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Abstract

This dissertation shows how to use Constructal theory in order to design vascular
structures with high cooling performance and mechanical strength. The vascular
structures consist of grid, tree and hybrid (grid + tree) designs. The four chapters show
how the cooling performance and mechanical strength can be increased by varying the
vascular structure embedded in a plate for different models and boundary conditions.
Chapter 2 shows that the fastest spreading or collecting flow (i.e. the steepest S curve) is
discovered by allowing the tree architecture to morph freely. The angles between the
lines of the invading tree architecture can be morphed (changed, selected) such that the
overall flow proceeds along the fastest route, covering the greatest territory at any
moment. Chapter 3 shows development of vascular designs that provide cooling and
mechanical strength at the same time. This concept is illustrated with a circular plate
vascularized with embedded channels. Chapter 4 shows how vascular design controls the
cooling and mechanical performance of a solid slab heated uniformly and loaded with
uniform pressure. Chapter 5 shows that a plate heated by a randomly moving beam can
be cooled effectively by fluid that flows through a vasculature of channels embedded in
the plate. In sum, constructal design governs the evolution of flow structures that offer

flow access and mechanical strength at the same time.
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1. Introduction

Advanced technologies require capabilities such as self-healing and self-cooling
in addition to the requirements of being light, durable and robust. The literature shows
that embedding vascular flow structures into a system makes them capable of self-healing
and self-cooling [1-5]. This dissertation focuses on how the vascular design should be
made so that in addition to cooling the structure also has strength, i.e. it facilitates the
flow of stresses. The results of the search for better design under the guidance of the
constructal law show how a system with advanced capabilities can be made lighter, more
durable and more robust.

Constructal law is a law of physics and it uncovers the evolution of any system in
time. The constructal law is [6, 7] “For a finite-size flow system to persist in time (to
live), its configuration must evolve in such a way that provides greater and greater access
to the currents that flow through it.” This law of physics has created new research areas
in different fields of science such as engineering, geophysics, biology, economics and
social dynamics [7-15]. The broad application of the constructal law shows how it
governs the evolution of design in both animate and inanimate systems.

Throughout this dissertation, the vascular structures are designed by using the
constructal law. The systems were morphed freely (i.e., without any design restrictions or
generic algorithms) to find the frames of the evolution movie of the design. Constructal
law emphasizes the importance of the evolution of the design, which is routinely

overlooked in thermal sciences.



2. The steepest S curve: discovering the invading tree, not
assuming it

Many natural and engineered flow systems are of the spreading or collecting kind.
Examples of spreading flows are the river deltas, air during inhaling, and the spreading of
technology. Collecting flows are river basins, air during exhaling, mining and oil
extraction (the Hubbert peak).

Spreading and collecting flows are united by two features. The first feature is their
tree-shaped structure. It was shown based on the constructral law that the tree flow
architecture is necessary and predictable as the design that facilitates flow access between
a point and an area or volume [7, 15].

The second feature is equally prevalent but less obvious. It is the S-shaped curve
of the history of how the spreading or collecting flow fills or empties its area or volume.
This feature has been noted in many fields where it has been studied as local (isolated)
phenomena, for example, the spreading of populations [16, 17], chemical reactions [18],
technologies [19-20], TVs and radios [21], and the collecting of oil, metals and minerals
from the ground [22-23]. We showed recently [24] that just like the tree architecture, the
S-curve is necessary and predictable as a feature that facilitates the access to flow
between discrete points and finite areas and volumes. Five examples of S-curve
phenomena are shown in Fig. 2.1 [16, 22, 27, 28].

In Ref. 13, we used a convection-conduction model to demonstrate how the S-
curve can be predicted analytically. This model is shown in Fig. 2.2. Lines of constant

temperature invade at constant speed an isothermal conducting medium. After this first



phase of “invasion”, the heating of the medium is “consolidated” by thermal diffusion
perpendicular to the invading lines.

Unlike in Ref. 26, where the invading line pattern was rigid (one straight line, or a
rigid tree with T-shaped bifurcations and no more than three levels of bifurcations) in the
present article the invading pattern is free to change. We use this freedom in order to
discover the tree design features that underpin the steepest S-curve, i.e. the fastest
spreading from point to area, and the fastest collecting from area to point. The tree

architecture discovered in this manner is efficient, robust, and natural-looking.

200
£ Growth of Lo+
% 600 | brewers® Yeast '0‘
% *
E s00 | ¥
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= 200 | -
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Figure 2.1: Examples of S-curve phenomena: the growth of brewers yeast (Ref. 16),
the spreading of radios and TVs (Ref. 22), and the growth of the readership of
scientific publications (Refs. 27 and 28).



2.1 Conduction model with a tree invading at constant speed

The two phases of the S curve phenomenon (invasion, followed by consolidation)
are visualized by the thermal diffusion model presented in Fig. 2.2. The square (2 L;) x
(2 L)) is a two dimensional conducting domain with uniform initial temperature (Ty),
conductivity (k) and thermal diffusivity (o). The square boundary is insulated.

Beginning with the time t = 0, lines of uniform temperature (T;) invade the

conducting domain. Their tips advance with the constant speed V. Heat is transferred by

X
=, .
_—=V
\%
vhl L T
—V
L, .
L;
T L,/2 L,/2
b=t ty=t + ty =ty +—
—= | | | |T
’rv | | | M
| | | |
| I | |
Ls | | | Lo

T | | | |
| | | |
| | | I

L, /4 L, /4 L,/3

ty=t3+ ts =14+ \;, to=ts+ \;r

Figure 2.2: Tree-shaped line invasion of a conducting domain, with assumed T-
shaped bifurcations.



thermal diffusion from the invading lines to the conducting material of temperature T(x,

y, t). In time, the temperature averaged over the square area A =4 L3,

1
Tave :X”T dx dy 2.1
A

rises from Ty to T;. Of interest is the shape of the curve Tay,(t), and how the design of the
invading tree influences this shape.

In the model of Fig. 2.2 it was assumed that the tree is dichotomous with T-
shaped bifurcations. The tree lines have zero thickness. Their lengths decrease in the
sequence Ly, L, =L,/2, Ly =L,, Ly =L;/2, etc. The times when the invading lines
reach the sequential bifurcation levels are indicated as ty, t, t3, ...

The dimensionless formulation of the time-dependent heat conduction problem

consists of the energy conservation equation

2 2
o _d0 2 02
ot aiz 6}72
the boundary conditions
a—? =0 at X=0,2 (2.3)
OxX
@ =0 at y==1 2.4)
oy
and the initial condition 0 =0 at t =0. The dimensionless variables are
- T-T
X ) =xy)/L {=ot/L] 0=—2" (2.5)
T, -T,



The dimensionless time-dependent heat conduction problem was solved by using a finite
element software [29]. The mesh was refined after each solution, and the problem was
solved again to see whether the solution is mesh dependent. This was repeated by
increasing the number of mesh elements in steps of 50% until the solution changed by
less than 1%.

The lone dimensionless group that characterizes this phenomenon is the ratio of
the time of thermal diffusion perpendicular to the invading line (L% / o) divided by the
time of line invasion (L,/V). This ratio is the Peclet number

pe=L11¥ (2.6)
o

where (unlike in convection [30]) the thermal diffusivity o belongs to the nonmoving
conducting medium. Trees with larger Pe values invade the conducting body faster. This
effect is illustrated in Fig. 2.3, which shows the temperature field in the square domain at

the same moment (t=0.2) for two speeds, Pe = 10 and 50. The time t=0.2

corresponds to t; when Pe = 10, and it is five times longer than t; when Pe = 50.

Pe=10 Pe =50

=02

Figure 2.3: The effect of the line invasion speed (Pe) on the temperature field at the
time t =0.2 (note that t =0.2 is equal to t, when Pe = 10).
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The dimensionless average temperature 0,,, =(Ta, —Tp) / (T)-Ty) 1is a

function of time (t) and invasion speed (Pe). This function is displayed in Fig. 2.4a,b.
The 8, (t)curves are S-shaped and become steeper as Pe increases. This effect is

understandable, because the approach to the final uniform temperature (6 =1) should

faster when the tree invasion is faster. The question is whether the approach to final
uniform temperature can be accelerated further even when the invasion speed (Pe) is

fixed.

2.2 Free bifurcation angles

In accord with earlier design applications of the constructal law [28, 31-33], the
path to greater flow access consists of endowing the flow configuration with greater
freedom to morph. Here we explore the benefits of allowing the bifurcation angles to
vary freely. In the first model (Fig. 2.2), the two branches were colinear, i.e. the branches
formed 180° angles, which were fixed.

In Fig. 2.5 the branching angle B, is free to vary. We consider the full
development of the first bifurcation, which lasts until the time t, defined in Fig. 2.2, i.e.

until the first branches grow to their final length (L,). The angle B is the only feature
that varies because the time (t,) and the invasion speed (Pe = 10) are fixed. We find that
the average temperature of the heated domain exhibits a maximum at ; =90, as shown

in Fig. 2.5. This maximum is significant because the 0,,, value at B; =90° is greater by

4.5 % than the 0 value found for B; =180°. The optimal bifurcation from L, to L, is

avg
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S Pe =100

Figure 2.4a: The S-shaped history of the average temperature of the square domain
in Fig. 2.2.

avg

Figure 2.4b: The S-shaped history of the average temperature of the square domain
in Fig. 2.2 (logarithmic scale).



drawn in Fig. 1.5 for Pe = 10.

