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Network-wide broadcast (simply broadcast) is a frequent operation in wireless ad hoc net-
works. A simple flooding based implementation of broadcast may result in excessive use
of system energy and wireless bandwidth that are two scarce resources in wireless ad hoc
networks. One promising practical approach to improve the efficiency of broadcast is to
use localized algorithms that minimize the number of nodes involved in the propagation of
broadcast messages. In this context, the minimum forwarding set problem (MFSP) (also
known as multi-point relay (MPR) selection problem) has received a considerable attention
in the research community. Even though the general form of the problem is shown to be NP-
complete, the complexity of the problem has not been known under the practical application

context of ad hoc networks.

In this study, I present two polynomial time algorithms to solve the MFSP for wireless
networks under unit disk coverage model and disk coverage model. Leveraging the practical
characteristics of the application environment, I prove the existence of a certain class of
optimal solutions that hold some nice properties. I then propose polynomial time algorithms

to build an optimal solution within this class of solutions to a given instance of the MFSP

vi



problem. My algorithms are the first polynomial time solutions to the MFSP problem under

these models.

Furthermore I present a new version of MFSP which provides collision awareness. I believe
that the work presented in this thesis will have an impact on the design and development of
new algorithms for several wireless network applications including energy efficient multicast
and broadcast protocols; energy efficient topology control protocols; and energy efficient

virtual backbone construction protocols for wireless ad hoc networks and sensor networks.
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CHAPTER 1
INTRODUCTION

Wireless ad hoc networks (WANETS) consist of nodes that can communicate with
each other via wireless channel. Since there is no static backbone, nodes communicate with
distant nodes by using other nodes in the network as relays. Wireless Sensor Networks and
Mobile Ad Hoc Networks (MANETS) are two well-studied examples for such networks. Due
to their ease-of-deployment and support for mobility, WANETSs are useful for many envi-
ronments including active battlefield, search and rescue, and emergency relief. Energy and
wireless bandwidth are two scarce WANET resources that need to be used efficiently. Energy
is a limited source as the nodes typically operate on battery power. Wireless bandwidth is
also a limited resource as the nodes share the same transmission medium which is open to
collision and contention. In addition, the mobility of the nodes makes efficient communica-
tion challenging as the nodes spend power and bandwidth resources in exchanging control

messages to adjust for the changes in the topology.

Network-wide broadcast (simply broadcast) is defined as the delivery of a certain
packet to all nodes in the network. In addition to data dissemination, many proactive
and reactive protocols utilize broadcast to communicate control messages [34, 24, 16, 36].
Proactive protocols like Optimized Link State Routing (OLSR) [16] maintain routes between
nodes of the WANET. This way whenever a node wants to send a message to another node it
uses the pre-established route to send the message. Reactive protocols like Dynamic Source
Routing (DSR) [24] and Ad Hoc On Demand Distance Vector Routing (AODV) [33] do not

maintain routes and routes are established whenever they are needed.

The simplest way of doing broadcasting is pure-flooding, where each node rebroad-

casts the received broadcast message exactly once. Pure-flooding has major drawbacks.
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Since each node broadcasts the packet, there is a high risk of many redundant rebroadcasts,
collisions and contention. Neighboring nodes will get broadcast messages simultaneously
and they will try to retransmit in parallel. Such parallel retransmissions will cause many
collisions and contention in the network. As a result of these collisions there is a potential
risk of reduction in the reachability (number of nodes getting the message) of the broad-
cast operation. The negative effects of pure-flooding is examined under the name of the

broadcast-storm problem [31] in the literature.

There are two main approaches to design and implement efficient algorithms to sup-
port broadcast operation in WANETSs. One approach is aiming to solve the problem for the
whole network and developing centralized or distributed algorithms for the optimization.
The other approach is defining local problems which requires 1-hop or 2-hop neighborhood
information. In this approach local problems should be designed in a way that their optimal

solutions should lead to the global optimal solution for the whole network.

The localized approach provides certain advantages over the centralized approach
with respect to the nature of WANETSs. First of all, it is a difficult task to collect accurate
information about the whole network in a small amount of time. After the collection of
information, the algorithms should be executed and nodes should be informed about the
decisions have been taken. During this time, it is likely that the topology will change. In
this case, the solution developed might not even be feasible when nodes actually execute the
algorithm. On the other hand, the flexibility provided by the local algorithms make them
suitable for dynamic environments of WANETSs. The problem with local algorithms is the
difficulty in determining the relation between developed local solutions and their effects on
the global objective function. Despite application-wise being efficient, it is difficult to give
worst-case bounds for localized algorithms. As a result of this, localized algorithms are best

effort solutions in general.



In this thesis, I present the first polynomial time algorithm to solve the MFSP problem
for the unit disk and disk coverage model. Furthermore, I present a new version of MFSP

which provides a scheme to handle the effect of collisions.

It is necessary to make certain assumptions to design efficient algorithms, as it is
difficult to model the random nature of wireless communication. Under unit disk coverage
model, the wireless coverage range of each node is represented by a unit disk, I first introduce
two geometrical properties named as Two-Set Property and Non-Interleaving Property. 1
then present an algorithm that uses a dynamic programming approach to build an optimal
solution and prove its correctness. The algorithm has O(n® + n?m) time complexity where
m = |[N(v)| and n = |Ny(v)| for a broadcasting node v. I have also used this algorithm
as an instrument in evaluating the performance of more practical heuristics with simulation

studies.

Under disk coverage model, the wireless coverage range of each node is represented
by a disk. I presented a solution for this model based on non-interleaving property (see
Section 4.1.4). After proving this property for disc coverage model, I use a dynamic pro-
gramming algorithm to construct an optimal solution to the problem. The disc coverage
model is a more general model compared unit disk coverage model. This causes an increase
in the time complexity to O(n°m) for the disc coverage model. Even though disc model
is more general, it may not be applicable for all real world wireless network environments.
Finally, I design a new problem to handle the effect of collisions. I show the NP-completeness

of this problem and present heuristics with evaluations as practical solutions.

In addition to efficient selection of relay nodes, a successful broadcast algorithm should
address a number of other issues including packet scheduling, broadcast reliability and net-
work coverage. These issues require a holistic approach where the protocol takes into account
the characteristics of the underlying physical layer and MAC layer protocol. In this study, I
consider the efficient selection of relay nodes as an important building block for a success-

ful broadcast algorithm and leave the other issues as possible future work. Note that, the



efficient selection of relay nodes can be helpful in other communication application contexts
such as building global structures (e.g., connected dominating set based structures) for en-
ergy efficient communication [1, 37] or implementing efficient route update dissemination as

in the case of OLSR ad hoc routing protocol [16].



CHAPTER 2
BACKGROUND

2.1 Problem Definition

Energy efficient broadcast problem received significant attention from the research commu-
nity and a large number of studies have been published in the area [23]. One promising
approach that was proposed for energy efficient broadcast is the neighbor designation ap-
proach [35] where the goal is to prevent unnecessary transmission of broadcast packets for
energy efficiency. Each node collects 2-hop neighborhood information and then identifies
a subset of its 1-hop neighbors as forwarding nodes for relaying a broadcast message to-
ward its 2-hop neighbors. This way, the neighbor designation approach saves both energy
and bandwidth resources in the network. In addition, due to its dependence on local 2-hop
neighbor information, the approach can quickly adapt to topology changes. The efficiency
of neighbor designation approach depends on finding a minimum size forwarding node set

among the 1-hop neighbors. This problem is referred to as Minimum Forwarding Set Problem

(MFSP) [35, 11] and is formally defined as follows:

Definition 2.1 (Minimum Forwarding Set Problem (MFSP)) Consider a graph G =
(V, E) where V is the set of nodes and E is the set of links in the network. Given a node
v eV, let N(v) and Ny(v) represent the set of 1-hop and 2-hop neighbors of v, respectively.
N(v) and No(v) are strict sets such that v € N(v) and N(v) N Ny(v) = @. MESP asks for
a minimum-size subset S of N(v) such that every node in Ny(v) is within the coverage of at

least one node in S. More formally, MFSP asks for a minimum cardinality set S such that

S C N(v) and (Vz € Ny(v), Jy € S| x € N(y)).



A solution to the MFSP problem at a node v is S C N(v) where S is a minimum
cardinality set called forwarding set. Note that, in certain cases, multiple different optimal

solutions may exist.

2.2 Existing Solutions

The MFSP problem is shown to be NP-complete [35] with a reduction from the Set Cover
problem. The heuristic proposed in [35] is an application of the well-known Chvatal’s greedy
algorithm for the Set Cover problem [13] and gives an approximation ratio of (1-+In(|S;|maz))

where |S;|,naz is the size of the largest subset of No(v) that is covered by a node i € N(v).

The general case of the MFSP problem does not consider the practical characteristics
of the WANET environment. More specifically, it does not take the geometric properties of

the wireless transmissions into account.

More recently, Calinescu et al. [11] studied the problem under the assumption that
nodes are distributed in 2-dimensional plane and they have a fixed coverage range for their
transmissions, i.e., a unit disk coverage [14]. They proposed a 6-approximation algorithm
that runs in O(nlogn) time and a 3-approximation algorithm that runs in O(nlog?n) time. In
addition, they presented an exact O(nlog?n) time algorithm for a special case of the MFSP
problem when all 2-hop neighbors are in the same quadrant of a 2-dimensional coordinate

space with respect to the broadcasting node.

2.3 Related Work

The general case of the MFSP problem is an instance of the well-known NP-complete Set
Cover problem [35]. Set Cover problem has been extensively studied in the literature and
early approximation algorithms have been proposed for both unweighted version by John-
son [25] and by Lovasz [28], and for weighted version by Chvatal [13]. These algorithms give
an approximation ratio of 1+ [n(A) where A is the cardinality of the maximum cardinality

subset (max;<, |:S;|). In [19], Hochbaum presents an algorithm for the weighted version with



an approximation ratio of a where a represents the maximum number of subsets covering an
element. The running time of this algorithm is O(n?). In [5], Bar-Yehuda and Even present
an algorithm with a similar approximation ratio but an improved running time of O(n?).

We refer readers to [32] for other approximation algorithms on the Set Cover problem.

The initial work on the MFSP problem was by Qayyum et al. [35]. They extended
Chvatal’s heuristic [13] by introducing a pre-processing step in which they select those one-
hop neighbors of v as relay nodes that are the only neighbors of some node in Ny(v), and
add these one-hop nodes to the solution set M FS(v). Similar to Chvatal’s heuristic, this
heuristic considers the general case of the MFSP problem and is therefore applicable for the

Set Cover problem.

The general case of the MFSP problem does not consider the practical characteristics
of the ad hoc network environment. More specifically, it does not take the geometric prop-
erties of the wireless transmissions into account. From the practical context of the problem,
we know that the coverage characteristics of wireless transmission is not completely random.
Even though wireless signal propagation is effected by various external/physical factors, it

has been a common practice to model wireless coverage by an arbitrary or a unit disk [26],[27].

Minimum Forwarding Set Problem becomes a geometrical problem when we use disks
to model the coverage areas of wireless nodes. Unit Disk Graphs (UDGs) and Disk Graphs

(DGs) have been studied extensively in the literature.

In general we define Disk Graphs(DG) as the intersection of a set of disks in the
Euclidean plane. If the diameter ratio of disks is bounded by some constant ¢ we define
this as a o-disk graph (o-DG). Unit Disk Graph (UDG) is a special case where o = 1.
Recognition problem of UDG and o-DG is shown to be NP-hard in [7] and [18]. Since it is
not trivial to find an embedding to the Euclidean plane, there is a distinction between the

two cases of a problem if the location of the disks are given in the input or not.



Most of the NP-complete problems remain so in UDGs and o-DGs such as Indepen-
dent Set and Coloring, even the disks are given in the input [15].An exception is the clique
problem, there is a polynomial time solution for UDGs [15]. Unfortunately this result does

not extend to 0-DGs, the complexity of the problem is still open.

The amount of results known for UDGs is much more compared to DGs. Because
of that we present the main results which are related to our problem for UDGs. Note that

UDGs are special DGs, as a result negative results for UDGs are also valid for DGs.

