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ABSTRACT
OPTIMALITY CONDITIONS AND SOLUTION METHODS FOR SOME CLASSES
OF NONCONVEX AND NONDIFFERENTIABLE OPTIMIZATION PROBLEMS

Mohamed Muhumed HASSAN
Department of Mathematics
Programme in Applied Mathematics
Eskigehir Technical University, Institute of Graduate Programs, July 2025
Supervisor : Prof. Dr. Refail KASIMBEYLI

This dissertation investigates optimality conditions and solution methods for
specific classes of nonconvex and nondifferentiable optimization problems. It introduces
novel modifications to Zoutendijk’s feasible direction method and the Frank—Wolfe
algorithm by incorporating the concept of radial epiderivatives in place of classical
derivatives.

The study begins with a foundational overview of optimization principles, followed
by an in-depth exploration of radial epiderivatives, including new theoretical develop-
ments and illustrative examples. Subsequent chapters detail the proposed algorithmic
modifications and provide rigorous convergence analyses. This work aims to enhance the
theoretical framework and practical applications of optimization techniques in complex,

nonconvex, and nondifferentiable contexts.

Keywords: Nonsmooth and nonconvex optimization,  Frank—Wolfe algorithm,
Radial epiderivative, Zoutendijk method.
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OZET
BAZI SINIF DISBUKEY OLMAYAN VE TUREVLENEMEYEN OPTIMIZASYON
PROBLEMLERI ICIN EN IYILIK KOSULLARI VE COZUM YONTEMLERI

Mohamed Muhumed HASSAN
Matematik Anabilim Dali
Uygulamali Matematik Bilim Dali

Eskigehir Teknik Universitesi, Lisansiistii Egitim Enstitiisii, Temmuz 2025

Damsman : Prof. Dr. Refail KASIMBEYLI

Bu tez, belirli simiflardaki konveks olmayan ve tiirevlenemeyen optimizasyon
problemleri i¢in optimalillik kogullarini ve ¢oztim yontemlerini aragtirmaktadir. Klasik
tirevlerin yerine radyal epitiirev kavramini entegre ederek Zoutendijk’in uygulanabilir
yon yontemi ve Frank—Wolfe algoritmasina yenilikci degisiklikler getirmektedir.

Bu calisma, optimizasyon prensiplerinin temel bir incelemesiyle baglayip, radyal
epiderivatifler tizerine derinlemesine bir kegif sunarak yeni teorik gelismeler ve agiklayici
ornekler icermektedir. Sonraki béliimler, 6énerilen algoritmik degisiklikleri ayrintili olarak
ele almakta ve titiz yakinsama analizleri saglamaktadir. Bu ¢alisma, karmasik, konveks
olmayan ve tiirevlenemeyen baglamlarda optimizasyon tekniklerinin teorik cercevesini

ve pratik uygulamasini gelistirmeyi amaclamaktadir.

Anahtar Sozciikler : Diizgiin ve konveks olmayan optimizasyon, Frank— Wolfe
algoritmasi, Radyal epitiirev, Zoutendijk yontemi.
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1. INTRODUCTION

1.1. Basics of Optimization
1.1.1. Historical background
Mathematical optimization is the science and art of choosing the best possible
element from a range of possible candidates based on certain criteria. Egyptian and
Greek mathematicians were the first to solve optimization problems in their geometrical
studies. For example, Euclid, the father of geometry, investigated the concepts of
the minimal distance between a line and a given point. Before calculus was invented
(or discovered) in 17th century by G. W. Leibniz and I. Newton, mathematicians
investigated only trivial mathematical optimization scenarios such as the well-known
secretary problem and optimal dimensions of a geometric figure. In the 19th century,
the earliest algorithms for solving optimization problems were presented. The following
list highlights the most prominent figures who have profoundly influenced the field of
optimization through their groundbreaking work.
o Around 300 BC, Fuclid investigated optimization problems such as “among all
rectangles with fixed perimeter, which rectangle has the greatest area?”
e In the 17th century, J. Kepler computed the optimal dimensions for maximum
volume of a wine barrel.
o A few decades after Kepler, Isaac Newton examined the body with minimal
resistance.
o In the 18th century, J. L. Lagrange formulated the problem of minimal surfaces
(also known as Plateau’s problem).
e In 1724, G. Monge studied the transportation problem.
o In the 19th century, J. Fourier introduced linear programming problems.
e In 1905, J. Jensen introduced the concept of convexity of functions.
e H. Hancock wrote the first textbook on optimization titled Theory of Mazima and
Minima in 1917.
e In 1939, L.V. Kantorovich proposed an LP-problem and suggested a method on

how to solve it.



e J. Neumann developed the field of operations research and the concept of duality.

G. Dantzig formulated the simplex method for solving linear programming In 1947.
e In 1950s, J. Nash introduced the concept of Nash equilibrium in game theory.
e In 1953, R. Bellman developed dynamic programming.
e in 1939, W. Karush derived the KKT conditions, which were later rediscovered by
H. Kuhn and A. Tucker in 1951.
e In 1984, N. Karmarkar proposed the interior-point methods for LP problems.
o Y. Nesterov proposed accelerated gradient methods in 1983.
e In the 1970s, R. Rockafellar laid the groundwork for convex and variational
analysis.
o In the 2000s, R. kasimbeyli, developed concepts ranging from radial epiderivatives
to weak subgradients, cone separation theorems, and more.
It should be noted that the names on the list above are but a few among the most
prominent mathematicians in the field. For more details, see [12, 18, 21, 27, 29, 35, 38,
39, 40, 42].

1.1.2. Basic terminology
o Objective function: A function f : R™ — R to be optimized. To minimize (or
maximize) is to find a point z* in R™ that satisfies f(z*) < f(z) (or f(z*) > f(z))
for all z.
o Decision variables: These are the variables x = (z1, 22, -+ ,2,) € R™ that we are
trying to solve for.

o Constraints: The set S of rules that the decision variables must satisfy.
S={reR"|gx)<0(i=1,---,m), hj(x)=0(=1,---,p)}.

o Feasible Region: The set S of all points that satisfy each and every constraint.

« Optimal solution: A point z* € S such that f(z*) < f(z) Vz € S (for minimiza-
tion) and f(z*) > f(z) Vo € S (for maximization).

o Local minimum: A point z* such that f(z*) < f(z) Vo € SNN(z*,€), where
N (z*,€) is the e—neighborhood of z*.



Global minimum: A point z* that satisfies f(z*) < f(x) for all x € S.

Convex set: A set S where Vxy, 29 € S and A € [0, 1] we have Azy + (1 — X)zy € S.

Convex function: A function f(x) where

fAzy + (1= Nag) < Af(z1) + (1 = N) f(xa) Vay,20 € Sand X €0, 1].

Concave function: A function f(z) where
FOzy 4+ (1= Nag) > Af(z1) + (L= N)f(xe) A€0,1] and Vay,z0 € S.

In mathematical optimization, we usually maximize or minimize an objective
function based on specific criteria. In this thesis, we investigate and examine ways to

optimize the following problem:

Min/Max  f(x) (1.1)
Subject to x € S '

where f(z) is a nondifferentiable and nonconvex function with a linear and norm term,
whereas S is a set of compact polyhedra.

Despite the wealth of literature on optimization methods, the problem of minimizing
or maximizing nondifferentiable and nonconvex objective functions—particularly those
involving linear and norm terms—remains a significant challenge. These types of
problems frequently arise in practical applications such as machine learning, signal
processing, and resource allocation. This thesis contributes to this field by proposing
novel theoretical tools (via radial epiderivatives) and algorithmic approaches that can

effectively handle such complex problems.

1.2. Literature Review

The mathematical optimization of a linear function over a compact polyhedron
originated in linear programming. One of the most basic and earliest concave linear
programming problems is structured as follows:

Min/Max (v, z)

Subject to x € S (1.2)

George Dantzig’s simplex method [26] was the first algorithm to systematically



solve a linear programming problem by traversing the vertices of the feasible set.
Mathematicians believed — some even tried to prove — that the time complexity of the
simplex algorithm was polynomial. However, Klee & Minty [4] demonstrated through
illustrative examples that the simplex method could — in the worst-case scenario — visit
every single vertex before reaching the optimal point. An example of these pathological

problems is described in equation (1.2).

min @ — 2"ty — 2" %, — 2" gy — o — 21, 1 — 1,
s.t. T <5H
41 + 29 < 25
8x1 + 4xo + 23 < 125 (1.3)

My + 2" g + 2"_3x3—|—' et dx, g +x, < B
x>0 YVi=1,2--- n.

Linear programming problems, such as problem (1.3), showed that the time
complexity of the simplex algorithm is, in fact, exponential.

In order to understand what “exponential time complexity” means, let us consider
problem (1.3) with 100 variables. This means that the algorithm would visit 219 — 1 ~
1.3 x 10%Y vertices before arriving at the optimal point. If a computer were to operate
continuously, executing one quintillion (a billion billion or 10'®) iterations every second,

it would require approximately

1.3 x 1030
m = 43, 333 years.

In the search for faster algorithms with polynomial time complexity, Khachiyan
published his ellipsoid method, and Karmarkar proposed his interior point method [10].
Even though the interior point methods and ellipsoid method had polynomial-time
complexity in practice, Dantzig’s simplex method usually outperforms them for most
problems. Subsequent contributions by mathematicians A. Nemirovski and Y. Nesterov

[16] enhanced the computational efficiency of Karmarkar’s interior-point algorithm.



