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ABSTRACT

AVERAGE VALUES OF THE FUNCTIONAL EQUATION
FACTORS AT THE ZEROS OF DERIVATIVES OF
DIRICHLET L-FUNCTIONS

In this work, average values of the functional equation factors of Riemann Zeta
function and Dirichlet L-functions at the zeros of derivatives of Dirichlet L-functions

are calculated.



OZET

FONKSIYONEL DENKLEM CARPANLARININ
DIRICHLET L-FONKSIYONLARININ TUREVLERININ
SIFIRLARINDAKI ORTALAMA DEGERLERI

Bu galismada, Dirichlet L-fonksiyonlarinin ve Riemann Zeta fonksiyonunun fonksiy-
onel denklemlerindeki garpanlar, Dirichlet L-fonksiyonlarimin tiirevlerinin sifirlarinda

hesaplanmigtir.
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1. INTRODUCTION

We summarize some well-known results about the Riemann zeta function and
Dirichlet L-functions. These results can be found in [1H5].

1.1. The Riemann Zeta Function

The Riemann zeta function is defined as

3

) O' >1
n
n=1

where s = 0 + it with o,t € R. In 1860, Bernhard Riemann proved that the function
((s) can be analytically continued throughout the complex plane and the only pole of
((s) is at s = 1 with residue 1 and this pole is simple. Thus, the Laurent expansion of

((s) around s =1 is

4(8 - 1)17

and by differentiation, we have

(=1)4!

0)(g) — / , s _ .
¢(s) (S_l)JHJrOy(l), (s = 1) (1.1)

Riemann also showed that the function ((s) satisfies the symmetric functional equation

rhT (%3) C(s) = 7309 (%(1 _ s)) C1—s),

which can be written as



where

It is well-known (see [10]) that

xc(s) = (%) o exp (—it log 2’L7r‘e + %T Sgn(t)) (1 +0 Q;)) , (1.2)

and that

X¢ It (1)
= (s —log +0
= T lee g O

uniformly in @ < o <  and |t| > 1 for any fixed real numbers o and 5. The famous
Riemann Hypothesis asserts that all the zeros of the function ((s) in the critical strip,
namely the strip 0 < o < 1, are on the line 0 = % Let Ni(T) denote the number of
zeros of the k™ derivative of ((s) inside the horizontal strip 0 < v, < T. It is known
(see Chapter 10 in [1]) that

T T
No(T) = o log 7 T O(logT).

In addition, Berndt [6] showed that, for £ > 1

T T
Ni(T) = o log . + O (logT).

1.2. Dirichlet L-Functions

A Dirichlet character v modulo ¢ > 1 is a totally multiplicative function from
Z to C with period ¢ and is zero only at integers which are not relatively prime to g,

and has absolute value 1 at integers relatively prime to ¢. By total multiplicativity



we mean ¢(mn) = ¥(m)(n) and having period ¢ means ¢ (n + ¢q) = ¥ (n) for any
integers m, n. There exist ¢(q) distinct Dirichlet characters modulo ¢ where ¢ is the
Euler totient function. The principal Dirichlet character ¢ is defined by ¢g(n) = 1 if

(n,q) = 1 and zero otherwise.

A Dirichlet character modulo ¢ may have a period smaller than ¢ when we restrict
it to integers relatively prime to ¢. In this case, we say v is imprimitive, otherwise we
say 1 is primitive. If a Dirichlet character ¥ modulo ¢ is primitive, then we have ¢ > 3
because for ¢ = 2 the only Dirichlet character is the principal character. We would like
to note that, if ¢ is an odd prime number, then all Dirichlet characters modulo ¢ are

primitive.

Dirichlet characters modulo a given natural number g satisfy the orthogonality

relations

and

o(q) ifn=1 (mod q),
¥(n) =
w(go;j 9) 0 if n# 1 (mod q).

Moreover, for an integer a with (a,q) = 1, we have

S By = £ = toda) (13)

¥ (mod q) 0 if n % a (mod q).

For a Dirichlet character v modulo ¢, we define the Gaussian sum 7(1) as



where e(a) := e*™. Note that

() = Y(=1)7(®).

Let ¥ be a Dirichlet character modulo ¢ > 1. Then a Dirichlet L-function is defined as

L(s, )= v s,

nS

n=1

The functional equation of a Dirichlet L-function associated with a primitive Dirichlet

character 1 can be written as

L(37¢) :Xw<S)L(1_SaE>7 (1'4)
where
5) — T(¢) 71.*%4’8 %fsr(%(a +1—3))
W T T )
and
L 0, ify(-1)=1 (L5)
1, if (—1) = —1.

It is known (analogous to (1.2), see Lemma 2.1 in [5]) that for a primitive Dirichlet

character 1) modulo ¢ > 3,

and



in any fixed half plane a < o < 8, > 0 > 0 where ¢ is an arbitrarily small positive

number. Moreover, (see Lemma 2.2 in [5]) for any fixed o, and |t| > 1,

Xe oy 1oe 41 1
X¢()— log o — +O(|t|) (1.8)

From the functional equation, it can be inferred that for ¢ < 0, L(s,1) has zeros at
the poles of I'(3s + a), that is when £ (s + a) is a negative integer. These are be called
the trivial zeros of L(s,1)). The trivial zeros of L(s,1) are the negative even integers
if ¢(—1) = 1, and are the negative odd integers if )(—1) = —1. The Generalized
Riemann Hypothesis (GRH) asserts that all the zeros of the function L(s,®) in the
strip 0 < o < 1 are on the line o = % For a primitive Dirichlet character ¢» modulo
g > 3, it is known (see [2|) that the number of zeros of L(s,1) in the rectangle
2L 1 O(log qT). In [7], Yildirim proved that for

2me

k > 1 and for any 6 > 0, 3M = M (k,d,a) such that there is no zero of L*)(s,) in

0 <o <1t <Tis equal to Llog

the region |s| > ¢™, o < —d, |[t| > 6. Moreover, there exists sufficiently large o}, such
that L%*)(s,v) has no zero in o > 0. Now, for k > 1 let Nj(T,v) denote the number

of zeros of L) (s,9) in —¢% < o < oy, [t| < T. It is shown in [7] that

Ny (T, ) = log + O (¢"logT), (T — o), (1.9)

2
where m denotes the smallest prime number that does not divide gq.

1.3. Motivation of the Present Work and Main Results

In [8], Conrey and Ghosh studied the sum

> xelpew), (1.10)

0<v¢,,x<T



and this sum is calculated in detail by Karabulut and Yildirim in [9]. The result of the

latter work is the following:

where

S5 ()

u=0 v=1 i1+ Fig=u Zl’zk
i1,..,05 20
k i
k\™ —1)” !
xH(—1)ww!( ) B e Che s L
el w (21+2Z2+...+k2k+0)!

In [9], it is also shown that

k
A =— <k+1—ZezT>,
r=1

where z,, r = 1,..., k are the zeros of Py(z) := Zk 2 and Ay = —1. In this work,

j=0 1

we calculate the following generalizations of the sum in ((1.10)):

> Xw(pps)  and > xelpwr).

0<’Y¢1’k<T 0<’Y¢’k<T

Using the method in [9], we obtained the following theorems.

Theorem 1.1. Assume GRH. Let q be a fixed odd prime number and 11, 1o be any

non-principal Dirichlet characters modulo q. Then, as T — 0o, we have

— T T
Z X2 (piﬁhk) = MAIC% * Ok,q (@) '

St v(q)

Theorem 1.2. Assume GRH. Let q be a fixed odd prime number and ¢ be any non-



principal Dirichlet character modulo q. Then, as T — oo, we have

Z Xc(Py k) kg 7'~ Tahogarss log T'loglogT.

0<yy, k. <T

We note that the assumption of GRH in both theorems can be removed at the

cost of some more detailed analysis.



