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M.S. Thesis — Mathematics
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Thesis Supervisor: Prof. Allaberen ASHYRALYEV

ABSTRACT

In this thesis, the source identification problem for a telegraph equation with
unknown parameter p

diingt) n advziit) + Au(t) =p+ f(t) (0<t<T),

u(0) = ¢, u'(0) = ¢, u(T) = £

in a Hilbert space H with the self-adjoint positive definite operator A is considered.

The stability estimates for the solution of this problem is established. A first and
second order of accuracy difference schemes for the approximate solution of this prob-
lem are presented. Stability estimates for the solution of these difference schemes are
established. In applications, three source identification problems for telegraph equa-
tions are investigated. The theoretical statements for the solution of these difference
schemes are supported by the results of numerical examples.

Keywords: Source Identification Problem, Telegraph Equation, Difference Schemes,

Stability, Hilbert Space.
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BIR TELEGRAF DENKLEMI ICIN KAYNAK
IDENTIFIKASYON PROBLEMI

Fatma CEKIC

Yiksek Lisans Tezi — Matematik
Haziran 2015

Tez Danmigmani: Prof. Dr. Allaberen ASHYRALYEV

Y/

Bu tezde, bir H Hilbert uzayinda o6zeslenik pozitif tanimli A operatorlii, bilin-
meyen p parametreli telegraf denklemi i¢in kaynak identifikasyon problemi

Tut) 10D 4 Au(t) =p+ f(1) (0<t<T),

u(0) = ¢, u'(0) = ¢, u(T) = £

ele alinmigtir. Bu bilinmeyen parametreli identifikasyon probleminin ¢oziimii igin
kararhilik kestirimleri kurulmugtur. Bu problemin yaklagik ¢oziimi icin birinci ve
ikinci dereceden yakinsakh fark semalar: sunulmustur. Bu fark semalarinin ¢éztimi
icin kararhilik kestirimleri kurulmustur. Uygulamalarda, bilinmeyen parametreli
telegraf denklemleri icin ti¢ tane identifikasyon problemi incelenmistir. Bu fark
semalarinin ¢éziimii i¢in bulunan teorik sonuclar, sayisal oérneklerle desteklenmistir.

Anahtar Kelimeler: Kaynak Identifikasyon Problemi, Telegraf Denklemi, Fark
Semalar1, Kararhilik, Hilbert Uzay1.
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CHAPTER 1

INTRODUCTION

The differential equations with parameters play a very important role in many
branches of science and engineering. Some examples were given in temperature over-
specification by Dehghan (Dehghan, 2001), robotics, chemistry (chromatography)
by Kimura and Suzuki (Kimura and Suzuki, 1993), physics (optical tomography) by
Gryazin, Klibanov, and Lucas (Gryazin et al., 1999).

The source identification problem for partial differential equations have been
studied extensively by many researchers (see, (Ashyralyev and Ashyralyyeva, 2015);
(Eidelman, 1984); (Hasanov, 2010); (Orlovsky and Piskarev, 2013a); (Orlovsky and
Piskarev, 2009); (Orlovsky and Piskarev, 2013b); (Ashyralyev and Ashyralyyev,
2014); (Ashyralyyev, 2014b); (Ashyralyyev, 2014a); (Ashyralyev, 2010); (Serov and
Pivrinta, 2006); (V.B. Shakhmurov, 2013); (Daoudi-Merzagui and Tabet, 2013);
(Safari et al., 2013); (Tinaztepe et al., 2014); (Akyildiz et al., 2013); (Ashyralyev
and Agirseven, 2014); (Ozbilge and Demir, 2013b); (Ozbilge and Demir, 2013a);
(Ashyralyev et al., 2012); (Erdogan and Uygun, 2012); (Ashyralyev and Sobolevskii,
2004); (Ashyralyyev and Dedeturk, 2013); (Erdogan and Ashyralyev, 2014); (Ashyra-
lyev and Erdogan, 2014); (Erdogan and Sazaklioglu, 2014); (Erdogan, 2012); (Ashyra-
lyev and Urun, 2013b); (Ashyralyev and Urun, 2014); (Ashyralyev and Urun, 2013a);
(Wu and Wu, 2014); (Blasio and Lorenzi, 2007) and the references therein). How-

ever, such problems were not well-investigated in general.

Our goal in this work is to investigate difference schemes for approximately

solving telegraph equations with parameter. It is known that various boundary value



problems for telegraph equations with parameter can be reduced to the boundary

value problem for the differential equation with parameter p

Tulh) o0 4 Au(t) =p+ f(t) (0<t<T),

(1.1)
in a Hilbert space H with self-adjoint positive definite operator A and A > §I. Here

0> 0,a>0and
2
a
o> —.
4
The pair {u(t), p} is called a solution of problem (1.1) if the following conditions

are satisfied:

i) u(t) is twice continuously differentiable function on [0,7]. The derivatives at
the endpoints of the segment are understood as the appropriate unilateral

derivatives.

ii) The element u(t) belongs to D(A) for all ¢ € [0,7T], and the function Au(t) is

continuous on [0, 7.

iii) wu(t) satisfies the equation and boundary conditions (1.1), p € H.

It is clear that for finding a solution u(t) of problem (1.1) it is useful to apply
the substitution

u(t) = v(t) + A 'p, (1.2)

where v(t) is the solution of the following nonlocal boundary value problem for the

differential equation

2’U U
Lot 4 0@ | Ay(t) = f(t) (0<t<T),

dt?

(1.3)
o(T) =v(0) + £ — ¢, 1,(0) = ¢

and p is the unknown element defined by formulas

p=A(E—v(I) orp= A —v(0)). (1.4)



So, we consider the algorithm which includes three stages for solving problem

(1.1):
In the first stage, we consider problem (1.3) and we will obtain v(t).

In the second stage, we will put ¢ = 0 or ¢t = T and find v(0) or v(7). Then

using (1.4), we will obtain p.

In the third stage, we will use formula (1.2) for obtaining the solution u(t) of
problem (1.1). Moreover, we have one more possibility. Actually, we can obtain ()

by putting p into the problem (1.1) and solving it.

Let us see how to apply the analytical methods, namely, Fourier series and
Fourier transform methods for obtaining the solution of source identification problem

for telegraph equations on some examples.

Example 1.1. Obtain the Fourier series solution of the initial-boundary value prob-
lem for telegraph equation with unknown source function p(z)

(
62;52@) + 28“;@) — 82;3(52@) +u(t,z) =p(x)+ ft,x), 0<t<1,0<z<m,

flt,z) = (22 +4t + 3)sinz, 0<t<1,0<x <,

u(0,z) =sinz, u(l,z) = 2sinz, u(0,2) =0, 0 <z <m,

u(t,0) =u(t,m) =0, 0<t<1.
(1.5)

Solution. For the solution of problem (1.5), it can be used the Fourier series
method (method of separation of variables). To do this, let v(¢,z) be the solution
of the following problem

82155350) + 281’&’@ — 82;;2” +o(t,z) = (22 + 4t + 3)sinx, 0<t<1,0<z <,

v(0,2) —v(l,z) = —sinz, »(0,2) =0, 0 <z <,

| v(t,0)=v(t,m) =0, 0<t <L



We seek formula for the solution of this problem by the Fourier series method

vt ) =Y Ay(t)sin(kz).
k=1
We have that

é Al()sin(kz) +2 3 AL(t) sin(ka) + ki Ap(6)R2 sin(kz)

k=1

+ i Ay (t) sin(kz) = (2t* + 4t + 3) sinz
k=1

and
> Ap(0)sin(kz) — > Ap(1)sin(kz) = —sinz,
k=1 =1
S AL (0)sin(kx) = 0.
k=1
Equating the coefficients of sin(kz) for k =1,2,..., we get

AT(8) +2A0(1) +2A,(t) =22 + 4t +3, 0 < t < 1,

A1(0) — Ay (1) = —1, A}(0) =0
for k=1 and

Ap(t) + 24, (t) + (K> + DAL(t) =0, 0 < t < 1,

A4(0) = A4(1), A4(0) = 0

for k # 1.

Let k # 1. Then,
Ap(t) +2A, (1) + (K> +1)Ax(t) =0

and the characteristic equation for this differential equation is
2 2 _
re+2r+ (k°+1)=0.
The roots of this equation are

rie = —1 =+ ks.



Therefore, the general solution of this differential equation is
Ap(t) = cre " cos(kt) + coe " sin(kt).
Using the conditions A;(0) = Ax(1) and A, (0) = 0, we get ¢; = ¢, = 0. Therefore,

Ai(t) =0 for all k # 1.

Now, let £ = 1. Then,
AL () + 247 (1) + 24, (t) = 26> + 4t + 3.
We know that the general solution will be of the form
Ay (t) = AS(t) + AT(t)

where the complementary solution Af(¢) is the solution of the homogeneous differ-

ential equation

(AS(8) +2(A5 (1) +245(t) = 0

Similarly, we can obtain
AS(t) = cre P cost + cpe ' sint.
Now, for the particular solution let
AR(t) = byt? + byt + bs.
So, differentiating and putting it into the differential equation, we get
201 + 2(2b1t + by) + 2(byt? + bat + bs) = 2t + 4t + 3

or

20187 + (4by + bo)t + 2(by + by + bg) = 2t* + 4t + 3.

Equating the coefficients of t* for k = 0,1, 2, we get
1
51:1, bganndbgzé.

It follows that
1
Al(t) = 2+ 3"



Therefore,

1
Ai(t) = cre " cost + coe tsint + 2 + 3

Using the conditions A;(0) — A;(1) = —1 and A}(0) = 0, we can easily obtain

¢ = ¢g = 0. From that it follows

1
Ay(t) =t* + 3

Therefore,

1
v(t,r) = A(t)sinx = <t2 + 5) sin .

Now, for obtaining p(z), we will use formula (1.4). In this example, we have the

differential operator A defined by the formula
with domain

Then, using formula (1.4), we get

px) = Ap— Av(0)
. . 1 . 1 .
= smx+sinxr— —SInxr — —SInxT
2 2

= sinz.
So,
p(z) =sinzx.
Putting it into (1.5), we get the following problem

OPults) 4 gOulte) _ Dullw) |y (t x) = (262 + 4t + 4)sinz, 0<t<1,0<z <7,

w(0,z) =sinz, u(l,z) =2sinz, w(0,2) =0, 0 <z <,

| u(t,0) =u(t,7) =0, 0<t <1

We seek the solution of this problem by the Fourier series method

u(t,z) = Z By (t) sin(kzx).
k=1



We have that

B, () sin(kz) + 2 i B, (t)sin(kz) + i By (t)k?sin(kx)

1 k=1 k=1

8

k

+ 3" Bi(t)sin(kx) = (2t> + 4t +4) sinx
k=1

and .
> By(0)sin(kx) = sinz,
k=1

3" B, (0)sin(kx) = 0.
=1
Equating the coefficients of sin(kz) for k =1,2,..., we get

Bl (t) +2B,(t) + 2B, (t) = 21> + 4t + 4, 0 < t < 1,

for k=1 and

for k # 1.

Let k # 1. Then,
B, (t) + 2B, (t) + (k* + 1)Bi(t) = 0.

By the same manner, we can obtain
By(t) = bie " cos(kt) + bye " sin(kt).
Using the conditions B, (0) = 0 and B, (0) = 0, we get b, = by = 0. Therefore,

Byi(t) = 0 for all k& # 1.

Now, let £ = 1. Then,

By (t) + 2B, (t) + 2B (t) = 2t* + 4t + 4.



