DESIGN OF NETWORKS WITH MULTIPLE OAs AND OTAs
USING BETA MATRICES

by
Sadik Esmelioglu
Bachelor of Science

Bogazici University, 1980

Master of Science
University of South Carolina, 1982

Submitted in Partial Fulfillment of the Requirements
for the Degree of Doctor of Philosophy in the
Department of Electrical and Computer Engineering

University of South Carolina

1986
] P ofessor
s Qiﬁw ol Bt/
Committee Member @hairman, Examining Committee

Dhonas . Wacdbn, Ao . fRwme

Committee Member Dean of the Graduate School



TABLE OF CONTENTS

ACKNOWLEDGEMENTS . . . . . . ..
ABSTRACT . 2 25« + o5 5w
. BACKGROUND AND PREVIEW

1.1 Introduction il . . . . B .
1.2 Background O it T o
LB PrEVIEW i ¢ 5 Wi €00 el ek owiia wee e
[I. NETWORKS CONTAINING n-OAs .+ + + « « + + « .

! Introduction . . . -

2 Operational Amphfler

3 Transfer Function M e Ah Rpw
.4 Input Impedance DA E0E R deiie e e
3 Qutput Impedance . » « v « = s & ¢ o+ o4 o4 e
6 Examples o Bk e

. SIABRITY & o ¢ o5 5 wa w s

1 Intreduction  « « + 5 & « s
2 The Characteristic Determlnant B B i
3 1-OA Stability . . . . .
4 The Eigenvalue Problem . « « + « ¢« & + « « ¢« .
s Diagonal Dominance . . +« ¢ s & ¢+ » s « o 5
6 High Frequency Stability . « « + & « « « & «

V., ACTIVE SENSITIVITY & ¢ « v v v a v § 5 % 5

Introduction

OA Variations . . . . .

l
4.2
4.3 Sensitivity of the Ideal Poles S W R
4,4 Sensitivity of the Ideal Zeros . . . . . . . .
4.5 Graphical Interpretation. . . . « . . . . .

V. NETWORK GENERATION s % PR EOE &R N W

5.1 Introduction SR B N B s DR @ik

5.2 OA Relocation . . .
5.2.1 Output Relocatlon T
5.2.2 Input Relocation . . . . . .

5.3 Voltage Divider Method . . . . .



VI. NETWORKS CONTAINING n-OTAs « . « « v v v v . « v v+ v 63

6.1 Introduction g AR VR aa B . « «a e . BB
6.2 The Operational Transconductance Amplitier » « + « « . . . 63
6.3 Analysis of n-OTA Networks . . . . + « + « + « « 4 v « . 65
G0 Cxample + - - . . 2 v x4 v w v kv e w e »ox e BY
Bt Stability e . . . . ek 48 BHER FE ¥ o wow v T
6.6 Active Senmsitivity . « s s+ 5 « + « - ¢ ¢ v 4 s s w8 b e 8 T2

VII. ACTIVE FILTER APPLICATIONS . . . . . « ¢ . ¢ v o v o o 73

7.1 Introduction . .« « « « © + v s o 0 s e e e e e e e e 73
7.2 Method of Analysis . . . § B - . - . .- 73
7.3 Kerwin-Huelsman-Newcomb (KHN) Fllter B 3
7.4 KHN-13 Filter . « « v ¢ v v v 0 v v v v v e e e 80
7.5 Sedra-Brown (SB) Filter . . . . . . « . . « v v v v v .. 82
7.6 Modified-SB (M-SB) Filter . . . . . . . . . .« . .+ « . . 86
7.7 Compensated-SB (C-SB) Filter . . . . « . « « + . « « . . 91
7.8 Mikhael-Bhattacharyya (MB) Filter . . . . . . . . . . . . 96
7.9 OQutput-Relocated-MB (OR-MB) Filter . . . . . . . . . . . 10!l

VII. CONCLUSION .48 . . 7F. . . . W . . . . . . . 107

81 Summary of Results . . . . . . . . v o v .. .o 107
8.2 Topics for Future Research . . . . . . . . . . .., . . . 108

REFERENCES . . .. .« . ¢ . o v v o v v v v v v v v v o v o v 10

i



ACKNOWLEDGEMENTS

The author wishes to acknowledge with gratitude the invaluable assis-
tance and guidance provided by Dr. G.M. Wierzba as an advisor, a teacher,
and a friend under whose supervision this dissertation has be_en written.

The works of many authors which have inspired and provided a basis

for this work are also appreciated and acknowledged.

111



DESIGN OF NETWORKS WITH MULTIPLE OAs AND OTAs
USING BETA MATRICES

by

SADIK ESMELIOGLU

ABSTRACT

Operational Amplifiers (OAs) and Operational Transconductance Ampli-
fiers (OTAs) are basic building blocks widely used in the design of active
networks. Because of their nonideal parameters, especially the frequency
dependent open-loop gain, the design of networks containing these devices
has been cumbersome.

A method is presented which separates these frequency dependent
building blocks from the rest of the network. The latter is treated as a
complex feedback network. This feedback network is described by a matrix
called the beta matrix whose diagonal entries represent the self feedback
of each block, while the off-diagonal entries represent the loading effects
between the blocks.

Using this concept of feedback, the derivation of the transfer function,
stability, and sensitivity analyses of such networks are introduced. Also,
some design considerations are presented.

From a network containing multiple OAs a set of networks can be
generated, all of which have identical ideal gain expressions. This idea
is called the "OA Relocation". Using the beta matrix method, it is possible
to select the networks with better performance. Practical examples are

given to demonstrate the beta matrix method and its use as a design tool.
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[. BACKGROUND AND PREVIEW

1.1 Introduction

The purpose of this chapter is to provide background information on
the theory of active networks using Operational Amplifiers (OAs) and Oper-
ational Transconductance Amplifiers (OTAs). Also in this chapter, some

of the results introduced in this dissertation are previewed.

1.2 Background

The analysis of active networks with feedback requires the determin-
ation of the transfer function, input and output impedances, stability, and
sensitivity. A number of methods have been proposed in the literature
for this purpose. The value of a method is measured by its completeness,
ease of application and the amount of comprehensive information it supplies
to the designer. Using these evaluation criteria, a discussion of the pre-
sently available methods follows.

On the determination of the transfer function, input and output impe-
dances, the classical approach has been and still is the educational tool.
This approach which is introduced in many textbooks, such as by Sedra
and Smith [l], requires the identification of the feedback, its topology
and the loading effects. This method allows only a single amplifier and
a single feedback loop. Simpler methods have been proposed by Rosenstark
[2], Davis [3], and Esmelioglu [4]), for single amplifier configurations. Even-

though the single amplifier case plays a significant role in the active net-
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work theory, there is still need for an extended theory - since the usage
of building blocks (like OAs and OTAs) connected through a mesh of feed-
back loops has become a common design practice. Among the methods
which can handle multiple-amplifier cases, the Modified Nodal Analysis
(MNA), proposed by Ho [5], is very easy to apply. However, the size of
the matrix describing the network is too big to derive any comprehensive
information. Another easy to follow method is introduced by Wilson [6].
Unfortunately, the open-loop gains of the OAs are embedded in the transfer
function. To obtain the ideal gain, extra operations are needed. Moreover,
this approach is not suitable for determining the input and output impedance
expressions.  The technique used by Geiger in [7], although very similar
to the one presented in the next chapter, is aimed at the analysis of active
filters containing one to three OAs. That is, the method is not generalized;
nor does it provide the input and output impedance analysis. The berta
network approach proposed by Esmelioglu in (8], which is a basis for this
dissertation, makes use of sub-network transfer functions to determine
the overall transfer function, input and output impedances. However,
as the number of OAs increases, the task of determining the sub-network
transfer functions becomes cumbersome.

On the determination of stability, most of the recent work has been
done in the field of control theory [9)-[14]. A survey by MacFarlane [11],
summarizes some of the recent work on the linear multivariable feedback
theory. Since the system equations introduced in Chapter | of this disser-
tation are similar to those describing control systems, some of the concepts
(such as the eigenvalue problem and diagonal dominance) can be adapted

to network theory. Some traditional techniques like Nyquist criterion,
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Bode plots, and Routh-Hurwitz test can be used to determine the stability.
However, because of the vast number of possible variables in larger net-
works, these techniques are inefficient to employ. In a recent paper [15],
Geiger proposes a technique to approximate the location of the parasitic
poles. These poles are introduced by the OAs and can make the network
unstable, if they are found to be in the right half of the complex plane
(RHP). This method is a great improvement over the actual determination
of the system poles. However, the information about what may be causing
instability is lost in the required calculations.

On the subject of active sensitivity, most of the work in the literature
has been directed towards second order active filters. The method presented
by Wilson [16] is an excellent approximation for low frequency designs.
It also suggests a design technique to minimize the active sensitivity.
Mackay has introduced a numerical sensitivity minimization technique in
[17). His method uses a sensitivity performance measure to minimize the
sensitivity of state-space active filters. Another technique devised by
Mikhael in [18], approximates the denominator by a second order polynomial
to determine the sensitivities. The results, however, are similar to that
obtained by Wilson in [16]. A series of two papers by Geiger, (7] and [19],
outlines a technique to obtain active filters with zero amplifier sensitivity.
Gejger makes use of Maclaurin series expansion of the denominator to
determine the changes in the ideal poles due to the time constant of the
OAs. The same series expansion method will be used in this dissertation
to determine not only the changes in the ideal poles, but also the changes
in the ideal zeros due to the gain-bandwidth product (GB) of the OAs.

A network consists of passive components and active building blocks.



4

The active building blocks introduce some constraints on the passive net-
work.  Antoniou in [20] showed that new networks with the same ideal
characteristics can be obtained. This is accomplished by changing the
active component connections while keeping the same original passive com-
ponent connections. This concept has been extended by Palomera-Garcia
[21] and Wierzba [22].

The most commonly used building block in active network design is
the OA, a voltage-controlled voltage-source. An OTA, a voltage-controlled
current-source, is another building block which is becoming popular, especial-
ly in voltage-tunable filter applications. Some of these applications can

be found in [23)-[25].

1.3 Preview

In Chapter 2, a method is developed to derive the expressions for
the voltage transfer function, input and output impedances of an n-OA
network a network employing n OAs., The network is divided into two
parts: i) The active components (OAs) and ii) The passive network, which
is viewed as the feedback network. Then the system equations are written
relating the output of the network and the inputs of the OAs to the input
of the network and the outputs of the OAs. These equations resemble
the state and output equations for a control system where the outputs
of the OAs are taken as the state variables.

In Chapter 3, the stability of n-OA networks is studied. First, a general
stability criterion is stated using the eigenvalue method. Then, some special
cases are éonsidered; special cases like the feedback structures resulting
in diagonal, triangular, or diagonally dominant matrices. If a network

falls into one of these catagories, then the n-OA stability problem can
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be reduced to n 1-OA stability problems. Finally, in this chapter, an easy

stability test is presented. This test (High Frequency Stability Test) imposes
some necessary but not sufficient conditions on the OAs. Another type
of instability is also observed due to the movements of the ideal poles.
This topic is treated in detail in the sensitivity chapter.

In Chapter 4, the active sensitivity of n-OA networks is examined.
The active sensitivity is the change in the ideal design parameters due
to the finite GB of the OAs. The expressions for calculating the active
sensitivities of the ideal poles and zeros of the network are derived using
the Maclaurin series approximation. In addition to the general expressions
where the OAs may have different GBs, simpler expressions are also derived
assuming matched OAs.

In Chapter 5, methods to generate new networks with the same ideal
gain are presented. Given an n-OA network, it is possible to obtain other
networks by relocating the OA connections. This process is called OA
Relocation. There are two types of OA Relocation: a) Output relocation,
and b) Input relocation. These relocation techniques and how they modify
the system matrices are introduced in this chapter. Also in this chapter,
another method, called the Voltage Divider Method will be presented.
The Voltage Divider Method, which modifies the input port of the OA,
i1s used to improve the high frequency stability of a network. This is demon-
strated in the applications chapter.

In Chapter 6, the ideal and nonideal characteristics of the OTA are
discussed. Also, the voltage transfer function, input and output impedance
expressions for n-OTA networks are derived using methods presented in
Chapter 2.  Stability and sensitivity considerations for n-OTA networks

are also included in this chapter.
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In Chapter 7, some of the methods developed in the preceeding chapters
are applied to two existing active f{filters. First, a step-by-step analysis
procedure is suggested. Then, using this procedure the performance of
the two filters and other filters generated from them are calculated and

compared.