At the next bifurcation time (t;), the L3 branches have grown to their full lengths,

Fig. 2.6. The angle 3, between the L3 branches is free to vary, while the first bifurcation
angle is set at its value optimized at the time t,, namely ; =90°. In Fig. 2.6 we found

that 0, (t;) has a maximum with respect to B,, which is located at B, =90°. The

value of 0,,,(90°) exceeds by 13.4 % its corresponding value at 1, in the rigid design of

Fig. 2.2.
0.240
H:n'u
0,235
0.230
2L,
0.225 '
50 100 150 200

P

Figure 2.5: Freely varying angle of bifurcation f3; at t = t,, when Pe and the
conducting space are fixed.

The tree with freely changing angles invades the square domain as shown in Fig.
2.6. The tree cannot grow freely beyond its L3 branches, because the L4 branches would

9



interfere with the square boundary. The S curve that corresponds to this tree design is
plotted in Fig. 2.7 next to the corresponding curve of the rigid tree design (Fig. 2.2).
Figure 2.7 shows that the average temperature of the conducting domain is greater when
the bifurcation angles are free to vary and are chosen in order to heat the domain the

fastest possible.

2.3 Freely morphing tree in a large domain

In order to postpone the interference between the invading tree and the boundaries
of the domain, we enlarged by a factor of 5 the side of the conducting square. Now the
area of the domain is 10 L; x 10 L;, while the length of the trunk of the tree (at T = Yl)
continues to be L;, Fig. 2.8. Unlike in sections 2.1 and 2.2, where the lengths of the

invading lines decreased in the sequence demanded by the T-shaped bifurcations in Fig.

043

0.42

0.41
50 100 150 B, 200

Figure 2.6: Freely varying angle B, at t = t;, when Pe and the conducting space are
fixed.
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2.2 (namely, Ly, L, =L;/2, Ly =L,/2, etc.), on the 10 L, x 10 L; domain we are free

to vary not only the bifurcation angles but also the lengths of all the branches. For

simplicity, we adopt the rule

Liy -1/2
=2 2.7
- 2.7)

1

because it corresponds to the average value of the L;,,/L; ratios in the designs of in Fig.

2.2.
0.5
7 Pe=10
eﬂ\*’
04
03 F
02 | Free angles Fixed angles
B Fig. 2.2
0.1
0
0 0.05 0.1 0.15 0.2
4 t f

Figure 2.7: The S curve of tree invasion with free angles is steeper (faster) than the S
curve of tree invasion with fixed branching angles (Fig. 2.2).
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Figure 2.8 shows that the branching angle B, for maximum 6,,, is B; =100°.

This angle is larger than the one found in Fig. 2.5, and indicates that the value of L, /L,
has an effect on the emerging optimal tree shape. To investigate the L, /L, effect more
closely, we repeated the work of Fig. 2.8 for the 2 L; x 2 L; conducting domain used to

construct Fig. 2.5. The results are shown in Fig. 2.9, which can be compared directly with

Fig. 2.5. In Fig. 2.9 the best B; is 100° and the maximum 6,,, is 0.3, while in Fig. 2.5

avg
the corresponding values were 90° and 0.24.
We continued with the freely morphing tree on the 10 L; x 10 L; domain until the

full development of the second branches ( t = t), as shown in Fig. 1.10. The B, angle

0.0125 Pe—10

=5
en\'g
0.0120
0.0115 _<-[,|] 0L,
L
10 L,
0.0110
50 100 150 200

Pi

Figure 2.8: The optimization of the bifurcation angle 3, when the conducting
domain size is 10L; x 10 L;.
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was fixed at the value obtained at the time t =t, in Fig. 2.8 (namely, B; =100°). We
found that the best 3, in this case is 90°.

Finally, we repeated the work of Fig. 2.10 (that is, at t = t;) by adopting the
value 3, =90°, and working “backward” on the value of §;. We found that the best 3,

is 100°. The results found in this backward procedure agree with the results of Fig. 2.8.

2.4 The effect of the number of branching levels

The tree architectures discussed until now had no more than two levels of

bifurcation. We examined the effect of the number of levels of bifurcation all the way to

= Pe=10

? = Tz
eil\g
0.300
0.290
2L,
0.280 '
50 100 150 200

Pi

Figure 2.9: The optimization of the bifurcation angle 3; when the conducting
domain size is 2L; x 2L;.
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n = 4, which corresponds to the time ts in Fig. 2.2. We analyzed trees with T-shaped

bifurcations, and their resulting S-curves are summarized in Fig. 2.11.

The steepest portion of the S-curve lasts longer as n increases, and the curve
reaches its plateau region faster. Each new level of bifurcation of the invasion phase adds
a segment to the steepest portion of the curve as n increases. The added segments become
shorter as n increases, however, their effect on the slope of the curve in log-log
representation is minimal (Fig. 2.11b). The slope of the S curve changes from 1 : 1to 1 :

2, as in Fig. 2.4b. This change holds for all the n values.

0.0215 ——
0 =1

0.0210 |

0.0205 |

0.0200 |

10 L,
0.0195 ' '
50 100 150 200

B2

Figure 2.10: The optimization of 3, when 3; =100° on the large domain 10L; x 10
L;.
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0.6

04

Figure 2.11a: The effect of the number of bifurcation levels on the shape of the S-
curve.

avg

0.01

0.01 0.1 ~ 1
L

Figure 2.11b: The effect of the number of bifurcation levels on the shape of the S-
curve (logarithmic scale).
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The main conclusion from Fig. 2.11 is that greater coverage of the available space
is achieved when the complexity of the structure of invading lines increases. Once the
invasion phase runs its course, the consolidation phase proceeds in the same fashion (by

diffusion) across interstices that are smaller and swept faster as n increases.

2.5 Analytical invasion-consolidation curve

In the theoretical scenario [26], the area of the square of the Fig. 2.2 was covered
by conduction in two phases, cf. Fig. 2.12. During the invasion phase, the covered area

increases as

302
A~ A, (LJ 2.8)

where
12
L, a 3/2
tin ~34- Ay, ~ 30%) Y (2.9)

The 3.4 factor appearing in the t,, expression accounts for the fact that the total
length traveled at speed V by the tip of one of the invading lines in Fig. 2.2 approaches
3.4L, when the number of branching levels is large. The factor 30 in the A, formula
emerges after summing up all the areas covered by diffusion in the intermediate vicinity
of the invading lines, as shown analytically in Ref. 26.

During the consolidation phase, the area covered by conduction is

¢ 12
A, ~4L3 — (2.10)

Co

where 417 is the total area, and
16



Li

o 2.11)

co

According to Fig. 2.12, the continuous S-curve for A(t) emerges after matching
the two portions (A; and A.) in value and slope at t ~ tj,. As shown in the lower part of
Fig. 2.12, the matching analysis requires that we shift the curve A((t) of Eq. (2.10) by a

time interval ty, which is of order t;,; therefore Eq. (2.10) is replaced by

=ty 12
A, ~412 (2.12)

co

Matching Aj(t) and A.(t) in value at t ~ t;, yields the first condition

12
Ain [ tin —to (2.13)
: .
4L1 tco

Alul

Ain T

0 t(] tin t

Figure 2.12: The analytical form of the S curve: invasion followed by consolidation.

Matching the slopes of Aj(t) and A((t) at t ~ t;, yields the second condition

17



A t:
3 in (2.14)
4L% [tco (tin - tO)]1/2

Combining the two conditions we find that

t ~ 2ty (2.15)
3

A—ig ~238Pe? (2.16)

413

Noteworthy is that, as expected, ty is of order ti,, and that Eq. (2.16) agrees with

Eq. (2.9) for Aj, within a factor of order 1, because Eq. (2.9) can be rewritten as
A, / (4L% )~ 7.5Pe /2. The analysis continues by using Eq. (2.16) in place of Eq. (2.9)
for A;,.

The analytical S-curve expression consists of Aj(t) of Eq. (2.8) for 0 <t <t;,, and
Ac(t) of Eq. (2.12) for > tj,. The resulting A(t) curve can be expressed as E)avg (t)as

follows. First, if we assign to the area covered by conduction (A; or A.) the dimensionless

temperature 1, and to the remaining area [4L21 —(A, or Ac)] the temperature 0, then the

dimensionless average temperature of the 4L° square is

AjorA,
eavg ~ —4L21 (2.17)
The dimensionless time is
(R (2.18)
Ly St

Using Egs. (2.17) and (2.18), the Aj(t) and A(t) expressions become

18



0,., i ~038PeTV? (2.19)

avg, i

Opge ~ 52 (T -227Pe | (2.20)

avg,c

It can be verified that the curves of Egs. (2.12) and (2.13) have the same value

and slope at t ~ t;,, which in the current notation means at T~34pPe!,

2.6 Discussion

In this chapter we showed that the steepest S curve for spreading by diffusion in a
solid corresponds to a tree design that morphs freely. When the tree configuration is
fixed, the S curve becomes steeper as the Peclet number increases. By varying the
branching angles we found that the tree designs with Y-shaped branching have steeper S
curves than the tree designs with T-shaped branching.

The lengths of the invading lines were selected in two ways, as in Fig. 2.2, and
based on the rule L., /L; = 272 The optimal bifurcation angles decrease as the number

of the bifurcation level increases, however, when the conducting domain is much larger
than the tree structure the optimum bifurcation angles become less sensitive to increases
in the number of bifurcation levels.

We also found that increasing the number of branching levels makes the steepest
section of the S curve longer, and the curve reaches its plateau faster. However,
increasing the number of the bifurcation levels does not significantly change the
performance of the design because the steep segment added by each new level of

bifurcation becomes shorter as the number of bifurcation levels increases, Fig. 2.11a,b.
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3. Vascularization for cooling and mechanical strength

Cooling and mechanical strength requirements place limits on the improvement of
many advanced technologies, from electronic packages to structures for future air
vehicles. Although the strength of the structure can be increased by adding more and
stronger material, the challenge is to reduce the volume and weight of the structure. At
the same time, the structure must be able to resist the effect of sudden heating,
volumetrically or on its envelope. The design challenge is to increase structural strength
while decreasing the maximum temperature in the volume, and reducing the volume.

