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ABSTRACT

THE EFFECT OF DISTRIBUTION OF INFORMATION
ON RECOVERY OF PROPAGATING SIGNALS

Özgecan Karabulut

Ms. in Electrical and Electronics Engineering

Advisor: Prof. Dr. Haldun M. Özaktaş

September, 2015

Interpolation is one of the fundamental concepts in signal processing. The anal-

ysis of the difficulty of interpolation of propagating waves is the subject of this

thesis. It is known that the information contained in a propagating wave field can

be fully described by its uniform samples taken on a planar surface transversal to

the propagation direction, so the field can be found anywhere in space by using

the wave propagation equations. However in some cases, the sample locations

may be irregular and/or nonuniform. We are concerned with interpolation from

such samples. To be able to reduce the problem to a pure mathematical form,

the fractional Fourier transform is used thanks to the direct analogy between

wave propagation and fractional Fourier transformation. The linear relationship

between each sample and the unknown field distribution is established this way.

These relationships, which constitute a signal recovery problem based on multi-

ple partial fractional Fourier transform information, are analyzed. Recoverability

of the field is examined by comparing the condition numbers of the constructed

matrices corresponding to different distributions of the available samples.

Keywords: fractional Fourier transform, wave propagation, signal recovery, sam-

pling, nonuniform sampling, interpolation, partial information, redundancy, con-

dition number.
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ÖZET

BİLGİ DAĞILIMININ YAYILAN SİNYALLERİN GERİ
ÇATILMASI ÜSTÜNDEKİ ETKİSİ

Özgecan Karabulut

Elektrik Elektronik Mühendisliği, Master

Tez Danışmanı: Prof. Dr. Haldun M. Özaktaş

Eylül 2015

Aradeğer bulma, sinyal işlemenin temel kavramlarındandır. Bu tezin konusu,

yayılan dalgaların aradeğerlerinin bulunmasındaki zorluğun incelenmesidir.

Yayılan bir dalganın içerdiği bilginin, yayılım eksenine dik düzlemsel bir yüzeyde

alınan örneklemlerle tamamen karakterize edilebildiği ve böylece yayılan alanın,

dalga denklemleri kullanılarak bütün uzayda bulunabileceği biliniyor. Fakat bazı

durumlarda, örneklemler düzensiz ve/veya düzgün olmayan şekilde alınmış ola-

bilir. Biz bu gibi örneklemler kullanılarak oluşturulan aradeğer bulma prob-

lemleriyle ilgileniyoruz. Bu çalışmada, aradeğer bulma problemlerini tamamen

matematiksel bir biçimde ifade edebilmek için, dalga yayılımı ile olan direk

ilişkisinden faydalanılarak, kesirli Fourier dönüşümü kullanıldı. Her bir örneklem

ve bilinmeyen yayılan alan dağılımı arasındaki doğrusal ilişki bu şekilde kuruldu.

Birçok kısmi kesirli Fourier dönüşüm bilgisi kullanarak ara değer bulma problem-

ini oluşturan bu doğrusal ilişkiler incelendi. Sinyallerin geri çatılma yetisi, verilen

örneklemlerin farklı dağılımlarına karşılık gelecek şekilde oluşturulan matrislerin

kararsızlık oranları karşılaştırılarak incelendi.

Anahtar sözcükler : kesirli Fourier dönüşümü, dalganın yayılımı, sinyalin geri

çatılması, örnekleme, düzgün olmayan örnekleme, aradeğer bulma, kısmi bilgi,

artıklık, kararsızlık oranı.
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Chapter 1

Introduction

Consider a finite energy signal with most of its energy confined to a particular

region in the phase space. The area of this region gives us the number of degrees

of freedom of the signal. At least this many samples are necessary to uniquely

characterize the signal. Nyquist theorem tells us how to choose those samples in

order to recover the signal completely. However, in the case of wave propagation,

it is possible to gather information of the propagating wave field both along and

transversal to the propagation direction. Yet, the field is fully described on a

transversal planar surface such that the knowledge of the propagating wave field

distribution on a transverse plane along the optical axis is adequate to propagate

it through any medium. Therefore, knowing the field on one transversal plane is

equivalent to knowing the field on any point in space. Let f̂(x) and ĝ(x) represent

the input and output plane distribution of a one-dimensional propagation problem

respectively. Then, the relationship between f̂(x) and ĝ(x) is described by the

Fresnel integral [1], given in eq. 1.1:

ĝ(x) = ei2πd/λe−iπ/4
√

1

λd

∫ ∞
−∞

e
iπ(x−x′)2

λd f̂(x′)dx′ (1.1)

where λ is the wavelength and d is the propagation distance. Please note that

we will refer to propagating wave field as optical field for simplicity in the rest of

the discussion, although our analysis is valid for all the waves.
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In some applications, on the other hand, the optical field data is not avail-

able on a planar surface because of either the definition of the problem or the

configuration of the optical system. For example, the sample locations might

be randomly or irregularly selected, as it might be the case for some array of

sensors distributed over the space or as in swarm robot applications which uses

reconstructed random point measurements of the field [2]. Also, it might not

be possible to take all the samples on a planar surface due to the existence of a

blocking object such as an optical instrument on the way, which brings the need of

obtaining information over different planes and reconstructing the original data.

In addition, the measurement device might not have the desired resolution and/or

accuracy. As a solution to this problem, multiple measurements can be combined

to succeed a higher resolution and/or accuracy. Obtaining a higher resolution

diffraction patterns from low resolution ones by using Wigner transform, Canny

edge detection and Hough transform is discussed in [3].

Another scenario is where samples are positioned over a curved surface as

encountered in computer generated holography and three-dimensional television

applications [4–12]. The intuitive solution of this problem is considering each sam-

ple on the curved surface as a source and computing the diffraction field arising

from those samples and superpose the fields emitted by them. However, finding

the diffraction field by direct superposition is not correct which is a often ignored

fact [13–15]. This “source model” method does not take mutual interactions into

account which can be significant. A comparison between “source model” method

and “field method”, which is defined as a method taking the mutual interactions

into account, is included in [7], and a performance assessment of the “source

model” approach can be found in [16]. As a solution to this problem, expressing

the field on a curved surface in terms of that on a planar surface and solving the

inverse problem where the aim is calculating the scalar diffraction field over the

entire space is proposed in [7].

In some studies, the problem is reduced to the diffraction field calculation

between tilted planes. In [17] the problem is analyzed as Fraunhofer approximated

diffraction problem due to a plane wave passing through a tilted slit. In [18], the

relationship between the rotated planes’ plane wave spectrum is established. A

2



method of finding the exact diffraction field by using Rayleigh-Sommerfeld scalar

diffraction integral between tilted and translated planes described in [19–21],

which is based on the algorithm proposed in [22]. Satisfactory results up to 60◦

tilt angle are reported. It should be noted the problems mentioned so far are

the subset of our problem definition. We do not restrict our samples to be on a

specific surface or force the partially distributed information to be on multiple

transversal planes. Any distribution of the samples or arbitrary sampling surface

can be the subject of this work.

In this work, Fractional Fourier Transform is used to formulate the problem

and bring it into the signal processing context. Fractional Fourier Transform

(FRT) creates a smooth transition between original signal and its Fourier trans-

form (FT). It has found many applications in optics. It is well known that Fourier

transform of a field distribution is observed at the far field. FRT on the other

hand can be observed at closer distances. Mathematically, Fresnel integral can

be rewritten as a FRT with an additional magnification and chirp multiplication

terms. In the light of this analogy between wave propagation and FRT, using

partial FRT information to recover the signal has been studied [2, 23–27]. This

partial FRT information can be obtained by taking samples of the field distribu-

tion on different fractional Fourier domains. These domains can be represented

by axes rotated by angle α = aπ/2 from space axis in phase space representation

where a is the FRT order [28]. Physically, they correspond to different transver-

sal surfaces along the direction of propagation. Therefore it is possible to set the

relationship between the sample locations and FRT orders.

In [2], POCS method is used to recover the signal from partial FRT infor-

mation. In [23, 24], the problem of recovering the complex signal by using the

magnitude information given in different FRT domains is studied. It has been

shown that, the choice of the number and the location of FRT domains effect the

solution such that higher number of orders ends up with better results. In addi-

tion, the adequate separation between the FRT domains leads to an improvement

in the results. In [25, 26], the samples taken on two different FRT domains with

different distributions are examined and the linear relationships between them

are established.
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In this thesis, the sampling surfaces are considered as sections of different

order FRT domains. By this way, the relationship between the samples on any

arbitrary surface can be written by using FRT properties. The main objective of

this work is analyzing the linear relationships between high number of fractional

Fourier domain samples under Fresnel approximation and investigating the effect

of sample locations on the recoverability of the signal.

In Chapter 2, a brief background information on FRT and sampling theorem is

provided. The condition number concept which is used as a measure to assess the

recoverability of the signals is explained. In Chapter 3, the linear relationship be-

tween high number of FRT domains is discussed. The methodology is established

and problem is formulated in a general content. Then, different scenarios have

been implemented and the influence of the sample distribution on the condition

number is analyzed. In Chapter 4 we discussed possible other methodologies.

Then, we explain the physical correspondence of the mathematical frame used to

express the problem. We conclude this thesis with Chapter 5.

4



Chapter 2

Background

In this chapter, the subjects that are used in this thesis are summarized in a

general content. Firstly, sampling and interpolation equations are given as it is

defined in Shannon’s work. A more generic form of the interpolation equation is

also included. Nonuniform sampling is mentioned as a concept. Then fractional

Fourier transform, which is used to formulate our problem, is defined and its basic

properties and relation to wave propagation is given. The fractional Fourier do-

main concept is explained and its correspondence on time/space-frequency space

is discussed. It is followed by the formulation of sampling theorem in fractional

Fourier domain. Finally, we give the definition of condition number and its char-

acteristics in the case of an ill-posed system.

2.1 Sampling Theorem

Sampling theorem is stated by Shannon as: “If a function contains no frequencies

higher than W cycles per second, it is completely determined by giving its ordi-

nates at a series of points spaced 1/2W seconds apart.” as a method of converting

an analog signal into a digital one in the process of formulating his rate/distortion

theory in his paper titled “Communication in the Presence of Noise” which can be

5



considered as the basis of the information theory [29]. This theorem can be jus-

tified by the following steps. First, we can represent any signal as a superposion

of harmonics which is known as inverse FT:

f(u) =

∫ ∞
−∞

F (µ)ei2πµudµ =

∫ 2W

−2W

F (µ)ei2πµudµ (2.1)

where F (µ) is zero outside of the bandwidth 2W . When the continuous function

f is evaluated at the sample locations u = n
2W

where n is an integer, the equation

below is obtained:

f
( n

2W

)
=

∫ 2W

−2W

F (µ)ei2πµ
n

2W dµ (2.2)

The equation above is nth coefficient of the Fourier series expansion of F (µ).

In other words, the samples obtained by evaluating the function f at locations

u = n
2W

are equal to the Fourier coefficients of F (µ). Since the initial assump-

tion is that the signal is limited in the frequency domain such that the highest

frequency is W , the samples of the signal determine F (µ) which is the frequency

domain representation of the abstract signal f . Obtaining the time domain repre-

sentation can be accomplished by a transformation. Therefore, the samples of the

function contain all the necessary information to define the signal completely. Al-

though formalization and interpretation of this result is done by Shannon, similar

statements are made before by Whittaker and Korel’nikov [30,31].