In Chapter 8, a summary of the results obtained along with some pro-

blems for future research are given.



II. NETWORKS CONTAINING n-OAs

2.1 Introduction

In this chapter, first, the ideal and the non-ideal characteristics of
the Operational Amplifier (OA} are introduced. Then, in subsequent theo-
rems, the general-expressions for the voltage gain, input and output impe-

dances of n-OA networks are presented.

2.2 Operational Amplifier

The OA is basically a difference amplifier with a high input and a
Jow output impedance, and a very high DC open-loop voltage gain. The
circuit symbol and a model for the OA is shown in Figure 2.2.1. It should
be noted that the polarity of the input voltage is chosen opposite to that
of the amplifier polarity. This choice of signs is made to eliminate the
negative signs from the network equations, as will be apparent later in
this chapter.

Ideally, the voltage gain, A, the input impedance, r, are infinite,
and the output impedance, F o is zero. The finite r and nonzero T of
the real OA have little effect in most of the applications. However, if
it is desired to include these impedances in the analysis, they may be shown
externally, as in Figure 2.2.2. In the examples studied here, 5 and s
will be omitted and the open-loop gain, A will be considered as the only
non-ideal parameter of the OA.

For a real OA, the open-loop gain, A, is not only finite, but has also

a frequency response. The manufacturer supplies the experimental frequency
7
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(a) (b)

Figure 2.2.1 Operational Amplifier, (a) Circuit Symbol, (b) Model

A, v, r

Figure 2.2.2 OA with r, and r  shown externally
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response of A in the form of Bode plots. However, A is frequently approxi -

mated analytically by a two pole model as shown in equation 2.2.1.

2
A = 2 = (2.2.1)

s s
(1 +‘a]:)(l +‘£J—H) (s +wL)( s +kGB)

A kGH

Where (s is the DC gain (typically 200,000), W, is the low frequency pole
(typically f, =5Hz), w, is the high frequency pole (typically 1,,=7MHz).
As shown in the second part of equation 2.2.1, the open-loop gain is general-
ly characterized by its gain-bandwidth product, GB (A0 w; =GB and w,=kGB
where k is a constant which determines the location of the high frequency

pole). Further approximations are also used depending on the range of

signal frequencies applied. These approximations are shown in equations

2.2.2 - 2.2.5.

A:Ao for w < <w (DC) (2.2.2)
__GB .
A = oy forw<<wH (2.2.3)

L

B

A-—S—- for W< < W< <W (2.2.4)

2

kGB
A:s(s+kGB form>>wL (2.2.5)

There are a number of other non-ideal parameters, like slew-rate,
common-mode rejection ratio, maxirnum swing, etc. However, the majority
of the problems in an OA network are caused by the finite and frequency

dependent open-loop gain.
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2.3 Transfer Function

Theorem 2.3.1 stated below describes the general form of the transfer

function for an n-OA network.

Theorem 2.3.1:t Given an n-OA network as shown in Figure 2.3.1,

the transfer function is of the form of equation 2.3.1.

[A_l+8 Y]
\ det
Tls)=12 =z-a(A +B) * & (2.3.1)
in . det (A "+B)
where
A = diagla— s 7o) (Pidal)
l n
i
8=[8ij]nxn ' Bij:T s V=l (2.3.3)
€
Y_[Yl]nxl ’ Yl:‘—v—— V.=O j:.l,toc,n (2.3-4)
in j
a = fa] e LAY e (2.3.5)
jixn ) otj——\;*— Vi = Vg . 3.
) K £j
VO
= = — = i = . 2.3.
E—[C]lxl ) C—Vin v @ ed,...n (2.3.6)

Proof: Remembering that the OAs in Figure 2.3.1 do not draw any
current from the feedback network, each OA input, €, and the network
output, VO, can be expressed in terms of the OA outputs, Vj’ and the

network input, V., using superposition:
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el = hllvl+"'+h1nvn + pl Vin

e = hnlvl+"'+hnnvn » P Vin

V = v, Hore] Vo R \/in

or in matrix form,

e = Hy + F’Vin
VO=QV+ Rvin

where
T T
€ = [el vse en] y YV = [V] ecoa Vn]
and
-
H = [h..] s, h. =— . _
D xn 1j vj Kige 8 Vin =0
k £
%
£s [pi]nxl v Py b v. = 0 j =lyeeeyn
in j
Q=1Iq ] y 4 =2 = =
) “Ixn j v Vi = V.“_| —0)
K £
vo
R = [r] o U=y | v. =0 j=lLu,n
in )

12

(2:3s7)

CZe34R)

(E:359)

(2.3.10)

(2.3.11)

(23,12}

Comparing equations 2.3.3-2.3.6 to equations 2.3.9-2.3.12, it is seen that,

H=8,P=v,Q=0q,and R =¢. Then equation 2.3.8 becomes
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e:Bv+YVin

{2.3.13)
V =av+ T V.
0 in
Also, it is known that the input of an OA is related to its output by
e == = \
.S i
i
or in matrix form
ol
GZ-AV (203.1&)

Now, manipulating equations 2.3.13 and 2.3.1%4, the transfer function, T(s),

can be expressed as

v 1 -1
T(s):v—?—zc—a(A'cLB)Y
in

which proves one side of equation 2.3.1. To prove the other side, equation
2.3.14 is inserted in equation 2.3.13, resulting in

-1
0={A +8)v+yvin

V =av +Z V. (2.3.15)
(] 1N

Now, applying the Cramer's rule to equation 2.3.15, the transfer function

can be obtained as below

A+8 v
det
Vo o Z
@ sg— = -1
in det(A "+ B)

Thus, the theorem is proved.

It is interesting to note that the equation 2.3.13, which will be referred
to as the system equations, resembles the state and the output equations
of a single-input-single-output (SISO) control system, where the outputs

of the OAs, v, are observed as the state variables. The system equations
1
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can be modified to represent a multi-input-multi-output (MIMO) network

without any major changes.

Corollary 2.3.1: The ideal gain of an n-OA network is given by equation

2.3.16.
K(s) = B /B (2.3.16)
where
B = det (B)
and
) By
B = det
a g

Proof: The ideal gain of an n-OA network is found by letting all OAs
be ideal, that is A, goes to infinity (or I/Ai goes to zero). Then, the open-

loop gain matrix

: -1 . { 1
lim [A = diaglg—yeeesz)] =0
A> ® Al f
1
Thus, from equation 2.3.]
det g
Ko = Im g . L E
g - det(B)

2.4 Input Impedance
The method to obtain the input impedance of an n-OA network is

outlined in the theorem stated below.

Theorem 2.4.1: Given an n-OA network as shown in Figure 2.4.1,

the input impedance, Zin(s)’ is given by equation 2.4.1.
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. Vi[_| | det(A_l+ R)
Z. (s) = = = (2.6.1)
™ Ly pee] q00al, gyl y Aleg v
det o0 Coc .

where A_l, B, and y are as described in equations 2.3.2, 2.3.3, and 2.3.4

respectively, and

Ay (a1 oOC - in
~ xn ’ j —Vj vk:Vin:O (2.4.2)
k # j
I
e [Coc]lxl 4 T :Vfi vi= 0 j & Lot C2all3)
in

Proof: The proof of this theorem is similar to the proof of Theorem
2.3.1, the only difference is that the output variable is Iin’ Instead of Vo’

i.e. the system equations for the input impedance are written as

e =Bv+vYV
il (2.4.4) -

O
(R

vV o+ QOCV‘
n mn

Corollary 2.4.1: The ideal input impedance of an n-OA network can

be expressed as

Z, ) = B/B°C (2.4.5)
lO

where

B = det (B)



and

Proof: The ideal input impedance is derived by assuming ideal OAs.

Thus, Al becomes a zero matrix and from equation 2.4.1,

lim det(B)
Z. (s) = o Z. (s) = :
mo Aj in dat Bocy
o°C ¢

2.5 Output Impedance

The output impedance of an n-OA network as given in Figure 2.3.1,
is determined by shorting the network input terminals, applying a test
current at the output port, and calculating the resulting voltage across
the current source (Figure 2.5.1).

The following theorem states the general expression for the output

impedance.

Theorem 2.5.1: Referring to Figure 2.5.1, the output impedance,

Zout(s), of an n-OA network is given by the following equation:

-1 sc
det [A L | sc:l
wlissc L (

e -1 SC _ 2.5.1)
= ~a(A +B) Y =
Zout(S) 5 = ) det(A_l+ B)




18

Irc
7 SUIWIAIIP 01 HIOMIdU 3 [*¢'Z 2In31]

>
>
>

+ B + v o
1no
pA
._.> MIom1BN oeqpsayg 0 HE>




L9
where A'l, 8, and o are given by equations 2.3.2, 2.3.3, and 2.3.5, respec-

tively, and

. e.
5C sSC - < ~ = .
= by L1 v L Vj‘vin‘o b7 b (2.5, 2)
rP il e (T V. =0 j=1 (2.5
= Ixl , " = IT vj_ in_o j = lysayn .5.3)

Proof: The proof of this theorem is similar to the proof 6f Theorem
2.3.1. Comparing Figure 2.5.1 to Figure 2.3.1, the input to the network
of Figure 2.5.1 is IT' and the output is VT' Thus, the system equations

for the output impedance can be written as

e = BV + YSCIT

- av + 25 L2e0uiy)

\

T T

The matrices Band @ are the same as the ones described in Theorem 2.3.1,
since in determining the entries of these matrices, IT is set to zero, that

is the output terminals are opened.

Corollary 2.5.1t  The ideal output impedance of an n-OA network

i1s given by
_ RSC
Zout(S)_B /B (2.5.5)
o
where
B = det (B)
and

BSC = det [B YSC]
a CSC
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Proof: Similar to the proofs of the previous corollaries, letting A

go to infinity, equation 2.5.5 can be obtained from equation 2.5.l.

2.6 Examples

As an illustration of the methods outlined in the preceeding theorems,

consider the following two examples.

Example 2.6.1: The network of Figure 2.6.1 is commonly known

as the Kerwin-Huelsman-Newcomb (KHN) filter [26). The gain, input and

output impedance expressions for the KHN filter are derived below.

Gain:

T
% 5 K3 y=lk, 0 07
o, s
g = — = 0 a=[{0 1 0]
1 i
W s
Z
0 == t =(0]
i D, 28 |
where D = (s +u)1) y D, = (s +w2),
G G G G G G
k 6 k 4 K= > k, = 3 W, = and W) -2
= N = y = y -~ ] - 3 BE:
17 GGl "2 7 GGl "3 T GGy T T GG L T T 5
_ X(s)
T(s) = Y(s)

where
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6
PRI - i "CO
0 \ G,
; € Al — )
|
= .= +
—
G4 5Cl
—{ T 1¢
1C

Figure 2.6.1 The KHN Filter



-1

A +B Y | W, W, s
X(s) = det = -= k, — -k ——
« ¢| H3* D # DD
-4 1 1 S 1 S 1
Y(s) = det (A "+B) = + —=— 4 = 4 k
A1A2A3 ALAZ D1 AIAB DZ /'-\239\3 |
i e B e S SIS G
Al Dl D2 A2 1D2 A3 Dl
R A L S B
DyD,
and the ideal gain is
-k, w,s
K(s) = A
kls +k2wls +k3wlu_\2
[nput Impedance:
0% =00 &5 0] and 7=k
G.G
374
where kK. = .
5 GBTGL‘
Y(s)
Z. (s) =—=
in XOC(S)
1 1 S 1 s 1
XO%s) = ,—t = Koty ke +57 ke + kK
A1A2A3 5 AIA2 5D2 A1A3 5Dl A2A3 175
Gl . gellipeltes - ol ks + (kytk,) w
Alle 2 /-\215D2 f\35 Dl
k15+(k2+ka) 1s+k3u~\lw2
+ ks DD

22
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and the ideal gain is
1
Z. (5) = =
in_ k5

Output Impedance:

YSC:[OOO]T ;SC:[O]
Thus, Zout(s) = Zouto(s) =0

Example 2.6.2:

The network of

Figure 2.6.2 is called the Generalized-
Immittance Converter (GIC) (27] and

is mostly used to simulate an inductor.
The input impedance expression is derived below.