2. LEMMATA

Lemma 2.1. For a positive integer m, and for |t| > 1, we have

- (e vo ()" (2'1)

Proof. The case for m = 1 is mentioned in ([1.8)) and its proof can be found in Lemma
2.2 in [5]. Using the identity

(m+1) (m) (m) !
Xy _ 4 [ Xy Xo oy Xy
- <s>—ds( <s>>+ L),

and the induction hypothesis, we have

£ ot o(2)) 1)
- (e 2+O(t)>nj( oz +0 (7))
(ot Lo ()

Thus, the result follows by induction. O

Lemma 2.2. (Vinogradov-Korobov, 1958) There exists a positive absolute constant 0,
such that ((s) # 0 throughout the region

)
oc=>1-— ! ) ’t‘>37

(log [])3 (loglog |¢])*

i which one has

g/
¢

ol

2 (s) < (log ¢])? (loglog [¢])7 .

Proof. See pp 119-120 of [11]. O



The following lemma is an exercise in [13] on page 444.

Lemma 2.3. Suppose that L(s,v) # 0 for o > 1/2, that is, assume GRH. Then

L 1
—(5,¥) < ((logq7)*™*" + 1) min { ———,loglogqr | ,
L lo — 1]
uniformly for 3 + logkl)qu <o <3 where 7= |t| + 4.
Proof. For x > 2 and y > 2, define
1 if 1 <u<ux,
_ log
wu) =4 1— onr iz <u<ay,
0 if u > xy.

w(n)A(n)p(n A(n)(n A(n)(n A(n)(n)log 2
3 (n)A(n)y(n) Z()¢()+Z ()@D()_Z (n)y(n)log 7

ns ns ns ns logy
n<ry n<x r<n<Ty <Ny
An)(n 1 A(n)p(n x
|y Al | L Ao
n<ry n lOg Yy r<nLTyY n n

Since the coefficients of %(3, ) are given by A(n)i(n), we have, for oy > 1,

An)y(n) 1 /UOHOO L (zy)"”
MZMT—% e f(s—l—w,w) " dw,
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1 A A
“logy T;xy (”If(”) log % a T;xy (n::f(n)
1 A

gy ; (nizsp(n) log 7

Eod M T o
- % J:j:o —%(s + w, ) (zy)" dw

oo+ico w

5o | - s wn) D

Combining these,

)L,
= ns 211108 Y Joy—ico L ’ w? '

Now, using Cauchy’s residue theorem,

1 /Uo—HOO 2/(8 N w7¢) (l.y)w — v o — 2/(87¢) B Z (:L-y)Pw—s — pPv—S

2milogy oico L w? L o (pyp — s)?logy
e (.fL'y)_2k_S o x—?k—s
—(1-9 Z 2
— (2k + s)?logy

—2k+1—s —2k+1-s

(zy) —x
akz:; (2k —1+s)%logy

If o > 1/2 then |y*»~* — 1| < 2. Thus, for ¢ > 1/2 we have

Z (xy)Pe—s — gPv—* o 212 1

— )2 = — 2°
= (py—s)*logy logy <= s — pyl

We know that (see Section 10.2 in [13])

U, IT (s+a) 1, g 11
f(s’¢)_B(¢)_§F( 5 >—§log;+2( +—)7




11

and

Then,

1 1 1 1
O T ) L ey

_ 2
|s — pyl o

:%Zl

S R
P Py

B L 17 (s+a 1 q
—%(L(s,¢)+2r( 5 )+210g7r)
L 1 1 q
— Rz 2 “log L+ 0(1).
%L(s,w)—l—z ogT~|—2 ogﬂ—l—O( )

Thus, for a complex number § with |#] < 1, we have

. 5 w)A()y(n) 02277 ‘%L/( ,w)‘

+ —(s
L =, ns (0 —Ylogy | L
7327 log g7
O . (2.2)
((0 —3) 10gy>
Thus if
22277
<c <1, (2.3)
(0 —3)logy

then we have

We take
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Note that o < 3/2 implies y > 2. Now we have ,
273°

1—20"
(0= Dlogy )

= 2e(log g7

Thus for o > % + m and ¢ = %, inequality 1) holds. We observe that,

Z w(”)Aézl)w( )<< Z

n<xy n<(log q7)?2 7’L

uniformly for o > % Thus we obtain

!

Lf(s,w) < log g, (2.4)

uniformly for 1/2 + 1/loglog ¢r < o < 3/2. By using (2.4)) in (2.2)), we get

L/

sos 3 20 o) (25)
n<(log g7)?

uniformly for 1/2 + 1/loglog ¢ < 0 < 3/2. Now we write

y Mooy oy A 26)

n<(log gr)? 0<k<2loglog gt ek <n<ek+1!

By Chebyshev’s estimate on the von Mangoldt function which states that ), . A(n) =<

z, we get

> Aln) < =), (2.7)

o
ek<n<ek+l

and

Z ek(l—a) < (10g q7_>2—2a,

0<k<2loglog qt

if o is away from 1 in the sense that ‘ i< loglog g7. If, on the other hand, o is close
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to 1 such that > loglog g7, then on the right hand side of we sum at most
2loglog q7 terms Wthh are < 1 by . Combining these results, we obtain

L 1
—(5,9) < ((log q7)*7*7 + 1) min  ——,logloggr | ,
L lo — 1]
uniformly for 1/2 4 1/logloggr < o < 3/2. O
The following lemma is Theorem 2 in [7].
Lemma 2.4. Let k € N and v be a primitive Dirichlet character modulo q, ¢ > 3, and

m be the smallest prime number that does not divide q. Then |L® (s, )| > (102%72 for
o> Tem (141422

mlogm

Proof. Since m is the smallest prime number that does not divide g, m is in fact the

smallest natural number n > 1 such that ¢(n) # 0. Thus we have

= ¥(n)(l
L0 (s, p) = (1 S PoEn)l )
and
(k) (log m)k - (log n)k
L (s, 0)| = = = Y e (o> 1),
m n=m-+1 n
k < (] k k
_ (logm) _/ (log ) i, (o> )
me m x° logm
log m)* M=kl <= ((0 — 1)logm)
T e (o — 1)k+1 Z 1 ’
j=0 J!
Now we put z := (0 — 1) logm. If (lggm@k - (;”:)Z’fl =0 jj, > 0, then we obtain the

desired result.
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Note that
(logm)t  m' kKl 2 m k[ (logm)F(o — 1)k - Ek: .
2me (0 — 1)kl — gl (o — 1)kt 19m - il
~ (o — D1\ kl2mlogm ]Z_; )

Skt
El2mlogm

and by [12] (Problem 16, Part III), there is only one z € R* such that

Z?:o j—f = 0. We can assume o > 1 + %, so that z > k. Then

ko j k k—1 k+1
I E R G — (2.8)
= j! P (B=1)! = k'2mlogm
the last inequality being true for z*2mlogm + 2¥~1k?2mlogm < 2**1 which is equiv-

alent to 0 < 2% — (2mlogm)z — 2k*mlogm. Here the discriminant of the quadratic

expression 22 — (2mlogm)z — 2k*mlogm in z is A = 4m?log® m + 8k*mlogm. Thus,

forzZmlogm—i—\/m210g2m+2k2mlogm:mlogm(1+ 1+ 2k2m> or in terms

m log

mlogm

of o, foroc>14+m (1 + /1 + 2 ) the result of the lemma holds. O

The following lemma is Lemma 2 in [10] with r replaced by r/q.

Lemma 2.5. Let a > 1, g € N and A be large. We have, for A<t < B<2A

q
AV ANE:
exp (z’t log q_) (;]—) dt
re ™

= q’%(27r)1’“r o R ¢ :E <C,A, B) ,
q

)

B—

whileforg <A 0r§>B,

B 1
t t\“ 2
/exp (itlog q_> (q_) dt = q“_%E <C,A, B) )
re 27 q
A
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Here
, Avts Bats
E(QAJ%::OCMW>+O 2 Vol —=") (29
q |A— ]+ A2 |B— |+ B

The following lemma is a slight modification of Lemma 2.1 in [9].