The equation to reconstruct the signal from its samples is given as:

f(u) =
∑
n∈Z

f(nT )sinc(u/T − n) (2.3)

where n is an integer and T is the sampling period. If we consider the shifted

sinc functions as the basis functions, the interpretation of this equation might be

that the samples f(nT ) are the representation of the function f(u) in that space.

This equation is exact if f(u) is bandlimited such that µmax ≤ 1
2T

where the limit

of maximum frequency can be recognized as the Nyquist frequency [32].

Sampling theorem is one of the keystones in signal processing and communica-

tions. However, in practical uses, Shannon’s equation is limited since it is based

on the assumption that the signal is bandlimited which is not possible for real

signals and images [33]. It is also noted that, using Shannon’s reconstruction

6



equation might be problematic due to the lack of ideal anti-aliasing filters and

the slow decay of sinc functions, especially while working with images [34]. These

are the basic reasons which leads to the more generic and extended model:

V (ϕ) =

{
s(u) =

∑
n∈Z

c(n)ϕ(u− n) : c ∈ l2

}
(2.4)

where sinc function is replaced by generic function : ϕ in space V [35]. This

equation means that any continuous function s(u) ∈ V (ϕ) can be fully represented

by the coefficient set c(n), which does not have to be the samples of the signal.

Different extensions and variations of sampling theory can be listed as: wavelets,

multichannel sampling, finite elements and multi-wavelets, frames and irregular

sampling. These topics are beyond the scope of this thesis. A more detailed

information about the history and applications of interpolation and sampling can

be found at [36,37]. Irregular or nonuniform sampling will be briefly explain next.

Although the base of the analog to digital signal conversion and reconstruc-

tion is taking uniformly spaced samples, different sampling schemes might be

a necessity depending on the application. For instance, polar sampling grid is

used in computerized tomography whereas for fast MRI, spiral sampling grids

are more convenient. Irregularly spaced sampling on the other hand has found

applications in spectroscopy, geophysics, astronomy and other signal and image

processing problems [38].

Fitting a model to the measurements is proposed to get rid of the complica-

tions arising from nonuniform sampling. An example problem where the aim is

applying Lagrange interpolation to reconstruct the periodically irregularly spaced

samples can be found in [39]. Another method is changing the basis functions

so that it will be proper to the nonuniform structure of the problem. Although

the foundation of our problem is an extended version of nonuniform sampling,

where we do not put any restrictions on the sample locations, we will not be

directly using its procedures. Therefore, we do not go much more into the details

of nonuniform sampling.

7



2.2 Fractional Fourier Transform

Fractional Fourier transform (FRT), which is a special case of linear canonical

transforms, can be considered as a generalized version of the ordinary Fourier

transform (FT). It has a variety of application areas in optics and signal processing

[40–64].

There are different definitions of FRT which leads to different physical inter-

pretations. The integral based one is given as:

fa(u) =

∫ ∞
−∞

Ka(u, u
′)f(u′)du′,

Ka(u, u
′) = Aαexp

[
iπ(cotαu2 − 2 cscαuu′ + cotαu′2)

]
,

Aα =
√

1− i cotα, α ≡ aπ

2

(2.5)

[28], when a 6= 2k for integer k. The FRT kernel Ka(u, u
′) has the following

spectral expansion [65]:

Ka(u, u
′) =

∞∑
k=0

ψk(u)e−i
π
2
kaψk(u

′) (2.6)

In eq. 2.6, ψk(u) denotes the kth Hermite-Gaussian function, and e−iπka/2 is the

ath power of the eigenvalue of the ordinary Fourier Transform: λk = e−iπk/2.

It is straightforward to see that the kernel simplifies to Ka(u, u
′) = δ(u−u′) when

a = 4k and to δ(u + u′) when a = 4k + 2. It can be shown that the kernel is

equal to e−i2πuu
′

when a = 1 so that FRT reduces to ordinary FT. Based on these

reductions, the following identities can be written for special cases:

F0 = I,

F1 = F ,

F2 = P ,

F3 = FP = PF ,

F4 = F0 = I,

F4k+a = F4k′+a

(2.7)

for arbitrary integers k, k′ where I is the identity, P is the parity, F is the FT and

Fa is the ath order FRT operators. For the other values of a, the FRT operation

8



can considered as the ath power of ordinary FT operation [66]. In the procedure

of deriving FRT by taking the operator power of FT eigenvalue equation, different

definitions are obtained based on the choice of the eigenfunctions or the fractional

powers of the eigenfunctions [67–84].

In this thesis, FRT will be denoted by fa(u) or it will be treated as an operator

and denoted by Faf . In some content, to avoid confusion, the ath order FRT

domain argument will be represented by a subscript: ua. For more information

about FRT, the reader is referred to [28,66,85–87].

2.2.1 FRT and Wave Propagation Relation

The relationship between FRT and wave propagation is well established [88–90].

It is well known that FT of a field distribution is observed at the far field. FRT on

the other hand is observed at closer distances such that the free space propagation

can be thought as continuous fractional Fourier transformation along the direction

of propagation. To be able to show this relationship mathematically, consider an

input output optical field pair f̂(x) and ĝ(x) which is related to each other through

Fresnel integral as in eq. 1.1. Since Fresnel integral can be decomposed into a

FRT, followed by magnification, and followed by chirp multiplication, the output

field ĝ(x) can be expressed as [91,92]:

ĝ(x) = ei2πdλe−iaπ/4
√

1

sM
e
iπx2

λR fa

( x

sM

)
(2.8)

where s is the scaling parameter to convert f̂(x) into dimensionless version f(u)

such that f(x) = 1√
s
f(x/s) = 1√

s
f(u). The other parameters are defined as:

a =
2

π
arctan

λd

s2
,

M =

√
1 +

λ2d2

s4
= sec

aπ

2
,

R =
s4 + λ2d2

λ2d
= csc2 aπ

2
.

(2.9)

The relationship between the order a and the propagation distance is given in eq.

2.9 as a = 2
π

arctan (λd
s2

). As an alternative formulation, propagation between two
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spherical surfaces in terms of fractional Fourier transformation can be found in

[88], and the relation between the FRT order and the Gouy phase shift between

these two surfaces is given in [89]. In quadratic graded index media on the other

hand, the FRT order increases linearly with propagation distance.

This direct relation between wave propagation and FRT creates the link be-

tween wave propagation problems where the measurements are partial, spread

over several observation planes, have insufficient accuracy and/or resolution etc.

and the partial FRT information related recovery problem analysis.

2.2.2 Fractional Fourier Domains

Signals can be considerd as information bearing entities, so as an abstact concept.

The representation of these signals in different domains are possible. We are

familiar with time, space and frequency domains. However, the signals can also

be represented in time/space-frequency domain which is also called phase space.

Phase space is represented by a coordinate system where the horizontal axis is for

time/space with argument u, and the vertical axis is for frequency with argument

µ. Speaking of phase space, the definition of the Wigner distribution, which is a

time/space-frequency representation, is included to consolidate the understanding

of FRT domains in eq. 2.10.

Wf (u, µ) ≡
∫
f(u+ u′/2)f ∗(u− u′/2)e−i2πµu

′
du′ (2.10)

Wigner distribution gives an intuition about the spread of the signal’s energy in

phase space under the limits of uncertainty principle. Some important properties

of the Wigner distribution are given in 2.11. They suggest that the projection of

Wf (u, µ) onto the time/space axis is equal to |f(u)|2 and the projection onto the

frequency axis is given by |F (µ)|2.∫
Wf (u, µ)dµ =|f(u)|2,∫
Wf (u, µ)du =|F (µ)|2,∫ ∫

Wf (u, µ)dudµ =||f(u)||2 = En[f ]

(2.11)
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Figure 2.1: Phase space and the ath order FRT domain

Another important property of the Wigner distribution is its relation to FRT.

The ath order FRT corresponds to rotation in the phase space. It can be for-

mulated by the rotation of the Wigner distribution of the signal in the clockwise

direction by angle α = aπ/2 as in eq. 2.12 [43,93]. Then, the FRT domain can be

represented by the axis making the angle α = aπ/2 with u axis as seen in figure

2.1.

Wfa(u, µ) ≡ Wf (u cosα− µ sinα, u sinα + µ cosα) (2.12)

The physical interpretation of the FRT domain concept is based on the FRT

and wave propagation relation. It is known that FRT order a = 0 corresponds

to the reference plane and a = 1 to the Fourier plane which occurs at distance

infinity. As explained in the previous section, the signal is fractional Fourier trans-

formed as it propagates between these planes. Therefore, the transversal planes

between those two planes can be considered as different order FRT domains.

Since we worked on one-dimensional wave propagation problems, the transversal

planes are represented by vertical lines as seen in eq. 2.2. Although the domains

demonstrated in the figure are equally spaced, there is not such an obligation. In

fact, the FRT order a is a continuous argument. Therefore, a different domain

11



Figure 2.2: The u-a coordinate system and the FRT domains

exists passing through each a coordinate.

2.2.3 The Discrete Fractional Fourier Transform

Discrete fractional Fourier transform is defined such that it generalizes the dis-

crete Fourier transform (DFT) in the same sense that the continuous fractional

Fourier transform generalizes the continuous ordinary Fourier transform [94–99].

Some definitions of discrete fractional Fourier transform matrix (dFrFT) can be

found in [100–104]. These dFrFT matrices map the samples of a reference signal

to the same point samples of its FRT.

In this thesis, a unitary and index additive the discrete FRT definition which

approximates the continuous FRT and reduces to ordinary DFT when the FRT

order is equal to 1 is discussed. This definition is based on the discrete analog of

the spectral expansion of the FRT kernel, which is:

F a[m,n] =
N−1∑
k=0

uk[m](λk)
auk[n] (2.13)

where a is the FRT order, uk[n] denotes the discrete Hermite-Gaussians and λk
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is the associated eigenvalue [105].

A different definition for all linear canonical transforms (LCT) is examined in

[106]. The definition of LCT is given as:

f̂M(u) ≡(CMf)(u) ≡
∫ ∞
−∞

CM(u, u′)f(u′)du′,

CM(u, u′) ≡
√
βe−iπ/4eiπ(αu2−2βuu′+γu′2)

(2.14)

where M, α, γ and β are LCT parameters and CM is the LCT operator. Then,

the relationship between continuous and discrete LCT is given as:

f̂M(mδuM) ≡δu
N/2−1∑
k=−N/2

f̂(kδu)CM(mδuM, kδu)

CM(mδuM, kδu) =
√
βe−

iπ
4 e

iπ
N|β|

(
α
δuM
δu

m2−2βkm+γ δu
δuM

k2
) (2.15)

where f̂M(mδuM) is the discrete LCT expression of f̂(kδu), δu and δuM are the

sampling intervals in reference and LCT plane correspondingly. The sampling

intervals in reference plane and LCT domains are related by δuM = (|β|Nδu)−1.

The number of samples N is equal to 1
|β|δuδuM

= ∆u∆uM|β|, where ∆u and ∆uM

are the extent of the signal in the reference and the LCT domains. This number

of samples is called “bicanonical width product”.

A discrete FRT equation and dFrFT matrix can be obtained from 2.15 since

FRT is in the family of LCT. For this transition, the LCT matrix M should be

chosen as:

M =

[
cosα sinα

− sinα cosα

]
(2.16)

or equivalently, the parameters α, γ and β should be equal to:

α = γ = cotα,

β = cscα.
(2.17)

2.2.4 Sampling in Fractional Fourier Transform Domain

So far, sampling theorem has been intuitively thought as measurements in time

or space domain. However, it is possible to write the interpolation equation in
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frequency domain on the condition that the signal is time limited. If the signal

is limited to [−∆u/2,∆u/2) range in time domain, its Fourier transform can be

expressed as in eq. 2.18.

