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We present the detailed properties of the phase diagrams of massless (1+1)-

dimensional Gross-Neveu and Nambu-Jona-Lasinio models with discrete and con-

tinuous chiral symmetry by studying the exact, inhomogeneous solutions of the

functional gap equation. We show that in addition to spontaneous breaking of

continuous chiral symmetry, the Nambu-Jona-Lasinio model also exhibits trans-

lational symmetry breaking at finite density below a critical temperature. The

spatially inhomogeneous phase, the “chiral spiral” is a periodic spiral in the chiral

plane with a constant charge density. The mathematical method we develop to

study the inhomogeneous phases, allows one to reduce the functional gap equation

for the inhomogeneous condensate, to a nonlinear Schrödinger equation, which is

exactly soluble. The general solution is a crystalline array of kinks and anti-kinks

and includes as special cases all previously known real and complex condensate

solutions to the gap equation. Furthermore, the associated Dirac equation is

also soluble with this inhomogeneous chiral condensate, and the exact spectral



properties are derived. Analyzing the thermodynamic properties of these solu-

tions, we show the stability of the chiral spiral phase against the more general

“twisted kink crystal” solution of the gap equation. This situation should be

contrasted with the Gross-Neveu model, which has a discrete chiral symmetry,

and for which the phase diagram has a crystalline phase with a periodic kink

crystal. Then we argue that the existence of the chiral spiral phase is ubiquitous

in (1+1)-dimensional models exhibiting continuous chiral symmetry. We further

develop a connection between the Ginzburg-Landau expansion of the thermody-

namic grand potential and a well-known mathematical integrable hierarchy known

as the Ablowitz-Kaup-Newell-Segur (AKNS) hierarchy.
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Chapter 1

Introduction

1.1 An overview of QCD at nonzero T and µ

Most of the matter that we see around us is made up of protons and neutrons

which are members of a larger family called hadrons. The microscopic proper-

ties of hadronic matter are successfully described by the well established theory;

Quantum Chromodynamics (QCD). However, the fundamental degrees of freedom

of QCD are not protons or neutrons, but quarks and gluons. Quarks carry charges

called the color charge and interact with each other by exchanging gluons in anal-

ogy to the way electrons interact with each other by exchanging photons, described

by Quantum Electrodynamics (QED). Gluons themselves are also charged; there-

fore they self interact, as opposed to the photons which are neutral and do not self

interact. Also, there are multiple ”flavors” of quarks in the theory with different

electrical charges and masses.

A striking feature of QCD is that, the coupling constant gets weaker at

shorter length scales. This is the celebrated property called asymptotic freedom

1
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[1]. As an immediate result of asymptotic freedom, perturbation theory can be

safely used to investigate high energy processes and explain phenomena such as

Bjorken scaling [2]; which seeded the idea of asymptotic freedom in the first place.

Looking from the other side, the theory is strongly interacting at longer length

scales or lower energies. The energy scale where the coupling is of the order

unity is called ΛQCD and it is approximately the size of a hadron (∼1 fm−1). In

particular, this means the ground state of QCD and its low energy excitations

are not accessible to perturbation theory. The low energy excitations are quasi-

particles of quarks and gluons and they constitute the form of matter we see

around: the hadrons. The hadronic states exhibit two phenomena: they are

color-neutral and, compared to the mass of the quarks, they are heavy. The first

phenomenon is called confinement. This confining nature of QCD says that single

quarks or gluons do not exist as isolated states, because they carry color charge.

It is still an open problem to derive confinement starting from the first principles

of QCD. The second phenomenon is chiral symmetry breaking. In the limit where

the quarks are massless, the QCD Lagrangian is invariant under a continuous

symmetry called chiral symmetry. The vacuum ground state and its excitations,

however, break that symmetry spontaneously by developing masses due to the

interactions. Notably QCD with massless quarks is also scale invariant and the

existence of this dynamically generated mass scale breaks the scale symmetry.

This is known as dimensional transmutation, where the dynamics of a dimension-
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free theory introduces a dimensionful parameter and the dimensionless coupling

depends on the dimensionful parameter. In reality, the quarks have masses and

the chiral symmetry is broken explicitly. Yet, the mass of the quasi-particle masses

are vastly larger than quark masses1. This difference is again is related to chiral

symmetry breaking.

At nonzero temperature and density, QCD has different phases with very

different thermal and transport properties (see selected reviews [3] and the refer-

ences therein). A very schematic phase diagram of QCD is shown below in Figure

1.1. The main order parameters characterizing the phases are confinement and

chiral symmetry. In the confined phase, the phases are described by hadronic

matter; whereas in the deconfined phase, they are described by quark matter.

The chiral symmetry characterizes the excitation modes around the ground state.

At very high temperatures, entropy wins over order and the thermal ground

state has all the symmetries of the Lagrangian. This phase is called the quark

gluon plasma (QGP). The quasi-particles of the quark gluon plasma are weakly

interacting, screened, deconfined quarks and gluons. The long range interactions

between quarks are screened; hence the name “plasma”. The screening length

(also known as Debye length) is 1/g(T )T where g is the QCD coupling constant.

As the temperature approaches the transition temperature, the QGP becomes

1 The lightest quarks have masses at the order of 1 MeV; whereas the proton mass is 938

MeV.
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Fig. 1.1: A schematic phase diagram of QCD.

strongly coupled. The strongly coupled QGP is explored in heavy ion collision

experiments at RHIC and LHC and has been shown to exhibit a set of rich and

interesting properties such as a very low viscosity to entropy ratio putting it at

the top of the list of the most perfect fluids. However the theoretical tools to in-

vestigate the properties of the strongly interacting QGP are very limited. Lattice

QCD calculations provide solid information at zero density (i.e on the µ = 0 axis),

indicating a rapid crossover between the hadronic phase and QGP[4, 5]. The tran-

sition temperature is Tc ∼ 170 MeV[4] where both the confinement-deconfinement
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transition and chiral symmetry breaking happens. The crossover nature is due to

the bare masses of the quarks where there is no total restoration of chiral sym-

metry. At nonzero µ however, lattice calculations suffer from the fermion sign

problem which hinders the Euclidean computations. Analytical continuations [5]

of the calculations with imaginary potential show that the crossover extends to

the region of small µ near Tc. This is shown by the dashed green line in Fig. 1.1. It

is hypothesized that the crossover ends with a second order critical point followed

by a first order phase transition. One of the aims of the heavy ion collision exper-

iments is to search for this critical point [6]. In addition to lattice QCD data, the

AdS/CFT correspondence provides some useful insights into the strongly coupled

QGP, such as the conjectured universal lower bound to the viscosity to entropy

ratio [7].

In the regime of cold and extreme density, where the chemical potential

µB � T , quarks form Cooper pairs and these pairs condense, forming a super-

conducting phase. This is due to the famous Bardeen-Cooper-Schriffer (BCS)

argument, stating that at low temperature and high enough chemical potential,

the existence of any attractive interaction between the fermions will lower the free

energy and cause the fermions near the Fermi surface to form pairs. In QCD,

the Coulomb interaction between the quarks is already attractive and the BCS

argument arises naturally in dense quark matter. Of course explicit theoretical

calculations are limited to the region where µB � ΛQCD where the quarks are
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weakly interacting. In this regime, it is shown that (see for example [8]) the fa-

vored pairing pattern identifies the color and flavor of the paired quarks. This

phase is called the color-flavor locked (CFL) phase and it is the phase where the

symmetry is maximally broken. In the intermediate density regime µb & ΛQCD,

the situation is much less clear. There are many different possible symmetry

breaking patterns for the quark matter and this is the region that hosts a num-

ber of different proposals for the preferred phase. It is also the relevant regime

for the dynamics of neutron star cores, where the high density of nuclear matter

overcomes the confining force leading to deconfined quark matter.

As the chemical potential approaches µB ∼ O(GeV), the quark matter

turns into nuclear matter, which is essentially a dilute Fermi liquid of protons and

neutrons. This phase is known as the nuclear superfluid. Around µB ∼ 930 MeV≡

mproton, the nuclear liquid turns into a nuclear gas by a first order transition. As

the temperature increases, the first order line ends with a second order critical

point.

In general, in the intermediate regime of the QCD phase diagram where

the phases are subject to strong coupling, our knowledge is very limited due

to the lack of powerful theoretical and computational tools. The main aim of

this dissertation is to address similar questions to chiral symmetry breaking and

dimensional transmutation by studying simpler toy models; namely the Gross-

Neveu and Nambu-Jona-Lasinio models. The advantage of this approach is that
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we will be able to perform analytical calculations and study the mentioned physical

phenomena in a controlled way. The outcome of our studies is expected to give

some insights into these phenomena.

Throughout the rest of this chapter we review the basic properties of the

Gross-Neveu and Nambu-Jona-Lasinio models following the original references

[9, 10] and the references therein. In Chapter 2, we introduce a method to study

translational symmetry breaking in these models in an analytical way. This chap-

ter is mainly based on the publications [11, 12]. Then in Chapter 3 by studying

the thermodynamical properties of the models, we demonstrate that inhomoge-

neous phases, in which translational symmetry is broken, appear in the associated

phase phase diagrams. The results in this chapter are published in [13]. The last

chapter, Chapter 4 is devoted to a particular application of our results to heavy

ion collisions, which is published as [14]. Some technical ingredients, that we refer

in the dissertation are summarized in Appendices A and B.

1.2 Gross-Neveu models as QCD-like models

A seminal work introducing the concept of dynamical symmetry breaking to par-

ticle physics is due to Nambu and Jona-Lasinio [9]. Inspired by the microscopic

theory of superconductivity, Nambu and Jona-Lasinio (NJL) introduced a model

where the mass of the fermion is generated dynamically through a self interaction
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of the form:

L = ψ̄ i/∂ ψ +
G2

2

[
(ψ̄ψ)2 + (ψ̄iγ5ψ)2

]
(1.1)

In addition to the global U(1) gauge symmetry ψ → eiθ ψ, this model has also a

chiral U(1) symmetry ψ → eiθγ
5
ψ. In superconductivity, the electrons form bound

states (Cooper pairs) by attractive lattice interactions, and these bound states

condense in the ground state. The low energy excitations of the system are the

electron-hole quasi-particles with opposite charge and the same spin. The mixing

between electrons and holes is due to the dynamically generated gap in the low

energy spectrum. Furthermore, the condensation of Cooper pairs spontaneously

breaks the U(1) gauge symmetry. As an immediate result; the photon becomes

massive, a phenomenon known as the Meissner effect. The characteristic inverse

mass scale is known as the London penetration depth.

In the Nambu Jona-Lasinio (in short NJL) model of nucleons, the self inter-

action causes fermion-anti fermion bound states to condense, generating a mass

gap in the spectrum. The quasi-particles in this case are fermions with opposite

chirality and the same charge. As opposed to the U(1) gauge symmetry, it is the

axial (or chiral) U(1) symmetry which is spontaneously broken. Remarkably, this

idea of treating the observed massive nucleons as quasi-particles of a manifestly

chirally symmetric theory where the symmetry is broken dynamically, came long

before QCD. However the NJL theory in 4 space-time dimensions is not renor-

malizable and an explicit cutoff has to be introduced in the calculations. The
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existence of the cutoff destroys the Lorentz symmetry and makes the outcome of

the theory less fundamental.

The second remarkable improvement came from the work of Gross and

Neveu [10]. This was just after the introduction of non-abelian gauge theory

as the theory of strong interactions. They considered the same type of theory

with a scalar four-fermion interaction:

LGN = ψ̄ i/∂ ψ +
g2

2
(ψ̄ψ)2 (1.2)

in two space-time dimensions (which will be denoted as GN2 hereafter). One

important point is that there are Nf number of fermion flavors in the model, so

that ψ̄ψ actually denotes:

ψ̄ψ ≡
Nf∑
a=1

ψ̄aψa (1.3)

For the sake of notational simplicity, we will suppress the flavor indices from now

on. This theory has a discrete chiral symmetry:

ψ → γ5ψ , ψ̄ → −ψ̄γ5

⇒ ψ̄ψ → −ψ̄ψ (1.4)

In two dimensions two important new things happen: the theory is renormalizable

and it is asymptotically free. In fact, the GN2 was the first example of an asymp-

totically free theory other than non-abelian gauge theory. Therefore, in addition

to dynamical symmetry breaking, it also captures two other essential features of
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QCD; renormalizability and asymptotic freedom. Moreover, it was also argued

in [10] that all these phenomena are interrelated. Yet another significant point is

that in two space-time dimensions, the coupling constant g is dimensionless and

the theory is scale invariant. The dynamical mass generation breaks also the scale

invariance. Recall that this is precisely the dimensional transmutation described

above.

The original NJL model in two space-time dimensions (which will be denoted

as NJL2 hereafter):

LNJL = ψ̄ i/∂ ψ +
g2

2

[
(ψ̄ψ)2 + (ψ̄iγ5ψ)2

]
(1.5)

with continuous chiral symmetry

ψ → eiθγ
5

ψ , ψ̄ → ψ̄ eiθγ
5

(1.6)

was also investigated in the paper [10]. Again, there are Nf fermion flavors and

ψ̄ψ ≡∑Nf
a=1 ψ̄aψa , ψ̄γ5ψ ≡∑Nf

a=1 ψ̄aγ
5ψa

Now we quickly recapitulate the crucial properties of the GN2 model. The

same computations can be carried out almost identically in the NJL2 model. We

will point out the main difference between these two models later, at the end of

this chapter. A very useful approach to investigate the symmetry breaking ground

states of the theory is to make a Hubbard-Stratonovich transformation where a

real auxiliary field ∆ is introduced and the Gross-Neveu (GN2) Lagrangian 1.2 is



11

re-expressed as:

LGN = ψ̄ (i/∂ −∆)ψ − 1

2g2
∆2 (1.7)

The auxiliary field ∆ has no dynamics and can be eliminated by the classical

equations of motion or a gaussian integration in the path integral to return back

to 1.2. The advantage of studying the equivalent Lagrangian (1.7) is that it makes

the spontaneous symmetry breaking self-evident. Notice that in order to maintain

the discrete chiral symmetry (1.4) in the Lagrangian (1.7), ∆ has to change sign

along with (1.4). Therefore any state with ∆ 6= 0 breaks the chiral symmetry and

is an example of spontaneous symmetry breaking.

To keep the discussion simple, we restrict ourselves to translationally invari-

ant states and concentrate on chiral symmetry breaking in this chapter. Transla-

tional symmetry breaking, which constitutes a substantial part of this dissertation,

will be introduced later when we consider these models at nonzero density. Semi-

classically, the ground state of the theory is the minimum of the effective potential

which is the sum of all irreducible diagrams that have an even number of external

∆ legs with zero momentum, as shown in Figure 1.2. The dashed and solid lines

represent ∆ and fermion propagators respectively.

We now compute the potential action in the limit where the number of

fermion flavors Nf is large. More precisely we let Nf → ∞ by keeping the so

called ’t Hooft coupling g2Nf finite.
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V [∆] = +  . . .+ +

+ + + . . .

+ + + . . .

Fig. 1.2: Diagrammatic representation of the effective potential V [∆].

1.2.1 Large Nf

The large N approach is a very powerful technique, invented by G. ’t Hooft [15]

in studying nonabelian gauge theories where N →∞ is the number of colors and

used widely in many other models (for example see “1/N” in [16]). The basic idea

is to reorganize the partition function as a series in 1/N , where N is the number of

fields. In principle, each term in the expansion is a resummation of a perturbation

series; therefore the large N expansion provides substantial information beyond

the perturbative regime. Even though this resummation cannot be performed
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explicitly in QCD, it still is an important tool in studying it.2 On the other hand,

in the Gross-Neveu models, it is indeed possible to explicitly sum all the Feynman

diagrams in leading order at 1/N . As a result, all of our results are valid for any

’t Hooft coupling g2Nf .

Returning to the GN2 model, we see that a fermion loop carries a factor

of Nf from the sum over fermion flavors and an internal ∆ propagator carries a

factor of g2 ∝ 1/Nf . Also, in any diagram with two or more loops, any loop has to

be connected with at least two ∆ propagators, due to irreducibility. As a result,

at the leading order in the 1/Nf expansion, the effective potential has only one

loop terms with no internal ∆ propagators. These are the terms in the first line

in Fig 1.2 and they are of order Nf . The examples in the second and third lines

are of order N0
f and 1/Nf respectively and, so are sub-leading in the expansion.

V [∆] = +  . . .+ +

Fig. 1.3: V [∆] to the leading order in 1/Nf expansion.

2 Strictly speaking there are two separate large N limits in QCD; the limit where the number

of quark flavors Nf is large or the number of colors Nc is large. Since asymptotic freedom

depends nontrivially on both Nf and Nc, the physical results are sensitive to how these limits

are taken.



14

This one loop effective action can be calculated straightforwardly [10, 16].

Here we perform the calculation in Euclidean space.

V [∆] =
1

2g2
∆2 −Nf

∞∑
n=1

(n− 1)!

n!

∫
d2k

(2π)2

(
∆2

k2

)n
= Nf

[
1

2g2Nf

∆2 −
∫

d2k

(2π)2
ln

(
1 +

∆2

k2

)]
(1.8)

Here the degeneracy factor (n − 1)! comes from the cyclic symmetry of a graph

with n legs. Alternatively, the same result can be obtained by integrating out the

fermions in the path integral:

Z =

∫
D∆Dψ̄Dψ exp

[
i

∫
d2x

(
ψ̄ (i/∂ −∆)ψ − 1

2g2
∆2

)]
=

∫
D∆ exp

[
− i

2g2

∫
∆2 +Nf ln det(i/∂ −∆)

]
=

∫
D∆ exp(i S[∆]) (1.9)

Here the effective action S[∆] is recognized as −V [∆]3 after a Wick rotation

k0 → ik0. Since S[∆] ∝ Nf ; as Nf →∞, the path integral will be dominated by

the minimum of V [∆].

1.2.2 Asymptotic freedom, dimensional transmutation and chiral

symmetry breaking

The expression in (1.8) is UV divergent and has has to be regulated. We choose

to regulate it by putting a cutoff Λ on the momentum integral. Hence we obtain

3 Not that ln det = tr ln.
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the effective potential (per flavor):

V [∆] = ∆2

[
1

2g2Nf

− 1

4π
ln

(
Λ2

∆2
+ 3

)]
(1.10)

As usual, the cutoff dependence is absorbed in the coupling constant g ≡ g(Λ)4

by imposing the condition that the effective potential is cutoff independent:

0 =
d

d lnΛ
V [∆; g(Λ),Λ]

=
1

π
+

d

d lnΛ

(
1

g2Nf

)
(1.11)

The renormalization group (RG) flow equation (1.11) describes how the coupling

strength varies as the energy scale changes. Choosing a fixed, but arbitrary scale

M0, we see:

g2Nf (Λ) =
g2Nf (M0)

1 +
g2Nf (M0)

π
ln Λ
M0

(1.12)

It is clear that as the energy scale Λ increases, the coupling strength gets weaker.

This is the manifestation of asymptotic freedom. Alternatively, the negative sign

in the beta function to the leading order:

β(g) =
d g(Λ)

d lnΛ
= −g

3Nf

2π
(1.13)

is an indicator of the asymptotic freedom.

Another aspect of the RG flow (1.12) of the theory is dimensional transmu-

tation. After renormalization, the effective potential (1.10) is written as:

V [∆] = ∆2

[
1

2g2Nf (M0)
+

1

4π
ln

(
∆2

M2
0

− 3

)]
(1.14)

4 Here what we actually mean is g2Nf ≡ g2Nf (Λ), since it is the ’t Hooft coupling which is

nonzero and finite. But to keep the notation simple we stick with the notation g(Λ).
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It seems that V [∆] depends on two parameters g2Nf and M0; however any change

in the mass scale M0 is compensated by the corresponding change in g2Nf . As

a result, having both the coupling constant and M0 is redundant. We fix M0

such that g2Nf (M0) = π. Therefore, the only parameter that the renormalized

effective potential depends on is M0:

V [∆] =
∆2

4π

[
ln

(
∆2

M2
0

)
− 1

]
(1.15)

The ground state of the theory is the minimum of the effective potential (1.15).

-M0 M0
D

V@DD

Fig. 1.4: Plot of the effective potential V [∆].

The minimization condition is known as the gap equation in the literature.

0 =
δ V [∆]

δ∆

∣∣∣
∆0

∆0 = M0 = Λ e
1− π

g2Nf (Λ) (1.16)

Notice that the minimum is at a nonzero value of ∆ [see Fig. 1.4]. As a result, we

started with a scale invariant theory (1.2) with a dimensionless coupling constant g
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and wound up with free massive fermions, with massM0, as low energy excitations.

This mass is said to be dynamically generated by the dimensionless interaction:

hence the name “dimensional transmutation”. Moreover the appearance of the

fermion mass obviously breaks the chiral symmetry (1.4). This is an example

of the aforementioned dynamical symmetry breaking. Notably, being an explicit

sum over all the one loop diagrams, the final result (1.16) depends on the coupling

constant in a non-perturbative way and is valid for any value of the ’t Hooft

coupling.

Dimensional transmutation is a typical phenomenon in an asymptotically

free theory. The coupling gets stronger at large distances (i.e, in the infrared

or IR limit), and the vacuum ground state of the theory cannot be described

perturbatively. As discussed in the previous section, this is also the case for QCD

whose vacuum has neither massless gluons nor quarks with small bare masses;

rather mesons and baryons as low energy excitations. The scale symmetry (in

QCD with massless quarks) is also broken by ΛQCD which is roughly the size of a

nucleon.