Lemma 2.6. Let A be large and m € Z with |m| = o(log A) and a > 1. We have, for
A<T<BL24,

afé m
exp (zt log q_t) (Qq_t) (1og 2q_t> dt
T T

_ qf%(2ﬂ_>1fara€fir/q+’i7r/4 (10g L
s

D:-\m

whileforg <A 0r§>B,

B 1

= q_t 2 q_t " _ L a—1p-m| m
/exp (ztlog ><27r) (logQW) dt = q“ 2K, 'E(r/q, A, B)(logqA)™,
A

the constants implied in the O-terms do not depend on m, Ky can be taken to be any

fixzed number > 1 when m is negative and to be 1 when m is non-negative, E(r/q, A, B)

1S as given by (@

Proof. The case when m is a positive integer is covered in Lemma 2.12 in [5]. Thus,

we will consider the case m is negative. For m = —1, we have

B 1 B 1
a—3 -1 a—3
/exp it log at a log a /exp it log ay (49 dt
re 2m 2m log 2m
A A
1 i qt qt =3 qt gt\ !
- /exp (it log —> (—) log — (log —) dt, (2.10)
log (%) re) \2m r 2T
A

since (log %)_1 = (log %)—1 (1 — logi) . The first integral on the right hand side

27
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of (2.10) can be calculated by Lemma . We apply integration by parts to the

second integral on the right hand side of 1) Note that % (eXp (it log %)) =

7 (exp (it log g—i)) log q?t. Thus, we have

0g
A
B 3
+ ! / it 1 > L L dt
—iexp | itlo a— = —
log (Z) P50 ) log (Z) (2m)e172 2 log (L)
A
1 _1
< | A7 (log gA)

log (37)

This proves the statement for m = —1. In general, for a natural number m, let I,,, :==

B
exp (itlog L) (L a3 log Z)™™ dt, then we have
4 re 2m 2m
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Using % (exp (it log f—i)) =1 (exp (it log ‘T]—z)) log qf and integration by parts, we see that
the last integral in (2.11]) is

a—1 —-m B
=i (log 2L)_1 [exp (ztlog q_t> (;]—t) 2 <log ;‘J—t) ]
™ ™ i
A

B

, N gt\ te3/2 g\ " 1 gt \ !
—1 <log %> /exp (zt log > W (log %> [a 3 +m (log %)

A
—1 1
log ) A3 (loggA) ™. 2.12
< (10 5- (log ) (2.12)
Hence, using (2.11)), (2.12) and induction, the result follows. O

Lemma 2.7. (Lemma 2.13 in [5]) Let A be large and A < B < 2A, E(r,A,B) be

defined as in . Assume that (by)n>1 1S a sequence of complex numbers such that
b, < n® for any e > 0. Then if a > 1,

= by ,

E —FE(2mn/q, A, B) <, A2
n(l

n=1

Lemma 2.8. Let T be large, a > 1 be fized, 1) be a primitive Dirichlet character modulo
q = 3 and (by)n>1 be a sequence of complex numbers such that b, < n¢ for any e > 0.

For m € Z with |m| = o(logT) as T' — oo, we have

T
1 qt " & b, _ 2min
Dy Xo(1 — (a+it)) <log %) Z naﬂt Z b, (logn)™ e«
n=1 qT
T/2 47r< <27r

+ O (KM T2 (1og T)™).

Proof. By (L),

n=1

% /T (i nﬁu) Xp(l = (a+it)) (log %)m dt
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T2 N1
T oo
+0, / z—" "3 (logt)™ d (2.13)
772 17=1

Since b, < n° and a > 1, we have Y~ ﬁ—’;‘ < 1. So the error term in ‘D is
< T“*%(log T)™. The main term in (2.13) is

) T 1
1 _im o] bn t a—3 t m t
_ T<¢>16 : / _q log —q exp | it log q dt s
9 g / na 21T 2 2mne

n= T/2

changing the order of summation and integration is justified by the absolute conver-

o0

gence of the series ) >~ | % By taking A =1T7/2, B =T and r = 27n in Lemma ,

we get
e T [ Sby [ (gt
1 7(¢)e ¢ n gt \“ 2 gt\" ) qt
P — — log — tl dt
2m q% Zln“ (2%) (og 27r> P (Z o8 27m6>
n= T/2
1 T(w)e‘%’ b, _1 1 o _2min g mi 2rn\"
=—— — 2 (2 1 | log —
2r g2 TZ na 4 2(2m) " (2mn) e 08 5
<<t
1 (e T m)| qT\"™ <= by, 2mn T
——q" 2K, log — —F|—, =T
+ 27_(_ q% q 2 0 Og 2 ; na q 9 27
) ST ba(logn)™e T + 0, (Kgm‘Ta—%(logT)m>,
Lancgt

where the last equation follows from Lemma 2.7, Hence, the desired result follows. [

Lemma 2.9. Let T be large, a > 1, ¢ > 3 be fized, (b,)n,>1 be a sequence of complex
numbers such that b, < n® for any € > 0. For m € Z with |m| = o(logT) as T — oo,

we have

T

1 _ A \" = b,
2—/X<(1—(a+zt)) (log%) Znaﬂ.t dt

™
n=1
T/2
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= Z b, (log gn)™ + O, (K$m|T“’% (log T)m> .

L epg L

4m Nor

Proof. By (1.2), we have

T

1 > b, _ g \"

— — 1-— t)) | log — dt
1

T
6_% 0 bn " a—3 . . qt m
o7 / <Z na—‘rit) (%) exp (Zt log %) (log %> dt

T/2 N\

T
+o,| |

T/2

00 bn
2

n=1

=2 (log t)™ dt | . (2.14)

Since b, < n® and a > 1, we have y E’L—Z‘ < 1. So the error term in {D is
<y T“*%(log T)™. The main term in 1} is

i fe'e) T a_l m
e” 1 b, t 2 qt , t
= — — log — tl dt 2.15
27 ; ne / <27r) < °8 27T> P (Z °8 27me> ’ (2.15)

=L 7

changing the order of summation and integration is justified by absolute convergence
of >, % . By taking A =T/2, B =T and r = 27nq in Lemma , the expression
in (2.15)) becomes

e 4 b, . @ —min T q2mn\"
=5 Z E(Qﬂ')l (2mn)® e 2™t <log )

2m
6_%r |m| qT " & by, T
+ ?KO (lOg 7) ZEE (27TTL,§,T

n=1

— % b (loggn)" +0, <K$m|T“—% (log T)m) ,

T T
1= <<

the last equation follows from Lemma [2.7] O

Lemma 2.10. Fork,iy,ia,....,i;, € N, v € {0,1,..., k}, 1 a primitive Dirichlet character
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modulo ¢ > 1 and o > 1, define

N b (i, ..y i 1) et N
Z Zl Zk ) — C C (S) H <<—T(S>> )
n=1 w=1
Then, for o > 1
N b (i, s g V)0(n)  LOFD d e e bl i vit))
e = T [ (Fren) = et
(2.16)
Proof. For a natural number r, we have
¢t _ ) L o (logn)” — (n)
c (s)=¢ (S)@— (1) ;T 2
=y Agf), (0> 1), (2.17)
n=1
where
Ar(n) == (pxlog")(n) =Y _ pu(d)(log(n/d))"
din
So,
(+1) i (w) o 0 Ayig ok AT ke A
¢ z (S)J;[l (%(S)) _ (_1)K+1 nz_; +1 1 - k (n)’ (218)

where for a natural number ¢, A,.(n)"* denote the ¢ times Dirichlet convolution of A,.(n)
with itself and K := i1+ 215+ ... + kix +v. Similarly, by using the total multiplicativity
of ¥(n), we have

LZ)(S ( i logn ) (ZM )
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j{: d)log(n/d)¢(n/d)
ji: d) log(n/d)

n=1 d|n

r Z A’” . (o >1).