1.2.1. Concave minimization
Concave optimization is a vast field with various applications in economics, com-
puter science, and mathematics. The study of concave optimization can be traced back

to early works in nonlinear programming. Consider the problem

min  f(z)
Subject to = € S (1.4)
where © = (1,29, -+ ,x,) and S = {z € R"| Az < b, © > 0}. The function

f(z) is under the assumption that it is concave, well-defined for all x € S, and the
constrained optimal value of f(x) is finite.

The optimal solution of (1.4) occurs at an extreme point of S. However, problem
(1.4) is particularly challenging due to the existence of multiple local minima.

Hoang Tuy [2], proposed a method for solving (1.4) by identifying local minima
using hyperplane cuts (Tuy’s cut) to exclude non-promising regions. This work was
further extended through the development of branch-and-bound techniques and cutting
plane methods, which remain central to solving concave minimization problems today.

In [6], A. Taha introduced a computational methodology for solving problem (1.4),
structured around a branch-and-bound framework integrated with a tailored cutting
plane strategy to refine convergence.

Benson and Sayin [17] introduced a finite algorithm that combines a neighbor gen-
eration process with branch-and-bound search. Mangasarian and Meyer [28], and Man-
gasarian [30, 31] examined existence of solutions for NP-hard absolute value equaitons
(AVEs).

Current methods for addressing problem (1.4) typically use either branch-and-
bound, outer approximation, inner approximation, extreme point ranking, cutting planes,
or a combination of these approaches see [2, 5, 8, 11, 13, 14, 15, 17, 37].

Concave and nonconvex optimization problems frequently arise in real-world
scenarios. For instance, deep learning involves navigating nonconvex loss functions;
portfolio optimization must often account for piecewise and nondifferentiable risk metrics;

and network resource allocation often involves minimizing concave utility functions.



These applications motivate the need for more robust theoretical tools and algorithms
capable of tackling such problems effectively.

This dissertation is structured as follows:

Section 1: This section lays the groundwork by introducing optimization fun-
damentals. It begins with a historical overview and clear definitions of key concepts,
while also reviewing existing literature with a focus on concave minimization. Together,
these subsections provide a solid base of knowledge that informs the more advanced
discussions in later sections.

Section 2: This section explores the concept of radial epiderivatives in depth. It
starts by revisiting previously known results from a variety of sources, then systematically
introduces new theorems, corollaries, and examples. The discussion further extends to
cover the radial epiderivative for pointwise minimum and maximum functions, piecewise
continuous functions, sums and differences, convex combinations, and compositions,
offering a comprehensive analysis of the subject.

Section 3: Dedicated to proposed methods, this section introduces a modified
version of Zoutendijk’s method, complete with numerous illustrative examples. It also
details a slightly altered Frank-Wolfe algorithm, adapted to be effective for nonconvex
and nondifferentiable functions, thereby broadening the practical applications of these
optimization techniques.

Section 4: The final section is devoted to the convergence analysis of the newly
developed proposed methods. It rigorously examines the performance and theoretical
underpinnings of these algorithms, ensuring that the advancements presented in the

earlier sections are both sound in theory and effective in practice.



2. RADIAL EPIDERIVATIVE THEORY

2.1. Introduction

The notion of the radial epiderivative has emerged as a significant tool in nonconvex
mathematical optimization. Farly developments arose in distinct frameworks: Flores-
Bazan [23, 25| introduced the concept within a topological setting, whereas Jahn and
Rauh [19] proposed a related approach through contingent epiderivatives. Although
Flores-Bazan (2001) offered a rigorous theoretical generalization of derivative-based
optimality conditions for nonconvex set-valued optimization, the resulting formulations
remained largely abstract, with limited immediate applicability to computational or
algorithmic implementations.

In contrast, R. Kasimbeyli [32] pioneered an independent framework for radial
epiderivatives, introducing definitions and calculation techniques tailored to nonconvex
optimization. His work diverged fundamentally from earlier settings, providing a
rigorous mathematical foundation that resolved ambiguities in prior formulations and
enabled direct applications in numerical analysis. Kasimbeyli’s approach systematically
developed radial epiderivatives as standalone tools, equipping them with properties
essential for algorithmic implementation. Building on this foundation, Kasimbeyli and
G. D. Yalcin [44, 45] established explicit connections between radial epiderivatives and
nonsmooth optimization concepts—such as weak subdifferentials, Clarke’s directional
derivatives, Rockafellar’s subderivatives, and classical directional derivatives—thereby
bridging theoretical advances with practical computational methodologies.

We begin by presenting foundational definitions for radial epiderivative theory,
including the closed radial cone, the graph and domain of a set-valued function, and the

epigraph in partially ordered spaces.

Definition 2.1. /33, Definition 1.2] Let U be a non-empty subset of a real normed
space (Z,|| - |lz). The closed radial cone R(U,Z) at a point Z € cl(U) consists of all

vectors z € Z satisfying the following: there exists a sequence of positive scalars {\,}



and a sequence {z,} C Z such that

A, (20 = 2) = 2,

where convergence is understood in the norm topology of Z.

The closed radial cone R(U,Z) can equivalently be characterized as
R(U,z) = cl(cone(U — 2)),

where cone(U — Z) denotes the conic hull of the translated set U — Z, defined as the
minimal closed conical set containing U — Z. Here, = represents the topological closure

operator in the normed space Z.

Definition 2.2. [33, Definition 1.3] Consider two real normed spaces (X, || - || x)
and (Y, - |ly), a non-empty subset S C X, and a set-valued mapping f: S — Y. The

following notions are defined:

(1) The graph of f, denoted graph(f), is defined as the collection of all pairs
(x,y) € X XY such that z €S andy € f(x).

(2) The domain of f, written dom(f), is the set of all points x € X where f(x) is
non-empty:

dom(f) = {z € X | f(x) # 0}.

If dom(f) # 0, the mapping f is classified as proper.
(8) Assume Y is equipped with a partial ordering induced by a convex cone C' CY .

The epigraph of f, denoted epi(f), is characterized by
epi(f) = {(x,y) eXxY ‘ resS, ye f(v) —l—C}.

With these preliminaries in place, we now define the radial epiderivative and

explore the foundational results that establish its existence and key properties.

Definition 2.3. [32, Definition 1.6] Let (X, || - ||x) and (Y, || - |ly) be real normed

spaces, where Y is partially ordered by a convex cone C' CY. Let S C X be a nonempty



subset and f: S — 'Y a set-valued mapping. For a point (Z,7y) € graph(f), the radial
epiderivative of f at (T,7), denoted f7(Z;7): X — Y, is the unique single-valued mapping
satisfying

epi (f"(z;9)) = R (epi(f), (7,9)),
where R(-) denotes the closed radial cone to the epigraph of f at (T,7).

We now present the existence condition for the radial epiderivative proved by

Kasimbeyli in [33].

Theorem 2.1. [33, Theorem 3.2] Let (X, | - ||x) be a real normed space, D C X
a non-empty subset, and T € X. Let f: D — RU {400} be a proper function. Suppose

there exist functions g1, go: X — R satisfying the inclusions:

epi(g1) C R (epi(f); (7, f(T))) C epi(ga),

where R(:) denotes the closed radial cone. Then, the radial epiderivative

fr(@, f(T)): X — R is explicitly given by

f'@, f(@))(x) = min{y € R : (z,y) € R(epi(f), (T, [(7)))}, VreX

Proposition 2.2. [/}, Theorem 1] Let (X, | - ||x) be a real normed space, and
let T € X. Suppose f: X — R admits a radial epiderivative at T. Then, the radial

epiderivative f"(T;h) can alternatively be expressed as

#7(7; h) = inf liminf f@+tu) - f(7)

t>0 u—h t

. VheX,

where the limit inferior is taken over sequences u — h in X, and the infimum is computed

over all t > 0.

Theorem 2.3. Consider a real normed space (X,|| - ||x) and a proper function
f: X = RU{+o0} that is finite at T € X. If f satisfies a local lower Lipschitz condition
at T, then f admits a radial epiderivative at T. Furthermore, when X = R", this
lower Lipschitz property is both necessary and sufficient for the existence of the radial

epiderivative at T.



Theorem 2.4. [44, Theorem 8] Let (X, ||| x) be a normed space, S be a nonempty
subset of X, and let f: S — RU{+oc} be a proper function. If f is radially epidiffer-

entiable at T € X then f is lower semicontinuous at 7.

Note that the converse of the above theorem is not necessarily true. For example,

f(z) = —¥|x|? is (lower semi) continuous at z = 0 but not radially epidifferentiable

Theorem 2.5. [/5, Theorem 5] Let f : R™ — R be a proper function that is finite
at a point y. The function f is radially epidifferentiable at y if and only if f is lower
Lipschitz at y. This means there exists a constant L > 0 such that for all x € R", the

following inequality holds:

f(@) = fly) = =Lz —yl|.

Theorem 2.6. [/5, Theorem 11] Let (X, || - ||x) be a real normed space, and let
f: X = RU{+o0} be a proper function. Suppose f is radially epidifferentiable at a
point x € X. Then, a vector h € X is a descent direction for f at x if and only if the
radial epiderivative f7(x;h) satisfies f"(z;h) < 0.

Corollary 2.7. [45, Corollary 3] Let (X,|| - |lx) be a real normed space, and
let f: X — RU{+o0} be a proper function. Suppose f is radially epidifferentiable

at a point T € X. Then, [ achieves a global minimum at T if and only if the radial

epiderivative f"(T; h) attains its minimum at h = Ox (the zero vector in X ).

2.2. Main Results

In this subsection, we introduce new theoretical and computational results in the
study of radial epiderivatives for classes of functions that exhibit both nonconvexity
and nondifferentiability. These results provide critical insights into the behavior of such

functions under radial epidifferentiability frameworks.