F (µ) =
∑
n

F
( n

∆u

)
sinc(∆uµ− n) (2.18)

To be able to write the sampling theorem and the series expansion in fractional

Fourier transform domains on the other hand, different theorems have been de-

rived [107–111]. The equation below represents the fractional Fourier domain

representation of the signal f in terms of its samples taken on the same u domain

[112]. A similar expression is also given in [113].

f(u) = δu|β|∆uae−iπγu
2
∞∑

n=−∞

f(nδu)eiπγ(nδu)2

sinc(β∆ua(u− nδu)) (2.19)

By this contribution, the requirement for limited bandwidth to be able to

recover the signal expands to a more general statement: a signal can be repre-

sented by its samples taken on a fractional domain if it is limited at any fractional

domain. This procedure of sampling obtained by summation of shifted cells mul-

tiplied by a linear and constant phase term is referred as chirp-periodization in

[114].

The studies on sampling in fractional domains showed that required sampling

rate to reconstruct the signal from its samples is not always equal to Nyquist

rate for an optimal computation cost [115]. It has been proven that the sampling

frequency should satisfy the equation:

fs ≥ 2fmax cscα (2.20)

where it is assumed that the maximum frequency of the signal is fmax. When

cscα = 1 the inequality gives the ordinary sampling limit.

2.3 Condition Number

Before closing the chapter, condition number concept will be reviewed since it is

used as an evaluation criteria in linear inverse problems. The problem we deal
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with in this thesis is based on the assessment of the impact of sample distribution

on the the solution and we need a measure of how easy recovering the signal is,

which depends on the problem’s nature and sensitivity to disturbances. In other

words, how the solution will be affected in response to a small change in the

input data should be tracked and analyzed. For that purpose, we used condition

number which is defined as the ratio of the relative changes in the output to the

input. Therefore, as the condition number increases, the problem becomes more

ill-conditioned or ill-posed one.

For equations in the form of Ax = b, the matrix A, which defines the linear

system, the condition number is defined in [116] as:

cond(A) = ‖A‖ ‖A−1‖ (2.21)

When l2 norm is used, the condition number expression reduces to the ratio of

the maximum singular value to the minimum one:

cond(A) =
σmax(A)

σmin(A)
(2.22)

Some important properties of condition number are summarized in [26]:

Firstly, condition number is always greater than or equal to 1. When it is equal

to 1, the matrix A is unitary. It is∞ when the matrix is rank deficient such that

rank(A) < N for M by N matrix A. Thus, it can be concluded that when a

matrix is well-conditioned, the associated condition number is 1 and becomes ∞
when the matrix is singular.
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Chapter 3

Analysis of The Signal Recovery

Problem Under Arbitrarily

Distributed Information

In this chapter, we first present the problem formulation. It is based on writing

linear equations between samples distributed over the space, and the unknown

signal on the reference plane. It is followed by the simulation results section

where different scenarios are considered. Condition number and rank concepts

are used to assess the impact of the sample locations on the solution.

3.1 Basic Assumptions and Dimensional Nor-

malizations

In this thesis, we assume that most of the energy of the signal is confined to an

ellipse in the space-frequency domain. In other words, the signals which have an

elliptical phase space representation with semi major and minor axises ∆x/2 and

∆σx/2 are the subject of this work. In this notation ∆x and ∆σx denotes the

space and frequency extents correspondingly. This assumption does not impair
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the generality of the results since for any non-elliptical space-frequency support,

the major or minor radius of the ellipse can be chosen larger to contain signal

energy. Then, the methodology proposed here can be applied. Also, the small

error introduced since it is not possible to have both space and frequency limited

signal can be neglected or made sufficiently small by enlarging this ellipse.

The abstract signal f is represented by f(x) and F (σx) in space and frequency

domains correspondingly. To obtain the dimensionless mathematical represen-

tations that we will work on, we scale both space and frequency argument by

parameter s as in eq. 3.1.

f(x) =
1√
s
f(x/s) =

1√
s
f(u) (3.1)

Therefore, dimensionless time/space extent ∆u, and dimensionless frequency ex-

tent ∆µ of the signal are related to the ∆x and ∆σx by:

∆u =
∆x

s
,

∆µ =s∆σx.

(3.2)

Then, by choosing the scale parameter s =
√

∆x/∆σx, we can convert the phase

space representation into an circular one. This way, ∆u, ∆µ and ath order FRT

domain extent ∆ua of the signal are equal to each other.

In this work, the time/space-bandwidth product is assumed to be equal to the

number of degrees of freedom such that ∆u∆µ = N . These two concepts are

generally used as if they were equivalent. However, number of degrees of freedom

is defined as the area of the time/space-frequency support of the signal where

the the signal energy is not negligible. Therefore, time/space-bandwidth product

is always greater than or equal to the number of degrees of freedom. Under our

assumption, the field is sampled with the Nyquist rate such that the sampling

period is 1/∆µ in the reference domain and 1/∆u in the frequency domain. The

required number of samples is found this way: ∆u
1/∆µ

= ∆µ
1/∆u

= ∆u∆µ = N .
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3.2 Methodology and Problem Setup

Before going into the details of the methodology, we first introduce the working

frame we use in our formulation. The coordinate system with argument a as the

horizontal axis, and the dimensionless space domain argument u as the vertical

axis is created for that purpose, as seen in figure 3.1. In this coordinate system,

FRT order a is taken in the range (0, 1] where a = 0 corresponds to the reference

plane and a = 1 is the Fourier plane which occurs at distance∞ in the case of free

space propagation. The problem is defined for the one-dimensional case without

loss of generality. Therefore, FRT domains along the propagation direction are

represented by vertical lines.

In the figure 3.1, we see some samples distributed over the rectangular region,

which are demonstrated by dots. For each sample, a space domain location u

and a FRT order a is determined according to the given sampling surface or

sampling conditions. Each sample is treated as it is on a different FRT domain.

If any two samples are on the same FRT domain such that they have the same a

coordinate, we do not do any special treatment. We would like to emphasis that

there is not any restriction on the sample locations for the method described in

this chapter to be applicable. It also leads to the statement that any arbitrary

sampling surface or distribution of the samples can be the subject of this work.

However in our simulations, we chose the scenarios such that our samples are

inside the rectangular region with the exclusion of the reference plane.

In order to set the linear relationship between the distributed samples and

the unknown field distribution on the reference plane, the discrete FRT ma-

trix (dFrFT) defined in [105], which satisfies all the requirements of a le-

gitimate definition, is used. If f = [f[−N/2], · · · , f[N/2− 1]]T and fa =

[fa[−N/2], · · · , fa[N/2− 1]]T , denotes the samples of the abstract signal f on the

reference and ath order FRT plane correspondingly, the linear relationship be-

tween f and fa can be expressed as a matrix vector multiplication via the dFrFTa
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Figure 3.1: The u-a coordinate system and sample locations

matrix: 
fa[−N/2]

fa[−N/2 + 1]
...

fa[N/2− 1]

 =

 dFrFTa




f[−N/2]

f[−N/2 + 1]
...

f[N/2− 1]

 (3.3)

However, in our problem, samples are on different FRT domains. Therefore,

we need an expression which relates the collection of samples taken on different

domains to the unknown signal on the reference plane.

This collection of samples are represented by vector:

h =
[
hak1

,up1
[1], · · · , hakN ,upN [N ]

]T
(3.4)

In this notation, the integer index represents the sample number. The subscript

ak refers to which FRT domain the sample is on. The subscript up stands for

the space index of the sample, which varies between −N/2, · · · , N/2 − 1. It

corresponds to a measurement value of fak
in the continuous extent of the signal

[−∆u/2,∆u/2). As an example, the fifth sample during a measurement is taken
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on coordinate (a, u) = (0.8, 9) is represented by ha0.8,u9 [5], which is equal to f0.8[9].

Therefore, each element of the vector h is related to the signal on the reference

field f , by a row of a the dFrFT matrix with order ak. Then, the linear relationship

between f and h can be written via the “constructed matrix”:
hak1

,up1
[1]

hak2
,up2

[2]
...

hakN ,upN [N ]

 =

 constructed

matrix




f[−N/2]

f[−N/2 + 1]
...

f[N/2− 1]

 (3.5)

where (ak1 , up1) is the coordinate of the first sample which can be anywhere in

the defined sampling region, ak2 , up2 is the coordinate of the second sample and

so on.

During the application of the method, for each sample location, a dFrFT ma-

trix is generated with the order of a coordinate of the sample. Then the u index

is approximated to the discrete u index the sample location is closer to. In

other words, each sample location’s projection is taken onto the reference plane

and samples are assumed to be given on the closest u grid. This is a map-

ping between the continuous and discrete space locations such that a point in

the interval [−∆u/2,∆u/2) is mapped to the corresponding point in the interval

[−N/2, N/2−1]. Although this assumption introduces an error and might worsen

the condition number, the maximum shift introduced on the u coordinate of a

sample is 0.5/∆µ and equal to 1/32 for N = 256. When compared to possible

measurement precision, this amount of shift is not considered as vital.

Therefore the “constructed matrix” is obtained by the taking the upth row of

the ak order dFrFT matrix for each element of the vector h. By this way, the

linear relationships in the form C f = h between the unknown signals and the

samples on different FRT planes are obtained.

It is known that the number of samples taken on a planar surface should be

equal to the number of degrees of freedom of the signal to be able to recover it.

However, we do not know the effect of the distribution of the sample locations
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though the propagation direction on the information content. Therefore, condi-

tion number is used as a measure of recoverability of a signal thanks to its direct

relationship to the amount of redundant information in the system.

The value of condition number is critical to say if the signal can be recovered;

since if it is equal to 1, the matrix is unitary and in the case of a singular matrix,

the condition number is infinity. It is also important in terms of sensitivity

analysis. However, it might be giving insufficient information where the problem

is highly ill-posed. In other words, comparing two highly ill-posed problems

and understanding which one contains more information about the signal is not

possible with condition number. Therefore, we also included a “rank” definition to

obtain a relative insight into the information capacity of highly ill-posed problems.

Although it is not possible to recover the rank deficient systems by taking

the inverse of the system matrix, there are different algorithms and research on

the recovery of such systems. The success of these algorithms depends on the

amount of information the system contains. Since the scope of this thesis is not

recovering signals from partial information but to analyze the effect of the sample

distribution on the recoverability of the signals, we should be able to distinguish

the change in the amount of information in response to a control variable. This

way, we can determine the effect of control variable on the solution. Therefore,

having a measure of the linearly independent columns of the constructed ma-

trices is essential. The rank can be defined as the number of non-zero singular

values. However, a “tolerance” is needed to define the accuracy of non-zero. In

theory, the zero can be determined as the smallest precision that machine can

detect. However, this tolerance can be chosen higher to compensate for noise and

measurement errors. In that case, the rank is roughly found and possibly lower

than the actual number of linearly independent rows of the matrix. Thus, there

is a link between the error obtained after recovering the signal and the tolerance.

This tolerance can also be used to measure sensitivity. For a full-rank matrix, we

can assess the similarity between its rows by increasing the tolerance and observe

when it becomes rank deficient.

In the simulations, the reference plane is chosen as the FRT domain with order
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a = 0. There is not any sample taken on that plane intentionally. The choice

of the reference plane does not affect the solution in theory. It is based on the

fact that, when the field is known on a transversal plane, it can be propagated

into any other one without any loss. However, the numeric studies in [26]showed

that taking less samples on the reference plane causes an increase in the condi-

tion number. Therefore, the existence of an artificial effect which increase the

condition number should be taken into account while evaluating the results.

