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ABSTRACT

Reverse engineering is a tool that transforms a real-world object into digital world to perform

assessments and improvements on the object particularly using CAD/CAE/CAM applications. B-

spline surfaces are the most common representation that is used for representing free-form shapes

mainly in ship building, automotive and airplane industry. Conversion of scanned data (obtained

using 3D scanning machines) to B-spline surfaces is nontrivial and a little work has been done

on this conversion. The research in this dissertation aims to generate B-spline surfaces from a

given quadrilateral mesh which is preferable than triangular mesh because of its good fit with

surface parameterization, its oriented elements according to the principal curvature directions, etc.

Highly-curved regions (feature curves) inside partitions cannot be represented well with smooth

B-spline surfaces, therefore feature curves in the model is appropriate to be located on the surface

boundaries which is the basic approach in this dissertation. Three different algorithms which uses

the concept of placement of feature curves on the surface boundaries are proposed in order to

generate high-quality B-spline surfaces.

The bi-monotone approach generates bi-monotone partitions that have ability to capture the

surface details of an object easier than the quad-like partitions. Therefore, they are appropriate for

use in reverse engineering applications since an appropriate number of partitions can determine

feature curves within the boundaries which is not always possible when quad partitions are used.

The proposed algorithm also includes sequence of methods that generates bi-monotone partitions

which are at the end fitted with B-spline surfaces.

The Path Flipping approach generates quadrilateral partitions from a given quadrilateral mesh

which is based on the motorcycle graph (MCG) algorithm of Eppstein et al. As the MCG algo-

rithm does not take surface geometry into account during partitioning, the partitions produced are

not appropriate to fit by B-spline surfaces. Initial partitioning is first performed using a speed

control algorithm identical to the original algorithm except that it assigns variable rather than con-

stant speed to particles. Partition boundaries are then improved via local path flipping operations.

However there are still highly-curved regions existing inside the partitions after these two steps.

For this reason, feature curves are extracted and integrated into the proposed framework by using

some methodology. Some of flat partition boundaries are then removed. The generated partitions

of this algorithm are in quad-shape and fitted with B-spline surfaces without surface trimming.

The MCG enumeration approach, the third approach, also intends to generate quadrilateral

partitioning from motorcycle graph and it is motivated by the weak point of local path flipping

operation (of the second algorithm). This algorithm is locally performed and therefore the results
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produced converge to the local optimum. In order to reach global optimum, all possible motor-

cycle graphs of a given quadrilateral mesh are intended to be listed to find the global optimum

one. Even though this is possible, it has high computational cost. In order to reduce the com-

putation cost, mesh is divided into several sub-meshes and optimum motorcycle graph is found

separately by enumerating all motorcycle graph combinations of these sub-meshes. Finally a

quasi-optimum motorcycle graph of the whole mesh is obtained by combining the separate solu-

tion in each sub-meshes. The motorcycle graph obtained using this method is appropriate to fit by

B-spline surfaces.

The results of each algorithm are demonstrated and comparison is made by checking visually

as well as using surface fitting quality of the generated surfaces. In terms of capturing feature

curves not aligned with parameter uv directions, the bi-monotone approach is much more advan-

tageous than other two approaches. The Path Flipping approach can generate better results (more

highly-curved regions can be placed on partition boundaries) than the bi-monotone approach and

it can generate similar results in a shorter time compared to the MCG enumeration approach for

the models having smooth features. The MCG enumeration enumerates many motorcycle graphs

in order to find the optimum one, and therefore the partitions generated using this method are

possibly more appropriate to fit by B-spline surfaces than that of the bi-monotone and Path Flip-

ping approaches. All tests in this dissertation has been made with semi-regular quadrilateral mesh

models generated using the mixed integer quadrangulation technique of Bommes et al.
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1.1 Introduction

1.1.1 Reverse Engineering

As computer-aided technologies are highly evolved in the last decade, there is a need for digitizing

the real-world products in order to perform assessments or improvements on these products. Re-

verse engineering is a method that transforms an existing physical object into a 3D virtual model

so that the model can be used in business or engineering softwares for several purposes such as

analyze, evaluation, cost estimation, etc. Starting from a measured object using 3D scanning tech-

nologies, point cloud lacking of topological information is obtained. This data is processed in

order to generate much more useful format such as mesh, surface or CAD model.

Figure 1.1 illustrates a reverse engineering application where parametric surface model is gen-

erated from a scanned point cloud. The common process for the reverse engineering is as follows:

1. Data acquisition: 3D scanners collects data (point clouds) on the shape of a given physical

object which is used digital, three dimensional models in the next step. There exist various

technologies (such as CMM, laser scanners, structured light digitizers, CT scanners) for

capturing 3D data of the object. The technique that is used for the measurement depends on

the application and the measurement environment.

2. Triangulation: Triangular mesh models represent a shape using small triangular flat faces

and they include the topology information between these faces. These models are suitable

for many applications such as data visualization, CAE, CAM, etc. Constructing surfaces

from point clouds has been studied well so far and existing techniques [4, 6, 15, 28] can

be used for this. In order to generate better quality triangular meshes (such as isotropic or

adaptive), several remeshing methods [3, 10, 47] exist.

3. Partitioning: Starting from a triangular mesh data (also possible from point cloud), par-

titioning process aims to partition the data into several meaningful groups each of which

is fitted with surfaces. This is done using some geometrical constraints and it is good to

perform surface fitting and partitioning iteratively.

4. Surface fitting: A CAD model should embody the design intent such that each partitioned

data in the previous step should be fitted with an appropriate feature such as basic primitives

or NURBS surfaces. Moreover, features and their relationship to other features should be

defined properly in order to obtain a precise CAD model.
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Figure 1.1: A reverse engineering application: A 3D scanning instrument measures a given model

and generates point cloud from which polygonal mesh model can be obtained. Finally parametric

surface model is generated so that the digital model is ready for business or engineering applica-

tions.

The ultimate aim of the reverse engineering systems is to develop a fully automatic system

from data acquisition to CAD model generation so that CAD model is directly created after mea-

suring the physical object [50, 51, 17]. Data partitioning is one of the most critical process and it

must be carefully performed according to the data representation type that will be used in the final

CAD model. Otherwise, the CAD model generated does not represent the scanned real model

accurately since each representation has its drawbacks. In case of B-spline surface representa-

tion, sharp edges in the model should be identified and located on the surface boundaries. For

this reason, the chosen partitioning algorithm should decompose a given data set into groups each

of which is fitted with smooth surfaces so that smooth connections should exist between these

surfaces.

1.1.2 Basic Motivation: Quadrilateral Partitioning for Reverse Engineering

Before going into the research details of this dissertation, basic motivation and idea are listed as

follow:

• From the point of view of surface fitting, quadrilateral partitions are preferred because of

their parameterization easiness in surface modeling applications. It is called quadrilateral

partitioning.

• Some early works have presented methods for the generation of quadrilateral partitioning

from a give triangular meshes [17, 38, 33]. The proposed methods in these works partition

the mesh like tiling square tiles and thus cannot capture the feature curves (highly-curved

parts in the model). In order to capture these feature curves in the partitioning, the partitions
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are not of square shapes. Some of them try to make the boundaries of the partitions as convex

as possible. But most of the cases, the boundaries of the partitions cannot be guaranteed to

be quadrilateral.

• Quadrilateral partitioning problem is considered hard when triangular meshes are utilized.

However, recent developments in quadrangulation techniques allow us to work on high qual-

ity quadrilateral meshes (mesh of quads). Figure 1.3 (a) shows quadrilateral partitioning

from a quadrilateral mesh. Drawing straight lines starting from outward direction of ex-

traordinary vertices in a quadrilateral mesh (left), quadrilateral partitions (right) can easily

be obtained.

• In the papers published on quadrangulation, it is suggested to use such quadrilateral meshes

for the reverse engineering, but there are only a few studies utilizing quadrilateral meshes

for quadrilateral partitioning.

• In this dissertation, we have presented some novel algorithms for generating partitions from

quadrilateral meshes (not from triangular meshes as is usually the case of other partitioning

approaches) suitable for the reverse engineering.

1.1.3 Quadrilateral Meshes

In computer graphics and geometric modeling, polygonal meshes are used to represent the shape

of an object using vertices, edges and faces. Triangular meshes are the most common polygonal

mesh representation where the faces are in triangle shape. Many software packages can operate

on them since these meshes have ability to capture the shape of the object well by triangle faces.

Quadrilateral mesh is another type of polygonal meshes such that a set of quadrilateral faces de-

fines the object. These meshes are preferable than triangular meshes in various applications such as

texture mapping, subdivision surfaces, FEM applications. Several researches [16, 24, 31, 34, 56]

have pointed out that quadrilateral meshes are much more favorable in FEM analysis (such as au-

tomobile crash simulation and sheet-metal forming simulation) because of solution accuracy and

they can be degenerated robustly and efficiently during the simulation.

Quadrilateral meshes have a high-level global structure such that their elements intrinsically

cover much more global information of surface geometry than those of triangular meshes because

they are well oriented based on the principal curvature directional fields of the surfaces involved

(shown by the light green and yellow lines in Figure 1.2 (b)). A vertex in quadrilateral mesh is

ordinary vertex if the number of edges incident to it is four (for interior vertices) or two or three
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Figure 1.2: (a) Triangular mesh (b) Quadrilateral mesh with regular (blue dot) and irregular ver-

tices (green and red dots). The parametric u − v directions can be defined starting from irregular

vertices, and quadrilateral elements are oriented according to the maximum (yellow) and minimum

(light green) principal curvature directions.

(for boundary vertices) (see the blue dot in Figure 1.2 (b)). Vertices that are not ordinary are called

extraordinary vertices (see the green and red dots in Figure 1.2 (b)). Starting from extraordinary

vertices, parametric u-v directions (the blue arrows in Figure 1.2 (b)) can be defined at each regular

vertex, and parametric lines (the red edges in Figure 1.2 (b)) can be generated based on these

directions. For this reason, quadrilateral meshes are also appropriate for surface parameterization.

1.1.4 Quadrilateral Partitioning

Automatic mesh partitioning [1, 46] has been studied in the last few years and various techniques

have been proposed for different applications such as modeling, morphing, etc. Even though

”What is a good partitioning?” depends on the application, many of these partitioning techniques

strive for capturing the design intent. To do so, several evaluation criteria are used to determine

the resulting partitioning which reflects the human intuition. Most of mesh partitioning methods

uses triangular meshes as input, however only a few proposed works benefit from the structural

beauties of quadrilateral meshes.
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Figure 1.3: (a) Drawing straight lines starting from outward direction of extraordinary vertices in a

quadrilateral mesh (left), quadrilateral partitions (right) can easily be obtained. Quad partitioning

(b) without T-joints (c) with T-joints.

With the improvement of quad meshing techniques [3, 8], quad partitioning recently becomes

popular which can easily be obtained using quadrilateral meshes. Such partitioning produces

domains appropriate for surface modeling applications, texture mapping, subdivision surfaces,

etc. Since the extraordinary vertices in the mesh are removed by placing them on the partition

boundaries, surfaces for the obtained partitions can be generated without parameterization step.

Figure 1.3 (b) and (c) shows two kinds of quadrilateral partitioning without and with T-joints.

In the former type, each partition has always four edges and neighbor partitions. In the latter

one, a partition may have more than four neighbor partitions so that T-joints can be seen on the

partition edges. The latter one offer much more flexibility than the former one since T-joints are

allowed [39] and therefore a few quadrilateral partitions can represent the shape.

1.1.5 Thesis Motivation

Each reverse engineering application has its own specific purpose and therefore various partition-

ing algorithms are utilized. In this dissertation, our aim is to partition a given quadrilateral mesh

into groups each of which are appropriate to fit by B-spline surfaces. Figure 1.5 shows this dis-

sertation’s motivation. The important requirements for reverse engineering can be listed as mesh

partitioning for surface fitting, noise/error reduction and others. This dissertation focuses on the

mesh partitioning requirement. There are many existing noise reduction techniques that reduces

the noise or error in the mesh which can easily be applied to the input data if it has noise. Noise

in a model also reduces during quadrangulation, and therefore the generated quadrilateral mesh
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possesses less noise (see Figure 1.4 (a)). If the noise in the input model cannot be reduced using

the existing techniques, the proposed methods in this dissertation may not work well.

Mesh partitioning for surface fitting prefers the following characteristics of partitioning:

R1. No surface trimming: As stated in previous section, quadrilateral partitions do not need

surface trimming which is preferable in surface modeling applications. Performing trim-

ming between surfaces may reduce surface qualities due to the errors coming from trimming

computations.

R2. Free of surface parameterization: Surface parameterization involves high computational

costs. As quadrilateral meshes intrinsically have parameter u − v values, utilizing them

eliminates parameterization step during surface fitting.

R3. Feature curves on the partition boundaries: Feature (said as Feature curve throughout

the paper) is defined as a set of highly curved connected edges with an appropriate length

(not short). Placing them to inner parts of partitions is problematic because they cannot be

represented well with smooth surfaces. It is preferable to place these curves on the partition

boundaries and these partitions are called as feature-aware partitions. And feature-aware

partitioning of a mesh consists of such feature-aware partitions.

R4. Other requirements: There are other criteria (a small number of partitions, etc.) that can

be taken into account during partitioning process. As many of these criteria has been con-

sidered by existing partitioning methods, they are not focus of this dissertation. Inclusion of

these criteria to the proposed approaches can be possible, but they can make the partitioning

problem of the dissertation more complex.

Recent quad-meshing techniques can generate semi-regular quadrilateral meshes where there

are only a few extraordinary vertices. This is advantageous because such a few vertices will gen-

erate a small number of quadrilateral partitions after partitioning. The mixed-integer quadrangula-

tion (MIQ) [9] method of Bommes et al. generates such quadrilateral mesh from a given triangular

mesh. We utilize semi-regular quadrilateral meshes generated using MIQ because extraordinary

vertices are generally placed on feature points (highly curved vertices) and u−v curves are aligned

along the feature curves in the model. Utilizing the mesh of MIQ can enable a partitioning that

can satisfy above-mentioned three requirements.

Many works proposed for quadrilateral partitioning take the requirements R1 and R2 into ac-

count, however they do not consider the requirement R3. The research in this dissertation focuses

on these three requirements, particularly on R3. Feature curves in the model may not be aligned
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with u − v directions of quadrilateral mesh or they are aligned. The bi-monotone approach is pro-

posed for the former one and it splits motorcycle graph partitions to be bi-monotone. Eppstein

et al. defines motorcycle graph (MCG) concept in the paper [19]. The Path Flipping and MCG

enumeration approaches are based on the motorcycle graph and they are proposed for the models

whose feature curves are aligned with u − v directions. These two approaches find quadrilateral

partitioning (motorcycle graph) that is appropriate for reverse engineering.

Brief Summary of Closely Related Works with the Proposed Methods Figure 1.4 (b) shows

summary of related works. Eck et al. [17] generates quadrilateral partitions from a given quadrilat-

eral mesh, however feature curves of the model are located inner part of the partitions unlike that of

this dissertation. There are many quad-meshing techniques; one of them is mixed-integer quadran-

gulation of Bommes et al [9] which is also the input for the proposed methods in the dissertation.

The methods of Epsstein et al. [19] and Myles et al. [39] can effectively generate quadrilateral

partitions (with T-joints) from a given mesh like the proposed methods (the bi-monotone, path

flipping and MCG enumeration approaches). Comparison between these quadrilateral partitioning

can be seen at the results section of chapter 3 and 4.

Figure 1.4: (a) Noise in a model (red part in top) reduces during quadrangulation, and therefore the

generated quadrilateral mesh (bottom ) possesses less noise. (b) Brief summary of related works.

1.2 Research Objectives and Proposed Approaches

Parametric surfaces are commonly used in computer graphics and computer-aided design to define

curves and surfaces. B-spline surfaces are the most common type that is used in industry to repre-

sent free-form shapes such as ship hulls, car bodies, etc. This representation is preferable because
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Figure 1.6: A shape having quadrilateral mesh data is fitted with B-spline surfaces. Once feature

curve is located on the surface boundary, better quality B-spline surface can be obtained. In case

of fitting with single surface, deviations from the original data occurs along the feature curve.

of its flexibility in design with the help of control parameters, evaluation easiness in CAE/FEM

applications and many more reasons. However, feature curves where geometric discontinuities ex-

ist cannot be represented by smooth B-spline surfaces, therefore positioning these feature curves

on the surface boundaries will increase the quality of surfaces generated. The research objective in

this dissertation is to generate a partitioning from a given quadrilateral mesh which is appropriate

for B-spline surface fitting. In order to generate high quality surfaces where each partition can be

represented by smooth B-spline surfaces, feature curves of the model are located on the surface

boundaries wherever possible. Figure 1.6 illustrates a shape where planar and cylindrical parts

meet at a feature curve. A single surface fitted to this shape has deviations from the original data

as seen on the red area. Utilizing two different B-spline surfaces where the feature curve is on their

boundaries decreases this deviation. For this purpose, three following approaches (see Figure 1.7)

have been proposed:

• Approach 1 - The bi-monotone approach (Section 3): Quad partitioning approach [19, 39]

has been used so far because of its shape simplicity and ease of trimming in surface modeling

applications. However, determining feature curves within the boundaries with an appropriate

number of partitions is not always possible with quad partitions. Therefore bi-monotone

partitions that can capture feature curves in the model much more effectively are defined.

• Approach 2.1 - The Path Flipping approach (Section 4.2): Motorcycle graph algorithm [19]

can generate quad partitions and these partitions may not have a smooth geometry since the

algorithm does not take the mesh geometry into account. Using same rules as in the original

algorithm, highly curved regions in the model are located on the motorcycle graph edges as

many as possible. By doing this, smooth geometry inside partitions can be obtained so that
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B-spline surfaces fitted to these partitions have lower surface fitting error.

• Approach 2.2 - The MCG enumeration approach: Huge amount of motorcycle graphs can

be generated from a given quadrilateral mesh one of which is the best (optimum) one as

it has lower cost than other graphs based on a defined cost function. Enumerating all mo-

torcycle graphs of a quadrilateral mesh is possible however it has high computation cost.

The problem is simplified by dividing it into several sub-problems (sub-meshes). In each

sub-mesh, optimum motorcycle graph is found separately by enumerating all motorcycle

graph combinations. Finally solutions in each sub-meshes are combined in order to obtain a

quasi-optimum motorcycle graph in the whole mesh.

Figure 1.7: Proposed approaches and thesis outline.

1.2.1 Evaluation of Proposed Approaches

The proposed approaches are intended to generate partitioning appropriate for reverse engineering

(B-spline surface fitting). Surface modeling problems are actually nontrivial because there are

many criteria that should be taken into account to obtain a high quality surface model such as

fitting error, G0 −G1 continuities on the boundaries, number of surfaces, design intent, etc. Con-

sidering all these criteria during partitioning will have a very high computational cost. Therefore,

a simplified criterion is utilized which is intended to favor placing highly curved parts in the model
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on surface boundaries. We believe that the proposed approaches can capture designer’s intent to

some degree because when modeling a part ab-initio, the geometric discontinuities are generally

placed on the surface boundaries like the proposed approaches. We also propose algorithms for

merging partitions to reduce their number in the post-processing steps. Evaluation of results are

generally performed by visually checking the locations of highly curved parts (i.e., whether they

are placed on partition boundaries or not) as well as checking deviations of the generated surfaces

from the input mesh by computing surface fitting errors.