UDGs are neither perfect nor planar graphs [15]. They are not perfect because odd
cycles of length 5 or greater are unit disk graphs. They are not planar because cliques of size
5 or greater are unit disk graphs. Thus efficient algorithms proposed for planar and perfect

graphs cannot be applied to unit disk graphs.

MFSP problem resembles to the well-known Minimum Dominating Set (MDS) prob-
lem. It has been shown that MDS problem is an NP-complete problem for UDGs [14] but
accepts polynomial time approximations [29]. In [29], Marathe et al. present a linear time
approximation algorithm with a performance guarantee of 5 for the MDS problem for UDGs.
In [22], a ((k-+1)/k)? guarantee is given for a constant k in n°**) by using a shifting strategy
similar to [4]. In [4], the author uses this strategy to develop approximations for planar

graphs.

Minimum Connected Dominating Set (MCDS) problem is a different version of the
problem in which the dominating set should be connected. In [12], Cheng et al. presented
a PTAS for MCDS problem. In [2], Ambuhl et al. presented constant-factor approximation
algorithms for the weighted versions of MDS and MCDS problems.

These approximations do not apply to MFSP problem as the dominating nodes in

MFSP should be chosen from only 1-hop neighbors.

Another related problem to MFSP problem is covering with disks which aims at

finding a minimally sized set of unit disks to cover given points on the plane (disks can



be placed arbitrarily). This problem is examined in [20] and a O(12(I % v/2)%.(2n)2(V2+1)
time approximation is given with a performance guarantee of (1+1/1)%. This approximation
also uses shifting strategy. The difference between this problem and our problem is in the
selection of the disks. This problem selects arbitrary disks to cover given points, but in our

problem we are bound to select disks from the set of 1-hop neighbors.

MFSP is a special case of disc cover problem [8]. Disc cover problem is defined as;
for a given set P of n points and a given set D of discs given on the plane, find a subset M
of D with minimum cardinality which covers all points in P. In [8] authors refer to [21] for
the definition of this problem and compare their results with results given there. Actually
these two problems are different because in one of them available discs are given and in the
other one arbitrary discs can be used. The running time of approximation given in [8] is
O(c*nlognlog(n/c)) where c represents the size of the optimal solution and the guaranteed
approximation ratio is O(1). Actually despite being constant the guaranteed approximation
factor is quite large. Their algorithm is based on the fact that the system given by the disc
cover problem admits a O(r) sized (1/r)-net. This fact is shown in [30], and the actual
guarantee on that paper is a 60 [r] — 10 sized (1/r)-net for the given system. As a result

guaranteed approximation factor in [8] is 60.



CHAPTER 3
MFSP FOR UNIT DISK GRAPHS

3.1 Preliminaries

In this section, we first present some preliminary information on the practical context of the
MFSP problem. We then present observations on some geometric relations about intersecting

unit disks. We also introduce some definitions that we use in the rest of the chapter.

3.1.1 Problem Formulation

Most studies use a unit disk or a sphere to represent the shape of the effective coverage area of
wireless transmissions [27]. This assumption, though may not always hold in practice, helps
in gaining more insight to the problem within the practical context of wireless transmissions.
The previous work by Calinescu et al. [11] indicates that the complexity of the MESP problem
under unit disk coverage model may not necessarily be the same as the general form of the
problem. However, to the best of our knowledge, no results have been published on the
exact solution of the MFSP problem under the unit disk coverage model. In this chapter
we consider a similar setup for the problem and assume a unit disk coverage model for
the coverage areas of wireless transmissions. In addition, as most local knowledge based
broadcast approaches [23], our approach requires the availability of 2-hop neighborhood
information. The required information includes (1) the identities of the 1-hop and 2-hop
neighbors and (2) a radial ordering (which we define in Section 3.1.2) of the 2-hop neighbors
with respect to the broadcasting node. The availability of the position information for
the nodes is sufficient to compute the radial ordering of the 2-hop neighbors. One simple
way of acquiring the position information is to use a GPS unit at each node. Another
possibility is to use the distance and angle information between the neighboring nodes. The

distance information can be calculated by using the transmission and reception power level

10
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within an energy consumption model [17] that is representative for the environment. The
angle information between neighboring nodes can be measured by using multiple ultrasound
receivers or directional antennas. It was shown that neither the distance [3] nor the angle [9]
information is sufficient alone to find a valid embedding for the nodes on a plane. However,
it is trivial to find a valid embedding by combining both. Recently, Calinescu [10] proposed
methods to calculate 2-hop neighborhood information (identities and positions) for the cases
where GPS or distance and angle information is available with a message complexity of O(n)

where n is the total number of the nodes in the network.

3.1.2 Definitions

Consider an instance of MFSP problem at a node v with N(v) and Na(v) representing 1-hop

and 2-hop neighbors of v.

Definition 3.1 (Radial Order) Radial order is the ordering of the nodes in Na(v) by using
the angle that they make with v. Radial order is a cyclic order. If two or more nodes make

the same angle with v, then their distance to v can be used to put them into a total order.

Consider the example scenario in Figure 3.1-(a) where No(v) = {a,b,¢,d, e}. Starting from
the exact south position, the nodes in No(v) form a radial order as (e < d < ¢ < b < a).
The geometrical properties introduced below and the algorithm presented in Section 3.3.1
use the radial ordering of the nodes in Ny(v) in finding an optimal solution. As we discussed
in Section 3.1.1, a node v can compute the radial ordering of the nodes in Ny(v) from the
collected geographical location information from its neighbors. Therefore, from now on we

assume that the radial ordering of the nodes in Ny(v) is known by wv.

Definition 3.2 (Radially Continuous Neighbor (RCN) Interval) One or more ele-
ments of the set No(v) that form a continuous interval in the radial order with respect to

(w.r.t.) v are said to form a radially continuous neighbor (RCN) interval.
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Figure 3.1. Some geometric relations of two intersecting unit disks.

As an example, in Figure 3.1-(a), (a > b > ¢) form a RCN interval w.r.t. v but (a > b > d)

does not as ¢ € No(v) separates this interval into two non-consecutive intervals.

Definition 3.3 (Radially Continuous Coverage Area (RCCA)) RCCA is a coverage
area that a node s € N(v) may have outside the coverage area of v. RCCA of a node s € N(v)

defines the area that an RCN interval of s resides. A node s may have multiple RCCAs.

Definition 3.4 (Connectivity Matrix) Consider an instance of MEPS problem at a node
v. Let N(v) = {b1,ba,...,bn} and Na(v) = {ay,aq,...,a,} be the 1-hop and 2-hop neighbors
of v respectively. A connectivity matriz R is an m X n matriz that shows the connectivity
relation between the nodes in N(v) and Nz(v). For a given b; € N(v) and a; € No(v),
R, j=11ifa; € N(b;) and R; ; =0 otherwise.

Definition 3.5 (Coverage Matrix) Let m = |N(v)| and n = |Ny(v)| for a node v. Using
two hop neighborhood information, v generates a coverage matrix as a m X n matrix C.
Each row in C' corresponds to a 1-hop neighbor of v and each column corresponds to a 2-hop
neighbor of v. An entry Cey = (a,,p) represents the longest RCN interval in Ny(v) that is
covered by e € N(v) and that includes f in it. If f ¢ N(e), then Cep = .

Please see Figure 3.2 for an example of connectivity and coverage matrices for a node
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Figure 3.2. An MFPS instance at v and its connectivity and coverage matrices.

Definition 3.6 (Maximum Coverage Interval (MCI)) An MCI of a node s € N(v) is
an RCN interval {ai,...,a;} € No(v) that is completely covered by s such that s cannot cover

neither of a;_1 and a;j41. Note that s can have multiple MCIs in Ny(v).

Definition 3.7 (Essential Coverage) In an instance of an MFSP problem at a node v, a
node s € N(v) that covers a node a; € Na(v) is essential if no other node t € N(v) covers

a;. If s is essential for a node a; in an MCI that it covers, than s is essential for this MCI.

A node s € S is said to be essential for a node a; € Ny(v) if for all t € S a; & N(t).

Note that there may be another node ¢ € N(v) such that a; € N(t') but ¢’ & S.

3.1.3 Intersection Characteristics of Two Unit Disks

Consider a unit disk centered at a point v. Let D, represent the unit disk and the area
covered by it. Let C, represent the circle enclosing D,. Assume that v is at the origin of a
two-dimensional space which is divided into four sub-spaces, named as I, I'I, III, and IV,
by the z and y coordinate axes as shown in Figure 3.1-(a). Consider a second point s that
is on the z-axis to the east of v. Similar to the case for v, let D, and C§ represent the unit

disk and the enclosing circle for s.

When |vs| = 2, C, and Cy are tangent to each other and D, N Dy, = &. When

lvs| < 2, C, and O intersect twice and D, N Dy # @ as shown in Figure 3.1-(b). Let m and
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n represent the intersection points of C', and Cs. Note that, since s is on x-axis to the east of

v, m and n have to be to the east of y-axis. This intersection forms two equal angles as mon

and msn. Let o represent these two equal angles. When |vs| < 1, o is in [3F, 7] and when
1 < |us] <2, aisin [0,%). Also note that when |vs| < 1, the length of the arc arc(m,n)
(the segment of C, corresponding to « and x, is the intersection of C, with z axis) is in
%,

7). Similarly, the length of the arc arc(mazn) (the segment of Cy corresponding to 27—«
and , is the intersection of Cy with z axis) is in [, %7]. Finally, note that the line segment
connecting m and n vertically divides the line segment between v and s into two equal parts.
In other words, when C, and C; intersect twice, the intersection points m and n can be

found by drawing a vertical line from the midpoint of the line segment connecting v and s

(see Figure 3.1-b). We refer to this vertical line as Chord,s.

3.1.4 Intersection Characteristics of Three Unit Disks

In this section, we study the intersection characteristics of three unit disks in a special setup
that is relevant to the MFSP problem. Consider three points v, s, and ¢t where v # s # t.
Similar to the above discussion, we assume that v defines a two-dimensional coordinate space
and s lies to the exact east of v in this coordinate space. We assume that both s and ¢ are
1-hop neighbors of v, i.e., {s,t} € N(v), and study the intersection characteristics of Cs and
C} outside of the coverage area of D,. Note that since s and ¢ are neighbors of v, |vs| < 1 and
|ut| < 1. This also indicates that |st| < 2. Hence, C and C} intersect twice and D;N D, # &.
Note again that when |st| = 2, C and C; are tangent to each other, Dy N D, = &. Observe
that since s lies to the east of v, the coverage area of D, beyond D, (i.e., Dy, = D, \ D,)
lies in region (17 UIV'). Similarly, let Dy, represent the coverage area of D; beyond D,, i.e.,
Dy, = Dy \ D,. In addition, let C /o and Cy, represent the segments of C; and C outside

the coverage area of D,, respectively.

From MFSP problem’s point of view, we study the nature of the coverage area in

Dy, that s is essential for in the presence of various intersections that s/, may have with
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a Cy, for any t € N(v). We now consider the intersection relations between Cy/,, and Cy/,.

Note that C;, and Cy/, can have zero, one, or two intersections with each other.

Lemma 3.1 When Cy/, has no intersection with a Cy, for anyt € N(v), then the coverage

area that s is essential for, Dy, is one single RCCA.

Proof of Lemma 3.1: Consider a ¢ € N(v). When C/, and Cy/, have zero intersection,
there are three possibilities for the relation between D/, and D,y (1) Dy C Dyjy; (2)
Dy C Dyy; and (3) (Dss N Dyy) = @. Note that the first two cases are not possible. It is
well-known that given two unit disks D, and Dy, the longest segment of the peripheral circle
Cs that D, can enclose is less than 7. On the other hand, the segment Cj/, is at least 7.
Therefore, it is not possible for D,/, to enclose the segment C/, without Cy/, intersecting
Cs/y. This intersection indicates that D,;, ¢ Dy,. A symmetric argument applies for
the second case and Dy, ¢ Dy;,. Hence, the only relation between D/, and Dy, is as
(Dsjo N Dyjy) = @. If this is the case for any ¢ € N(v), then it requires that the coverage are

that s is essential for is Dy, which is a single RCCA (see Figure 3.3-(a) as an example). [

Lemma 3.2 When C, has one intersection with a Cy, for at € N (v), then the coverage

area that s is essential for Dy, \ Dy, remains to be one single RCCA.