Even though these objectives seem to be in conflict, the “flow of stresses” concept
of constructal theory shows how to achieve mechanical strength by morphing the design
to meet these two objectives and using less material [34]. The approach is to allow the
structure to change freely by placing the material in places where stresses flow with
fewer strangulations. This concept is the same as in the constructal design of thermofluid
architectures: the design is free to change such that more flow volume is placed where it
is needed. The current literature focuses mostly on thermofluid design [32, 35-40] and
smart features such as self-cooling and self-healing [41-43], and in a few instances
mechanical strength was used as a design objective [44, 45].

In the present study the flow volume houses three types of flows at the same time:
stresses, fluid, and heat. We seek architectures that facilitate these three flows at the same
time. The emerging designs are "designed porous structures" that consist of radial and

tree-shaped cooling channels.
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3.1 Hess-Murray's law: Temperature dependence

Dendritic flow structures offer less resistance when bifurcations are accompanied
by optimal step-changes in diameters, in accord with the Hess-Murray rule (e.g. Ref.
[34]). This design rule applies to isothermal systems, and to fluids with temperature
independent properties. Here we review concept by assuming the more general case of
temperature dependent properties. Additional generality is provided by the assumption
that the mother tube is continued by n identical daughter tubes, and by the fact that the
flow regime can be laminar or turbulent. The fluid volume is fixed, and it is used as

constraint in the search for the optimal mother /daughter diameter ratios. The pressure

drop formula for laminar flow is

L.
AP =CViri’li—Z (31)
Di

where C = 128/n, and v; is the kinematic viscosity corresponding to the mean

temperature T, = j TdV / I dV . If one tube branches into n identical tubes, the total flow

volume and pressure drop are

2 2

D D
V=n—L,+nmm—2L 3.2
4 1 4 2 ( )
L . L
AP = CVIIhl —Z+Cv2m2 —i (33)
Dy D;

where m, =m,/n. The diameter ratio for minimum AP is

1/6
Dy _ {ﬁj (3.4)

D, V)
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The case of fully developed turbulent flow is analyzed similarly. The pressure
drop formula for turbulent flow is

.2
_ CTmi Li

AP —
P; D?

(3.5)

where Cr = 32f/n%, f is the friction factor which is constant in the fully rough regime, and

p; 1s the density of the fluid corresponding to T, . The total fluid volume and pressure

drop are
D; D3
V=n—1L,+nn—2L 3.6
S Lt (3.6)
) )
L L
ap = C1mi —Ly Crm) - (3.7)
P1 Dy P2 D;
where m, =, /n. The optimal diameter ratio is
17
D _ n3/7£p—2j (3.8)
D, Py

In summary, the effect of variable properties is felt through the ratios (v1 /v, )1/ 0

and (p2 / pl)l/ " for laminar flow and turbulent flow, respectively. In the following work,

the temperature variations are assumed to be small enough so that at every branching

point the ratios (v, /v, )1/ % and (p,/p, )1/ 7 are sufficiently close to 1.

3.2 Model

We relied on a numerical model of the thermofluid and mechanical behavior of
the circular plate. The diameter and thickness of the plate are D and H, and their ratio is
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fixed D/H = 10. The total volume is fixed, and so is the volume of the channels. The plate
is subjected to uniformly distributed force and uniform heat flux, both acting from below,
Fig. 3.1. Because the plate is thin, the heating from below is also an adequate
approximation of situations where the heating is distributed volumetrically. The fluid
flow is governed by the mass conservation and momentum equations, which for
incompressible and steady flow are:

au 8V ow
=0 (3.9)

ou ou ou 10P o’u o*u o*u
Uu—+vVv—+wW—=———"+4V + + (3.10)
ox oy oz pox |ox? oyt oz’

LCLPVCL AL A X0 S + Y Y (3.11)

(3.12)

Here x, y and z are the coordinates, u, v and w are the velocity components
corresponding to these coordinates, and P, v and p are the pressure, kinematic viscosity

and fluid density. The temperature distribution is found by solving the energy equation

2 2 2
pCp u§+vg+ ax =k 0 T+8 T+8 T (3.13)
0x oy oz x> oy’ oz’

where cp is the specific heat at constant pressure, T is the temperature, and k is the fluid

thermal conductivity.
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The solid plate is isotropic, and its deformation is elastic and small when

compared with the dimensions D and H. In tensor notation, the momentum equation and

generalized Hooke's law are
Gij,i + fJ = 0
o = Cijaén

ij
.
P H m

0 O 4 0 ;
— |
1 T A S S S R O
q", P,
Ul
X "
- ——~.} 1_“‘ml
- P,
— 4‘—:1
" N

i

Figure 3.1: Radial cooling duct configuration.
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where o5, Cij, fand gy are the stress tensor, elasticity tensor, volume forces and strain

tensor, respectively. Volume forces are assumed to be negligible when compared with

the surface forces. Equation (3.14) becomes

o
Doxx | Tyx | Tax _ (3.16)
x oy oz
o, do,, Ot
LA Sl AE) (3.17)
ox oy oz
o
T, Tyz, Bn _ (3.18)
ox oy oz

where ¢ and 1 are the normal and shear stresses. Because the plate is isotropic and elastic,
the elasticity tensor has both minor and major symmetries, i.e.

Cijk1 = Cxijj and Cjj =Cjik - Because of these symmetries in the fourth order tensor

we can simplify the generalized Hooke's law in the form of ¢ = K¢, where ¢ and ¢ are

vectors, K i1s a second order tensor, y is the Poisson ratio, and E is the elasticity

modulus.

_GXX_ _1_7 V4 V4 0 0 0 __gxx ]
Oyy 14 11—y 14 0 0 0 Eyy
Ozz . E Y Y -y 0 0 0 €,
Tyz (I+y)A-2y)| O 0 0 1-2y 0 0 Py,
T,x 0 0 0 0 1—27/ 0 Dzx

| Txy | .0 0 0 0 0 1—27/__(pxy_

(3.19)

The strain displacement relations are
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or
€ xx =%, syy=—y, €, =% (3.20)
ox By &z
or, o, or, o or, o
(ny=€0yx=gx+g, (sz=¢yz=§+ga Pix = Pxz :gz+a—;(3~21)

where 1y, 1y and r, are the displacements in the directions of the coordinates indicated by
the subscript.
Equations (3.9) — (3.12) can be nondimensionalized by using D as the length scale
and constructing dimensionless velocities in the form of Reynolds numbers
X,¥,Z=(x,2)/D, u=uD)/v, v=mD)/v, W =(wD)/v (3.22)

The dimensionless excess pressure is defined as

lN) _ (P - Pref )D2
no

(3.23)

where P, P..s, 1 and a are the local pressure, the reference (outlet) pressure of the fluid,
the dynamic viscosity, and the thermal diffusivity. The dimensionless temperature is
defined as

T= (T -Tep)k (3.24)
qHD
where T is the fluid inlet temperature. The continuity of the heat flux and dimensionless

conductivity and heat flux are expressed by

oT oT ~ Kk ~
q":_ksa:_kaa kz?: q:q_ (325)

where k, and k are the thermal conductivities of the solid and the fluid.
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Equations (3.16) — (3.19) can also be nondimensionalized by using D as the
reference for displacements and coordinates, and Py as the reference for the stresses,

elasticity and mechanical load.

(% T,,X,V,Z)=(,T ys Z,x,y,z)/D (3.26)
o - 05 .
3 — X , e — R oS = — 3.27
-~ . or 05 - . 0% O - . 0% 0%
= =—0+t—, 7y — Z__+_~’ 7x — :_+_N 328
A LI P =" 5 T Pox=0n ="ty 328
(E,3,%,P,)=(E, 6,1,P,)/P, (3.29)

Py is the mechanical load applied uniformly from the bottom of the plate. The

dimensionless equations are

M N W (3.30)
X 0y 0z
o0 _on . ou 1 6P (0%t o*u o
U—=+VZ-+W—=—""=+ + + (3.31)
&K o 0z PrX \&* & 0z
N N oV 1 6P (0°v 8°v 0%
U——=+VZ-+W—=——""7=+ + + (3.32)
X oy z Proy |ox? oy®  0Z?
oW oW oW 1P (%W o*w o0*w
TRAME L Rk A . S + =+ (3.33)
X oy 0z Proy |(ox? &y° 0z?

T T 2 2m 2
ua—T+V§+v~vaT o1 6 T 8 (3.34)
X A o o T2

where Pr is Prandtl number. The energy equation for the domain occupied by the solid

structure 1S
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O’T T 07T _
%2 8§2 552

0 (3.35)

The dimensionless momentum equation and Hooke's law for the solid domain are

By Oty 7
X4 y+zx

X — ) (3.36)
X oy 07z
R, 06, O,
AR £ A A) (3.37)
X oy 0z
R, O
Ty , Tz, $0 (3.38)
0X oy 0z
(G | 11—y y 0 0 0 & |
Cyy y 1=y vy 0 0 0 | %y
G E 1—- 0 0 0 |=
NZZ _ E 7/ 7 7/ NZZ (339)
Ty, | (A+p)(1=2p)| 0 0 0 1-2y 0 0 | @y,
T, 0 0 0 0 1-2y 0 | &
Ty | 0 0 0 0 0 1-2y] &y |

3.3 Radial cooling ducts
We begin with the simpler structure, which consists of radial cooling ducts, Fig.
3.1. The heat flux and mechanical load are fixed. The pressure difference between inlet

and outlet is nondimensinalized as [46, 47].

