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Abstract

In this thesis, we introduce the Partitioning-Hub Location-Routing problem
(PHLRP), which can be classified as a variant of the hub location problem.
PHLRP consists of partitioning a network into sub-networks, locating at least
one hub in each subnetwork and routing the traffic within the network such that
all inter-subnetwork traffic is routed through the hubs and all intra-subnetwork
traffic stays within the sub-networks all the way from the source to the desti-
nation. Obviously, besides the hub location component, PHLRP also involves
a graph partitioning component and a routing component. PHLRP finds ap-
plications in the strategic planning or deployment of the Intermediate System-
Intermediate System (ISIS) Internet Protocol networks and the Less-than-truck
load freight distribution systems.

First, we introduce three IP formulations for solving PHLRP. The hub-
location component and the graph partitioning components of PHLRP are
modeled in the same way in all three formulations. More precisely, the hub-
location component is represented by the p-median variables and constraints;
and the graph partitioning component is represented by the size-constrained
graph partitioning variables and constraints. The formulations differ from each
other in the way the peculiar routing requirements of PHLRP are modeled.

We then carry out analytical and empirical comparisons of the three IP
formulations. Our thorough analysis reveals that one of the formulations is
provably the tightest of the three formulations. We also show analytically that
the LP relaxations of the other two formulations do not dominate each other.
On the other hand, our empirical comparison in a standard branch-and-cut
framework that is provided by CPLEX shows that not the tightest but the
most compact of the three formulations yield the best performance in terms of
solution time.

From this point on, based on the insight gained from detailed analysis of the
formulations, we focus our attention on a common sub-problem of the three
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v Abstract

formulations: the so-called size-constrained graph partitioning problem. We
carry out a detailed polyhedral analysis of this problem. The main benefit from
this polyhedral analysis is that the facets we identify for the size-constrained
graph partitioning problem constitute strong valid inequalities for PHLRP.

And finally, we wrap up our efforts for solving PHLRP. Namely, we present
the results of our computational experiments, in which we employ some facets
of the size-constrained graph partitioning polytope in a branch-and-cut algo-
rithm for solving PHLRP. Our experiments show that our approach brings
significant improvements to the solution time of PHLRP when compared with
the default branch-and-cut solver of XPress.
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Introduction

We live in a world of networks. Networks play a major role in our daily lives.
We benefit from innumerable services that are provided through networks. For
example, all transportation systems operate over networks (e.g., rail networks,
highway networks, etc.). All communication systems, from the most primitive
postal communication systems to the most advanced ones, run on networks.
Likewise, utilities (e.g., water, electricity) are distributed over networks.

Despite apparent discrepancies in the services they provide, such ‘network-
driven’ systems indeed bear significant similarities. This is mainly due to the
fact that these systems essentially fulfill the same function: transfer of items
(e.g., people, goods, data packages, etc.) between different locations. For all of
these systems, the underlying network constitutes a very expensive asset that
needs to be managed with utmost care in order to support both present and
future requirements of the customers.

On the one hand, for providers of such services, efficient daily planning of
operations (i.e., realizing the regular, daily transfers through the network in a
cost-effective manner) constitutes a pre-requisite for profitability of the opera-
tions. On the other hand, the service providers face the challenge of preparing
their networks for the future (i.e., long-term network planning). That is, they
need to plan carefully and thoroughly for investments in facilities and resources
so that their networks can support long-term projections and forecasts of prod-
uct offerings, technological advancements and trends in customer demand.

Network planning decisions, activities and policies in such systems are gen-
erally investigated in three classes:

1. Strategic (long-term) planning involves long-term macro plans, which re-
quire large capital investments over long periods of time. Decisions at
this level generally address design and evolution of the network.

2. Tactical (medium-term) planning adapts the strategic plans to daily op-
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2 Introduction

erations. At this level, efficient allocation and utilization of the available
resources at hand is the main goal.

3. Operational (short-term) planning involves daily service operations with
respect to the service level constraints set at strategic or tactical level
planning. Examples of planning activities at this level are scheduling,
maintenance, crew and vehicle routing.

The planning activities carried out at these three levels differ considerably
from each other in scope, objectives, constraints and complexity. This prevents
formulation of a unique, all-in-one optimization model which encapsulates all
planning decisions involved at these three levels.

In this thesis our focus is on long-term planning. We propose and attempt
to solve a network optimization model which could prove to be a very useful tool
for long-term planning in certain network driven systems. Namely, we focus
on two specific, seemingly disparate long-term network planning problems:

1. implementation planning for the Internet Protocol networks employing
the Intermediate System - Intermediate System (ISIS) routing protocol;

2. long-term planning of Less-Than-Truckload Freight Distribution (LTLFD)
systems.

Both ISIS routing protocol and LTLFD systems involve ‘hub location’ com-
ponents. Hubs are special nodes, which facilitate aggregation and de-aggregation
of communication at certain points of the network. They serve as concentra-
tion points, where smaller items from non-hub nodes are packed into big lots,
which can be processed or transferred much more cost-effectively than the
smaller items. They also de-aggregate big lots that they receive into smaller
individual items, which can be transferred to their final destination.

Use of hubs induce separate layers in flow of communication throughout a
network. Transfer of individual items and aggregate lots have generally quite
different characteristics and need to be handled by means of different, separate
devices, vehicles or processes. For this reason, the hubs in a network divide it
into two separate sub-networks (so called, layers), one of which is dedicated to
transfer of individual items and the other is designed for handling aggregate
lots only. Hubs lie at the contact points of these layers.

Location of hubs in a network and deciding on division of the network into
two layers fall into the scope of long-term planning. Because locating hubs in
a network involve large investments with long-term perspectives.
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Below, we give some background on practical aspects of the ISIS routing
protocol and the LTLED systems. We briefly introduce the long-term network
planning problems encountered in these two network driven systems. Finally,
we highlight the common features of these planning problems and conclude
that one optimization model can indeed be used to address both problems.

The ISIS routing protocol

The Internet is a network of networks. In other words, the Internet is composed
of many networks that are owned and administered by separate authorities and
“continuously” connected to each other. These private networks that make up
the Internet are called Autonomous Systems (AS). More specifically, an AS
is a private network or group of networks which is administered by a single
authority. It is necessary to maintain “continuous” communication between
and within the ASs to ensure full and reliable communication throughout the
Internet.

Routing is defined as the process of determining the most efficient and
effective route (i.e., path) for sending packets towards their destinations in the
Internet. Efficiency and effectiveness of a path can be defined with respect to
different characteristics, such as cost, security, reliability, optimal utilization
of certain network resources, etc. Routing protocols are special sets of rules
that govern the routing activities in the Internet. A routing protocol may put
emphasis on one or more of the mentioned characteristics while determining the
paths of communication between the hosts. Routing is carried out by special
devices called routers.

Routing protocols are divided into two classes: Interior Gateway Protocols
(IGP) and Ezterior Gateway Protocols (EGP). IGPs govern the routing ac-
tivities within the ASs and EGPs govern routing activities between the ASs.
Each AS is free to choose and run its own IGP for its inside communication,
however, all of the ASs have to comply with one common EGP. Namely, if two
hosts are located in different ASs, then the path of communication between
them is collectively determined by the IGPs used in the ASs and the standard
EGP used in the Internet; if they are in the same AS, the IGP that is used in
that AS determines the path over which the communication takes place.

In this thesis, we are interested in a specific IGP called Intermediate System
- Intermediate System (ISIS). That is, in this thesis we are only interested in
intra-AS communications, and not in inter-AS communications.
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O : L1 router

& : L1/L2 router

@: L2 router

(a) An example Autonomous System.

L2 area

L1 area (d) An example inter-area routing if no L2 area is
employed in the implementation.

(b) An example ISIS implementation on the exam-
ple AS. The AS is partitioned into areas and one
area is reserved as an L2 area. Note that, inter-
area arcs between local nodes (shown dashed) can
not be used in this partitioning.

(e) Another example inter-area routing if no L2
area is employed in the implementation.

(¢) An example implementation without any L2
routers. This implementation does not involve a
special L2 area. The backbone is composed of
L1/L2 routers.

Figure 1: Implementation of the ISIS protocol.
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Routing protocols are deployed on the routers. For this reason, in this
thesis, we will not be dealing with the host computers explicitly. All host
computers are assumed to be located in networks that are directly connected
to some routers of the AS under consideration. Namely, we assume that each
host is reachable by a router. So, in the context of this thesis, we represent an
AS with a graph G = (V, E), where V represents the set of routers in the AS,
and E stands for the set of links (i.e., edges) between the routers.

In ISIS, the set of all routers in the AS under consideration is divided into
subsets, which are called areas. Two routers in an area with traffic demand
in-between must be able to reach each other over a path that is completely
contained within the area. That is, areas induce subgraphs of G in which
nodes with traffic demand in-between are connected to each other.

In ISIS, each router in an AS belongs to one of three types: L1, L2or L1/L2.
All of the areas but one consist mainly of the L1 routers. The exceptional area
consists only of the L2 routers. The areas that consist mainly of the L1 routers
are called LI areas, and the area that is composed of the L2 routers is called
the L2 area.

Two adjacent L1 routers in an L1 area can exchange data packets with
each other over the link that lies in-between. On the other hand, an L1 router
can not transfer (can not send or receive) packets over an adjacent link if the
link is an inter-area link (i.e., if the link traverses the area border). L1 routers
belonging to separate L1 areas communicate with each other via the L2 area.
In this sense, the L1 areas are stub areas, that is, an L1 area can be the source
or the sink for an inter-area traffic flow, but it can not be an intermediate area
in such a flow. However, the L2 area acts as a transit area, that is, this area
is responsible for transferring the traffic between the L1 areas. In other words,
the L2 area is a backbone area that connects the L1 areas to each other.

Each L1 area has to have special routers that make possible the communi-
cation between the L1 routers and the L2 area. L1/L2 routers are responsible
for carrying out this liaison task, that is, they facilitate the communication
between the L1 routers and the L2 area. Indeed, an L1/L2 router is capable
of exchanging data packets over a link with any other router in the network
regardless of the type and the area it belongs to.

For this reason, L1/1.2 routers act like the gateways of the L1 areas. Note
that, two adjacent L1/L2 routers in different areas can exchange data packets
with each other over the link that lies in-between. Hence, even if no L2 area
exists in the AS, the subgraph induced by the L1/L2 routers can as well be
used as the backbone of communication throughout the network. From here on
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6 Introduction

in this thesis, we will use the terms L1/L2 router and gateway interchangeably.

If an L1 router in an L1 area wants to send packets to an L1 router in
another L1 area, it first forwards them to a gateway of its area (i.e., an L1/L2
router located within its area). This gateway router then passes these packets
onto the L2 area, in which the packets will be forwarded towards a gateway (i.e.
an L1/L2 router) of the the sink area. Finally, gateway router of the sink area
receives the packets from the L2 area and sends them towards the router they
are destined to. If no L2 area exists in the AS, once leaving the source area, the
packets would be sent towards the sink area over the L1/L2 routers. Clearly,
in this case, the subgraph induced by the L1/L2 routers (i.e., the backbone)
has to be connected. Figures 1(a)-1(c) display two implementation examples
of the protocol, one with an L2 area and one without. Figures 1(d) and 1(e)
display two inter-area routing examples when no L2 area is employed.

For the sake of simplicity, in this thesis we ignore L2 routers and the L2
area. In other words, we adopt the deployment approach demonstrated in
Figure 1(c). This assumption is not restrictive at all, because, as we have
noted above, L.1/L2 routers can seamlessly fulfill the tasks carried out by L2
routers. This deployment approach is also preferred generally in practice due
to the flexibility it provides in operations.

In ISIS, the L1 routers are conservative in their selection of gateways to
communicate with outside of their areas. While communicating with outside
of its area, an L1 router always uses the same gateway. In general, the gateway
router that is chosen by an L1 router is the closest L1/L2 router in the area.
In our Integer Programming (IP) formulations, we allow the routers to pick
gateways other than the closest one as well. We assign each L1 router to one
gateway router, and force them to communicate with outside of their areas
always through the gateways they are assigned to. Clearly, it is pointless to
assign L1/L2 routers to gateways other than themselves (i.e., each 1.1 /L2 router
is assigned to itself for communicating with outside of its area).

This introduction to ISIS protocol is sufficient for our purposes in this
thesis. Naturally, our introduction simplifies certain aspects of the protocol.
We consider a simplified implementation here. We refer the interested reader
to [34] for a detailed treatment of ISIS.

Based on this background, in this thesis we assume that we are given a
graph G = (V, E), which stands for the AS under consideration (recall that V'
represents the set of routers in the AS, and E stands for the set of links between
the routers). We also assume that traffic demand forecasts (i.e., estimates of
communication volumes) for every pair of routers in V' is available. We assume
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further that cost of sending one unit of traffic over every link in F is known.
Then, the ISIS implementation planning problem simply consists of

e dividing G (i.e., the AS under consideration) into areas,

e deciding which routers in V' to be configured as L1 routers and which to
be configured as L1/L2 routers,

e while minimizing the overall cost of forecast communication between the
routers.

Note that, the aim of the ISIS implementation planning problem is not to
design a network. Rather, the aim is to determine partitions and accordingly
locate hubs on a given network so that the communication can be realized at
minimal cost.

LTLFD systems

In LTLFD systems, the aim is to collect freight from dispatchers and deliver
them to the addressees. In general practice, LTLFD systems provide door-to-
door service in three-tier networks. At the first tier are the pick-up-and-delivery
(PUD) offices (for an illustration, see Figure 2). These PUD offices act as the
point-of-contact with the customers; and collect from the customers the freight
to be transported. An LTLFD system typically has several PUD offices in a
city, which are located at convenient locations for the customers. The PUD
offices then deliver the freight they collect to the the so-called end-of-line ter-
minals (shortly, EOL terminals). EOL terminals are generally large warehouses
where the freight collected from PUD offices is classified and consolidated into
larger shipments. In an LTLFD system, typically every city is associated with
an EOL terminal, and an EOL terminal serves several small cities or a single
large city. The EOL terminals constitute the second tier of the three-tier net-
work. At the second tier, these consolidated shipments are forwarded towards
breakbulk hub terminals, which constitute the third tier of the network (the so-
called breakbulk backbone). Breakbulk hub terminals are large facilities which
classify and consolidate further the shipments they collect. They are located
at regional centers with possibly national/international rail, air and/or sea
connections to other breakbulk hubs. A breakbulk hub terminal consolidates
further the shipments it collects from several EOL terminals and sends the re-
sulting large shipments to other breakbulk hubs that they are destined to. At
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8 Introduction

the destination end, the shipments are de-consolidated into smaller shipments;
and freights are in turn moved to second and first tiers of the network to be
delivered to their addressees (by means of the PUD offices).

Tier 3 .
(Breakbulk hubs)

Aggregation

Tier 1
(PUD offices) ..

Figure 2: An illustration of the three-tier network structure in LTLFD systems.

In LTLFD systems, the second and third tiers generally serve two purposes:
1. exploitation of economies of scale by means of facilities and vehicles with
large capacities, 2. facilitating special services with dedicated vehicles and
facilities (e.g., faster transfer with aeroplanes, fresh goods transfer using special
vehicles over long distances, etc.). Depending on the nature and volume of
transfers and distance in-between, a variety of vehicles (e.g., aircrafts, trains,
tractors) can be used to facilitate connections at these tiers.

Generally, in practice direct transfers at the first tier (i.e., direct door-to-
door transfers) are not allowed (or are negligible). That is, every package
has to pass through at least one EOL terminal. However, direct transfers are
generally not forbidden at the second tier (i.e., between EOL terminals). In
other words some consolidated shipments can be directly forwarded towards
the destination at the second tier without any need for further consolidation at
the third tier. In fact, these direct transfers at the second tier bring important
advantages, like

Aykut (")zsoy, Ph. D. thesis
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e efficiency in second tier services, and,
e reducing the burden on the breakbulk hubs and the breakbulk backbone.

In practice, LTLFD networks are often divided into geographical or ad-
ministrative regions. Division into regions is generally necessitated by natural
or country borders. Regions also provide several important advantages to the
service providers:

e Regional operations can be subcontracted.

e Different modes of transportation can be used for inter-regional and intra-
regional traffic (e.g., ground transportation for intra-region traffic and air
transportation for inter-region traffic).

e Different pricing and service level requirements can be applied for intra-
regional and inter-regional traffic (e.g., different delivery times and prices
for inter-regional and intra-regional freight traffic).

e Different pricing and service level requirements can be applied to dif-
ferent parts of the network (e.g., highly specialized services for highly
industrialized regions, for regions with high density of important clients,
ete.).

Generally, every region has a breakbulk hub, and all inter-regional traffic
flows through the breakbulk hubs. Intra-regional traffic is sent directly from
the source EOL terminals to the destination EOL terminals without any need
to use breakbulk hub facilities.

In this thesis, we assume that only intra-regional transfers among EOL ter-
minals are allowed. All inter-regional traffic has to pass through the breakbulk
hubs.

As we confine ourselves to strategic planning issues, this brief introduction
to LTLFD networks is sufficient for our purposes. For details on strategic
planning freight transportation networks, we refer the interested reader to the
excellent surveys by Crainic [8] and Campbell [4].

Based on this background, in this thesis we do not take into consideration
the PUD offices as they play a more operational role in the distribution pro-
cess. We assume that we are given a graph G = (V, E) (see Figure 3 for an
example), where V' stands for locations of the EOL terminals in the LTLFD
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10 Introduction

network under consideration, and E stands for the links between the EOL ter-
minals (i.e., a combination of the road network, the rail network and air/sea
connections depending on what means of transportation are available to the
service provider). In other words, we assume that a preliminary study of sur-
veys, forecasts, etc. is already carried out and locations of EOL terminals in
the network are already determined. We also assume that traffic demand fore-
casts (i.e., estimates of volumes to be transferred) are available for every pair
of EOL terminals. We assume further that cost of sending one unit of traffic
over every link in E is known.

O : EOL terminal

& : Breakbulk
hub term.

(a) An example LTLFD network. The vertices of
the network represent the EOL terminals.

(c) An example inter-regional routing. Routing in
LTLFD networks is very similar to ISIS routing.

(b) The network is partitioned into regions. Some
of the EOL terminals are designated as breakbulk
hub terminals. Breakbulk hubs are located such
that every region contains at least one breakbulk (d) Another example inter-regional routing.
hub terminal. Note that, inter-region arcs between

local nodes (shown dashed) can not be used in this

partitioning.

Figure 3: An example LTLFD network.

Then, the LTLFD long-term planning problem that we deal with consists
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of, roughly speaking, dividing the network into regions, determining at least
one EOL terminal in each region as a breakbulk hub, and routing the traffic
within the network such that inter-regional traffic flows through the breakbulk
hubs and intra-regional traffic stays within the regions all the way from the
source to the destination.

Note that, like the ISIS implementation problem, the LTLFD long-term
planning problem’s aim is not to design a network. The aim is to determine
regions and to designate some EOL terminals as breakbulk hubs on a given
transportation network so that the transfers can be carried out at minimal
cost.

Common features of the problems

In this section, we identify the common features of the two problems under
consideration.

One can immediately note from these brief introductions to LTLFD net-
works and ISIS protocol networks that there are considerable similarities be-
tween LTLFD networks and ISIS protocol networks. In fact, one can establish
close correspondence between

e PUD offices in LTLFD networks and host computers in ISIS networks;
e EOL terminals in LTLFD networks and L1 routers in ISIS networks;

e breakbulk hub terminals in LTLFD networks and L1/L2 routers in ISIS
networks;

e regions in LTLFD networks and areas in ISIS protocol networks.

In this thesis, we define our scope as developing a network optimization
model that can be used for strategic planning purposes in ISIS protocol net-
works and LTLEFD networks. As strategic planning by nature involves long-
term, macro plans, we do not take into consideration explicitly host computers
in ISIS networks and PUD offices in LTLFD networks. We assume that every
host computer is reachable by an L1 router, and every PUD office is connected
to an EOL terminal. In other words, we assume that the traffic demand asso-
ciated with EOL terminals in LTLFD networks and L1 routers in ISIS protocol
networks is an aggregate of the demand associated with the corresponding PUD
offices and host computers, respectively.
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12 Introduction

In both problems, the underlying network is required to be divided into sub-
networks (i.e., areas in ISIS networks, and, regions in LTLFD networks). Every
subnetwork has to have at least one hub (i.e., L1/L2 router or a breakbulk
hub terminal). Routing follows similar principles in both systems: intra-area
or intra-regional traffic is routed directly from the source to the destination;
inter-area and inter-regional traffic has to be routed through the backbone (i.e.,
the hubs).

This close correspondence between these two planning problems permits us
to develop one single optimization model to address both. In Chapter 1, we
describe the problems and the model in a rather technical and precise manner,
and in Chapter 2 we introduce three IP formulations to solve the problems.
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Chapter 1

Problem Definition and notation

We are given a network (a digraph) D = (V, A) and a companion graph G =
(V, E). Assume that the arc set A is symmetric (i.e., (j,47) € A for all (i, ) € A)
and for each pair of arcs (4, 7), (j,7) in A, there exists an edge e = {i,j} € £
with i < j. We use {i,7} and {j,4} interchangeably to refer to e.

Let (Vi,Va,..., Vi) be a partition of V' into subsets, i.e., Vi, Vs, ..., V} are
disjoint subsets of V' such that V' = U;V;. We assume that F, < |Vj| < Fy
for | = 1,2,...,k, where I, and Fy are some lower and upper bound values
on the sizes of subsets. Let D; = (V}, 4;), | = 1,2,...,k, be subnetworks of
D induced by Vi, Vs, ..., Vi, respectively (see Figures 1(c) and 3(b)). These
subnetworks represent the areas in ISIS networks and the regions in LTLFD
networks. For the sake of simplicity, in the rest of this chapter, we consistently
use the ISIS term ‘area’ to refer to these sub-networks.

The use of the parameters F; and Fp provides a control over the sizes
and the number of areas we obtain in the partition. That is, we employ these
parameters to protect ourselves against extreme cases in the solution, like very
large areas or a very large number of small areas. In fact, partitioning the
network into areas of manageable size provides a protection against stability
and convergence issues in ISIS (see Chapter 3 of [34] for a detailed treatment of
ISIS stability and convergence issues). Capacity or economies-of-scale concerns
in freight distribution networks would also justify the use of such bounds on
the area sizes.

We designate a subset H of nodes in V' as hub nodes. We assume |H| <Y,
that is, Y is an upper bound on the number of hubs we can locate in the
network. We call the nodes in V — H the local nodes (see Figures 1(c) and 3(b)).
We call Dy = (H,Ay), the subnetwork of D induced by H, the backbone.

Aykut ézsoy, Ph. D. thesis



14 1 Problem Definition and notation

Obviously, the hubs (i.e., the nodes in H) represent the L1/L2 routers in ISIS
networks and the breakbulk hub terminals in LTLFD networks. Similarly, the
local nodes (i.e., nodes in V' — H) stand for the L1 routers in ISIS networks
and the EOL terminals in LTLFD networks.

Let the set T contain all source-sink pairs which have traffic in-between.
For each pair (u,v) € T, we call node u the source and node v the sink. Let
dy.» be the amount of required traffic flow between source-sink pair (u,v) € T'.
A non-negative cost CZ}'U is incurred when one unit of flow associated with the
pair (u,v) € T passes through the arc (7, j) € A. The total flow on an arc (7, j)
can not exceed a capacity value C; ;.

We assume that routing of the traffic associated to (u,v) pairs in T satisfies
the following assumptions:

(A1) Inter-area traffic flows can be sent through an arc (4, 7) only if (7, j) is on
the backbone (i.e., (i,7) € An).

(A2) Intra-area traffic is realized over paths which entirely lie within the areas.

(A3) Local nodes always use the same hub to send or receive inter-area flows.

The first assumption implies that two local nodes in different areas can not
exchange traffic flows over an arc linking them directly. Local nodes in different
areas can send flow to each other only through the hubs located within their
areas. We illustrate this in Figures 1(c) and 3(b) by displaying in dashed lines
the inter-area arcs which are adjacent to local nodes (i.e., the dashed arcs in
these figures are not used at all for transfers). It is worth noting that one can
also infer the following from assumptions (A1) and (A2):

e An area can exchange flows with the other areas only if it possesses a
hub node (i.e., an area without a hub would be isolated from the rest of
the network).

e Hubs of areas with traffic demand in-between must be connected to each
other by a path in the backbone.

e If the source and the destination of a traffic flow are in different areas,
then the flow is first directed towards the hub within the source area;
subsequently, it is sent over the backbone towards the hub of the desti-
nation area; finally, it is directed from this hub towards the destination
node.
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e If the source and the destination are in the same area, then the flow is
simply sent over a path that is entirely contained within the area.

Figures 1(d), 1(e), 3(c) and 3(d) display two examples of inter-area flows.
Note that in Figures 1(d) and 3(c), the source and the destination are in
different areas and although there exists an arc linking them (shown dashed),
the flow is sent through the hubs.

Assumption (A3) must be taken into account only if there are more than
one hubs in an area. To see this, suppose that area D; contains at least two
hubs, i.e., |V, N H| > 2, and pick a local node u € V; — H in D;. Assumption
(A3) implies that u is assigned to one of the hubs in Dy, say ¢ € V; N H, and
always uses that hub 7 to send or receive inter-area flows.

Routing in ISIS naturally complies with (A3) because the nodes (which
represent routers) know only the topology of their areas, i.e., they are blind
beyond the borders of their areas. Hence, while sending out inter-area flows,
a source router checks if the destination is in the same area as itself. If not, it
just sends the flow to the closest hub, no matter what the destination is. In
other words, while sending out inter-area flows, routers always minimize the
local path within their areas, rather than the global path which extends outside
the area towards the destination.

Assumption (A3) has a significant justification in the LTLFD applications,
too. In fact, aggregating the inter-area traffic corresponding to a node at a
single hub is meaningful only if the fixed cost of dedicating a vehicle to a path
is high. For instance, given a local node w € V; — H in an area Dy, if we split
between i1, 175 € V;NH the inter-area traffic associated to u, then we would have
to dedicate one vehicle to each of the paths from u to ¢; and i,. This might
prove costly if the associated fixed cost is rather high, e.g., in rail networks.
We do not explicitly account for fixed costs in this paper; however, assumption
(A3) allows us to take into consideration, albeit implicitly, this relevant fixed
cost of dedicating a vehicle to a line.

Against this background, it is worth noting that the IP formulations we
present in the next chapter provide the flexibility to impose or relax assump-
tion (A3) in the solution. In fact, in Section 2.6 we discuss the necessary mod-
ifications that need to be made in the formulations when we relax assumption
(A3).

Having set the grounds, we are now ready to give an informal definition of
our problem. Given the network D = (V, A), it consists of:

1. partitioning D into areas Dq, Do, ..., D of size at least I}, and at most
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Fy (i.e., partitioning V' into subsets Vi, Vs, ...,V such that F, < |V|| <
Fyforl=1,2,....k),

2. determining H such that |H| <Y (i.e., the hub nodes),
3. assigning every local router to a hub within its area (assumption (A3)),

4. routing the traffic for every (u,v) € T in accordance with the assumptions
(A1), (A2), and capacity restrictions over the arcs,

5. with the objective of minimizing the total cost of routing.

In the sequel, we refer to this problem as the Partitioning-Hub-Location-Routing
Problem (PHLRP).

PHLRP has a graph (or network) partitioning component, a hub location
component and a routing component. We formulate the graph partitioning
component (i.e., partitioning D into Dy, Ds, ..., Dy of size at least Fy, and at
most Fy) as a size constrained graph partitioning problem, which is investi-
gated in Chapter 4. We model the routing component using multi-commodity
arc flow variables and constraints (i.e., flow balance constraints, arc-capacity
constraints).

The hub location component of PHLRP differs from the hub location prob-
lems explored in the literature. According to a recent survey by Alumur and
Kara [1], hub location problems in the literature are generally based on three
prevalent assumptions:

(B1) The hub network is complete with a link between every hub pair.

(B2) Cost of transfer between the hubs is less than the cost of transfer between
non-hub nodes and hub nodes (due to economies of scale).

(B3) No direct transfer (between two non-hub nodes) is allowed.

On the other hand, in PHLRP we completely relax assumption (B1) and adopt
a weaker version of assumption (B3). Assumption (B2) can be accommodated
in PHLRP.

Assumption (B1) does not hold in the application context we consider. In
fact, nodes in transportation networks are generally connected to each other
over paths that traverse several intermediate nodes. Similarly, in large Internet
protocol networks (e.g. country wide large networks) setting up a physical link
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between every hub, especially between the ones that are far apart, might prove
very costly.

In logistics networks, relaxing (B3) (i.e., permitting transfers between non-
hub nodes) might decrease transfer costs significantly (for instance, see Lie et
al. [20], Lin et al. [18]). Direct transfers between local routers are allowed in
ISIS protocol, too.

Assumptions (A1) and (A2) account for a weaker version of (B3) and im-
pose that local transfers within the areas can be carried out directly (i.e., not
necessarily through hubs). They are not restrictive at all for ISIS deployment
applications and LTLFD applications. On the contrary, they are necessary
to ensure aggregation of inter-area flows on the backbone and to protect the
backbone from the burden of intra-area flows.

We conclude this section by introducing more notation that we use through-
out the thesis. Let Q C V and S C V. We denote by A(Q) the set of all arcs
in A whose both end-nodes are in @, ie., A(Q) = {(i,j) € A :i,j € Q}.
We denote by A(Q,S) the set of arcs from @ to S, ie., A(Q,S) = {(i,7) €
A:ie€@Q,je S}t We denote by AT(Q) and A~ (Q) the set of outgoing arcs
from @ and incoming arcs into @, respectively, i.e., AT(Q) = A(Q,V — Q) and
A(Q) = AV - Q,Q).

Similarly, we denote by E(Q) the set of all edges in £ whose both end-
nodes lie in @, ie., F(Q) = {{i,j} € E : i,j € Q}; we denote by E(Q,S)
the set of edges in £ whose one end-node lies in () and the other in S, i.e.,
E(Q,S)={{i,j} € E:i€ Q,j € S or vice versa}; and, we denote by §(Q)
the set of edges whose only one end-node lies in @, i.e., §(Q) = E(Q,V — Q).

For any z € RI?l let 2(F) = >, x. for F C E. For ease of notation, a set
with only one element is represented with the element itself in mathematical
expressions: namely, for instance, @ — u stands for @ — {u}.

We denote by K,, = (V, E,,) the complete graph defined on a vertex set V'
with n vertices. Throughout, F, stands for the complete set of edges among
the n vertices of V.

We denote by N € RIVI¥II the vertex-arc incidence matrix of D, i.e.,

L, i (i) € A*({u),
Nu,(i,j) = _17 if (Z7J> S A_({U}), Vu € V> (Zaj) €A
0, otherwise,
N f is the product of the matrix N by a flow vector f € Rl4l: and, (N f); stands

for the ith component of the vector N f, i.e., (N f); is equal to the net flow for
vertex 4. We denote >, o(Nf); by (N f)s.
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Chapter 2

Integer Programming
Formulations for solving

PHLRP

In this chapter, we introduce the three IP formulations we propose for solving
PHLRP. First, we present their common variables and common constraints.

2.1 Common features
There are two sets of common variables used in the formulations:
e The partitioning variables w, € {0,1} for all e € E,,. For e = {u, v},

1, if v and v are in the same area;
We =19 g herwi
, otherwise.

Note that throughout the thesis we use w,, w,, and w,,, interchangeably
for e = {u,v}.

e The hub-location and allocation (assignment) variables z,, , for all u,v €
V:

1, if node wu is assigned to the hub v for exchanging flows
with outside of its area;
0, otherwise.

8
£
e

I
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Setting z,,,, to 1 or 0 implies designating node v as a hub or a local node,
respectively.

Note that, this definition of hub-location and allocation (assignment)
variables complies with assumption (A3) of PHLRP.

We can also relax assumption (A3) from PHLRP in such a way that a
local node does not have to use the same hub for all of its inter-area
communications (i.e., it can use different hubs depending on the sender
/ receiver of the packages). The IP formulations can be modified to
accommodate such a variation of the problem (see Section 2.6). In fact, in
this setting we would not have to assign the local nodes to hubs and hence
we would not need anymore the allocation variables (x,,, for u # v) in the
Integer Programming formulations. On the other hand, we would always
need the location variables and associated constraints in our formulations,
no matter if assumption (A3) is taken into consideration or not.

In the sequel, we develop the formulations assuming that assumption
(A3) is in effect.

The common constraints of the three formulations are as follows:

Wyp + Wyt — Wyt <1 Yu,v,t € V : u,v,t different, (2.1a)
Y wuy £ Fy—1  VueV, (2.1Db)
veEV —u
Z Wy > Fr—1 Yu eV, (2.1c)
veEV —u
Z Tuw = 1 YueV, (2.1d)
veV
Tuw < Ty Yu,v €V :u# v, (2.1e)
Y tuw <Y, (2.1f)
ueV
Tuw+ Tou < Wy Yu,v eV :u <. (2.1g)

Valid partitioning of the network into areas is ensured by means of the con-
straints (2.1a), the so-called triangle inequalities. These constraints, first used
by Grotschel and Wakabayashi [14] for the clique partitioning problem, guaran-
tee that if two edges of a triangle lie within an area, the third edge lies within
that same area, too. Constraints (2.1b) and (2.1c) impose upper and lower
bounds, Fyy and F}, respectively, on the sizes of the areas. Constraints (2.1d)
ensure that each node is allocated to a hub to communicate with nodes outside
its area. Note that when z,, = 1 for a node u, then u cannot be allocated
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to a node other than itself (i.e., z,, = 0 for v € V' \ {u}); otherwise, when
Tyu = 0, u is necessarily allocated to a hub. Constraints (2.1e) prevent a local
node from being assigned to a local node. Constraint (2.1f) imposes an upper
bound Y on the number of hubs that can be located in the network. Finally,
constraints (2.1g) ensure that each local node is assigned to a hub that lies
within the same area as itself.

One can appreciate hardness of PHLRP by observing the well-known struc-
tures in constraints (2.1a)-(2.1g). The constraints (2.1a) define the clique par-
titioning problem, which is NP-Hard (see [33]). The constraints (2.1d)-(2.1f)
are the p-median constraints, a widely known NP-Hard problem in the discrete
location literature (Kariv and Hakimi [17]).

In fact, when we introduce Formulation 1 in Section 2.2 (page 25), we show
that PHLRP is NP-Hard as the clique partitioning problem is a special case
of it.

The graph partitioning and location components of PHLRP are represented
by means of these common variables and constraints (2.1a)-(2.1g) in our Integer
Programming formulations. The formulations differ from each other in the
ideas they employ for incorporating the routing of the intra-area and inter-
area flows.

The following sections describe in detail the characteristic features of the
three IP formulations.

2.2 Formulation 1

Formulation 1 is based on the idea of replicating the digraph D = (V, A)
three times (see Figure 2.1(a)). We refer to these replicates as layers. The
sets of nodes and the arcs in the three layers are identical. In addition, we
define cost-free and uncapacitated inter-layer arcs between identical nodes of
the subsequent layers. Namely, there is an inter-layer arc from node i of Layer
1 (respectively, Layer 2) to node ¢ of Layer 2 (respectively, Layer 3) for each i
in V. Note that, unlike the arcs within the layers, the inter-layer arcs are all
in one direction. It is only possible to send flow from Layer 1 to Layer 2 and
from Layer 2 to Layer 3, but not in the opposite direction.

In this formulation, we impose that if the source and the sink nodes, say
(u,v), lie in the same area, then the flow starts at u and ends at v of Layer 1.
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UV
f i,jvar's.
Luw
;""" vars.
Layer 2
w,v
Gi.j var's,
t,?'"'l' var's.
u,v
h;;
(a) The flow variables in Formulation 1. (b) Examples of intra-area and
Flows in Layers 1, 2 and 3 are represented by inter-area flows in Formulation 1.
the arc-flow variables f;"}", g, and A, re- Inter-area flow from u to v starts
spectively. Inter-layer flows are represented from Layer 1 and ends at Layer 3.
by t}”f’” and ti’f’v variables. Intra-area flow from v’ to v stays

within Layer 1.

Figure 2.1: Formulation 1 employs three replicates (i.e., Layers 1, 2 and 3) of the network
D. Inter-layer arcs are used to connect Layer 1 to Layer 2 and Layer 2 to Layer 3. For
the sake of simplicity in illustration, only some of the intra-layer and inter-layer arcs are
displayed in the figures. Each of the undirected links within the layers stands for two arcs
in opposite directions.

Otherwise, if v and v lie in different areas, then the flow starts at the source
node u in Layer 1, passes through Layer 2 and ends at the sink node v of Layer
3 (see Figure 2.1(b)).

We also impose that Layer 2 hosts backbone flows. That is, in Layer 2 we
permit flows only through arcs belonging to Agy. On the other hand, in Layers
1 and 3 we permit flows only through arcs that lie within areas. Moreover,
we permit inter-layer flows only through the inter-layer arcs corresponding to
hubs.
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Variables

Besides the variables introduced in Section 2.1, Formulation 1 employs five sets
of flow variables (see Figure 2.1(a)):

o fi g, by €{0,1}, for all (u,v) € T and (4,j) € A, to represent the
flows in Layers 1,2 and 3, respectively;

otV 2" € {0,1}, for all (u,v) € T and i € V, to represent the
inter-layer flows from Layer 1 to Layer 2 and from Layer 2 to Layer 3,

respectively.

Specifically, we define f;%" as:

o { 1, if the flow from u to v passes through the arc (4, ) in Layer 1;
iy

' 0, otherwise.

This definition also applies to g;'7" and h;, if ‘Layer 1’ is replaced by the
. .. ’ ’ 1,u,v
appropriate layer label. Similarly, we define ¢;"™" as:

1, if the flow from u to v passes from Layer 1 to Layer 2 over node ¢
= (i.e., through the inter-layer arc (i,7) between the two layers);
0, otherwise.

1,u,v
ti

2,u,v
A

This definition also applies to ¢ if the layer labels are changed accordingly.

Formulation 1 is as follows:
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min Y Y cfduy (5 + 0l + R, (2.20)
(u,v)€T (i,j)EA
subject to constraints (2.1a) — (2.1g),
Z 9y < xig V(u,v) € T,Vi €'V, (2.2b)
(i,4)EA+({i})
ST f RS+ <wiy o Y(u,v) € T\V(i,5) € E, (2.2¢)
S duw (£ 98 +h) < Ciy o V(L)) € A, (2.2d)
(u,v)€T
1 ifi=u
(Nf“) +t7"" ={ 0 ifi eV —{uv} Y(u,v)eT, (2.2¢)
—Wy, ifi=w
(Ng™); + 2" — ¢ =0,  Vie V,Y(u,v) €T, (2.2f)
woy g2 ) Wup — 1 ifi=w
ey = e = vy YeweT ()
th <zus  Y(u,v) €T,Vi€V, (2.2h)
" <w,;  Y(u,v) €T,VieV. (2.21)

The objective function (2.2a) stands for the total cost of routing the traffic
within the network. Constraints (2.2b) guarantee that the backbone is com-
posed only of hubs. Specifically, in (2.2b), if a node is not a hub then it does
not receive any flow from the other nodes in Layer 2. Constraints (2.2c) en-
sure that the flows in Layer 1 and Layer 3 do not cut across area borders.
Constraints (2.2d) stand for the capacity restrictions over the arcs.
Constraints (2.2e)-(2.2g) are the flow balance equations of Layers 1-3, re-
spectively. These constraints ensure that for each source-sink pair (u,v) € T"

e u in Layer 1 sends out one unit of flow, and
e that one unit of flow is absorbed by

(i.e., if u and v are in the same area),
i

— v in Layer 1 if w,, =1
— v in Layer 3 if w,, = 0 (i.e., if v and v are in different areas).