1.3 Thesis Outline

This dissertation includes five chapters. Related works are outlined in chapter 2. Chapter 3 then

explains a method which detects feature curves and generates bi-monotone partitions. In chapter

4, two quadrilateral partitioning algorithms that extract and locate highly curved parts wherever

possible are proposed. The Section 4.2 and 4.3 detail the Path Flipping algorithm and the MCG

Enumeration algorithms. Conclusions and future directions of this dissertation will be introduced

in chapter 5.
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Chapter 2

Related Works
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2.1 Quad Meshing

Many studies have explored methods of quad-remeshing and a number of significant surveys

in the field have been performed. A brief review of these techniques is given here [3, 8].

Some early methods [2, 37] made use of model anisotropy for quadrangulation. In these ap-

proaches, the principal curvature direction fields of the model are used to guide tracing iso-

curves, from which quadrilateral mesh elements are extracted. These methods involve the gen-

eration of quad-dominant meshes (with some triangles) that include many extraordinary vertices.

Parameterization-based methods [9, 27, 44, 40, 30] generate pure triangle-free quad meshes that fit

the guiding fields as smoothly as possible. Unlike early methods [2, 37], the approach of Bommes

et al. [9] utilizes only certain principal curvature directions, known as meaningful curvatures, to

smoothly interpolate the cross fields. Huang et al. [25] find the optimum Morse-Smale complex,

which is later used to generate a quadrilateral mesh. The method proposed in [13] involves the

use of Catmull-Clark subdivision to initially generate a quad-only mesh, which is then simplified

to create a base domain homeomorphic to the original mesh. Two recent methods [54, 29] also

involve using model anisotropy in the same way as some early techniques [2, 37]. Zhang et al.

[54] aim to generate anisotropically sized quads, unlike the approach outlined in [9], using a

wave-based quadrangulation method by which quad size can be controlled. The recently proposed

method of Panozzo et al. [41] takes generalized symmetries of the shape into account during

quadrangulation. Zhang et al. [55] proposes a divide-and-conquer quadrangulation approach that

uses the global structure information of the object such as symmetries, primitives, etc.

2.1.1 Mixed-integer Quadrangulation [9]

Bommes et al. proposes a novel method that quadrangulates a given triangular mesh. The output

is optimized with respect to the following quality aspects: Quad faces should be close to square,

quad edges should be aligned along the principal curvature directions and quad edges should be

aligned with the sharp features in the model. Figure 2.1 shows the algorithm flow of the mixed-

integer quadrangulation technique. As principal curvature directions are not possible to define

everywhere (flat or spherical areas) in the mesh, only the directions in the highly-curved regions

(see Figure 2.1 (a), (b)) are detected. Then cross fields are globally interpolated using a global

optimization procedure. During this optimization, positions and numbers of extraordinary vertices

are determined. Globally smooth parametrization which is oriented according to the cross fields is

computed by cutting open the mesh. The parameter lines then forms the quad edges whose vertices

are on the intersection of these lines. Both cross field and parametrization steps are formulated



15

as a mixed-integer problem which is solved by an adaptive greedy solver. The resolution (coarse

or fine) of generated mesh can be manually set using target edge length parameter. In contrast

to previous methods, mixed-integer quadrangulation generates more high quality quad meshes.

Some details about the proposed quadrangulation method are listed in the below.

Figure 2.1: Mixed-integer quadrangulation [9]: Starting from a sparse set of orientation and align-

ment constraints (a), cross fields are smoothly interpolated which are used in the parametrization

step to generate iso-parameter lines. Finally quad mesh is extracted using these parameter lines

(image taken from [9]).

Interpolating Cross Fields: An angle-field θ : F → R is defined on a triangle mesh M by

assigning a real number to each face (⊂ F) and a period-jump field p : E → Z assigning an

integer to each edge (⊂ E). The angles θ is used to determine a single unit length vector-field and

it then extends to a symmetric cross field by applying three rotations π/2 (see Figure 2.2 (a)). The

smoothness of a unit vector-field Esmooth =
∑

ei j∈E (θi − θ j)2 can be computed simply the sum of all

squared angle differences between neighboring triangles where ei j is the edge between the faces

i and j. Esmooth is minimized so that pi j per edge and θi per face are found. Left-top of Figure

2.2 (b) shows a smooth cross field in the vicinity of a cube corner, where the red arrows reflect

the corresponding period jumps. And left image shows a triangle whose cross field directions uT

(θ), vT (θ + π/2) are extracted with the angle θ w.r.t. the local reference direction (green) and the

linear scalar functions u, v (used for the parametrization) are found whose gradients are oriented

consistently with the cross field directions. At the end of this interpolation step, positions of

extraordinary vertices are determined (see red/blue spheres on the right image of Figure 2.2 (b)).

Note that noise in a given triangular mesh reduces during mixed-integer quadrangulation because

cross fields are smoothly interpolated as explained in the above.

Global Parametrization: A global parametrization is computed mapping from a given mesh
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to some disk-shape parameter domain. A u, v value is assigned to each vertex of the mesh. The

following energy is minimized to find a smooth global parametrization: ET = (‖h∇u − uT ‖)2 +

(‖h∇v − vT ‖)2 where h is a global scaling parameter representing the edge target length of the

resulting quad mesh. uT and vT are the cross fields that are interpolated using selected user-defined

constraints. To compute a proper parametrization minimizing the ET , the mesh is cut open and

topologically disk-shape is obtained. The right image of Figure 2.2 (c) shows the model after cut

open and finally obtained quadrilateral mesh is also shown (left).

Figure 2.2: (a, b) Interpolating cross fields (c) Global parametrization (images taken from [9]).

2.2 Mesh Segmentation

Mesh segmentation techniques have a long tradition in the graphics community and a considerable

body of literature surveys [1, 46] on the topic exists. Some methods [32, 36, 52] involve utilizing

surface curvature characteristics to segment a mesh into sub-meshes. [36] applies morphologi-

cal watersheds (an image segmentation technique) to 3D surfaces, and [52] partitions the mesh

while iterating between region growing and surface fitting. Other methods [20, 5, 12, 53] involve

using a geometric measure or filter for clustering or approximating mesh elements. [20] proposes

a hierarchical clustering methodology utilizing edge contraction on a dual graph of the mesh,

while [5] separates the mesh into sub-meshes, each approximated by geometrical primitives. [53]

extends the optimization technique of geometric surface approximation [12] by allowing spheres,

cylinders and rolling-ball blend patches in addition to planes.

A limited amount of work has been done on direct segmentation of quadrilateral meshes. Epp-

stein et al. [19] propose a motorcycle graph algorithm to segment a given quadrilateral mesh into

regular sub-meshes (i.e., without extraordinary vertices). Myles et al. [39] utilize local operators

to optimize the layout obtained after initial quad patch layout construction. A greedy optimization

is used to generate a T-mesh patch layout appropriate for T-spline fitting. There are also other

works [23, 43, 12, 35] exploring methods for the generation of high-order surfaces.
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2.2.1 Motorcycle Graph Algorithm [19]

Motorcycle graph algorithm of Eppstein et al. [19] segments a given quadrilateral mesh into sub-

meshes where there is no extraordinary vertices. The algorithm uses a very simple strategy to

generate quad partitions (with T-joints) from the mesh. As recent quad-meshing techniques [9, 8]

generate high-quality quadrilateral meshes, using this algorithm for such partitioning is much more

useful with such high-quality meshes and therefore, high quality segmentation can be achieved.

Figure 2.3: Motorcycle graph [19] segmentation: Particles are placed at extraordinary vertices and

they start moving the outward direction with the same speed. When particles meet others’ tracks

or the mesh boundary, they stop. As a result of these traced tracks quad partitions are formed.

Figure 2.3 illustrates the motorcycle graph algorithm. Particles are first placed on extraordinary

vertices. The number of particles placed at each one is equal to the valence of that vertex. The same

speed is given to all particles, and tracing starts. A particle stops when it meets an interior vertex

of another’s path, its own path, or a boundary vertex. If two particles meet perpendicularly at a

vertex, the right-hand rule is used; one stops and the other keeps going. If two particles moving in

opposite directions meet, they also stop. If three or four particles meet at a vertex simultaneously,

they all stop. Eventually, the tracks of the particles form partition boundaries and quad partitions

are generated.
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2.2.2 Feature-aligned T-meshes [39]

This study aims to construct a patch layout which is suitable to fit by T-splines [45] which has

advantages over B-spline surfaces. The proposed algorithm generates patches while satisfying

some quality requirements. Well-shaped patches that have minimal skew and bounded aspect ratio

are desirable. Patches should also be well approximated with T-splines after surface fitting. The

number of patches should be as few as possible. And finally, should be aligned with principal

curvature directions and highly curved regions in the mesh. After obtaining a initial patch layout

(see left image in Figure 2.4 (a)), it is improved using mesh modification operators (see right

image in Figure 2.4 (a)). Operations is performed only if the defined cost decreases which is

based on the above-mentioned patch quality requirements. Figure 2.4 (b) shows three modification

operators that modifies the patch layout in a greedy way. Refinement decreases the patch size and

increase the the number of patches. After extension process, size of one patch increases, while

other patches shrink or sometimes they are eliminated. Edge set moves in a direction by relocation

operator. Even though the results obtained by this algorithm is not guaranteed to be the global

optimum, significant reduction in cost is achieved. And final layout is fitted by T-splines.

Figure 2.4: Feature-aligned t-meshes [39]: The initial patch layout is improved using three layout

modification operators. Modification is done if the patch-based defined cost decreases. Final

layout is suitable to fit by T-splines (image taken from [39]).

2.3 Structure Optimization of Quadrilateral Meshes

Placing an appropriate number of extraordinary vertices in suitable positions (generally regions

with high Gaussian curvature) is crucial for obtaining high-quality quadrilateral meshes. A quadri-

lateral mesh yielding a simple base complex (sequences of straight quadrilateral edges starting

and ending at extraordinary vertices) is also desirable. In this regard, several mesh simplification



19

methods [14, 7, 48, 42, 49, 39] have been proposed recently. Myles et al. [39] detail a singular-

ity alignment problem for which misaligned pairs of extraordinary vertices are detected and then

aligned on the parametric domain. Bommes et al. [7] propose an algorithm to detect helices and

remove them using local connectivity operators that do not change the number or position of sin-

gularities. The quadrilateral mesh in thus generated implies a simpler base complex. Campen et

al. [11] recently outlined a novel algorithm that first builds a dual layout from curvature-guided

crossing loops on the surface. Then quad mesh with a high-level patch structure is generated using

this layout.

2.3.1 Global Structure Optimization of Quadrilateral Meshes [7]

Many quad-meshing techniques (such as [9]) generates high quality meshes in terms of good ori-

entation and alignment of mesh elements by placing irregular vertices generally on highly curved

regions without consideration of the positions of other irregular vertices. This study strives for the

generation of a quadrilateral mesh which yields simple patch layout where helical configurations

do not exist (see blue and orange line-sets of left image in Figure 2.5 (a)) and new irregular ver-

tices are not introduced. The algorithm first detects these helical structures and removes them by

applying three simplification operators as seen in Figure 2.5 (b). In a shift left step (red arrow), a

triangle and a pentagon are generated by releasing the vertex on the left side of the dual half-edge

and shifting it towards the next vertex. The shift right (green) is similar to the shift left. A collapse

step (yellow) collapses the edge is into a single vertex. A valid set of simplification operators

removes helices (see middle image of Figure 2.5 (a)). By doing this, underlying patch layout of

the mesh is simplified such that the number of patches drastically decreases (see right image in

Figure 2.5 (a))).

The proposed approaches in this dissertation are not intended to change the global structures of

quadrilateral meshes, extracted feature curves are placed on the quadrilateral partition boundaries.

In order to support the extracted features, the method [7] probably needs more extraordinary ver-

tices which should be placed on appropriate positions to capture these features. This is problematic

to have such a large number of extraordinary vertices because they produce a more complex base

complex and thereby the number of quadrilateral patches in the base complex would be also very

high. Therefore, the proposed approaches can more effectively place highly curved regions on the

partition boundaries compared to the recent works [7, 11, 49]. Recall that T-junctions do not exist

in the partitions of [7, 11, 49], whereas they exist in those of the proposed approaches.
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Figure 2.5: Global structure optimization of quadrilateral meshes [7]: Patch layout of a given

quadrilateral mesh is simplified (b) using three simplification operators (image taken from [7]).
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Chapter 3

The Bi-monotone Approach
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3.1 Introduction

The ability to capture the surface details of mechanical CAD objects accurately and robustly is

still a major issue in reverse engineering. Compared to using general meshes, the adoption of

parametric surfaces to represent objects provides a much more efficient and compact solution.

Although many studies have focused on the use of triangular meshes to generate surface models,

little work with quadrilateral meshes as input has been performed even though their utilization

simplifies the conversion process. The elements of quadrilateral meshes are well arranged in such

a way that they capture the principal curvature directional fields in a natural way, unlike triangular

meshes. Moreover, quadrilateral meshes intrinsically have surface parameter values, enabling

surface model generation with no parameterization step.

Using quad partitions to represent an object is a popular approach today, because of their

appealing properties (e.g., shape simplicity and ease of trimming) in surface modeling applica-

tions. The basic concept involves partitioning a quadrilateral mesh by removing irregular vertices,

whose valences are fewer or more than four valences, so that all partitions are four-sided and form

a regular quadrilateral grid structure. Such partitioning is beneficial for surface fitting because

parameterization can be achieved efficiently using a regular grid structure, and because there is no

need for surface trimming. However, it is not always possible to determine the feature curves of

objects within the boundaries formed by such partitioning which leads to quality problems with

the generated surfaces. To capture all feature curves with an appropriate number of segments (see

Figure 3.1 (a)), it may be necessary to allow partitions with arbitrary shapes. However, this is

problematic because it results in an increased number of trimmed curves.

We take the concept in between quad partitions and partitions with arbitrary shapes which is

called as bi-monotone partitions. Monotone is a concept defined on a regular mesh of quadrilater-

als. If the number of quadrilateral segments (i.e., continuous sequences of quadrilaterals) is one for

every column or row, the mesh is called monotone. A mesh that is monotone in both the column

and the row directions is referred to as bi-monotone (see Fig. 3.1 (b, c)).

Our target is to produce good segmentation for fitting surfaces in the post processing step. In

practice, the data points are preferred to have as uniform gaps as possible to each other so as to

generate a better surface. In a bi-monotone partition, there are no holes or large inward curved

regions and data points corresponding to an iso-parametric curve are always in one segment. In

other words, there is no big gap in the intervals of the data points. Therefore, it is expected to be

able to determine a good parameterization of the data points in the bi-monotone partition.

This study aims to generate large-size bi-monotone partitions where the feature curves reside
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Figure 3.1: (a) Four quad partitions (in green) capture the shape, however same shape can be

captured by a single arbitrary-shaped partition (in pink). (b) Bi-monotone partition, (c) Non-

monotone partition (Numbers in blue shows the number of quadrilateral segments for rows or

columns).

on the boundary. We first outline the partitioning a quadrilateral mesh into four-sided partitions,

then describe the detection of feature curves inside these partitions. If a partition has feature

curves, we split it into bi-monotone partitions along these curves. Finally, partition configuration

is improved to generate large partitions. As it is undesirable to obtain partitions whose shapes

are far away from quadrilaterals, we control the shape using a shape control parameter that can

be adjusted by the user during the partition generation process. In this study, we mainly target

shape models of mechanical parts which consisting of major smooth surfaces with feature curves

between them.

3.2 Method Overview

Figure 3.2 illustrates the main steps of the proposed algorithm. We adopt a quadrilateral mesh

generated using a mixed integer quadrangulation algorithm of Bommes et al. [9] to generate

large-size bi-monotone partitions. Section 3 describes an algorithm which partitions the mesh into

quadrilateral partitions. Then a feature detection algorithm will be explained in Section 4. Section

5 and 6 details the generation of the bi-monotone partitions.

3.3 Extended Motorcycle Graph Algorithm

The first part of the proposed mesh decomposition involves tracing the edges of a given quadrilat-

eral mesh using the motorcycle graph algorithm proposed by [19]. The mesh is then partitioned

into several sub-meshes with boundaries formed by the motorcycle graph edges. In this step, the
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Figure 3.2: Flow of the proposed algorithm. (a) A quadrilateral mesh model generated using the

mixed integer quadrangulation technique of Bommes et al. [9]. (b) Mesh is partitioned into sub-

meshes using an extended version of the motorcycle graph (EMG) algorithm [19]. (c) partitions

are generated inside the EMG edges (shown in red). (d) Surface features inside the partitions

(edges shown in green) are extracted. (e) Bi-monotone regions are generated inside the partitions

via a quadrivial region growing (QRG) process. (f) The EMG edges are screened, and some

are tagged as surface features (edges shown in green). (g) Planar partitions (shown in gray) are

merged, and the partition configuration is improved to produce large bi-monotone partitions via a

partition configuration improvement (PCI) process.

extraordinary vertices (valence,4) are removed and located at the corners of these sub-meshes.

The motorcycle graph algorithm decomposes a quadrilateral mesh into several sub-meshes

without extraordinary vertices; these sub-meshes are referred to as structured meshes. However,

the resulting sub-meshes are not necessarily flat; they may have non-flat faces because the mo-

torcycle graph algorithm does not take mesh geometry into account. In this chapter, we propose

an extended motorcycle graph (EMG) algorithm and promote the generation of sub-meshes with

fewer non-flat faces.

The aim of the study outline in [19] is to decompose semi-regular quadrilateral meshes into

structured quadrilateral sub-meshes based on the motorcycle graph concept of [18]. To achieve

this, particles are placed on each extraordinary vertex and moved outward from the extraordinary

vertices along one edge in each time step. When a particle reaches an ordinary vertex, it continues

to move along its opposite edge. If a particle meets a boundary or a previously traversed vertex,

it stops. When two particles meet at a vertex perpendicularly, the right-hand rule is used and

one stops, while the other keeps going. Moreover, if three or four particles meet at a vertex

simultaneously, they all stop.

The concept of the extended motorcycle graph algorithm is the same as that of the original

algorithm [19], except the EMG algorithm checks the angle of two consecutive edges on the path

during tracing. If it meets an angle α whose value (in degrees) exceeds the user-defined threshold

Tψ, it stops tracing and branches into right and left paths (see Figure 3.3). In this way, paths can



25

Figure 3.3: The EMG (extended motorcycle graph) algorithm. Particles move outward from an

extraordinary vertex (shown in red). When a particle meets a crease with a large angle between

its consecutive edges at a vertex (shown in blue), its direction of movement changes as it branches

into the left and right paths.

go through highly curved features.

All sub-meshes generated by the original motorcycle graph algorithm are structured. First, all

extraordinary vertices of the original mesh are split into corner vertices of sub-meshes, each of

which is incident to two edges and therefore ordinary. The algorithm then does not generate any

extraordinary vertices (incident with four edges) on the traced boundary of the sub-meshes. As the

proposed EMG algorithm clearly provides these characteristics, it is guaranteed that the generated

sub-meshes will be structured. A proof of the proposed algorithm is given below.

