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ABSTRACT

Master of Science Thesis

HESSENBERG MATRICES WITH SECOND ORDER
RECURRENCE RELATION ENTRIES

Kiibra KARATAS SELAM

Zonguldak Biilent Ecevit University
Graduate School of Natural and Applied Sciences
Department of Mathematics

Thesis Advisor: Assist. Prof. Dr. Can Murat DIKMEN
August 2024, 43 pages

In this thesis, studies on the properties of Jacobsthal sequences and Fibonacci-like sequences
were examined, resulting in findings about the preliminary characteristics and properties of the
Jacobsthal-like sequences.

Additionally, in this study, n x n Hessenberg matrices were defined by considering research
on Fibonacci-like sequences, and the relationships between generalized Jacobsthal-like

sequences were explored by analyzing the determinants and permanents of these matrices.
This thesis consists of five chapters.
In Chapter 1, the history of Fibonacci and Lucas sequences, which are considered the

foundation of integer sequences, and the relationships between these numbers and matrices

have been presented. The definitions and fundamental properties of certain integer sequences



ABSTRACT (continued)

that hold an important place in the literature have been provided. Examples from studies related
to the determinants and permanents of Fibonacci-type integer sequences and Hessenberg

matrices have also been presented.

In Chapter 2, generalized Jacobsthal-like sequences have been defined using Jacobsthal and
Jacobsthal-Lucas sequences, and the algebraic properties of these sequences, such as the Binet’s
formula, generating functions, Simson formula, and sum formula, have been discussed.
Additionally, other summation formulas, including the sum of even and odd indices and the

alternating sum of generalized Jacobsthal-like sequences, have been proven.

In Chapter 3, the definitions of Hessenberg matrices and tridiagonal matrices have been
provided. Then, the basic properties of permanent and determinant functions have been

presented. Finally, a method for calculating the permanents of matrices has been explained.

In Chapter 4, the results from our study on the relationship between the determinants and
permanents of Hessenberg matrices defined by generalized Jacobsthal-like sequences have
been presented.

In Chapter 5, comments on the thesis and suggestions for future studies have been provided.

Keywords: Jacobsthal sequences, Jacobsthal- Lucas sequences, generalized Jacobsthal-like

sequences, Hessenberg matrix, determinant, permanent.

Science Code: 403.01.01



OZET

Yiiksek Lisans Tezi

iKiNCi DERECEDEN TEKRARLAMA BAGINTILI GIiRiSLi
HESSENBERG MATRISLERI

Kiibra KARATAS SELAM

Zonguldak Biilent Ecevit Universitesi
Fen Bilimleri Enstitiisii

Matematik Anabilim Dal

Tez Damigmani: Dr. Ogr. Uyesi Can MURAT DIKMEN
Agustos, 43 sayfa

Bu tezde Jacobsthal dizileri ve Fibonacci benzeri dizilerin dzellikleri iizerine yapilan ¢aligmalar

incelenmis ve Jacobsthal benzeri dizilerin 6zellikleri hakkinda bulgular elde edilmistir.

Ayrica bu calismada Fibonacci benzeri diziler lizerinde yapilan arastirmalar dikkate alinarak
n X n Hessenberg matrisleri tanimlanmis ve bu matrislerin determinantlar1 ve permanentlari

analiz edilerek genellestirilmis Jacobsthal benzeri diziler arasindaki iligkiler aragtirilmistir.

Bu tez bes boliimden olusmaktadir.

Bolim 1’de, tam say1 dizilerinin temeli olarak diislinlilen Fibonacci ve Lucas dizilerinin
tarihgesi ve bu sayilarla matrisler arasindaki iligkiler sunulmustur. Literatiirde 6nemli bir yere
sahip olan bazi tam say1 dizilerinin tanimlar1 ve temel 6zellikleri verilmistir. Fibonacci tipi tam
say1 dizileri ve Hessenberg matrislerinin determinantlart ve permanentler: ile ilgili yapilan

calismalardan 6rnekler sunulmustur.



OZET (devam ediyor)

Boliim 2°de, Jacobsthal ve Jacobsthal —Lucas dizileri kullanilarak genellestirilmis Jacobsthal-
Benzeri diziler tanimlanmis ve bu dizilerin Binet formiilii, iireten fonksiyonlari, Simson
formiilii ve toplam formiilii gibi cebirsel 6zellikleri sunulmustur. Ayrica ¢ift ve tek indekslerin
toplam1 ve genellestirilmis Jacobsthal-benzeri dizilerin alterne toplami gibi diger toplama

formiilleri de kanitlanmustir.
Boliim 3’te, Hessenberg matrisleri ve ii¢ kosegen matrislerin tanimlari verilmistir. Daha sonra
permanent ve determinant fonksiyonlarmin temel 6zellikleri sunulmustur. Son olarak

matrislerin permanentlerini hesaplamak igin bir yontem anlatilmistir.

Boliim 4’te, genellestirilmis Jacobsthal benzeri dizilerle tanimlanan Hessenberg matrislerin
determinantlar1 ve permenantler arasindaki iliskiye yonelik ¢alismamizdan elde edilen sonuglar

sunulmustur.

Boliim 5°te, tezle ve gelecek galismalarla ilgili yorumlar verilmistir.

Anahtar Kelimeler: Jacobsthal dizileri, Jacobsthal-Lucas dizileri, genellestirilmis Jacobsthal-

benzeri diziler, Hessenberg matrisi, determinant, permanent.

Bilim Kodu: 403.01.01
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CHAPTER 1

INTRODUCTION

Among the greatest mathematicians of the Middle Ages was Leonardo Fibonacci, whose life
remains somewhat shrouded in mystery. It is believed that he was born in the city of Pisa in
Italy in the 1170s. Due to his father's profession, he was assigned to the North African port of
Bugia, where he received mathematics lessons from an Arab teacher. It was here that he learned
about Hindu-Arabic numerals (1, 2, 3, ...) from the Arab culture. Fibonacci is recognized as the
person who introduced mathematics from the Arab world to Europe. Information about
Fibonacci is primarily obtained through the books he wrote. His most famous work, "Liber
Abaci" (The Book of Calculation), written in 1202, is considered the first book he authored. In
addition to this, he wrote other mathematical books such as "Practice Geometria™ (The Practice
of Geometry) (1220), "Liber Quadratorum™ (The Book of Square Numbers) (1225), and "Flos"
(The Flower) (1225). Among his works, "Liber Abaci" stands out, as it explains the Fibonacci
numbers, which are obtained as ratios of successive terms, known as the Golden Ratio. In this
book, Fibonacci presents a problem related to his friend's rabbit breeding. Initially, there is one
male and one female rabbit in the breeding enclosure. One month later, these rabbits mature
and produce a litter. Each month, the mature rabbits give birth to another litter of rabbits.
Assuming the rabbits do not die, Fibonacci poses the question of how many rabbits will be in
the breeding enclosure in the nth month if they continue to reproduce in this manner. This
question leads to the derivation of the Fibonacci sequence. Let's consider that in the first month,
there is one newborn rabbit. Since they have not yet reproduced, there is still one rabbit in the
enclosure in the second month. In the third month, the two mature rabbits will produce a litter,
resulting in three rabbits in the enclosure. If the number of rabbit pairs in the farm at the nth
month is denoted by E,, where F; =1 and F, = 1, then for n > 1, is determined by the
recurrence relation F,,,, = F,,1 + F,. In other words, each term after the first two is found by

adding the two preceding terms (Koshy, 2001). Hence, Fibonacci numbers are represented as

1,1,2,3,5, 8,13, 21, 34, 55, 89, 144, 233, 377, 610, 987...

and so on.