T
h h a=[-1 0]
8 = 1 2 COC = [Yl]
" abC & 5
(h1 h3) h2 = [0 Yl]
Y3 b YQ
where h, 2=s=—= . h = ,and h, =
L Y2+Y3’ 2 \2 Y3 3 Y4+YL
Then, Zin(s) = YT(?— where
X7 (s)
Y6) = g +Al~ hy +4 by +hjhy
1°°2 1 2

Ideally, the input impedance is given by



Figure 2.6.2 GIC Network

20
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I, STABILITY

3.1 Introduction

In the time domain, a network is said to be stable if the output is
bounded when a bounded input is applied. In the s-domain, the stability
is determined by the location of the system poles. A network is stable
if all of its poles are located in the open left half of the complex plane
(LHP).

To determine the system poles, the transfer function of the network
is expressed as the ratio of two polynomials. Then, the system poles are
given by the roots of the polynominal in the denominator (the characteristic
polynomical).

In this chapter, the characteristic determinant for n-OA networks
Is defined. Using this definition, first, the stability analysis for I-OA net-
works is given. Then, the general case, n-OA stability problem, is stated
using the eigenvalue theory. Also, some special cases are considered,
in which the n-OA problem can be reduced to smaller sub-problems. Finally,

the stability criterion at high frequencies is examined.

3.2 The Characteristic Determinant
In Section 2.3 the transfer function of an n-OA network is given

as

P(s) (3.2.1)
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where

and
Ps) = det (A" +g)

Definition 3.2.1: P(s) = det (A_l+8 ) is called the characteristic deter-

minant of an n-OA network.
The following theorem relates the stability of an n-OA network to

its characteristic determinant.

Theorem 3.2.1: An n-OA network is stable if all the zeros of iis

characteristic determinant lie in the open LHP.

Proof: Q(s) and P(s) in equation 3.2.]1 can be expressed as

NI(S)
Q(S) Zw
(e 3202
Nz(s)
P(s) :sz*(*s)—

where Nl’ NZ’ Dl’ and D, are polynomials in s. Then, the transfer function

2

expression becomes,

N 1(s) D2(s)

TGs) = D,6 N5 (3.2.3)

The poles of T{(s) are given by the roots of Dl(s) and No(s). Since, the
roots of Nz(s) are the zeros of the characteristic determinant, to prove
the theorem, it must be shown that DI(S) can have only stable roots.

The determinant of an nxn matrix is the sum of n! terms where each

term is a product of n entries {only one entry is taken from each row and
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column) (ref. [28), p. 47). When terms are multiplied and added (or sub-
tracted) as such, the denominator of the result is at most the least common
denominator (LCD) of all the matrix entries. Because of the zero entries,
some of the nonzero entries in the matrix may not appear in the deter-
minant expression. In that case, the denominator of the result is a subset
of the LCD of all the entries.

In view of the above discussion, the denominator of Q(s), Dl(s), has

the following property,

Dl(s)g .CD (Ple’ 8.1), Yi,aj,?; ) izliesn j=l,en
However, since Bij, Y, o i) and ¢ are transfer functions obtained from a
passive network, they have only stable poles. Also, the OAs have no zeros
in the closed RHP, implying that I/Ai does not have any poles in the closed
RHP.  Thus, DI(S) can have only stable roots. Therefore, the stability
of an n-OA network is determined solely by the roots of Nl(s)' the numer-
ator of the characteristic determinant.

The characteristic polynomial can be obtained from the characteristic
determinant by expanding the latter. Using the two pole model of the
OA (equation 2.2.1), the degree of the characteristic polynomial will be
gq=2n+k (n: the number of the OAs, k: the order of the passive feedback
network). Thus, as the number of QAs is increased, the difficulty of deter-
mining the stability is also increased.

In the next section, the stability analysis of a |-OA network is outlined

to provide a basis for larger networks.
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3.3 1-OA Stability

The characteristic determinant for 1-OA networks (n = 1) is
P(s):/\'1+6 (3.3.1)

To determine the location of the system poles, equation 3.3.1 is used.
However, it is often time consuming to determine the roots of the resulting
characteristic polynomial. Instead, the Nyquist criterion can be employed
more efficiently.

When A is a monotonically decreasing function of frequency, then
the Nyquist criterion reduces to the following simple test [8].

It [/A /8| <180° when|A[=1/|g|, then the network is stable, other-
wise it is unstable.

The application of this test is fast and efficient in determining the
stability of 1-OA networks. In the general case, however, A_1 and g are
nxn matrices, and the characteristic determinant contains products of
1/Ai's and Bjj‘s. Thus, this test can not be applied to n-OA networks.

In the next section, the n-OA problem will be factored into n 1-OA

problems, by means of the eigenvalues of the characteristic determinant.

Also, some special cases will be considered.

3.4 The Eigenvalue Problem
In the following theorem the stability of an n-OA network js described

in terms of the eigenvalues of its characteristic matrix.

Theorem 3.4.1: Let F(s) = A-1+8 be the characteristic matrix of

an n-OA network and)\.l(s), i=lys.eyn be the eigenvalues of F(s).  Then,
the n-OA network is stable if none of the eigenvalues have zeros in the

closed RHP.
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Proof: From matrix theory (ref. [28] p. 283), it has been shown that

the determinant of a matrix is the product of its eigenvalues,
N
det [F(s)] = | 1| Ay(s) (3.4.1)
1= ’

If none of the eigenvalues, )\i(s), have zeros in the closed RHP, neither
will det[F(s)). Since det[F(s)] is the characteristic determinant of the nei-
work, using Theorem 3.2.1, the network will be stable.

This problem of finding the eigenvalues of F(s) can be simplified,

if the OAs in the network are assumed to be identical.

Theorem 3.4.2: If for all the OAs in the network, the open-loop

gains, A, are identical, then the eigenvalues of F(s), )\i’ can be written

as
A=At D, i = Lyenyn CEa D)
P yorey b
where p; are the eigenvalues of the 8 matrix.

Proof: If the open-loop gains of the OAs are identical, AI:...:An:Ai,

: -1
then, the matrix A = can be expressed as

-1 . | 1 1
A :dlag(“-,...,A—):EI (3.4.3)
1 n i
where [ is the identity matrix of order n. Then F(s) becomes
F(s) = & 1+B (3.4.4)
Ai NE7EN
The eigenvalues of F(s) are the roots of the following equation.
det [AI - F(s)] = 0 (3.4.5)
Substituting equation 3.4.4 into 3.4.5
det [(A-2) 1-81=0 (3.4.6)
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or setting A-—3 =P
Ai
det[pPI-B]=0 (3.4.7)
The roots of equation 3.4.7, pi, are the eigenvalues of 8. - Thus, the eigen-

values of 8 and F(s) are related by

. 1
e Y

1
or

1
e
i
Thus, the theorem is proved.

These theorems simplify the n-OA stability problem to n 1-OA pro-
blems. However, the F(s) and B(s) matrices contain entries which are trans-
fer functions in the s-domain. Hence, it is not a simple task to determine

the eigenvalues, unless these matrices are of some special forms. These

special forms are discussed below.

Corollary 3.4.1: If the B matrix is triangular (upper, lower, or diagonal),

then the network is stable if and only if the terms

1 .
f.(s) = (Kr B.) i = luwn (3.4.8)

have no zeros in the closed RHP.

Proof: When the B matrix is triangular, the F(s) matrix will also
be triangular (since F(s):A'1+8 where A"l is diagonal). But, the eigen-
values of a triangular matrix are its diagonal entries (ref. [29] p. 268).
The diagonal entries of F(s), fij(s), are given by equation (3.4.8). Thus,
using Theorem 3.4.1, the network is stable if and only if none of the fii(S)
have zeros in the closed RHP.

A nonzero entry, Bij’ in the 8 matrix implies that there is a feedback

connection from the jth OA output, vj, to the ith OA input, e
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Thus, a diagonal 8 matrix is obtained when there is only one feedback
path to each OA input which is from its own output. This is the trivial
case of n non-interacting 1-OA networks. The lower (upper) triangular
case occurs when the feedback connections to each OA input are made

from its own output and the outputs of the preceeding (following) OAs

(Figure 3.4.1).

Corollary 3.4.2: If the B matrix is block triangular (upper, lower,

or diagonal) as shown below

1 i T 3
(511 o7 7 B Bt FBU

0 ' 0
Bk | i Br1

L

where Bjj’ j=1,2,...k, are square matrices of order mj, (ml+m2+...+mk:n),

then the network is stable if and only if the terms
Y(s) = det [A]TI+ Bl = Lk (3.4.9)

where A;ljs the jth principal minor of A_l of size mjxm}, have no zeros

in the closed RHP,

. . -1 .
Proof: When the R matrix is block triangular, F(s)=A "+ B is also
block triangular (since A'l is a diagonal matrix). But, the eigenvalues
of a block triangular matrix are the union of the eigenvalues ot the diagonal

blocks (submatrices) (ref. [29], p. 268). The diagonal blocks are given by

-1 . . .

Aj +Bjj, which represent the characteristic matrices of sub-networks with
mj OAs. Thus, applying Theorem 3.4.1, the n-OA network is stable, when
all of the sub-networks are stable, that is none of them have zeros in

the closed RHP.
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(a)
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Figure 3.4.1 Feedback configurations resulting in
(a) diagonal (b) lower triangular and
(c) upper triangular g matrices
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In this section, it has been shown that certain topologies of the feed-

back network result in sub-networks and the stability of the overall network
depends on the stability of the individual sub-networks. In the next section

another special case, diagonally dominant feedback networks, will be examin-

ed.
3.5 Diagonal Dominance

Definition 3.5.1 (ref. {29}, p. 129): A matrix, F(S):[fij(sﬂnxn’ is dia-

gonally dominant, if

n

@l ) 16 (3.5.1)
i 1
i

T~ 1

:
j

or
n

L@l Y 156 (3.5.2)

]
i

T i

J
)
where |.| denotes the magnitude when s = jw.

Stability criterion for such matrices is stated in the following theorem.

Theorem 3.5.1:t Assume a network is represented by a characteristic

matrix, F(s), which is diagonally dominant. If the diagonal entries of F(s)
have no zeros in the closed RHP, then neither do the eigenvalues of F(s),

and the network is stable.

Proof: Two well-known theorems, stated below, are needed for this

proof.

Gershgorin's Theorem (ref. [29]), p. 302): Given an nxn matrix,
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F(s):[fij], all of its eigenvalues are contained in the union of n discs whose

centers, Co and radii, r,, are given by

n
¢ =f, and ri:Z|fij| ( 5:8.2)
=1
i
or
n
c; = f; and ri:Z |fjil (3.5.4)
j=1
i ki

Rouche's Theorem (ref. [30] p. 285): If g(s) and h(s) are each functions
which are analytic inside and on a simple closed contour, D, and if the
strict inequality

[h(s) - g(s) | <g(s)
holds at each point on D, then g(s) and h(s) must have the same number
o‘I zeros (counting multiplicity) inside D.

Now, if the eigenvalues of F(s) are denoted by XA j(s), then according

to the Gershgorin's Theorem, A j(s) are contained in the union of the discs

whose equations are given by

{)\i(s) - f.ﬂ(s)l < r i = lyeenyn (Sshad)

But the diagonal dominance suggests that

£ <11,)] (3.5.6)

Thus, equation 3.5.5 can be expressed as

[ (s) - fu(s)|<|iii(s)| (3.5.7)
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Now, applying Rouche's Theorem to equation 3.5.7 (contour D being the

semicifcle which encloses the entire closed RHP), it can be stated that
)\i(s) and f“(s) must have the same number of zeros in the closed RHP.
Thus, if the diagonal entries, fii(s)’ have no zeros in the unstable region,
neither will the eigenvalues. Then, by Theorem 3.4.1, the network will
be stable.

The conditions for stability, as outlined by Theorem 3.5.1, are sufficient
but not necessary. That is, if a network does not satisfy the requirements
of this theorem, then no statement can be made about its stability. In
the next section, another stability theorem is developed which is necessary

but not sufficient.

3.6 High frequency Stability

In an n-OA network two types of systemn poles exist:

(a) ldeal poles: These are the poles when the OAs are assumed ideal
(GB ==). The ideal poles of a network are also called the design
poles or the desired poles.

(b) Parasitic poles: These are the poles due to the finite GB OAs.
If the two-pole model of the OA is employed, then each OA in
the network contributes two parasitic poles to the system.