Theorem 2.8 (Norm-linear function). Let f : R™ — R be a function such that

f(x) = (v,z) — c||z||, then f is radially epidifferentiable and its radial epiderivative at

10



T in the direction of x is given

f(@x) = (v,z) = cllz| = f(z)
Proof. For all Z,x € R", we have
f@+tu) — f(T)

t
ot 25T ) = el tul] = [0, 7) = el
>0 u—zw t

f(@; ) = jf it

Since t > 0 and by the triangle inequality ||T + tu|| > t||u]| — ||Z||

< ity &80 el =t = (0.7} +
> U—xT

2c|z]|
t

= inf | (v, 7) — cll=[| +
= (v,7) = dlz| = f(=)
In a similar fashion, we can verify that f"(z;x) > f(x) since for Z,z € R™ we have

#7(@; 2) = inf lim inf f@+tu) - f(@)

t>0 u—zx t

bl g (0T ) — T+ tul] — [(v,7) — clj]]

for ¢ > 0 and by the triangle inequality || + tu|| < ||Z|| + t||u||, we have

> inflim juf 2T 0w — ] = ctljul = (v,7) + cllz]
>0 u—zx t

= (v,2) = ] = f()

Since f(7;x) < f(z) and f7(T;2z) > f(x), it follows that f"(7;x) = f(x). O

Theorem 2.9 (Norm-affine function). If f(z) = (v,z £ a) — ¢|x £ al| + a,
then f is radially epidifferentiable and its radial epiderivative at T in the direction of x
1S given

f'(@2) = (v,2) — ¢z

11



Proof. For all T,z € R™, we have
f@+tu) — f(T)

t
— inf liminf <U7Tj:a+tu> _C||T:ta/+tu|| +ao-— [(v,Tia) —c||T:i:a|| :|:O./]

t>0 u—zT t

fri@ o) = jofliplpd

Since t > 0 and by the triangle inequality ||Z & a + tu|| > t||u|| — ||Z + al|

(v,Txa)+t(v,u)+c||Ttal| £a—ct||u|| = (v,TLta) +c||TLa| Fa

< inf lim inf
t>0 u—x

_ 2¢||Z + a|
— inf ((0,) — el + 272

= (v,z) — ||

In a similar manner, it can be proved that f"(z,x) > f(x). Since for T,z € R" we
have:

f(@ +tu) = [(T)

t
— inflim int (v,TEa+tu) —c|T£a+tul| £a—[(v,TE£a) —c|T £ al £

t>0 u—zx t

(@) = it

for ¢ > 0 and by the triangle inequality ||T £ a + tu|| < ||z £ a| + t|ju|| we have

T+ —c||T £ al| — +a—(v,Tx T+
> inf lim inf (v, T+ a)+t{v,u) —c||TLtal —ct|ul]| £ta— (v,T£a)+ c||T L a| Fa
t>0 u—zx t
= (v, z) — |

Since f"(Z;z) < (v,z) — ¢||z|| and f"(T;x) > (v,z) — c||z|| then f"(T;z) = (v,z) —

cl|xl]. O
Example 2.1. If f(z1,22) = (z14+3) —3(x2 — 1) — 2(|x1 — 1| + |z2 — 2|), then
fratx s
J1(@; (21, 22)) = 21 — 3wz — 2 (|2 ] + |22])

Corollary 2.10. Let f(z) = (v,x — a) + c||lxr = b|| + 5. Then

f(b;z) = (v, ) + cf|]].

12



Figure 2.1. Graph of f and its radial epiderivative from FExample 2.1

2.2.1. Radial epiderivative of min of functions

Theorem 2.5 establishes that the point-wise minimum and maximum defined as

fi(@) = min{fi(2), fo(x)} and  f*(z) = max{fi(z), f2()}

are both radially epidifferentiable at any point  since both f! and f? satisfy the local

lower Lipschitz condition. Here
filx) = (v, x — a;) — ]|z — by|| + i=1,2.
Theorem 2.11. Let g : R — R be defined as follows:
= mi i — ;) — ¢l —b; i
g(a) = min {{u— a) — cls — bl + o}
where fi(x) = (v, x — a;) — ¢ilx — b;| + ;. Then g(x) is radially epidifferentiable at

each point T € R and each direction x € R, then ¢"(T;x) = ax — blz| where a and b

13



can be obtained by solving the following system: a + b = max{v, + ¢1, vy + 2}, and

a—b=min{v; — ¢, vo — Ca}

Proof. For any x,T € R, we consider the radial epiderivative of the pointwise minimum

of two functions:

i) — iug PLAG 1), (54 1)}~ min{ (7). ()}

t>0 t

We analyze this expression by considering two main cases based on whether = > b;

or r < bz
Case 1. If T > b;, then depending on which function is active (i.e., achieves the
minimum), straightforward algebra shows:

Al (v —cp)x, if fi is active,
9" (T;2) = y
(vg — o)z, if fo is active.

Case 2. If T < b;, similar reasoning yields:

. (v1 +¢1)x, if fi is active,
g (T 1) = e .
(vg + co)x, if fo is active.

Combining both cases, we conclude:

. min{v; — ¢y, v — ¢} -, ifx > b,
9 (T;x) = _ (2.1)
max{v; + ¢y, va + o} -, if & <b;.
If we now define constants a and b by
a—b=min{v; — ¢y, vo — 2}, a+b=max{v; + ¢, v3+ 2},
then the radial epiderivative simplifies to the compact form:
9" (T; ) = ax — blz|. O

Remark 1. In FEquation (2.1), when x < b;, the term max{vy + ¢1,ve+ c2} is used
instead of min{vy + ¢1,ve + co}. This is because vy + ¢1 and vg + co Tepresent lines with
negative slopes. In this case, the larger the slope, the lower the graph of the function
lies. Therefore, the maximum value corresponds to the lower boundary of the function

in this region.

14



Example 2.2. Let

fi(z) =3(x — 1) — 4|z — 2|,
6(z —4) — 5|z — 5.
From Theorem 2.11, we know that the radial epiderivative of f(x) = min{f, fo} is
[(T; x) = ax — blx|whereSolvingthesystemwegeta=5andb=6, thus " (T;x) = bz — 6|z
The following corollary is a generalization of Theorem 2.11 to any number of

functions in R.

Corollary 2.12. Let g : R — R be defined as follows:

g(x) = {,-:le,l-r},m}{wi’ T — a;) — cilr — by + oy}

Then g(x) is radially epidifferentiable at each T and each direction x both in R and
9" (T;x) = ax — blz|
where a and b can be obtained by solving the following system:

a+b=max{vy +c1, va+co, V3t 3, 0, Uy + Ci}
a—b=min{v; — ¢y, vg— ¢y, V3 — €3, , U — Cm}

Proof. The proof of this corollary is straightforward and follows a similar approach to
that of Theorem 2.11. For brevity, it is omitted. m
Example 2.3. If

filz) = —(z —1) =3[z — 2
fo(z) =2(x —2) — 5|z — 1|
fa(x) =5(x—1) — |x+ 1]

Ja(x) = 3(x +2) — 4|z — 3],

then we have

a+b=max{2, 7,6, 7} =7
a—b=min{—-4, -3, 4, -1} = —4

3 1
solving the system we get a = 3 and b = 5 Thus the radial epiderivative of

15



g([L’) = min{fl7f27f37f4}

3 11
L9 (T 2) = Jz — .

The radial epiderivative, in general, does not satisfy additivity over arbitrary
functions. However, for the class of piecewise norm-linear functions—specifically those
of the form g;(x;) = v;z; — c|z;]—the radial epiderivative exhibits a rare additive
property. The following lemma formalizes this observation, demonstrating that the
radial epiderivative of a separable sum of such functions decomposes into a sum of
component-wise radial epiderivatives. This property is critical for the proofs of the

subsequent theorems and corollaries.

Lemma 2.13. Let g; : R™ — R be functions defined by
9i(x;) = vizy — clzy| fori=1,2,... ,m,

where v; € R and ¢ > 0 are constants. Define the aggregate function f: R™ — R as

Then for functions of this specific form, the radial epiderivative of the sum equals the

sum of the radial epiderivatives:

(i gz')T = i_n:l (gi)r .

i=1 i

Where ()" represents radial epiderivative.

Theorem 2.14. Let g : R? — R be defined by
o) = minffi(2), (o)),
where each
fi(x) = va (1 — ain) + via(xe — aze) — ¢; (|1 — bit| + |v2 — bin|) + ;.

Then g is radially epidifferentiable at every T € R%. Moreover, its radial epiderivative is

16



given by

g (Tx) = arx1 + agxy — by|zy| — belzal,

where for each coordinate 7 = 1,2,

{aj + bj = maX{Ulj‘{’Cla U2j+02}7

a; — bj = mln{vlj — C1, Ugj —CQ}.

Proof. By Lemma 2.13 and by the fact that the function ||z||; separates into |z1|4|z2], the

radial epiderivative f; is equal to sum of the radial epiderivates of v;1(x1 —a;1) —¢;|x1 — b |

and v (9 — aj9) — ¢i|xe — big|. This means that the radial epiderivative (of (v, z) % ||z||)

in two dimensions is simply the sum of the contributions from each coordinate:

Case analysis for ;.