When one of the consecutive terms of the Fibonacci numbers is divided on one side, the
resulting ratios gradually converge to the Golden Ratio. The Golden Ratio, which is the number
1,618..., is one of the most harmonious ratios in the structure and shapes of living and non-
living entities in nature. For example, it can be seen in the rates in the shaped structures of the
sunflower, in the pinecone, in the shell of the snail, and in the human body. In addition, it is
frequently used in different branches of science such as finance, computer science,
cryptography, architecture, and art and operates in many fields. Many studies have been
conducted on Fibonacci sequences, uncovering numerous identities. For instance, the general
method of obtaining any term in the Fibonacci sequence without calculating the preceding terms
was discovered by Jacques Philippe Marie Binet. Over time, similar formulas have been
introduced into the literature for other number sequences and polynomials. These formulas are
commonly referred to as Binet's formula or Binet-like formulas and have been utilized to
represent the general term. Consequently, through Binet’s formulas, many new identities have
been derived for Fibonacci sequences and other mathematical structures (Koshy, 2001).

Fibonacci numbers are used in almost every branch of mathematics (number theory, differential
equations, probability, statistics, numerical analysis, linear algebra). In addition, Fibonacci
numbers have a wide range of applications in biology, chemistry, cryptology and electrical
engineering (Philippou et al., 2001). In recent years, especially in physics, Fibonacci and Lucas

number sequences have a wide range of applications (Kili¢ and Stakhov, 2009).

Considering that many generalizations of Fibonacci type sequences have been found, the
necessity of a study that will encompass as many of them as possible is revealed. In recent
years, some techniques have been developed in order to calculate the desired terms of these
number sequences, and some new methods have been proposed. One of these methods involves
defining various Hessenberg matrices and calculating the terms of Fibonacci and Lucas-like
numbers and some of their generalizations using the determinants and permanents of these
matrices. When considering that computer algorithms can also be used in these calculations, it
is important for these matrices to be mathematically expressed easily. While calculating maybe
the first 100 terms of Fibonacci type numbers using recursion can be easily done with the help
of a computer, for larger numbers, an algorithm other than recursive relationship is needed
(Sahin, 2013).



Over the past 50 years, various methods have been developed using Hessenberg matrices a
significant tool in matrix theory to calculate terms in Fibonacci and similar sequences. Notably,
studies on properties such as the determinant and permanent of these matrices have enabled
efficient computation of not only Fibonacci and Lucas sequences but also their generalized
derivatives. Minc (1964) defined an (n X n) matrix composed solely of Os and 1s. He
demonstrated that the permanent of this matrix is equal to the generalized k-step Fibonacci
numbers defined by Miles (1960).

Under the heading of general definitions, some integer sequences and their basic properties

have been provided.

1.1 GENERAL DEFINITIONS

Recurrence (iteration, reduction) related number sequences and polynomials have attracted the
interest of many researchers, and a lot of research has been conducted on them. Various number
sequences such as Fibonacci, Lucas, Pell, Perrin, Jacobsthal, Pell-Lucas, and Jacobsthal-Lucas
have been studied. These types of sequences are generally referred to as Fibonacci-type
sequences. Many definitions have been made on Fibonacci type sequences and their

generalizations. Some of these are given below.

Definition 1.1.1 For each natural number n > 2, numbers defined by the recurrence relation
Fy=Fo1+Fr (1.1)

where F, = 0, F; = 1, are called Fibonacci numbers. Here, E,; represents the n-th Fibonacci

number. The sequence of Fibonacci numbers is called the Fibonacci sequence (A000045 OEIS

sequence) and is represented by {E,} (Vajda, 1989). This is one of the most famous sequences

defined so far.

Now we define another famous sequence below.



Definition 1.1.2 For each natural number n > 2, numbers defined by the recurrence relation
Ly=Lpq1+Ln (1.2)

where L, =2, L; =1, are called Lucas numbers. The sequence of Lucas numbers is
represented by {L,,} and called by the Lucas sequence (A000032 OEIS sequence) (Vajda,
1989).

Fibonacci and Lucas sequences have the same characteristic equation, which is obtained by the
general terms of the sequences. The characteristic equation of these sequences is

x?—x—1=0anditsrootsare 8 = 1+2\/§, o= 1_2‘5. With these roots, we can get the Binet’s

formulas of the Fibonacci and Lucas sequences as follows:

, L, = 0" — o™ (1.3)

Definition 1.1.3 For each natural number n = 2, numbers defined by the recurrence relation

Pn = 2Pn_1 + PTL—Z (14)

where P, = 0, P, = 1, are called Pell numbers. The sequence of Pell numbers is represented
by {P,} and called by the Pell sequence (A000129 OEIS sequence) (Koshy, 2001).

By chancing the initial values of the above definition, we have the definition of the Pell-Lucas

sequence.

Definition 1.1.4 For each natural number n > 2, numbers defined by the recurrence relation

Qn = 2Qn—1 + Qn—Z (15)

where Q, = 2, Q; = 2, are called Pell-Lucas numbers. The sequence of Pell-Lucas numbers is
represented by {Q,,} and called by the Pell-Lucas sequence (A122075 OEIS sequence) (Koshy,
2001).



Like Fibonacci and Fibonacci-Lucas sequences, Pell and Pell-Lucas sequences have the same

characteristic equation. The characteristic equation of these sequencesis x? —2x — 1 = 0 and

itsrootsare § = 1 ++/2,y = 1 —+/2. Using these two roots, we have the Binet’s formulas of

the Pell and Pell-Lucas sequences as belove:

5n_yn
Pp=——r—, Qu=58"—y" 1.6
n 2\/5 Qn y ( )

Definition 1.1.5 For each natural number n > 2, numbers defined by the recurrence relation
Jn =Jn-1+ 2Jn (1.7)
where J, = 0, J; = 1, are called Jacobsthal numbers.

The sequence of Jacobsthal numbers is represented by {J,} and called by the Jacobsthal
sequence (A001045 OEIS sequence) (Horadam 1996).