While discussing the results, we consider the spread of light over space through

the propagation axis. As the light propagates, it diffracts. Therefore, the informa-

tion represented by a sample affects a broader region in the propagation direction.

It leads to a mutual interaction and coupling between samples. For example, con-

sider the samples taken on two FRT domains which are close to each other. In

that case, each sample on one domain will mostly affect the sample with the same

index on the other domain. As the domains move away from each other, each

sample on one domain impacts more samples on the other domain. To demon-

strate the point, two dFrFT matrices are generated for a = 0.01 in table 3.1 and

for a = 1 in table 3.2 for N = 4. These matrices gives the relationship between

the signal on the reference plane and the samples taken on the ath order FRT

domain. It can be seen that dFrFT for a = 0.01 is close to the identity matrix

such that the diagonal elements are dominant. It means that, the samples on

a = 0.01th domain are mostly influenced by only one sample on the reference

plane. This is because these two domains are close to each other. In table 3.2

on the other hand, each element of the matrix has the same magnitude. This

is because the Fourier domain and the reference plane are far from each other.

Therefore, each sample on the a = 1th domain is affected by all the samples of

the signal on the reference plane equally.

Table 3.1: The dFrFT matrix for a = 0.01

0,9998-0,0091i 0,0002+0,011i -0,0001 0,0002+0,011i

0,0002+0,011i 0,999-0,0235i 0,0004+0,011i -0,0003-0,007i

-0,0001 0,0004+0,011i 0,998-0,053i 0,0004+0,011i

0,0002+0,011i -0,0003-0,007i 0,0004+0,01i 0,999-0,023i
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Figure 3.2: The cones originating from the unknown samples on reference domain

Table 3.2: The dFrFT matrix for a = 1

0,5 0,5 0,5 0,5

0,5 -0,5i -0,5 0,5i

0,5 -0,5 0,5 -0,5

0,5 0,5i -0,5 -0,5i

Consider the region that a known sample has considerable effect on. It is

suggested that this region can be represented by cones originating from that

sample [26]. Similarly, the dependency of a sample to an unknown field can

be determined by examining the cones reaching to the known sample from the

unknown samples. The logic behind this cone argument is based on the fact that

as the light diffracts, it affects the field ahead of it. Therefore, the cones expand

with the propagation distance. Similarly, every sample is affected by the field

behind it. Since the reference plane is chosen as the FRT domain with order

a = 0, we will concentrate on the cones originating from the unknown samples.

In the figure 3.2, a symbolic drawing is given. The reference plane is demon-

strated as a0. The unknown sample locations on the reference plane are u1, u2, u3
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and u4. The propagation direction is through the increasing FRT order. There-

fore, the cones are originating from the reference plane. It is seen that the cones

reaching to a1 plane, have a small area R1. Only one known sample is inside

this region. This is because a0 and a1 are close to each other. Therefore, it can

be stated that the sample p1 mostly depends on the unknown sample u2. Since

there is not any other cone reaching to p1, it has enough information to deter-

mine u2. As another example, there are three cones reaching to the samples on

a4. It means that each sample on a4 is related to three unknown samples on the

reference plane. It should be noted that, the information carried by each sample

is equivalent. Therefore, p5 is not enough to completely define any of the un-

known samples. However, it partially represents u1, u2 and u3. If all the samples

are taken on the same FRT domain a4, each sample would be depended to three

unknown samples. Therefore, the balance of the intersections of regions coming

from different cones would be satisfied naturally. Roughly speaking, each cone

can be considered as containing the 1/3 of the information for each unknown

sample. Since total of 3 cones cover each sample, they complement each other.

However, different samples on different FRT domains, do not create this perfect

information integration. The dependency between each sample and the unknown

samples due to the cone argument is given in 3.3.

Table 3.3: Known samples versus the unknown samples that affect them

sample unknown sample

p1 u2

p2 u2

p3 u4

p4 u1, u2

p5 u1, u2, u3

Now we will analyze different cone interactions that might occur depending

on the sample locations. Firstly, two samples on different domains might only

be covered by the same cone. It is the case with samples p1 and p2 in figure

3.2. These two samples depend solely on u2. Therefore, they have the same

information about the unknown signal. Thus, taking both p1 and p2 results in

redundancy in the equation set. Therefore, we can conclude that, each sample
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should be covered by at least another cone originating from a different unknown

sample. This unknown sample should not be fully represented by the samples

taken before to avoid redundancy. In other words, any two samples should not

be covered by the cones originating from the same unknown samples. This way,

each sample has a new information about the reference signal. Therefore, if the

set of cones reaching to two samples are intersecting, we cannot directly talk

about redundancy. For example, the region R3 is the intersection of the cones

originating from u2 and u1 and region R4 is intersection of the cones originating

from u1, u2 and u3. Therefore, we cannot directly say that taking both p4 and p5

results in redundancy. It is because p5 also depends on u3. In that case, there are

two common unknowns u1 and u2. Both p4 and p5 are linearly related to u1 and u2.

However, neither p4 exactly has the information carried by p5 nor the opposite.

Therefore, the rank and condition number depends on the distribution of the

other samples and their mutual interactions. Lastly, the samples p3 and p4 are

not related to each other because p3 depends on u4, p4 on the other hand, depends

on u2 and u1. Since we know that p3 and p4 do not have a common information

about the signal, we can say that taking p3 and p4 gives more information than

taking p4 and p5.

3.3 Simulation Results

In the simulations, a total of N samples are taken inside the rectangular region

defined in 3.1. N is assumed to be equal to the number of degrees of freedom

of signal f . It is chosen as 256 for all the scenarios. Firstly, we considered

the samples taken on a line and observe the effect of varying the slope, length

and location of the line on the recoverability of the signal. Then, a line pair

with complementary and overlapping sample locations is examined. By altering

“depths” of the lines and “frequency” of the samples, different configurations are

obtained. It is followed by the samples taken on a circular surface. The control

variable is chosen as the radius of the circle. Finally, samples distributed all over

the u-a plane are taken into the consideration. Samples are first distributed over

the space randomly. Then, they are taken on the rectangular grid uniformly. A
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Figure 3.3: Horizontally sheared line sample locations

comparison between these two cases are made.

3.3.1 Lines with Varying Slope

In this part, the effect of the slope of the line on the solution is investigated. The

slope is defined as uincrement/aincrement such that the slope of the vertical line is

∞, the diagonal line is 1 and the horizontal line is 0. Note that we refer to the line

with the leftmost sample is on coordinate (a, u) = (1/N,−N/2) and rightmost

sample is on coordinate (a, u) = (1, N/2− 1) as the diagonal line. To be able to

make the problem physically meaningful, we examined the effect of the change in

the slope of the line in two categories. This distinction is done because horizontal

and vertical lines does not have the same length in the physical world. For that

reason, we first looked at the horizontal shearing, where the samples are initially

on a = 0.5th order FRT domain. Then, they are separated from each other in

the a direction as seen in figure 3.3.

The condition number versus inverse slope of the line is seen in figure 3.4 and

the rank versus inverse slope of the line is given in figure 3.5. We explain the

curvature like behavior seen in figure 3.4 by the existence of two effects acting
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on the condition number. The first one is the fact that as the lines are tilted,

recovering the signal is harder. It can be explained by the cone argument. It

is known that when all of the samples are taken on a vertical line, the cones

originating from the unknown samples perfectly complement each other for each

known sample. When the samples are ahead or behind of each other, on the other

hand, they influence or being influenced by each other. Therefore, a worsening

effect is expected due to their interactions. These interactions are inversely related

to the slope of the line. Thus, condition number increases as the line is tilted and

becomes a horizontal one eventually.

The other effect acting on the condition number relies on the fact that tak-

ing samples on a larger extent improves the solution. When the inverse slope

increases, samples are farther away from each other. Therefore, condition num-

ber tends to decrease. In addition, the cone argument suggests that samples

should not be too close to each other. As they are separated, they will depend

on different unknowns. This effect reduces redundancy and lowers the condition

number.

Although there is an ambiguity in the definition of rank due to the choice of

the tolerance, we would not expect the constructed matrix to be rank deficient

for horizontally sheared lines, since condition number is not infinity. As seen from

figure 3.5, the matrix is full rank for all the slopes.

Lastly, we want to share our insight about a possible cause of the sudden jump

of the condition number for low values of inverse slope. Please note that, there is

not a linear increase, but a jump. To demonstrate this, we repeated this scenario

with a higher resolution. Total of 17 sheared lines are evaluated instead of 9. The

condition number versus inverse slope is given in 3.6. Although we do not have

any proof for that, the reason behind it might be the nonuniform convergence

of chirp functions. If this is true, the date we have for very small values of the

inverse slope, i.e. inverse slope < 0.1, may not be valid.

Now we turn our attention to vertically sheared line. The sample locations

for vertically sheared line, starting from the diagonal line and reaches to the
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Figure 3.4: Condition number of horizontally sheared line

Figure 3.5: Rank of horizontally sheared line
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Figure 3.6: Condition number of horizontally sheared line with higher resolution

Figure 3.7: Vertically sheared line sample locations
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horizontal line are seen in figure 3.7. Vertically sheared line can be though as the

continuation of the horizontally sheared line such that they match up with the

diagonal line. The condition number versus the slope of the line is seen in figure

3.8 and the rank versus the the slope of the line is given in figure 3.9.

It is seen that just after the diagonal line, the condition number increases

rapidly. The matrix is full rank up to the slope of 0.875. Then, it slowly decreases

until the sharp transition at the slope of 0.125. The decay in the rank is an

expected result, firstly because of the fact that we only use a narrow spatial

extent. Therefore, the samples do not carry enough information. The unknown

samples on the edges of the signal extent of the reference field, i.e. f[N/2 − 1]

and f[−N/2] are not represented by the known samples. Only a limited number

of the cones originating from these unknown samples on the edges reaches to the

taken samples. Therefore, there is not enough information of the unknown signal

to keep the constructed matrix away from being rank deficient. In addition,

the cones of the successive samples becomes the subsets of each others as the

slope goes to 0. Therefore the redundancy is introduced which results in infinite

condition number and rank deficiency.

In the figure 3.10 we demonstrated the effect of increasing the tolerance to the

rank of the matrix. As seen from the figure, the new rank definition identifies the

line with slope 0.875 as rank deficient. In addition, the rank decreases linearly

with slope. Therefore, it can be considered as a rough approximation of the ideal

rank.

3.3.2 Lines with Varying Length

In this part, the effect of the change in the length of the sampling surface on

the recoverability of the problem is examined. For horizontal and tilted lines,

the extent of the sampling surface is decreased until it is halved. The number of

samples are fixed to 256 for all lengths. Therefore, we take samples on a smaller

region and observe its effect on the solution. The normalized length is defined

as the ratio of the FRT order a coverage of the samples to the full a extent. In
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Figure 3.8: Condition number of vertically sheared line

Figure 3.9: Rank of vertically sheared line
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Figure 3.10: Vertically sheared line rank with increased tolerance

other words, normalized length is equal to amax − amin since the full extent is

equal to 1. Therefore, the normalized length of the longest line is 1, and the

shortest line is 0.5. All of the sampling surfaces are placed to be symmetric

around (a, u) = (0.5, 0) point.

The sample locations for horizontal lines with different lengths is seen in figure

3.11. The normalized lengths are demonstrated by the arrows. The condition

number versus the normalized length of the line is seen in figure 3.12 and the

rank versus the the normalized length of the line is given in figure 3.13. The

condition number is infinity for all the lengths as expected. As explained by the

cone argument, some samples to be dependent to the same unknown samples does

not directly imply rank deficiency. However, there is a condition for that. Each

sample should be covered by a different cone originating from a different unknown

sample. However, as the normalized length decreases, samples get closer to each

other and align as a horizontal line. Thus, consecutive samples are covered by

only the same samples which creates the rank deficiency. From figure 3.13, it is

seen that the rank increased by %53 when the length is doubled.