1.2.3 Large Nf part 2: continuous symmetry breaking in 2d

We now focus on the distinguishing feature of the NJL2 model; namely the con-

tinuous chiral symmetry breaking, which is absent in GN2 model which exhibits

discrete chiral symmetry breaking. Along the same lines as the previous chapter,
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we introduce an auxiliary field ∆ and write:

LNJL = ψ̄

(
i/∂ − 1

2
(1− γ5)∆− 1

2
(1 + γ5)∆∗

)
ψ − 1

2g2
|∆|2 (1.17)

Here the order parameter ∆ is complex. Its real and imaginary parts are asso-

ciated with scalar (ψ̄ψ) and pseudoscalar (ψ̄γ5ψ) condensates respectively. The

continuous chiral symmetry (1.6) is realized as ∆ → ∆e2iθγ5
. Another way to

express the coupling with the auxiliary field is:

1

2
(1− γ5)∆ +

1

2
(1 + γ5)∆∗ = M(x)eiγ

5χ(x) (1.18)

where ∆(x) = M(x)eiχ(x). Naively, it might seem that the chiral symmetry break-

ing is identified with χ acquiring a nonzero vacuum expectation value and its

fluctuations being the usual massless Goldstone excitations. However this is not

possible in two space-time dimensions, a property known as the Coleman-Mermin-

Wagner-Hohenberg theorem [17]. The fluctuations of the massless mode are loga-

rithmic and grow in the infrared regime, destroying the long range order. To see

this let us follow [18] and look at the two point correlation function:

〈ψ̄(1 + γ5)ψ(x)ψ̄(1− γ5)ψ(0)〉 ∼ 〈e−iχ(x)eiχ(0)〉 (1.19)

Since χ is a massless scalar field, the expectation value can easily be calculated.

〈e−iχ(x)eiχ(0)〉 ∼ e−2πG(x) ∼ e−1/Nf ln(|x|) = |x|−1/Nf (1.20)

It is clear that long range order is precluded by the logarithmic behavior of the two

dimensional propagator. However, the large Nf limit provides a way to sustain
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long range order. Notice that:

e−1/Nf ln(|x|) = 1− 1

Nf

ln(|x|) + O(1/N2
f ) (1.21)

To leading order in the above expansion as Nf → ∞, the two point correlator

(1.18) takes a constant value indicating the existence of the long range order and

chiral symmetry breaking. Physically, the large number of degrees of freedom

suppresses the long range fluctuations. In general the power law type of behavior

(1.20) of the order parameter is known as quasi-long range order. As opposed to

the usual exponential decay, it decays much more slowly and the spatial size of the

almost ordered region grows as Nf increases. The important implication is that

in two space-time dimensions we can indeed study continuum chiral symmetry

breaking in the large Nf limit.



Chapter 2

Inhomogeneous phases and their properties

At this chapter we introduce a new method to solve for the static and inhomo-

geneous ground states of GN2 and NJL2 models. Our method generalizes the

previous works [19, 20, 21, 22] addressed the same problem by using various

methods. As explained in Chapter 1, the ground states of the theory are the

minima of an effective potential found by solving the functional gap equation.

Our method allows one to reduce the functional gap equation (1.16) for inho-

mogeneous configurations into an ordinary differential equation which is further

soluble. Further, we also present the solution of the associated Dirac equation

and study the properties of the spinor solutions.

2.1 Effective action, gap equation, Hartree-Fock approximation

We start with setting the background of the problem, namely the inhomogeneous

gap equation.

20
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2.1.1 Gap equation

The partition function for the NJL2 model is:

Z =

∫
Dψ̄Dψ exp

[
i

∫
d2x

(
ψ̄i/∂ψ +

g2

2
[(ψ̄ψ)2 + (ψ̄iγ5ψ)2]

)]
(2.1)

In the same manner as the discussion in the previous chapter (Section 1.2.3), we

apply a Hubbard-Stratonovich transformation to get:

Z =

∫
Dψ̄DψD∆D∆∗ exp

[
i

∫
d2x

(
ψ̄(i/∂ − 1

2
(1− γ5)∆− 1

2
(1 + γ5)∆∗)ψ

− 1

2g2
|∆|2

)]
=

∫
D∆D∆∗ exp (iNf S[∆,∆∗]) (2.2)

where ∆ is a complex order parameter whose real and imaginary parts are asso-

ciated with scalar (ψ̄ψ) and pseudoscalar (ψ̄γ5ψ) condensates respectively. In the

second line we integrated out the fermions and defined the action per flavor as:

S[∆,∆∗] = − 1

2g2Nf

∫
d2x|∆2| − i ln det

(
i/∂ − 1

2
(1− γ5)∆− 1

2
(1 + γ5)∆∗

)
(2.3)

Here the trace is over both space-time and Dirac indices. In the large Nf limit,

the partition function is dominated by the configurations which are the extrema

of S[∆,∆∗] in functional space. However, here we do not restrict ourselves to

translationally invariant configurations as was done in the introduction. Using
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the fact that ln det = tr ln, the gap equation can be written as:

0 =
δS[∆,∆∗]

δ∆∗

= − 1

2g2Nf

∆ + i
1

2
tr

(
(1 + γ5)

1

i/∂ − 1
2
(1− γ5)∆− 1

2
(1 + γ5)∆∗

)
(2.4)

If the condensate is constant, it is straightforward to evaluate the determi-

nant and solve the gap equation as demonstrated in the previous chapter. When

the condensate is inhomogeneous this is a much more difficult problem. Dashen,

Hasslacher and Neveu [19] used inverse scattering to find kink-like static but spa-

tially inhomogeneous condensates for the gap equation of the GN2 model (where

there is no pseudoscalar condensate, so ∆ is real). Shei [20] extended this inverse

scattering analysis to the chiral Gross-Neveu model, the NJL2 model, and found

a spatially inhomogeneous complex kink. A new approach to the inhomogeneous

gap equation, based on the resolvent, was developed by Feinberg and Zee [21] and

applied to the kink solutions of both the GN2 and NJL2 models. For the GN2

model, Thies used a Hartree-Fock approach to find a periodic extension of the real

kink solution, motivated by analogous inhomogeneous condensates in condensed

matter systems [22]. Our approach will be to show that the complex gap equation

(2.4) can be reduced in an elementary manner to a soluble form of the nonlinear

Schrödinger equation. The general solution contains all previously known inho-

mogeneous condensates (real and complex), and yields a new crystalline extension

of Shei’s complex kink.
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2.1.2 Hartree-Fock approximation

An alternative way to study the large Nf limit is the Hartree-Fock approach. To

generate the expectation value of composite fermion fields, we introduce a complex

current J :

Z[J, J∗] =

∫
Dψ̄DψD∆D∆∗ exp

[
i

∫
d2x

(
ψ̄(i/∂ − 1

2
(1− γ5)(∆− J)

−1

2
(1 + γ5)(∆∗ − J∗))ψ − 1

2g2
|∆|2

)]
=

∫
D∆D∆∗ exp

[
−i 1

2g2

∫
d2x|∆ + J |2

+Nf tr log

(
i/∂ − 1

2
(1− γ5)∆− 1

2
(1 + γ5)∆∗

)]
(2.5)

Here we shifted the integration variable as ∆ → ∆ + J in the path integral and

integrated out the fermions. Then the complex chiral order parameter can be

calculated as:

〈ψ̄ψ〉 − i〈ψ̄iγ5ψ〉 =
2

i

δ lnZ[J, J∗]

δJ∗

∣∣∣
J=0

(2.6)

After taking the large Nf limit the effective action is found to be:

lnZ[J, J∗] = −i 1

2g2

∫
d2x|∆ + J |2 +Nf tr log

(
i/∂ − 1

2
(1− γ5)∆− 1

2
(1 + γ5)∆∗

)
(2.7)
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where ∆ is evaluated on the gap equation (2.4), we obtain the self consistency

relation:

〈ψ̄ψ〉 − i〈ψ̄iγ5ψ〉 = − 1

g2
∆ (2.8)

Here the spinors are solutions of the single particle Dirac equation, which is the

equation of motion of (2.2):

(
i/∂ −−1

2
(1− γ5)∆− 1

2
(1 + γ5)∆∗

)
ψ = 0 (2.9)

This is the standard Hartree-Fock approximation, used widely in many body

theory, where the large numbers of degrees of freedom (in our case Nf ) allows us

to approximate the quartic self interaction with a mean-field potential (2.8). It

should be emphasized that we consider inhomogeneous potentials in our analysis.

Also the Hartree-Fock problem is completely local in our context. The reason is

that the NJL model has a local self interaction instead of a Yukawa type coupling

that typically occurs in many body problems, which leads to a non-local term

in the Hartree-Fock Lagrangian. The locality can also be seen by coupling the

fermions to a massive scalar [10]. At the limit where the mass of the scalar is

infinite, the interaction becomes local since the scalar field do not propagate and

we obtain the original NJL2 model.

We choose Dirac matrices γ0 = σ1, γ1 = −iσ2, γ5 = σ3 to put the corre-

sponding single particle Hamiltonian into the form of the standard Bogoliubov-
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de Gennes (BdG) Hamiltonian of superconductivity [23]

H =

 −i d
dx

∆(x)

∆∗(x) i d
dx

 (2.10)

The associated spectral equation

Hψ = Eψ (2.11)

will be referred to as the Bogoliubov-de Gennes (BdG) equation.

2.2 A glimpse into finite temperature and density

Following the standard formalism [24] of investigating the thermal equilibrium

properties of quantum field theories, we pass to imaginary time t → −iτ and

compactify on a circle with radius β ≡ 1/T . The Boltzmann constant kB is

embedded into the temperature T . The chemical potential µ enters through the

addition of the term µψ†ψ to the Lagrangian. The fermions have anti-periodic

boundary conditions under the identification τ = 0 ∼ β. Therefore the energy

eigenvalues are pure imaginary, and quantized as:

∫
dω

2π
→ 1

β

∞∑
n=−∞

ω ≡ i
∂

∂t
→ ωn =

2πi

β

(
n+

1

2

)
(2.12)
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The tr ln part in the effective potential per flavor, −S[∆,∆∗]/Nf (see (2.3)) then

becomes:

i tr ln

(
i/∂ − 1

2
(1− γ5)∆− 1

2
(1 + γ5)∆∗ + µγ0

)
→ − 1

β

∞∑
n=−∞

[−ωn +H − µ] = − 1

β
tr ln

[
∞∏
n=0

(−ω2
n + (H − µ)2)

]
(2.13)

Here the trace is over spatial momentum and Dirac indices and H is the BdG

Hamiltonian defined in (2.10). By the help of the product formula of cosh [101]:

cosh(x) =
∞∏
n=0

(
1 +

4x2

π2(2n+ 1)2

)
(2.14)

and dropping the terms independent of H, we get:

− 1

β
tr ln

[
cosh

(
β(H − µ)

2

)]
= −1

2
tr|H − µ| − 1

β
tr ln

(
1 + e−β|H−µ|

)
(2.15)

The trace can be written explicitly as
∫
dEρ(E) with ρ(E) being the density of

states. The second term in (2.15) is the usual partition function of a generic

fermion system. The first term is the vacuum free energy and formally UV diver-

gent. We introduce an energy cutoff cutoff in the energy trace Emin and obtain:

∫ µ

Emin

dEρ(E)(E − µ)− 1

β

∫ ∞
−∞

dE ρ(E) ln
(
1 + e−β(E−µ)

)
(2.16)

The first term contributes to the renormalization together with the 1
2g2 |∆|2 term.

In the Hartree-Fock context, 1
2g2 |∆|2 corresponds to the double counting correction

term.After absorbing the divergent piece in the second integral, the full grand
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potential can be written compactly as:

Ψ[∆(x);T, µ] = − 1

β

∫ ∞
−∞

dE ρ(E) ln
(
1 + e−β(E−µ)

)
+

1

2Nfg2

1

L

∫ L

0

dx|∆(x)|2 .

(2.17)

2.3 Resolvent approach and the Nonlinear Schrödinger Equation

The key quantity in our approach is the coincident limit of Gor’kov Green’s func-

tion, or the the “diagonal resolvent”:

R(x;E) ≡ 〈x| 1

H − E |x〉 . (2.18)

The resolvent (2.18) is clearly a 2× 2 matrix. For a static (but possibly spatially

inhomogeneous) condensate, all spectral information is encoded in the resolvent.

Indeed, the spectral function (or the density of states) characterizing the single-

particle spectrum of fermions in the presence of the condensate ∆(x) is

ρ(E) =
1

π
ImTrD,x [R(x;E + iε)] , (2.19)

where the trace is a Dirac trace as well as a spatial trace. This fact follows trivially

from the Sokhatsky-Weierstrass theorem:

1

x− iε = P
(

1

x

)
+ iπδ(x) (2.20)

It is also possible to read off the single particle spectrum of the fermions in the

phase associated with the condensate, by investigating the analyticity structure
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of the corresponding density of states. The bound states will show up as poles

and the continuum states or bands will show up as branch cuts of ρ(E).

Our first, very simple, observation is that the form of the BdG equation

(2.11) places very strong constraints on the possible form of R(x;E). For any

static condensate ∆(x), R(x;E) must satisfy the following algebraic conditions

[these are explained in more detail in Appendix A]:

R = R† (2.21)

trD (R(x;E)σ3) = 0 (2.22)

detR(x;E) = −1

4
. (2.23)

Furthermore, R(x;E) must satisfy the first-order differential equation

∂

∂x
R(x;E)σ3 = i


 E −∆(x)

∆∗(x) −E

 , R(x;E)σ3

 (2.24)

simply as a consequence of the Dirac equation (2.11). In superconductivity, (2.24)

is known as the Eilenberger equation [25, 26], and in mathematical physics as the

Dik’ii equation [27]. These conditions (2.21)–(2.23), and the Eilenberger equation

(2.24), all follow from the simple fact [26, 27, 28] that for the one-dimensional

BdG equation, which involves derivatives with respect to the single variable x,

the Green’s function can be expressed as a product of two independent solutions

to (2.11):

R(x;E) =
1

2iW

(
ψ1ψ

T
2 + ψ2ψ

T
1

)
σ1 (2.25)
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where W is the Wronskian of two independent solutions ψ1,2: W = iψT1 σ2ψ2.

The next step is to note that the gap equation provides further information

about the possible form of the resolvent, and this is enough to motivate a specific

ansatz form [11, 12]. There are two ways of viewing the gap equation (2.4) in

terms of the resolvent. First, for a static condensate, recall that we can write the

log det term in the effective action (2.3) as minus the grand canonical potential,

in terms of the single-particle spectral function ρ(E):

− 1

β

∫ ∞
−∞

dE ρ(E) ln
(
1 + e−β(E−µ)

)
. (2.26)

All dependence on ∆(x) resides in the spectral function ρ(E), via (2.19). There-

fore, inserting this into the gap equation (2.4), this relates ∆(x) to the diagonal

entries of R(x;E). Further, as a consequence of the condition (2.22), these diago-

nal entries are equal. So, the simplest natural solution to the gap equation is for

the diagonal entries of R(x;E) to be linear in |∆(x)|2. A second way to view the

gap equation is to evaluate the functional derivative in (2.4), which for a static

condensate leads to:

∆(x) = −iNg2trD,E
[
γ0
(
1 + γ5

)
R(x;E)

]
(2.27)

The Dirac trace then relates the off-diagonal entries of R(x;E) to ∆(x). Since R

is hermitean, these off-diagonal entries are complex conjugates of one another.

Summarizing, R(x;E) must be a hermitean 2×2 matrix with equal diagonal

entries, such that [after the spatial and energy trace] the variation of the diagonal
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terms is proportional to ∆(x), and with off-diagonal terms linear in ∆(x), after

the energy trace. This suggests taking the resolvent to be of the form

R(x;E) = N (E)

a(E) + |∆(x)|2 b(E)∆(x)

b(E)∆∗(x) a(E) + |∆(x)|2

 (2.28)

where a(E), b(E) and N (E) are functions of E, independent of x, and are to

be determined. However, this ansatz cannot describe inhomogeneous condensates

because the only solution of this form consistent with (2.23) is a condensate with

constant magnitude, independent of x. Indeed, taking ∆ to be constant (and by

a global chiral rotation, real), ∆ = M , the solution to (2.21)–(2.24) is simply

R(x;E) =
1

2
√
M2 − E2

E M

M E

 (2.29)

as is familiar. This example also illustrates that the hermiticity condition (2.21)

must of course be interpreted with the appropriate iε prescription for the energy.

To find inhomogeneous condensates, extend the ansatz (2.28) to include a

first derivative term in the off-diagonal entries:

R(x;E) = N (E)

 a(E) + |∆(x)|2 b(E)∆(x)− i∆′(x)

b(E)∆∗(x) + i∆′ ∗(x) a(E) + |∆(x)|2

 . (2.30)

This is the simplest extension of (2.28) that is consistent with the various algebraic

constraints and with the Eilenberger equation (2.24). Indeed, substituting the

ansatz (2.30) into the Eilenberger equation (2.24), we see that the diagonal entry

of this equation is identically satisfied, while the off-diagonal entry implies that
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∆(x) must satisfy the following nonlinear Schrödinger equation (NLSE) [and its

complex conjugate]:

∆′′ − 2|∆|2 ∆ + i (b− 2E) ∆′ − 2 (a− Eb) ∆ = 0 . (2.31)

Two comments are in order. First, it is not immediately obvious that R(x;E)

in (2.30) can satisfy the normalization condition (2.23) for an inhomogeneous

condensate, since

detR(x;E) = N 2
{
|∆|4 − |∆′|2 + (2a− b2)|∆|2 + ib (∆′∆∗ −∆∆∗′) + a2

}
(2.32)

Remarkably, the NLSE (2.31) implies that (detR(x;E)) is constant:

d

dx

(
detR(x;E)

N 2

)
=

(
2|∆|2 + 2a− b2

) (
|∆|2

)′ −∆′′∆∗′ + ib∆′′∆∗ + c.c.

= 0 (2.33)

where we have used the fact that the NLSE (2.31) implies that (∆′′∆∗′ + ∆′∆∗′′) =

(2|∆|2 + 2a− 2Eb) (|∆|2)
′
, and that (∆′′∆∗ −∆∗′′∆) = −i(b− 2E) (|∆|2)

′
. Since

detR(x;E) is constant, the normalization in (2.23) can be achieved by suitable

choice of N (E). Second, while the ansatz (2.30) automatically satisfies the x

dependence of the gap equation in its form coming from (2.26) [because the trace

of R is, by construction, linear in |∆|2], it doesn’t satisfy the other form of the

gap equation (2.27), until the energy trace is performed. This is because of the

∆′(x) terms in the off-diagonal. The energy trace puts a consistency condition on

the solution:

0 = trE (N (E)) ≡
∫
dE

2π

N (E)

1 + eβ(E−µ)
(2.34)
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Thus, we have reduced the very difficult problem of solving the functional

gap equation (2.4) for a self-consistent condensate ∆(x) to the much simpler

problem of solving the NLSE for ∆(x). In fact, the NLSE (2.31) is explicitly

soluble, as is discussed in the following sections, in which we describe first the real

solutions [relevant for the GN2 model], and then the complex solutions [relevant

for the NJL2 model].

2.4 Solutions of the Nonlinear Schrödinger Equation

In this Section we examine the solutions of the NLSE (2.31) extensively. We first

start with the most general solution, the twisted kink crystal, and demonstrate

how all the previously known complex and real solutions arise as special cases

of the most general solution. We also recapitulate the main properties of these

previously known solutions in the context of NLSE and resolvent approach.

2.4.1 Twisted kink crystal condensate

The most general solution to the NLSE (2.31) describes a crystalline condensate

[11, 12]. It is a periodic array of kinks that also rotate in the chiral plane, as

illustrated in Figure 2.4.1. In the figure, the solution is the red line and the

background envelope is to emphasize the modulation in its amplitude. The single

chirally-twisted kink was originally found by Shei [20] using inverse scattering

techniques, and subsequently studied in a resolvent approach by Feinberg and Zee
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[21]. The periodic array of such twisted kinks can be expressed in terms of the

Fig. 2.1: The twisted kink crystal condensate (2.35).

elliptic functions:

∆(x) = −λAe2iqx σ(λAx+ iK′ − iθ/2)

σ(λAx+ iK′)σ(iθ/2)

× exp [iλAx (−i ζ(iθ/2) + i ns(iθ/2)) + i θη3/2] (2.35)

where sc=sn/cn, nd=1/dn are Jacobi elliptic functions, and the functions σ and ζ

are the Weierstrass sigma and zeta functions [101, 102, 103, 104], chosen to have

real and imaginary half-periods: ω1 = K(ν), and ω3 = iK′ ≡ iK(1 − ν). K is

the elliptic integral of the first kind definded as K(ν) ≡
∫ π/2

0

(
1− ν sin2 t

)−1/2
dt.

Both periods are therefore controlled by a single [real] elliptic parameter 0 ≤ ν ≤

1. Note that η3 = ζ(iK′) is pure imaginary. The parameter λ sets the overall

scale of the condensate, and 1/λ sets the length scale of the crystal. Later, we will

use units in which the vacuum mass of the fermion is 1, so that λ sets the scale

relative to the vacuum fermion mass. The angular parameter θ takes values in

the range θ ∈ [0, 4K′(ν)]. The [real] constant A is a function of θ and the elliptic

parameter ν:

A = A(θ, ν) = −2i sc(iθ/4; ν) nd(iθ/4; ν) (2.36)
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For brevity we will usually suppress the explicit dependence of the elliptic func-

tions on the elliptic parameter ν. The final parameter q is an overall phase pa-

rameter that affects the chiral angle through which the condensate rotates over

one period L = 2K
λA

:

∆(x+ L) = e2iϕ∆(x) ; ϕ = K

(
−i ζ(iθ/2) + i ns(θ/2)− ηθ

2K
+

2q

λA

)
(2.37)

where η ≡ ζ(K) is real. Thus the general solution is specified by four real param-

eters: a scale parameter λ, a phase parameter q, an angular parameter θ, and the

elliptic parameter ν.