The first few terms of the Jacobsthal sequence J,, are 0, 1, 1, 3, 5, 11, 21, 43, 85, 171, ....
Definition 1.1.6 For each natural number n > 2, numbers defined by the recurrence relation
Jn = Jn-1+ 2jn-2 (1.8)
where j, = 2, j; = 1, are called Jacobsthal-Lucas numbers. The sequence of Jacobsthal-Lucas
numbers is represented by {j,,} and called by the Jacobsthal-Lucas sequence (A014551 OEIS

sequence) (Horadam 1996).

The first few terms of the Jacobsthal-Lucas sequence j, are 2,1,5,7,17,31,65,127,257,511,
1025, ...

Jacobsthal numbers, similar to Fibonacci numbers, were introduced by the German
mathematician Ernst Jacobsthal (1882-1965).



The characteristic equation of Jacobsthal and Jacobsthal-Lucas sequences is the same, and this
equation is obtained through the general terms of the sequences. The characteristic equation of
this sequences is x? —x — 2 = 0 is and its roots are a = 2,8 = —1. Therefore, the Binet’s

formulas for these two series are respectively,

_ 27'1 — (_1)7’1

Jn ="

yjn=2"+ (D™ (1.9
The negative terms of the famous sequences defined above can also be given. Many studies

include these terms in their results. However, we are not interested in these terms in this study.

In the next chapter, the characteristics of Generalized Fibonacci-like sequences obtained by
Sanjay, Bijendra and Shubhraj (2014) will be given. The results for the Generalized Jacobsthal-

like sequence that we defined in a similar manner will be shown.



CHAPTER 2

EXAMINATION OF GENERALIZED JACOBSTHAL-LIKE SEQUENCES

In this section, generalized Jacobsthal-like sequences and their properties will be stated.

2.1 GENERALIZED JACOBSTHAL-LIKE SEQUENCES

Generalized Fibonacci-like sequence was obtained by Sanjay, Bijendra and Shubhraj (2014).
(Sanjay at al., 2014). The new number sequence, which has a form and pattern similar to the
recursive formula of the Fibonacci sequences and is obtained by using the initial conditions of
the Fibonacci and Lucas sequences, is called a Fibonacci-like sequence.

Extensive work has been done on generalized Fibonacci-like sequences for many years,
investigating both their properties and preliminary results. (Sanjay et al., 2014, Singh et al.,
2010, Gupta et al., 2014). Using these studies on generalized Fibonacci-like sequences, we
similarly extended these studies to generalized Jacobsthal-like sequences (Dikmen and Karatas
Selam, 2024).

Definition 2.1.1 Generalized Jacobsthal-like sequence {V;,} defined by

V, = Vyoy + 2Vs, n=>2 2.1

with V, = 2 and V; = 1 + m, m being a fixed positive integer.

Here the initial conditions V, and V; are the sum of m times the initial conditions of Jacobsthal

sequence and the initial conditions of Jacobsthal-Lucas sequence respectively.

The relation between Jacobsthal sequence and generalized Jacobsthal-like sequence can be

written as



Vo = mfn + jn, n=0 (2.2)
Then, the terms of the sequence {V, } are given by
v} ={2,1+m5+m,7+3m,17 + 5m,31 + 11m, ... }.

The first, we introduce some basic results of generalized Jacobsthal-like sequence and

Jacobsthal sequence.
The corresponding characteristic equation of relation (1.7) is

x? —x—2=0and its roots are @ = 2 and f = —1 using these two roots, we obtain Binet’s

formula of recurrence relation (2.1)
m
=5 @ = (DM + "+ (D). (2.3)

Generating function of {17,} is defined as
= 24+ (m—1
Z yak = 2= Dx (2.4)

Sums of generalized Jacobsthal-like terms can be given in the following theorems.

Theorem 2.1.2 Sum of first n terms of the generalized Jacobsthal-like sequence {V},} is

n
V4 Vyt Vst ot 1, kaz niz = V2 (2.5)
k=1

This identity becomes

Vonsz — V.
Vit Vo Vst otV = kazw.

. (2.6)
k=1



Proof. We know that the following relations hold:

2V1 = V3 - VZJ
2V2 = V4 - V3,
2V3 = V5 - V4,

2V 1= Vie1 — Vo,
2V = Vosz = Vit

Term wise addition of all above equations, we obtain

Z(Vl + V2 + V3 + -+ I/Tl) — VTL+2 — Vz,

Viiz =V

V1+V2+V3++Vn= 2

Theorem 2.1.3 Sum of first 2n terms of the generalized Jacobsthal-like sequence {V, } is
Vl + VZ + V3 + .+ VZn = V2n+1 - Vl' (27)

Proof. We know that the following relations hold:

VZ = V3 - 2V11
V4 == V5 - 2V3,
V6 = V7 - 2V5,

Von—2 = Von—1 — 2Vop_3,



Von = Vaong1 — 2Vopn_1.

Term wise addition of all above equations, we obtain

VZ + V4_ + V6 + -+ VZTL = _(Vl + V3 + -+ VZn—l) + V2n+1 - Vl'

Adding odd indices to the both sides of the equation, we have

Vl + V2 + V3 + -+ VZTL = VZTL+1 - Vl'

Theorem 2.1.4 Sum of first 2n — 1 terms of the generalized Jacobsthal-like sequence {V, } is

VO + Vl + VZ + V3 + -+ V2n—1 = VZn - Vo. (28)
Proof.

V1 = V2 - ZVO,

V3 = V4_ - 2V2,

V5 = V6 - 2V41

Von—3 = Von—o — 2Vapn_4,
Von—1 = Vaon — 2V 5.

Term wise addition of all above equations, we obtain

Vit Vet Vst ot Vop g =—Vo+ Vot o+ Vonp) +Von =V,

VO +V1 +V2 +V3 +"'+V2n_1 = VZTl_VO'

We state and prove the following identity for the generalized Jacobsthal-like sequence {V},}.

10



Lemma 2.1.5 For every positive integer n, we have
ZVZTL - V2n+1 = 3 —m. (29)

Proof. Combining (2.6) and (2.7) and putting V; = 1+ m,V, = 5 4+ m, we obtain

2n

V. -
V1+V2+V3+"'+V2n = ZVk = antz
k=1

(5+m)
> =Vony1 — (1 +m),

Vonsz — (5 +m) = 2V — 2(1 + m),
Vonez = 2Vopp1 =3 —m,

Vons1 + 2V — 2Vony =3 —m,

2Von = Vops1 =3 —m.

Theorem 2.1.6 Sum of the first (n + 1) terms of the generalized Jacobsthal-like sequence {V, }

with odd and even indices are

2o —(n+1)(B-m) -4

V]_ + V3 + V5 + b + V2n+1 — 3 (210)
and

V. +Mm+1)B3—m)—2
V0+V2+V4+"'+V2n = ant2 ( )( ) (211)

3

respectively.

Proof.

Using (2.8),

Vo+Vi+ Vot o+ Vo, +Voni1 = Voo — 2.