By Theorem 2.8, the radial epiderivative of (v;1,z1) — ¢;|xq| is

a r1 — b1 |ZL‘1| (22)
where
a1 + by = max{vi +c1, va1 + ca},
a; — b1 = mln{ V11 — C1, V21 — CQ}.
Case analysis for x,.
By the same reasoning, define as and by via
a9 + bz = max{ V12 + C1, U229 + Cg},
ay — bg = mln{ V12 — C1, V29 — CQ}.
Then the radial epiderivative of (v;o, x9) — ¢;|22| is
Q9 Ty — bg | T ‘ (23)
Combining (2.2) and (2.3), we get
gT(T, SL’) = {al 1 — bl "Tl” + {CLQQ?Q — bQ ’IQH = a1 r1 + ATy — b1 |.’13‘1| — bQ ’SL’Q|
Thus we obtain the claimed formula for ¢"(T; z). O

Example 2.4. Consider
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filz,29) = 3 (21 —2) + 2(xe+1) — 5(Jxy — 1] + |zo — 3|),
fz(ﬂfl,l'g) = 2(33'1—1> + 2(1’2—2) — 4|$1—3| —3‘33'2—1’

Define g = min{ f1, fo}. We compute for each coordinate:

by = 2+4} =
Forz : {a1—|—1 max{3 +5, 2+4} =8, — a; =3, b =05.

a; —by =min{3 -5, 2 -4} = -2

Forx, : {a2+2 max{2+5, 2+4} =7, = ay =2, by=>5.

as — by =min{2 -5, —2 -3} = -3.
Hence,
g (x1;220) = 321 + 229 — 5 (|21] + |22]).
The next corollary generalizes Theorem 2.14 to any number of functions.

Corollary 2.15. Let g : R? — R be defined as:

gle) = _min {fi(z), fa(2), fm(2)},

=12,
where each f;(x) has the form:
filz) = (vi, v —a;) — ciflz—billi + o

with v; = (Uilavﬂ); a; = (aiham); by = (bilabzﬁ)a Tr = (1’1,1‘2) € RQ; ¢, € R, and
|z —billy = |x1—ba| + |22 —bia|. Then, g(x) is radially epidifferentiable at any

T € R?, and its radial epiderivative is:

gr(f; .’L’) = a1 —|— Ao — b1|ZL'1| — b2|$2|,

where the coefficients aj,b; (j =1,2) satisfy:

{CL]' + bj = max{vlj + Cl,UQj + Co, -+ ,Umj + Cm},

a; — bj = min{vlj — C1,V25 — C2, " ,Umj + Cm}.

Proof. The proof of this corollary follows immediately from Theorem 2.14. O]
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Example 2.5. Consider

= — X1 — 53172 — 6<|ZL’1| + |ZL’2|),
= 4[L’1 + 2%2 — 4 |ZL’1| + |$2|)

Define g = min{ f1, fs, f3, fa, [5}. We compute for each coordinate:

For zy:
b = 6, 8, 5, 5, 84 =8 1 15
ai + 1 HlaX{ 9 9 9 ) } ) 5 a = =, bl S
a; —by =min{ -2, 2, 1, =7, 0} = —T. 2
For zy:
by = 7,1,6,1, 6=6 5 17
a2+ 2 max{ ) ) 3 9 } ) — ag = ——, b2:7.
as — by = min{ -1, =5, 2, —11, =2} = —11. 2 2
Hence,
., 1 15 5 17
g (331;5172) = 5371—?’331| - §x2—?’x2|.

Theorem 2.16 extends Theorem 2.14 to R™.

Theorem 2.16. Let g : R® — R be defined as:
g(x) = min{f(x), -, fm(x)},
where each fi(x) has the form:
filz) = (v, — a;) — ¢||lx — bil|1 + a,

with Vis ai,bi S Rn} ci = 0, and HI‘ — bz”l = Z |.I‘j — bl]|
j=1
Then, g(z) is radially epidifferentiable at any T € R"™, and its radial epiderivative
18:

Z a;rj — bilr;l),

J=1
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where the coefficients a;,b; are determined by solving, for each dimension j:

a; + b; = max{vy; + ¢1,v9; + Cay, -+, Uy + Cm }
Clj — bj = min{’ulj — Cl,’UQj —Coy ,'Umj —+ Cm}.

Proof. The theorem can be demonstrated in a manner similar to theorem 2.14, by

examining the individual dimensions. O]
Example 2.6. Let f1 fo: R? — R such that

fi(z) = 221 + 329 — 23 — 4|z|y
fg(l’) = 5ZE1 - 21’2 + 41’3 - 3“ZL'||1

Define g(x) = min{ f1, fo}, then

= a; =3, by =5.
a; — by = min{—2,2} = -2, ' '

P as + by = max{7,1} =7,
or Io .
> las — by = min{—1, =5} = —5,

For g 18T by = max{3,7} =7,
T ag—bs = min{—5,1} = —5,

by = 6,8 =8
Fora:1:{al+ ! max{ ’ } ’

— a2:1,62:6.
— a3:1,b3:6.

Thus the radial epiderivative of g(x) is:

g"(T;x) = 3w — bl1| + 22 — 6|as| + 23 — 6|23

2.2.2. Radial epiderivative of max of functions
The results established in Theorem 2.11 and Corollary 2.15 are equally applicable

to maximum function of several functions, as shown in Theorem 2.17 and Corollary

2.18.

Theorem 2.17. Let g : R — R be defined as follows:
g(z) = {gzg}{(vi,x —a;) — ¢ile — b + o}
where fi(x) = (v;,x — a;) — ¢;lx — bi| + ;. Then g(x) is radially epidifferentiable at each
point x and T € R and

g"(7;7) = ax — b|z|
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where a and b can be obtained by solving the following system.:

a+b=min{v; + ¢1, v2 + 2}
a—b=max{v; — ¢, vg — o}

Proof. For any z,T € R, we consider the radial epiderivative of the pointwise maximum

of two functions:

J (@) = inf max{ f1(T + tz), fo(T + tz)} — max{ f1(7), fz(f)}.

t>0 t

We evaluate this by considering whether = > b; or T < b;, and which of the two
functions attains the maximum.

Case 1. If T > b;, then:

: (v — 1)z, if f; dominates,
9" (T;2) =
(vy — co)x, if fo dominates.

Case 2. If T < b;, we similarly obtain:

(v1 + 1)z, if f; dominates,
9" (T;2) =
(vg 4+ co)zx, if fo dominates.

By combining the outcomes of all subcases, the epiderivative becomes:

max{v; — ¢y, vo — o} -z, ifx >0,

9" (T;x) =
min{U1+C1, ?]2+02}‘£C, if ¢ < bz

Now, define constants a and b by
a+b=min{v; + ¢, va+ 2}, a—b=max{v; — ¢y, vy — 2}
Then the radial epiderivative simplifies to the compact expression:

" (T;x) = ax — blz|.
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Example 2.7. Let

2(x —2) — 3|z — 1],
fo(z) = 5(x — 3) — 2|z — 3|,

From Theorem 2.14, we know that the radial epiderivative of f(x) = mgx{fl, fa}

is f7(ZT;x) = ax — blz| where

a+b=min{2+3,5+2} =5
a—b=max{2—-3,5-2}=3

Solving the system we get a =4 and b =1, thus f"(T;x) = 4o — |z|.
Corollary 2.18 generalizes Theorem 2.14 for any number of functions.

Corollary 2.18. Let g : R — R be defined as follows:

g(x) = {i:{%?.’.(,m}{@"’ T —a;) — ¢l — by + oy}

Then g(z) is radially epidifferentiable at each point x and T € R and
9" (T;x) = ax — blz|
where a and b can be obtained by solving the following system:

a+b=min{v) + ¢, vo+co, V3+C3, 0, Uy + C}
a—b=max{vy — ¢y, Vg — Cy, V3 —Cg," ", Uy — Ci }

Example 2.8. If

then we have

a+b=min{5, 8 1, 12} =1
a—b=max{—-1, -2, =3, =2} = -1

solving the system, we get a = 0 and b = 1. The radial epiderivative of f(x) =
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max{ fi, fo, f3, fa} is
f'(@x) = —x]
Theorem 2.19. Let g : R?2 — R be defined by
g(x) = max{fi(z), fo(x)},
where each f;i(x) has the form:
file) = (v,  —a;) — cillz—bili + o,
with v; = (vi1, Vi), a;,b; € R?, ¢; >0, and
|z —billi = |z1 —bia| + |x2 — bial.

Then g is radially epidifferentiable at every T € R%, and its radial epiderivative is:

gr(f, I‘) = a1 + AT — b1|f£1| — b2|l’2’,
where for each coordinate j = 1,2:

a; + bj = min{vlj + C1, Ugj + Cz},
Qj — bj = max{vlj — C1, Uz — CQ}.

Proof. The proof follows the same logic as Theorem 2.14. n

Corollary 2.20 (Generalization to m Functions for Maximum). Let g :

R? — R be defined as:

glw) = max {fi(2)},
where each f;(z) has the form:
filx) = va(xy — apn) + via(xe — aze) — ¢; (|1 — bia| + w2 — bia]) + ;.

Then, g(x) is radially epidifferentiable at any T € R?, and its radial epiderivative is:

9" (T; ) = a1y + asxy — by|zy| — bo|zs],

23



where the coefficients a;,b; (j =1,2) satisfy:

a; + bj = min{vlj + C1, Vg + Coy ..oy Unmyj + Cm},
a; —b; = max{vlj — C1,V25 — C2, .o Uy — cm}.

Example 2.9. Consider

fi(w1,22) = 221 + 3wy — 4(|71| + |22]),
fa(x1, xa) = by — 2wy — 3(|21] + |22]).

Define g = max{fi, fo}. Compute coefficients:
For xy:

- (1,1:4, by = 2.

a; +b; = min{2 + 4,5 + 3} = min{6,8} = 6,
a; — by = max{2 — 4,5 — 3} = max{-2,2} =2,

For xy:

{% + by = min{3 +4, -2 + 3} = min{7,1} = 1, = ay =0, by =1.

as — by = max{3 — 4,-2 — 3} = max{—1, -5} = —1,
Thus, the radial epiderivative is:
" (T, x) = 4oy — 2|xq| — |xo).