Theorem: If a quadrilateral mesh homeomorphic to an orientable two-manifold with or with-

out a boundary is not a structured torus, the proposed method will cut the mesh into structured

disks or structured annuli.

Proof: The proposed method cuts a mesh into sub-meshes without extraordinary vertices -

that is, each sub-mesh is structured. As shown in [19], there are only three types of (orientable)

structured meshes: structured disks, structured annuli and structured tori. Furthermore, based on

the assumption that the input is not a structured torus, each sub-mesh generated using the proposed

method has a boundary and so is not a structured torus.

We refer to a sub-mesh inside the EMG edges as a partition, and each partition has a regular

quadrilateral mesh structure. As the final step, partitions with annulus topology are partitioned to

create two partitions with disk-shaped topology to facilitate the operation of the next processes.

Figure 3.4 shows the results of motorcycle and extended motorcycle graph algorithms for
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Figure 3.4: Comparison of motorcycle and extended motorcycle graph algorithms

quadrilateral mesh models of a fandisk and a rockerarm. The red lines show the motorcycle

edges, and improvements are marked with numbers from 1 to 7. The motorcycle graph algo-

rithm produces over-segmented partitions (1, 2), which is not desirable. Conversely, the extended

motorcycle graph algorithm not only avoids over-splitting but also easily captures geometric de-

tails such as planar (5) and cylindrical (6, 7) parts. It also avoids sharp changes during tracing (3)

and continues tracing in the cross direction (4).

3.4 Feature Detection

To generate a high-quality surface model from an object, it is crucial to capture geometric discon-

tinuities (i.e., normal, curvature) on its mesh model. Surface features consist of feature vertices

that violate surface continuity and have high curvature values. As the EMG process does not nec-

essarily capture such features, some may reside inside the generated partitions. In particular, the

sharp features inside the partitions cannot be represented by smooth B-spline surfaces.

This section details the extraction of surface features constrained to be boundaries of partitions

generated after the QRG and the PCI process. As these extracted features directly affect the quality

of the finally generated surface model, they should have the following characteristics:

• Shape: Their shape must be simple so that the surface can be split into several well-shaped

sub-partitions. It must also be elongated through the surface.

• Position: They must go through highly curved partitions to enable splitting into sub-partitions

with low curvature.

To extract such features, we first detect regions that intrinsically hide them and call them

feature-regions. The features residing in these areas are then extracted.
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Figure 3.5: Feature detection algorithm. (a) Rockerarm model (regions inside the EMG edges

shown in the same color). The next images show close-ups of the partition enclosed in the green

rectangle. Red curves are partition boundaries. (b) Detection of non-flat regions (non-flat faces are

shown in white, and non-flat edges are shown in green). There is one non-flat region in the parti-

tion; its elongation direction is described by the blue arrow. (c) Discarding of non-flat faces with

no non-flat edges in the feature-elongation direction. These are marked with blue dots in (b). After

deletion, the non-flat region is split into two. (d) Detection of feature regions by checking their

size in the feature elongation directions shown by the blue arrows. (e) Generation of bi-monotone

quasi-hulls. The face marked with the blue dot in (d) is made non-flat in (e). (f) Extraction of

feature curves.

3.4.1 Feature region detection

Let Q be a partition obtained via the EMG process. Each quadrilateral face q ∈ Q is connected to

its eight surrounding faces in an 8-connectivity manner. The 8-neighborhood N(q) of q is defined

as a set of these faces and q itself. For the sake of simplicity, here we ignore faces on the boundary

of Q in the following discussion. In Q, an 8-path between faces q1 and qm is defined as a sequence

of faces from q1 to qm, that is, < q1, q2, · · · , qm >, where no faces are repeated, and qi and qi+1

are 8-connected for all instances of i ∈ [1,m − 1]. A connected component is a subset of Q such

that there is an 8-path between every pair of its faces. Here we use the term region to represent

connected components in partitions.

To compute the non-flatness Fi of a face qi, the formula Fi = maxq j∈N(qi) ||ni − n j|| is used where

ni is the unit normal vector of qi. To compute ni, we cut the quadrilateral face along one of its two

diagonals to obtain two triangles, and the average of these triangles’ normals is assigned as the
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normal vector ni. Similarly, other criteria such as developable charts [26] can also be applied to

detect the unflat regions.

The term non-flat face is used to describe a face whose non-flatness value exceeds the user-

defined non-flatness threshold TΓ. Otherwise the face is deemed to be flat. The term non-flat

region is also introduced to describe a region consisting of only non-flat faces. The boundary of a

non-flat region is a set of faces that have flat faces in its 8-neighborhood. Accordingly, there are

flat to non-flat 8-connections on such boundaries.

On the partition Q, a face consists of four edges. In the inner part of the partition, an edge is

shared by two incident faces, and four edges meet at a vertex. We use the term non-flat edge to

describe an edge whose corresponding adjacent faces’ normal difference exceeds the non-flatness

threshold TΓ.

A quadrilateral mesh may have many non-flat regions scattered all over it. However, as not

all of these regions will correspond to surface features themselves, it is necessary to detect the

non-flat regions that shows signs of surface features. These are referred to as feature-regions.

Figure 3.5 illustrates the proposed feature region detection algorithm. We first detect non-flat

regions by looking for non-flat faces connected to each other using the depth-first search technique.

In Fig. 3.5 (b), only one non-flat region is detected in the partition. The maximum number of non-

flat faces (shown in white) in each u, v direction of the rectangular grid structure is then computed.

The higher number is regarded as the length of the non-flat region, and the smaller one is taken

as the width. We call the direction of the length in which the feature is expected to be aligned the

feature elongation direction. The non-flat faces of non-flat regions with no non-flat edges (shown

in green) in the feature elongation direction are then discarded. These faces are marked with blue

dots in Fig. 3.5 (b), and are deleted in (c).

As the non-flat faces of non-flat regions may be disconnected due to the elimination of non-flat

faces, it is necessary to check whether regions need to be split. Thus, some non-flat regions are

split into two or more sub-non-flat regions at the end of this process (see Fig. 3.5 (c)). Next, we

eliminate isolated non-flat regions which have short lengths in the feature elongation direction. To

do this, the number of faces in the feature elongation direction is calculated. If the total exceeds

the user-defined integer threshold Tϕ, the non-flat region is called as feature region. Otherwise, it

is no longer considered a non-flat region (see Fig. 3.5 (d)). If a feature region encircles flat faces

(holes) in the partition, the shape of the eventually generated surface feature may not be simple

or bi-monotone. In order to avoid such cases, holes are filled by expanding the region to form

a bi-monotone quasi-hull, which is a bi-monotone region enclosing the non-flat region with the

smallest area and perimeter. In Fig. 3.5, the face marked with the blue dot in (d) is made non-flat
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in (e) after a bi-monotone quasi-hull has generated for it.

3.4.2 Feature curve detection

Feature regions contain many non-flat faces that hide surface features. We split a feature region

in its feature elongation direction along a feature curve. The proposed feature curve detection

method involves the use of a greedy algorithm similar to the single-source Dijkstra’s algorithm. A

source vertex s is selected as one of the vertices of the edge with the maximum dihedral angle in

the feature region R. A path consisting of a sequence of connected edges is first found in R from

s to the farthest vertices in one elongation direction (the target vertices) with the minimum cost.

Another path is then generated in the other direction in the same way. The feature curve is given

by the union of these two paths.

A cost function f (Ck) is defined for the path Ck =< e1, e2, . . . , ek >, where s is incident to e1 as

follows:

f (Ck) = w(Ck) + b(Ck) + d(Ck)

This function is designed for the path to be bi-monotone. If Ck is not bi-monotone, w(Ck) has a

value of 1. Otherwise, the value is 0. b(Ck) is the number of such vertices that the path violates

the bi-monotone condition specified above by making turns at these vertices. It is also desirable to

generate a path corresponding to the high-curvature zones of the model. The dihedral angle of the

edge ek is maximized during tracing. d(Ck) is determined based on the average θ of the unsigned

dihedral angles of all edges of Ck. If the average θ exceeds π
2 , then d(Ck) is 0. Otherwise, it is

1 − θ/π2 .

Although no theoretical proof is given here for the termination of the proposed algorithm,

experiments showed that termination occurs when the two target vertices are reached starting from

a source vertex. Dijkstra’s algorithm is guaranteed to terminate after finding the shortest path

from a vertex to all other vertices if a graph does not contain negative-cost edges. The proposed

algorithm is different from Dijkstra’s in that we dynamically quote graph edges with a cost f (Ck),

which can be either 0 or positive.

Fig. 3.6 (a) depicts the feature curve detection algorithm. Tracing starts from a vertex (the

red dot) incident to the edge with the maximum dihedral angle in the feature region. Two shortest

paths are found from the source vertex to one of the leftmost vertices (the green dot) and one of the

rightmost vertices (the blue dot) in the feature region, and are taken as feature-curves (the green

edges). As a post-processing step, these two curves are extended to the closest EMG edges without

violating the bi-monotone condition. The eventually generated feature curve is a union of these
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Figure 3.6: (a) Feature curve detection using Dijkstra’s algorithm. Two shortest paths (feature

curves shown in green) are found from the source vertex (the red dot) to one of the leftmost

vertices (the green dot) and one of the rightmost vertices (the blue dot) in the feature region. (b)

Extraction of two feature curves from a feature region (upper image: after the first run of the

algorithm; lower image: after the second run of the algorithm). (c) Rockerarm model after the first

run of the feature detection algorithm.

two curves and their extensions. Figure 3.6 (c) presents several feature curves of the rockerarm

model (also see 3.5 (f)) after the feature detection process.

To prevent the generation of many feature curves close to each other, we tag the parallel edges

(residing inside the partition) of the feature curves as feature neighbors, and no tagged edge can

be an element of a feature curve. We adopt the user-defined integer threshold Tρ for this. Figure

3.6 (b) shows a feature region hiding two feature curves. With the threshold Tρ set to four, the

upper feature curve is extracted and its parallel edges in the neighborhood are tagged as feature

neighbors. Then in the second run, the feature curve in the lower image is extracted.

3.5 The Quadrivial Region Growing (QRG) Process

In this step, we grow bi-monotone partitions between the generated feature curves and the EMG

edges. A shape control parameter that can be adjusted by the user is also provided to support the

creation of partitions with better shapes. Readers should refer to Figure 3.7 for the illustration of

the QRG algorithm.

After the EMG and feature detection processes, the quadrilateral mesh M is decomposed into

several partitions. Each partition Q can be represented as a grid array of quadrilateral faces Q =

{q[i, j], i = 1, 2, · · · ,H, j = 1, 2, · · · ,W} where H and W are the numbers of columns and rows in

the array.
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Figure 3.7: Illustration of the QRG algorithm: (a) The quad partition here contains a feature curve

(shown in green). (b) A random face is selected in the partition (shown in yellow). (c) A poly-

chord (shown in red) is generated (downward/upward direction shown with green/blue arrow). (d)

The partition grows in the downward direction. (e) While growing in the upward direction, the

region meets an edge of the feature curve, and the longest poly-chord is selected. (f) Growth in

the upward direction ends. (g) Two more partitions (shown in green and orange) are generated by

repeating the process from (a) to (f).

The first step of the QRG process involves the generation of a poly-chord, which is a connected

sequence of faces in the same column j or the same row i. For simplicity, only poly-chords in the

column direction are discussed here. Such a poly-chord j can be represented as ch[a, b; j] =

{q[a, j], q[a + 1, j], · · · , q[b, j]}, where 1 ≤ a ≤ b ≤ N so that there are no feature curve edges

between consecutive faces q[i, j] and q[i + 1, j]. Both ends of the poly-chord q[a, j] and q[b, j]

must therefore be either on the boundary or next to a feature curve edge.

To obtain a poly-chord, an unconquered face q[i, j] ∈ Q is first randomly selected, and the

poly-chord ch[a, b; j] including q[i, j] is generated. Note that a ≤ i ≤ b, and such a poly-chord

is uniquely determined by searching faces from q[i, j] in both directions of the column. Next,

all quadrilateral faces of ch[a, b; j] are set to be conquered and are added to partition R which is

initialized as empty.

The second step of the QRG process involves growing the partition R by generating poly-

chords in the next columns j + 1 and j − 1. Here, we first outline the case of j + 1. We try to

find a new poly-chord ch[c, d; j + 1] in the j + 1th column that is connected to ch[a, b; j]; in other

words, [a, b] ∩ [c, d] , �. There should also be no feature curve edges between the connected

quadrilateral faces of ch[a, b; j] and ch[c, d; j+1] or inside the poly-chord ch[c, d; j+1]. Based on

these criteria, there may be no poly-chords, one poly-chord or multiple poly-chords. If there are
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none, the algorithm switches to the j− 1 direction and the same procedure is followed. If there are

multiple poly-chords, the longest one is selected and is added to the partition R. This process is

repeated while increasing the column number j up to W, and the algorithm then switches back to

the j − 1 direction as mentioned above. Finally, R is obtained as a partition of quadrilateral faces,

and is added to the partition group G. If an unconquered faces remain in Q, we repeat the above

region-growing algorithm to obtain other regions.

A straightforward method of finding ch[c, d; j+1] is described here. It is important to note that

in order to make the partition monotone in the poly-chord direction, we have to restrict the ranges

of the lower and the upper bounds of the poly-chord in the growing process. To achieve this, we

introduce two guard parameters for the lower bound LB and upper bound UB. Initially, LB and

UB are set at the end of poly-chord generation as a and b, respectively after the first poly-chord

ch[a, b; j] is obtained.

Then, ch[c, d; j + 1] can be obtained via the following procedure:

1. Define a general poly-chord ch[a, b; j + 1] with the same span as ch[a, b; j].

2. If there are feature curve edges between ch[a, b; j] and ch[a, b; j+1] or inside ch[a, b; j+1],

split ch[a, b; j + 1] at the quadrilaterals with the feature curve edges to generate poly-chords

ch[ak, bk; j + 1], k = 1, 2, · · · ,W, where ak < bk for k = 1, 2, · · · ,W, and bk < ak+1 for

k = 1, 2, · · · ,W − 1.

3. The first and last poly-chords can be extended in the column direction. That is, if a0 = LB,

extend ch[a, b0; j + 1] to be ch[a′, b0; j + 1] so that a′ ≤ a. Then if bk = UB, extend

ch[ak, b; j + 1] to be ch[ak, b′; j + 1] so that b ≤ b′.

4. Select the longest poly-chord from ch[a′, b0; j + 1], ch[a1, b1; j + 1], · · · , ch[ak, b′; j + 1] to

be ch[c, d; j + 1].

5. If lower bound c is smaller than LB, set LB as c. Similarly, upper bound d is bigger than

UB, set UB as d.

Readers should refer to the pseudo code in Algorithm 1 for further details of the QRG process.

Theorem: The QRG process always produces bi-monotone partitions.

Proof: The proposed algorithm prevents the growing of a non-monotonic partition in the poly-

chord direction based on the concepts of lower bound LB and upper bound UB explained in the

pseudo code. Similarly the following operation ensures monotonicity in the poly-chord cross

direction. During the QRG process, the poly-chord obtained is split into several sub-poly-chords
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Algorithm 1 The QRG process
while all smooth quadrilateral elements q[i, j] ∈ Fh ⊂ M are not conquered do

region R = �

// 1. poly-chord generation

select an unconquered q[i, j] ∈ Q

generate a poly-chord ch[a, b; j] including q[i, j]

set faces of ch[a, b; j] to conquered

add faces of ch[a, b; j] to R

set lower bound LB and upper bound UB as a and b respectively

// 2. region growing from a poly-chord

while true do

define a general poly-chord ch[a, b; j + 1]

split ch[a, b; j+1] at the quadrilaterals having the edges of feature curves to generate poly-chords ch[ak, bk; j+

1], k = 1, 2, · · · ,W if there are some edges of feature curves between ch[a, b; j] and ch[a, b; j + 1] or inside

the ch[a, b; j + 1]

if a0 = a and a0 = LB then

extend ch[a, b0; j + 1] to be ch[a′, b0; j + 1]

end if

if bk = b and bk = UB then

extend ch[ak, b; j + 1] to be ch[ak, b′; j + 1]

end if

select the longest poly-chord, set as ch[c, d; j + 1]

if ch[c, d; j + 1] is empty then

switch back to the j − 1 direction or add partition R to partition group G

break

end if

set faces of ch[c, d; j + 1] to conquered

add faces of ch[c, d; j + 1] to partition R

if LB < c then

LB = c

end if

if UB > d then

UB = d

end if

end while

end while



34

if there are feature curve edges between the poly-chord and its neighboring poly-chord so that only

one of them is selected as a poly-chord.

Shape-control: A shape-control parameter Pβ is introduced to control the shape of the bi-

monotone partitions during the QRG process. The bi-monotonic shape value ζ of a poly-chord

ch[c, d; j + 1] generated from poly-chord ch[a, b; j] is computed as follows: ζ =
‖(d−c)−(b−a)‖

b−a . In

short, it is relative difference of the lengths of two successive poly-chords. The value ζ is con-

strained to be smaller than the user-defined Pβ. While assigning higher values to the parameter

Pβ results in the generation of much more arbitrary shapes, shapes close to quad topology are

generated with smaller values. As many neighbor poly-chords can be generated from a single

poly-chord, we select the longest one whose ζ value is smaller than the user-defined value Pβ.

Additionally, during the poly-chord extension process, we check the ζ value after each extension

and stop extending the poly-chord once ζ exceeds the user-defined value Pβ.

3.6 The Partition Configuration Improvement (PCI) Process

In this section our goal is to construct a configuration with large partitions in which all the extracted

surface curves lie on the partition boundaries. To achieve this, planar regions are first detected and

merged. Next, some partition boundaries are screened to determine whether they represent feature

curves, as only surface features inside the partitions are detected in the procedure described in

Section 4. partition growing is then performed between the surface features.

3.6.1 Detection of planar regions

After the QRG process, there may be planar partitions that need to be separated from other parti-

tions as they can be simply represented by plane primitives. To detect and merge such partitions,

we first calculate and assign a normal vector for each planar quadrilateral element. Randomly

selecting a quadrilateral face in a partition Q, we compute the differences of its normal vector

from those of all the other quadrilateral faces in Q. If all these differences are smaller than the

user-defined planarity threshold TΓ0 , whose value is set as 0.001, the partition Q is defined as pla-

nar. Furthermore, if two neighboring partitions are planar and the difference between their normal

vectors is smaller than TΓ0 , they are merged.
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Figure 3.8: Illustration of the PCI algorithm]: (a) Growing starts from partition r1 in direction

d1. (b) Growing stops when a feature curve is met. partition r1 becomes larger and covers parts

of partitions r3 and r4. Growing direction d2 is set. (c) After growing stops at a feature curve,

partitions r4 and r5 disappear, and partition r3 becomes smaller. Growing direction d3 is set.

(d) Growing in direction d3 produces the large partition r1, partition r2 shrinks and partition r8

disappears. Growing direction d4 is set. (e) In line with the shape control parameter Pβ values,

partitions in a non-quad shape can be generated. Growing in direction d4 results in a bi-monotone

partition.

3.6.2 Screening of partition boundaries

The partition boundaries consisting of the EMG edges need to be screened to ascertain whether

they represent surface features. For each one, the number of edges for which the normal difference

between corresponding two adjacent faces is larger than the non-flatness threshold TΓ (from the

feature detection step) is determined. If such edges dominate more than half the boundary, it is

treated as a surface feature (see Fig. 3.2 (f)).