The sample locations for tilted lines passing through the coordinate (a, u) =
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Figure 3.11: Changing length horizontal line sample locations

Figure 3.12: Condition number of changing length horizontal lines
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Figure 3.13: Rank of changing length horizontal lines

(0.5, 0) with the slope of aincrement/uincrement = 1 are seen in figure 3.14 with

different lengths. The normalized length of the longest line is 1, and the shortest

one is 0.5. The condition number versus the normalized length of the line is seen

in figure 3.15 and the rank versus the the normalized length of the line is given in

figure 3.16. The condition number is increases rapidly after the normalized length

of 1. The constructed matrix is full rank until the normalized length of 0.875.

The rank slowly decreases as we shorten the length of the line. From the figure

3.16, it is seen that the rank is increased by %37 when the length is doubled.

Please note that we are not able to observe the effect of varying the length of

the vertical line on the solution since our method fails to represent this scenario.

Since we round the u coordinate to the closest u grid, when we shorten the length

of the vertical line, we take the same sample point at least twice. This leads to

choosing the same row of the a = 0.5 order dFrFT matrix more than one times

to obtain the constructed matrix. Therefore, the rank deficiency is not a result

of the nature of the problem but due to the limitation of the method. If we used

a method which allows continuous spatial argument u selection, we would not

expect the rank and condition number to change dramatically up to a point.
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Figure 3.14: Changing length tilted line sample locations

Figure 3.15: Condition number of changing length tilted line
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Figure 3.16: Rank of changing length tilted line

3.3.3 Line with Varying Locations

In this section, we investigate the effect of the sampling surface on the location.

The impact of shifting a sampling surface up/down or left/right is examined via

the simple cases. Firstly, the location of horizontal lines are changed. Then, we

alter the location of the vertical lines.

The samples on horizontal lines with different locations are seen in figure 3.17.

The normalized locations are defined as the ratio of the distance of the sam-

pling surface spatial coordinate u from −∆u/2 to the full spatial extent of the

signal. Therefore, the normalized location can be expressed by the equation :(
u−(−∆u/2)

∆u

)
, such that the normalized location of the line at the bottom is 0,

and the one top is 1. The condition number versus the normalized location of the

line is seen in figure 3.18 and the rank versus the normalized length of the line

is given in figure 3.19. The condition number is infinity for all of the locations

as expected. However, rank depends on the normalized location. It is seen that

when the lines are close to the edges of the signal extent, rank is lower. This

result can be explained by the cone argument. The half extent of the cones orig-

inating from the unknown samples does not intersect the samples taken on the
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Figure 3.17: Changing location horizontal line sample locations

lines close to the edges i.e. the lines with the normalized location around 0 and

1. This argument explains the decrease of rank around the edges. However, one

would expect rank to be maximum when it is on the center which is not the case.

It is maximum when the normalized length is 0.25 and 0.75 which corresponds

to the lines with u coordinate of −4 and 4. At this point, we cannot explain the

reason behind the decrease in rank when the line is on the center.

The samples on vertical lines with different locations are seen in figure 3.20.

The normalized locations are defined as the order of the FRT domain that the

samples are taken on, such that the normalized location of the leftmost line

is 1/N , and rightmost one is 1. The condition number versus the normalized

location of the line is seen in figure 3.21 and the rank versus the the normalized

length of the line is given in figure 3.22. The condition number is zero for all the

normalized locations. Therefore, the constructed matrix is always full rank. It

is a numeric demonstration of the statement that samples taken on a transversal

plane completely defines the field and there is not any importance of which FRT

domain this transversal plane corresponds to.
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Figure 3.18: Condition number of changing location horizontal line

Figure 3.19: Rank of changing location horizontal line
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Figure 3.20: Changing location vertical line sample locations

Figure 3.21: Condition number of changing location vertical line
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Figure 3.22: Rank of changing location vertical line

3.3.4 Samples on Two Planes with Different Distributions

In this part, the different sample distributions on two planar surfaces with FRT

orders a1 and a2, are analyzed. The separation of these surfaces is defined as

“depth”. The sequence of the samples is represented by “period” which varies be-

tween 2 to 256. Two different distributions are taken into consideration. Firstly,

samples are located on two lines such that they would complement each other if

they were taken on the same line. Then, they are taken such that they would

overlap each other if they were taken on the same line. In that case, the sample

locations are identical to each other for u argument. The effect of the change in

the depth and period is investigated for these two scenarios.

The samples taken on a pair of lines is studied before in [26]. To-

tal of m1 sample is taken on the first plane and m2 sample are taken on

the second plane. The line with higher number of known samples is de-

termined as the reference plane. In the simulations, (m1,m2) pair is cho-

sen as (1, 255), (2, 254), (4, 252), (8, 248), (16, 240), (32, 224), (64, 192), (128, 128).

Uniform-complementary, uniform-overlapping, accumulated-complementary and

accumulated-overlapping distributions are considered. It is reported that taking
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equal number of samples on both domain gives the worst results. Therefore, our

analysis in this section can be considered as the continuation of this work. We

take equal number of samples on both domains for all scenarios. Thus, we work

on the worst case described in [26].

3.3.4.1 Complementary Sample Locations

An example of the sample locations on two complementary FRT domains with

order a1 and a2 are seen in figure 3.23. Although N is taken as 256 in the

simulations, 3.23 is generated for N=16 for clarity. Period equal to 2 represents

the case of taking one sample on a1 and next on a2. It corresponds to the physical

problem of having multiple low resolution information from two domains and

reconstruction high resolution one. Period equal to 256 on the other hand, means

taking the first half of the samples on a1 domain and the other half on a2 domain.

This can be a scenario of inconvenient measurement environment of field due to

an optical instrument blocking the way. Depending on the configuration of the

surrounding, different periods might have different physically meanings.

Different depths on the other hand stands for the location of FRT domains

and represented by the notation “a1-a2” such that, depth equals to 0-1 is the case

of a1 = 0 and a2 = 1 so that they are farthest away from each other. Then, they

get closer and reach to the same plane for a1 = a2 = 0.5. In the figure 3.24, the

depths are demonstrated for N = 256 and period = 64.

The condition numbers versus depth for different periods are given in figure

3.25 and the rank versus depth for different periods are seen in 3.26. In figure

3.25, the first observation is that for period 256 and 128 condition number is

so high unless the planes are close to each other. For intermediate depths, the

condition number is in an acceptable level for small periods. When the separation

between the planes increases, condition number worsens. When period is 32, on

the other hand, condition number is good for all the depths. It might be an

indication of a concept like optimum cone expansion. When period is 2, 4, 8, 16,

the constructed matrix is not rank deficient unless depth is 0-1. When period is
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(a) Period = 2 (b) Period = 4

(c) Period = 8 (d) Period = 16

Figure 3.23: Complementary sample locations for N=16
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Figure 3.24: Different depths

Figure 3.25: Condition number of complementary planes

256 and 128, the matrix is full rank for depths 0.125-0.875 and 0.5-0.5. When

period equals to 64 and 32, the matrix is full rank for all the depths.

3.3.4.2 Overlapping Sample Locations

The sample locations for two overlapping FRT domains with order a1 and a2

are seen in figure 3.28. Although N is taken as 256 in the simulations, 3.28 is

generated for N=16 for clarity. The sample positions on a1 are taken to be the

same with the previous case, the samples on a2 are aligned with the ones on a1.

This way, the samples are located on two lines have the same u coordinate for

each pair of samples. The a1 = a2 = 0.5 depth is not included to the simulations

since the samples would overlap on the same line and only N/2 different rows
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Figure 3.26: Rank of complementary
planes versus depth

Figure 3.27: Rank of complementary
planes versus period

would be generated.

The condition number versus depth for different periods are given in figure

3.29 and the rank versus depth for different periods are seen in 3.30. It is seen

that for period equals to 256 and 128, condition number is always high. It is

an expected result due to the cone argument. When period is 256 for example,

samples are taken on the same half extent of the signal. The samples taken on

a1 do not depend on the unknown samples on the other half extent of the signal.

Although the samples on a2 has information of these samples, it is limited and

not enough to represent them. It leads to rank deficiency. Note that a1 is defined

as the line close to the reference field and a2 is the line far from the reference

plane. For smaller periods, condition number is acceptable for the intermediate

depths. In that region, the condition number decreases as lines get closer for

periods 4, 8, 16. As the lines are separated, the distinction between overlapping

and complementary samples eradicates for small periods. When period is equal

to 2, 4, 8, 16 the constructed matrix is full rank except the depth 0-1. Similarly

to the complementary case, when period is 32 and 64 the matrix is full rank.

44



(a) Period = 2 (b) Period = 4

(c) Period = 8 (d) Period = 16

Figure 3.28: Overlapping sample locations for N=16
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Figure 3.29: Condition number of overlapping planes

Figure 3.30: Rank of overlapping
planes

Figure 3.31: Rank of overlapping
planes versus period
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Figure 3.32: Circular Surface Sample Locations

3.3.5 Circular Sampling Surface

The sample locations taken on circular surfaces are seen in figure 3.32. These

circles corresponds to ellipses in the physical world. The normalized radius is

defined as the ratio of the half of the difference between maximum and minimum

u coordinates of the samples to the full spatial extent of the signal: (umax−umin)/2
∆u

.

The condition numbers versus the normalized radius are given in figure 3.33 and

the rank versus the normalized radius is seen in 3.34. Although the condition

number is so high for all radius and does not give a considerable information,

the increase in the rank as radius increases suggests that the samples taken on

a larger area gives more information, as expected. When the normalized radius

equals to 0.5, the constructed matrix is full rank. The affect of increasing the

radius improves the results in a higher rate for smaller radius.
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Figure 3.33: Condition of circular sampling surface

Figure 3.34: Rank of circular sampling surface
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3.3.6 Sample Distributed All Over the u-a Coordinate

System

In this section, two different scenarios are considered. Firstly, an example of

randomly distributed sample locations are seen in figure 3.35. The condition

number versus the number of trials is given in figure 3.36 and the rank versus

the the number of trials is seen in 3.37. The constructed matrix is always full

rank. The mean of the condition number is 2.9936 and the variance is 0.1155.

We observed that randomly distributed samples result in a much better condition

number in comparison to the other scenarios. Please also note that reconstruct-

ing the signal from its randomly distributed samples is implemented via POCS

method in [2]. It strengthens the idea that this condition number is acceptable

to be able to recover the signal and supports our definition of rank.

By randomly distributing the samples on the pre-determined FRT domains,

we can ensure that the samples will not be too close to each other in the price of

damaging the randomness of the problem. The mean of the condition number is

2.87 and the variance is 0.0865 when we only let the samples to be on the FRT

domains with orders k/N where k is an integer ∈ [1, N ]. Although there is a

slight improvement in the condition number, it is still on the order of 3.

Then, we turned our attention to the samples uniformly distributed over the

rectangular grid. The sample locations for this scenario are seen in figure 3.38. In

this case, the condition number is infinity and the rank is 255. This result might

lead to the conclusion that having samples distributed all over the u-a coordinate

system is not a way of obtaining a recoverable system and the randomness is

the key. But we looked further and realized that there is a mathematical artifact

based on the symmetry around the u = 0 line and causing the constructed matrix

to be rank deficient. Please note that this is not a result of the physics behind

the problem.