Proof of Lemma 3.2: From the previous section, the intersection of two disks D, and D,
results in three coverage areas as (1) D, \ Dy, (2) D, \ Ds and (3) Dy N D;. In our case, we
are interested in Dy \ D; outside of D, which we denote as D /vt @s shown in Figure 3.3-(b).
Note that s is not essential any more for the area D; N D, outside of D, (which we denote
as Dg,) as this region is also covered by ¢. Therefore, we only need to show that the area
Dy, that s is essential for after the intersection is an RCCA. Now, let p be the intersection
point of C;/, and Cy/,. Consider a line [ that originates at v and crosses p as in Figure 3.3-

(b). The line [ divides Dy, /s and Dy, areas such that the radial order of all the points in
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D,;y/s and Dy, are disjoint from each other. As a result, the coverage area D,/,/, that s is

essential for remains to be an RCCA. O

Observe that the intersection of C;, with Cy/, reduces the essential coverage area of s
from Dy, to Dy/yi. If Cy ), has another single intersection with some other t' € N(v), from
Lemma 3.2, this intersection will again reduce the essential coverage area of s into D,y s/

which will remain to be a single RCCA.

X v X v t
Dtlv/s
Dslvlt
n n
1 IV 1 n v 1 AN v
Dgun I

Figure 3.3. Some geometric relations of three intersecting unit disks.

Lemma 3.3 When C,, has two intersections with a Cy, for at € N(v), then the coverage

area that s is essential for, Dy, \ Dy, is at most two disjoint RCCAs.

Proof of Lemma 3.3: When C;/, and C}/, have two intersections, we have two symmetric
cases depending on the distance between s to y-axis and t to y-axis. We present the case
where s is closer to y-axis and the other case (i.e., t is closer to y-axis) follows from the
symmetry. In this case, the intersection of C/, and Cy/, divides the coverage area of D/,
into three parts as (1) D;/v/t = (Dgju \ Dyy) NII; (2) Dytjy = Dgyyy N Dyyyy; and (3) Dg/v/t =
(Ds/o \ Dyjw) NIV (see Figure 3.3-(c)). The intersection also divides the coverage area of
Dy, into two parts as (1) Dys/y = Do = (Dijo N Dsjy) and (2) Dyjyss = Dyjy \ Dy o

Note that s is not essential any more for the area D/, = Dy = (Dyyy N Dy),) as this
is also covered by ¢. Therefore, we only need to show that the areas D! Jojt and D? Ju/t A€ both

RCCAs. Let m; and n; be the intersection points of C/, and Cy, as shown in Figure 3.3-(c).
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Consider the lines [; and [, that originate at v and cross m; and n; respectively. Observe
that the lines Il and ly divide D! Jojir Dijuys, and D? 1o Such that the radial order of all the
points in these three areas are disjoint from each other. As a result, the coverage areas D! Jot
and Dz o)t that s is essential for are both RCCAs. Similarly, the coverage area D/, /, that
t is essential is also an RCCA. The symmetric case where ¢ is closer to y-axis results in the
corresponding case where t is essential for two RCCAs namely Dtl/v /s and Df/v /s and s is

essential for one RCCA namely D/, ;. O
Lemma 3.4 When Cs, has two intersections with a Cy), for at € N(v), thent € D;.

Proof of Lemma 3.4: When s is closer to y-axis, Cs and C, intersects at two points, m
and n, as shown in Figure 3.3-(c). Note that Chord,s is parallel to y-axis as s sits on the
x-axis. Note also that all the points of D, to the east of Chord,, is also in D,. For Cy,
to intersect Cy/, twice, the two intersection points, m; and ni, should be to the east of m
and n respectively as otherwise Cy/, and Cy, cannot intersect twice. Since ¢t € N(v) and all

points of D, to the east of Chord,s is also in Ds, t € Dy (more precisely, t € {D, N D,}). O

Lemma 3.5 The arc C'Sl/v/t (or Cf/v/t) that encloses the area D;/v/t (or Dg/v/t) that s is

essential for can have at most one intersection with any other arc Cy,, for at' € N(v).

Proof of Lemma 3.5: Without loss of generality, this lemma considers the case where C/,
intersects with Cy/, twice in a way that s is closer to y-axis. As discussed in the previous
lemma, this intersection gives us two RCCAs, D! Jojt and Dz/v It that s is essential for.
Consider the characteristics of the arcs arc(mmy), arc(miny), and arc(ni;n) that form from

the two intersections of C/, and C}/, as shown in Figure 3.3-(c). We observe the following:

1. The length of the arc arc(miaz,ny) is in [3F, 7). From the two intersections of Cj,, and

Cy/v, we have the arc arc(mizyn;) in [, 4{] This requires that the angle mysn; is in

(2%, 7]. Consequently, the arc arc(myzny) is in [2F, 7).

3
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2. The sum arc(mmy)+arc(nin) is in [0, #). This follows from the fact that arc(man) =

(arc(mmy) + arc(myzsng) + arc(nyn)) and arc(myzgny) is in [3F, 7).

From these observations, the length of C'! Jojt and Cf/v /¢ are both less than %’r Now, for Cy ,

to intersect C,, , (or C%,, ) twice, Lemma 3.4 requires that ¢' € Dj, i.e., [t's| < 1. From the

previous section, if |¢'s| < 1, we have arc(mn) > 2° where m and 7 are the two intersection

points of Cyvy, and C5, , (or CZ,, ;) and arc(mn) is a segment of C{,, ,, = arc(mm,) enclosed

between the two intersection points m and 7. From the above observations, arc(mm;) < %’T
27

but the two intersections of Cy/, and Csl/v 5 Tequire that arc(mn) < arc(mmi) < 5 and

arc(mn) > 2 resulting in a contradiction. As a result, Csl/v s (or C’SZ/U s1) cannot intersect

twice with a Cy/, for any t' € N(v). O

3.2 Geometrical Properties

3.2.1 Two-Set Property

Theorem 3.1 (Two-Set Property) Given an instance of the MFSP problem (i.e., a node
v and its 1-hop and 2-hop neighbor sets N(v) and No(v)), each node s € N(v) is essential
to cover at most two MCIls. As a result, the connectivity scenario of by presented in the

connectivity matriz in Figure 3.4-(a) is not possible.

Proof of Theorem 3.1: The proof is based on the coverage areas, RCCAs, of the nodes in
N(v). Consider s € N(v). If N(s) N Ny(v) = &, then s does not cover any nodes in No(v),
i.e., s is essential for zero MCls. Assume N(s) N Na(v) # @. From Lemma 3.1, if Cy/, does
not intersect with a Cy/, for any ¢ € N(v), then s is essential to cover one single RCCA,
D,,,. Based on this, the nodes in Ny(v) N D/, gives the corresponding single MCI that s is

essential to cover in Ny(v).

From Lemma 3.2, if Cy/, intersects once with a Cy/, for any ¢ € N(v), then s is
essential to cover one RCCA, Dy, /s, and the area Dy, can be covered by both s and ¢. If

Ny(v) N Dyjyys = @, then s is essential to cover one single MCI that includes the nodes in
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No(v) N Dy If No(v) N Dyjyys # 9, then we consider the area Dy . If No(v) N Dy = @,
then s is essential to cover one single MCI that includes the nodes in Ny(v) N Dy as
D,/ and Dy, s are radially disjoint. When No(v) N Dy, # @, s is still essential for one
single MCI that includes all the nodes in Ny(v) N D,/ and possibly some other nodes in
Ny (v) N Dy Note that s is not essential for the nodes in Ny(v) N Dy, but based on our

definition of an MCI, some of these nodes may be part of the MCI that s is essential for.

From Lemma 3.3, if Cy/, intersects twice with a Cy/, for any ¢ € N(v), then s
is essential to cover at most two RCCAs, Dy, and D?, . If No(v) N Dy, # @ and
Ny(v) N D? 1o 7 9, then s is essential to cover two MCIs that includes all the nodes in
Ny (v) N D! Joge and Na(v) N Dz/v o Tespectively.  Observe that the only way to divide an
RCCA that s is essential for into two disjoint RCCAs is to have Cj/, intersect twice with
another Cy/, for any ¢ € N(v). But once such an intersection occurs, by Lemma 3.5, neither
of the the resulting RCCAs that s is essential for, namely D} Jojt and D? Juyt> can be divided
into two other RCCAs by any other Cy/, for any ¢ € N(v). And, from Lemma 3.2, a single
intersection between Dy, and D}, (or D2, ,) results in one single (and smaller) RCCA

D! JoJtftr- As a result, s can be essential for at most two MCls. O

Connectivity Matrix ~ Connectivity Matrix

Qg H K Y QY H K
b 1 0101 b 1010
bbo 0010 botl ool
b 01 00 O

(a) (b)

Figure 3.4. Unfeasible connectivity scenarios.

3.2.2 Non-Interleaving Property

Definition 3.8 (Interleaving Coverage) Consider two nodes {s,t} € N(v) in an in-
stance of MFSP problem at v. Assume s covers {a,c} € Na(v) but does not cover {b,d} €

Ny (v). Similarly, assume t covers {b,d} € No(v) but does not cover {a,c} € Ny(v). Finally,
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assume that the radial order between the nodes in Na(v) is as (a > b > c > d). The coverage

of this form between the nodes s and t is called an interleaving coverage.

Theorem 3.2 (Non-Interleaving Property) In an instance of the MFSP problem (i.e.,
a node v and its 1-hop and 2-hop neighbor sets N (v) and N2(v)), no two nodes {s,t} € N(v)

can have interleaving coverage, i.e., the connectivity matrixz in Figure 3.4-(b) is not feasible.

Proof of Theorem 3.2: Note that interleaving is considered between two nodes {s,t} €
N(v). If Cy/, and Cy, intersect zero times, s and ¢ both have two disjoint coverage areas.
If Cy), and Cy, intersect once, based on Lemma 3.2, the coverage area that s (and t) is
essential for is a single RCCA. When this RCCA includes some node a; € Ny(v), then s
(and t) has one single MCI (including such node a;) that it is essential for. Finally, when
they intersect twice, based on Lemma 3.3, one of the nodes, say s, can be essential to cover
two MCIs and the other node t can be essential to cover one MCI. Note that, as shown in
Figure 3.3-c, the two intersections radially separate the coverage areas D; Ju/t Dy /s, and

D? /»y¢ and no points ¢ € Dy, can lie beyond the two areas D! /oy and D? o/t O

3.3 Solution

In this section, we present a polynomial time algorithm to solve the MFSP problem. The
main idea in our approach is to break a given problem into subproblems and use the solutions
of the subproblems in building a solution to the given instance of the problem. Consider an
instance of an MFSP problem at a node v. Let n be the number of 2-hop neighbors of v,
i.e., n = |Ny(v)|. Assume that nodes a; € Ny(v) are sorted based on their radial order w.r.t.
v. The algorithm presented below executes in n rounds. At a round j, we divide Ny(v) into
n different consecutive regions each starting from a different a; (1 < i < n) and covering

Jj consecutive nodes in No(v). We use the tuple (a;,j) to represent the consecutive interval
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of nodes (a;, aji1,...,a;4j-1) € Na(v) considered by each of these problems®. The problems

are then solved by using the solutions of the smaller size problems solved in previous rounds.

Let Lyin(a;,j) be a list of minimum number of first hop neighbors of v that are
essential to cover the interval (a;,j). At round n, the algorithm returns n solutions as
Lpin(ai,n) where i = [1,n]. The optimal solution is given by a minimum size L, (a;,n)

where i = [1, n].

3.3.1 Construction

In our algorithm, we find the optimal solution in three steps. The overall algorithm is pro-
vided in Figure 3.5. In the figure, we use Nyin(ai, 1) = |Limin(a;, n)| for ease-of-presentation.
The algorithm works in n rounds. At each round, we consider n subproblems for n different
intervals of length j, i.e., {(a1,7), (az,j),..., (an,7)}. Below are the steps of the algorithm

in finding a solution for an interval (a;, j) where {i,j} € [1,n]:

1. Step 1: The best possible solution for (a;, ) is that the entire interval is covered by
a single node e € N(v). This can be checked by searching the column f = a; of the
coverage matrix. If there exists an MCI C.y = (a,,p) that completely includes the
interval (a;, j), then the corresponding one hop neighbor e can be assigned to cover
the interval (a;, 7) in the solution. Since this is an assignment with minimum size, i.e.,

Npin(a;, j) = 1, there is no need to check for the other cases below.