It is also useful to visualize the condensate (2.35) in terms of its amplitude

and phase: ∆ = M eiχ. The modulus squared is a bounded periodic function,

with period 2K/A:

M2 ≡ |∆(x)|2 = λ2A2 (P (λAx+ iK′)− P (iθ/2)) (2.38)

Here we used the quasi-periodicity property (B.2) of the σ function, together with

the product identity (B.12) relating the σ and P functions. The phase χ can be

expressed as

χ(x) = λA(−i ζ(iθ/2) + i ns(iθ/2))x+
i

2
ln

(
σ(λAx+ iK′ + iθ/2)

σ(λAx+ iK′ − iθ/2)

)
+
η3θ

2
+ 2q

(2.39)

The amplitude and phase are plotted in Figure 2.2, for θ = 1.6 and ν = 0.95. Note

that the amplitude is periodic while the phase changes by 2ϕ over each period.
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Fig. 2.2: Plots of the amplitude M(x) and phase χ(x) of the complex kink crystal

condensate (2.35).
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The complex crystalline condensate in (2.35) satisfies the NLSE:

∆′′ − 2 |∆|2 ∆− i (2λA i ns(iθ/2)− 2q) ∆′ − λ2A2
(
3P(iθ/2)− ns2(iθ/2)

)
∆ = 0

(2.40)

Comparing this equation with the NLSE (2.31) we can extract the functions a(E),

b(E) and N (E) appearing in (2.30), thereby determining the exact diagonal resol-

vent. These parameters also parametrize the energy spectrum of fermions in such a

condensate background, which has two gaps, with band edges E1 ≤ E2 ≤ E3 ≤ E4

as shown in the first plot of Figure 2.3:

E1 = q − λ

E2 = q + λ(−1 + 2 nc2(iθ/4))

E3 = q + λ(−1 + 2 nd2(iθ/4))

E4 = q + λ (2.41)

Thus, in terms of the single particle fermion spectrum, the role of the four param-

eters is as follows: λ determines the overall energy scale; q determines the overall

offset; while θ and ν determine the location and width of the band that lies in the

gap between the “outer” edges E1 and E4. The simple linear dependence of the

energy spectrum on the parameters λ and q is a direct consequence of the form of

the Hamiltonian (2.10), and reflects the an important scale and shift symmetry

described in detail in Section 3.1.
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Fig. 2.3: Plots of the single-particle fermion spectrum (2.41) for the complex

kink crystal condensate.

We can roughly think of the parameter θ as setting the offset location of

the band inside the gap, while the parameter ν, together with θ, plays the role of

determining the period of the crystal, and hence the width of the band. This can

be seen in Figure 2.3, where the first and second plots are for ν = 0.1 and ν = 0.9

respectively. In terms of the band edges, the resolvent functions a(E), b(E) and
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N (E) that appear in the resolvent (2.30) take the following simple form:

a(E) = 2E2 −
(

4∑
j=1

Ej

)
E +

1

8


(

4∑
j=1

Ej

)2

−
4∑
i<j

(Ei − Ej)2


b(E) = 2E −

4∑
j=1

Ej

N (E) =
i

4
√∏4

j=1(E − Ej)
(2.42)

Here the normalization N (E) is fixed by the property detR = −1
4
. From (2.19),

we also have an explicit exact expression for the density of states of fermions in

the presence of such a twisted kink condensate field, following from the trace of

the resolvent. Within the bands:

ρ(E) =
1

2π

a(E) + λ2Z√∏4
j=1(E − Ej)

(2.43)

Here we have defined the function Z(θ, ν) in terms of the normalized average of

|∆(x)|2 over one period:

Z(θ, ν) ≡ 1

λ2
〈|∆(x)|2〉 = −A(θ, ν)2

(
P(iθ/2) +

η

K

)
(2.44)

with P being the Weierstrass P function. Thus, the density of states ρ(E) is an

explicitly known function of the energy E, depending parametrically on the four

parameters λ, q, θ and ν that characterize the solution (2.35) to the gap equation.

This parametric dependence enters through the band edge energies Ej in (2.41),

and through the function Z defined in (2.44).



39

2.4.2 Single twisted kink condensate

Shei [20] found a solution to the gap equation for the NJL2 model, in which both

the scalar and pseudoscalar condensates have a kink-like form:

Re[∆(x)] = λ
[
cos2(θ/2) + sin2(θ/2) tanh (λ sin (θ/2) x)

]
Im[∆(x)] = −λ

2
sin(θ) [1− tanh (λ sin (θ/2) x)] (2.45)

where θ ∈ [0, 2π] is a parameter. This complex kink (2.45) has also been exten-

sively studied in the resolvent approach by Feinberg and Zee [21]. This solution

follows as a special case of the general solution (2.35) as the period of the crystal

goes to infinity. This limit is approached as ν → 1. Using the properties of the

Weierstrass functions (see Appendix B), ∆(x) in (2.35) reduces to:

∆(x) = λ
cosh (λ sin (θ/2) x− iθ/2)

cosh (λ sin (θ/2) x)
eiθ/2 . (2.46)

which is precisely Shei’s solution (2.45). This complex form is plotted in Figure

2.4 with θ = 3π/2, illustrating how the kink winds around zero without the

amplitude vanishing. The kink is the solid [red] line, and the surface is shown

simply to illustrate that both the amplitude and the phase are changing. This

also illustrates the role of the parameter θ ∈ [0, 2π] as the net rotation angle of

the kink as x goes from −∞ to +∞:

∆(x = +∞) = e−iθ∆(x = −∞) (2.47)

Observe that when θ = π, the complex kink (2.46) is in fact real, and reduces

to the familiar real kink solution (see Section 2.4.5); this real kink changes its
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Fig. 2.4: Plot of the complex kink condensate.

sign [i.e., rotates through π] in passing from x = −∞ to x = +∞. Another

useful representation of this kink is in terms of the magnitude and phase ∆(x) =

M(x)eiχ(x):

M2(x) = λ2
[
1− sin2 (θ/2) sech2 (λ sin (θ/2) x)

]
(2.48)

χ(x) = arctan

(
sin θ

cos θ + e2λx sin(θ/2)

)
(2.49)

This form is illustrated in Figure 2.5. The condensate amplitude M(x) [solid, red

curves] approaches m at x = ±∞, and equals m cos(θ/2) at the kink center x = 0.

The phase χ(x) [dashed, blue, curves] winds from θ to 0 as x ranges from x = −∞

to x = +∞. The plots are for θ = π/10, θ = π/2, and θ = 9π/10. The complex

kink condensate (2.46) satisfies the NLSE:

∆′′ − 2 |∆|2 ∆− 2 i λ cos (θ/2) ∆′ + 2λ2∆ = 0 (2.50)
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Fig. 2.5: Plots of the amplitude M and phase χ of the complex kink condensate.
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From this NLSE, we deduce the exact diagonal resolvent to be of the form (2.30)

with

a(E) = 2E2 − 2λ cos(θ/2)E − λ2

b(E) = 2E − λ cos(θ/2)

N (E) =
1

4(E − λ cos (θ/2))
√
λ2 − E2

(2.51)

2K' 4K'
Θ

Λ+q

-Λ+q

E

Fig. 2.6: Plot of the fermion single-particle spectrum for the single complex kink.

The spectrum of the associated BdG equation (2.11) has positive and neg-

ative energy continua starting at E = ±λ, together with a single bound state

located at E = λ cos (θ/2). The bound state is the remnant of the band in the

spectrum of the twisted crystal (2.41) condensate. Here the band contracts to a

single bound state, with E2 = E3 = λ cos (θ/2). When θ = π, where this complex

kink reduces to the standard real kink, the bound state is a zero mode. But for

other values of θ the single bound state lies asymmetrically inside the gap, as
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plotted in Figure 2.6. As θ goes from 0 to 2π, one state moves from the positive

to the negative energy continuum. As is clear from the previous subsection, we

can always multiply the complex kink solution (2.46) by a plane-wave factor e2iqx,

which has the net effect of displacing the fermion spectrum by q, with the corre-

sponding simple modifications to the resolvent functions a(E), b(E) and N (E) in

(2.51).

At this stage we have shown that Shei’s complex kink condensate (2.46)

solves the NLSE, and we have found the corresponding exact diagonal resolvent

(2.30) with a(E), b(E) and N (E) given in (2.51). This agrees with the spectral

properties derived from inverse scattering [20]. Shei further showed [20] that

this complex condensate solves the gap equation provided a further restriction is

applied to the winding parameter θ. This condition states that θ/(2π) is equal to

the filling fraction n
N

, in the large flavor limit, of the single bound state in the gap

by n flavors, with n
N

fixed as N →∞ [20, 21]:

θ

2π
=

n

N
(2.52)

In fact, this is the same condition (2.34) that arises from demanding that the

coefficient of the ∆′(x) term in (2.27) vanishes after the energy trace, a necessary

requirement to satisfy the gap equation.
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2.4.3 Spiral condensate

An important special case of the general solution (2.35) is the degenerate case

when the bound band of the fermion spectrum shrinks and merges with the upper

or lower continuum, so that the spectrum has just a single gap. This occurs when

the angular parameter takes values at its extreme limits: θ = 0 [which implies

that E2 = E3 = E4, so that the bound band merges with the upper continuum], or

θ = 4K′ [which implies that E1 = E2 = E3, so that the bound band merges with

the lower continuum] (see Fig 2.3). The general twisted kink crystal condensate

(2.35) reduces to a single plane wave

∆ = λ e2iqx (2.53)

which is clearly a solution to the NLSE (2.31). For this condensate the amplitude

Fig. 2.7: The spiral condensate (2.53).

is constant, while the phase rotates at a constant rate, set by q, as shown in Figure

2.7. The fermion energy spectrum has just one gap, of width 2λ, centered at q;

that is, the band edges lie at E1 = q − λ, and E4 = q + λ. Correspondingly,

the resolvent trace has a simplified form, and the spectral function within the
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continuum bands is simply:

ρ(E) =
1

π

|E − q|√
λ2 − (E − q)2

(2.54)

which we recognize as the spectral function of a constant condensate ∆ = λ,

shifted in energy by q.

2.4.4 Real kink crystal condensate

Another important special case of the general solution (2.35) is the case where

the condensate is real [relevant for the GN2 model]. For a real condensate ∆, the

phase parameter vanishes; q = 0, and the angular parameter θ takes its midpoint

value θ = 2K′(ν). Thus the real kink crystal is described by just two parameters,

the scale λ and the elliptic parameter ν:

∆(x) = λ

(
2
√
ν

1 +
√
ν

)
sn

(
2λx

1 +
√
ν

; ν

)
(2.55)

Over one period, L = 2K(ν̃)
λ

, the condensate changes sign [that is, it ro-

tates through an angle 2ϕ = −π], as shown in Figure 2.8. This change of sign

corresponds to the discrete chiral symmetry of the GN2 model, while the phase

rotation (2.37) of the general kink crystal condensate (2.35) through an arbitrary

angle is associated with the continuous chiral symmetry of the NJL2 model. The

real kink crystal describes the inhomogeneous condensate of the crystalline phase

of the GN2 model [22], and its thermodynamics will be discussed below in Sec-

tion 3.4. In addition to the crystalline phase of the Gross-Neveu model [22], this
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solution also describes, a polaron crystal in polymer physics [29], a spin Peierls

cuprate CuGeO3[31], and a periodic pair potential in inhomogeneous supercon-

ductors [32, 33, 34, 35, 36]. The periodic condensate (2.55) satisfies the NLSE

∆′′ − 2 ∆3 + (1 + ν)

(
2λ

1 +
√
ν

)2

∆ = 0 . (2.56)

Thus, we deduce:

a(E) = 2E2 − 2λ2 1 + ν

(1 +
√
ν)2

(2.57)

b(E) = 2E (2.58)

N (E) =
1

4

1
√
λ2 − E2

√
E2 − λ2(1−

√
ν

1+
√
ν
)2

(2.59)

This periodic condensate is plotted in Figure 2.8 for elliptic parameter ν = 0.99
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Fig. 2.8: The real kink crystal condensate (2.55).

[solid, red curve], and for ν = 0.1 [dashed, blue curve]. For small ν the condensate
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has the Larkin-Ovchinikov-Fulde-Ferrell (LOFF)[37] form of a small amplitude

sinusoidal condensate, while for ν → 1 the condensate resembles an array of

kinks and anti-kinks. Note that over the period x ∈ [−K(ν)(1+
√
ν)

2λ
, K(ν)(1+

√
ν)

2λ
], the

condensate is shaped like a single kink. This reflects the expansion of the Jacobi

sn function in terms of an array of periodically displaced tanh functions:

sn(x; ν) =
π

2
√
νK′

∞∑
n=−∞

(−1)n tanh
( π

2K′
(x− 2nK)

)
(2.60)

where we use the standard notation K′(ν) ≡ K(1−ν). In the infinite period limit

(ν → 1), the interval [−K(ν)(1+
√
ν)

2m
, K(ν)(1+

√
ν)

2m
] maps to the whole real line, and

K′ → π/2, and so the kink crystal (2.55) reduces to a single kink condensate.

It is worth noting that this periodic kink crystal (2.55) can be written in

an equivalent, but different looking, form, by use of a Landen transformation

[101, 102, 103, 104] of the Jacobi functions. That is, by rescaling the elliptic

parameter ν together with the argument λx, we can write

∆(x) = λ ν̃
sn (λx; ν̃) cn (λx; ν̃)

dn (λx; ν̃)
; ν̃ ≡ 4

√
ν

(1 +
√
ν)2

. (2.61)

This is the form in which this periodic kink solution is presented by Thies et al

[22] on the crystalline phase of the Gross-Neveu model, while the form (2.55) was

used in the condensed matter literature in [29, 32, 33, 34, 35]. The spectrum

of the associated BdG equation (2.11) has positive and negative energy continua

starting at E = ±λ, together with a single bound band in the middle of the gap,

with band edges at E = ±
(

1−
√
ν

1+
√
ν

)
λ. This band lies symmetrically in the center
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Fig. 2.9: The band spectrum of the real kink crystal.

of the gap. The spectrum is plotted in Figure 2.9 as a function of the elliptic

parameter ν. Notice that there is just one bound band in the energy gap, and

when ν → 1 [the infinite period limit], the bound band at the center of the gap

contracts smoothly to the single bound zero mode of the kink condensate. The

particular scaling in (2.55) fixes the continuum band edges to ±λ.

2.4.5 Single real kink condensate

A well known nontrivial solution to the gap equation is the single (real) kink which

is the infinite period limit (ν → 1) of the kink crystal (2.55) [19]:

∆(x) = λ tanh (λx) (2.62)

This satisfies the NLSE

∆′′ − 2 ∆3 + 2λ2∆ = 0 , (2.63)
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and so we deduce the exact diagonal resolvent to be of the form (2.30) with

a(E) = 2E2 − λ2

b(E) = 2E

N (E) =
1

4

1

E
√
λ2 − E2

(2.64)

The spectrum of the associated BdG equation (2.11) has positive and negative

energy continua starting at E = ±λ, together with a single bound state located

at E = 0, at the center of the gap. This mid-gap zero mode has many important

consequences in a variety of branches of physics [38] and can be seen here to

arise in the limit where the bound band shrinks to a single state when the period

becomes infinite.

2.4.6 Homogeneous condensate

If the condensate is constant, then by a global chiral rotation it can be taken to

be real:

∆(x) = λ (2.65)

This clearly satisfies the NLSE (2.31), and we find

a(E) = 2E2 − λ2

b(E) = 2E

N (E) =
1

4

1

E
√
λ2 − E2

(2.66)
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The spectrum of the associated BdG equation (2.11) is that of a free fermion with

mass λ, with positive and negative energy continua starting at E = ±λ, the mass

scale being set by the amplitude of the condensate.

2.5 Solutions of the Dirac-Bogoluibov-de Gennes equation

2.5.1 Spinor wavefunctions

Remarkably, not only is it possible to solve the NLSE (2.31) exactly, we can

also solve exactly the associated BdG equation [39]. In the previous sections we

described the spectrum; here we present the explicit spinor solutions and express

the spectral information in a more compact and useful form. Also we set λ =

1, q = 0 for simplicity. This is equivalent to setting E1 = −E4 = 1 in the energy

spectrum (2.41). This point will be explored in more detail in Section 3.1. We

write the BdG equation (2.11) as−i ddx ∆(x)

∆∗(x) i d
dx

ψ = Eψ (2.67)

The solutions for the real condensates in Sections 2.4.4, 2.4.5 are well known

[19, 21]. For the complex plane wave, ∆(x) = λe2iqx, the solutions are simply

chiral rotations of free spinors, and are discussed for example in [40]. For Shei’s

complex kink condensate (2.46), the spinor solutions are given in [20, 55]. For the

complex kink crystal (2.35), the two independent spinor solutions can be written
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as

ψ+ = −
√

A

2|dk/dα|e
iη3α

 σ(Ax+iK′−iα−iθ/4)
σ(Ax+iK′)σ(iα+iθ/4)

e
iAx

2
[−iζ(iθ/2)+i ns(iθ/2)]+iθη3/4+iπ/4

σ(Ax+iK′−iα+iθ/4)
σ(Ax+iK′)σ(iα−iθ/4)

e−
iAx

2
[−iζ(iθ/2)+ins(iθ/2)]−iθη3/4−iπ/4


× exp

[
(−iAx

2
[iζ(iα + iθ/4) + iζ(iα− iθ/4)]

]

ψ− =

√
A

2|dk/dα|e
−iη3α

 σ(Ax+iK′+iα−iθ/4)
σ(Ax+iK′)σ(iα−iθ/4)

e
iAx

2
[−iζ(iθ/2)+ins(iθ/2)]+iθη3/4+iπ/4

σ(Ax+iK′+iα+iθ/4)
σ(Ax+iK′)σ(iα+iθ/4)

e−
iAx

2
[−iζ(iθ/2)+i ns(iθ/2)]−iθη3/4−iπ/4


× exp

[
iAx

2
[iζ(iα + iθ/4) + iζ(iα− iθ/4)]

]
(2.68)

Here, α is a spectral parameter that characterizes the energy and momentum of

these solutions, and k is the momentum, defined below in (2.73). Notice that ψ±

differ from one another by the sign of α.

To relate the energy eigenvalue E to the spectral parameter α, we substitute

these forms into the BdG equation (2.67), and make use of the Weierstrass function

identity (B.13). This identity immediately shows that these are indeed solutions,

and determines the energy to be

E(α) =
A

2
[i ζ(iα− iθ/4)− i ζ(iα + iθ/4) + i ζ(iθ/2) + i ns(iθ/2)]

= −1 + 2

(P(iθ/4)− P(iK′)

P(iθ/4)− P(iα)

)
(2.69)

where A is given by (2.36). The spectral parameter α appearing in the spinor

solutions (2.68), is defined on the vertical edges, 0 ≤ iα ≤ iK′(ν), K(ν) ≤ iα ≤

K(ν) + iK′(ν), of the fundamental rectangle shown in Figure 2.10. Only on these



52

i K’  K+i K’  

bound
band

positive
continuum

negative
continuum

i θ/4  }
K     iα  0

}

Fig. 2.10: The fundamental rectangle for the spectral parameter iα.

edges of the fundamental rectangle are the spinor wavefunctions in (2.68) bounded,

and is the energy E(α) real. The bound band is characterized by K(ν) ≤ iα ≤

K(ν) + iK′(ν), while the positive and negative energy continua are characterized

by 0 ≤ iα ≤ iK′(ν). The point α = θ/4 represents E = ±∞, depending on

the side of approach. The vertices of the rectangle correspond to the band edges

[compare with equation (2.41)]:

E1 = E(iα = 0) = −1

E2 = E(iα = K) = −1 + 2 nc2(iθ/4)

E3 = E(iα = K + iK′) = −1 + 2 nd2(iθ/4)

E4 = E(iα = iK′) = +1 (2.70)

The right-hand boundary of the fundamental rectangle corresponds to the bound
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Fig. 2.11: Energy E(α) from (2.69) as a function of the spectral parameter α.

band, while the left-hand boundary corresponds to the positive and negative en-

ergy continua. The point α = θ/4 is associated with the point at infinity; the

bottom of the Dirac sea is approached as α → θ/4 from below, and the top of

the positive energy continuum as α→ θ/4 from above. This is depicted in Figure

2.11. The solid [red] curves show the continuum energies, while the dashed [blue]

curves show the energy in the bound band. The horizontal dashed lines denote the

band edge energies E1, E2, E3 and E4 from (2.70), and the vertical [red] line gives
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the asymptote to E = ∓∞ at α = θ/4, as discussed in the text. These curves are

for elliptic parameter ν = 0.05. The first plot is for θ = 2K′ = 5.82, so that the

band is symmetric about the origin. The second plot is for θ = K′ = 2.91, so the

band is asymmetrically offset from the origin.

To identify the momentum associated with these solutions, we recall that

the quasiperiodic winding (2.37) of the condensate in (2.35) implies that the BdG

hamiltonian (2.10) is invariant under a period shift, up to a global chiral rotation

through the winding angle ϕ:

H (x+ L) = eiγ5ϕH (x) e−iγ5ϕ (2.71)

Using the quasiperiodicity properties of the Weierstrass functions (B.2), we see

that under a period shift, the spinors in (2.68) acquire a chiral rotation and a

Bloch phase:

ψ±(x+ L) = e±ikLeiϕγ5ψ±(x) (2.72)

where ϕ is the winding angle defined in (2.37). The Bloch momentum k is ex-

pressed in terms of the spectral parameter α as:

k(α) = −A
2

[i ζ(iα + iθ/4) + i ζ(iα− iθ/4) + 2ηα/K] (2.73)

This is the relativistic version of Bloch’s theorem. The momentum is real for α

taking values on the vertical edges of the fundamental rectangle, and is plotted

in Figure 2.12. The first plot shows the momentum in the positive and negative
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Fig. 2.12: Momentum as a function of the spectral parameter α.

continua and in the second plots shows it in the bound band. Note that dk/dα

is negative in the continuum and positive in the bound band. These plots are for

ν = 0.05 and θ = K′, as in the second figure in Figure 2.11. The vertical [red] line

in the first plot gives the asymptote to k = ∓∞ at α = θ/4, as discussed in the

text. Since k(α) is odd in α, we see that ψ± in (2.68) are positive and negative

momentum solutions.
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2.5.2 Density of states

In this Section we present an efficient characterization of the density of states, and

show how this relates to the resolvent in (2.30). In the previous section both the

energy E and the momentum k were expressed in terms of the spectral parameter

α. Now consider the derivatives of the energy and momentum with respect to the

spectral parameter α. From (2.69) and (2.73) we see that

dE

dα
= −A

2
[P (iα + iθ/4)− P (iα− iθ/4)]

dk

dα
= −A

2
[P (iα + iθ/4) + P (iα− iθ/4) + 2η/K] (2.74)

The significance of these expressions becomes clearer once we write the resolvent

functions a(E), b(E) and N (E) in (2.42) as functions of α (instead of E):

a(α) =
A2

2
[2P(iθ/2)− P(iα + iθ/4)− P(iα− iθ/4)] (2.75)

b(α) = A[iζ(iα− iθ/4)− iζ(iα + iθ/4) + iζ(iθ/2)− ins(iθ/2)] (2.76)

N (α) =
∓i

A2[P(iα + iθ/4)− P(iα− iθ/4)]
(2.77)

Here the upper sign in N is for the continuum states, and the lower sign is for

the band. Thus, we recognize dE/dα as

dE

dα
= ∓ 2

A

√
(E2 − 1)(E − E2)(E − E3) . (2.78)

And dk/dα can be written as

dk

dα
= −A

[
P (iθ/2)− a(α)/A2 + η/K

]
, (2.79)
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which is negative in the continuum and positive in the band [see Figure 2.12].