Now, we will present the results which lead us to the conclusion that the issue

is about the strict symmetric problem definition. For that purpose, we tried
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Figure 3.35: Randomly distributed sample locations

Figure 3.36: Condition number versus the number of trials
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Figure 3.37: Rank versus the number of trials

Figure 3.38: Condition number versus the number of trials
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lots of different scenarios which break the symmetry. Firstly, we shifted all the

samples up by all possible amounts. Figure 3.39 is an example of these scenarios

with shift amount is at its maximum. In that case the samples on top are taken

on the line ∆u/2−δu. For all the scenarios of shifting the samples up by different

amounts, we observed that the condition number is always in the order of 3 and

the constructed matrix is full rank.

When we tried the same procedure for shifting samples down, we realized that

the condition number is still around 3 until we reach to the maximum possible

shift. One would expect the problem to be symmetrical and obtain the same rank

and condition number in the case of maximum shift too. However, if the samples

are distributed as it is seen in figure 3.40, the condition number is infinity and the

matrix is rank deficient. This result might seem like collapsing our hypothesis on

the symmetry of u, since we ruined the symmetry by shifting the samples down

and still obtained a not recoverable system. However, please note that the system

is still symmetric around u except the samples taken on the line u = −∆u/2. We

know that we could prefer to take samples on u = ∆u/2 instead of u = −∆u/2

since this choice does not create any difference due to the cyclic periodicity of

DFT. Therefore, u = ∆u/2 and u = −∆u/2 lines are equivalent. In terms of

matrix algebra, there is not any difference between having one or the other or the

both which implies that the samples in figure 3.40 are symmetric around u.

Next, we break the symmetry around u only by one sample as seen in figure

3.41. When any sample is randomly assigned to another location or shifted to

any direction by any amount, the condition number is found to be around 3. This

shows that, how dramatically we break the symmetry is not important.

Then, we analyze if there is an effect of the regularity of the grid on the

solution or not. For that purpose, we first introduced a systematic irregularity

to the system and obtained the sample distribution seen in figure 3.42, where the

rank is 256 and condition number is 2.9605. Then we shifted the upper-half of the

signal up and lower-half of the signals down for all possible shift amounts as seen

in figure 3.43. Please note that, the samples are irregular but symmetric around

u = 0 in this example. The constructed matrix is found to be rank deficient for
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this case. A similar scenario is created by shifting the upper-half of the signal

down and lower-half of the signal up for all possible shift amounts as seen in

figure 3.44. It is seen that the constructed matrix is still rank deficient.

The results of the configurations in the figures are summarized in table 3.4.

In the light of this analysis, we created enough numeric justification for our

hypothesis. Please note that this common condition number 3 would change if

we worked with a different N instead of 256.

Table 3.4: Samples taken on the rectangular grid with different configurations

Figure no Description Condition

number

Rank

3.35 Randomly distributed samples,

not symmetric around u = 0

2.9936 256

3.38 Centered rectangular grid, sym-

metric around u = 0

∞ 255

3.39 Rectangular grid is shifted up un-

til reaching ∆u/2 − δu line, not

symmetric around u = 0

3.0838 256

3.40 Rectangular grid is shifted down

until reaching −∆u/2 line, sym-

metric around u = 0

∞ 241

3.41 Rectangular grid with only one

arbitrary sample is shifted up, not

symmetric

3.22 256

3.42 Rotated grid, not symmetric

around u = 0

2.9605 256

3.43 Upper-half shifted up & lower-

half shifted down, symmetric

around u = 0

∞ 255

3.44 Upper-half shifted down & lower-

half shifted up, symmetric around

u = 0

∞ 255
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Figure 3.39: Shifted up uniform grid Figure 3.40: Shifted down uniform grid

Figure 3.41: Uniform grid with one ir-
regular point

Figure 3.42: Systematically irregular
samples

Figure 3.43: Irregular grid with upper-
half shifted up and lower-half shifted
down

Figure 3.44: Irregular grid with upper-
half shifted down and lower-half shifted
up
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Chapter 4

Discussion

In this chapter, we first briefly discuss one of the main consequences of the sim-

ulations: the rank deficiency of the samples taken on the horizontal line. Then

we examined different methodologies to express our problem. We conclude this

chapter by creating the link between the mathematical working space defined in

this work and the physical mediums.

4.1 Why the horizontal line is unsolvable?

It is seen that when the samples are taken on a horizontal plane, the condition

number is infinity which means that “constructed matrix” is singular. It is the

result of the case that at least two rows of the matrix are linearly dependent or

in other words, the information obtained by sampling the signal over a horizontal

plane is not unique. It is intuitively right to think that the solution gets worse

when the sampling plane is becoming more like a horizontal one, basically be-

cause the wave equation is constructed between planar surfaces. However, we are

not aware of any physical reason why samples on horizontal surface are linearly

dependent to each other. Consider the continuous expressions for N samples on

the horizontal line passing through the optical axis. Let’s say these N points
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are on the FRT domains a1, a2, ...aN . These samples are represented by different

order FRT integrals evaluated on u = 0 as seen in eq. 4.1. As N → +∞, this

example represents the complete continuous case.

fa1(0) =

∫ ∞
−∞

Ka1(0, u′)f(u′)du′ = Aα1

∫ ∞
−∞

eiπ cotα1u′2f(u′)du′

fa2(0) =

∫ ∞
−∞

Ka2(0, u′)f(u′)du′ = Aα2

∫ ∞
−∞

eiπ cotα2u′2f(u′)du′

...

faN (0) =

∫ ∞
−∞

KaN (0, u′)f(u′)du′ = AαN

∫ ∞
−∞

eiπ cotαNu
′2
f(u′)du′

(4.1)

It turns out that, for this set of equations to be linearly dependent, the linear

combination of the chirp functions should be equal to another chirp function.

eiπ cotαku
′2

=
N∑
p=1
p 6=k

cpe
iπ cotαpu′2 (4.2)

If it is indeed true that the condition number of this system is infinity and

not a nearly very large number, then that would imply that eq. 4.2 might be an

identity.

4.2 Examination of Different Possible Method-

ologies

In our chapter 3, we used the discrete dFrFT matrix that defined in [105]. As

a result of this choice, we discretized the u coordinate of the samples. In this

chapter, we explain possible other methodologies that have different foundations

and therefore, have different characteristics in terms of the discretization of the

u and a arguments. For this purpose, different interpolation equations are taken

into consideration. Firstly, we started with the “ordinary” interpolation equation

which is written in u domain. This equation is based on the knowledge of the
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extent of the signal in frequency domain. As a second method, we established

the interpolation equation in FRT domain. Then, we consider the interpolation

equation written in u domain with the knowledge of the signal extent in FRT

domain. Finally, we briefly discuss using discrete FRT orders as well as discrete

u.

4.2.1 A Problem Definition Based on Ordinary Interpo-

lation Equation

This method is based on taking ath order FRT of both sides of the interpolation

equation and evaluating it on the continuous sample location u. If the u coor-

dinates are chosen as discrete locations, the equation we obtain by this method

should reduce to the discrete FRT expression. This reduction can be considered

as a validity check for the method. Therefore, we first showed that it is possible to

go from the interpolation equation to DFT equation and later to FRT equation.

f(u) =
∞∑

n=−∞

f[n]sinc(∆µu− n) (4.3)

If we take FT of both sides of this equation, we obtain the following equation:

F (µ) =
∞∑

n=−∞

f[n]rect(
µ

∆µ
)e−j2πµ

n
∆µ

1

∆µ
(4.4)

where the rect function refers to the continuous FT of sinc function. When the

terms are rearranged, the equation 4.5 can be obtained:

F (µ) = rect(
µ

∆µ
)
∞∑

n=−∞

1

∆µ
f[n]rect(

µ

∆µ
)e−j2πµ

n
∆µ (4.5)

The limits of the summation can be changed such that n goes from -N/2 to N/2-

1 since the time/space extent of the signal is assumed to be ∆u and the rect

function can be removed since there is not any frequency component outside the

∆µ band. When this equation is sampled with sampling interval of 1/∆u, we

obtained the following equation:

F (
k

∆u
) =

1

∆µ

N/2−1∑
n=−N/2

f[n]e−j2π
k

∆u
n

∆µ (4.6)
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Since ∆u∆µ = Nand ∆µ =
√
N , the expression simplifies to DFT equation.

F[k] =
1√
N

N/2−1∑
n=−N/2

f[n]e
−j2πnk

N (4.7)

This result shows that if we can take the continuous FT of the sinc function,

it is straight-forward to go from interpolation equation to DFT without any

assumption.

When we take the FRT of both sides of the interpolation equation, on the

other hand, where ath FRT domain variable is represented by ua for clarity, and

the FRT is represented by the operator F a, we obtain eq. 4.8:

Fa(ua) =
∞∑

n=−∞

f[n]F a {sinc(∆µu− n)} (4.8)

The FRT of the sinc(∆µu−n) can be found in terms of the FRT of the sinc(∆µu)

by using the shift property [28]:

Fa {sinc(∆µu− n)} =e
iπ n2

∆µ2 sinα cosα
e−i2πua

n
∆µ

sinα

×
(∫ ∞
−∞

Ka

(
ua −

n

∆µ
cosα, u′

)
sinc(∆µu′)du′

) (4.9)

since the amount of shift in ua is ξ = n/∆µ. Then we insert this equation into

the eq. 4.8.

Fa(ua) =
∞∑

n=−∞

f[n]e
iπ n2

∆µ2 sinα cosα
e−i2πua

n
∆µ

sinα

×
(∫ ∞
−∞

Ka

(
ua −

n

∆µ
cosα, u′

)
sinc(∆µu′)du′

) (4.10)

After expanding Ka

(
ua − n

∆µ
cosα, u′

)
and re-arrange the terms accordingly,

the equation simplifies to:

Fa(ua) =Aα

∞∑
n=−∞

f[n]e
iπ n2

∆µ2 cotα
e−i2πua

n
∆µ

cscαeiπ cotαu2
a

×
(∫ ∞
−∞

ei2πu
′ cotα n

∆µ e−i2πu
′ cscαuaeiπ cotαu′2sinc(∆µu′)du′

) (4.11)
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Since this equation does not have a closed form solution, the integral inside the

brackets should be approximated numerically. Riemann sum approximated FRT

of f is demonstrated as F̆a(ua):

F̆a(ua) =Aα

∞∑
n=−∞

f[n]e
iπ n2

∆µ2 cotα
e−i2πua

n
∆µ

cscαeiπ cotαu2
a

×

(
M∑
p=1

∆xei2πxp cotα n
∆µ e−i2πxp cscαuaeiπ cotαx2

p sinc(∆µxp)

) (4.12)

where it is assumed that the sinc function is approximately 0 outside an interval

∆un so that the summation is finite and M is the number of required samples

which can approximately be expressed as M = ∆u2
n. Then ∆x = ∆un

M
and

xp = −∆un
2

+ (p− 1)∆x for p = 1, ...,M .

Then this equation is sampled to see its relation of discrete FRT equations.