After the screening process as a post processing step, it is possible to discard some detected

surface features which are close to each other. The elimination of such features may result in

the generation of fewer bi-monotone partitions, but this should be performed carefully to produce

surface models having good quality. In this study, we respect all detected features of the feature

detection and partition boundary screening processes, and constrain them to act as the partition

boundaries.

3.6.3 Partition Growing

The partition layout after the QRG algorithm contains unnecessary boundaries that need to be

removed to create large partitions. The proposed growing strategy is different from those in which

process starts from a face and regions are grown from it. As the partitions observed after the QRG
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algorithm have good shapes and all feature curves reside on partition boundaries, the PCI process

improves partition configuration by growing these existing partitions. The growing method of this

process is similar to that of the QRG process in that it is also quadrivial. Starting from a partition,

growing is performed in a one-by-one manner in four directions and stops when the partition meets

a surface feature. Readers should refer to Figure 3.8 for the illustration of the PCI algorithm.

When growing starts from a randomly selected partition, the PCI process may result in skinny

partitions, and the number of partitions in the configuration may be large. For this reason, priority

is given to growing certain partitions first. An energy function E is utilized and computed for

each partition so that growing starts from the partition with the lowest energy. After growing is

completed in four directions, the partition and its boundaries are set as having been processed and

do not change further. For each partition, the same growing process is applied. The algorithm

terminates when all partitions in the configuration have been processed. Even though optimum

partition configuration cannot be guaranteed, the number of partitions is seen to decrease, many of

them become larger, some disappear and a few shrink.

The energy E of a partition is calculated as: E = F∗A
N where F is the partition non-flatness,

A is the shape aspect ratio of the partition, and N is the number of the quadrilaterals in the parti-

tion. The partition non-flatness F is computed by averaging the non-flatness values of the faces

in the partition. The shape aspect ratio is A = L/W, where L is the length and W is the width of

the partition in the rectangular grid structure. This formula encourages flat partitions, partitions

with more faces and compact (i.e., square) partitions to grow first. As a result, flat partitions in

the model are covered first. Despite the simplicity of the proposed energy formula, it works well

because partitions at the beginning of the PCI process have good shapes and all feature curves re-

side on partition boundaries. It is also possible to utilize different energy formulas or optimization

algorithms in this step.

The PCI process takes a number of topological constraints into account:

• Bi-monotonicity: While advancing partition boundaries, the algorithm checks whether the

region growing process generates non-monotone partitions. If the bi-monotonicity of a par-

tition itself is violated, it is made bi-monotone by splitting its last-added poly-chord. A

grown partition may also make its neighboring partitions non-monotone. In such cases,

these partitions are split into several bi-monotone partitions.

• Mesh regularity: The valences of the vertices in the partition are monitored. If an extraor-

dinary vertex is included in the partition, splitting at that vertex is performed.

• Shape control: As with the QRG process, the shapes of bi-monotone partitions are con-
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Figure 3.9: (a) partition (R) preliminaries. (b) Bottle model after the QRG process (left) and the

PCI process (right).

trolled using the shape-control parameter Pβ.

This section describes the PCI process in further detail. The pseudo code in Algorithm 2

summarizes the PCI process. For simplicity, only growing in one direction is illustrated. Here,

we have a set of partitions G obtained from the QRG process. For each one, the energy E is

computed. First, the algorithm sorts the partitions according to their energy values and grows

partition R of the G with the lowest energy value. partition R has four sides sk, k = 1, 2, 3, 4 with

four poly-chords chk and four neighboring poly-chords nchk as depicted in Fig. 3.9 (a). If nchk

contains faces that have extraordinary vertices or feature curve edges, it is split into poly-chords

such that nchk is revised as the poly-chord having more number of faces. The un-flatness value S k

for each neighboring poly-chord is calculated by averaging the flatness values of all faces in nchk.

To enable the start of growing from a poly-chord, the algorithm selects the flattest neighboring

poly-chord nchk residing at sk.

Fig. 3.9 (b) shows bottle model after the QRG process (left) and the PCI process (right). Note

how the partition enclosed by the blue rectangle has grown after the process.
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Algorithm 2 The PCI process
sort G by energy E

while any partition of G is unprocessed do

get unprocessed partition R from G

while all side sk of R are processed do

get all unprocessed side poly-chords chk

get neighbor poly-chords nchk attached to side poly-chords chk

check nchk whether it has some processed faces or have extraordinary vertices and revise nchk

calculate un-flatness S k of neighbor poly-chords nchk

get the flattest neighbor poly-chord ch[m, n; j] ∈ nchk

end while

while true do

define a general poly-chord ch[m, n; j + 1]

split ch[m, n; j + 1] if any feature curve edges exist and generate poly-chords ch[ak, bk; j + 1], k = 1, 2, · · · , L

select the longest poly-chord and set as ch[c, d; j + 1]

end while

if ch[c, d; j + 1] is empty then

set side sk of R as processed

break

end if

calculate bi-monotonic shape value ζ for poly-chord ch[c, d; j + 1]

if ζ ≥ Pβ then

break

end if

if non-monotone neighbor partitions Nr exist then

split non-monotone partitions Nr into several bi-monotone partitions

end if

erase faces of ch[c, d; j + 1] from its previous belonging region

add faces of ch[c, d; j + 1] to partition R

set partition R and all its faces as processed

sort G by energy E

end while
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3.7 Results and Discussion

The method proposed in this chapter consists of four separate consecutive processes: EMG, feature

detection, QRG and PCI. The proposed algorithm is automatic once the thresholds of the EMG

process (Tψ) and the feature detection process (TΓ, Tϕ, Tρ) are set. At the same time, the shapes of

the generated partitions can be controlled by adjusting the shape control parameter Pβ.

Tϕ (feature elongation size) and Tρ (feature neighbor) are adjusted depending on the resolution

of the mesh. Tψ, angle threshold used in the EMG process, is an angle which is set to a value

between 30 and 70 degrees. TΓ is used to detect unflat regions which we set between 0.15 and 0.4.

The shape control parameter Pβ can be set to 0.2 to generate better bi-monotone shapes. However,

in some cases such as the fandisk model, setting it to a value close to 1.0 generates much desirable

results to capture the surface features of the model with a single bi-monotone partition. From our

experience, our parameters are easy to tune.

Tϕ determines the length of the feature curve that will be extracted. Assigning small values

to this parameter may produce many feature curves especially for models having noise. While

constraining these curves on partition boundaries, large number of partitions will be generated

which is not desirable. Therefore, determining the value of Tϕ according to the mesh resolution

using heuristics will generate appropriate feature curves. Tρ avoids the generation of feature curves

parallel to each other. Otherwise, many feature curves can be produced for models having noise

that results in a large number of partitions. The angle threshold Tψ is used in the EMG process

to go through the highly curved regions when its value is high. When it is high, the particle stops

at its current position and two particles are placed which go on left and right paths. Therefore,

if small values are assigned for Tψ, large number of paths can be produced which results in a

large number of partitions. TΓ is used to detect the unflat regions and setting it to small values will

detect many unflat edges, and therefore large number of partitions will be generated. Setting shape

control parameter Pβ to 0.0 will favor generation of quadrilateral partitions and assigning highler

values result in bi-monotone partitions. We believe that appropriate values can easily be set to our

parameters after several value assignment attempts done by the user.

For the rockerarm model shown in Fig. 3.11, the proposed algorithm generates 103 bi-monotone

partitions. Large flat parts are captured successfully, because the PCI process gives flat partitions

priority to grow first. The cylindrical and fillet geometry of the model is also retained by the

bi-monotone partitions.

Figure 3.12 shows a beetle model whose whole roof is a single partition. The proposed algo-

rithm captures almost all symmetries of the model such that the front part shown in dark blue is
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represented by two partitions whose common boundary (shown in green) is found during the fea-

ture detection process. For different values of the shape control parameter Pβ, differently shaped

bi-monotone partitions are generated. When smaller values are assigned to Pβ, the shape of parti-

tions becomes more quad-like, but their number increases.

Figure 3.13 shows a bottle model whose geometry is captured with large bi-monotone parti-

tions. In the rightmost image in (a), there are two small quadrilateral faces representing a partition.

These are not included in the large partition next to them during the QRG and the PCI processes

because the partition with them contains irregular vertices, which is not desirable. Even though

using a larger value for Pβ reduces the number of bi-monotone partitions, it may result in the

generation of partitions that are not appropriate for B-spline surface fitting. For instance, the the

light-orange partition in (c) covers the whole right, left and rear sides of the model, which may not

be desirable.

The smooth surfaces of the fandisk model shown in Fig. 3.10 can be represented by large

bi-monotone partitions as shown in (a). As setting smaller values for Pβ produces smaller frag-

ments with quad shapes (b, c), the smooth surfaces cannot be captured by a single partition. The

motorcycle graph of Eppstein et al. [19] (d), the method of Myles et al. [39] (e), and the method

of Bommes et al. [7] utilize quad partitions to recover the model, but these partitions hide surface

features inside themselves. The method of Myles et al. method may capture such features with

many quad fragments which is undesirable.

Our algorithm gets quadrilateral mesh as input and generates bi-monotone partitions from it.

Therefore, the quality of the bi-monotone partitions is directly dependent on the quality of the

quadrilateral mesh (singularity distribution and anisotropic element alignment). In case there are

too many singular points, the mesh will be segmented into many bi-monotone partitions which

may not be desirable.

It is possible to improve the segmentation results. A few tiny partitions residing between two

feature curves can be seen in the beetle and the rockerarm models. It is possible to eliminate one of

these feature curves so that the tiny partitions will automatically disappear. However, this process

should be performed carefully to not generate partitions having high curvatures in the inner parts.

Capturing the Design Intent. When modeling a part ab-initio, the geometric discontinuities

are generally placed on the boundaries between surfaces (partitions). Similarly, our algorithm de-

tects the surface features and constrains them to be the boundaries of the generated (bi-monotone)

partitions. Therefore, the partitions generated by our algorithm can capture designer’s intent to

some degree.

Fitting of B-splines. To fit bi-monotone partitions with B-splines, we use the global approx-
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Figure 3.10: A fandisk model with 13,181 faces and bi-monotone partitions generated by the

proposed algorithm (Tψ = 30, TΓ = 0.15, Tϕ = 8, Tρ = 4) Changing the shape-control parameter

Pβ affects the shape of the model. Numbers of bi-monotone partitions: (a) 46 (Pβ = 0.6) (b) 51

(Pβ = 0.4) (c) 59 (Pβ = 0.2). Quad partitions generated by other algorithms: (d) motorcycle graph

(55 partitions) [19] (e) feature-aligned T-meshes [39] (images taken from [39]).

imating surfaces [51]. First, a four-sided surface that contains all partition points is chosen.

The distances between the surface points and the partition points are then minimized using least-

squares method. By iterating these two processes, a good fit for the surface can be obtained.

Finally, trimming curves are constructed by intersecting the surfaces with their neighboring sur-

faces. Figure 3.14 shows surface models for fandisk and beetle models as observed after the EMG

and the PCI processes. Compared to the post-EMG surface models, those after the PCI process

have large partitions and capture the surface features better.

Performance. A standard use 3.4 GHz PC was used for the experiments in this study. The

EMG processing time is negligible in all cases. The feature detection process takes less than

0.15 seconds for all test models except that of the rockerarm model which has many non-flat

quadrilateral faces scattered over its mesh. For this model, feature detection takes 1.09 seconds.

The QRG process takes less than 0.8 seconds for all test models. The processing times for the PCI

process are 2.861 seconds for the fandisk model of Fig.3.10 (a), 13.666 seconds for the rockerarm

model, 1.85 seconds for the beetle model of Fig.3.12 (a) and 1.934 seconds for the bottle model

of Fig.3.13 (a). The time taken for the PCI process depends on resolution of the model since the

number of quadrilateral faces that should be processed increases. We also observe that starting

with a fewer partitions or more feature curves on the partition boundaries (as seen with fandisk

model) reduces the processing time of the PCI process.
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Figure 3.11: A rockerarm model with 9,413 faces. A total of 103 bi-monotone partitions are

generated by the proposed algorithm (Tψ = 40, TΓ = 0.2, Tϕ = 8, Tρ = 4, Pβ = 0.2).

Figure 3.12: A Beetle model with 3,779 faces and bi-monotone partitions generated by the pro-

posed algorithm (Tψ=70, TΓ=0.4, Tϕ=7, Tρ=2). Changing the shape-control parameter Pβ affects

the shape of the model. Numbers of bi-monotone partitions: (a) 45 (Pβ = 0.2) (b) 51 (Pβ = 0.0)

(c) 34 (Pβ = 0.6). When smaller values are assigned to Pβ, the shape of the partitions becomes

more quad-like, but their number increases.
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Figure 3.13: A bottle model with 3,117 faces and bi-monotone partitions generated by the pro-

posed algorithm (Tψ = 70, TΓ = 0.4, Tϕ = 6, Tρ = 1). Changing the shape-control parameter

Pβ affects the shape of the model. Numbers of bi-monotone partitions: (a) 38 (Pβ = 0.2) (b) 40

(Pβ = 0.0) (c) 35 (Pβ = 0.6).

Figure 3.14: B-spline surfaces generated for: (a) the bi-monotone partitions of the beetle model

in Fig. 3.12 (a); (b) the quad partitions of the beetle model after the EMG process; (c) the bi-

monotone partitions of the fandisk model in Fig 3.10 (a); (d) the quad partitions of the fandisk

model after the EMG process; Surface models in (a) and (c) have larger partitions and capture the

surface features better.
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Chapter 4

MCG-based Approaches for Quadrilateral

Partitioning
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4.1 Introduction

Reverse engineering can be used to generate a CAD model (i.e., a set of parametric surfaces) from

a set of scanned points. A polygonal mesh is first obtained from these points, and partitioning is

then applied to divide the mesh into regions for individual parametric surface fitting. The quality

of the CAD model heavily depends on this partitioning. partitions ideally have two important

features:

• A. Quadrilateral partitions: Partitions are quadrilateral regions with four corners and four

boundaries. In other words, they are isomorphic to an a, b-grid which is a mesh of unit

squares in the rectangle {(x, y)|0 ≤ x ≤ a, 0 ≤ y ≤ b}. The image on the left of Fig.

4.1 (a) shows partitioning featuring several quadrilateral partitions with boundaries in red

and corners in blue. The image on the right of the figure depicts a quadrilateral partition

consisting of regularly arranged quadrilateral faces.

• B. Capture of features: Partition boundaries should pass through feature regions (such as

highly curved parts) of the mesh.

Quadrilateral partitions are preferable for surface fitting in the reverse engineering because

they do not require surface trimming or surface parameterization. When partitions in a mesh are

all quadrilateral partitions, they are are called as structured partitions. The main objective of

the research reported here is to find a set of structured partitions considered optimal in terms of

reverse engineering. A set of structured partitions can be easily generated using a semi-regular

quadrilateral mesh. A semi-regular quadrilateral mesh consists of quadrilateral elements (quads)

whose vertices mostly of valence four (ordinary vertices), with the others being non-valence four

(extraordinary vertices). Such a mesh can be generated from a triangular mesh using recently

proposed quadrangulation methods [9, 11, 42, 49]. There can be many structured partitions for

a semi-regular quadrilateral mesh. We use motorcycle graph of Eppstein et al. [19] to generate

structured partitions from a semi-regular quadrilateral mesh created using the method of Bommes

et al. [9].

The requirement for B listed in above is also important. The introduced cost formula produces

small values for motorcycle graphs whose edges trace a large number of highly curved regions

of the model. Additionally, feature curves (i.e., sets of highly curved edges) that are very diffi-

cult to capture with motorcycle graph edges are also extracted and integrated into the proposed

framework.
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Definitions: The main component of the MCG algorithm is a path on the mesh traced by a

moving particle. A path for the particle R is defined from the seed edge e1 and the seed vertex v1,

which is an end vertex of e1. The pair < v1, e1 > is the seed of the path.

Tracing using the rules of the MCG algorithm is applied which is referred to as MCG tracing

hereafter. In MCG tracing, R starts from v1 along e1 toward its other end vertex. R continues

tracing the edges and vertices of the mesh to form the path W from the seed < v1, e1 > to R. In the

proposed algorithms, it is necessary to represent only situations in which R is on a vertex, so W

can be represented as a sequence of vertices and edges described by W =< v1, e1, v2, e2, . . . , vm >,

where R is located on vm. When R stops, vm represents the end vertex of the path. For the sake

of simplicity, a path, which is not a seed W =< v1, e1 >, can also be represented by its vertices

W =< v1, . . . , vm > or by its edges W =< e1, . . . , em >. In the MCG algorithm, seeds are defined

for all edges incident to extraordinary vertices using them as seed vertices.

Problem Setting and Cost Function: A structured partition can be obtained from a set of

paths {Wk}, k = 1, 2, . . . ,NW based on a given set of seeds, where NW is the total number of

paths. The goal here is to find such a set of paths that pass through as many feature edges as

possible, and thereby generate feature-aware structured partitions. The unsigned dihedral angle

θ(e), (0 ≤ θ(e) ≤ π) of the edge e is the angle between the normal vectors of its adjacent faces.

θ(e) is 0 for a flat edge with two flat faces, and it gets large values for sharp edges. We have chosen

dihedral angle as a geometric criterion to represent features because it has low computation cost

and can capture feature curves of the model well.

To find such feature-aware partitions, the cost function F(Wk) of the path Wk is defined so

as to give a low-cost value for a path of edges with large dihedral angles. F(Wk) is defined as

F(Wk) = −C(Wk) + αD(Wk), where α is a user-defined value. C(Wk) =
∑

e j∈Wk
θ(e j) is simply the

sum of all the dihedral angles for the edges of Wk and D(Wk) =
∑

e j∈Wk
d(e j), where

d(e j) =

 0 if θ(e j) > ε;

1 if θ(e j) ≤ ε.

D(Wk) is introduced because paths that are less curved and longer have a lower cost without it

(see Fig. 4.10 (a). Setting α to an appropriate value reduces the number of such paths (b)). A

set of paths {Wk} that minimizes the global cost GW =
∑

k F(Wk) is sought. It is also possible to

utilize other cost functions including different path or partition criteria (such as number of paths,

path or partition size, surface fitting error, etc.), but we consider it as a future work to investigate

these functions. Note that utilizing surface-related criteria (such as surface fitting error) in the cost

function may increase the quality of generated surfaces but its computational cost will be very
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high.

The following sections outline two quadrilateral partitioning techniques, the Path Flipping

(Sec. 4.2) and MCG Enumeration approaches (Sec. 4.3), which are intended to solve the same

problem that is explained in the above.

4.2 The Path Flipping Approach

Fig. 4.1 (b) shows a quadrilateral mesh partitioned by the MCG algorithm and highly-curved

regions are seen inside the generated partitions. Our approach is based on the MCG algorithm but

can locate feature curves in these highly curved regions (marked with blue circles in Fig. 4.1 (c))

on the partition boundaries, therefore better surface quality is expected when fitting parametric

surfaces to the partitions generated using our method. Figure 4.2 (b) also shows the partitions

(with boundaries in different colors) obtained using the MCG algorithm, similarly not all portions

(as shown by the black circle in Fig. 4.2 (b)) of highly-curved regions (as shown in blue in Fig.