We know that the general solution will be of the form

By (t) = B{(t) + B (1).
Similarly, we can obtain the complementary solution

B{(t) = bie " cost + bye 'sint.

Now, for the particular solution let

BY(t) = dit* + dyt + ds.
So, differentiating and putting it into the differential equation, we get

2dy + 2(2d,t + do) + 2(dit* + dot + d3) = 2t* + 4t + 4

or

2d1t* + (4dy + do)t + 2(dy + do + d3) = 2t* + 4t + 4.
Equating the coefficients of t* for k = 0, 1, 2, we get
di =d3;=1and dy = 0.
It follows that
Bi(t) =t*+ 1.

Therefore,

By(t) = bie " cost + bye Fsint + % + 1.

Using the conditions B;(0) = 1 and B;(0) = 0, we can easily obtain b; = by = 0.

Therefore,

Bi(t) =t +1.

and

u(t,z) = By(t)sinz = (* + 1) sinz

is the solution of initial-boundary value problem for telegraph equation (1.5).



Note that using similar procedure one can obtain the solution of the following

identification problem for a multidimensional telegraph equation

( 2u X u T n 2u X
Fulin) | qRulba) Z_:laTaT(tg’) +ou(t,z) = p(x) + f(t,x),

r=(21,...70,) €Q,0<t<T,

U(O,ZL‘) = Qo(x)uut(oago = @Z)(ZE),U(T, ZL‘) = g(ZL’),CL’ €qQ,

dult,
\ “{gnm):(),:ces,

where ¢, > a > 0,6 > 0 and f(t,z)(t € [0,T],2 € Q), p(z),9(2),§(2), (z € Q)
are given smooth functions. Here €1 is the unit open cube in the n-dimensional

Euclidean space R™ (0 < z;, < 1,1 < k < n) with the boundary

S Q=QuUS.

Here % indicates differentiation in the direction of the exterior normal to S.

Example 1.2. Obtain the Fourier transform solution of the identification problem

for a telegraph equation

(
823£§’r) + 28“&@) — 82;;’96) +u(t,x) = p(z) + f(t,x), 0<t <1, —co <z < 00,

ft,z)=(2—42)et—1De™, 0<t <1, —00 <z < 00,

\ w(0,2) = e, u(l,z) =e e ™, u(0,2) = —e ", —o0 << 0.
(1.6)

Solution. For the solution of problem (1.6), it can be used the Fourier transform

method. To do this, let v(t,z) be the solution of the following problem

(
822?;” - Qa”g;’x) — 82;;;2”0) +o(t,z) = f(t,x),0<t < 1,—00 <z < o0,

flt,x) = ((2—4a?)e ™t —1)e ™, 0<t <1, —00 <z < 00, (1.7)

| v(0,2) —v(l,z) = (1— e Ve ™ 4 (0,x) = —e", —o0 < x < 00.
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We denote that
v(t,s) =F{v(t,x)}.

Taking Fourier transform of both sides of the differential equation (1.7) and given

conditions, we obtain

([ wu(t,s) + 20,(t, 8) + (s + Do(t, ) = (st — 1) F {e“”Q} ,

O<t<l, —o0o <z <00,

\ v(0,8) —v(l,8) = (1 — e ")F {6_352} , v:(0,8) =F {—e‘x2} , —o0o <z < o00.

Then, to solve the problem we need to separate v(t, s) into two parts

v(t,s) = v°(t, s) + vP(t, s),
where v°(t, s) is the solution of homogeneous equation

v (t, 8) + 2u(t, s) + (s* + Vo(t,s) =0
and vP(t,s) = A(s)e”" + B(s) is the solution of nonhomogeneous equation
v (L, 8) + 2ve(t, ) + (s> + Dv(t, s) = (s " = 1) F {e_xz} :
It is easy to see that
v(t,s) = cre”" cos st + coe " sin st

and

A(s)=F {e’lﬂ} and B(s) = — ! F {e’“z}.

s24+1

From that, it follows

W(t,s) =F {6_5’32} (e_t -5 i 1) .

Using the conditions v(0, s) —v(1,s) = (1—e™")F {6_952} and v,(0,s) = F {—e‘“”Q} :

we can easily obtain ¢; = ¢; = 0. So,

o(ts) = F {e*) <e-t - 1) |
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Now, for obtaining p(x), we will use formula (1.2). It implies that
p(z) = Au(t) — Av(t)
or
px) = —u'(t) +ult) — (—v" (1) + v(t)).
Let us denote F {p(x)} = p(s). Taking Fourier transform of both sides and putting
t = 0, we obtain
p(s) = (5" + 1) [u(0,s) — v(0, 5)] .

Since we have that

and

we obtain

p(s) = (s*+1) lF {6_:82} - F {6_362} (1 -2 :_ 1)}
= F {e‘xz} .
Now, taking inverse Fourier transform, we get
p(r)=F! {F {e“”Q}} =,
For obtaining u(t, z), we will use formula
p(s) = (5" + 1) [u(t, s) — v(t,s)],
from that it follows

u(t,s) = +o(t,s)

Finally, taking inverse Fourier transform, we get

u(t,r) =F! {F {e_IQ} e_t} = et
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is the solution of the identification problem for telegraph equation (1.6).

Note that using the same manner one obtains the solution of the following

identification problem for the 2m — th order multidimensional telegraph equation

(

2y u 171,
o trag— Y argi + du=plx) + f(t,2),

T 71 Tn
r[=om Oz, " ...0xy,
0<t<T,x,reR" |rl=r1+...4+7,,

U(O,QZ) = Qp($)aut(07x) = ¢(I)’U(T> $) = €($),5E € Rn’

where a, > a > 0,6 > 0 and f(¢t,z)(t € [0,T],z € R"), p(x),¢¥(x),&(x), (x € R™)

are given smooth functions.

However,the analytical methods described above, namely Fourier series method
and Fourier transform method can be used only when the differential equation has

constant coefficients.

Let us briefly describe the contents of the various sections of the thesis. It

consists of five chapters.
First chapter is the introduction.

In second chapter, the main theorem on stability of problem (1.1) is estab-
lished. In applications, theorems on the stability inequalities for the solution of

three source identification problems for the telegraph equations are established.

In third chapter, the first and second order of accuracy difference schemes
for the approximate solution of problem (1.1) are presented. Stability estimates for
the solution of these difference schemes are established. In applications, stability es-
timates for the solution of difference schemes for three source identification problems

are established.
In fourth chapter, the methods are illustrated by numerical examples.

Finally, fifth chapter is conclusion.



CHAPTER 2

SOURCE IDENTIFICATION PROBLEM FOR THE
TELEGRAPH EQUATION

2.1 THE MAIN THEOREM

Let H be a Hilbert space, A be a positive definite self-adjoint operator with

A > 01, where § > 0. Let > 0 and

042

o> R (2.1)

Throughout this paper, {¢(t),t > 0} is a strongly continuous cosine operator-

function defined by the formula

c(t)=

Then, from the definition of the sine operator-function s ()

itBl/2 + e’itBl/Q

2

e

t

s(t)yu = /c(s)u ds

it follows that
eitB1/2 . e—itB1/2

2

Here B=A— %2] . For the theory of cosine operator-function, we refer to (Fattorini,

s(t)= B2

1985) and (Piskarev and Shaw, 1997). Now, let us give some lemmas that will be

needed below.

Lemma 2.1. The estimates hold:

<1 9

le®lsrsr < 1.[|B"?s <L BT, < N
T4

<t>HHaH

13
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Lemma 2.2. Assume that
1> (14 —2—]e3T. (2.3)

Then, the operator
has inverse

and the following estimate

Pl < M (2.4)

holds, where M = M (6, a) > 0.

Proof. The proof of estimate (2.4) is based on the estimate

o2
2

!Hﬂ+%“mk%ﬁ”+;§f§-

Using the triangly inequality and the estimate (2.2), we obtain

(2.5)

Q

2

e

< Ne(D g +

s(T <1+
< 5T o <

Lemma 2.2 is proved.

In this chapter, we will investigate boundary value problem (1.1) for the dif-
ferential equation with parameter p. The main theorem on stability of problem (1.1)
is established. In applications, theorems on the stability inequalities for the solution

of three source identification problems for the telegraph equations are established.

Firstly, the solvability of problem (1.1) in the space C(H) of the continuous H-
valued functions ¢(t) defined on [0, 7], equipped with the norm

lelleqm = max [l
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is investigated. We will prove the following main theorem on continuously depen-

dents of the solution on the given data.

Theorem 2.1. Suppose that ¢, & € D(A) and 1 € D(A2). Let conditions (2.1)
and (2.3) are satisfied and f(t) be continuously differentiable function on [0,T].
Then, for the solution (u(t),p) of problem (1.1) in C(H) x H the following stability

inequalities

lullogn + I A7 < M(6,0) [l + gl + || A730]| + 1 lleqn)

< M(3,0) [uAs@uH el + || 43+ 1480, + el + max 17, + ||f<o>|rﬂ]

0<t<T

d*u
dt?

+ ||AU||0(H) + lIpll
C(H)

hold, where M (6, ) is independent of f(t), t € [0,T] and v, ¥, ¢&.

Proof of Theorem 2.1 is based on formulas (1.2), (1.4) and the following theo-

rem on well-posedness of nonlocal boundary value problem (1.3).

Theorem 2.2. Suppose that the assumptions of Theorem 2.1 hold. Then, for the
solution v(t) of problem (1.3) in C(H) the stability estimates

Iolloqny < M a) [Iells + 1l + 1€y + 1) (26)
d*v
1]+ 1vleg, (27)
C(H)

< M(,0) (140l + el + || 43|+ 1€l + el + max 17 @), + Hf(O)HH]

0<t<T

hold, where M (6, ) does not depend on f(t), t € [0,T] and p,9,&.

Proof. First, we obtain the formula for solution of problem (1.3) under the

assumption (2.1). We have the following formula

v(t) = e 2te () v(0) + e 2ts(t)v(0) + e 2ts(t)y (2.8)
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for the mild solution of initial value problem

di;;gt) _i_adl;_gt) + Av(t) = f(t) (0<t<T),

v(0) is given, v'(0) = 1.

Applying condition v(T") = v(0) 4+ £ — ¢, and formula (2.8), we get

By Lemma 2.2, under the assumption (2.3), there exists of inverse

P={1—(e(r)+ Ss(m) it}

Therefore, using (2.9), we obtain

T
o(0) = P a@%@m+x/eﬁ0ﬂqT—@ﬂ@@+¢—g. (2.10)
0

Consequently, the solution of problem (1.3) satisfy formulas (2.8) and (2.10).

Second, we obtain estimate (2.6). Using formulas (2.10), (2.8), and estimates

(2.2), we obtain

[l < Mi(6,a) [HsouH Aty el + max 1) |

max [[v(0)]l,; < Ma(d, ) [||v<o>||H + Aty + max 1@ |-

0<t<T 0<t<T

Estimate (2.6) follows from these estimates.