2. Step 2: In this step, we split the interval (a;,j) to two consecutive sub-intervals as
(a;, k) and (a1, j — k). We can combine the optimal solutions of these intervals and
this will be a solution to (a;, j). We consider each possible case for splitting the interval
(a;,j) into two intervals. There are j — 1 possible cases. Since we are interested in

minimum cardinality solution, we take the minimum one in cardinality.

3. Step 3: In this step, we pick a special 1-hop node s which covers a; and a;4;—1 (end
nodes of (a;, 7)) and find the MCIs (a,, p) and (a,, q) that s covers such that a; € (a,,p)

and a;4;—1 € (aq,q). A solution in this case can be given by {s} U Ly (a,, ) where

Note that the arithmetic in computing the subscripts of the nodes preserves radial cir-
cularity.
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(ar,7) = {apip,...,a,-1} . We find such solutions for all possible s and save it as the

optimal solution if it is better than the current solution.

Starting from j = 1, the algorithm applies the above procedure for all intervals of
lengths up to j = n. For an interval (a;, j), it considers possible solution scenarios by applying
the above procedure. Among those solutions, it chooses the one that gives Ly,n(a;, 7). At
the end, it chooses a solution with a minimum size, Ly, (a;, n), as an optimal solution to the
given instance of the problem. The total running time of the algorithm is O(n3+n2m) where
O(n?®) comes from the execution of Step 2 and O(n?m) comes from the execution of Steps 1
and 3. Similarly, the space complexity of the algorithm becomes ©(n?k) where k represents

an upper bound for the number of forwarding nodes in an optimal solution (k < min(n,m)).

3.3.2 Proof of Correctness

Theorem 3.3 The algorithm presented in Figure 3.5 produces an optimal solution to the

MSFP problem at a node v.

Proof of Theorem 3.3: The proof is by induction. The base case is for any (a;,j) where
7 = 1. The optimal solution in this case is found during the initialization phase of the
algorithm (at lines 6-8 in Figure 3.5). For the hypothesis case, we assume that we have the
optimal solution for any (a;, 7 —1). Then, in the following, we prove that the algorithm finds

an optimal solution for (a;, 7).

Let S = Lyin(a;, j) be an optimal solution for (a;, 7). Let by € S be a node that covers
the largest MCI starting from a;, i.e., by covers (a;,Z) and for any b; # by, € S covering an
MCI (a;, %), & < Z. Note that we know only the existence of such a b; and do not need
to know its identity. We analyze the relations between the coverage characteristics of by
and all other nodes in S in all possible coverage cases. Note that b, is essential for at least
one and at most two MCIs in (a;, 7). It is essential for at least one MCI because it is in

S. Tt is essential for at most two MCls by the 2-set property. Figure 3.6 presents possible



23

01.
02.
03.
04.
05.

06.
07.
08.

09.
10.
11.
12.

13.
14.
15.
16.
17.
18.
19.

20.
21.
22.
23.
24.
25.

26.
27.
28.
29.
30.
31.
32.
33.

34.
35.
36.
37.
38.

39.

INPUT: An instance of MEFSP problem at a node v:

1. N(v) :=={b1,..., b}

2. Na(v) :={ay,...,an}

3. An mtimen coverage matrix C as defined in Definition 3.5
OUTPUT: MFS(v) = Npin(a;,n) for any i where 1 <i <n

/* initialization */
FOR i:=1ton
Npin(ai, 1) :=1, Lyin(a;, 1) := (b) where b € N(v) and a; € N(b)

/* main body of the algorithm */
FOR j :=2 to n /* for each round */
FOR i :=1 to n /* for each interval (a;,j)*/
Nmzn(au]) = 09, Lmin(aiaj) =0

/* Step 1: Find b, € N(v) that covers the largest interval including (a;, j) */
blen :=0
FORe:=1tom
IF C.; includes (a;,j) as a subinterval THEN
Nmm(aza]) =1
IF (|Cei| > blen) THEN
blen := |Ce¢;l|, Lmin(ai,j) := (be)

IF (Npin(ai, j) # 1) THEN
/* Step 2: Check for alternative solutions */
FOR k :=1to j— 1 /* for all possible splits of the interval (a;,j) */
IF (Nmm(ai, k) + Nmm(ai+k,j — k) < Nmm(az,j)) THEN
Nmzn(aza]) = Nmin(aia k) + Nmin(ai—i-kaj - k)
Liin(ai, j) == (Lmin(ai, k) + (Limin(@ivk, j — k)) /* + is list append */

/* Step 3: Check if a b, € N(v) covers both ends of interval (a;,j) */
FOR e:=1tom
Consider coverage matrix entries Ce; = (ap,p) and Ce(itj—1) = (ag, q)
IF (C.; # @) AND (C,(;4,_1) # @) THEN
Let (ar,7) = (Qp4p, Aptp+1, - - -, 0q—1) be the subinterval that b, does not cover
IF (Npin(ar,7) + 1 < Npin(ai, j)) THEN
Nmzn(ala]) = Nmin(amf) +1
Lin(ai, j) :== (Lmin(ar, 7)) + (be) /* + is list append */

/* finalization */
MFES(v) :=m, Lyrs@) = N(v)
FORi:=1ton
MFES(v) := Nmm(aivn)a LMFS(v) = me(az’, TL)

RETURN MFS(v) and Lyrs)

Figure 3.5. Outline of the algorithm.
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Figure 3.6. Possible MCIs by is essential for in S.

configurations of MCIs where by, is essential for in .S. In the following, we first show that the
cases in Figure 3.6-(e),(f) are not possible and then present how our algorithm handles the

other cases.

Claim 1 If by, is essential for two MCIs, one of them should be the MCI (a;,T).

Proof of Claim 1: Assume that this is not the case and by is essential for two MCIs (a., z)
and (aq,d) as in Figure 3.7-(a) or -(b). Note that these cases correspond to the cases in
Figure 3.6-(e),(f). Let b, € S be a node covering a, and b,, € S be a node covering a. in
the figure. Note that since b, does not cover either a, or a., b; # b,, due to non-interleaving
property. Note also that since by covers the largest MCI (a;, ), b; cannot cover this MCI

completely. Finally, since by, is assumed to be essential for (a,, z) and (aq, d), neither b, nor

by, can cover these MCls completely. This then causes a violation of 2-set property by by. [J

X vy z C d X vy z [ d
b, BN N | o B [
a a % g 3 & & %% &% %
(a) (b)

Figure 3.7. Coverage characteristics of by in S.

Case 1: Assume by is essential for only one MCI on one of the ends of the interval, e.g.,
(a;, ) as in Figure 3.7-(a) (or (aq,d) as in Figure 3.7-(b)). We explain the behavior of the
algorithm using the first case and the same argument applies for the second case. Since by
is not essential for any other nodes in (a,,j — %), S\ {bx} covers (ay,j — Z). Consider an

optimal solution L, (ay, j — ) for the interval (a,, j— ). Note that |Ly,n(ay, j — )| cannot
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be larger than |S \ {bx}| as the former is an optimal solution and the latter is a solution
covering (ay, j—), i.e., | Limin(ay, j —Z)| < [S\{bx}| = |S|—1. Similarly, an optimal solution
Lin(ai, x) for the interval (a;, ) can not be larger than |{b;}| as the former is an optimal
solution and the letter is a solution covering (a;, z). This makes Lyn (@i, T) U Lyin(ay, j — T)

an optimal solution for (a;, j) as we assumed that S is an optimal solution for (a;, j).

This case covers the essential coverage scenarios of by in S as presented in Figure 3.6-
(a),~(c). If the optimal solution S is of this nature, since we know the optimal solutions for
all intervals of length up to 7 — 1, the presented algorithm finds this solution in Step 2 by

looking at each split points for the interval (a;, 7).

Case 2: Assume that by is essential for two MCls (a;, ) and (ag,d) at both ends of (a;, j)

as shown in Figure 3.7-(b). In this case, S\ {b;} covers (a,,j — (Z + d)) since by is not

essential for that part. Consider an optimal solution Ly, (ay,j — (Z + d)) for the interval

(ay,j—(Z+d)). Note that |Ln(ay, j—(Z+d))| cannot be larger than |S\ {bs }| as the former

is an optimal solution and the latter is a solution (a,, j— (Z+d)), i.e., |Limin(ay, j—(Z+d))| <

|S\{br}| = |S|—1. This then requires that {b;}U Lynn(ay, j — (Z+d)) is an optimal solution

for (a;,j) as we started with an assumption that S is an optimal solution for (a;,j), i.e.,

| Limin(ay, j — (Z +d))| + {be}] < [S].

This case covers the essential coverage scenarios of by in S as presented in Figure 3.6-
(g). If the optimal solution S is of this nature, since we know the optimal solutions for all

intervals of length up to 7 — 1, the presented algorithm finds this solution in Step 3.

Case 3: Assume that by is essential for two MCIs (a;, Z) and (a,, Z) as shown in Figure 3.7-
(a) or -(b). In this scenario, we divide the nodes in S into two subgroups, S; and Sy in a
way that S; U S, = 5 and S; NSy = @. Our goal is to create S; and S5 such that Sy covers
(a;, T+ y+ z) and Sy covers (a.,j — (T +y+ 2)). When we assign a node b, to Sy (or Sy), if
we can guarantee that there exist another node b, in Sy (or S;) which covers all the nodes
that b, covers in (a.,j — (z +y + Z)) (or (a;,T + § + Z)), then this partition will give two

sets S1 and S, with the desired properties.
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Assume that by is the only node covering (a;, Z) as in Figure 3.7-(a) or -(b). Then,

there is a node, say b,,, in S which covers a..

Claim 2 by, should cover all nodes that by, covers in (a;,T+y+ Z).

Proof of Claim 2: by covers a node in (a;,Z) and a node in (a,, Z) which are not covered
by by,. b, covers a. which is not covered by by. If b, does not cover a node that b,, covers in

(ay,7y), this leads to an interleaving coverage between by, and b, contradicting Theorem 3.2.

O

Claim 3 b, should cover all the nodes that by, covers in (ac,j — (T + y + 2)).

Proof of Claim 3: Recall that b, does not cover a,. Let b; be a node covering a,. Note
that b; # b, as otherwise b, and b; have an interleaving coverage. Now, b, covers nodes
in (a;,z) and in (a,, z) which b, does not cover. Note also that b, covers a. which is not
covered by by. If b,, does not cover a node ay € (a.,j — (T+y+ 2)) (aq # a.) that by covers,

by violates 2-set property. As a result b, has to cover all such a4 € (a.,j — (z+ g+ 2)). O

Based on Claims 2 and 3, we can put b, into S; and b, into S. For any other node

1. If b, covers a node in (a., j — (T + y + z)) which is not covered by by, then b, € Sy and

bi covers all nodes that b, covers in (a;,Z + y + z) due to Theorem 3.2.

2. If b, covers a node in (ay, y) which is not covered by by, then b, € Sy and by covers all
nodes that b, covers in (a.,j — (Z + y + Z)) due to Theorem 3.2. From Claim 3, b,,
covers all nodes that by covers in (a.,j — (z + gy + z)). Therefore, b, covers all nodes

that b, covers in (a.,j — (T + 7+ 2)).

Note that b, should be in one of the above two cases as otherwise b; ¢ S. Based on
the above construction, Sy covers (a;, Z + 3+ z) and Sy covers (a., j — (Z+ ¢+ z)). Consider

optimal solutions L, (a;, T + § + 2) and Lyn(ae,j — (T + § + 2)). Due to optimality, we
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have |Lin(a;, T+7y+2)| < |S1] and |Lpin(ae, 7 — (Z+7+2))| < |Ss|. Since S = S1US; is an
optimal solution, we have |Lyin(a;, T+ G+ 2)|+ | Linin(ac, j — (Z+ 7+ 2))| < |S1|+]5:| = |5].

This case covers the essential coverage scenarios of b, in S as presented in Figure 3.6-
(d). If the optimal solution S is of this nature, since we know the optimal solutions for all

intervals of length up to 7 — 1, the presented algorithm finds this solution in Step 2.