2
T)max _ (Pln Pre:f )D (340)
po

The value of P, represents the dimensionless overall pressure difference. We

used ﬁmax values of order 107 and 10°, which correspond to Reynolds numbers smaller

than 2000 in every channel, i.e. laminar flow everywhere. The fluid volume is fixed at
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5% of the total volume. In addition, we assumed k= 20, y=0.33 and E=2x10°. The

dimensionless heat flux and mechanical load applied from the bottom are q=1 and

~

P, =1. The diameter of the duct placed in the center of the plate is d = 0.05 D. The

diameter of the radial ducts varies with the number of the ducts.

The computations were performed in dimensionless form by using a finite
element package [29]. In order to confirm whether or not the solution is independent
from the size of mesh, the solution was performed with a coarse mesh and then was
performed again using finer meshes until the changes in peak temperature, maximum

velocity and maximum stress become of order 1%.

Figures 3.2a, b show how the maximum temperature T__ varies with the number

of the cooling ducts (n) when ﬁmax is 10" and 10®. The maximum temperature occurs in

the middle of the space formed between the two closest cooling ducts of diameter d;, Fig.
3.3a. The red and blue regions in Fig. 3.3a represent the maximum and minimum
temperatures on the mid plane of the circular disc. The configuration with 8 ducts and
outlet in the center has a region of low temperature in the center. When the number of
cooling ducts is greater than 24, the hottest spot is in the center of the plate if the flow
leaves from the center and on the rim if the flow enters through the center.

The distribution of the von Mises stress is similar in the all cases, and it is illustrated for
16 cooling ducts of diameter d; in Fig. 3.3b. Red and blue colors indicate the maximum
and minimum stresses. The maximum stress occurs in the center of the plate. The

minimum is half way between the center and the edge of the plate, on a circle concentric
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with the plate center. This stress distribution suggests moving the duct of diameter d from

the center of the plate to the blue region.

400 — -
TmnxXI(); PZlO |
: # Inletin the center
300 M Qutlet in the center )
200 F
100 F
0 10 20 30 n 40
(a)
= 3 P=10°
Tmnx X 10 -
50 | ¢ Inletin the center
B Qutlet in the center
40 f
30 Iy b 'y
0 10 20 30 N 40

(b)

Figure 3.2: Peak temperature relative to the number of cooling ducts: (a)
Poux =107, (b) Py =108,
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The purpose of morphing the shape is to decrease the peak temperature and stress.

Figures 3.4a, b summarize the relation between the temperature, stress and number of

ducts when INDm,j1X is 10" and 10%, respectively. When the number of the cooling ducts

30
«1073

20

10

0

Inlet in the center Outlet in the center

32 ducts

(b)

Figure 3.3: (a) The temperature distribution in the mid plane of the circular disc,
red and blue represent the maximum and minimum temperature, respectively,

ﬁmax =10%; (b) The von Mises stress of the circular disc, red and blue represent
maximum and minimum stresses, respectively.
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increases, the maximum stress decreases from n = 6 to n = 8 and then increases. This is
due to the fact that the maximum stress increases in the vicinity of the junctions of the
cooling ducts. In the radial configuration, every cooling duct is connected to the center,
and the material between two cooling ducts is thinner close to the center and thicker close
to the rim. The material thickness between cooling ducts becomes smaller close to the
center. When n increases from 24 to 32, the stresses in this region increase rapidly. Even

though n = 8 is the design for minimum G, , neighboring designs (n = 6 and n = 12)
offer minimum peak temperatures for ﬁmax =10 and 10, respectively.

In summary, when me is specified, it is possible to identify one design (or a
group of similar designs) that provides low peak stresses and peak temperatures. Note

that Fig. 3.4a is identical to the n > 12 part of Fig. 3.4b, therefore if P, is increased

above 10°, we can expect the design with minimum T’m to be a design with n > 12.

3.4 Trees with one pairing level

Consider next a tree shaped construction with one pairing level, Fig. 3.5a. Flow
enters through the center of the circular plate and flows in three ducts of length r and
diameter d2. Later, the flow is distributed to six ducts of diameter d3. The outlet locations
of the d3 ducts are equidistant on the disc perimeter. In this section we determine how the
tree pattern affects the mechanical strength of the plate and the temperature distribution.

We examined eight 1/R ratios: 0, 0.1, ..., 0.8. The flow volume is fixed, and the flow
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volume fraction is 0.05. At every pairing junction, the duct diameter increases by the

factor 213 , which is the optimal factor for laminar flow (Section 3.2).

400
i11ax X 1()3 » -
24 n =32
300 -
- 32
16 m
I 8 ¢ Inlet in the center
0f 8 _
6 B Qutlet in the center
20 25 30 35 40
811103\'
(a)
T,.x10° n =32
50 F =
40 |
D _ 8
B 6 P=10
8 ¢ Inlet in the center
30 F 12- J.
g > M Qutlet in the center
20 25 30 35 40

Al

max

(b)

Figure 3.4: The effect of the number of cooling ducts on the maximum temperature
and stress: (a) IN)maX =10"; (b) ﬁm =10°.

ax
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Figure 3.5b shows how the temperature distribution changes on the mid plane of

the circular disc when we change the radial position of the pairings (1/R ratio) and inlet

direction of the coolant, 1~3maX =10°.

Figures 3.6a, b show how the maximum stress and temperature of the structure
change relative to the r/R ratio. When P, is 107 the maximum temperature occurs on

the edge of the circular plate, half way between the ducts of the diameter d;. If /R

increases from /R = 0 to 0.2 the maximum temperature decreases, and then it increases.
When ﬁmax = 10® and the coolant fluid enters from the center, the maximum temperature
decreases as 1/R increases and becomes minimum at /R = 0.1, and then it increases. If

the coolant fluid enters from the rim, T, increases from r/R = 0 to 0.1, then it decreases

from r/R = 0.1 to 0.2, and when r/R > 0.2 'T“m increases if /R increases.

The maximum stress increases as 1/R increases, and then it decreases when r/R >
0.4. The maximum stress exhibits a second minimum after r/R = 0 at /R = 0.6, and after
/R = 0.6, it increases again, Figs. 3.6a, b. The reason why the maximum stress decreases
when 1/R increases from 0.4 to 0.6 is that the location of the pairing junction is in the

minimum stress region, Fig. 3.3b.

3.5 Trees with two pairing levels

The next group of configurations that we explored was tree shaped designs with
two pairing levels, Fig. 3.7a. The coolant fluid enters through the center of the circular
plate, and flows through three ducts of length r; and diameter ds. It is then distributed to

six ducts of diameter ds, and finally flows through 12 ducts of diameter d¢. The flow rates
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Figure 3.5: (a) Tree-shaped design with one pairing level; (b) The temperature

~

distribution in the mid plane of the circular disc, P_, =10,
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Figure 3.6: The effect of r/R ratio on the maximum temperature and stress: (a)
P =10";(®) P, =10%.

max

36



and the outlet locations of the d¢ ducts are fixed. We determined the changes in
mechanical strength and temperature distribution when the r;/R and r,/R ratios change.
Figure 3.7b shows how the temperature distribution changes on the mid plane of

the circular disc depending on the r;/R and r,/R ratios and inlet direction of the coolant,

1~3maX = 10°. Figures 3.8a-d show how the maximum stress and temperature of the

structure change according to ri/R and r/R when lN)maX is 107 and 10®. The maximum

stress increases when ri/R and r,/R ratios increase, and after the maximum it tends to

decrease to a minimum. The maximum temperature occurs on the rim, half way between

the ducts of the diameter dg. When r1/R is fixed and ry/R increases, Tmax decreases until
/R = 0.3 or 0.4 depending on r;/R, and then Tmax increases. Similarly, when r/R is
fixed and r;/R increases, "Tmax decreases until ri/R = 0.3 or 0.4 and then it increases.

When P, = 10° and coolant fluid enters from the rim of the plate, we see that Tmax
increases when ri/R or ro/R increase.

Figure 3.9 shows how Tma changes when /R and r,/R vary if the coolant fluid

X
enters from the center. This inlet position assures a lower Tmax than the outlet in the

center. Figure 3.10 shows how the coolant flow rate varies with the geometric
configuration; radial, dendrites with one pairing level, and dendrites with two pairing

levels. The flow rate m is the volumetric flow rate for the dimensionless velocity,

i = [ WdS (3.41)
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where W is the normal nondimensional velocity of the fluid, and dS is the surface

element of the inlet or outlet boundary. The surface integral of W over the boundary
gives the volumetric flow rate for the incompressible flow case, i.e. gases under Mach
number 0.3 [48] and liquids. The radial configuration with the six cooling ducts can be
seen as one limiting case of the one pairing level configuration. Similarly, the radial
configuration with 12 cooling ducts can be seen as one extreme of the configuration with
the two pairing levels.

Figure 3.10 shows that when the number of the cooling ducts is 6, the radial
configuration ensures higher flow rates than the tree shaped structure. However, the
comparison between the radial configuration (n = 12) and the design with two pairing
levels shows that tree shaped architectures offer smaller pressure drops than the radial
configurations when the number of the cooling ducts is sufficiently high. If the number of
the ducts increases, a lower pressure drop can be achieved by changing from the radial
configuration to the tree shaped configuration. Noteworthy is that in tree shaped
configurations with maximum flow rate the angle between the two branches has values in

the range 68° — 86°, which confirms the 75-degree-angle found in Ref. [15].