Third, we obtain estimate (2.7). Applying A to formula (2.10) and estimates
(2.2), we get

140(O) 1 < 1Pl {|| 42 B

8 ||[Bhs(@)|| ||Aaty|| + 1Al + 1Ag]

H—H HeH‘
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o

H[AB| ey [HF D)y + e 27 () gy gy 1 £ O]

T

<|laB~,, / T o7 = 2) o |51 £l + 11 £/(2) Il | 2

0

< M (6, ) {A¢H+A€H+HA”Q¢|IH+f(O)H+/f’(t)|Hdt}- (2.11)

Applying A to formula (2.8) and using an integration by parts, we can write the
formula

+e 2'AB! [egtf( / 22¢(t — 2) f(z) + f’(z)] dz] :

Using the last formula and estimates (2.2), we obtain

1Au(®) 1y < lle)ll g e 2" | AvO)ll

1 BEs() i || 41274

. 50(0)

+ 1l BEs(t) o 41253 !e‘?t\ | A% |
H—H

[ AB7M |y HF @l + ™2 el 11£ 0]

t

+AB7H,, / e el = 2) luon [5G N+ 1 F(2) lla | d

0

< Ms(6, @) [HAU(O)MWr | A2¢ |l +11£(0)
for any ¢ € [0, T]. Then, we get

0<t<T

s + max || £(2) HH}

mas | Av(t) [ln (2.12)

< My(5.0) [u Av(0) (g + || A% [l + [1£(0)

0<t<T
Estimate

o + max || £(2) HH} |

max || Au(t)|

0<t<T

T
< My(6, v) {ASOIH + A€l + [|AY20]|y + 1O+ / 17Ol dt}
0
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d?u

follows from estimates (2.7), (2.11) and (2.12). Finally, estimate for max |/%z

0<t<T ‘H
follows from the last estimate and the triangle inequality. Theorem 2.2 is proved.

Now, we will consider three applications of Theorem 2.1.

First, we consider the nonlocal boundary value problem for telegraph equations

uy(t, z) + aw(t, ) — (a(z)uy), + oult,z) = p(x) + f(t, x),

O<t<T,0<ax<l,
(2.13)

U(O,LC) = @(x)vut«)ax) = w(x)uu(T7 :E) = f(:z:),O <<,

u(t,0) = u(t, 1), u (0, 2) = u,(¢,1),0 <t <T.

0
Problem (2.13) has a unique smooth solution (u(¢, z), p(z)) for the smooth

a(x) > a >0,z € (0,0),d >0, a(l) = a(0), ¢(x),¥(z),&(x), (x € [0,]] and f(t,z)
(t €(0,7),2 € (0,1)) functions. This allows us to reduce boundary value problem
(2.13) to abstract boundary value problem (1.1) in a Hilbert space H = L5[0, 1] with

a self-adjoint positive definite operator A* defined by formula
A%u(z) = —(a(x)uy), + du (2.14)
with domain
D(A®) = {u(2) : u(z), up(), (a(2)uz), € Lo[0,1],u(1) = u(0), up(1) = u,(0)} .

Theorem 2.3. Let conditions (2.1) and (2.3) are satisfied. Then, for the solution

{u(t,x),p(x))} of problem (2.13), we have the following stability inequalities

I ez + I (A% llzao) (2.15)
MG, 10 o + 119 o + 1€ s + g 17Ol
o%tang ||U”||L2[0,1} + ||“||C(W§[o,1]) + ||pHL2[O,1] (2.16)

< 80(6,0) I goa 114 o + g5, 1700
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+ H§HW22[0,1] + Hf(0>||L2[0,1] ’

where M (0, \) is independent of p(z), ¥(x), £(x),and f(t,z).Here, the Sobolev space
W2[0,1] is defined as the set of all functions f defined on [0,1] such that f and
second order derivative function f " is both locally integrable in Ly [0, 1], equipped

with the norm

2

3 1
| £ lhwzon= / F@)Pdr | + / fral@)Pd |
0

0

1

and the Sobolev space W1[0,1] is defined as the set of all functions f defined on
[0, 1] such that f and first order derivative function f ' is both locally integrable in
Ly [0, 1], equipped with the norm

2

1 3 1
I f lwgro= f(x)dz | + | fo()|? da
/ /

Proof. Problem (2.13) can be written in abstract form

Tul) 4 o®W 4 Au(t) = f(t) (0<t <T),

(2.17)
u(0) = ¢,u'(0) = ¢, u(T) = ¢

in a Hilbert space Ls[0,!] of all square integrable functions defined on [0,!] with
self-adjoint positive definite operator A = A® defined by formula (2.14). Here,
f(t) = f(t,x) and u(t) = u(t, z) are known and unknown abstract functions defined
on [0,!] with the values in H = L5|0,[]. Therefore, estimates (2.15) and (2.16) follow

from estimates of Theorem 2.1.

Second, let 2 C R™ be a bounded open domain with smooth boundary S,
Q=QUS. In [0,7T] x Q, we consider the nonlocal boundary value problem for the

telegraph equation
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Utt(t, .ﬁ(}') + Oéut<t, JJ) —

T

(ar(2)us, )z, = p(z) + f(t, 2),

( n
=1

r=(21,....,2,) €Q0<t<T,
4 (2.18)

u(t,z) =0,z € S,0<t<T,

\

where a,(z), (z € Q), p(z), ¥(z), {(z), (z € Q) and f(t,z),(t € (0,T)),z € Q
are given smooth functions and a,.(x) > 0,9 > 0. We introduce the Hilbert spaces
Ly(Q) of the all square integrable functions defined on Q, equipped with the norm

1/2
s =3 [+ [ 15@Pds -,
S
Problem (2.18) has a unique smooth solution (u(t, z), p(z)) for the smooth functions
o(x), ¥(x), a,(x) and f(¢t,x). This allows us to reduce the problem (2.18) to the

abstract boundary value problem (1.1) in the Hilbert space H = Lo(2) with a

self-adjoint positive definite operator A* defined by formula

n

Aulz) = = (ar(@)us, ), (2.19)

r=1

with domain
D(A") = {u(z) : u(z), us, (z), (ar(2)ty, )s, € La(Q),1 <7 <nyu(z) =0,z € S}.

Theorem 2.4. Let conditions (2.1) and (2.3) are satisfied. Then, for the solution
{u(t,x),p(x))} of problem (2.18) the stability inequalities

z\—1
I ullems@y + I (A) 7 P ll,@

M6, ) {H ey e lle + 1Y @ + max IOl ,@|

0<t<T

"
orél%XT Hu ||L2(§) + ||u||C(W22(ﬁ)) + Hp”Lz(ﬁ)

< M0.0) I g + 1% lugen + 235 17Ol
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+ Hﬁ”wg(ﬁ) + £ Ol 1,

hold, where M (0, ) does not depend on ¢(x), ¥(z), £(x) and f(t,z).Here and in
future, the Sobolev space WZ(Q) is defined as the set of all functions f defined on
Q such that f and all second order partial derivative functions f,, . ,7 = 1,..n is

both locally integrable in Lo(SY),equipped with the norm

1/2

2
£zl i+ | [+ [ 3 Vo, P |

—_ r=1
€]

and the Sobolev space W3 (Q) is defined as the set of all functions f defined on

such that f and all first order partial derivative functions f, ,r = 1,..n is both

locally integrable in Lo(S)),equipped with the norm

1/2

£ g i+ | [+ [ o lfuldor - da,

—_ r=1
e

The proof of Theorem 2.4 is based on Theorem 2.1 and the symmetry proper-
ties of the operator A* defined by formula (2.19) and the following theorem on the

coercivity inequality for the solution of the elliptic differential problem in Lo (£2).

Theorem 2.5. For the solutions of the elliptic differential problem (Sobolevskii,
1975)

A*u(z) = w(z),z € Q,
u(z) =0,z €5,

the following coercivity inequality holds

> Nttaya, @ < Millwll, @)-
r=1

Here M, does not depend on w(x).

Third, in [0,7] x Q, the boundary value problem for the multidimensional

telegraph equation
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utt(t, x) + aut<t, $) —

r

1<ar($)uzr)xr + 6u = p(x) + f(t,v),

( n
r=(21,.,T,) €Q0<t<T,
(2.20)

w(0,7) = p(x), 298 = y(z),u(T,z) = &(x), € Q,

ulr) — (0,2 e8,0<t<T

[ “on

with the Neumann condition is considered. Here, 77 is the normal vector to .S,
a(x) > a >0, (r € Q), ¢(x), ¥(x),&(x) (x € Q), and f(t,z) (t € (0,T), z € Q)
are given smooth functions and § > 0. Problem (2.20) has a unique smooth solution
(u(t,x), p(x)) for the smooth functions ¢(z), ¥(z), {(x),a.(z) and f(t,z). This
allows us to reduce the problem (2.20) to the abstract boundary value problem (1.1)

in the Hilbert space H = Lo(2) with a self-adjoint positive definite operator A®
defined by formula

n

Amu(z) = =Y (ar(x)iy, )z, + ou (2.21)

r=1
with domain

ou (x)
on

D(A®) = {u(x) (), Up, (7), (ar(T)Us, ), € La(Q),1 <7 <, =0,z € S} :

Theorem 2.6. Let conditions (2.1) and (2.3) are satisfied. Then, for the solution
{u(t,z),p(x))} of problem (2.20), the following stability inequalities

z\y—1
I ullems@y + I (A%) 7 2 ll,@

M6, o) [II Ello@ + 1@ la@ + 1Y lLy@ + max (1f O, -

0<t<T

"
orél%XT Hu ||L2(§) + ||u||C(W22(ﬁ)) + ||p”L2(§)

< M(4, @) [H ¢ llwze + 1 ¥ lwa@ + max. 1" Ol @)

1€ lwa@ + 17Ol

hold, where M (6, ) does not depend on p(x), ¥(z),&(z) and f(t, ).
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The proof of Theorem 2.6 is based on Theorem 2.1 and the symmetry proper-
ties of the operator A* defined by formula (2.20) and the following theorem on the

coercivity inequality for the solution of the elliptic differential problem in Lo (£2).

Theorem 2.7. For the solutions of the elliptic differential problem

A*u(x) = w(z),x € Q,

u(x)
5 = 0,7 €8,

the following coercivity inequality holds (Sobolevskii, 1975)

Z e, 2,1 @) < Mi(O)]|wl] L, @)
r=1

Here M;(0) is independent of w(zx).

In the next chapter, the first and second order of accuracy difference schemes
for the approximate solution of problem (1.1) are studied. Stability estimates for
the solution of these difference schemes are established. In applications, differ-
ence schemes for the approximate solution of three boundary value problems (2.13),
(2.18) and (2.20) are presented. Stability estimates for the solution of these differ-

ence schemes are established.



CHAPTER 3

STABLE TWO-STEP DIFFERENCE SCHEMES FOR
TELEGRAPH EQUATIONS WITH AN UNKNOWN
PARAMETER

We consider the stable two-step first order of accuracy difference scheme for

approximately solving boundary value problem (1.1)

,
Up 41— 22Uk +Up— Ugr1—U A
: 2 : }r : U1 =P fk: )

T

fo=f(tpt1),1<k<N—-1,N7=T, (3.1)

U —u 1
L Uy = @, 17— 0 —|-7'BU1 = 1+%¢7UN :f

We are interested to study the stability of solutions of the difference scheme
(3.1) under the assumption (2.3). We have not been able to obtain the discrete
analogue of estimates of Theorem 2.1 under the assumption (2.3) for the solution of
the difference scheme (3.1). Nevertheless, we can established the discrete analogue

of estimates of Theorem 2.1 under the more strong assumption than (2.3).

It is clear that

up = v + A7 'p, (3.2)

p=A(—wun), (3.3)

where vy, is the solution of the following difference scheme for approximately solving

24
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boundary value problem (1.3)

(
Vg1 =2V +Vp—1 V41—V _
72 + o = +Avk+1 - fkv

Je=ftk41),1 <kE<N-—-1,N7=T, (3.4)

| oy =t +E— @ BT+ 7B (U1 + 9 — ) = Tt

Now, let us give some lemmas that will be needed below.