For, Vo +Vo+Vy++Vo o+ Vo =X, Vi+Vs+ Vet + Vo 1+ Vo =Y

X+Y =Vypo — 2. (2.12)

11



Using (2.9),

n n
Z(ZVZR — Vaks1) = 2(3 —m),
k=0 k=0

n n
2> Vo= ) Varr = (n+ )3 = m),
k=0 k=0

2X—-Y=(mn+1)(3—m). (2.13)
Using (2.12) and (2.13) we get

V. +(n+1)(3—m)—2
V0+V2+V4+--.+V2n: 2n+2 ( 3)( ) ’

2Vont2 —(n+ DB -—m) — 4

V1+V3+V5+“'+V2n+1= 3

Corollary 2.1.7 The alternating sum of the first n numbers of the generalized Jacobsthal-like

sequence {V,} is given by

D"+ (n+ 1B —-—m)+2
3

VO_V1+V2_V3+V4_V5++(_1)nVn= . (214‘)
Proof. If we subtract equation (2.10) term wise from equation (2.11), we get alternating sum

of first 2n + 1 numbers:

VO_V1+V2_V3+V4_V5+"’+V2n_V2n+1
_Vonea ¥ A DB =m) =2 2V — (n+ DB —m) — 4
B 3 B 3

_ _V2n+2 + Z(n + 1)(3 - m) + 2

12



If we want to calculate the alternating sum of first n numbers from the above equation,

substituting 2n + 1 by n we get the following result

D"V +(n+1)(3—m) + 2

VO_V1+V2_V3+V4_V5++(_1)nI/n= 3

Now, some identities for the generalized Jacobsthal-like sequence {V,,} are stated and proven
below.

Theorem 2.1.8 For every integer n > 0, for each real coefficient m,

mVyyo —mV, 1 = 2ml,. (2.15)
Proof.

M(Vnsz = Viner) = m(2W,) = 2mb,.

Theorem 2.1.9 For every integer n > 1, we have

V2 = ViVss — 2Vnoa V. (2.16)
Proof.

ViVsr = 2Vnoa Vi = Vo (Vyr — 2Vy) = Vi

Theorem 2.1.10 (Simson formula) For every integer n > 1, we have

Vns1Vog = Vi = (=1)"12771(9 —m?). (2.17)

13



Proof.

We shall use mathematical induction over n.
It is easy to see that forn = 1,
V,Vo — V2 = (—=1)22°(9 — m?)

2(5+m)—(1+m)?=(9—m?), whichis true.

Assume that the result is true for n = k. Then

VieriVieer = V@ = (=1)F+12871(9 — m?). (2.18)
Multiplying by 2 and adding V,, V.., to each side of equation (2.18), we get

2Vier1Vier = 2V + ViVipr = (=1D)*F125(9 — m?) + Vi Vieyq,
Vierr 2Vi—1 + Vi) = VeV + Vieyr) = (=1)**12K(9 —m?),
Vi1 = ViVis = (D289 —m?),

~(ViViesz = Viger) = (=1)*125(9 —m?),

Vie2Vie = Ve = (=1)F22%(9 —m?).

Therefore, the result is true forn = k + 1.

Hence, Vyi1Vpor — V2 = (—1)**12"71(9 — m?) ,for every n > 1.

Theorem 2.1.11 For every positive integer n,

l (Vapez — 16),  if nisodd
Vs+ Ve + Vot o+ Vg =47 (2.19)
> (Vanes —V3), if niseven.

14



Proof. We use the Binet’s formula of generalized Jacobsthal-like,

Vs + Ve + Vo + -+ Vay
=—(a -BH+ (@ +,83)+—(a - B9 + (a® +ﬁ6)+ (a® - B%)

+ (a9 + BQ) + .- +_(a3n _ﬁBn) + (a3n +ﬁ3n)

3

== [(@® +a® +a® + -+ a®) = (B2 + BO+ B+ + B + [(a® + a® + -+ @) —
(B + B+ 7+ + )],

[ (et (BT () o (]
=) - (=) )+ ()

% [(E==0) + 1]+ [(B==0) -1], ifnisodd

m 23Tl+3 8 23n+3_8

; - , If niseven

7 )
[m (23n+3 (=1)37*3 — 9) 4 (237+3 4 (—1)3n+3 _7)] if nis even

23n+3 ( 1)3n+3) + 23n+3+(_1)3n+3_16
7

, ifnisodd

237l+3 1 23n+3_15 i i
{ if nisodd

; V3n+3 Bm+7)] , if niseven

~(Vsnes — 16), if nis odd

%(V3n+3 —V3), if niseven

where Vi, 3 = ?(23”+3 — (=1)3™3) 4 (2373 4 (—1)37*+3) js used.
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In this chapter, we defined generalized Jacobsthal-like sequences and examined algebraic
properties such as the Binet’s formula, generator functions, Simson formula, and addition
formula. Some other addition formulas were presented, such as the sum of even and odd indices
and the alternative sum of generalized Jacobsthal-like sequences. By considering Jacobsthal-

like sequences, we also obtained some other important identities.

We believe that the generalized Jacobsthal-like sequences considered in this study can be
extended to generalize other sequences such as Pell and Narayana, and the results given in this

chapter may be useful for further research on this topic.
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CHAPTER 3

DEFINITIONS OF HESSENBERG MATRICES, DETERMINANT AND
PERMANENT FUNCTIONS

In this chapter, we will first provide definitions for Hessenberg matrices and tridiagonal
matrices. Next, we will present fundamental properties of permanent and determinant functions.

Finally, we will explain a method for computing the permanents of matrices.

3.1 HESSENBERG MATRICES

Hessenberg matrices were first investigated by Karl Hessenberg (1904-1959), a German
engineer (Press et al., 1992). Hessenberg matrices have various applications in numerical

calculations and mathematical analysis.

A matrix is said to be lower Hessenberg (Esmaeili, 2006) if all entries above the superdiagonal
are zero and transposition of a lower Hessenberg matrix is called as upper Hessenberg matrix.

A n x nmatrix A, = [a;; ] is called lower Hessenberg matrix if

ajj = 0 Whenj —i>1, i.e.,

al’l al’z 0 O cee O
azq a, a3 0 0
asi asp ass aszs 0
Ay = : : : : : : ) (3.1)
ap-11 Qp-12 Qp-13 Ap-14 °° Qp-1n
an1 an,2 an,3 an.a o Ann

3.2 TRIDIAGONAL MATRICES

An n —square matrix that is both a lower and upper Hessenberg matrix, that is, all elements

that are not on the principal diagonal and the lines parallel to it from the bottom and top are 0,

17



is called a Tridiagonal matrix (Basar, 2012). A n x nmatrix A,, = [a;;] is called Tridiagonal

matrix if a;; = Owhen [i —j| > 1, ie,

a1 a4, O 0 0 0
Ap1 Gz A3 0 0 0
0 az, azz - 0 0 0
A, =] : S 0 : : : (3.2)
0 0 0 t Ap_2n-2 Qn-2n-1 0
\ 0 0 0 *t Ap-1n-2 An-1n-1 An-1n
0 0 0 0 Apn-1 Apn

3.3 DETERMINANT AND PERMANENT FUNCTIONS

The concept of permanent was first introduced by Binet and Cauchy in 1812 during the
development of determinant theory. Although the properties of determinant and permanent
functions were used together in the first studies, over time the subject of permanent was
separated from determinant and started to be called with this name by Muir (Minc and Marcus,
1984).

