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ABSTRACT

NUCLEAR KOTHE QUOTIENTS OF FRECHET SPACES

ONAL, Stileyman
Ph.D. in Mathematics
Supervisor: Prof.Dr. Tosun Terzioglu
September 1988, 41 pages’

Let T be an unbounded, continuous, Tlinear operator from
Fréchet space E into Fréchet space F and suppose F satisfies
the condition which is called (y). It is proved that E and F have
a common quotient which is nuclear, has a basis and a continuous norm
and it can be factored through T. By using this result, it is also
proved that Fréchet spaces which have nuclear quotients with a basis
and a continuous norm are those Fréchet spaces which do not satisfy

the condition (b).
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OZET

-~ FRECHET UZAYLARININ NUKLEER-KOTHE BOLUM UZAYLARI

ONAL, Siileyman
Doktora Tezi, Matematik Bolimu
Tez Yoneticisi: Prof.Dr. Tosun Terzioglu
Eylul 1988, #1 sayfa

T Fréchet uzay1 E fden Fréchet uzayr F fye sinirsiz, surek-
11, dogrusal doniisiim olsun ve F wuzayl da (y) olarak adlandirdigi-
miz kosulu saglasin. Bu durumda E ve F fnin T tarafindan faktdre
edilen strekli normlu ve bazl1 nikleer ortak bolium uzayinin variigi
ispatlandi. Bu sonucun uygulamasiyla da siirekli normiu ve bazl1 niik-
Teer bollm uzay1 olan Fréchet uzaylarinin (b) kosulunu saglamayan

Fréchet uzaylari oldugu gdsterilmektedir.
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IHTRODUCTION

A characterization of those Fréchet space which have nuclear
Kothe quotients with a continuous norm was obtained by Bellenot and
Dubinsky [2] for separable Fréchet spaces. More precisely, a
separable Fréchet space has a nuclear Kothe quotient with a continuous
norm if and only if it does not satisfy the condition (b), which
will be defined subsequently. They also noted that the separability
is not used their proof of one implication. Moreover T. Terzioglu [13]
proved that the equality L(E, F) = LB(E, F) holds when i) E satis-
fies (b), F has a basis and a continuous norm (which indicates
that quotients with a basis and continuous norm of Fréchet space E
which satisfies (b) apreBanach spaces), ii) E satisfies (b), F"
admits a continuous norm {which indicates that a Schwartz quotient of
Fréchet space E which satisfies (b) must be w). This also shows
that the non-existence of the condition (b) is essential so the
condition (b) divides Fréchet spaces into two classes; one of them
“Fréchet spaces do not have nuclear Kdthe quotient with a continuous
norm" and the other "Fréchet spaces may have nuclear Kothe quotients

with a continuous norm".

Suppose a Fréchet space E does not satisfy (b). Then there
exists an unbounded, continuous, linear operator from E into some
nuclear Kothe space which has a continuous norm [13]. On the other
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Yiiksekogretim Kuruln
Dokiimantasyon Merkez



hand, existence of an unbounded-continuous linear operator between
two Fréchet spaces tells us, under certain conditions, that they have
common subspaces [12, 14]. It is natural to ask whetﬁer the same 1is
true if "common subspace" is replaced by "common quotient". Positive
answer.to this question gives a complete characterization of.Fréchet
spaces which have .a nucliear Kothe quotient with a continuous norm. Our

main result (Theorem 2.13) gives a positive answer to this question.

In Chapter 1, we introduce some terminology and notation and

state some preliminary results.

In Chapter 2, we are mainly interested in finding nuclear
Kothe quotients of Fréchet spaces. We introduce a condition, which is
called (y). If E satisfies (b) and F satisfies (y), then we
have L{E, F) = LB(E, F). It is also showed that the same eovality:-
holds when E satisfies (b) and F is a Br—compiete Schwartz 'space
with a continuous norm. Corollary 2.9 indicates that for a barrelled
space with a basis the openness condition and the condition (b) are
equivalent. We state and prove our main result (Theorem 2.13) and

derive some of its consequences.

In Chapter 3, we give a characterization of those 1.c.sﬁs
which satisfy (y) provided under their Mackey topology they are
barrelled. We prove that if a 1T.c.s. E which does not satisfy (b)
then " £". does not satisfy the openness condition. This was .obtained
by Vogt [18] for Fréchet spaces. We generalizé the main theorem of
the second chapter (Theorem 2.13). We can dualize some of our results
and obtain the existence subspaces of df-spaces which are isomorphic
to duals of nuclear Kothe spaces.
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CHAPTER 1

PRELIMINARIES

In this chapter, our aim is to introduce some terminology and
notation, to give some straightforward generalizations of some well-
known concepts, such as unconditional bases, Kothe spaces and state

some results which will be used subsequently.

We use many concepts and notation from the standard theory of
locally convex spaces (1.c.s.). A l.c.s. is always assumed to be
Hausdorff. For definitions and notations not explicitly explained

here, we réfer to the book [8] by H. Jarchow.

U(E) denotes a neighborhood basis of a 1.c.s. E which we

A

can assume to consist of absolutely convex and closed sets. E and E'
denote respectively the completion and the dual of E. The gauge of a
barrel U 1is denoted by dy and EU is the quotient space E/qal(o).
Let U, VeU(E) be such that U= V. Then we have a natural map )

0. .2 EU -+ Ev which is called a 1inking map. BT is a bornology of

uv
t-bounded sets which we can assume to consist of closed and absolutely

convex sets.

Let A be a bounded and absolutely convex subset of a 1.c.s.
E. By E[A] we mean the normed space E[A] = |J n A whose unit
n=1
ball is A and || ||, denotes the norm of E[A].

-3-



c<woWewill give a definition of a generalized unconditional:-basis.

Definition 1.1. A set (x_) in a 1.c.s. E 1is called a

a’ael
generalized unconditional basis of E 1if there is a set (uOL)OLEII in
E' such that ua(xB) = SaB for each .o, Bel and the net
Xg = ) ua(x)xa which is indexed by finite subsets F of I and

oeF
directed by inclusion converges to x, for each xeE. The set

(ua)ael is called the associated set of coefficient functionals. Here
the index set I is arbitrary. Of course if I =[N, the set of

positive integers, we have the usual notion of anunconditional basis.

It is easy to see that the set (ua)uel is a generalized un-
conditional basis for E'[c(E', E)]. We prove the following which will

be used later.

Lemma 1.2. Let (Xa)ael be a generalized unconditional basis of a
l.c.s. E and (ua)uel be the associated set of coefficient

. ' 1 4 ! -
functionals. Then for each ¢eE' the net ‘¢F)(F, ) o(Ev, E)
converges to ¢ and it is of(E', E)-bounded. Here F = [F[F=I and
Fis finite] and ¢p = ) ¢(xa)ua.

acF
Proof: We have ¢F(x) = ¢(xF) for every xeE and ¢eE'. Hence
x = 1im Xp implies that ¢ = o(E', E)-T1im O+ Suppose the net
(¢F)(F <) is not o(E', E)-bounded. Then we can find a sequence of
finite subsets F ~of I and xeE. such that |¢F (x)] >n  for
n

each ngN. By the convergence of the net (XF)(F, <) Ve find a
finite subset G of I such that for each FeF with G<=F we have

|¢(xF) - ¢(x)] < 1. So we must have |¢FnU G(x)l = I¢(XFnlJG)I <C

-4
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some C.> 0.:But we also have;:«¢€anUG) = ¢(an) + ¢(xG\Fn). Since. ...
G is finite we can find an infinite subset M of N such that
G\Fn = G\Fm for each n, meM. So we get |¢F (x)] <'C' some C' >0,
n
for each neM. This contradicts [¢ (x)| >n for each neN. So the
n

net (¢F)(F,c:) is bounded.