The presence of the parasitic poles tends to move the ideal poles to-
wards the RHP, thus making the stability conditions worse (ref. [31], p.
426). The sensitivity of the poles due to the finite GB is studied in the
next chapter. In addition to the movement of the ideal poles, a network

can become unstable due to the parasitic poles located in the RHP. If
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the network is designed at low frequencies, i.e. the design frequency, s
is much smaller than the GBs of the OAs, (Ew%- <<]), then the ideal pole
movement js negligible and the parasitic poles determine the stability.
As the design frequency is increased (or equivalently GB is decreased) the
parasitic poles move toward the origin in a constant Q manner [15]. Thus,
if a network is unstable for the low frequency design, then it will be unstable
when the design frequency is increased.

For a low frequency design, the capacitors behave like short circuits
at frequencies close to the GBs of the OAs. Then, the passive feedback
network looks like a resistive circuit, yielding a B matrix whose entries

are resistor ratios. Thus, the stability at high frequencies is determined

by the eigenvalues of

F'<s)=A‘1+8C (3.6.1)
where
Bc = Jim B (s)
5+ o

If all the OAs in the network are assumed identical, then the eigen-

'

values of F (s), )\i, are given by

y | .
)\1:?4- Ql l—l,.n,ﬂ (3-6-2)

where oli , represent the eigenvalues of BC. Since BC is a constant
matrix, the eigenvalue problem is much easier compared to the case of
Theorem 3.4.2. Once the eigenvalues are determined, the [-OA stability
test can be applied to equation 3.6.2. If the network passes the high fre-

quency stability (HFS) test, then the parasitic poles are in the LHP. How-
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ever, the network may still be unstable due to the ideal pole movements.
So, for a network to be stable, it is necessary but not sufficient to satisfy
the HFS criterion.

It is important to note that, when the feedback network is resistive
(Active-R networks), the HFS criterion is both necessary and sufficient,
since the only poles of such networks are the parasitic poles. The 8 matrix

describing the feedback is already a constant matrix.



Iv. ACTIVE SENSITIVITY

4.1 Introduction

In designing a network, the transfer function is the first requirement
to be met. In the literature, many equivalent configurations realizing the
same ideal transfer function can be found. The criterion for selecting one
of these configurations is the performance of the network (along with the
basic criteria, such as cost, availability, and flexibility). Sensitivity is
an important measure of performance.

The original design can change drastically due to changes in the network
(component tolerances, aging, capacitor losses, etc.) and in the environment
(temperature, humidity, etc.). The methods to determine the sensitivity
of a design due to these changes are well established. However with the
introduction of active components such as OAs into the network design
another type of sensitivity , active sensitivity, has become a significant
design factor. Active sensitivity can be defined as the deviations from
the original design caused by the nonideal behavior of the active components
in  the network. In our case, the active component is the OA and the non-
ideal behavior is the finite GB.

The transfer function of a network is characterized by its poles and
zeros. Any changes in the locations of the poles and zeros directly effect
the frequency response of the network. In this chapter, the active sensitivity

expressions for the poles and zeros are derived.

39
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4.2 OA Variations

Initial design of an n-OA network is achieved by assuming ideal OAs,
that is the open-loop gain of each OA, Ai’ is assumed to be infinite. How-
ever, the actual Ai’ as described by equation 2.2.1, is not only finite but
also frequency dependent. If it is assumed that the GB is the only varying
parameter of the open-loop gain, then any change in the GB varies A and
as a result the ideal poles and zeros are perturbed from their designed
locations. In order 1o determine the sensitivity of the ideal poles and zeros
with respect to the GBs of the OAs, it is necessary to derive the variation
in A with respect to the GB.

Since the reciprocal of A appears in the transfer function expression,

a new variable, U, is defined below.

1
Ui:_AT:T'(eiTiS+1)(s+w ) ({4.2.1)

1 I

i

where 'ri:l/GEyi and i:l/k.l. Thus, for an ideal OA, T and Ui are zero.
In determining the sensitivity expressions U, and T, will be used in place
of Ai and GBi for convenience.

Any variation in T, causes a change in Ui’ which can be determined
by differentiating equation #.2.1 with respect to T, This change evaluated
at the ideal value of T, is given by

3 U,
T?—- ::(S+(DL) (4.2.2)
i 1
T. =0
Here, it is assumed that the OAs are statistically independent of each other,

i.e. T does not effect U, when | £ oL
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4.3 Sensitivity of the Ideal Poles

The transfer function of an n-OA network is given by Theorem 2.3.1,

[U+B Y] .
det
T(s) = & (4.3.1)

det (U +B)

and the ideal gain expression is given by Corollary 2.3.1

det [B Y]
K(S)_B‘(s) _ a ¢ (4.3,2)
" B(s) T det(B)

The ideal poles of the network, p_,...p ., are found by setting B(s) = 0.
The changes in the ideal poles due 1o T, can be best observed by the
Maclauin series expansion [7). For small changes, the series can be approx-

imated by the first order terms as given below.

n
p.(Tl,...,’[‘n): pjo + Z B‘SE’.
) ot i| T=e.=T =0 (4.3.3)

The derivative terms in equation #.3.3 can be derived by differentiating

the denominator of T(s) which determines the actual poles.

2 [det (U+B)1=0  izluun (4.3.4)

I
The derivative of the determinant of an nxn matrix is the sum of n
nxn determinants, where the )th determinant is obtained by differentiating
the jth row of the original matrix (ref. {28]}, p. 72). Using this rule and

equation 4.2.2, it can be shown that
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3 B(s)
(s+u1Li)l."3H(s)+aTi =0 (4.3.5)
when T =z Tn:O . Bij(s) denotes the determinant of B when row i and

column i are deleted.
The denominator of the ideal transfer function, B(s), can be expressed

as

l | (s-pio) (4.3.6)

where CB 1s a constant, DB(S) is a polynomial in s, and Pio® i=l,..k are

the ideal poles of the network. Then,

3B(s) _CB k o -p.)
as = p. D Pjo) 2 B 10
jo i=

| (4.3.7)
i#

(Note that when k=1, the product term in the above expression becomes
1). Using the chain rule, the derivative term in cquation 4.3.5 can be ex-

pressed as,

3B(s) _ 8 B(s) (4.3.8)

3T. T35
i

as
a T
1

Now, the derivative terms in the Maclaurin series expansion can be derived

using equations 4.3.5, 4.3.7, and 4.3.8
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n
D g+ o) Biloy) o,
as i=l
- . =-Dy,(p. )
BTi § = pjo B0 k
Ty= v =T =0 CB ' l (Pjo"pio) (4.3.9)
i=1

if]

Inserting equation 4.3.9 into equation 4.3.3, the change in the jth pole
can be writtien as

n

Z Vi +“’Li) BP0

I . i=]

Apj =P - Py, = DB(pjo) K (4.3.10)
Ch l | (pjo_ l310)

This expression can be simplified, if the OAs are assumed to be matched,

L —...'—‘LUL =LDL and TIZ...:T
\ n

pref T= 1/GB.
4.3.10 1s reduced to the following.

In this case equation

n
DB(p o) Z Bu(p]o)
.+ .
A.:--pJ"——u—L— i=1 (6.3.11)
p] GB k
Cp ﬂ (Pio = Pio)
i=1
i#]

Since B..(s) are the determinants derived from the g matrix, when
i

added together, the denominator of the sum will be DB(s) and the numerator

will be a polynomial in s of order g gk.
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n
C
'Z B..(s) :5(5"—) TT (5“51-) (4.3.12)

where Cp is the coefficient of s" and sip are the roots of the numerator.

Substituting equation 4.3.12 into equation 4.3.1 |
%

TT . -s.)
C LW ; o i
Ap, = - =2 Pio ' 1 =) ’ (4.3.13)
j CB GbB ( & ) S
N pjo Pio

1#]
The ideal poles, PioPro 2F€ fixed by the design requirement; Wy
and GB are the parameters of the OAs in the network. In order to mini-
mize the pole sensitivities given by equation 4.3.13, independent of the

OAs and ideal design, o must be very close to Pig andfor the ratio Cp/CB

must be made as small as possible.

4.4 Sensitivity of the Ideal Zeros

Expressions similar to equation 4.3.10 and 4.3.13 can be derived for
the sensitivity of the ideal zeros, this time using the numerator of the
transfer function.

Similar to equation 4.3.6, the ideal numerator, B, can be expressed

as the ratio of two polynomials,

i

(s -z )

Bl() Cr izl 10 (“.4.[)
Sy Dg(s)

where k <k, Cpis the coefficient of the highest order term in the num-

erator, and z,, are the roots of the numerator, which are the ideal zeros
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of the network. The denominators of B(s) and B(s) are given by the same
polynomial, Dy(s).
Following the same steps taken in the preceeding section, the expression

for the change in the zeros of the ideal transfer function due to T;s Is derived.
1! !
j; (zjo - wLi) Bii(zjo) T

2 =RiwE :-DB(zjo) (4.4.2)

J ) Jo

where B‘jj (s) is obtained from Bl(s) by deleting row i and column i. The
product term in the denominator is equal to unity when k‘ = L

In the case of identical OAs, the terms containing identical OA para-
meters can be factored out of the summation term in equation 4.4.2 and
the remainder can be expressed as

=) (5

n
z B“(5> = CZ. ~ D (5) ( 4 . l‘ . 3 )
i=1 B

] .
where £ <k, Cz is the coefficient of the highesi order term in the numerator,

and 5, are the roots of the numerator. Thus, equation 4.4.2 becomes

L
{z. ~s.
C Z. o+ W . o lz)
B e, i=1 (4.4.4)
B T
i=] <Zjo“ Zio)
i#

4.5 Graphical Interpretation
In the pole sensitivity expression of equation #.3.12, each term can
be viewed as vectors in the complex plane. Then, the pole sensitivity expres-

sion can be rewritten as,
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j qi ; (b a8:1)

%io

—
Il
—
o

where

. .

GB

qu = (pjo - (-mL)) ; the vector drawn from —u!L to pjo’

q.. = (pjo - Sip) ; the vector drawn from i to Pies and

i (p.. - pio) ; the vector drawn from p, = to Pio’

In terms of the magnitude and angles of these vectors, the magnitude and

the angle of the pole sensitivity are given by

[}
I } |qji!
e i=1
| bp,] =iCllay | =
I lajo |
i=1
and ”é]
L k
/&pj =ik 180°+LqiL . Zlﬂjj - Z -/—q«jio
i=1 =]

i#

For an arbitrary network with a pair of complex conjugate ideal poles
(k=2=2), the vectors for Ap, and Ap, are shown in Figure 4.5.1 and Figure
4.5,2 respectively. Observing these two figures and magnitude and phase

expressions, Ap1 is related to Ap2 by
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Figure 4.5.2 Sensitivity diagram for p,,
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|8p,| =l ap,|

and

Thus, it can be deduced that, for a pair of complex conjugate ideal poles,
the corresponding pole sensitivites will also be a complex conjugate pair.

The pole sensitivities can also be used to determine the ideal pole
movements. If the real part of AP Of AP, is positive, then the ideal
poles will move towards the RHP. The real part of the pole sensitivities
is positive when AP and AP, are in the first or fourth quadrant,

(i.e. -90° <ang( Ap) <90°).



V. NETWORK GENERATION

5.1 Introduction

From an n-OA network, it is possible to generate new networks with
the same ideal characteristics. This is accomplished by modifying the
OA connections while keeping the feedback network unchanged. In this
chapter, the theory of network generation by means of relocating the OAs

is presented. In addition, a technique for improving the stability is outlined.

5.2 OA Relocation

The OA is a three terminal device; e’ and e are the input terminals
and v is the output terminal. In an n-OA network, the OAs are connected
to the feedback network by way of these terminals. Depending on where
these connections are made, the network is described by a set of equations
defined by g8 , y,a, and . If the OA connections are changed, a new net-
work is obtained which is described by a new set of martrices B Y s @p
and ¢ . OA relocation is a method of reconnecting the OAs in such a
way that the new set of system matrices yields the original ideal gain.
There are two types of OA relocation: (a) Output relocation, (b) Input
relocation. In the former the output terminals and in the latter the input

terminals of the OAs are relocated.
5.2.1 Output Relocation

Theorem 5.2.1: Given an n-OA network as shown in Figure 5.2.1 (a),

49



Feedback Network

(a)

Feedback Network

(b)

Figure 5.2.1 Output relocation, (a) original network, (b) relocated network
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if the outputs of the ith and jth OAs, v, and Vj’ are Interchanged (Figure
5.2:1 I(b)), then the ith and jth columns of B and o are also interchanged
and the ideal gain remains unchanged.

Proof: For the original network (Figure 5.2.1 (a)), the system equations

are

— r ﬂ — -
e e By Bij :
\ ' v,
_ 1
. A
en Bm 8n] )
Vv o. o d :
O_‘ i 1 ) R V.