3.6 Discussion

In this chapter we showed that the mechanical strength and cooling performance
of a circular plate can be improved simultaneously by changing the flow architecture and

the flow direction of the coolant. We explored three configurations: radial, dendrites with
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one pairing level and dendrites with two pairing levels. We found optimal configurations
for each given set of design variables. When the size of the system increases, decreases in
the pumping power are achieved by changing from radial to dendritic configurations.
Similarly, dendritic structures ensure greater mechanical strength when the number of the
cooling ducts and the size of the system increase.

The chief conclusion is that the cooling performance and mechanical strength can
be increased with embedded vascular channels. An added benefit of using embedded
channels is the more uniform temperature field, which increases the yield strength of the
structure. The vasculature inhibits the formation of temperature peaks in the material,

reduces the differential thermal expansion, and lowers the thermal stresses.
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4. Hybrid grid & tree structures for cooling and mechanical
strength

Advanced technologies require materials, structures and components that offer
multiple functionalities at the same time, for example, volumetric cooling, volumetric
self-healing, minimum weight, and mechanical strength [15]. Cooling and self-healing
can be achieved by embedding vascular networks of channels in the solid. This feature
decreases the mechanical strength of the vascularized body when solid material is
removed in order to make room for flow channels. On the other hand, when the volume
of solid is fixed, embedding the channels is equivalent to placing the finite solid around
the finite flow space. The design opportunity is to allocate the solid where it is needed the
most, such that the entire vascular body is as strong as possible.

Vascular design is a growing area in the current literature. Most of this activity is
dedicated to the thermal and fluid flow merits of vascularization [35-39, 49-60]. The
same design philosophy is now being extended to the design of solid structures to
facilitate the flow of stresses [15, 34, 44-45, 61]. In this paper we combine the two
methods and consider simultaneously the flow of fluid, heat and stresses.

We explore the merits of a novel "hybrid" architecture consisting of an internal
grid connected by radial channels to the perimeter of the vascularized body. Each radial
channel serves as the trunk of the tree for which the canopy is the grid. The grid can be
viewed as the superposition of the canopies of the trees rooted in the perimeter of the

body, Fig. 4.1. The key question in this design is to determine the most advantageous
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balance between the volume occupied by the grid and the volume occupied by the radial

channels.

4.1 Model

Consider a square plate with length L, thickness H = 0.1L, and embedded cooling
channels (Fig. 4.2). The plate is subjected to a uniformly distributed force acting from
below, and it is heated uniformly. The volume of the structure and the flow volume are
fixed. The flow volume is 5% of the total volume. L, is the side of the square area in
which the grid cooling channels are embedded. The grid channels are connected to the
periphery with radial channels. Coolant enters or exits from the center of the grid, and it

is driven by the pressure difference maintained between the inlet and outlet. The fluid

Figure 4.1: Internal grid structure connected to the perimeter with radial channels,
hybrid structure of a circular plate.
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flow is governed by the mass conservation and momentum equations, which for

incompressible and steady flow are

@+@+@:0 4.1)
ox Oy oz
L O L e 4.2)
ox Oy oz p Ox
u@+V@+W@:—la—P+szV 4.3)
ox 0oy oz p Oy
u@+vﬁ+w@:—la—P+vV2w 4.4)

Here V?= 82/8);2 +82/8y2 +82/8Z2 ; furthermore x, y and z are the spatial
coordinates, u, v and w are the velocity components corresponding to these coordinates,
and P, v and p are the pressure, kinematic viscosity and fluid density. The fluid is single
phase with constant properties.

The temperature distribution is found by solving the energy equation in the fluid

space and the solid space,

pCp LI/ S/ =k VT 4.5)
ox oy oz
q =k,\V’T (4.6)

where cp is the specific heat at constant pressure of the fluid, T is the temperature, q  is
the volumetric heating rate, and kr and ks are the fluid and solid thermal conductivities.

The continuity of heat flux between the solid and fluid interfaces requires
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where n is the vector normal to the fluid-solid interface.

The solid plate is isotropic with elastic deformations that are small when
compared with the dimensions L and H. Volumetric forces are assumed to be negligible
when compared with the surface forces. With these simplifications in mind, the

momentum equations and generalized Hooke's law become
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Figure 4.2: Internal grid structure connected to the perimeter with radial channels,
hybrid structure of a circular plate.
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where y is the Poisson ratio, and E is the elasticity modulus. The strain displacement

relations are

0
€ :ar", € :i, € :(S‘rz (4.12)
XX ox vy ay 77 oz
or or.
e M A . (4.13)
oy  ox oy oz x oz

where 1y, 1y and 1, are the displacements.
Equations (4.1) — (4.4) are nondimensionalized by using L as the length scale, and
constructing dimensionless velocities in the form of Reynolds numbers

(i,?/,i,ﬁ)z—(x’ y’z’n), L e (4.14)
L v v v
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The dimensionless pressure difference is defined as [46, 47]

(P —-P out )L2
Qo

P (4.15)

where P, Py, 1 and a are the local pressure, the outlet pressure, the dynamic viscosity,
and the thermal diffusivity of the fluid. The dimensionless temperature and continuity of
the heat flux are indicated by

T _ (T _Tref)kf

o (4.16)
~dT| T
n S n f

where T is the fluid inlet temperature and k= k / k.

Equations (4.8) — (4.11) are nondimensionalized by using L as the length scale for
displacements and coordinates, and Py, as the pressure scale for the stresses, elasticity

and mechanical load,

(%, T, 5,.%Y,2)=(,,1,,1,,% y,2) /L (4.18)
Exx =a—r", gy =—, €, _95 (4.19)
K B 7
T OT T OT T T
A N L R
YUy X w0z &K 0z

(Ea 67 Tfa lN)rnech) = (E’ 6,1, Pmech)/P

mech

4.21)

where Ppen is the pressure applied uniformly from the bottom of the plate. The

dimensionless mass conservation and momentum equations are
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where Pr is Prandtl number. The dimensionless energy equation for the fluid and solid

domains are

Pr] ﬁa—Twa—vaa—f =V°T (4.26)
ox oy 0z
kv T =1 (4.27)

The dimensionless momentum equation and Hooke's law for the solid domain are

oG ot ot
xx+ YX+
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4.2. Trees with loops: one degree of freedom
Consider the geometry of Fig. 4.2, which has cooling channels of one size (d;).

The pressure difference between the inlet and outlet is defined as [46, 47].

(P B Pref )L2

1

max =~ (4.32)
uo.

The outlet pressure (Prr) 1s 0, while P, is of order 10" — 10% This P range

max
corresponds to laminar flow, i.e. Reynolds numbers less than 2000 in all configurations.
We also set k=20, Pr=6, y =033 and E=2x10°.

The dimensionless mass, momentum and energy equations were solved by using a
finite element software [29]. The mesh was refined after each solution, and the problem
was solved again to see whether the solution is mesh dependent. This was repeated by

increasing in steps of 50% the number of mesh elements until the solution changed by

less than 1%.

Figure 4.3 shows how the flow resistance changes when the relative grid size Lo/L

varies (P, = 10®). Six hybrid configurations were simulated, with L,/ L values in the
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range 0 — 0.75. Because of the incompressible flow model, the volumetric flow rate is

equivalent to the mass flow rate,

t =p[ VdS (4.33)
S

where S is the the cross section of the opening in the center of the grid through which the

fluid enters to the vascular network or leaves from it, and V is the normal
nondimensional velocity of the fluid. Figure 4.3 shows that the flow resistance increases
as Ly/L increases. In conclusion, if the sole objective is to decrease the pressure drop or
the pumping power requirement, the radial configuration is the better design for the given
design parameters. Figure 4.3 also shows that changing the flow direction has an effect
on the overall flow resistance: the lower resistance is when the inlet in the center. This
effect becomes less pronounced as Ly/L increases.

Figures 4.4a,b show the evolution of the peak temperature of the square slab when

Ly/L varies (P

o = 107 and 10%). The radial configuration (Ly/L = 0) with the inlet in the
center offers the smallest peak temperature. In both figures, the effect of the fluid flow

direction decreases as P, increases.

Figure 4.5 is a cross-plot of Figs. 4.3b and 4.4b, which shows how the peak
temperature changes and the flow resistance respond to changes in the relative size of the

grid, Ly/L. Both Tpea and P, /thdecrease toward the radial design in the lower-left

ax

corner.
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Figure 4.6 shows the temperature distribution in the mid plane of the square slab;
red and blue represent the maximum and minimum temperatures. Six different cases are
shown: Ly/L = 0, 0.25 and 0.5 with inlet and outlet in the center. When the fluid enters
through the center of the slab, the hot spots are located at the corners of the square slab.

When the coolant enters from the edge, the hot spot is in the center of the square slab.
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Figure 4.3: Flow resistance of the hybrid structure relative to Lo/L, P__ =10°.
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The evolution of stresses is shown in Figs. 4.7a,b, alongside the evolution of the

peak temperatures. The peak stresses are the lowest when the configuration is a hybrid

grid & tree structure.

4.3. Trees with loops: two degree of freedom

Consider next the impact of a new degree of freedom: the ratio of the fluid
volume occupied by the radial part divided by the grid part of the fluid volume, V/V,.
The dimensionless mass, momentum, and energy equations were solved for several V,/V,

values. The fluid volume (V:+ V,) is 5% of the total volume.
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Figure 4.5: Peak temperature relative to the flow resistance, P = 10%.
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Figure 4.6: The temperature distribution in the mid plane of the square plate, red
and blue represent the maximum and minimum temperature, respectively,

P .. =10%: (b) Ly/L = 0.25, 0.5 and 0.75.

