-Seidel

IV.1.3. Jacobi

The original source code and the transformed code generated by our

algorithm for Jacobi shown at Figure V.7.

2, N-1
S1: LALG) = (A(Lj+1) + A(TLj-1) + A(I+L,§) + A(I-1,5)) / 4

for i = 2, N-1
for j = 2, N-1
S2: AC(T,J) = L(LT)
end for
end for
end for

for t =1, T

S1: L(2,2) = (A(2,3) + A(2,D) + A(B,2) + A(1,2))/4
for j = 3, N-1
S2: L(2.J) = (AQ2.j+1) + A(2,J-1) + A(3.]) + Ad.]))/4
end for
for i = 3, N-1
S3: L(i,2) = (AGL,3)+AC,D+A(I+1,2)+A(i-1,2))/4
for j = 3, N-1
S4: L(T,0) = (AQT,J+1) + A(T,j-1) + AGI+L,j) + A(i-1,j))/4
S5: A(i-1,j-1) = L(i-1,3-D)
end for
S6: A(i-1,N-1) = L(i-1,N-1)
end for
for j =3, N
S7: A(N-1,j-1) = L(N-1,j-1)
end for
end for

Figure V.7: (a) Original Code and (b) Transformed Code for Jacobi
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Jacobi

12.00
——GNU_NO_TC
10.00 —=— GNU_NO_SC »
GNU O TC .
~ GNU O _SC
g 8.0
& —— SUN_NO_TC
e —e— SUN_NO_SC //
E 6.00 —+—SUN_O_TC ///i/
= ——SUN_O_SC
§ 4.00
L
2.00
0.00 -
\90 (]90 %00 S
Matrix Size (n*n)
Figure V.8: Graphical Performances for Jacobi
GNU SUN
Matrix Not Optimized | Optimized (-O3) Not Optimized Optimized (-xO5)
Size(n*n)| TC SC TC SC TC SC TC SC
100 0.01 0.01 0.00( 0.00 0.00 0.00 0.00 0.00
200 0.02 0.02 0.00{ 0.01 0.00 0.01 0.00 0.00
300 0.05 0.05 0.01 0.01 0.01 0.01 0.00 0.00
400 0.08 0.09 0.01 0.02 0.02 0.02 0.01 0.00
500 0.13 0.13 0.03[ 0.04 0.03 0.03 0.01 0.00
600 0.19 0.26 0.04 0.12 0.05 0.12 0.02 0.01
700 0.27 0.45 0.07 0.25 0.07 0.25 0.03 0.02
800 0.38 0.74 0.09 0.43 0.11 0.45 0.05 0.04
900 0.47 1.06 0.12 0.69 0.14 0.87 0.06 0.06
1000 0.58 1.63 0.15( 1.04 0.17 1.21 0.09 0.08
1100 0.70 2.08 0.19( 1.66 0.21 1.70 0.11 0.10
1200 0.85 2.78 0.23 2.07 0.26 2.15 0.14 0.11
1300 0.99 3.46 0.27 2.65 0.30 3.12 0.16 0.14
1400 1.22 4.47 0.31 3.75 0.35 3.52 0.18 0.18
1500 1.42 5.16 0.36| 4.02 0.39 4.41 0.22 0.20
1600 1.78 6.15 0.42| 452 0.46 4.80 0.24 0.21
1700 1.95 7.30 0.47 5.64 0.53 551 0.28 0.26
1800 1.87 8.37 0.52 7.10 0.60 6.44 0.30 0.28
1900 2.24 8.77 0.57 7.14 0.68 7.60 0.37 0.31
2000 2.31 9.97 0.64| 8.73 0.73 8.97 0.41 0.34

Table V.3: Numerical Performances for Jacobi
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Figure V.8 shows the performances. In this case the transformed code and
source code performance are approximately same. We think for the Jacobi code the
sun compiler optimizer make almost same transformations with our framework. The

embeddings chosen by our framework for Jacobi is shown at FigureV.9.