4.2 (c)) are captured by the MCG algorithm. The proposed algorithm is a practical and useful

algorithm that can generate quad partitioning (with T-junctions). The generated curvature-aware

partitions are appropriate to be used for surface modeling applications (B-spline, T-spline fitting),

texture mapping, subdivision surfaces, etc.

Figure 4.1: A quadrilateral partition ((a), right) has four boundaries (in red) and four corners (in

blue) consisting of regularly arranged quadrilateral faces. Quadrilateral partitions in a quadrilateral

mesh are illustrated in the image on the left of (a). Quadrilateral mesh model partitioned by: (b)

the motorcycle graph algorithm of Eppstein et al. (c) our algorithm. Our method locates the

highly-curved regions on the partition boundaries, therefore better surface quality is expected.

Algorithm Flow: Figures 4.2 (c) to (f) show these algorithms. First, feature curves are ex-

tracted and particles (spheres in colors) are placed on ordinary seeds (from where tracing starts)

in addition to extraordinary ones (see Fig. 4.2 (c)). A speed control algorithm that starts tracing

from these seeds is applied with rules identical to those of the MCG algorithm, except a constant
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speed is assigned to particles (see Fig. 4.2 (d)). The partition layout is then improved using local

path flipping operations (see Fig. 4.2 (e)). Partitions obtained using the proposed algorithms are

still structured as no extraordinary seeds are introduced during the particle placement step. To

form a much more compact partition layout while respecting feature curves, smooth boundaries

are removed (see Fig. 4.2 (f)). The difference between paths obtained using the MCG algorithm

and those obtained after each step of the proposed algorithm are shown by circles in different col-

ors in Fig. 4.2. In this study, we have utilized quadrilateral mesh generated using mixed integer

quadrangulation method [9].

Figure 4.2: (a) Input quadrilateral mesh generated using the mixed integer quadrangulation [9]

(b) Motorcycle graph partitioning using the technique of Eppstein et al. [19] The following im-

ages show the steps of feature-aware algorithms: (c) Particle (spheres in colors) placement for

extraordinary vertices and end vertices (regular) of extracted feature curves (shown in blue) (d)

Speed control algorithm (particle speeds are controlled according to the surface geometry) (e)

Path flipping operation (τ = 15) (f) Removal of flat partition boundaries (η = 0.1)

4.2.1 Approach for Feature-aware Motorcycle Graph

Here, the motorcycle graph algorithm [19] is first summarized, then the proposed approach and

basic terminology are described in relation to problem setting.

Motorcycle Graph (MCG) Algorithm: Partitions obtained using the MCG algorithm have no

extraordinary vertices because tracing starts from such vertices, which are thus constrained to be
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on partition corners. From a topological aspect, the MCG algorithm produces partitions (patches)

having favorable shapes. As shown in [19], if a quadrilateral mesh is homeomorphic to a manifold

with or without a boundary and is not itself already structured, the motorcycle graph algorithm

partitions the mesh into structured disks (i.e., rectangular grids). The proposed geometry-aware

algorithms also have this property.

The MCG algorithm is simple and effective when used for quadrilateral mesh partitioning.

However, the partitions it creates may not be appropriate for use in certain geometric applications

such as surface modeling because surface geometry is not taken into account. In this context, MCG

algorithm-based partitions may not have smooth geometry; that is, geometric discontinuities (i.e.,

normal, curvature) of the model may reside inside partitions, making them unsuitable for surface

modeling applications.

Eppstein et al. [19] suggested methods to generate smaller partitions. One such approach

involves is adding one path at a time rather than adding numbers of valence paths simultaneously to

extraordinary vertices. This technique cannot be applied to the proposed application for numerous

reasons. In Eppstein et al.’s work, it is mentioned that priority is given first to paths that extend

from one extraordinary vertex to another. For a mesh without a boundary, there is always a path

from an extraordinary vertex to another. Due to the singularity alignment problem [39, 7, 11],

this path may have an ivy-like form that turns around the model several times, causing undesirable

partitioning. Moreover, if all edges at an extraordinary vertex must be required to capture feature

curves, their use should be encouraged rather than using only one of two consecutive edges at that

vertex.

Basic Concepts: In this study, an edge having large angle between normal vectors of its

adjacent faces is considered as feature. Such feature edges are often aligned to form feature curves.

Figure 4.3 shows an example obtained using the MCG algorithm for a quadrilateral mesh generated

via the mixed integer quadrangulation method [9]. Due to the sophisticated performance of this

quadrangulation, extraordinary vertices are well located on the mesh, and paths generated by the

MCG algorithm capture feature curves to a greater or lesser extent.

However, we have found some problems after partitioning using the MCG algorithm (see Fig.

4.3):

1. Blocked feature curve: The path p starting from the extraordinary vertex v is blocked by

another path q and thus is prevented from tracing p′, which is the remaining part of the

feature curve p.

2. Regular feature curve: The feature curve r around the hole cannot be traced because there
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Figure 4.3: Red paths are traced by the MCG algorithm. It does not necessarily trace all feature

curves (in blue). Only some portions of the feature curve p (not p′) are traced. As there is no

extraordinary vertex on the feature curve r, it is not traced either. After applying speed control

algorithm, some feature curves (in blue) are not traced (b). After path flipping operations, the

feature curve p′ is captured and the path q becomes shorter (c).

is no extraordinary vertex on r.

The aim here is to involve in the partition as many feature curves as possible that are not nec-

essarily captured by the MCG algorithm. At the same time, rather than losing the main structure

(concepts) in the MCG algorithm, we devise algorithms consistent with it. The following three

synergetic approaches are proposed:

1. Speed Control: In the MCG algorithm, particles are given initial speeds and maintain them.

If the particle starting from v in Figure 4.3 (a) moves faster, it will not be blocked and will

reach p′. This suggests that feature curves can be better captured by speeding up particles

going through feature curves. Changing the speed of particles in this way still produces

structured partitions as Eppstein et al. also mentioned [19].

2. Path Flipping: A particle can reside on a non-feature edge whose adjacent edges are fea-

ture edges. Figure 4.3 (b) illustrates such a case in which the feature curve (in blue) is not

captured after applying the speed control algorithm. This algorithm therefore flips intersect-

ing paths to trace such feature curves. After path flipping operations, the feature curve p′ is
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traced by a particle originating from the vertex v, and the path q becomes shorter (see Figure

4.3 (c)).

3. Regular Seed Insertion: The feature curves (depicted as r) in Figure 4.3 are not captured

by the existing paths after applying speed control algorithm and path flipping operations. To

enable capturing all feature curves of the model, the insertion of regular seeds (vertices) on

feature curves in addition to extraordinary ones is suggested.

4.2.2 Feature-aware MCG Algorithms

In this section we propose algorithms to extend the MCG algorithm to be feature-awareness with-

out damage to its structure. After initial partitioning with paths using the speed control algorithm,

path flipping operations are performed on these paths. A method for integrating feature curves

into the proposed framework is also outlined here.

4.2.2.1 Speed Control (SC) Algorithm:

The SC algorithm is essentially the same as the MCG algorithm except that variable rather than

constant speeds are assigned to particles. The basic concept involves speeding up particles on

feature curves to prevent blockage by other particles in their way. Speed is controlled based on the

dihedral angle of the edge.

A particle moves on an edge e at a speed of f . It is assumed that all edges have a length of

one, and the speed is given by f in this unit. Thus, a particle with a speed of f moves a distance of

100 × f percent of the edge e in each time step. f is defined as f = T ( θ(e)
π/2 ), and the function T (x)

is defined as follows:

T (x) =


γ if x ≤ γ;

x if γ < x ≤ 1;

1 if x > 1.

where γ is a user-defined constant set as 0.01 in this study to avoid very low speeds in highly

smooth regions. The computational time taken for motorcycle graphs is higher when smaller

values are set for γ. The speed f is also set to 1 for highly curved regions whose θ value exceeds

π/2. Thus, the particle can move up to one edge in each time step.

Figure 4.4 shows a fandisk model partitioned using (a) the MCG algorithm and (b) the SC

algorithm. As the SC algorithm takes surface geometry into account and assigns higher speed to

particles (shown as colored dots) in highly curved areas (c), it fully traces the feature curves shown

(shown by blue circles), whereas the MCG algorithm does not. In contrast to the MCG algorithm,
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Figure 4.4: The SC algorithm ((b), cost GW = −1337.37) generates partitioning different to that of

the MCG algorithm ((a), GW = −1230.94). Particles (shown as colored dots) move faster in highly

curved areas and more slowly in smooth regions (c).

the SC algorithm does not produce undesirable partitioning shown by black circles in (a). The

global cost GW after applying the SC algorithm is also lower than that of the MCG algorithm.

Implementation of MCG tracing. Particles are placed on extraordinary vertices and moved

one by one sequentially in each time step. The order to move particles is determined by the value

of the ”distance remaining to the next vertex/particle speed” ratio. Particles with smaller ratios

are moved first. At the initial step, the order is random. During each time step, if a particle reaches

the vertex of the edge, the speed is revised using the next edge, and the particle continues tracing

on the next edge. A particle that meets already-traced vertices or mesh boundaries is assigned as

stopped and positioned on the vertex. If two particles collide on an edge, both of them are stopped

at the edge vertex nearer to the colliding position.

4.2.2.2 Path Flipping (PF) Algorithm:

Paths are often blocked by others to form junctions. This section describes improvement of paths

obtained using the SC algorithm based on local path flipping (PF) operations for the blocked and

blocking paths. Note that intersections of paths occur only at ordinary vertices to form either T or

+ junctions.

Several paths are shown in Fig. 4.5 (a). The vertically running path Ŵ can be represented as
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a sequence of vertices along the path Ŵ =< v̂0, v̂1, . . . , v̂m >, where v̂0 is the seed vertex and v̂m is

the end vertex. As paths between two extraordinary vertices are not considered, v̂m should not be

an extraordinary vertex. Several paths with end vertices on Ŵ are blocked by it. Such paths are

denoted with reference to the indexes of their end vertices. For instance, path Wi is blocked by Ŵ

at v̂i.

Figure 4.5 (b) shows PF operation acting at a T-junctions on the k-th vertex v̂k of Ŵ. It truncates

Ŵ at v̂k and unlocks its blockage against Wk and W j. MCG tracing is then applied to these unlocked

paths, which will subsequently be extended. However, Wl and W ′
l in the figure will not extend

because they collide even after PF operation.

PF operation for the path Ŵ =< v̂0, v̂1, . . . , v̂m > at its vertex v̂k(, v̂0) is defined by the following

procedure:

1. Ŵ is truncated to Ŵ =< v̂1, v̂2, . . . , v̂k >.

2. MCG tracing is applied to paths whose end vertices are included in {v̂k, . . . , v̂m}.

It should be noted that v̂k can be the end vertex (v̂m) but not the seed vertex v̂0. This PF

operation is general enough to be applied to all junction types rather than being limited to T-

junctions. Below, PF operations for these junctions are outlined. We first classify the cases into (a)

those involving flipping at an intermediate vertex (v̂k ∈ (v̂1, . . . , v̂m−1)) and (b) those with flipping

at the end vertex (v̂k = v̂m).

Flipping at the Intermediate Vertex. The PF operation discussed above is typical to this

case. Another possible case involves a + junction where two paths have the same end vertex v̂k

on Ŵ, as shown in Fig. 4.5 (c). In this case, the same PF operation can be applied (Fig. 4.5 (d))

where two colliding paths will not move after flipping operation.

Flipping at the End Vertex v̂m. In PF operation, only paths whose end vertices are on Ŵ

are handled. Accordingly, cases to be considered at the end vertex are those where the path Ŵ

meets the end vertices of other paths. Such cases arise when the end vertices of two or more paths

coincidentally collide during SC tracing.

There is no need to consider the case of two paths because they do not form a junction when

they meet from opposite directions and because one of the end vertices will move away when they

meet perpendicularly in line with the right-hand rule of SC tracing.

Figure 4.6 (a) shows a case involving three paths where two vertical paths collide at a vertex

and block another path coming into the vertex from the left. PF operation can also be applied to

such coincident junctions with the condition v̂m = v̂k. Here, the end vertex of Ŵ is infinitesimally

truncated to prevent blocking at v̂k by Ŵ (Fig. 4.6 (b)).
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Figure 4.5: Paths (a) before and (b) after a PF operation at the vertex v̂k. Paths (c) before and (d)

after PF operation at a + junction on the vertex v̂k.

Figure 4.6: Paths (a) before and (b) after PF operation at a coincident T-junction on the vertex v̂k.

The end vertex of Ŵ is infinitesimally truncated to prevent blocking at v̂k by Ŵ. (c) Four paths

colliding at a vertex. PF operation can be applied, but no movement along these paths is possible

because the blocking relationship cannot be resolved.

Figure 4.6 (c) shows a case involving four paths colliding at the end vertex. In this case,

PF operation can be applied as in the three-path case, but movement along these four paths is not

possible afterward because the operation cannot resolve their blocking relationship. Consequently,

this case can be ignored.

Figure 4.7 shows examples of PF operations for both T-junction (b, c, d) and + junction (e, f,

g) cases. After PF operation at the vertex v̂k1, the path Ŵ1 becomes shorter, while the paths W j1

and Wk1 becomes longer. PF operation at the vertex v̂k2 results in extension of the path W j2 and

shortening of the path Ŵ2.

Optimization with PF Operations. The proposed PF algorithm repeatedly applies the PF

operations to junctions. The problem here is to find the order of PF operations that will yield

partitioning with minimum cost. However, motorcycle graphs have very restricted structures and
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Figure 4.7: (a) Quadrilateral mesh model of a botijo container showing the traced paths (in red)

and placed particles (colored dots). Images (b) to (d) show close-ups of the portion enclosed in the

blue rectangle for PF operation at a T-junction. (b) Path configuration before PF operation at vk1 (c)

Paths affected by the operation are shown in blue. Ŵ1 becomes shorter, while W j1 and Wk1 become

longer. (d) Path configuration after PF operation. Images (e) to (g) show close-ups of the portion

enclosed in the black rectangle for PF operation at a + junction. (e) Path configuration before PF

operation at vk2 (f) Paths affected by the operation are shown in blue. Ŵ2 becomes shorter, while

W j2 becomes longer. (g) Path configuration after PF operation.

optimizing them is inherently a difficult problem. The change in the partitioning resulting from

a single PF operation is often large which reduces PF performance in intensifying the search.

Consequently, it is often necessary to go through bad solutions when transforming a good solution

into a better one through a sequence of PF.

We have tested two naive approaches; random search and greedy search. In the former, a

junction is randomly selected and PF operation is applied. If the post-operation cost GW is higher,

the result is discarded and another junction is tried. In the latter, all possible PF operations are first

enumerated, and those that reduce the cost the most are selected. The process is reiterated until

no further cost reduction is possible. According to our tests, greedy search results in convergence

with a smaller number of PF iterations, but both approaches produce almost similar partitions with

similar costs. Accordingly, we use greedy search.
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Figure 4.8: Feature curves. (a) Type 1: Starting from an extraordinary vertex and ending at an

extraordinary vertex. (b) Type 2: Starting from an extraordinary vertex and ending at an ordinary

vertex. (c) Type 3: Starting from an ordinary vertex and ending at an ordinary vertex. (d) The

three feature curve types shown with added paths (in blue) and particles (colored dots) (e) The

closed feature curve of Type 3.

4.2.2.3 Feature Curve (FC) Algorithm:

A feature curve is a sequence of edges with large dihedral angles. It has the same characteristics

as a path generated by the MCG algorithm, i.e., it goes straight along the mesh. However, while

each path created by the MCG algorithm is connected to one or two extraordinary vertices at its

terminals, feature curves may not be connected to any extraordinary vertices, meaning that both

terminal vertices of such curves can be regular. Accordingly, not all feature curves can be involved

in the MCG algorithm.

The proposed approach involves the extraction of feature curves and their integration to paths

using the SC algorithm. With this algorithm, MCG tracing is begun from extraordinary vertices to

create a structured partition. Such partitions can be generated even by adding ordinary vertices as

seeds to the SC algorithm because no other extraordinary seeds are introduced during the particle

placement step. Accordingly, if the extracted feature curves are given to the initial state of the SC

algorithm, and if MCG tracing is applied to them and to seeds at extraordinary vertices, the curves

will be automatically included in the paths forming a structured partition. A method of extracting

feature curves and details of their integration are outlined below.

Feature Curve Extraction. All edges whose dihedral angles are greater than the flatness

threshold ρ are first collected. This set, denoted as H, is sorted by dihedral angle in descending
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order so that priority is given to edges with larger dihedral angles and feature curves are grown

from them first. Priority is also given to edges connected to extraordinary vertices by collecting

them in the front part of H. The first edge e is selected from H, and a path including this edge is

generated by tracing edges from it, as with the MCG algorithm. If the two end vertices of e are

v1 and v2, MCG tracing is applied with the two seeds < v1, e > and < v2, e >, but is restricted to

the edges of H. The resulting two paths are merged into a single one to define a feature curve.

If its length (i.e., the number of edges) is less than the threshold τ, it is discarded. To avoid the

generation of too many feature curves close to each other, edges of H sharing a quad element with

feature curve edges can be tagged. The edges of the traced feature curve and the tagged edges

are then erased from H. A set of feature curves is obtained by repeating this procedure until H is

empty.

There exist several robust feature detection methods which can be used. For a triangle mesh

with severe noise, mixed integer quadrangulation (MIQ) is not be able to generate a quadrilateral

mesh with sufficient quality to be used in our method. In other words, smoothing the noisy mesh

is needed before quadrangulation so that MIQ can generate a quadrilateral mesh with sufficient

quality for our method. It means that we can assume no severe noise remain in the input quadri-

lateral mesh. MIQ also itself has some smoothing effect on the mesh, which even reduce the noise

level of the mesh.

Feature Curve Integration. Each feature curve can be represented as a sequence of vertices

and edges < v1, e1, . . . , em−1, vm >. Paths are added to the seeds of the SC algorithm depending on

the curve type as discussed below. Once the particles are placed on the seeds and the ends of the

feature curves, the SC and PF algorithms are applied in the same way. This is referred to as feature

curve (FC) algorithm.

Below is a summary of the three feature curve types (1, 2, and 3) and the paths added for each

type (see Fig. 4.8 (a, b, c)).

1. [Type 1] v1 and vm are both extraordinary: the path < v1, e1, . . . , em−1, vm > is added. This

path is not extended by MCG tracing because both terminals are at extraordinary vertices.

2. [Type 2] v1 is extraordinary and vm is ordinary: the path < v1, e1, . . . , em−1, vm > is added.

Particle tracing starts from vm in MCG tracing.

3. [Type 3] v1 and vm are ordinary: two paths, < v1, e1, . . . , em−1, vm > and < vm, em−1 >, are

added. Two particles start tracing from v1 and vm.