Constraints (2.2h) and (2.2i) ensure that an inter-area flow from a source u
to a sink v gets onto the backbone on the hub node to which the source is
allocated to and gets off the backbone on the hub node to which the sink is
allocated to. The flow from u to v is allowed to pass from Layer 1 to Layer
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2 over node i only if 7 is a hub and the source u is allocated to i (i.e., only if
Zy; = 1). Similarly, the flow is allowed to pass from Layer 2 to Layer 3 over
node i only if ¢ is a hub and the sink v is allocated to i (i.e., x,; = 1).

It is worth noting that this formulation complies with the assumptions
(A1)-(A3). In fact, constraints (2.2b) and (2.2c) represent assumption (Al);
constraints (2.2c) and (2.2e) represent assumption (A2); finally, constraints
(2.1d) stand for assumption (A3).

Note further that assumption (B2) of general hub location problems (i.e.,
transfers on the backbone at reduced unit flow cost), can also be accommodated
by replacing the cost coefficient of gZ f variables in the objective function.

2.2.1 NP-Hardness of PHLRP

Before concluding this section, we would like to exploit the 3-layer represen-
tation of Formulation 1 in order to prove N'P-hardness of PHLRP. We show
that the size-constrained clique partitioning problem, which we investigate in
Chapter 4, is a special case of PHLRP.

Proposition 2.2.1. PHLRP is N'P-hard.

Proof. Clique partitioning problem consists of clustering nodes of a complete
graph into subsets such that total weight of the edges within the subsets is
minimized. Its Integer Programming formulation is given by constraints (2.1a)
and the following objective function:

min Z ColWe. (2.3)

€€En

This problem is shown to be N'P-hard by Wakabayashi [33]. Now consider the
size-constrained clique partitioning problem which imposes upper and lower
bounds on the sizes of the subsets. Its Integer Programming formulation con-
sists of constraints (2.1a)-(2.1c) and objective function (2.3). We show in
Chapter 4 that size-constrained clique partitioning problem is a generalization
of the clique partitioning problem. Hence, it is also N'P-hard.

We show that, under the following assumptions, solving PHLRP is in fact
equivalent to solving the size-constrained clique partitioning problem:

1. Graph G itself is a complete graph.

2. Y in constraint (2.1f) is equal to n.
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3. All the arcs in Layers 1 and 3 are defined to be cost-free. The arc costs
in Layer 2 are defined as follows:

wo _ { Cup 1f (1,7) = (u,v)

c :
tJ M otherwise

where M is a sufficiently large real number.
4. T ={(u,v) : u,v € Viu < v}.
5. dyy =1 for all (u,v) € T.

When Y is equal to n, we would ideally designate all the nodes in the network
as hubs (note that adding a hub to the network would never increase the total
routing costs), i.e., z;; = 1 for all i« € V. Note also that, due to assumptions
1-3 above, all intra-area flows (i.e., flows for which w,, = 1 for all (u,v) € T')
would be cost-free and all inter-area flows (i.e., flows for which w,, = 0 for
all (u,v) € T') would incur a cost that is equal to ¢,,. Hence, the objective
function (2.2a) would be equivalent to (2.3).

This shows that the size-constrained clique partitioning problem is a special
case of PHLRP, which proves N'P-hardness of PHLRP. O]

2.3 Formulation 2

Formulation 2 is also based on a three-layer replication of the network D. But
in contrast with Formulation 1, no inter-layer arcs and inter-layer variables
are employed in Formulation 2. Hence, only three sets of flow variables are
used: f;%°, g;; and h;;. These flow variables are defined exactly like their
counterparts in Formulation 1 (see Figure 2.2(a)).

The main idea behind Formulation 2 is mimicking (reformulating) the
multi-commodity flow constraints of Formulation 1 (2.2e)-(2.2i) without us-
ing the inter-layer variables ;™" and 2",

On the other hand, just like in Formulation 1, we impose in this formulation
too that Layer 2 accommodates the backbone. That is, in Layer 2 we permit
flows only through arcs belonging to Ay, in Layers 1 and 3 we permit flows
only through arcs that lie within areas. Hence, we employ the constraints
(2.2b)-(2.2d) in Formulation 2 as well.
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(a) The flow variables in Formulation 2. (b) Examples of intra-area and
Flows in Layers 1, 2 and 3 are represented inter-area flows in Formulation 2.
by the arc-flow variables f;";", g;;" and R}/, The inter-area flow from u to v con-
respectively. There are no inter-layer arcs in sists of three portions: 1. the flow
Formulation 2. within the source area, 2. the flow

on the backbone, and, 3. the flow
within the sink area. Layers 1, 2
and 3 respectively host these three
portions of the flow from u to wv.
Intra-area flow from v’ to v stays
within Layer 1.

Figure 2.2: Formulation 2 employs three replicates (i.e., Layers 1, 2 and 3) of the network
D. For the sake of simplicity in illustration, only some of the intra-layer arcs are displayed.
Each of the undirected links within the layers stands for two arcs in opposite directions.
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Obviously, since the objective function (2.2a) of Formulation 1 is defined

over the variables f;", g;"/" and h;/, we can use this objective function in
Formulation 2 as well.

We now explain how we reformulate in Formulation 2 the flow balance
equalities without using inter-layer variables between Layers 1, 2 and 3. Pick
a source-sink pair (u,v) € T'. If v and v lie in the same area (i.e., if w,, = 1),
we would like to have the flow from u to v stay within Layer 1. More precisely,
when w,, = 1 we require that the following constraints be in effect:

{ 1, ifi=u,
(Nf“Y); = 0, ifieV —{u,v}, (2.4a)
-1, ifi=w,
(Ng*“"); = 0 VieV, (2.4b)
(NR®");, = 0 Vie V. (2.4c)

Now suppose that v and v lie in different areas (i.e., w,, = 0). In this case, we
would like to have the flow from u to v split into the three layers. We impose
that

e the portion of the flow within the source area (i.e., from u to its gateway)
lies in Layer 1;

e the portion of the flow on the backbone (i.e., from u’s gateway to v’s
gateway) lies in Layer 2;

e the portion of the flow within the sink area (i.e., from v’s gateway to v)
lies in Layer 3.

In fact, these requirements imply that we would like to have the following
equahtles in effect when w,,, = 0:

w _ 11—y, ifi=u,
(NF5i = { —Tyi, ifieV —{u}, (2.5a)
(Ng"“")i = Tui— T VieV, (2.5b)
woy T i ifi e V—{v},
(NR®7): - = { Toi—1, ifi=nv. (2.5¢)

When wu itself is a gateway (i.e., if 2, = 1) in (2.5a) we would have f;%" = 0
for all (7,j) € A (due to constraints (2.1d)). Otherwise, in Layer 1 the flow
sent by u would be absorbed by the gateway that u is assigned to (i.e., node
i for which z,; = 1). Likewise, when v itself is a gateway, in (2.5¢) we would
have b/’ = 0 for all (i,j) € A. Otherwise, in Layer 3 v absorbs the flow that
is sent out by its gateway.
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In Formulation 2, which we present below, we aim at having (2.4) in effect
when w,, = 1 and having (2.5) in effect when w,,, = 0 for all (u,v) € T

min Yy N e duo (£ gl + b (2.6a)
(u,0)€ET (i,5)€A

subject to the const. (2.1a) — (2.1g) and (2.2b) — (2.2d),

1-— Lo,i ifi=u
(N")i =~ ifieV—{uuv} V(u,v) €T, (2.6b)
Ty — Wy fi=v
1 ifi=u
(Nf“), <4 0 ifi € V- {u,v} V(u,v) €T, (2.6¢)
Wy, ifi=0
(Nguvv)i S xu,i - mvgi + wu,v V(U, U) € T7 VZ € ‘/’ <26d)
(Ng“®)i > T — Tpi — Wy p Y(u,v) e T\VieV, (2.6e)
RN Ty,i ifieV — {U}
(NR™"); < { Zos— 1+ wey i=uv V(u,v) € T. (2.6f)
In fact, for every (u,v) € T, when w,, = 1 equalities (2.4a) are in effect

because constraints (2.6¢) dominate (2.6b). When w,, = 0, equalities (2.5a)
are in effect since constraints (2.6¢) become redundant.

Likewise, when w, , = 1 equalities (2.4b) and (2.4c) are in effect. Because,
constraints (2.6d), (2.6e) and (2.6f) become redundant and hence, the flow vari-
ables g;"" and h;";" take on 0 value in the optimal solution since the coefficients
c;j are nonnegative in the objective function (2.6a). On the other hand, when
Wy, = 0, equalities (2.6d), (2.6e) and (2.6f) are equivalent to (2.5b) and (2.5¢).

Formulation 2, too, complies with the assumptions (A1l)-(A3). Like in
Formulation 1, constraints (2.2b) and (2.2c) ensure that assumption (A1) is
satisfied; and constraints (2.1d) ensure that assumption (A3) is satisfied. Now,
we show that optimal solutions of Formulation 2 always satisfy assumption
(A2). Pick an optimal solution Z = (@, &, f,§, h). Let T" denote the set of all
source-sink pairs (u,v) € T that lie within the same area with respect to 2 (i.e.,
T" = {(u,v) € T : w,, = 1}). First, note that as arc costs are non-negative,
we have g, = ﬁf]” = 0 for all (u,v) € T" and (i,j) € A (due to constraints
(2.6d), (2.6e) and (2.6f)). Next, note that the constraints corresponding to
(u,v) € T" in (2.6¢) would always be binding for Z. Then, (2.2¢) would imply
that assumption (A2) holds for all (u,v) € T".

As a final remark, note also that assumption (B2) of general hub location
problems can be accommodated in Formulation 2 as well, by replacing the cost
coefficient, of g;’ variables in the objective function.
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w,v ,
®;; var's.

1,u,v i
i var’s.

72U var's,

u,v ,
Yi,j var's,

(a) The flow variables in Formulation 3.
Flows in Layers 1 and 2 are represented by
the arc-flow variables ¢; and ~;"}", respec-
tively. Inter-layer flows from Layer 1 to Layer
2 are represented by the variables Tilj"v; and
inter-layer flows from Layer 2 to Layer 1 are

represented by the variables TZ P

(b) Examples of intra-area and inter-
area flows in Formulation 3. The
inter-area flow from u to v consists
of three portions: 1. the flow within
the source area, 2. the flow on the
backbone, and, 3. the flow within
the sink area. Layers 1 hosts the first
and the third portions of the flow
from u to v. Layer 2 hosts the second
portion. The intra-area flow from u’
to v stays within Layer 1 all the way
from the source to the destination.

Figure 2.3: Formulation 3 employs two replicates (i.e., Layers 1 and 2) of the network D.
For the sake of simplicity in illustration, only some of the intra-layer and inter-layer arcs
are displayed. Each of the undirected links within the layers stands for two arcs in opposite

directions.
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2.4 Formulation 3

In Formulation 3, we employ only two replicates of D (see Figure 2.3(a)). We
define costless and uncapacitated inter-layer arcs in both directions between
identical nodes of the two layers. Namely, there is an inter-layer arc from node
¢ of Layer 1 to node 7 of Layer 2 and vice versa.

Like in the first two formulations, we impose that if a source-sink pair
(u,v) lies in the same area, then the flow starts at u and ends at v of Layer 1.
Otherwise, if u and v lie in different areas, then the flow starts at u of Layer 1,
and jumps to Layer 2 over the hub that u is allocated to. It continues within
Layer 2 until it reaches the hub that v is allocated to, and returns over this
hub to Layer 1, where it is sent towards v. (see Figure 2.3(b)).

We also impose, like in the first two formulations, that Layer 2 hosts back-
bone flows. That is, in Layer 2 we permit flows only through arcs belonging to
Ap. On the other hand, in Layer 1 we permit flows only through arcs that lie
within areas. Moreover, we permit inter-layer flows only through the inter-layer
arcs corresponding to hubs.

Note that this formulation is closely related to Formulation 1. Layers 1
and 3 of Formulation 1 merge into a single layer, namely Layer 1, in this
formulation. Layer 2 hosts in both formulations the backbone and has the
same characteristics. The inter-layer arcs from Layer 1 to Layer 2 in both
formulations are equivalent to each other; and the inter-layer arcs from Layer
2 to Layer 3 in Formulation 1 are equivalent to the inter-layer arcs from Layer
2 to Layer 1 in Formulation 3.

Variables

Formulation 3 employs four sets of flow variables (see Figure 2.1(a)):

® ¢}, forall (u,v) €T and (i,j) € A, to represent the flows in Layers
1 and 2, respectively;

o 7MWY MY 10,1}, for all (u,v) € T and i € V, to represent the
inter-layer flows from Layer 1 to Layer 2 and from Layer 2 to Layer 1,

respectively.
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In particular, we define ¢;;" as

s = 1, if the flow from u to v passes through the arc (i, 7) in Layer 1;
1 0, otherwise.

The definition also applies to 'y;?f }” if 'Layer 1’ is replaced by ‘Layer 2’ above.

1u,v

Similarly, we define 7,7"" as:

1, if the flow from u to v passes from Layer 1 to Layer 2 over vertex 1
(i.e., through arc (7,7) between the two layers);
0, otherwise.

2,u,v

This definition also applies to 7,"™" if the layer labels are changed accordingly.
Obviously, there is a strong relation between the variables of Formulations
1 and 3. Namely,

our = 5+ b V() € T,V(4, )

Vi =i v, v) €T, V0, 5) € 4
ph gl V(u,v) € T,V(i, j)
Ti2,u,v _ tf’u’v V(u,v) € T,¥(i,7)

Formulation 3 is as follows:

min Z Z i duw (S5 ) (2.7a)
(u,w)€eT (i,j)EA
subject to the cons. (2.1a) — (2.1g),
Z Vi) < i V(u,v) € T,Vi €'V, (2.7b)
JeEV:
(i.j)eA
bi + o5 <wig V(u,v) € T,V(i,j) € E, (2.7c)
Z U v(¢7;j + Psz ) § Ci,j V(Z,j) € A’ (27d)
(u,v)eT
1 ifi=uwu
(N¢®?); 470 — 72%Y = 0 ifieV—{uv} V(u,v) €T, (2.7¢)
-1 ifi=vw
(Ny“Y); — 7 4 720 =0 V(u,v) €T, 2.71)
Z T =1 = wy, V(u,v) €T, (2.7g)
i€V
T < my V(u,v) € T,Vi €V, (2.7h)
T2 <y Y(u,v) € T,Vi € V. (2.71)
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The objective function (2.7a), which is equivalent to (2.2a), represents the total
cost of routing within the network. The constraints (2.7b)-(2.7d) are equivalent
to (2.2b)-(2.2d). Constraints (2.7e) and (2.7f) are flow balance equations for
Layers 1 and 2, respectively. Constraints (2.7g) ensure that the flow stays
within Layer 1, if the source-sink pair (u,v) € T lie within the same area.
(i.e., if w,, = 1). Constraints (2.7h) allow the flow to get on the backbone
(i.e., to pass to Layer 2) only through the hub the source is allocated to (i.e.,
through ¢ € V for which z,,;, = 1). Constraints (2.71) fulfill the symmetrical
requirement, that is, the flow is forced to get off the backbone on the hub that
the sink is allocated to.

Formulation 3 complies with the assumptions (A1)-(A3), too. Constraints
(2.7b) and (2.7c) represent assumption (A1l); constraints (2.7c) and (2.7e) rep-
resent assumption (A2); finally, constraints (2.1d) stand for assumption (A3).

Like the first two formulations, Formulation 3 can also accommodate as-
sumption (B2) of general hub location problems by replacing the cost coefficient
of 7, variables in the objective function.

In the next two sections, we investigate two relaxations to PHLRP and
their impacts on the three formulations we have introduced. In Section 2.5, we
consider relaxation of capacity restrictions on the arcs. We show that under
this assumption we can relax the integrality restrictions on some of the variables
in the formulations . In Section 2.6 we consider relaxing assumption (A3) from
PHLRP. We show that more compact versions of Formulations 1 and 3 can be
obtained when this assumption is relaxed from the definition of PHLRP.

2.5 Relaxing the capacity constraints

In this section, we investigate the impact of relaxing the capacity constraints
from the formulations (i.e., (2.2d) in Formulations 1 and 2, (2.7d) in Formu-
lation 3). In particular, we show in Propositions 2.5.1-2.5.3 that, in absence
of capacity constraints, we can relax the integrality restrictions on the flow
variables and the allocation variables (x, ., u # v). In other words, if capacity
restrictions are ignored, only a small portion of variables in the formulations
(i.e., only variables w,,, and z,,) need to be binary.

For the sake of simplicity, in this section we refer to the un-capacitated
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versions of the formulations as Formulation 1R, 2R and 3R, respectively.

Proposition 2.5.1. Let z = (z,w, f, g, h,t',t?) and let i denote the number
of variables in Formulation 1R (i.e., n =n*+ (}) + 3|T||A| +2n|T|). Further,
let A denote the convex hull of feasible solutions of Formulation 1R, i.e.,

A = conv{z € R*| z satisfies all constraints of Formulation 1 except (2.2d),

we € {0,1} Ve € E,,

Ty € {0,1} Yu,v €V,

gy hiy €401} Y(u,v) €T, (i, j) € 4,
t;,u,vytiQ,u,’U c {0, 1} V(u, U) < T,Z € V}’

and let B stand for the convex hull of feasible solutions of Formulation 1R when
the integrality restrictions on the assignment variables and the flow variables
are relazed, i.e.,

B = conv {z € R*| z satisfies all constraints of Formulation 1 except (2.2d),

w, € {0,1} Ve € E,, (2.8a)
Ty € {0,1} Yu eV, (2.8b)
Ty € [0,1] Vu,v € Vi u # v, (2.8¢)
fi5', 9 by € [0,1] V(u,v) €T, (i,7) € A, (2.8d)
trr 2 e [0, 1] V(u,v) € T,i € V}. (2.8¢)

Then, A = B.

Proof. Let z = (53, w, },g, h, il,iz) be an extreme point of B. We show that
z is fully integral and hence it is an extreme point of A, too.

Let T~0 = {(u,v) €T : Wy, = 0} and T" = {(u,v) € T : 1b,, = 1}. For
(u,v) € T, (2.8a) and the flow balance constraints (2.2e)-(2.2g) jointly ensure
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that!

fier e {0,1}  V(,j) €A
g;ff 0 V(i,j) € A
het =0 V(i j) € A

Now, consider a source-sink pair (u*,v*) € T°. By constraints (2.2¢) and

(2.2g), we have
eV i€V
Then, constraints (2.1d), (2.2h) and (2.2i) imply

0 = g, VieV (2.9a)
2 = G, VieV. (2.9h)

Suppose that there exist 41,12, 71,J2 € V such that 0 < Zy»;,, Ty, < 1 and
0 < Ty« j,, Tyrj, < 1. Then, the flow variables in z can be interpreted as in
Figure 2.4, where P!, P2, ..., P5 represent paths with non-zero flows in f, §
and h. By (2.9), as Zysi,, Fur iy, Toe j, and -, are fractional, the following

variables also take on fractional values:

fl,u*,v* El,u*,fu* i?,u*,v* and fQ,u*,v*

® i, ) Vg » Vi J2 )
rut vt ~u* v* T u*v* . .o . . 1 6
o [, g, and b ;" variables for arcs (4,j) which lie on P, ..., P°.

Consider the following perturbations:
L ju*,il to j:u*,il + €,

® Ty iy 1O Ty 4, — €,

'Here, constraints (2.2e)-(2.2g) might also imply non-zero flows along cycles in Layers 1,
2 and 3. In this presentation, we ignore such cycle flows for the following two reasons:

1. If such cycles carry unit flows, then z would be fully integral.

2. If they carry fractional flows, then this would contradict extremeness of z. It would be
possible to perturb z with very small positive and negative flows along these cycles to
obtain two new feasible solutions. Naturally, Z can be written as a convex combination
of these two new solutions.
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d jv*,jl to ‘%U*Jl +¢

as well as the ones displayed for the flow variables in Figure 2.4. Due to
(2.8a) and (2.8b), the new values of the perturbed variables do not violate
any constraints in Formulation 1R. We call this new feasible solution obtained
from Z by means of these perturbations z'. Similarly, by reversing the signs
of the e-perturbations, we obtain yet another feasible solution and call it 2%
Naturally, we have z = %21 + %22, which contradicts extremeness of Z.

It is important to note that the e-perturbations applied to the flow variables
to obtain z' and 2? must be applied to all fractional flow variables for all

(u,v) € T°. O

Before moving on to the analogous results on Formulations 2R and 3R, we
would like to elaborate a little bit more on the constraint matrix of Formulation
1R. One might suspect that, in Formulation 1R, when the partitioning variables
Wy ({u,v} € E,) and the location variables z,, (u € V) are treated as
constants, coefficients of the rest of the variables in constraints (2.1d), (2.1e),
(2.1g), (2.2b), (2.2¢) and (2.2e)-(2.2i) constitute a Totally Unimodular (TU)
matrix. In such a setting, the only variables we would have in Formulation 1R
are the flow variables (f, g, h, t* and t?) and the assignment variables (z,,
where u # v). The problem would reduce to finding optimal

e assignment of local nodes to hubs, and
e flows between source-sink pairs

in a network where a valid partitioning is done and at least one hub is located in
each area. If the mentioned coefficient matrix was TU, the result of Proposition
2.5.1 would follow directly from Total Unimodularity as w,, and z,,, variables
would appear in the formulation only as constant integers.

However, we show below that this matrix is not TU. For this, we refer to
the following characterization of TU matrices by Camion:

Definition 2.5.1. A matriz is Eulerian if the sum of the elements in each row
and column 1s even.
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Figure 2.4: Perturbation used to obtain the feasible solution 2! in the proof Propo-
sition 2.5.1. Dark, curved arrows in the figure represent paths.

Theorem 2.5.1 (Camion [3]). A (-1,0,+1)-matriz A is TU if and only if the
sum of elements in each Eulerian square submatrix is a multiple of 4.

Consider three source-sink pairs (u, v1), (u, v2), (u,v3) € T and three nodes
i1,19,13 € V —{u}. Based on these pairs and nodes, we construct the following
Eulerian submatrix of the coefficient matrix under consideration. The column
labels and row labels of the matrix display the corresponding variables and
constraints of Formulation 1R, respectively. To give an example, the first
row of the matrix represents the constraint corresponding to (u,v;) € T and
iy € V —{u} in (2.2¢). See Figure 2.5 for an illustration of the flow variables
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used to construct this Eulerian submatrix.

‘00.00!0.-00

> O

o — — —
-~
b

-~
[y

Figure 2.5: An illustration of the flow variables that are used to construct the
Eulerian submatrix on page 39. These variables appear in constraints (2.2e) and
(2.2h) for (u,v1), (u,v2), (u,v3) € T and 41,492,793 € V — {u}. Each of the source-
sink pairs is depicted by a different line-style, i.e., (u,v1) by solid, (u,v2) by dashed
and (u,v3) by dotted. The curved arcs stand for the flow on paths between the
corresponding nodes in Layer 1. The straight arcs within Layer 1 represent the flow

variables fzu f and the straight arcs between the layers represent the flow variables
1u,v
£
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f'u,,'ul fu,'uz fu,vg 1,u,vq tl,u,vl tl,u,'ug tl,u,vg tl,u,vg tl,u,'ug

i1,io  Jiv,iz  Jig,ig  lig in i1 iz in ig Tuyip  Tuyiz  Tu,iz
(2.2¢), (u,v1),i1 [ +1 0 0 +1 0 0 0 0 0 0 0 0
(2.2¢), (u,v1),i2 | —1 0 0 0 +1 0 0 0 0 0 0 0
(2.2h), (u, v1), i1 0 0 0 +1 0 0 0 0 0 -1 0 0
(2.2h), (u,v1),i2 | O 0 0 0 +1 0 0 0 0 0 -1 0
(2.2¢), (u, v2), i1 0 +1 0 0 0 +1 0 0 0 0 0 0
(2.2e), (u, v2), is 0 -1 0 0 0 0 +1 0 0 0 0 0
(2.2h), (u, v2), i1 0 0 0 0 0 +1 0 0 0 -1 0 0
(2.2h), (u,v2),i3 | O 0 0 0 0 0 +1 0 0 0 0 -1
(2.2e), (u, v3), iz 0 0 +1 0 0 0 0 +1 0 0 0 0
(2.2¢), (u,v3), i3 0 0 -1 0 0 0 0 0 +1 0 0 0
(2.2h), (u,v3),i2 | O 0 0 0 0 0 0 +1 0 0 -1 0
(2.2h), (u, v3), is 0 0 0 0 0 0 0 0 +1 0 0o -1

The sum of the elements of this Eulerian submatrix is equal to 6, which
shows, by Camion’s theorem, that the coefficient matrix we are considering is
not TU.

This proof shows that the coefficient matrix under consideration is in gen-
eral not TU. While constructing the Eulerian submatrix, we assume existence
of three distinct source-sink pairs (u,v), (u,v2) and (u,v3). Likewise, we
assume existence of three distinct nodes iy,is,93 € V — {u} and three arcs

Of course, some special instances of PHLRP might lead to TU coefficient
matrices. In this thesis, we do not dive into the tedious task of identifying
these special cases and leave it as a future research area.

It is also worth noting that this result does not contradict with Proposition
2.5.1. Proposition 2.5.1 shows that the solution would be integral for the
specific right-hand-side vector that is being used in Formulation 1R. But, as
the coeflicient matrix is not TU, one can in general find an integral right-hand-
side vector for which the solution would not be integral.

Now, we continue with the analogous impact of relaxation of the arc-
capacity constraints for Formulations 2R and 3R.

Proposition 2.5.2. Let z = (x,w, f,g,h) and let p denote the number of
variables in Formulation 2R (i.e., p = n* + () + 3|T||A|). Further, let A
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denote the convex hull of feasible solutions of Formulation 2R, i.e.,

A = conv {z € R*| z satisfies all constraints of Formulation 2 except (2.2d),
w. €{0,1} Ve € E,,
Ty € {0,1} Vu,v €V,
fii's gy by €{0,1} V(u,v) € T, (i,7) € A};

and let B stand for the convex hull of feasible solutions of Formulation 2R when
the integrality restrictions on the assignment variables and the flow variables
are relazxed, i.e.,

B = conv {z € R*| z satisfies all constraints of Formulation 2 except (2.2d),

w, € {0,1} Ve € E,,

Ty €{0,1} Yu €V,

Ty € [0,1] Yu,v €V :u#wv,
fii' iy iy €0,1] V(w,0) €T, (i, j) € A}

The proof of this proposition is very similar to the proof of Proposition
2.5.1.

Proposition 2.5.3. Let z = (x,w, d,~, 7, 72) and let pu denote the number
of variables in Formulation 3R (i.e., p =n*+ (3) + 2|T||A| + 2n|T|). Further,
let P denote the convex hull of feasible solutions of Formulation 3R, i.e.,

A = conv{z € R*| z satisfies (2.1a) — (2.1g) and (2.7e) — (2.7¢)

w, € {0,1} Ve € E,

Ty € {0,1} Vu,v eV

¢y vy € 0,1} V(u,v) €T, (i,5) € A
T T e (0,1} V(u,v) €T,i € V};

and let B stand for the convex hull of feasible solutions of Formulation 3R when
the integrality restrictions on the assignment variables and the flow variables
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are relazed, i.e.,

B = conv {z € R¥| z satisfies (2.1a) — (2.1g) and (2.7e) — (2.7¢)

w, € {0,1} Ve € E,

Ty € {0,1} YueV

T € [0,1] Vu,v eV iu#v
9i5 %y €101] V(u,v) €T, (i,5) € A
T TP e [0, 1) Y(u,v) €T, i € V}.

Then, A = B.

The proof of this proposition is very similar to the proof of Proposition
2.5.1.

2.6 Relaxing assumption (A3)

In this section, we investigate the impact of relaxing (A3) from PHLRP. Namely,
we consider relaxing the restriction that all the inter-area traffic that is sent
out or received by a local node be transferred through the same hub. We as-
sume that a local node has the flexibility to use any hub within its area for its
inter-area communication. Note that, under this assumption we do not need
to explicitly assign the local nodes to the hubs.

In this setting, the only set of flow-balance equalities that would be affected
in Formulation 1 are (2.2h) and (2.2i). Because, inter-area flow between a
source-sink pair (u, v) is no more restricted to pass through specific hubs which
u and v are assigned to. On the contrary, the flow is now allowed to pass
through any hub within the source and the sink areas. Hence, the term z,; in
the right-hand-sides of constraints (2.2h) can be replaced by z;;, for all i € V|
ie.,
tr <ap Y(u,v) €T,Vi €V, (2.10a)

)

Similarly, we can replace (2.2i) by

Y <a; Y(u,v) € T,Vi€V. (2.10b)

)

But then, constraints (2.1d), (2.1e), (2.1g) and the allocation variables z,,,
u # v, become redundant and should be removed from Formulation 1.
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In Formulation 2, however, we do not have inter-layer variables and we
explicitly make use of the assignment variables z,,; and z,; in the flow-balance
inequalities (2.6¢)-(2.6f). More precisely, for any source-sink pair (u,v) such
that w,, = 0, we make sure that:

e The portion in Layer 1 of the flow from w to v starts at u and ends at
node i for which x,; = 1 (constraint (2.6b)).

e The portion in Layer 2 of the flow starts at ¢ and ends at j for which
z,; = 1 (constraints (2.6d) and (2.6e)).

e The portion in Layer 3 of the flow starts at j and ends at v (constraint

(2.66)).

Obviously, when assumption (A3) is relaxed in definition of PHLRP and hence
there is no explicit assignment of local nodes to hubs, the flow-balance inequal-
ities (2.6b)-(2.6f) would not be valid anymore for PHLRP. Hence, Formulation
2 can not be used for solving PHLRP when assumption (A3) is relaxed.

For Formulation 3, we can argue in the same manner as we have done for
Formulation 1 and conclude that constraints (2.7h) and (2.71) can be replaced
by

T < gy V(u,v) e T,VieV, (2.11a)
2w < g Y(u,v) € T Vi€V (2.11b)

Naturally, this implies that we can remove constraints (2.1d), (2.1e) and (2.1g)
and the allocation variables from the formulation.
We highlight these results in the following lemmas.

Proposition 2.6.1. Suppose that assumption (A3) is relazed in definition of
PHLRP. Then a modified version of Formulation 1, which consists of the fol-
lowing constraints, can be used for solving PHLRP: (2.1a)-(2.1¢), (2.1f), (2.2b)-
(2.2¢g), (2.10a) and (2.10D).

Proposition 2.6.2. Suppose that assumption (AS8) is relazed in definition of
PHLRP. Then a modified version of Formulation 3, which consists of the fol-
lowing constraints, can be used for solving PHLRP: (2.1a)-(2.1c), (2.1f), (2.7b)-
(2.7g) (2.11a) and (2.11Db).

Note that, the versions of Formulations 1 and 3 that are described in these
propositions do not employ the assignment variables x,, (u # v). But they
contain the hub-location variables z,,,, for all u € V.
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2.7 Relaxing arc-capacity constraints and as-

sumption (A3) jointly

Finally in this section, we consider the joint impact of relaxing the capacity
constraints and assumption (A3) from PHLRP. In fact, in this case we would
benefit from all the relaxation / reductions that are presented in Sections 2.5
and 2.6. Namely, in this setting we can relax the integrality restrictions on the
flow variables and the assignment variables (z,,, for u,v € V : u # v) in the
compact versions of Formulations 1 and 3 which are described in Propositions
2.6.1 and 2.6.2..

The following propositions are direct consequences of Propositions 2.5.1,
2.5.3, 2.6.1 and 2.6.2.

Proposition 2.7.1. If capacity restrictions are ignored and assumption (A3)

15 relaxed, Formulation 1 reduces to the following:

min
s. to
We

Ty

ULV UYL U
fii 2 9ij - his
tl,u,v t?,u,v

% » Vg

m M M M

(2.2a)

(2.1a) — (2.1¢), (2.1f), (2.2b), (2.2¢), (2.2¢) — (2.2g), (2.10a) and (2.10b),

{0,1}
{0,1}
[0,1]
[0,1]

Ve € E,,
Yu eV,

V(u,v) € T,(i,7) € A,
V(u,v) € T,i e V.

Proposition 2.7.2. If capacity restrictions are ignored assumption (A3) is

relazed, Formulation 3 reduces to the following:

min
s. to
we
xu,u

U,v U,
Gij Vi)

lLuv _2u,v

M M M M

(2.7a)

(2.1a) — (2.1¢), (2.1f), (2.7b), (2.7¢), (2.7e), (2.75), (2.11a) and (2.11b),

{0,1}
{0,1}
[0,1]
[0,1]

Ve € E,,
Yu eV,

V(u,v) € T,(i,5) € A,
V(u,v) e T,i € V.
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2 Integer Programming Formulations for solving PHLRP
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Chapter 3

Analytical and empirical
comparison of the IP
formulations

In this chapter we present analytical and empirical comparison of Formulations
1, 2 and 3. In Section 3.1 we attempt to provide pairwise comparisons of the
formulations’ LP relaxation strengths. Section 3.2 is devoted to a comparative
analysis of their computational performances in solving random instances of

PHLRP.

3.1 Analytical comparisons

In this section we attempt to identify how Formulations 1, 2 and 3 compare with
each other in terms of LP relaxation tightness. More precisely, in Sections 3.1.1
and 3.1.2, we show that Formulation 1 is stronger than the other two, and hence
the strongest of the three. And, in Section 3.1.3, we compare Formulations 2
and 3 with each other, and show that none is provably stronger than the other.

3.1.1 Comparison of Formulations 1 and 2

U,V

Note that, the definitions of the flow variables f;;", g;'; and h;’j’ are exactly the
same in these two formulations. This means that all the variables of Formu-
lation 2 are also present in Formulation 1. Differently, Formulation 1 retains
two extra sets of variables, t;"" and £, which are not used at all in Formu-
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lation 2. Hence, we first project out ¢, and ¢;*" variables from the linear
relaxation of Formulation 1; then, we compare this projected formulation with
the linear relaxation of Formulation 2, to decide which of Formulations 1 and
2 is stronger.

Projecting out t*“* and t*“* from Formulation 1

We project out these variables using Fourier-Motzkin elimination (for a de-
tailed treatment of this method, see [21]). We start by pIOJectlng out the ¢
variables. The relevant constraints that involve the t7*" variables in the hnear
relaxation of Formulation 1 are (2.2f), (2.2g), (2.2i) and the non-negativity
constraints. We rearrange these constraints below:

(1) 7" = —(Ng*"); +t;""  Y(u,v)eT,YieV  (2.2f)

(2) 7" = (Nh™"); — d, V(u,v) €T,Vi €V (2.29)

(3) 7 <y, V(u,0) €T,Vie V.  (2.2i)

(4) " >0 V(u,v) e T,\VieV (Non-neg. constraints)
where

0, ifieV —{v},
d; = o
Wy — 1 ift=w0.

We eliminate the t%“’v variables and obtain the following inequalities:

luv (Ngu,v + Nhu’v)l' — di, A

(5) (u,v) € T,Vi e V (from (1) an
(6) t;’u < (Ng"")i + i V(u,v) € T,Vi e V (from (1) an
(7) e > ( PR V(u,v) € T,Vi e V (from (1) an
(8) (NR"Y); < 2y + d;, V(u,v) € T,Vi € V (from (2) an
(9) (NR™?); > di, V(u,v) € T,Vi € V (from (2) an
(10) Ty > 0. V(u,v) € T,Vi e V (from (3) an

1u,v

Clearly, the inequalities (10) are redundant. We now project out the ¢’
variables. Apart from (5), (6) and (7) above, the relevant constraints in the
linear relaxation of Formulation 1 that involve the ¢;*" variables are (2.2¢),
(2.2h) and the non-negativity constraints. We now rearrange these constraints
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below:
(11) " = — (N f*)
(12) 1Y <
(13) tl u,v Z 0
where
1,
c; = 0,
— Wy ,U9

Fourier-Motzkin elimination for the ¢

equalities:

(14) (NR*""); <
(15) (Nh™?); >
(16) (Nf“" 4+ Ng“" + Nh""); =
(17) (Ng“? + Nh*"); <
(18) (Ng“" + NR""); >
(19) Ly >
(20) (Nf“"+ Ng*™*); >
(21) (Ng“*)i = —
(22) (NS + Ng**); <
(23) (Ng“"): <
(24) (Nf"); =
(25) (Nf“): <
(26) Ly 2

V(u,v) e T\VieV
V(u,v) e T\VieV
V(u,v) e T,VieV

if 1 = u,
ifi e V—{u,v},
if i = .

1u,v

(2.2e)
(2.2h)

(Non-neg. constraints)

variables yield the following in-

Ty + d; V(u,v) € T,Vi e V (from (5) and (6))
d V(u,v) € T,Vi e V (from (5) and (7))
¢ +d; V(u,v) € T,Vi € V (from (5) and (11))
T+ d; V(u,v) € T,Vi e V (from (5) and (12))
d; V(u,v) € T,Vi € V (from (5) and (13))
0 V(u,v) € T,Vi e V (from (6) and (7))
Ci — Ty V(u,v) € T,Vi € V (from (6) and (11))
V(u,v) € T,Vi € V (from (6) and (13))
¢ V(u,v) € T,Vi e V (from (7) and (11))
Ty V(u,v) € T,Vi € V (from (7) and (12))
Ci — T V(u,v) € T,Vi € V (from (11) and (12))
¢ V(u,v) € T,Vi e V (from (11) and (13)
0 V(u,v) € T,Vi € V' (from (12) and (13))

Obviously, (19) and (26) are redundant. The inequalities (8) and (9) are
equivalent to (14) and (15). The inequalities (17) are dominated by (16) and
(24); the inequalities (18) are dominated by (16) and (25); the inequalities
(20) are dominated by (14) and (16); the inequalities (22) are dominated by

(15) and (16

and the inequalities (21) are dominated by (1

); the inequalities (23) are dominated by (1
4), (16) and (23).

5), (16) and (24);

Hence, the

projected model, which we call Formulation 1P in the sequel, is determined by
the inequalities (14)-(16), (24) and (25).
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More formally, the projected model Formulation 1P can be stated as follows:
min Z Z uvduv fuv‘i‘ i h?}v)

(u,v)€T (i,j)EA

subject to the constraints (2.1a)-(2.1g), (2.2b), (2.2¢),

1—aju7u ifi=u
(N oY), > — Ty ifi eV —{u,v}
—Lyy — Wy ifi=wv
1 ifi=u
(Nfevy); < 0 ifi e V—{u,v}
—Wy, fi=w
w -1 ifi=w
UV > u,v
(Nh )z{ 0 ifi €V — {v}
Too+Wyo—1 ifi=w
UV v,V u,v
(Nh )z_{ o ifieV—{v}
1, ifi=u,
(Nfuv+Nguﬂ+Nh“U) = 0, ifz'EV—{U,‘U}a
-1, ifi=nw.
0
0
0

u,v u,v u,v

fis 9 hi

Comparison of Formulations 1P and 2

V(u,v) €T (3.1a)
V(u,v) €T (3.1b)
Y(u,v) €T (3.1c)
Y(u,v) €T (3.1d)
Y(u,v) €T (3.1e)
Yu,v eV (3.1f)
V{u,v} € E, (3.1g)
V(u,v) €T, (i,j) € A

(3.1h)

In this section, we show that Formulation 2 is implied by Formulation 1P.
Note that, constraints (2.1a)-(2.1g), (2.2b), (2.2¢), (2.6b), (2.6¢) and (2.6f) in
Formulation 2 are all present in Formulation 1P, too.