r " N -~ t ~N
Ji Jotl

b i k i1
Fopn =14 Fop 12y = t,
h Ji 1 Jatl

11 1+l

N\ J - J

Figure V.9: Generated Mappings for Two Statements of Jacobi

IV.1.2. Cholesky Factorization

The original source code and the transformed code generated by our

algorithm for Cholesky factorization shown at Figure V.10.

for k = 1, N
S1: A(k,k) = sagrt(Ak,k))
for 1 = k+1, N
S2: A(i LK) = A(ILK) /7 Ak,K)
for j = k+1, i
S3: A(i,J) = ALK * A LK)
end for
end for
end for

for k = 1, N
for 1 = 1, k-
for j = k, N
S1: A(g.k) -=
end for
end for
S2: A(k,k) = sgrt(Ak,k))
for 1 = k+1, N
S3: A(iL,K) = A(LK) 7 Ak,K)
end for
end for

1

AQ,1) * Ak, i)

Figure V.10: (a) Original Code and (b) Transformed Code for Cholesky
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Execution Time (sec)

600.00

Colesky Factorization

500.00

400.00

w
o
o
o
S

200.00

—+—GNU_NO_TC
—= GNU_NO_SC
GNU_O_TC
GNU_O_SC
% SUN_NO_TC
—e—SUN_NO_SC
—+ SUN_O_TC
—- SUN_O_SC

Matrix Size (n*n)

Figure V.11: Graphical Performances for Cholesky Factorization

GNU SUN
Matrix Not Optimized Optimized (-03) Not Optimized Optimized (-xO5)
Size(n*n) TC SC TC SC TC SC TC SC

100 0.05 0.05 0.01 0.01 0.01 0.01 0.00 0.00
200 0.34 0.34 0.04 0.06 0.08 0.09 0.01 0.03
300 1.16 1.17 0.15 0.19 0.28 0.30 0.05 0.09
400 2.77 2.78 0.37 0.46 0.66 0.70 0.14 0.23
500 5.42 5.44 0.72 0.88 1.40 1.48 0.28 0.46
600 9.35 9.40 1.27 1.51 2.44 2.59 0.48 0.81
700 14.83 15.10 2.02 2.40 3.80 3.94 0.79 131
800 22.12 23.72 3.04 3.69 5.41 5.71 1.15 1.94
900 31.61 33.89 4.23 5.18 7.65 8.25 1.64 2.76
1000 43.99 46.82 5.86 7.08 10.48 11.13 2.27 3.83
1100 57.58 60.07 7.82 9.53 14.00 14.90 3.06 5.28
1200 75.17 82.45( 10.19 12.90 18.28 19.89 4.01 7.31
1300 95.53 104.72| 12.86 18.26 24.06 27.13 5.20 10.82
1400 121.07 136.46| 16.56 28.03 30.84 39.13 6.84 16.36
1500 148.89 174.51| 20.81 39.99 38.80 51.87 9.23 25.46
1600 180.35 229.57| 25.98 58.45 47.88 71.12 11.58 39.14
1700 216.99 259.77| 31.83 79.60 58.89 97.04 14.91 54.52
1800 260.06 323.77| 39.62| 111.95 64.23| 128.23 18.60 78.68
1900 309.25 421.03| 46.86| 145.22 62.35| 166.92 23.04| 106.65
2000 361.27 483.46| 57.29( 194.72 99.89| 231.84 28.77| 141.55

Figure V.11: Numerical Performances for Cholesky Factorization
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Figure V.11 shows the execution times. Again the best is transformed code
with optimization by sun compiler. On the another point of view, if we compare the
results of transformed code with no sun compiler optimization and source code with
sun compiler optimization we conclude that in this case our framework makes better
optimization than sun compiler optimizer. Figure V.12 shows chosen mappings by

our framework for the Cholesky Factorization.

r K, 3 r k2\ r j3 N
k] k2 k3
. kl k2 _ iz 1.(3 _ i3
Fi [ ki ] | ki F2 bl |k Fs BT ks
k i I3 i
kl kz j3

Figure V.12: Generated Mappings for three statements of Cholesky Factorization
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PART VI

CONCLUSIONS

Cache misses because of worse data locality are the most important factor on
performance of the programs. The cache misses occurs at loop nests are attractive
for the compiler commodity since there must be another way doing the same job
with less cache misses in the nested loops. Especially image processing, video
transmission, scientific programs etc spend a large percent of their time inside loops.
In this study, we introduce a hybrid genetic algorithm for improving data locality of
the programs with the objective of minimizing the execution time of the programs.