Thus, by using the total multiplicativity of ¢)(n) again,

L o] (#@,w)iw e S A £ A A )

ns
n=1

i b’l’b 7/1’ . Zk?) )w(n)7 (O_ > 1) (219)
n=1
Hence, the desired result follows from (2.18)) and (2.19). O

Lemma 2.11. Using the notation given by , fork,iy,ig,....ir € Ny v e {0,1,...,k},

Wy, Y9 any primitive Dirichlet characters modulo ¢ > 1 and o > 1, we have

o

i bn 21, s U3V ,?/11 wz Z bn 217-- ZkyV ¢1¢2)

n=1 n=1

Proof. The proof uses the total multiplicativity of Dirichlet characters and it is almost

the same proof as in Lemma [2.10, hence it can be omitted. O

Lemma 2.12. For k,iy,ia,...,i5,n € Ny v e {0,1,...,k} and 0 > 1, we have

Ay % AP 5 ok A (n) < (logn) K+

where K := 11 + 24y + ... + ki, +v.

Proof. As in (2.17)),

(s), (o>1), (2.20)



where Ay(n) =3, 1(d)(log 2)k. By the Mobius inversion formula, we have

(logn)* Z Ax(d

22

(2.21)

Taking £ = 1 in (2.20) shows that A;(n) = A(n) for any natural number n. By

considering the coefficients of the identity

¢® ’_C(k+1) _C(k) <_/
(T«s)) ~ - S0,

we see

Agi1(n) = Ag(n)logn + Z Ar(d)Ar(n/d).

dn

By definition A;(n) < logn. Thus,

Agy1(n) < Ag(n)logn + logn Z Ax(d)
din

= Ag(n)logn + (logn)F+!

< 2(logn)**,

if we assume that Aj(n) < (logn)*. This induction argument shows that

Ar(n) < (logn)k,

for any natural number k. Now, we observe that for any natural numbers m, ¢

A Ny(n) = A (d)As(n/d)

din
< (logn)" >~ A (d)
dln

= (logn)™*.

(2.22)

(2.23)

(2.24)
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Hence by an induction argument again, the desired result can easily be obtained. [

Now we state Perron’s formula which will be frequently used in the present work.

Lemma 2.13. (Perron’s Formula) Let A(s)= """, a,n™* converge absolutely for o =
Rs > 1 and let |a,| < CP(n) where C > 0 and for x > o, ®(x) is monotonically

increasing. Let further

D lann™ < (o =1)77,

n=1

as o — 17 for some a > 0. If w = u+iv (u; v real) is arbitrary, b > 0, T > 0, u+b > 1,

then

1 [T 5 2
an Y =— A —d -
Za " 271 Jy_ir (S+w)s S+O(T(u—|—b—1)“>

Lo (@(m)xl;”logQw) Lo (@ﬁ@)’

and the estimate is uniform in x, T, b, and u provided that b and u are bounded.

Proof. See Appendix 3 in [3]. O

Lemma 2.14. Assume GRH. Let q be a fixed odd prime number and 11 be a primitive
Dirichlet character modulo q, k,iq,io,....0 € N, v € {0,1,....k}, K :=1i;+ 25+ ...+
ki +v and o > 1. If 1 is a Dirichlet character modulo q such that ¥ # 1, then we

have

> balit, s v Y1) (n) = O(a'~ 205 (log ) (A(K) log log g(w + 4))*).

n<x

log ©
loglogx’

Moreover, if also i1 + ... + i < then we have

Z bn@la ) Zkv Vya)%(”) = S(ila ce0y Zka V)[L‘(lOg x)K + Eb(ila s Zk> V)7

n<x
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where

and

1

z(logz)Kt  z(logz)GTOES)
Ey(i1, ... ig;v) 1= O, ((A(k:)K) ((1og:c)K+2+ ((1Kg_)1)! 4 Llos) T ))

¢01(k)(log ) 5 ¢

Proof. Let 1 be a Dirichlet character modulo ¢ such that ¢ # ;. By Lemma [2.11] we

have

L(v+1)

$° i Totn) 100 H( 7))

n=1 =1

for ¢ > 1. By Lemma [2.12, we know that |b,,(iy, ..., ix; v; ¥1)¥(n)| < (logn)®+!. Thus,

we have

+ix
L(v+1

14 L

log =

. 1
Z b (i1, oy U V3 1010 (0) “ori /

n<x

k (w) v g
xr
1+loém_im vt

+ O((A(k) log x)%+2), (2.25)

by Lemma [2.13] Since ¢ is assumed to be an odd prime number, all non-principal
Dirichlet characters are primitive. Since @ # 11, ¢11) is a non-principal and primitive
Dirichlet character modulo ¢q. Thus, the integrand in m has no poles inside the

+ix and 1— L

rectangle with vertices 1+ @ —ix, 1+ @ +ix, 1— Toglog gt D)

log log q(a:+4)

iz. Now, by (2.25)) and the residue theorem, we have

D baliv i v 90)8(n) = L+ L + Is + O((A(k) log ) %),

n<x
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where

1 .
1- loglog q(z+4) +ux

1 L(v+1 k L w) s
L = —— — — d
LT o / Ul L %
1+$+iz =
L fogTog g7~ " E
1 Lv — L x®
Iy i = ——— - Zd
2 o (Sﬂﬂl?ﬁ)}_[l I (s, ¢1¢) S S,
1 fogTog a@¥ ) T4®
+$—iz
1 L(v+1 k L
Iy = ——— — — d
3T T o / ul;[l L >
L fogTog e —©

Now, we will find upper bounds for I;, I and I3 by using the result in Lemma [2.3]

Along the line of integration in 1, we have s = o+ix with 1—m <o< 1+1oéz'
1 1 1

Note that for large z, 5 + TogTog (T d) <1- TogTog @) Thus, we can use Lemma

and get

/

5.500) < ((ogqr** + 1min (- loglogar

< ((log q(z +4))* 2 + 1) loglog q(z + 4)
< ((log q(:v + 4))2—2(1—1/1oglogq(z’+4)) + 1) log lqu(JZ + 4)

< loglogg(x + 4).

By Cauchy’s theorem, for r := 1/loglog q(z + 4),

' L
d L (s, h11p) = %/ Lot (w, 19) dw < logloqu(x +4)7’ = (loglog g(z + 4))?,

ds L (w — s)? r

|w—s|=r
and

L// _ d L/
f(sa wlw) d I

< (loglog g(x +4))* + (loglog g(x + 4))?

Yo+ (L)

< (loglog g(x + 4))%.
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Lt (L(w))’ + L

T T 77 and induction on w, we obtain

Now, by using the identity

L(w)
L

(5,910) <, (loglog q(z + 4))*, (2.26)
along the line of integration in ;. Since || < 1 along this line, we have

I, < (A(k)loglog q(z + 4))5+1.
By symmetry, we also have

Iy < (A(k)loglog q(x 4 4))%+1.

Now, we will find an upper bound for I5. Along the upper part of the line of integration

in 15, we have s = 1 — m + 1t with 0 <t < x. Note that for large x, we have
% + % <1-— m and clearly, the inequality % + m < % + % is equivalent

tot > w —4. Thus, for t > w - 4’ =: tg, we can use Lemma We split

the upper part of the integral in I, as fgo + ftj Note that for t > t,, we have

!/

L

W 20 T T 1
(87 w1¢) < ((10g qT)Z 2(1 logloglq(z+4)) + 1) mln ( 1
1 - gy —

,log log q7>

— ((log g( + 4)) mm a0 + 1)(log log g(x + 4))

< loglog q(z + 4),

by Lemma . By the same argument as in ([2.26[), we have

LT(S, 1) K (loglog gz + 4))",

for t > ty. Thus, the part fti in I is

xT

_ dt
< (A(k)loglog q(x + 4))K+1gz! ToxTog 4G ) /
(;)2 + 2
exp(exp3) 4 log log q(z+4)
q
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1 2
log log q(z + 4))

< (A(k)loglog g(x + 4)) !~ memsiera | log \/ ( tatta

< o' (log ) (A(K) log log g(z + 4))K*.