We show that the constraints (2.6d) and (2.6e) are dominated. Consider a
constraint in (2.6d) corresponding to an arbitrary source-sink pair (u,v) € T
and an arbitrary node i € V. From (3.1a) and (3.1d), using (2.1d), we can

obtain

(NR"")y_piy — (N f*“Y); <

(Nf“)v_giy — (NR™Y); >

Loy Ly +wuv 17
Lui — Loyg + Wy,
L _xvl—i_wu,v—i_ 17
Lui — ajv,i wu,v 17
Lui — *fv,i wu,’u;
Loy — Loy — Wy + 1

if i = u,
ifi e V—{u,v},
if 1 =v;
if 1 = u,
ifi eV —{u,v},
if i =w.
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Since (NR"")y_giy = —(NA™"); and (Nf*“")y_qy = —(Nf*“");, adding the
corresponding constraint of (3.1e) to these inequalities yields the result.

We now present a solution which is feasible for Formulation 2 but not for
Formulation 1P. Consider the graph with six nodes in Figure 3.1. Let n = 6,
Fp, =2, Fy =4and Y = 3. For the sake of simplicity assume that 7' = {(5,6)}.

Figure 3.1: An example graph.

Now, consider the following solution z = (&, w, f.3, ﬁ)

1 2 3 4 5 6
1 [050 050 0 0 0 0
2 0 050  0.50 0 0 0
i= 3 0 0 0.50  0.50 0 0 | ;
4 0 0 0 0.50  0.50 0
5 0.25 0 0 0.25  0.50 0
6 | 0 025 025 0 0 0.50 |

wh,l =0.5 V{h, l} € Eg;

) 0.50, if (i,7) = (5,2),
fﬁf: 0.50, if (i,7) = (2,6),
0, otherwise;

G0 =0 V(i,j) € 4

hP=0  V(ij) € A

This solution is feasible for Formulation 2, but violates (3.1e).

Aykut ézsoy, Ph. D. thesis



50 3 Analytical and empirical comparison of the IP formulations

3.1.2 Comparison of Formulations 1 and 3

The variables g;;' in Formulation 1 and ;% in Formulation 3 are equivalent
to each other, since both represent the portions on the backbone of inter-area
flows. Moreover, since Layers 1 and 3 of Formulation 1 are merged into Layer
1 of Formulation 3, flow variables ¢;;" in Formulation 3 are equivalent to the
sum of f" and A;j in Formulation 1, for any (u,v) € T and (i,j) € A.
Furthermore, for any (u,v) € T and i € V, the definitions of ¢ and ¢ in
Formulation 1 and 7'11;“’ and 7'5}“’” in Formulation 3 are respectively equivalent
to each other.

All these equivalence relations among the variables of these two formula-
tions imply that all constraints but (2.7c), (2.7e) and (2.7g) of Formulation
3 are also present in Formulation 1. Hence, to show that Formulation 1 is
stronger than Formulation 3, we only need to prove that constraints (2.7c),
(2.7¢) and (2.7g) are implied by the constraints of Formulation 1. Due to the
equivalence of ¢;;" to the sum of f" and b/, (2.7e) are equal to the sum of
(2.2e) and (2.2g). Constraints (2.7g) are implied by the summation of (2.2e)
over all i € V. And, constraints (2.7c) are equivalent to (2.2¢).

We illustrate strict inclusion of Formulation 1 in Formulation 3 by means of
an example over the example graph in Figure 3.1. Let n =6, F, = 2, Fy =4,

N =3and T = {(5,6)}.

Consider the following solution 2 = (&, w, 1.4, FL)
1 2 3 4 5) 6
1 [ 0.50 0.50 0 0 0 0
2 0 0.50 0.50 0 0 0
r= 3 0 0 0.50 0.50 0 0 ;
4 0.50 0 0 0.50 0 0
5! 0.25 0 0 0.25 0.50 0
6 | 0.25 0 0 0.25 0 0.50 |

th = 0.5 \V/{h,l} € Eq
0.50, if (4,5) = (5,2)

0.50, if (4,5) = (2,6),

fof =< 050, if (i,5) = (5,1)
0.50, if (z,5) = (1,6)
0, otherwise;

G0 =0  Y(ij) € A,

i3
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i =0 ¥(ij) €A

0.25, ifi =1,
256 =4 025, ifi=41,
0, otherwise;

This solution is not feasible for Formulation 1 as it violates constraint (2.2g).

FU,v + ;Lu,v ~UV  ~U

But, the solution <g5zf,7y;ff, %ilyju’v, %f}“’”), with &f]” = f AR =gt
FRUU = g and 7Y = £ for all (u,v) € T, (i,j) € Aand [ € V, is
feasible for Formulation 3.

In this section and the previous, we have proved that Formulation 1 is the

strongest of the three formulations introduced.

3.1.3 Comparison of Formulations 2 and 3

To be able to gain more analytical insight on the formulations introduced, we
compare the polytopes of Formulations 2 and 3 as well. For this, like we do
in Sections 3.1.1 and 3.1.2, we translate Formulations 2 and 3 to the same
subspace. More precisely, we recast them on the basis of two layers with no
inter-area links. In other words, we rewrite them using the variables wy, ., 4,4,
¢ and ~;7 only, the former two and the latter two being defined exactly in
the same manner as they are defined in Sections 2.1 and 2.4 respectively.

Nevertheless, in this case, this comparison does not lead to firm conclusions
about which formulation is stronger than the other. For this reason, we present
this lengthy comparison in Section A.1 of the appendix. Namely, we show that
neither of Formulations 2 and 3 implies the other. We are also able to provide
example instances where there exists a feasible solution for one formulation but
not the other.

We conclude analytical comparisons of the formulations by wrapping up
our results in Figure 3.2. In the figure, region F; symbolizes the polytope
associated with the LP relaxation of Formulation 7, ¢ = 1,2,3. Fj is contained
in both F, and Fj (i.e., Formulation 1 is stronger than both Formulations 2
and 3); and, F, and Fj intersect (i.e., neither Formulation 2 nor Formulation
3 is provably stronger than the other).
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52 3 Analytical and empirical comparison of the IP formulations

Figure 3.2: Analytical comparison of Formulations 1, 2 and 3.

3.2 Empirical Comparisons of the Formulations

In this section, we compare the performances of the three formulations from a
computational efficiency point of view. As the test platform, we use the MIP
solver of CPLEX 11 (with default settings) on a machine with Pentium 4, 3GHz
with 2GB of memory. Due to hardness of the problem, we ignore the capacity
constraints and run our experiments on the reduced forms of the formulations.
Namely, we run our experiments on the reduced form of Formulations 1 and
3 as implied by Propositions 2.7.1 and 2.7.2, respectively, and on the reduced
form of Formulation 2 as implied by Lemma 2.5.2.

We run the experiments on randomly generated instances, each of which
we characterize by

e a graph G = (V,E) and a corresponding network D = (V, A) (where
every edge in F is represented in A by two arcs in opposite directions),

e a cost matrix where a random integer cost value between 1 and 20 is
assigned to every edge in F, and,

e an upper-triangular traffic matrix whose non-zero entries, random in-
tegers between 1 and 200, represent the source-sink pairs with traffic
demand in-between (i.e., elements of T').
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We consider four different values for |V|: 9,10,12 and 15; four different values
for edge density (i.e., |E|/(})): 0.3,0.5,0.7 and 0.9; and five different values for
the traffic matrix density (i.e., [T']/(3)):0.1, 0.3, 0.5, 0.7 and 1. We generate 20
instances for every possible combination of |V|, edge density and traffic matrix
density. That is, our test bed consists of 1600 instances (20x4x4x5). We use a
time limit of 1 hour per instance in our experiments.

For Fp, Fy and N we use the following settings:

e When |[V| =9, we set F, = Fy = N =3;

e when |V| =10, we set F, =3, Fy =4 and N = 3;
e when |V| =12, we set F;, =3, Fy =4 and N = 4;
e when |V| =15, we set F, =3, Fy =5 and N = 5.

Tables 3.1, 3.2 and 3.3 display, respectively, average solution time, average
LP relaxation gap ratios (percentage) and average branch-and-cut tree sizes
for the instances with size 9 and 10. Percentage LP relaxation gap values are
computed as follows:

oPr T[p - OP TLp

OPTIP

where OPTrp and OPTpp represent the optimal objective values of the IP
model and its LP relaxation, respectively.

All instances with size 9 and 10 could be solved to optimality by all for-
mulations within the time limit of one hour. Each of the entries in Tables
3.1, 3.2 and 3.3 corresponds to average values for 400 instances. Obviously,
performance of Formulation 2 is very poor compared to the other two. For-
mulation 3 performs slightly better than Formulation 1 in terms of solution
time. Although Formulation 1 is theoretically stronger than Formulation 3,
the difference in the LP relaxation gap ratios is insignificant. We can observe
the impact of the strength of Formulation 1 in the sizes of the branch-and-cut
trees generated. But, owing to its compactness, Formulation 3 manages to
yield better solution times.

Clearly, Formulation 2 is very weak. Analytically, Formulation 3 is not
stronger than Formulation 2, as shown in Section 3.1.3. But, empirically we can
definitely conclude that Formulation 2 has the largest LP relaxation gap and
the worst performance. Hence, we exclude this formulation from our empirical
analysis in the rest of this section.

x 100, (3.2)
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|[V| | Form. 1 | Form. 2 | Form. 3
9 2.675 17.848 1.998
10 14.042 | 180.310 9.718

Table 3.1: Average solution time (seconds) for instances with size 9 and 10.

V| | Form. 1 | Form. 2 | Form. 3
9 8.514% | 61.691% | 8.767%
10 | 8.980% | 63.604% | 9.120%

Table 3.2: Average LP relaxation gap ratios for instances with size 9 and 10.

V|| Form. 1 | Form. 2 | Form. 3
9 23.18 | 71.1925 25.32
10 | 119.3225 | 468.385 | 128.6075

Table 3.3: Average number of nodes in the branch-and-cut tree for instances
with size 9 and 10.
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We now compare performances of Formulations 1 and 3 on the larger in-
stances (with sizes 12 and 15). Tables 3.4, 3.5 and 3.6 display for these in-
stances, respectively, average solution times, average LP relaxation gap ratios
and average size of the branch-and-cut trees of the formulations. Both of the
formulations could solve to optimality within the time limit (of 1 hour) all of
the 400 instances with size 12. But, out of 400 instances with size 15, Formu-
lations 1 and 3 failed to solve (within the time limit), 23 and 15, respectively.
Hence, the average figures displayed in the last rows (|V| = 15) of Tables 3.4,
3.5 and 3.6 are computed over 377 instances for Formulation 1 and over 385
instances for Formulation 3.

Note that, in Table 3.5 LP relaxation gap ratios seem to be lower for in-
stances with size 15. However, such a comparison would be misleading as the
figures in the |V| = 15 row exclude the hardest instances among the 400 (the
ones that could not be solved).

The results follow the same pattern as in Tables 3.1, 3.2 and 3.6. Formu-
lation 3 performs better in solution time. And the difference in LP relaxation
gap ratios is not significant.

There are 15 instances with size 15 (out of 400) that both formulations
failed to solve within 1 hour. For these instances, the average gap at termina-
tion (the ratio of the difference between the best lower bound and best upper
bound to the best upper bound) is 6.943% for Formulation 1 and 5.502% for
Formulation 3. There are 8 instances with size 15 that could be solved to
optimality within the time limit by Formulation 3 but not by Formulation 1.
For these 8 instances, gap at termination exhibited by Formulation 1 is on the
average 3.283 (with maximum 4.961 and minimum 2.057).

Finally, we would like to say a few words on our computational experience
with instances of size 20. Our experiments on 20-node instances is not “com-
plete”, that is, due to practical limitations on experimentation time we confine
ourselves to instances with edge densities 0.3 and 0.5 only as they are easier to
solve. We consider the same five traffic demand density values as above (0.1,
0.3, 0.5, 0.7 and 1). Hence, our experiments on instances of size 20 involve
only 200 (20x2x5) instances. Table 3.7 displays the status of the formulations
on these instances after one hour of solution time.

Formulation 1, on the average, takes 1023.748 seconds and creates 627.64
branch-and-cut nodes to solve 78 instances that it can solve to optimality. For
Formulation 3, average solution time and average number of branch-and-cut
nodes for solving 82 instances to optimality is 956.144 seconds and 852.28. The
gap in average solution times for these instances is not large.
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V| | Form. 1 | Form. 3
12 57.804 46.375
15 | 510.323 | 442.906

Table 3.4: Average solution time (seconds) for instances with size 12 and 15.

|[V| | Form. 1 | Form. 3
12 | 7.108% | 7.193%
15 | 6.310% | 6.498%

Table 3.5: Average LP relaxation gap ratios for instances with size 12 and 15.

|V| | Form. 1 | Form. 3
12 168.41 | 192.0125
15 | 568.725 | 667.0175

Table 3.6: Average number of nodes in the branch-and-cut tree for instances
with size 12 and 15.

’ Status \ Form. 1 \ Form. 3 ‘
Optimal 78 82
Int. feasible soln. found 79 106
No int. feasible soln. found 43 12
Total 200 200

Table 3.7: Status of formulations on instances with size 20 at the end of the
time limit (1 hour).
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Formulation 3 fails to solve to optimality 118 instances out of 200. But it
can find an integer feasible solution for 106 of those instances (86.83% of 118).
On the other hand, Formulation 1 can find an integer feasible solution for only
79 of 122 instances that it can not solve to optimality (only 64.75% of 122).
Average gap at termination (ratio between the best lower bound and upper
bound at termination) is 18.39% (respectively, 17.59%) for 106 (respectively,
79) instances for which Formulation 1 (respectively, Formulation 3) can find
an integer feasible solution.

From the empirical evidence presented in this section, we conclude that
Formulation 3 is the best of the three formulations introduced in this paper.
Formulation 2 performs by far the worst of the three. The difference between
the performances of Formulation 1 and 3 are quite similar to each other. But,
in general, Formulation 3 yields better results.

3.3 Conclusion

This chapter is devoted to thorough comparative analyses of Formulations
1, 2 and 3. In Sections 3.1 and 3.2 we carry out analytical and empirical
comparisons of these formulations.

In Section 3.1, we prove that Formulation 1 is stronger than the other two
formulations. Polytopes corresponding to Formulations 2 and 3 intersect (none
contains the other).

However, in Section 3.2 we see that LP relaxation gap and solution time
associated with Formulation 2 is much higher than the other two formulations.
We also see that LP relaxation gap for Formulation 1 is only very slightly lower
than that of Formulation 3. Although there is not much difference in the LP
relaxation gaps associated with these two formulations, strength of Formulation
1 has a significant impact on the sizes of the branch-and-cut trees created for
solving the instances. Formulation 1 explores much smaller branch-and-cut
trees than Formulation 3. However, Formulation 3 is more compact and hence
it takes shorter time to solve the corresponding L Ps in the nodes of the branch-
and-cut trees. That is, the usual trade-off between formulation strength and
compactness reveals itself in our experiments as well. And compactness of
Formulation 3 turns out to be more crucial than strength of Formulation 1 in
solving PHLRP.
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Chapter 4

The size-constrained graph
partitioning polytope

In Chapter 2 we conclude that when capacity restrictions on the arcs of D are
ignored and assumption (A3) is relaxed, Formulations 1, 2 and 3 can be recast
in simpler, more compact forms. More precisely, Lemma 2.5.2 and Propositions
2.7.1 and 2.7.2 show that in that case the integrality restriction on all flow
variables and all z,, with v # v can be relaxed. Then, the only binary
variables that remain in the formulations are the partitioning variables (i.e.,
w, where e € FE,) and the location variables (i.e., z,, where u € V).

In this chapter we attempt to exploit this feature. We present a thorough

polyhedral analysis of the convex hull of w € {0, 1}(3) that satisfy (2.1a), (2.1b)
and (2.1c). Lemma 2.5.2 and Propositions 2.7.1 and 2.7.2 imply that strong
valid inequalities or facets for this polytope constitute strong valid inequalities
for Formulations 1, 2 and 3, too.

In fact, constraints (2.1a), (2.1b) and (2.1c) define a generic graph partition-
ing polytope which has strong links with several well-known graph partitioning
polytopes from the literature. For this reason, in this chapter we analyze this
polytope within the context of the graph partitioning literature.

Owing to this treatment, this chapter is somewhat disconnected from the
other chapters of this thesis. In this chapter!, PHLRP does not occupy a
central location. Our focus is rather on the graph partitioning polytope, which
is defined by (2.1a), (2.1b) and (2.1c).

!An abridged version of this chapter is published in December 2010: “Size-constrained
graph partitioning polytopes”, Discrete Mathematics, 310(24), 3473-3493.
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4.1 Introduction

The problem of partitioning a set of items into clusters to achieve an objec-
tive (e.g., to obtain homogeneous clusters and extract valuable information on
each of the clusters, to divide the items into clusters that have minimal inter-
action in-between, etc.) is encountered in a wide range of disciplines such as
marketing, economics, biology, psychology, politics, etc. Owing to this wide
spectrum of applications, the clustering problem has been studied extensively
in Operations Research.

Three classes of clustering problems can be differentiated in Operations
Research applications. In the first class of problems, the items to be clustered
are articulated by numerical attributes. Generally, the items are represented
by vectors in a real space which correspond to a set of attribute measurements.
This class of problems find applications in many areas like pattern recognition
(see [10] for a general treatment) and marketing (for example, [28]), among
others.

In the second class of problems, there are no attributes defined at all and
only certain pairwise relations between the items are provided. For example
in some telecommunications networks, the nodes are clustered on the basis of
the communication level between pairs of nodes. Generally, the aim in such
problems is to cluster the items (routers, users, customers, etc.) so as to min-
imize the communication between the clusters (for example, see [19], [27]), or
minimize total communication cost at all within the whole network (for exam-
ple, see [32]). Other application areas of this class of clustering problems are
compiler design, parallel computing and electronic circuit design (for example,
see [11], [12], [16]).

In the third class, the data relevant to clustering involve attributes that
are defined categorically. Namely, attributes do not assume numerical values
and are evaluated in categories (for example, see [25]). For example, if the
objects under consideration are people, hair color is an example of an attribute
which is best stated categorically (brown, black, blond, etc.); for consumers,
the attitude against a product or brand can be more meaningfully articulated
categorically (positive, negative, neutral); in some applications, it might be
more meaningful to state the size categorically as “large”, “medium” or “small”
rather than some numerical measures. Fortunately, this class of problems can
also be analyzed in the second class of clustering problems above owing to
some qualitative data analysis techniques which convert such type of data into
pairwise relations between the items. An example of such a conversion is given
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by Grotschel and Wakabayashi ([13]).

Generally in Operations Research literature, the clustering problems in the
second and third classes above are classified as graph partitioning problems. In
this scheme, the items to be clustered are represented by the nodes of a graph,
and pairwise relations among them are represented by edge weights. The aim
is to find the ‘best’ clustering, which optimizes a certain objective function, of
the nodes of the graph into subsets.

In practical clustering applications, the subsets to be obtained might be
subject to various constraints such as restrictions on the number of subsets,
restrictions on the sizes of the subsets, requirement that certain items be or not
be in the same subset, etc. In this chapter, we confine ourselves to clustering
problems with restrictions on the subset sizes. Namely, the clustering problems
that are addressed here involve parameters Fy; and Fp,, which constrain the sizes
of the subsets to be obtained from above and below, respectively. For instance,
in a specific clustering application, the subsets we obtain might represent voting
districts for a certain elective procedure, or distribution regions belonging to
a distribution network. It might not be possible to support voting districts or
distribution regions larger than a pre-specified size Fy; because some resources
at disposal (like human resources for the elective procedure, or vehicles for
the distribution network) might not be adequate in quantity or in quality. In
addition, reasons like economies of scale or need for balanced partitions, where
the sizes of the subsets obtained are ‘almost’ equal to each other, might give rise
to minimum size requirements as well on the subsets. For instance, we might
want to impose the restriction that the subsets be larger than a pre-specified
size, F, in order to make the voting districts large enough to allow meaningful
statistical inferences, or, in order to make the distribution regions large enough
to benefit from economies of scale, or, in order to obtain almost equally sized
subsets that will allow applying similar administrative procedures.

Besides bounds F7, and Fp; on the subset sizes, we assume as well that the
data relevant to clustering is provided in the form of pairwise relations among
the items. This locates our problem in the second and third class of clustering
problems described above. Following the prevalent practice in the literature,
we formulate it as a graph partitioning problem. The formal definition and an
integer programming formulation of the problem are given in Section 4.3. But
before, in Section 4.2, we present the notation that is used in this chapter.
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4.2 Notation

We represent the set of items to be clustered by the set V' = {1,2,... n}.
Consider a graph G = (V, E) on V. Each edge e € E is also represented by
means of its adjacent nodes u and v: the terms {u,v} and {v,u} are used
interchangeably to refer to the edge e.

A partition, 7, is a collection of non-empty subsets N1, Na, ..., Ni of V such
that N; N N; = 0 for all i # j, and |, N; = V. A size constrained partition
(shortly, an sc-partition) is a partition with F, < |N;| < Fy foralli =1,... k.
We associate a characteristic vector w™ € {0, 1}/¥! with each partition 7, where
wy, = 1if u,v € N; for some i € {1,2,...,k}, and 0 otherwise. We use
the representations = and (N, N, ..., N;), and its characteristic vector w™
interchangeably to refer to a partition. We use the term subclique to refer to
the subsets (i.e., IV;’s) in the partitions.

Throughout, conv(X) and af f(X) denotes the convex hull and the affine
hull of a set X C RI®l| respectively. The equality set M(P) of a polytope
P is a maximal set of linearly independent hyperplanes that contain P. The
dimension of P is denoted by dim(P).

For convenience, we also recite the relevant parts of the notation that was
introduced in Chapter 1. Let @ C V and S C V. We denote the set of all edges
whose both endnodes are in Q by E(Q), i.e., E(Q) = {{u,v} € Elu,v € Q}.
The set of edges with one endnode in ) and the other endnode in S are denoted
by E(Q,S5), ie., E(Q,S) = {{u,v} € Elu € Q,v € S}. We denote by 4(Q)
the set of edges whose only one end-node lies in @, i.e., §(Q) = E(Q,V — Q).

For any z € Rl let 2(F) = >, x. for F C E. For ease of notation, a set
with only one element is represented with the element itself in mathematical
expressions: namely, for instance, ) — u stands for @ — {u}.

4.3 Problem definition and formulation

The problem we address in this paper and its companion consists of finding
the sc-partition 7 that optimizes

g cew? .
eck

This is a quite common objective function for most of the graph partitioning
problems in the literature. Some articles interpret the minimization of this
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objective function as clustering of the most similar items together when the
edge weights ¢.’s represent a measure of dissimilarity (like distance) between
the items (see [13], [14], [23] and [22] among others). Some others interpret the
maximization of it as division of a network or a compiler into clusters which
have minimal interaction in-between (see [11], [12], [16] and [19] among others).

This objective function, which is a sum of the weights of a set of edges,
allows us to assume that G = (V| F) is a complete graph. Because, if it is not,
we can always convert it to one by adding the missing edges with weights 0.
Solving the problem on this complete graph would be completely equivalent to
solving it on G. Hence, in the rest of this chapter, we assume that G = (V| F)
is a complete graph defined on n nodes. That is, in the rest of this chapter,
we assume that £ = F,, and G = K,, (note that this assumption holds in this
chapter only).

The integer programming formulation we propose for our problem is as
follows:

minimize or maximize Z CoWe
e€E
subject to
Wy + Wy — Wy < 1 Vu,v,t € V :u,v,t different (4.1a)
w(d(u)) > Fr—1 YueV (4.1b)
w(d(u)) < Fy-—1 YueV (4.1c)
wy, € {0,1} V{u,v} € £ (4.1d)

where the variable w,, ,, takes value 1 if nodes v and v are in the same subclique,
and 0 otherwise. Constraints (4.1a), called triangle inequalities, ensure that
if any two edges of a triangle linking three nodes in V' are contained in one
subclique (i.e., all three of the nodes are packed in the same subclique), then
the third edge of the triangle is also contained in that subclique. Constraints
(4.1b) and (4.1c) stand for the size restrictions on the subcliques. It is easy to
see that the set of characteristic vectors of sc-partitions of G coincide exactly
with set of feasible solutions of formulation (4.1).

This paper and its sequel are devoted to the analysis of the structure of the

polytope
P (n, Fp, Fy) = conv{w™ € RIP!|w™ feasible for (4.1) (i.e., 7 is an sc-partition)}.

Obviously, this polytope is uniquely determined by the three parameters n, FJ,
and F; U-
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Formulation (4.1) and P™(n, Fy,, Fy) generalize the following several graph
partitioning problems from the literature and their corresponding polytopes.

e For [, =1 and Fy = n (i.e., when (4.1b) and (4.1c¢) become redundant),
this formulation turns into the so-called clique partitioning problem which
was introduced by Grotschel and Wakabayashi ([13],[14]; see also [2],
[26]). This problem addresses the most basic clustering problem where
there is no restriction on the number of subsets or the sizes of the subsets
(i.e., for a feasible solution (NVy,..., Ni) of the clique partition problem,
1<k<n,and 1 < |N;] <nforalli=1,... k). For further use, we
define

P(n) = conv{w™ € RE|w™ satisfies (4.1a) and (4.1d) (i.e., 7 is a partition)}.

e When F;; = n (i.e., when the upper bound on the subclique sizes is
removed), we get the so-called clique partitioning problem with minimum
clique size requirement of Ji and Mitchell [15]. Let the corresponding
polytope be denoted as P(n, Fy), i.e.,

Pl(n, F) = conv{w™ € RIF|w™ satisfies (4.1a), (4.1b) and (4.1d)}.

e When F; = 1 (i.e., the lower bound is removed), we end up with the
so-called simple graph partitioning problem of Sgrensen ([30] and [29]).
We denote the corresponding polytope as

P%(n, Fy) = conv{w™ € R¥I|w™ satisfies (4.1a), (4.1c) and (4.1d)}.

e The equipartition problem consists of dividing a graph G into two sub-
graphs with sizes [%2]| and [%]. Let P®“(n) denote the equi-partition
polytope, that is, the convex hull of characteristic vectors w™ such that
m = (N1, Np), |Ni| = [5] and [Ny| = [5]. Conforti et al. ([6], [7])
provide a detailed analysis of P%“(n).

e The k-way equipartition problem (k > 3) consists of dividing a graph
G with (n mod k) = 0 into k equally sized subgraphs. And, similarly,
let P*~v%(n, k) denote the k-way equi-partition polytope, which is the
convex hull of w™ such that # = (Ny,...,N;) and [N;| = F = ¢ for
i=1,...,k For a detailed treatment of P¥=%%(n k), see [23] and [22]
by Mitchell.
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In this chapter, we attribute special importance to the equi-partition poly-
tope P (n) and the k-way equi-partition polytope P*~“%(n, k). Because,
in the sequel, we present several results, which are new to the literature, on
Peavi(n) and P* % (n, k). In Section 4.4, we state conditions on n, Fj, and
Fy that make P (n, Fy, Fiy) equivalent to P%(n) or P*~*%(n, k).

For ease of notation, throughout we shortly use P™ to refer to P(n, Fy, Fy)
unless otherwise stated. In the next section, we start with the analysis of P!
by proving feasibility conditions and dimension.

4.4 Non-emptiness and dimension of Pplu

Not all (n, Fy, Fyy) triples yield a nonempty P™. For example, for n = 31, Fj, =
8 and Iy = 10 it is not possible to find an sc-partition, i.e., P*(31,8, 10) = ().
Lemma 4.4.1 states the necessary and sufficient condition (n, F, Fy) should
satisfy for P to be non-empty. We assume in this section that Fy, > 2.
lu ; : n n

Lemma 4.4.1. P #£ 0 if and only if {FLJ > ’VF_U-‘
Proof. Consider an sc-partition m = (Nj,..., Ny). By definition of an sc-
partition (see Section 4.2), F, < |N;| < Fy for all i = 1,2,..., k. That is,

w™ € P if and only if kF, < n < kFy, which holds if and only if {F%J > >
=] O
Note that, non-emptiness of P is dependent only on the values of n, F,

and Fy;, and not on the set V itself. This implies that non-emptiness of P is
preserved through permutations of V. One can also infer from the proof of this

lemma that an sc-partition has at least [;—U—‘ and at most {FLLJ subcliques.

We now pass on to determining the dimension of P™. When Fy; = Fy,, the
problem reduces to the k-way equipartition problem whose dimension is shown
to be (3) —n by Mitchell [22]. Hence, assume in the rest of this section that
FU Z FL + 1.

We now give two technical lemmas that will be used in establishing the

dimension of P™ and in some of the facetness proofs in the following sections.

Lemma 4.4.2. Let P denote a face of P* # 0. Let m = (N, Ny, ..., N;) be
an sc-partition such that w™ € P. Let a’w = o (o # 0) be a hyperplane in
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n

RE) and suppose P C {w € R(g)mTw = ap}. Let {i,j} € Ny and h € Ns.
Then o, = o, provided that the following are satisfied for i, j and h:

w™ € P where t* = (N}, Nj,...,N;), Nf = Ny —i, Nf = N, U1,
Ny =NVl e{3,....k};

e w” € P where 7> = (N{,N;,...,N;), Nt = Ny —j, Nj = N, U j,
Nf =N VIe{3,... k};

e w™ € P where 7 = (N¥,Nj,...,N;{), Nt = (Ny —i)Uh, N = (N, —
hYUi, Nf = NyVie {3,... k};

e w™ € P where n* = (N}, N;,...,N}), Nf = (N; — j)Uh, Nf = (N, —
RYUJ, N = NoVie {3,..., k)

Proof. Using the fact that aZw™ = ag and ofw™ = g, we obtain

a;; +a(i, Ny —{i,5}) = a;, + a(i, Ny — h). (4.2)
From ofw™ = ag and oTw™ = oy we have

a;;j+a(j, Ny —{i,j}) = ajp + a(j, N2 — h). (4.3)

T

Similarly, from o’ w™ = ay and o’ w™ = «y we have

Oéi’j—i-Oé(Z', Nl—{l7j}>+0é(h, Ng—h) = Oéj’h—l-Oé(h, Nl—{Z,]}>+Oé(Z, NQ_h/)7 (44)

4
Tw™ = oy and o w™ = ag we have

and from «a
i j+a(j, Ni—{i, j})+a(h, No—h) = a; p+a(h, Ny—{i, j})+a(j, No—h). (4.5)
From equations (4.2) and (4.4) we obtain
a;p+ a(h, Ny —h) = a;, + alh, Ny — {3, j}). (4.6)
From equations (4.3) and (4.5) we obtain

Qj p + Oé(h, N2 - h) = Q4 p + Oé(h, Nl - {Z7]}) (47>

Equations (4.6) and (4.7) imply «;;, = a;p. O
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Lemma 4.4.3. Let oTw = oy (a # 0) be a hyperplane in R Suppose

that P C {w € R(Z)|QTU} = ap}. If there exists an integer k > 2 such that
kF;, <n < kFy, then ag = aer for all €,e” € E.

Proof. The inequalities kF, < n < kFy imply that there exists an sc-partition

= (N1,...,Ng) such that |Ny| > Fp and |Ny| < Fy. Since such an sc-
partition would be feasible for all different permutations of V', setting P = P™
in Lemma 4.4.2 yields the result. O]

The following two theorems determine the dimension of P™. The first one

proves the dimension when LFLJ = [Fi—‘ ,i.e., when all sc-partitions in P! have
L U

the same number of subcliques. The second one proves the dimension when

LFiLJ > IVFLU—‘ , namely, when the number of subcliques in the sc-partitions can

take on several values.

Theorem 4.4.1. Suppose {F%J = L?—U-‘ > 2.

(i) If (n mod F1) =0 or (n mod Fy) =0, then dim(P"™) = () — n.

(i1) Suppose Fyy — Fr, = 1. If (n mod Fr) # 0 and (n mod Fy) # 0, then
dim(P™) = () — 1.

(11i) Suppose Fy — Fr > 2.

(a) If (n mod Fp) =1 or (n mod Fy) = Fy—1, then dim(P™) = ()—1

(b) If (n mod Fr) >1 and 0 < (n mod Fy) < Fyy — 1, then dzm(P“) =
(5) (i.e., it is full-dimensional).

Proof. All sc-partitions have k = LFLLJ = L;Z_U-‘ subcliques. Note that when

FL Fu
is equal to 0.

LiJ = {i-‘ = 1, P™ reduces to a single point, in which case the dimension

(i) If (n mod FL) = 0 or (n mod Fyy) = 0, then in any sc-partition all sub-
cliques have size F}, or Fy;, respectively. This means, P reduces to the
k-way equipartition polytope whose dimension is equal to (g) —n by [22].

(ii)) We have kF, < n < kFy. By Lemma 4.4.3, the only hyperplane that
contains P™ is

w(E) = (n mod Fy) (];U> [k — (n mod Fy)] (ZL>
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(iii) (a) When (n mod Fp) = 1, again we have kF, < n < kFy and hence
by Lemma 4.4.3, the only hyperplane that contains P™ is

w(E) = (FL; 1) (k= 1)(1”;).

A symmetric reasoning can be applied when (n mod Fy) = Fy — 1.

(b) Arguing similarly, we infer that the only hyperplane that contains
P is in the form w(F) = C where C is a constant. But, when
(n mod Fr) > 1 and 0 < (n mod Fy) < Fy — 1, there always exist
sc-partitions m; and me with w™ (F) # w™(FE). For example, sup-
pose (n mod F) = 2. Consider an sc-partition m = (Ny,..., Ni)
where |Ny| = |[Na| = Fr, + 1 and |NV;| = F, for i = 3,...,k. We
now construct another sc-partition 75 by moving one node from N,
to Ny, i.e., my = (Nl,...,Nk) where ‘Nﬂ = F + 2, \Nl\ = Fy, for
i=2,...,k. Clearly, w™(E) = w™(F) + 1.

]

Theorem 4.4.2. Suppose that LF%J > [%—‘ + 1.

(i) Suppose that {F%W =1 and {FLLJ =2.

(a) If (n mod Fp) =0, then dim(P™) = (5) — (n —1).

(b) If (n mod Fr) # 0, then dim(P™) = (3) (i.e., it is full-dimensional).

(11) Suppose that LFLLJ = [%-‘ +1 and [%-‘ > 2.
(a) If (n mod Fr) = 0 and (n mod Fy) = 0, then dim(P™) = (3) —
(n—1).
(b) If (n mod Fr) # 0 or (n mod Fy) # 0, then dim(P™) = (3) (i.e.,
it is full-dimensional).

(ii1) If LFLLJ > [%-‘ + 2, then dim(P™) = (3) (i.e., it is full-dimensional).

Proof. We distinguish two cases:
Case 1: (n mod Fp) # 0,
Case 2: (n mod Fp) = 0.
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Case 1: Since (n mod Fp) # 0, we have F LFLLJ <n. And, n < Fy L%W
implies n < Fy LFLLJ since LFLLJ > L‘P_U—‘ + 1. Then, by Lemma 4.4.3, the only

hyperplane that contains P™ is w(FE) = C for some constant C.

Now, consider an sc-partition m; with {FLLJ subcliques. Since LFLLJ >
n

L%W + 1, it is possible to construct another sc-partition my with FLJ —1

subcliques by distributing the nodes of the smallest subclique of m; over the
others. It is easy to see that w™ (E) < w™(FE), because while moving nodes
from the smallest subclique of 7 to the others, we are actually increasing the
number of edges contained within the subcliques. Then, P is full-dimensional.
This proves parts (i — b), (it — b) and (iii) of the theorem for Case 1 (Case 1
does not apply to parts (i — a) and (it — a)).

Case 2: On the one hand, since (n mod Fp) = 0, we have LFLLJ = 7, which

implies F7p, <FiL — 1) < n. On the other hand, we have

U L

Then, we can apply Lemma 4.4.3 if n < Fyy {F%W (i.e., if (n mod Fy) # 0) or

FlUW < ITJ—L — 1. But, we can always create sc-partitions 7 and 7, like we do in
the proof of Case 1, and existence of two such sc-partitions contradicts Lemma
4.4.3. This proves parts (it — b) and (¢ii) of the theorem for this case. Now
remains parts (i — a) and (i@ — a). (Case 2 does not apply to part (i — b)).

Part (i — a): We have, P = conv(A4; U {w™ }) where
Ay = {w € {0,1}E|w satisfies (4.1a) and w(d(u)) = F, — 1 Yu € V}

and 7* is the sc-partition with only one subclique, i.e., w™ =1 for all e € E.
The convex hull of A;, conv(A;), is the polytope of a k-way equipartition
problem whose dimension is shown to be (Z) —n by Mitchell [22]. Tt is easy to
verify that

aff(A) = {w e RENw(b(u)) = F, —1Vue V1

Clearly, w™ ¢ af f(A;) and so, dimension of P™ is equal to (}) — (n — 1).
Part (ii — a): We have P = conv(A; U Ay) where

Ay = {w € {0,1}E|w satisfies (4.1a) and w(6(u)) = F, —1VYu € V},
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and
Ay = {w € {0,1}FN|w satisfies (4.1a) and w(é(u)) = Fy — 1 Vu € V1.

Both of A; and A, are the feasible sets of k-way equipartition problems. It is
easy to verify that

aff(A)) = {w € RIFw(s(u)) = F, — 1Vu e V}

and
aff(Ay) = {w € RIP w((u)) = Fy —1Yu € V}.

We know that both of aff(A;) and aff(As) have dimension d = (}) —

2
The fact that they are parallel affine sets directly implies that dim(P™)

(3 = (n—1). =

Now, we can state the conditions that make P™ equivalent to P¢“(n) or
Ph-way(p k).

peasi () when 1 is odd, dim(P") = (3) — L and | £ | = [ 2| =2
P = Peavi(n) when n is even, dim(P™) = () — n and {LLJ = FiU-‘ = 2;

Pr-way(n k), when dim(P™) = (n) -

2

We summarize the results of Theorems 4.4.1 and 4.4.2 in Tables 4.1 and
4.2, respectively. While Table 4.1 includes all the results related with Theorem
4.4.1, Table 4.2 only displays results corresponding to parts (i — a), (i — b),
(71 — a) and (i — b) of Theorem 4.4.2 (i.e., the parts corresponding to the case

#] =[]0

4.5 More on P

In this section, we deepen the analysis of the polytope P™. First, we give a
characterization of the full-dimensional P*’s. Secondly, we give expressions
for the equality sets of P, M(P™).