Consequently, the density of states can be expressed as

dk

dE
=

dk

dα
/
dE

dα

= ∓ [a(E)− A2P(iθ/2)− A2η/K]

2
√

(E2 − 1)(E − E2)(E − E3)
(2.80)

When θ = 2K′, which is the GN2 limit [i.e., with a real condensate], this density

of states reduces to

dk

dE
= ∓

E2 − E(ν̃)
K(ν̃)√

(E2 − 1)(E2 − (1− ν̃))
, ν̃ ≡ 4

√
ν

(1 +
√
ν)2

(2.81)

where E and K are the complete elliptic integrals [101, 102]. This density of states

(2.81) is precisely that found for the single-band finite-gap Schrödinger system of

the GN2 model [22]. The result in (2.43) generalizes this density of states to the

general complex crystalline condensate (2.35).

The density of states (2.43) has been derived from the energy and momen-

tum of the spinor solutions in (2.68). For consistency, we compare this with the

trace of the resolvent (2.30) over one period:

1

L

∫
L

trD R(x;E)dx =
A

2K

∫ +K/A

−K/A

2N (E)
(
a(E) + |∆(x)|2

)
dx

=
AN (E)

K

∫ +K/A

−K/A

dx
[
a(E) + A2 (P(Ax+ iK′)− P(iθ/2))

]
=

[a(E)− A2P(iθ/2)− A2η/K]

2
√

(1− E2)(E − E2)(E − E3)
, (2.82)

where we have used the integral∫ +K/A

−K/A

P(Ax+ iK′)dx = −2η

A
. (2.83)
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This illustrates the consistency of our resolvent ansatz (2.30) with the spectral

properties of the associated BdG equation.

2.5.3 Consistency condition and fermion bilinears

Recall that, in order order to solve the gap equation (2.27)

∆(x) = −2ig2Nf trE [N (E) (b(E)∆(x)− i∆′(x))] (2.84)

we first need to show that the coefficient of ∆′(x) on the right-hand-side vanishes

once the energy trace is taken:

trE [N (E)] = 0 (2.85)

This computation is greatly simplified by converting it into an integral over the

spectral parameter α. Recalling (2.78) and the normalization factor in (2.42) we

have

N (E) = ± i

2A

dα

dE
. (2.86)

We assume that the negative energy continuum is fully occupied, and that the

band inside the gap is partially occupied, by a fraction ξ. Then we can express

(2.85) as

0 =
i

2πA

{∫ θ/4

0

dα−
∫ −iK+ξK′

−iK
dα

}
=

i

2πA
(θ/4− ξK′) (2.87)
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Thus, θ must satisfy the condition:

θ

4K′
= ξ = filling fraction. (2.88)

The consistency condition (2.88) is shown in Figure 2.13.

E

0

0

}
}

θ  ξ =  
4K’

1 ξ =
2

2 E3

E2 E3

: empty
: filled

E1 E4

E1 E4

Fig. 2.13: The occupation of single-particle fermionic states.

To appreciate this condition, we consider some special limiting cases. In

the real [GN2] limit, where θ = 2K′, this corresponds to filling the band half-

way. Since the band is symmetrically placed about zero energy, this corresponds

precisely to filling all the negative energy states, as in the conventional GN2 model

analysis [10, 19]. For the single kink, which is obtained in the infinite period limit,

the bound state is half occupied [38].

For general θ, in the infinite period limit, where K′ → π/2, we recover

Shei’s condition (2.52) that θ/2π is the fractional filling of the bound state in the

gap. Note that in this case, the fractional filling of this state is conventionally

interpreted [20, 21] in terms of the filling of the level by a fixed fraction n
Nf

of

the fermion flavors, with this fraction kept fixed in the infinite Nf limit. At finite
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period, it is thermodynamically more natural to consider a fraction of the band

being occupied by all flavors, as above. As the band contracts to a single bound

state in the infinite period limit, we smoothly tend to the situation of having the

level partially filled, while maintaining consistency with the gap equation for any

period.

The other condition required for the gap equation (2.84) to be satisfied is

that

−2ig2Nf trE [N (E) b(E)] = 1 . (2.89)

This is the standard vacuum gap equation for the renormalization of the coupling

[10, 19, 20, 21].

Alternatively, given the spinor solutions of the BdG equation, we can recon-

struct the expectation values 〈ψ̄(x)ψ(x)〉 and −〈ψ̄(x)iγ5ψ(x)〉, to verify that they

correspond to the real and imaginary parts of condensate ∆(x). From (2.68), we

find

ψ̄k(x)ψk(x)− i ψ̄k(x)iγ5ψk(x) = ψ†k(x)(γ0 + γ1)ψk(x)

=
iA

|dk/dα| exp [−2iη3α + iAx (−iζ(iθ/2) + ins(iθ/2))]

× σ(Ax+ iK′ + iα− iθ/4)σ(Ax− iK′ − iα− iθ/4)

σ(Ax+ iK′)σ(−iα− iθ/4)σ(iα− iθ/4)σ(Ax− iK′)

=
i

|dk/dα| [ζ(Ax+ iK′)− ζ(Ax+ iK′ − iθ/2)

+ζ(iα− iθ/4)− ζ(iα + iθ/4)] ∆(x)

=
1

|dk/dα|
1

A
[b(E) ∆(x)− i∆′(x)] (2.90)
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where the subscript k on ψk emphasizes that these are spinor solutions of a given

momentum k. In deriving (2.90) we have used the product identity (B.13) for the

Weierstrass sigma function.

Thus, for a given momentum k, ψ̄k(x)ψk(x)− i ψ̄k(x)iγ5ψk(x) has the same

x dependence as the upper off-diagonal entry of the resolvent, which appears in

the gap equation (2.84). To compute the expectation value we trace over the Nf

flavors and integrate over momentum:

〈ψ̄(x)ψ(x)〉 − i〈ψ̄(x)iγ5ψ(x)〉 = Nf

∫
dk

2π

[
ψ̄k(x)ψk(x)− i ψ̄k(x)iγ5ψk(x)

]
=

Nf

2πA

∫
dα sgn

(
dk

dα

)
[b(α)∆(x)− i∆′(x)]

(2.91)

Thus we have precisely the same integrals as were evaluated above to show that

the gap equation is satisfied. The vanishing of the coefficient of ∆′(x) leads to the

same relation (2.88) between the filling fraction and θ, while the the coefficient of

∆(x) is again the vacuum gap equation (2.89) expressing the renormalization of

the coupling constant g2Nf .

As a side remark, in the GN2 case where there is no pseudoscalar condensate,

the spinors satisfy:

ψ̄k(x)ψk(x) =
1

|dk/dα|
1

A
b(k) ∆(x) (2.92)

Therefore; the spinors not only solve the Hartree-Fock equation (i/∂−f(k)〈ψ̄ψ〉)ψk =
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0, but also the nonlinear Dirac equation:

(i/∂ − f(k)ψ̄kψk)ψk = 0 (2.93)

Here f(k) = |dk/dα|A/b(k) is the momentum dependent coefficient given in

(2.92). Moreover, in addition to the static, inhomogeneous solutions we discussed,

there are also genuinely time dependent solutions of this nonlinear Dirac equa-

tion [41, 42]. One class of these time dependent solutions describes scattering

multi kink (antikink) solutions. Another class describes kinks (antikinks) in a

type of oscillatory motion, known as breathers. There is an elegant connection

between the nonlinear Dirac equation (2.93) and classical string theory on AdS3

[42, 43] where the inhomogeneous phases in the GN2 model are mapped to certain

excitation modes of closed strings.

2.5.4 Charge density and axial anomaly

An important property of the twisted crystal phase is that while the condensate

∆(x) is spatially inhomogeneous, the expectation value of the charge density is

spatially uniform. From the explicit spinor solutions in (2.68) we find:

ψ†k(x)ψk(x) =
1

|dk/dα|
1

A

(
|∆(x)|2 + a(α)

)
(2.94)

For a given single particle state of momentum k, the charge density ψ†k(x)ψk(x)

is spatially inhomogeneous, but this inhomogeneity is washed out by integrating
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over k, so that the expectation value is uniform:

d

dx
〈ψ†(x)ψ(x)〉 = 0 (2.95)

Indeed, for a given k, the charge density ψ†k(x)ψk(x) has spatial inhomogeneity

determined by |∆(x)|2, the magnitude squared of the condensate. But the coef-

ficient of this x-dependent term in (2.94) is precisely the same as the coefficient

of the ∆′(x) term in (2.90). We just saw above that this term vanishes [when the

energy trace is taken], in order to satisfy the gap equation. Thus, the very same

condition (2.88) that ensures that the gap equation is satisfied also shows that

〈ψ†(x)ψ(x)〉 is uniform.

There is another, more physical, way to understand this fact [44]. It ex-

presses the conservation of axial charge in the NJL2 model. Recall that the NJL2

system has two conserved currents: the first is the charge current jµ = ψ̄γµψ,

and the second is the axial current jµ5 = ψ̄γµγ5ψ. In 1 + 1 dimensions these are

related by jµ5 = εµνjν . For static but spatially inhomogeneous condensates, charge

current conservation is automatically satisfied. Axial current conservation is more

interesting. For a static condensate,

∂

∂xµ
〈jµ5 (x)〉 =

d

dx
〈ψ†(x)ψ(x)〉 (2.96)

so axial charge conservation requires a uniform charge expectation value, as was

found above (2.95) from the single-particle spectral properties. Another way to

see this is to observe that we can express the expectation value of the axial current
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in terms of the resolvent

〈jµ5 〉 = trE,D
(
γ0γµγ5R(x;E)

)
(2.97)

Taking the spatial derivative and using the Eilenberger equation (2.24), we find

d

dx
〈j1

5〉 = trE,D (∂xR(x;E))

= 2Re[∆(x)]〈ψ̄(x)iγ5ψ(x)〉 − 2 Im[∆(x)]〈ψ̄(x)ψ(x)〉 (2.98)

Thus, once again, the gap equation ensures that axial current conservation is

satisfied. Interestingly, it is encoded into the Eilenberger equation (2.24). In the

following section 3.1 we will revisit this property for nonzero chemical potential

µ.

On the other hand, in the GN2 model, which has just a discrete chiral

symmetry, there is no axial current conservation and Im[∆(x)] = 0. Then the

Eilenberger equation (2.24) again expresses the correct relation

∂µ〈jµ5 〉 = 2∆(x)〈ψ̄(x)iγ5ψ(x)〉 (2.99)

and 〈ψ̄(x)ψ(x)〉, ∆(x) and 〈ψ̄(x)iγ5ψ(x)〉 are all inhomogeneous.



Chapter 3

Thermodynamics of NJL2 and GN2 models

In this chapter we study the phase structure of the NJL2and GN2 systems at

nonzero temperature and chemical potential. Our starting point is the solution of

the corresponding gap equation that was analysed in the previous chapter. Recall

that the most general solution (2.35) depends on four parameters characterizing

the scale (λ), phase (q), period (ν) and twist (θ). The thermodynamic ground

state (for given values of T and µ) is the minima of the grand canonical potential

with respect to these four parameters. At the end of the minimization, all of the

parameters; hence the shape of the condensate and the energy associated with the

single particle fermion, will be determined by T and µ.

We start by exploiting the symmetries of the Bogoluibov-deGennes Hamil-

tonian and derive a general result on the minimization with respect to λ and q

that holds for any condensate ∆. Then using this general result we will show that

the thermodynamically favored phase of the NJL2system is the spiral condensate

introduced in (2.4.3) and the twisted crystal (2.35) is thermodynamically unsta-

ble. Next, we will revisit the phase diagram of the GN2 model [22] in order to

65
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compare and contrast with the NJL2 one.

Consequently, we will show that the Ginzburg-Landau expansions of these

models can be mapped to certain integrable hierarchies. This mapping provides

special properties to the expansions allowing them to be soluble to all orders. We

demonstrate how the inhomogeneous phases appear near the tricritical point in

the Ginzburg Landau approximation. This analysis suggests new approaches to

the Ginzburg-Landau expansion in the higher dimensional models where it may

be the only viable approach.

The chapter will be concluded with a general overview of the phase diagrams

NJL2 and GN2 models focusing on the underlying physical phenomena; namely

chiral symmetry breaking and the Peierls instability.

3.1 Symmetries and thermodynamics

In this Section we describe a simple but important symmetry property of the

Bogoliubov-de Gennes equation (2.67), that has important consequences for the

thermodynamical analysis. The Bogoliubov-de Gennes equation (2.67) admits a

family of solutions obtained by rescaling and phase shifting (i.e. making a linear

local chiral rotation) a given solution:

∆(x)→ λ∆(λx) e2iqx

ψ(x)→ eiqxγ5λ1/2 ψ(λx) (3.1)
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which generates all the linear transformations acting on the energy spectrum:

E → λE + q . (3.2)

Acting on the band edges, Ei → λEi + q, the effect of the transformation on the

density of states is:

ρ(E)→ ρ

(
E − q
λ

)
. (3.3)

Since this symmetry defines a family of solutions spanned by parameters

λ and q, the minimization of the grand potential with respect to them provides

valuable information concerning the thermodynamic properties of the NJL2 model.

Furthermore, being a symmetry of the Hamiltonian with a generic order parameter

∆, the results of this minimization are global. In particular, the functional space

of solutions of the complex NLSE is spanned by four parameters λ, q, θ and ν.The

above result means that we can first carry out the minimization with respect to the

scale and phase parameters λ and q, and then with respect to the two remaining

parameters θ and ν.

It is crucial that the phase parameter q does not exist in GN2 system. The

reason is that the phase parameter is due to the chiral U(1) symmetry of the NJL2

model, which does not exist in GN2 . Instead, it has a discrete Z2 symmetry whose

effect on the energy spectrum is the charge conjugation symmetry:

E → −E (3.4)

Consequently, as opposed to the offset freedom in the NJL2 energy spectrum
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(3.2), any phase in the GN2 system has a symmetric energy spectrum. This is an

important property and has a direct effect on the phase diagram of the GN2 model

as we will study explicitly. In fact, the underlying reason for the vast difference

in the phase diagrams of NJL2 and GN2 models is this difference of the chiral

symmetry.

We will show that the grand potential has an anomalous dependence on λ

and q which makes the minimization carry non-trivial physical information. Phys-

ically, the nontrivial λ dependence is due to the breaking of conformal symmetry

due to the dimensional transmutation, and the q dependence is due to the chiral

U(1) symmetry breaking.

It is useful to define the “unscaled” and “unshifted” spectrum to be the

one with λ = 1 and q = 0, so that E1 = −1, and E4 = 1 (in units where the

vacuum fermion mass is 1). All other spectral functions can be generated from this

basic solution using the simple transformation (3.3). The corresponding density

of states will be written as

ρ̂(E) =
1

2π

(
2E2 − (Ê2 + Ê3)E − (Ê3 − Ê2)2/4− 1 + Z

)
√

(E2 − 1)(E − Ê2)(E − Ê3)
(3.5)

where Z = Z(θ, ν) is defined in (2.44), and

Ê2 = −1 + 2 nc2(iθ/4; ν)

Ê3 = −1 + 2 nd2(iθ/4; ν) (3.6)

Importantly, ρ̂(E) depends parametrically only on the two remaining parameters,
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θ and ν. This separation of parametric dependences has important consequences

for the minimization of the thermodynamic grand potential (2.17) with respect

to the parameters. Now, we analyse the transformation properties of various

thermodynamic quantities:

3.1.1 Transformation properties of thermodynamic quantities

We begin our discussion with the grand canonical potential Ψ[∆̂(x);T, µ] for the

unscaled/unshifted condensate ∆̂(x), obtained from (2.35) by setting the scale

parameter λ = 1, and the phase parameter q = 0. The grand potential is formally

divergent in the UV region and has to be renormalized, as is well known [10, 19,

22]. At finite density and nonzero temperature, it is convenient to separate the

single particle contribution as

− 1

β

∫ ∞
−∞

dE ρ̂(E) ln(1 + e−β(E−µ)) =

∫ µ

Emin

dE ρ̂(E)(E − µ)

− 1

β

∫ ∞
−∞

dE ρ̂(E) ln(1 + e−β|E−µ|) (3.7)

where Emin = −Λ/2 − Z/Λ + . . . , in terms of the momentum cutoff Λ/2. Only

the first term, the zero temperature expression, in (3.7) is divergent. We isolate

the divergent terms using the large E behaviour of the density of states (3.5):

ρ̂(E) ≈ 1 +
Z

2E2
+ . . . (3.8)

It should be kept in mind that these leading and sub-leading terms in the asymp-

totic behaviors of the density of states and dispersion relation are not limited to the
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solutions of the gap equation but true for any condensate ∆ with Z =< |∆̂|2 >.

The quickest way to see this is by analyzing the heat kernel expansion of the

Bogoluibov-de Gennes Hamiltonian, which will be studied later in this section in

terms of the Ginzburg-Landau expansion. The divergent part is

Ψdiv = −Λ2

8π
− Λµ

2π
− Z

2π
ln Λ . (3.9)

The quadratically and linearly divergent terms are absorbed by definition of the

renormalized energy and baryon number densities, and the logarithmically diver-

gent term is canceled by the double counting correction [22]

1

2Nfg2

1

L

∫ L

0

|∆̂(x)|2dx =
Z

2π
ln Λ (3.10)

where we have used vacuum gap equation π
Nfg2 = ln Λ. Hence the finite renormal-

ized grand canonical potential is

Ψren[∆̂(x);T, µ] =

∫ µ

Emin

dE ρ̂(E)(E − µ)− 1

β

∫ ∞
−∞

dE ρ̂(E) ln(1 + e−β|E−µ|)

+
Λ2

8π
+

Λµ

2π
+
Z

2π
ln Λ (3.11)

Now we can analyse the effect of the transformation (3.3) on the renormalized

grand canonical potential for the general condensate

∆(x) = λ ∆̂(λx) e2iqx . (3.12)
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The finite temperature (f.t.) contribution [the 2nd term on the r.h.s. of Eq. (3.11)]

has the following simple scaling behaviour,

Ψren[λ ∆̂(λx) e2iqx;T, µ]
∣∣∣
f.t.

= − 1

β

∫ ∞
−∞

dE ρ̂

(
E − q
λ

)
ln(1 + e−β|E−µ|)

= −λ
2

β̂

∫ ∞
−∞

dE ρ̂(E) ln(1 + e−β̂|E−µ̂|)

= λ2 Ψren[∆̂(x); T̂ , µ̂]
∣∣∣
f.t.

(3.13)

with the rescaled variables

µ̂ =
µ− q
λ

β̂ =
1

T̂
= λβ (3.14)

For the zero temperature contribution (z.t.) in (3.11), we start from the expres-

sion,

Ψren[λ ∆̂(λx) e2iqx;T, µ]
∣∣∣
z.t.

=

∫ µ

Eλmin

dE ρ̂

(
E − q
λ

)
(E − µ) +

Λ2

8π
+

Λµ

2π
+
λ2Z

2π
ln Λ

(3.15)

where Eλ
min = −Λ/2−λ2Z/Λ. Here, due to the regularization, the scaling relation

analoguous to Eq. (3.13) develops anomalous terms akin to the chiral U(1) and

scale anomalies,

Ψren[λ ∆̂(λx) e2iqx;T, µ]
∣∣∣
z.t.

= λ2 Ψren[∆̂(x); T̂ , µ̂]
∣∣∣
z.t.

+
Z

2π
λ2 lnλ+ λ2 µ̂

2

2π
− µ2

2π

(3.16)

Being renormalization effects, the extra terms are independent of temperature. As

mentioned, the scale anomaly, reflected by the λ2 lnλ term is an expected result
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of dimensional transmutation which breaks the conformal symmetry of the theory

in the quantum level. The other two terms are the remnants of the chiral U(1)

anomaly. Combining Eqs. (3.13) and (3.16), we see that the renormalized grand

potential for the general condensate in (3.12), is

Ψren[λ ∆̂(λx) e2iqx;T, µ] = λ2

(
Ψ̂ren +

Z

2π
lnλ+

µ̂2

2π

)
− µ2

2π
(3.17)

with the shorthand notation

Ψ̂ren ≡ Ψren[∆̂(x); T̂ , µ̂]. (3.18)

For the sake of compactness in the notation, we will drop the subscript “ren”

from now on, and work exclusively with the physical renormalized thermodynamic

quantities.

The grand canonical potential is related to the density ρ, [not to be confused

with the density of states ρ(E)!], the entropy s, and the free energy u:

Ψ = u− µρ− Ts (3.19)

Thus we can obtain expressions for the effect of the scaling and phase shifting

transformation on the renormalized ρ, s and u as follows:

From the basic relation ρ = −∂Ψ
∂µ

, we write ∂
∂µ

= 1
λ
∂
∂µ̂

, and act on (3.17) to

obtain:

ρ = λ2(−1

λ

∂Ψ̂

∂µ̂
− 1

λ

µ̂

π
) +

µ

π

= λ ρ̂+
q

π
(3.20)
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From the basic relation s = −∂Ψ
∂T

, we write ∂
∂T

= 1
λ
∂

∂T̂
, and act on (3.17) to

obtain:

s = λ2(−1

λ

∂Ψ̂

∂T̂
)

= λ ŝ (3.21)

The transformation property of the energy density now follows directly from

the relation (3.19):

u = Ψ + µρ+ Ts

= λ2

(
û+

Z

2π
lnλ

)
+ λ q ρ̂+

q2

2π
(3.22)

We are now in a position to work out the minimization of the grand potential

with respect to scale and chiral phase parameters λ and q.