On the part foto in I, we have s =1 — +it, 0 <t <tyand

log log q(a:+4)

L(V—H)

8

k
_L I
H I S ¢1 — <K 2} TogTog qaT®) |

1
Thus, the part foto in I, is < x' ©elea@+® . Combining the results for foto and ftz and

using symmetry for the lower part of I, we obtain
-1l K+1
I, <z Teetoea@+ (log ) (A(k) loglog g(x 4+ 4))™ ™.

Combining the results for I, I, and I3 finishes the proof of the first statement in the

lemma.

To prove the second statement in the lemma, we consider the sum
> cw ity ooy ig; v; 1)1 (n). Note that ¥1101 = 9o where 1 is the principal Dirichlet

character modulo ¢ and that

plg 7
1
~c (1)
=:((s)A4(s), (o>1). (2.27)

By Lemma [2.11} we know that

o0 ¢ i (w o
an 11y ey Zk,V @/)1)7,01( ) L(Ijrl o) H< ) ) , (o>1).

n=1 w=1
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By Lemma and [2.13] we have

1+10éz+im
. 1 LO+D) b L@ s
S bnlis i)~ [ S [T (A ) s
n<x TerJrLfix w=1
+ O((A(k) log x)%+2).

To evaluate the sum under consideration, we follow the steps used in the proof of
Lemma 2.4 in [9]. Define &; (k) := 3 where 4; is the constant whose existence is given

in Lemma [2.2] and let ¢y > 0 be a small fixed number. By the residue theorem, we have

1 L s
i ), Yo H ( (s,%0 ) ?ds
Lo+ ko) s
== Ress:l { I (Sﬂﬂo) g (T(va())) %} ) (228)

—iT,

where C' is the positively oriented boundary of the rectangle with vertices 1+ - gz

1+ +ix, 1 — % +ix and 1 — % — 1. Note that the only pole of the
ogzx)3 ogx)3

integrand in ([2.28)) inside C' is at s = 1 and the order of this pole is K + 1. Thus,

log T

_ (v+1) k (w) s
an(ll,,lk,\/, 77[)1)@01(71) :Resszl {L I (Sar(/)O) H (LT(S7¢O)) %}
w=1

ne

(I + I3 + IJ) + O((A(k) log )" 2),  (2.29)

211
where
1-—a® g
(logz)§+60 k i
0 L(vH) L(w) Y ops
0= (s,00) [] (s.%0) )~ ds,
I w=1
1+10g$+m
1-—2G)— e
(logz)3 €0 .
0 " L(V+1) y L(“’ s
IQ = H wg ?dS,
w=1
1——08) Ly

2
(log =) 3teo
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1 .
1+ Togz

0+D) ko) o
B [ Eeew Il (rew) Ta
=1

___ &k w=

5 (9
(log =) 3+eo

First we will find some upper bounds for 7, I3, I and then evaluate the above residue

By (2.27) and Lemma we have

/ / A/
Tlst) = £+ 50)
log|#])* (loglog [¢])3

<
< (log [t)) <, (2.30)

in the region

o1

c>1-— 3
(log |t|)® (loglog [t])

) (2.31)

W=

By (2.30) and Cauchy’s theorem for r = — T
((log [¢[) 3 (loglog [t])3)

d L 1 (s, 40)
TR R T
ds L |lw—s|=r 2

, we obtain

271
(log [¢]) 37
72 "

< ((tog i),

<

in the region given in (2.31

. Now by using the identity L(WLH) = (#)’ - #% and
induction on w, we obtain

L(w)

21 Vw )
(5,90) Cung (log [IYETO (o >1— L t|=3]).
L 2w (log |¢]) 37

Hence, on I?, I{ and the part of IY of distance > 3 from the real line, we have

L)

T(S’ Vo) = Oy 4 (log a:)(%“(’)w . (2.32)
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Since |£| < 1 on the the horizontal parts of the contour, we get

I} <, (A(k)log x)(%ﬂo)(f“rl)7

I) <, (A(k)log :L')(%+EO)(K+1) :

For I, by symmetry it is enough to consider the part above the real axis which can be

split up as f03 + J5. By , the second part is

< e MBI (4 () 1og )G HOIUHD / "t
t
3

< Ie—él(k)(logm)%*eo (A(k) log I)(§+eo)(K+3)_

Now we consider the first part, that is, the part fog. By || we have

L(t)(s’wo) _ Z (t><(t—m)<s)A(gm)(8),

so that
Lo t " C(tfm) Alm)
Tewm=3 ()0 (2.33)
and
I+ ko) bw
7 (%%)E(T(Sﬂﬁo))
v+l v+1 C(U+1 m) A(m k w w C(wfn) A((;l) w
:m:0< . ) : g nzzo(n) : (s) A, (s)| -

(2.34)
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Hence, by (2.34)), the first part is

-l s

(log z) 370
1. ds
—d1(k)(1 370 K+1
<L xe 1(k)(log z) (A(k)) m (235)
1— 51(12“)
(10g:c)§+€0
The integral in ([2.35]) is
81 (k)
(logz)%+€0 3
dt dt
< K+1 + tK-i—l
0 (L@L) NG
(logz)3™°0 (log z) 3 €0

) K
1 3+¢€o
[ toga)?
61(k)
Hence we have

1.
19 < e 01 R0B) 370 (A(E)]og x)(%ﬂo)(msy

Now by (Z-29),

_ (v+1) k (w) s
an(ih...,ik;\/; 77/}1)’@[}1(71) :Ress:1 {L I (57¢0) H (LT(S’¢O)> %}

n<e
+0 ((A(k) log x)K“)
+0 <xe-51<’f><1°gx>%“e° (A(K)log $)<%+eo><z<+3>) . (2.36)

The pole at s =1 is of order K + 1, so the residue in (2.36]) is

1 d¥ Kt L(v+1) k L(w) fw s
Kl {“ S e [T ()
s=1

w=1
=7 . v
K Jit+je+js=K J15J2, 73 ds
J1,J2,J3€EN




32

oo i () ).

d72 . d7s 1
X deQ {$ }s=1 ﬁ {E}S:1 . (237)

Since j3 = K — j; — jo, the expresssion in (2.37) is

dn I, (v+1) k (L(w) )z’w
5 ¢ T S,ZZ)
Kl ];( ]1‘]2 -7 —jQ)l dsi { J7 ( 0)}_[1 7 ( 0) B
dr2 (_1)K—31—j2(K L — s )l
: Z dSJQ { }s 1{ sK—j1—j2+1
j2<K—]1 =1
L . .
_ K (=1)7 dn e LY Lo+D) L“’
== Z j1! dsh (s—1) s,10) H
j1<K e _
X Z {x (log x)m} .
Jo<K—j1
' . k /l'Ll)
(—1)]1 dn [+ I
=e(-)" Z ! dsi (5= 1)K+IT(S H T(S,%)
1<K J1: e _
I
x 2 T (losa)™ (2.38)
2<K —j1
Now we consider three special cases for 4,1 <t <k and v € N. If iy =iy = .. = iy =

v = 0, then the expression in (2.38]) is

—o {556 ww}s:l v (e ”A_q“))}szf_”

If iy =iy = ... = 4 = 0,v = 1, then the expression in (2.38)) is

_ 1)t it (2) k (w) o
=x(—1) Z ( »1') c;ijl {(3 — 1)2%(571%) H (LT(S,¢0)> }

j1<1 Ji-

<y

Jo<l—71

=(—z 4 zlog ) {(S —1)

log )72

DES AL
CAQ (8) s=1



] {(s gt QCCj ’ CAZ(s)}SZI

ds
2A’
=2rlogx — 2x — x—=(1).
Ay

If iy =1,i3 = i3 = ... =iy = v = 0, then the expression in ([2.38)) is

Jl dn

SR D (CRR I IO D D

1<l

:—x{(s— )2 (L'< ¢0))2} (1 logz)

+xd%{(s—1) }

:—x{(s—l)2 }
d ¢’

”%{(8_1) (c +Aq) )}

A/
=xl —x—2x—(1).
zlogx —x qu()

Je<1l—j1

(1 —logx)

In general, by ([2.33]), we have

I+ ko) s
R( 00 T () —)

w=1

— 1)1 i (v+1) k (w) ("
—z(—1)¥ Z &jgﬁ {(s — 1)K+1L s.v0) [] (L 1/)0)) }

Ji!