We assume in this section that F;, > 2. Moreover, note that when {F%-‘ =1,

w™ = 1 € P" (i.e., not partitioning the set V and packing all items in one
subclique is feasible). Hence, in the rest of this chapter we avoid this trivial
solution and assume that n > Fy;.
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H (nmod Fr) =0 ‘ (nmod Fr) =1 ‘ 1 < (n mod Fp,) H

(n mod Fyy) = 0 (3) —n (3) —n
(n mod Fy) = Fy — 1 (5) —n (™) -1 (M) -1
0< (nmod Fy) < Fy — 1 2 (5) —1or (5)

Table 4.1: Dimension of P! when LFLJ = {Fi-‘ (Theorem 4.4.1). Whenever
L U

0 < (nmod Fy) < Fy —1 and 1 < (n mod Fy), dimension depends on the
value of Fyy — Fy: if Fyy — Fy, > 2, P" is full-dimensional; and if Fyy — Fy, = 1,
it has dimension (g) — 1.

(nmod Fr) =0 | (n mod F) # 0

(5) - (-1 (5) When [FLU—‘ =1

(n mod Fyy) =0 (5) —(n—1)

(Z) When [F—’;—‘ > 2

(n mod Fy) #0 (%)

Table 4.2: Dimension of P when {F%J = {F%-‘ + 1 (parts (¢ — a), (i —b),

Fy,
Pl is full-dimensional no matter what the values of (n mod Fp), (n mod Fy)

and {FiU—‘ are (part (7i7) of Theorem 4.4.2).

(7i — a) and (77 — b) of Theorem 4.4.2). Note that, whenever LLJ > [Fi—‘ + 2,
U

4.5.1 Characterization of Full-dimensional P™

In this section, we establish five categories that full-dimensional P"’s fall into.
This characterization is going to be very helpful in proving the conditions that
make several classes of valid inequalities facet-defining from Section 4.6 on. We
need the following definitions to be able to prove this result.

Definition 4.5.1. Whenever Fy—Fy, = 1, an sc-partition m = (N1, Na, ..., Ni)
(k > 4) is called 1-loose if |{i : |N;| = Fr}| > 2 and |[{i : |N;| = Fy}| > 2.

Definition 4.5.2. Whenever Fy—Fy, > 2, an sc-partition m = (Ny, Na, ..., Ni)
is called 2-loose if it has at least two subcliques, say N; and N, such that
F, < |Nz| < Fy and Fr, < ’NJ| < Fy.
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Definition 4.5.3. Whenever an sc-partition is 1-loose or 2-loose, it is called
a loose sc-partition.

We now present a proposition that characterizes P'*’s with loose sc-partitions.

Proposition 4.5.1. The polytope P™ contains loose partitions if and only if
there exists an integer k for which kF, +1 <n < kFy — 1.

We omit the proof because it is straightforward. Propositions 4.5.2 and
4.5.3 show that existence of 1-loose or 2-loose sc-partitions in P™ implies that
P! is full-dimensional.

Proposition 4.5.2. Suppose that Fyy — F, = 1 and P™ has a feasible 1-loose
sc-partition. Then, P is full dimensional only if LF%J > [%W

Proof. From Theorem 4.4.1, we know that P™ is not full-dimensional if {F%J =

{FL—‘ So, suppose LFLJ > [Fl—‘ Existence of a feasible 1-loose sc-partition
U L U
in P implies that we can employ Lemma 4.4.3. Consider an arbitrary sc-

partition 7 with {F%J subcliques. We can always find another sc-partition

with LFELJ — 1 subcliques since

But, then w™(E) < w™(E). O

Proposition 4.5.3. Suppose that Fyy — Fr, > 2. If P™ has a feasible 2-loose
sc-partition, then it is full dimensional.

Proof. Let m; = (N1, Na, ..., N;,) be a feasible 2-loose sc-partition in ™. Then
Pl satisfies the conditions of Lemma 4.4.3. Without loss of generality, assume
that F, < |N;| < |Ns| < Fyy. Now, we can create another sc-partition my by
shifting a node from N; to Ny. But then, we contradict Lemma 4.4.3 since
w™(E) < w™(E). O

The converse of these propositions does not hold; for example, when |V| =
49, F;, = 8 and Fy = 10, the sc-partitions have either 5 or 6 subcliques. The
ones with 5 subcliques have 4 subcliques with size 10 and one subclique with
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size 9; the ones with 6 subcliques have 5 subcliques with size 8 and one subclique
with size 9 (i.e., no feasible 2-loose sc-partitions). But, from part (ii — b) of
Theorem 4.4.2, the polytope corresponding to this instance is full-dimensional.

The following two theorems, one written for the case Fyy — F, > 2 and the
other for the case Fyy — F, = 1, describe the categories that full-dimensional
Plws fall into.

Theorem 4.5.1. Suppose that Fyy— Fy, > 2 and P is full-dimensional. Then,
it complies with exactly one of the following:

(FD-1) It has feasible 2-loose sc-partitions,

(FD-2) (n mod Fr) =1, (n mod Fy) =0 and {F%J = {i-‘ +1;

(FD-3) (n mod Fp) =1, (n mod Fy) = Fy — 1 and LiJ = i-‘ +1;

Fy,

(FD-4) (n mod Fy) =0, (n mod Fy) = Fy — 1 and | & | = [ 2] +1.

Proof. First, let k = LF%J = {F—Z-‘ According to part (iii — b) of Theorem
4.4.1, we must have Fy — F, > 2 and kFy — 2 > n > kF, + 2. Then, by

Proposition 4.5.1, P! contains 2-loose sc-partitions (i.e., (FD-1)).
7 Fu
(n mod Fr) =1 and (n mod F) = 0.

Case 1 (n mod Fp) > 1: In this case, obviously we have F, {F%J +2<n. On

Now, suppose {lJ > [i—‘ We distinguish three cases: (n mod Fp) > 1,

the other hand, we have

n<Fy L%W gFUQFﬂLJ —1>=FU L%J—FUSFU L%J -2,

which by Proposition 4.5.1 implies that P™ contains 2-loose sc-partitions (i.e.,
(FD-1)).
Case 2 (n mod Fr) = 1: We have

n

L

Adding 0 > 1 — F}, to this equation (note that we assume F, > 2) yields

oo (| 1) o2
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We also have, n < Fy; [%W

e First, consider LF%J > [FLUW + 1. We have

gl (3] n-ne (2]

which proves then that P™ contains 2-loose sc-partitions by Proposition
4.5.1.

e Secondly, consider LF%J = [%-‘ + 1. If

oo [g]-0-n[5]-)-2

then P™ contains 2-loose sc-partitions. On the other hand, if n =
Fy {F%-‘ — 1, P! complies with (FD-3); and, if n = Fy [FiU—‘, P com-
plies with (FD-2).

Case 3 (n mod Fr) = 0: First, note that we must have {FLU—‘ > 2, because

otherwise, P' is not full-dimensional by part (i — a) of Theorem 4.4.2. From
(n mod Fp) = 0 and the assumption that F;, > 2, we infer FL(FlL —1)+2<n.

e Consider first LF%J > [%W + 1. From n < Fy [%W, we have

oen([3]-) e (3] -

which proves existence of 2-loose sc-partitions in P™.

e Now, consider LFALJ = {FLU-‘ +1. Ifn < Fy (LFLLJ — 1) — 2, P™ has
loose sc-partitions; if, n = Fy; (LF%J — 1) — 1, P™ complies with (FD-
4). Note that, P™ is not full-dimensional when n = Iy, QFLLJ — 1) (i.e.,
(n mod Fy) = 0) by part (ii — a) of Theorem 4.4.2.

]
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Theorem 4.5.2. Suppose Fiy — Fr, = 1 and P is full-dimensional. Then it
complies with ezactly one of (FD-2), (FD-3), (FD-4), and,

(FD-5): it has feasible 1-loose sc-partitions and LF%J > [F—’L—‘

We skip the proof because it is very similar to that of Theorem 4.5.1.

In the rest of this chapter, when we say that P! complies with (FD-1) we
implicitly assume that Fy; — Fy, > 2. Similarly, when we say that P complies
with (FD-5), we implicitly assume that F; — F, = 1.

Remark: In Theorems 4.5.1 and 4.5.2, we can still show full-dimensionality

for (FD-1), (FD-2), (FD-3) and (FD-5) when L%W = 1. On the other

hand, (FD-4) implies full-dimensionality only if [F”—U—‘ > 2.

4.5.2 Equality Sets of P

In this section we express the equality sets of P! when it is not full-dimensional.
These characterizations are going to be helpful in proving the conditions under
which several valid inequalities are facet defining in Section 4.6.

When dim(P"™) = () — 1, the equality set of P™ consists of a single
hyperplane w(FE) = C where C is an appropriate constant. When dim(P™) =

(g) — n the equality set consists of the hyperplanes

wo(u)=F—-1YueV,

where F' € {F, Fy}. These equality sets can trivially be inferred from the
proofs of Theorems 4.4.1 and 4.4.2. However, when dim(P™) = (}) — (n — 1),

2
the equality set is not trivial, and is shown in the following proposition.

Proposition 4.5.4. Suppose dim(P") = (}) — (n—1). Then, the equality set
of P! consists of n—1 linearly independent hyperplanes in the form Z (A +
(i,4)€E
Aj)w; ; =0 where \; € R fori eV and ZAZ- = 0.
eV

Proof. If dim(P™) = (3}) — (n — 1), then feasible solutions in P™ lie in either

of the following parallel affine spaces (by the proof of Theorem 4.4.2):

n

Ay = {w e REw(d(u) = F — 1 Yue V)
Ay = {w e RO w((w) = Fy — 1 Yue V).
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We now assign a coefficient A\, (u € V') to each of the hyperplanes defining A;
and take linear combinations of these hyperplanes to obtain

S Nwdw) = 30 NP~ 1) (43)

ueV ueV

Now, we search for X's for which A, is contained in the affine space defined by
(4.8). All points in Ay satisfy w(d(u)) = Fyy — 1 for all w € V. Inserting this

into (4.8) yields
> M(Fy—1) =) A(Fp - 1).

ueVvV ueVv

This equality implies » ~ A, = 0. O

ueV

4.6 Trivial Facets for P

Having set the grounds, we now pass on to the facetness proofs. In the rest
of this chapter, we assume that F;, > 3. Recall that, we also assume n > Fy
(i.e. sc-partitions in P™ have at least two subcliques). We start with several
technical lemmas.

Lemma 4.6.1. Suppose that Fyy — Fr, > 2. Suppose also that g"w < h is a
valid inequality for P™. Let P = {w € P"|gTw = h}. Suppose further that
there exists k € Z such that kF, +1 <n < kFy — 1 (i.e., there exist 2-loose
sc-partitions in P™). Pick such a 2-loose sc-partition m = (Ny, No, ..., Ny)
such that w™ € P, i € Ny, j € Ny, F, < |N1| < Fy and F;, < |Ny| < Fy for
i,7 € V. Then g;; = 0 if the following hold:

o w™ € P where m* = (N;,...,N}), Nf = (N; —i)Uj, Nj = (Ny —j) Ui
and N} = N for alll € {3,...,k}.

° w%EPwhere%\:(]/\\fl,...,]vk), ]/\\71:]\71—2', ]/\\[QZNQUZ. and]\Afl:Nl
foralll € {3,... k}.

° wﬁePwhere%:(Nl,...,Nk), leNlu]', szNQ—j, Nl:leor
alll € {3,... k}.

Proof. From the equalities g”w™ = h and g"w™ = h, we obtain

9(i, Ny — 1) + g(j, N2 = j) = g(i, Na — j) + g(j, N1 — 4). (4.9)
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From the equalities g"w™ = h and ¢"w™ = h, we obtain

From the equalities g”w™ = h and ¢"w™ = h, we get

90, N2 = j) = g(j, N1 — 1) + gi ;. (4.11)
Now summing the equalities (4.10) and (4.11) and comparing the sum with
(4.9), we get g;; = 0. O

Lemma 4.6.2. Suppose that g"w < h is a valid inequality for P'*. Let P =
{w € P gTw = h}. Let u, v and x be three nodes in V.

o Letm = (Ny, Ny, ..., Ni) be an sc-partition such that {u,v} C Ny, z € Ny
and |Ny| = |No| +1;

o let7=(Ny,...,N;,) where Ny = (Ny —v)Uz, Ny = (Ny—z)Uv, N; = N,
forle{3,... k};

o letm* = (Nf,...,N}) where Ny = (No—x)U{u,v}, Ny = (N, —{u,v})U
xz, Nf =N, forl € {3,...,k};

o let @ = (Ny,...,N}) where Ny = (N} —v) Uz, Ny = (N —2) U,
N} =N, forl ={3,...,k}.

If {w™, w™ w™ ,w™} C P then guv = Gu.e-
Proof. Comparing the equalities, g w™ = h and g"w™ = h, we obtain
Guw+9(v, Ny —{u,v})+g(z, No — ) = gur + g(z, Ny — {u,v}) + g(v, N2 — 2),
which is equivalent to g, , — gu. = A where

A =[g(z, Ny —{u,v}) — g(x, N2 — 2)] — [g(v, N1 — {u, v}) — g(v, Ny — 2)].
Comparing the equalities g”w™ = h and ¢"w™ = h, we obtain
Guw+ 90, Nf —{u,v}) +g(2, N3 = 2) = gus +g(x, Ny —{u,v}) +g(v, N3 — z),
which is equivalent to ¢, — gu. = B where

B =[g(x, N{ —{u,v}) —g(z, N — 2)] = [g(v, NT —{u,v}) — g(v, N —x)].

Since Nf — {u,v} = Ny —x and Ny —z = Ny — {u,v}, we have A = —B.
Hence, gy = Gu- [
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Lemma 4.6.3. Suppose that g"w < h is a valid inequality for P". Let P =
{w e P"|g"w = h}. Let u, v, x and y be four nodes in V.

o Let 1 = (N1, Na,...,Ng) be an sc-partition such that {u,xz} C Ny,

{Uay} - NQ;
o let7=(Ny,...,N;) where Ny = (N, —u)Uv, Ny = (Ny—v)Uu, N; = N,
forle{3,....k};

o let 1 = (Ny,...,N}) where Nf = (Ny —x)Uy, Ny = (Ny —y) Uz,
N} =N, forl e {3,....k};

o let @ = (Ny,...,Ny) where Ny = (N} —u) Uv, Ny = (N —v) U,
N} =N, forl={3,...,k}.

If {w™, w™, w™ ,w"} C P then Guz + Goy = Guy + Jo.z-

Proof. Comparing the equalities, g?w™ = h and g"w”™ = h we obtain

Juatg(u, Ni—{u, 2})+gvy+9(v, Na—{v, 4}) = guyt9(u, Na—{v, y})+goatg(v, Ni—{u, z}),
which is equivalent to (gus + Gvy) — (Juy + Gvw) = A where

A= [g(u, N2 = {v,9}) — g(u, Nv = {u, 2})]=[g(v, N2 = {v,y}) = g(v, Ny — {u, 2})] .
Comparing the equalities g”w™ = h and ¢g"w™ = h, we obtain

Guyt 9w N{—{u, y})+gootg(v, N3 —{v,2}) = guatg(u, N3 —{v, 2})+ g0y +9(v, Ny —{u, y}),
which is equivalent to (guz + Gvy) — (Guy + Gve) = B where

B = [g(u, N{ = {u,y}) = g(u, Ny —{v, z})]=[g(v, N| —{u,y}) — g(v, Ny —{v,z})].

Since Ny — {u,y} = Ny — {u,z} and Ny — {v,x} = Ny — {v,y}, we have
A=-B. Hence7 Gu.x + vy = Guy + Gv,z- [

Lemma 4.6.4. Suppose that g?w < h is a valid inequality for 731“.~Let~p eV

and Q C V. Suppose that g(p, Q1) + a = g(p, Q2) for any disjoint Q1, Q> C Q
with |Q1| = o1, |Qa] = 02 where « € R, 01,09 € Z, 01 > 0 and 09 > 0. Then,

9p.q1 = Yp,g2 fOT’ any qi, gz € Q.
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Proof. Pick arbitrarily ¢, € Q; and ¢» € R where
R:{QQ, 1f@2%@7

Q—Q, ifQy=10.
Consider the sets Qr :~(C~21 —q1)Uq, R* = (R—¢q2)Uq. Comparing g(p, Q1)+
a = g(p,Qs) and g(p, Q7) + a = g(p, R*) yields the result. ]

Note that, when Q, = 0, it is crucial to have in this lemma that Q; C Q.

In the sequel, we prove the conditions under which several classes of valid
inequalities become facet defining for P™. Each class is investigated in a sep-
arate section. Commonly, for each of the valid inequalities, we assume that
the face defined by the valid inequality under consideration, say a’w < b, is
contained in the face defined by some valid inequality g”w < h. In our proofs,
with reference to Theorem 3.6 in Section 1.4.3 of [24], we basically show that
g'w = h is equal to a linear combination of a’w = b and the hyperplanes in
M(P™).

4.6.1 The Non-Negativity Constraints

In this section, we provide the conditions that make the non-negativity con-
straints facet defining. We denote the face corresponding to a non-negativity
constraint w, > 0 by P., i.e., P, = {w € P"|w, = 0}. We assume that there
exists a valid inequality g”w < h such that

P. C {w e P"|g"w = h}.

In Theorems 4.6.1, 4.6.2, 4.6.3 and 4.6.4 we prove the conditions under which
P.’s are facets, i.e., g'w = h can be written as a linear combination of w, = 0
and the equalities in M (P™"), if any.

Before moving on to these theorems, we present the following useful propo-
sition.

Proposition 4.6.1. If LFLJ = 2, the non-negativity constraints w, > 0 are
L
not facet defining for P™.

Proof. Recall that we assume n > Fy (i.e., [%W > 2). So, when L%J = 2,
we can conclude that all sc-partitions have 2 subcliques. Then, for each edge

e = {u,v} we have

P. C {w e Pl“|wx,u + Wy — Wy =1 VeV — {u,v}} )
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]

Theorem 4.6.1. Suppose P™ is full-dimensional. Then w, > 0 is facet-
defining for P™ if and only if one of the following hold:

e n>3F,+1, or,

° nIBFLSQFU—2

Proof. Let e = {u,v} for u,v € V. We present the proof separately for (FD-
1)-(FD-5). Note that, by Proposition 4.6.1 we have n > 3F.

(FD-1) : Note that, in this case we assume Fy; — F, > 2. We analyze two cases
separately:

(a)

P has 2-loose sc-partitions with at least 3 sub-cliques: Note that,
in this case, n is at least 3Fy, + 2. Pick an arbitrary edge {i,j} €
E —{u,v}. Pick a 2-loose sc-partition m = (Ny, No, ..., Nj) with at
least three subcliques and where v € Ny, i € Ny, j € Ny, v € N3 (i is
not necessarily different from w), Fy, < |Ni| < Fy, Fi, < |No| < Fy.
By Lemma 4.6.1 and symmetry, we conclude that g; ; = 0 for any
{i,j} € E — {u,v}. Thus, w,, > 0 defines a facet of P™.

All 2-loose sc-partitions in P™ have at most 2 sub-cliques: Pick
two arbitrary nodes z,y € V — {u,v}. Pick a 2-loose sc-partition,
say ' = (N}, N}) such that {u,z} C N} and {v,y} C Nji. By
Lemma 4.6.1, g, = 0. By arbitrariness of z and y, g. = 0 for all
ee€ E(V —{u,v}).

Pick another sc-partition, say 72 = (N7, N3,..., N2) (k > 3), such
that v € N7, {v,z} C N2 and y € NZ. Switching z and y in 72,
we get gyz = Guy for all xz,y € V — {u, v}, which can be rewritten
as ¢y, = a € Rfor all z € V — {u,v}. Similarly, we can also infer
Gu. =P ERfor all z €V —{u,v}. Now, in 7', shifting z from N7
to N; shows that a = 3.

Since {w™,w™} C P., comparing ¢7w™ = h and gTw™ =
yields o = § = 0, due to the fact that w™ ({u,v},V — {u,v})
w™ ({u,v},V = {u,0}) =n — 2.

Note that, this proof for (FD-1) is applicable even if 3F; < n <
3F, +1and n < 2F; — 2.

h
<
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(FD-2) : Proposition 4.6.1 and (FD-2) imply that n > 3F, + 1.

Pick two arbitrary nodes z,y € V — {u,v}. Pick an sc-partition © =

(N1, Na, ..., Ny) with k = LF%J > 3, {v,2} C Ni, y € Ny, u € Na,

|INi| = F + 1 and |N;| = F, for i = 2,..., k. Using Lemma 4.6.2, we
infer g, = gry. By symmetry, we infer this result for u as well and
generalize this result as g = « for all ¢/ € E — {u,v}.

Now, consider sc-partitions 7' = (N, ..., Ny ) with ky = {FLLJ’ u € Ni,
v € Ny; and, 7* = (N7,..., N)) with ky = {FLUW =k —1l,ue Nt ve

N2. Clearly, {w™ ,w™} C P.. Comparing ¢7w™ = h and g"w™ = h,
we infer that o = 0.

(FD-3) : The proof for this case is the same as the proof of case (FD — 2).

(FD-4) : Pick three nodes z,y,z € V — {u,v} arbitrarily. Pick an sc-partition
7 = (Ny, Na, ..., N;) with k& > 2 such that {v, 2} C Ny, {u,z,y} C Ny,
|Ni| = Fy — 1, |N;| = Fy for all i = 2,... k. Applying Lemma 4.6.2, we
obtain ¢, , = gy.., which by arbitrariness of x, y and 2z implies g = 3 for
all ¢’ € E(V—{u,v}) where € R. Now, shifting = from Ny to N; in m we
get gux = Gup- Since x is an arbitrary node, we infer g, , = gp» = @y € R
for allz € V—{u,v}. Now, pick another sc-partition 7* = (N7, ..., N/, ;)
with [Nf| = Fp fori=1,...,k+1, u € NJ, {z,v} C Ny and y € Nj.
Now, switching « and y in 7, we get o, = «, which implies o, = ay =
for all z,y € V — {u,v}.

e Now, assume that LFLLJ > 4 (i.e., n > 4Fy). Pick an sc-partition

7= (N1, N, ...,N;) where k > 3, |Ny| = Fy — 1 and |N;| = Fy, for
i =2,....k. Suppose u € Ni, {z,y} € Ny and v € N;. Shifting
y from N, to Ny we get B(Fy — 1) = B(Fy — 2) + a which implies
a = (. Hence, we infer that, if « = § # 0, P, is contained in an
hyperplane g, Wy, + @w(E — {u,v}) = h for some constants h € R
and g¢,, € R. But, this contradicts the fact that {7*,7} C P. do not
both lie on this hyperplane since w™ (E — {u,v}) < w™(E — {u,v}).
Then, a = g = 0.

e Finally, assume that {F%J — 3 (ie, n = 3F, = 2Fy —1). In this
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case, P, is contained in the hyperplane
GupWuptaw(E({u, v}, V—{u,v}))+w(E(V —{u,v})) = h (4.12)

for some constants g,, € R and h € R. Now, consider two sc-
partitions 7' = (N{, N3, N1) and 72 = (N7, N2) implied by (FD-
4), where |N}!| = Fy, for i = 1,2,3, |[N?| = Fy — 1, |N3| = Fy,
u € NI NNZ ve Nyn N3 For 7!, the hyperplane equation (4.12)

turns into
e b5 ) ()

and, for 72 it becomes

(2Fy — 3)a + KFUz_ 1) + (FUQ_ 2)} B =h.

P. is contained in the hyperplane represented by (4.12) obtained by
setting

L Q(FLZ— 1) N (J;L) B (FUQ— 1) ~ (FU2— 2)
= (F,—1) GFL - 2) - (Fy - 2)%,

and 8 = 2(Fy — Fr) — 1. Hence, when P™ complies with (FD-4)
and n = 3F, = 2Fy — 1, w,, > 0 is not facet defining. Indeed,
when n = 3F;, = 2Fy — 1 it is possible to show that

awyy + ow(E({u, v}, V = {u, v})) + fuw(E(V = {u,v})) >

(Fp, — 1) (gFL - 2) (2Fy —3) — 2(FL —1)(Fy —2)?

is facet defining if § — a > 0; and,
awU,U + Oé’U)(E({’U,, U}? V - {U, U})) + ﬁU)(E(V - {'LL, U})) S

(Fp, — 1) (;FL - 2) (2Fy —3) — 2(F, —1)(Fy —2)

is facet defining if 5 — a < 0.
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(FD-5) : Note that, in this case we assume Fy; — F, = 1. The proof for this case
is very similar to the proof of case (FD-2).

]

Theorem 4.6.2. Suppose that dim(P™) = (g) — 1. Then, the nonnegativity
constraints w, > 0 are facet defining for P™ if and only if n > 3Fy, + 1.

Proof. By Proposition 4.6.1, we consider n > 3F;. But, when n = 3Fp,
dim(P"™) is never equal to (;) — 1. Hence, we have n > 3F, + 1. We give the
proof for only the case (n mod Fy) = 1. The proof for (n mod Fy) = Fy — 1
is very similar.

Let e = {u,v} for u,v € V. Pick two arbitrary nodes z,y € V — {u,v}.
Using dim(P"™)= (}) — 1, we can set g,, = 0. Now, pick an sc-partition
m = (Ny, No, ..., Ni) such that |Ny| = Fp, + 1, |N;| = Fp for i = 2,...,k,
{z,v} C Ny, y € Ny and v € N3. Using Lemma 4.6.2 we obtain g, , = ¢,,-
By symmetry, we can also infer g, , = g5,, which generalizes into g = 0 for
all ¢ € E — {u,v} for we have already set g,, = 0. O

Theorem 4.6.3. Suppose dim(P"™) = () — (n — 1). Then the non-negativity

constraints w, > 0 are facet-defining for P™ if and only if n > 3Fy.

Proof. When dim(P™) = (3) — (n — 1), we have n > 3F, by Theorem 4.4.2
and the assumption that n > Fy.

Let e = {u,v} and without loss of generality, assume u = n, v = n — 1.
Let k = = = 4~ — 1.We know from Proposition 4.5.4 that M (P"™) consists of
linearly independent hyperplanes in the form Z(W) cp(Au +Ay)wy,, = 0 where
A€ R™ and ), ., Ay = 0. We choose n — 1 such hyperplanes Hy, Hy, ..., Hy,_;

which are determined by the X’s displayed in the rows of the following matrix:

A1 Ao A3 N . An
H, — 1 —1 0 . 0 0
Hy — 0 1 —1 S 0 0
Hy — 0 0 1 . 0 0
H, 1 — 0 0 0 S 1 —1
One can verify that Hy, Ho, ..., H,_; are linearly independent. Now, consider

the set of edges S = {{1,n},{2,n},...,{n —2,n},{1,n — 1}}. The following
matrix displays the coefficients of the edges belonging to S in the equations
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representing Hy to H,_1:

{I,n} {2,n} {3,n} {4,n} . {n—=2,n} {1,n-1}

H — [ 1 -1 0 0 0 L]
Hy — 0 1 -1 0 0 0
Hy — 0 0 1 -1 0 0
Hy — 0 0 0 1 0 0
H, 53— 0 0 0 0 -1 0
H, 2 — 0 0 0 0 1 -1

Hy oy — | —1 1 -1 -1 -1 1]

This matrix is non-singular. Hence, we can set g. = 0 for all e € S (again, by
Theorem 3.6 in Section 1.4.3 of [24]). Now, pick four arbitrary nodes x,y, z,t €
V —{n—1,n} and an sc-partition m = (N, Ny, ..., Ngi1) where |N;| = Fp, for
allt =1,2,...)k+ 1, {n,z} C Ny, {n —1,y} C Ny and {z,t} C N;3. Using
Lemma 4.6.3 we infer g, + gyn—1 = Gyn + Jan—1. SiNCE gpp = gyrn = 0, We
have g n—1 = gyn—1. But we have already set g;,-1 = 0, hence, we obtain
Ggn—1 = 0 for all ¢ € V —{n — 1,n}. Applying Lemma 4.6.3 once more,
we can obtain g,—14 + g:+ = Gn—1, + gy, Which implies g = o € R for all
e e BE(V—-{n—1n}).

Finally, construct another sc-partition by distributing the nodes of Npi;
over the others and call this new sc-partition 7*. Clearly, w™ € P.. Comparing
gTw™ = h and ¢gTw™ = h yields a = 0. O

n

Theorem 4.6.4. Suppose dim(P™) = () — n. Then the non-negativity con-
straints w, > 0 are facet-defining for P if and only if n > 3Fy,.

Proof. When dim(P") = (;) —n, M(P™) consists of the hyperplanes Hy, Ho, . . .

where H, is defined as
wo(u)=F—-1
for FF € {F, Fy}. Let e = {u, v}, and assume without loss of generality that

v=n—1landu=n. Let S = {{1,n},{2,n},...,{1,n—1},{1,n—2}}. In the
following matrix, the coefficients of the edges belonging to S in the equations
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representing Hy to H,, are displayed:

{1,n} {2,n} {3,n} ... {n-2,n} {L,n—-1} {1,n—-2}

H; — M1 0 0 0 1 1]

Hy — 0 1 0 0 0 0

H; — 0 0 1 0 0 0

Hy — 0 0 0 0 0 0
H, 53— 0 0 0 0 0 0
H, s — 0 0 0 1 0 1
H, 11— 0 0 0 0 1 0

H,—~ |1 1 1 1 0 0 |

This matrix is non-singular. With reference to Theorem 3.6 in Section 1.4.3 of
[24], we use this fact to set go =0 for all ¢/ € S.

Now, pick four arbitrary nodes z,y, z,t € V — {n,n — 1}; and, consider an
sc-partition m = (N1, Ny, ..., N) where k = %, |N;| = F forall i = 1,2,.. .k,
{n,z} C Ny, {n —1,y} C Ny and {z,t} C N3. Applying Lemma 4.6.3 to this
sc-partition yields g, o 4+ gn—1,y = Gn,y + gn-1,.. But, since we have already set
Gng = Gny = 0, we obtain ¢,,_1 , = gn_1,. But then, since {1,n—1} € S and we
have already set g1 ,—1 = 0, this implies that g,,—; = 0forall¢ € V—{n—1,n}.
Now, applying Lemma 4.6.3 once more gives ¢n—1,y + G-t = Gn—1,t + gy,-, Which,
by g1n—2 = 0, directly implies g = 0 for all ¢’ € E(V — {n — 1,n}). O

4.6.2 Upper Bound Constraints
Let P denote the face defined by a constraint in (4.1c), i.e.,

P={weP"w((u)=Fy—1}  whereucV. (4.13)

For some (n, Fy, Fyy) triples, it is possible that P = (). For such instances, the
right hand side of the constraints (4.1c) has to be strengthened to ensure that P

is non-empty. For example, consider the triple (33,8, 10), which imply {FiU-‘ =
LFiLJ = 4. We have max;{|V;|} = 9 for any sc-partition 7 = (Ny, Na, N3, Ny).
Clearly, in this example we need to use 9 rather than 10 in the right hand
side of (4.1¢) to ensure that P # (). In other words, we need to be able to
find the correct right hand side value for which (4.1c) remain valid and their
corresponding faces become non-empty.

Now, we introduce a series of numbers, ¢¥, where ¢ —1 gives us this correct
right hand side value we look for. The other elements of this series (i.e., ¢V for
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i > 1) will be utilized in Sections 4.9 and 4.12. Consider the definition

U
U _ N} b
&3 o nax {jg?ffk{\ J\}}

wTePY(Ri_1,FL,Fy)

where ¢g = Fyy, Ry =n and R; = R;_1 — ¢¥. According to this definition, ¢¢
gives the maximal size the subsets can attain in sc-partitions (i.e., in feasible
solutions of P"(n, Fy, Fyy)), ¢ gives the second maximal size the subsets can
attain in sc-partitions, and so on. Equivalently we can also say that ¢Y is the
maximal size the subsets can attain in feasible solutions of P(n— ¢V, Fr, Fyy),
¢Y is the maximal size the subsets can attain in feasible solutions of P™(n —
¢V — @Y, Fr, Fy), and so on.
The following formula can be used for computing the values of ¢Y:

¢y = max {¢ €Zy| Fp < ¢ < Fy, {MJ > [M-‘ } . (414
Iy ¢

Note that, R, = 0 for k = {FLJ’ and hence ¢ for ¢ > {FLUW is not defined.

Now, we define PY’s as follows:
PY = {w € P"|w((u)) = ¢Y — 1} where u € V.

Due to the definition of ¢¥, PV is never empty for any u € V.
Assume that there exists a valid inequality g7w < h such that

PY C {w € P"|g"w = h}

for a node u. In Theorems 4.6.5, 4.6.6 and 4.6.7 we prove the conditions under
which PY is a facet, i.e., gTw = h can be written as a linear combination of
w(d(u)) = ¢¥ — 1 and the equalities in M (P™), if any. Beforehand, we present
a technical lemma.

Lemma 4.6.5. If dim(n — ¢Y¥, Fy, Fy) # ("}d)g]) —(n—¢Y), ¢f = Fy.

Proof. Suppose that ¢¥ < Fy. If dim(n—¢V, Fr, Fyy) # ("_2¢1U) —(n—a¢Y), there
exists T = (Ny,..., N;,) in P%(n — ¢V, Fy, Fy) such that |Ny| > Fy, for some
I € {1,...,k}. Then, we can construct an sc-partition 7* = (Ny,..., N} ;)
in P"(n, Fy, Fy) such that |[Nf| = |N| for i = 1,....k and |[N},,| = .
But, then we would be able to find another sc-partition 7 = (]\71, . ,Nk) by
shifting a node from N;* to Ny, ,. Then, we would have | Ny;1| = ¢! + 1, which
contradicts the definition of ¢Y. O
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Theorem 4.6.5. Suppose P™ is full-dimensional and Fyy — Fr, > 2. Then,
(4.1c) are facet defining for P*(n, Fy, Fy) if and only if
(i) dim(P"(n — Fy, Fr, Fy))=("3") — (n — Fy — 1), or

2

(ii) dim(P"(n— Fy, Fp, Fy))=("7").

2

Proof. Due to Lemma 4.6.5, the conditions of this theorem dictate us to con-
sider (4.1c) rather than their strengthened version w(d(u)) < @Y. We pick
a node u and prove that the conditions (i) and (ii) make its corresponding
inequality in (4.1c) facet defining.

(i) By Theorem 4.4.2, we have v = n= FU + 1. Let k = Pick four
nodes p, q,r,y € V U arbltrarlly Ple an sc- partition 7 = {'Nl, ooy Nig2)
in Pl%(n, Fy, Fyy) such that |Ny| = Fy, |N;| = Fy, for i = 2,...,k: + 2,
u € Ny, {p,x} C Ny and {q,y} C N3. Applying Lemma 4.6.3 gives
Opz + Gqy = Gpy + Yqz, Which implies g,. — g,. = a € R for all
z € V—{u,p,q}. Now, pick another sc-partition 7* = (N}, N3, ..., N} ,)
in P"(n, Fy, Fyy) such that |Ny| = Fy, [Nf| = Fp, for i = 2,... k + 2,
{u,q} C Nf and p € N;y. Switching p and ¢ in 7* gives

9aut9(a, Ny —{u, ¢})+9(p, N3 —p) = gput9(p, NT —{u, a})+9(q, N5 —p).

) ) (4.15)
Now, construct yet another sc-partition # = (Ny, ..., Ngy1) in P(n, Fy, Fyy)
by distributing the nodes of Nk+2 in 7 over Ny,..., Ny, ;. By Theorem
4.4.2 we have |[N;| = Fy for i = 1,...,k + 1. Clearly, we also have
{u,q} C N and p € Ns. Switching p and q in 7 gives

9aut9(q, Ny —{u, ¢})+9(p, (N5 —p)UN3) = gput+9(p, Ny —{u, ¢})+9(q, (N5 —p)UN3),

where N*y = Ny — Nj with |N*y| = Fyy — F,. Comparing this latter
equation with (4.15) yields

g(p, N*2) = g(q, N*2).

Plugging ¢, . — g, = « into this equality implies that o = 0, from
which we infer g,, = g,. for all z € V —{u,p,q}. But, since p and ¢
are arbitrary, this immediately gives g. = § € R for all e € E(V — u).
Further, comparing g”w™ = h and ¢g"w™ = h we obtain 3 = 0. Then,
(4.15) directly implies g, , =y € Rforall pe V —u.
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(i) e If P%(n — Fy, Fr, Fy) has a 2-loose sc-partition (i.e., it complies
with (FD-1)), applying Lemma 4.6.1 to such a 2-loose sc-partition
and generalizing, one can infer g, = 0 for all e € E(V — u). Now,
consider two arbitrary nodes x,y € V — u and an sc-partition 7 =
(Ny,...,Ny) in P%(n, Fy, Fyy) such that {u,x} C Ny, y € Ny and
|N1| = Fy. Switching x and y in 7 yields gy, = guy. Since z and y
are arbitrary, we infer g. = a € R for e € d(u).

o If (n—Fy, Fy, Fy) satisfies (FD-2), pick an sc-partition in P"(n, Fy, Fyy),
n—F
= (N{,Ny,...,N},), such that k = [TU-‘ > 1, u € N{,

IN{| = Fy, |Ny| = F,+ 1 and |[N}| = F fori =3,...,k+2. Ap-
plying Lemma 4.6.2 to this sc-partition and generalizing, we infer
ge = a € R for all e € E(V — u). Now, pick another sc-partition
7 = (N, N3, ..., N}, in P(n, Fp, Fy), where N = N{, |[N?| =
Fyfori=1,2,...,k+ 1. Comparing ¢”w™ = h and ¢"w™ = h
we infer that a = 0 for all e € E(V — u). Now, pick two arbitrary
nodes x,y € V — u such that, without loss of generality, z € N
and y € Ny. Switching x and y in 7', we obtain ¢, = gu,y. This
implies ¢g,, = 8 € R for all v € V — u and hence that (4.16) is
facet defining. We can use this proof when (n — Fy, F, Fyy) satisfies
(FD-3) or (FD-5) as well, by choosing 7! and 72 accordingly.

o If (n — Fy, Fy, Fy) satisfies (FD-4), pick an sc-partition 7! =
(N{, N3, ...,NL,) in P(n, Fp, Fy) where k = {%—‘ > 2 (re-
call from the Remark of Theorem 4.5.1 that (FD-4) implies full-
dimensionality of P"(n — Fy, Fy, Fy) if and only if {%-‘ > 2),
u € Nll, |N11| = Fy, |N21| = Fy —1, |N11| =Fyfori=3,...k+ 1
Applying Lemma 4.6.2 to this sc-partition and generalizing, we infer
that g = a for all e € E(V — u). Now, pick another sc-partition
7 = (N, N3,...,N%,) in P"(n, Fp, Fyy) where NP = N{, |[N?| =
Fy for i = 2,....k + 2. Comparing ¢“w™ = h and ¢"w™ = h
we infer « = 0. Now, in a similar manner to the previous para-
graph (where facetness for (FD-2) is proved), we can show that
guov=p€RforallveV —u

Now, suppose that dim(P"(n— Fy, Fy, Fyy)) is either (n_QFU) —lor (n_QFU) -

(n — Fy). Observe from Section 4.5.2 that, P"(n — Fy, Fy, Fy) is contained

in the hyperplane w(E) = C where C'is a constant and F represents the edge
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set of a complete graph with n — F; nodes. Then,

PV C {weRG)|w(E) =0+ (ZU)}.