3.1.2 Minimization of the grand potential Ψ with respect to the

phase parameter q

The minimization of Ψ with respect to q can be transformed into minimization

with respect to the chemical potential, due to the symmetry (3.3). We write

d
dq

= − 1
λ
d
dµ̂

, and differentiate Ψ in (3.17) with respect to µ̂:

0 = −dΨ

dµ̂
= λ2

(
−∂Ψ̂

∂µ̂
− µ̂

π

)
= λ2

(
ρ̂− µ̂

π

)
(3.23)

So the q minimization implies

πρ̂ = µ̂ (3.24)
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Recalling (3.20) and (3.14), this means that after minimizing with respect to the

phase parameter q, the (period averaged) number density is simply proportional

to the chemical potential:

ρ =
µ

π
(3.25)

As mentioned above, this remarkable fact is independent of the form of the (com-

plex) condensate, and simply follows from the transformation property (3.1) of

the BdG Hamiltonian and its effect on the renormalized grand potential, as re-

flected in (3.17). Note, again, that such a relation between ρ and µ does not arise

in the GN2 model, where the condensate is real and there is no phase invariance

parameter q.

Another way to obtain this result directly from the existence of continuous

chiral symmetry is through the axial anomaly. We can identify the chemical

potential with a slowly varying electrostatic potential:

µ ≡ eA0(x) (3.26)

Then, repeating the steps in section (2.5.4), the 1+1 dimensional form of the axial

anomaly for static configurations, dictates:

∂αJ
α
5 =

e

π
εαβ∂αAβ

d

dx
〈ψ̄γ5γ1ψ〉 =

e

π

d

dx

(µ
e

)
(3.27)

which, using the identity γ5γ1 = γ0 and vacuum renormalization condition ρ = 0
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at zero chemical potential, leads to the desired result:

〈ψ̄γ0ψ〉 =
µ

π
(3.28)

Alternatively, in the first reference in [46] it is shown, directly from the path

integral à la Fujikawa, that 〈ψ̄γ0ψ〉 develops an anomalous term which is equal to

µ/π.

3.1.3 Minimization of the grand potential Ψ with respect to the scale

parameter λ

From (3.17), it follows that Ψ depends on the scale λ explicitly, and also implicitly

though the dependence of Ψ̂ ≡ Ψ[∆̂; T̂ , µ̂] on T̂ = T/λ, and on µ̂ = (µ − q)/λ.

Thus we can write

dΨ

dλ
= 2λ

(
Ψ̂ +

Z

2π
lnλ

)
+
Zλ

2π
+ λ2

(
− T̂
λ

)
∂Ψ̂

∂T̂
+ λ2

(
− µ̂
λ

)
∂Ψ̂

∂µ̂

= 2λ

(
Ψ̂ +

Z

2π
lnλ+

Z

4π
+

1

2
T̂ ŝ+

1

2
µ̂ρ̂

)
(3.29)

Since Ψ̂ = û − T̂ ŝ − µ̂ρ̂, we can express the minimization condition dΨ
dλ

= 0 in

terms of the free energy as:

û = − Z

4π
− Z

2π
lnλ+

1

2
µ̂ρ̂+

1

2
T̂ ŝ (3.30)

If we impose also the condition (3.24) arising from the minimization with respect

to the phase parameter q, we obtain the condition

û = − Z

4π
− Z

2π
lnλ+

µ̂2

2π
+

1

2
T̂ ŝ (3.31)
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Alternatively, we can express these conditions in terms of the thermodynamic

quantities for the general condensate ∆(x) in (3.12). Without using the condition

(3.25) arising from the q minimization, the λ minimization condition (3.30) can

be written as

u = −Zλ
2

4π
+

1

2
µ ρ+

1

2
Ts+

q

2

(
ρ− µ

π

)
(3.32)

After imposing the condition (3.25) arising from the q minimization, the last term

vanishes and we obtain

u = −Zλ
2

4π
+
µ2

2π
+

1

2
Ts (3.33)

These conditions must hold for any form of the condensate ∆(x), and will prove

very useful in studying the phase diagram of both the NJL2 and GN2 models.

3.1.4 Transformation property of the consistency condition

The final technical ingredient before studying the thermodynamics is the effect

of the transformation (3.1) on the consistency condition (2.34). Note that the

consistency condition (2.34) must be satisfied also at finite T and µ, for the gap

equation to hold. Thus, the energy trace involves the thermodynamical Fermi

factor, as in (2.34). As with the grand potential, density, entropy and free energy,

it is useful to express the consistency condition in terms of the condensate ∆̂(x)

obtained by setting the scale λ = 1, and phase q = 0. All we need to know is the

effect of the transformation (3.2) on N (E). From the form of (2.42) it is clear
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that

N (E) =
1

λ2
N̂
(
E − q
λ

)
(3.34)

where

N̂ (E) ≡ i

4

√
(E2 − 1)(E − Ê2)(E − Ê3)

(3.35)

Hence we can write the consistency condition as

∫
dE

2π

N̂ (E)

1 + eβ̂(E−µ̂)
= 0 (3.36)

Note that this integral is finite, even at T = 0, and no renormalization is required.

The effect of this condition is to express one of the four parameters λ, q, θ and ν,

in terms of the others, in a manner depending on T and µ.

3.2 Thermal properties of the chiral spiral

We start our analysis by investigating the thermodynamics of the spiral conden-

sate:

∆(x) = λ e2iqx (3.37)

For this condensate, ∆̂(x) = 1, (i.e., the vacuum fermion mass in our units), and

so the thermodynamics is simply that of a constant condensate of unit magnitude.

The fermion spectrum is now symmetric about 0, and so we can immediately write

an expression for the corresponding grand potential Ψ̂:

Ψ̂ = − 1

4π
− T̂

π

∫ ∞
1

dE
E√

E2 − 1
ln((1 + e−β̂(E−µ̂))(1 + e−β̂(E+µ̂))) (3.38)
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The full grand potential Ψ for the spiral condensate (3.37) is then obtained using

(3.17). Next we minimize the full grand potential Ψ with respect to q and λ.

3.2.1 Minimization with respect to the phase parameter q

At T = 0, we see from (3.38) that Ψ̂ = − 1
4π

, independent of µ̂, so that ρ̂ = 0.

Therefore, the condition (3.24), arising from the minimization with respect to

q, implies that µ̂ = 0 at T = 0. In other words, q = µ, so that the chemical

potential lies at the center of the gap in the single-particle fermionic spectrum.

With q = µ, the spiral condensate (3.37) is the “chiral spiral” solution proposed in

[47]. At nonzero temperature, the q minimization condition (3.24) can be written

explicitly as

µ̂ = πρ̂ = π
∂Ψ̂

∂µ̂

= 2 sinh(β̂µ̂)

∫ ∞
1

dE
E√

E2 − 1

eβ̂E

(1 + eβ̂(E−µ̂))(1 + eβ̂(E+µ̂))
(3.39)

At low temperatures, T � 1, the main contribution to the energy integrals in

(3.39) comes from near the upper band edge E = 1. So we approximate the

density of states as:

ρ̂(E) ≈ 1√
2
√
E − 1

(3.40)

and (3.39) becomes

µ̂ ≈
√

2 sinh(β̂µ̂)

∫ ∞
1

dE
1√
E − 1

eβ̂Ee−β̂(E−µ̂)e−β̂(E+µ̂)

=

√
2πT

λ
e−β̂ sinh(β̂µ̂) (3.41)
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This also requires µ̂=0, leading again to the chiral spiral solution with q = µ.

Indeed, it is easy to verify numerically that the finite temperature equation (3.39)

has a solution only at µ̂ = 0, for all temperature T . Another argument in favor of

µ = q at all temperatures is that instead of minimizing with respect to q, we can

minimize with respect to µ̂. Since Ψ̂ is symmetric under µ̂→ −µ̂, there must be

a stationary point at µ̂ = 0, i.e., µ = q. That it is a minimum can easily be seen

by looking at the sign of the 2nd derivative (Taylor expansion of the integrand).

Other minima (which could only come in pairs) are ruled out numerically.

Thus, we conclude that the minimization of the grand potential with respect

to the phase parameter q leads to q = µ for all temperature T , so µ always lies

at the center of the gap. As should be clear from this discussion, this fact can be

traced directly to the phase transformation symmetry in (3.1). This point will be

further explained in Section 3.6 in terms of Peierls instability.

Another immediate consequence of q = µ is that the grand potential for the

chiral spiral has a simple µ dependence. This follows because (3.24) with µ̂ = 0

implies that Ψ̂ is independent of the chemical potential µ. Indeed, when µ̂ = 0,

the grand potential (3.38)can then be written as

Ψ̂ = − 1

4π
− 2T̂

π

∫ ∞
1

dE
E√

E2 − 1
ln(1 + e−β̂E) (3.42)

Then the general relation (3.17) implies that for the chiral spiral condensate the
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full grand potential is

Ψ =
λ2

4π

(
lnλ2 − 1

)
− 2λT

π

∫ ∞
1

dE
E√

E2 − 1
ln(1 + e−β̂E)− µ2

2π
(3.43)

Thus, the grand potential for the chiral spiral has a simple µ dependence, and it

is clear that ρ = −∂Ψ/∂µ = µ/π. At this point we see that the λ dependence

is completely decoupled from µ; therefore there cannot be any phase transitions

along the µ axis.

3.2.2 Minimization with respect to the scale parameter λ

From (3.43) it follows that the scale parameter λ is determined only by T , inde-

pendent of the chemical potential µ. Indeed, minimizing (3.43) with respect to λ,

we obtain the equation for the thermal mass scale λ(T ):

0 = λ
lnλ

π
− 2T

π

∫ ∞
1

dE
E√

E2 − 1
ln(1 + e−β̂E) + λ

2

π

∫ ∞
1

dE
E2

√
E2 − 1

1

1 + eβ̂E

(3.44)

It is a simple exercise to show that this is equivalent to the general λ minimization

condition (3.33), expressed in terms of the entropy and the free energy. At T = 0,

(3.44) reduces to λ lnλ = 0, which implies that λ(T = 0)=1, and the grand

potential is simply

ΨT=0
min = − 1

4π
− µ2

2π
(3.45)

For small but nonzero temperature, the scale parameter λ receives an exponen-

tially small finite T correction, found by approximating the energy integrals in



81

(3.44):

λ(T ) ∼ 1−
√

2πTe−1/T , T � 1 (3.46)

Applying the same approximation to the minimized grand potential in (3.43) we

find the leading small T correction to the grand potential:

ΨT�1
min ∼ λ2

4π
(lnλ2 − 1)−

√
2T 3

π
e−1/T − µ2

2π

∼ − 1

4π
− µ2

2π
−
√

2T 3

π
e−1/T (3.47)

For general T , the temperature dependent mass scale λ(T ) can be obtained nu-

merically from (3.44). The scale λ(T ) decreases monotonically from the value

λ = 1 at T = 0, and vanishes at a critical temperature

Tc =
eγ

π
≈ 0.566933 (3.48)

At this temperature, T = Tc, the system undergoes a phase transition to a massless

phase. Obviously, this phase transition is independent of the chemical potential

µ, as follows from the fact that λ(T ) is independent of µ. We can trace this

fact directly to the simple form (3.43) of the grand potential for the chiral spiral

condensate, after minimization with respect to the scale parameter q.

Just below Tc the dependence of λ on T is nonanalytic, as can be seen from

the following argument. After integrating by parts the second integral in (3.44),

and expanding the Fermi factor we obtain

0 = lnλ+ 2
∞∑
n=1

(−1)n+1

∫ ∞
1

dE
1√

E2 − 1
e−nβ̂E = lnλ+ 2

∞∑
n=1

(−1)n+1K0(nβ̂)

(3.49)
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where K0(x) is the modified Bessel function. To obtain the critical exponent

near the phase transition, we analyse this equation near small values of λ. Since

β̂ = λ/T we expand the Bessel functions around zero:

0 = lnλ+ 2
∞∑
n=1

(−1)n+1

[
− ln

(
nλ

2T

)
− γ − n2λ2

4T 2

(
ln

(
nλ

2T

)
+ γ − 1

)]
(3.50)

Here γ is Euler’s constant. The n sums can be evaluated in terms of the Riemann

zeta function, leading to

0 = ln(Tπ)− γ − 14ζ ′(−2)λ2

4T 2
(3.51)

In particular, at the phase transition where λ = 0, the critical temperature is

found to be Tc = eγ/π, and to the leading order in (Tc − T ), for T < Tc, the

critical exponent is found as 1/2:

λ(T ) =

√
2Tc

−7ζ ′(−2)

√
Tc − T + · · · ≈ 3.06

√
Tc(Tc − T ) + . . . (3.52)

The full dependence of λ to T is shown in Fig. 3.1

Thus, for the spiral condensate (3.37), the thermodynamic phase diagram

is given in Figure 3.2, showing the phase transition at T = Ttc = eγ/π ≈ 0.5669,

independent of µ. After minimizing the grand potential we learn that in the region

T < Tc, the pitch angle q of the spiral condensate is directly proportional to the

chemical potential, q = µ, independent of T , while the amplitude λ(T ) is just a

function of temperature [vanishing at Tc], independent of µ.
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Fig. 3.1: The thermal mass scale λ as a function of T.

3.3 Instability of the twisted kink crystal

In this section we develop results for the thermodynamics of the NJL2 model with

the twisted kink crystal condensate, that is the general solution of the inhomo-

geneous gap equation. Recall that the twisted kink crystal condensate (2.35) is

characterized by 4 parameters: the scale parameter λ, the phase parameter q, an

angular parameter θ, and the elliptic parameter ν. We first consider the situa-

tion analytically at T = 0, then at nonzero T . In each case, we show that this

crystal phase is unstable against the chiral spiral and never favored. The physical

reasoning is given in Section 3.6.
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Fig. 3.2: The phase diagram of the NJL2 model.

3.3.1 Twisted kink crystal at T = 0

At T = 0 there are some significant simplifications. First of all, the Fermi factor

becomes a step function that acts as a cutoff of the energy integrals. Thus, in the

consistency condition (3.36), we use

1

1 + eβ̂(E−µ̂)
→ Θ(µ̂− E) (3.53)

If we assume that µ̂ is in the upper gap, then both the lower continuum and the

bound band are completely filled. Thus the consistency condition (3.36) reads

0 =

∫ −1

−∞
dEN (E) +

∫ E3

E2

dEN (E) =
1

2A

(
θ

4
−K′

)
(3.54)
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Therefore, the consistency condition forces θ = 4K′, which is precisely the spiral

condensate case. In this limit, the band shrinks and joins the negative energy

continuum, leaving just the single-gap spectrum of the spiral condensate. Then

the q minimization leads to q = µ as described in the previous section, and we

find the preferred condensate to be the chiral spiral. Similarly, if we assume

that µ̂ is in the lower gap, then we get θ = 0, that is also the spiral condensate

limit; in this limit the bound band joins to the positive energy continuum. Once

again, minimization with respect to the phase parameter q leads to q = µ, so the

condensate is the chiral spiral.

The only other possibility is µ̂ lying inside the bound band. In this case the

consistency condition (3.36) leads to an expression for the Fermi energy:

ÊF = ÊF (θ, ν) = nc (iθ/2; ν) (3.55)

On the other hand, at T = 0, this Fermi energy is simply the chemical

potential. Minimization with respect to the phase parameter q leads to the relation

µ̂ = π ρ̂. We can evaluate the density obtained by filling up to the Fermi energy

ÊF (θ, µ):

ρ̂ = ρ̂(θ, ν) =
1

π

1

cn(iθ/2; ν)

(
cn(iθ/2; ν)− dn(iθ/2; ν)

cn(iθ/2; ν) + dn(iθ/2; ν)

)
(3.56)

The simultaneous solution of these two conditions, namely ÊF = πρ̂, has the

unique solution θ = 2K′, for all ν, as can be seen from Figure 3.3 , where θ ≡
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Fig. 3.3: Plot of πρ̂(ξ, ν) [light blue surface] and ÊF (ξ, ν) [darker blue surface].

4K′ξ. The surfaces intersect at ξ = 1/2, which means θ = 2K′. Evaluating the

free energy for this solution we obtain the following function of the remaining

parameters λ and ν:

E = E(λ, ν) =
2λ2

π(1 +
√
ν)2

[
ν

2
+

(
1− E(ν)

K(ν)

)(
ln

(
2λ

1 +
√
ν

)
− 1

)]
+
µ2

2π

(3.57)

Minimizing E(λ, ν) with respect to ν, we find that we are forced to ν = 1, which

means

E(λ, ν = 1) =
λ2

4π

(
lnλ2 − 1

)
+
µ2

2π
(3.58)

from which we recognize the T = 0 grand potential (3.43) of the chiral spiral solu-

tion. Thus, once again, the minimization forces us to the chiral spiral condensate

solution, at T = 0.
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3.3.2 Twisted kink crystal at 0 < T � 1

The minimization of the grand potential at T = 0 shows that the preferred twisted

kink crystal configuration is the chiral spiral, with the chemical potential sitting

in the middle of the gap (i.e µ̂ = (µ − q)/λ = 0). For this solution, the angular

parameter θ takes the values 0 or 4K′. We will consider the latter case [a similar

argument applies for the other choice]. Intuitively, it is unlikely that a crystalline

phase which is not favored at T = 0 to form at nonzero T , due to its relatively

low entropy. We will now show that this is indeed the case. Consider the stability

of this chiral spiral for T nonzero but small. If we change T slightly away from

0, then the consistency condition that sets the angular parameter θ = 4K′, will

also change slightly, and the preferred value of θ will shift away from 4K′. We

write θ = 4K′ − 4ε, where ε� T̂ � 1. This changes the single-particle spectrum

by producing a very narrow band very close to the lower band edge Ê1 = −1.

With θ = 4K′− 4ε, the band edges (3.6) and from (2.44), the averaged amplitude

Z(θ, ν) = 〈|∆̂(x)|2〉 take the form :

Ê2(θ, ν) ≈ −1 + 2νε2 + . . .

Ê3(θ, ν) ≈ −1 + 2ε2 + . . .

Z(θ, ν) ≈ 1− h(ν)ε2 + . . . (3.59)

where h(ν) = 2ν − 2 + 4E(ν)/K(ν). We now calculate the small T correction to

the grand potential Ψ̂ for this configuration. As usual, we split the grand potential
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into zero temperature and finite temperature parts. For small T , we use the fact

that ln(1 + e−|β̂(E−µ̂)|) ≈ e−|β̂(E−µ̂)| ≈ e−β̂|E| (recall that µ̂ = 0 for T = 0).

Ψ̂ ≈
∫ −1

−∞
dEρ̂(E)(E − µ̂) +

∫ E3

E2

dEρ̂(E)(E − µ̂)

−T
(∫ −1

−∞
dE ρ̂(E)eβ̂E +

∫ ∞
1

dE ρ̂(E)e−β̂E +

∫ E3

E2

dE ρ̄(E)eβ̂E
)

= < Ψ̂ >T=0 −Te−β̂
(∫ ∞

0

dx ρ̂(−x− 1)e−β̂x +

∫ ∞
0

dx ρ̂(x+ 1)e−β̂x

+

∫ 2ε2

2νε2
dx ρ̂(x− 1)eβ̂x

)
(3.60)

In the small T limit, the continuum integrals are dominated by the region x ≈ 0

(i.e near the band edges). The spectral function around the band edges has the

behavior: ∫ ∞
0

dx ρ̂(−x− 1)e−β̂x =

√
T

2π
− ε 1

K(
√
ν)

(3.61)∫ ∞
0

dx ρ̂(x+ 1)e−β̂x ≈
√

T

2π
+O(ε2) (3.62)

Note that the lower continuum leads to an O(ε) correction, while the upper con-

tinuum leads to an O(ε2) correction. The band integral also leads to an O(ε)

correction. This can be seen by changing the integration variable x→ ε2x:∫ 2ε2

2νε2
dE ρ̂(x− 1)eβ̂x = ε

∫ 2

2ν

dx eβ̂xε
2−x− (1 + ν)− h(ν)/2

π
√
x(x− 2ν)(2− x)

≈ ε

∫ 2

2ν

dx
2− x− 2E(ν)/K(ν)

π
√
x(x− 2ν)(2− x)

≡ ε L(ν) (3.63)

An important observation is that this function L(ν) < 0 for all ν ∈ [0, 1].

Finally, we use the general transformation of the grand potential (3.17) to

deduce the grand potential for the twisted kink crystal. Since after minimization,
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ψ̂T=0 = −1/(4π), the small T correction to λ does not contribute to the full grand

potential Ψ (as in (3.47)), and the full grand potential is found to be:

Ψ ≈
(
− 1

4π
− µ2

2π
−
√

2T 3

π
e−1/T

)
+ ε

(
1

K(
√
ν)
− L(ν)

)
Te−1/T + . . . (3.64)

The first term in parentheses is just the low T grand potential for the chiral

spiral, as in (3.47). Since L(ν) is always negative, and K(
√
ν) is always positive,

we see that the system is unstable with respect to the opening of a gap near the

lower continuum edge. In other words, at small T the minimization of the grand

potential reduces the general twisted kink crystal condensate to the chiral spiral

condensate, just as at T = 0.

3.3.3 Numerical results for the thermodynamics of the twisted kink

crystal condensate

The previous two sections have shown that at T = 0 and for small T , the chiral

spiral condensate is the thermodynamically preferred form of the more general

twisted kink crystal condensate. We have also checked this conclusion numerically

at various locations on the phase diagram, and we find that throughout the phase

diagram the chiral spiral is the thermodynamically preferred limit of the general

twisted kink crystal solution of the inhomogeneous gap equation. This analysis is

possible because we have an explicit closed form expansion for the renormalized

grand potential (3.11).
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3.4 Thermodynamics of the real kink crystal and the GN2 model

Initially, the phase diagram of the NJL2 and GN2 models was studied assuming

homogeneous condensates [48, 49], but this assumption does not capture certain

aspects of the true physical phase diagram as we have seen for the NJL2 model.

Now we turn into GN2 model. The phase diagram of the GN2 model, is by now well

understood; both analytically [22], on the lattice [50, 51] and through Monte-Carlo

simulations [52, 53, 54]. But we revisit it here briefly, with a new perspective. It is

shown in Figure 3.4. The tricritical point is at µtc = 0.608 and Ttc = 0.318. In the

region of µ > 2/π, the massless and massive phases are separated by a crystalline

phase. The analysis of this dissertation shows that the key to understanding

the phase diagram of the NJL2 model is the behavior (3.17) of the renormalized

grand potential under the rescaling and shifting transformation (3.1). But in

the GN2 model there is no pseudoscalar interaction, so the condensate is real.