Case 4: We now examine the case where by is essential for one interval (a,, y) which cor-
responds to the case in Figure 3.6-(b). Similar to the above discussion, we again divide S
into S; and Sy and try to put nodes b, into one of these two sets such that S; U Sy = 5 and
S1 NSy = . Let b,, € S anode covering a. and b; € S a node covering a,. As presented

above b; # b,, to avoid an interleaving coverage between by and b;.

Claim 4 We claim that by, or b, should cover all nodes that b, covers in (a;, T +y+ z). O

Proof of Claim 4: Note that if b,, does not cover (a;, ), then the proof is the same as
the proof of Claim 2 above. If b, covers (a;, Z), it can cover some node in (a,,y) and some
node in (a., ¢) which are not covered by by. If this is the case, b; should cover all the nodes
by, covers in (a,,y) as otherwise b,, violates 2-set property. That is, b, covers (a;, Z) and
some nodes in ay # a, € (a,,y) which b, does not cover; and b; covers a, which b, does not
cover. Based on this, b; separates the coverage of b,, into two sets. In addition, b,, covers
aj # ay € (a,,y) and a. which are not covered by b, and by covers (a,,Z) which b,, does
not cover. Based on this, by increases the coverage of b, from two sets to three sets which

contradicts Theorem 3.1. O

Claim 5 b, should cover all nodes by, covers in (ac,j — (T +y+ 2)).

Proof of Claim 5: by covers a node in (a;, Z) and a node in (a,, Z) which are not covered
by b;. b, covers a, which is not covered by by. b, covers a, which is not covered by b. If b,
does not cover a node that by, covers in (a.,j — (Z + y + Z)), this will be a violation of 2-set

property by b. O
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Claim 6 by should cover all nodes that b; covers in (ac,j — (T + 7 + 2)).

Proof of Claim 6: by covers nodes in (a;, Z) and in (a,, z) which are not covered by b;. b
covers a, that by does not cover. If by does not cover a node b; covers in (a.,j — (Z+ 7+ 2)),

this will lead to an interleaving coverage between b, and b; contradicting Theorem 3.2. [

Combining Claims 5 and 6, b,, covers all nodes that b; covers in (a., j — (T + ¢+ 2)).

Based on these results, we can put b, and b; into S; and b,, into Ss. For any other node b,:

1. If b, does not cover a node in (a,,y) which is not covered by by, the b, € S,.

2. If b, does not cover a node in (a.,j — (Z + ¥ + Z)) which is not covered by by, then

bo € Si. by, covers all nodes b, covers in (ac,j — (T 4y + 2)).

3. If b, covers nodes from both (a,,y) and (a.,j — (Z + y + Z)) which are not covered by
bi, then b, € Sy. In this case, b; covers all nodes b, covers in (a,,y). Now, to have
a non-interleaving coverage between b, and by, b, should cover (a;,T) as by covers a
node in (a,, ) that b, does not cover. Next, if b, does not cover all nodes b, covers in
(ay,y), b, will violate 2-set property. This case is similar to the case of b, in the proof

of Claim 4 and is therefore omitted.

Note that b, should be in one of the above two cases as otherwise b, ¢ S. Similar to
the discussion above, for optimal solutions Ly, (a;, Z+7+ Z) and Ly (ae, j— (Z+7+Z2)), we
have |Lin(a;, T+y+2)| < |S1] and |Lpin(ae, 7 — (Z+7+2))| < |Ss|. Since S = S1US; is an

optimal solution, we have |Lyin(a;, T+ G+ Z)| + | Linin(ac, ] — (Z+ 7+ 2))| < |S1]+1]52] = [S].

This case covers the essential coverage scenarios of by in S as presented in Figure 3.6-
(b). If the optimal solution S is of this nature, since we know the optimal solutions for all

intervals of length up to 5 — 1, the presented algorithm finds this solution in Step 2. U

As a result, depending on the nature of the optimal solution for (a;, j), one of the
above mentioned four cases correspond to the optimal solution L,,;,(a;, 7). This concludes

the proof of correctness of the algorithm.
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3.3.3 Discussion

In this section, we justify the need for the finalization step of the algorithm presented in
Figure 3.5. During each round of the algorithm (starting from line 10 in Figure 3.5), we
consider an interval of length j including nodes a,41, ..., a,4; € Nao(v). However, during the
iteration of the algorithm, we ignore the circularity of this interval, i.e., we ignore that a,.;
and a,; are radially consecutive. Since we ignore circularity, depending on the beginning of
an interval, two MCIs that are covered by the same node s € S may seem like three MCls.
As an example, in Figure 3.8, s is essential for two MCIs, (ay,2) and (a4, 1). However, when
we consider (ag, 5), it seems that s is essential for three MCls as (ag, 1), (a4,1), and (ag,1).
Since the algorithm does not consider the circularity of the interval (as, 5), it cannot see that

al and ay are consecutive. This then results in a suboptimal solution for (ag,5) as follows:

e From Step 2 of the algorithm, we have four potential split cases as:
1. For k = 1, we have (aq, 1) and (as, 4) resulting a solution N, (az2,5) = Nyin(ag, 1)+
Npin(az, 4) =1+ 3 = 4.
2. For k = 2, we have (ag,2) and (a4, 3) with a solution N;,(as2,5) =2+ 2 =4.
3. For k = 3, we have (ay,3) and (as,2) with a solution N,,;,(az2,5) =2+ 2 = 4.
4. For k = 4, we have (ag,4) and (ay, 1) with a solution Ny, (a2,5) =3+ 1=4.
e From Step 3 of the algorithm, we have Np,in(a2,5) = Npin(as,3) +1 =3+ 1 = 4.

Note that in this case, s is assigned to cover ay and a; as these nodes make the two

ends of the interval as in Figure 3.4-d with ¢ = 0.

The above computation results in Ny, (as,5) = 4 which is suboptimal for the overall
problem instance. Finally, since the algorithm checks for all the intervals (a;, 5) for i € [1, 5],
it finds an optimal solution for this interval as Ny,i,(a1,5) = Npin(a1,4) + Npin(as, 1) =
2+ 1 = 3 (where Npn(aq,4) = 2 comes from Step 3 of the algorithm). And the finalization
part at the end of the algorithm in Figure 3.5 is then used to find the optimal result by

finding the minimum one among N, (a;, n) for i € [1,n].
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(a) (b

Figure 3.8. An example on finalization.

3.4 Evaluations

Recall that the MFSP problem is an instance of the well-known Set Cover problem. Several
heuristics have been proposed for the Set Cover problem in the literature [13, 35]. In this
section, we compare two of these heuristics with our algorithm. Our goal is to use our
algorithm as a yard stick to evaluate the performance of these heuristics in solving the MFSP
problem. The first heuristic is by Chvatal [13]. This heuristic uses an iterative approach in
which a one hop node s € N(v) that covers the largest number of nodes in Ny(v) is included
into the solution set M F'S(v) at each phase and the two sets N(v) and Ny(v) are updated
as N(v) = N(v) — {s} and Na(v) = Ny(v) — {N(s) N Nay(v)} before starting the next phase
of the iteration. The procedure terminates when Ny(v) = () and the resulting solution set

MFS(v) gives a forwarding set of v.

Qayyum et al. [35] extends Chvatal’s heuristic with a pre-processing step where they
populate M F'S(v) by those one-hop neighbors that are essential for some nodes in Ny(v) in
a given instance of the problem. Such relay nodes are referred to as mandatory nodes as they
have to be in any M FS(v). They then remove mandatory nodes from N(v) and remove all
two-hop neighbors of v that they cover from Ny(v). If the resulting Ny(v) is not an empty

set, they use the Chvatal’s heuristic to identify additional relay nodes to cover them.

In our evaluations, we build connected network topologies by randomly placing a

number of nodes on a 7x7 grid. We then use our algorithm and the two heuristics to



Table 3.1. Average size of the relay node sets.

Topo. size | |[Nay(v)| | #Mand.nodes || Opt.soln. | Chvatal h. | Qayyum h.
100 6.66 1.7 2.3 2.32 2.3
250 26.61 3.24 4.35 4.46 4.4
1000 120.65 5.1 7.26 7.6 7.3
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compute the M FS(v) for each v in the topology. We use topologies of sizes 100, 250, and
1000 nodes to consider both sparse and dense networks. For each experiment, we report the

average values of M F'S(v) for the considered topology. The overall results are presented in

Table 3.1.

The second column in the table gives the average number of two-hop neighbors for
each node in the corresponding topology. The following columns give the averages of the
number of mandatory nodes, the average of the optimal solution set, the average of the
solution set given by Chvatal’s and by Qayyum et al.’s heuristic respectively. According
to the results, the number of mandatory nodes dominates the size of the optimal solution
set. In addition, as the number of two-hop neighbors increase with the increasing topology
size, the number of nodes in the optimal solution stays fairly small for the selected random
topologies. Finally, the results demonstrate that the existing heuristics perform reasonably

well with Qayyum et al.’s heuristic performing relatively better than the Chvatal’s heuristic.

3.5 Conclusions

In this chapter, we have studied the minimum forwarding set problem (MFSP) in the con-
text of wireless ad hoc networks. Leveraging the practical characteristics of the application
environment, we have proposed a polynomial time algorithm to build an optimal solution
within this class of solutions to a given instance of the MFSP problem. To the best of our
knowledge, our algorithm is the first polynomial time solution to the MFSP problem under

the unit disk coverage model for wireless transmission.

We expect the work presented in this chapter to have an impact on the design and
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development of new algorithms for several wireless network applications including energy
efficient multicast and broadcast protocols; energy efficient topology control protocols; and
energy efficient virtual backbone construction protocols for wireless ad hoc networks and
sensor networks. Our ongoing work in this direction includes development of new energy
efficient multicast and broadcast protocols; an extension of the presented algorithm for wire-
less network environments where nodes use non-uniform circular coverage areas for wireless
transmissions; and adaptation of the algorithm for route discovery components of popular

ad hoc routing protocols including OLSR and AODV.



CHAPTER 4
MFSP FOR VARIABLE DISKS

4.1 Preliminaries

In this section, we first present some preliminary information on the practical context of
the MFSP problem. We then present observations on geometric relations about intersecting
disks and use these relations to introduce a theorem that we use in the construction of our

algorithm.

4.1.1 Problem Formulation

Most previous studies use a unit disk to represent the shape of the effective coverage area
of wireless transmissions [26],[27]. In our previous work [6], we propose the first polynomial
time algorithm to solve the MFSP problem under unit disk coverage model. In this chapter,
we propose a polynomial time algorithm to solve the MFSP problem under variable size
disk coverage model. The new coverage model better approximates the real life application
scenarios and therefore our solution in this chapter provides better results when used in such

scenarios.

Similar to the previous work, we require the availability of 2-hop neighborhood in-
formation. The required information includes (1) the identities of the 1-hop and 2-hop
neighbors and (2) a radial ordering (which we define in Section 4.1.3) of the 2-hop neighbors
with respect to the broadcasting node. The availability of the position information for the
nodes is sufficient to compute the radial ordering of the 2-hop neighbors. Calinescu proposed
methods to calculate 2-hop neighborhood information (identities and positions) for the cases
where GPS or distance and angle information is available with a message complexity of O(n)

where n is the total number of the nodes in the network [10].

33
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4.1.2 Intersection Characteristics of Disks

In this section, we study some intersection characteristics of disks within the context of
our problem. We then present a geometric property that we use in the formation of our

algorithm.

Consider three points, v, s, and t, located on a two-dimensional space. In the context
of wireless transmission, these points represent the locations of the three nodes named as
nodes v, s and t. Assume that v is located at the origin of the coordinate space and s is to the
exact east of v. Assume also that both s and ¢ are 1-hop neighbors of v, i.e., {s,t} € N(v).
Given a node i, let D; represent the disk and the area covered by its wireless transmission
and let C; represent the circle enclosing the coverage area D;. In the rest of this section, we
study the relation between D,, and D,, that represent the coverage of D, and D; outside

the coverage area D, respectively.

Figure 4.1. Some geometric relations of intersecting disks.