We generalize the usual concept of Kothe space in the following

way.

Definition 1.3. Llet T and I be sets such that there is a directed

I

partial order on I. Then A [anglaeI, Bel'l is called a generalized

kéthe set if for each Bel', there is ael such that ag >0 and for

1]
each Bel' for each asa'el we have 0 < ag <C ag some C > 0.

The vector space
AP(A) = 1(g )erT| (g aB)es (1) for each  gell
o o o’ p

is called generalized kéthe space of order p, where 1 £ p £ =, The
topology on generalized Kothe space kp(A) ~is defined by .the family
P ) B

of seminorms (qB)BaI’ where qB(ga)aeP = |l (g, aa)agrn2 (r)- Here
Il (r) denotes the usual norm of the Banach space zp(P). If
p=1" we use A(A) instead of A'(A).

aB)BeF‘
coordinate basis Of Ap(A) which is a generalized unconditional basis

Let e, = (8 Then the set (ea)aer is called the

for 1 <p <o Incase I =[N we have the usual notion of a Kothe

space [8].



Definition 1.4. A l.c.s. E 1is called asymptotically normable if
there is U eU(E) such that for each VeU(E) there is WeU(E) so

that for every € >0 we can choose M >0 so that
qv(x) < Mqul(x) + eqw(x), xeE .

Clearly qul is a continuous norm on E, since the topology
of E 1is Hausdorff. Characterization of asymptotically normable
Fréchet spaces and the implications between asymptotically normability
and other related concepts can be found in [15]. In the Tast chapter,
it will be proved that asymptotically normable 1.c.s.fs are subspaces

of some A (A) which admits a continuous norm.

It is easy to see that if a Schwartz space E has a basis of
neighborhoods such that completion of each 1inking map auv is one
to one, then E s asymptotically normable. Hence countably normed

Fréchet Schwartz spaces are asymptotically normable.

A Tinear operator T: E -~ F 1is said to be bounded if T(U)
is bounded subset of the'l.c.s. F for some UeU(E). We denote the
space of continuous, linear operators from E into F by L(E, F)
and space of bounded linear operators from E into F by LB(E, F).
Pairs of Fréchet space satisfying the re]ation L(E, F) = LB(E, F)

have been completely characterized by Vogt [17].

The following concept was introduced by Nachbin [11] and for

Fréchet spaces by Bellenot and Dubinsky [2].

Deginition 1.5. A'l.c.s. E satisfies the openness condition if for
-6-



each UeU(E) there is a VeU(E)“ﬁéuch that for eacﬁ"WeU(E) we can

find a constant C > 0 so that the inclusion
-1
Ve CW + a (0)

holds [11] . A Fréchet space satisfying the openness condition is -

called a quojection [2].

If a complete 1.c.s. satisfies the openness condition then it
can be written as a projective limit of surjective maps between Banach
spaces such that the canonical map from the projective 1imit into each
Banach space is nearly open. It is easy to see that the openness
condition is stable with respect to taking arbitrary quotients. A
Schwartz space which satisfies the openness condition is a subspace

I

of R™ [13]. Hence Schwartz quotients of l.c.s. which satisfies the

openness condition are subspaces of IRI.
Following was obtained by T. Terzioglu [13].

Proposition 1.6. A 1.c.s. E satisfies the openness condition if and
only if L(E, F) = LB(E, F) for every l.c.s. F which admits a

continuous norm.

Proog: See [13].

“. Following condition on 1.c.s. was introduced by T. Terzioglu..
[13]. In case of Fréchet spaces, this condition is exactly the negation
of the condition (*) introduced by Bellenot and Dubinsky [2] in

examining nuclear Kothe quotient spaces of Fréchet spaces.
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- Deginition 1.7. A T.c.s. «E satisfies the condition (b) _ifufor
each UeU(E) there is a VeU(E) such that for every WeU(E) we can

find a constant ¢ > 0 so that the following inclusion holds:
(b) W NnE' U= c V.

It is easily seen that a 1.c.s. satisfying the openness
condition also satisfies (b). But the converse is not true [1]. How-
ever if a T.c.s. E has a basis and satisfies (b) then it also
satisfies the openness condition (Corellary 2.9). If a Fréchet space
E satisfies (b) then E" 1s a quojection [9]. If E" {is a quojection
then E satisfies (b) as préved by Vogt in [18]. In the Jast chapter

it is proved that the last implication is true for arbitrary 1l.c.s..

One of the results in [13] is that; If a Fréchet space E does
not satisfy (b) then there is an unbounded, continuous, linear operator
from E into some nuclear Kothe Fréchet space A(A) which admits a
continuous norm. This result will be used for obtaining a quotient
space which admits a continuous norm and has a basis of an arbitrary

Fréchet space.

Suppose a Schwartz space E satisfies (b). Let UeU(E). Then
we can find VeU(E) as in (b) for this U. Since E {is a Schwartz
space there exists WeU(E) which is contained in V and V° is
compact in the Banach space Ef[wo]. But also there is a ¢ > 0 such
that W° N E'[U°J= c V' holds. This implies the restriction of

to E‘[U°] is. an isomorphism; but is also compact operator.

f ]
Pwy Pyv

Therefore E'{U’] s finite dimensional. So the topology on E s

the weak topology ofE, Ef). If a Fréchet Montel space E satisfies
-8~



(b) then -Ez=-E* 1s a quojection. Clearly Montel guojections are e

isomorphic to w. Hence E = w.

It is easy to see that the condition (b) is stable with respect
to taking arbitrary quotients. Hence if a l.c.s. E satisfies (b)
then a Schwartz (Fréchet Montel) quotient spaces of E is isomorphic

to a subspace of RY (isomorphic to w).

Following result was obtained by T.Terzioglu and M.Yurdakul in case
E and F are Fréchet space [14]. The proof is almost same and there-

fore it is not given.

Lemma 1.8. Let T: E »~ F be a continuous, unbounded, 1inear operator.
If E 9s metrizable then there is a separable subspace M of E

such that the restriction-of T to M 1is still unbounded.
Proog: See [14].

The problem of finding a quotient space with a basis-of an
arbitrary Banach space was solved by Johnson and Rosenthal '[7], for
the separable case. Their result is that: If (un) is a normalized
c(E‘, E)-null sequence in Ef, dual of a separable Banach space E,
then there exists a subsequence (unk) of (un) which is a

o(E', E)-basic sequence (w" basic sequence) in E'.

The following result due to Bellenot and quinsky [2] is &
construction of a of(E', E)-basic sequence in the dual of separable

Fréchet space E. This was one of the main tools they .used to .prove

-g-



that a Fréchet space which does not satisfy (b) and which is separable

has a nuclear Kothe quotient which admits a continuous norm.