Lemma 3.1. The estimates hold:

1

1
1Rl < T

.. <
HoH — 14+ %

75t

B3 RH <1

H—)H H—H
(3.5)

Here
1

R= ((1 + %)1—1'73%)1,3: ((1 + %)1_1_@‘73%)

Proof. Applying the spectral representation of self-adjoint positive definite
operator, we get
1 1 1
<

Rllym < sup m——pr——mr = sup -
H “H%H 5< <00 1+__ZM 5<M<00\/ 1+om') +,U/ 1+

By the similar manner, it is easy to see that the estimates in (3.5) hold.
Lemma 3.2. The operator
L
I_im + RY

has inverse )
] N _
PT: {I_Q[RNl—i_RNl]}

and the following estimate

1Pl < M (3.6)

holds, where M = M (9, o) > 0.

Proof. The proof of estimate (3.6) is based on the estimate
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1
HoH (1+%

Using the triangly inequality and the estimate (3.5), we obtain

1 ~
Hi[RNl + RNfl]

)N—l'

1 N-1 , DN-1 1 N-1 1 RN-1 !
H2[R + RV < QHR HH%H—FQHR HHHS (1_,_%

H—H )N_l'

Lemma 3.2 is proved.

In this chapter, the solvability of problem (3.1) in the space C.(H) of the

H-valued mesh functions @™ = {apk}év defined on grid space
0, 7], ={tx =k, 0< k< N,NT =T},

equipped with the norm

HUHCT(H) = o%}f??v | onll1

is investigated. We will prove the following main theorem on continuously depen-

dents of the solution on the given data.

Theorem 3.1. Suppose that p,& € D(A), ¢ € D(A2) and (2.1) is satisfied. Let

1> ! | (3.7)

(+5)+m(6-2)

Then, for the solution {{uk}év,p} of problem (3.1) in C.(H) x H the following

vz

stability inequalities

-1
max [l + | A7l

1
< -2
< M(5,0) [nsouH el + [ abo, + e

‘A_ékaH} ’

Up1 — 2Up + U1
2

max

1<k<N-1 + max || Aug| ; + |2l 5

0<k<N

T

< M(3,0) 40l + el + || Abw] -+ 114€ll, + el

N—-1
+ Z Hfs - f5—1||H + HleH]
5=2

hold, where M (6, ) is independent of fr and ¢, v, ¢.
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Proof of Theorem 3.1 is based on formulas (3.2) and (3.3) and the following

theorem on well-posedness of nonlocal boundary value problem (1.3).

Theorem 3.2. Suppose that the assumptions of Theorem 3.1 hold. Then, for the
solution {vk}év of problem (3.4) in C.(H) the stability estimates

max |[o

0<k<N
1 1
< T2 2 .
< M(3,0) [nsauﬁ |a|, + e+ max |4 kaH], (3.8)
-2 .
max || -2t Uzk+Uk 4 max || Avkll, (3.9)
1<k<N-1 T 0<k<N

< M(6,0) [ Agly + el + [A2e]| -+ 14l + el

N-1
+ > s = Fomlly + HleH]

s=2
hold, where M (6, ) does not depend on fi, and v, 1, €.

Proof. First, we will obtain the formula for the solution of problem (3.4). We

can rewrite (3.4) into the following difference problem

/

U1 — 2+ aTr) v + ((1~|—0z7)l+72 (B~|— %])) (I
=72f,1<k<N-1, (3.10)

. N =vo+&§— @, 0+ 7B (v + ¢ — ) = 1+1%w'

It is clear that there exist a unique solution of this initial value problem

(

Vg1 — (2+ aT) v + ((1+a7)[+72 (B+ %2[)) Vgt 1

:7—2fk71§k7§N_17

| Vo,v1 are given

the following formula holds (see (Ashyralyev and Sobolevskii, 2004))

vr = RR(R — R)"'[R*' — R* 1y,
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+(R — RN (RF — R¥ [UO — 72 BRRy + Rﬁl +TM 2/}]
2

+§R§ (ﬁ—R)l [E’“—S—R’“—&’] 72f,2 <k <N. (3.11)
s=1
Applying formula (3.11) and conditiion
Uy =0+ & — @,
we can obtain the formula for the solution of (3.10). Actually, we have that

RR(R — R)"[RN~" — RNy,

+(R— R)"M (RN — RM) {UO — 72BRRy + RR— w}

1+
N-1 vy oaes B )
+;RR<R—R) [RN RN }T%fs vo+ £ — .

From that it follows that

{1_ % [RN—I +§N—1}}UO

= (2iB2)"Y(RN — RM) [—TBgo +

- %w} (3.12)

PR (R R) [ R

s=1

By Lemma 3.2, under assumption (2.3), there exists of inverse
1 N —1
P = {I -5 (RN BV } .

Therefore, using (3.12), we obtain

1 ~ 1
vy = P, {(2iB2)1(RN — RY) [—TBgo +t o= w] (3.13)
2
N-1 e
+Y RR (R—R) [RN‘S—RN‘S} T2fs—§+¢}.
s=1
Consequently, the solution of problem (3.4) satisfy formulas (3.13), and

T

v = vy — 7" BRRo + RR Y (3.14)

2

and also (3.11). Second, we obtain estimate (3.8). Using the triangle inequality,
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formulas (3.11), (3.13), (3.14), and estimates (3.5), we obtain

1 1~ 1
lolls < 1P {5 (2R, 4 [rmieY], L J it
]_ 1 1 1
o1 PR PR R Bt
+1 + 2 [H H~>H+H HH%H i |7 'Y H
N— 11
T PO P
+s:1 [H H—>H+H HH%H L | | PPV g H
+ 1€l + llell
< _1 _1
< 0r(6,0) |lolly + A7t + el + mn 4], |
il < ol + [72BRE| el
1 ~ 1 1 1 1
L R PO Ll O Bl
H—H 1+ 5 H—H H
< _1 ,l
< My(3,0) [HsouH+HA by lel+ max ||4 kaHH},
1 pk—1 k—1
bl < 3 [, 1] el
L1 5% k oY 5]
3 R+ 17 ] [ [ B2 RE] et
1 ~
e L P K W
I+ <5 H—H H—H H
k—1 1
Dk—s k—s 1,1 _1
— A2 B2 HA 2 fy
+ 2[HR H—>H+HR HH*H}TH H—H J H

=1

»

< 2020.0) Il + 4740+ el +

A—%ka ] 2<k<N.
H
Estimate (3.8) is proved. Third, we obtain establish estimate (3.9). Using the Abel’s
formula, we can write
k—1

S rR(R-R) " [R - B 221,

s=1

— ’RR (E—R>_1 {(I—E)

Ry — RSy +ZR‘“ ’ sz)]

—~(I-R)"

Rfy-1 — R f1+ZRk ° fs+1)]}
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Since
I—E:T(%HB%)E,J—R:T(%—@B%) R RE—R=— (—2¢TB%> RR,

~ ~ 2 ~
(I - R)(I - R) = RR7? (%I + B) — AP’RR,

1

RUI-R)‘'—R(UI—-R) = (E . R) (I—R)"'I-R)y'= (é - R) (ATQER)_ ,
RMI-R)™ - RI-R™ = (Ek([ — R) - RMI - é)) (I—R)™(I - R)™
= {7’ (% - iB%) RV — 71 (% + z'B%> Rk} (AT2§R)_1 :

we have that
k-1

S rR(R-R) " [Rr - B 22,

— A {fkl — ((~27B*) k) - (7~ r) o {|R =R - RR R = m | gy

(o) )5 (5 ) R (5 8) R g
(e () (o) B () )
+ (—2@B%>_1 {(5-iB) B = (S +iBY) R (s - fs+1)} :

Using this formula and applying A to the formulas (3.11), (3.13), we can write

vy = P; {A(zz’B%)l(éN — RY) {—TBQO 4+t w] — A+ Ap (3.15)

1+
+fnor— (—2¢B%)1 {(% . z’B%) RN (% + z‘B%> RN‘I} fi

() (G i) - (g g o)
s=1

Avy = ARR(R — R)"'[R*' — R* v, (3.16)

YA(R— R)“Y(R* — RY {UO — 2 BRRy + Rél _:%1/)}

2

e <_2ZB;)_1 {(G-B) R = (5+B) R s (—2@'35)_1
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Using the triangle inequality, formulas (3.15), (3.16) and estimates (3.5), we

obtain

1 1~ 1
vl < 1P {5 (7238, + B2, ] 1Al

H—H H—H

4],

H—)H‘

{7+ IR s f 110

! R 1.5 1
3 (1], 1] 4t

1l ra _1
vy +5 |5 B

E[QHB—é
212

H—H

R b 0 e

1AL + Al )

MZ

4 1}
H—H 1

S

< M(6,0) [ 40l + el + A2+ 148l + lell

N-1
+ Z Hfs - fs%HH + ”leH

s=2

Y

| Avilly < lAolly + |

-
©BRE| ¢l

1

AR~ 3
H—H 14 5

+|rBiRR|

4],

HaH’

< M5(5,0) [0l + ol + | 430+ 1460, + il

9

N-1
+ > Mfs = Foall + 1 fill g
5=2

1 k—1
[ Avilly < 5 [||R

B ] Aol

H—H
17|l =k .
S 1B ] 7] B3 RE] 14,
g P B ]
1+% H—H H—H )il

il +5 [ B

1[9 HB*%
212

H—H * 1} {Hék_lHH—u{ + HRk_1||H—>H} ”leH

- {

Mw

+1]
H—H H—H

+ HRkiSilHHﬁH} ||fS - fs+1HH}

1

Vo)
Il

< M5(8,0) [ 4@l + lloll s + [| 4B |||+ 11481 + el



N—-1
+ Nfe = feallg + Al | 2< k<N
s=2

Theorem 3.2 is proved.
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Now, we consider the second order of accuracy difference schemes for approx-

imately solving boundary value problem (1.1)

Up41—2Up+Ug—1 Ug41—Uk—1 A
g + o4 + §(uk+1 + up_1)

=p+ fi o= ftr), 1 <k <N—-1N7T=T,
'LI,OISO,UN:f,

U1 —Ug T 1 1p  arB a?
ot pBu e <4B 6 s [> TUo

(= 11? (¥ +2f0). fo=[(0),

Uk41—2UpHUk—1 U1~ Uk—1 A A
P + o o + Euk + Z(uk'H + uk_l)

=p+fo fo=ftk), 1<k<N—-1,N7=T,

UOZQDauN:§7

Ul—ug 4 T 1 (1p __arB | &2
-t iBut e <4B 16 +81>T“0

(3.17)

(3.18)

\

= i (L +3h0)  fo = £(0).

Note that applying operator approach we can establish stability estimates for

the solution of difference schemes (3.17) and (3.18).