1)2 log” x

Jo!

33
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Now we split the double sum over ji, js into four parts: The term with j; =0, jo = K
(which gives the main term) and j; =0, jo = K — 1 and j; = 1, jo = K — 1 and the

remaining terms. Thus,

L(v+1) L(w tw s
Ress—1 ( Yo H ( s, %o ) ?>

(logz)” K+1U v 1\ ¢ertm A
(o8 {<s—1> mz(m) ()

HEQ )

w=1 \n
— v+l v m) (m
e O <““><< S
k w w) C(w n)
X
fx( }
1 K-1 4 v+l 1 v+1 m) A(m)
ﬂ—((fi)l),—s{(s 1>K+lz(”;) PR
) m=0 q
k w w C(wfn) A(n) b
A(EC)To5)
s=1
1)t g vt 1\ ¢+t=m) - 4lm)
+x<—1>K]§<;< = d8j1{<s—1>f<“ () et

where

2, ifj;=0,1
a(jr) =
J1, otherwise.

By (1.1) , we have
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Thus,

(v+ s
Resg=1 <L o H < S %o ) %)

_ (=D e+ )! [Ty, (w)™

- Kl r(log x)%
GG (4}(12 gle(w!)wx(bg -t
(logz)5—1 d . e S ¢ot1=m) A((Zm)
+xm£{(8—1) mZ:()( m ) c (s) A, (s)

S (AR

_ 1\ g1 vtl v v+17m) (m)
ta(-e Y- Y j{ K“Z( et

m=0

x | (log )%, (2.39)

Instead of the sum over j, in (2.39)), we use Taylor remainder theorem and write

1 (_1)K—a(j1)+1(10g x)K—a(jl)—f—l

v (K—a()+ 1)l 7

for some 6 € [0,1]. Then the fourth term in (2.39) can be bounded as

dit v+l 1 (v+1—m) A((]m)
._dsjl{@—l)f(ﬂz("*)c (5720

0 m q Aq

s=1
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logx)_a(jl)
+ z(log )5+ - ( .
oz )™ 2, S3K = oG 7 10

i &2 v 1 ot 40
. dsﬁ{@—nmz( et

m=0 q

ko @\ w—n) (n) b
: H(Z (1) e (s>> (2.40

=1 = q
w n=0 =1

By Cauchy’s estimate on a disk of radius 1 centered at s = 1, we have
&' KN (v e Ay
- {<s— () e 9T
m=0
k w w—n (n) o
w\ ¢ Ay

X s)—I(s

H(Z(n) C <>Aq<>>

s=1

v+1 —m m
S (A
= m ¢ A

} <4 il (A(K))E. (2.41)

By using (2.41)), the fourth term in (2.39) can be majorized by

oo ) ~a01)
<<(A(k))f< [Z 1+ :v(log:v)K+1 Z jlg(g % a)(j1) + 1)!

J1<K 1<K
3(log z)~2 (log )t
_ K K+1
— (A(k)¥ | K + z(log z) Kot Z G
31K

The condition 77 + ... + 7 < 1o§)i§m implies

- klogx

< k, 2.42
log log x ( )

so in the case that the last sum over j; is not void, we have

(logz)*  (logz)~® K-2 (K-2)(K-3) (K —2)!
Z (K—j+1! (K —2) log © (log z)? Tt 1!(log z)K—3

3<n<K
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(log)31+ 2k (2 2+
(K 2)! loglog x loglog x

2(log x)~3

(K —2)!
3(log z) ™2

(K —1)!loglogz’

for large z. Thus, the expression in ([2.40)) is

< (A(k)zzxﬁlolg)!x)“ ' (2.43)

By (2.41)), the upper bound in (2.43)) dominates the second and third terms in the
right-hand side of (2.39)) with an appropriate A(k). Combining ([2.36)), (2.39) and (2.43))

finishes the proof. O

Lemma 2.15. Let i, be a primitive Dirichlet character modulo q, ¢ > 3. For
kyiy,ig,....ixr € Nyv e {0,1,..,k}, K =1+ 2is+ ...+ kix +v and 0 > 1, define

by (i1, e, g vy L(VH) L(“’ ™
Z (41 nsk %):: H( %) ‘

n=1

If v is a Dirichlet character modulo q such that 1 # 1y, then we have

logn)& (log z)K-1

Z bn(ﬁ,..é,ik;v;EW(n) _0 (xllogloglq@m(A(k) loglogq(x+4))K+1) |

T

. . . log =
Moreover, if also i1 + ... + i < Toglos s’ then we have

Z bn(ih---(,iksv; )ihi(n) S(il,...,ik;v)g L0 (Eb(ih---,)ik;v)) 7

o log n)& (log z)&
2 <n<

where




and

(log 2)K—1 . m(logx)(%+5)(K+3)

. . x
Ey(i, ..., ig;v) == Oy <(A(k)K) ((109;50)K+2 T E D) 51(k)(log z) 3¢
. eo1 ogx)3

Proof. We apply partial summation to the result of Lemma [2.14]

38

)
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3. PROOF OF THEOREM 1.1

Let ¢ be a fixed odd prime number, k£ be a natural number and 11, 99 be any two
non-principal Dirichlet characters modulo ¢. Since ¢ is assumed to be a prime number,

1y and vy are primitive. We want to estimate the sum

Sk(AB) = ) Xun(pur),

A<’Y¢1,k<B

for large A and B with A < B < 2A. By the residue theorem,

271

1 L(k+1)
Sk(A7 B) = _LX¢2(S)W(87¢1>d87

for a suitable contour C. In [7], Yildirim proved that for any § > 0, there exists
M = M(k,§,a;) such that there is no zero of L") (s,4;) in the region |s| > ¢™, o <
—d, [t| > & where a; is the number in (L.5) corresponding to ;. By Lemma 2.4, we

have zero-free half planes ¢ > 1 +m (1 +4/14+ m?fgzm> for L™ (s,4;) where m is the
smallest prime number that does not divide ¢.. Since ¢ is assumed to be an odd prime
number, m is equal to 2. Thus, we can take the contour C' as the positively oriented
boundary of the rectangle with vertices o}, , +i4, o}, +iB, —0 +iB, — + iA where
Okq > Okg = 1+2 <1 +.4/1+ %) and 6 is a fixed real number with 0 < § < 3.
Throughout the proof, we neglect J-independence in the constants implied by the O-

symbols. Now, we have Si(A, B) = I + I, + I3 + I, where

O';C’q-‘riB
1 L(k+1)
L= o / Xua(8) =y (5, 41) ds,
O’]/c’q-i-iA
. —5+iB I
Iy = Gy / sz(s)w(sawl)dsa

, .
crkyq—l—zB
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—0+1A
1 L(k+1)
I = By / X¢2(S)W(S7wl)dsa
—5+iB
U;C’quiA ( :
1 L k+1
I, = G / X¢2(S)W(s,w1)d8-
—6+iA