Theorem 2.21. Let g : R" — R be defined as:

g(x) = max }{fz(x)},

{121727 1

where each f;(x) has the form:

filx) = (vi,x — ai) — cil|lx — bills +
with v, a;, by € R™, ¢; > 0, and ||v — billi = > _|z; — by|. Then, g(z) is radially
j=1
epidifferentiable at any T € R", and its radial epiderivative is:

g (T x) =Y (ajx; — bilz])

j=1
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where the coefficients a;, b; satisfy:

{CLj + bj = min{vlj + C1, Vg + Coy ..oy Unmyj + Cm},

a; —b; = max{vlj — C1,V25 — C2, .o Uy — cm}.
Example 2.10. Let

fl(l‘) = —(1‘1 — 2) + 3(1‘2 — 1) + 2(!13’3 + 1) — 5||$||1

Define g = max{ fi, fo, f3}. Compute coefficients:
For x;:

by = min{4, 6,6} = 6
{a1+1 min{4,6,6} =6, — =2 b =2

a; — by = max{—6,0,—2} =0,

For x5

by =min{8,1,1} =1
{a2+ 2 mln{’ 7} ? :>a2:_1/2’ b2:3/2.

as — by = max{—2,—3—,5} = =2,

For x5:
az + by = min{7,11,7} =7,

= a3z =3, by = 4.
az — bz = max{-3,—1,—1} = —1, ’ ’

Thus, the radial epiderivative is:

1
g (T, x) = 221 — 2|xq| — 3%~ §|x2| + 3 x5 — 4|z

2.2.3. Radial epiderivative of piecewise functions
Theorem 2.22. If fi(x) = vix — c1|z|, fo(x) = vy — ca|x|, then the functions

o) = filz), x<0
/(@) {fg(a:), x>0

is radially epidifferentiable and its radial epidifferivative is f(x) itself and can be

written as: f"(T;x) = ax — b|x|, where a+b= v, +¢1, and a —b = vy — ca.
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Proof. For every T and x we have:

(i) = fnf b

f(@ +tu) - f(T)
t

Case 1. 7 <0, then T+ tx < 0 for ¢t > 0, we have

fr(f' .CL’) — inf Ul(f‘F tZC) + Cl(T—F tl’) — 1T — 1T
T 0 n
= (111 + C1)ZB

Case 2. T > 0, then T + tx > 0 for t > 0, we have

Z + tﬂ?) - CQ(T aIF th’) — V9T + C2T

fH(T;x) = inf va(

t>0 t
= (vy — )z
Example 2.11. If
r—1)—-3lzr—1]+2, x2<0
fy = [Ba=D =31
r—1—4|z+1|+ 3, x>0

then the radial epiderivative of f(x) can be obtained by solving

a+b=6, a—b=-3

here a = 3 and b = 9, thus f"(z;x) = §x — glx\ Similarly, if
2 2 2 2
—2lxr+3/+2, =<0
floy={ 2t
=3lz+1]-3, x>0
1
then ff(@z) = —5% ;|x|

Theorem 2.23. Let f: R" — R be

—afr+all+a, 2<0
fz) = .
—collz+ bl + B, Otherwise,

then the radial epiderivative of f(x) is

fr(m,x) = {_ClHCUH, x <0

—co||zl|,  Otherwise.
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Proof. We will show the proof for the case when 7 < 0

iy g AT ol
’ >0 t

since t > 0 and by the triangle inequality ||T + tz + a|| < ||T + al| + ||tz ||
- —c1||T + al| — ei||tz]| + a||T + o
- t
= — x|

In a similar fashion we can show that f" < —¢;||z||.

£ (7 1) = inf —c||T +tz + a| + a1 ||z + a|
’ >0 t

since ¢ > 0 and by the triangle inequality || + tx + al| > ||tz|| — ||T + a||

>c1||f+ al|| — alltz]| + a1 ||z + af

t
261||I+CLH>

—— ¢ [l

The proofs of the remaining cases can be obtained in a similar fashion. ]

2.2.4. Radial epiderivative of sum and difference

Theorem 2.24. let fi = vix £+ ¢1|z| and fo = vox £ co|z|, and

fl=fit fo= (v +v)x % (c; £ c)l7|
fP=fi—fo=(v1 —v)z £ (c1 F o).

Then the radial epiderivative of f1 is identical to f1 itself, and the same is true for f2.
Proof. This theorem is a direct consequence of Theorem 2.8. ]

Remark 2. For functions of the form f(x) = vz £ c|x| :

o The sum of two convex (or two concave) functions will always remain convez (or
concave).

o The difference between two such functions (both convex or both concave) may

reverse their convexity or concavity, potentially becoming concave (or convex).
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2.2.5. Radial epiderivative of a convex combination
Theorem 2.25. Let
fi(z) = vz — cq|z| and fo(x) = voxr — co|z|,
where vy, cy,v9,co € R. For any convexr combination
flz) = Afi(z) + (1 = N) fa(x) with X € [0, 1],
the radial epiderivative is f7(T;x) = ax — b|x| where

a = Ay + (1—=X)we
b =Xeg + (1=XN)e

Proof.
f(x) = Moz —cr]z]) + (1 = N (vex — co|z|) = [Mg + (1 — Nwa] x — [Aey + (1 — N)eo] |

Thus, f(r) =ax —0b |x|, where a = Ay + (1 —=Nwvgand b = Ay + (1 —N) ea.
By Theorem 2.8 we know that the radial epiderivative of f(z) =ax — b |z|is f(x)
itself. ]

Example 2.12. If f(z) = 3x—2|z| and fo(x) = 4z —2|x|, then radial epiderivative
of their conver combination is given by f"(T;z) = (4 — N)x — 2|z
Corollary 2.26. Let fi(z) = vz + ci|z] and fo(x) = vexr + col|x|, where
vy, C1, Vg, o € R. For any convex combination
f(x) =Afi(z) + (1 = A) fa(x) with X € [0, 1],

the radial epiderivative is f"(T;x) = ax + b|z| where

a = Av; + (1=X)wvy
b=Xer + (1—=N)eo

Theorem 2.27 establishes a result concerning the radial epiderivative of a convex

combination of functions in the Euclidean space R™.
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Theorem 2.27. Let
filz) =vax1 + viowa + -+ Vi Ty — G|[(1, 20, x| for i=1,2.

For any convexr combination f(x) = Afi(x) + (1 — X) fo(x) with A € [0,1], the radial

epiderivative f7(T;x) is given by:

fr<T,CE) = a1 T1+ a2y + -+ anxn_CH (xlax%'” ,l’n)H
where
ap = )\Ull + (1—)\)1}21
as = Avgp + (1 —X) v
a, = Av, + (1= X) vy,
¢c =X + (1-=XNe
Proof.
f(@) = Ao z1 +vieze + -+ + V10 — a||(@1, 22, -+, @)
+<1 —/\) [Ugll'l + Voo + -+ -+ Vop Ty _C2||<I17x27"' ;xn)”]
=[Avn+ 1 =Novalzr + [Avie+ (1= A)v]ze + -
+ [ Avin + (1= N vgp]z, — A+ (1= X) o] || (21,22, -+, 20)]|-
If weset ap = Avip+(1—=A)va, ag =Avipa+(1—=N)wvgg, +-+, a, =Avi,+ (1= X) vgy,

and ¢ = Acp + (1 — A) g, then
f(@) = amzi tagzg+ -+ apzn —cl[ (w1, 22, -+, 20) |-

By previous theorems, we know that f(x) is identical its own radial epiderivative. [

Example 2.13. [f fl(l’) = 43]1 — Lo — 31‘3 — 2“ (.Thl’g,l’g) H, fQ(.Z‘) = —x +
2wy + x3 — 3| (x1, 2, 23) ||, then the radial epiderivative of the convexr combination
flx)=Afi + (1 =X\ fy (with A=1/3) is

2 1 8
fr(m;x) = 3% + 19— =

3 3 — g || ($1,$2,$3) ||
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2.2.6. Radial epiderivative of composition of functions

Theorem 2.28. Let fi(z) =vi x — ¢ |x| and fo(x) = ve x — co ||, then the

radial epiderative of fi o fo is given by
(fiofo) (T;x) =v1(vax — o lx|)—ci(ax + blz])

where

o= ’UQ_CQ‘;|/U2+CQ| and b= |U2—CQ|;—|U2+CQ|

Proof. First, let us simplify the compotion of f; and f,

(fiofo) =vi(var — c2lx|) —c1|vax — ¢ |]]

Let |[vez — ¢ |z|| =ax + blz|.
e >0 = (a+b)z = |va—c2|
e <0 = (a—b)z = — |nntelx

solving for a and b we get

0= |U2—02|;|Uz+02| and b — |U2—02|;—|112+62|

which means

(fiofo)) @ z) =vi(v22 — 2 2]) —cr(az + bla])

Obviously the function in (2.4) is equal to its own radial epiderivative.

(2.4)

]

Example 2.14. Consider fi(z) = 4o — 3|z| and fo(x) = 22 — 4|z|, then by
theorem 2.28 (fi o fo)"(T;x) = 14z — 28|x| and (fao f1)"(T;x) =20 — 22|z|.
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3. PROPOSED METHODS

3.1. Introduction

Traditional optimization techniques often struggle when dealing with nondifferen-
tiable and nonconvex functions, making classical derivative-based approaches ineffective.
In this section, we explore alternative methods designed to address these limitations,

focusing on the objective function

flx)=(v,x £ a) —c|lx+b| £« (3.1)

which lacks both convexity and differentiability.