Type 3 can include a closed feature curve for which v1 is defined as an edge where tracing
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Figure 4.9: Partitions after applying (a) the MCG algorithm (GW/NW = −0.286 (top, NW = the

total number of paths), GW/NW = 1.170 (bottom)), (b) the SC algorithm (GW/NW = −1.648 (top),

GW/NW = 0.833 (bottom)), (c) the PF algorithm (GW/NW = −2.656 (top), GW/NW = −0.235

(bottom)), and (d) the FC algorithm (τ = 15 and GW/NW = −3.126 (top), τ = 8 and GW/NW =

−0.965 (bottom).

was started. No special care is needed, but MCG tracing from the seed < vm, em−1 > does not

proceed because it faces another path < v1, e1, . . . , em−1, vm >. Figure 4.8 (d, e) shows examples of

extracted feature curves.

4.2.3 Results and Discussion

The proposed algorithms are implemented, and experiments are conducted using four quadrilateral

meshes generated based on the mixed integer quadrangulation method [9] for a drill hole (see Fig.

4.2), a rockerarm, a Beetle and a bottle. Figure 4.9 shows a comparison of the rockerarm and the

Beetle models with (a) the MCG algorithm, (b) the SC algorithm, (c) the PF algorithm and (d) the

FC algorithm. It can be seen that the path cost GW decreases from (a) to (d). Highly curved parts

of the models are also captured better in this order. The paths in (d) are considered suitable for

reverse engineering because they capture almost all character lines and they are located in highly

curved areas such as fillet regions.

Thresholds: The proposed algorithm is automatic once the user tunes the thresholds. The

flatness threshold ρ is set to 0.3 for the bottle model, and to 0.4 for the others. The minimum

feature curve length τ is adjusted depending on the mesh resolution (see the figure captions for the

assigned values of τ).

The threshold α is set to 0.4 for all the models. ε is set to 1.0 for models those with sharp
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Figure 4.10: Paths of rockerarm model after path flipping operations when (a) α = 0.0 (b) α = 0.4,

ε = 0.2. To minimize the sum of edge curviness, undesirable low curved long paths are produced

for α = 0.0. Setting α to 0.4 reduces the number of such paths in (b); Partitioning of the bottle

model (τ = 15) with the parameters (c) α = 0.0, (d) α = 0.4, and (e) α = 0.8.

features such as the drill hole, the fan disk and the bottle. For the Beetle and the rockerarm, it is

defined as 0.2. Figure 4.10 (c, d, e) shows partitioning for the bottle model with the parameter α

(for computation of path costs) set to 0.0, 0.4 and 0.8. Undesired low curved long paths (depicted

by blue circles) are produced with α = 0.4. According to our experience, fine-tuning does not lead

to further improvement and parameters are easy to tune.

τ determines the length of the feature curve that will be extracted. Assigning small values

to this parameter may produce many feature curves especially for models having noise. While

constraining these curves on partition boundaries, large number of partitions will be generated

which is undesirable. Therefore, determining the value of τ according to the mesh resolution

using heuristics will generate appropriate feature curves. ρ is used to detect the unflat regions and

setting it to small values will detect many unflat edges, and therefore large number of partitions

will be generated. The use of parameter ε discourages the generation of paths that are less curved

and longer. Otherwise, thin partitions may occur which is undesirable. Setting to very large

values will avoid such partitioning. The parameter α adjusts the relation between the dihedral
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angle maximization and non-generation of less curved paths terms in the cost function. Setting

it to an appropriate value will produce a partitioning balanced in terms of these two criteria. We

believe that appropriate values can easily be set to our parameters after performing several value

assignment attempts.

Path Coloring: A color is assigned for each path depending on the path cost in Figures 4.2,

4.9, 4.10 ((c) to (e)) and 4.11. The color is interpolated between yellow and red for path costs

between −10.0 and 10.0.

Importance of Initial Path Layout: Starting with a high-quality initial path layout involving

feature curves such as that of the SC algorithm (rather than the MCG algorithm) was found to lead

to convergence with a low number of PF iterations. We have also observed (in some cases) that

conjunct use of the SC and the PF algorithms generates better results. Starting a better quality path

layout (generated by the SC algorithm) results in the partitions where as many as feature curves

are located on the boundaries.

Performance: A 2.27 GHz PC was used for the experiments in this study. The PF algorithm

and the FC algorithm take negligible amounts of time in all cases. The approximate processing

times for the SC algorithm are 5 seconds for the rockerarm model, 1 second for the drill hole

model, 2 seconds for the Beetle model, 2 seconds for the bottle model. The time taken for the SC

algorithm depends on the number of edges of the model.

Removal of Flat Paths: By using a simple post processing, the partitioning generated with

the proposed approach can be improved by removing paths whose costs exceeds the user-defined

parameter η. Similar to the PF algorithm, a greedy approach is chosen such that the paths having

higher costs are removed first. During this process, it is not desirable to regenerate extraordinary

vertices. To achieve this, no two consecutive edges at an extraordinary vertex are removed. More-

over, removing a path may form a dangling path which is extended by applying MCG tracing.

After this process if resulting configuration result with a higher cost, we do not remove the path

and extend another one. Note that it is possible to propose much more sophisticated algorithms in

this step. Figures 4.2 (f) and 4.11 show partitions seen after the removal process.

B-spline Surface Fitting: Quadrilateral mesh of [9] has a good match with B-spline surfaces

since each quad edge generally has equal length meaning that the data is regularly sampled and

therefore, uniform parameter u − v values can be assigned to each quad points. Using this intrin-

sic property of quadrilateral meshes, each quad partition is fitted with uniform bi-cubic B-spline

surfaces.

A quad partition has (m + 1) × (n + 1) data points Pi, j where 0 ≤ i ≤ m and 0 ≤ j ≤ n

representing indices of columns and rows respectively. Two-stage curve blending is performed
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Figure 4.11: Removal of flat (less curved) paths: (a) rockerarm model (η = 0.3) (b) Beetle model

(η = 0.1), (c) bottle model (η = 0.1).

to interpolate the data on these columns and rows. Each row is blended to form a curve, then

these curves are blended to form a surface. Uniform cubic B-spline curves are fitted for all rows,

and the following linear system is solved under the free-end condition to obtain control points

< C0, j,C1, j,C2, j, . . . ,Cm+1, j,Cm+2, j >:



1 −1 0 0 · · · 0

1 4 1 0 · · · 0

0 1 4 1 · · · 0
...

...
...

...
. . .

...

0 · · · 0 1 4 1

0 · · · 0 0 −1 1


×



C0, j

C1, j

C2, j
...

Cm+1, j

Cm+2, j


=



0

6P0, j

6P1, j
...

6Pm+1, j

0


.

The obtained control points Ci, j are again blended for all columns, and the following linear system

is solved under the free-end condition to obtain final control points< Vi,0,Vi,1,Vi,2, . . . ,Vi,n+1,Vi,n+2 >
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of uniform cubic B-spline surface:

1 −1 0 0 · · · 0

1 4 1 0 · · · 0

0 1 4 1 · · · 0
...

...
...

...
. . .

...

0 · · · 0 1 4 1

0 · · · 0 0 −1 1


×



Vi,0

Vi,1

Vi,2
...

Vi,n+1

Vi,n+2


=



0

6Ci,0

6Ci,1
...

6Ci,n

0


.

Figure 4.12 shows B-spline surfaces, and better surface quality is expected when our partitions

are fitted with T-splines.

Comparison: There are several existing methods [19, 39, 7, 11, 22] whose partitions can

be suitable for B-spline surface fitting. Compared to other methods, the generated partitions of

[22] are expected to have higher surface quality since feature curves are located on the partition

boundaries as done in our method. In order to analyze the surface quality, we first fit the partitions

of [22] and of our method with B-spline surfaces. Then these surface models are compared with

the input quadrilateral mesh. Fig. 4.13 shows deviations from the input quadrilateral mesh and

the resulting surface models. The surfaces for our partitions have less deviation from the input

quadrilateral mesh than that of [22], since our method improves the initial partitioning by local

path flipping operations.

Fig. 4.14 shows the surface deviations for the partitions of [19] (a) and for our partitions

(b). Higher deviations are seen in the portions where feature curves reside inside the boundary

(marked with black circles of Fig. 4.14 (a)). However, if these curves are located on the partition

boundaries the surface fitting quality gets better and thus smaller deviations occur (see Fig. 4.14

(b)). The blue circle in Fig. 4.14 (b) shows a portion having high deviation in the generated surface

of our partition. This can be eliminated by allowing several feature curves next to each other by

not tagging the neighborhood of the feature curves (refer Section 4.3).

Our method generates surfaces with less deviation as motivated in Section 1. Fig. 4.15 shows

the partitions generated using [39, 49, 7, 11]. Highly curved regions (marked with black circles)

can be seen inside the partition boundaries which will be problematic for the B-spline surface

fitting.
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Figure 4.12: B-spline surfaces for the partitions generated using our method.

Figure 4.13: Deviations from the input quadrilateral mesh for the surfaces of partitions generated

using: (a) the method of [22] (b) our method. Since our method captures the highly curved parts

well, there is less surface fitting error compared to [22].

Figure 4.14: Deviations from the input quadrilateral mesh for the surfaces of partitions generated

using: (a) the method of [19] (b) our method. Regions marked with black circles (top image in

(b)) have large deviations since highly curved regions reside inside the B-spline surfaces and are

not represented well with smooth surfaces.
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Figure 4.15: Partitions generated using the method of: (a) [39] (b) [49], (c) [7], (d) [11] (images

taken from [39, 49, 7, 11]). Highly curved regions (marked with black circles) can be seen inside

the partition boundaries which will be problematic for the B-spline surface fitting.
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4.3 The MCG Enumeration Approach

The method proposed in this section is intended to enumerate all motorcycle graphs of a given

quadrilateral mesh and then to find the optimum motorcycle graph for reverse engineering. How-

ever, this enumeration has very high computational cost because its complexity is quasi-exponential.

As a result, enumerating all solutions in the case of Beetle model shown in Fig. 4.16 (a, b) takes

more than a week according to our tests. Accordingly, the given mesh (a) is cut into several

sub-meshes (cuts are shown in red) to reduce the computational time required and, all solutions

are then enumerated for the motorcycle graphs in each sub-mesh to find the global optimum one.

By applying successive enumeration steps in each sub-mesh separately, a motorcycle graph with

proximity to the global optimum (quasi-optimum) is found. For the Beetle model, enumeration

process takes about one second (see solution in Fig. 4.16 (b)) using such approach. Feature curve

extraction and integration method is also proposed to trace highly curved parts that are difficult to

capture with motorcycle graph edges.

Figure 4.16: The computational cost of enumerating all motorcycle graphs that can be generated

from a quadrilateral mesh model (with 48 extraordinary vertices) of the Beetle model is so high

that it would take weeks. Accordingly, the mesh is cut into several sub-meshes (a) to reduce the

time required. Enumeration is performed in each sub-mesh separately with successive steps, and

a quasi-optimum graph (b) is obtained within about one second.

4.3.1 Enumerating Motorcycle Graphs on Quadrilateral Meshes

Base Complex vs. Motorcycle Graph: A quadrilateral mesh Q < V, E, F > consists of a set of

quadrilateral faces F with edges E and vertices V . In the approach by Eppstein et al. [19], edges

are traced on Q by moving particles to generate tracks. The particles are placed on extraordinary

vertices whose number is equal to the valence of the placed vertices. They move outward from the
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Figure 4.17: The base complex (a) of a given quadrilateral mesh is defined as the union of separa-

trices (in red) starting at an extraordinary vertex (in blue) and ending at an extraordinary vertex or

a boundary vertex. Four different motorcycle graphs (b) with boundaries (in red) generated from

a given mesh.

extraordinary vertices and trace edges in a straightforward manner, moving straight along edges

and on to the opposite edge at (ordinary) vertices. Particles stop when they reach extraordinary

vertices or at the mesh boundary, and the edges they trace generate tracks on Q. Such tracks form

separatrices, and their union is known as a base complex (Fig. 4.17 (a), red). For meshes without

boundaries, a particle starting at an extraordinary vertex v1 ends at another extraordinary vertex v2,

while one starting at v2 ends at v1. These two particles trace two separatrices between v1 and v2 in

opposite directions.

The following rules are added to the above particle tracing for motorcycle graph generation:

Particles stop if they meet already traced vertices or a mesh boundary. The right-hand rule is also

applied when two particles meet simultaneously at a vertex.

The tracks generate structured partitions under these rules. The graph structure of such par-

titions is known as motorcycle graph as proposed by Eppstein et al. [19]. These graphs have

different topological structures to those of base complexes. T-joints can be seen in motorcycle

graphs such that the intersection of two neighboring partitions is not the whole edge or vertex.

Allowing T-joints in this way makes it possible to represent the mesh with a smaller number of

partitions.

Notations and Definitions: The notations described here are based on a quadrilateral mesh

that is homeomorphic to a two-manifold without a boundary. Figure 4.18 shows two separatrices

and their local coordinate systems with notations. Here let the i-th separatrix in a base complex be

called S i (in blue). The vertex on S i whose local coordinate on S i is j is denoted as vertex (i, j),

and opp(i) (in red) is the index of the opposite separatrix of S i. left(i, j) (in green) and right(i, j)

(in light blue) are the indexes of the left and right separatrices of S i at vertex(i, j) which should be

an internal vertex of S i. The local coordinate on S i of vertex v is denoted as ϕi(v), and v should be
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vertex S i. length(S i) is the length of S i which is the total number of vertices in S i.

The 1D local coordinate system for the separatrix S i is based on the notations provided, and

the position (coordinate) of a particle on S i is represented by the integer xi. The initial endpoint of

the separatrix S i has the coordinate 0 in the coordinate system of S i, and its terminal endpoint has

the coordinate length(S i). The coordinate value of a point increases by one when it moves to the

next vertex away from the origin.

Suppose the input base complex has n separatrices, and a particle is placed on each one. The

particle zi starts at the initial endpoint of the separatrix S i and moves along S i until it is stopped.

The point at which a particle stops is called the crashing point. The crashing point of zi is denoted

as κi. The track of zi, denoted as Ti, is the path on S i starting at the initial endpoint of S i and

ending at the crashing point κi. If each particle track Ti (is defined as Wi in Section 4.1) satisfies

the following conditions, the set of particle tracks {Ti}
n

i=1 is considered valid:

A1. (No overlapping tracks.) xi ≤ length(S i) − xopp(i) .

A2. (No crossing tracks.) For each internal vertex v of Ti, xleft(i, j) ≤ ϕleft(i, j)(v) and xright(i, j) ≤ ϕright(i, j)(v) ,

where j = ϕi(v).

A3. (No inactive particles.) If xi = 0, then xopp(i) = length(S i) .

A4. (No dangling tracks, no L-junctions.) If 0 < xi < length(S i) − xopp(i), then one of the

following holds.

(1) xopp(i) = length(S i) − xi .

(2) xopp(i) < length(S i) − xi and xleft(i, j) ≥ ϕleft(i, j)(κi) + 1 .

(3) xopp(i) < length(S i) − xi and xright(i, j) ≥ ϕright(i, j)(κi) + 1 .

(4) xopp(i) < length(S i) − xi , xleft(i, j) = ϕleft(i, j)(κi) and xright(i, j) = ϕright(i, j)(κi) .

Otherwise the set is considered invalid. Figure 4.19 shows the five types of invalid particle tracks.

A graph formed by valid particle tracks is called a motorcycle graph, and induces quadrilateral

partitioning with T-junctions. Different particle tracks can form the same motorcycle graph as

seen in Fig. 4.20. Note that, if a base complex has a separatrix with self-crossing (self-intersection

at an internal vertex of a separatrix), invalid motorcycle tracks can be generated. To avoid such

cases, these separatrices should be detected and truncated to the intersection vertex.

Motorcycle Graph Enumeration Algorithm: Let particles move at different speeds. The

order of arrival at vertices changes, and thus the resulting motorcycle graphs also change. Figure
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Figure 4.18: (a) Two separatrices and their local coordinate systems. The separatrix S i shown

in blue, the opposite separatrix opp(i) of S i in red, the left separatrix (at i = 2) left(i, 2) of S i in

green, and the right separatrix (at i = 2) right(i, 2) of S i in light blue. Symbols used in the figures:

(b) Irregular vertex (c) Regular vertex (d) Undirected separatrix (e) Separatrix (f) Particle track

(Arrow tip: crashing point) (g) Particle track (Crashing point not shown)

Figure 4.19: Invalid particle tracks: (a) Overlapping (b) Crossing (c) Inactive particle (d) Dangling

track (e) L-junction

Figure 4.20: Different particle with the same motorcycle graph.
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4.17 (b) shows four different motorcycle graphs generated from the same quadrilateral mesh (a),

all of which are structured. These graphs can be enumerated so that the optimum one in terms of

reverse engineering can be selected. As particle tracks determine this graph, particles need to be

placed in appropriate positions to prevent invalid results such as non-motorcycle graphs. These

positions must be at the vertices of the base complex.

Let the input base complex have n separatrices. As motorcycle graphs are formed by valid

tracks that can be represented by the local coordinates of their crashing points, they can be enu-

merated by enumerating the coordinates x1, . . . , xn. A naive method for enumerating valid tracks is

to first enumerate all coordinate combinations and then filter out invalid tracks. This enumeration

can be performed using a simple recursive procedure:

EnumerateCoordinates(Q) /* Q: a base complex with n separatrices. */

1. Call Enumerate(1, n).

Enumerate(i, n) /* Recursively enumerate coordinates xi, . . . , xn. */

1. If i ≤ n,

For j = 0, . . . , length(S i),

Set xi to j.

Call Enumerate(i + 1, n) recursively.

2. Otherwise,

If the coordinates x1, . . . , xn represent valid tracks,

Output them.

However, this naive method is inefficient because a large number of invalid tracks are unnec-

essarily enumerated before being eventually filtered out. The next section describes a method for

avoiding such inefficiency.

Enumeration without Invalid Tracks: To efficiently enumerate motorcycle graphs, it is im-

portant to avoid invalid tracks. This is achieved by maintaining lower and upper bounds of coordi-

nates to enforce validity conditions (A1)–(A4). The basic structure of this enumeration is the same

as that of the naive method, and a recursive procedure is used to enumerate the coordinates. The

difference is that the lower and upper bounds of the coordinates are maintained, and these bounds

are used to prevent unnecessary enumeration.



71

Let xi and xi denote the lower and upper bounds of coordinate xi, respectively. The modified

versions of EnumerateCoordinates and Enumerate are as follows:

EnumerateCoordinates(Q) /* Q: a base complex with n separatrices. */

1. Initialize lower bounds:

Set xi to 0, for i = 1, . . . , n.

2. Initialize upper bounds:

Set xi to length(S i), for i = 1, . . . , n.

3. Call Enumerate(1, n).

Enumerate(i, n) /* Recursively enumerate coordinates xi, . . . , xn. */

1. If i ≤ n,

For j = xi, . . . , xi,

Set xi to j.

Update lower and upper bounds.

Call Enumerate(i + 1, n) recursively.

Restore lower and upper bounds.

2. Otherwise,

Output x1, . . . , xn.

In the above pseudo-code of Enumerate, only one enumeration branch (i.e., only one recursive

call to Enumerate) is described in the loop body for simplicity. However, the loop body actually

contains multiple enumeration branches to enforce the validity conditions.