Note that we can take horizontal sides of the contour C' to be a distance of > @
from any zero of L%¥)(s,4;) by adjusting A and B by an amount of < 1. In view of
, this means adding or deleting O(log A) number of terms each of size <, Aztd,
Since %(s, Y1) < (log A)? on the horizontal parts of C' and %(s, Y1) < 1 on the
right vertical line of C', again in view of , we see that the contribution from Iy, I

and Iy is <, A2t log? A. Thus, we have
Se(A, B) = Is + Op 4 (A2 1og? A). (3.1)

By parametrization and conjugation, we have

B
1 . [ (k+1) —
=5 /Xw(l —(14+4d+ Zt))w(l — (1 +0+1t),¢)dt
A
14+6+:B
1 [ (k+1) 7 d 9
— ~5 / X%(l—s)w(l_sﬂbl) S. (3:2)
14+6+:A

Thus, by (3.1) and (3.2)), we have

1+6+iB
(k+1)

L — 1
X@(l — S)W<1 — S, wl) ds + Ok7q (A§+6 10g2 A) . (33)

—_— 1

Sk(A,B) = 5

1+6+iA
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By (1.4) and Lemma [2.1] we have

o (170 (1)) 3 (o= sm

—xp, (5) <1+O(‘1|>) ( €+C§i)kL(1—s,@, (3.4)

where £ = log 5~ atl . By differentiating both sides of 1} we see that

%(1—3,@:— <e+g—i(s%%)) (HO(,;)) (3.5)

for 0/ < o < ¢” where ¢’ and ¢” are any fixed real numbers and

/ k
%(S7za¢l) = (Z—}—di) L(val) :ZkL(va1)+kaL/(Sa¢l)+"‘+L(k)(sa,¢)l)7
k z

and the differentiation in G, is with respect to s. We have

Gy, — 2"L'(s,01) + k2" L7 (s,41) + ... + L™ (s, 4)y)
G (8727¢1): L - _
k 2 L(s, 1) + k1L (5,1h1) + ... + LB (s, 4y

:Zk(L/(S )+ k2 L (s, 1) 4 .+ 2 FLE (5,40)
ZR(L(s, 1) + k2= L (s,01) + ... + 2~ FL®¥) (5, 91))
k E\ 1 L<“+1)
ZUZO (1}) ( ) (36)

S (fi)% (s, 01)

Since L >( h1) < 1 when o > 146§, we get

k
E\ 1 L™ 1
Z (w) oL (5, 41) < log A’ (3.7)
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and

!

G (s60) <l (02146 A<t<B). (3.8)
k

By writing (3.5) in (3.3]), and then using (3.8) and Lemma with m = 1 and b; =

1, b; =0, for i > 1, we obtain

1+6+iB ,

— 1 G
Si(A, B) = 5— / X, (1= S)Gk (5,£,01) ds + Op4(A2+ log® A). (3.9)

1+6+iA

Now, we approximate —(s ¢,41) by a Dirichlet series. By 1’ in the region o >
149, A<t < B we can expand the denominator of g—;’: as a power series. Thus, we

can write
k (w) o -1 00 k
(1 Py (i)i%<w>> _S (-1 (Z

log A
— loglog A

+0 (%) , (3.10)

By using (3.6)), (3.9) and (3.10)), we obtain

()

L(v+1)

S(AB) = ) Zk: ( )H;k u(zluzk) ﬁ

logA  v=0 w=1
—loglog A 0150yt >0

1 X¢2_ _Zt - "
<3/, 1;[( 1+5+zt1/11))

+Ok,q(A§+5 log® A),

(146 +it, ¢y dt

where K := 11 4+ 215 + ... + ki, +v.
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By putting A =T/2, B =T and using Lemma with m = — K, we obtain

o= & per() T (L))

logT y=0

—loglog T D1 yeeny 1 >0 v
- J— 2mwin
7 (12) bp(iy, gy vir)e @ 1461 2
X AR O (T2 log® T 3.11
q 2 (logn)x + Ol et B
£<n<£
47 — 27
where 300 el . LUSD (o G TTE (L“”)( wl)) . In view of (2.19), we

observe that for n € N with (n,q) > 1, b,(i1,...,ix; v;¢1) = 0. Also, note that every
natural number n between 1- L and qT with (n,q) = 1 is congruent to a natural number
a (mod ¢) with (a,q) =1 and if n = a (mod g), then e(—2) = e(—%). Thus, using the
cancellation property of Dirichlet characters in , the sum over n in can be

written as

Sy bn(z'l,...,ik;;;ﬁ)

a (mod q) 4T - <al (log TL)
(a,g)=1 né(rz (m?)éwq)
1 — 2mia - bn@laalkavaa)qﬂ(n)
~ 9l0) IO DRCIDY (logn)™ '
a (mod q) v (mod q) 4L p<dl 8
(a,q):l 4n 27
Thus,
NP ¢ k NN
- 5 For) 5 ()i
logT  v=0 i14...Fig=u Lyees bk w=1
— loglog T 01,0510
T % _ 2mia — bn(llaalk7v7a)¢(n)
SCOI YR ey v
a (mod q) W (mod ) a7 g al &
(a,9)=1
+ Opg(T 1082 T). (3.12)

Now, we split the sum over Dirichlet characters ¢ in (3.12) into two parts: The term
with ¢ = 11 and the other terms.



Then,

WIM > ko(_wu(i) 2 (zlu

qp(q — R
uSgtogT T AT
. Z bn(“a?”ﬁ%%)wl(n)
K
urpdar (logn)

+ By, + Og(T3 0 10g? T),

where

b 3 Ser() x (I

< 11++zk:u w=1
—loglog T T1,0eny i, >0
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(3.13)

y 7—(77[’2) Z e Z E(a) Z b (i1, .y ik V5 %W(n)

a (mod q) Y1 (mod q) T el

By Lemma with = = %7

Yk
By Lig Z Z(v> Z <i1,-1i,ik)
11'+‘..+lk=’u

logT yv=0
u< )
—loglog T T1yeens i, >0

T e e (A(k) log log (T + 4)) K+
(log T)K—1

X

Lhg T TogTog at D log T'log log q(T + 4)

(logn)™

TR0 3 () (e

logT v=0 i1+...+ig=u
— loglog T i1,..., i, >0

gy T TowTogatr) log T'log log T’

<X () S ()

y

b L i1 tip=u
—loglog T i1 ir>0
~ osTor o ITTD A(k)logl T+4\"
g T =550 log T log log T > (k) loglogg(T'+4)\ ", ,
| u< log T ]'OgT

— loglog T
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Lkyg T~ ToeTog (T log T'loglog T’
—. 3.14
Sk log T (3.14)

Thus, by (3.13]) and (3.14)), we have

s - 2 Ser() £ (LI

qSD<Q) u< logT y= i1+...tig=u w=1
—loglog T 0140y >0
y Z bn(i1,-~-,ik;V;E)?/11(”)
(logn)™

qT qT
o <n<on

T
+ Ok <logT) '

By Lemma [2.15 with = 2, we get
2m

R BIRACOLEM | U

plg) Ar | & -
u=0 u>lo;igogT
k k’ "
x | (=1)*
() ()
i1 >0
k i
EN1Y (=1)"(v+1)!
—1\Wapl
XE{( 1 w'<w>} K!
+ Byt Bact Bat On (o sa (3.15)
' ? ’ o logT )’ ¥ :

By using Lemmas and and ([2.42)), we have

B < log®T Y i(’j) 3 <Z,17ff7ik)(,4(k))f<

logT  y=0 i1+...tig=u
u< 2 Uk
Sloglog T i1y, i >0

log T u
< (A(R) T log? T 3 > <i1 zk)

log T 41+4...+ip=u
u< 1 Tk
SloglogT i1y, i, >0

= (A(k))=eeT log? T Y k"

log T
U loglog T’