The experimental evaluation based on real application codes reveals that our
hybrid genetic algorithm is generates good results as much as compiler
optimizations and at some cases it outperforms the compiler optimizations. When
we do not apply the compiler optimization our transformed code is always has a
minimum execution time then the original code.

This thesis does not handle the data transformation techniques. Research is
required further study this issue. The combination of data transformation and loop
transformation can give a better performance. Also an additional research is required

to calculate real cache misses count to be more accurate.
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APPENDIX A

FOURIER-MOTZKIN ELIMINATION

Fourier Motzkin elimination method eliminates a variable at a time in a
system of linear inequalities. The remaining inequalities, which include some new
ones, have a solution if, and only if, the original system has a solution. Eventually,
this reduces to one variable or an inconsistency is determined during the
elimination. One variable can be assigned any value in its range, and then a
backtracking procedure can be executed to obtain values of the other variables,
which were eliminated. Originally presented by Fourier in 1826, Motzkin analyzed
it in 1933 in light of new developments of the theory of linear inequalities to solve
linear programs.

The key idea is eliminating the variables one by one without changing the
solution space. If the reduced system has a solution, the original system has a
solution too. Let us consider a system of linear inequalities Ax + b > 0, where A is a

matrix and b is a constant vector given at Figure A.1:

-~ \ N N - 0 N
arr 12 eeeeen. dln X1 b, 0
a1 a»  ....... ain X2 b,
m constraints < ............. . n Z
le Am2 ... aw Xn b, 0
N\ L J L J L J
_
Y
1 unknowns

Figure Al: System of Linear Equalities with m Constraints and » Unknowns

The steps of algorithm can be described as below:
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1. Choose an unknown Xx; to eliminate.

2. Forms groups of inequalities as lower bounds that have positive
coefficient of x;, upper bounds that have negative coefficient of x; and
others that have not x;. Arrange these groups as follows:

Lower Bound Inequalities </ x;
u X; < Upper Bound Inequalities
0 x; < Other Inequalities
where [ and u is the coefficient of x;.

3. Create new equalities by setting each inequality in lower bound group
less or equal to each inequality in upper bound group. If we say the
number of inequalities in the lower bound is /b and in upper bound is ub
then at the end the total number of inequalities is equal to /b*ub + others.
Arrangement of upper bound groups and lower bound groups to
eliminate x; can be done as follows:

u * Lower Bound Inequalities < [*u x; <[ * Upper Bound Inequalities

At the end of elimination, the following inequalities are obtained:
u * Lower Bound Inequalities </ * Upper Bound Inequalities
0 x; < Other Inequalities

4. Elimination of unknowns is repeated until a single unknown remains.

If we get a not empty space at the end, the original system has a solution. But

the reverse is not true. Figure A.2 shows an example for two groups of affine

inequalities.
Example 1: Example 2:
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-22>20 x+2y-22>20
X -2y +3>0 X -2y -1>20
-X +1>0 -X +1>0
Decide to eliminate
unknown x
-2y + 2 < x -2y + 2 < x
2y - 3 < x Lower bound and 2y + 1< x
x <1 upper bound groups x <1
Rearrange the groups
to eliminate x
-2y + 2 <1
2y - 3 <1
Single unknown, y
remains. So exhibit
the range of y
1 <2y
1 <2y 2y <0
2y < 4
12 <y <0
12 <y <2
-
-

The range of y is empty, so
the original system
inequalities may or not have
a solution.

The range of y is not empty,
so the original system
inequalities has a solution.

Figure A2: Two Examples of Applying Fourier Motzkin Elimination.
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APPENDIX B

FARKAS LEMMA

Farkas Lemma is a basic theory of the polyhedral model, which is proven by
the Hungarian physicist and mathematician Gyula Farkas in 1901. Farkas Lemma
comes in several alternatives forms. The affine form of Farkas Lemma is a particular
for affine schedule purpose; it allows us to determine constraints from the

dependencies.