B WRILE

When v, and Vj are interchanged as shown in Figure 5.2.1 (b), then the

system equations for the resulting network can be written as,

[ [ Bip v B o] :
v,
]
= . v!
“n Bni an .
v a a - Vin
Lo L i j I

V.,

el LR B ij LER ] Bll - : T
v,
- l
= VJ
en an Bm :
\Y . a a .
0. o ) 1 J VmJ
L
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Comparing equations 5.2.1 and 5.2.3, it is seen that the generated
network has the same system matrices as the original, except the ith and
jth columns of gand ¢ are interchanged.

The ideal gain of the generated network, K (s), is given by

o
Kr(s) :B
r
where
B, = det (Br)
and
, B Y
Br = det a r

Since Br and a are obtained from B and @ by interchanging two rows,

1 i
then B, = -Band B =-B (ref. [32] p. 255). Thus,
.
Kr(s) == “ B ° K(s)

therefore, the ideal gain of the generated network is the same as the ideal

gain of the original network.

" 5.2.2 Input Relocation
Input relocation is subdivided into three catagories, (i) Sign change,
{ii) Port relocation, and (iii) Node relocation. These three types of input

relocation are described in the following theorems.

Theorem 5.2.2: Given an n-OA network, if the input terminals of

the ith OA are reversed, (Figure 5.2.2), then the ith rows of 8 and yare

multiplied by -1 and the ideal gain remains unchanged.



Feedback Network

(a)

Feedback Network

(b)

Figure 5.2.2 Input (sign change) relocation
(a) original network, (b) relocated network
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Proof: For the original network of Figure 5.2.2 (a), e, is given by

ST TR TR R
but for the relocated network of Figure 5.2.2 (b)

€ip = € = LBy vy et By v e V)
Thus, the generated network will have the same system matrices except
the ith rows of 8 and y are multiplied by -1. When a row or célumn of a
matrix is multiplied by a constant, then the determinant of that matrix
is also multiplied by the same constant (ref. [32]), p. 257). Therefore,

Br = -B and Br‘ = —B‘, and the ideal gain of the generated network is

which is the same as the ideal gain of the original network.

Theorem 5.2.3: In an n-OA network, if the input ports (e'-e” pair)

of the ith and jth OAs are interchanged (Figure 5.2.3), then the ith and
jth rows of Band y are also interchanged and the ideal gain is not affected.
Proof: For the original network (Figure 5.2.3 (a)), the following equa-
tions are written.
e = 811 V| Feeet Bin ¥ +Yivjn

and

ej = 8}1 Vi et B}n o +YJ.Vin

when the two input ports are interchanged as shown in Figure 5.2.3 (b),

then
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Feedback Network

(a)

Feedback Network

(b)

Figure 5.2.3 Input (port) relocation, (a) original network, (b) relocated network
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e = ¢ :le vy +...+B].n Ve +Yjvin

and

TRLTRAR LTS AR A

e.
jr
Thus, the system matrices of the generated network can be obtained from
the original matrices by interchanging the ith and jth rows of B and y .

Since, interchanging two rows of a matrix negates its determinant, then,

as before,

B B B

;
K ls) = B B B

Therefore, the ideal gain is not affected.

Remark 5.2.1: [f the input port and output relocations (Theorems

5.2.1 and 5.2.2) are applied simultaneously to the ith and jith OAs, the
result is the same as interchanging the ith and jth OAs (Figure 5.2.4).
Thus, if A.l and Aj are identical, then the generated network is not a new
one.

Proof: The proof follows from Figure 5.2.4.

Theorem 5.2.4: Assume an n-OA network is given in which the input

terminals of two OAs are connected at a common node as shown in Figure
5436, B ei; [ef] is moved from the common node to e;_' [ef] as shown
in Figure 5.2.5 (b), then Br and v of the resulting network are obtained
by replacing the ith [jth] rows of B and Y with

) (row(i)-row(j)) [row(j)-row(i)], if, in the original network, the con-
nected input nodes are of identical signs,

i) (row(i)+row(j)} [row(j)+row(i)], if, in the original network, the con-

nected input nodes are of opposite signs.



(b)

(c)
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Feedback Network

Feedback Network

Feedback Network

Figure 5.2.4 Illustration of Remark 5.2.1, (a) original network,
(b) output relocation, (c) input port relocation
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(a)

+1
+

s — U4

Figure 5.2.5 Input (node) relocation, (a) original network (b) relocated network
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In either case, the ideal gain remains unaffected.

Proof: There are four possible ways the two input nodes may be con-

nected at the common node: (i) e; = e;, (ii) e;

+ - : .
= ej, (iii) e, = e;, and (iv)
% ej_. Since, the proofs of these four cases are similar, only the first

will be provided.

i) Assume that, in the original network, e{ and e} are connected,

then, the following equations can be written.

e =€ - ¢ (5.2.48)
+ -
. . =8, 5.2.
eJ eJ ; ( 9
e. = e. (H.2.86}
1 ]

Now, if e; is moved to e;, then the following equations can be written

for the relocated network.

e, =€ .- ¢, (5.2.7)
S (5.2.8)

)r )T 18

e =e. (5.2.9)

17 ]Y

Since, only eJir is moved, all other node voltages remain the same and e;r
= e, Thus, equations 5.2.7 and 5.2.8 can be written in terms of the original
J

network node voltages.

e. HE wE (5.2.10)
ir i j
e =B w8 (5.2.11)
r” T

Comparing equations 5.2.5 and 5.2.11, it is seen that e.

e.. Also,
)13 )

from equation 5.2.5 and 5.2.6

el s g e a8 A8 (5.2.12)
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Substituting equation 5.2.12 into equation 5.2.10, e becomes

g =@ +& w8 ke ~e) :
i =€ ; e, = (e - e —ej (5.2.13)

Finally, using equation 5.2.4 in equation 5.2.13,

b1 i
Thus, the ith rows of gandy are replaced by row(i)-row(j), as a result of
the relocation. The case in brackets can be proved by interchanging the
roles of 1 and j.

As for the ideal gain of the generated network, Kr(s),

B,
Kr(s) B

r

] )
However, Br and Br are obtained from B and B by an elementary row
operation, under which the value of the determinant remains the same

(ref. [32), p. 259). Therefore, the ideal gain is not altered.

5.3 Voltage Divider Method

Apart from the relocation methods, there is one other method which
modifies the network, without changing the ideal gain. This method, called
the voltage divider method, is generally used to stabilize an n-OA network
as will be demonstrated in the applications chapter.

Theorem 5.3.1: Given an n-OA network, if the input port of any OA

is modified as shown in Figure 5.3.1, then the ideal gain of the network

is not affected.
Proof: The ideal gain is obtained using the ideal models of the OAs.

In Figure 5.3.1, if Ai is ideal, then e, and e, are both zero. If it

can be shown that éi is also zero, then the original and the modified
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Feedback Network

(a)

Feedback Network

(b)

Figure 5.3.1 Voltage divider method, (a) original network, (b) modified network
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networks are identical in the ideal case, thus both yield the same ideal

gain. In Figure 5.3.1 (b), 'éi can be expressed in terms e

bur, e = 0 in determining the ideal gain, thus 31 is also zero. Hence,

the theorem follows.



Vi. NETWORKS CONTAINING n-OTAs

6.1 Introduction

The Operational Transconductance Amplifier (OTA) is another active
building block which is becoming popular in network design. As the name
suggests, the OTA is a voltage-controlled current-source device, whose
transconductance can be adjusted externally. This feature of the OTA
results in tunable active networks with fewer components. However, com-
mercially available OTAs suffer serious limitations, such as the limited
differential input voltage and the output current. Input and output buffer
circuits are used to eliminate these problems.

In this chapter, first, the ideal and non-ideal characteristics of the
OTA are discussed. Then, using the beta matrix approach, the general
expressions for the voltage gain, input impedance, and output impedance
of n-OTA networks are derived. Also, the stability and sensitivity per-

formances of such networks are examined.

6.2 The Operational Transconductance Amplifier

The circuit symbol, along with a model for the OTA is shown in Figure
6.2.1. The terminal labelled INYo is generally not included in the circuit
diagrams for simplicity. The polarity of the input voltage, u, is chosen
opposite to that of the amplifier polarity to eliminate the negative signs
from the system equations.

For the ideal OTA, the input impedance, Fin and the output impedance,

Courr 3¢ infinite, and the transconductance, 8m is independent of
ou

63
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(a) (b)

Figure 6.2.1 OTA, (a) circuit symbol, (b) model

g, | 4
I
ABC
. ]
Mol
I
ABCZ
8
M3
laBC
3
g
Ly
w w w ’(D
B3 8 B8

Figure 6.2.2 Transconductance magnitude vs frequency
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frequency. For most applications, however, the actual behavior of these
parameters are not far from ideal. The input and output impedances are
very high (on the order of megaohms), and the transconductance is constant
for a wide range of frequencies. The frequency response of . for different
bias currents, IABC’ is shown in Figure 6.2.2. The transconductance is
controlled by varying the external bias current. 8m is directly proportional
to lapc (gm = hIABC)’ where the constant of proportionality, h, is a func-
tion for the temperature and device geometry (at room temperature h is
typically between 10 - 20). The ideal value of 8 Bmo CN be used for
designs operating at frequencies below wg. However, w g i1s also a function
of 1

ABC’
For this reason, it is difficult to derive a simple mathematical model

When 8m I8 varied by changing IABC’ wg will also be varied.

for &m* By observing the data sheets for a commonly used dual OTA chip,
CA 3280, it can be seen that when 1. is varied between 30umhos and
30mmhos, wg varies between 100KHz and 10MHz respectively. As long
as the operating frequency stays below the cutoff frequency, it will be

assumed that m is independent of frequency.

6.3 Analysis of n-OTA Networks

In this section, the voltage transfer function, the input Impedance
and the output impedance expressions are stated in subsequent theroems.
The derivation of these expressions is similar to the n-OA case and so
are the proofs.

Theorem 6.3.1t Given an n-OTA network as shown in Figure 6.3.1,

the transfer function is given by
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G +8 Y
det

T =g-a(G ) ly - — 2 & (6.3.1)
det(G "+B)
where
G-iz diag(—l-—,...,—-L) (6.3.2)
&m B
l n
%
8 = [8;:) 4n : Bl):i_j =¥ =0 (6.3.3)
KEj
u.
¥ = 1y.] Y. = o | :
i'nx! ’ T 1j:0 j=Lsvseyh) (6.3.4)
Vo
a = [o.] , @, =— y B .
j 1xn L lk_Vin*O (6.3.5)
k#j
VO
¢ =lely ' C:v—m i = 0 T (6.3.6)

Proof: The proof is similar to the proof of Theorem 2.3.1.

Theorem 6.3.2: Given an n-OTA network as shown in Figure 6.3.1, the

input impedance, Zin(s), is given by

. 1
Z. (S).‘: (6.3.7)
in COE o0 (G"I+ 8) —lY
det(G~1¢ B)
- 1 (6.3.8)
G +8 Y
det
00 COC

where G_l,g , and y are as described in equations 6.3.2-6.3.4 respectively,

and
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oc [aoc] o _ _in
Y lxn ’ i i, = V. =
) ) J Ik in 0 (6.3.9)
kK Ej
oc oc ocC Iin
o=, s G g i;=0  jelpen (6.3.10)
n )
Proof: The proof is similar to the proof of Theorem 2.4.].

Theorem 6.3.3: Referring to Figure 6.3.1, the output impedance,

Zout(5>’ of an n-OTA network is given by

- -1
Z,, () =0°C -G L 8) Ty (6.3.11)
G148 ¢
det sC
i a 4 (6.3.12)
det (G 1+ B)

where G-l, R,and o are given by equations 6.3.2, 6.3.3, and 6.3.5 respec-

tively, and
sC sC se¢ Y
YR O ke , L S = = Vi, =0 Jehuon (6.3.13)
25 - 12°9 £5¢ :Xl ‘ - (6. T
Ix1 IT Jj = Vm: 0 j= Ly (6.3.14)
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Proof: The proof is similar to the proof of Theorem 2,5.1.

The ideal gain, input and output impedance expressions are obtained
by replacing 8pi S With Brmio S
In the next section a 3-OTA network will be analyzed to demonstrate

the methods outlined in the preceeding three theorems.