A key concept in our discusion is the radial epiderivative, a generalized derivative
that extends the classical derivative to deal with nondifferentiable functions. By using
this tool, we overcome limitations and barriers of traditional calculus, opening doors to
more adaptable algorithms.

In this discussion, we will present the Zoutendijk feasible direction method and
Frank-Wolfe algorithm examined through the lens of radial epiderivatives.

Theorem 3.1 establishes that the maximum value of a convex function over a

polyhedral compact set is attained at one of its extreme points.

Theorem 3.1 (Maximizing a convex function). /29, Theorem 3.4.7] Let
f:R" = R be a convex function, and let S be a nonempty compact polyhedral set in
R™. Consider the problem to mazximize f(x) subject to x € S. An optimal solution T to

the problem then exists, where T is an extreme point of S.
Since min f(z) = —max{—f(z)}, Corollary 3.2 follows from Theorem 3.1.

Corollary 3.2. Let f be a concave function and let S be a nonempty compact

polyhedral set in R™, then the optimal solution T to the problem

Minimize f(x)
Subject to x € S

is an extreme point of S.
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3.2. Modified Method of Zoutendijk

This section introduces an optimization algorithm that mimics Zoutendijk’s feasible
direction method. The proposed method operates as follows: beginning at an initial
feasible point 2, it iteratively computes both a feasible search direction and an optimal
step size to improve the objective function. Key features include:

o Descent Direction Calculation: The algorithm employes the radial epiderivative
and Theorem 2.6 to identify descent direction that simultaneously satisfy feasibility
constraints and guarantee improvement in the objective function.

o Adaptive Step Size: Determines the maximal step size A\ > 0 that maintains
feasibility while optimizing f(z) in direction obtained earlier.

o Termination Criterion: The algorithm stops iterations when the computed step
size becomes negligible (A = 0), even if a theoretical descent direction exists.

The Zoutendijk method is designed to address constrained optimization problems of the

form:
Minimize:  f(z)
Subject to: Az <b (Linear inequalities)
Qr=q (Linear equalities)
where:

A € R™*™ is the inequality constraint matrix,
Q € R is the equality constraint matrix,
b € R™ is the inequality bound vector,

q € R is the equality target vector.

Lemma 3.3. [29, Lemma 10.1.2] Assume Ay and by represent the binding (active)
constraints. Then a direction d is improving if it keeps the binding constraints satisfied

(A1d <0), adheres to Qd = 0, and yields a descent in the objective f"(T;x) < 0.

3.2.1. The algorithm

3.2.2. Numerical examples

Example 3.1. Minimize the following function
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Algorithm 1 Zoutendijk Modified Algorithm with Radial Epiderivative

1
2

: Input: Matrix A, vector b, matrix (), vector ¢, objective function f
. Initialization: Find a feasible point z! such that Az' < b and Q' = ¢

3: Set k <— 1 while stopping criterion not met do

4:

Identify binding constraints at 2*: Decompose A into (A, A;) and b into (by, by)
such that

Alxk = bl, Agl’k S b2
Solve the direction-finding problem:

6: Find d* that solves

oo

10:

11:

12:
13:
14:
15:
16:

minimize f"(z", d)
subject to  A;d <0
QRd =0
—1<d; <1 forj=1,...,n

Compute lA)Ae by — Agx’i
Compute d <+ Ayd* if d; > 0 for some i then

Amax < min {ZT : czz > 0} else

Amax ¢ 00
Solve the line search problem:

minimize f (2" + A\d*)
subject to 0 < A < Apax

Let A* be the optimal solution

Update 2+ < 2F + \Fg¥

Update active set: identify new binding constraints at 2*+! to redefine A;, A,
k+—k+1

Output: Approximate solution z*
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fi=(x1+3)—3(x2—1) —2(Jxy — 1] + |22 — 2|)

Subject to
—r1 + 129 <2
-1+ 2I2 S 6
31‘1 + Z9 S 21
1+ 22 <9
—T S 0
—T9 S 0
2
6 o
(4,5)
5 2
(2,4 L
4 x!
3 (6,3)
2
1 i
2 1 2 3 4 5 6 7 8¢

Figure 3.1. Feasible region for the constraints in Example 3.1

Now let us solve this problem using the radial epiderivative descent direction and

adopting a similar approach as Zoutendijk’s procedure with z° = (0,0)7. Note that

J1(@;d) = dy — 3dy — 2(|dy| + |da]).

Iteration 1.
Search Direction. At z° = (0,0) the set of binding constraints is I = {5,6}. To

find the descent direction we need to solve the following subproblem:
Minimize d1 — 3d2 — 2( ’d1| —+ |d2‘ )

subject to
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dy
do

o O

1
1

IAINA
IAINA

We can readily verify that d' = (1,1) is the optimal solution for this direction-
finding subproblem.

Line Search. We need to obtain a feasible point starting from (0,0) along the
direction d* = (1,1) with a minimum value of f;(z). Every point in this direction can

be written 2! = 2% + A'd' = (A, \)T and

filh) = =—2A+ A =1] + )= 2| - 3).

The maximum value of A\' for which 2° + Ad! is feasible can be obtained by

) 0o ifd <0
2 ~1 1 2
s o |6 [-1 2| (o) |6
b=by—Apz" = |, 3 1]\o) " |21
9 1 1 9
-1 1 0
oo =2y
d=Apd = 3 1|\1) " |4
1 1 2
)\max = {67 gu 9} = 9
17472 2

The value of A\! can be obtained by solving:

Minimize — —2A 46 — 2|\ — 1] — 2|\ — 2|

9
subject to 0<AL 5

Since the objective function is concave, the unconstrained minimum occurs at oo
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and \!' = g, therefore

0 1 9/2
gl =2+ \dt = +9 = / .
o] 211 9/2
Iteration 2.

Search Direction. At z' = (9/2,9/2) the binding constraint is I = {4}. To
determine which direction we need to move, we have to solve the following direction-

finding problem:

Minimize di — 3dy — 2(|di|+ |da])
subject to
d + do < 0
- 1 < d < 1
1 < dy <1

By the graphical solution method, it is obvious that d*> = (-1, 1) is the optimal
solution for this direction-finding subproblem.

Line Search. We need to obtain a feasible point starting from (9/2,9/2) along the
direction d* = (—1,1) with a minimum value of f(z;,x2). Every point in this direction
can be written 2 = 2! + A\2d* = (9/2—)\,9/2+ \)T and f(2?) = —4\ — |22+ 5| — |22 —

7| — 3. The maximum value of A\? for which z! + A\2d? is feasible can be obtained by

R ifd<0
2 -1 1 2
6 —1 2 3/2
b=by— Azt = |21 - 3 1 @g): 3
0 -1 0 9/2
0 0 -1 9/2
-1 1 2
-1 2|, 3
d=Ad*>=13 1 <1>: -2
-1 0 1
0 -1 —1
o[22 92 1
max — 27 3 ) 1 - 2
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The value of A\? can be obtained by solving

Minimize — — 4\ — |22 + 5| — |22 — 7| — 3 = f1(2?)
1
subject to 0<A< B

Since the objective function is concave, the unconstrained minimum occurs at oo

and \? = 2 therefore

N N

The objective function value is fi(4,5) = —17.
Iteration 3
Search Direction. At 2% = (4,5) the binding constraint is I = {2,4}. To determine

which direction we need to move, we have to solve the following direction-finding

subproblem:
Minimize d1 —3 3d2 - 2( |d1| -+ |d2| )
subject to
— di 4+ 2dy < 0
d1 + dQ S 0
-1 < d < 1
-1 < dy < 1

By the graphical solution method, it is obvious that d® — (—1,—1/2) is the optimal
solution for this direction-finding subproblem.

Line Search. We need to obtain a feasible point starting from (4,5) along the
direction d* = (—1,—1/2) with a minimum value of fi(z1,22). Every point in this
direction can be written % = 2% + A3d® = (4 = X\,5— )" and fi(2®) = IA—2|A = 3| -

A — 6] — 5. The maximum value of A* for which 2% + \3d? is feasible can be obtained by

2 -1 1 1
s g |21 [ 3 1| [4) |4
b=bm A= 1 0 |\5)" |4
0 0 -1 5
-1 1 1/2
31 ~1 ~7/2 1 4 5
d= Ad® = = Amax = o Ty TIa (= 2
? -1 0 (—1/2 I {1/2 1 1/2}
0 -1 1/2



Table 3.1. Modified Zoutendijk method steps (Ex. 3.2)

Search Direction Line Search
k Ty, folze) | f3 ! de | Amax | Ak Tt
1| (0,00 | —13.7| —7.354 | {2—4} | (0.5,1) | 2.6 | 2.6 | (1.3,2.6)
2| (1.3,2.6) | =167 | 0 (1,2} | (0,00 | 0 | 0| (1.3,2.6)

The value of A\* can be obtained by solving

1
Minimize 5)\ —2|A=3| =X —6| -5 = fi(a*)
subject to 0<A<2
The optimal value is A* = 0, therefore 2% = (4,5)7.

Example 3.2. Minimize the function
fa(w) = =2(z1 +2) = 3(w2 — 1) = 3[| (21, 22) = (3,3) ||

subject to the constraints

Ty +wxo < 4
21‘1—1’2:0
x1§0
—ZEQSO

The computational outcomes of the first two iterations required for convergence in
the Zoutendijk method are summarized in the table below.

In some optimization problems, variables may remain feasible even as they grow
indefinitely, leading to unbounded objective values. Example 3.3 demonstrates this

phenomenon through an unbounded feasible region.