Now, we consider applications of Theorem 3.1. First, we consider the nonlocal

boundary value problem (2.13). The discretization of problem (2.13) is carried out

in two steps. In the first step, we consider the discretization in x. To the differential
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operator A” defined by the formula (2.14), we assign the difference operator A7 by

the formula

A" (@) = {~(a()pz)an + dpu}i" (3.19)
acting in the space of grid functions " (z) = {®, }3! satisfying the conditions
Yo = Prs Y1 — Yo = om — pm—1. 1t is well-known that A7 is a self-adjoint positive

definite operator in Lgj,. With the help of Aj, we reach the boundary value problem

(

ugy(t, @) + auf(t, x) + Ajul(t, x) = p"(x) + (¢, ),

0<t<T,zel0,
(3.20)
u(0,x) = "(x), ul(0,2) = Y"(x),z € [0,1],

WMT,z) = €(x), 2 € [0, 1]
In the second step, we replace (3.20) with difference scheme (3.1)

( u2+1 (1')72u2" (x)+u£7 1 ()
2
g

@@ |,
+ o= AR () = p () + S (),

fMz) = f*(teyr,x), ta =k, 1<k<N-1, 2 €0, Nr="T,
4 (3.21)

ug(z) = " (), uf (x) = £"(x)

\ M + <Aﬁ — O‘Tth> Tul(z) = 1+1%T1/1h(517),x € [0,
Theorem 3.3. Suppose that (2.1) and (3.7) are satisfied. Then, for the solution
{{u’kl (x)}év ,ph(x)}of problem (3.21) the following stability estimates

h \—1 h
max [, + (4D 8,

< My (9, a){ max || fill,, + 19" [, + 1€ I, +1¢" IIL%}7

1<k<N-1

h h | h
Upyy — 2up +up

max D)

1<k<N-1

1 h h
1<k<N 2<k<N-1 ; (fk B fk_l)
Lop, Lan

A ey, + T g, + 1" g, + 11 € ngh}
hold, where M, (6, ) and My (6, @) do not depend on ¢"(z), ¥"(x), £"(x) and f}(z),
1<kE<SN-1

- + max HUZHWZ?,] < Ms(0,0) ¢ max
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Proof. Difference scheme (3.21) can be written in abstract form

( ul  —2ulul ul  —ul
k+1 ET%e—1 k+1— Y%k h _ ,h h
+ « - +Ahuk+1—p +fk>

T2

1<k<N-1,Nr=T, (3.22)

h_,h 9
h _ ,h o h _ ¢h U1 ~Y o h __ _ 1 h
L Uy =@, Uy _g » T 1 + (Ah - Tlh) Uy = 1+%7—¢

in a Hilbert space Loy, with self-adjoint positive definite operator Ay, = A} by formula

(3.19).

Here, f}! = fl(z) and u} = ul(x) are known and unknown abstract mesh
functions defined on [0,[];, with the values in H = Lgj,. Therefore, estimates of

Theorem3.3 follow from estimates of Theorem3.1. Thus, Theorem3.3 is proved.

Second, we consider boundary value problem (2.18). The discretization of

problem (2.18) is carried out in two steps. In the first step, we define the grid space

Qh:{x:xf':(hljlv"' Jh'fl.]n)7j:(j17 7jn)70§j7‘SNr7

Nh,=1r=1,-- n}, Q=0nQ8,=QnS

and introduce the Hilbert space Loy, = Ly(€4) of the grid functions
" (x) = {p (hij1," - , hnjn)} defined on Q;, equipped with the norm

o]l = (z w <x>\2hl-..hn) |

To the differential operator A* defined by the formula (2.19), we assign the difference

operator Aj by the formula

z, h __ h
Aju" = Zl (oz,,(x)u%)x“jr, (3.23)
where A7 is known as self-adjoint positive definite operator in Loy, acting in the
space of grid functions u” (x) satisfying the conditions u" (x) = 0 for all z € S),.

With the help of the difference operator A7, we arrive at the following boundary
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value problem

;

gy (t, @) + (8, ) + Aju” (8, ) = p* () + f1(E, ),

0<t<T,z€Qy, (3.24)

uh(ovx) = gph(;(;%uh(T, ‘7:) = £h<x>7u?(07'r) = wh<x>’x € .

\

In the second step, we replace (3.24) with the difference scheme (3.1)

( ul, () —2ul(z)+ul . (x ull ) (2)—ul(z
k1 (T)—2 f2( )tug (@) +a e ( )T k(@) +Aiu2+1(x) =p" (z) + fi(2),

f,?(a:) = fh(tk+1,x), ty, =k, 1<kE<N-1, 2€Q,,NT=T,
(3.25)

ug () = " (), uy () = &"(x),

uhz—uhx o
t@)—uf(@) | (A% _ TQIh> rul(z) = " (2), 3 €

\ T

for an infinite system of ordinary differential equations.

Theorem 3.4. Suppose that (2.1) and (3.7) are satisfied. Then, for the solution
{{uZ (x)}év ,ph(x)} of problem (3.25) the following stability estimates

h -1 _h
max lugll.,, + 1 (AR 27y,

1<k<N-1

< My (9, a){ max || fill,, + 19" [, + 1€ I, +1¢" IIL%}7

h ho . h
Upyq — 2up + Uy
2

max
1<k<N-1

Lo h
1<k<N 9<keN-1 || T (fk - fk—1)
Lan Loy

. + max HuZHW22h < Ms(d,c) ¢ max

A Ny, 1" g, + 1€ g, + 1" llws, }

hold, where M, (6, ) and My (6, @) do not depend on ¢"(z), ¥"(x), £"(x) and fl(z),
1<E<SN-1

Proof. Difference scheme (3.25) can be written in abstract form (3.22) in a
Hilbert space Loy = Lo (ﬁh) with self-adjoint positive definite operator A, = Ay by
formula (3.23).
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Here, f/' = f(z) and u} = ul(x) are known and unknown abstract mesh func-
tions defined on €2, with the values in H = Loy,. Therefore, estimates of Theorem3.4
follow from estimates of Theorem3.1 and the following theorem on the coercivity

inequality for the solution of the elliptic difference problem in Lop,.

Theorem 3.5. For the solutions of the elliptic difference problem (Sobolevskii,
1975)

Ayl () = W (z), x € Uy,

uh(x) =0, x € Sy,

\

the following coercivity inequality holds:

n
h
> a0

r=1

b < Myl |y,

where My does not depend on h and w".

Third, we consider the boundary value problem (2.20). The discretization of

problem (2.20) is carried out in two steps.

To the differential operator A* defined by the formula (2.21), we assign the
difference operator Aj by the formula

n

Afyh = — Z (ozr(x)uifr)xr T sul, (3.26)

r=1
where A} is known as self-adjoint positive definite operator in Loy, acting in the
space of grid functions u” (z) satisfying the conditions D"u" (x) = 0 for all z € S},
where D"u"(z) is the second order of approximation of 8“—5§).With the help of the
difference operator A;, we arrive at the following boundary value problem

(

iy (t, @) + (8, ) + Aju” (8, ) = p* () + f*(E, ),

0<t<T,xeQy, (3.27)

uh(O,;z:) = SDh(SU)’Uh(T7 Q?) = £h<l’>,u?(0,x) = wh<x>7x € .

\
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In the second step, we replace (3.27) with the difference scheme (3.1)

( uh xX)— 'LLh x ’th €T 'th xr —’th €T
RO RO e - A () = 9 (@) + (),
f]?(a:) = fh(tk+1,$), tr=kr, 1<E<N-1, x€ Qh,NT = T,

(3.28)

ug(x) = " (x), up (x) = £"(x),

L T 1+%T

for an infinite system of ordinary differential equations.

Theorem 3.6. Suppose that (2.1) and (3.7) are satisfied. Then, for the solution
{{u’kl (x)}év ,ph(x)} of problem (3.28) the following stability estimates

h -1 _h
max flugll,,, + 1 (AR P,

< My (9, a){ max || fill,, + 19" [, + 1€ I, +1¢" IIL%}7

1<k<N-1

h ho . h
Upyy — 2up + Uy
2

max
1<k<N-1

1 h h
1<k<N 9<k<N-1 ; (fk - fk—l)
Lop, Loy

. + max HuZHWr?h < Ms(0,c0) ¢ max

A, + 10" g, + 1€ g, + 1" ||w;h}

hold, where M, (6, ) and My(d, &) do not depend on @"(x),v"(x), &*(x) and fi(z),
1<E<SN-1

Proof. Difference scheme (3.28) can be written in abstract form (3.22) in a
Hilbert space Ly, = Lo(€2;,) with self-adjoint positive definite operator A;, = A? by
formula (3.26).

Here, f' = fl'(z) and u! = ul'(x) are known and unknown abstract mesh func-
tions defined on €, with the values in H = Lo,. Therefore, estimates of Theorem?2.7
follow from estimates of Theorem2.1 and the following theorem on the coercivity

inequality for the solution of the elliptic difference problem in Loy,.
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Theorem 3.7. For the solutions of the elliptic difference problem (Sobolevskii, 1975)

;

Aruh(x) = wh(z), v € Qy,

DM (z) =0, 2 € Sy,
\

the following coercivity inequality holds:

n

h
E Hu Ty Ty
r=1

where My does not depend on h and w".

b < Mol

Note that the difference schemes of the second order of accuracy with respect
to one variable for approximate solutions of boundary value problems (2.13), (2.18)
and (2.20) generated by difference schemes (3.17) and (3.18) can be constructed.
This approach permit us to establish the stability estimates for the solution of these

difference schemes.

In applications, one test example is considered. The theoretical statements for
the solution of these difference schemes are supported by the result of the numerical

experiment.



CHAPTER 4

NUMERICAL RESULTS

For the numerical result, we consider the initial-boundary value problem

( 2“ xT u xT 2u xT — .
Pulte) | goulta) _ Pulte) 4y, 1) = p(x) + (e~ — 1) sin,

O<zrx<m0<t <],
(4.1)

u(0,2) =sinz,u(l,r) = e 'sinz, u(0,2) = —sinz,0 <z < 7,

u(t,0) = u(t,m) =0,0 <t <1

\

for the telegraph equation. The exact solution of the given problem is
u(t,z) = e 'sinz

and the unknown function

p(z) =sinzx.

Firstly, for simplicity we denote that

f(t,z) = (e"—1)sinz.

For the approximate solution of the problem (4.1), we consider the set

[0,1]_x [0, 7], of a family of grid points depending on the small parameters 7 and h

ty, =kT,1<kE<N-1,Nt=1,
Tp=nh,1<n<M-1,Mh=m

[07 1]7 X [07 ﬂ-]h - (tkv l‘n) :

39
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For the solution of (4.1), the difference scheme of the first order of accuracy in ¢ and

second order of accuracy in x

_ k41 k41, k+1
uffrl—?uﬁ*‘u’ﬁ ! + QUELH—Uﬁ Uiy —2un Ty + uk+1 _ 9k+1
T2 T h? n T Un 0

O = f(thrr, ) + p(2y), 2 = nh,tpy = (k+ 1)7,

1<k<N-11<n<M-1, (4.2)

and two types of second order of accuracy in ¢ and x

( kt1 k-1 - K+l o k1, k+1
ukt —2uk 4uy + 2uﬁ+1—ulﬁb 1 1Y Quy T Hu,

27 2 h?2

T2

k—1 k—1 k—1
1 Upy1—2Un  HU, 1 (, k+1 k—1\ _ pk
T2 h2 + 2 (un + Uy, ) - 977,7

0F = f(ty, xn) + p(xn), 1 = nh, ty, = kT,

1<k<N-1,1<n<M-1, (4.3)

u® = sin(z,), z, = nh,

n —

. 2_2 1 0 _ .
= —sin(z,) + Z=2p 0 N = e~lsin(z,),0 < n < M,
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( ubtl ok okt + 2u,’2“—uﬁ*1 ok el —2unt
T2 2T 2 h? 4 h?
k—1 k—1 k—1
1Ung1=2Un FUn"y 1k 1 () kt1l k—1) _ pk
1 & + 3t + 5w ) = 60
k_ _ _
en - f(tkwrn) +p(xn>7xn - nh7tk - kT?
1<kE<N-1,1<n<M-1, (4.4)
w =sinz,, x, = nh
n ny n I
ul—ud . 7 u2—2ul +ud N _  —1.:
notn = —sin(zy,) + g, = e sin(z,),0 <n <M,
ub=uk, =0,0<k<N
0o— YM — ¥HV¥Y = —

\

are constructed.