57



T H Outlet in the center i .
- P’Ill‘N = ]U 073
¢ Inlet in the center "
0.1
0.5
0.08 f
0.06 |
0.625 -
3 0.5
0.04 f L,
L
35 36 37 38
Gpenk
(a)
Tieue B Outlet in the center . 0.75
-[ l = h Ruax :10( .
0.012 L 4 Inlet in the center *
0.010 f
0.008 F
0.006 f
35 36 37 Oy 38
(b)

Figure 4.7: Peak temperature relative to the peak stress: (a) P, = 107, (b)
P .. =10%

58



Figures 4.8a, b show how the peak temperature varies relative to the Ly/L and
V./V, ratios. The flow inlet is in the center. When V./V, > 1, the peak temperature
increases as L,/L increases. However, when V,/V, < 1, the peak temperature exhibits a
minimum as Ly/L increases. In conclusion, there is a hybrid configuration (Ly/L, V./V,)
that offers the smallest Tpeax when Vi/V, < 1. In Figs. 4.8a,b, the smallest Tpeax occurs at

Ly/L = 0.25 when V,/V, = 0.7/0.3.

Pmax = 107
Tpeal( Vr/vg <1 Vr/Vg >1]

0.08 10.2/0.8 0.8/0.2
0.7/0.3
0.6/0.4

0.3/0.7

0.06r0.4/0.6

0.5/0.5

0.04 ¢

0.2 0.4 0.6 0.8

L,/L

Figure 4.8a: Peak temperatures of the family of V,/V; curves relative to L,/L:
P =10".
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Figure 4.9 shows the minimum peak temperatures of the Fig. 4.8b plotted against
the peak stresses in the same configurations. The effect of the flow direction is weak. The

smaller Tpea and O peak values occur when L,/L < 0.25. Optimizing the V,/V, value

decreases Tpeak and o cf. Figs. 4.7b and 4.9. The changes in V,/V, affect the peak

peak >
stress significantly.
108
Tpcak Pmax =10 Vl, /Vg -1
0.06 | 0.8/0.2
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Figure 4.8b: Peak temperatures of the family of V,/V, curves relative to Ly/L:
P .. =10%



Figure 4.10 is a montage of six different cases showing the temperature
distribution in the mid plane of the square slab. When the flow enters through the center
of the slab, the hot spots occur in the corners of the slab. When the flow enters from the
edge, the hot spot is in the center of the slab. Figure 4.10 shows that the design with L,/L
= 0.25 has a more uniform temperature field with a smaller peak temperature when V,/V,
=0.8/0.2. The ratio Ly/L = 0.75 is the best when V,/V, = 0.2/0.8.

In Fig. 3.11a, the minimum peak temperatures of Fig. 3.8b are combined with Fig.
3.4b in order to determine how the solution is affected by the second degree of freedom,
V/V,. We see that by exploiting this degree of freedom we can decrease the peak
temperature while Lo/L is fixed. The effect of the V./V, on the peak temperature

increases as L,/L increases. The peak temperature is smaller when the flow inlet is in the

T B Outlet in the center 4

) - RllﬂX = J‘O(

0012 k ¢ Inlet in the center .0,75

0.625
0.010 }
0.375
0.008 F
0.006 F ER
L
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Gpeak

Figure 4.9: Minimum peak temperatures of Fig. 3.8b relative to their peak stresses,
P =10%
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center.

Figure 4.11Db is a combination of Figs. 4.7b and 4.9. It shows that trees with loops
have the effect of increasing the strength of the structure. Even though introducing a
second degree of freedom (V./V, ) does not affect the peak temperature significantly, it

affects the peak stresses.

4.4. Concentrated heat generation

An important aspect to consider is the degree of concentration of deposition of
heat in the vascularized solid. Until now the heat generation effect was assumed to be
uniform. Here we document the effect of concentrating the heat generation in a small area
that moves over the solid surface. The area of the heated spot is 1/16 of the square area of

length L,. The heating rate of the concentrated heat generation is fixed.

L/L =025 L/L=0.5 L/L =075

ViV, =0.8/0.2

Inlet in the center
Ppoax = 10°

ViV, =0.2/0.8

Figure 4.10: The temperature distribution in the mid plane of the square plate when
V./Vy=0.8/0.2 and 0.2/0.8, P .. = 10* and Ly/L = 0.25, 0.5 and 0.75.
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In Fig. 4.12 we show the temperature distribution when the heat generation is
concentrated in the center of the slab. Two designs are illustrated, Ls/L = 0.25 and 0.5.
The flow direction changes from inlet in the center to outlet in the center. The flow
direction with inlet in the center offers a more uniform temperature distribution and a
smaller peak temperature than the direction with outlet in the center. In addition, as Ly/L

increases, the peak temperature decreases and the temperature distribution becomes more

uniform.
Inlet in the center Outlet in the center
L/L=0.25
L /L=0.5

Figure 4.12: The temperature distribution in the mid plane of the square slab when
the heat generation is concentrated in the center and P___=10°.



Figure 4.13 shows what happens when the heat generation rate is concentrated in
the lower right corner of the square grid that occupies the center of the design. In Fig.
4.13, the peak temperatures are greater than in Fig. 4.12. The temperature distribution is
less uniform in Fig. 4.13 than in Fig. 4.12. These effects are due to the fact that the cold
solid volume around the concentrated heated area decreases as L,/L increases.

Figure 4.14 shows the evolution of the peak temperature as L,/L increases. When

the concentrated heating is located in the center of the slab, Tpcak decreases as Ly/L

Inlet in the center QOutlet in the center

L/L=0.25

L/L=05

Figure 4.13: The temperature distribution in the mid plane of the square slab when
the heat generation is concentrated in the lower right corner of the square grid and

P .. =10%
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increases. However, increasing L,/L has almost no effect on Tpeax When Lo/L > 0.375.
When the concentrated heating is located in the corner of the grid, Tpeax increases as L,o/L
increases. The Tpea value is the lowest with L,/L = 0.25 when the concentrated heating is
in the corner, and with L,/L = 0.625 when the concentrated heating is in the center. In
addition, when Ly/L = 0.375 the peak temperature becomes almost as low as the lowest
peak temperature obtained when the concentrated heating is located in the center or in the

corner, Fig. 4.14.
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Figure 4.14: Peak temperature relative to L,/L. when the flow direction and the

concentrated heat generation location change, P__ =10°.
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4.5. Discussion

In this chapter we showed that a square slab can be cooled to an allowable peak
temperature and can be strengthen by embedding in it a vascular cooling structure. The
peak temperature and flow resistance are smaller in the radial configuration than in
hybrid structures when other design parameters are fixed (size, pressure difference that
drives the flow, the flow direction of the coolant). In addition, the peak stress is smaller
in hybrid structures than in radial structures. The value of Tpeak is smaller when the flow
inlet is in the center. There is one L,/L ratio for each V,/V, (when V,/V, < 1) that offers
the lowest values of peak temperature and stress.

We also documented the performance of the hybrid design when the heating is
concentrated in a small area. When the concentrated heating is located in the center Tpeak
decreases as L,/L increases. On the other hand, when the concentrated heating is located
in the corner Tpe decreases as Lo/L decreases. The peak temperature is smaller when the
concentrated heating is closer to the center of the slab. When the concentrated heating is
located in the center the applied heat flux decreases as Lo/L increases. Furthermore, when
the concentrated heating is located in the center, the trade off between the decrease in
heat flux and the decrease in the heat transfer area when Ly/L increases yields the results
shown in Fig. 4.14.

We also found that by using a hybrid structure we can make the cooling process
inside the grid part more robust. If one channel of the grid is damaged, the volume filled
by the grid continues to be cooled because of the presence of loops. On the other hand,

when a radial channel is damaged, the coolant does not flow through the damaged radial
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channels. In sum, the grid & tree structures are more robust than purely dendritic

structures.
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5. Vascularization for cooling a plate heated by a randomly
moving source

New technologies for compact high density functionalities require effective
cooling capabilities. The cooling requirements are of two kinds: deterministic and
random. The deterministic are due to heat sources that are known; for example, the
heating caused by installed electronics in a package. Random cooling requirements are
unsteady and highly diverse.

In this chapter, we focus on random cooling requirements, and document the
heating of a plate by a randomly moving beam of energy. The plate is cooled by a
vascular design of channels. The cooling structure is robust, yet the material performance
could be endangered by the fact that the heat source is moving unpredictably.
Maintaining the plate cool is the design challenge. We show that vascular structures are
capable of bathing the entire volume, which is why they are being used for novel
functionalities such as volumetric cooling and volumetric self-healing [38, 41-42, 56, 62-
68]. Here we rely on vascular designs to control the heating effect of randomly varying

and moving energy beams.

5.1 Model

Consider a square plate of width and length L, and with thickness of H = 0.1L. A
structure of cooling channels is embedded in this plate to keep it under its maximum
allowable temperature while the plate is heated with a concentrated and moving heat flux
spot generated by an energy beam that intercepts the plate, Fig. 5.1. The length scale of

the square footprint of the heating spot is 0.1L. The volume of the solid structure is fixed,
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and so is the volume of the coolant fluid. The volume fraction of the fluid volume relative
to the total volume is ¢ = 0.05. Coolant enters or exits from the center of the square slab
while the pressure difference between the entrance and exit boundaries is fixed. The flow
is incompressible with constant properties and it is time dependent. The governing

equations for fluid flow are

ou oOv Oow

ox 0Oy Oz
@+u@+V@+w@:—la—P+vV2u (5.2)
ot ox oy 0z p Ox
@+u@+vﬁ+wﬁz—la—P+vV2V (5.3)
ot ox Oy oz p Oy
@+u@+vﬁ+wﬁz—la—1}+vvzw (5.4)
ot ox oy 0z p 0z

where V? = 82/6‘)(2 +82/5‘y2 +62/822 ; X, y and z are the spatial coordinates; u, v and
w are the velocity components corresponding to the coordinates of x, y and z,
respectively; P, v, t and p are the pressure, kinematic viscosity, time and fluid density.
The fluid is single phase with constant properties.