Example 3.3. Minimize

f3(x) = =3(w1 = 1) + 225 = 2) = 3] (w1, 22) = (2,3)
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Subject to
—X1 + T2 S 0

-1 + 3.%'2 < 3
—11 < 0,—29 < 0.

Table 3.2 presents the key computational results from the first iteration of the

Zoutendijk method, which were sufficient to achieve convergence.

Table 3.2. Key steps of the modified Zoutendijk method (Ex. 3.3)

Search Direction Line Search
Iter. k T fg (xk) f§($k7 dk) I dk )\max )\k: Th+1
1 (0,0) | —11.8 0 {1,3,4} | (1,0) | oo | oo | (00,0)

Example 3.4 demonstrates a case where a bounded objective value arises from an

unbounded feasible region.

Example 3.4. Minimize fy(z) = —x1 + 3x9 — 2(Jx; — 1| + |22 — 2|)

Subject to 11 —10 <4, x1 <8, —x1<0, —x5<0.

A summary of the main computational steps for the first three iterations (required
by Zoutendijk’s method to find the optimal point of the problem) is provided in Table
3.3.

Example 3.5. Let

filzr,z0) = 4w —1) —2(zy —2) — 2( |y — 1| + |22 + 2|)
fg(l‘l,ZL’Q) = —3(1‘1 — 2) + (ZEQ — 1) — ( |l’1 -+ 1| + |.T2 — 1| )

Solve the following optimization problem:
Minimize f(z) = min{fi(x), fo(x)}

subject to
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Table 3.3. Steps of the revised Zoutendijk algorithm (Ez. 3.4)

Search Direction Line Search
Iter. k| x| fs(xe) | fi(zp; d¥) I dy, Amax | A& | Thtt
1 (0,0) —6 -3 {3,4} | (1,0) 4 4 | (4,0)
2 (4,0) | —14 -2 {1,4} | (1,1) 4 4 (8,4)
3 (8,4) | —14 -1 {1,2} | (—1,0) 8 0 (8,4)

— 21’1 + x5 < 2

— T1 + X9 S 3

21‘1 + X9 S 9

3[L’1 + X9 S 12

— T S 0

— X2 S 0

By Theorem 2.14, we know the radial epiderivative of f(x) is f"(Z;z) = x1 — 29 —
5|z | — 3|z

The main computational results of the first four iterations, needed for obtaining
the optimal solution, are summarized in Table 3.4.

Algorithm 1 is well-suited for optimization problems in R?, where convergence is
generally reliable. However, for higher-dimensional spaces (R™ where n > 3), the method
may encounter convergence issues. Specifically, in many cases, the algorithm either
stagnates with a step size A = 0 or computes a null search direction d = 0, indicating a

failure to identify a viable descent direction.

Example 3.6. Minimize
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Table 3.4. lierations of the modified Zoutendijk algorithm (Ex. 3.5)

Search Direction Line Search
k T, flag) | f7 I dy, Amax | Mk Ty
1 (0,0) —6 | —2 | {5,6} (1,1) 3 3 (3,3)
2 (3,3) -8 | =10 | {3,4} | (—1,1) | 3/2 | 3/2 | (1.5,4.5)
30 (15,45) | —17 | =2 | {2} | 1,1 | 1/2 |1/2| (2,5)
41 (2,5) | 18 | =6 | {23} | (-1,-1)| 1 | 0 (2,5)

subject to the constraints

T1+ To — T3 S 2
31’1 - 25172 S 1
—IL’1+3ZL‘2—|—I‘3 S 3
—x1, —T2, —23 <0
Iteration 1. Let 2° = (0,0,0) at 2° only 4th, 5th and 6th constraints are active. To
obtain a descent direction from z° along d' = (dy, ds, d3) solve the following subproblem:
Minimize 2d1 + dg - 2d3 - 5(|d1’ + ’dg’ + |d3‘)

subject to
0 < dy,dy,dz < 1

The minimum value of the objective function of the above subproblem is attained at
d' = (1,1,1). Now, let’s find A (the step size) from (0,0,0) along d' with the smallest
possible value for f(z!') where ! = 2° + \d! = (\, \, \)7

f@H) =A=5(A=1]+X=2[+]A=3]) -1

To determine step size we need to find A, by first finding

~ 2 R 1 1 -1\ N1 1
b=1by— Az’ = | 1], d=Ad"'=]|3 -2 0 1l=11
3 -1 3 1 1 3

. Ames = min{2/1,1/1,3/3} = 1.
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Thus the step size (\) is obtained by solving

Minimize fr@)=A=5(A =1+ A=2]+x=3]) -1
subject to 0<A<1

The objective function obtains its minimum at A = 0 and z' = (0,0,0)7.

The optimization problem in Example 3.6 has its optimal solution at (0,0, 3).
However, the modified Zoutendijk algorithm fails to converge to this point, instead
exhibiting jamming behavior near (0,0,0). This phenomenon occurs because the step
sizes along the computed search directions diminish to zero (or vanish entirely), prevent-
ing further progress toward the true optimum. Such stagnation at non-optimal points
represents a key limitation of the method in certain problem settings.

We now shift our focus to the Frank-—Wolfe algorithm, a projection-free method

that contrasts with Zoutendijk in its treatment of the feasible set.

3.3. Revised Version of Frank—Wolfe Algorithm

This adaptation of the Frank—Wolfe algorithm replaces classical gradients with
radial epiderivatives, a generalized derivative concept from nonsmooth analysis. The
modified algorithm proceeds as follows:

1. At the current iterate zj, compute the radial epiderivative f"(z*;d"*);

2. Solve the direction-finding subproblem:
: r . gk
g I )

to obtain a feasible descent direction dF;
3. Update via "1 = 2% + ay(d* — 2%), where ay € [0,1] is the step size.
By employing radial epiderivatives in the direction-finding subproblem, the algo-
rithm extends to functions that may lack differentiability or convexity, while maintaining

the original method’s simplicity of solving linear subproblems.
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3.3.1. Algorithm

Algorithm 2 Revised Frank—Wolfe Algorithm

: Input: f(z) (nonconvex, nondifferentiable), compact polyhedral set S € R".

. Initialization: Choose 2° € S > Initial feasible point
: Set tolerance € > 0, iteration counter k = 0

: Main Loop: while True do

= W N =

Step 1: Determine descent direction d*
Solve the direction-finding subproblem:

=

5 il . r(. k. jk
d = arg min fr(z®; dv)

Step 2: Compute step size o

Solve the line search:

ol

k_ ~ k ko k
" = arg min f(:l: +a(d" —x ))

%

Update iterate:
xk-ﬁ-l il $k +Ozk(dk . fEk)

if ||z**! — 2%|| < ¢ then

Stop > Convergence achieved else
10:

kE+—k+1 > Continue to next iteration
11: Output: 2**! is the optimal point

The Frank-Wolfe algorithm offers two step size strategies:

» Solving a subproblem to compute A, or

ke
k+2
Algorithm 2 employs the line search approach (solving a subproblem method), while

« Applying the fixed step size formula A\, =

Algorithm 3 uses the fixed step size approach.
Let S C R™ be a compact polyhedron set and f : S — R a nonconvex and

nondifferentiable function. The revised version of Frank-Wolfe algorithm solves:

min f(z).

€S
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Algorithm 3 Revised Frank—Wolfe Algorithm

Input: f(x) (nonconvex, nondifferentiable), compact polyhedral set S € R™.
Initialization: Choose z° € S > Initial feasible point
Set tolerance € > 0, iteration counter k = 0

Main Loop: while True do

N A e

Step 1: Determine descent direction d*
6: Solve the direction-finding subproblem:

ko ek gk
d —argrcglelgf(m,d)

Step 2: Compute step size o

k k

R > Predetermined step si
o) P12 redetermined step size

7: Update iterate:
:L,k-i-l _ xk —G—Ozk(dk . ZL’k)

if ||z**! — 2*|| < ¢ then

8
Stop > Convergence achieved
else

9:
k+—k+1 > Continue to next iteration

10: Output: z**1 is the optimal point

3.3.2. [Illustrative examples

Example 3.7. Minimize

f(l’l,l‘g) = (IL‘l + 3) - 3(1‘2 - 1) — 2(|I1 — 1| + |ZE2 - 2|)
subject to

—r1+ 22 <2, — 11 + 212 <6
3rx1+ 10 <21, x14+29<9
—21,22 <0

We know from Theorem 2.8 that

fM(@;d) = dy — 3dy — 2|dy| — 2|ds|

Following the framework outlined in Algorithm 2, we proceed to solve the opti-

mization problem.
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size rule, setting A\, =

Iteration 1.

Let 2 = (0,0) € S.
. Find d' = (dy, d) by solving

Minimize dl - 3d2 - 2|d1| - 2|d2|
Subject to di,dy € S

Checking the value of objective function of the subproblem we can conclude that

d' = (4,5) Therefore,

=20+ a(d —a') = (8) o [@ B (8” 4 <§3>

. The step size can be determined by solving

Minimize fzh) = —11la+ 6 — 2(|4a — 1| + |5a — 2|)
Subject to 0<a<l1

Solving this we obtain o« = 1 and
1_ .0 1oy _ (0 LAY (0] _ (4
r =z +a(d a:)<0>—|—1 [(5 o =15/

We have x! = (4, 5) which is feasible, now we search for a descent direction.
. Find d* = (dy, dy) by solving

Iteration 2.