Lemma 1.9. Let E be a separable Fréchet space which admits a con-
tinuous norm. Let @dn) be a dense sequence in E and E, be the
vector subspace it generates and suppose that there is a biorthogonal

sequence (xn, un) satisfying

(a) (xn)c: Egs (u)= E'1u’], where UeU(E) and q, Is

a continuous norm on E.

(b) um(dn) =0 for m>n.

Then there exists a subsequence (Xn~) of (x,) such that the image
, JF .
of (x ) fisabasis in E/(u ) and hence (up ) isa ofE', E)-

p, /> e resis I RAM, S aly
k k o(E',E)

basic sequence. That is for each ¢é§p U, the sequence
k

k
P = Y ¢(Xn )Un o(E', E)-converges to ¢.
i=t M Py

Proog: See [2].

-10-



CHAPTER 2

FRECHET SPACES CASE

In this chapter we are mainly interested in finding nuclear
Kothe quotients of Fréchet spaces. We introduce a condition, which is
called (y). If E satisfie; {b) and F satisfies (y), then we
have L(E, F) = LB(E, F). We state and prove our main result

(Theorem 2.13) and derive some of its consequences.

Definition 2.1. We say a l.c.s. E satisfies the condition (y), if
there exists a oE', E)-bounded subset B, of E' such that the
equality

A - -
(y) E'= U E'[B,1NB
BeBo(’ ,E) N

‘holds, where Bo(E' E) is the bornology of c(Ef,’E) ~bounded subsets
of E'. |

We recall that the seminorm ay defined by a neighborhood U
“is a norm if and only if Ei[U°] is c(Ei, E)-dense in E'. This means
that every continuous linear functional on E is the c(Ei, E)-Timit

of a net (ua) of . 1inear functionals, such that each Uy, satisfies

]ua(x)[ s c, qu(x), xeE

-11-



for somewac&~> 0. If E 1is barrelléd and satisfies (y), then REC

certainly E'[U°] is o(E', E)-dense in E', where U is the
neighborhood U = Bg, B, as in (y). However, in this case, (y)
implies that every ueE' 1is the o(E', E)-limit of a o(E', E)
bounded net (ua) such that each u, satisfies the above condition.
Hence for a barrelled space the condition (y) 1is stronger than the
existence of a continuous norm. We shall see later that it is in fact
strictly stronger. Even if a 1.c.s. E 1is not barrelled but satisfies

(y) then E[B(E, E")] admits a continuous norm.

Now, we will prove that the condition (y) is inherited by

subspaces.

Proposition 2.2 If a l.c.s. F satisfies (y) then every subspace

of F .also satisfies (y).

Proof: Let E be a subspace of F and i: E > F be the inclusion
map. For each ueEf there exists a of(F', F)-bounded net (va) in
F'[B,] such that an extension of u on F {is the ofF', F)-limit
of (va), where B, is as in (y). By the o(Fi, F)—c(Ei, E)
continuity of 11 ‘we have the equality o

E' = U E'[i'(By)1 N B -
BEBO‘(Ei, E)

and i'(B,) is a o(E', E)-bounded subset of . £'. These imply that

E satisfies (y).

Next, we will specify some classes of'];c;s;is satisfy. the

condition (y).
-12-



Proposition 2:3.Each one of the following conditions implies that E

satisfies (y).

i) Elo(E, E')] has a generalized unconditional basis (xa)ael

where the associated set of coefficient functionals (ua) belongs

ael
to E'[B,] for some BoeBy(Er, E)-

ii) E[o(E', E)] has a Schauder basis (Xn) where the
associated sequence of coefficient functionals (un) belongs to

t
E'[{B,] for some BoeBO(El, E)*

iii) E has a generalized unconditional basis and E 1is a

barreiled 1.c.s. which admits a continuous norm.

iv) E has a Schauder basis and E 4is a barrelled 1.c.s. which

admits a continuous norm.

v) There exists U,eU(E) such that for each UeU(E), there
exist VeU(E) and WeU(E)' such that W=V <=U, avu is one to
1

one and B is weakly compact.

wv
vi) There exists U, eU(E), for each VeU(E) there exists

WeU(E) such that W=V and p&u is one to one.
1

vii) E s asymptotica11y“normdb1e:

Proof: 1) Let ¢eE'. Then the net ¢ = y ¢(x )i > which is

- aef '
indexed by the finite subsets of I and directed by inclusion,
o(E', E)-converges to ¢ and o(E', E)-bounded (Lemma 1.2) and also

belongs to E'[B,]. This means.that E satisfies (y).

ii) Let ¢eE'. Then we have ¢ = o(E', E)-Tim ¢,> Where
n . .
¢, = kZ1 ¢o(xpJuy . Since ¢ o(E', E)-convergent sequence it is

o(E', E)-bounded, which also belongs to E'[Bg]. So E satisfies (y).

-13-



iii) LetﬂQQS‘ is a continuous~norm on E. By barrelledness of E

there exists VeU(E) such that
|ud(x)[qu(xa) < qv(x) for each xeE.

Since q, isa norm on E,, qu(xa) # 0. This shows uaeE'[VO].

By (i) E satisfies (y).

iv) We find VeU(E), as in (iii), such that unsE'[Vol. By (ii)

E satisfies (y).

v) Let ¢eE*. Then oeE'[V']  for some VeU(E), which we can

assume to B . is one to one. Now we find W V so that o

vu 1 WV

is weakly compact. Then

oy LY L
geE 1] YT = (BN IUIT)

I 11,0

So ¢ = lim én in the norm || “w°’ where ¢neEf[Ug].

vi) Let ¢eE', find VeU(E) such that ¢eE'[(V'] and o}
. - Pvu,

is one to one. Since is one to.one, E'[U31 s o(E[V°I, EV)-

[
Pvu,
vo

dense in E'[V']. Hence  ¢eE'[V"] = E’{U]]

vii) Since E is asymptotically normable, there exists UleU(E),
for each VeU(E), there exists WeU(E), for every ¢ > 0 there

exists M > 0, such that following holds
qv(x) S Mg, (u) + eqw(x) for every xeE.
L :

This gives for each VeU(E), there exists WeU(E), for every e >0

following inclusion holds.



V' E'[UI] + eW’

Let ¢eV°. By above inclusion, we can find a sequence (¢n)c= E’[Ui]
such that ¢ - ¢n € %-w° for each neN. This shows the sequence

¢n’ which belongs to E'[Ugl, .converges to ¢ and it is bounded.

Remark: If E 1is a Fréchet space, this can also be shown by the
following way. By [15] E can be imbedded in zu;r) B A(A), where
X(A) ds a nuclear Kothe Fréchet space which admits a continuous norm.
It is easy to show that za§r) B A(A) satisfies (y). By

Proposition 2.2. E satisfies (y).

Conoflarny 7.4. Every Kothe space, which admits a continuous norm,

satisfies (y). Every countably normed Schwartz space satisfies (y).