Thus, there is no symmetry corresponding to a phase rotation of the condensate.

In other words, q ≡ 0. The angular parameter θ in the solution (2.35) of the

inhomogeneous gap equation is also zero, as the condensate cannot wind by an

arbitrary phase as it goes through one period. Furthermore, there is no need to

impose any consistency condition on the solution of the gap equation: since the

pseudoscalar condensate Im(∆) is identically zero, there is no condition arising

from its variation, which means that the off-diagonal terms in (2.27) play no role.

Thus, the general solution (2.35) of the inhomogeneous gap equation simplifies to
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Fig. 3.4: Phase diagram of the GN2 model.

the real kink crystal solution in (2.55), which depends on just two parameters,

the scale λ and the elliptic parameter ν. Concerning the grand potential, the key

formula is now (3.17), with q set to 0:

Ψren[λ ∆̂(λx);T, µ] = λ2

(
Ψ̂ren[∆̂(x);T/λ, µ/λ] +

Z

2π
lnλ

)
(3.65)

The last term reflects the anomalous behavior of the grand potential under the

rescaling of the condensate by λ.
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3.4.1 Real kink crystal at T = 0

From previous work [22], we know explicit expressions for the thermodynamical

quantities at T = 0 as functions of the elliptic parameter ν. For λ = 1, the density

is

ρ̂ =
1

2 K(ν̃)
, ν̃ ≡ 4

√
ν

(1 +
√
ν)2

(3.66)

The free energy is

Ê =
Z(ν̃)

4π
(ln ν̃ − 1) +

1

2π

E(ν̃)

K(ν̃)
(3.67)

where

Z(ν̃) = 2

(
1− ν̃

2
− E(ν̃)

K(ν̃)

)
(3.68)

The function E(ν̃) is the complete elliptic integral of the second kind [104]. Thus

we can write the T = 0 grand potential as

Ψ = E − µ ρ

= λ2 (f1(ν̃) + f2(ν̃) lnλ)− µλ f3(ν̃) (3.69)

where

f1(ν̃) ≡ Z(ν̃)

4π
(ln ν̃ − 1) +

1

2π

E(ν̃)

K(ν̃)
(3.70)

f2(ν̃) ≡ Z(ν̃)

2π
(3.71)

f3(ν̃) ≡ 1

2K(ν̃)
(3.72)
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Minimizing Ψ with respect to λ and ν̃ leads to two equations:

∂Ψ

∂λ
= 2λ

(
f1 +

1

2
f2 + f2 lnλ

)
− µ f3 = 0

∂Ψ

∂ν̃
= λ {λ (f ′1 + f ′2 lnλ)− µ f ′3} = 0 (3.73)

Simultaneous solution of these conditions leads to a complicated-looking expres-

sion for lnλ, that actually simplifies dramatically:

lnλ =
f3 f

′
1 − 2f ′3 (f1 + f2/2)

2f2 f ′3 − f3 f ′2

= −1

2
ln ν̃ (3.74)

In showing this remarkable reduction we use the property

∂Z

∂ν̃
=

(Z − ν̃)2

4ν̃(1− ν̃)
(3.75)

Inserting this result for λ back into the minimization conditions (3.73) we find the

minimized values at T = 0:

µ(ν̃) =
2E(ν̃)

π
√
ν̃

(3.76)

λ(ν̃) =
1√
ν̃

(3.77)

The critical value of chemical potential, µc = 2
π
, corresponding to the baryon mass

[10, 19, 50], is obtained at ν̃ = 1, in agreement with known results [22].

3.4.2 Real kink crystal at T � 1

At nonzero temperature, the minimization with respect to λ and ν̃ leads to T de-

pendent expressions for the chemical potential and the scale factor λ, as functions
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of the elliptic parameter ν̃, generalizing the T = 0 expressions (3.76, 3.77). This

can be done numerically, as in [22], but here we find analytic expressions valid in

the small T limit. First, we note that the T = 0 chemical potential in (3.76) lies

E4

E3 m

0.2 0.4 0.6 0.8 1.0
n

1

2

3

4

E

Fig. 3.5: Plot of the chemical potential [center line], and the band edge energies,

as a function of the elliptic parameter ν̃.

in the upper gap [see Figure 3.5],

E3(ν̃) = λ(ν̃)
√

1− ν̃ ≤ µ(ν̃) ≤ E4(ν̃) = λ(ν̃) (3.78)

and moreover, it is slightly closer to the upper band edge, E4, than to the lower

band edge, E3. Since µ is in the gap, at small T there is an exponentially small

factor in the corrections to thermodynamic quantities going like

exp[−|µ− nearest band edge|/T ] (3.79)



95

Furthermore, for all ν̃, µ is closer to E4 than to E3. Thus, we can write as a

leading approximation

Ψ = −T
∫
dE ρ(E) ln

(
1 + e−β(E−µ)

)
(3.80)

= ΨT=0 − T
∫
dE ρ(E) ln

(
1 + e−β|E−µ|

)
(3.81)

∼ ΨT=0 − Te−β(E4−µ)

∫ ∞
E4

dE ρ(E) e−β(E−E4) (3.82)

We expand the spectral function in the vicinity of the nearer band edge, E4:

ρ(E) =
2E2 − (E2

3 + E2
4) + λ2 Z

2π
√

(E2 − E2
3)(E2 − E2

4)
(3.83)

∼ 1

2π

E2
4 − E2

3 + λ2 Z√
2E4(E2

4 − E2
3)

1√
E − E4

+O(
√
E − E4) (3.84)

Thus,

Ψ ∼ ΨT=0 − T 3/2

√
λ

2π
f4(ν̃) e−β(E4−µ) (3.85)

where

f4(ν̃) =
1√
ν̃

(
1− E(ν̃)

K(ν̃)

)
(3.86)

We now minimize Ψ with respect to λ and ν̃, keeping the leading small T correc-

tions to the T = 0 results of the previous section. We find, after some straight-

forward algebra,

µ(ν̃, T ) ∼ 2E(ν̃)

π
√
ν̃
−
√

2T

π

(1− ν̃)K(ν̃)

ν̃3/4
exp

[
−β
(

1√
ν̃

(
1− 2E(ν̃)

π

))]
λ(ν̃, T ) ∼ 1√

ν̃
−
√
πT

2

1

ν̃3/4
exp

[
−β
(

1√
ν̃

(
1− 2E(ν̃)

π

))]
(3.87)
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T

0.5 −

2
π

µ

Fig. 3.6: Plots of the µ(T ) for various values of ν̃ in leading small T behavior.

These small T corrections are plotted in Figure 3.6, and are in very good agree-

ment with the numerical results found in [22], and plotted in Figure 3.4. Already

these corrections indicate the existence of a crystalline phase in which the con-

densate scale λ and the period (set by the elliptic parameter ν) are dependent on

both T and µ. This is in contrast to the phase diagram of the NJL2 model, shown

in Figure 3.2, where the phase transition line is only a function of T , and the scale

parameter λ is independent of the chemical potential µ. With this perspective

we can trace this fundamental difference in the phase diagrams directly to the

fundamental difference between the discrete and continous chiral symmetry of the

two models.
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3.5 All orders Ginzburg Landau expansion

In this Section we present another perspective on our solution, in order to illus-

trate what aspects might possibly be extended to the search of inhomogeneous

phases in higher dimensional models. While a direct application of the resolvent

approach, or the inverse scattering approach, to higher dimensions is problematic,

one approach that can be straightforwardly generalized to higher dimensions con-

sists of the Ginzburg-Landau expansion of the effective action. In this approach,

one expands the free energy corresponding to the effective action (2.3) in powers

of the static condensate ∆ [i.e, the order parameter] and its spatial derivatives.

Using the relation (2.19) between the spectral function ρ(E) and the trace of the

resolvent, we write the free energy density (per flavor) as

Ψ(x) =
1

πβ

∫ ∞
−∞

dE Im [trD R(x;E + iε)] ln
(
1 + e−β(E−µ)

)
(3.88)

Thus, the information regarding the condensate which is carried by the resolvent

and thermodynamic information which is carried by the Fermi factor are explicitly

separated. Usually, it is impossible to evaluate this local density of states exactly.

However, an asymptotic expansion of R(x;E) can always be obtained from a

Laplace transform of the heat kernel expansion, leading to

R(x;E) =
1

2

∞∑
n=0

rn(x)

En
(3.89)

We stress that such an expansion can be derived in any dimension, not just in

1 + 1 dimensions. This is because the heat kernel expansion is known in any
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dimension. However, in 1 + 1 dimensions we now have the luxury of having

found an exact solution to the gap equation. In this Section we compare this

exact solution with the Ginzburg-Landau expansion, and show in explicit detail

how the gap equation for the inhomogeneous condensate is solved order-by-order

in this Ginzburg-Landau expansion. The underlying reason is that both GN2

and NJL2 models are associated with particular integrable hierarchies whose the

conservation equations are identified as the Ginzburg-Landau equations, as shown

below.

In 1 + 1 dimensions, including the Hartree-Fock double-counting correction,

and renormalizing, leads to the standard Ginzburg-Landau expansion of the NJL2

effective Lagrangian, the low order terms of which are

LGL = α0 + α2|∆|2 + α3 Im [∆(∆′)∗] + α4

[
|∆|4 + |∆′|2

]
+α5 Im

[(
∆′′ − 3|∆|2∆

)
(∆′)∗

]
+α6

[
2|∆|6 + 8|∆|2|∆′|2 + 2Re

(
(∆′)2(∆∗)2

)
+ |∆′′|2

]
+ . . . (3.90)

The low order terms are relatively simple, but high orders rapidly become cumber-

some. The coefficients αn(T, µ) are known functions of temperature and chemical
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potential. For example, in 1 + 1 dimensions [55, 56]

α0 = −π
2T 2

6
− µ2

2π

α2 =
1

2π

[
ln(4πT ) + Reψ

(
1

2
+ i

βµ

2π

)]
α3 = − 1

23π2T
Imψ(1)

(
1

2
+ i

βµ

2π

)
α4 = − 1

26π3T 2
Reψ(2)

(
1

2
+ i

βµ

2π

)
α5 =

1

28π43T 3
Imψ(3)

(
1

2
+ i

βµ

2π

)
α6 =

1

212π53T 4
Reψ(4)

(
1

2
+ i

βµ

2π

)
(3.91)

Here ψ(k) denotes the kth derivative of the Euler digamma function ψ(z) =

d ln Γ(z)/dz.

In higher dimensions, an analogous Ginzburg-Landau expansion can be de-

rived. The form of the αn(T, µ) is different, but known, and the form of the

spatial terms rn(x) is different, but computable. In this section we consider how

the NJL2 model gap equation for inhomogeneous condensates looks in terms of the

Ginzburg-Landau expansion. We first present a simple recursive way to generate

the expansion to all orders, and then we show how the gap equation is solved or-

der by order. A closely related expansion, the derivative [or gradient] expansion,

which is an expansion just in powers of derivatives, but including all orders in

powers of the condensate, is considered in [26].

The two key ingredients of our analysis are the asymptotic large energy ex-

pansion (3.89) (also known as the heat kernel expansion) of the resolvent R(x;E)
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and the Eilenberger equation (2.24). In particular, the Eilenberger equation gener-

ates a nontrivial recursion relation between the terms in the heat kernel expansion.

It is more convenient to define (as in [26])

g(x;E) ≡ R(x;E)σ3 (3.92)

In terms of g, the Eilenberger equation (2.24) reads

g′ = iE[σ3, g] + i[J, g] , J ≡

 0 −∆

∆∗ 0

 (3.93)

We now define an asymptotic expansion for g

g(x;E) = − i
2

∞∑
n=0

gn(x)

En
, gn(x) ≡

cn(x) −dn(x)

d∗n(x) −cn(x)

 (3.94)

The factor −i comes from the large E expansion of N (E), as is already clear from

the constant ∆ case in (2.29), which also tells us that g0 = σ3. The Eilenberger

equation implies the simple recursion formula for the gn(x):

g′n(x) = i[σ3, gn+1(x)] + i[J(x), gn(x)] (3.95)
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The determinant condition det g = 1
4

fixes the cn in terms of the dn:

c0 = 1

c1 = 0

c2 =
1

2
|d1|2

c3 =
1

2
(d2d

∗
1 + d1d

∗
2)

c4 = −1

8
|d1|4 +

1

2
|d2|2 +

1

2
(d3d

∗
1 + d1d

∗
3)

c5 = −1

4
|d1|2 (d2d

∗
1 + d1d

∗
2) +

1

2
(d2d

∗
3 + d3d

∗
2) +

1

2
(d4d

∗
1 + d1d

∗
4)

... (3.96)

So, given g0 = σ3, we learn from (3.96) that c1 = 0. Then the Eilenberger recursion

equation (3.95) determines d1 = ∆, so that g1(x) = J(x). Next, knowing d1, we

learn from (3.96) that c2 = 1
2
|∆|2, and from the recursion equation (3.95), we find

that d2 = − i
2
∆′. Iterating this procedure we find the off diagonal terms to be:

d0 = 0

d1 = ∆

d2 = − i
2

∆′

d3 = −1

4

(
∆′′ − 2|∆|2∆

)
d4 =

i

8

(
∆′′′ − 6|∆|2∆′

)
d5 =

1

16

(
∆(iv) − 8|∆|2∆′′ − 2∆2∆∗′′ − 4|∆′|2∆− 6∆∗∆′2 + 6|∆|4∆

)
... (3.97)
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Similarly the diagonal terms are:

c0 = 1

c1 = 0

c2 =
1

2
|∆|2

c3 =
1

2
Im (∆′∆∗)

c4 =
1

8

(
3|∆|4 + 3|∆′|2 −

(
|∆|2

)′′)
c5 =

1

8
Im

(
∆∆∗′′′ + ∆′′∆∗′ + 6|∆|2∆′∆∗

)
... (3.98)

The spectral function is expressed in terms of the trace of the resolvent:

trR(x;E) = −i
∞∑
n=0

cn(x)

En
(3.99)

Then the Ginzburg-Landau expansion (3.90) is obtained by inserting (3.99) into

(3.88) and performing the energy integrals:

ΨGL =

∫
dx

∞∑
n=0

αn(T, µ) cn[∆,∆′, ...] (3.100)

with the cns given in (3.98), Renormalization affects the first two terms, and the



103

others follow from the integrals (n > 2) [57]:

αn(T, µ) =
1

βπ

∫ ∞
−∞

dE Im
( −i

(E + iε)n

)
log
(
1 + e−β(E−µ)

)

=



(−1)(n−2)/2βn−2

(2π)n−1(n−1)!
Reψ(n−2)

(
1
2

+ iβµ
2π

)
, n even

(−1)(n−1)/2βn−2

(2π)n−1(n−1)!
Imψ(n−2)

(
1
2

+ iβµ
2π

)
, n odd

(3.101)

The Ginzburg-Landau equations follow from truncating the sum (3.100) at some

order N and minimizing it in the function space.

δ

δ∆∗

N∑
n=0

∫
dxαn(T, µ) cn[∆,∆′, ...] = 0 (3.102)

In general this leads to a nonlinear differential equation of order N − 2. This can

directly be seen from noticing that αn, ∆ and ΨGL have mass dimensions 2−n, 1

and 2 respectively. In a generic 1+1 dimensional model, it is almost impossible to

study these differential equations beyond numerical means to obtain information

about the possible inhomogeneous phases near the tricritical point. However, the

fact that the gap equation is soluble in NJL2 and GN2 models translates into a set

of special properties of the corresponding Ginzburg-Landau equations. In fact, for

NJL2 , they coincide with the conservation equations of a hierarchy of differential

equations known as the Ablowitz, Kaup, Newell, Segur (AKNS) hierarchy [58, 59].

A characteristic feature of integrable hierarchies is the existence of an infinite

set of Lax pairs [60], QN and H. The operator H generates evolution with respect

to a parameter t via d
dt

= [ , H] and QNs are the conserved quantities of the
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hierarchy:

[QN , H] = 0 (3.103)

In our case H is the BdG Hamiltonian (2.10) and QNs can be constructed as

follows. We first define:

qn = i
n∑
k=0

gn−k(x)Hk (3.104)

where gns are the coefficients of the heat kernel expansion defined in (3.94). Using

the recursion relation for gn (3.95) we find:

[gn−k, H] =

 0 2dn+1−k

−2d∗n+1−k 0

−
 0 2dn−k

−2d∗n−k 0

H (3.105)

Then if we compute [qn, H], only the k = 0 term in the sum over k survives:

[qn, H] = i
n∑
k=0

[gn−k, H]

=

 0 2idn+1

−2id∗n+1 0

 (3.106)

Finally, we define the operator QN to be the linear combination of qn with n ∈

0, 1, ...N .

QN =
N∑
n=0

γN−nqn (3.107)

Without loss of generality, we can set the coefficient γ0 = 1. The N th conservation

equation [QN , H] = 0 therefore is an N th order differential equation:

dN+1 + γ1dN + ...+ γNd1 = 0 (3.108)
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This hierarchy of differential equations is known as the AKNS hierarchy. The first

few equations of the hierarchy are:

N = 0 : ∆ = 0 ,

N = 1 : − i
2

∆′ + γ1∆ = 0 ,

N = 2 : −1

4
(∆′′ − 2|∆|2∆)− γ1

i

2
∆′ + γ2∆ = 0 ,

N = 3 :
i

8
(∆′′′ − 6|∆|2∆′)− γ1

1

4
(∆′′ − 2|∆|2∆)− γ2

i

2
∆′ + γ3∆ = 0 ,

N = 4 :
1

16

(
∆(iv) − 8|∆|2∆′′ − 2∆2∆∗′′ − 4|∆′|2∆− 6∆∗∆′2 + 6|∆|4∆

)
+γ1

i

8
(∆′′′ − 6|∆|2∆′)− γ2

1

4
(∆′′ − 2|∆|2∆)− γ3

i

2
∆′ + γ4∆ = 0

... (3.109)

To relate the AKNS hierarchy explicitly with the Ginzburg Landau expansion, we

go back to the free energy (3.88) which can be written, after an integration by

parts, as:

Ψ =
1

π

∫ ∞
−∞

dE

1 + eβ(E−µ)
trD,x ln(γ0(E −H)) (3.110)

The gap equation then is:

0 =
δΨ

δ∆∗
=

1

π

∫ ∞
−∞

dE

1 + eβ(E−µ)
trD ln

(
γ0(1 + γ5)

1

E −H

)
(3.111)

This is of course the generalization of the standard gap equation (2.4) for nonzero

T and µ. Now, using the heat kernel expansion (3.94) and the energy integrals

(3.101) we can show that:

δΨ

δ∆∗
=
∞∑
n=2

αn(T, µ)
n− 1

2
dn−1 (3.112)
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which implies a remarkable property of the hierarchy:

δ

δ∆∗

∫
dx cn[∆,∆′, ...] =

n− 1

2
dn−1[∆,∆′, ...] (3.113)

This identity maps the N th Ginzburg-Landau equation (3.102) to the (N − 2)th

AKNS equation

δ

δ∆∗

∫
dx

N∑
n=2

αn(T, µ)cn =
N∑
n=2

αn(T, µ)dn−1 = 0 (3.114)

The coefficients γn, are now expressed as the T , µ dependent coefficients αn.

Therefore, at the end of the minimization, all of the properties of the solutions

∆, which are encoded in these coefficients, are expressed in terms of the physical

parameters T and µ.

Another crucial property of the AKNS hierarchy is that any solution ∆

that satisfies the N th AKNS equation automatically satisfies all the higher order

equations. This can be seen from the recursion relation (3.95). In particular,

notice that the 2nd AKNS equation (3.109) is exactly the Nonlinear Schrödinger

equation (2.31) that was associated with the NJL2 gap equation. This recursion

property of the hierarchy shows that the solutions of the NLSE solves the gap

equation (3.102) order by order in the Ginzburg-Landau expansion regardless of

which order we truncate. In fact, the solutions of the AKNS equations (3.109) of

any order are known (see eg. [59, 61]) and expressed as hyper-elliptic functions.

Remarkably, they define potentials whose spectra have only a finite number of

bands. The solution of the N th AKNS equation has 2N real parameters which can
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be identified with the band edges in the corresponding fermion energy spectrum.

Now, the recursion relation can be understood physically as follows: The

most general solution of order N has N gaps (or 2N band edges) in its energy

spectrum. However there exists a particular solution in which two of the band

edges are equal and there are N−1 gaps in the spectrum. Therefore it is the most

general solution of order N − 1. Reading it backwards; the most general solution

of an arbitrary order N is always a particular solution of all the higher orders.

In the GN2 model the order parameter ∆ is real and all the odd terms in

(3.98) vanish. The corresponding hierarchy generated by these coefficients is the

modified Korteweg-de Vries (mKdV) hierarchy. The mKdV hierarchy is obtained

from the KdV hierarchy [62] by writing the potential V as V = ∆ ± ∆′, and re

expressing everything in terms of ∆. This transformation is known as the Miura

transformation [63], and its origin is clear from the BgD equation (2.11) for the

real condensate ∆. Since it is a particular subset of the AKNS hierarchy, all the

properties of AKNS that we discussed above hold also for mKdV. The associated

solutions have a symmetric energy spectrum due to the discrete chiral symmetry

as explained in section 3.1. Hence the solution of N th mKdV equation has N

bands in the energy spectrum which are symmetric around zero and characterized

by N parameters.

In the rest of this section, we investigate the Ginzburg-Landau expansions

of the NJL2 and GN2 at models next-to-leading order.
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3.5.1 Ginzburg-Landau expansion for the NJL2 model

The “tricritical” point is defined as the point where the two lowest nontrivial

coefficients, α2(T, µ) and α3(T, µ), vanish:

α2(T, µ) = α3(T, µ) = 0 ⇒ Ttc = 0.566 , µtc = 0 (3.115)

The first nontrivial order, to O(α3), the grand potential:

ΨGL = α0 + α2|∆|2 + α3 Im(∆′∆∗) (3.116)

leads to the GL equation:

∆′ − iα2

α3

∆ = 0 ⇒ ∆ = λ exp

[
i
α2

α3

x

]
(3.117)

But on this solution, the second and third term cancel each other and the grand

potential is ΨGL = α0, even though this condensate is crystalline. Thus, the phase

diagram is simply that of a massless phase. The only thing we learn at this level

of the GL expansion is the existence of the tricritical point at T = 0.5669 and

µ = 0.