6.4 Example

A 3-OTA bandpass filter is shown in Figure 6.4.1. This filter uses
only two capacitors, however jt should be remembered that additional
circuitry is needed to supply the external bias currents for each OTA.
This additional circuitry can be as simple as a resistor and as complex
as a transistorized constant-current source.

The system matrices for this network can be written by observation,

noting that the ith OTA output terminal is opened to make i = 0.

B ) T
0 362 07 y =[-1 0 0]
) 1 | 1

B = | -mme= 0 i o= 0=x]

sCl sC1 sCl sC1
1 1 _
& ¥ 5 e

S -

Thus, using equation 6.3.1, the transfer function is given by

g"‘l
v, — s
=y, © — . (6.6.1)
g Ty iy e
S + C € + CC
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+C
k

N}
A
/
A
7T
@]

Figure 6.4.1 A 3-OTA Bandpass filter
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For the input impedance,

0 C=[000) and EOC:[O}

Thus, from equation 6.3.8 the input impedance becomes

V.

in

Zips) s —= (6.4.2)
in

For the output impedance expression, the input voltage is shorted, a currenr

source, IT’ is applied at the output, then

T Wi 1 1

and = |—
I & sC)

s _ JE ok
[O_ SC]

Thus, trom equation 6.3.12, the output impedance is given by

(Bolud)

out o4

6.5 Stability

The transfer function expression in equation 6.3.1 is in the same form
as the transfer function expression for the n-OA case, (equation 2.3.1).
In equation 6.3.1 the open-loop gain matrix, A, Is replaced by the trans-
conductance matrix, G, and the entries of 8 and o are transresistances,
and the entries of y and ¢ are voltage gains of sub-networks obtained from
the passive feedback network. Hence, the stability criteria stated in Theo-
rems 3.2.1, 3.4.1, 3.4.2, and 3.5.1, also Corollaries 3.4.1 and 3.4.2, can

be adapted for the stability analysis of n-OTA networks.
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The HFS test that was developed for n-OA networks, however, is
not applicable to n-OTA networks for two reasons. First of all, it cannot
be assumed that each OTA is identical, since the transconductance of
each is used as a circuit parameter. Second the transresistance entries
of the system matrices can be zero or infinity at high frequencies. Whereas
the entries of the system matrices for n-OA networks are voltage gains

of passive sub-networks, which approach to zero or unity at high frequencies.

6.6 Active Sensitivity

The ideal design of an n-OTA network is achieved by assuming ideal
OTAs, that is the input impedance, the output impedance, and the bandwidth
(BW) are assumed to be infinite. Although finite, these parameters are
large enough so that the variations in the design due to them is negligible.

The input and output impedances of the OTAs are in the order of mega-
ohms.  Thus, if the resistors in the network are smaller than 100Kohms,
then the effects of the finite input and output impedances are minimal.
The BW of the OTAs varies between [00KHz and |0MHz, depending on
the transconductance. In order to keep the sensitivity of the design due
to the finite BW low, the design (operating) frequency must be below the
BWs of the OTAs.

The transconductance at the midband frequencies, &m0’ is a function
of temperature as well as the external bias current. The changes in R
due to temperature and the external bias current, may effect the design
parameters. The sensitivity due to these changes can be best handled by
the passive sensitivity analysis (Bode sensitivities: ref. [33], pp. 113-167),

treating g _ like any other passive circuit component.



VI. ACTIVE FILTER APPLICATIONS

7.1 Introduction

In this chapter two well known active filters (KHN and SB) together
with other filters generated from them are examined. The stability and
sensitivity methods introduced in the previous chapters are used in the
analysis of these filters. Also, experimental and computer simulation data
are supplied to support these calculations.

Since the evaluation of each circuit requires the repetition of similar
calculations, first the step-by-step analysis method will be given. Then,

the results of these calculations are summarized for each network.

7.2 Method of Analysis
In analyzing the 3-OA active filters of this chapter, the following steps
are carried out:

1) System Matrix: The network equations are written in a matrix

torm as described in Chapter 2 (equation 2.3.13).

e v . By
=B where 8 = (7.2.1)

Vo Vin Q g
)
In most cases the entries of B can be written by observation using super-

position of node voltages.

ii) High Frequency Stability (HFS) Test: When the network is designed

for low frequency operation, the stability at high frequencies is governed

73
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by the OAs. If the network fails the HFS test, most probably it will remain

unstable for higher operating frequency designs. Experimental data tends
to support this statement.

To apply this test, first Bc is obtained from g by letting s go to infinity.

B = lim
c
S &+ @

(7e242)

Then, the characteristic polynomial in A, DC(A), is found using equation
7.2.3.

DC(A)zdet[I+3CA) {(7.2.3)

It can be shown that the roots of DC(A), Ari’ and the eigenvalues of BC,
Ql', are related by

Ay = - 1,

Thus, either one can be used for the HFS Test. The network is high fre-

quency stable if:

a) {/_f_\_i|<|1f_\ri] when IAiIZIAriI (7.2.4)
or

b) | /A, +/p; | < 180° when | Al = U0 | (7.2.5)

Experimental data will be provided to verify the results of the HFS

test.

ii1) Jdeal Gain and Design: The ideal gain, K, is given by

BI
K:—B— {7:246)

where B = det[g] and B - det [BI]
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The ideal poles of the network are designed using the ideal gain.

iv)  Poles Sensitivities: The movement of the original poles are cal-

culated as a function of w, (operating frequency) and GB using equation
4.3.13. It should be remembered that this equation is derived assuming
matched OAs. If otherwise, equation 4,3,10 must be used. Also, second
and higher order effects of the OAs are neglected. Therefore, the sensitivity
calculations (for poles and zeros) yield best results when W 1s much lower
than the GB, at least by a decade.

v) Usable Frequency Range (UFR): If the network proves to be high-

frequency stable, then the next condition to examine is the movement
of the design poles. In most networks, as the design frequency, W, is In-
creased, the ideal poles move towards the RHP. The circuit becomes un-
stable when the real part of the design poles reduces to zero.
Re[pi]zRe[Api]+Re[pio]:O (7:2:7)
or
Re [Ap,] = - Re [p, ] (F+2.8)
The UFR obtained is compared with the experimental data.

vi) Sensitivity of the Zeros: Since the networks analyzed in this chapter

are second order BP filters, there is one ideal zero which is located at
the origin. Equation &4.4.4 is used to determine the change in the ideal
zero, keeping in mind that the product term in the denominator is unity
when the upper limit is one. The sensitivity of the ideal zero is expressed

in terms of Luo and GB.

vii) wo and Q Sensitivities: The denominator of a second order

BP filter determines the w, and Q. In addition to the design poles, parasitic

poles due to the OAs are introduced Into the network. If the effects of
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the parasitic poles are neglected, then the denominator of the network

can be approximated by equation 7.2.9.

2 ao A 2
D(s) = (s-p,) (s-p)) = s +€5+ ¥ (JsZed)

where P, = Py + Apj, i=1, 2, are the actual poles, and EJO and (5 are the
actual center frequency and quality factors respectively. The variation
between the ideal and actual values is caused by many factors, however
only the active sensitivity, that is w I

The results of these calculations along with the SPICE simulation results

and GB effects, will be considered.

are tabulated using w =2 (5) rad/s for the OAs. C)O is normalized by
Wy in the tables.
viil) Comments: The filters presented will be compared in terms

of their active stability and sensitivity performances.

7.3 Kerwin-Huelsman-Newcomb (KHN) Filter
The circuit diagram for the KHN filter {26] is given in Figure 2.6.1.

i) System Matrix:

i K u |
k, k, k3 k,
w
1 S 0 0 )
) S+U.)l S‘H.Ul 8 ( )
B = ) = 7.3.1
0 S+02J sfm 0 g 5
2 2
o0 1 0 0|
where
G
G 4
& 6 I y Ky=l-k;,k o =1-k,,
5 6
5 G,
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i) HFS Test:

kl _k2 k3
B = 0 | 0
0 0 i
[} ] 1
Eigenvalues: o) = kl » Py=Pq= 1
:‘1/ pl

Then, the roots of D(A) can be determined using the relation A

|
A = -7 ;
T fae s
Thus, the HFS requirements on the open-loop gains of the OAs are:

A L=

when
1

1) |/_AJ.| < 180°

and

2) | A < 180 when | A | =1

These conditions are readily met by any commercially available OA.

Ideal Gain and Design:

iii)

2
k,s +kws+k3wlw2

3 s " 1
B - - kl} UJI D(S) Y B - D(s) y
D(s) = (s + qu) (s +w2)
Then,
k w
4 o
- e—— 8 H e
) ky l . SRR
- ) 2 e g
52+£2_ ws +k3 ©, W, % g™ # W
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where

For a design of H0 = -99 and Q = 50, pick

= Wa = W

I<l=k3:0.5, k 2 )

= 0.01, k4 = 0.99, and w

2 1

1v) Pole Sensitivities:

b o §i 8 kls(s+w) i (l<ls+k2 wl)(s+ mz)
11 ~ D(s) °? 22 D(s) ? 33~ D(s)
2 2
i - 2s 1.01 wos + 0.01 w, _ (s-slp)(s—szp)
L& " D(s) d D(s)
0.552+001ws+05w2 (s-p, Ns-p~p)
B el R it S B ap
DX(s) B b
Then,
Coctd o Sy, =~ 0.010lw , s, = - 0.4949 w
p P 0 2p o}
= - = 1 - *
CB“O'j’PIO_(O'Ol+]) W Pog = Plg

Substituting these values into equation 4.3.13

w
Ap, = Bpy = (22227 [-115.87°) [(-0.01 + i +u ] =3

B (7.3.2)
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v) Usable Frequency Range:

When > >0 equation 7.3.2 can be approximated by

L

2
w
~ o] o
Ap, = (2.2227 | 25.3°) (7.3.3)

=)

Re[pl] = - 0.0l w

2
w
o

GB

RefAp ] = 2.0095
Now, using equation 7.2.8
w = 0.005 GB
0 max
Thus, for a GB = IMHz, the highest design frequency before the ideal poles
move into the RHP is fo = 5KHz. The actual circuit may become unstable
at a lower frequency due to the tolerances in both the active and passive

components. The experimental results show that the actual UFR is approxi-

mately 10% lower than the predicted.

vi) Zero Sensitivity:

S+W (s-s

O P —
Z B = - 0%, By = DE)
i=1

(s- z )
' s : 10
B =-09%, 55 =% BE
Then,
CZ = -0.99 w iy w,
C :-O.99w0 z, =0

0

Now, substituting these values into equation 4.4.4.
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30

0
AZy = ~w;
TR (7.3.4)
vii) w, and Q Sensitivities: The calculated and simulated values of
the actual W and Q are listed in Table 7.3.1.
i bp, P, CALCULATED SIMULATED
L oy T T Fa ~ A A
GB % Y wo/ “o Q W Wo/wo Q
107 [ 2.0095x107° _ }9.7990x107% || 0.99995 [s1.021 [[0.999%0  |50.760
1j9.4985x10™° | +j0.99910
1073 | 200951072 F7.9905x107 || 0.99908 [62.515 || 0.99910  [62.730
-j9.4989x 1071} +j0.99905
5x107 [ 1.0048x107% P4.7521x10'5 UNSTABLE ] i
S4.7494x107° }+j0.99525 L | |

viii)

can be increased up to 5KHz.

Table 7.3.1 KHN BP Filter with Ho:-99 and Q=50

Comments:

For a GB of IMHz, the KHN filter center frequency

The sensitivity of the center frequency is

low, but as the design frequency is increased, the sensitivity of the quality

factor increases.

7.4 KHN-13 Filter
In an effort to improve the performance of the KHN filter, a new net-

work is generated (Figure 7.4.1) relocating the first and third OAs output



&l

|

Figure 7.4.1 Output relocated KHN filter
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i) System Matrix: The system matrix is obtained by interchanging

the first and third columns of equation 7.3.1.

k3 —}-<2 kl —kaj
w
0 . e 0
S+ S+W
1 |
B Y
Bt = © = (7.4.1)
i 2 0 0 a
S+, S+,
0 1 0 0
i1) HFS Test:
, 7
sz k, Kk,
_ _ 1 2
BC = 0 1 0 D(A) --kl(A —E—)(Au)
1
Thus, the roots of D(A) are:
A = ——l—’A = A = -1
k r s

1 i 2

The first root is positive, which makes the circuit unstable. The circuit

was unstable when tried in the Jab using a variety of OAs.