Note that, w(E) < C + ("7) is valid for P™. O
Theorem 4.6.6. Suppose dim(P™) = () — 1. The inequalities

wou) <Y =1  YueV (4.16)
are facet defining for P if and only if one of the following hold:

o LFLLJ = [%-‘ >3 and (n mod Fy) = Fy — 1.

o [y —Fr =1, LF%J = [%W > 3 and (n mod Fr) > 1.
L Fu

4.4.1 also shows that dim(P"™) is () —1 when (n mod F1) = 1 or (n mod Fy) =

Fy — 1. We know furthermore that, when Fiy — Fj, = 1, dim(P™)= (}) — 1

holds even if (n mod Fj) > 1 and 0 < (n mod Fy) < Fy — 1.

When (n mod Fj) =1 or L%J = [;—U-‘ = 2, PV is contained in the faces

defined by the upper 2-star inequalities introduced in Section 4.12 of the sequel
paper.
Now, we show that (4.16) are facet defining if LFLLJ = {LW > 3 and

Proof. 1f dim(P™)= (})—1, by Theorem 4.4.1 we have LlJ = [i-‘ . Theorem

Fy

(n mod Fy) = Fy — 1. Since dim(P™)= (}) — 1 we can fix g.- = 0 for some
e* € E(V —u). Now, pick four arbitrary nodes v,t,z,y € V — u and an sc-
partition m = (Ny, Na, ..., Ni) (k > 3) such that {u,y} C Ny, {v,t} C Ny,
T € Ng, |N1| = |N2| = FU7 |N3| = FU — 1 and ’Nzl = FU for 1 = 4,...,]€.
Applying Lemma 4.6.2 to 7, we can infer that ¢,; = g, , for all v,t,z € V —u.
Since v, t and z are arbitrary and g.- = 0 for some e¢* € E(V — u), we infer
ge = 0 for e € E(V — u). Switching v and y in 7, we get gun = Gu,y, Which
implies g,, =a € Rforallv e V —u.

Now suppose that Fiy;—Fp, = 1 and consider an sc-partition 7* = (N, N5, . ..

(k > 3) such that {u,y} C Ny, {v,t} C N3, x € Nj, |[Ny| = |[Nj| = Fy =
Fr+1and |N3| = Fy—1 = F. Proceeding in the same manner as we have done
with 7 in the previous paragraph, we can show that (4.16) are facet defining

for P when Fyy — Fy = 1, {%J - [l} >3 and (n mod Fy) > 1. 0

Fy
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Theorem 4.6.7. When dim(P™) = (5) — (n—1), (4.16) are facet defining for
Pl

Proof. When dim(P™)=(})—(n—1), P"(n, Fr, Fy) = P"(n, F, FL)UP"(n, Fy, Fy).
Since P(n, FU,FU) U we have dlm(PU) (5) —n. O

2

4.6.3 Lower Bound Constraints

In this section, we express the conditions that make the strengthened version of
the lower bound constraints (4.1b) facet defining. The proofs of the theorems
(except a part of the proof of Theorem 4.6.9) are not presented because they
are very similar to their counterparts in the previous section.

In this section, we introduce the series ¢¥, which is in a sense the symmetric
of ¢¥ of the previous section. We define ¢F in the following manner:

L . ]
. = N .
wﬂeplu(Ri—l,FL,FU)

where ¢y = F, Ry = n and R; = max{0, R;_; — ¢F}. Similarly, ¢¥ gives the
minimal size the subsets can attain in sc-partitions (i.e., in feasible solutions of
Pl(n, Fr, Fyy)), and, ¢¥ gives the second minimal size the subsets can attain in
sc-partitions, and so on. We can equivalently say that ¢Z is the minimal size the
subsets can attain in feasible solutions of P (n—¢l, Fr, Fy), ¢& is the minimal
size the subsets can attain in feasible solutions of P! (n — ¢f — ¢k, Fy, /), and
so on. Likewise, ¢F for i > 1 will be utilized in Section 4.11.

The following formula, which is symmetric of (4.14), can be employed for
computing the values of ¢X’s:

(biL:mm{ngZHFLSQﬁSFU, {WJ > {RZ%U_C{‘} (4.17)

Note that, for k = LF%J, Ry = 0 and hence, ¢F for i > k is not defined.

Now follows the lemma and the theorems that summarize the main results
of this section regarding the lower bound constraints.

Lemma 4.6.6. If dim(n — ¢¥, Fy, Fy) # ("77) — (n— ¢F), ¢F = Fy.

Theorem 4.6.8. Suppose P™ is full-dimensional and Fy — Fr, > 2. Then,
(4.1b) are facet defining for P if and only if
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(i) dim(P"(n— Fy, Fr, Fy))=("") — (n— F, — 1), o,

2

(i) dim(P"(n — Fr, Fr, Fy))=("3").

2

Theorem 4.6.9. Suppose dim(P™) = () — 1. Then,
w(d(u)) > ¥ -1  YueV (4.18)
are facet defining for P if and only if one of the following hold:

o LFlLJ = [%-‘ > 3 and (n mod Fp) = 1.

o [y —Fp =1, L%J:[%W > 3 and (n mod Fy) < Fy — 1.

Proof. When {F%J {FEU-‘ = 2or (nmod Fy) = Fy — 1, PF = {w €
Pw(d(u)) > ¢b — 1} is contained in the faces defined by the lower 2-star
inequalities in Section 4.11. O]

Theorem 4.6.10. Suppose dim(P™) = (3) — (n —1). Then (4.18) are facet
defining for P™.

Now, we move on to the non-trivial facets of P!: the 2-partition inequali-
ties, the lower and upper general clique inequalities, the cycle inequalities and
the lower and upper 2-star inequalities. As we had already stated, the equi-
partition polytope P (n) and the k-way equi-partition polytope P*~“%(n, k)
are special cases of P™. Certain theorems in the sequel prove for the first time
in the literature that some of the aforementioned valid inequalities are facet
defining for these two polytopes as well. We highlight such results as corollaries
to corresponding theorems.

Recall that we assume Fj, > 3 and n > Fy; in the rest of this chapter.

4.7 2-Partition inequalities

This section is devoted to the 2-partition inequalities, which are defined in the
following manner over two disjoint subsets S and T" of V' (see Figure 4.1 for a
graphical representation):

W(E(S,T)) —w(B(S)) —w(E(T)) < min(|S],|T|)  for S, T C V:SNT = 0.
(4.19)
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92 4 The size-constrained graph partitioning polytope

Figure 4.1: Support graph of an example 2-partition inequality with |S| = 2
and |T| = 3. Numbers on the edges stand for the coefficients of the corre-
sponding partitioning variables.

The 2-partition inequalities are introduced by Grotschel and Wakabayashi
[14] for the clique partitioning polytope P(n) and shown to be facet defining for
this polytope if and only if |S| # |T|. Oosten et al. [26] introduce some general-
izations of these inequalities (the weighted 2-partition inequalities), which are
also facet defining for P(n). Ji and Mitchell [15] and Sgrensen [29] show that
these inequalities are facet defining for P!(n, Fy) and P%(n, F;) as well, respec-
tively. These inequalities are also a special case of the clique-web inequalities,
which are introduced and proved to be facet defining by Deza, Grétschel and
Laurent [9] for the multicut polytope, the complement of P(n).

One special feature of the 2-partition inequalities is their having the triangle
inequalities as special cases: for disjoint S,7° C V with |S| = 1 and |T| = 2,
(4.19) turns into a triangle inequality.

In this section, we denote by Pg r the face defined by a 2-partition inequality
over the sets S and T, i.e.,

Pgr = {w € P"lw(E(S,T)) — w(E(S)) — w(E(T)) = min(|S],|T])} .

Now, in Theorems 4.7.1-4.7.6 we prove several sufficient conditions that make
a 2-partition inequality facet defining for P™. As before, we assume that there
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exists a valid inequality g”w < h such that
Psr C {w € P"|¢g"w = h}.

We will show that g?w = h is a linear combination of the 2-partition inequality
under consideration and the equalities in M (P™), if any.

But, before, in Lemma 4.7.10 we give a characterization of the sc-partitions
that lie on Pgp. This lemma was already proved by Deza, Grotschel and
Laurent [9] for the multicut polytope. We just provide an alternative proof
here.

Lemma 4.7.10. Consider two disjoint subsets S, T C V' and the corresponding
face Psp. Suppose without loss of generality that |S| < |T'|. Then, w™ € Pgr
for an sc-partition m = (N1, No, ..., Ny) if and only if 0 < |[N;NT|—|N;NS| < 1
forallt=1,2,... k.

Proof. Let sT = |N;NS| and tf = |N; NT| for all i =1,2,..., k. Then,
b 57 ¢
w55 1) —wr B —wEm) = 3 (s - () - (7))

Rearranging we get

W™ (B(S,T)) " (E(S)) — " (E(T)) = 3 <<S? ) _2“? - S?V) - (4.20)

=1

Let pf = min{s7,t7} and 0] = [t — sT|. Then, we can rewrite (4.20) as

W (E(S,T)) — w"(B(S)) — w (B(T) = Z (- (%)),

which attains its maximum value |S| if and only if x] = sT and 0 < §7 <1 for
alli=1,2,... k. 0

Theorem 4.7.1. Suppose that Fyy — Fr, > 2. Suppose further that P™ is full-
dimensional and complies with (FD-1). Let S and T be two proper and disjoint
subsets of V' such that |S| < |T| and |V — (SUT)| > 2. Let A = |T|—1S|. Pick
an integer k such that kFp, +1 <n < kFy — 1 (note that such a k exists since
P complies with (FD-1)). The 2-partition inequality (4.19) defined over S
and T is facet defining for P™ if
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o A<k, and,

e there exist an sc-partition m = (N1, Na, ..., Ny) such that Fi, < |N;| < Fy
fori=1k, F, <|N;| < Fy fori=2,....k—1, and

5] < Q'Nl'{ ] 5y Bk Z i VN'T_QD |

=2 i=k—A
(4.21)

Proof. Let L = min{2,|S|}. There exist integer u; (i = 1,...,k) values such
that

(i) pi>0fori=1,...,Land p; >0fori=L+1,... Kk,
(i) iy p = 151,

(ili) 2u1 +1 < |Nq|,

(iv) 2u; < |N;| fori=2,....k — A,

(V) 2ui + 1 <|N;|fori=k—-—A+1,....k—1,

(Vi) 2ug + 2 < | Nyl

Pick 7 in such a way that

o INNNS|=p;fori=12 ...k,

. _ Hi, fori:1727"‘7k_A’
° |NlﬂT|—{ N2+17 forz:k'—A—i—l,,k

By Lemma 4.7.10, w™ € Psp. The conditions on p; and py imply Ny —
(SUT) # 0 and N, — (SUT) # 0. Pick arbitrarily v € Ny — (SUT) and
ve N, —(SUT). From Lemma 4.6.1, we infer g, , = 0, which leads to g. =0
for all e € E(V — (S UT)) due to arbitrariness of v and v. We can apply
Lemma 4.6.1 also to an arbitrary s € Ny NS and v to infer g, = 0, which
generalizes into g. = 0 for all e € E(S,V — (SNT)).

Moving u from N; to Ny yields

gu, NyNT) =g(u, N,NT). (4.22)

Aykut (")zsoy, Ph. D. thesis



4.7 2-Partition inequalities 95

Due to Lemma 4.6.4, (4.22) implies that g, = guu for all #/,¢” € T, which
generalizes into go = a € R for all e € E(T,V — (SUT)). Then, (4.22) is
equivalent to

piee = (pu + 1)a. (4.23)

Now, obtain another sc-partition 7* = (Ny,..., N}) from 7 by shifting an
arbitrary t* € N NT from Ny to N;. Shifting u from N to N}, we get

glu, Ny NT) =g(u, N; N'T),

which is equivalent to (1 + 1)a = pra. Solving this equation and (4.23)
simultaneously yields a = 0.
Now, pick an arbitrary ' € N, N'T and shift it from N, to Ny in 7 to get

gt Ne N (T =) +g{t',N.NS)=g(t',N\yNT)+g(t',NyNS). (4.24)

Claim 1: Equation (4.24) implies that go = —g. = f € R for all ¢’ € E(T) and
ee€ E(S,T).

Proof: When p; = 1 and py = 0, the result is trivial. When p; > 1 or py > 0,
condition 1 on p; values allows us to apply Lemma 4.6.4 twice and conclude
that g« = f € Rfor all ¢ € E(T) and g, =« for all e € E(S,T). Then (4.24)
can be rewritten as

(ks — m)(B+7) =0. (4.25)
If py, = 0 or py, # pa, (4.25) implies § = — since y; > 0. Suppose piy = 11 > 0.
We obtain a new sc-partition 7 = (Ny, ..., Ng) from 7 in the following way:

o If [N — (SUT)| > 2, pick {u,z} C Ny — (SUT) arbitrarily. Obtain 7 by
switching {u,z} in Ny and {3,%} in N, where § € N;NS and € N, NT.

o If [N, —(SUT)| =1 (ie., |Ni| =2u1 +1), we have |[N;|+1 < |Ni|. This
implies that |N;| < Fy — 1 and |Ng| > F, + 1 (by conditions 3 and 6).
Obtain 7 by switching v in N; and {5} in Ny.

In either case, shifting ¢’ from N, to Ny yields (pu — 1 —2)(847) = 0. Solving
this and (4.25) simultaneously, we get 5 = —~. This completes the proof of
the claim.

Claim 2: g. = ( for all e € E(S).
Proof: Shift s from Ny to N in 7 to get

9(s;, Ni N (S = 5)) — B = g(s, N, N S) = (i + 1) (4.26)
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We investigate two cases:

Case 1: k > 3 and pup > 0. If £ > 3 and pup > 0, due to Lemma 4.6.4 and
the assumption that ps > 0, equation (4.26) implies that g5 = 6 € R for all
s' € S —s. Then (4.26) turns into

(11— e — 1)(6— B) = 0. (4.27)

If w3 # pp + 1, then we infer & = 3. Suppose pu; = pr + 1. Consider the
sc-partition 7 obtained above in the proof of Claim 1. Shifting s from N to
Ny, in 7 gives (p1 — g +1)(8 — B) = 0. Solving this simultaneously with (4.27)
yields 8 = (.
Case 2: k > 3 and pur = 0. We know from condition 1 that us > 0 if
|S| > 2. We can always obtain a new sc-partition # = (Ny, N, ..., Ni) from
7 by switching {3,} € Ny and {y,2} € N, — (SUT), where § € N, N S and
t € NyNT. Now, we can proceed in the same manner as we have done for
Case 1 to show that g. = —f for all e € E(S5).

Case 3: k = 2. Consider the partition 7 obtained as in the proof of Claim
1. Shifting s from Ny to N, in 7 yields

g(s, NN (S =38))+gss — (1 +1)B=g(s,NaNS) — gs5 — 2. (4.28)

Due to symmetry, equations (4.26) and (4.28) imply g. = (3 for all e € E(S5).
This completes the proof of the claim and the theorem. O

When

S| < QFL; QJ +A {FL;lJ +(k—A—1) {%D , (4.29)

this theorem proves that P is a facet.

On the other hand, when |S| violates (4.29), it is not a trivial task to check
if there exists an sc-partition that satisfies (4.21). For this case, we introduce
a very simple polynomial algorithm to check existence of such an sc-partition.

Let m = (Ny,..., Ni) be an sc-partition such that

Fr < |Nz| < Fy for i = 1,]6, (430)
FL<|N|<Fy fori=2,... k-1 (4.31)
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Let
( %J fori=landi=k—A+1,. .. k—1,
n(m =< |51, fori=2,.. k-4, (4.32)
| |22, fori=k,

If S 7, >|S| for , this means P is a facet.

The aim of our algorithm is to construct an sc-partition 7 that is in accor-
dance with (4.30) and (4.31) and that maximizes Zle 7;(m). Clearly, 7;(m)’s
depend only on the subclique sizes |Nil,...,|Ng| of m. Hence, the aim of
our algorithm is essentially to construct valid subclique sizes (i.e., |V;|’s for
i=1,...,k) in accordance with (4.30) and (4.31) such that S5 | 7;() is max-
imized.

Initially in the algorithm, we put F7, nodes in each of the k subcliques
of m (i.e., we assign |N;| = Fp, for ¢ = 1,... k) and distribute the remaining
r = n—kF, nodes over these subcliques. During the course of this construction,
we make use of a concept which we call the growth potential. We define the
growth potential corresponding to a subclique ¢ as the increase in the value of
7;(m) induced by unit increase in the value of |V;|. For example, when |N;| = 8,
71(m) = 3. If we add 1 to |Ny|, 71 (7) increases to 4. Hence, when |N;| = 8 we
say that the growth potential of subclique N; is 1. By definition, the growth
potential can only take on 0-1 values. We denote the growth potential of a
subclique N; by ¥(|V;]), where

(Vi) = (14 |N;]) mod 2), fori=1landi=k—A+1,...,k—1.
e (|N;] mod 2), fori=2,....,k— A andi=k.

Besides, we use the following constants for denoting the maximum allowed
subclique sizes as implied by (4.30) and (4.31):

) Fy—1, fori=1k;
Xi = Fy, fori=2,...,k—1.
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The algorithm is based on the following four index sets A, ), S and U:

A = i 9(INi]) = L |INi| < xi},

Y = {i:¢(Ni]) =0, |Ni| <xi — 1},
S = {i:p(INi]) =0,[Ni| = xi — 1},
U = {i:|NJ|=xi}

Note that, no matter what the values of |V;|’s are, we always have
AuYyusSuu =A{1,...,k}.

For a subclique j € A, increasing |N;| by one makes j leave A and move into
one of Y, S or Y. If j € Y and if we increase |N;| by one, j leaves ) and moves
into A. Clearly, if j € S and we increase |N;| by one, j shifts into ¢. And, we
can not increase |N;| by one for a subclique N; with j € U.

Among these four sets, A retains a special feature in that if j € A and
we increase |N;| by one, 7;(m) increases by 1, too. This is not the case for
j € YUSUU. For this reason, in order to obtain an increase in Zle Ti, We
need to add nodes to subcliques with indices in A. This is the basic logic we
use in the algorithm, which we present below:

Algorithm:

Input: n, k,|S|, A;

Output: Valid subclique sizes |Ni|,...,|Ny| in accordance with (4.30) and (4.31) and that
maximizes Zle T4

Variable: integer r;

Constants: x; for i = 1,...,k as defined above;

Functions: (|N;|) for i = 1,...,k as defined above;

Initialization: |N;| = Fp fori=1,... k;r=n — kFy;

Step 1: For all j € A do |N;| = |N;| 4+ min(1,7) and r = r — min(1,r);
Step 2: Pick a j € Y do |N;| = |N,;| +min(1,r) and r = r — min(1, r);
Step 3: If (AUY # () then go to Step 1, else go to Step 4.

Step 4: For all j € S do |N;| = [N;| 4+ min(1,7) and r = r — min(1,r);
Return: |N;| values fori=1,... k.

In Step 1 we add one node to each of the subcliques whose indices belong to
A. For each node added, Zle 7;(m) increases by 1. Once Step 1 is completed,
growth potentials of all the subcliques are 0 (i.e., A is empty and we can not
induce an increase in Y 7;(7) by adding a node to a subclique). At this
point, the best action to be taken would be to move a subclique into A. This
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is exactly what Step 2 carries out by adding one node to a subclique in Y. In
Step 3, we check if there remains any subcliques in AU Y (i.e., if there remains
any subcliques with growth potential equal to 1, or, whose growth potential
would be equal to 1 when size is increased by 1). If there are any, we return
to Step 1 and continue in the same manner. If there are not any, we can infer
that {1,...,k} = SUU and we can put the remaining r nodes we have into
the subcliques in S only. Step 4 carries out this terminating task.

We plug the |V;|’s returned by the algorithm into (4.32) to obtain 7;(7)’s.
As we have mentioned above, if 2% | 7;(7) > |S|, then we conclude that Py
is a facet.

Now, we continue with the other theorems of this section.

Theorem 4.7.2. Suppose that P is full-dimensional and complies with (FD-
2). Let S and T be two proper and disjoint subsets of V' such that |S| < |T.

Let A = |T| —|S] and k = LFLLJ The 2-partition inequality (4.19) is facet

defining for P if A <k —1 and

15| < (A+1) {FL — IJ (k—A—2) V;LJ (4.33)

Proof. Let L = min{2,|S|}. By (4.33), there exist integer p; (1 =1,...,k—1)
values such that
(i) g >0fori=1,..., L, u; >0fori=L+1,....k—1,
(i) S e = 181,
(iii) 2u1 +2 < Fp +1,
(iv) 2u; < Fpfori=2,...,k—A—1,
(V) 2ui+1 < Fpfori=k—A,....;k—1.
Pick an sc-partition m = (N, N, ..., Ni) such that
o |[Ni|=Fp+1and |N;|=Fpfori=2,...k,
o INNNS|=p;fori=1,2,...)k—1,

Wi, fori=1,2 ... k—A—-1,
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By Lemma 4.7.10, w™ € Pgr. Conditions on p; imply that [Ny — (SUT)| > 2.
Pick arbitrarily u,v € Ny — (SUT) and x € Ny — (SUT). We can apply
Lemma 4.6.2 to infer g,, = ¢y, which generalizes into g = a € R for all
ec E(V—-(SuUT).

Moving u from Nj to Nj_; in 7 gives

gu,NynNS) + glu,NyNT)+g(u, Ny — (SUT Uu)) = (4.34)
g(u, Nk—l N S) + g(u, Nk—l N T) + g(u, Nk—l - (S U T))

Applying Lemma 4.6.4 to this equation, one can infer that g, = S forallt € T
and g, s =7 for all s € S. This turns (4.34) into

(k-1 — m)(y+ B —2a) =a - p. (4.35)

Now, obtain another sc-partition © = (Nl,Ng, cee Nk) from 7 by switching
ve N —(SUTUw) and t € Np_1 NT. Moving u from Ny to Ni_; yields

(g1 — ) (v + B —2a) =B —q, (4.36)
which, together with the former equation, implies
e a=f=nif p1 # pp—1, and,
o a=fif py = g1

If 41y = pg—1, move u from N; to Ny in 7 to obtain uy(8 + v) = 2u;a, which
obviously leads to v = «.

Next, we obtain a new sc-partition 7* = (Nf,N3,...,N;_ ;) from 7= by
removing subclique N, by distributing its nodes over the other subcliques.
Comparing ¢7w™ = h with g"w™ = h, we obtain & = 8 = v = 0.

Now, shifting ¢t € Ny N T from N; to Ny_; in 7 yields

g(t, Ny S) + g(t, Ny N (T — 1)) = g(t, N1 N S) + g(t, Np_1 NT).  (4.37)

Applying Lemma 4.6.4 to this equation and generalizing, we get g. = 0 € R for
all e € E(S,T) and g. = w € R for all e € E(T). But, then (4.37) turns into
(1 — pg—1)(0 +w) = 0, which immediately implies that o = —w if py # pg—1.
If py = pg_1, one can shift ¢ from N; to N, to get pi(o + w) = 0, which

immediately implies that ¢ = —w since puy > 0.
Finally, we show g, = —o for all e € E(S). It is always possible to obtain
a new sc-partition 7’ = (Nj,..., N;) by rearranging 7 such that

Aykut (")zsoy, Ph. D. thesis



4.7 2-Partition inequalities 101

o INJNS|=2if |S|=2;
e [INJNS|>2and |N;NS|>0if |S| > 3.
Let pf = |N{N S| and pj,_, = |N,_,; NS|. Shifting s € N{N S from N to N|_,
in 7’ yields
g(s, Ny N (S = s)) + (p1)o = g(s, Npy 0S) + (i + 1o

If |S| = 2 this equation already implies g. = —o for e € E(S). If |S| > 3, one
can apply Lemma 4.6.4 to infer that g. = —o for all e € E(S5). O

Theorem 4.7.3. Suppose that Fyy — Fy, > 2. Suppose further that P™ is full-
dimensional and complies with (FD-3) or (FD-4). Let S and T be two proper

and disjoint subsets of V' such that |S| < |T|. Let A = |T|—|S| and k = L%W :
The 2-partition inequality (4.19) is facet defining for P if A < k and

15| < (k—A) {%J +A{FL2_1J —1.

Proof. The proof is very similar to the proof of Theorem 4.7.2. [

Remark:

e When P™ complies with (FD-1), the triangle inequalities (i.e., |S| =1
and |T'| = 2) are facet defining if LFLLJ > 2 (ie., n>2F, +2).

e When P complies with (FD-2), the triangle inequalities are facet defin-
ing if LFLJ >3 (ie., n > 3F, +1).

e When P complies with (FD-3) or (FD-4), the triangle inequalities are
facet defining if {%J >3 (ie., n > 3F, + 1 for (FD-3) and n > 3F}, for
(FD-4)).

Theorem 4.7.4. Suppose that dim(P™) = (3) —1. Let S and T be two proper
and disjoint subsets of V' such that |S| < |T|. Let A =|T| —|S| and

{F%J , if (n mod Fr) =1,
E—
{lw , if (n mod Fy) = Fy — 1,

Fy
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The 2-partition inequality (4.19) is facet defining for P if A < k and

AE ]+ (k—A-1) | 2] + |52 if (n mod Fr) =1,

2

5] <

L5524 (k= A= ) [%] + (A~ )55+ [ 552] o (0 mod Fy) = Fy— 1.
(4.38)

Proof. Let L = min{2,|S|}. By (4.38), there exist integer u; (i = 1,...,k)
values such that

(i) pp>0fori=1,..., L, u; >0fori=L+1,... k,

(i) 3¢y mi =151,
Fr+1, if (n mod Fp) =1,
<

Fr, if (n mod Fp) =1,

(iv) 2M§{FU, if (n mod Fy) — Fy — 1: fori=2,...,k— A,

FL, if (n mod FL) = 1,

(v) 2M+1§{FU, if (n mod Fyy) = Fiy — 1 fori=k—A+1,...,k—1,

. Fp, if (nmod Fp) =1,

Using the fact that dim(P™) = (}) — 1, we assign g~ = 0 for some e* €

E(V —(SUT)). Pick an sc-partition m = (N, Na, ..., Ni) with
o |[Ni|=Fp+1land |N;| = Fpfori=2,...,kif (n mod Fr) =1,
o |[N;|=Fyfori=1,...,k—1and|Ny| = Fy—1if (n mod Fy) = Fy —1,

o [INNS|=p;fori=1,2,... k,

. — i, fOI"i:l,Q,...,k_A,
.|NZmT|_{MZ+17 fOTZ:k_A+177k

By Lemma 4.7.10, w™ € Psp. Values of p; and gy, allow us to apply Lemma
4.6.2 to infer g. = a € Rforall e € E(V — (SUT)). But, then g.- = 0 implies
a=0.
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Moving u € Ny — (SUT) from N; to Ny in 7, and proceeding in the same
way as for (4.34) in the proof of Theorem 4.7.2; one can show that g. = 8 € R
foralle e E(T,V —(SUT)) and g =y € Rforall e € E(S,V — (SUT)).

Moreover, continuing in the same manner, one can obtain

(= )y + B8 —2a) = a—p, (4.39)
(s —pm)(y+B8—-2a) = B—a (4.40)

which are essentially very similar to (4.35) and (4.36). These two equalities

imply 3 = a = 0. Now, we obtain a new sc-partition 7 = (N, ..., N) from 7

by switching v € Ny — (SUT) and s € Ny N.S. Moving u € Ny — (SUT) to

N, in 7 yields (g — p1 + 2)y = 0, which, together with (4.40) implies v = 0.
Switching u € Ny — (SUT) and t € Ny NT in 7 yields

gt, N\yNS)+g(t, NyNT)=g(t, NeNS) + g(t, N, N (T —1t)). (4.41)

From Lemma 4.6.4, one can infer that g. = o for all e € E(S,T) and g, = w
for all e € E(T). This turns (4.41) into (u1 — px)(0 +w) = 0. If py # g, then

we have 0 = —w. Suppose p; = pg. Due to restrictions on the values of p; and
i, when g = ug, we have [Ny — (SUT)| > 3. Pick {v,2} € Ny — (SUT Uuw)
and obtain a new sc-partition T = (N, ..., Ni) from 7 by switching {v, 2} and

{75\,2?} C N, where $€ N,NS and t € N, N (T —t). Switching v and ¢ in 7
yields (pu1 — px + 2)(0 + w) = 0, which leads to 0 = —w.

We can show that g. = —o for all e € E(S) just like we do in the proof of
Theorem 4.7.2. [

According to this theorem, the triangle inequalities are always facet defining
for P! when its dimension is (g’) — 1.

Another very important result of Theorem 4.7.4 is that the 2-partition
inequalities are facet defining for the equi-partition polytope P (n) when
n is odd and certain other conditions are satisfied. We highlight this result,
which is new to the literature, by means of the following corollary.

Corollary 4.7.1. Consider the equi-partition polytope P (n) where n = 2p+
1 (i.e., nis odd). Let S and T be two disjoint subsets of V' such that |T| = |S|+1

and | )
b - b—-
< | — — .

Then, the 2-partition inequality (4.19) is facet defining for P1%(n).
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This corollary shows in particular that the triangle inequalities are facet
defining for P®"*(n) when n is odd.

Theorem 4.7.5. Suppose that F;, > 4. Suppose further that dim(P™) =
(g) —(n—=1). Let S and T be two proper and disjoint subsets of V' such that
S| < [T'|. Let A=|T|—|S| and k = 7. The 2-partition inequality (4.19) is

facet defining for P if A <k —1 and

(4.42)

|5|§2LFL2_2J+(k—A—2) L%J F (A1) LFL—lJ

Proof. Let L = min{2,|S|}. There exist integer p; (i = 1,...,k — 1) values
such that

(i) gy >0fori=1,...,L,u; >0fori=L+1,....k—1,

(i) 3¢ mi =151,

(ifi) 241 +2 < Fy,

(iv) 2u; < Fpfori=2,....k— A —1,

(V) 2us+1 < Fpfori=k—A,...;k—2,

(Vi) 2pp1+2 < Fy.
By part (iii) of Theorem 4.4.2, we know (k — 1)Fy = kFp, where k = &~ =
7o +1. Let m = (N1, N, ..., Ni) be an sc-partition with [N;| = F}, for ¢ =
1,2,..., k. Suppose the following conditions hold for 7:

o INNNS|=p;fori=1,2...k—1,

A - /'Li7 for'i:1727"'7k_A_1’
L |szT|_{ i + 1, fori=k—A,...,k—1.

By Lemma 4.7.10, w™ € Pgr.
Without loss of generality, suppose n ¢ S UT. Consider the set of edges
Q= {{1,n},{2,n},...,{n — 1,n}}. Recall the hyperplanes Hy, Hs, ..., H, 4
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we considered belonging to M (P™) in Theorem 4.6.3. The coefficients in the

equations representing Hy, ..., H,_ 1 of the edges in ) are as follows:
{lan} {Qan} {S,TL} {TL—Q,’I’L} {n—l,n}
1 —1 0 0 0
0 1 —1 0 0
0 0 1 0 0
0 0 0 1 -1
[ S R T -1 0 |

This matrix is non-singular. Hence, set g. = 0 for all e € Q.

Suppose that n € Ny in 7. Pickuw € Ny —(SUT) and {z,y} C N} arbitrarily
(note that NN (SUT) = 0). By Lemma 4.6.3, we have ¢, + 9oy = Gnz + Guy-
Since we have already set g,, = gn, = 0, this implies ¢g,, = guy, Which
generalizes into g. = a € R for alle € E(V — (SUT Un).

Now, pick an sc-partition 7! = (N{, Nj,..., N}) such that n € N}, u €
N! —(SUT), IN'nS|=|N;nS|and [N} NT| =|N;,NT| fori=1,2,... k.
Switching n and u in 7! gives

g(u, N} N.S) + g(u, N[ NT) + a(Fr, — 2py — 1) = a(Fy, — 1), (4.43)

Applying Lemma 4.6.4, we infer that g = f € Rforalle € E(V — (SUT),T)
and go =7 € Rforallee E(V - (SUT),S). Then (4.43) turns into

B+ =2a. (4.44)

Now, consider the sc-partition 72 = (N7, ..., NZ) obtained from 7! by switch-
ingt € N}_;NT and x € N} — (SUT). Switching v and n in 72 yields

(Fr, =2 — Va4 B+ iy = (Fr — 2)a + B.

Comparing this equation with (4.44) yields f = v = «a.
Now, consider the sc-partition 7* obtained from 7 by distributing N over
the other subsets. Comparing g7 w™ = h with g?w™ = h givesa = 8 =~ = 0.
Now, switching ¢t € N1 NT and u € Ny — (SUT) in 7 gives

gt, NynNS)+g(t, NyNT)=g(t,Np_1NS) 4+ g(t, Ny.1 N (T —t)). (4.45)

This equality and Lemma 4.6.4 leads us to g. = 0 € R for all e € E(S,T') and
ge =w € Rfor all e € E(T'). Then, (4.45) turns into

(1 — pg—1)(0 +w) = 0. (4.46)
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If p17 # pg_q then we have 0 = —w. Suppose pu; = pr_1. Then, obtain a new
sc-partition 7' = (Nj,..., N]) by switching {z,y} C Ny and {s',t'} C Ny,
in 7 where s’ € Ny_y NS and ¢’ € Ny_; NT. Switching t € N,_, NT and
u € Ny —(SUT) yields (u1 — pg—1+1)(0 +w) = 0, which, together with (4.46)
implies 0 = —w.

Finally, we show that g. = —o for all e € E(S). Pick an sc-partition
T = (Nl, e Nk) where n € N,_; and

o [IN\NS|=2if |S] =2,
o [N;NS|>2and [Ny S| > 0if |S| > 3.

Note that, we can always find such an sc-partition 7. Switching s € Ny N S
and n in 7 yields

g(s,Ny N (S —5))+g(s, NyNT) = g(s, No_1 N S) + g(s, Np_1 N T).
Applying Lemma 4.6.4 to this equality yields g. = —o for all e € E(S5). ]

Remark: When dim(P™) = () — (n— 1), the triangle inequalities are facet
defining for P™ if n > 3F7.

Theorem 4.7.6. Suppose Fj, > 4. Suppose also that dim(P™) = (}) — n.
Let S and T be two proper and disjoint subsets of V' such that |S| < |T|. Let
A =|T|—|S| and k = 3 where
o Fr, if (n mod Fr) =0,
| Fu, if (n mod Fy) =0.

The 2-partition inequality (4.19) is facet defining for P if A < k and

S| < (k—A—1) EJHA_n {%J%F;zh {F;?’J (4.47)

Proof. Let L = min{2,|S|}. There exist integer u; (i = 1,...,k) values such
that

(i) g >0fori=1,..., L, u; >0fori=L+1,... k,

.. k

(i) >y mi =151,

(iii) 2u1 +2 < F,
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(iv) 2u; < Ffori=2,... k— A,
(V) 2u+1< Ffori=k—A+1,....;k—1,
(vi) 2ux +3 < F.

Without loss of generality, assume that {n,n—1,n—2} C V—(SUT). Let
Q={{1,n},{2,n}, ..., {n—1,n},{n —2,n—1}}. When dim(P"™) = () —n,
M (P™) consists of hyperplanes Hi, ..., H, where H, is defined as

w(d(u)) =F —1.

The columns of the edges belonging to () in the equalities corresponding to
Hy, ..., H, are as follows:

{L,n} {2,n} {3,n} ... {n-2,n} {n-1,n} {n—-2,n-1}
[ 1 0 0 0 0 0]

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 1

0 0 0 0 1 1

1 1 1 1 1 0 |

This matrix is non-singular. Hence, we set g. = 0 for all e € Q.
Pick an sc-partition m = (Ny, ..., Ni) such that

o INNNS|=p;fori=1,2,... k,

. B Mi? fori:l,?,...,k_A7
° |NzﬂT|—{ wi+1, fori=k—A+1,... k

.TLENl.

By Lemma 4.7.10, w™ € Ps .

Pick arbitrarily u € Ny — (SUT) and {x,y} C N, — (SUT). Lemma 4.6.3
implies that gun + gzy = Guy + gne. Since {u,n} and {n,z} are in Q, we infer
92y = Guy, Which generalizes into g. = 0 for all e € E(V — (SUT Un)) since
we have already set g,,—2,-1 = 0.

Now, switch z and n in 7 to obtain

g, NynNS)+g(x, NyNT) = g(xz, N, N S) + g(x, NyNT). (4.48)
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Lemma 4.6.4 implies that g = f € R for all e € E(T,V — (SUT)) and
ge=7v€Rforalleec E(S,V — (SUT)). Then, (4.48) turns into

(e = p1 +1)B + (e — pa)y = 0. (4.49)

Now, we obtain a new sc-partition 7' = (N},..., N!) from 7 by switching
te N,NT and u € Ny — (SUT). Switching x and n in 7! yields

(e — pr — 1)B + (pxe — 1)y = 0.

Solving this equation simultaneously with (4.49) gives 5 = 0. Now, obtain yet
another sc-partition 72 = (NZ,..., N?) from 7 by switching s € N; NS and
y € N, — (SUT). Switching z and n in 7% yields

(e — 1 +2)y =0,

which, when compared with (4.49), implies v = 0.
Switching t € NyNT and u € Ny — (SUT) in 7 gives

gt, NynNS)+g(t, NyNT) =g(t, Ny, N S) + g(t, N, N (T —1)). (4.50)

Again, applying Lemma 4.6.4, we infer g. = o for all e € E(S,T) and g, = w
for all e € E(T). Then, (4.50) can be rewritten as

(g — 1) (0 +w) =0. (4.51)

If pp # p1, we have 0 = —w. Suppose ui = pp. Obtain a new sc-partition
7 = (Ny,..., N}) by switching {s*,t*} C Ny and {z,y} C Ny—(SNT), where
s* € Nyn S and t* € NyNT. Switching t € NyNT and uw € Ny — (SUT)
yields

(e =y +2)(0 +w) =0,

which implies w = —o. In a very similar manner, one can also show that
ge = —o for all e € E(S). O

This theorem suggests that, under certain conditions, the 2-partition in-
equalities and in particular the triangle inequalities are facet defining for the
equi-partition polytope P (n) for even n, and the k-way equi-partition poly-
tope (k > 3). We highlight these two important results in the following corol-
laries. To our knowledge, these results as well are new to the literature.
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Corollary 4.7.2. Consider the equi-partition polytope P (n) where n = 2p
(i.e., n is even). Let S and T be two disjoint and proper subsets of V' such that

|T| =S| +1 and
p—2 p—3
<[22 a——
o= |57+ [

Then, the 2-partition inequality (4.19) is facet defining for P (n).

Corollary 4.7.3. Consider the k-way equi-partition polytope P*~%% (n, k) where
k>3 andn =kF. Let S and T be two disjoint and proper subsets of V' such
that A =|T| —|S| < k and (4.47) is satisfied. Then, the 2-partition inequality
(4.19) is facet defining for P*=v%(n k).

4.8 The lower general clique inequalities

Let @ be, throughout this section, a subset of V' such that |Q| > LF%J and

(\Q! mod L%J) # 0. Likewise, let k, r, p and ¢ be defined, throughout this
section, in the following manner:

ck=[a]

e r=nmod Fy,ie,n=kF,+r,

p= L%J (p > 1 always due to choice of |@)]), and,

g = (]Q] mod k) (¢ > 0 always due to choice of |Q]).