Figure 4.1 shows the possible scenarios for the coverage areas D, and D, in relation

to D,. Note that any two circles, Cs and Cy, can intersect at most two times (we are not
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interested in the scenario where the circles Cy and C} are tangent to each other - i.e., where
they intersect once). Figure 4.1-a shows an example case where Cs and C; intersect zero
times (the case where D, (or D;) completely encloses D, (or Dy) is not an interesting case
for us). In this case, we have Dy, N Dy, = @. Figure 4.1-b and 4.1-c¢ show two possible
cases where C; and C; intersect twice within D,. In the first case, we have D,,, N D/, = &
and in the second case we have D/, C Dy, or Dy, C D,,. Figure 4.1-d shows an example
case where Cy and C} intersect twice one within D, and the other outside D,. Finally,

Figure 4.1-d shows an example case where Cs and C} intersect twice outside D,,.

4.1.3 Definitions

Having presented potential intersection scenarios of the disks, we now introduce a new term
that we will use in the rest of the chapter. For the definitions of radial order, radially
continuous neighbor (RCN) interval, mazimum coverage interval (MCI) and interleaving

coverage we refer reader to previous chapter.

Definition 4.1 (Domination) Let{s,t} € N(v) and{a;,a;,ar} € Na(v) such that {a;,a;} €
N(s), {a;} & N(s), {a;} € N(t), {ai,ar} & N(t), and a;, aj, and a are radially ordered as
a; > a; > a. Then, w.r.t. coverage relation between s and t, we say that s dominates t and

represent it as sAt.

4.1.4 Coverage Properties

In this section, we introduce three important properties that we use in building our algorithm

for the MFSP problem.

Theorem 4.1 (Non-Interleaving Property) In an instance of the MFSP problem (i.e.,
a node v and its 1-hop and 2-hop neighbor sets N(v) and N2(v)), no two nodes {s,t} € N(v)

can have interleaving coverage.
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Proof of Theorem 4.1: Note that interleaving is considered between two nodes {s,t} €
N(v). We now study the intersection characteristics of Cj v and Cy/,, to prove the theorem.
As we stated previously, there are four cases to be considered as follows:

Case 1: C;, and C}, intersect zero times as in Figure 4.1-a. In this case, Dy, and D,
have two disjoint MCIs that are radially separate from each other.

Case 2: (), and (), intersect twice in D, as in Figure 4.1-b or 4.1-c. In the first case, we
have D/, N Dy, = @ and in the second case we have Dy, C Dy, (or Dy, C Dygyy). In both
cases, there is no possibility of having interleaving coverage between D, and D ,.

Case 3: (), and C}, intersect twice one in D,, and one outside D, as shown in Figure 4.1-
d. Consider a line [; that originates at v and crosses over p which is the intersection point
of Cy/, and Cy/,. Observe that the nodes in D/, N D,/ can be covered by both s and t.
Also observe that the nodes in Dy, ; and Dy, /s are radially separate from each other, i.e.,
[, radially separates Dy, /s and Dy,/s into two non-interleaving RCNs. This then indicates
that there are no two points r; and ry such that r; € Dy, above I and ry € Dy, /s below
[y to create an interleaving coverage scenario.

Case 4: (), and Cy, intersect twice outside of D, as shown in Figure 4.1-e. Similar to the
previous case, let [; and [, be lines originating from v and crossing the intersection points
p and g of the two circles C;/, and Cy/,. From the intersection of two circles, the coverage
area of Dy, is confined by [; and ;. Therefore, having a single MCI to cover outside D,,,

t cannot have an interleaving coverage with s. U

Theorem 4.2 (Non-Domination Property) Given an instance of MFSP problem at v,

there exists at least one node b; € N(v) that is not dominated by any other node b; €

N(v) = {bi}-

Proof of Theorem 4.2: We prove the theorem by showing that domination is an acyclic
relation. Consider an instance of MFSP problem at v where {b,,b,,b.} € N(v). We show
that if b,Ab, and b,Ab,, then either b,Ab, or (N(b;) N N2(v)) C (N(b,) N No(v)).
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By definition, b,Ab, requires that there exist three nodes {a;,a;,a;} € Na(v) with
a radial order (a; < a; < aj) such that a; and a; are covered by b, but not by b, and
a; is covered by b, but not by b,. Similarly b,Ab, requires that there exist three nodes
(not necessarily disjoint from the previous three) {a;, am,a,} € Na(v) with a radial order
(a; < ay, < ay,) such that ¢; and a, are covered by b, but not by b, and a,, is covered by
b, but not by b,. When we consider the radial order among the nodes {a;, a;, ax, a, am, a, },
there are four possible outcomes for the first and the last node pairs as (1) (a;,...,ax),
(2) (ary ... an), (3) (ar,...,ax), and (4) (a;,...,a,). We now consider the overall coverage

scenarios for each of these cases and show that b,Ab, cannot occur in none of these cases.

by O 1 0. . by 0. .. . 0. 1. 0. .. 0
by 1.0 0 1 0. . 1. by 01 1 0o 1.0
b, ¥ 1 .0 R b, 1. .0 1
a a g am an a a4 an & q a an
@ (b)
by O . . . . 0o 1 0 by O . ... 1.0 . 0
b 0 1 1 0 0 1 by 1. . 0.1 .0 . 1.0
b, 1.0 1 T b, 1 .1 O 1.
2 9m g a an A ai & am a Ay an
(c) (d)

Figure 4.2. Cases for domination relations among b, b, and b,.

Case 1 (a;,...,a;): Consider the scenario in Figure 4.2-a that represents this case. In this
case, b, covers a; and ay as otherwise b, and b, have interleaving coverage contradicting with
Theorem 4.1. In addition, b, should cover any node apcfore < @; OT Gqfer > ai that b, covers.
This is because such a node apefore O aqfrer covered by b, has to be covered by b, (so that
b, and b, do not interleave). In this case, any node apefore Or Gqfier covered by b, has to be
covered by b, (so that b, and b, do not interleave). Finally, if b, covers a node a, where
(a; < a, < ag) such that a, is not covered by b,, then b,Ab, on (a;,a,,a;). Otherwise,

(N(by) N Nao(v)) C (N(b,) N No(v)).
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Case 2 (ay,...,a,): Consider the scenario in Figure 4.2-c that represents this case. In this
case, b, should not cover a; and a, as otherwise b, and b, would interleave. Similarly, b,
should not cover ¢; as otherwise b, and b, would interleave. In this scenario, b, should cover
all nodes apefore < a; O Aqprer > an that b, covers. This is because any Gpefore O Qgfter
covered by b, has to be covered by b, (so that b, and b, do not interleave) and any node
Abe fore OF Qg fter covered by by, should be covered by b, (so that b, and b, do not interleave).
Finally, if b, covers a node a, where (a; < a, < a,) such that a, is not covered by b,, then

b,Ab, on (a;,a,, a,). Otherwise (N (b,) N No(v)) C (N(b,) N No(v)).

Case 3 (ay,...,a): Consider the scenario in Figure 4.2-b that represents this case. In this
case, b, covers a; as otherwise b, and b, would interleave. In addition, b, should cover any
node apefore < @y OT Qqfrer > ay that b, covers. This is because such a node apefore O Aqgfrer
covered by b, has to be covered by b, (so that b, and b, do not interleave). In this case,
any node pefore OI Gqfier covered by b, has to be covered by b, (so that b, and b, do not
interleave). Finally, if b, covers a node a, where (¢; < a, < a;) such that a, is not covered

by b., then b,Ab, on (a;, a,,a). Otherwise, (N(b;) N Na(v)) C (N(b,) N Na(v)).

Case 4 (a;,...,a,): Consider the scenario in Figure 4.2-d that represents this case. In this
case, b, covers a; as otherwise b, and b, would interleave. In this case, b, should not cover a,,
as otherwise b, and b, would interleave. In this scenario, b, should cover all nodes apefore < a;
and agfrer > @, that b, covers. This is because any apefore OT aqfter covered by b, has to be
covered by b, (so that b, and b, do not interleave) and any node apefore OI Gqfpier cOvered
by b, should be covered by b, (so that b, and b, do not interleave). Finally, if b, covers a
node a, where (a; < a, < a,) such that a, is not covered by b, then b,Ab, on (a;, a,, a,).

Otherwise (N (b;) N Nay(v)) C (N(b,) N Na(v)).

We now show that domination is an acyclic relation among n such nodes. Assume
that there is a cyclic domination relation among n nodes {by,bs,bs,...,b,} € N(v) as
(b1 Abg, boAbs, b3Aby, ..., b,_1Ab,,b,Ab;). From the above discussion, we know that there

are two cases for the relation between b, and bs, i.e., either b,Aby or (N(b2) N No(v)) C
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(N (b,) N No(v)). Now, consider the relation between by and bs. From the relation between
b, and by, if we have b, Aby, it is either b, Abs or (N(bs) N No(v)) C (N (b,) N No(v)); on the
other hand, if (N (b2) N No(v)) C (N(b,) N Na(v)), we have the same result that either b, Abs
or (N(b3) N No(v)) C (N(by,) N No(v)). If we continue to iterate the cycle, at some point we
have b,Ab,_1 or (N(b,_1) N No(v)) C (N(b,) N No(v)). But since b,,_1Ab,, b,Ab,_1 is not
possible unless b, and b, interleave. In addition, (N (b,—1) N No(v)) # (N(b,) N No(v)) as
b,,—1 should cover at least two nodes in No(v) to satisfy that b,_1Ab,. In both cases, we have

a contradiction indicating that domination relation cannot be a cyclic relation. 0

4.2 Solution

In this section, we present a polynomial time algorithm to solve the MFSP problem under
disk coverage model. The main idea in our approach is to break a given problem into
subproblems and use the solutions of the subproblems in building a solution to the given
instance of the problem. Consider an instance of an MFSP problem at a node v. Let n be the
number of 2-hop neighbors of v, i.e., n = |Ny(v)|. Assume that nodes a; € No(v) are sorted
based on their radial order with respect to v. The algorithm presented below executes in n
rounds. At a round j, we divide Ny(v) into n different RCNs each covering j consecutive
nodes in Ny(v). We use the tuple (a;,j) to represent the consecutive interval of nodes
(@i, @is1, ..., a;4j-1) € Na(v) considered by each of these subproblems'. The subproblems
are then solved by using the solutions of the smaller size subproblems solved in previous

rounds.

Let Lpin(ai, j) be the list of minimum number of first hop neighbors of v that are
essential to cover the interval (a;,j). At round n, the algorithm returns n solutions as

Lin(ai,n) for i = [1,n]. The optimal solution is given by the L, (ai,n).

!Note that the arithmetic in computing the subscripts of the nodes preserves radial cir-
cularity:.
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4.2.1 Solution Approach

Our algorithm uses a bottom-up approach to build an optimal solution. Given an RCN
interval (a;, 7), we assume that we know the optimal solutions for all RCNs of (a;,j). With

this knowledge, we use the below approach to find the optimal solution S for (a;, j).

Consider an optimal solution S for (a;,j). Let S C S be the set of nodes that cover
a; and S” = S — 5’. From Theorem 4.2, we know that 3b, € S’ that is not dominated by
any other nodes in S’. Assume that b, has ¢ MCI’s, (By,..., B;), where (1 <t < [j/2]) in
(a;, j). We refer to the RCNs that b, does not cover as Ry for k € [1,t]. Using Bys and Rys,
we can represent (a;, j) as (a;,j) = (BiUR UByURsU...UB; 1 UR;_1UB;UR;). In this
setup, we would like to find the solution S for (a;, j) assuming that we know b, € S. Note

that we do not know b, but we know that such a node exists in S.

Definition 4.2 Let ) C Ny(v) be a subset of two-hop neighbors of v. Then, ¢(Q) C N(v)
18 a minimum cardinality 1-hop node set covering all the nodes in ). Note that ) does not

have to be a single RCN but may contain multiple RCNs.

As introduced above, if we write (a;, j) = (BiURUByURyU. . .UB;,_ 1UR;, 1UB;UR,),
then S can be rewritten as S = ¢(BiUR UByURsU.. .UB; 1UR, 1UB,UR;) = ¢(RiURyU
...UR;)U{b,}. Note that we know the solution ¢(R; UByURyU...UB;_ 1 UR; 1 UBURy)
but it may not be the same as ¢(Ry U Ry U ... U R;). Our task now is to find the optimal
solution ¢(R; U Ro U ... URy) for (R U Ry U ... UR;). We present a dynamic programming

approach to build the solution ¢(Ry U Ry U ... U Ry).