7.5 Sedra-Brown (SB) Filter
In order to make the KHN-13 filter stable, the input terminals of the
third OA are reversed. The resulting network is commonly known as the

SB filter [34].
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i) System Matrix: The system matrix for the SB filter is the same

as in equation 7.4.1, except the third row is negated.

ii) HFS Test:

ky kﬂ
8. = |0 I 0 D(A)-= (A+l)[klA2 1k AL
L—l 0 O_j

Using the values selected for the KHN filter, the roots of D(A) are
AL ==L A=A = 7 [110.7°
L 2 3

Thus, the SB filter will be high-frequency stable only if
| /A]<110.7°  when |A] = 2

This phase of 110.7° corresponds to about 122° at the crossover frequency
of an OA modelled with two poles. Not all OAs satisfy this condition,
infact when this circuit was built and tested, it proved to be unstable using
OAs with worse phase response (AD504's with 330pF compensation capa-
citors). When the same filter is tried with OAs which have a phase of
120° or less at the crossover frequency ( M A741 and LM741), the network

was stable.

iii) Ideal Gain and Design: By theorems 5.2.1 and 5.2.2 the ideal gain

is the same as the KHN filter, so the same values are used for the design

parameters, kl’ kz, k3, ku, wl and w,.
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iv) Pole Sensitivities:

s wl w, e kls(s+ ml) e k35(5+ w2)

11 " D) ?* "22° Dfs) ! 33" 3)

2 2
E3: . $THW S+W > (s-slp)(s-szp)
i D(s) T p D(s)

i=l 2 2
. 0.5s" + 0.0l ws + 0.5 e (s—plo)(s—pzo)

- D(s) B D(s)

*

Cp = ] s Slp = (-0.5 + ] 0.8666) (.00 3 52p . S]_p

. *
CB = 005 y plo = (—0.0l + J) UJO, PZO: plo

Now, using equation 4.3.13

w
=] 1 0
Apl = (0.9801 [/ -179.42° ) [ (-0.01 + ))mo +) L] CB (7.5.1)

v) Usable Frequency Range: When W >>w), equation 7.5.1 can be

approximated as

2
w
o 9
Re[pl]=-0-01wo (75 8u2)
2
mO
ReEApl] = 0.01967 CB_

Thus, by equation 7.2.8, the UFR is given by

W, = 0.5084 GB
max

Experimental results showed that the network was stable up to W

= 27 (24000) rad/s using OAs with GBs of 900KHz. There is a considerable

difference in the experimental and theoretical UFRs, since UFR calculation
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considers the movement of the ideal poles only. However, because the

OAs used barely meet the HFS condition, as w, 1s increased the parasitic
poles move into the unstable half of the complex plane, before the ideal
poles. Therefore, in designing active networks, as a rule of thumb, a phase

margin of 45° should be allowed in satisfying the HFS criterion.

vi) Zero Sensitivity:

Bl:B :533:0

1 22

Thus, Azy = 0, i.e. the ideal zero is not affected by the OAs.

vii) W and Q Sensitivities: The calculated and simulated values of

the actual W and Q are listed in Table 7.3.2.

w, Ap, P, CALCULATED || SIMULATED

—= — ~ = ~ A

) w, W 0 / W, 3 o 0/LuO 3

0% fl1.9671x107 J-9.9980x1077] 0.9995 | 50.0049{0.99995 | 50.25
-19.7990x 10" +§9.9990% 10

107 [li.9671x107 [1-9.9803x107}f 0.99907 | 50.0695 |l0.9989 | 50.20
1§9.7990x10” 4] +9.9902x10

1072 o671x 107 [1-9.8033x 107 1 0.99025 | 50.5035 [0.9905 | 51.86
§9.7990x1072{1+9,9020x 10

! floe71x107 [1-8.0329x 1072 l0.90205 | 56.1444 [l0.92180 J413.36
-19.7990x 107 (1:§9.0201x 10
Table 7.3.2 SB BP Filter with H_ = -99 and Q = 50

This large difference between the calculated and simulated values

when

“o

= 0.1 GB, also suggests that the parasitic poles begin showing
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their effects on the frequency response. As a matter of fact the network

became unstable at this frequency when tested in the lab.

viii) Comments: L4 and Q sensitivities, as well as the UFR shows
remarkable improvements over the KHN filter. However, this filter is
stable only for those OAs satisfying the HFS criterion.

In order to relax the HFS condition of the SB filter, the voltage divider

technique of Chapter 5 will be used in the next section.

7.6 Modified SB (M-SB) Filter

In the SB filter, the third OA has no direct feedback path from its
output to its input. That is, the third OA acts like an open-loop amplifier
causing the poor HFS condition. To improve the HFS, the voltage-divider
technique of Chapter 5 is used. The resulting network is called the Modified-
SB (M-SB) filter. The modified portion of the network is shown in Figure

7.6.1.

i) System Matrix:

k3 _k2 kl 'kz;
S wl
, 0 S+ S+ 0 g Y
1 1 _
B = o :
2
o -k 0 0 a Z
S+Ww S+
3 3
0 ] 0 0 J
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Figure 7.6.1 Modified portion of the M-SB filter
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where
G | Rb
W, =w. +A A P G = k =
3 ) y y "
y oy 380 G R R, R_+R_
ii) HFS Test:
kg *, Ky
B.= | o 1 0 D(A):(A+l)[kk1A2+(l-k1)A+1]
- k 0 0
[f k1 = iz and k = —12-, then the roots of D(A) are:
Ar = -] Ar = 2 /120° and Ar = 2 /-120°
1 2 3

Thus, compared to the SB filter, M-SB filter has an improved HFS criterion:

|L/_5\i]< 1260 when IAil %

This phase of 120° corresponds to 134° at the crossover frequency. Most
OAs satisfy this condition. However, when the circuit was tried using k=
1/2 and AD504 with 330pF compensation capacitors the circuit was still
unstable. This unstability is due to the fact that these OAs have a measured
phase of 150° or more at the crossover frequency. The network can still
be made’ stable by reducing k. If k is made 1/8, then the three roots of
D(A) are real and negative, in which case the HFS is independent of the
OAs used. When the M-SB filter was tested with [:8 voltage divider, the

network was stable, but the UFR and active sensitivities became worse.
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It seems that HFS, UFR, and sensitivities are indirectly proportional to

each other, that is the designer has to sacrifice one to improve the other.

ii}) Ideal Gain and Design: By theorem 5.3.1, the ideal! gain is not

affected by the modification. The design is realized using k = %, i} W, =
%/20, and the same values for the rest of the parameters. Eventhough
the magnitude of Aw, does not change the HFS criterion and it has little
effect on the sensitivities, it does affect the UFR. As Au is made smaller,

the UFR increases.

iv) Pole Sensitivities:

kw 0, kkls(sml) k35(s+w3)
Bll = ‘—D“g— ' B22 = —-BG)-—— ' 833 = —-ﬁs)—‘*‘ y D(S) = (S+(Lll)(s+(1\3)
3 0 7552 + 0.775w S + O.5m2 (s-s, Ns-s,)
Z BesR ) § 0 ° _ ¢ 1p 2p
i D(s) p D(s)
1=1
0.557 + 0.0lw_s + 0.5 (5 N5-P )
B =0.5 e % Cy
D(s) D(s)
*
Cp = 0.75, Slp = (-0.5167 + j0.6322) Wy SZp = Sip
. *
Cq = 0.25, pq4= (-0.01 +])mo ' Py = Pip
Substituting these values in equation 4.3.13
Yo
Ap, =(1.6051 /-161.27°) [(-0.01 « Pu, +w ] =5 (7.6.1)

v) Usable Freqguency Range: Making the same approximation as before

equation 7.6.1 becomes

wl

= = vo ——g— 7-6I2)
Ap, = (1.6051 [-70.7° ) =x (
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Then, the UFR ist

momax:0.0188 GB (7.6.3)

Using OAs with GBs of around 900KHz, the UFR, according to equation
7.6.3, is around 16.9KHz. The experimental results yield a UFR of 11.3KHz.
This difference may have been caused by the mismatching of the OAs;

since the calculations above assume matched OAs.

vi) Zero Sensitivity:

Thus, Az, = 0, implying that the ideal zero stays at the origin.

1

Vii) Wy and Q Sensitivities: The calculated and simulated values of

the actual Wy and Q are listed in Table 7.3.3.

wo Ap1 pl CALCULATED “ SIMULATED
GB N W, ) O/mo 6 wo/wo (5
-4 -5 -3 )
10 5.31x 10 i -9.95x10 S0 0.99990 | 50.26 0.9999 50.00
-jl.51x10 +j9.998x 10

1072 ¥5.31x107% 2 29.u7x10> . (099853 |52.72 l0.9925 | 53.11

-j1.51x10° +j9.92x10"‘

—4.69x10_3 0.98436 | 104.88 | 0.9853 107.10

53110
+19.85x1071

Sj1.51x107%

L

Table 7.3.3 M-SB Filter with Ho = -99 and Q = 50
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viii) Comments: Eventhough the sensitivity performance of the filter
is degraded with the voltage divider modification, the HFS criterion is
relaxed, i.e. the phase requirement of the open-loop gain of the OAs used
in the circuit can be satisfied by more OAs.

The value of k is | for the SB filter and % for the M-SB filter; k=1
creates HFS problems (at high frequencies) and k < 1 causes a drop in the
sensitivites (at the design {frequency, wo). If a frequency varying voltage
divider can be used such that around the design frequency k=1 and at high
frequencies k:é or less, then the sensitivity performance can be improved

and the HFS criterion can be kept the same. In the next section such a

voltage divider will be employed.

7.7 Compensated - SB (CSB) Filter
The compensated voltage divider replacing the resistive voltage divider

of the M-SB filter is shown in Figure 7.7.1. For this network:

S+W, R

b b 1
. ==K vy where K s===—= and o =5r== (7.7.1)
3 svkwy R +R b TR
As can be seen from equation 7.7.1, at high frequencies ey = kv and

at frequencies much less than ku)D, ey = -Vs

i) System Matrix:

K, -k, K, K,
ot
0 : — 0
) S+ wl s+wl
8 =
-ks(s+wy ) -kwy(s+w,) 0 0
o 2

|0 I 0 0
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Figure 7.7.1 Compensated voltage divider
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L
where D =s +(w3+kwb)s+kmi o,

ii) HFS Test: The results of this test are not affected by the compen-
sation. When this network was tested in the lab using OAs with a phase

of 130° or less, it was stable and the UFR was increased.

1) Ideal Gain and Design:

: -k kqw[s(s»rwb)

B =
D(s)
2 o
- [kls +k2wls+k3wlwzj (s+u)b)
D(s)
where
D(s) = Di(s+w1)
Then, the ideal gain is:
. .
. ..B W
= ‘_é'- A
2 | k2 w,s + k3 w
S S i (ERERAER TR0

Thus, the ideal gain remains the same for all the four networks examined:
KHN, SB, M-SB, and C-SB.

The only new variable in the design is W e To eliminate the effects
of the voltage divider on w and Q, pick k W > Wy For the following cal-

culations, k mbzlo W, The values for the rest of the parameters are kept

the same.



iv) Pole Sensitivities: a

k .
. W, w2(5+ wb) - kkls(s+ ulb)(s+ wl) - k3s D1
11 D(s) Sl D(s) Al T
3 2 2 3
3 0.75s7+10.775 10. - - -
Z g + W s” + 10.50 oS + 10w I (s Slp)(s 529)(5 s3p)
1L -
il D(s) P d(s)
(0.552+ 0.0l w s+0.5w2)(s+2(h> ) (s-p, (5P 5P or)
Keih o o ° _c 10 20 30
D(s) & D(s)
*
C = . y = \-U. ) » y —y = = -
5 0.75 Slp (-0.4854 + j0.8716) W, SZp S8 S3p 13.4 w
i *
CB :0.25,p10:(-0.01 +|)Loo » Pyp = Pjg 1 P3g - -20&)0
Now, using these values in equation 4.3.13
_ (.1)0
Apl = (0.9569 /-177.73° ) [(-0.01 + j) w, + wL] CB (7.7.2)

v) Usable Frequency Range: When wo >> UJL, equation 7.7.2 can be

approximated by

2
w
~ i o o
Ap1 ~ (0.9569)/-87.16 CB CETA3)
Then, the UFR is given by
w = 0.21GB (7.7.%)

omax

In the lab when OAs with GBs around 900KHz were used, the C-SB

filter was stable up to ®_ = 27 (50KHz) which 1s about 0.056 GB. The
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difference between the predicted and experimental UFRs may be due to

the parasitic poles. The HFS phase requirement is met by a margin of
15° with the OAs used, and apparently, to minimize the effects of the para-

sitic poles, this margin needs to be increased.

vi) Zero Sensitivity:

thus, Azl =

vit) W and Q Sensitivities:t The calculated and simulated values of

the actual W and Q are listed in Table 7.3.4.