The temperature distribution is found by solving the energy equation in the fluid
and solid domains,

O w00 0T K gop (5.5)

ot ox oy 0z pcp

k
a_ K yop (5.6)
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where cp is the specific heat at constant pressure of the fluid, T is the temperature, the
subscript s indicates the solid, and k¢ and ks are the fluid and solid thermal conductivities.
The continuity of heat flux requires

oT oT
k.—=k,— 5.7
S&n fan ( )

where n is the vector normal to the fluid-solid interface. The preceding equations are

nondimensionalized by using L as length scale, and constructing dimensionless velocities
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Figure 5.1: The paths of the moving beam and the temperature distribution on the
bottom surface when t =0.25.
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as Reynolds numbers

(g,y,g’ﬁ):(x’m—z’n)’ T =

E vL wL
L 1%

, V=, W= (5.8)
1%

The dimensionless time and the dimensionless pressure difference are defined as

~ (P-P, )L
_2’ P — ( OLII) (5.9)
L po
where P, Py, p and o are the local pressure, the outlet pressure, the dynamic viscosity,

and the thermal diffusivity of the fluid. The dimensionless temperature and continuity of

the heat flux are indicated by

T:G:{%)l{f (5.10)
Ea—f =a—f (5.11)
8ns 6nf

where T.r and q" are the fluid inlet temperature and the heat flux applied on the
boundary, and Ezks/ k;. The dimensionless mass conservation and momentum

equations are

W VLW (5.12)

oxX oy 0z
N g G GH_ 1R Gy (5.13)
5t & &y &  Préx
zz—kﬁ@-%V@%—WZZ:—ia—P-%%ZV (5.14)
ot oxX 0y 0z Pr
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where V2 =0%/6%? +6%/6y* +0%/6Z* and Pr is Prandtl number. The dimensionless

energy equation for the fluid and solid domains are

Pr a—z+ﬁa—T+Va—T+\7va—I =VT (5.16)
ot X oy o0z
PrSZ—I=%ZT (5.17)

where Pr is the fluid Prandtl number, and Pr; is defined as the kinematic viscosity of the
fluid divided by the thermal diffusivity of the solid material. Boundary and initial

conditions will be specified later case by case.

5.2 Radial channels

Consider the radial cooling channels of Fig. 5.2, where the diameters are d;. The
channels are connected to a main distribution channel of diameter d, which has a length

L4 much smaller than L, namely Ly= 0.06 L. The relation between the d and d; is [15]
d=n_"d, (5.18)
where n_ is the number of the channels of diameter d; connected to the channel of

diameter d. The pressure difference between the inlet and outlet is nondimensionalized as

[46, 47].

_ (Pin B Pref )L2

max (5 19)
Qo

The outlet pressure is P, =0, while P,__ = 10% which corresponds to laminar

re

flow, i.e. the range Re < 2000. The surfaces between solid and fluid are impermeable
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with no slip. The initial temperature of the plate and the fluid inside the cooling channels
are T, ;. We set k=20,T,; =0, q"=1, Pr=6 and Pr, = 100. The heat flux spot caused

by the moving beam enters from one edge and leaves from another edge as shown in Fig.

5.1. The swept length is 1.1 L when the length scale of the spot is 0.1 L. The beam
sweeps the plate during the time t =1.1 while its speed is V. The paths of the moving

beam are shown in Fig. 5.1; (a) horizontal on the edge, (b) horizontal on L/3, (c)
horizontal on /2, and (d) diagonal. Figure 5.1 also shows the temperature distribution

of the bottom surfaces at t =0.25.
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Figure 5.2: Radial cooling design on a square plate.
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The dimensionless equations of section 5.2 were solved by using a finite element
software [29]. The mesh of the domain was refined by increasing the number of mesh
elements by 50% until the velocity field and the peak temperature solutions change by
less than 1%, i.e. until the solution is mesh independent. The time step was also
decreased in steps of 50% to discover whether the solution is affected by the selected
time step: At=0.01 was chosen because it does not affect the solution, and because it
yields a data set accurate enough to see the fluctuations of the maximum allowable
temperature.

Figure 5.3 shows how the maximum temperature varies in time. The inlet of the
coolant was switched from the center (Fig. 5.3a) to the edge (Fig. 5.3b) to uncover how

the fluid direction affects the maximum temperature in the square plate. The flow with

inlet in the center provides a smaller T, than the flow with the outlet in the center. For

both flow directions, the moving path of Fig. 5.1a has the greatest "T"max value.

The peak temperature is also affected by the size and the speed of the moving
beam. Until now, the length scale of the square beam was set at L, = 0.1 L, and the beam
speed (V) was such that the beam sweeps the plate during t =1.1. Figures 4.4a-d show
how the peak temperature changes as the length scale varies from 0.05 L to 0.2 L and
beam speed varies from 0.5 V to 2 V while the path of the beam as in Fig. 4.1a. The peak

temperature increases as the beam speed decreases, i.e. the sweeping time increases.
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Figure 5.3a: The effect of flow direction on the peak temperatures, inlet in the
center.
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Figure 5.3b: The effect of flow direction on the peak temperatures, outlet in the
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Figure 5.4a,b: The effect of beam size and speed on the peak temperatures. The inlet
is in the center, and beam path is as in Fig. S.1a. The speed of the beam is fixed and
its length scale varies.
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Figure 5.4¢,d: The effect of beam size and speed on the peak temperatures. The inlet
is in the center, and beam path is as in Fig. 4.1a. (c) The speed of the beam is fixed

and its length scale varies and (d) The length scale of the beam is fixed and its speed
varies.
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Figure 5.4 also shows that increasing the size of the beam increases the peak
temperature. However, the difference between the peak temperatures with the beam
length scale of 0.05 and 0.1 is smaller than the difference between the peak temperatures
with the beam length of 0.1 and 0.2 because the total heat transferred is proportional to

the area of the beam, which is L.

5.3 One channel diameter versus one flow resistance

The d; channels presented in Fig. 5.2 do not have the same length because the
outlet (or inlet) ports on the edge of the plate are equidistant. The flow resistances of two
neighboring channels are not the same even though their diameters are the same. For this
reason, instead of using the one diameter constraint we also studied radial designs where
the flow resistance was the same in every channel. In the latter, the channel diameters

where sized in proportion with their lengths raised to the power 1/4 [15].

Figure 5.5 shows the evolution of T, versus t for the constraints of uniform

diameter (d;) and uniform flow resistance when the inlet is in the center and the beam

path is as in Fig 5.1a. The diameter of the main distribution duct (d) is the same in both
designs. Uniform flow resistance provides a smaller T, than uniform diameter, Fig.

5.5. The difference between these two designs is small. Therefore, in the following

results we used one diameter size for all the channels.

5.4 Grid versus radial channels
An alternative flow design is the grid of cooling channels shown in Fig. 4.6a. The
grid design has 12 outlet ports and the length scale of one of the grids is L/4. The
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volumes of the solid structure and the cooling fluid are fixed. The heating beam moves
horizontally or diagonally as shown in Figs. 5.1a, d. The length scale of the moving
square beam is 0.1 L and it sweeps the plate during the time t =1.1. The coolant enters
from the center. The grid design is compared with the radial configuration, Fig. 5.6b.
The additional benefit that the grid design brings is its robustness [51]. Because the grid

designs have loops, even when one cooling channel is damaged the entire volume

T -~ Uniform flow resistance
max — Uniform diameter

0.002

0.001

Figure 5.5: Peak temperatures when the flow direction is inlet in the center and
beam path is as in Fig. 5.1a for uniform channel diameter and uniform flow
resistance.
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continues to be bathed by coolant. Grid designs are robust but their flow resistances are
greater than in radial designs.

Figures 5.7a,b show how the peak temperature varies in the grid and radial

designs of Fig. 5.6. The grid design provides a smaller ”T“max than the radial design when

the beam moves horizontally. However, the radial design provides the smaller T’max

when the beam moves diagonally.

The weakness of the designs of Figs. 5.6a,b is that there is no cooling channel
along the diagonals of the plate. This weakness can be eliminated by adding four
additional outlet ports near the corners of the plate while the fluid volume is constant.
This is the hybrid design proposed in Fig. 5.8a.

Figure 5.9 shows the relation between the peak temperature and the dimensionless
time when the cooling channel configurations are as in Figs. 5.8a, b and the beam path is
as in Fig. 5.1a and 5.1d. The hybrid configuration performs almost the same as the radial

configuration when the path is as in Fig. 5.1a, d. Furthermore, increasing the number of
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Figure 5.6: Grid and radial designs with 12 ports on the perimeter.
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Figure 5.7a: Peak temperatures when the flow enters from the center in the
configurations of Figs. 5.6a, b. The path of the beam is as in Fig. 5.1a.
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Figure 5.7b: Peak temperatures when the flow enters from the center in the
configurations of Figs. 5.6a, b. The path of the beam is as in Fig. 5.1d.
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the cooling channels from 12 to 16 does not change the order of magnitude of the peak
temperature, cf. Figs. 5.7a, b and Fig. 5.9a, b.

Figure 5.10 shows how the imposed pressure difference affects the peak
temperature in the designs of Figs. 4.8a, b and the beam path of Fig. 5.1a. Increasing the

pressure difference from 107 to 10° does not change significantly the cooling

performance of the radial design. However, increasing P, from 107 to 10° decreases

the peak temperature when the design is hybrid, as in Fig. 5.8a. Increasing P, from 10®

to 10° does not change the order of the peak temperature with the design of Fig. 5.8b.