Going to the next non-trivial order beyond the level defining the tricritical

point, namely to O(α4), we obtain the GL equation of NLSE form:

∆′′ − 2|∆|2∆− iα3

α4

∆′ − α2

α4

∆ = 0 (3.118)

Adapting the solution in Section 2.4, we can write the general solution as

∆ = −λσ(λx+ iK′ − iθ/2)

σ(λx+ iK′)σ(iθ/2)
exp [iλx(−iζ(iθ/2)) + iθη3/2 + iqx] (3.119)
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which satisfies

−∆′′ + 2∆|∆|2 = −2i q∆′ + (−3λ2P(iθ/2)− q2)∆ (3.120)

Identifying the terms with the NLSE equation we deduce:

q =
α3

2α4

λ2 =

(
− α2

2α4

[
1− α2

3

4α2α4

])(
2

−3P(iθ/2)

)
(3.121)

Notice that in the GL approach, we get explicit expressions for the dependence of

the solution’s parameters in terms of T and µ. Note that (−P(iθ/2)) ≥ 0. Thus,

this inhomogeneous crystal condensate only makes sense in regions of the (T, µ)

plane where
(
−α2

α4

[
1− α2

3

4α2α4

])
≥ 0.

Now evaluating the averaged potential on this solution, we find

〈Ψ〉crystal
GL = α0 +

[
− α2

2

4α4

(
1− α2

3

4α2α4

)2
][

4

9

(
1 +

ν2 − ν + 1

9P(iθ/2)2
+

2

P(iθ/2)

η

K

)]

≡ α0 +

[
− α2

2

4α4

(
1− α2

3

4α2α4

)2
]
F (ν, θ) (3.122)

We note that 0 ≤ F (ν, θ) ≤ 1. This factorization of the dependence on θ and

ν, which are the distinguishing parameters of the twisted kink crystal (the twist

and period), reflects the fact that only a particular form of the phase is favored.

Depending on the sign of α4 it is either the configuration with F (θ, ν) = 1 or the

the massless phase with F (θ, ν) = 0. The twisted kink phase where 0 < F (θ, ν) <

1 is completely eliminated. We now show that the favored inhomogeneous phase
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is indeed the spiral:

∆spiral = λ eiqx (3.123)

With this spiral ansatz we find

〈Ψ〉spiral
GL = α0 + λ2α2 − qλ2α3 + (λ4 + q2λ2)α4 (3.124)

Minimizing with respect to q we find q = α3/2α4. It is worth to mention that

in the region where GL expansion is valid (i.e. µ = 0, Ttc = 0.566), q has the

expansion:

q = 2µ+ 0.77
µ3

T 2
+O(µ5) (3.125)

which is in agreement with the exact solution with q = 2µ. Further minimizing

with respect to λ2 we find

λ2 =

(
− α2

2α4

[
1− α2

3

4α2α4

])
(3.126)

which should be compared with (3.121). Furthermore, evaluating the averaged

potential on this spiral condensate we find

〈Ψ〉spiral
GL = α0 +

[
− α2

2

4α4

(
1− α2

3

4α2α4

)2
]

(3.127)

Notice that this grand potential is the same as (3.122) with F (θ, ν) = 1.

Furthermore from (3.127) we see that α4(T, µ) > 0 for the spiral to have a lower

free energy. This condition is constrained by the condition λ2 > 0 in (3.126).

These two conditions lead to the phase diagram illustrated in Figure 3.7.
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Fig. 3.7: The phase diagram of the NJL2 model, based on a Ginzburg-Landau

expansion to O(α4).

As a result the Ginzburg-Landau analysis confirms once again that the chiral

spiral is the thermodynamically preferred form of the inhomogeneous condensate,

in the applicable part of the phase diagram. The general pattern is simple: to

first nontrivial order O(α3), we see the existence of the spiral phase as a solution

of the GL equations, however it is not favored to this order. It is the next order

of the GL expansion [i.e., one step beyond the order that defines the tricritical

point] where we see that the spiral phase is favored. Going to even higher orders

of the GL expansion, the crystalline region grows, and eventually covers the entire

region given by the exact numerics, as shown in Figure 3.2.

We now analyse the Ginzburg-Landau expansion of the GN2 model and

demonstrate that the same pattern we described above also appears there.
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3.5.2 Ginzburg-Landau expansion for the GN2 model

We start with the grand potential density:

ΨGL = α0 + α2φ
2 + α4

(
φ4 + φ′2 − 1

3

(
φ2
)′′)

+α6

(
2φ6 + 10φ2φ′2 + φ′′2 −

(
φ4 + (φ′)

2 − 1

5

(
φ2
)′′)′′)

+ . . . (3.128)

The tricritical point is defined as the point where the first two nontrivial coeffi-

cients, α2(T, µ) and α4(T, µ) vanish:

α2(T, µ) = α4(T, µ) = 0 ⇒ Ttc = 0.318329 , µtc = 0.608221

(3.129)

Here we see that the absence of the odd terms due to the real order parameter in

the Ginzburg-Landau expansion leads to a completely different tricritical point for

the GN2 model. This is another outcome of the discrete chiral symmetry which

is the ultimate reason why the order parameter is real. As mentioned above, the

expansion to O(α2) yields no information. The next nontrivial order, to O(α4),

leads to the following GL equation, which is a special case of the NLSE (3.118)

φ′′ − 2φ3 − α2

α4

φ = 0 (3.130)

The general solution can be written as

φ = λ
√
ν sn(λx; ν) ⇔ φ′′ − 2φ3 + (1 + ν)λ2 φ = 0 (3.131)
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with the identification of the scale parameter λ as

λ2 =

(
−α2

α4

)(
1

1 + ν

)
(3.132)

Since 1
1+ν
≥ 0, this expression tells us that this inhomogeneous solution only

makes sense in regions of the (T, µ) plane where
(
−α2

α4

)
≥ 0. Using the following

identities satisfied by the solution in (3.131)

(φ′)
2

= φ4 − (1 + ν)λ2φ2 + ν λ4 (3.133)(
φ2
)′′

= 6φ4 − 4(1 + ν)λ2 φ2 + 2ν λ4 (3.134)

we can write the grand potential density to this order as

ΨGL = α0 + α2φ
2 + α4

(
1

3
(1 + ν)λ2φ2 +

1

3
ν λ4

)
= α0 +

2

3
α2 φ

2 +
ν

3(1 + ν)2

α2
2

α4

(3.135)

Here we have used the above expression (3.132) for λ2. Averaging over one period,

we use 〈φ2〉 = λ2(1− E(ν)/K(ν)), and again using (3.132) we find

〈Ψ〉crystal
GL = α0 +

(
− α2

2

4α4

)[
4

1 + ν

(
2 + ν

3(1 + ν)
− 2

3

E(ν)

K(ν)

)]
≡ α0 +

(
− α2

2

4α4

)
F (ν) (3.136)

Note that the function F (ν) is a smooth function interpolating monotonically

between F (0) = 0 and F (1) = 1. This is very similar to the expression in the

NJL2 case (3.122). We have written 〈Ψ〉crystal
GL like this in order to compare with

the homogeneous ansatz: φ = λ. Then

〈Ψ〉homogeneous
GL = α0 + α2λ

2 + α4λ
4 (3.137)
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Minimizing with respect to λ2, we obtain the condition λ2 = −α2/(2α4), and at

this minimum

〈Ψ〉homogeneous
GL = α0 +

(
− α2

2

4α4

)
(3.138)

Therefore, we can write

〈Ψ〉homogeneous
GL − 〈Ψ〉crystal

GL =

(
− α2

2

4α4

)
[1− F (ν)] (3.139)

An important observation is that at the values of ν = 1 and ν = 0, the minimized

grand potential reduces to that of the homogeneous and the massless condensates

(recall E/K(ν = 1) = 0,E/K(ν = 0)=1):

〈Ψ〉crystal
GL (ν = 1) = α0 +

(
− α2

2

4α4

)
= 〈Ψ〉homogenous

GL

〈Ψ〉crystal
GL (ν = 0) = α0 = 〈Ψ〉massless

GL (3.140)

This behavior is depicted in Figure 3.8, where the grand potential of the crystal

condensate lies between that of the massless and massive homogeneous phases, in-

terpolating between them as a function of ν. Minimizing with respect to ν pushes

us to the massive homogeneous phase in the blue region, but to the massless homo-

geneous phase in the white region. Thus, at this order of the GL expansion, even

though the solution to the GL equation has the form of a crystalline condensate,

the thermodynamic minimum is a constant condensate, either zero or non-zero,

but always constant. We now show that this picture changes significantly at the

next order.
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Fig. 3.8: The phase diagram of the GN2 model, based on a Ginzburg-Landau

expansion to the lowest nontrivial order: O(α4).

Going to the next non-trivial order beyond the level defining the tricritical

point, we expand the grand potential density in powers of the real condensate

field φ and its derivatives [we drop the total derivative terms as these are not

important for this argument]:

ΨGL = α0 + α2φ
2 + α4(φ4 + φ′2) + α6(2φ6 + 10φ2φ′2 + φ′′2) (3.141)

The GL equation is now a fourth-order equation:

(
φ′′′′ − 10φ2φ′′ − 10φ(φ′)2 + 6φ5

)
+
α4

α6

(
−φ′′ + 2φ3

)
+
α2

α6

φ = 0 (3.142)

The simplest solution is a homogeneous condensate, φ = λ, with massless and
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massive solutions:

λ = 0 (massless homogeneous phase)

λ4 +
α4

3α6

λ2 +
α2

6α6

= 0 ⇒ λ2
± = − α4

6α6

(
1±

√
1− 6α2α6

α2
4

)
(massive homogeneous phase) (3.143)

The general solution to (3.142) is very complicated, but we can use the inhomo-

geneous solution to the NLSE

φ = λ
√
ν sn(λx, ν) (3.144)

A similar idea was used in an analogous condensed matter model in [35]. This

solution satisfies the nonlinear equations:

−φ′′ + 2φ3 = (1 + ν)λ2φ(
φ′′′′ − 10φ2φ′′ − 10φ(φ′)2 + 6φ5

)
= (ν2 + 4ν + 1)λ4φ (3.145)

Thus, comparing with the GL equation (3.142), we see that φ satisfies the GL

equation (3.142) provided we identify:

λ4 +
ν + 1

(ν2 + 4ν + 1)

α4

α6

λ2 +
1

(ν2 + 4ν + 1)

α2

α6

= 0 (3.146)

This condition leads to two solutions

λ2
± = − ν + 1

2(ν2 + 4ν + 1)

α4

α6

(
1±

(
1− 4(ν2 + 4ν + 1)

(ν + 1)2

α2α6

α2
4

)1/2
)

(3.147)

Evaluated on the crystalline solution, the grand potential is

〈Ψ〉GL = α0 + λ2α2

(
1− E

K

)
+
λ4α4

3

(
1 + 2ν − (1 + ν)

E

K

)
+
λ6α6

5

(
3ν2 + 6ν + 1− (ν2 + 4ν + 1)

E

K

)
(3.148)
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Fig. 3.9: The phase diagram of the GN2 model, based on a Ginzburg-Landau

expansion to the lowest nontrivial order: O(α6).

This is just a function of T and µ (through the α’s) and the elliptic parameter ν,

because λ is given by the solutions in (3.147). We can therefore evaluate the grand

potential throughout the (T, µ) plane and ask where it is lower than the grand

potential of the homogeneous phase. The result is shown in Figure 3.9, which

shows the existence of a crystalline phase in a small region in the vicinity of the

tricritical point. This is a region in which the grand potential of the crystalline

condensate is lower than that of the massless or massive homogeneous condensate.

On the upper edge, ν = 0 and the scale of the crystalline condensate vanishes as

it reduces to a massless phase; on the lower edge, ν = 1, and the period of the
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Fig. 3.10: A close-up view of the crystalline region in Fig. 3.9

crystalline condensate diverges as it reduces to a homogeneous massive phase.

The form of this region matches very well with the full crystalline region, near

the tricritical point, as shown by the close-up view in Figure 3.10. Especially, the

agreement is excellent near the tricritical point and near the LOFF boundary with

the massless phase. Going to higher orders of the GL expansion, this crystalline

region grows, and eventually covers the entire region given by the exact numerics

[22].

Consequently, we see the same general pattern in the GL expansion as in

the NJL2 case. To the first nontrivial order where the tricritical point is defined,

we see the inhomogeneous crystal phase as a solution yet it is not favored in the

phase diagram. When we go to the next nontrivial order, we start to see the
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crystal phase in the phase diagram. The region in which it is favored approaches

the exact result as we take into account more orders in the Ginzburg-Landau

expansion.

3.6 An overview of phase diagrams

After a detailed study of the phase diagrams of NJL2 and GN2 systems, that

are associated with discrete and continuous chiral symmetries, we now focus on

the underlying physical mechanism that shapes these phase diagrams. It can

be summarized as a combination of the Peierls instability and chiral symmetry

breaking. The Peierls instability [64] is a famous result concerning one dimensional

crystals, stating that at small enough temperatures opening a gap in the energy

spectrum around the Fermi point, such that all the filled states are below the

band and all the empty states are above, is energetically favorable compared to

having no gap. Qualitatively, the existence of the gap decreases the energy of all

the filled states hence the total free energy. In a chain type crystal at half filling,

the gap is generated by a small displacement of the every second crystal site by

an small (with respect to lattice size) amount δ. This shift generates a term (see

the second reference in [64])

−δ2 ln(δ) (3.149)

in the free energy, where δ is proportional to the width of the gap. We see that this

is exactly the λ2 lnλ term in the free energy (3.42) where λ is again the width of
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the gap, measured in the units of the dynamically generated mass. Therefore the

dynamical mass generation can be interpreted as another realization of the Peierls

instability, generalized to a continuous system rather than a discrete lattice.

Fig. 3.11: The energy spectra of the phases in GN2 and NJL2 models

At nonzero chemical potential, the fermion mass gap is not centered around

the Fermi point anymore. The crucial difference between the GN2 and NJL2 mod-

els occurs at nonzero µ. In the GN2 model, due to the discrete chiral symmetry,

the energy spectrum has to be symmetric around zero (see Section 3.1) and the

only way to open a gap around a nonzero energy value is to open two gaps placed
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symmetrically around zero. This configuration is precisely the real kink crystal

described in Section 2.4.4. However it does not necessarily lead to a minimum free

energy for all µ. Therefore there is a competition between the homogeneous phase

with one gap around zero and crystal phase with two gaps. In fact, the crystal

phase is only favored above a critical chemical potential µc = 2
π
. Physically this

µc is the mass of the dynamically generated baryon [10, 19, 50] in the theory.

Also because of the effect of the lower gap on the density of states, the upper

gap is not exactly centered around µ, but slightly closer to the upper band (see

Fig 3.5). In the NJL2 model, the continuous chiral symmetry allows one to shift

the energy spectrum by an arbitrary amount q. Therefore it is always possible

to open a gap around µ and this is precisely what happens (see Section 3.2.1).

The corresponding configuration is the chiral spiral. In both of the models above

a critical temperature, the entropy dominates. Combined with the asymptotic

freedom, the the favored phase therefore, is the massless, free fermion where the

chiral symmetry is restored.

As a result, the underlying mechanism behind the phase diagrams of GN2

and NJL2 models is a generalized form of the Peierls instability where the gap

is formed through chiral symmetry breaking. The form of the chiral symmetry

has a direct impact on the phase diagram. Moreover, this argument suggests

that the formation of spiral phases in 1+1 dimensional fermion systems is generic.

In fact, recent studies showed that this is indeed the case, and certain models
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such as the ’t Hooft model [65] or the proposed “quarkyonic” phase [45, 46] of

the cold, dense QCD at large Nc limit host chiral spiral phases. The quarkyonic

phase is described by a quark fermi sea with confined excitations in the region

µ >> ΛQCD >> MDebye. The dynamics of the Fermi surface leads to a factorized

gluon propagator since the contribution transverse momentum transfer (∼ ΛQCD)

to the quark free energy is negligible compared to the longitudinal one (∼ µ).

Therefore one ends up with an effectively 1+1 dimensional system whose ground

state is a chiral spiral [46]. Additionally, a spiral phase in SU(2)R × SU(2)L

symmetric NJL2 model with isospin chemical potential [66] is also recently been

found [67].

As mentioned, the GN2 model can be realized as the continuum limit of cer-

tain one dimensional polymer chains [29] or spin Peierls cuprates [31] where the

discrete chiral symmetry breaking corresponds to dimerization. The role of chem-

ical potential is played by the external magnetic field which creates an imbalance

between spin up and down electrons. There also exist inhomogeneous supercon-

ductors [32, 33, 34, 35, 36]. where the gap formation is due to BCS pairing. In all

these materials, the Peierls instability is observed. Next, we apply this reasoning

to study dense quark matter under a strong magnetic field where the dimensional

reduction form 3+1 to 1+1 dimensions is due to strong magnetic field that causes

the transverse degrees of freedom to “freeze” in the lowest Landau level.



Chapter 4

Chiral magnetic spiral

In the previous chapter we have showed that, below a critical temperature, the

ground state of the NJL2 model at nonzero density is a spiral with a phase equal

to the chemical potential, and further argued that this is a generic phenomenon in

1+1 dimensional systems with continuous chiral symmetry at nonzero density. In

this section, we apply this reasoning to quark matter in the presence of a strong

magnetic field which induces a dimensional reduction mechanism from 3+1 to

1+1 dimensions. In particular we revisit the Chiral Magnetic Effect from this

dimensionally reduced picture using our results regarding thermal properties of

1+1 dimensional systems with chiral U(1) symmetry, summarized in Section 3.6.

The work discussed in this chapter is published as [14].

Recently, the STAR Collaboration at the Relativistic Heavy Ion Collider

reported [68, 69] observation of charge-dependent azimuthal correlations, repre-

senting evidence for the Chiral Magnetic Effect (CME) [70, 71, 72, 73, 74] in QCD

coupled to electromagnetism. The essence of the effect is the generation of electric

current along the direction of an external magnetic field in the presence of topo-

123
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logically nontrivial gauge field configurations creating a local imbalance between

left and right chiralities. The colliding positively charged ions generate, at early

times, a very strong magnetic field, eB ∼ m2
π [72, 75], that inside the produced

quark-gluon matter is directed perpendicular to the reaction plane of the collision.

Topological fluctuations in the produced matter (for recent specific realizations,

see [76, 77]) then induce the experimentally measured charge asymmetry with

respect to the reaction plane that fluctuates on an event-by-event basis.

The CME has been studied also in lattice gauge theory, and evidence for

charge separation in a magnetic field has been found both in quenched calculations

[78] and in calculations with dynamical light quarks [79]. At finite baryon density,

there is a closely related phenomenon of chiral separation (flow of axial current)

along the direction of the magnetic field [80, 81, 82]. Very recently, it has been

found [83] that the vacuum of the theory in the confined, chirally broken phase

develops a finite electric conductivity along the direction of a sufficiently strong

external magnetic field. A natural question arises about the nature of the low

frequency mode capable of transporting the charge current in the vacuum.

The two important physical effects are the lowest Landau level (LLL) pro-

jection induced by the strong magnetic field, which leads to an effective reduction

of the system to 1+1 dimensions, as in the physics of magnetic catalysis of symme-

try breaking [84, 85], and the topological charge fluctuations of the QCD vacuum,

which induce local regions of chirality of zero modes.



125

-

+

L+

L−

R−

R+

charge

Fig. 4.1: Sketch of the effect of the strong magnetic field on the various spinors.

The effect of the strong magnetic field (directed upward in these figures) on

the various spinor basis elements is shown in Figure 4.1. The circles denote the

cyclotron orbits, the spin direction is denoted by solid arrows, and the direction

of momentum by dotted arrows. R± and L± label right- and left-handed chirality

with ± direction of momentum along the B field. The upper row, labeled on the

left with a circled + sign, corresponds to positive charge in the lowest Landau

level projection of spins aligned along the B field, while the lower row, labeled on

the left with a circled − sign, corresponds to negative charge in the lowest Landau

level projection of spins anti-aligned with the B field.

There are three important spinor bases relevant to our discussion: a chirality

basis, a spin basis and a momentum direction basis, because of the roles played by

topological charge fluctuations, Zeeman splitting, and the dimensional reduction

due to lowest Landau level projection. We consider a strong (and approximately

uniform) magnetic field B along the x3 direction, and use Dirac matrices (j =
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1, 2, 3)

γ0 =

0 1

1 0

 γj =

 0 −σj

σj 0

 γ5 =

1 0

0 −1

 (4.1)

We decompose the 4-component spinor in terms of eigenstates of the chiral pro-

jectors, PR,L = 1
2
(1± γ5), the spin projectors P↑,↓ = 1

2
(1± Σ3), and the momen-

tum direction projectors P+,− = 1
2
(1 ± γ0γ3). The longitudinal spin operator is

Σ3 = γ0γ3γ5 = diag(σ3, σ3), and the helicity operator is γ0γ3 = diag(σ3,−σ3).