<k (A(k))PeloeT 1og? T

<y Tea
and
k
T k U (A(k))E
neagr L X0) T () wn
uSigiegr "0 S
T (Ak))" ( u )
< . .
klogT %;T (u—l)!iﬁ;k:u Q1y ey Uk
USToglog T i1, >0
< — (1+0 (e*™))
log T
T
k 1 gTa
and

E3<<kw Z i(i) Z: (uuﬂk) (%)K

¢01(k)(log T) 5 ¢

T(log T)?**3¢ Ak b u
<k —( s 1) T Z (—)1, Z < . )
ed1(k)(logT)3 ¢ oa T (log T)s € . 21y eny Uk
ugloglogT T1yens i, >0

T (log T')**3¢ 1
¥ enmoe 31 — A(k)(log T) 5+

The sum over u > log T/ loglog T in (3.15) is

(A(k))u (A(k))“ogT/IOglOgT] 2logloglog T
T T T Toglog T
< Z u! < [log T/ loglog T'! < o
u> log T
log log T'

by Stirling formula. Thus, we get

ST :M [_ Sy @

46
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< E ()OS

11+...Fig=u
i1ysin 20

T
O (log T )

Uy T T
_T@)TWAT | (3.16)
©(q) 2 27 log T
By (1.6) and ((1.9), we have the trivial estimate
Se(0,VT) <y T3+ 2 log T (3.17)

By using 1} with T replaced by %, %, ... down to almost v/T and adding them up,

and also by using the trivial estimate (3.17]), we obtain

T (%)T(%)

Z Xba (pdmk) = QO(Q)

0<’Y¢1’k <T

T T
= - T
Ak27r + Ok q <logT) . ( 00),

upon GRH.
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4. PROOF OF THEOREM 1.2

Let ¢ be a fixed odd prime number and i be a non-principal primitive Dirichlet

character modulo ¢. We want to estimate the sum

Sk(A,B) = Y Xelpur),

A<y k<B
for large A and A < B < 2A. By the residue theorem, we have

1 L(k+1)
SAB) = 30 xelpus) = 5 [ xels) (s, ) ds

21
A<y k<B

=5+ 1L+ I3+ 14,

where C' can be taken as in the proof of Theorem [I.1] that is, C' is the positively
oriented boundary of the rectangle with vertices o} , +i4, o}, +iB, =0 +iB, =6 +iA
where o} > 034 = 1+ 2 (1 +4/14+ %) , ¢ is a fixed real number with 0 < 0 < £

and

U;WI—H'B
1 L(k—',—l)
L = By / x¢(s) 7,k (s,9)ds,
O';c’q-‘riA
—0+iB
1 L(kJrl)
U;€7q+iB
. —5+iA L)
Iy= o / X¢(8) =gy (s, 9) ds,
—0+iB
U;7q+iA
1 L(kJrl)
_[3 = % / XC(S)W(S7¢) dS.
—0+iA

Note that we can take horizontal sides of the contour C' to be a distance of > @

from any zero of L¥)(s,v) by adjusting A and B by an amount of < 1. In view of
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|D this means adding or deleting O(log A) number of terms each of size < Az to,
Since L(Lk(—z)l)(s,w) < (log A)? on the horizontal parts of C' and %(s,w) < 1 on the
right vertical line of C', again in view of ([1.2]), we see that the contribution from I, I,

and Iy is <4 A2%910g? A. Thus, we have S,(A, B) = I; + Ok,q(A%J“‘S log® A). Now,

B

1 . (k+1) '
Iy = —%/Xc(—éﬂt) 10 (=0 +it,¢)dt
A
B
1 L) o
:_%/Xc(ﬂs_us) (<0 =it D) de
A
B
1 ) L(k+1) o
A
1+6+iB
1 [ (k+1) _ p
=5 / xe(l— S)w(l —8,9)ds.
14+6+:1A
So,
14+0+iB
- 1 L(k—',—l) . N
- _ _ 146752
SiAB) = 5~ / Ye(l = 8) S (1 = 5,8) ds + Ok, (A log A). (4.1)
14+6+iA

Now, we treat the factor %(1 — 5,9) in 1) as in the proof of Theorem and

write

L(k—i—l) . el . 1

- (1- =— (04 =£(s, ¢ 1+0(— 4.2

Car-si) = e+ Zeed) (1+0(1). (42)
where ¢ := log %, o' < o < ¢” for any fixed real numbers ¢’ and ¢” and

! k
%(s, 29) = (Z * di> L(s, ) = 2"L(s,0) + k2"L'(s,41) + ... + L®(5,9)),
k z

and the differentiation in G, is with respect to s.
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Then, we see that

, 1), —
Gy, Zf:o (l:)zlL L+ s, V) 4
G_( ) k K\ 1 LW/ (4.3)
G 1+ 30 ()i (s,9)
Since #(S,E) <y 1 for o >1+0, we get
k
E\ 1 L™ 1
e — 4.4
S () TP < gz (4.4
and
G, —
k

By writing (4.2) in (4.1]) and then using Lemma.9withm = land b; =1, b; =0, i > 1
and (4.5)), we have

1+0+iB ,
Sk(A, B) = o / xe(1— s)G—Z(s,e,E) ds + Opg(A7 0 log? A). (4.6)

1+6+iA

!

By 1) foroc > 146, A<t < B, we can expand the denominator of % as a power

k

series.

log A
S loglog A

ro(1). ar

By using (4.7) in (4.3)), (4.6) reads as



o1

- 2 3 ()g;ku(uff,ik)ﬁ(ifw

u< log)lgogA D] 4eeey i, >0 v
1 [P xe (=6 —it) O\ Lo+ I
x%/ H( +5+zt,¢)) T (1+0+it,¢)dt

+ O;W(A%J“s log? A),

where K := i; + 2iy + ... + ki, + v. By taking A = %, B =T and using Lemma
with m = — K, we get,

e 5 5r(), 2 (IR0

logT y=0
— loglog T B genes 1,20
b (i1, ..y 3 V3 0) 1
% n sy bRy Yy O T2+61 2T 4.8
2 " logqur T OnalTTIET), -

where Z (G n;”w) = L(V;D (s, 0) TIE_, #(s,@) for o > 1. Now, by 1) and

Lemma with © = 2 , we obtain

& k 7

- L k AN

Sk(T/Q,T) <<k,q Tl loglog q(T+4) Z Z <V) Z (Z u 7 ) H <w>
o= S 10K

logT v=0 w=1
u<
— loglogT 1] 4eeey 1,20

(A(k)loglog q(T + 4))5+1
(log )<~

I W E "
T Teloea@ Jog T log log T’
Khog glogq og 1 log log Z (z’l’ ,Zk)

log T g1+...+ip=u
u< 1 Uk
— loglog T T1yeees 1, >0

(A(k)loglog q(T +4)) K
) ( (log T) )

Lpyg T fowTogatr log T'log log T’ Z (

log T
u< loglog T

(A(k)loglog q(T + 4)) ) “
(log T)

kg T TowTogatr log T'loglog T.. (4.9)
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By (1.2) and ([1.9)), we have the trivial estimate
Si(0, VT) <y T34 log T. (4.10)

By using 1) with T replaced by £, L .. down to almost v/T and adding them up,

27 4

and also by using the trivial estimate (4.10]), we obtain

1
> Xelpuk) g T 50T log Tloglog T,
0<yy, kT

upon GRH.
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5. CONCLUSION

Considering Theorem 1.1 and 1.2, the sum ), <vgy o<T X Py k) 18 calculated
with a main term but for the sum >7, 7 Xc¢(pyx), we do not obtain a main term.
We conclude that, in general sense, for a fixed odd prime number ¢ and non-principal
Dirichlet characters 11, ¥ that are of the same modulus ¢, the function yx,, is aware

of the zeros py, 1, however the function x does not know much about these zeros.
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