By a well-known result due to Pelczynski [10], if E is a
Fréchet space, which admits a continuous norm and has the bounded
approximation property, then E 1is a complemented subspace of a
Fréchet space which has a basis and admits a continucus norm. Hence

next result faollows from Proposition 2.2 and 2.3.

Corollary 2.5. Every Fréchet space which has the bounded approximation

property and admits a continuous norm, satisfies (y).

Now, we consider the relation L(E, F) = LB(E, F) for a pair
of T.c.s.'s E and F. Next two lemmas will be used in the following

proposition.

-15-
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Lemmia+2.%:"Let T: E > F be a continuous linear operator. If E iop
F is barrelled then for each o(F', F)-bounded subset B of F'
there exists WeU(E) such that the inclusion T'(B)= W’ holds.

Proof: Let B be aiig(F', F)-bounded subset of F'. By the weak
continuity of T', T'(B) is a o(E', E) bounded subset of E'. If
E is barrelled, we can find WeU(E) such that T'(B)=W°. If F

is barrelled then B° is a neighbarhood in F. By the continuity of
T, there exists WeU(E), such that T(W) =B° holds, and this gives
T'(B) = W',

Lemma 2.7. Let T: E -~ F be a continuous linear operator. Then T
is bounded if and only if there exists UeU(E) such that the inclusion

T'(F') = E' [U°] holds.

Proog: If T is bounded, we find UeU(E) with T(U) " is bounded. By
8.3.2 in [8], T(U)0 is a barrel in 'Fi. Let UEFi, we can find

¢ >0 such that uecT(U)°. But this means T'uecU’. Hence the
inclusion Tf(Ff)cz E'[U°] holds. Conversely if the inclusion
T'(F') <= E'[U"] holds for some UeU(E), then for each ueF', we
can find ¢ > 0 such that T'uecU®, equivalently 'uacT(U)o. This
shows that T(U)° {s a barrel in Fi. By 8:3.2 in 81, T isa

bounded sﬁbset of F which contains T(U).7Hénce T s bounded.

The following proposition shows L(E, F) = LB(E, F) for a
pair of 1.c.s.'s one of which satisfies (b) and the other satisfies
(b). A similar result was also obtained in [13]1. In fact, the method
used in the proof‘motivated by'T; Tér?io@?u;

-16-



U . Proposition 2.&:Let E satisfy (b) and F satisfy-(y)}. If E or

F 1is barrelled then L(E, F) = LB(E, F).

Proof: Let B, be as in (y) for F. Let TelL(E, F). By the Lemma
2.6, we find UeU(E) with T'(B;) = U° and VeU(E) as in the
condition (b) for U. Let B be a o(F', F)-bounded subset of F'., By
the weak continuity of T' we have the inclusion

— o(F', F) S s(E', E).
T'(F'[BO] N B ) <:ZT'(F'[B(,] n B)

Since T'(B,) =U°, we get the inclusion

olF', F)

—_— " o(E', E) .
T'(F'[B,1NB ) =E'[U°1 0 T'(B)

Let WeU(E) be such that T'(B) =W°, (Lemma 2.6) and ¢ > 0 as in
(b) for this W. We have:

R duy 4 ;i"i O‘G(E', ‘) 0
TKFT%]HB ) SE(UI AW B ScV .

U F'[Bo] N B - » this last inclusion gives
BB o(FF) '
TYF') =E'[V’] and so T is bounded by the Lemma 2.7.

Since F!

Behrends, Dierolf and Harmand [1] constructed a proper Fréchet
space which satisfies (b) and also admits a continuous norm. By
Proposition 2.8 this Fréchet space does not satisfy (y). This example
shows that the existence of a continuous norm.is not sufficient for

the condition (y).
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'*Caﬁntlany 2.9. If E satisfies (b)‘"an&:lF is a barrelled quotient
of it which has Schauder basis, then F satisfies the openness

condition.

Proog: Since the property (b) dis stable with respect to taking
quotients, F satisfies (b) also. Let (xn) be a Schauder basis
of F. For UeU(E), by barrelledness of F, we can find VeU(E)

such that

lug ()] a,(x,) < q,(x), xeE

holds. This gives the following inclusion

qy (0).= splx, |q,(x,) = 01 = q_*(0) .

Let M= Eﬁiknlqu(xn) = 0]. The image of [xnlqu(xn)f% 0] is a
Schauder basis in the quotient space F/M. By the above inclusion
gauge at the image of V ds a continuous norm on F/M. By Proposition
2.8. the quotient map is bounded. This means the quotient space »F/M
is normable. But above inclusion shows that F/q;;(O) is a quotient
of F/M. So F/qal(o) is :also normable, which means that there is a
VeU(E) such that for each WeU(E), there is ¢ > 0, so that

following holds.

v c:qal(O) + cW .

So, F satisfies the openness condition.

Proposition '2.10. If E. satisfies (b) and F is a B -complete

-18-



Schwaitz+space which admits:a=continuous norm, then L(E, F) = LE{E4:F).

Proog: Let T: E > F be a continuous linear operator, and Ay, be a
continuous norm on F. By the continuity of T, we find UeU(E) such

that T(U)<=:U, and VeU(E) as the condition (b) for this U. Let

-1 0

M= T (E' [U°] V). Since F'IU°}SM and F.0UN1 s oF', F)-
dense in F', M dis o(F', F)-dense in F'. We will show that M = F',
Since F is Br complete, it is sufficient to show that, BN M is
o(F', F)-closed for every equicontinuous subset B of Ff. Let B

be a arbitrary equicontinuous subset of F'. Let ¢as:Br]M and
suppose ¢a o(F', F)-converges to ¢ 1in B. Since F 1is a Schwartz
space, we can find an equicontinuous subset C of Ff such that the
net (¢a) converges to ¢ 1in the normed space Ff[C]. Since C s
equicontinuous, there is WeU(E) such that Tf(C) =W, So the image
(Tf¢a) of the net (¢a) is convergaes.to. T'¢  in the normed space

E'm°]. Let ¢ >0 be as in (b) for this W. The inclusions V°< W°,

(e I ilyo
equivalent on Eﬁ[U°]. So Ti¢s:Ef[U°] W v

Hence  ¢eM. This shows BOM is c(F{, F)-closed for an.arbitrary
equicontinuous subset B of ,Ff. So M= Ff and .Tj(Fi) c:Ef[V°].

By the Lemma 2.7, T 1is bounded.
Remark: We note that every Fréchet space is B-complete.

We need the following two rather technical lemmas, which will

be used in the proof of our main result.

Lemma 2.11. Let T: E -~ F be a continuous, unbounded 1inear operator.

-19-



If Fsatisfies (y) and B, as in (y),"*theﬁ for every UeU(E)s~~
for every ofF', F)-bounded subset B of F', there exists a

o(F', F) bounded subset C of F', which contains B and

T'(F'[By] N C) 1s not absorbed by u®.

Proog: Suppose the conclusion false for some UeU(E) and Beso(F. F):

it contains B. Therefore T'(F[B,] (BUC)'®) is absorbed by U°.

00
then the set (BUC) belongs to Bo(F‘, F) and

So for each CeBG(F. F) there exists ¢ > 0 such that the inclusion

T'(F'[Bg] N C) (c u°) holds. Weak continuity of .T'..gives
—————— o(F'F - —_—

T(F'[By] N C ye< u°, But F' = U F'[B,] NC

CEB0(F}',F)

o(F', F)

by (y). Hence T'(F') =E'[u%].