3.3.1 Determinant

Determinant is one of the most important topics in mathematics. Many problems can be easily

solved using determinants. Determinant theory was introduced by Leibnitz in 1696.

It was later developed further by mathematicians such as Bezout, Vandermonde, Crammer,
Lagrange and Laplace. In the 19th century, these mathematicians were joined by Cauchy, Jacobi
and Sylvester. Today, determinant is used in common in many branches of science such as

physics, finance and statistics. (Bozkurt and Ttiren, 2003).

LetA, = [aij] be an n X n matrix and S,, be a symetric group of permutations over the set

{1,2, ..., n}. The determinant of matrix A4,, is defined by

n
detA, = Z sgn(a) l_[ai“(i) (3.3)
i=1

aESy
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where the sum ranges over all the permutations of the integers 1, 2, ..., n. (Serre, 2002).

Theorem 3.3.1.1 (Cabhill et al. 2002.)

Let 4,, be an n x n lower Hessenberg matrix for all n > 1 and let det(4,) = 1. Then,

det(A;) = a4

and forn > 2.
n-1 n-—1

det(An) = Ann det(An—l) + (_1)n_ran,r l_[ aj,j+1det (Ar—l) . (3'4)
r=1 j=r

3.3.2 Permanent

The permanent of a matrix is similar to the determinant but all the signs used in the Laplace

expansion of minors are positive. The permanent of an n-square matrix is defined by

n
perd, = Z Ham(i) (3.5)

a€S, i=1

where the summation extends over all permutations a of the symmetric group S,
(Minc,1978).

a;; Qg2

ajq alz]
a1 dz;

] for, perA = per [a21 .

A= [aij] = [ = Aq1-0p2 + A12.071.

Theorem 3.3.2.1 (Ocal, et al.2005)
Let A, be an n X n lower Hessenberg matrix for all n > 1 and let per(4,) = 1. Then

per(4;) = a4

andforn > 2
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n-1 n—-1
per(An) = dpn per(An—l) + z an,r 1—[ aj,j+1per(Ar—1) ' (3-6)
r=1 j=r

Since the definitions of permanent and determinant functions are similar, many properties of
permanents are similar to the properties of determinants. However, although the definitions are
similar, permanents do not have the two basic features of determinants. These are the
"Multiplicativeness"” property and the "Invariance" property under some elementary operations
on matrices. (That s, if ¢ times of a row are added to another row, the permanent value changes.)

Although the first studies on permanent function were carried out by Binet and Cauchy,
Borchardt, Cayley and Muir published many articles on the subject in the ongoing process. In
all of these studies, results including permanent and determinant were obtained (Minc and
Marcus, 1984).

Theorem 3.3.2.2 (Minc and Marcus, 1984)

If A is an m X n matrix, m <n, P and Q are permutation matrices of orders m and n,

respectively, then

per(PAQ) = per(A). (3.7)

In other words, shifting the rows (or columns) of the matrix does not change its permanent.

Theorem 3.3.2.3 (Minc and Marcus, 1984)

If A is an n-square matrix, then

per(AT) = per(4). (3.9)

3.4 CONTRACTION METHOD

In matrix theory, various methods have been developed to calculate the permanent and

determinants of square matrices. Calculating the permanent of a matrix often requires a lot of
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processing. Especially in high-order matrices, calculating the determinant or permanent by
analytical means causes a lot of time loss. Now let's explain the method known as the
"Contraction” method in the literature, which has an important place in the calculation of

permanents of matrices, and give the theorem related to the method.

Let A, = [al-j] be an m X n matrix with row vectors ry, 15, ... 1. We call 4,, is contractible on
column k if column k contains exactly two nonzero elements. Suppose that A,, is contractible
on column k with a;, # 0 # aj, and i # j. Then the (m — 1) X (n — 1) matrix 4;;, obtained
from A, replacing row i with a;,7; + a7 and deleting row j and column k is called the

contraction of A,, on column k relative to rows i and j.

If A,, is contractible on row k with a;; # 0 # a;; and i # j, then the matrix A.;; = [AiTj:k]Tis

called the contraction of A,, on row k relative to columns i and j (Brauldi and Gibson, 1977).
Theorem 3.4.1 (Brauldi and Gibson, 1977)

Let A be a nonnegative integral matrix of order n for n > 1 and let B be a contraction of A.
Then,

perA = perB. (3.9

In the next section, we will talk about the relationship between n X n dimensional Hessenberg
matrices and Jacobsthal number arrays, on which many studies have been done. Then, we will
talk about the content of the articles we plan to publish titled "Determinants and Permanents of
Hessenberg Matrices with Jacobsthal-like Sequences™ and "On Generalized Jacobsthal-like
Sequences by Hessenberg Matrices". In these two articles, we defined a new Hessenberg matrix
and focused on the relationship between the determinants and permanents of these matrices and

the terms Jacobsthal-like sequences.
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CHAPTER 4

CALCULATION OF PERMANENTS AND DETERMINANTS OF SOME
HESSENBERG MATRICES WITH JACOBSTHAL-LIKE SEQUENCE ENTRIES

In the last 50 years, Hessenberg matrices have been used to calculate the terms of Fibonacci
type sequences. Some of those; In his book published in Strank (1998), he gave some
Hessenberg matrices and showed that their determinants are equal to Fibonacci numbers. Ocal
et al. (2005) used the determinant and permanent of various Hessenberg matrices to calculate
generalized Kk-digit Fibonacci and Lucas numbers. Tasyurdu and Isik (2019) defined
Hessenberg matrices and showed that the determinants and permanents of these Hessenberg
matrices are equal to the nth term of Fibonacci-like sequences. Additionally, Tasyurdu (2018)
defined some Hessenberg matrices and showed that the determinants and permanents of these

Hessenberg matrices are the terms of generalized Fibonacci-like sequences.

Inspired by Tasyurdu and Isik's (2019) study on Fibonacci-like sequences and Hessenberg
Matrices, we examined the relationship of determinants and permanents of Hessenberg matrices
with Jacobsthal-like sequences and obtained some new results. In this section, we present our
results. It will be shown that the determinants and permanents of the n x n Hessenberg matrices

we define are equal to the nth term of the defined Jacobsthal-like sequences.