Lemma 1: Farkas Lemma Affine Form [21]:

Let D be a nonempty polyhedron defined by the inequalities Ax + b > 0, then
any affine function is nonnegative every where in D iff it is a positive affine

combination:
f(x) = o+ LT(A x + b), with Ao > 0 and A" > 0.

Ao and A" are called affine Farkas multipliers.

In other words, any function that is positive everywhere in a polyhedron Ax
+ b > 0 can be expressed as a positive linear combination of the rows of the vector
Ax + b. As an example, let us consider an affine function f(x) = ax + b. We want to
know the relation between b and a, so that the function f(x) can be non-negative
everywhere in the domain 1 <x <5. It easy to see geometrically that if a is positive
then b > a, and if a is negative then b > -5. Farkas Lemma can be used to deduce
these constraints algebraically. Figure B.1 shows Farkas Lemma application to this

example.
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. 1 _1 X - 1 Z 0
Dl [X]+{520 X+ 320
Apply Farkas Lemma
To find constraints on b and a

fx) = ax+b =29 + (A1 N2 [_11} (x]+ Ll}

Construct the system
including Farkas multipliers
and unknown constraints

‘f@

}\,2 = a
ho - A1+ S =D
Lo > 0 Comes from
A > 0 (" Farkas definition
M >0

Eliminate A, and A, by
using Fourier Motzkin
elimination method

-

a+b > 2A;, > max(0, -2a)

As a result we find the constraint on
b and a, which is clearly equivalent
to our geometric result.

-

a+b > max(0, -2a)

Figure B.1: An Example to Implementation of Farkas Lemma.

Related to our study:

We use Farkas Lemma, on our dependencies. We want to obtain difference
vectors of the mappings is always greater than or equal to zero on the domain of
corresponding dependence. For instance, Let apply the Farkas Lemma to the

dependence domain (see section [V1.3.) given below, and gets the constraint.
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Di={[iLji kil : 1< i, <M, 1<), <N, 1< ki<ji-1, 1=, 1 =12 }

f(xX) = Aot Ai(11-1) + Ao(M- 1)) + A3(ia-1) + Ag(M- 1p) + As(ji-1) + As(N- 1)
+ A1(J2-1) + A3(N-j2) + Ao(ki-1) + X10(i-1 — ki) + A11(i- J2)
+ Ai2(2- 1) + As(in- 12) + Aa(iz- 1y)

We want to make difference vector entries grater or equal to zero, f(x) comes

from the difference vector of mappings of the dependent statements.

F(x)=ai;+bi+tcki+djitepp+fM+gN +h
Coefficientofi; = a = Aj-Aa+ Ai3-Awis
Coefficient of i, = b = Az-As4- A3+ Ais
Coefficientof j; = ¢ = As-As+ Ao+ A11- A
Coefficientof j, = d = A7-Ag-A;1+ A2
Coefficient of k; = € = Ag- Ao+ A11- A2
Coefficient of M = f = A+ A4
Coefficientof N = g = A¢+Ag

Coefficient of constantterm = h = Ag-A; - A3 - A7- Ag- Ao

After eliminating unknown Farkas multipliers, we get the following
constraint on unknown coefficients of difference vector f(x). As a result we can
check the legality of our mappings, by using these constraints from Farkas Lemma.

We use omega calculator Farkas method to get these constraints.

H+2f+2a+2c+e+2b+2d > 0
f+c+e+d >0

f+c+d >0

f+a+c+b+d >0
f+a+c+te+tb+d >0
f+a+b>0
h+2f+a+2c+e+b+2d> 0
£f>0
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APPENDIX C

OMEGA CALCULATOR AND PROJECT

The goal of the Omega project is constructing frameworks for the analysis

and transformation of scientific programs. The software includes:

The Omega library, a set of routines for manipulating linear constraints
over integer variables, integer tuple relations and sets.