Consider the following inequality:

w(E@) = k-0 (5) +a("3 ). (4.52)

These inequalities are first introduced by Chopra and Rao [5] for a graph
partitioning problem. Chopra and Rao call these inequalities ‘the general clique
inequalities’. But in this context, we prefer using the term ‘the lower general
clique inequalities’ because in Section 4.9 we introduce another set of valid
inequalities, ‘the upper general clique inequalities’, which have the same left
hand side as and the opposite sense of (4.52).
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Chopra and Rao [5] introduce these inequalities for the polytope corre-
sponding to the problem of partitioning G into at most [ subcliques without
any size restrictions, i.e., they deal with the following polytope:

conv{w™|m = (Ny,...,N), | <1,1 <|N;| <nmfori=1,...,1}.

Obviously, when [ = k, P™ is a subset of this polytope. And, this means that
(4.52) is valid for P™ as well.

Ji and Mitchell [15] prove the conditions for these inequalities to be facet
defining for P!(n, F1). Theorems (4.8.1)-(4.8.3) of this section are devoted to
proving the conditions that make (4.52) facet defining for P!*. We denote by
Py the face defined by a lower general clique inequality written for a subset @,

ie., o {w € Plw(E(Q)) = (k — q) (g) + q<pJ2r 1) } '

As usual, we assume that there exists a valid inequality g”w = h such that
Py C {w € P"|g"w = h}.

We aim to show that g”w = h can be written as a linear combination of (4.52)
and the hyperplane equations in M (P™), if any. Before moving on to the
theorems, we give a simple characterization of Py in the following lemma.

Lemma 4.8.1. For any sc-partition @ = (Ny,...,N;), w™ € Py if and only if
(1) L=k,
(ii) [{i - INi 0 Q| = p}| =k —q, and,

(iii) [{i:|NiNQ[=p+1} =q.

Proof. Sufficiency is obvious. We prove necessity. Note that any sc-partition
7* that minimizes w™(F(Q)) necessarily has k subcliques, because, minimizing
w™(E(Q)) requires that the nodes of @ be dispersed to the maximal number
of subcliques.

Secondly, for 7! = (N}, ..., N}) with w™ € Pg, we necessarily have

IN NQI—IN/nQ|| <1 Vi,j=1,... k. (4.53)

To see this, suppose that [N N Q| — [Nj. N Q| > 2 for some 7* and j*. Now,
obtain another sc-partition 72 = (N7, ..., N?) from 7! by switching z € NANQ
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and y € Nj. — Q. Clearly, w™ (E(Q)) > w™ (E(Q)). This contradicts the
assumption that w™ minimizes w™(E(Q)).

The conditions 2 and 3 follow from (4.53) and the fact that any 7w with
w™ € Py has k subcliques. O

Theorem 4.8.1. Suppose that the polytope P™ is full-dimensional and suppose
Fy — Fp, > 2.

(i) When r =0, (4.52) is valid for P™, but not facet-defining.
(ii) When r =1, (4.52) is facet-defining for P if and only if Q =V .
(iii) When r > 1, (4.52) is facet-defining for P™.
Proof. (i) When r =0,
Py € {w € P"w(d(u)) = Fy — 1}
for any u € V.

(ii) When r = 1, note that, all sc-partitions with & subcliques in P! are
composed of k — 1 subcliques with size F, and one subclique with size
Fr+1.

We first show that g. = a € R for all e € E(Q). Pick arbitrarily three
nodes u,v,z € (. Pick an sc-partition m = (Ny, Na, ..., Ni) such that
w™ € Py, {u,v} C Ny, x C Ny, [Ny| = Fr+1, |N;| = F fori=2,...,k,
INyN Q| =p+1and [Ny N Q| = p. Applying Lemma 4.6.2 to 7 yields
Gup = Guz- Olnce u, v and x are arbitrary, we have g. = o € R for all
e € E(Q).

Secondly, we show that g. = 8 € R for all e € E— E(Q). Pick arbitrarily
u € Q, v,x ¢ Q. Pick an sc-partition m = (Ny, No, ..., Ni) such that
w™ € Py, {u,v} C N1, x € Ny, |[Ny| = F+ 1, |N;| = Fp fori=2,... k,
INyN Q| =p+1and |[NoNQ| = p. Using Lemma 4.6.2, one can show
vz = Guu = Gux = B € R. Arbitrariness of u, v and x implies g, = 3 for
alle € £ — E(Q).

We infer that
Py € {w € P"aw(E(Q)) + fw(E - E(Q)) = C}

for some constants a, 3 and C. Then, (4.52) is facet defining for P™ if
and only if Q = V.
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(iii)) When r > 1, we know from Theorem 4.5.1 that, all the sc-partitions with
k subcliques are 2-loose sc-partitions (note that Fyy — F, > 2). We first
show that g. = 0 for all e € E(Q,V —@Q). Pick two arbitrary nodes u € Q)
and v ¢ Q. Pick a 2-loose sc-partition 7 = (Ny, Na, ..., Ni) such that
w™ € Py, Fr, < |Ny| < Fy, F, < |Na| < Fy, u € Ny, v € Ny, INTNQ| =
p+1and [Ny N Q| = p. Using Lemma 4.6.1, we get g(u,v) = 0. Since u
and v are picked arbitrarily, we can infer g. = 0 for all e € E(Q,V — Q).

Now, picking the same sc-partition 7 and two arbitrary nodes x € Ny —Q
and y € Ny—@Q, and applying Lemma 4.6.1, one can infer that g(x,y) = 0,
ie., go=0for all e € E(V — Q) since x and y are arbitrary.

Finally, pick three nodes u,v,x € (). Consider the sc-partition 7 =
(Nl,Ng, ce ,Nk) such that w™ € PQ, u € Ni,v,x € Ny, F < |N1’ < Fy,
Fp, < |Ng| < Fy, INtN Q| =pand [NoNQ| = p+ 1. Applying Lemma
4.4.2 to 7, u, v and x by setting P to Py, one can infer that g. = a € R
for all e € E(Q).

m

Theorem 4.8.2. If dim(P™) = (g) — 1, the lower general clique inequality
(4.52) is facet defining for P™.

Proof. Using dim(P™) = (}) — 1, we set g, = 0 for one ¢ € E — E(Q).

Proceeding like in the proof of part 2 in Theorem 4.8.1, we show g, = (8 for all
e € F—E(Q) and g. = a for all e € E(Q). But, g, = 0 implies 5 = 0. O

Note that, Theorem 4.8.2 proves as well that (4.52) is facet defining for
Peavi(n). This result is already proved by Chopra and Rao [5]. Theorem 4.8.2
proposes just an alternative proof for this result.

Proposition 4.8.1. Suppose dim(P™) = (3) — (n — 1). The general clique

inequality (4.52) is not facet defining for P™.
Proof. In this case,
Py C {w € P"|w(é(u)) = Fp, — 1}
for any u € V. O

Theorem 4.8.3. Suppose dim(P") = () —n. Let

o Fr, if (n mod Fr) =0,
| Fu, if (n mod Fy) =0.
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The lower general clique inequality (4.52) is facet defining for P if and only
ifp< FF—1.

Proof. First note that, when p = F — 1, n — |Q| = k — ¢. In any 7 such that
w™ € P, the nodes in V — ) would be dispersed among k — ¢ subcliques.
Hence,

Py C {w € P"|w,, = 0}

for all u,v € V — Q. Suppose p < F' — 1. Without loss of generality, let
Q={12,...,|Q|} and V — Q = {|Q| + 1,...,n}. Consider the set S =
{{1,n},{2,n},...,{n — 1,n},{1,n — 1}}. We know that M (P™) consists of
the hyperplanes Hy, ..., H, where H, is represented by the equation

w(d(u)) =F —1.

In the following matrix, the coefficients of the edges belonging to S in the
equations representing H; to H, are displayed:

{1,71} {2,’/7,} {3,71} {TL*Q,TL} {nf lan} {lanf 1}
Hy — [ 1 0 0 0 0 1]
Hy — 0 1 0 0 0 0
Hy — 0 0 1 0 0 0
H, s — 0 0 0 1 0 0
H, 1— 0 0 0 0 1 1
H,— |1 1 1 1 1 0 |

This matrix is non-singular. With reference to Theorem 3.6 in Section 1.4.3 of
[24], we use this fact to set g. = 0 for all e € S.

Now, pick an arbitrary node u € @ and an sc-partition 7 = (Ny,..., Ny)
such that w™ € Py. Suppose that u € Ny, n € Ny, [NyN Q| = p+ 1 and
|No N Q| = p. Switching u and n, we get

g(u, (NI_U)QQ)JFQ(U? (Nl_u)_Q> - g(ua (N2_n>mQ)+g(uv (NQ—n)_Q)'

Applying Lemma 4.6.4 to this equation yields g. = a € R for e € F(Q) and
ge = B for e € E(Q,(V —n) — Q). But, then since we have already fixed
g1n—1 = 0, we immediately have 5 = 0.

Now, pick an arbitrary node x € (V —n) — Q. Pick an sc-partition 7* =
(Ny,...,N}) such that w™ € Py, x € Nf, n € Nj, INyN Q| = p+ 1 and
|No N Q| = p. Switching = and n yields

g(z, (NY —x) = Q) = g(x, (N3 —n) — Q). (4.54)
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Applying Lemma 4.6.4 to this equation gives g. =« for alle € E((V —n)—Q).
Plugging this into (4.54), we infer v = 0. O

Theorem 4.8.3 suggests that (4.52) is facet defining for P*“%¥(n k) as
well. We highlight this result, which is new to the literature, in the following
corollary.

Corollary 4.8.1. The lower general clique inequality (4.52) is facet defining
for P*=wa (n k) if and only if

(i) (|Q| mod k) # 0, and,
(i) 1Q| < n — k.

4.9 The Upper General Clique Inequalities

In this section we investigate the upper general clique inequalities, and prove
conditions for which these inequalities become facet defining for P™. A special
case of these inequalities were first introduced by Sgrensen [31] for P“(n, Fy/).
Here we consider a more general version of Sgrensen’s inequalities.

Let Q@ C V. Consider the ¢V values computed by means of the formula
(4.14) in Section 4.6.2. Let kg and ng be defined throughout this section as
follows:

o kg =max{i|>,_, ¢{ <|Q|}, and,
k
i nQ:|Q|_ 131(255]-

Contrary to the lower general clique inequality (4.52), the following upper
general clique inequality aims to bound w(E(Q)) from above:

w(E(Q)) < i} (¢2’U) " (”;) Qv (4.55)

Note that in the statement of this inequality, we adopt the convention that
0 1
(2) - (2) =0.

Lemma 4.9.1. The upper general clique inequality (4.55) is valid for P™.
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Proof. The set () should be split into the largest subcliques possible in order
to maximize w(E(Q)). This can be achieved by putting ¢V nodes of @ in one
subclique, ¢5 nodes in another subclique, and so on. O

Throughout this section, Pg stands for the face defined by (4.55). Next, we
give a lemma that characterizes the sc-partitions whose characteristic vectors
lie on Ppy. We skip the proof because it is trivial.

Lemma 4.9.2. For an sc-partition m = (Ny, ..., Ny), w™ € Py if and only if
IN;| = |N;NQ| =Y fori=1,.... kg and |N;| > IN;NQ| = ng fori=kg+1.

Now, we continue with two lemmas that state some conditions on ) deter-
mining if (4.55) is or is not facet defining.

Lemma 4.9.3. Suppose Fy — Fr, > 2 and QQ = V. The upper general clique
inequality (4.55) is facet defining for P™ if and only if it is full-dimensional
and complies with (FD-1), (FD-3) or (FD-4).

Proof. When
e P is full-dimensional and it complies with (FD-2), or,

o dim(P") = (3) — (n—1),

2

we have
Py C{w e P"w(d(u)) = Fy—1}  VYueV.

When dim(P™) = (}) — n,

Py C{w e P"w((u)=F—1} VYueV

where
F= FL, lf(TLIIlOdFL):O,
| Fy, if (n mod Fy) = 0.

And, finally when dim(P™) = (}) — 1, Py = P™.
When P™ is full-dimensional and it complies with one of (FD-1), (FD-
3) or (FD-4), there always exist ¢{. and ¢l. such that ¢{ # ¢%.. When
Y= (]55] + 1, using Lemma 4.6.2, one can easily show that g. = o € R for all
ec k.
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Suppose that ¢% > (b?; + 2. Pick four arbitrary nodes x,y, z,t and an sc-
partition m = (N, Ny, ..., Ny) where k = [%-‘, {z,2} C Ny, {y,t} C Njs,
|N;| = ¢V for i =1,2,..., k. Applying Lemma 4.6.3 to 7 yields

Gz — Gy = Got — Gyt = ¢ €R Vz,t € V. —{z,y}. (4.56)
But, switching x and y in 7, we obtain

g(x, Ny — ) + g(y, Nj» —y) = g(x, Nj» —y) + g(y, Ni» — ). (4.57)

Plugging (4.56) into (4.57), we get o = 0. Since z,y, z and ¢ are arbitrary, we
have g =v € R for all e € F. O]

Lemma 4.9.4. Suppose Fy — Fy, > 2. Let (Q be a proper subset of V. The
upper general clique inequality (4.55) is not facet defining for P! if

(1) ng =0, or,
(i1) |Q < ¢f + 1.
When P" is full-dimensional, (4.55) is not facet defining for P! if
(iii) P(n — S0 oV, Fy, Fy) is not full-dimensional.

Proof. (i) When ng = 0, Py lies in the intersection of the hyperplanes w, , =
Oforallu e @ andv eV —Q.

(i) When |Q| < ¢, Py lies in the intersection of the hyperplanes w,, =
1 for all u,v € Q. When |Q| = ¢¥ + 1, Py is contained in the face
defined by the cycle inequalities of Section 4.10. More precisely, let Q) =
{q1,q2, - .-, qpu +1}; the face defined by the valid inequality gw < ¢¥ — 1
with

1, fu=¢g and v =gy, forall i =1,2,..., ¢V + 1,
Guw = 0, otherwise,

where all indices are taken modulo ¢¥ + 1, contains Py.

(iii) Let n = n — fol ¢ and Ej be the edge set of the complete graph
defined on 72 nodes. When dim(P"(n, Fi, Fy)) = () — 7, Pg consists of
w™ such that 7 = (Ny,...,Np), [Ni| = |[NiNQ| = ¢ fori=1,..., kg,
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|Nig+1 N Q| = ng, |Ni| = F for i = kg +1,...,k where F'is equal to
either F7, or Fyy. This implies that P is contained in the intersection of
the hyperplanes w(d(u)) = F — 1 for all u € V — Q.

Now, suppose dim(P™(7, Fy, Fyy)) = (3) — (i — 1). All points w™ in Py
where m = (N1, Na, ..., Ng) have |N;| = [N; N Q| = ¢¥ fori =1,... kg
and |Np,41 N Q| = ng. Let P consist of points w™ € Py such that
|N;| = Fp, for i = kg + 1,...,k; and, let P, consist of points w™ € Py
such that |N;| = Fy for i = kg +1,..., k. Since Py = P, U P,, obviously,
Py is contained in hyperplanes w(d(u)) —w(d(v)) = 0 for all u,v € V—Q,
which is in accordance with Proposition 4.5.4.
Finally, suppose dim(P" (@, Fy, Fyy)) = (’;)—1. Suppose that P (71, Fr, Fyr)
is contained in an hyperplane w(Ej;) = C for some constant C' € R. Then
Py is contained in w(E) = C + fol (¢2£] ), where E, as before, denotes
the edge set of the complete graph defined on n nodes.

]

The following Theorem 4.9.1 states the conditions that make (4.55) facet
defining for a full-dimensional P™. With reference to Lemma 4.9.4, we assume
that P(n— 31 ¢V, Fy, Fy) is full-dimensional, and hence by Theorem 4.5.1,
it falls into one of four categories (FD-1),(FD-2)-(FD-4).

Theorem 4.9.1. Suppose P™ is full-dimensional and Fyy — Fr, > 2. Let Q
be a subset of V' which does not comply with any of the conditions 1-3 of
Lemma 4.9.4 (i.e., P"(n — fol V. Fr, Fy) is full-dimensional, ng > 0 and
QI > Y +1).

(i) When P™(n — fol &Y, Fr, Fyy) complies with (FD-1), (4.55) is facet
defining for P if 1 < ng < FJ.

(ii) When P"(n — fol oY, Fr, Fy) complies with (FD-2), (4.55) is facet
defining for P if and only if
o 1 <ng < Fy and kg < L%W — 1, or,

o ng = Fy and ko < [%]—1.

(iii) When Fy — F, =2 and P"(n— 5%, ¢V, Fy, Fyy) complies with (FD-3),
(4.55) is facet defining for P if and only if
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n
F_U —1, or,

° 1§TLQ<FL (I’I"Ldk‘QS’V

e ng = Iy and kg < {F%—‘ -1, or,

e ng=Fp+1and kg < IVFLU—‘ — 2.
iww) When Fyy — Fr > 2 and P*(n— ’-ﬁf oV, Fr, Fy) complies with (FD-3),
=171
(4.55) is facet defining for P if and only if

o 1 <ng<Fy (mdeg{%-‘—l, or,

o [, <ng < Fr+1andkg< LP—U—‘ —1.
(v) When P(n — Zfﬁl &Y, Fr, Fy) complies with (FD-4), (4.55) is facet
defining for P if and only if 1 < ng < Fy, and kg < LZ‘—UW —1.
Proof. We prove the cases 1 and 2 only. The proofs of parts 3, 4 and 5 are
similar.

(i) Pick two arbitrary nodes u,v € V—@ and an sc-partition m = (Ny, ..., Ny)
where {FLUW < h < LiJ, IN;| = |[N;nQ| = ¢V for i = 1,... kg,

Fr,
|NkQ+1 ﬂQ| = ng, Fr < |NkQ+1| < FU, Fr < |NkQ+2| < Fy. Note that
such an sc-partition with A > kg +2 exists since P (n— Z?fl &Y, Fr, Fy)
complies with (FD-1). Suppose that u € Ny,11 and v € Ny, 2 (there
exists a u € NkQ+1 — ( since we assume ng < Fp). By Lemma 4.6.1,

Gun = 0. This means, we have g. =0 for all e € E(V — Q).

Now, in 7, shift v from Nig+2 to Nigy1 to obtain

g(v, Npo11 N Q) = 0. (4.58)

When applied to this equation, Lemma 4.6.4 implies that g. = o € R for
e € F(Q,V — Q). But, then inserting this into (4.58) we immediately
infer g. =0 for e € E(Q,V — Q).

Now, we will show g. = f € R for all e € E(Q). We prove separately
for two cases: a) ng > 2, b) ng = 1 and kg > 2 (we do not consider
ko = 1, because then (4.55) would not be facet defining by part 2 of
Lemma 4.9.4).
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Case a): Pick four nodes z,y, 2,t € () and suppose that {z, 2} C N, and
{y,t} C Niyyr in 7. By Lemma 4.6.3, we have g,. — gy.. = Gat — Gyut,
which implies

9rqa —9ya =7 ER  VeeQ—A{x,y} (4.59)

by arbitrariness of z and t. Switching x and y in 7, we get

9(z, (NkoNQ)—2)+9(y, (Nio+1NQ)—y) = (@, (Nrg+1NQ)—y)+9(y, (Nk,NQ)—2).
(4.60)

Plugging (4.59) into (4.60) yields v = 0 since ngkUQ = |Np, NQ| > gzﬁ,gQH >

|Nio+1 N Q| due to definition of kg. Then, we infer g. = 8 € R for all

e € E(Q).

Case b): Pick four nodes x,y, z,t € @ and suppose that t € Ny, {z,2} C
Ny, and y € Ni,41 in m. Obtain a new sc-partition 7* = (N7, ..., Ny)
from 7 by switching z and ¢. Clearly, w™ € Py and w™ € Pg. Switching
z and y in 7 yields (4.60) once more. Switching = and y in 7* gives

9(x, (N;,NQ)—2)+9(y, (Ni,:1NQ)—y) = g(x, (Ni,11NQ)—y)+9(y, (N;,NQ)—2).

Comparing this equation with (4.60) leads us to (4.59). Now, arguing in
a similar manner to the proof of case (a) we can obtain the result.

(ii) Sufficiency: Pick an sc-partition @ = (Ny,..., Nxy1) where k = [%-‘,
‘Nz| = |Nz ﬂQ| = qbg] for i = 1,...71{3Q, |NkQ+1| = FL + 1, |Nz’ = FL for
i=ko+2,....,k+1and [Ny,11NQ| =ng. Clearly, w™ € Fg. Note that
such an sc-partition exists since P (n — Zfﬁl @Y, Fy, Fyy) complies with
(FD-2). We organize the proof in four steps.

(1) We first show that g = o € R for all e € E(V — Q). Assuming

ng < Fp, pick three arbitrary nodes u,v,t € V' — () and suppose
{u,v} C Nipy41 and t € Nyyqo. By Lemma 4.6.2, we infer g,, =
Gut. Arbitrariness of these three nodes implies g. = o € R for all
eec E(V-0Q).
Now, assume ng = Fp, and kg < k& — 1. This latter implies that
the number of subcliques in 7 is strictly larger than kg + 2 (i.e.,
ko +2 < k +1). Pick an arbitrary node u € V — @ and suppose
U € Nipgy1- Shift u from Ny, 41 to Ny,i2 to obtain

g<u7 NkQ-H - u) = g(ua NkQ—i-?)' (461)
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Since kg +2 < k+1, we can apply Lemma 4.6.4 and get gy o = Gu,y
for all z,y € (V — Q) — u. Obviously, this result generalizes into
ge=a€Rforeec E(V—Q).

(2) Now, we show g. = a for e € E(Q,V — Q). Note that, for an
arbitrary u € V — @, the equation (4.61) applies for any value of
ng, no matter if it is smaller than F7, or not. The previous result
ge = a for e € E(V — Q) turns (4.61) into

9(u, Ngg1 —u) = Fro. (4.62)

Applying Lemma 4.6.4 to this equation gives g,q = Guq, for all
¢1,q2 € @, which implies g. = f € R for e € E(Q,V — Q). But
inserting this result into (4.62) gives f = a.

(3) Next, we show o = 0. Distribute the nodes in Ny over Ny, 11, ..., Ny
in 7 (note that, this is possible since P™(n— "4, ¢V, Fy., Fiy) com-
plies with (FD-2)) and name this new sc-partition as 7. Clearly,
w™ € Py. Comparing g"w™ = h and g'w™ = h yields a = 0,
because w™(E(V — Q,V)) < w™(E(V —Q,V)).

(4) Finally we can show that g. = 7 € R for e € E(Q) in the same
manner as in the proof of part 1.

Necessity: We consider three cases and prove separately:

a) nQ>FL—|—1;
b) ng = Fr + 1;
c) ng = Fp and kg = IVFLU—‘ -1

a) When ng > Fj,+1, P consists of sc-partitions m = (N1, No, ..., Nj)
with k = {Fﬂ IN;| = Fy fori = 1,2,....k, |N;nQ| = ¢V = Fy
fori=1,2,...,kg and |Ni,41 N Q| = ng. This means, Py lies in
the intersection of the hyperplanes w(d(u)) = Fyy — 1 for all u € V.

b) Let P; be the set of sc-partitions 7 = (Ny, ..., Nyyq) with k = {FlU—‘ :

|Nz| = ‘Nz ﬂQ’ = ¢£] = FU for ¢ = 1,...,]{@, ’NkQJrl‘ = ‘NkQ+1 N
Q| = Fr+1and |N;| = Fp, fori = kg +2,...,k. Let P, be the set
of sc-partitions m = (Ny,..., Ng) with |N;| = Fy for i = 1,... k,
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|NlﬂQ’ :(bg:FU for i = 1,...,/{ZQ, |NkQ+1ﬂQ| :nQ:FL+1.
When ng = Fr + 1, we have Py = P, U P,. In all the solutions in
P, and P,, all the nodes in V — () are always in subcliques with the
same size. That is, we have w(d(u)) = w(d(v)) for all u,v € V — @,
which shows that (4.55) is not facet defining in this case.

All w™ € PQ with ™ = (Nl,NQ,...7Nk;> has |Nz| = |NZﬂQ| = ng] =
Fy fori=1,... kg and |Ny,+1 N Q| = ng = Fr. Let P consist of
sc-partitions in Pg with k = kg + 2, one of [Ny,41| and [Ny, 2| is
Fp, and the other is F7, + 1; and, let P, consist of sc-partitions in Fy
with k = kg + 1 and [Ny, 11| = Fy. Since P(n — Y02, oV, Fy, Fy)
complies with (FD-2), we have Py = P, U P5. In other words,
|V — Q| = F, + 1 and it is ensured that in any sc-partition of Py,
at most one node of V' — Q) is packed in a different subclique than
the others (indeed, in the sc-partitions of P, it is ensured that all
are packed in the same subclique).

Now, let @' =V —Q = {d}, 43 .- ,4qr, 1} Both P, and P, (and
hence Pp) are contained in the face defined by the 2-chorded cycle
inequalities, which were introduced in [14] for P(n). More precisely,
P, and P, are contained in an hyperplane g7 w = 0 such that

1, fu=q¢gandv=gq,,, foralli=12... F,+1;
Gup =4 —1, fu=q andv=gq,,, foralli=1,2,... F, +1;
0, otherwise,
where all indices are taken modulo F7, + 1.
O

Now, we prove necessary and sufficient conditions for (4.55) to be facet
defining for P™ with dimension (}) — 1. Note that in this case, P = P™ (i.e.,
(4.55) constitutes the equality set of P") when @ = V. So, we assume in the
following theorem that Q) C V.

Theorem 4.9.2. Suppose dim(P™) = @ — 1. Let Q be a subset of V' for
which the conditions 1 and 2 of Lemma 4.9.4 are not satisfied (i.e. ng > 0 and
|Q| > ¢Y +1). The upper general clique inequality (4.55) is not facet defining
for P when (n mod Fr) = 1; when (n mod Fy) = Fy — 1, it is facet defining
for P™ if and only if
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e 0<ng<Fy—1 andk‘Q:[%W—Z or,

e 0<ng<Fy—-1 ande<[%W—2.

Proof. When (n mod Fj) = 1, Py lies in the hyperplanes w(d(u)) = F, —1 for
allu € V—Q. When kg = IVFLU—‘ —1, Py lies in the hyperplanes w(d(u)) = Fry—2
forallu € V—@. And, in a similar manner to part 2 of Theorem 4.9.1, one can
show that (4.55) is not facet defining for P if ng = Fy —1 and kg = L%W —2.

When (n mod Fy) = Fy — 1, we set g« = 0 for one ¢ € E(V — Q).
Proceeding in a similar manner to part 2 of Theorem 4.9.1, one can show that
ge = a € R for all e € F — E(Q). But then, g = 0 implies g. = 0 for
all e € E — E(Q). Proceeding like in part 1 of Theorem 4.9.1, one can show
ge =0 €Rforall e € E(Q). O

Proposition 4.9.1 states that (4.55) is not facet defining at all when dim(P™) =
(5) — (n—1). The following Theorem 4.9.3 states the necessary and sufficient

conditions that make (4.55) facet defining for P when its dimension is (}) —n.

Proposition 4.9.1. The upper general clique inequality (4.55) is not facet
defining for P when dim(P™) = (}) — (n — 1).

2

Proof. In this case, Py is contained in the hyperplanes w(d(u)) = Fyy — 1 for
allueV.
O]

Theorem 4.9.3. Suppose dim(P™) = (}) — n. Let

P Fr, if (n mod Fr) =0,
| Fu, if (n mod Fy) =0;

and let k = %. Let Q be a subset of V' which does not comply with conditions
1 and 2 in Lemma 4.9.4 (i.e., ng > 0 and |Q| > F +1). The upper general
clique inequality (4.55) is facet defining for P™ if and only if Q complies with
one of the following:

(1)) ng=1and2 < kg <k—1, or
(i) 2<ng<F—1and1 <kg<k—1, or

(iii) ng=F —1and 1 <kg <k —2.
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Proof. If kg =k — 1,
Py ={we€P"w,, =1} VuveV-Q.

And, when ng = F' — 1 and kg = k — 2, one can show in a similar manner to
the proof of part (i7) of Lemma 4.9.4 that Py is contained in the face defined
by the cycle inequalities.

Without loss of generality, let Q@ = {1,2,...,]|Q|} and V — Q = {|Q| +
1,...,n}. Consider the set S = {{1,n},{2,n},...,{n—1,n},{1,n—1}}. Like
in the proof of Theorem 4.8.3, one can fix the values of the g. variables to 0
forall e € S.

Now, we prove the separately for the parts 1, 2 and 3.

(i) Pick z,y,z € V — @ and p,q € @ arbitrarily. Pick an sc-partition 7 =
(Ni,...,Ni) such that w™ € Py, ng = 1,2 < kg < k—1, p € Ny,
{n,2,q} C Npo1 and {z,y} C Npyq2. Applying Lemma 4.6.3, one
can infer that g, . + g2y = gny + Gz, which leads to g, , = ¢, . since
{n, z},{n,y} € S. Since, x, y and z are arbitrary nodes, we infer that

ge=a€R Vee E(V —Q). (4.63)
Switching n and x in 7 yields

g(l’, NkQ+2 - :IZ') = g(l',Q) + g(iC, NkQ+1 - {qvn}) (464>

If we plug (4.63) into (4.64) we get g, , = a. Since x and ¢ are arbitrary,
this implies g. = a for all e € E(Q,V — Q). But then since we have set
Jin—1 =0, we get a = 0.

Now, switch p and ¢ in 7 to obtain

9(ps Nrg — p) = 9(q, Ny — D) (4.65)

Pick ¢, € Ny and g2 € Ny, (note that, kg > 2). Obtain a new sc-partition
7 by switching ¢q; and ¢s. Switching p and ¢ in 7 yields

9(P; Nk — AP, ©2}) + 9par = 9(@; Niy — P, 2}) + Gg.a-

Comparing this equality with (4.65) gives ¢4, — 9g.00 = Ip.go — Yg.q0, Which
generalizes into g, 3 — g, = 0 € R for ¢ € Q — {p,q}. However, due to
(4.65), this implies that § = 0, which implies further that g. = v € R for

e € E(Q).
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(ii) Proceeding in a similar manner to part 1, one can show that g. = 0 for all
e € E— E(Q). Now, we show g. = € R for all e € E(Q). Pick u € @
arbitrarily. Pick an sc-partition 7 = (Ny,..., Ni) such that w™ € Py,
2<ng<F—-1,1<kg<k—1 u€& Ny, and n € Ny, arbitrarily.
Now, switching u and n yields

g(ua NkQ - U) = g(u7 NkQ-‘rl N Q)

Applying Lemma 4.6.4 to this equation yields g, , = /3, which generalizes
into g. = f € R for all e € E(Q) due to arbitrariness of .

(iii) The proof of this part is similar to those of parts 1 and 2.
O

This theorem suggests that the upper general inequality (4.55) is facet
defining for the k-way equi-partition polytope P*~*%(n, k). In fact, Mitchell
[22] shows that (4.55) is valid for this polytope. Here in Theorem 4.9.3, we
advance this result one step further and show for the first time that (4.55) is
indeed facet defining for P*~%%(n, k). We highlight this contribution by means
of the following corollary:

Corollary 4.9.1. The upper general clique inequality (4.55) is facet defining
for Pk=wa(n k) if and only if

e F+2<|Q|<n—F—2, and,
e (|Q| mod F) # 0.

4.10 The Cycle Inequalities
Let Go = (Vg, Ec) be a cycle in G. The cycle inequality
’LU(E0> < ‘Vc| -2 (466)

is first introduced by Conforti, Rao and Sassano [7] for the equipartition poly-
tope P“(n). They show that it is facet defining for P¢“(n) when n is odd
and |Vo| = [2] 4 1. Ferreira et al. [11] introduce a generalization of the cycle
inequality, the so-called cycle with ear inequalities for a node-capacitated graph
partitioning polytope. Sgrensen [31] show that the cycle with ear inequalities
(hence the cycle inequalities) are facet defining for P“(n, Fy).
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In this section, we generalize this result for ™. In the rest of this section,
let ¢¥ and @Y be defined as in (4.14), and all the indices be taken modulo |V¢|.
And, let Po denote the face of P defined by (4.66) corresponding to the cycle
Ge.

We first present a lemma that states the validity condition of (4.66) for P'.
We skip the proof because it is trivial.

Lemma 4.10.1. The cycle inequality (4.66) is valid for P™ if and only if
Vol > ¢f +1.

Now follows the theorems that state the conditions of facetness for P™.

Theorem 4.10.1. Suppose P™ is full-dimensional and Fyy — Fy, > 2. Pick a
cycle Go = (Veo, Ec) with |[Vo| = ¢¥ + 1. The cycle inequality (4.66) is facet
defining for P if 5 > L\V_chJ +1 and P (n— ¢V, Fy, Fy) is full-dimensional.

Proof. Let Vo = {uq,us, ..., up,} and

EC = {{ulv UQ}, {UQ, Ug}, ey {u|VC|—l7 U‘Vc|}’ {U’|Vc|7 ul}}

Pick an sc-partition 7 = (N1, Ny, ..., Ni) with [N, = ¢, MOV = {ug, us, ..., ugv 1}
and Ny NVe = {u; }. Clearly, w™(E¢) = |Ve| — 2. If P¥(n — @Y, Fy, Fiy) com-
plies with (FD-1), suppose that we have picked 7 such that F < |Ny| < Fy
and Fj, < |N3| < Fy. Using Lemma 4.6.1, we can show that g, ,» = 0 for two
arbitrary nodes v,v" in V — V. If P(n — @Y, Fr, Fiy) complies with (FD-2),
(FD-3) or (FD-4), suppose that we have picked 7 such that |Ny| = |N3| + 1.
Then, we can apply Lemma 4.6.2 so as to show that g,,, = a € R for any
two arbitrary nodes v,v’ in V' — V. But, with (FD-2), (FD-3) and (FD-
4) it is always possible to construct another sc-partition with one less or one
more number of subcliques than 7 (like in step (3) in the proof of part (ii) in
Theorem 4.9.1). This implies a = 0, namely, g. = 0 for e € E(V — V).

Now, pick an arbitrary v € V — Vi and u; € V. Furthermore, pick an sc-
partition 7/ = (N}, ..., Nj) such that |[N{| = ¢, NiNV = {uy, ug, ..., w1, Uis1, - - . ’u¢§]+1}’
NyN Ve = {w} , [Ny < Fy, |N§| > Fp and v € Nj. Note that full-
dimensionality of P"(n — @Y, Fy, ;) ensures existence of such an sc-partition.
Shifting v from N3 to Nj, we get g, ,, = 0, which generalizes into g. = 0 for all
e c E(Vc, V— Vc)

Now, we show gy, u,,, = 0fori =1,2,... |Vl and [ =2,3,.. ., LlV—QdJ Pick

an sc-partition @ = (Ny, Ny, ..., Ni) with | Ny | = oV, NinVe = {upq1, uppa, - .- UVl b
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2
sible even for I’ = VVC‘J +1 since ¢§ > {@J +1). Clearly, w™(E¢) = |Vo|—

Since |Ve| = ¢V + 1 and |N;| = ¢V, there exists {v,v'} € Ny — V. Switching
v and u; yields

|Ny| = 6% and NoNVe = {uy,us, ..., up} where 3 <1’ < {V ¢l 41 (this is pos-

g(uy, {ug, ..., ur}) = glur, {urgr, - wg)})- (4.67)

Now, consider another sc-partition 7* = (Ny,...,N}) obtained from 7 by
switching up and v. Obviously, w™ (E¢) = |Vg| — 2. Now, switching u; and v/
in 7% yields

g(ul) {U27 B ,Ul/}) - gu1,ul/ = g(ul) {ul’-i-lu s 7U\Vc|}) + gul,ul/'

Comparing this with (4.67), we infer g, ., = 0. By symmetry, the same result
can be obtained for any u; € Ve, that is, gy, u,,, , = 0foranyi=1,2,..., Vo).
This implies that g. = 0 for all e € E(V¢) — E¢. But, then (4.67) directly gives
Guruz = Gur g which generalizes into g. = a € R for e € C' by symmetry.

]

Theorem 4.10.2. Suppose dim(P™) = (3) — 1. Pick a cycle G = (Ve, Ec)
with |Vc| = (bllj + 1.

(i) When (n mod Fy) = Fy—1 and Fy — Fr, > 2, the cycle inequality (4.66)
is facet defining for P™ if ¢§ > PVC‘J 1

(11) When (n mod Fy) = Fy— 1 and Fy — Fy, = 1, the cycle inequality (4.66)
is facet defining for P if F, > 4 and ¢Y > LIVCIJ +1.

(ii1) When (n mod Fy) = 1, the cycle inequality (4.66) is facet defining for
Pl if Fy > 4 and Fy > L'VC'J 41,

Proof. We present the proof for case 1 only. The proofs for the other cases are
similar. Note that in case 1,

e when {FLU—‘ =2, ¢V = Fy; ¢Y = Fy — 1; and,

o when {FLU} >3, 6V = ¢U = Fy.
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Let Vo = {uy,ug, ..., up,} and

EC = {{uly u2}7 {U’27 u3}7 LN {U|Vc|—17 u‘VC|}7 {U|Vc|7u1}}-

Since dim(P™) = (3) — 1, we can set go = 0 for one €’ € E(V — V). Pick three
arbitrary nodes x,y and z in V — V. Pick an sc-partition m = (Ny,..., Ni)
with, without loss of generality, |Ni| = Fy, |No| = Fy — 1, NynN Ve =
{Ul,UQ,. .. ,lLFU_Q}7 N2 N VC = {uFU_l,uFU,uFU+1}, {ZL‘,’y} C N1 and z € N2
(note that, No — Vi is non-empty because |Ny| = Fy — 1 > (F, +2) —1 >
(3+2) — 1, since we assume Fy, > 3). Using Lemma 4.6.2, we get g. = € R
for e € E(V — Vi) since z,y and z are arbitrary.

Pick another sc-partition 7* = (N}, ..., N{) with |Nf| = Fy, |N5| = Fy—1,
NynVe =A{u,...,up,—1}, Ny NVe = {up,,up,+1} and x € Nf. Shifting «
from N{ to NJ yields

g(z, {ur,ug, ..., up,—1}) = (Fv — 3)a+ g(x, {up, , up,11})- (4.68)

Now, we obtain a new sc-partition 7 by only switching up, 1 and ug, 1 in 7.
Shifting = from N; to Ny in 7 we get

g(z,{ur, ug, ..., up,—2,up,+1}) = (Fy — 3)a+ g(x, {up,—1, ur, }).

Comparing this with (4.68) we infer g, v, = gzup,,,» Which generalizes into
Gy = Jou;_o f0r 0 =1,2,... |V| since up, 41 is arbitrary in the sense that we
could have placed any two consecutive nodes of V¢ into V.

When |Ve| is odd, gy, = g, for any ¢ implies that g = f € R for e €
E(V — Vg, Vi) since x is arbitrary. When |V¢| is even, we infer g, ,, = 1 € R
it 7 is odd and g¢,,, = B2 € R if ¢ is even. Now, we repeat the same procedure
using 7 instead of 7*. Namely, we obtain a new sc-partition «’ by switching
Up,—2 and up, 1. We compare the two equations we obtain by shifting z in 7
and 7’ and get Joumy—s = Jzum, 10 which generalizes into g, ., = gz, , since
Uf, +1 1s arbitrary in the sense that we could have placed any three consecutive
nodes of Vi into Ny. This shows that §; = 35 when |V is even. In other
words, for any |V¢|, we have shown g. = 5 € Rfore € E(V —V¢, Vo). Inserting
this into (4.68) gives @ = (5. But, since we have already set g = 0 for one
¢ € E(V —Vg), we infer a = 5 = 0.