Consider the basic case for (R; U Ry). There are two alternative cases for the solution
c¢(R1URy) as
|C(R1 U RQ)’ = |C(R1 U B2 U R2)|, or (41)

|C(R1 U R2)| = |C(R1 U B2 U R2)| -1 (42)
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where |c¢(R; U Ry)| represents the cardinality of the solution ¢(R; U Ry). Note that we know
the solution for the first case above. For the second case, the coverage of b, on B, results in
a better solution. The following lemma presents an observation for the second solution case

above.

Lemma 4.1 [f |C(R1 U RQ)l = |C(R1 U BQ U R2)| — 1, then |C(R1 U RQ)l = |C(R1)| + |C(R2)|

Proof of Lemma 4.1: The above equation is not accurate if 3b, € ¢(R; U Ry) which covers
nodes from both R; and R,. Assume such a b, exists. Recall that by definition b, does not
cover any nodes in R; or in R,. Now, if b, € S, then b, has to cover all nodes in B, as
otherwise b, dominates b, (recall that b, is not dominated by any node in S’). Alternatively,
if b, € S”, then b, does not cover a;. But in this case, it should cover all nodes in B as
otherwise b, and b, will have an interleaving coverage. Consequently, if b, covers all nodes
in By, this results in |c¢(R; U Ry)| = |¢(Ry U By U Ry)| which contradicts with the initial
assumption. As a result, if |c(Ry U Ry)| = |c(R1 U Ba U Ry)| — 1, then b, cannot cover nodes

from both R; and Ry simultaneously, i.e., |c(R; U Ry)| = |c(Ry)| + |c(R2)]. O

The above observation can be generalized for an arbitrarily large (R U Ry U ... Ry).

In this generic case, there are two alternatives for the solution ¢(Ry U Ro U ... R;) as
|c(RiURyU...URy)| = |c(RiUByURyU...UB,URy)|, or (4.3)
|c(RiURyU...URy)| = |c(RiUBsURyU...UB,URy)| — 1. (4.4)

Similar to the basic case above, we know the solution for the case in Equation 4.3.
For the case in Equation 4.4, we claim that we can find the optimal solution by splitting the
interval (R; U Ry U...U Ry) into two as (R; U...URy,) and (Rp1 U...UR;). In this case

the optimal solution is given by

l|c(RiURyU...URy)| = |c(RiU...URp)|+ |c(Rps1 U...URy)|. (4.5)
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Equation 4.5 may not be correct if 3b, such that b, € ¢(R;U...UR}) and b, €
c(Rp+1U...UR,). Assume that such a b, exists. If b, € S’, then b, has to cover all nodes
in B4+ as otherwise b, dominates b, (recall that b, is not dominated by any node in S’).
Alternatively, if b, € S”, then b, does not cover a;. But in this case, it should cover all nodes
in By, as otherwise b, and b, will have an interleaving coverage. Consequently, if b, covers
all nodes in By, 1, this results in |[¢(Ri URyU...URy)| = |c(Ri{URyU...UBp 1 U...URy)|.
As aresult, if [((RiURyU...URy)| = |c(RiUBsURyU...UByURy)|—1 (i.e., Equation 4.4
above holds), then there exists a split point by, such that the corresponding node b; cannot
cover nodes from both ¢(Ry U ... U Ry) and ¢(Rp; U... U R;) simultaneously, i.e., |¢(Ry U
RoU...URy)| =|c(Ri1U...URg)|+ |c(Rpypy U...U Ry)|. If, on the other hand, there does

not exist such a b3, then the solution is given by Equation 4.3.

Note that in order to find ¢(RyURyU. . .UR;) based on Equation 4.4, we need to try all
values for h € [1,t] where ¢ is bounded by |j/2] in (a;,7) = (BiURUBsURyU. . .UBURy).

Based on this the general solution for ¢(R; U Ry U ... U Ry) is given by

lc(RiURyU...URy)| = min(|c(RiUByURyU...UBURy)|, (4.6)

min((Je(Ry U ... URp)|+ [c(Rpp1 U...URy)|),Vh € [2,]5/2]])).

Using Equation 4.6, we can find ¢(R; U Ry U... U R;) in O(n?) as follows. We know
the optimal solutions for ¢(R;),c(Rz),...,c(R;). In the second step, we find the optimal

solutions for each ¢(Ry U Ryyq) for 1 <k <t —1 as
|c(B U Ry1)| = min(|c(Ry U By U Riga) |, [e(Bi)| + [e(Riet1)])-

In the third step, we find the optimal solutions for ¢(Ry U Rg1 U Rgi2) for 1 < k < (t — 2)

as

|C(Rk U Rk+1 U Rk+2)| = mm(|c(Rk U Bk U Rk+1 U Bk+1 U Rk+2)|, (47)

min(|e(By U Bia)| + [e(Bir2)ls [e(BE)] + [e(Bi1 U Biio)])).
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We continue this process for a total of ¢ steps. In the first step, we have ¢ optimal solutions
each corresponding to an interval Rj. In the second step, we have ¢ — 1 optimal solutions
corresponding to consecutive interval pairs of R, U Ry41. In the t'* step, we have the optimal
solution for the entire interval of Ry U RoU. ..U R;. Overall, the process is similar to building
a pyramid starting with ¢ blocks at the bottom of it and finishing with a single block at step

t.

There are O(n?) entries in the pyramid and we make at most O(n) operations (i.e.,
the number of possible splits) to calculate the optimal solution for each entry. If we know
which one hop node b € N(v) corresponds to b, prior to above calculation, we can find the
optimal solution for the entire interval as above. Trials with incorrect candidates b; # b, will
result in suboptimal solutions. The running time will then be O(n3). Unfortunately, we do
not know b, in advance but can try all possible candidates. The number of nodes in N(v)
that can cover a; is at most |N(v)| = m. This means that the solution for a given interval

(a;,7) can be found in O(mn?).

4.2.2 Algorithm

So far, we presented the solution for a single interval (a;, j) for 1 <i,j < n. We can find the
solutions for all such intervals in a bottom up fashion as follows. The solution at the first
step is trivial, i.e., (a;,1) for 1 < i < n is trivial. The above procedure allows us to find a
solution for an interval (a;, k) for 1 < i < n by using the optimal solutions for (a;, j) where
1 < j < k. Finally, at the n'" step, we find the optimal solution for (a;,n). As a result, the
overall complexity of the algorithm is given by O(mn®) where O(n?) comes from the number
of (a;,7) intervals and O(mn?®) comes from the computational complexity of the solution for

each such interval. Finally, Figure 4.3 presents a pseudocode of the overall algorithm.

In the algorithm outlined in Figure 4.3, the term L,,;,(a;, j) considers the solution for
an interval (a;, j) of Na(v). On the other hand, the term P,,;,, (R, y) considers the solution for

y intervals that by does not cover, i.e., (R,,y) = (R,UR,1U.. .UR,4,_1). Finally, Nyin(a;, j)
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represents the size of the solution L, (a;, 7), i.e., Npin(@i, ) = |Lmin(aq, 7)| for (a;,j) and

Kpmin(Ry, y) represents the size of the solution P, (Ry,y), i.€., Kpin(Reo,y) = | Pmin(Ry, y)|-

4.3 Evaluations

From a practicality point of view, the existing heuristics introduce smaller running time
complexities as compared to the presented algorithm. Therefore, in this section, we evaluate
the performance of the two popular heuristics, i.e., heuristics by Chvatal [13] and by Qayyum
et al. [35] from Section 2.3, in terms of their approximation ratios under different network
models and coverage ranges. The overall result of our evaluations indicate that the existing
heuristics perform quite well under the considered network setups. Note that prior to our
algorithm, the performance of these heuristics under practical application scenarios were not

known.

In our evaluations, we build connected network topologies by placing a number of
nodes on a 7x7 grid. We use topologies with different sizes but present results for 300

node topologies only. The experiments in other cases give similar results. Each node v

v
max

in the network has a maximum transmission range r that is randomly selected from a
transmission range t — range. We use several different t — range values to evaluate the
performance of the heuristics in different scenarios. Finally, we use two different types of
node deployment strategies. The first strategy is random node placement strategy where
we randomly place nodes on the grid. The second strategy is a grid-based node placement
strategy where we divide the 7x7 grid deployment area into small squares and place a node at
the intersection points of each square. The results of our experiments on 300 node topologies
are summarized as average M F'S(v) values for each experiment in Table 4.3 and Table 4.3
for the two node placement strategies respectively. In the table, the columns |N(v)| and
| No(v)|) represent the average numbers of one-hop and two-hop neighbors for each node v.

The column '#Mand. Nodes’ represent the average number of mandatory nodes in N(v) as

used in the initial part of the Qayyum et al. heuristic.



Table 4.1. Performance of heuristics under 300-node random networks.
| T —range | [N(v)[ | [N2(v)] || #Mand.Nodes || Opt.soln. | Chvatal | Qayyum |

0.121] | 249 | 611 2.64 3.11 3.20 3.11
[05-15] | 265 | 635 3.09 3.59 3.69 3.59
0.5-2.0] | 17.3 | 388 2.96 3.52 3.59 3.52
0530 | 46.0 | 111.3 2.74 3.29 3.49 3.30
[1.0-3.0] | 58.7 | 1305 2.98 3.66 3.90 3.67
0505 | 4.3 18 1.67 2.10 2.12 2.10
[1.0-1.0] | 169 | 315 3.51 477 478 194
[15-1.5] | 35.1 | 67.7 3.83 5.49 5.76 5..53
2.02.0] | 57.1 | 1035 3.60 5.62 5.87 5.70
[3.0-3.0] | 119.1 | 149.1 1.79 1.22 458 144

Table 4.2. Performance of heuristics under 300-node grid networks.
] T — range \ |N(v)] \ | Na(v)] H #Mand.Nodes H Opt.soln. \ Chvatal \ Qayyum ‘

0121 | 214 | 558 2.82 3.03 3.00 3.03
[05-1.5] | 169 | 41.6 3.51 3.99 407 3.99
[05-2.0] | 27.8 | 69.7 3.71 4.20 1.36 4.20
[05-3.0] | 522 | 127.6 2.95 3.49 3.62 3.51
[1.0-3.0] | 59.3 | 132.0 3.24 3.95 118 3.97
[05-05] | 338 7.1 3.53 3.55 3.55 3.55
[1.0-1.0] | 175 | 35.6 5.46 6.05 6.11 6.05
[15-15] | 36.1 | 695 1.04 5.28 5.45 5.28
[2.0-20] | 53.1 | 96.9 3.32 4.90 5.21 193
[3.0-3.0] | 116.7 | 149.3 2.48 4.44 4.96 456
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Our main observation from these experiments is that both heuristics perform quite
well under the considered scenarios. The performance of the heuristics seem to be better
for arbitrary disk graphs as compared to unit disk graphs. In most of the experiments,
the number of mandatory nodes make a large part of the solution set and the solution size

increases slightly as the number of first hop or second hop nodes increases.

Note that prior to our solution presented in this chapter, quantifying the performance
of the existing heuristics were difficult. Therefore, our algorithm also provides a strong base
in developing new solutions and heuristics and measuring their performance with respect to

the optimal solution.