For obtaining values of p(z,) at grid points, from the following equation

_1sin(z —2sin(xy )+sin(xy,— _ .
p(x,) = —e! (1) h(z n)tsin(@nm) 4 o Lsin(z,)+
(4.5)
vV 72’UN+’UN_
+%—vﬁ,xn:nh, 1<n<M-1
where v¥, s = n4-1 is the solution of the first and second order of accuracy difference
schemes
( k+1 ko k—1 k+1 k+1l_ o k41 k+1
v —2v,°+v v —v Upy1—2Un" +vU, 75 k+1
n T2n n +2 n . n __ _n = n +/Un+ — f(tk+17xn)7

f(trs1, zn) = (e — 1) sinx,, 2, = nh, ty = (K + 1),

1<k<N-1,1<n<M-1,
(4.6)
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( _
vlfrl 72vﬁ+vﬁ 1

T2

_ k+1 k+1 k+1
’Ufﬁ»lfvﬁ 1 . lv"+1_2vn +’Un71

+2 27 2 h2

k—1_gpk—14 k-1 -
— e g (o ) = f(f @),

f(tg, xy) = (7% — 1) sinx,, x, = nh,t;, = kT,

I<k<N-1,1<n<M-1, (4.7)
v — 00 = (e7! — 1) sin(z,), ¥, = nh,
”711;”91 = —sin(x,) + %vg—zjﬂg’ 0<n<M,

and

_ _ k41 k+1,  k+1
( okt _opk k=1 + 2vﬁ+17vﬁ L l”fbﬂ—%ﬁ‘*‘“ﬁq 1Y 12 vy
T2 2T 2 h? 4 h?
k—1 k=1, k-1
1Y%41= 2% +0 1 | 1k | 1 ( k+l k—1\ _

f(tka In) - (e_tk — 1) sin($n), Ty — nh7tk = ]{;T7

1<k<N-1,1<n<M-—1, (4.8)
v — 0 = (et — 1)sin(z,), z, = nh,

v}ivﬁ = —sin(z,) + %u2—2:2}1+v2’0 <n<M,

vf =0k, =0,0<k<N

generated by difference schemes (4.2),(4.3) and (4.4), respectively.
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4.1 THE FIRST ORDER OF ACCURACY DIFFERENCE SCHEME

Applying the first order of accuracy difference scheme (4.6), we obtain

(N 4+ 1) x (N 4 1) system of linear equations and we can rewrite this system as the

following form

We denote

/

() (e 2 A ) (- 2ok
+ (&) vkt + (—4%) UNT = i, 2n),

f(tesr, Tn) = (e M+ — 1) sinx,, ¥, = nh,tiy1 = (k+ 1)1,

1<k<N-1,1<n<M-—1, (4.9)

SOI:L: f(tk+17xn> ,1§k§N—1,
| — sin(z,) . k=N,
@
n
9071 = . ’
N
[ P ] (N+1)x1




o o o O

o o o o o

and C' = A,

Vs =

o o o O

o O o o O

o o O

A=

o o o o o

o o o O

o o o o o

o o o o O

>~ O O
>~ O O O
o o o O

o o o O
o o o O
o o o O

(N+1)x1

o o o O
o o o O
o o o O
o o o O

o o o O

J (N+1)x(N+1)

o o o O
o o o o
o o o =

o
(=l
=) S @) )

(N+1)x (N+1)

1 (N+1)x(N+1)

fors=n—1,n,n+1.

44
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Then, (4.6) can be written as

Avn—i-l +an+cvn—1 = Dg@n, 1<n< M- 17

UOZG,UM:().

So, we have the second order difference equation with respect to n with matrix
coefficients. By using the Gauss elimination method, we can reach to the solution

of vF,0< k<N 0<n<M.

For the solution of the matrix equations, we seek the solution as of the form

Up = Qpi1Ups1 + Bpet,n=M —1,...,2,1,

where o and 3;, j = 1,..., M are calculated as

1 = —(B+ Cay)7'(A),

ﬁn-‘rl = (B + Can)il(D(Pn - Cﬁn)7

with o is (N 4+ 1) x (N +1) and f; is (N + 1) x 1 zero matrix.

Then, using equation (4.5), values of p(x,) at grid points are obtained. Re-
placing p(x,,) in (4.2), (N + 1) x (N + 1) system of linear equations and it can be

written in the matrix form

A2un+1 + B2un + CQUn—l = D’Y’m 1 S n S M — ]-7

UOI(),UM:()
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where Cy = C, Ay = A,

100000 000
d ¢ b 000 000
0 dc b 00 000
00 dc b0 000
BQZ )
00 0O0O0O0 - b 0 0
00 0O0O0O0 - ¢c b 0
00 0O0O0GO0 - d ¢ b
0000O0OO0-- 001
L 4 (N+1)x(N+1)
ug
Uy
Uy = ‘ fors=n—1,nn+1,
ud
| 4 (N+1)x1
.
sin(z,,) , k=0,
=1 flter ) +pl@,) L 1<kE<SN-1,
| e sin(z,) , k=N,
Tn
-
Tn = .n
N
| Tn 4 (N+1)x1

Again, applying the modified Gauss elimination method we can reach to the solution

of uF, 0 <k <N, 0<n<M.
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4.2 THE SECOND ORDER OF ACCURACY DIFFERENCE SCHEME
(1ST TYPE)

Applying the second order of accuracy difference scheme (4.7), we obtain
(N +1) x (N +1) system of linear equations and we can rewrite this system as the
following form

[ () O (—gim) ot (S L b D) ol (= 2) o

f(tkwrn) = (e_tk — 1) sin Tn, Ty = nh7 tr = ]{;7-’

1<k<N-1,1<n<M—1, (4.10)
v — 00 = (e7! — 1) sin(z,), ¥, = nh,
v’lﬁvg = —sin(x,) + %”72‘”_2:2’1#”2, 0<n<M,

vgzvﬁ/[:0,0§k§N.

\

We denote

| —sin(zn) , k=N,
@
n
Pn = . )
N
L ¥n J (N+1)x1




o O

o o o o o
o o o o o

(@)
o o O

and C' = A,

Vs =

o o o o o

S
)
>~ O O O

o
o o o O

o o o o O o
IS

o O o o O

e}
e}

o o o O

J(N+1)x1

o o o O
o o o O
o o o O
o o o O

1 (N+1)x(N+1)

o o o O
o o o O
o o o o
o o o =

] o o @]
o
S

] o>t O ]

(N+1)x(N+1)

1 (N+1)x(N+1)

fors=n—1,n,n+ 1.

48
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Then, (4.7) can be written as

Avn—i-l +an+cvn—1 = Dg@n, 1<n< M- 17

UOZG,UM:().

So, we have the second order difference equation with respect to n with matrix
coefficients. By using the Gauss elimination method, we can reach to the solution

of vF,0< k<N 0<n<M.

For the solution of the matrix equations, we seek the solution as of the form

Up = Qpi1Ups1 + Bpet,n=M —1,...,2,1,

where o and 3;, j = 1,..., M are calculated as

1 = —(B+ Cay)7'(A),

ﬁn-‘rl = (B + Can)il(D(Pn - Cﬁn)7

with o is (N 4+ 1) x (N +1) and f; is (N + 1) x 1 zero matrix.

Then, using equation (4.5), values of p(x,) at grid points are obtained. Re-
placing p(x,,) in (4.3), (N + 1) x (N + 1) system of linear equations and it can be

written in the matrix form

A2un+1 + B2un + CQUn—l = D’Y’m 1 S n S M — ]-7

UOI(),UM:()
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where Cy = C, Ay = A,

100000 00 0
d ¢ b 000 00 0
0 dcb 00 000
00dcdO 000
Bo= | . . . . . ’
00 0O0O0O0 b 0 0
00 0O0O0O0 c b 0
00 0O0O0O0 d ¢ b
000000 -- 001
) 4 (N4+1)x(N+1)
%
2
Us = : fOI'S:n—ljfr%n_'_l,
ud
- 4 (N+1)x1
Sin(g:n) , k = O,
= flte,xn) +plx,)  ,1<kE<N-1, ,

\ e~ !sin(z,) , k=N,
Tn
T
Tn = .
N
L Tn J (N4+1)x1

Again, applying the modified Gauss elimination method we can reach to the solution

of uF, 0 <k <N, 0<n<M.
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4.3 THE SECOND ORDER OF ACCURACY DIFFERENCE SCHEME
(2ND TYPE)

Applying the second order of accuracy difference scheme (4.8), we obtain
(N +1) x (N +1) system of linear equations and we can rewrite this system as the

following form

(=zz) vt + (i) v+ (Ca) v + (B + 2 45w +3) o™

f(tkaxn) = (eitk - ].) sinx,, , = nhjtk = kT,

(4.11)
1<k<N-1 1<n<M-—1,
v — 0 = (e7! — 1) sin(x,), v, = nh,
”’11;”2 = —sin(z,) + 5”2‘72:51#”2, 0<n<M,
k_ ok
| W=ty =0,0<k<N
We denote
1 1 1—|—1—|-1+1d 2+1+1 1 1+1+1
a = ——— = —— C = — — _— — = — — —_ — e = ——— _ —
4h?’ 2h?’ T2 17 2h?2 4’ 72 h2 2’ T2 17 2h2 4’




o o o o o
o o o o o

and C' = A,

Pn =

o o o o o
o o o o o

o o O

o O o o O

[}

o o o o

o o o O

o o o O

o o o O

o o o O

(N+1)x1

o o o O

o o o O
o o o O

(N+1)x(N+1)

o o o o
o o o O
o o O

d (N+1)x(N+1)

(N+1)x (N+1)
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Vg = fors=n—1,n,n+ 1.

L ¢ I (N+1)xa

Then, (4.8) can be written as

Avpir + Bu, +Cvp,y = Dy, 1 <n < M — 1,

UOZG,UM:().

So, we have the second order difference equation with respect to n with matrix

coefficients. By using the Gauss elimination method, we can reach to the solution

of vF, 0 <k< N 0<n<M.

For the solution of the matrix equations, we seek the solution as of the form

Un = Qn1Unga +ﬂn+17 n=M-— 17"'72717

UOIG,UMI()

where a; and f3;, j = 1,..., M are calculated as

i1 = —(B+ Cay)7'(A),

Bn-‘rl - (B + Can)il(DQDn - Oﬁn))

with a; is (N 4+ 1) x (N +1) and f; is (N + 1) x 1 zero matrix.

Then, using equation (4.5), values of p(z,) at grid points are obtained. Re-

placing p(x,,) in (4.4), (N + 1) x (N + 1) system of linear equations and it can be

written in the matrix form

A2un+1 + B2un + CQUn—l = D’Y’m 1 S n S M — ]-7

UOI(),UM:()
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where Cy = C, Ay = A,

(100000 - 00 1]
e d c 000 0 00
0 edc 00 0 00
00 edcO 0 00
By = ;
000O0O0¢O0 - c 00
000O0¢O0O0 - d c 0
000O0O0O0 - e d c
i 0oo0oo0o00O0-.-- 001 1 vy van)
_ . ;
U
Uy = ' fors=n—1,nn-+1,
-uév-(NJrl)xl
( sin(zy,) , k=0,

V=9 fltan) +pa,) ,1<k<N-1, ,

\ e Lsin(z,) , k=N,
Tn
T
Tn = .
N
L Tn J (N4+1)x1

Again, applying the modified Gauss elimination method we can reach to the solution

of uF, 0 <k < N,0<n<M.