We can show g. =y € R for e € E¢ and g. = 0 for E(V¢) — E¢ just like
we do in Theorem 4.10.1. [
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Theorem 4.10.3. Suppose dim(P™) = (}) — (n — 1). Pick a cycle Go =
(Vo, Ec) with |Vo| = Fy + 1. The cycle inequality (4.66) is facet defining for

Pl if and only if Fy < 2F),.

Proof. First assume Fy < 2Fy. Let Vo = {uy,ua, ..., up,+1} and

EC - {{uh u2}7 R {UFU7 UFU+1}7 {uFU+17 ul}}

Without loss of generality, suppose n ¢ V. We use the fact that dim(P™) =
(5) — (n — 1) for setting g. = 0 for e € S where S = {{1,n},{2,n},...,{n —
1,n}}, just like we do in the proof of Theorem 4.7.5. Pick two arbitrary nodes
z,y € V — V. Pick an sc-partition m = (N1, No, ..., Ny) with |N;| = Fy for
1=1,2,.. .,k, NNV = {ul,uQ, . ,Ul}, NonVg = {ul+1,. .. ,uFU+1}7 n € Ny

and {x,y} € Ny where [ = {@J Switching = and n yields

g(x,(Ny — (Ve Ux)) 4+ g(x, NaN V) = g(x, Ny — Vi) + g(x, Ny N V). (4.69)

Now, switch y and u; in 7 and call this new sc-partition 7*. Switching x and
n in 7 yields

g(x,No — (Ve Ux)) — goy + 9(x, NaoNVe) + gy =
g(x,Nl - VC) +gac,y +g(m,N1 N VC) - gz,u1~

Comparing this equation with (4.69) we obtain g, , = g,.,. We can generalize
this result to g. = a € R for e € E((V —n) — Vi,V —n) since x, y and u; are
arbitrary.

Next, pick another sc-partition 7 = (]\71, No, ..., NkH) where ]]\71] = Fy, for
i=1,2,... k+1, N\\nVe = {uy, ug, ..., w}, NoNVe = {uggs, - . . , U, 41} where

_ | Vel
= 2

and |Vg| = Fy + 1. Comparing g(w™) = h and g(w™) = h, we can infer a = 0.
We can show g, = v € R for e € E¢, g. = 0 for E(V¢) — E¢ like we do in
Theorem 4.10.1.
Finally, when Fy; > 2F7, all the points that satisfy the cycle inequality at
equality lie on the hyperplanes w(d(u)) = Fy — 1 for all u € V. O

Theorem 4.10.4. Suppose dim(P™) = (}) — n. Pick a cycle Go = (Ve, Ec)
with |Vo| = F + 1 where

o Fr, if (n mod Fr) =0,
| Fu, if (n mod Fy) =0.

The cycle inequality (4.66) is facet defining for P'.

J. Note that such an sc-partition exists since we assume Fy < 2F7p,
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Figure 4.2: Support graph of the 2-star inequalities.

PT’OOf. Let VC = {uh Uz, - .. 7uFu+1} and EC’ = {{uh u2}7 Tt {uFuv UFUJrl}v {UFU+1> ul}}
Suppose, without loss of generality that {n — 1,n} C V — V. Like we do in
the proof Theorem 4.8.3, we set g. = 0 for e € S = {{1,n},{2,n},...,{n —
1,n},{1,n — 1}}. Then, like in the proof of Theorem 4.10.3, we can show
ge =a € R fore € E((V —n)— Ve,V —n). But, of course, combining this
with ¢1,-1 = 0, we get g. = 0 for e € E(V — Vi, V). Finally, we can show
ge =7 € Rfore € FE¢, g. = 0 for E(Ve)— E¢ like we do in Theorem 4.10.1. [

Mitchell [22] shows that the cycle inequality (4.66) is facet defining for

Peavi(n) for even n and PH~%%(n k). Theorem 4.10.4 presents an alternative
proof for this result.

4.11 The lower 2-star inequalities

In this section, we introduce the following lower 2-star inequalities (see 4.2 for
a graphical representation of the support graph):

(24 9255 — qbf)wu,v +w({u,v}, V—{u,v}) > qbf + ¢§ -2 Yu,v € V. (4.70)
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Let P, , denote the face defined by the lower 2-star inequality corresponding
to the nodes u and v, i.e.

Puo=A{we Plu’(2 + ¢§ - ¢1L)wu,v +w({u, v}, V —{u,v}) = ¢1L + 9255 — 2}
The following lemma proves that (4.70) is valid for P™.
Lemma 4.11.1. The lower 2-star inequality (4.70) is valid for P™.

Proof. Consider two nodes u,v € V and the corresponding lower 2-star in-
equality (4.70). Pick an sc-partition 7 = (Ny,..., Ni). First suppose that u
and v are packed in the same subset, say /V;, in 7. In this case, the left hand
side of (4.70) is equal to

(2+ ¢y — 1) + (2|N;| —4), (4.71)

which is always larger than or equal to the right hand side of (4.70). Now,
suppose that u and v are packed in different subsets, i.e., say v € N; and
v € N;. Then, the left hand side of (4.70) is equal to

|Ni| + |N;| = 2, (4.72)
which is always larger than or equal to the right hand side of (4.70). O]
The next lemma characterizes P, ,,.

Lemma 4.11.2. The characteristic vector w™ of an sc-partition m = (Ny, ..., Ng)
is contained in P, , if and only if there exist i* and j* such that

(i) |(Ni UN;) 0 {u,0}] = 2,
(ii) | N;-

= ¢L when [Ny N {u,v}| = 2,
(iii) |Ni-

+ | N«

= ¢l + ¢ when |Nj- N {u,v}| = 1.

Proof. Sufficiency: Case 1. |[NyxN{u,v}| = 2: By condition 1, |N;+N{u,v}| = 0.
As |Nj<| = ¢F, (4.71) is equal to the right hand side of (4.70). Note that, in
this case |N;«| can take any value larger than or equal to ¢Z.

Case 2. |Ny N {u,v}| = 1: Then, we have |N;| + |[N;<| = ¢F + ¢& and (4.72)
is equal to the right hand side of (4.70).

Necessity: Consider an sc-partition m = (Ny,..., Ng). Obviously, there must
exist 7* such that |N;<| = ¢% and | N N {u,v}| > 1, because otherwise (4.71)
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and (4.72) are never equal to the right hand side of (4.70). In fact, when
|Ni N {u,v}| = 2, (4.71) is equal to the right hand side of (4.70) only if

|Ni-| = ¢¥. When |N;- N {u,v}| =1 and there must exist j* such that |Ny| +
|N;«| = ¢¥ + ¢F, because otherwise (4.72) would never be equal to the right
hand side of (4.70). O

As usual, we start by considering the full-dimensional case.

Theorem 4.11.1. Suppose that P is full-dimensional. Then the lower 2-star
inequalities (4.70) define facets of P™ if and only if one of the following hold:

(i) ¢F > ot +2;
(ii) ¢f = ¢F +1, Fy — Fp, > 3.

Proof. Sufficiency: Pick z,y,z € V — {u,v} arbitrarily; and, pick an sc-
partition 7 = (Ny,..., Ni) where {v,2} C Ny, {u,z,y} C No, |N;| = oF
for i = 1,2,...,k, and ¢& > ¢F. Note that, when ¢f > ¢F, by definition of
dF’s, we have ¢F = Fy fori = 3,... k <: {%J) Clearly, w™ € P,,. Ob-
tain a new sc-partition 7* = (Nf, N5, ..., N}) by only switching y and z in 7
(obviously, w™ € P,,). Now, shift z from N, to N in 7 to obtain

Jeu + Gy + g(xa Ny — {%13 y}) =Gz T Gap T g(x, Ny — {Ua Z}) (4'73)

Shifting x from N3 to Ny in 7* yields

9z + Gz T g(% N; - {u7 x,y}) = Goy T Gz T g(% Nf - {U> Z}>

Comparing this with (4.73) gives g, = ., which implies that g. = o € R
for all e € E(V — {u,v}). Plugging this into (4.73) and rearranging we obtain

Jzv = Jzu = (Qbé - §bf - 1)a (474)

Now, consider yet another sc-partition m which is obtained by switching u and
v in 7. Clearly, we still have w™ € P, ,. If we proceed in the same manner for
T, we get

9z — Gzp = (qbé - §bf - 1)a (475)

Claim: Equations (4.74) and (4.75) imply o = 0 under conditions 1 and 2.
Proof: The result is obvious when ¢f — ¢¥ > 2. Suppose ¢ — ¢ = 1 and
Fy — Fp, > 3. Obtain an sc-partition 7’ = (N7, ..., N;) by switching v and z in
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7. Obviously w™ € P,,. Note that, definition of ¢*’s imply that ¢% = Fj, + 1
and ¢f = Fy;. Shifting a node ¢ € N} from N} to N yields that o = 0 (we can
always shift such a node from NV} to Nj since we assume Fyy — Fy, > 3). This
completes the proof of the claim.

From this claim, (4.74) and (4.75), we can directly infer g, , = g» = 7. € R
for all x € V — {u,v}.

Now, consider 77 = (Nl, Ny, ..., Nk) with {u,v,y} C Ni, z € Ny, |N1| = ¢l
and |N2| = ¢L. Clearly, w™ € P,,. Switching = and y in 7 yields

Yo = Yy (4.76)

which completes the sufficiency part of the proof.

Necessity: When ¢f = ¢Z, a lower 2-star inequality (4.70) is always implied
by the corresponding lower bound inequalities (4.18).

When ¢ = ¢¥'+1 and Fy — F;, = 2, all feasible sc-partitions that lie on P,
have one subclique of size F, one subclique of size F, +1 and k — 2 subcliques

.

Fr,
the following equality holds:

k
gbL F L F L + 1 F U
E e g = k: - 2 .
w(£) =3 (9)=(5)+ (") + o= (]
Then, this implies that P,, lies in the face defined by the valid inequality (it

is not difficult to show that this inequality is valid for P™ when ¢% = ¢f + 1
and Fy — Fp = 2):

= () () o-a(5)

Note that, when ¢f = ¢F + 1 and Fyy — Fy, < 1, P™ is not full-dimensional.
This completes the necessity part of the proof.

of size Fy;, where k = . Hence, for all sc-partitions that belong to P, ,,

]

Now, we prove the facet defining conditions for the lower 2-star inequalities
when dim(P™) = (g) — 1. In this case, the lower 2-star inequalities are facet
defining for P if and only if the lower bound inequalities (4.18) are not facet
defining. This complementary facetness property between these two sets of
inequalities is a direct consequence of the following theorem and Theorem

4.6.9.
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Theorem 4.11.2. Suppose dim(P*) = (g) — 1. The lower 2-star inequalities

(4.70) are facet defining for P™ if and only if

e (n mod Fr) =1 and LFELJ = [%-‘ =2, or,

® (TL modFU):FU—l.

Proof. Using the fact that dim(P™) = (3) — 1, we set go = 0 for some €’ €
E(V — {u,v}). Proceeding like in the proof of Theorem 4.11.1, we can show
ge =a € Rforalle € E(V —{u,v}). But, go = 0 implies & = 0. Now, we can

complete the proof proceeding in the same manner as in the proof of Theorem

4.11.1. Note that, when (n mod F) = 1 and L%J = {FLU-‘ > 3, P,y lies in

the corresponding hyperplanes defined by the lower bound inequalities (4.18)
as we would have ¢ = ¢ = FJ. O

Now, we state that the lower 2-star inequalities are not facet defining when

dim(P™) = (}) — (n —1).

2

Proposition 4.11.1. Suppose dim(P"™) < (3) — (n — 1). The lower 2-star

inequalities (4.70) are not facet defining for P!*.

Proof. When, dim(P™) = (3) — (n — 1), P,, lies in the intersection of the

hyperplanes w(d(u)) = Fj, — 1. When dim(P™) = (}) — n, the lower 2-star

inequalities are just the sum of two hyperplanes from M (P™). O]

4.12 The upper 2-star inequalities
In this section, we introduce the following upper 2-star inequalities:
(2 - (gbllj _¢2U))wu7v+w({u’ U}’ V- {u7 ’U}) < gbllj_’_qbQU —2 ‘v’u, veV. (477)

The proofs of the following theorems are very similar to their counterparts in
Section 4.11, so we present them without proofs. Just like in Section 4.11,
when dim(P™") = (g) — 1, the upper 2-star inequalities are facets of P™ if and
only if the upper bound inequalities (4.16) are not facet defining.

Theorem 4.12.1. Suppose that P™ is full-dimensional. Then the upper 2-star
inequalities (4.77) define facets of P if and only if one of the following hold:

(i) ¢ > @Y +2.
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(it) o7 = ¢35 +1, Fy — Fp > 3.

Theorem 4.12.2. Suppose dim(P"™) = (5) — 1. The upper 2-star inequalities

(4.77) are facet defining for P™ if and only if

e (n mod Fy) = Fy — 1 and LFLLJ = L‘P_U—‘ =2, or,

e (n mod F) = 1.

Proposition 4.12.1. Suppose dim(P™) < (3) — (n —1). The upper 2-star

inequalities (4.70) are not facet defining for P'*.
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Chapter 5

Computational Experimentation

In this chapter!, we present our computational experience with a simple branch-
and-cut algorithm which employs the strong valid inequalities that are high-
lighted in Chapter 4. Namely, we test the effectiveness in solving PHLRP of
the following strong valid inequalities from Chapter 4:

e (4.19) from Section 4.7 (the 2-partition inequalities),

e (4.52) from Section 4.8 (the lower general clique inequalities),
e (4.55) from Section 4.9 (the upper general clique inequalities),
e (4.66) from Section 4.10 (the cycle inequalities).

We exclude the lower and upper 2-star inequalities ((4.70) from Section 4.11
and (4.77) from Section 4.12) from our discussion in this chapter. Because
they are facet defining for the size-constrained graph partitioning polytope
only under very restrictive conditions and hence are not as strong as the above
inequalities for PHLRP.

We run our experiments on Formulation 3 as it emerges as the most efficient
of the three in our computational experiments in Section 3.2.

PHLRP is a very difficult problem. For this reason, in our experiments we
ignore assumption (A3) and consider only the un-capacitated version of the
problem. That is, we exploit the reduction implied by Proposition 2.7.2 and
run our experiments on this reduced version of Formulation 3. For the sake

!The content of this chapter is going to be published in February 2011: “A branch-and-
cut algorithm for the partitioning-hub location-routing problem”, Computers & Operations
Research, 38(12), 539-549.
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Impl. ID | Description
1 Form. 3C with Xpress proprietary cuts
Form. 3C with 2-partition ineq, i.e., (4.19)
Form. 3C with lower gen. clique ineq.,i.e., (4.52)
Form. 3C with upper gen. clique ineq.,i.e., (4.55)
Form. 3C with cycle ineq., i.e., (4.66)
Form. 3C with all ineq., i.c., (4.19), (4.52), (4.55), (4.66)
Form. 3C with Xpress proprietary cuts and
all ineq., i.e., (4.19), (4.52), (4.55), (4.66)

~N [ O| O =[N

Table 5.1: List of the seven implementations of Formulation 3C used in the
experiments.

of simplicity, in the rest of this chapter we refer to this compact version of
Formulation 3 as Formulation 3C.

5.1 Computational experimentation details

We consider instances having 9, 10, 12, 15 and 20 vertices, respectively. For
each value of network size |V| we consider different values for the edge density
Ed= |E| /(‘g‘), namely 0.3, 0.6, and 0.9, respectively. Similarly, we consider

three possible values for the demand density Dd:|T|/(|‘2/‘) equal to 0.3, 0.6,
and 1.0, respectively. For each possible assignment of network size |V|, Ed
and Dd, we generated 10 random instances of PHLRP, leading to an overall
number of 450 instances of the problem.

We implemented Formulation 3C by means of Mosel 2.0 of Xpress-MP,
Optimizer version 18, running on a 2.8GHz Intel Core i7 CPU, equipped with
3 GByte RAM and Windows Vista operating system. The Xpress-MP primal
heuristic was turned on and the maximum running time was limited to 1 hour
per instance.

We implemented seven versions of the Formulation 3C, each one employing
a different cut set (see Table 5.1). In the 1% version we relied only on Xpress
proprietary cuts. In the 2", 34 4% and 5% versions we deactivated Xpress
proprietary cuts and used the valid inequalities (4.19), (4.52), (4.55) and (4.66),
respectively. In the 6% version we used valid inequalities (4.19), (4.52), (4.55)
and (4.66) jointly while keeping off Xpress proprietary cuts. Finally, in the
7% version we used Xpress proprietary cuts in combination with valid inequal-
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ities (4.19), (4.52), (4.55) and (4.66). We used the following algorithms for
separating inequalities (4.19), (4.52), (4.55) and (4.66):

Separation oracle for the 2-partition inequalities We used a slightly
modified version of the heuristic proposed by [14] and [32] to separate the 2-
partition inequalities. Specifically, for every vertex v € V we consider the set
of vertices W := {v/ € V' \ {v} |w(v,v") > 0}. Then, we randomly pick two
vertices, say ¢ and j, from W and set T' = {4, j}. Subsequently, for every vertex
kin W — T, we check if w(k,v) —w(E({k},T)) is strictly positive and if so we
set T'=T U {k}. Finally, we check if |7 > 3 and w(E({v},T) — w(E(T)) >
1. If both conditions hold, we add the violated inequality w(E({v},T) —
w(E(T)) < 1. Note that, if |T'| = 2, the 2-partition inequality reduces to a
triangle inequality, which is already present in the formulation.

Separation oracle for the lower general cliques inequalities As ob-
served in Section 4.8, inequalities (4.52) are not facet defining for the size-
constrained graph partitioning polytope when |Q] < {%J This fact can be
exploited for separating the lower general clique inequalities. Specifically, for
every t € {LMJ +1, LMJ +2,. |V|} we randomly pick a subset @ of V/
such that |Q| = t. We check whether w(E(Q)) < (k—q) (%) +¢(*%") and if so,

we add the inequality w(E(Q)) > (k— q)( ) —|—q(p+1) We apply this procedure
100 times to every fractional solution encountered in the branch-and-cut tree.

Separation oracle for the upper general cliques inequalities As ob-
served in Section 4.9, inequalities (4.55) are not facet defining for the size-
constrained graph partitioning polytope when |Q| < ¢V or |Q| > |V] —

where k = [%-‘ This fact can be exploited for separating the upper general

clique inequalities. Specifically, for every t € {¢¥ + 1,07 +2,...,|V| - ¢! — 1},
we randomly pick a subset @ of V such that |Q| = ¢ and we check Whether
( (Q)) > Z ( L ) ("Q). If so we add the inequality w(FE(Q)) < Z ( L )
. We apply thls procedure 100 times to every fractional solution encoun-
tered in the branch-and-cut tree. The whole procedure can be accelerated by
precomputing the values {¢V}, i =1,... k.
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Separation oracle for the cycle inequalities The cycle inequalities are
separated by means of a heuristic algorithm working as follows. For every
vertex v € V we set V. := {v}, and we add the remaining vertices to V. by
picking at random (¢Y — 1) vertices in V'\ {v}. Subsequently, we check whether
w(E,) > ¢V — 2. If so we add the inequality w(E,) < ¢V — 2.

5.1.1 Discussion

In this section we provide a general overview of the numerical experiments
performed on the considered 450 random instances of the PHLRP. As general
trend, implementation 7 performed the best, resulting, in average, faster and
tighter than any other implementation. Tables 5.2-5.7 show a more detailed
analysis of the results. Specifically, Tables 5.2 and 5.3 show the performances of
the seven implementations with respect to the solution time. Tables 5.4 and 5.5
show the performances of the implementations with respect to the gap, i.e., the
difference between the optimal value found and the value of linear relaxation
at root node of the branch-and-cut tree, divided by the optimal value. Finally,
Tables 5.6 and 5.7 show the performances of the implementations with respect
to the number of nodes explored in the branch-and-cut tree.

Each row of Tables 5.2 and 5.3 shows, for each implementation, the average,
the maximum and the minimum solution time required to solve the correspond-
ing 10 random instances. When the running time exceeds the time limit, it
appears as around 3600 seconds in the tables. The 13%" and 14" columns of
Table 5.3 display the best and the worst performing implementations with re-
spect to the average solution times. The columns show that, as size gets larger,
implementation 7 performs generally better than the others. On the contrary,
the exclusive use of Xpress proprietary cuts (i.e., implementation 1) generally
leads to poor performances. This fact clearly shows that the valid inequalities
(4.19), (4.52), (4.55) and (4.66) bring significant improvements on the solution
time.

Implementation 2 turns out to be generally the worst in terms of solution
time. This fact is in contrast with Tables 5.4 and 5.5 which show the ability of
implementation 2 to provide tight lower bounds for the problem. This behavior
is possibly due to the hardness of separating inequalities (4.19), so that the time
spent for the separation is not worth its use. On the other hand, we can observe
from the penultimate column of Table 5.3 that implementation 6 performs the
best in a considerable number of cases. Implementations 3 and 5 also perform
very well and yield quite good solution times when compared with the other
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implementations. In absence of Xpress proprietary cuts we would recommend
the use of valid inequalities (4.19), (4.52), (4.55) and (4.66) jointly in a branch-
and-cut framework.

Tables 5.4 and 5.5 show the effectiveness of the valid inequalities in provid-
ing tight lower bounds for the problem. Each row displays, for each implemen-
tation, the average, the maximum, and the minimum gap on the corresponding
10 random instances. If for some instance the running time exceeded the time
limit, the best so far primal bound is used instead of the optimal value.

We observed that implementation 7 performs generally better by always
yielding the best average gaps. When we exclude implementation 7 from the
analysis we observed that implementation 6 generally performs the best and
globally better than implementation 1 (see the 13" and 14" columns of Table
5.5). This fact confirms again that the joint use of valid inequalities (4.19),
(4.52), (4.55) and (4.66) significantly improves over Xpress proprietary cuts in
terms of LP relaxations. As implementation 6 employs all the corresponding
valid inequalities there is no surprise in seeing that it performs better than
implementations 2-5. Interestingly, due to the random nature of our sepa-
ration algorithms, in some cases implementation 6 is beaten by another one.
However, this fact is observed very rarely and does not change the conclusion
that implementation 6 is a reliable option to obtain tight LP relaxations for
formulation Formulation 3C.

The last two columns of Table 5.5 show a comparative analysis of imple-
mentations 2-5. Specifically, the results showed that implementations 2 and 5
performs the best and the worst respectively. Tables 5.4 and 5.5 also highlight
that implementation 2 always performs better than implementation 1, and
that implementations 3 and 4 perform at least as good as implementation 1 in
most of the cases. This fact suggests that valid inequalities (4.19), (4.52) and
(4.55) individually constitute sharp cuts for formulation Formulation 3C: they
strengthen the formulation more than Xpress proprietary cut strategy does.

Tables 5.6 and 5.7 compare the number of nodes explored in the branch-and-
cut tree. Although implementations 1 and 2 appear to explore less nodes, the
results do not exhibit a clear pattern. Possibly, this is due to our interference
with the branch-and-cut implementation of Xpress Optimizer. Apparently,
the Xpress proprietary cuts and search strategy help to reduce the size of
the branch-and-cut tree, although this does not automatically implies a quick
convergence to the optimum.
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5.1 Computational experimentation details
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Conclusion

In this thesis, we introduced the Partitioning-Hub Location-Routing problem
(PHLRP), which can be classified as a variant of the hub location problem.
PHLRP consists of partitioning a network into sub-networks, locating at least
one hub in each subnetwork and routing the traffic within the network such that
all inter-subnetwork traffic is routed through the hubs and all intra-subnetwork
traffic stays within the sub-networks all the way from the source to the desti-
nation. Obviously, besides the hub location component, PHLRP also involves
a graph partitioning component and a routing component. PHLRP finds ap-
plications in the strategic planning or deployment of the Intermediate System-
Intermediate System (ISIS) Internet Protocol networks and the Less-than-truck
load freight distribution systems.

In Chapter 2, we introduced three IP formulations for solving PHLRP. The
hub-location component and the graph partitioning components of PHLRP are
modeled in the same way in all three formulations. More precisely, the hub-
location component is represented by the p-median variables and constraints;
and the graph partitioning component is represented by the size-constrained
graph partitioning variables and constraints. The formulations differ from each
other in the way the peculiar routing requirements of PHLRP are modeled.
Formulations 1 and 2 are based on a three-layer replication of the original
network under consideration. Formulation 3, which is more compact, employs
a two-level replication of the underlying network. We conclude Chapter 2
by elaborating in Sections 2.5, 2.6 and 2.7 on some relaxations that can be
applied to the formulations when we ignore the arc-capacity constraints and
assumption (A3).

We devote Chapter 3 to analytical and empirical comparison of the three IP
formulations. Our thorough analysis reveals that Formulation 1 is the tightest
of the three formulations. In Section A.1 we also show analytically that the
LP relaxations of Formulations 2 and 3 do not dominate each other.
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On the other hand, our empirical comparison in a standard branch-and-cut
framework that is provided by CPLEX shows that Formulation 2 performs by
far worse than the other two formulations in solving PHLRP. Formulation 3
yields slightly better solution times on average than Formulation 1. That is,
compactness of Formulation 3 outweighs tightness of Formulation 1.

Chapter 4 is in a way independent from the other chapters. In this chapter
our focus is on the size-constrained graph partitioning polytope, which is de-

fined as the convex hull of w € {0, 1}(75) that satisfy (2.1a), (2.1b) and (2.1c).
We analyze the polyhedral structure of this polytope and identify several classes
of facet defining inequalities for it.

And, in Chapter 5 we wrap up our efforts for solving PHLRP. Namely, we
present the results of our computational experiments in which we employ some
inequalities that are highlighted in Chapter 4 in a branch-and-cut algorithm.
We run our experiments on Formulation 3, which yields the best solution times
in Section 3.2. We exploit the reductions that can be applied to Formulation
3 when the arc capacities are ignored and assumption (A3) is relaxed (as sug-
gested in Section 2.7). In this reduced form of the formulation, the integrality
restrictions on all flow variables and assignment variables (which represent as-
signment of local nodes to hubs) can be relaxed. Hence, the only remaining set
of binary variables in the formulations are the partitioning variables and the
hub-location variables. For this reason, the facets of the the size-constrained
graph partitioning polytope constitute strong valid inequalities for the reduced
forms of Formulations 1, 2 and 3.

Our experiments show that our approach brings significant improvements to
the solution time of PHLRP when compared with the default branch-and-cut
solver of XPress.

However, as it is also evident from our computational experience, our re-
search in this thesis does not yield an efficient algorithm for solving large in-
stances of PHLRP. Yet the outcomes of this thesis would provide a valuable
basis for developing metaheuristics that can solve large, practical instances of
the problem. Also, developing special algorithms for special graphs (e.g., trees)
might provide effective solution methodologies for practical purposes.

Future research directions

A curious look at the analytical and empirical comparison of the IP formula-
tions that is presented in Chapter 3 reveals the need for further elaboration
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on comparison of Formulations 2 and 3. We show in Section A.1 that LP
relaxations of these two formulations do not dominate each other. However,
empirical evidence shows that Formulation 2’s LP relaxation gap is always
much higher than that of Formulation 3. We believe that exploring this re-
lationship between these two formulations might prove to be a very nice and
elegant extension to the research presented in Chapter 3 and in Section A.1.
We believe that a thorough polyhedral analysis of the polytope that is defined
by (2.1a)-(2.1g), w,. € {0, 1}(2) for all e € E,, and z,, € {0,1} for all u € V
would provide invaluable valid inequalities for solving PHLRP. In fact, anal-
ysis of this polytope would also be a very interesting research effort from a
polyhedral analysis perspective. Because, it combines two polytopes defined in
two different subspaces (i.e., the subspaces defined by w,. and x,,) by means
of one single set of constraints (i.e., (2.1g)). We believe that such an analysis
would provide a valuable extension to the literature on the graph partitioning
polytopes and the p-median polytope.
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Appendix

A.1 Analytical comparison of Formulations 2
and 3

In this section, we recast Formulations 2 and 3 on the basis of two layers with
no inter-area links. In other words, we rewrite them using the variables w,, ,,
T, ¢;; and 7,7 only, the former two and the latter two being defined exactly
in the same manner as they are defined in Sections 2.1 and 2.4 respectively.
Finally, we compare the formulations obtained in this manner with each other
to see which one implies the other.

A.1.1 Reformulating Formulation 2

The variables wy,, @y, and 7;5" are already present in Formulation 2 (the
latter as g;;'). We introduce the variables ¢;";’ into Formulation 2 by means of
the following constraints:

oy = [+ b Y(u,v) € TV(i, j) € A (A1)
Now, we replace the constraints (2.2¢) of Formulation 2 with
oif + o5 <wiy o VY(u,v) € TV, j) € E, (A.2)

and change the objective function as

min Z Z i Aun(Bi) + Gi5)- (A.3)

(u,W)€ET (3,5)€A

Note that, these transformations induce no change in the LP relaxation objec-
tive value of Formulation 2. Now that the variables f;" and h;’j’ are no longer
in the objective function, we can project them out from Formulatlon 2 and end
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U,V

up with a reformulation that employs only the variables wy ., Tuv, ¢;; and

u,v
Yij -
The following matrix representation (A.4) displays the relevant constraints

to the projection of Formulation 2, that is, the constraints that involve f;f f
and h;’j’ variables (i.e., (2.6b), (2.6f), (2.6c) and (A.1)). In this representation,
0y, 1, Tepresents an [ X [ matrix of zeros, and I; represents an identity matrix
of dimension [. The first, second and third blocks of constraints respectively
represent (2.6b), (2.6f) and (2.6¢); and the last two blocks of constraints stand
for the equivalent inequality representation of (A.1).

—N | 0nya| N b'
0nxjal | Onxja | N WY b
Onxja) | N | Opxa < | v V(u,v) €T, (A4)
—la | fa | L h*® Oa
Dap | —lap | =14 04
where
Ty, — 1, iti=u,
b = Tuis ifi e V. —{u,v},
Toi + Wy, if 1=
2 { Ty, ifi e V—{v},
! Typyp — 14 Wy, if1=1;
and
1, ifi=u,
b = 0, ifieV —{u,v},

Wy, ifi=0.

We associate the dual vectors a € R}, 8 € R}, p € R}, A € ]R'f' and

0 c lel' with the first, second, third, fourth and the fifth blocks of constraints,
respectively. Then, the projection cone corresponding to the f/" and A}
variables is determined by the inequalities

Nij—0i; > (0 —ay) + (B — Bi) Y(i,j) € A, (A.5a)
Aij — Ui = pj — i V(i j) € A. (A.5b)

Namely, if we denote the projection cone by W,
W = {(a, B, i, A, 0) € R¥"|(A 5a) and (A.5b) are satisfied}.

The following proposition gives the extreme rays of W.
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Proposition A.1.1. Let (o, B,y X, 0) € W be a ray of W. Then (a, B, s A, 0)
1s an extreme ray of W if and only if it is equivalent to one of the following
forms:

L a=B=p=0;
Ni= j+ = 1 for some (i*,7%) € A, \;; =0 for (i,j) € A—{(&*,7%)};
0 =0.
2.a=B=pn=0;
Air j+ = O j» = 1 for some (i*,5%) € A, N = 0;; = 0 for (i,j) €
A—A{(",57)}

3. a; =1 foriv € S,, a =0 otherwise,
Bi =1 fori e Sg, B =0 otherwise,
p; =1 fori € S,, p; =0 otherwise,
Nij =1 for (i,7) € Sy, \ij = 0 otherwise,
0,5 =1 for (i,7) € Sp, 0; ; = 0 otherwise,
where Sy, Sg, Sy, Sx and Sy comply with the following conditions C-1—
C-8:

C-1. S4,53,5, CV and at least one is non-empty.
C-2. SoNSz=10.

In the sequel, let V.=V — (S, USzUS,).

C-3. V £ 0.

C-4. if Sa # 0 and S, # 0, then S, NS, # 0 and A(Se NS, V) # 0

C-5. if Sg# 0 and S, # 0, then SsN S, # 0 and A(SzN S, V) # 0.

C-6. S, = Af(SM) U A*(Sa U Sﬁ)

C-7. Sy C A((Sa U S5) N S, V).

C-8. the subgraph induced by S, U SgU S, is connected.
Proof. Sufficiency: Pick a ray r = (a0, 3, s, A, 0) € W of type 1, ie., a =
B =pn=20 60 =0, \j» =1 for some (i*,5*) € A and \;; = 0 for
(i,7) € A—{(i*,7%)}. Suppose that r is not an extreme ray. Then there
exist vl = (al,,Bl, ph AL Ol) e W for | = 1,2 that comply with the following

two conditions:
(E-1) r! and 7? are not equivalent to 7 up to a constant; and,
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(E-2) r = 37! + 12
Since r' € W and r2 € W, (E-2) implies that o/ = 8' = p! = 0, ' = 0 and
A, =0for Il =1,2and for all (i,j) € A—{(:*,5*)}. But, then 7' and 7* are
equivalent to r up to a constant, which contradicts (E-1).

Now, suppose that r is not extreme and is of type 2, ie., a =8 =p =0,
Ai# j+ = O« j» = 1 for some (i*,7*) € Aand \;; = 6,; = 0 for (i,j) € A —
{(i*,7*)}. Then there exist r! = (al,ﬁl, b AL 01) € W forl = 1,2 that comply
with (E-1) and (E-2). (E-2) implies that o' = 8' = ' =0, X\, = 6., = 0 for
[ =1,2 and for all (7,j) € A—{(i*,j*)}. From (E-2), we can infer further that

)\Z-l*J* =1- €, Qil*,j*

:1—69,

for some €y,69 € R. Since r! € W and r*> € W, (A.5a) and (A.5b) imply
€x = €p. But then ! and 72 contradict (E-1).

Finally, suppose that 7 is not extreme and is of type 3, i.e., a, B, pu, A\, u
are as given in the proposition statement for some S, Sz, S, S\ and Sy. Then
there exist ! = (a!, 8, p!, X", 6') € W for | = 1,2 that comply with (E-1) and
(E-2). (E-2) implies that

al =0 for 1 =1,2,and for all i ¢ S,

Bi=0  forl=1,2 and for all i ¢ Sg,

ph=0 for { =1,2,and for all i ¢ S,,,
)\;j =0 for I = 1,2,and for all (i,j) ¢ Sy,
0;,=0  forl=1,2and for all (i,j) ¢ Sp.

(E-2) implies further that

af =1 —e,,, o =1+ e, Vi € Sq; (A.6a)
Bl=1-¢4, B2=1+e¢;  VieSy (A-6D)
i =1—¢,, pi=1+e, Vi e Sy; (A.6¢)
Ni=l—en,, A,=1+4e, V(i,j) €S (A.6d)
ez‘l,j =1-e,, 9@‘273’ =1+e,, V(i) € So; A.Ge)

(
where €, €5;, €4, €7, 1,5 €0,,,, € Rforalli € S,, j € Sp, k € 5, (I1,15) € Sy
and (I3, 1y) € Sp.
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In the rest of this proof, we mark the end of the proofs of the claims by
“Q.E.D.”; and, we mark the end of the proof of the proposition by the usual
hollow square (i.e., ). Let Sop =V — (S, U Sp), S, =V —5,..

Claim 1.
(i) €a, = €, forall (4,7) € A(Sag, Sa);
(i) €5, = €x,, for all (i,5) € A(Sas, Sp);
(iii) €., = ex,; for all (4,7) € A7(S,).

Proof: We prove part (i) only; the proofs for the others are very similar. Con-
sider an arbitrary node j* € S, and an arbitrary arc (i*,5*) € A(Sag, {5*})-
We have 6., ;. = 0 for [ = 1,2, because (i*, j*) ¢ Sp; and, af. = L. = L. =0
for [ = 1,2, because i* € Sap and S, N S = (. Plugging these values, (A.6a)
and (A.6d) into the corresponding inequality of (A.5a) yields €,. = €. ..
Q.E.D.

Claim 2.
(i) €a, = €4, = €g,,; for all (7, j) € Sy such that i € S, NS,
(ii) es, = €, = €q,, for all (4, j) € Sp such that i € S3NS,,.

Proof: We prove only part (i); part (ii) is very similar. Consider an arbitrary
arc (i*,j*) € Sy. We know that i* € S, NS, j* € V and (i*,j*) ¢ Sy, hence
Mo jo =Bl = B = al. = pl. = 0 for | = 1,2. Plugging these values, (A.6a)
and (A.6e) into the corresponding inequalities of (A.5a) and (A.5b) yields the

result. Q.E.D.
Claim 3
() €q, = €q, for all (4, j) € A(Sa NSy, Sa);
(ii) €q, = €q, for all (i,7) € A(Sa — Sy, Sa — Sp);
(iii) ep, = ep, for all (4,7) € A(SspN Sy, Sp);
(iv) es, = €g, for all (z,7) € A(Sz — Sy, S5 — Su);
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€u; = €y, for all (i,7) € A(Sa N Sy, Su);

€y, = €y, for all (i,7) € A(SgN Sy, Su);

Sa,Sg );

) (i,5) € A
) (i,) € A
(vii) €., = €, for all (7, 7) € A(S, — (Sa U Ss), S, — (Sa U Sz));
) €a, = €3, for all (i,7) € A(
) (i,5) € A

(ix) €, = €q, for all (i,7) € A(Ss, Sa — Sy).

Proof: We prove only part (i); the others are very similar. Pick an arbitrary
(i*,7%) € A(Sa NSy, Sa). We know that (%, 5*) is not in Sy and Sy, hence
)\i = 0., j+=0forl=1,2; and, ﬁl*—ﬁl*—Oforl—l 2 since S, N Sz = 0.
Plugglng these values and (A 6a) into the corresponding inequality of (A.5a)

yields the result. Q.E.D.

Claim 4. €a, = €, = €y, = €y, = €5, = & € Rioralli € S,, j € S,
ke S,u, (ll,lg) € Sy and (lg,l4) € Sp.

Proof: Suppose that S,, Sg and S, are all non-empty. Due to the conditions
C-3, C-4 and C-5 in the statement of the proposition, Claims 1 and 2 imply
the following:

e For every i* € S, NS, and (5*,i*) € A(V,{i*}), €a. = €. = Expe e 1
there exists (i*,k*) € Sy, €q,. = €. = €0 g

e For every i* € SgN S, and (j*,i*) € A(V,{i*}), €5, = € = Exje e 1f
there exists (i*,k*) € Sy, €p,. = €4,. = €00

Then, from condition C-8 and Claim 3, one can infer that e,, = €5, = ¢€,, =
§eRforalieS,, je Ss k€5, Finally, Claims 1 and 2 imply that
6)\l1‘12 = 69l3‘l4 = f for all (ll,l2) c S)\ and (lg,l4> c 59. QED

Claim 4 proves that ! and r2? are equivalent to r up to a constant, which
contradicts (E-1).

Necessity: Pick a feasible non-zero ray r = (o, 8, pu, A, 0) in W. Suppose
that r is extreme. Let P, ={i € V:a; >0}, Ps={i eV : 5 >0}, P, =
{iEV:,ui>O}, PA:{(i,j)EAI)\i’j>O} aHdP9:{<Z.,j)EA29i7j>O}.