F̆a(
k

∆u
) =Aα

∞∑
n=−∞

f[n]eiπ
n2

N
cotαe−2π nk

N
cscαeiπ cotα k

2

N

×

(
M∑
p=1

∆xei2πxp cotα n
∆µ e−i2πxp cscα k

∆u eiπ cotαx2
p sinc(∆µxp)

) (4.13)

and that is equal to:

F̆a[k] =
∞∑

n=−∞

f[n]CFRT[k, n]

(
M∑
p=1

∆xei2πxp cotα n
∆µ e−i2πxp cscα k

∆u eiπ cotαx2
p sinc(∆µxp)

)
(4.14)

where CFRT[k, n] is the discrete FRT matrix given in [106]. The sinc inside the

summation can be expanded as:

sinc(∆µxp) = sinc

(
−∆µ

∆un
2

+ ∆µ(p− 1)∆x

)
= sinc

(
∆µ

∆un
(p− (M/2 + 1))

)
(4.15)

It can be seen that, for this equation to be equivalent to discrete FRT equation,

the extent of the original signal should be equal to the extent of the sinc function

such that ∆µ = ∆un. The sinc function is zero when p 6= M/2 + 1 and is equal

to 1 otherwise. When p 6= M/2 + 1, xp = 0 and the exponentials inside the

summation are equal to 1 and ∆x = δu. On that condition, eq. 4.14 reduces to
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Figure 4.1: Condition number versus the inverse slope of the horizontally sheared
line by using method in section 4.2.1

eq. 4.16.

Fa[k] = δu
∞∑

n=−∞

f[n]CFRT[k, n] (4.16)

Therefore, we showed that, if we take M = N = 256, we can obtain the

discrete FRT expression starting from the interpolation equation.

While implementing this method, a different approach can be used instead

of approximating the integral by Riemann sum. To approximate the continuous

FRT of sinc function, it is possible to take M point FRT of it, where M � N , by

using the dFrFT matrix defined in [105]. Above we showed that when M = N ,

equation 4.14 reduces to a discrete FRT equation. We cannot have an analytical

proof when we use the dFrFT matrix in [105] since it does not have a closed

form expression. However, we include a numeric result obtained for horizontally

sheared line problem by using M point FRT of the sinc function in figure 4.1

where we take M = N . This way, we demonstrate the numeric equivalence of the

method we used in chapter 3 and the one described here.
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4.2.2 Problem Definition Based on Interpolation Equa-

tion Written in FRT Domain

In this method, we start by writing the interpolation equation written in FRT

domain which enable us to find continuous fa(ua) from its samples on the same

domain.

fa(ua) =

N/2−1∑
n=−N/2

fa[n]sinc(∆µaua − n) (4.17)

Note that ∆µa is the extent of signal on the Fourier domain of the ath FRT

domain which is (a + 1)th FRT domain. This equation can be written as a

product of two finite vectors.

fa(ua) =

[
fa

[
−N

2

]
· · · fa[0] · · · fa

[
N

2
− 1

]]


sinc
(
∆µaua −

(
−N

2

))
...

sinc(∆µaua)
...

sinc
(
∆µaua −

(
N
2
− 1
))


(4.18)

Now we can realize that the vector containing the samples of fa can be represented

in terms of the discrete signal on the reference plane: f , by using dFrFT matrix.

fa(ua) = (dFrFT× f)T



sinc
(
∆µaua −

(
−N

2

))
...

sinc(∆µaua)
...

sinc
(
∆µaua −

(
N
2
− 1
))


(4.19)

If the transpose operation is applied separately to the terms inside the brackets:

fa(ua) = fT


dFrFTT



sinc
(
∆µaua −

(
−N

2

))
...

sinc(∆µaua)
...

sinc
(
∆µaua −

(
N
2
− 1
))




(4.20)

Since dFrFT matrix is symmetric, its transpose is equal to itself. Due

to the assumption of the circular phase space representation, µa is equal
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Figure 4.2: Condition number versus the inverse slope of the horizontally sheared
line by using method in section 4.2.2

to ∆µ. Therefore, the equation to set the linear relationships be-

tween samples and f can be found by taking the FRT of the vector

[sinc (∆µua − (−N/2)) , · · · , sinc (∆µua − (N/2− 1))].

We include a numeric result obtained for horizontally sheared line problem

defined in Chapter 3 by using the method described in this section. The same

numeric result is obtained with the method we used in our simulations.

4.2.3 Problem Definition Based on LCT Interpolation

Equation

In this part, a different methodology to set the linear relationships is presented

which is based on the interpolation formula for the general LCT given in [112].

It is repeated here for convenience:

f(u) = δu|β|∆uMe−iπγu
2
∞∑

n=−∞

f(nδu)eiπγ(nδu)2

sinc(β∆uM(u− nδu)) (4.21)

Since FRT is a special case of LCT, eq. 4.21 can be rewritten for FRT by

substituting β = csc (aπ/2) and γ = cot (aπ/2). This interpolation equation is
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based on the knowledge of limited extent in FRT domain, instead of the frequency

domain.

f(u) = e−iπ cotαu2
∞∑

n=−∞

f [n]eiπ cotα(nδu)2

sinc(cscα∆uau− n) (4.22)

Note that we used δu = 1
|β|∆ua to simplify the equation. In order to avoid com-

plication, it is assumed that |β| ≥ 0, which covers the range of a ∈ [0, 2]. This

assumption is valid since all the information in any domain can be reduced to

a domain a ∈ [0, 2] as seen in eq. 4.23 and this thesis deals with the range of

a ∈ (0, 1].

K2+a(u, u
′) =
√

1 + i cotα e[iπ(cotαu2−2 cscα(−u)u′+cotαu′2)]

Ka(u, u
′) =K2+a(−u, u′)

(4.23)

The method described in this section is based on taking ath order FRT of both

sides of the interpolation equation 4.22. The discrete FRT expression we try to

obtain by manipulating the interpolation equation is defined in [106] for general

LCT as:

f̂M(mδuM) ≡ δu

Na/2−1∑
k=−Na/2

f̂(kδu)CM(mδuM, kδu) (4.24)

for m = Na/2, ..., Na/2− 1 where

CM(mδuM, kδu) =
√
βe−

iπ
4 e

iπ
Na|β|

(
α
δuM
δu

m2−2βkm+γ δu
δuM

k2
)

and f̂M(mδuM) is defined

as discrete LCT of f̂(kδu) [117,118].

Therefore, it is possible to write the dFrFT expression between the reference

domain u and FRT domain ua as:

f̂a(mδua) ≡ δu

Na/2−1∑
k=−Na/2

f̂(kδu)Ca(mδua, kδu) (4.25)

where Na = ∆u∆ua|β|, δu = 1
∆ua|β| and δua = 1

∆u|β| .

When we truncate the summation in eq. 4.22 since we assumed time/space

limited signal, and take the FRT of both sides:

fa(ua) =

Na/2−1∑
n=−Na/2

f [n]eiπ cotα(nδu)2

∫ ∞
−∞

Ka(ua, u
′)e−iπ cotαu′2sinc(cscα∆uau

′−n)du′

(4.26)
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After expanding the FRT kernel, we obtain:

fa(ua) = Aα

Na/2−1∑
n=−Na/2

f [n]eiπ cotα(nδu)2

eiπ cotαu2
a

∫ ∞
−∞

e−iπ2 cscαuau′sinc(cscα∆uau
′−n)du′

(4.27)

The integral in eq. 4.27 is a FT expression and is equal to eq. 4.28 when the

integral variable is changed to w = cscαu′, and multiplication and shift properties

of the FT is applied.∫ ∞
−∞

e−iπ2 cscαuau′sinc(cscα∆uau
′ − n)du′

=
1

cscα

∫ ∞
−∞

e−iπ2uawsinc(∆uaw − n)dw =
1

cscα∆ua
rect

(
ua

∆ua

)
e−i2πua

n
∆ua

(4.28)

When eq. 4.28 is inserted into eq. 4.27 and the rect
(

ua
∆ua

)
is removed since it does

not have any effect due to the limited phase space representation assumption:

fa(ua) = Aαδu

Na/2−1∑
n=−Na/2

f [n]eiπ cotα(nδu)2

eiπ cotαu2
ae−i2πua

n
∆ua (4.29)

This equation is sampled with sampling interval δua = 1
β∆u

in eq. 4.30.

fa(
k

β∆u
) = Aαδu

Na/2−1∑
n=−Na/2

f [n]e
iπ cotα n2

β2∆u2
a e
−iπ cotα k2

β2∆u2 e−i2π
k

β∆u
n

∆ua (4.30)

The final equation is established by noting that β∆u∆ua = Na and ∆u = ∆ua:

fa[k] = Aαδu

Na/2−1∑
n=−Na/2

f [n]e
iπ

cscαNa
(cotαn2−2 cscαkn+cotαk2) (4.31)

Since eq. 4.31 is equal to eq. 4.25, we conclude that we can use the interpolation

formula given in 4.21 for continuous space extent. And the continuous expression

that is used to set the linear relationships is eq. 4.29. The Na by Na “constructed

matrix”, C can be written as:

C = δu


C11 · · · CNa1

...
. . .

...

CNa1 · · · CNaNa

 (4.32)
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where;

C11 =Aαk1
eiπ(cotαk1

(−Na
2

)2δu2+cotαk1
u2
p1
−2up1

−Na/2
∆ua

)

C1Na =Aαk1
eiπ(cotαk1

(Na
2
−1)2δu2+cotαk1

u2
p1
−2up1

Na/2−1
∆ua

)

CNa1 =Aαkne
iπ(cotαkn (−Na

2
)2δu2+cotαknu

2
pn
−2upn

−Na/2
∆ua

)

CNaNa =Aαkne
iπ(cotαkn (Na

2
−1)2δu2+cotαknu

2
pn
−2upn

Na/2−1
∆ua

)

(4.33)

However, there is an issue about the choice of the space domain extent of

the signal ∆u. “Bicanonical width product” for general LCT which gives the

minimum number of samples needed to represent a signal is defined as Na =

∆u∆uT |β| [26]. We assumed that ∆u = ∆uT but |β| changes with FRT order

a which results in different Na for each FRT domain. This is not applicable for

us since taking different order FRT’s of a signal would result in change in the

characteristic of it. Therefore, making any comparison between different scenarios

would not be logical. A solution to this problem can be choosing Na and δu such

that they are valid for each FRT domain. It is the case if they satisfy eq. 4.34

and 4.35 for each FRT domain ua.

Na ≥ ∆u∆ua|β| (4.34)

δu ≤ 1

∆ua|β|
(4.35)

To make sure that these conditions are satisfied so that the interpolation equa-

tion is applicable, we determined the biggest β to cover all the cases such that:

β = csc(aminπ/2) = csc

(
π

2Na

)
(4.36)

In our simulations, the smallest FRT order that we take samples on is a = 1/Na.

Then ∆u should be set to
√
Na/β and δu = 1

β∆ua
. Although this method is

mathematically correct, ∆u is decreased by the ratio of
√

1/β which harms the

physical interpretation behind the problem.

A different solution to this issue is described here. Firstly, the unknown signal

on the reference plane f is sampled with the Nyquist rate, so that we have the
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minimum number of samples, which is enough to recover the signal : N . Since

we assumed circular phase space representation, ∆u = ∆µ = ∆ua =
√
N and the

sampling interval on the reference plane is δu′ = 1/∆µ = 1/∆u where N is the

number of degrees of freedom. However, eq. 4.29 gives a relationship between

the sample location and a different discrete representation of the signal on the

reference plane. This representation has Na samples with interval δu = 1
β∆ua

on

the signal extent ∆u.

These two discrete representations of f are related to each other though an

interpolation equation. For this purpose, we first write the interpolation equation

which enables us to recover the signal by using N samples as seen in eq. 4.37.