The MATLAB implementation used for these computations is given in Ap-

pendix. Computed results are given in Error Analysis.
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4.4 ERROR ANALYSIS

The results of the numerical analysis are introduced. The numerical solu-
tions are recorded for different values of N and M and u® represents the numer-

ical solutions of these difference schemes at (t,x,). Table 4.1 is constructed for

N = M = 20,40 and 80, respectively.

The errors are computed by the following formula

E = max |u(ty, z,) — uy|.
1<k<N
1<n<M

Table 4.1 Error analysis for the exact solution u(t, z).

r=L h=2 N=M=20 N=M=40 N=M=20
The difference scheme (4.2) 0.0050 0.0024 0.0012

The difference scheme (4.3) 2.5733 x 107*  6.4987 x 10™° 1.6338 x 107°

The difference scheme (4.4) 2.4384 x 107*  6.1511 x 107°  1.5457 x 107°

The results of computer calculations show that the second order of accuracy dif-
ference schemes are more accurate than first order of accuracy difference scheme.
Moreover, by using the second type of second order of accuracy difference scheme
the solution accuracy increases faster than the first type of second order of accuracy

difference scheme.

Also for finding the unknown function p(z), an extra condition is needed. To
support the numerical result, Table 4.2 is constructed for the error of p(z) at the

nodes in maximum norm.



Table 4.2 Error analysis for p(z).

— 1 3 _ pi
T=wvh=1%

N =M =20

N =M =40

N =M =280

The difference scheme (4.2)
The difference scheme (4.3)

The difference scheme (4.4)

0.0356
0.0016

7.8862 x 1074

0.0167
4.1575 x 1074

2.0283 x 104

0.0081
1.0448 x 10~

5.0741 x 107°
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CHAPTER 5

CONCLUSION

This work is devoted to study the stability of identification problem for a
telegraph equation with an unknown parameter. The following original results are

obtained:

e The abstract theorem on the stability estimate for the solution of the source

identification problem for a telegraph equation is proved.

e Stability estimates for the solution of three source identification problems for

the telegraph equation are obtained.

e The first and second order of accuracy difference schemes for the approximate
solution of the source identification problem for the telegraph equation are

presented.

e Theorems on the stability estimates for the solution of difference schemes for
the approximate solution of identification problem for telegraph equation are

proved.

e Stability estimates for the solution of difference schemes for three source iden-

tification problems for telegraph equation are obtained.
e The Matlab implementation of these difference schemes are presented.

e The theoretical statements for the solution of these difference schemes are

supported by the results of numerical examples.

57



REFERENCES

Akyildiz, F., S.Tatar, and Ulusoy, S., “Existence and uniqueness for a nonlinear
inverse reaction-diffusion problem with a nonlinear source in higher dimensions”,
Mathematical Methods in the Applied Sciences, Vol. 36, pp. 23972402, 2013.

Ashyralyev, A., “On a problem of determining the parameter of a parabolic equa-
tion”, Ukranian Mathematical Journal, Vol. 62, pp. 1200-1210, 2010.

Ashyralyev, A. and Agirseven, D., “On source identification problem for a delay
parabolic equation”, Nonlinear Analysis: Modelling and Control, Vol. 19, pp.
335-349, 2014.

Ashyralyev, A. and Ashyralyyev, C., “On the problem of determining the parameter
of an elliptic equation in a Banach space”, Nonlinear Analysis-Modelling and
Control, Vol. 19, pp. 350-366, 2014.

Ashyralyev, A. and Ashyralyyeva, M.A., “On source identification problem for a
hyperbolic-parabolic equation”, Contemporary Analysis and Applied Mathemat-
ics, Vol. 3, No. 1, , 2015.

Ashyralyev, A. and Erdogan, A., “Well-posedness of the right-hand side identifica-
tion problem for a parabolic equation”, Ukranian Mathematical Journal, Vol. 66,
pp. 165-177, 2014, DOI: 10.1007/s11253-014-0920-0.

Ashyralyev, A., Erdogan, A., and Demirdag, O., “On the determination of the right-
hand side in a parabolic equation”, Applied Numerical Mathematics, Vol. 62, pp.
1672-1683, 2012.

Ashyralyev, A. and Sobolevskii, P., New Difference Schemes for Partial Differential
Equations, Birkhuser Verlag, Basel, Boston, Berlin, 2004.

Ashyralyev, A. and Urun, M., “Determination of a control parameter for the differ-
ence Schrodinger equation”, Abstract and Applied Analysis, Vol. 2013, , 2013a,
Article Number: 548201(2013), DOI: 10.1155/2013/548201.

Ashyralyev, A. and Urun, M., “Determination of a control parameter for the
Schrdinger equation”, Contemporary Analysis and Applied Mathematics, Vol.
1, pp. 156-166, 2013b.

Ashyralyev, A. and Urun, M., “A second order of accuracy difference scheme for
Schrodinger equations with an unknown parameter”, Filomat, Vol. 28, pp. 981—
993, 2014, DOI: 10.2298/FIL1405981A.

o8



29

Ashyralyyev, C., “High order approximation of the inverse elliptic problem with
Dirichlet-Neumann conditions”, Filomat, Vol. 28, pp. 947-962, 2014a.

Ashyralyyev, C., “High order of accuracy difference schemes for the inverse elliptic
problem with Dirichlet condition”, Boundary Value Problems, Vol. 2014, , 2014b,
Article Number: 5, DOI: 10.1186,/1687-2770-2014-5.

Ashyralyyev, C. and Dedeturk, M., “A finite difference method for the inverse el-
liptic problem with the Dirichlet condition”, Contemporary Analysis and Applied
Mathematics, Vol. 1, pp. 132—-155, 2013.

Blasio, G.D. and Lorenzi, A., “Identification problems for parabolic delay differential
equations with measurement on the boundary”, Journal of Inverse and Ill-Posed
Problems, Vol. 15, pp. 709-734, 2007.

Daoudi-Merzagui, N. and Tabet, Y., “Existence of multiple positive solutions for
a nonlocal boundary value problem with sign changing nonlinearities”, Filomat,
Vol. 27, pp. 485-497, 2013.

Dehghan, M., “Determination of a control parameter in the two-dimensional diffu-
sion equation”, Applied Numerical Mathematics, Vol. 37, pp. 489-502, 2001.

Eidelman, Y., Boundary Value Problems for Differential Fquations with Parameters,
Ph.D. Thesis, Voronezh State University, 1984, in Russian.

Erdogan, A., “A note on the right-hand side identification problem arising in biofluid
mechanics”, Abstract and Applied Analysis, Vol. 2012, , 2012, Article Number:
548508(2012), DOI: 10.1155/2012/5485082012.

Erdogan, A. and Ashyralyev, A., “On the second order implicit difference schemes for
a right hand side identification problem”, Applied Mathematics and Computation,
Vol. 226, pp. 212-228, 2014.

Erdogan, A. and Sazaklioglu, A., “A note on the numerical solution of an identifica-
tion problem for observing two-phase flow in capillaries”, Mathematical Methods
in the Applied Sciences, Vol. 37, pp. 2393-2405, 2014.

Erdogan, A. and Uygun, H., “A note on the inverse problem for a fractional parabolic
equation”, Abstract and Applied Analysis, Vol. 2012, , 2012, Article Number:
276080 (2012), DOI: 10.1155/2012/276080.

Fattorini, H.O., Second Order Linear Differential Equations in Banach Spaces, No-
tas de Matematica, North-Holland, 1985.

Gryazin, Y., Klibanov, M., and Lucas, T., “Imaging the diffusion coefficient in a
parabolic inverse problem in optical tomography”, Inverse Problems, Vol. 25, pp.
373-397, 1999.

Hasanov, A., “Identification of unknown diffusion and convection coefficients in ion
transport problems from flux data: an analytical approach”, Journal of Mathe-
matical Chemistry, Vol. 48, pp. 413-423, 2010.



60

Kimura, T. and Suzuki, T., “A parabolic inverse problem arising in a mathematical
model for chromatography”, SIAM Journal on Applied Mathematics, Vol. 53, pp.
1747-1761, 1993.

Orlovsky, D. and Piskarev, S., “On approximation of inverse problems for abstract
elliptic problems”, Journal of Inverse and Ill-Posed Problems, Vol. 17, pp. 765—
782, 2009.

Orlovsky, D. and Piskarev, S., “The approximation of Bitzadze-Samarsky type
inverse problem for elliptic equations with Neumann conditions”, Contemporary
Analysis and Applied Mathematics, Vol. 1, pp. 118-131, 2013a.

Orlovsky, D. and Piskarev, S., “Approximation of the Bitsadze-Samarskii inverse
problem for an elliptic equation with the dirichlet conditions”, Differential Equa-
tions, Vol. 49, pp. 895-907, 2013b.

Ozbilge, E. and Demir, A., “Identification of the unknown coefficient in a quasi-
linear parabolic equation by a semigroup approach”, Journal of Inequalities and
Applications, Vol. 2013, , 2013a, Article number 212, DOI: 10.1186/1029-242X-
2013-212.

Ozbilge, E. and Demir, A., “Semigroup approach for identification of the un-
known diffusion coefficient in a linear parabolic equation with mixed output
data”, Boundary Value Problems, Vol. 2013, , 2013b, Article Number 43, DOI:
10.1186/1687-2770-2013-43.

Piskarev, S. and Shaw, Y., “On certain operator families related to cosine operator
function”, Taiwanese Journal of Mathematics, Vol. 1, pp. 3585-3592, 1997.

Safari, A.R., Mekhtiyev, M., and Sharifov, Y., “Maximum principle in the optimal
control problems for systems with integral boundary conditions and its extension”,
Abstract and Applied Analysis, Vol. 2013, , 2013, Article Number 946910, DOI:
10.1155/2013/946910.

Serov, V. and Pivrinta, L., “Inverse scattering problem for two-dimensional
Schrdinger operator”, Journal of Inverse and Ill-Posed Problems, Vol. 14, pp.
295-305, 2006.

Sobolevskii, P.E., Difference Methods for the Approzimate Solution of Differential
Equations, Voronezh State University Press, Voronezh, Russia, 1975, in Russian.

Tinaztepe, R., S.Tatar, and Ulusoy, S., “Identification of the density dependent
coefficient in an inverse reaction-diffusion problem from a single boundary data”,
Electronic Journal of Differential Equations, Vol. 2014, , 2014, Article Number
21.

V.B. Shakhmurov, A.S., “Abstract parabolic problems with parameter and applica-
tion”, Applied Mathematics and Computation, Vol. 219, pp. 9561-9571, 2013.

Wu, B. and Wu, S., “Existence and uniqueness of an inverse source problem for a
fractional integrodifferential equation”, Computers € Mathematics with Applica-
tions, Vol. 68, pp. 11231136, 2014.