4.1 GENERALIZED JACOBSTHAL-LIKE SEQUENCES

Generalized Jacobsthal-like sequences can be defined in relation to Jacobsthal and Jacobsthal-
Lucas sequences. Now we will give the definitions, recurrence relations, initial conditions,
Binet’s formulas and terms of the series of the generalized Jacobsthal-like sequences we have
defined. In the next section, we will show that we obtain the terms of these sequences using

Hessenberg matrices.

Definition 4.1.1 Generalized Jacobsthal-like sequence {B, } is defined by recurrence relation
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B, =B, ,+2B,_,, n=>2 (4.1)

with initial conditions B, = 0 and B; = m, where m is a fixed positive integer.

The relation between Jacobsthal sequences and generalized Jacobsthal-like sequences can be

written as
B, =mjJ,
where m is a positive integer. A few terms of this sequence are
{B,} = {0,m,m,3m,5m,11m, 21m, ... }.
Definition 4.1.2 Generalized Jacobsthal-like sequence {R,,} is defined by recurrence relation

R, =R,_1 + 2R,_,, n=>2 (4.2)

with initial conditions R, = 2 and R; = 2.

Here initial conditions R, and R;are the sum initial conditions of Jacobsthal and Jacobsthal-

Lucas sequences respectively, i.e. Ry = Jo + jo, R1 =J1 + J1.

The relation between Jacobsthal sequences and generalized Jacobsthal-like sequences can be

written as
Ry = 2Jn41
A few terms of this sequence are
(R} =1{2,2,6,10,22,42,...}.

Definition 4.1.3 Generalized Jacobsthal-like sequence {K,} associated with Jacobsthal and

Jacobsthal-Lucas sequences is defined by the second order recurrence relation.
Kn = Kn—l + ZKTL—Z’ n= 2 (43)

with initial conditions K, = 2s and K; = s + 1, where s is a fixed positive integer.
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The relation between Jacobsthal and Jacobsthal-Lucas sequences and generalized Jacobsthal-

like sequences can be written as

Ky =Jn + Sin

where s is a fixed positive integer. A few terms of this sequence are

{K,} ={2s,1+s,14+55,3+7s,5+17s,..}.

Now, we will obtain the terms of the generalized Jacobsthal-like sequence {V},} defined in the
second section (2.1) using the determinant and permanents of the Hessenberg matrix. Therefore,

let us recall the recurrence relation, Binet’s formula, and terms of the sequence.
Generalized Jacobsthal-like sequence {V,,} associated with Jacobsthal and Jacobsthal-Lucas
sequences is defined by the second order recurrence relation.

Vo, =Vy_1+ 2V, 5, n=2 (4.4
with initial conditions V, = 2 and V; = m + 1, m being a fixed positive integer.
The relation between Jacobsthal and Jacobsthal-Lucas sequences and generalized Jacobsthal-
like sequences can be written as

Vo =mJn + jn
where m is a fixed positive integer. A few terms of this sequence are
v,}={21+m,5+m,7+3m,17 + 5m, ... }.

The characteristic equation for equations (4.1), (4.2), (4.3) and (4.4) can be expressed as

follows:
x2—x—-2=0

anditsrootsarea =2 and g = —1.
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Moreover, we can find the Binet’s formulas for the generalized Jacobsthal-like sequences {B,,},

{R,.}, {K,} and {I},} respectively, as follows:

By = m (22D

3

. 2(7’l+1) _(_1)(7’1+1)
SR

Ky = (58 +s@0 + (-0,

2n—(-1)"

V”:m( 3

)+ @+ (D).
42 THE DETERMINANTAL REPRESENTATIONS OF GENERALIZED
JACOBSTHAL-LIKE SEQUENCES

Many studies have been carried out to date to examine the relationships between matrix theory
and number theory. As a result of these studies, some special humber sequences have been
obtained by various methods using some special types of matrices. On the other hand, new
n X n dimensional Hessenberg and Tridiagonal type matrices were defined and number
sequences such as Padovan, Perrin, Tribonacci, Jacobsthal, Jacobsthal-Lucas and Pell-Lucas
were obtained with these matrices (Aktas, 2013). Aktas and Kose (2015) showed the
relationship between the permanents of Hessenberg matrices and Jacobsthal numbers. We
defined Hessenberg matrices and then showed that the permanents and permanents of these

matrices are the terms of Jacobsthal-like sequences.
Now, we define three types of n X n upper Hessenberg matrices.

Definition 4.2.1 The n X n Hessenberg matrix T,,(m) = (ti, j) is defined by

m -2 0 0 - 0 0 0
m 1 -2 0 -« 0 0 0
0o 1 1 =2 00 0

T.(m) = | : : 20 (4.5)
o 0 0 0 - 1 1 =2
o 0 0 0 - 0 1 1

witht;; =1, t;;41 = —2,t;41; = 1,for1 < i < n, where t;; = t,; = mand 0 otherwise.
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Theorem 4.2.2 Let the matrix T,,(m) be as in equation (4.5). Then for n > 1,
detT,(m) = Bpyq
where B, is the nth term of generalized Jacobsthal-like sequence {B,,}.
Proof. We can use the mathematical induction on n to prove detT, (m) = B,,,,. Using the

equation (3.4) we have

n= 1, detTl(m) = tl,l =m= BZ

n = 2,detT,(m) = t,, detT;(m) +

1 1
r=

(07Tt | [ t0adetT,y (m)
1 j=r

= (D(m) + (=1Dty 1t detTo(m)

= (D(m) + D M)(=2)(1)

where detT,(m) = 1. We assume that it is true for n e Z*, namely.
detT,(m) = B,41,detT,_,(m) = B,, ...
and we show that it is true for n + 1. Using induction’s hypothesis, we obtain

D™t | | Gr0adetT s (m)

1 j=r

detTy1(M) = tyy1ne1 detTy(m) +

n n
i=

= (1)detT,,(m)

n-—1
+ Z (_1)n+1_rtn+1,r 1_[ tj,j+1detTr—1(m) + (_1)tn+1,ntn,n+1detTn—1(m)
r=1

j=r

= detT,,(m) + [(=1)(1)(=2) detT,_,(m)]

= detT,(m) + 2 detT,,_,(m)
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= Bny1 + 2B,
= By+a.
So, the proof is completed.

Note that for m = 2 in Definition 4.2.1 , we have the Hessenberg matrices of Jacobsthal-like

sequences {R,,}. So we can write following corollary.

Corollary 4.2.3 Let the matrix T,,(2) = (ti,]-) be as in equation (4.5). Then forn > 1,
detT,(2) = R,

where R, is the nth term of generalized Jacobsthal-like sequence {R,,}.

Definition 4.2.4 The n square Hessenberg matrix Uy (s) = (u; j) is defined by

1 2 0 0 0 0 O
—-2s 1+s 2(1+s) O 0o 0 O
0 -1 1 2 0 0 O
Un(s) = : : : : : : 10 (4.6)
0 0 0 o - -1 1 2
0 0 0 o - 0 -1 1
withu;; = Ly 49 =2, U1, = —1Lfor3 <i<n,uy; = —2s,Up; = 1+ 5,u;3 =2(1+s),
Uz, = —1 and 0 otherwise.