—|[ CALCULATED || SIMULATED
Yo API Py
b8 o % l wol, Q DNER Q
107% Ju7ux10® -9.995x1072{0.99995 | 50.02 0.9999 50.25
-19.56x107 ]| +]9.999x 10!
1072 Hu.7ux107 [f-9.953x1072[|0.99909 | 50.19 [} 0.9991 50.46
-9.56x10™" | +j9.990x 15"
1077 Pzux10™ |l-9.526x107 ] 0.99049| 51.99 |l 0.9907 53.26
519.56x107> || +§9.904x 10
5x1072 §2.37x107° , [1-7.63x1072 | || 0.95224 62.40 | 0.9582 93.94
_i6.78x107%]| 4j9.52x10
Table 7.3.4 C-SB BP Filter with H_=-99 and Q=50
viil) Comments: When the C-SB filter is compared to the SB filter,
the a and Q sensitivities are slightly higher. However, because of the

improved HFS condition, the actual UFR is doubled, eventhough the predicted
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UFR is lower in the C-SB network.

7.8 Mikhael-Bhattacharyya (MB) Filter

The second filter which will be examined is a popular 3-OA biquad,

commonly known as the MB Filter (Figure 7.8.1) [18].

i) System Matrix:

i h, h, (hy - k) 0]
S =
hl (h2 --S—;Bz) hj 0 o C
|0 0 1 0
where

- - T oo Dt
B! s 727 s T3 T s 17 G+G, 1“2 T GGGy
k -—6—34——- w ~u)' 'w" u)l = —G~—8- w“—Gw and w —Eé
37GG,+Gy 0 L 1 1 1 & ] <, 2585

ii) HFS Test:

0 0 (k)]
R 0 L] D(A) = k(1K DA%, A%+ Asl
Cc
0 -1 L]
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AS kz(l'kl) is varied between 0 and 1, the complex roots of D(A) varies

between [/+120° and 1/:90° , while the.real root varies between - ®and
-l So, the HFS condition at best (when k,(l-k )= 0) requires OAs with
a phase less than 120° at the crossover frequency. The MB filter was tried
using k1:0.5, k2:0.8761 and OAs with a phase of 120° each and was found

to be unstable. The roots of D(A) at these values of kl and k2 are

A =-1.729 A_ = 1.15/104° and A_ = 1.15 /-10%°
l’1 l'z ] r3 e

Thus, the HFS suggests that, the OAs used must possess the following con-

dition:
| /A | <104° when [A] = L.15

Assuming that this condition is satisfied, the analysis is continued.

iii) Ideal Gain and Design:

B' ) k3u>1 S
- D(s)
2 1 "
- kz(l—kl)s +kl(l—k2) wls+k1k2 W w,
’ Ds)

where D(s) = (s+ w[) (s+w2)

Then,




where 7

For a design of HO =1 and Q = 50, pick W oWy =Wy k1 = 0.5, and

=, / {50 ; then k, = 0.8761 and k = 0.06195

iv) Pole Sensitivities:

. S2 8 klwl (5+m2) , ] k2w1(5+w2)
Ll Elsy 22 D(s) it I D(s)
n 52+O.9468w s + 0.9468w 2 (s-s, Xs-s, )
Bis = < o - 1 2
Z ii D(s) D D(s)
1=1
2 2
s T s +0.02w05+w0 s (s-plo)(s-pzo)
: D(s) B D(s)
where
: _ X
CP "3 slp = (-0.4734 + 0.85Ol)w0 , 52p = Slp
. *
CB = 0.43805 y plo = (:0.0l + J) U.)o, p20 = Plo

Using equation 4.3.13 with the values above,

Ap = (1.0603  /-176.14 ° ) [(-0.01 +) w_ + w ] —=5 (7.8.1)

v) Usable Frequency Range: When w,>>w, equation 7.8.1 is approxi-

mated by equation 7.8.2:

wZ
3 8y =9l
Apl = (1.0603 /-85.57°) CB (75 %s2)



Thus, the UFR is

w = 0.122 GB
omax

vi) Zero Sensitivity:

S +W, S + 3]
' il

_ 2 . S
Bll = k3 D(s) p B Sy =
3 2 s
' s + D, 14145 = (s-s )(s-s2 )
Z B -k % & 1z 2
ii 3 D(s) z D(s)
i=1
1 . 5-2
_ y S _ Tl " 1
B 0.1414 k3m0 DG - CB D(s)
CZ = k3, Sy s 0.9318w0 s So, :—1.0732u>0
CB=O.1414k3w0 ,21020

Now, using these values in equation 4.4.4

w

& it -
ﬂzl = 0.1414 W EB

100

(7.8.3)

Thus, the ideal zero move towards the RHP as the center frequency is

increased.

vii) w, and Q Sensitivities:

The calculated and simulated values of

the actual W, and Q are listed in Table 7.3.5.
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" CALCULATED SIMULATED
0 Ap P
GB 1 1 @ /w A 6 /w A
w W o' "o Q o o Q
o 0
4 K -3
107" |(8.19x107 _[1-9.99x107 [0.9999% | 50.04 {l0.9999 50.00
51.06x 1074l +§9.999x10
107 {18.19x1072, 11-9.92x10 (1099899 | 50.36 ][0.9990 50.20
71.06x107> [|+]9.989x 10
1077 J18.19x107 _ ||-9.18x107>_fl0.98947 | s53.88 |[0.9896 54,37
11.06x1072 | +59.894x 10
107 Ha.19x107  H-1.81x107 [lo.89u29 | 247.02 [|0.9066 | 10666
Sj1.06x10 || +j8.9%3x 10

Table 7.3.5 MB BP Filter with HO = 1 and Q = 30

viii) Comments: The stringent HFS criterion can only be satisfied
by a limited number of OAs, making this filter unattractive, inspite of

the low W, and Q sensitivities.

7.9 Output Relocated MB (OR-MB) Filter
When the first and second OA outputs are interchanged and the input
terminals of the second OA are reversed, a new filter, OR-MB, is generated

(Figure 7.9.1).

i) System Matrix:

B -
h, hy  (hyk) 0
, h, (ky-hy) -hy e 8 v
B8 = " 5
(hmem hy hy 0 w9
2
i 0 0 1 OJ
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ii) HFS Test: 103

0 0 (1K)
_ 3ea y
B. = 0 ky -l D(A) = (1-k kA +(l+k2—k1)A2+(_l+k2)A+l
o 0 1

using the previously selected values (k1:0.5 and I<2=O.8761), the roots of
D(A) are

Arl = -ll4ls Ar2 =J2 /135° Ar3 = [Z /-135°

Then, the HFS criterion is:
t/a. | <135° when |A.| = [2
LAy ]

The phase at the crossover frequency needs to be less than about ]42°.

This condition is easier to satisfy.

iii) Ideal Gain and Design: By theorems 5.2.1 and 5.2.2 the ideal gain |

remains the same as the original network. The same design values picked

for the MB filter will be used.

iv) Pole Sensitivites:

H t

2 ] ] 1
. k25(5+ wz) . (I—kl)s —klwls + klwlwz - k2w1(5+w2)
11~ D(s) el Sn D(s) s - D(s)
3 52+1.2219wos+w§ .. (S'Slp)(s-s2p)
i; B, = 1.3761 5 ; . 55
N 0.02w s + W (s—plo)(s-pzo)

B = 0.43805 Ty = Co —DF
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where
¥*
C = 103761 3 = \=U. 110 1 ,_ =
5 Slp (-0.6 +]O/9l7)wo,szp Slp
. *
CB~0.43805,p10:(~0.01+])m0 P2 = Pig
Thus,
w
Ap, =(1.888] /-179.43° ) [ (-0.01 + ju | “”L}_CT% (7.9.1)

v) Usable Frequency Range: When Wy > equation 7.9.1 can be

approximated as

2
w
Ap, = (1.8881 /-88.86° ) =¢ (7.9.2)
Then, the UFR is
= 0.27GB (7.9.3)

w
omax

When this filter was built using OAs with GBs around 900KHz, the
UFR was found to be twice of that calculated. The better experimental
result may be due to the fact that the OAs are mismatched and the mis-
matching tends to improve the frequency response. If it is assumed that,
because of the mismatching of the OAs, the angle in equation 7.9.2 becomes

-89.42°, then the UFR increases to 0.52 GB.
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vi) Zero Sensitivity:

) ! (S+UJ2) ( 1
Bip =k Frj o+ By =By; =0
3 . S+ 5-5
Z B aliililon st o oo 18
il 370 Dfs) z Dls)
i=1
S-2Z
b . S |
B =0.1414 k3 wo ey ™ CB X(s)
where
C_ =014l kw_ 5_=-W
z 370 1z fo)
EE - A 2= °

Using equation 4.4.4,

The ideal zero moves towards the LHP as W is increased.

vii) w, and Q Sensitivities: The calculated and simulated values of

the acutal W, and Q are listed in Table 7.3.6.

[ w, bp, p CALCULATED SIMUJLATED
GB w W, wy [ w, Q 0y 1w, Q
oy 3.76><1o‘f4 -9.996x10_?1 0.99986 | 50.01 |} 0.9998 49.74
j1.89x107 " +j9.998x 10

107 3.76x10'_53 £9.962x 10" i 0.99816 | 50.09 || 0.9981 50.54
-j1.89x107 7 {1 +j9.981x10

G 3.76x10’f‘2 —9.624x10__31 0.98117 | 50.97 || 0.9816 50.86
Li1.89x 107 || +9.811x10

107! 3.76x10'_31 -6.244)(10_? 0.81125 | 64.97| 0.8506 67.51
i1.89x 107 ]| +j8.112x107]

Iz

Table 7.3.6 OR-MB BP Filter with H, =1 and Q = 50
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viii) Comments: Compared to the MB filter, OR-MB filter has much

better HFS and Q sensitivity. The price paid for this improvement is a

higher w, sensitivity.



VHI. CONCLUSION

8.1 Summary of Results

Analysis and design of networks containing multiple OAs and OTAs
using beta matrices is introduced in this dissertation. Networks contain-
ing OAs are emphasized, since OAs are presently used more than OTAs.

A systematic method to determine the voltage gain, input and output
impedance expressions is presented. The system equations, in matrix form,
are used to derive these expressions. In most cases, these equations can
be obtained by inspection.

The system equations are also used for stability and sensitivity cal-
culations.  For stability, in addition to the general eigenvalue methods,
a quick test, HFS test, is also provided. This test yields a necessary but
not sufficient criterion which must be satisfied by the OAs in the network.

Another measure of performance, besides stability, is the sensitivity
of the neiwork. Active sensitivities of the poles and zeros of the ideal
gain are considered. In most applications, the ideal poles move towards
the RHP. Using the pole sensitivities, the design frequency at which the
network becomes unstable can be approximated. This point is demonstrated
in the applications chapter.

Generation of a set of new networks from a given network is also
considered. Although, all the configurations obtained by network generation

have the same ideal gain, they may have different non-ideal performances.

107
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Thus, some of these networks may be preferred over the others.

The methods developed for n-OA networks in Chapter 2 are adapted
to n-OTA networks. Stability and sensitivity consideratigns are also dis-
cussed.

Finally, the methods developed in this dissertation are applied to
active filters. It is seen that the stability and sensitivity performance
of these networks can easily be determined and in some cases can be im-
proved. Sorne configurations may inherently have better performance,
but in general a trade off exists between the stability and sensitivity of

a given configuration.

8.2 Topics for Future Research
A list of topics for future research, for which this dissertation can

provide a basis, is given below:

a) The results obtained can be extended to multiple-input-multiple-
output networks.

b) Networks employing active feedback can be analyzed.

¢) In addition to the voltage gain, the expressions for current, trans-
impedance, and transadmittance gains can be considered.

d) The magnitude and phase sensitivity expressions can also be derived.

e) With a better modelling of the OTA, a rmore detailed stability
and sensitivity analysis for n-OTA networks can be developed.

f) Methods developed for OAs and OTAs can be extended to include

the analysis of networks containing transistors.



109

g) Methods developed for linear networks can be revised to analyze
sampled networks like Switched-Capacitor networks.

h) A CAD package can be developed to generate networks, and cal-
culate the sensitivity and stability performance for each of the

generated network.
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