We can write the 4-component spinor field as

Ψ =

(
R+, R−, L−, L+

)T
(4.2)

Define the following 2 component spinors, eigenspinors of chirality, spin and mo-

mentum direction, respectively:

R =

R+

R−

 L =

L+

L−



φ↑ =

R+

L−

 φ↓ =

L+

R−



η+ =

R+

L+

 η− =

L−
R−

 (4.3)

Then the axial current, Jµ5 = Ψ̄γµγ5Ψ, can be decomposed in terms of 2-
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p3

ω

R ↑R ↓

L ↓L ↑

µ5−µ5

p3

ω

R ↑R ↓
L ↓L ↑

−µ µ

Fig. 4.2: The dispersion diagrams for the case of nonzero µ5 (upper figure) and

for nonzero µ (lower figure).

component spinors as follows:

J0
5 = R†R−L†L = −iφ̄↑Γzφ↑ + iφ̄↓Γ

zφ↓

J1
5 = R̄R+ L̄ L = φ̄↑φ↓ + φ̄↓φ↑

J2
5 = iR̄Γ5R− iL̄Γ5L = −iφ̄↑φ↓ + iφ̄↓φ↑

J3
5 = R̄ΓzR− L̄ΓzL = φ†↑φ↑ − φ†↓φ↓ (4.4)
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and the charge current, Jµ = Ψ̄γµΨ, is decomposed:

J0 = R†R+ L†L = φ†↑φ↑ + φ†↓φ↓

J1 = R̄R − L̄L = −φ̄↑Γ5φ↓ + φ̄↓Γ
5φ↑

J2 = iR̄Γ5R+ iL̄Γ5L = iφ̄↑Γ
5φ↓ + iφ̄↓Γ

5φ↑

J3 = R̄ΓzR+ L̄ΓzL = φ̄↑Γ
zφ↑ + φ̄↓Γ

zφ↓ (4.5)

Here we have defined the 2 dimensional gamma matrices as Γ0 = σ1,Γz =

−iσ2,Γ5 = σ3. Note that J0, J0
5 , J3 and J3

5 are expressed in terms of 2d densities

and currents for R and L, while J⊥ and J⊥5 are expressed in terms of 2d scalar

and pseudoscalar condensates for R and L.

The fillings of right- and left-handed levels are shown in Figure 4.2 for the

cases of nonzero chiral chemical potential µ5 = µR = −µL, and for nonzero

chemical potential µ = µR = µL. Accounting for the appropriate branches of the

excitations, the dispersion relation for µ5 6= 0 is:

µ5 6= 0 : R ↑: ω = p3 − µ5 , L ↑: ω = p3 + µ5

R ↓: ω = −p3 − µ5 , L ↓: ω = −p3 + µ5 (4.6)

while for µ 6= 0:

µ 6= 0 : R ↑: ω = p3 − µ , L ↑: ω = −p3 − µ

R ↓: ω = −p3 − µ , L ↓: ω = p3 − µ (4.7)

For certain pairings, the up-moving and down-moving plane waves e±ip3z acquire

a phase difference because of the chemical potential shift, which naturally leads
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to the production of sinusoidal spatial modulations in the longitudinal direction.

We show below that these modulations occur in the transverse components of the

currents.

The key observation is that, after dimensional reduction, the 3 + 1 dimen-

sional spinor break down into two ”flavors” of 1 + 1 dimensional two component

spinors R and L. Also, in the previous section we argued that in a generic the-

ory with continuous chiral symmetry and nonzero chemical potential, the ground

state below the critical temperature is the chiral spiral. Therefore in the dimen-

sionally reduced picture we expect R and L to develop chiral spiral phases. Then

the renormalized number density (3.25), is automatically given by µf/π. We now

investigate the cases with nonzero axial chemical potential µ5 and quark chemical

potential µ separately.

4.1 Nonzero chiral chemical potential µ5 6= 0

To understand the implications of the chiral spiral for 3 + 1 dimensions, consider

first the effect of a nonzero chiral chemical potential µ5 6= 0, corresponding to

µR = µ5 = −µL. The fillings of the fermionic single-particle levels for massless R

and L particles are depicted in Figure 4.2, using the dispersion relations in (4.6).

The imbalance between right-handed and left-handed particles leads to the ”chiral

magnetic effect” [70, 71, 72, 73, 74], a charge separation along the direction of the

magnetic field. For example, as depicted in Figure 4.1, in a region with a surplus of
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right-handed zero modes, the positive charges necessarily have spin up due to the

LLL projection, and hence have positive momentum, while negatively charged

right-handed particles have spin down and hence negative momentum, thereby

inducing a spatial separation of charge. This charge separation is associated with

a nonzero expectation value, 〈J3〉 = eB
2π

eµ5

π
, computed in [70, 73], reflecting the

surplus of right-handed particles leading to a surplus of right-handed current along

the x3 = z direction.

Moreover ,from the renormalized number density (3.25), we find ρR = µ5

π

and ρL = −µ5

π
. Combined with the Landau degeneracy factor eB

2π
, we find from

(4.4) the nonzero expectation value 〈J0
5 〉 = 1

2
eB
2π

2eµ5

π
1 [73, 74], while from (4.5)

we have 〈J0〉 = 0. This is another way to understand the usual chiral magnetic

effect, in a way that emphasizes the physical factorization into the product of a

transverse Landau degeneracy factor and a longitudinal one-dimensional density-

of-states factor.

Alternatively, this can also be understood as a dimensional reduction of the

3+1 dimensional chiral anomaly [86, 87, 88, 89] to the 1 + 1 dimensional chiral

anomaly, expressed in terms of the 1 + 1 dimensional density and current. The

1 In computing 〈J0
5 〉 (analogously for 〈J3

5 〉 with µ 6= 0), there is an additional factor of 1
2

coming from integrating over half of the momentum space, as is appropriate for the dispersion

relations associated with the relevant pairing. For a comprehensive discussion see sections II

and III B in [73].
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3+1 dimensional chiral anomaly can be expressed as [74]:

dQ5

dt
≡ d

dt

∫
d3~x〈J0

5 〉 =
e2

2π2

∫
d3~x ~E · ~B (4.8)

Here, the electric field can be thought of generated by an adiabatic chiral chemical

potential µ5 with E ∼ µ̇5/e, consistent with the spectral flow picture. The the

term
∫
d2x⊥

eB
2π

is again recognized as the Landau degeneracy, leading to:

d

dt
〈J0

5 〉 =
eB

2π

d

dt

(µ5

π

)
(4.9)

which reproduces the same result 〈J0
5 〉 = ρR − ρL = eB

2π
µ5

π
as above.

Our first new observation concerns the effect of a strong magnetic field and

nonzero µ5 on the transverse components of the axial and charge currents. In the

longitudinal direction there is no effect on the axial current, 〈J3
5 〉 = 0, because we

assume the chirality imbalance occurs homogeneously (i.e., µ5 is almost constant

along the z axis). On the other hand, we find nonzero expectation values for the

transverse components, 〈J⊥5 〉 and 〈J⊥〉, of both the axial and charge currents,

and moreover these have a characteristic spiral dependence on the longitudinal

coordinate, set by 2µ5. To see this, recall that the dispersion relations for the

massless fermions are linear (4.6), and the nonzero µ5 represents an imbalance in

the fillings of R and L fermion levels, as shown in Figure 4.2. The free part of the

Lagrangian with nonzero µ5 is:

Lµ5 = iR∗+ (∂0 + ∂z − iµ5)R+ + iR∗− (∂0 − ∂z − iµ5)R−

+iL∗+ (∂0 + ∂z + iµ5)L+ + iL∗− (∂0 − ∂z + iµ5)L− (4.10)
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Referring to Figure 4.2, pairing occurs at the Fermi surface between R

particles with p3 ∼ µ5 and R holes with p3 ∼ −µ5, and between L particles with

p3 ∼ −µ5 and L holes with p3 ∼ µ5. Thus the condensates R̄R, R̄ iΓ5R, L̄ L and

L̄ iΓ5L appearing in J⊥ and J⊥5 have momentum dependences displaced by ±µ5,

leading to

〈J1〉 = C2 cos(2µ5 z − φR)−D2 cos(2µ5 z + φL)

〈J2〉 = −C2 sin(2µ5 z − φR) +D2 sin(2µ5 z + φL)

〈J1
5 〉 = C2 cos(2µ5 z − φR) +D2 cos(2µ5 z + φL)

〈J2
5 〉 = −C2 sin(2µ5 z − φR)−D2 sin(2µ5 z + φL) (4.11)

for some constants C and D, and relative phases φR and φL. This is consistent

with the generation of chiral spiral behavior of the chiral condensates of R and L

spinors.

4.2 Nonzero chemical potential µ 6= 0

Now consider the opposite situation where we have a particle-hole imbalance due

to a real chemical potential µ. So, we take µ5 = 0 but µ 6= 0, with µR = µ = µL.

Then, according to [80, 81, 82], there is a net flow of chirality along the direction of

the magnetic field, characterized by 〈J3
5 〉 6= 0. This effect can be easily understood

from (4.4) by noticing that 〈J3
5 〉 6= 0 is the difference between the spin densities.

Indeed, a direct LLL computation [80, 85] shows that 〈J3
5 〉 = eB

2π
eµ
π

, in agreement
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with the 1 + 1 dimensional charge condensate argument given above that ρf =

µf/π. In this case, as opposed to the charge separation effect when µ5 6= 0, for

nonzero µ there is a separation of chirality. On the other hand, with nonzero µ,

if we consider the charge current we find 〈J3〉 = 0, while 〈J0〉 is nonzero. This

is again due to assuming µ is almost constant along z, inside the collision region.

The imbalance between holes and quarks is homogeneous, resulting in vanishing

current. Our second new result is that the transverse components of the axial and

charge currents develop a similar spiral inhomegeneity, now characterized by µ.

Once again, the physical origin of the spiral dependence is the relation between the

energy imbalance and the momentum imbalance through the dispersion relations

for one-dimensional massless fermions. The free part of the Lagrangian with

nonzero µ is:

Lµ = iR∗+ (∂0 + ∂z − iµ)R+ + iR∗− (∂0 − ∂z − iµ)R−

+iL∗+ (∂0 + ∂z + iµ)L+ + iL∗− (∂0 − ∂z + iµ)L− (4.12)

Referring to Figure 4.2, pairing occurs at the Fermi surface between R particles

with p3 ∼ µ and R holes with p3 ∼ −µ, and between L particles with p3 ∼ −µ

and L holes with p3 ∼ µ. Thus the condensates R̄R, R̄ iΓ5R, L̄ L and L̄ iΓ5L
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appearing in J⊥ and J⊥5 have momentum dependence displaced by ±µ, leading to

〈J1〉 = C2 cos(2µz − φR)−D2 cos(2µz − φL)

〈J2〉 = −C2 sin(2µz − φR)−D2 sin(2µz − φL)

〈J1
5 〉 = C2 cos(2µz − φR) +D2 cos(2µz − φL)

〈J2
5 〉 = −C2 sin(2µz − φR) +D2 sin(2µz − φL) (4.13)

As before, this spiral behavior follows immediately from the dimensionally reduced

picture, once we have an imbalance, which is here set by µ. This also implies that

with both µ5 and µ being nonzero, we predict spiral condensates for the transverse

components of both the axial and charge currents, with the wavenumbers being

determined by both µ and µ5.

In heavy ion collisions, the chiral magnetic spiral can induce both out-of-

plane and in-plane fluctuating charge asymmetries (the separation of out-of-plane

and in-plane fluctuations has been performed recently [90] on the basis of STAR

data [68, 69]). In the absence of topological fluctuations (µ5 = 0), at finite baryon

density (µ 6= 0), and in the chirally broken phase, the current of charge has only

transverse components, and the charge asymmetry will fluctuate only in-plane. It

should be kept in mind that the presence of magnetic field increases the chiral

transition temperature [84]. If topological fluctuations are present in the chirally

broken phase (e.g. due to the presence of meta-stable η′ domains [91]), the CME

current can be carried by the chiral magnetic spiral. The chiral magnetic spiral
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has also been seen in a holographic study [92] in the framework of Sakai-Sugimoto

model of holographic QCD.



Chapter 5

Conclusions

In this dissertation we have studied the two dimensional Nambu-Jona-Lasinio

and Gross Neveu models at finite temperature and chemical potential. Both of

these models exhibit chiral and translational symmetry breaking at sufficiently

low temperatures. We further showed that the phase diagrams of NJL2 and GN2

models are vastly different which we explained by the difference in the symmetry

breaking pattern; namely continuous vs. discrete chiral symmetry. The NJL2

model has a spiral phase with constant charge density whose amplitude depends

on the temperature and phase is linear in the chemical potential, as opposed to the

homogeneous and crystalline phases in the GN2 model. We argued that the spiral

phase of NJL2 is a generic feature of two dimensional systems exhibiting chiral

U(1) symmetry breaking and constructed a simple physical picture explaining the

ubiquity of the spiral phase based on a generalized form of the Peierls instability.

Indeed, there are various examples [46, 65, 66] supporting this argument. As a

phenomenological application of this result, we developed an alternative way to

derive various properties of quark matter under a strong magnetic field [73, 81]

136
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and proposed a possible explanation of the observed out-of-plane and in-plane

correlations in heavy ion collisions [68, 69]. Our proposal regarding heavy ion

collisions is further supported by a holographic calculation [92].

The computational tools that we used were based on an inhomogeneous

ansatz for the Gorkov resolvent. This ansatz allowed the functional gap equation

to be reduced to an ordinary differential equation, which was furthermore soluble.

We presented the most general solution, the twisted kink crystal, and showed

that all the previously known solutions can be obtained as various limiting cases

of this most general solution. We also studied the properties of the corresponding

spinor solutions such as the charge density and axial anomaly. In particular, the

axial anomaly in the NJL2 system vanishes as a result of the inhomogeneous gap

equation leading to a constant charge density.

These one dimensional models are somewhat special, due to the rich in-

tegrability structure underlying their gap equation, and we showed that this is

also reflected in the associated Ginzburg-Landau expansions of the models by

presenting the mechanism that made it possible to solve the Ginzburg-Landau

equations to all orders. We found that in both the NJL2 and GN2 models the

crystalline region appears at the order of the Ginzburg-Landau expansion one

step beyond the first nontrivial order, which is used to identify the relevant tri-

critical point. On the other hand, the Ginzburg-Landau approach for a generic

system does not necessarily rely on an integrability structure. It would be in-
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teresting to try to extend some of these ideas to higher dimensions, for example

for higher dimensional Gross-Neveu or Nambu-Jona Lasinio models [36, 93], or

more ambitiously to search for crystalline condensates in QCD or QCD models

[94, 95, 96, 97, 98, 99, 100]. It would also be interesting to study the NJL2 system

on the lattice, complementing the GN2 work of [50, 51], and the recent Monte

Carlo formulations in [52, 53, 54].



Appendix A

Resolvent of a Dirac system, and the Eilenberger equation

In this appendix we summarize the derivation of the Dikii-Eilenberger equation

(2.24) for the diagonal resolvent of a Dirac system. The interested reader is

urged to consult also references [28, 27], and Appendix B of the first paper in

[26]. Here we sketch the key features of the argument, for the sake of being more

self-contained.

The important idea is simple. Recall that in one dimension, for a Schrödinger-

like Sturm-Liouville operator, it is well known that the Green’s function can be

written in terms of a product of two independent solutions, normalized by their

Wronskian [102]. An analogous construction exists for a one dimensional Dirac

operator [28, 27, 26]. Furthermore, in the Sturm-Liouville case, the coincident-

point limit R(x, x;E) satisfies a differential equation, known as the Gel’fand-Dik’ii

equation , just by virtue of being written as a product of solutions to the origi-

nal differential equation [102]. Likewise, for a Dirac system, the coincident-point

limit R(x, x;E) also satisfies an equation, just by virtue of being expressed in

terms of solutions to the original differential equation. This equation is the Dik’ii-

139
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Eilenberger equation (2.24). The technical difference from the Gel’fand-Dik’ii

equation arises because the Dirac operator is first-order in derivatives and be-

cause it is a 2× 2 matrix operator.

So, consider two independent spinor solutions ψ1,2 of the BdG equation

Hψ = Eψ in (2.11), where H is the 2× 2 matrix first-order differential operator

in (2.10). Then we can write the resolvent (also a 2× 2 matrix) as

R(x, y;E) =


ψ1(x)R(y) , x < y

ψ2(x)L(y) , x > y

(A.1)

The row-vector functionsR(y) and L(y) are determined by demanding thatR(x, y;E)

satisfy

(H − E)R(x, y;E) = δ(x− y) (A.2)

Integrating this first-order differential equation across the point x = y, we learn

that

R(x, y;E) =


1
iW
ψ1(x)ψT2 (y)σ1 , x < y

1
iW
ψ2(x)ψT1 (y)σ1 , x > y

(A.3)

where the WronskianW is the scalar functionW (ψ1, ψ2) = iψT1 σ2ψ2. The coincident-

point limit x = y is given by an averaged limit as [see (2.25)]:

R(x;E) =
1

2iW

(
ψ1(x)ψT2 (x) + ψ2(x)ψT1 (x)

)
σ1 (A.4)
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Now, express the BdG equation (2.11) as

ψ′ = i

E −∆

∆∗ −E

ψ , ψ′T = iψT

 E ∆∗

−∆ −E

 (A.5)

Then, differentiating (A.4) once with respect to x, using the fact that each of ψ1

and ψ2 satisfies the BdG equation (2.11) in the form (A.5), we arrive immediately

at the Dik’ii-Eilenberger equation (2.24). Furthermore, if we write ψ1 = (u1, v1)T ,

and ψ2 = (u2, v2)T , then (A.4) says that

R(x;E) =
1

2i(u1v2 − u2v1)

u1v2 + u2v1 2u1u2

2v1v2 u1v2 + u2v1

 (A.6)

Thus, the algebraic conditions (2.22) and (2.23) follow. The hermiticity condition

(2.21) is less immediately obvious, because this depends on E and W . However,

it is clear from the definition of the resolvent that R(x;E) = 〈x|1/(H − E)|x〉 is

hermitean for real E. The appropriate hermiticity properties are studied in more

detail in [28, 26, 27], and can also be seen from the result for the constant ∆ case

(2.29), and the i ε condition used to define the spectral function (2.19).



Appendix B

Some useful properties of elliptic functions

In this appendix we collect some basic facts and nontrivial identities for Weier-

strass elliptic functions that are used repeatedly in this dissertation, in order to

make the dissertation more self-contained. These functions play a special role be-

cause the self-consistent condensate ∆(x) and the spinor solutions ψ(x) to the

Bogoliubov-de Gennes equation are all expressed in terms of these functions.

There are many good books on elliptic functions. Excellent classical references are

[101, 102]. We also found [104, 103] to be particularly useful. Very roughly speak-

ing, the Weierstrass elliptic functions are doubly-periodic extensions of standard

trigonometric functions:

sin(z) ↔ σ(z)

cot(z) =
d

dz
ln sin(z) ↔ ζ(z) =

d

dz
lnσ(z)

1

sin2(z)
= − d

dz
cot(z) ↔ P(z) = − d

dz
ζ(z) (B.1)

The trigonometric functions have periodicity properties along the real z axis, but

the Weierstrass functions are doubly (quasi-)periodic. They are specified by the
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real and imaginary (half-)periods, ω1 and ω3. It is standard to define also ω2 by

ω1 + ω2 + ω3 = 0. Then the Weierstrass sigma function is quasi-periodic under

shifts by 2ωi:

σ(z + 2ωi) = −e2ηi(z+ωi)σ(z) , i = 1, 2, 3 . (B.2)

Here ηi ≡ ζ(ωi). In general, ω1 and ω3 define a fundamental parallelogram char-

acterizing the doubly-periodic nature of the Weierstrass functions. We choose a

fundamental rectangle, with ω1 = K(ν) and ω3 = iK′ ≡ iK(1− ν). The periods

are then parametrized by the elliptic parameter ν that takes values in [0, 1]. At

the limits ν=0 and ν = 1, the Jacobi elliptic function reduce to trigonometric and

hyperbolic functions respectively. Physically, they interpolate between kink-like

solutions and sinusoidal ones.

The Weierstrass functions are then related to the Jacobi elliptic functions

as follows. We define

σi(z) = e−ηiz
σ(z + ωi)

σ(ωi)
(B.3)

and Jacobi’s elliptic functions can be constructed from their ratios,

sn(z) =
σ(z)

σ3(z)
; cn(z) =

σ1(z)

σ3(z)
; dn(z) =

σ2(z)

σ3(z)
(B.4)

where the Jacobi functions have elliptic parameter ν and the Weierstrass functions

have periods ω1 = K(ν) and ω3 = iK′(ν).

Weierstrass’s zeta function is defined as the logarithmic derivative of the
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sigma function:

ζ(z) =
d

dz
ln(σ(z)) =

σ′(z)

σ(z)
(B.5)

From (B.2) it is clear that ζ is also quasi periodic

ζ(z + 2ωi) = 2ηi + ζ(z) ; i = 1, 2, 3 . (B.6)

Here ηi is given by the zeta function evaluated on the periods z = ωi:

ζ(ωi) = ηi (B.7)

Finally, the Weierstrass P function is defined as:

P(z) = −dζ(z)

dz
(B.8)

P is doubly periodic, with periods 2ω1, 2ω3:

P(z + 2ωi) = P(z) ; i = 1, 2, 3 . (B.9)

Another important property of P is that it satisfies the differential equation

P ′ 2(z) = 4P3(z)− g2P (z)− g3

≡ 4 (P(z)− e1) (P(z)− e2) (P(z)− e3) (B.10)

This equation is the one satisfied by the amplitude squared of the condensate,

following from the nonlinear Schrödinger equation. The constants g2 and g3 in

(B.10) are known as the invariants and they are parameters depending on the

periods. Similarly for the ei, with e1 +e2 +e3 = 0, and g2 = −4(e1e2 +e2e3 +e1e3)
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and g3 = 4e1e2e3. With our choice of periods, these can be related to the Jacobi

elliptic parameter ν as:

e1 =
1

3
(2− ν) ; e2 =

1

3
(2ν − 1) ; e1 = −1

3
(1 + ν) . (B.11)

Just as the trigonometric and hyperbolic functions satisfy addition and prod-

uct formulae, so too do the elliptic functions. Indeed, these elliptic identities

generate all others as special cases. Here we list some of the important addition

formulas for σ, ζ and P that we have used throughout the dissertation. References

[103, 104] are particularly good concerning these identities.

σ(u+ v)σ(u− v)

σ2(u)σ2(v)
= −P(u) + P(v) (B.12)

σ(u+ v)σ(u− v)σ(2x)

σ(u+ x)σ(u− x)σ(v + x)σ(v − x)
= ζ(u+ x)− ζ(u− x)− ζ(v + x) + ζ(v − x)

(B.13)

[ζ(u+ v)− ζ(u)− ζ(v)]2 = P(u+ v) + P(u) + P(v) (B.14)

ζ(u+ v)− ζ(u− v)− 2ζ(v) =
P ′(v)

P(v)− P(u)
(B.15)
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