The lower and upper bounds are said to be consistent when each lower bound is lower than

or equal to the corresponding upper bound. If the bounds are not consistent, there are no valid

tracks in that enumeration branch. Whenever the bounds are updated, consistency is checked; if

the check fails, enumeration is stopped for that branch. Maintaining the lower and upper bounds

requires some care. When the coordinate xi is set to j, xi and xi are also set to j to facilitate bound

consistency checking. When a bound is updated, if the new bound is weaker than the old one,
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the old one is kept. Restoring a bound means setting it back to the old one (i.e., that before the

update). To efficiently support update and restore operations, stacks are used to represent bounds.

To enforce the validity conditions, the lower and upper bounds are updated in the following

way, which is simply derived from (A1)–(A4):

B1. (Preventing overlapping tracks.) Suppose coordinate xi is set to j. The upper bound xopp(i)

is updated to length(S i) − j.

B2. (Preventing crossing tracks). Suppose coordinate xi is setting to j. For k = 1, . . . , j − 1 , xl

is updated to ϕl(v) and xr to ϕr(v), where v = vertex(i, k), l = left(i, k) and r = right(i, k).

B3. (Preventing inactive particles.) Suppose the coordinate xi is set to 0. The lower bound

xopp(i) is updated to length(S i).

B4. (Preventing dangling tracks and L-junctions). Suppose the coordinate xi is set to j (0 <

j < length(S i)). Let v = vertex(i, j), l = left(i, j) and r = right(i, j). There are four cases.

(1) Both xopp(i) and xopp(i) are updated to length(S i) − j.

(2) xopp(i) is updated to length(S i) − j − 1. xl is updated to ϕl(v) + 1.

(3) xopp(i) is updated to length(S i) − j − 1. xr is updated to ϕr(v) + 1.

(4) xopp(i) is updated to length(S i) − j − 1. Both xl and xl are updated to ϕl(v), and both xr

and xr are updated to ϕr(v).

Note that any one of (B4-1), (B4-2), (B4-3) and (B4-4) guarantees the prevention of dangling

tracks and L-junctions, and each of them generates a different set of tracks.

In Enumerate(i, n), the cases of xi = 0 and xi = length(S i) are excluded from the for-loop

iteration because the track Ti can neither be a dangling track nor have an L-junction. The bounds

are updated according to (B3) for xi = 0 and according to (B1) and (B2) for xi = length(S i). In the

loop body, the update methods of (B1) and (B2) are first applied, and the bounds are then updated

and a recursive call is made to Enumerate(i + 1, n) using each of (B4-1), (B4-2-a), (B4-2-b) and

(B4-2-c). The loop body has four enumeration branches.

Improved Algorithm: The previous algorithm succeeds in (duplication-free) enumeration

of motorcycle tracks without invalid ones. However, the algorithm is still inefficient from the

viewpoint of motorcycle graph enumeration: it generates duplicate motorcycle graphs, as different

motorcycle tracks can form the same motorcycle graph (Fig. 4.20). To improve the efficiency,

duplications are reduced by avoiding enumeration of motorcycle tracks with a certain property.
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Note that, since our application does not require duplication-free enumeration, we do not aim to

remove duplications completely.

Suppose a pair of opposite motorcycles mi and mopp(i) collide and stop at the same vertex v. If

v is an internal vertex of separatrix S i, we call it a crack between tracks Ti and Topp(i). In Fig. 4.20

(a–c), there is a crack between the horizontal tracks. But, in Fig. 4.20 (d–e), since the common

crashing point of the two motorcycles on the horizontal separatrices is not an internal vertex of

the separatrix, there is no crack. Suppose there is a crack between Ti and Topp(i), and let j be the

local coordinate of the crack on S i. If motorcycle mleft(i, j) (or mright(i, j)) goes beyond the crack, the

crack is called penetrated; otherwise it is called non-penetrated. Fig. 4.21 shows penetrated and

non-penetrated cracks.

Let T1, . . . ,Tn be valid tracks. Suppose there is a non-penetrated crack between tracks Ti and

Topp(i). By changing the position of the common crashing point of motorcycles mi and mopp(i) to an

endpoint of S i (i.e. setting xi = 0 and xopp(i) = length(S i), or xi = length(S i) and xopp(i) = 0), the

crack between Ti and Topp(i) can be removed. The validity of the tracks and the motorcycle graph

formed by them are not changed by this operation. All non-penetrated cracks can be removed

by repeated application of the operation, and the motorcycle graph does not change during this

process. This indicates that, for any valid tracks that have non-penetrated cracks, there exist valid

tracks that have the same motorcycle graph and that do not have non-penetrated cracks.

Thus, for motorcycle graph enumeration, it is not necessary to enumerate tracks that have

non-penetrated cracks. To skip enumeration of these tracks, the update rule (B4) is modified as

follows:

B4′. (Preventing dangling tracks and L-junctions). Suppose the coordinate xi is set to j (0 <

j < length(S i)). Let v = vertex(i, j), l = left(i, j) and r = right(i, j). There are two cases.

(1) xl is updated to ϕl(v) + 1.

(2) xr is updated to ϕr(v) + 1.

Our improved algorithm uses (B1), (B2), (B3) and (B4′).

4.3.2 Cut-and-Merge Based Enumeration

As separatrices in the base complex originate from extraordinary vertices, many partitions are

produced when the number of extraordinary vertices is large. As this is undesirable, the num-

ber of extraordinary vertices can be used as a measure for the complexity of the base complex.
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Figure 4.21: (a) Penetrated crack (b-d) Non-penetrated cracks.

A lower number of vertices in a base complex correspond to a simpler quadrilateral mesh base

complex. Recent works [42, 49, 11, 14, 48, 39, 7] have proposed ways to simplify the base com-

plex of a given quadrilateral mesh. The main approach to such simplification involves locating

as few extraordinary vertices as possible and choosing appropriate positions for them, which in

turn reduces number of vertices in the base complex. Locating extraordinary vertices in appropri-

ate positions with individual and global consideration is also crucial in reducing the complexity

of the base complex. As described in [39, 7], the misalignment of these vertices can cause heli-

cal structures (shown with dark blue circles in Fig. 4.28 (a)) that turn around the model several

times, and thereby drastically increasing the complexity of the base complex. Although recent

works [42, 49, 11] have outlined promising ways to eliminate these structures, complete elimina-

tion may not always be possible, particularly for complicated models, because requirements (such

as geometric fidelity and base complex simplicity) to be satisfied during quadrangulation gener-

ally conflict with each other. Quadrilateral meshes generated using the methods proposed by these

recent works also still have a high number of extraordinary vertices, meaning that the number of

motorcycle graphs to be enumerated is very high.

Suppose there are n particles each with c candidate positions, and naive method described

previously enumerates cn number of particle positions. For the motorcycle graph enumeration,

this number will be smaller because motorcycle graphs are restricted. However, as the number is

still exponential, the enumeration has high computational cost, particularly with meshes for which

the base complex is not simple. To simplify the motorcycle graph enumeration problem and speed

up its resolution, our main approach involves dividing a given mesh into sub-meshes to allow

separate enumeration of their motorcycle graphs, and then selecting optimum graphs for each sub-

mesh. These motorcycle graphs are then merged to generate one for the whole mesh. Figure 4.28

shows base complexes (a, c) of a drill hole model. After the mesh is cut into sub-meshes, 8 sub-

meshes are generated from the initial model. The total number of ordinary junctions is reduced to

45 from 1344.



75

Figure 4.22: Total number of ordinary junctions in base complexes (separatrices in various colors):

(a) without cut: 4574. (b) with cut (in red): 1304. (c) with cut: 426. The positions of source

(green sphere) and sink (blue sphere) terminals therefore affect the base complex complexity of

sub-meshes obtained using the graph-cut method.

With a mesh cut into sub-meshes, it is obvious that the optimum motorcycle graph of the

mesh may not be found. If the absolute optimum solution is needed, the enumeration algorithm

should be directly applied without applying Cut-and-Merge based enumeration, which has high

computational cost. However, based on the outcomes of this study’s experiments, the motorcycle

graphs generated with the Cut-and-Merge based enumeration are suitable for reverse engineering

and they are considered to approximate a global solution.

Mesh-Cut Algorithm with Graph-Cut: In this step, sub-meshes with simpler underlying

base complexes are generated from a given quadrilateral mesh using the minimum cut algorithm

of Boykov et al. [10], and any separatrices with helical structures are also eliminated. A weighted

graph G < V, E > is constructed using vertex and edge elements of the quadrilateral mesh Q <

V, E, F >, where undirected edges in E connect the set of nodes in V . The terminals source

and sink, which are two different vertices in V , are first found, and the minimum cut separating

these terminals is then computed. The cut divides the mesh Q into two sub-meshes. In order to

avoid generation of short cuts where one sub-mesh is large and the other is very small, the energy

function is designed based on Golovinskiy et al.’s work [21], which favors the generation of sub-

meshes with largely similar areas. This algorithm is applied repeatedly until sub-meshes with the

desired level of base complex simplicity are obtained.

Selection of Terminals. To generate sub-meshes with well-simplified base complexes, source

and sink vertices of a cut should be appropriately selected. The basic idea behind such selection

is to enable the separation of extraordinary vertices in a given mesh (or sub-mesh) as equally

as possible by finding appropriate positions for the source and sink because the complexity of a

base complex is related to the locations and number of these extraordinary vertices, at which the

separatrices of a base complex start and end. Accordingly, cutting is desirable if the resulting sub-
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Figure 4.23: (a) Distribution of irregular vertices (in red) in the mesh boundaries in black (mesh

edges, faces and ordinary vertices are not shown) is taken into account for the computation of

source s and sink t terminals. (b) After the irregular vertex pair p1 − p2 with the maximum

distance apart is found, all irregular vertices are grouped into two by checking proximity to p1

and p2. The vertices closest to the group centers are selected as source and sink. (c) Irregular

vertex distribution and computed source-sink vertices (green-blue spheres) are shown for the drill

hole model.

meshes contain almost equal numbers of extraordinary vertices. Figure 4.22 shows base complexes

with separatrices depicted in various colors. Two different cuts (in red) are obtained for different

settings of the source (green sphere) and sink (blue sphere) terminals. The base complexes of sub-

meshes in the latter (c) are much simplifier than those in the former (b) such that the total number

of ordinary junctions in the base complexes is further reduced.

Irregular vertices in the mesh are used to compute the source and sink terminals. The irregular

vertex pair p1 − p2 (see Fig. 4.23) furthest apart is first found by checking distances between

all irregular vertices (in red) in the mesh (boundaries in black). All irregular vertices are then

grouped into two according to their distances to p1 and p2. Geodesic distance is used for these

computations. Finally, the center of the two groups is calculated and the two mesh vertices closest

to it are assigned as the source and sink terminals. Figure 4.23 shows source (green sphere) and

sink (blue sphere) vertices computed using this approach, which enables almost-equal separation

of irregular vertices and produces a simpler base complex after cutting.

Energy Function. The two-terminal graph constructed is partitioned into two sub-graphs by

finding a cut that minimizes the following energy function:

E(L) =
∑
p∈V

Gp(Lp) + λ
∑

(p,q)∈N

f (Lp, Lq),

where λ is set to 1 and L =
{
Lp|p ∈ V

}
is a labeling of the mesh vertices V where Lp ∈ {S ,T }

denotes a label given to a vertex. If the vertex p is assigned to the source terminal side, Lp = S .
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Otherwise, Lp = T . Gp(Lp) is a data penalty function and f (Lp, Lq) reflects the interaction potential

between all pairs of 1-ring neighboring vertices where N represents a set of all of these pairs.

f (Lp, Lq) is set to 1 if Lp , Lq; otherwise, it is 0.

From each vertex in V to both the source and sink terminals, a penalty cost Gp(Lp) is assigned

as follows:

Gp(Lp) =


Wh if D(Lp, p) ≤ m1;

Wl + ν(m2 − D(Lp, p)) if m1 < D(LP, p) ≤ m2;

Wl if D(Lp, p) > m2.

where D(LP, p) = 1 − (dst(LP, p)/(dst(S , p) + dst(T, p))) varying between 0 and 1, and ν = (Wh −

Wl)/(m2 −m1). dst(LP, p) is the geodesic distance between vertex p and the source terminal when

LP = S or the sink terminal when LP = T . This formula favors cutting that is not very close to

either of the source or sink terminals. In this way, short cuts are avoided and cuts that are equi-

distant from terminals are promoted. In this study, the coefficients are set to Wh = 80, Wl = 1,

m1 = 0.4 and m2 = 0.5. The setting m2 = 0.5 favors cuts that are equi-distant from terminals, and

if D(Lp, p) ≤ 0.4, it is penalized with a high-cost Wh.

To favor equal separation of extraordinary vertices, penalties are imposed on such vertices

when they are not assigned to their previously determined terminal group (see ”Selection of Ter-

minals”). Recall that extraordinary vertices are classified into two groups shown with encircled

ellipses in Fig. 4.23 (b) (the source group in light green and the sink group in light blue). For an

extraordinary vertex previously determined to be the source (or sink) group, the value D(vLP , p) is

updated as 1 so that separation of this vertex from the source (or sink) group is penalized.

Number of Cuts. The previously explained graph cut algorithm partitions a given mesh into two

sub-meshes. The base complexes of these sub-meshes are computed separately to be much simpler

than that of the initial mesh, and the number junctions where separatrices meet is thus drastically

reduced. However, cutting the mesh only once is not generally enough to obtain the desired level

of base complex simplicity. In such cases, it is necessary to apply the graph cut algorithm several

times until all sub-meshes obtained have the desired level of base complex simplicity.

As it is not easy to accurately find the number of motor-

cycle graphs that will be enumerated without enumeration, a

naive approach to computation is chosen. In the technique

reported here, particle candidate positions (junctions) where

two separatrices meet are used to determine the number of

cuts. Particles can reside only on these positions during the

enumeration step. The image on the right shows candidate
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positions for the particles p1 and p2 in a sub-mesh (boundaries are shown in red) such that p1 has

two candidate positions while p2 has three. Let there be a sub-mesh S with m particles, and ci is

the number of candidate positions for the particle i. The quasi-complexity U of S is computed as

U = c1 · c2 · . . . · cm. As the value of U can become very large, it is simplified using a logarithm

such that U = log2 c1 + log2 c2 + . . . + log2 cm. The U value of each sub-mesh should be smaller

than the parameter χ, otherwise the sub-meshes will be partitioned into two using the graph-cut

algorithm until sub-meshes with U values smaller than χ are obtained. Here, the parameter χ is

set to 20 and 40.

Original χ = 40 χ = 20

Models n j nG n j nG n j

Drillhole 1344 5 73 8 45

Beetle 199 5 94 8 52

Bottle 623 6 71 8 52

Rockerarm 4574 8 109 12 66

Results. Figure 4.24 shows cuts generated (bound-

aries shown in various colors) for different test models with

placed particles in red. The total number of ordinary junc-

tions (n j) in the base complexes and the number of sub-

meshes (nG) before (Original) and after (χ = 40, 20) ap-

plying the Mesh Cut algorithm are detailed in the table on

the right. The number of ordinary junctions drastically de-

creases after applying the proposed cut algorithm, and this

number falls even further for smaller χ values so that base complexes become less complex. It

should be noted that the drill hole and rockerarm models have a high number of ordinary junctions

in their initial base complexes due to the presence of helical structures as shown in Fig. 4.28.

Cutting the mesh into two sub-meshes eliminates the complexity resulting from these structures.

Figure 4.24: Cuts generated (boundaries in various colors) with different test models for χ = 20

and χ = 40. Particles placed are shown in red.

Extended Enumeration Algorithm: The enumeration algorithm detailed previously works

for a quadrilateral mesh homeomorphic to a two-manifold without boundary. A sub-mesh may
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have two types of boundary after applying the Mesh-Cut algorithm: Mesh boundary (like in the

Beetle model) or Cut boundary (see cuts in Figure 4.24). The Mesh-Cut algorithm separates the

vertices in the mesh into two groups and the generated cuts may pass through some faces which

will not be assigned as the elements of two generated sub-meshes. Let o sub-meshes B1, B2, ..., Bo

are generated after cutting. A sub-mesh Bi has the vertices Vi ⊂ V , the edges Ei ⊂ E and the faces

Fi ⊂ F where V1 ∪ V2 ∪ . . . ∪ Vo = V , E1 ∪ E2 ∪ . . . ∪ Eo , E and F1 ∪ F2 ∪ . . . ∪ Fo , F.

Neighboring vertices of Bi are the vertices in 1-ring neighborhood that are elements of another

sub-mesh B j ( j , i). Note that a vertex on the boundary is an extraordinary vertex whose valence

is at least four.

While computing base complex of a sub-mesh, separatrices are formed that start from ex-

traordinary vertices and can end at extraordinary vertices, Mesh boundary vertices or neighboring

vertices. Motorcycle graph enumeration for a sub-mesh is performed to obtain particle tracks us-

ing its base complex in a similar way explained previously and the particle candidate positions can

be intersection vertices of separatrices, extraordinary vertices, Mesh boundary vertices or neigh-

boring vertices. Motorcycle graph of a sub-mesh is the union of the obtained particle tracks after

the enumeration. However, some separatrices in a sub-mesh may not have their opposite, left or

right separatrices. Accordingly, the update rules (B1), (B2), (B3) and (B4′) should be customized

for these separatrices (not for others).

B1. (Preventing overlapping tracks.) Suppose the coordinate xi is setting to j. No need to

update xopp(i) if the separatrix S i does not have opposite separatrix (opp(i)).

B2. (Preventing crossing tracks). Suppose the coordinate xi is setting to j. For k = 1, . . . , j − 1

, no need to update xl if the separatrix S i does not have left(i, k), where v = vertex(i, k),

l = left(i, k) and r = right(i, k). Similarly, no need to update xr if the separatrix S i does not

have right(i, k).

B3. (Preventing inactive particles.) No recursive call needed if the separatrix S i does not have

opposite separatrix.

B4′. (Preventing dangling tracks and L-junctions). Suppose the coordinate xi is set to j (0 <

j < length(S i)). Let v = vertex(i, j), l = left(i, j) and r = right(i, j).

(1) No recursive call needed for the separatrix S i with no left(i, k).

(2) No recursive call needed for the separatrix S i with no right(i, k).
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Figure 4.25: (a) The base complex of the sub-mesh S A is computed. Particles are stopped after

passing cuts (in red). (b) Motorcycle graph enumeration is performed. Some particles (called

as free particles) go beyond the cut and some stop (tracks marked with black and blue circles,

respectively) (c) Free particles (tracks marked with red circles) in S A are taken into account during

base complex computation of the sub-mesh S B. (d) Particle positions after the graph enumeration

in S B (tracks of free particles thickened

Merging Motorcycle Graphs: Motorcycle graphs of the obtained sub-meshes are enumerated

using the Partial MC Generator and the Complete MC Generator and finally a graph representing

a motorcycle graph for the whole mesh is obtained. Selection of the optimum graph for each

sub-mesh is based on a cost function which will be also described here.

Partial MC Generator (PMG). The main aim here is to find the optimum motorcycle graph for

each sub-mesh by applying the enumeration algorithm in Section 3. After the enumeration, the

optimum graph is selected, and some particles in this graph go beyond the cut which are called

as free particles while others stop inside the sub-mesh. Figure 4.25 shows the cuts (in red) and

enumeration for the sub-meshes S A and S B. The tracks of free particles are marked with black

circles (b) and are thickened, and the tracks of others are marked with blue circles (b). For the

next enumeration performed in another sub-mesh, free particles are also used in base complex

computation. Namely, free particles of S A (b) are also taken into account when the base complex

of S B is computed (marked with red circles (c)). In this way, particles with dangling tracks go

further and stop (d).