APPENDIX A

THE MATLAB IMPLEMENTATIONS

A.1MATLAB IMPLEMENTATION FOR THE FIRST ORDER OF AC-
CURACY DIFFERENCE SCHEME

function firstorder(N,M)

if narginjl; N=20; M=20; end
tau=1/N; h=pi/M;

a=(-1)/(h°2);
b=1/(tau"2)+2/(tau)+2/(h"2)+1;
o= ((-2)/ (tan"2))-(2/ (taw));
d=1/(tau"2);

'Finding V’;

A=zeros(N+1,N+1);

for i=2:N; A(i,i+1)=a;end; A;
C=A;

B=zeros(N+1,N+1);

for i=2:N;

B(i,i)=c;

B(i,i-1)=d;

B(i,i+1)=b; end;

B(1,1)=-1; B(1,N+1)=1;
B(N+1,1)=-1/tau; B(N+1,2)=1/tau; B;
for i=1:N+1; D(i,i)=1; end; D;
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fii=zeros(N+1,M+1);

for j=2:M,

for k=2:N;

t=k*tau; x=(j-1)*h;
fii(k,j:j)=(exp(-t)-1)*sin(x); end;
fii(1,]:))=(exp(-1)-1)*sin(x);
fii(N+1,j:j)=-sin(x); end;

'Gauss Elimination’;

D=eye(N+1);

alpha2=zeros(N+1,N+1); betha2=zeros(N+1,1);
for j=3:M+1;

alphaj=inv(B+4C*alphaj-1)*(-A);
bethaj=inv(B+C*alphaj-1)*(D*(fii(:,j-1))-C*bethaj-1); end;
for k=1:N+1; V(k,1)=0; V(k,M+1)=0; end;

for n=M:-1:2;
V(:,n)=alphan+1*V(:,;n+1)+bethan+1; end;
"Finding p’;

p(1)=0; p(M+1)=0;

for n=2:M;

p(n)=2*exp(-1)*sin((n-1)*h)...

+(VIN+1,n+1)-2*V(N+1,n)+V(N+1,n-1))/(h"2)-V(N+1,n);

end;

"Exact solution of p’;

for j=1:M+1; esp(j)=sin((j-1)*h); end;
maxerrorp=max(max(abs(esp-p)))
'Finding U’;

clear alpha;

clear betha;

clear gamma;

clear B;

B=zeros(N+1,N+1);

for i=2:N;
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(i,i)=c;
B(i,i-1)=d;
B(i,i+1)=b; end;

B(1,1)=1; B(N+1,N+1)=1;

gamma=zeros(N+1,M+1);

for j=2:M,

for k=2:N;

t=k*tau; x=(j-1)*h;
gamma(k,j:j)=(exp(-t)-1)*sin(x)+p(j); end;
gamma(1,j)=sin(x);

gamma(N+1,j)=exp(-1)*sin(x); end;

"Modified Gauss 2’;

D=eye(N+1);

alpha2=zeros(N+1,N+1); betha2=zeros(N+1,1);

for j=3:M+1;

alphaj=inv(B+C*alphaj-1)*(-A);
bethaj=inv(B+C*alphaj-1)*(D*(gammay(:,j-1))-C*bethaj-1); end;
for k=1:N+1; U(k,1)=0; U(k,M+1)=0; end;

for n=M:-1:2; U(:,n)=alphan+1*U(:,n+1)+bethan+1; end;
"Exact Solution of This Problem’;

for j=1:M-+1;

for k=1:N+1;

t=(k-1)*tau; x=(j-1)*h;

es(k,j)=exp(-t)*sin(x); end; end;

figure; surf(es); rotate3d;

title(EXACT SOLUTION");

axis tight;

figure; surf(U); rotate3d;

titleC'THE DIFFERENCE SCHEMES SOLUTION’);

axis tight;

"Error Analysis’;

maxerror=max(max(abs(es-U)))
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A2MATLAB IMPLEMENTATION FOR THE SECOND ORDER OF

ACCURACY DIFFERENCE SCHEME (1ST TYPE)

function secondorder(N,M)

if narginj1l; N=20; M=20; end
tau=1/N; h=pi/M;
a=(-1)/(2*(h°2));
b=1/(tau"2)+1/(tau)+1/(h"2)+1/2;
e=(2),(tau"2);
d=1/(tau"2)-1/(tau)+1/(h"2)+1/2;
'Finding V’;

A=zeros(N+1,N+1);

for i=2:N; A(i,i+1)=a; A(i,i-1)=a; end; A;
C=A;

B=zeros(N+1,N+1);

for i=2:N;

B(i,i)=c;

B(i,i-1)=d;

B(i,i+1)=b; end;

B(1,1)=-1; B(L,N+1)=1;

B(N+1,1)=-3/(2*(tau)); B(N+1,2)=2/tau; B(N+1,3)=-1/(2*(tau)); B;

for i=1:N+1; D(i,i)=1; end; D;

fii=zeros(N+1,M+1);

for j=2:M,

for k=2:N;
t=(k-1)*tau; x=(]

fii(k,j:j)=(exp(-t)-

6i(Lji) = (exp(-1)-

fii(N+1,j:j)=-sin(x

J-1)*h;
1)*sin(x); end;
1)*sin(x);

); end,;
'Gauss Elimination’;
D=eye(N+1);

alpha2=zeros(N+1,N+1); betha2=zeros(N+1,1);



for j=3:M+1;
alphaj=inv(B+C*alphaj-1)*(-A);
bethaj=inv(B+C*alphaj-1)*(D*(fii(:,j-1))-C*bethaj-1); end;
for k=1:N+1; V(k,1)=0; V(k,M+1)=0; end;
for n=M:-1:2;
V(:,n)=alphan+1*V(:,;n+1)+bethan+1; end;
'Finding p’;

p(1)=0; p(M+1)=0;

for n=2:M;

p(n)=2*exp(-1)*sin((n-1)*h)...
+(V(N+1,n+1)-2*V(N+1,n)+V(N+1,n-1))/(h"2)-V(N+1,n);
end;

"Exact solution of p’;

for j=1:M+1; esp(j)=sin((j-1)*h); end;
maxerrorp=max(max(abs(esp-p)))

"Finding U’;

clear alpha;

clear betha;

clear gamma;

clear B;

B=zeros(N+1,N+1);

for i=2:N;

B(i,i)=c;

B(i,i-1)=d;

B(i,i+1)=b; end;

B(1,1)=1; B(N+1,N+1)=1;
gamma=zeros(N+1,M+1);

for j=2:M,

for k=2:N;

t=(k-1)*tau; x=(j-1)*h;
gamma,(k,j:j)=(exp(-t)-1)*sin(x)+p(j); end;

gamma(1,j)=sin(x);
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gamma(N+1,j)=exp(-1)*sin(x); end,;

"Modified Gauss 2’;

D=eye(N+1);

alpha2=zeros(N+1,N+1); betha2=zeros(N+1,1);

for j=3:M+1;

alphaj=inv(B+C*alphaj-1)*(-A);
bethaj=inv(B+C*alphaj-1)*(D*(gammay(:,j-1))-C*bethaj-1); end;
for k=1:N+1; U(k,1)=0; U(k,M+1)=0; end;

for n=M:-1:2; U(:,n)=alphan+1*U(:,n+1)+bethan+1; end;
"Exact Solution of This Problem’;

for j=1:M-+1;

for k=1:N+1;

t=(k-1)*tau; x=(j-1)*h;

es(k,j)=exp(-t)*sin(x); end; end;

figure; surf(es); rotate3d;

titleCEXACT SOLUTION);

axis tight;

figure; surf(U); rotate3d;

titleCTHE DIFFERENCE SCHEMES SOLUTION’);
axis tight;

"Error Analysis’;

maxerror=max(max(abs(es-U)))

A.3 MATLAB IMPLEMENTATION FOR THE SECOND ORDER OF
ACCURACY DIFFERENCE SCHEME (2ND TYPE)

function secondorder2(N,M)
if narginj1l; N=20; M=20; end
tau=1/N; h=pi/M;
a=(-1)/(4*(h"2));



b=(-1)/(2*(h"2));

c=1/(tau"2)+1/(tau)+1/(2*(h"2))+1/4;

d=-2/(tau"2)+1/(h"2)+1/2;

e=1/(tau"2)-1/(tau)+1/(2*(h"2))+1/4;

'Finding V’;

A=zeros(N+1,N+1);

for i=2:N;

A(i,i)=b;

A(Li+1)=

A(ii-1)=a; end; A;

C=A;

B=zeros(N+1,N+1);

for i=2:N;

B(i,i)=d;

B(i,i-1)=e;

B(i,i+1)=c; end;

B(1,1)=-1; B(1,N+1)=1;

B(N+1,1)=-3/(2*(tau)); B(N+1,2)=2/tau; B(N+1,3)=-1/(2*(tau)); B;
for i=1:N+1; D(i,i)=1; end; D;

fii=zeros(N+1,M+1);

for j=2:M,

for k=2:N;
=(k-1)*tau; x=(j-1)*h
fii(k,j:j)=(exp(-t)-
1)-

1)*sm(x) end;
fii(1,j:j)=(exp(-1)-1)*sin(x);
fii(N+1,j:j)=-sin(x); end,;

'Gauss Elimination’;

D=eye(N+1);

alpha2=zeros(N+1,N+1); betha2=zeros(N+1,1);

for j=3:M+1;

alphaj=inv(B+C*alphaj-1)*(-A);
bethaj=inv(B+4C*alphaj-1)*(D*(fii(:,j-1))-C*bethaj-1); end,;



for k=1:N+1; V(k,1)=0; V(k,M+1)=0; end,;

for n=M:-1:2;

V(:,n)=alphan+1*V(:,;n+1)+bethan+1; end;

"Finding p’;

p(1)=0; p(M+1)=0;

for n=2:M;

p(n)=2%*exp(-1)*sin((n-1)*h)...
+(V(N+1,n+1)-2*V(N+1n)+V(N+1,n-1))/(h"2)-V(N+1,n); end;
"Exact solution of p’;

for j=1:M+1; esp(j)=sin((j-1)*h); end;
maxerrorp=max(max(abs(esp-p)))

'Finding U’;

clear alpha;

clear betha;

clear gamma,;

clear B;

B=zeros(N+1,N+1); for i=2:N;

B(i,i)=d;

B(i,i-1)=e;

B(
B(1,1)=1; B(N+1,N+1)=1;

i
i

i,i+1)=c; end;

gamma=zeros(N+1,M+1);

for j=2:M,

for k=2:N;

t=(k-1)*tau; x=(j-1)*h;
gammal(k,j:j)=(exp(-t)-1)*sin(x)+p(j); end;
gamma(1,j)=sin(x);
gamma(N+1,j)=exp(-1)*sin(x); end;
"Modified Gauss 2’;

D=eye(N+1);

alpha2=zeros(N+1,N+1); betha2=zeros(N+1,1);
for j=3:M+1;
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alphaj=inv(B+4C*alphaj-1)*(-A);
bethaj=inv(B+C*alphaj-1)*(D*(gammay(:,j-1))-C*bethaj-1); end;
for k=1:N+1; U(k,1)=0; U(k,M+1)=0; end,;

for n=M:-1:2; U(:,n)=alphan+1*U(:,n+1)+bethan+1; end;
"Exact Solution of This Problem’;

for j=1:M+1;

for k=1:N+1;

t=(k-1)*tau; x=(j-1)*h;

es(k,j)=exp(-t)*sin(x);end; end;

figure; surf(es); rotate3d;

titleCEXACT SOLUTION’);

axis tight;

figure; surf(U); rotate3d,;

title'THE DIFFERENCE SCHEMES SOLUTION’); axis tight;
"Error Analysis’;

maxerror=max(max(abs(es-U)))
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