These results mean that when P, is smaller than 10® for the hybrid design, the rate of

the coolant. When P__ exceeds 10° the conduction mechanism in the solid domain

X

becomes the dominant heat transfer mechanism. Therefore increasing P, ,, does not

affect the order of the peak temperature.
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Figure 5.8: Designs with 16 ports on the perimeter: (a) hybrid; (b) radial.
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Figure 5.9a: Peak temperatures relative when the flow enters from the center in the
configurations of Figs. 5.8a, b. The path of the beam is as in Fig. 5.1a.
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Figure 5.9b: Peak temperatures relative when the flow enters from the center in the
configurations of Figs. 5.8a, b. The path of the beam is as in Fig. 5.1d.
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Figure 5.10a: Peak temperatures when the flow enters from the center in the
configurations of Figs. 4.8a,b, and the path of the beam is as in Fig. 4.1a,

P =10".
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Figure 5.10b: Peak temperatures when the flow enters from the center in the
configurations of Figs. 5.8a,b, and the path of the beam is as in Fig. 5.1a,

P =10°.
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5.5 Multiscale grid channels

Next, we considered a multiscale grid design of Fig. 5.11a, where there is an
additional degree of freedom: the channel diameter ratiod, /d, . Varying this ratio shows
that the order of magnitude of the peak temperature does not change for the beam paths
of Figs. 5.1 a, d. However, at a specified time, every d,/d, ratio provides a peak
temperature smaller than the other d,/d, ratios. The reason is that for a given d,/d,,
some channels have smaller flow resistances than the other channels. Varying d,/d,

changes the flow resistance of all the channels, in such a way that the small flow
resistance increases and the large resistances decrease. The objective is not only the
design with the lowest overall resistance (greatest flow rate) but also the uniform
distribution of flow resistance in all the channels. This second objective is especially
important because the beam path is unknown, and the structure must be robust against
this uncertainty.

Figure 5.12 shows a multiscale grid design with four channel diameters:

d,,d,,d; and d,. In this design, there are three degrees of freedom: d,/d,, d,/d; and
d,/d, . We varied each degree of freedom by fixing the other two, and as shown in Fig.

5.12 the grid design with d,/d, =1.8, d,/d; =1 and d;/d, =1.1 provides the greatest

flow rate, Q. Figure 5.12c shows that d,/d, =0.9 is slightly better than d,/d, =1.1;
however, when d;/d, =0.9 the channel flow rates are not as uniform as when
dy/d, =1.1, and this makes d;/d, =1.1 more advantageous because it meets two

objective at the same time.
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Figure 5.11a: Peak temperatures when the flow enters from the center for the
multiscale grid design of Fig. 5.6a. The path of the beam is as in Fig. 5.1a.
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Figure 5.11b: Peak temperatures when the flow enters from the center for the
multiscale grid design of Fig. 5.6a. The path of the beam is as in Fig. 5.1d.

87



n

el

Figure 5.12a: The effect of diameter ratios on the dimensionless volumetric flow
rate.
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Figure 5.12b: The effect of diameter ratios on the dimensionless volumetric flow

rate.
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An alternative to determining the grid design with the highest flow rate is by
using the Hess-Murray rule, Eq. (5.18). Consider the grid design of Fig. 5.12. The

channels of diameter d, are connected to the channels of diameter d; and their numbers

are the same, i.e. 8 for the grid design of Fig. 5.12a. Therefore, we can assume that the

fluid inside one of the channels of diameter d, would be flowing through one of the
channels of diameter d;, i.e. one mother channel is connected to one daughter channel.
Therefore d,/d; =1 and this ratio agrees with the result of Fig. 5.12b. Uniform
distribution of flow resistance in all the channels exists for a specific d,/d, ratio. The
flow resistance of one channel of diameter d, should be equal to the sum of two flow
resistances, namely the resistance of one channel of diameter d, and the resistance of

one channel of diameter d,. The flow resistance of a channel with laminar flow is [15]

N - dl/d2 218
Q - dz/d3 =1
5
4

Figure 5.12¢: The effect of diameter ratios on the dimensionless volumetric flow
rate.
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AP L (5.20)

where L and D is the length and diameter of the channel and C=128v/= is the constant.

By using Eq. (5.21) the flow resistances of the channels become

AP, 11
+

=—+— 5.21
Cm, d; dj 21
AI,JZ :i4 (5.22)
Cm, d|

In addition, AP, = AP, and d,/d; =1 are known, and our objective is m, =, .
By using these relations we find that d;/d, = 2% =1.18, and this result is similar what
is shown in Fig. 5.12¢, d;/d, =1.1. Finally, one channel of diameter d, has three

daughter channels: two d, channels and one d, channel. d,/d, becomes 1.18 by using

the optimized diameter ratios of d,/d, and d,/d;. From Eq. (5.18), we find that

d,/d, = 2.85"% =1.42. This ratio is 1.8 in Fig. 5.12a. The difference in the results of
d,/d, =1.42 and Fig. 5.12a comes from the assumption of using the same diameter d in
grid designs as in radial designs.

Figure 5.13 shows how the peak temperature varies in time when the cooling
structure is a grid design with the optimized diameter ratios of Fig. 5.12. The temperature
distribution in the plate is similar for the beam paths of Figs. 5.1a, d. Figure 5.14 shows
the average peak temperature in four competing designs. The error bars indicate the

maximum and minimum peak temperatures when the dimensionless time is greater than
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Figure 5.13: Peak temperatures in the grid design with the optimized diameter
ratios of Fig. 5.12.
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Figure 5.14: The average peak temperature in four competing designs. The path of
the beam is: (a) Fig. S5.1a; (b) Fig. 5.1d. The error bars indicate the maximum and
minimum peak temperatures when the dimensionless time is greater than 0.1, i.e.

after the entire beam enters the plate surface.
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0.1, i.e. after the entire beam enters the plate surface. The effect of changing from no

cooling to vascular cooling is dramatic.

5.6 Discussion

In this chapter, we showed that a plate heated by a moving beam can be
maintained under a desired temperature ceiling. We documented the peak temperatures
for four different possible beam paths. The horizontal beam path when it is located on the
edge of the plate provides the greatest peak temperature. Decreasing the velocity of the
moving beam and increasing the size of the beam increase the peak temperature. We also
showed that the assumption of uniform diameter leads to designs that are as good as the
designs based on the assumption of uniform flow resistance, i.e. same flow rate in all the
channels.

We documented the evolution of peak temperatures versus dimensionless time for
radial designs and grid and hybrid designs. The grid and hybrid designs are robust
because of the presence of loops. Unlike in radial designs, their cooling performance is
not affected if one of the cooling channels is damaged [51]. We showed that the grid
designs perform as well as the radial designs but they require greater pressure differences.
The cooling performance of grid designs is better than the performance of radial designs
when the beam moves horizontally. However, when the beam moves diagonally the peak
temperature is smaller for radial designs. Because the grid and hybrid designs are robust,

they are well suited for countering the effects of the unpredictable heat sources.
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In addition, multiscale grid channels were studied and the diameter ratios that
provide the greatest flow rate are documented. The peak temperature decreases

dramatically changing from no cooling to vascular cooling.
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6. Conclusions

The main conclusion of this dissertation is that the cooling performance and
mechanical strength of a system which is heated and loaded with a distributed force can
be increased by embedding vascular structures into it. The embedded vascular structure
can be designed such that its cooling performance and mechanical strength is the greatest
for the given conditions (i.e., boundary conditions, objectives and assumptions).
However, there is no design that is optimal for all the conditions. This conclusion is in
accord with the constructal law. The performance is the greatest when the design is the
evolved design for the known time (i.e., given conditions). If the given conditions
change, the design also should be changed to the new phase of the constructal design.
The chapters 2, 3, 4 and 5 show that the design is not static (it is live, dynamic) and must
be free to vary for the greatest performance throughout the life of the system.

Chapter 2 shows how the S curve history of spreading and collecting flows
becomes steeper if the tree design is allowed to morph freely. In addition to the freedom
of the design, the effect of varying the Peclet number, number of bifurcation levels,
mother and daughter channel length ratio and the size of the domain are documented.

Chapter 3 shows that the cooling performance and mechanical strength of a
circular plate which is heated and uniformly loaded with a distributed force can be
increased with vascular channels embedded in it. The performance of radial channels and
dendrites with one bifurcation level and dendrites with two bifurcation level structures is

documented.
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Chapter 4 shows that a square plate can be cooled and strengthened by embedding
a vascular structure in it. The structure is a hybrid of grid and tree design. In addition to
the uniform heating, the cooling performance of vascular structures is documented in the
case of concentrated heating.

Chapter 5 shows that a plate heated by a randomly moving beam can be cooled
under the allowable limit. The cooling performance of radial, grid and hybrid designs is
documented. In addition, multiscale grid channels are introduced, and their performance
is also documented.

The discussed vascular structures in this dissertation enable the capabilities
required by the advanced technologies such as self-cooling and self-healing by
simultaneously increasing the durability and robustness of the structure. These new
discoveries in the design parameters of vascular structures will improve the performance
and the lifespan of the systems work under great temperatures and loads such as turbine
blades, nuclear cores and even the military and firefighter vehicles subjected to heating.
The future improvement may include the increase in the robustness of the vascular
structures by using a porous (permeable) structure instead of the solid (impermeable)
section discussed in this dissertation. Usage of the porous structure should decrease the

not bathed volume by the fluid in the case of one or more channels are damaged.
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