Complete MC Generator (CMG). The union of optimum graphs after applying PMG may

not represent a motorcycle graph when the whole mesh is considered. Therefore, CMG is im-

plemented to perform successive enumeration steps in sub-meshes separately until a motorcycle

graph for the whole mesh is obtained. The same methodology as that for the PMG is used for the

CMG, but only certain particles are considered during the enumeration step. These are free parti-

cles and linked particles, which are those to be included in the enumeration with free particles to

avoid the generation of invalid motorcycle tracks. In Figure 4.26 (b), particles with tracks shown

in orange, pink, purple, gray and blue colors are linked particles.
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Figure 4.26: A motorcycle graph in a sub-mesh (boundaries shown in red) is shown (a) with a

free particle (track shown in light green). To assign a position for this particle, enumeration in

the sub-mesh is required. The base complex is computed (b) using only certain particles (tracks

shown with dashed lines), and other particles (tracks shown with solid lines) do not need to be

considered during graph enumeration. Candidate positions are depicted with black dots. (c) After

applying the PMG, a motorcycle graph for the whole mesh is generated where no free particles

are left.

Figure 4.26 (a) shows an invalid motorcycle graph consisting of particle tracks. The particle

track shown in light green is that of a free particle which should be positioned after performing

enumeration in the sub-mesh (boundaries shown in red). The base complex is computed using

this free particle and related particles, whose separatrices traced are shown with dashed lines (b).

The particle candidate positions that are used for the enumeration are marked with black dots.

The tracks of other particles (tracks marked with solid lines) do not need to be considered during

the enumeration process. Starting with such a base complex, enumeration is performed and the

optimum motorcycle graph is selected from among those enumerated. Figure 4.26 (c) shows the

motorcycle graph generated after several successive enumeration steps. As mentioned in the pre-

vious paragraph, such successive steps are performed until a motorcycle graph for the whole mesh

is obtained. It should be noted that the CMG may not always converge to a valid motorcycle graph

for the whole mesh; that is free particles may always be present after enumerations. However, no

such cases were observed in the experiments of this study. To overcome this convergence problem,

various naive approaches can be proposed.

Selection of Optimal partitioning with Cost Function. A structured partition can be obtained

from a set of particle tracks ({Ti}) which can also be denoted as a set of paths {Wi}. Same cost

function defined in Section 4.1 is utilized.
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4.3.3 Integration of Feature Curves

Extraordinary vertices are not always connected to or near the highly curved regions. As a result,

these regions inevitably reside inside the generated quadrilateral partitions of motorcycle graph.

For reverse engineering applications such as surface modeling, it is crucial to locate as many such

regions as possible on partition boundaries. After the highly-curved regions that are very difficult

to capture with the particles placed on extraordinary vertices have been detected and extracted,

and additional particles are placed on these curves to enable them to be traced. These particles

are then integrated to the motorcycle graph enumeration algorithm in the same way as particles

located on extraordinary vertices.

The highly-curved regions mentioned above are called as feature curves, and have three main

properties:

• They are sets of highly curved connected edges in the same parametric direction. In other

words, all these connected edges have dihedral angles greater than the flatness threshold ρ.

• They have an appropriate length (number of quadrilateral edges) to avoid extraction of short

curves. Feature curves with length less than the threshold τ is discarded.

• They are not close to extraordinary vertices. To control proximity, the parameter ζ is intro-

duced so that the number of edges in the same parametric direction should exceed ζ from

end points of an extracted feature curve to any extraordinary vertex.

PPPPPPPPPPPPP
Models

Parameters
ρ τ ζ

Drill hole 45 15 30

Rockerarm 45 30 30

Bottle 50 5 30

Beetle 40 8 60

Figure 4.27 shows extracted feature curves. The drill

hole model has only one feature curve, the Beetle model

has five, the bottle model has twelve and the rockerarm

model has three. After this extraction, two particles mov-

ing in opposite directions (b) are inserted next to the mid-

dle of the feature curve. The parameter values used here

are shown in the table on the right. Based on our expe-

rience, the parameters are easy to tune and fine-tuning

does not generate very different results. In this step, it is also possible to utilize sophisticated algo-

rithms for feature curve extraction and the feature curves extracted using other methods can easily

be integrated into the proposed framework once their edges are aligned in the same parametric

direction. Note that the mixed-integer quadrangulation technique [9] of Bommes et al. smoothens

the given mesh during quadrangulation so that mesh noise is reduced. It can therefore be assumed

that there is no significant noise in the quadrilateral mesh taken as input in the proposed method.
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Figure 4.27: Feature curves (in blue) in the mesh that are not close to extraordinary vertices are

extracted. Two particles moving in opposite directions (a) are placed next to the middle of the

curve.

Figure 4.28: (a) The initial mesh with its base complex is given. The total number of ordinary

junctions is 1344. (b) Feature curves far away from extraordinary vertices are detected. Particles

moving in opposite directions are placed on the middle of these feature curves in opposite direc-

tions and on extraordinary vertices. (c) To obtain sub-meshes with simpler base complexes, the

mesh is cut into several sub-meshes each with the desired base complex complexity. A total of

8 sub-meshes are obtained with 45 ordinary junctions. (d) The base complex for each sub-mesh

is found. (e) Optimum motorcycle graphs are enumerated for each sub-mesh. After several enu-

merations, a motorcycle graph of the initial mesh is obtained. (f) Flat particle tracks are removed

(η = 1) and much more compact partitioning is achieved. (g) Generated partitions are validated

with B-spline surfaces.
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Figure 4.29: Setting small values for χ creates a smaller solution. For χ = 20 (b), the cut marked

with the red circle does not allow the particle (track marked with a black circle) to go further

and trace the highly curved edges (marked with black round dots) traced when χ = 20 (a). The

proposed algorithm (a) generates better partitioning than the motorcycle graph algorithm [19].

Highly curved edges are present inside the partitions marked with a black circle.

4.3.4 Results and Discussion

Figure 4.28 illustrates the flow of the proposed algorithm. We apply this algorithm to the following

four quadrilateral mesh models in the experiments reported here: a drill hole, a rockerarm, a Beetle

and a bottle. This section covers the results for different cut parameter (χ) values, comparison with

existing quadrilateral partitioning techniques, the number of motorcycle graphs generated during

the enumeration step, the computational time taken for each model, a flat boundary removal tech-

nique, generated B-spline surface models and deviations of generated surfaces from the original

quadrilateral meshes.

Result evaluation: As seen from Figures 4.28, 4.29, 4.30 and 4.31, a large number of highly

curved edges in the models are placed on partition boundaries (shown in various colors). It can

be seen that highly curved edges in Fig.4.29 (b) marked with black round dots cannot be traced

by any particle when χ is set to 20, but can be traced when χ = 40. Assigning smaller values for

χ cuts the mesh into more sub-meshes, thereby reducing the solution space and making solutions

farther from the global optimum solution. The cut (in brown) marked with red circle does not

allow the particle (track marked with a black circle) to go further and trace highly curved edges

(marked with black round dots). Another comparison is made for the proposed algorithm (b) and

the motorcycle graph algorithm [19] (c). Highly curved edges (marked with a black circle in (c))

are not placed on partition boundaries.

As detailed in the feature curve integration algorithm, it is crucial to place particles on highly

curved regions that cannot be traced by particles placed on extraordinary vertices. Figure 4.30

(a) shows such a case for the bottle model. A large number of highly curved edges (marked

with black circles) can be seen inside the generated partitions, which is problematic for B-spline
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surface fitting. The feature curve integration step improves the quality of partitioning (b) for

reverse engineering applications.

Different quadrilateral partitioning is obtained when χ is set to 20, 40 and 60 as shown in

Figure 4.30 (a), (b) and (c). However, highly curved edges in the model are captured for all these χ

settings. The quadrilateral partitions generated using the motorcycle graph algorithm [19] (d) and

the method of Campen et al. [11] ((e), for their particular choice of thresholds) have highly curved

edges seen in the inner regions marked with black circles. Quadrilateral partitions generated using

other methods ( [39, 7, 49, 7]) also contain these highly curved edges as far as their images shown

in the papers are concerned. Recall that T-junctions do not exist in the partitions of [49, 7, 11],

whereas they exist in that of [39, 19] and the proposed method. The number of T-junctions and

quadrilateral partitions generated are as follows: 54 and 51 for the drill hole (with χ = 20), 116

and 95 for the rockerarm (with χ = 20), 70 and 60 for the bottle (with χ = 40), 100 and 90 for the

Beetle (with χ = 20) respectively.

Computational time: A 3.4 GHz PC was used for the experiments in this study. Table 4.1

shows the computational time taken for each model. The processing time for the Mesh Cut al-

gorithm depends on the χ setting, and is much longer for smaller values because the mesh is cut

into a large number of sub-meshes. Computation of the geodesic distance from each vertex in the

mesh to the source and sink terminals dominates the processing time in this step. The motorcycle

graph enumeration step also depends on the χ settings, and the computational cost is higher for

greater values because a large number of graphs are enumerated. As an example, for rockerarm

model with χ = 60, 340, 396, 807 motorcycle graphs were enumerated at a time cost of more than

eight hours. However, the test results indicate that, better solutions (with minimum cost) were

obtained with large χ values (compare the costs of rockerarm with χ = 20, 40, 60 and the Beetle

with χ = 20, 40). For the drill hole and bottle models, the results are very similar when χ is set to

20, 40 or 60. Finally, assigning large values such as 80 for χ results in such high computational

cost that the graph enumeration step takes hours.

Flat boundary removal: To achieve partitioning with much greater compactness (i.e., a fewer

partitions), flat (less-curved) boundaries are removed using the the explained method in Section

4.2.3. The images on the top of Fig. 4.32 show the models after this process.

B-spline surfaces: The generated partitions are fitted with B-spline surfaces using the the

explained method in Section 4.2.3. The images on the bottom of Figure 4.32 and the right bottom

of Figure 4.28 (g) show B-spline surfaces for partitions generated using the proposed algorithm.

Deviation of the generated surfaces from the original quadrilateral mesh is shown in Fig. 4.33.

Less deviation occurs with partitions generated using the proposed algorithm (PA) than with those
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Figure 4.30: (a) Without the feature curve integration step, large numbers of highly curved edges

cannot be placed on partition boundaries. (b) partitioning with feature curve integration.

generated using the motorcycle graph (MC) algorithm and the path flipping (PF) algorithm.

4.4 Conclusion and Future Works

The proposed algorithms in this section generates quadrilateral partitioning from given semi-

regular quadrilateral meshes. The PF approach generate feature-aware partitions from motorcycle

graph. As an extension of the MCG algorithm, the three approaches, speed control (SC algo-

rithm), path flipping (PF algorithm) and feature curve integration (FC algorithm), are proposed

to take surface geometry into account. In the SC algorithm, particle speeds are controlled to run

faster on feature edges in order to move forward paths in feature regions. In the PF algorithm,

paths are flipped to change blocking relationships and to enable further progress of blocked paths.

To guarantee the capture of all feature curves in a model, the FC algorithm extracts feature curves

and integrates them into the SC algorithm. Note that the insertion of the feature curves can be

reduced by using more sophisticated surface fitting algorithm with non-uniform knots to capture

highly curved regions. The proposed algorithm is not canonical like the original MCG algorithm,

but is guaranteed to generate structured partitioning. The experiments show that the proposed ap-

proach can be used to generate partitioning (by capturing feature curves) that are useful in reverse

engineering.

The MCG enumeration approach involves enumerating all the motorcycle graphs of a given

mesh so that the optimum one (based on a cost function) can be selected. As the computational
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Figure 4.31: Different partitioning (a, b, c) is obtained with different χ settings (20, 40, 60). par-

titions generated using [19] (d) and [11] (e) may contain highly curved edges (marked with black

circles), which is problematic for B-spline surface fitting.

Figure 4.32: Top: Partitions after applying the flat boundary removal algorithm (η = −3). Bottom:

B-spline surfaces (in blue) fitted to these partitions.
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Figure 4.33: Less deviation is observed for partitions generated using the proposed algorithm (PA)

than for those generated using the motorcycle graph (MC) algorithm (see locations marked with

black circles).

cost of enumerating all graphs is high, the proposal includes the use of the Mesh-Cut algorithm

to cut the mesh into several sub-meshes, and graphs are then enumerated separately for each sub-

mesh. Using a feature curve integration algorithm, highly curved edges that are very difficult to

trace with the particles placed on the extraordinary vertices can be traced. The experiments showed

that the proposed approach generates partitions with highly curved edges on their boundaries.

The proposed algorithms can be enhanced in several ways. To achieve optimum cuts for a

given mesh, curvature information and other different criteria will be considered in the Cut-and-

Merge algorithm in addition to that of equal separation of extraordinary vertices. The use of

mobile cuts whose positions change after each enumeration step may also be worthwhile which

may generate better partitioning results. Other cost function(s) (that can be used in the selection

of enumerated graphs) directly related to B-spline surface quality and better flat boundary removal

algorithms will also be investigated. Finally, partitions generated using the proposed algorithm

will be validated using T-spline surfaces [45].
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Chapter 5

Conclusion and Future Works
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5.1 Conclusion

3D models are essential in many computer-based applications in order to analyze and improve

these models. Reverse engineering aims to generate 3D models from a scanned data obtained by

measurement systems. The research in this dissertation strives for the generation of B-spline sur-

faces from a given quadrilateral mesh since they are good fit for each other. Recent quad-meshing

techniques can generate quadrilateral meshes where the vertex elements are placed regularly and

therefore uniform B-spline surfaces can easily fit to them without parameterization step.

Partitioning of a given mesh can be done using various criteria for the generation of high-

quality B-spline surfaces. The most direct criteria to check the B-spline surface quality is to fit the

data to B-spline surfaces every time during partitioning which has computationally high cost. Our

approach uses a criteria having lower computational cost such that highly-curved elements in the

mesh are located on the surface boundaries because they cannot be represented by smooth B-spline

surfaces. The bi-monotone approach in this dissertation proposes bi-monotone patch schema and

its generation which has ability to capture feature curves in the model easily. The other two

proposed approaches formulate the same problem using optimization and positions highly-curved

regions on the partition boundaries as many as possible.

The bi-monotone approach demonstrates the advantages of bi-monotone patches when utilized

on quadrilateral meshes. The surface features of an object can be captured more easily with bi-

monotone patches than with quad patches. After partitioning of a quadrilateral mesh into four-

sided patches, feature curves residing inside them are detected and they are constrained to be

the patch boundaries. Finally, the configuration is improved to generate large patches. A user-

adjustable shape control parameter is also provided to support the production of patches with

good bi-monotone shapes.

The Path Flipping approach in this dissertation generates feature-aware partitions from motor-

cycle graph. As an extension of the original motorcycle graph algorithm, the three approaches,

speed control (SC algorithm), path flipping (PF algorithm) and feature curve integration (FC algo-

rithm), are proposed to take surface geometry into account. In the SC algorithm, particle speeds

are controlled to run faster on feature edges in order to move forward paths in feature regions. In

the PF algorithm, paths are flipped to change blocking relationships and to enable further progress

of blocked paths. To guarantee the capture of all feature curves in a model, the FC algorithm

extracts feature curves and integrates them into the SC algorithm. The proposed algorithm is not

canonical like the original algorithm, but is guaranteed to generate structured partitioning.

The MCG enumeration approach aims to generate a motorcycle graph of a given quadrilateral
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mesh which is nearer to the global optimum for B-spline surface fitting. As listing all motorcycle

graphs have computationally high cost, the mesh is cut into several sub-meshes in each of which

the optimum motorcycle graph is found by checking all producible motorcycle graphs. When the

motorcycle graphs in each sub-meshes are combined, a valid quasi-optimum motorcycle graph

may not be obtained. Therefore the solutions in each sub-meshes are combined using a methodol-

ogy and a valid motorcycle graph is obtained.

Bi-monotone partitions can capture feature curves that are not aligned with u−v directions with

an appropriate number of partitions whereas the Path Flipping and MCG enumeration approaches

cannot capture them. Based on a defined cost function, MCG enumeration approach generates

better partitioning than the bi-monotone and Path Flipping approaches since many motorcycle

graphs are enumerated and one of them is selected as the best one. The Path Flipping approach

can generate better results (more highly-curved regions can be placed on partition boundaries)

than the bi-monotone approach and it can generate similar results in a shorter time compared to

the MCG enumeration approach for the models having smooth features. According to the test

results of the surfaces generated, the MCG enumeration approach produces partitions having less

deviation from the original data. The experiments show that the proposed approaches can be used

to generate partitioning that are useful in reverse engineering.

5.2 Future Works

The research in this dissertation can be extended in many ways:

• Surface-related criteria. While generating partitions for the use of B-spline surface fitting,

a number of surface-related criteria can be taken into account. Our current approach indi-

rectly aims to have surfaces having less fitting error by locating highly-curved regions on

the surface boundaries. For a better surface quality, G0 and G1 continuities are also crucial

such that two neighboring surfaces are good to have smooth transitions. These criteria can

be integrated into our cost formula that is used in the proposed approaches.

• T-splines. As an application of partitioning, the generated partitions of the path flipping

and MCG enumeration approaches are expected to fit well with T-spline surface modeling

approach. It must be interesting to feed our resulting partitions to the T-spline framework

[45]. T-splines are much more advantageous than B-splines since T-joints are permissible

such that G0 and G1 continuities are guaranteed.
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• Isogeometric analysis. Possible use of the generated partitions (by the proposed approaches)

can be isogeometric analysis which is a recently developed computational approach and em-

ploys complex NURBS geometry in the FEA application, and thereby allowing simultane-

ously designing and testing models.

• Feature curves with arbitrary shapes. The path flipping and MCG enumeration ap-

proaches produces quad partitioning by only considering the straight feature curves in the

model. In order to improve the efficiency of capturing feature curves that are not aligned

with parameter u − v directions, we would like to extract and integrate the feature curves

with arbitrary shapes into the proposed algorithms.

• Optimum mesh cutting. The MCG enumeration approach cuts the mesh into sub-meshes

in order to reduce the computational time of the problem. However, this cut may affect

the final solution such that different cuts may generate different solutions. Therefore it is

required to do research on the generation of good cuts. To do this, ”What is a good cut?”

should first be defined and then algorithm should find good cuts.

• Motorcycle graph-based partitioning. Compared to using an triangular mesh as initial

input, utilizing quadrilateral mesh enables better partitioning in which the partitions have

good shapes such as quad or bi-monotone partitions. We expect that motorcycle graph-

based algorithms can be used effectively in many areas like ship building. In ship hull

manufacturing, the generated partitions of this algorithm can easily be manufactured since

this algorithm only produce quad partitions.

• Parameter setting. Our algorithms are automatic once all required parameters are adjusted

by the user. It can be good contribution if there is a way found to set this parameters auto-

matically by an algorithm.

• Dihedral angle. To detect feature curve or to assign cost for a motorcycle path, we have

utilized dihedral angle of an edge since it has computationally low cost. It is also possible

to utilize different criteria such as max/min curvatures, developability conditions, etc. Ana-

lyzing the changes in the results after using different geometrical criteria can be interesting.
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