By the Lemma 2.7, this contradicts the unboundedness of 'T.

In the next result, we shall improve the previous lemma in the
case the domain is a Fréchet space. This result should be compared

with [14]; Lemma.

Lemma 2.12. Let T: E > F be a continuous, unbounded 1inear operator.
If F satisfies (y) and B, as in (y) for F and E isa
Fréchet space, then there are UkeU(E) which form a decreasing
sequence of neighborhood basis of zero for E and an increasing

sequence of ofF', F)-bounded subsets Bk of ,Fi, such that

0

T'(Bk) = Uk

and Tf(Ff[Bo] n Bk+1) is not absorbed by UE.

Proof: Let wn be a decreasing sequence of.neighborhood basis for E.

Take B; = B,. By the continuity of T' we find W, such that

. 1
T'(B,) c:w: holds. By the Lemma 2.11 there exists  ¢(F', F)-bounded
et N ) A
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subset B, of F' such that- B, =B, and T'(F'[B,] N B,) 9{snot
0 . . 0 .
absorbed by wnl. We find n, such that, T'(B,) <= wn2 and again by
the previous lemma there exists B, which contains B, and
T'(F'[By] n B;) 1is not absorbed by w; . Hence using the continuity
2
and the Lemma 2.11 alternately, we choose Bkeso(F',F) and wn eU(E)

k

with n o >n, T'(8 )<= w; and T'(F'[B,] N B, ,) is not absorbed

k

by WY . Weset U =W .So U

and B, are the desired sets.
N k Ny k k

If F 1dis also Fréchet space we can choose Bk = VE where

(Vk) forms a decreasing sequence of neighborhood basis for F.

With those preparations done, we now state and prove our main

result.

Theonem 2.13. Let E and F be Fréchet spaces and suppose F
satisfies (y). If T: E~>F 1is a continuous unbounded, linear
operator, then there exist a nuclear Kothe Fréchet space A(A) which
admits a continuous norm and a continuous 1inear operator S from F

onto A(A) such that ST maps E onto A(A).

Proof: By passing to the quotient E/T'I(O) we can assume T is a
one to one operator. Since F 1is Fréchet space which satisfies (y),
F admits a continuous norm. As T 1is one to one, this means that E

also admits a continuous norm.

Now let M be a separable subspace of E such that the
restriction of T to M s still unbounded (Lemma 1.8). If i: M+ E

"is the imbedding and if we can find a continuous linear operator S
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mapping F onto A(A) so that STi(M) = x(A), then certainly ST
maps E onto X(A). Therefore, it is sufficient to prove the theorem
under the assumptions that E 1is separable and admits a continuous

norm.

n“n=1°
By Lemma 2.12, we select bases of neighborhoods (Un) and (Vn) in

Let (dn) < E be a dense sequence in E. We set E, = spld

. ' 0 0 ' f 0 0
E and F respectively such that T (Vn) c:Un and T'(F'[V]IN Vn+1)

. 0 y T _

is not absorbed by U . Let || iy =l Hug and | [n = || (]vg be
the norms on E'[U:] and F'[V;], which are determined by the
bounided sets U; and V; respectively.

-

Since T'(F'[V;] NV, ) fis not absorbed by U , we have

Tl
sup{}+—;——5; ] uaF'[Vi{] =

1

1U~k+1

for each keN.

Now we will construct a sequence (xn) in E, and a sequence

(un) in F‘[Vi] so that the following are true:

8.

(1) uy(Txy) = 8,

(i1) uj(Tdi) 0 for i<

i

(iii)' s of for k < n.

Iun|k+1
Suppose that we have already found x, ,..., xm_1gEo and
Up seees um_1er'[v§] so that (i), (ii) and (iii) hold for each

i, 3, k, n<m.
~29-



Let G = [ulueF'[V;l, u(Tx;) = 0, u(Td;) =0, 1] <ml,

G is a ofF', F)-closed, finite codimensional subspace of F'[V:].

Hence i

let L

| gl

t is closed in F'[V:] with respect to | [é for each k.
be an algebraic complement of G in F'[Vi]. Since G 1is
osed, L 1is a topological complement of G 1in F'[VE] with

respect to | ]& for each k. Since T'L=E'[(U;] and L is finite

dimensi

onal T'(LN VE) is absorbed by U: for each igN. Assume

that T'(GN Vk 1) is absorbed by V; for some k. Then

TGNV,

Vier
1mp1ies

tion. T

ceg + LNVe, ) s absorbed by Ug. We have

F! [V1] GI]Vk g+ L0 Vk 1 for some c¢ > 0. This last inclusion
Tf(F.[Vl]n Vk+1) is absorbed by Uﬁ which is a contradic-

herefore T'(GNV,,,) {is not absorbed by U, for each k.

Hence we have

Now, we

IVklk-t-

Set um =

Il
sup[:4+;4--|ueé] =,
lul |l<+1 =

choose Vi oeees Yy in G such that following hold.

-k

o <2 and [Ty > (2N (e v Tk +ee ot Vg lR)-

V., +...+ Ve Then we have

Wplier o it Vi + Mg dan *#-o# Vil

Ty

T Tl AT T T Yl T )

-1
2 2 g e g

Il/\ .

(]v |k ..+]vk 1Ik)+ 1+2 )(1+[vk+1]k+ v )= Viaq L=+ vy, ]
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So lumlﬁ+1(HT‘umH£ )" s 2™ for each k <m and T'u # 0. Since
the set [T'u; ,..., T'um] is Tinearly independent and E, is dense
in E there exists x eE, such that T'um(xm) =1 and Tfui(xm) =0
for i=1,...,m-1. The vectors (Xi)T=1 and (ui)?=1 satisfy (i),
(ii) and (iii). So the induction step is completed. The sequences (Xn)
and (un) satisfy the hypothesis of the Lemma 1.9. There is a sub-
seguence (x"k) of (xn) such that, the image of (xnk) under the
natural quotient map from E onto E/[unkl " is a basis. By passing
to a subsequence, we can assume that image of (xn) in E/[un] is

a basis.

Now we define A(A) and an operator S: F - A(A) by setting
aﬁ = ([unlk)"lv and Sx = (un(x)). Since T'(VE) c:Uﬁ we have
1 1 -1 ! ! 1 n
lug e Cugled™ 2 [Tl Cuglgeq) > 27 for k <n and

o fua(x)] e up g

oo k _ »
nz1 it ()] = nz1 Ul ™ nz1 Ul qu+1(x) : qu+1(x).