4.4 Conclusions

In this chapter, we have presented a polynomial time solution to the minimum forwarding
set problem (MFSP), a practical problem that appears in developing efficient algorithms for
several communication applications in wireless ad hoc networks and sensor networks. In
our earlier work, we presented a solution to the problem under unit disk coverage model for
wireless transmission. In this chapter, we have considered arbitrary disk model as a more
general model for wireless transmission and developed an optimal solution to the problem.
We believe that the results presented in this chapter can be used in building several efficient
communication services including energy efficient multicast and broadcast, energy efficient
topology control protocols, and energy efficient virtual backbone construction protocols for

wireless ad hoc networks and sensor networks.
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INPUT: An instance of MFSP problem at a node v:
1. N(v) :=A{by,...,bm} 2. No(v) :={a1,...,an}
3. An m X n coverage matrix A as defined
OUTPUT: MFS(v) = Liin(a1,n)

FOR i :=1 ton /*initialization®/
Nopin(a;, 1) :== 1, Lyin(a;, 1) :== (b) where b € N(v) and a; € N(b)
FOR j :=2 to n /* for each round */
FOR i :=1 to n /* for each interval (a;,7)*/
Noin(ai, j) = 00, Lyin(a;,7) := 10
FOR s:=1 tom /*for all candidates to be b,*/
IF A,; =0 THEN break /* it should cover a; */
Choose by as b,
Determine By, Ry, By, Ry, Bs, ..., Ry_1, By, Ry in O(n)

Representation: R} := first node of R, , Ré :=length of interval R,

FOR p :=1 to t /*initialization™/
Kpin(Rps 1) = Nypin (B3, BL), Popin (R 1) = Lyin (RS, RL)
FOR y :=2 to t /* for each round */
FOR v:=1tot—y+1 /* for each starting R,*/
let k =[(R,UByy1U...UByry 1 URyy 1)
Kmm(Rva y) = Nmzn(Rf}a ]C)
Prin(Ro,y) = Lywin (B2, k)
FOR h :=2toy — 1 /* for each possible split */

IF Kpin(Ry,y) > Kmin(Ry, h) + Kpin(Rytn, y — h)
Kmin(-Rv; y) = Kmm(Rm h) + Kmin(-Rv—l-hu Yy — h)
szn(Rva y) Pmm<Rv7 h) + Pmin(Rv-i-ha Y= h)

) > Kmm(Rl, t) +
mm(Rla )
) - Pmm(Rla ) U {b }

3

.

3
—
S
kS

%bb

N—

return me(al, n)

Figure 4.3. Outline of the algorithm.
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CHAPTER 5
MFSP WITH COLLISION AWARENESS

5.1 Preliminaries

Ad hoc networks consist of nodes which communicate with each other via radio frequency.
If two wireless nodes make transmission in the same frequency and if a third node receives
these messages at the same time, these messages will collide and the third node will not be
able to process these messages properly. Original MFSP does not consider the effect of these
collisions. In this study we examine the effects of collisions. Message should be successfully
delivered to all 2-hop neighbors. Since messages might collide, we need to design a proper
schedule to determine the transmission periods for 1-hop neighbors. One simple way of
achieving this is designing rounds. Each round represents a certain amount of delay. In each
round only a subset of 1-hop neighbors make transmissions. If a 1-hop neighbor is selected
for a round, it waits for the predefined amount of time and make transmission after that.
The delay between two rounds should be arranged such that two transmissions from two

consecutive rounds should not collide even if they cover the same area.

There are two new problems. In the first one the input is an instance of MFSP and
a minimum cardinality forwarding set. Problem asks for a schedule with minimum number
of rounds where each selected 1-hop neighbor makes transmission in only one round. In this
schedule each 2-hop neighbor should receive the message from exactly one 1-hop neighbor
for at least one round. We call this problem MFSPWCA (Minimum Forwarding Set Problem
with Collision Awareness). The second problem accepts an instance of MFSP as input and
asks for a schedule with minimum number of rounds.The first problem optimizes the number
of transmissions and battery power whereas the second one optimizes the overall delay. In

this study we focus on the first problem.

48
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5.2 Reduction from Graph Coloring

MFESPWCA is NP-hard. In this section we present a reduction from Graph Coloring. The
input of the Graph Coloring is a graph G:(V,E) with vertex set V and edge set E. A Coloring
is a function F from V to C, where C is the set of colors used. In a valid coloring, if two
vertices are connected they should be colored with different colors. Problem asks for a valid
coloring with minimum number of colors. For a given instance of Graph Coloring G:(V,E)
an instance of MFSPWCA can be created as follows. For each vertex in V a corresponding
1-hop neighbor is placed for MESPWCA. Moreover a 2-hop neighbor is created for each such
1-hop neighbor which is uniquely covered by this 1-hop neighbor. For each edge (u,v) of
G, a 2-hop neighbor is constructed. This 2-hop neighbor should only be connected to 1-
hop neighbors corresponding to u and v. In this setting all 1-hop neighbors should be in the
forwarding set because each one covers a unique 2-hop neighbor. Two 1-hop neighbors can be
assigned to the same color if and only if corresponding vertices are not connected. Since each
1-hop neighbor can only be assigned to a single round, the optimal solution for MFSPWCA
can be used as an optimal solution for Graph Coloring. If two 1-hop neighbors assigned
to same round, corresponding vertices should be colored by the same color. This concludes
the reduction. Note that, this reduction does not consider the geometrical properties of this
problem. The availability of a polynomial time solution for the UDG or DG model is still

unknown.

5.3 Heuristics

MFSPWCA is NP-hard and it is application-wise important. We have developed practically
efficient heuristics as best effort solutions. We have developed two different heuristics for two
different models. The first model assumes the availability of the location information for the
nodes in the 2-hop neighborhood. The second model is more general, it only assumes the
availability of 2-hop neighborhood information. We used first model as a tool to understand

the characteristics of the problem. We used this information to develop efficient heuristics for
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the second model. First model is also useful for the environments where location information

is readily available.

Developed heuristics accept a forwarding set F' as the input. The output is an assign-
ment from forwarding set F' to round set R. In this assignment each element of F' should
be assigned to an element of R. If two elements in F' are connected to same 2-hop neighbor,
they should not be assigned to same element in R. The cardinality of R should be minimized

in this setting for best performance.

5.3.1 Heuristic A

In this heuristic we assume the availability of location information. We observed that the
nodes assigned to the same round should be as far as possible to minimize the collisions. To
utilize this information we ordered the elements in F. This ordering is with respect to the
angle they make with the center node. This order is used in the algorithm as a measure to
maximize the distance between forwarding nodes. We believe this radial order is suitable to

separate forwarding nodes due to the nature of the problem.

We can find the radial order of forwarding nodes by using the location information.
Moreover the angle information between center and 1-hop neighbors is enough to find the
radial order. Angle information between neighboring nodes can be calculated by using

multiple ultrasound receivers or directional antennas.

This heuristic works in an incremental fashion. In the first step it checks if one round
is enough or not. In the second step it checks for the two rounds. In the third it checks for
three rounds. If more than one round is being used, nodes are assigned to rounds in the
radial order. For example in the third step, first node is assigned to round one, second node
is assigned to round two, third node is assigned to round three and fourth node is assigned
to round one again. By using such an assignment we try to maximize the minimum angular
distance between two nodes which are assigned to the same round. In the assignment of

nodes an exception should be made for the last node. In the radial order, last node might
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be assigned to round one. This creates high risk for a collision between first and last nodes.
To handle this situation last node is assigned to the half of the round count. For example
if round count is three and there are seven nodes, last node will be assigned to round two

instead of round one.

At the end of each step, the algorithm performs a validity check. If two nodes in the
same round, have a common 2-hop neighbor, validity check fails and algorithm continues
with next step. If assignment is valid then algorithm outputs the assignment. Note that if

there are f forwarding nodes algorithm ends in f steps in the worst case.

5.3.2 Heuristic B

This heuristic is designed for the environments where location information is not available.
Since we don’t have location information we can not use the optimal solution in Chapter- 3.
In this heuristic the forwarding set is created with the algorithm proposed in [35]. In the
first heuristic, we have used the radial order of 1-hop neighbors as a distance measure. The
challenge for this model is, finding a similar distance measure with only using neighborhood
information. In the radial order if two 1-hop neighbors are next to each other, they are
expected to have lots of common 2-hop neighbors. We used this information to determine
an imaginary radial order. Only difference between these heuristics is the construction of

order. Remaining operations are identical with first heuristic.

Order construction algorithm first adds all 1-hop neighbors into a candidate list. Then
it selects the 1-hop neighbor which is connected to maximum number of 2-hop neighbors.
This becomes the first node in imaginary radial order and it is removed from the candidate
list. After that algorithm puts a sign on the 2-hop neighbors first node covers. Then it
selects the 1-hop neighbor which covers the maximum cardinality subset of these signed 2-
hop neighbors. This selected 1-hop neighbor becomes the second node in the radial order
and it is removed from the candidate list. After this, 2-hop neighbors covered by the second

1-hop neighbor is signed. The third node is the one which covers the maximum cardinality
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Table 5.1. Results for Heuristic A.

Topo. size | |[N1(v)| | [N2(v)| || #For. Nodes | #Rounds
250 6.83 10.06 3.21 1.74
500 14.51 27.06 4.62 2.32
750 21.09 43.10 5.42 2.47
1000 28.70 61.58 6.13 2.63
1250 35.80 78.38 6.66 2.75

subset of these signed 2-hop neighbors. This process is repeated until there is no node in

the candidate list.

5.4 Evaluations

In this section we present the simulation results of the two heuristics explained. For these
simulations the environment used is a 10 by 10 square. Selected number of nodes are placed
on random locations on this square. The effective coverage is a unit disk around the center

for each node.

After the construction of the network Heuristic A is applied for every node in the
network. Then a new network with the same parameters is created and Heuristic B is
applied. Both heuristics output the schedule for the selected forwarding nodes. Experiments
are repeated for networks with different number of nodes. Results of these experiments are
represented in Table- 5.1 and Table- 5.2. Results in Table- 5.1 are acquired by Heuristic A

and results in Table- 5.2 are acquired by Heuristic B.

In these tables, first two column represents the average number of 1-hop and 2-hop
neighbors respectively. Third column represents the average cardinality of forwarding sets.

Finally, last column shows the average number of rounds used for scheduling.

These results suggest that heuristics reduce the round count significantly. In the
worst case for each round only one forwarding node should be assigned. In this case umber
of rounds should be equal to the number of forwarding nodes. Heuristics reduce this amount

significantly. Forwarding set sizes do not vary a lot, between two forwarding set selection
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Table 5.2. Results for Heuristic B.

Topo. size | |[N1(v)| | [N2(v)| || #For. Nodes | #Rounds
250 7.08 9.87 3.09 1.69
500 14.14 26.14 4.60 2.40
750 21.14 42.57 5.49 2.69
1000 28.81 61.37 6.09 2.94
1250 35.42 78.04 6.73 3.09

algorithms. This information is consistent with our previous evaluations. A more interesting
result is about the number of rounds used for each heuristic. Even the forwarding set sizes
are very close for two heuristics, there is a significant gap between the number of rounds
used. Moreover this gap increases with the density of the network. This outcome implies a

trade-off between the availability of location information and the average delay.

5.5 Conclusions

In this study we have defined a new version of MFSP in which the effect of collision is
considered. Collision is a natural property of wireless transmission. We have defined a simple
model which assigns delays to selected forwarding neighbors. These delays are defined as
rounds. In this model one simple solution is assigning a single forwarding neighbor for each
round. Using the heuristics that we have designed, we have improved the performance of this
simple solution. We have also demonstrated the complexity of this problem by presenting a

reduction from Graph Coloring.



CHAPTER 6
SUMMARY

In this thesis, I have studied different versions of forwarding set problems. I developed
two exact algorithms and two heuristics for these problems. These solutions are designed to

be used as building blocks for the routing protocols in future.

I model MFSP as a geometrical problem. The nature of wireless communication
suggests this assumption. It is difficult to predict the effective coverage area of a wireless
transmission. Lots of factors affect the exact effective coverage such as obstacles in the
environment and it is almost impossible to model all these factors. If environment related
factors are ignored, the natural shape of a wireless transmission is a disk around the center

in two dimensional space.

Based on unit disc model, I developed the first polynomial time solution for MFSP.
The time and space complexity of my algorithm is O(n® + n*m) and O(n?) respectively. I
have also studied the problem for heterogenous networks. I have developed another poly-
nomial time solution for DGs which is a more general setup. For this model problem space

complexity remains same as O(n?) but runtime complexity increases to O(n°m).

Finally I have studied the problem for a more realistic setup by taking collisions into
consideration. I have developed a new system to solve this problem by defining rounds for the
delay assignment. I have developed two practical heuristics for this setup and demonstrated

their efficiency with simulations.

Local algorithms are desirable for WANET applications. In this study, I developed
optimal solutions to predefined local problems using geometrical structures of these problems.
I believe such local algorithms with proven efficiency will play an important role in the

development of future protocols for WANETSs.
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