Claim 5: If Py = Py = P, = Py = 0, then |Py| = 1.
Proof: Let (i*,j*) be an arbitrary arc in A and suppose that (i*,5*) € P,. If
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|P| > 1, the two rays ' = (a!, 8, u', A1, 0") and r? = (a?, 3%, u?, A%, 6%)
defined in the following manner would be feasible and comply with (E-1)-(E-2):

aj =0 VieV, a?=0VieV,
Bl=0VieV, B=0VieV,
/Lll_OViEV ,uf—OVz'EV
{ 2X\i 4, if (i,5) = (i, 5%), { 2\, if (i,5) € Py —{(i*,5%)},
otherwise, otherwise,
91 V(i,7) € A, 92 V(i,j) € A.

Q.E.D.

Claim 5 proves that when P, = Py = P, = Py = (), r is an extreme ray of
the first type.

Claim 6:1f P, = P3 = P, =) and Py # ), then Py = Py.

Proof: The inequalities (A.ba) and (A.5b) dictate that Py O Py. But if P, —
Py # 0, the two rays r' = (o', 8", ', A", 0") and r? = (a2, 3%, u?, \*, 6%
defined in the following manner would be feasible and comply with (E-1)-(E-
2):

aj =0 VieV, a?=0VieV,

Bi=0VYieV, B2=0VieV,

pi =0 ViV, pr=0 vieV,

)\l _ 2/\i,j7 if (Zaj)EP97 )\2 _ 2/\i,j7 if (iaj)EP)\_P%
& 0, otherwise, &Y 0, otherwise,

0, =20;; V(i,j) € Py, 07 =0 V(i,j) € A.

Q.E.D.
Claim 7:1f P, = P3 = P, = () and Py # (), then |P\| = |Py| = 1.
Proof: Suppose that |P\| = |Pp| > 2. Let (¢*,5%) be an arc in Py. The two rays
r’ = (', 8", u', A, 0Y) and r? = (a?, B2, pu?, A%, 0%) defined in the following
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manner would be feasible and comply with (E-1)-(E-2):

ap =0 VieV, =0 VieV,
Bi=0VieV, B2=0VieV,
pi =0 ViV, pr=0vieV,
&Y 0, otherwise, b 0, otherwise,
01 _ 29i,j7 if (Zvj> = (Z*aj*)a 92 29i,j7 if ¢ GP)\—{(Z*,j*)},
b 0, otherwise, bl 0, otherwise.

Q.E.D.

Claim 8: Suppose that P, = P3 = P, = () and Py # (). Suppose further
that Py = Py = {(i*,j*)}. Then A\« j« = O j.
Proof Suppose that A j- > 0. Then, two rays r' = (a!,8', u*,A',0")
and r2 = (a?, B2, u?, \? 02) deﬁned in the following manner would be feasible
and comply with (E-1)-(E-2):

Y

aj =0 VieV, W2=0VieV
Bl=0VieV, 2o viev,

i =0 VieV, pE=0VieV,

A= { O ) B 2 e R )
' 0, otherwise, irj 0, otherwise,
R CR T v

Q.E.D.

Claims 6-8 prove that when P, = Pg = P, = () and Py # ), r is an extreme
ray of second type. In the sequel, we assume that at least one of F,, Ps and
P, is non-empty.

Claim 9: Py N Py = (.
Proof: Consider an (i*,7*) € Py N Py (i.e.,, Ay j» > 0 and 6;- j» > 0). We
can perturb r by a suitably small value € to obtain the the two rays r! =

Aykut (")zsoy, Ph. D. thesis



A.1 Analytical comparison of Formulations 2 and 3 159

(o', B, u', AL, 0% and r? = (a?, B2, 42, A%, 6%) where

ozil:ozi Vi eV,
pi=p; Vi€V,
\

INE

AL = { N +e i (1.4) = (i*.5°),
5J

otherwise,

o — { by +e if (i.7) = (7, 5),
%,J

0

ijs otherwise,

Obviously, ! and 7? satisfy (E-1)-(E-2).

Claim 10:

(i) Aij = max{(co; — ;) + (B; — Bi), 14
(11) Gi’j = — max{(aj — O!i) + (B] -

ol =q; YieV,

ﬁf =06 VieV,
pi=p Vi€V,
)\2: /\i,j_€7 if (Zaj):(l*h]*)’
1,J Nijs otherwise,
o [ By —e i ()= (),
i,J 0; ;. otherwise.
Q.E.D.

— i} >0 for all (i,5) € Py;

pi — i} >0 for all (4, 5) € Dy.

Proof: We give the proof for only the first part, the proof for the second part

is very similar.

Claim 9 implies that if (¢,j) € Py, then 6,; = 0. Thus, by (A.5a) we

have \; ; > max{(a; — ;) + (5; —

pi — i} for all (4,5) € Py. Suppose

that there exists (i*,j*) € Py such that A\« > max{(a; — ;) + (Bj —
Bi*), fj= — pi= }. Then we can perturb r by a suitably small € to obtain the rays

af =a; Vi€V,

ol =aq; YieV,

Bl =8 VieV, B =5 VieV,
ml:ui\ﬁeV ﬂ?:NiViGV
{ /\1] +6 lf Z ]) (.*7.].*)7 { — € lf Z J) (.*7.].*)7
i, otherwise, i, otherwise,
=0;; Y(i,j) €A, =0;; V(i,j) € A
Both 7! and 7?2 are feasible and satisfy (E-1)-(E-2). Q.E.D.

Claim 11: P, N Ps = 0.

Proof: Suppose P, N P; # () and suppose i* € P, N Ps. Then, one can find
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rt=(a!, 8, p', A, 0Y) and r? = (o, 8%, u?, A, 6%) where

1 oy —e ifi = s | a; e ifi=7i%
i = o otherwise. i = o otherwise.
gl = Bi+e ifi=1* 52— Bi—e ifi=1i%
E e otherwise. ) B otherwise.
:uzl:/” VieV, N?:,Ui VieV,

Ay =g V(L) € A, A=A V(L J) € A,

G'L'l,j = ei,j V(ZL]) € A7 012,3 - 0i7j V(Zhj) € A

Obviously, 7! and 72 are both feasible and satisfy (E-1) and (E-2).  Q.E.D.

Clatm 12: 1t o; = Bj = ju, = ¢ > 0 for all 7 € P,, j € P3, k € P,, then
(i) Px=A"(P,)UA (P, UP;s) and Py C A ((sa U Ss) N Sy, V).
(11) )\11,12 = (913’[4 = C > ( for all (ll, lg) € P, and (lg,l4) € Fy.

Proof: Let X; = A(P,) U A (P, UPs) and X, = A ((Sa U S5) N Su,f/>.
Claim 10 implies that for all (i,5) € X;, A;; > 0. Hence X; C P,. But,
P\ — X7 = ) because otherwise we would have an arc (i*, j*) € X; for which
Ai= j+ > 0; and, existence of such an arc would contradict Claim 10 as one can
verify that max{(a; — o) + (8; — i), ; — i} < 0 for all (4,5) € A — X;.
Therefore Py, = X;.

Similarly, one can verify that for all (7, j) € A — X5, max{(o; — ;) + (8; —
Bi), b — pi} > 0. Hence, Py C X,. Note that, it is always feasible to assign
fi+ j+ = 0 even when max{(a;« — a;) + (B« — Bix), ptj» — pi=} < 0 for some
(Z*aj*) € X2 - P@-

Part (ii) is a direct consequence of Claim 10. Q.E.D.

Claim 13: o; = Bj = U = )\11,12 = 913714 = C >0 forallie Pa, j € Pﬁ, ke PH’
(ll,lg) € P, and (lg,l4) e b.
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Proof: Consider r! = (a!, 8", u*, X', 8") and r? = (a2, 8%, u?, A?, 6%) where

1 ai+e ifie P, s J ap—e€ ifieP,,
Y%= o0 otherwise, R otherwise,
51: Bz‘f“é ifiEPg, 52: BZ'—G ifiGPB,

E 0 otherwise, E 0 otherwise,
L= i +e ifi e Py, 2= i —e ifi e Py,

! 0 otherwise, ! 0 otherwise,

)\1 _ )\i,j+€ if (Z,j) - P)\, )\2 _ )\m-—e if (Z,j) EP)\7
b 0 otherwise, b 0 otherwise,
91 _ 91'7]“{'6 if (Z,]) GP@, 92 _ 91'7]‘—6 if (Z,]) GPQ,

I 0 otherwise, I 0 otherwise.

Here, Py and Py are as given in part (ii) of Claim 12. Note that, ! and r? are
both feasible and satisfy (E-2). If » has a non-zero entry which is not equal to
¢, then ! and 72 would satisfy (E-1) as well, which contradicts extremeness
of r. Q.E.D.

Claim 14: P,, P3 and P, satisfy conditions C-3, C-4 and C-5.

Proof: We consider the most general case and suppose that F,, Pg and P, are
all non-empty. Suppose further that, either C-3 or C-4 does not hold and hence
A(P,NP,, V) =0. Let P,s =V —(P,UPs). Consider r' = (a', 3", u*, X', 0")
and r? = (a?, 8%, u?, A%, %) where

o =20; Vi€V, a?=0VicV,

Bi=0VYieV, BE=2p VieV,

pi=0VvieV, py =2u; Vi€V,

N :{ 2X\i; if (i,§) € A (Pag, Py), 2 :{ 2\i; if (i,7) € A=(P,) U A(P,g, Ps),
J 0 otherwise, J 0 otherwise,

0;,=0VieV, 07, =20;; VieV.

Both 7! and 7? are feasible and satisfy (E-1) and (E-2). Note that, when
A(P, N P, V) # 0, it is not possible to write r as the sum of two such rays.
We can argue in the same manner when A(FPz N P, V) # 0. This completes
the proof of Claim 14. Q.E.D.
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Clavm 15: P, Ps and P, satisfy condition C-8.
Proof: Let G' = (V', E’) be a connected component of the subgraph induced
by P,UP;UP,. Let P, = V'NP, Py =V NPy P, =V' NP, P =

Aﬂ&ﬂhﬁﬂﬁu%)wd%:J%HA«RuM@ﬁ}%V)(bmﬁar%:
(o', B, u', A1, 0" and r2 = (a?, B2, u?, A%, 6%) where

1 2062' ifiEPC,U 2 20[7; ifiEPa—POIN
S ) otherwise, R ) otherwise,
. (28 itieP), . [ 28 ifiePy— P,
Bl = B B2 = B B
¢ 71 0  otherwise, ¢ 1 0 otherwise,
1) 2u ifie P, s | 2u ifieP,— P,
Hi= o otherwise, =1 o otherwise,
u [ EGHER, o _f 2N (i) e B
bJ 0 otherwise, I 0 otherwise,
g _ [ 20 G5 ER, o _ [ 2 i) ER-F
b 0 otherwise, b 0 otherwise.

Obviously, ! and 72 are both feasible and satisfy (E-1) and (E-2).  Q.E.D.

Claims 9-15 prove that when at least one of P,, Pg and P, is non-empty, r
is an extreme ray of type 3. 0 0

The inequalities implied by the 15t and 2nd type extreme rays of W are
respectively as follows:

—¢i7 <0 V(i,j7) € A,¥Y(u,v) €T
¢y — by < 0 V(i,j) € AV(u,0) €T.

These two sets of inequalities are obviously redundant. The inequalities implied
by the 3th type extreme rays are

—(N¢")s, +&(Se) = (S2) < D bl + > B4+ > b V(uv) €T. (A7)

i€Sa i€Ss i€Sy

To sum up, we can reformulate Formulation 2 over the subspace defined by
Wy, Tuw, ¢;; and g;; by replacing the objective function (2.6a) by (A.3),
the constraints (2.2c) by (A.2), and the constraints (2.6b), (2.6f) and (2.6c)
by (A.7). For the sake of simplicity, in the rest of this section we refer to this

reformulation of Formulation 2 as Formulation 2P.
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A.1.2 Reformulating Formulation 3

(2%]
7, is quite straightforward. We only need to project out the variables T

and 77" Below, (A.8) is an equivalent matrix representation of constraints
relevant to projection (i.e., (2.7e), (2.7f), (2.7g), (2.7h) and (2.7i), respectively).
As with (A.4), 1;,«;, and 0,4, stand for [; x [y matrices of zeros and ones,
respectively; and, I; represents the identity matrix of dimension /. Note that,
here the flow balance constraints (2.7e) and (2.7f) are equivalently rewritten

in inequality form.

Reformulating Formulation 3 over the subspace defined by w,, ,, Ty, ¢;; and

N |04 | In -I, b*
O7L><|A| N —1I, I, ¢U7U Onx1
On><|A\ OnX\A\ In On><n '7%” b \V/
u,v G - u,v) & T
On><|A\ Onx\A\ Onxn I Th - b ( ’ ) ’
O1x14] | O1xj4] | lixn | Oixn Thuv 1 — Wy
O1x14] | O1x)4] | —lixn | O1xn Wy — 1
(A.8)
where
1, ifi=u,
b}=¢ 0, ificV —{uv},
-1, ifi1=w;
b’ =x,; VieV;
and

W =ux,;, VieV.

We associate the dual variables «, 5,1, A € R™ with the first four blocks of
rows, and the dual variables 6 and ( with the last two constraints. Let W be
the projection cone:

W = {(a, B,%,,0,() € R{"?|(A.9a) and (A.9b) are satisfied},

where

a; — B+ +0—¢

0 Vi eV, (A.9a)
Bi —a; + N\ 0

VieV. (A.9b)

Proposition A.1.2. A rayr = [a B ¥ X 0 (] € R™2 is an extreme ray
of the projection cone W if and only if it belongs to one of the following nine

types:

>
>
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1. 8 =1 and 0 otherwise.

2. ¥; =1 for some i € V and 0 otherwise.

3. A\i =1 for some i €V and 0 otherwise.

4. 0 =C=1 and 0 otherwise.

5. a; =Ny =1 for some i €V and 0 otherwise.

6. B; =0=1 fori €S and 0 otherwise, for all S C V.

7. Bi =; =1 for some i €V and 0 otherwise.

8. C=1¢Y;=1forieS, a=N=1forieV -5 forall SCV.
9. a; = p; =1 for some i € V and 0 otherwise.

Proof. Sufficiency: Pick a non-zero ray r = (a, 3,%, X, 0,() € W. If r is not
an extreme ray of W, there exist r! = (al,ﬁl,wl,)\l,ﬁl,(l) e Wiforl =12
that comply with the following two conditions:

(E-1) 7! and 7% are non-zero and are not equivalent to 7 up to a constant;
and,

(E-2) r = ir' + 12

In this part of the proof, we show that if r is of one of types 1-9 and not extreme,
(E-1) and (E-2) contradict each other and can never hold simultaneously for
r, r! and r2.

Suppose 7 is of type 1 and not extreme. Then, (E-2) implies for 7! and 72
that o = 8" = ' =X =0 and ¢! =0 for [ = 1,2. But, then 7! and 72 are
equivalent to r up to a constant, which contradicts (E-1). Arguing in the same
manner, we can also show that r is extreme when it is of type 2 or 3.

Now, suppose 7 is a ray of type 4 and is not extreme. From (E-2) we
can infer about r' and 72 that o' = 8" = o' = X' =0, 8! = 1 + (=1)%,
¢t =14 (-1)l for l = 1,2 and for some €y, ¢, € R. Plugging these values into
(A.9a) for [ = 1,2 yields ¢y = €. But then, ' and r* would contradict (E-1).
In the same manner, we can also show that r is extreme when it is of type 5,

7 and 9.
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Next, suppose 7 is a ray of type 6 and is not extreme. (E-2) implies for »!
and 7?2 that

a =0 forl—12

/Bf = {1 ~'es ii;;g forl =1, 2,
Plo= 0 forl =1,2,

A= 0 forl=1,2,

0 = 1+(-1'e¢ forl=1,2,

¢ =0 forl =1,2,

for some S C V and €y, ¢ep, € R for i € S. Plugging these values into (A.9a)
for [ = 1,2 yields €y = €g, for all i € S, which contradicts (E-1).

Finally, suppose r is a ray of type 8 and is not extreme. Then, (E-2) implies
for r! and r? that

L [ 1 (1), ificV —S _
o = { 0 fics for [ =1,2,
g =0 forl—12
1 1 161/, leGS o
Vi { ificV—5 for 1 =1,2,
l . . o
A L+ 16)” ¥fz'€V S forl=1,2,
g ifie S
¢ = 0 forl=1,2,
¢ = 1+ (=Dl forl=1,2,

for some S C V and €q,, €y, €x,,6¢c ER for i € V — 5, 7 € S. Plugging al, Pt
and ¢! values into (A.5a) for [ = 1,2 yields €,, = €y, = e fori e V-9, j €S,
And, plugging al, A\ for I = 1,2 into (A.5b) yields €,, = €y, = ¢; fori € V — 5.

Necessity: Con81der an extreme ray r = (o, 8,%, A, 0, () of W. Note that,
ifa=0B=1%=A=0,and ( =0, r is equal (up to a constant) to the extreme
ray of type 1. In the rest of this proof, we argue similarly for other values of
a, B, 1, A, ¢, and show in a series of claims that r is necessarily equal (up to
a constant) to a ray of one of types 2-9.

Let in the sequel P, = {i € V : «; > 0}, P3 = {i € V : ; > 0},
P,={ieV:¢;>0}and P, = {i € V: X\ > 0}. More precisely, in the
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sequel,
Claim 1 show(s) r is of |  type 4 ifa=B=v=AX=0and ( > 0;
Claims 2, 3 type2or 3 |ifa=08=0and P, #V;
Claims 4-6 type 8 ifa=0B=0and P, =V,
Claims 7-9 type 6 or 7 | if a =0, B # 0;
Claims 10, 11 type 9 ifa+#0,0#0;
Claims 12-16 type 8 ifa#0,8=0,v +#0;
Claims 12, 17, 18 type 5 ifa#£0,3=1v=0.

Like in the proof of Proposition A.1.1, we mark the end of the proofs of the
claims by “Q.E.D.”; and, we mark the end of the overall proof of the proposi-
tion by the usual hollow square (i.e., [J). We now move on to the claims.

Claim 1. Suppose o = B3 =1% =A=0and ¢ > 0. Then, § = (.
Proof: (A.9a) implies § > (. But having # > ¢ would contradict r being
extreme. To see this, consider 7 = (af, 8', 4", X', 6%, ¢!) for | = 1,2 where

a' =0, o’ =0,
B' =0, B2 =0,
P! =0, Y? =0,
Al=0, A =0,
' =20-¢), 6 =2,

1=, ¢?=2C.

When constructed in this manner, ! and 72 would both be feasible and com-
ply with (E-1) and (E-2). Q.E.D.

Claim 1 demonstrates that r is equal (up to a constant) to the extreme ray
of typedifa=B=1¢Yv=A=0,and ( >0, .

Claim 2. Suppose « = 3 = 0. Then, 0 = ¢ = 0 unless P, = V.
Proof: 1f P, # V, then the inequality (A.9a) corresponding to a j € V — Py
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suggests 6 > ¢. Then, r' = (!, 3, ¢', N, 0", ¢!) for | = 1,2, where

al =0, a? =0,
B =0, B> =0,
Y =2, Y?=0,
Al =2, A2 =0,
6' =0, 62 = 26,

¢'=0, ¢* =2,

would both be feasible, satisfy (E-1) and (E-2) and hence contradict r being
extreme. Q.E.D.

Claim 3. Suppose av = B = 0 and Py # V. Then |P,| + |P\| = 1.
Proof: Since Py # V', we know from Claim 2 that § = ( = 0. We prove the
claim in two steps.

Step 1. Suppose both of P, and Py are non-empty. (E-1) and (E-2) would hold
for ' = (o, B, 9", X, 0", ¢!) where | = 1,2, and
al =0, a? =0,
pl=0, p=0
Pl=29,  P’=0,

Al =0, A2 =2,
6! =0, 6% = 0,
¢t =0, ¢*=0.

Step 2. Now, suppose without loss of generality that Py is empty and P, is not.
Let i* € P,. Consider r! = (!, 8, 4", A1, 0", ) for | = 1,2, where

a' =0, a’ =0,
B =0, B’ =0,
! 0 otherwise, ! 0 otherwise,
Al =0, A% =0,
6! =0, 6% =0,
¢t = ¢ =
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If |[Py| = 1, 7 = 0. But otherwise, (E-1) and (E-2) hold for r! and 72,
and hence contradict r being extreme. Q.E.D.

From Claims 2 and 3, we can infer that if &« = 8 =0 and P, # V, r is
equal (up to a constant) to an extreme ray of type 2 or 3.

Claim 4. Suppose ¢ = 3 =0 and Py, = V. Then XA = 0.
Proof: If Py # ), we can construct r! = (o, 8, 9", A, 6%, ¢") for | = 1,2, where

a' =0, o’ =0,
B =0, B =0,
P =24, YP? =0,
Al =0, A2 =2,
0 =20 0=,
¢t =2, ¢*=0
Obviously, ! and 7% comply with (E-1) and (E-2). Q.E.D.

Claim 5. Suppose o« = 3 =0 and Py = V. Then 6 = 0.
Proof: Suppose 6 > 0. Consider 7! = (o, 8", 9", X, 0", ¢!) for | = 1,2, where

a' =0, a? =0,

B =0, B> =0,
V=i —e Vi€V, Yl=qt+eVieV,
Al =0, A2 =0,

0! =6+, 0* =0 —e,

¢t=¢, ¢ =c¢.

Claim 6. Suppose ¢ = 3 =0and Py, =V. Then ¢, =( >0 foralli e V.

Proof: First, note that ( > 0, because otherwise we could prove in a very similar
manner to Step 2 of Claim 3 that r is not extreme. Now, for a sufficiently small
e > 0, we can construct vt = (!, 8", 9", AL, 0", ¢"), | = 1,2, in the following
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manner:

a' =0, a’? =0,

B' =0, B =0,

Ui =vi+eVieV, Yi=i;—eVieV,
Al =0, A* =0,

0' =0, 6> =0,

(" =C(+e, (=(¢-e

If there exists j € V such that ¢; # ¢, then r' and r* would satisfy (E-1) and
(E-2), and hence contradict r being extreme. Otherwise, that is, if ¢; = ¢ for
all i € V, both 7! and 72 would equal (up to a constant) to 7. Q.E.D.

Claims 4, 5 and 6 demonstrate that when a« = 8 =0 and Py, =V, r is an
extreme ray of type 8.

Claim 7. Suppose a« = 0 and 3 # 0. Then A = 0.
Proof: If A = 0, we can construct 7' = (!, 8, ', X, 8", ') for | = 1,2, where

a' =0, o’ =0,
B' =28, B =0,
Pt =2¢, P?=0,
Al =0, A2 =2,
o' = 20, 6> =0,
=2, ¢=0.

Obviously, 7! and r? comply with (E-1) and (E-2). Q.E.D.

Claim 8. Suppose o« = 0 and B # 0. Then ¢ = 0.
Proof: From Claim 7, we know A = 0. Suppose ¢ > 0. We investigate two
cases.

1. 0 > 0. In this case, (E-1) and (E-2) would hold for r' = (a!, 8', 4", AL, 0, (1),
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[ = 1,2, constructed in the following manner for a sufficiently small € > 0:

al =0, a? =0,
B' =5, B =8,
Y=, Y =1,
Al=0, A=,
' =0 +e, 62 =0 — ¢,
('=C+e,  C=(-e

2. 0 = 0. In this case, (A.9a) dictate that P, = V. Then, r! = (o, B, ' X0, ¢
for [ = 1,2 comply with (E-1) and (E-2), when constructed in the follow-
ing manner for a sufficiently small e:

al =0, a? =0,

B' =8, B =B,
Vr=y+eVieV, Y=¢v—cVieV,
Al =0, A2 =0,

9' =0, 6? =0,
'=C+e, P=(-e

Q.E.D.
Claim 9. Suppose that a = 0 and 3 # 0. Then, the following are true:
(i) If > 0, then
(a) ¥ =0, and,
(b) B; =6 for all i € Pj.
(ii) If 6 = 0, then
(a) P@Z’ = Pﬁ7
(b) [Py| = |Psl =1, and,
(C) Bix = Yy > 0 for i* € Pg.

Proof: From Claims 7 and 8, we know A = 0 and ( = 0. We prove the two
cases separately.
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(i) 6 > 0. Consider 7! = (o, 8", 4", X, 6%, ¢!) for | = 1,2 where,

0 a? =0,

Y

Bi +e if 1 € Pg,
if i ¢ Pg,
P

57 =
=
A2
62
¢?

Y

IR R
I

0
0+ e,
0

Y

and ¢ is a sufficiently small positive real number. Note that, ! and r?
are both feasible and comply with (E-2). But, (E-1) holds for them only
if (i)-(a) or (i)-(b) does not hold. Hence, if § > 0, P, is necessarily empty.

(ii) # = 0. In this case, (A.9a) dictate that P, O Ps. Pick i* € Ps. Now,
consider 7! = (!, 8", ', X0, ¢Y) | 1 = 1,2, where

al — 07 g O’

g — Bi+e ifi=i f Bi—e ifi=1i
L Bi  otherwise, - 51 otherwise,
1 v +e if 1 =1", _ v, —e if 1 =¥,

Vi = { Y;  otherwise, N { ®;  otherwise,
Al — O, — O’

01 — 07 9 = O,
¢t =0, =0,

and € is a sufficiently small positive real number. Note that when any one of
(ii)-(a), (ii)-(b) and (ii)-(c) does not hold, ! and 7 comply with (E-1) and
(E-2). Q.E.D.

From Claims 7,8 and 9, one can infer that when a = 0 and B # 0, r is
equal, up to a constant, to an extreme ray of type 6 or 7.

Claim 10. Suppose o # 0 and 8 # 0. Then P, N Py # 0.
Proof: Suppose P, NP3 = (. Consider r! = (o, B, 4", X, 0", ¢!) for | = 1,2
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where,
al =2a, a’=0,
B =0, B =28,
=0, ¢ =2,
Al =2, A2 =0,
6' =0, 62 = 20,
d=0, =2
(E-1) and (E-2) hold for r! and r2. Q.E.D.

Claim 11. Suppose a # 0 and 8 # 0. Then, the following are true:

Proof: From Claim 10 we know that P, N Pg # ). Pick arbitrarily * € P, N Ps.
Consider r! = (a!, B, 9", A, ', ¢! for | = 1,2 where,

= a;  otherwise, G = a;  otherwise,
v | Bite ifi=1d", s | Bi—e ifi=1i"

bi = { B;  otherwise, b= { B;  otherwise,

P =, ¥’ =,

Al =, A=,

91 = 9, 02 = 6,

¢=q =

and € is a sufficiently small positive real number. (E-2) holds for r! and r2. If
r violates any of conditions (i)-(v), r! and r? satisfy (E-1) as well. ~ Q.E.D.
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Claims 10 and 11 imply that when a # 0 and 8 # 0, 7 is equal (up to a
constant) to an extreme ray of type 9.

Claim 12. Suppose o« # 0 and 3 = 0. Then, P, = P,.
Proof: Dueto (A.5a), Py D P,. Let i* € P\—P,. Consider r! = (o, 8", 9", X', 0", ¢Y),
[ =1,2, where

al = 2ax, o’ = 0,

B =28, B =0,

P! =29, Y? =0,

M:{ 0 ifi=q", :{ ;if i =4,

! 2); otherwise, 0 otherwise,

o' = 20, 0° =0,

¢t =2, ¢ =0.

(E-1) and (E-2) hold for r! and r2. Q.E.D.

Claim 13. Suppose o« # 0, 3 =0 and ¥ # 0. Then, ¢ > 0.
Proof: Suppose ¢ = 0. Consider 7' = (!, 8, 4", X, 0", ) for | = 1,2 where,

o' = 2a, o’ =0,
B' =0, B2 =0,
Pt =0, P? = 20p,
Al =2), A =0,
6! = 26, 6% =0,
¢t =0, ?=0.

(E-1) and (E-2) hold for r! and r?. Q.E.D.

Claim 14. Suppose o« # 0, 3 =0 and ) # 0. Then 6 = 0.
Proof: Suppose § > 0. We know from Claim 13 that ¢ > 0. Hence, r! =
(o, B, 9", N0 ¢, 1 = 1,2, constructed in the following manner for a suffi-
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ciently small ¢ > 0 would comply with (E-1) and (E-2):

alza, a2:a,
B' =0, B2 =0,
Y=, Y =1,
A=A, A=A,
' =0 +e, 62 =0 — e,
('=C+e,  P=(-e

Q.E.D.

Claim 15. Suppose o« # 0, 8 = 0 and 9 # 0. Then P, N P, = () and
P,UP,=1V.

Proof: From Claims 12 and 14, we know that P, = P, and # = 0. Hence,
(A.9a) imply that P, U P, = V. Suppose P, N P, # (. Pick i* € P, N P,.
Consider r! = (o, B, 4", A1, 04, ¢Y), 1 = 1,2, where

ol a; +e if i =1*, 2] aie if 1 = 7%,
i a;  otherwise, i a;  otherwise,

B =0, g’ =0,

¢1_ wi—ﬁ le:Z*, )\2_ wl—i‘ﬁ lf'l:Z*,
P 1;  otherwise, i 1;  otherwise,

)\1_ )\@‘i‘f le:Z*, )\2_ )\i—E le:Z*,
i \i  otherwise, P \i  otherwise,

0" =0, 0% =0,

¢t =¢, > =,

and e is a sufficiently small positive real number. Obviously, (E-1) and (E-2)
hold for ! and r2. Q.E.D.

Claim 16. Suppose @ # 0, 3 = 0 and 9 # 0. Then, a; = ¢; = \; = ( for all
iEPa:PAandePw.

Proof: From Claims 12 and 14, we know that P, = P, and # = 0. We
know further from Claim 15 that P, N P, = 0 and P, U P, = V. Consider
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/rl = (al,5l7¢l7Al’el’Cl)’ [ = 1,2, where

ol — a; +¢e ifie P, o) e if1 € P,,
i 0  otherwise, i 0  otherwise,
/61 = 07 /32 = 07

wlz U € ifiEPw, A2 — V; — € ifi€P¢,
! 0 otherwise, E 0 otherwise,
g 0 otherwise, E 0 otherwise,
6' =0, 62 =0,

C1:<+67 C2:<_€7

and ¢ is a sufficiently small positive real number. (E-1) and (E-2) hold for r*
and 72 only if the hypothesis of the claim does not hold. Q.E.D.

From Claims 12-16, one can infer that when a # 0, 3 =0 and ¥ # 0, 7 is
equal, up to a constant, to an extreme ray of type 8.

Claim 17. Suppose a« # 0, 3 =0 and ¥ = 0. Then, ( = 0.
Proof: Suppose ¢ > 0. From Claim 12, we know P, = P,. We consider two
cases.

1. P, =V. Consider ' = (o, 8", 9", A, 6", ¢Y), 1 = 1,2, where

d=q;,—e VieV,

(2

ol =a; e VieV,

7

B =0, p* =0,

P! =0, P =0,
M=M+eVieV, XN=)\-cVieV,
o' =9, 62 =0,

¢"=C(+e (*=(—¢

and e is a sufficiently small positive real number. (E-1) and (E-2) hold

for ! and r2.

6 > (. Then, 7!

2. P, C V. Inequality (A.9a) corresponding to a i € V — P, implies that
(al,ﬁl,z/ﬂ,)\l,el,gl), Il = 1,2 constructed in the
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following manner for a sufficiently small ¢ > 0 would comply with (E-1)

and (E-2):
al = Q a’ = o
B' =0, B2 =0,
¢1 = 07 d)g = 07
A=A A=,

Q.E.D.

Claim 18. Suppose a # 0, 3 =0 and ¥ = 0. Then,
(i) 0 =0,
(i) |P.| =|P\| =1, and,

(iii) ay = \; for 7 € P,.

Proof: From Claims 12 and 17 we know that P, = P, and ( = 0. Pick i* € P,.
We can construct vt = (o, 8, 9", X, 0", ¢!), I = 1,2, such that

1 oy te ifi=1", \2 — a; —e if1=1",
,L‘ . h . ,L — . h .
o7 otherwise, Q; otherwise,

161 = 07 B2 = Oa

P =0, Y? =0,

A — A +e ifi=14", \2 A —e if ¢ =",
¢ A;  otherwise, ! A;  otherwise,

o' =0, 62 =0,

¢ =0, ¢ =0,

Obviously, (E-1) and (E-2) hold for 7! and r? only if any of conditions (i)-(iii)
fail to hold. Q.E.D.

Claims 12, 17 and 18 demonstrate that when a¢ #2 0 and 3 = ¥ = 0, r is
equivalent up to a constant to the extreme ray of type 5. O O
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The inequalities implied by these extreme rays are respectively as follows:

0< 1wy, (A.10a)

0 < T Viev, (A.10b)

0< 2y VieV, (A.10c)

0<0, (A.10d)

(N¢™?); < b+ x4 Vie V,V(u,v) €T, (A.10e)

(Ny“) g <1 — wyy VS CV,V(u,v) €T, (A.10f)

(NY“?); < 2o Vi e V,V(u,v) €T, (A.10g)

(N¢g“")g < wyp — 1+ Z Ty + Z%,l VS CV.V(u,v) €T,  (A.10h)

lev-S les
(N¢™?); + (Ny™); < b Vie V,Y(u,v) €T. (A.101)

To sum up, projection of Formulation 3 over the subspace of wyy, Tuv, ;)

and ~;" variables replaces (2.7e)-(2.7i) by (A.10e)-(A.10i) (as (A.10a)-(A.10d)
are obviously redundant). For the sake of simplicity, in the rest of this chapter
we refer to this reformulation of Formulation 3 as Formulation 3P.

A.1.3 Comparison

Formulation 2P consists of (2.1a)-(2.1g), (2.2b), (2.6d), (2.6e), (A.2) and (A.7).
All of these inequalities except (2.6d), (2.6e) and (A.7) are already present in
Formulation 3P. Below, we present several lemmas which state that (2.6d) and
(2.6e) are dominated by Formulation 3P. We start with a technical lemma.

Lemma A.1.1. Inequalities (A.10i) imply

(N¢™¥)i 4+ (Ny""); = bj. (A.11)

)

Proof. Inequalities (A.10i) imply

(N )y —i + (NY"")y—i < Z b VieV.

leV—i

The result follows immediately, because (N¢*?)y_; = —(N¢*");, (NY*"V)y_; =
—(N~"); and 7,y bf = b} for alli € V. O

Now follows the lemma on domination of (2.6d) and (2.6e).

Lemma A.1.2. (2.6d) and (2.6¢) are dominated by Formulation 3P.
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Proof. We present the proof for only (2.6e). For (2.6d), it is very similar. Note
that, due to (2.1d), we can rewrite (A.10h) as

(N¢™)g < wyp — ZM + Z%l VS CV,Y(u,v) €T. (A.12)
les lesS

Inequalities (A.11) and (A.12) imply
(NY™Y); > bf + Ty — Tpi — Wy Vi € V,¥(u,v) €T,

which dominates (2.6e) for every (u,v) € T and i € V —{v}. And, inequalities
(A.10e) and (A.11) imply

(Ny™“?); > =y Vie V,¥(u,v) €T,
which, due to (2.1g), dominates (2.6¢) for all (u,v) € T and ¢ = v. O

Now, in Lemma A.1.3 we state some sufficient conditions on S, Sz and S,
under which the inequalities (A.7) are dominated by Formulation 3P.

Lemma A.1.3. (i) When S, # 0 and S =S, =0, (A.7) is dominated by
Formulation 3P if {u,v} € S,.

(ii) When Sg # 0 and S, = S, =0, (A.7) is dominated by Formulation 3P
if {u,v} € Ss.
(iii) When S, # 0 and S, = Sg =0, (A.7) is dominated by Formulation 3P.
Proof. (i) In this case, (A.7) turn into
_¢(A+(Soz)) < Z bzl
1€Sy

When u ¢ S., > ,cgb; > 0, hence (A.7) become redundant. When

u € S, and v ¢ S,, inequalities (2.7e) imply that

GAT(S)) + ) 7 =) b > 1,
1€Sy 1€Sy
which, by (2.7g), implies
GAT(Sa)) = Y (A.13)

1€V -5,
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Summing up the inequalities (2.7h) for ¢ € S, and multiplying by -1, we

obtain
1u,v
=A== N g

1€Sq 1€Sq

Now, adding this inequality to (2.7g), we get
Z T}’“” > 1 —wy, — Z T
i€V —Sa i€Sa

This inequality and (A.13) yield the result.

(ii) In this case, the inequalities (A.7) turn into the following:
oA (S5) < ST (A.14)
iESﬁ
When v ¢ Sg, Z’iESB b? > 0, hence (A.7) become redundant. When
v € Sz and u ¢ Sp, the inequality
N¢uv < Z b4 + % P
7,€53
obtained by summing up (A.10e) for i € S; dominates (A.14).
(iii) In this case, (A.7) turn into
_¢(A_(Su)) < Z b?‘
i€Sy

Note that, >;cq. b} can be negative only when u ¢ S, and v € S,,. Now,
letting S =V — 5, in (A.10f) yields

_<N7um)5’u S 1— Wy,v- <A15)

Summing up inequalities (A.10i) for i € S,, gives

(Ngbuv)s + N,yuvs <Zb3

€S,

since we assume u ¢ S, and v € S,,. This inequality and (A.15) gives the
result.
[
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Note that the conditions stated in Lemma A.1.3 are sufficient conditions.
They do not necessarily imply that Formulation 2P is implied by Formulation
3P. In fact, below we present an example solution for an example instance,
which illustrates that a feasible point for Formulation 3 may violate inequalities
(A.7). From Lemma A.1.3 and this example we can conclude that neither of
Formulation 2P and Formulation 3P dominates the other.

Consider the graph in Figure 3.1. Let n =6, F;, =2, Fy =3 and N = 2.
For the sake of simplicity assume that 7" = {(5,6)}. Now, consider the following
solution z = (&, w, b, 5,7, 72):

1 2 3 4 5 6
1 [ 0.4 0.2 0.2 0.2 0 0]
2 0.2 0.4 0.2 0.2 0 0
= 3 0.2 0.2 0.4 0.2 0 01 ;
4 0.2 0.2 0.2 0.4 0 0
5 0.25 0.25 0.25 0.25 0 0
6 | 0.25 0.25 0.25 0.25 0 0 |
02, if{h1} = {56},
Wri =1 0.4, otherwise (ie., V{h, [} € E — {5,6});

(0.4, if (4,
0.4, if (4,
0.4, if (

g0 =14 04, if(
0.2, if (4,
0.2, if (i,)) =
0, otherwise;

~5,6 { 027 if (Zaj) = (47 3)7

Vig T 0, otherwise;
0.25, ifi=1,
0.25, ifi=2,
790 =2 0.05, ifi=3,
0.25, ifi=4,

0, otherwise;
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0.25, ifi=1,
0.25, ifi=2,
7200 =4 0.25, ifi=3,
0.05, ifi=4,

0, otherwise.

This solution is feasible for Formulation 3. But, it violates inequality (A.7) for
Sa ={1,2,5,6},85 = S, = 0, because ¢ (A*(S,)) = 0.2 and Y, T5; = 0.5
and W56 = 0.2.

Lemmas A.1.2, A.1.3 and this example solution demonstrates that Formu-
lation 2P is not implied by Formulation 3P. Furthermore, the example solution
presented in Section 3.1.1 shows that Formulation 3P is not implied by Formu-
lation 2P, as it is feasible for Formulation 2 but not for (A.10i) in Formulation

3P (obviously, to see this we need to set ¢;’ to fi + b’} and ;% to g}").
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