These show A{A) 1is nuclear, S 1is well defined and continuous. Let
(en) and (e;) denote the coordinate bases of A(A) and A(A)f. We

have STxn = e, and T'S'e; = T'un. So ST has dense range and

TVSf(A(A)i) CISp[Tfun] R
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Since the image:of (x_ ) in E/[up} - #is a basis, the sequence g

n n n -~ o(E',E)
¢, = Y ¢(X1)T.ui o(E', E)-converges to ¢ for each ¢esp[T'un]

i=1
Hence the sequence (¢(X1)Tlui) o(E', E)-converges to zero and it
is ofE', E)-bounded. This means that ¢(xi)T'(ui)eUE some k so

1 1 ' 1y 1 -1 .
|¢(xi)[||T ui”k < 1. But lui|k+10]T usflp ) s 2 ' for each 1>k,
which gives  [o(x;)[|usly,q < ¢ for some c >0 and hence
9(x;) = 0(aE+1). let ©= ) ¢(xi)e§ek(A)'. Then T'S'© = ¢. This
i=1

shows T'S'(A(A)') is o(E', E)-closed in E'. By the closed range
theorem (9.6.3, [81), ST(E) 1is closed in A(A), but it is also

dense in A{A). Hence ST maps E onto A(A).

We will now state some immediate corollaries of our theorem.
The next result implies that a subspace of a Fréchet space F and F

have common nuclear Kothe quotient.

Conollary 2.14. Let F be a Fréchet space which satisfies (y). Let
E be a closed subspace of F. Then either E 1is a Banach space or
there is a nuclear Kothe space which admits a continuous norm and

there is a quotient map Q: F » A(A) such that Q(E) = A(A) also.

We can now generalize the theorem of Bellenot and Dubinsky [2]

as a simple consequence of our theorem.

Conoflary 2.15. Let E be a Fréchet space. Then E has nuclear Kothe
quotient which admits a continuous norm if and only if E does not

satisfy the condition (b).

Proof: If E. satisfies (b) then by [131 L(E, A(A)) = LB(E, x(A))

for every Kothe space which admits a continuous norm.
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Suppose E does notisatisfy (b) then by :[13] there exists
T: E > A(A), T 1is continuous, unbounded, linear operator and A(A)
is a nuclear Kothe space which admits a continuous norm. By Theorem

2.13. there exists S: A(A) - A(B) such that ST(E) = A{(B)} and A(B)

is nuclear and admits a continuous norm.
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CHAPTER 3

GENERALIZATIONS

In this chapter we shall examine the condition (y) further,
especially for spaces which are not necessarily metrizable. However
if E 1is a Fréchet space which satisfies (y), then we show that E
must be countably normed (Corollary 3.2). We generalize the main
theorem of the previous chapter (Theorem 2.13) in Proposition 3.9. We
can dualize some of our results and obtain the existence subspaces of

df-spaces which are isomorphic to duals of nuciear Kothe spaces.

We give a characterization of those l.c.s.fs which satisfy (y)

provided under their Mackey topologies they are barrelled.

Proposition 3.1. Let E be a 1.c.s. which satisfies (y) and suppose

8(E, Ef) is compatible with the duality <E, Ef>. Then there exist a
generalized Kothe space A~(A) which admits a continuous norm and a

Tinear operator T: E » A”(A) such that T is a c(E,.Ei)-g(x”(A),xm(A)f)

imbedding. If E 1is barrelied, then T 9ds:also continuous.

Proog: Let B be as in (y). We define a Kdthe space 27(A) which
admits a continuous norm and a linear operator T: E -~ A™(A) by
setting ag ='(Hu[[B)~1, for each uek’'([B,]1-[0] and for each

B, BEBU(E', £)- We set Tx = [<u, u{x)>|uek’ [B,I~[0]]. From
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ik

“
i

sup[lu(x)[agluaEw%ﬁgix[O]] = sup[Iu(xﬁT(1|uHB)'1|ueE'[BO]~[0]] <q 0(x) TR
B

we see that T s a well defined continuous map from EIB(E, E')] in-
to A7(A). Since B(E, E') is compatible with the duality <E, E'>,
T is ofE, E')-0(A"(A), A"(A)') continuous. Since:.E'[B,] s

o(E', E)-dense in E', T 4s also one to one. Let (x_) E be a

o’ael
net which does not converge to zero in the o(E, E')-topology. Let

(x )

o) aed be a subnet of (Xa)ael such that ¢(xa) > 1 for each

aed, for some ¢eE'. Since E satisfies (y), there is a bounded

net =E'[B,1 N B, ¢B # 0 such that ¢ = o(E', E)-1im ¢B.

k 1 * | = !
Let e eh (A)' such that eu[gvaeEA[Bo]s[OJ] = £, for each
is

UeE' [B,]-[0]. Since (¢5)5, SE'[B1NB, the net (e )

Rel ¢B BelL

equicontinuous. Let 8ex (A)' be the o(A"(A)', A"(A))-1imit of some
. .. y

¢B Bel

have T'(0) = ¢. Hence e(Txa) ='¢(xa) > 1, for each oed. This

convergent subnet of (e By the weak continuity of T', we

shows 7™ is weakly continuous. So T 9is a weak imbedding.

. * ® * =
Remark: Let (ea)OLSP be a subset of A (A) such that ea(gB)Ber gB

for each oqel. If qy is a continuous norm on AT(A) for some UeU(A"(A)),

then.(e;)uerczxw(A)‘tuig. By the Goldstein theorem we have
o = o(A"(A)' A (R)) - -
V' = sp(ea aer ¥ E for each VeU(A (A)). Hence X (A)

satisfies (y), if it admits a continuous norm.

Corollary 3.2. If E 1is a Fréchet space which satisfies (y), then
E s isomorphic to a subspace of.some Fréchet Kﬁﬁhe;space A (A)

which admits a continuous norm.

Proof: If E 1is a Fréchet space, then- Bo(E' E) has a countable
-28-



N}

basis. Hence A(A) constructed in Proposition 3.1 has.a countable ok
basis of neighborhoods. It is also complete. So the map T which is
constructed in Proposition 3.1 becames a weak imbedding between two

Fréchet spaces. By the closed range theorem (9.6.3 in [8]), T is an

imbedding.

Remark: If a Fréchet Kothe space A°(A) admits a continuous norm,
then it 1is countably normed. Hence every Fréchet space which satisfies

(y) 1is countably normed.

Next proposition indicates that the condition (y), countably
normability and asymptotically normability are equivalent in a Fréchet-

Schwartz space..

Proposition 3.3. For a Fréchet-Schwartz space E the following are

equivalent.

(i) E satisfies (y),
(ii) E 1is countably normed,

(iii) E is asymptotically normable.

Proof: The remark above allows us to conclude that (i) implies (ii).
By Proposition 3.1 in [15] we have that (i) implies (iii). Proposition

2.2 gives that (iii) implies (1).

Remark: -In [15] T. Terzioglu-and D. Vogt constructed a Fréchet-Monte]
space A(B) which admits a continuous norm and is not asymptotically
normable. This A(B) s countably normed and also satisfies (y).

Therefore Schwartzness is essential in Proposition 3.3.
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Our next result implies thatizE satisfies (b)i«whenever

L(E, F) = LB{E, F) for every 1.c.s. F which satisfies (y).

Proposition 3.4. Let E be a 1.c.s. which does not satisfy (b).

Then. there exist generalized Kothe space A (A) which admits a ....s .
continuous norm and a continuous linear operator T: E"[t] - A" (A)

such that the restriction of T to E 1is unbounded, where

UCE"(t)) = TU°°|UeU(E)].