Minimize d1 - 3d2 - 2|d1| - 2|d2|
Subject to di,dy € S

The minimizer of this subproblem is d? = (4,5). Therefore,

ot (o[ ()-0]-) -

There is no need to continue with the iteration because no matter what value of
« we obtain, it will not affect z%. This means that z* = z! = (4,5).
When revisiting Example 3.7 using Algorithm 3, we employ a predetermined step

k
T eliminating the need to solve an additional subproblem for

step size determination. The initial iterations of this approach, as illustrated in Table

3.5, demonstrate that the sequence of solutions progressively converges to the optimal

point.
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Table 3.5. Convergence of the revised FWA with fixed step sizes

Iteration T oy f(zx) Tpa1
1 (4,5) 0,0) 2/3 0 (8/3,10/3)
2 4,5) | (8/3,10/3) |1/2] —7.33 | (10/3,25/6)
3 (4,5) | (10/3,25/6) |2/5| —12.166 | (18/5,9/2)
4 4,5) | (18/5,9/2) |1/3] —141 | (56/15,14/3)
5 (4,5) | (56/15,14/3) |2/7 | —15.066 | (80/21,100/21)
6 (4,5) | (80/21,100/21) | 1/4 | —15.964 | (27/7,135/28)
7 | 4,5) | (27/7,135/28) | 2/9 | —16.194 | (35/9,175/36)
8 (4,5) | (35/9,175/36) | 1/5 | —16.355 | (176/45,44/9)

(4,5) : ; :
n | (4,5) 0o | -17 v+ = (4,5)

1 2

3

1

5

6 7 T

Figure 3.2. Sequence x1,%2, -+ — x* = (4,5) generated by FWA
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Example 3.8. Minimize

f(l’l, $2,ZE3,I‘4) = 5(1‘1 - 1) + 3(1‘2 - 2) + 4(1)3 - 2) - (ZE4 - 1)
— 2(|£L’1 — 2’ + |332 —|—2‘ + |.T3 - 1’ + ’$4|)

Subject to
51’1 + 21’2 - 31‘3 + 2I4 S 12
—21 + 229 — dx3 — 814 < 8
2.1'1 — XT3+ X4 < 20
3$1+$2+$3+3I4 < 16
T1, To, T3, T4 > 0.

Table 3.6. Frank—Wolfe Iteration Summary of Ex. 3.8

k‘ T f({L'k) fT dk (67 {L‘]H_l

0 (0,0,0,0) —25 —31.1 (4.2,0,3.1,0) 1 (4.2,0,3.1,0)
1 (4.2,0,3.1,0) —38.1 —31.1 (4.2,0,3.1,0) 1 (4.2,0,3.1,0)

3.3.3. Comparison of the two FWA variants

The Frank—Wolfe algorithm’s convergence behavior depends on the step size
strategy used.

« Exact Line Search (Algorithm 2): This variant may converge in a single
iteration under favorable conditions (e.g., polyhedral feasible sets) by solving a
line search subproblem at each step. However, the extra optimization required per
iteration can be computationally expensive.

o Predetermined Step Size (Algorithm 3): Using a rule like )\, = k%?, this
approach avoids subproblem solving and ensures asymptotic convergence at rate
O(1/k) for convex problems. It is more scalable for large problems despite slower
convergence.

In practice, Algorithm 3 is often preferred for its simplicity and lower per-iteration

cost, while Algorithm 2 offers faster convergence at higher computational expense. The

choice depends on problem structure and performance trade-offs.
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4. CONVERGENCE ANALYSIS
4.1. Modified Method of Zoutendijk

The Zoutendijk feasible direction method is an iterative approach used in con-
strained optimization. Starting from an initial feasible point 2 in a compact convex
polyhedron S C R", the method generates a sequence {z*} by moving in a feasible
descent direction d*. At each iteration, a step size )\ is determined such that the new

iterate

P = f 4 dh

remains in S. The step size is chosen as the maximum value for which the motion does
not violate feasibility, typically stopping when a new constraint becomes active. In
practice, the algorithm terminates when Ay = 0 (or falls below a tolerance €), indicating
that further progress is not possible in the computed descent direction. However, a
major drawback of this method is the jamming phenomenon: due to selective handling
of constraints (using only binding constraints to determine d* and only nonbinding
constraints to bound the step size), the algorithm may zigzag around a nonoptimal
point with diminishing step sizes, potentially converging to a point that is not the
optimal point. Modifications such as the Topkis—Veinott algorithm have been proposed

to address this issue by considering all constraints in the direction-finding subproblem.

4.1.1. Convergence analysis
We now present a formal result on the finite termination of a modified Zoutendijk

method that incorporates a bookkeeping mechanism for face visits.

Theorem 4.1 (Finite Termination of the Modified Zoutendijk Method).
Assume that:
1. S C R™ is a compact convex polyhedron with finitely many faces.

2. At each iteration k, a feasible descent direction d* is computed such that

fr(z*;d*) < 0.
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3. The step size A\, is chosen as the mazimum value satisfying
2P = ok N dF e S,

and a bookkeeping procedure ensures that each face of S is visited at most twice.
Then, the modified Zoutendijk feasible direction algorithm terminates in a finite number

of iterations.

Proof. Face Visitation Argument:
1. Polyhedral Face Structure: Since S is a compact convex polyhedron, it has finitely
many faces by Minkowski’s theorem.
2. Iterate Transition: At each iteration k, the maximal step size A, is determined by

the first inactive constraint becoming active, forcing the transition:
e Fc S\ F

where F; : , F; are distinct faces of S.
3. Anticycling Mechanism: Using Bland’s rule from linear programming, no face is

visited more than twice, satisfying:

M
> (F visited) <2M (M = total faces)
m=1
Termination Guarantee: Assume infinite iterations. Then:
3 infinite sequence {Fr} C S with Fj # Fr1

But this contradicts the finite face structure (M < oo) and Bland’s anticycling condition.

Therefore, 3K < oo where A\ < ¢, forcing termination. m

Remark 3. Finite termination does not necessarily imply that the limit point
is optimal. The algorithm may converge to a non-KKT point in practice due to the

jamming phenomenon. To mitigate this, practical implementations often include:
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o A tolerance threshold € so that if A\, < €, the algorithm stops.
o Modifications in the direction-finding subproblem (e.g., incorporating all con-

straints) to avoid jamming.

This method does not guarantee convergence to optimal solutions, nor can it
be relied upon to avoid premature termination at non-optimal points, mirroring the

convergence failure of classical Zoutendijk methods.

4.2. Revised Version of Frank—Wolfe Algorithm

The Frank—Wolfe algorithm, also known as the conditional gradient method, is
another widely used technique in constrained convex optimization. Given a convex
objective function f and a compact convex feasible set S C R”, the algorithm proceeds
by linearizing the objective function at the current iterate 2* and solving the linear

subproblem:

ko ek gk
d —a,rgrcllqelglf(x ,dv).

The next iteration is then formed by taking a convex combination of the current point
2* and direction d*:

xkz—i—l — .Tk +"}/k(dk . xk),

where the step size 7, may be chosen via line search or by a predefined rule such as
2

Ve = Tr2 The hallmark of the Frank—Wolfe method is that it uses the entire constraint

set in its linear minimization oracle, which ensures that both the descent direction and

the step size account for all constraints.

4.2.1. Convergence analysis
The convergence rate of the Frank-Wolfe algorithm has been well established

under standard smoothness assumptions.

Theorem 4.2 (Modified Convergence of Radial Frank—Wolfe). Let f :
S — R be a proper, lower semicontinuous, and radially epidifferentiable function over

a compact convex set S C R"™. Suppose there exists a constant C' > 0 such that for all
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re S, desS, andy € [0,1], the inequality holds:
fla+v(d =) < fla) +7f (x;d —2) + Cy° (4.1)

Let the iterates be generated by:

2

dy, € argrgleigf’"(g:k;d— Tr),  Tppr =Tk +(dr —an), W= i

Then:

2 - Jin

. where fi = ilelgf(l’)

Proof. Sketch of Convergence Analysis. Following a standard technique, we define the

step size , = % and track the optimality gap Ay = f(zx) — finr. Using a recursive

2
inequality involving the radial epiderivative and summing over iterations, we obtain a
bound on the minimum value encountered.

ogcignjv [y di, — ) < 2<f<i?>_i__2finf).

The full proof can be derived by imitating the approach in [36]. O]

Remark 4. For nearly linear functions, where the curvature constant is nearly
zero, the Frank—Wolfe algorithm may converge in a single iteration. This is because the
linear approzimation of f becomes almost exact, and the solution of the linear subproblem

s optimal for the original problem.

4.3. Comparison Between the Two Methods

Constraint Handling: The key difference between the modified Zoutendijk method
and the revised version of Frank—Wolfe algorithm lies in how they handle constraints:
« Zoutendijk Method: Uses only the binding constraints at z* to determine the
descent direction and uses the nonbinding constraints to set an upper bound for

the step size.

o Frank—Wolfe Algorithm: Solves a linear subproblem over the entire feasible set .S,

o1



thus incorporating both binding and nonbinding constraints in its determination
of the search direction and step size.
Convergence Behavior:

e The Zoutendijk method, even in modified form, is sensitive to the number of
constraints, with iteration counts potentially growing polynomially due to the
polyhedral structure.

o The Frank-Wolfe algorithm has a sublinear convergence rate of O(1/k) under
smoothness assumptions, independent of the number of constraints. For nearly
linear objectives, it can converge quickly, sometimes in a single iteration.
Practical Implications: In practical implementations, the choice between these

methods depends on problem structure and performance requirements:

o For problems with a large number of constraints or where the structure of S is
complex, the full constraint treatment of the Frank—Wolfe algorithm may yield
more robust and efficient performance.

o The modified Zoutendijk method, while guaranteeing finite termination under

strict bookkeeping, may require additional modifications to avoid jamming.
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