The code generation library, a set of routines for generating code to scan
the points in the union of a number of convex sets. (requires the Omega
library)

The Omega calculator, a text-based interface to the Omega library
(requires both above libraries)

The Uniform library, a source to source parallelizing transformation
system,

Petit, a educational/research tool for analyzing array data dependences

(needs all three libraries)

Omega library includes a C++ class that manipulates integer tuple relations

and sets, such as:

{[ij] = [J7]:1=1<j<j> =N} AND {[i,j]: 1 =i<j<N}

Relations and sets are described using Presburger formulas [27] a class of

logical formulas which can be built from affine constraints over integer variables,

the logical connectives —, A and v, and the quantifiers V and 3. In the literature

there are many research, which have used the omega library.
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Omega calculator is a text-based interface to omega library. The usage of
omega calculator is easier then library. We give an example at Figure C.1 to
compare the usage of them. In this example we try to construct a relation by using

omega calculator and library.

[iljlk1]->[2,j2.k2] : i2 =11 && j1<j2 || 2 =il && j2=j1 && kl<=k2 | il <i2
}

char * 1[3]= {"il", "j1", "k1"};

char * 2[3]= {"i2", "j2", "k2"};

Variable ID id1[3];

Variable ID id2[3];

Variable ID &il=id1[0], &j1=id1[1], &k1=id1[2];
Variable ID &i2=1d2[0], &j2=id2[1], &k2=id2[2];

Relation s(3,3);

for (int i=0; 1<3; i++)

{
s.name_input var(i+1, 1[i]);
s.name_output var(i+1, 2[i]);
id1[i]=s.input_var(i+1);
id2[i]=s.output_var(i+1);

}

F_And *al =s.add_and();

F Or *ol =al->add_or();

F_And *a2 = ol->add_and();

GEQ Handle h1 = a2->add_GEQ();
hl.update coef(il,1);

hl.update coef(i2,-1);

h1.negate();

F_And *a3 = ol->add_and();

EQ Handle h2 = a3->add EQ();
h2.update_coef(il,1);

h2.update _coef(i2,-1);

F _Or *02 = a3->add_or();

F_And *a4 = 02->add_and();
GEQ_Handle h3 = a4->add GEQ();
h3.update coef(j1,1);

h3.update coef(j2,-1);

h3.negate();

F_And *a5 = 02->add_and();

EQ Handle h4 = a5->add EQ();
h4.update coef(jl,1);

h4.update coef(j2,-1);
GEQ_Handle h5 = a5->add_GEQ();
h5.update coef(kl,-1);

h5.update coef(k2,1);

Figure C.1: Relation Definition by Using (a) Omega Calculator, (b) Omega Library
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OC read its input from a file as its first argument and writes its output to the
standard output. Usage of OC requires write to a file and read from file operations.
Also the input file must be written in the format of OC and then output file must be

parsed. Figure B.2 gives some input and output examples of OC.

#R={[{]>["]:1<=1,I’<=10&& 1" =i+ 1};
#R;
{[i]] > [i+]]: I<=1<=9 }

# inverse R;
{[i]]->[i-1]1:2<=1<=10}

# range R;
{[i]:2<=1<=10}

#S:={[i]:5<=1<=25}
# R\S;
{[i]]->[itl]:5<=1<=9 }

Figure C.2: Some example to the OC methods.

Input consists some statements terminated by semicolons. The “#” character
at the beginning of line indicates that the rest of line is comment. Also the output
includes the lines which starts with the character “#”. The character “#” in the
output file indicates the input line to the omega calculator in other words the
processed lines. In the OC relations and sets are defined by using presburger
formula operators (And, Or, Not, Exists, ...etc.) and comparison operators (>=, <=,
<, >, =, 1=). Also relational operations (Union, Intersection, Convex Hull, Farkas,
... etc.) can be applied on relations and sets. The list of all operations can be found
in [5].

In our problem we show dependencies as sets and mappings as relations. We
applied the “Farkas” method on the dependence relations to define our constraints
for generating valid solutions. We used the code generation facility of the OC to
generate code of the best solution. Our iteration spaces and mappings are described
as sets and relations respectively. The best solution statement mappings and iteration

spaces are given to the OC as input to generate transformed code.
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