Proof: Since E does not satisfy (b), there is UeU(E) such that

for each VeU(E), there exists MWeU(E) so that Ef[U°]rlw° is not
absorbed by V°. For our Kithe set, we take ax = (JJul] 0)'1, for each
ueE' {U°]-[0] and for each VeU(E) which is contained ¥n Y. We

define T: E"[7] ~ A°(A) by setting T(#) = [<u, ¢(u)>|ueEﬁ[U°]~[0]]
for each: ¢eE"(1). Clearly T ds well defined and continuous and \3(A): .
admits a continuous norm. If T(V) were to be bounded for some VeU(E),
we would be able to find for each WeU(E) a constant Cy > 0 so

that sup[[u(x)1|UgEf[U°]-[O]],< Cy for each xeV. But this would

.give the following inclusion

E'U°1 N WVt .
This can't be true for each WeU(E).

Corollany 3.5. If E is abl.c;s. which does not satisfy the condition
(b), then’ Ef[r] does not satisfy the openness condition. If E

does not satisfy (b) and Ef[T] "is barrelled, then Eﬁ[r] does
not satisfy (b).
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1B Proog: By Proposition 3.4, we have: L(E"(1), AT(R)) # LB(E"ET), A7(A))
for some Kothe space A"(A), which admits a continuous norm. By:a
result of T. Terziodlu [13]1, E"(t) does not satisfy the openness
condition. If E"(t) is barrelled, then by Proposition 2.8, E"(t)

does not satisfy the condition (b).

Our next result shows that asymptotically normable Tl.c.s.'s
are subspaces of generalized Kothe 1.c.s.'s A (A) which admit a

continuous norm.

Proposition 3.6. If E s a asymptotically normable 1.c.s., then
E"(t) can be imbedded in generalized Kothe space A"(A) which admits

a continuous norm.

Proof: Let U;eU(E) which satisfies the condition of asymptotically
normability. We take Kothe set A = [a) [ueE' [U}1=[0], VeUy, VeU(E)]

u

where ay = qnl 0)_1, Define T: E"(1) » A°(A) by setting
v
T(¢) = [<u, ¢(u)>|usEﬂ[Ui]~[0]] for each ¢eEf(T). T s well defined

and continuous, AT(A) admits a continuous norm. Let (¢a) be a

ael

net in E?(T) which does not t-converge to zero. Then there exists

VeU(E) such that 9 £ V°° for each aed, where J is cofinal in

I. Let WeU(E), such that 2W<=V and qv(x) < M(eday (x) + eqy,(x)
Y,

holds for each xeE and each e > 0. Polarization gives us

Ve c:E'[Ug] +¢eV' foreach >0 .

3 I l|w°

This implies V° CrEf[Uil nwW . So there is a net (ua)aeJ

. 0 0 -1 .
in Ef[UI] n W such that ua(¢a) > % for each oaed. We have
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suptlu(cba)lah’lue!:_f [U)35 “ uf0] 2 sup IUB(¢3')'I~(-«"1|UBHw")-l
€

2 sup |u,(¢ )
BeJIB )|
>u(6) 2+

ot a 2

for each aed. So  (T¢ )

5 - o
o aed does not converge to zero in A (A).

. . -1 s .
This shows T 1is one to one and T is continuous. Hence T 1Js an

imbedding.

Conollary 3.7. If E 1is a asymptotically normable T.c.s. then E"(<t)

satisfies (y).

Proof: By the above proposition E"(t) is a subspace of some A" (A)
which admits a continuous norm. By Proposition 2.2, E"(t) satisfies

(y).

Now we consider unboundéd, continuous, linear operators from a
Fréchet space into a l.c.s. which satisfies (y). We need the
following Jemma which is quite simple and its proof .is straight for-

ward.

Lemma '3.8. Let T: E~F and S: F -~ G be linear operators. If T
is continuous and ST 1is an open mapping, then S 1is also open

mapping.

Next we generaTize the main theorem of Chapter 2 in case the
range space is not necessarily metrizable..

~32-



Proposition 3.9. Let E ' be a Fréchet space and F be 1.c.sv which
satisfies (y). If T: E > F 'is a continuous, unbounded, Tinear’
operator, then there exist a nuclear Fréchet Kothe space A(A) which
admits a continuous norm and a linear operator S from F onto A(A)
such that S 1is an open mapping, .ST.. is a continuous operator and
ST maps E onto A(A). Further, if F 1is c,-barrelled, then S s

also continuous.

Proof: Since E dis a Fréchet space, T: E » F[B(F, Fi)] is continuous.
Since F satisfies (y), FI[B(F, F')] admits a continuous norm. By
passing to the quotient E/T'I(O), we can assume E admits a continu-
ous norm. By the Lemma 1.8 and a similar argument to which-was used

in the proof of Theorem 2.13, we can assume E to be a separable
Fréchet space. By the Lemma 2.12; we select decreasing base of neigh-
borhoods (Un) in E and an increasing sequence of ofF’, F)-bounded
subsets (Bn) of Fi such that Ti(Bn) Ciug and Tf(Ff[BO] n Bn+1)
is not absorbed by U;, where B, is as in (y) for 'F. As in the
proof of Theorem 2.13, we can find a sequence (x ) =E and a

sequence (u ) =F'[B,]  such that (T'u,) isa ofE', E)-basic
sequence, T'u (x ) =6~ and (Jlu ”B IIT u ]]Uo)ez . Now we
define A(A) which is nuclear and adﬁTf§‘E‘éont1nuous norm and an
operator S: F = A(A) by setting an (u I}B )™ and SX = (u,(x))
for each xeF. Since T'(B,) C:UE, (||un]|B HT u HUo)sll, we have

Clluyllg, nunug;)ezl and

o§ Kl 0] - 2 fu (%) of.‘:”‘j‘n“gw 0 <m
n=t " " I ”Bk n=1 ”un”Bk Bet
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This shows S 1is well defined. Let S* and T* denote thé"algebraic
adjoint of S and T respectively. By the similar argument as;in

‘the proof of Theorem 2.13, we have T*S*(A(A)') = sp(T'u,) olE E).
This shows ST 1is a continuous operator (8.6.1 in [8]) and ST has
closed range (9.6.3 in [8]1). But::ST= is also dense in A(A). Hence
we have ST(E) = A(A) and ST 1is an open mapping. By the Lemma 3.8

S s also open mapping. Now we suppose that F is c -barrelled. Let

Vk = [(gn)ek(A)lZ(gn)aﬁ < 1]. VZ is compact in the normed space

A(A)’[VE+1]. By (9.4.2 in [8]) there is a || |lyo -null sequence
(¢n) C:sp(e;) such that Vztz acx(¢n) vk+1, where (en) is

the coordinate basis of A(A) and (e;) is the associated sequence

of coefficient functionals of (e ). We have S*(sp(e;)rlvg) c:B;f+1
for each i. Since (¢.) dsa | |lyo -null sequence, (S¥¢ ) is
n Vk+1 n
a | ”B -null sequence in F'. By the continuity of
k+2
it F'B, 1 ~ F'[o(F', Fl, (S*¢n) is a o(F', F)-null sequence. Since
Fis c,-barrelled, (S'¢,) is an equicontinuous subset of F'. We

have S*(VE)CZ (S*(¢n))°°, which gives the continuity of S.