Then we can evaluate the interpolated signal on the other discrete representation’s

sample locations, which is equal to nδu for nth sample, as in eq. 4.38.

f(u) =

N/2−1∑
p=−N/2

f [p] sinc(∆µu− p) (4.37)

f(nδu) =

N/2−1∑
p=−N/2

f [p] sinc(∆µδun− p) = f [n] (4.38)

If we substitute f [n] into eq. 4.29:

fa(ua) =Aαδu

Na/2−1∑
n=−Na/2

eiπ cotα(nδu)2

eiπ cotαu2
ae−i2πua

n
∆ua

×

 N/2−1∑
p=−N/2

f [p] sinc(∆µδun− p)

 (4.39)

When we change the order of summations, we obtained eq. 4.40.

fa(ua) =Aαδu

N/2−1∑
p=−N/2

f [p]eiπ cotαu2
a

×

 Na/2−1∑
n=−Na/2

sinc(∆µδun− p)e−i2πua
n

∆ua eiπ cotα(nδu)2

 (4.40)

When a comparison between this method and the one we used in our simulations

in terms of performance and cost, we have decided on a possible improvement due

to the exactness of eq. 4.40 might not be very crucial and it is computationally

expensive.
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4.2.4 Using Discrete FRT Orders

In the literature, the FRT order a is treated as a continuous argument tradition-

ally. However, in [91, 92] it is suggested that the discretization in u naturally

implies a discretization in a. Therefore, it is possible to determine a prior res-

olution of the FRT domains depending on N . This way, dFrFT matrices can

be generated for all possible FRT domains and stored. During simulations, a

coordinate of the samples should be rounded to the closest a which is one of the

pre-determined domains’ FRT order.

4.3 Physical Correspondence of the Problem

In this section, our aim is to set the link between the sample locations described

here and the ones on the physical world. Therefore, we need a mapping between

the dimensionless u-a frame and the x[m]-z[m] space. We will set this link for

graded index medium, free space propagation and quadratic phase systems.

4.3.1 Graded Index Medium

It is known that an optical field is fractional Fourier transformed with order a =

d/d0 as it propagates through a graded index media where d is the propagation

distance if the scale parameter is chosen as s =
√
λχ where χ is the graded index

medium parameter. This choice of scale parameter gets rid of the magnification

and the quadratic phase term due the the curvature R. Then the physical extent

of the signal in space and frequency domains, ∆x and ∆σx are related to the

normalized versions as:
∆x =∆us =

√
λχN,

∆σx =
∆µ

s
=

√
N

λχ

(4.41)

The framework of the simulations performed can be considered as a rectangle
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where the horizontal edge goes from a = 0 to a = 1 and the vertical edge goes

from u = −∆u/2 to u = ∆u/2. The ratio of the edges of this rectangle is :

∆x

d0

=
4λN

χπ2
(4.42)

This ratio gives the relationship between our examples and the physical world

such that the rectangle are scaled with this ratio. The closest physical system to

our working frame is graded index medium.

4.3.2 Free Space Propagation

The input and output planes of an optical system with field distributions f̂(x)

and ĝ(x), are related to each other by the Fresnel integral:

ĝ(x) = ei2πd/λe−iπ/4
√

1

λd

∫ ∞
−∞

e
iπ(x−x′)2

λd f̂(x′)dx′ (4.43)

where λ is the wavelength and d is the propagation distance.

To find the mapping between u-a coordinate system and the free space propa-

gation, the Fresnel integral is decomposed into a FRT, followed by magnification,

and followed by chirp multiplication. Then the output field ĝ(x) can be expressed

as [91,92]:

ĝ(x) = ei2πdλe−iaπ/4
√

1

sM
e
iπx2

λR fa

( x

sM

)
(4.44)

where s is the scaling parameter to convert f̂(x) into dimensionless version f(u)

so that FRT can be applied.

f(x) =
1√
s
f(x/s) =

1√
s
f(u) (4.45)

The other parameters are defined as:

a =
2

π
arctan

λd

s2
,

M =

√
1 +

λ2d2

s4
= sec

aπ

2
,

R =
s4 + λ2d2

λ2d
= csc2 aπ

2
.

(4.46)
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The relationship between the order a and the propagation distance is given in eq.

4.46 as a = 2
π

arctan (λd
s2

). The scale in the space argument is governed by M and

s such that u = x
sM

.

Please note that, the a = a0 lines in our u-a coordinate system corresponds to

spherical surfaces in the real world. Working on the spherical surfaces also enable

us to get rid of the chirp factor in the eq. 4.44.

4.3.3 Quadratic Phase Systems

Quadratic phase systems define the optical system with sections of free space,

thin lenses ans sections of graded index media and any arbitrary combination

of them. The mathematical formulation of quadratic phase systems is the same

with LCT such that the relation of the output field is given in terms of the input

field by:

ĝ(x) =

∫
ĥ(x, x′)f̂(x′)dx′ (4.47)

where the kernel is defined as:

h(x, x′) =Keiπx
2/λR

√
1

s2M
Aaπ/2

×exp
[
iπ

s2

(
x2

M2
cot(aπ/2)− 2

xx′

M
csc(aπ/2) + x′2 cot(aπ/2)

)] (4.48)

This quadratic phase system maps a function f̂(x) = 1
s2
f(x/s) = 1

s2
f(u) into:

ĝ(x) = Ke
iπx2

λR

√
1

sM
fa

( x

sM

)
(4.49)

This sets the relationship between quadratic phase systems and FRT. The relation

to the matrix parameters is as follows:

Â =M cos(aπ/2),

B̂ =s2M sin(aπ/2),

Ĉ =− sin(aπ/2)

s2M
+
M cos(aπ/2)

λR
,

D̂ =
cos(aπ/2)

M
+
s2M sin(aπ/2)

λR
.

(4.50)
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where R is the radius of the spherical surface on which the FRT is observed [28].

It is known that free space, thin lenses and sections of graded index media can

be expressed by LCT matrices. Any combination of them can be characterized

by the multiplication of those matrices. Therefore, any point in a quadratic

phase system can be expressed by the multiplication of those LCT matrices which

is another LCT matrix with parameters Â, B̂, Ĉ, D̂. To set the link between

quadratic phase system and our mathematical working frame, these LCT matrix

coefficients should be determined first. Then, the FRT order can be found by

solving the equation set given in 4.50. The scale in the space argument is governed

by M and s such that u = x
sM

.
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Chapter 5

Conclusion and Future Work

5.1 Conclusion

In this thesis, we worked on a wave propagation based interpolation problem. In

the literature, similar problems are discussed in different contents. The main focus

of these works are solving a particular problem defined over a specific sampling

surface. In this work, however, we did not put any restriction on the sample

locations and let them be arbitrarily distributed over the space. Therefore, any

of the mentioned problems can be considered as a special case of the problem we

deal with.

We formulated the problem by using the analogy between wave propagation

and fractional Fourier transformation. We obtained a mathematical working

frame: the u-a coordinate system. In this system a is the FRT order. Therefore,

it increases along the propagation direction. The dimensionless u is the spatial

argument. The linear relationships between the samples taken over the space and

the unknown field distribution on the reference plane f , are established in the form

of h = C f where h is the vector containing collection of samples. To be able to

construct the C matrix, we first generated dFrFT matrices for each a coordinate.

Then, we determined which row of each dFrFT matrix sets the linear relationship
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between the sample and unknown field distribution f . For that purpose, the u

coordinate of each sample is mapped to the corresponding integer in [-N/2,N/2)

range. This way, we found the index of the row of the each dFrFT matrix that we

are interested in. Then, we combined these rows and obtain the C matrix. This

constructed C matrix defines our system. Therefore, to examine the system’s

performance, we looked for the rank and condition number of this matrix. These

concepts give an information about how ill-posed and sensitive the system is.

Different distributions of samples are taken into consideration and the effect of

samples’ location on recoverability of the signal is examined.

It has been seen that when the samples are taken on a vertical line the perfect

recovery is possible. However, as the inverse slope of the lines increases and

samples starts to be side by side, we observed a increase in the condition number.

When the slope is less than 0.875, the system becomes rank deficient. It leads

to one of the main results of this work: the samples should not be horizontally

spread for a good condition number.

Then we analyzed the closeness of the samples to each other. When we shorten

the length of the lines, the rank deficiency is unavoidable. Therefore, taking sam-

ples on a larger extent results in better condition numbers. Since the distance

between the samples can be expanded by horizontally shearing them, it can im-

prove the condition number up to a point where the side by side’ness effect of

the samples does not dominate the condition number. It is also seen that the

locations of the samples are not that important. Therefore, shifting a sampling

surface in any direction does not have a considerable affect on the solution.

Then the samples are taken on a pair of line with different depths, and periods.

Two different scenario are realized: samples are chosen such that the projection

of them onto a transversal plane complement or overlap each other. In the case

of complementary sample locations, the best results are obtained when the lines

are close to each other. When the high period is high, the system becomes rank

deficient slightly after the lines are moving away from each other. In the case of

lower periods, a stationary behavior is observed where the condition number does

not change considerably. When the lines are far from each other, the condition
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number increases dramatically. When the samples are overlapping each other,

the condition number is not in an acceptable level for high periods. Therefore

it can be said that lower periods are better that the higher ones. High period

can be considered as sparsely distributed samples while lower ones corresponds

to a more nested structure. As the separation between the planes increases, the

overlapping and complementary distributions becomes similar for small periods.

Later we examined the samples taken on a circular surface. We observed

that the condition number is high for all the radiuses. Then we considered the

samples taken all over the u-a coordinate system. We realized that both randomly

or uniformly distributed samples, which cover all the area, result in a condition

number in the order of 3. However, if the system is strictly symmetric around

u = 0 axis, an artifact is introduced to the system which results in infinite

condition number. The circular surface can also be considered as a special case

of having samples all over the plane. In that case, the samples are taken on the

boundary only, which turns out not to be enough to recover the signal.

To sum up, it can be stated that there are lots of effects acting on the solution

of the recovery problem with distributed samples. In wave propagation problems,

signals are fully represented by the samples taken on the transversal planes. If

it is not possible to taken all the samples on the transversal planes, they are

ahead or behind each other. Thus, the samples influence or being influence by

the other samples due to the diffraction of light field. It leads to rank deficient

and ill-posed systems. In our analysis, we observed that locating samples side

by side increases the condition number. In addition, the samples should not be

close to each other. Furthermore, covering all the working frame with samples,

which can be considered as the combination of the first two outcomes, results in

recoverable systems.

Then, in the discussion chapter, we looked for other possible methodologies.

In the process, we analyzed and derived the relationship between interpolation

equation and fractional Fourier transformation. We set the link between the

methodology we used in our simulations and the ones derived in chapter 4.
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Figure 5.1: The u-a coordinate system and sample locations for 2D case

5.2 Future Work

In this section, the future works are listed and briefly explained.

• In this work, the wave propagation problem is solved for the one-dimensional

case. However, in the physical systems, the waves propagate through two

dimensional transversal planes as seen from figure 5.1. Generalizing our

methodology and simulations to the two-dimensional working frame is de-

fined as a future work.

• In this thesis, we worked on a purely mathematical framework where the

samples are distributed over different FRT domains. There is a direct con-

nection between this working frame and the physical world. Therefore, we

can take samples on the physical world and find the corresponding sample

locations in our system. Applying our methodology to that samples is left

as a future work. This would increase the understanding of the sampling

scheme. Thus, it might result in some conclusions that may not be very

deducible in the present frame.

• The problems we deal with are mostly ill-posed and rank deficient. Taking

samples more than the number of degrees of freedom of the signal and
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analyzing the impact of it on the condition number is another future work.

• We want to explore the other methods and their possible improvement on

the solution. A comparison between the methodologies which use discrete

u and a, discrete u, continuous a and continuous u and a can be made.

• Different scenarios will be realized. The problems solved for a specific sam-

pling surface can be implemented by our method for comparison.
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