Theorem 4.2.5 Let the matrix U, (s) be as in equation (4.6). Then for n > 2,

detU,(s) = K,

where K, is the nth term of generalized Jacobsthal-like sequence {K},}.
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Proof. Mathematical induction can be employed to establish the proof for n. We first show that

it is true forn = 2,3 and 4.

_ _|1 2 | _ _
n=2, detU,(s) = o 1+s| =1+ 5s =K,,
1 2 0
n=a3, detUs(s) = |—-2s 1+s 2(1+s)|=3+7s=Kjs,
0 -1 1
1 2 0 0
—2s 1+s 2(1+s) Of_ _
= = = 5H+ = )
n =4, detU,(s) 0 1 1 5 5+17s =K,
0 0 -1 1

We assume that it is true for n e Z*, namely
detU, (s) = K,,, detU,_,(s) = K,,_1, ... .

Then, we demonstrate the validity of this statement for n + 1. By our assumption and using

equations (4.3) and (3.4), we have

n

n
det Un+1(s) = Un+1n+1 det Un(s) + Z (_1)n+1_run+1,r 1_[ uj,j+1detUr—1(S)

i=1 j=r

= (1)det U,(s)

n—-1
A D ED™ T | g j10detUy (9 [+ (- Dttnsantanandetlp ()
i=1

j=r

= det Uy, (s) + [(-1)(—1)(2) detUy,_(s)]
= detU,(s) + 2 detU,,_,(s)
=K, +2K,_,

= Bn+1

Hence, we have the proof.
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Definition 4.2.6 The n-square Hessenberg matrix C,,(m) = (ci,j) is defined by

1 2 0 0 0 0 O
-2 1+4m 21+m) O 0 0 O
0 -1 1 2 0 0 O
Co(m) = . : : S L (4.7)
\ 0 0 0 o - =1 1 2
0 0 0 o - 0 -1 1
Wlth Ci,i = 1, Ci,i+1 = 2, Ci+1,i == _1, fOI’ 3 S l S n, C21 = _2, CZZ = 1 + m, C23 = 2(1 + m),

c3, = —1and 0 otherwise.

Theorem 4.2.7 Let the matrix C,,(m) be as in equation (2.2). Then forn > 2,
detC,(m) =V,
where V,, is the nth term of generalized Jacobsthal-like sequence {V,,}.

Proof. Mathematical induction can be employed to establish the proof for n. We first show that

itis true forn = 2,3 and 4.

_ _|1 2 | _ _
n=2 detC,(m) = _y 1_I_m|—5+m—V2,
1 2 0
n=3, detC;(m)=1|-2 14+m 2(1+m)|=7+3m=1V;,
0 -1 1
1 2 0 0
_ -2 1+m 2(1+m) Of_ o =
n =4, detC,(m) = 0 _1 1 2—17 5m=V,.
0 0 -1 1

We assume that it is true for n e Z*, namely
detC,(m) = V,,detC,_i(m) = Vy_4, ...

Then, we demonstrate the validity of this statement for n + 1.
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By our assumption and using equation (4.4) and (3.4), we have

n

n
det Cry1 (M) = Cryqpeq det G (m) + Z (D™ Cppry 1_[ ¢jj+1detCr_1(m)

i=1 j=r

= (1)det C,(m)

n-—1
+ z (_1)n+1_rcn+1,r 1_[ C'j,j+1(v‘1(3tCr—1(7n) + (_1)Cn+1,ncn,n+1detcn—1(m)
i=1

j=r

= det C,(m) + [(—1)(=1)(2) detCy_1(m)]
= detC,(m) + 2 detC,,_,(m)
=V, +2V,_,

Hence, we have the proof.

43 THE PERMANENTAL PEPRESENTATIONS OF GENERALIZED
JACOBSTHAL-LIKE SEQUENCES

Now, we define three types of n x n upper Hessenberg matrices.

Definition 4.3.1 The n x n Hessenberg matrix B, (m) = (p; ;) is defined by

m 2 0 0 0 0 0
m 1 2 0 0 00
0112 - 00 0

Pmy=| .+ 7 . (4.8)
0 0 00 1 1 2
0 0 00 0 1 1

withp;; = 1, piiv1 = 2,Pi+1,; = 1,for 1 < i < n, where p;; = p,; = m and 0 otherwise.
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Theorem 4.3.2 Let the matrix B,(m) be as in equation (4.8). Then forn > 1,
perP,(m) = perP""* (m) = By
where B,, is the nth term of generalized Jacobsthal-like sequence {B,,}.
Proof. With the Definition 4.3.1, it can be contracted on first column. Let B, (m) be rth

contraction of B,(m), 1 < r < n — 2. The matrix B,(m) can be contracted on first column 1,

so that

o R
=
RN
N O
oo
o OO
coo

Pi(m)

— —
o O
o o
o o
o o
_
N
—— SN~

By 2B, 0 0 00 0
1 1 20 00 0
o 1 12 00 0
0 0 0 0 11 2
0 0 0 0 01 1

where B; = 3m and B, = m. Since P (m) also can be contracted on first column,

Sm 23m 0 0 00 0
1 1 20 00 0
o 1 1 2 00 0
Pnz(r):Z . . .
0 0 0 0 1 1 2
0 0 0 0 01 1
B, 2B; 0 0 0 0 0
1 1 20 0 0 0
o 1 12 0 0 0
0 0 00 1 1 2
0 0 0 0 01 1
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where B, = 5m and B; = 3m. Continuing with this process, we have the rth contraction of

the matrix B,(m) as follows

B,y 2By, 0 0 0 0 0
1 1 20 0 0 0
P,{(m)=? 11? 0 0 0
\0 0 0 0 1 1 2

0 0 0 0 01 1

for3 <r <n-—4.Hence

Bny 2Bn, 0
P 3(m) = 1 1 2]
0 1 1

which by contraction of B7*~3(m) on column 1, we obtain

P,{“Z(m) — (Bn—l EZBTL—Z 23{1—1) A (Bln ZB{z—l)

by using equation (3.9). From the equation (4.1), we have

perPy(m) = perB""(m) = B, + 2Bn_y = Bys1.
So, the proof is completed.

Note that for m = 2 in Definition 4.3.1, we have the Hessenberg matrices of Jacobsthal-like

sequences {R,}. So we can write following corollary.

Corollary 4.3.2 Let the matrix P,(2) = (p; ;) be as in equation (4.8). Then for n > 1,

perP,(2) = perh"?(2) =R,

where R, is the nth term of generalized Jacobsthal-like sequence {R,,}.
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Definition 4.3.3 The n-square Hessenberg matrix B,(s) = p;; is defined by

1 -2 0 o - 0 0 ©0
—2s 1+s -2(1+4s) 0 - 0 0 O
0 -1 1 -2 - 0 0 O
Pa(s) = : : : : : : : (4.9)
0 0 0 o - -1 1 =2
0 0 0 o - 0 -1 1
Withp; = 1, pii41 = =2, Piz1i = —Lfor3 <i <n,pyy = —25,p,, =1 +s5,

P23z = —2(1 + ), p3, = —1 and 0 otherwise.