Corollary 3.10. Let F be a proper Fréchet subspace of c -barrelled
l.c.s. E, which satisfies (y). Then E and F have common nuclear

Kothe quotient which admits a continuous norm.

Let F be a df-space ([8]; p.257) and (An) a fundamental
sequence of closed, bounded subsets of F which is increasing. Let
T: E+F be a continuous, Tinear operator and suppose there exists
k, such that T(E) C:F[Ako]. Then the neighborhood AEO in Fi is
mapped by Tf, onto some bounded subset of Ei. This means that the

image of the barrel (T'(AE ))° is absorbed by the bounded set A -
.. 0 0

-34-



Hence T 1is bounded as a map from E[B(E, E')] into F. t&n~

Suppose T s a continuous, linear operator from 1.c.s. E
into a df-space F such that T: E[B(E, E')] - F is unbounded. By
the above con;ideration, we can find a sequence (xn) < E such that . .
TX o1 £ FIA 1. Since F'[B(F', F)1 1is B-complete, sp[Txn]:=1 is
o(F", F')-closed in F". Hence sp[Txn]:=1 is ofF, F')-closed in
F. The inductive 1imit topology on sp[Txn] is compatible with the
relative o(F, F')-topology. C1eaf1y S: sp[Tx.1 > F is continuous
when sp[Txn]:=1 is equipped with the inductive 1imit topology
where S(Txn) = x, for each n. Hence it is o(F, F')-o(E, E")
continuous ([8]; 8.6.3). This gives that the restriction of T to
sp[xn]:=1 is a weak isomorphism and sp[xn]:=1 is o(E, E')-closed

in E. We can improve this when E'[c(E', E)] satisfies (y).

P&0p0é£1i0n>3.77. Let E be a locally complete T.c.s. such that
E'[o(E', E)] satisfies (y) and F be a df-space. If T: E->F

is a continuous 1inear operator which is unbounded as a map from

E[B(E, E')] 1into F, then there exist a nuclear Fréchet Kothe space
A{(A) which admits a continuous norm and continuous linear operator

S: M(A)' »F such that S(A(A)') is ofE, E')-closed and the
restriction of T to S(A(A))i is an o(E, Ef)-o(F, Ff) isomorphism.
If the topology on F 1is finer than TC(F, Ff), then the restric-

tion of to S(A(A))f is an isomorphism.

Prook: By an easy modification of Lemma 2.12, we select (Bn) and

(An) which are increasing sequences of bounded subsets of E and
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F respectively such that (An) forms a fundamental sequence of

bounded set, T(Bn) c:An and T(E[B,1NB is not absorbed by

n+1)
An’ where B, 1is as in (y). Let (xn) be a sequence in E[B]
such that (Hxn||Bk+1|lTanA; )e2, and HxnllBo : 0. Let

b¥ = (HanBk)'1 and R,: A(B)' + E, Ry(E) = nz1 £, X, By
(Hxn[lBk+1 Hxnllé;)ezl and Tocal completeness of E, R, is well
defined. Since A(B) 1ds a nuclear Fréchet space, A(B)' is ultra-
bornological. So R; 1is continuous. It is easy see that

Ri;T': F' = A(B) 1s a continuous, unbounded 1linear operator. By the
Theorem 2.13, there exist a nuclear Kothe Fréchet space A(A) which
admits a continuous norm and a continuous operator R): A(B) = A(A)
such that RJRIT'(F') = A(A). Let S = R;R,. R,z A(A) » A(B) is
continuous. So S is continuous. Since (TS)' and Sf are open
mappings, TS = (TS)" and S = S" are weak imbeddings. Suppose the
topology on F 1is finer than TC(F, F'). Let UeU(A(A)'), then U°
is a compact subset of A(A). By ([8]1; 9.4.5), there is a compact
set K in F' such that U’ < Sfo(K). Since the topology on F

is finer than TC(F; F'), K’ 1is a neighborhood in F. So (1s)""
is continuous and the restriction of T to S(A(A)') is an

isomorphism.

Cornollany 3.12. Let T: E > F be as in the above proposition. Then
there exist nuclear Kothe Fréchet space A(C) which admits a
continuous norm and an open mapping R: F -» A(C)ﬁ such that

RT(E) = a(C)', R 1is o(F, F')-o(n(C), X(C)f)-continuous and RT
is an open mapping. If the topology on F s finer than TC(F, Ff)

then R 1is continuous.
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wfnogg: By the above proposition we have following diagram. .rwos

T
F! > E'

A(A)

Here S: XA(A)' - E is continuous, (TS)': F' > A{A) is a quotient
map and A(A) 1is a nuclear Kothe Fréchet space which admits a
continuous norm. The map (TS)': F' - A(A) satisfies the hypothesis
of theorem in [14]. So there exists a nuclear Kéthe subspace X(C)

of F' such that the restriction of (TS)' to A(C) {s an iso-
morphism. We take R' as the natural inclusion map from X(C) dinto
F'. Since S'T'R' 1is an imbedding, RTS: A(A)' = A(C)' is a quotient
map. By the Lemma 3.8, RT and R -are open mappings. Clearly RT
and R are weakly continuous and RT(E) = X(C)ﬁ. It is easy to see
that R 1is also continuous when the topology on F 1is finer than

TC(F,~F').

Our next corollary asserts the existence of A(A)j subspaces

and quotients of a df-space under certain conditions.

Cornollarny 3.13. Let E be a locally complete df-space which is not
strict L.B,-space. Then E has a weakly closed copy of X(A)f such
that o(A(A)', A(A)), w(A(A)',.A(A)) and B(A(A)', A(A)) are the
relative topologies of c(E,.Ef), p(E,,Ef) and B(E, Ei)

respectively and E has a weak quotient X(B)f such that



a(A(B)', A(B}), wu(A(B)', A(B)) and B(A(B)', A(B)) are the-.
quotient topologies of o(E, E'), w(E, E') and B(E, E")
respectively. Here A(A) and A(B) are nuclear Kothe Fréchet

spaces which admit a continuous norm.

Proof: Let (An) be a fundamental sequence of bounded subsets of E.
Since E 1is not a strict L.B.-space, we can assume E[A;] I An+1

is not absorbed by An for each n. Let (xn) be a sequence in
E[A;]1 such that (”anAk+1 Hxh”ii)e&l for each k. Now we define
a nuclear Kdthe Fréchet space A{C) which admits a continuous norm
and an opirator T: x(C)' - E by setting c§ = HanA; and

T(g,) = 121 £;X;. Since E is locally complete and  A(C)' s
ultrabornotogical, T s well defined and continuous. Clearly

T: A(C)' - E satisfies the hypothesis of Proposition 3.11 and

Corollary 3.12 and the desired result follows from them.
Corollany 3.14. Every L.B.-space has a basic sequence.

Proof: Let E be a L.B.-space and E = ind En regular representa-
tion of it. If E is a strict L.B.-space then by a result of Kothe
[9] each En is a subspace of E. So any basic sequence in En~ is
also basic sequence in E. If E 9s not a strict. L.B.-space by

the Corollary 3.12, E contains an'isomorphic copy of k(A)f, which

has a basis.
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