Theorem 4.3.4 Let matrix P, (s) be as in equation (4.9). Then forn > 2,

perPy(s) = perB" 2 (s) = K,
where K,, is the nth term of generalized Jacobsthal-like sequence { K., }.

Proof. With the Definition 4.3.3, the matrix can be contracted on first column. Let P, (s) be
rth contraction of B,(s), 1 <r < n — 2. The matrix B,(s) can be contracted on first column,
so that we get

1+5s —2(1+s) 0 O - 0 0 0O
-1 1 -2 0 -0 0 0
0 -1 1 -2 - 0 0 0
Pnl(s) = . . . . . . . .
0 0 0 o - -1 1 =2
0 0 0 o - 0 -1 1

KZ _2K1 0 0 b O O 0

-1 1 -2 0 -0 0 0

_| 0 -1 1 =2 0 0 0

0 0 0 0 -1 1 =2

0 0 0 0 0o -1 1

where K, = 1+ 5sand K; = 1 + s. Since P (s) also can be contracted on first column,
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3+7s —2(1+55) 0 O - 0 0 O

-1 1 -2 0 - 0 0 0
0 -1 1 -2 - 0 0 0
PnZ(S)Z . . . . . . . .
0 0 0 o - -1 1 =2
0 0 0 o - 0 -1 1
K3 _ZKZ 0 0 o 0 0 0
-1 1 -2 0 - 0 0 0
o -1 1 -2 0 0 0
0 0 0 0 -1 1 =2
0 0 0 0 0 -1 1

where K; = 3+ 7sand K, = 1 + 5s. Continuing current process, we have the rth contraction

of the matrix P, (s) as

K,,v+ —2K, 0 0 - 0 0 O

-1 1 -2 0 - 0 0 O

1 1 -2 - 0 0 O
P (s) = | : : |
0 0 0 0 -1 1 —2/

0 0 0 0 0 -1 1

for3 <r <n-—4.Hence

Kn2 —2Kp3 0
PP 3(s) = —1 1 -2
0 -1 1

which by contraction of P*~3(s) on first column, we obtain

Kn—z + 2Kn—3 _ZKn—Z) — (Kn—l _ZKn—Z)

n—-2 —
B0s) = ( 1 1 1 1

by using equation (3.9). From the equation (4.3), we have
perP,(s) = perP" 2 (s) = Ky_y + 2K,_, = K,

So the proof is finished.
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Definition 4.3.5 The n-square Hessenberg matrix S,,(m) = (sl- j) is defined by

1 -2 0 o - 0 0 O
-2 1+m -21+m) O - O O O
Sp(m) = ? _:1 1 2 ? ? ? (4.10)
\ 0 0 0 0 -1 1 =2
0 0 0 0 0o -1 1
withs;; = 1,841 = —2,5141; = —Lfor3<i<n, s =—-2,5,,=1+m,
Sy3 = —2(1 + m), s3, = —1 and 0 otherwise.

Theorem 4.3.6 Let the matrix S,,(m) be as in equation (4.10). Then for n > 2,
perS,(m) = pers{* 2 (m) =V,
where V}, is the nth term of Jacobsthal-like sequence {1}, }.
Proof. Because of Definition 4.3.5, the matrix can be contracted on first column. Let S}, (m)

be rth contraction of S,(m), 1 <r < n — 2. The matrix S, (m) can be contracted on first

column, so that we get

5+m —2(1+m) 0 0 - 0 0 0
—1 1 -2 0 - 0 0 0
0 -1 1 -2 - 0 0 0
Sa(m) = :

0 0 0 0 -1 1 =2
0 0 0 0 0 -1 1
vV, -2V, 0 0 0 0 0
-1 1 -2 0 0 0 0

o -1 1 -2 0 0 0
0O 0 0 0 -1 1 -2
0O 0 0 0 0 -1 1

where V, =5 +mand V; = 1 + m. Since S} (m) also can be contracted on first column,
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7+3m —-25+m) 0 0 - 0 0 0

-1 1 -2 0 - 0 0 0
s2my =| O -1 1 -2 = 0 0 0
0 0 0 0 -1 1 -2
0 0 0 0 0 -1 1
Vs =2V, 0 0 0 0 0
-1 1 -2 0 0 0 0
o -1 1 -2 0 0 0
0 0 0 0 -1 1 -2
0 0 0 0 0 -1 1

where V; = 7+ 3mand V, = 5 4+ m. Continuing by this way, we have the rth contraction of

the matrix S,,(m) as

Veei -2V, O 0 0 0 0
-1 1 -2 0 0 0 0 \‘
0 1 1 -2 0 0 0
Sg(m) = | . . > |
\ 0 0 0 0 -1 1 —2/
0 0 0 0 0o -1 1
for3 <r <n-—4.Hence
iz —2Vp_3 0
Si3(m) = -1 1 -2
0 -1 1

then by contraction of $7~3(m) on first column, we obtain

Sﬁl—Z(m) — (Vn—2_+1Vn—3 _2‘1/n—2) — (Vfil _ZI{n—Z)

by using equation (3.9). From the equation (4.4), we have
perSy(m) = persr(ln—Z) (m) =Vp1+ 2V, =W
Hence, we get the proof.

Moreover, Theorem 4.3.4 and Theorem 4.3.6 can be proved with equation (3.6) as the other

way.
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CHAPTER 5

CONCLUSIONS AND RECOMMENDATIONS

In this study, Jacobsthal and Jacobsthal-Lucas sequences are well-known second-order
recursive sequences consisting of integers in mathematics. This research article includes the
examination of generalized Jacobsthal-like sequences related to these sequences. Generalized
Jacobsthal-like sequences are defined in the study, and algebraic properties such as Binet’s
formula, generating functions, Simpson formula, and sum formula are analyzed. Other sum
formulas such as the sum of even and odd indices and alternative sum of generalized Jacobsthal-
like sequences are also presented. Various forms of Hessenberg matrices are defined, and the
determinants and permanent representations of generalized Jacobsthal-like sequences are
investigated. It is shown that the determinants and permanents of the defined Hessenberg
matrices are equal to the n-th term of the generalized Jacobsthal-like sequence. Thus, it is
demonstrated that different Hessenberg matrices can be obtained depending on positive integers
m and Jacobsthal-like sequences can be obtained utilizing the determinants and permanents of

these matrices.
We believe that this study can be generalized for Catalan, Mersenne, Fermat, Pell, and Narayana

number sequences, and it will be useful in exploring the relationships between Hessenberg

matrices and these number sequences in terms of determinants and permanents.
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