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ABSTRACT

ANALYTICAL AND NUMERICAL TREATMENT OF PARTIAL
DIFFERENTIAL EQUATIONS IN PHYSICS

Erdem, Murat
Master of Science, Department of Physics
Supervisor: Prof.Dr.Davut Kogker
July 2002, 65 pages

In this thesis a technique which classifies partial differential equations with
respect to their structural properties has first been studied. One of the impor-
tant results reached is that this classification technique also classifies the physical
processes indirectly. In the light of this technique several important partial dif-
ferential equations having different structures are considered and are investigated
using analytical and numerical methods. From the comparison of the solutions
obtained by both methods, it is understood that these methods produce almost
identical results.

Keywords: Partial Differential Equations, Classification Technique, Analytical
Method, Numerical Method
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OZET

FIZIKTEKI KISMI DIFERANSIYEL DENKLEMLERIN ANALITIK VE
NUMERIK INCELENMESI

Erdem, Murat
Master Tezi, Fizik Bolimii
Tez Damigmani: Prof.Dr.Davut Kégker
Temmuz 2002, 65 sayfa

Bu tezde oncelikle kismi diferansiyel denklemleri yapisal Gzelliklerine gore
ayiran bir teknige bakilmigtir. Varilan sonuglardan en 6nemlisi, bu teknikle fizik-
sel olaylarin da dolayh olarak siniflandirildigini gérmek olmugtur. Bu siniflandirma
1g1g1nda fizikte sik sik kargilagilan farkl yapilara haiz onemli birka¢ kismi diferan-
siyel denklem ele alinarak, analitik ve de niimerik metodlarla incelenmigtir. Her
iki metodla elde edilen ¢6ziimler karsilagtinldiginda, bu metodlarin hemen hemen
egdeger sonuglar tirettigi anlagilmigtir.

Anahtar sozciikler: Kismi Diferansiyel Denklemler, Smiflandirma Teknigi,
Analitik Metod, Niimerik Metod
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CHAPTER 1
INTRODUCTION

In the study of many physical problems the main purpose is to investigate a
vector field or a scalar field. The ultimate goal of such a study is to be able to
predict the behaviour of this field throughout all space and for all time provided
the initial local behaviour of the field is given. Usually the local behaviour of a
field is specified with the aid of a relation which must hold at each point of space
and time, and which interrelates, at any given point the rates of change of the
field in different directions. Such a relation is referred to as a partial differential
equation. Thus the problem of determining the future behaviour of the field
throughout all space and for all time is then equivalent to solving this partial
differential equation.

Some examples of the applications of partial differential equations are on
vibrations of solids, flow of fluids, wave equations modelling the propagation of
sound, light and water waves, the Schroedinger equation predicting the properties
of atomic and molecular systems in quantum mechanics, the diffusion equation
describing the spread of heat, Maxwell’s equations governing electrodynamical
phenomena and Newton’s equations describing mechanical systems. Thus it is
clear that partial differential equations are of vital importance in the following
areas of science: acoustics, aerodynamics, elasticity, electrodynamics, fluid dy-
namics, geophysics, heat transfer, meteorology, oceanography, optics, quantum
mechanics and plasma physics.

As it is well-known, the partial differential equations which are encountered

in physics are mostly of the second order. Some very well-known examples are
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Laplace’s equation, Poisson’s equation, the wave equation, the heat diffusion
equation, the Klein-Gordon equation and the Schroedinger equation.

General techniques of solving these partial differential equations may be clas-
sified as follows:

a) Reduction to ordinary differential equations by:
1. Separation of variables

2. Transform methods

3. Method of characteristics

4. Similarity transformations

b) The Green function method

¢) Numerical methods

Chapter two is essentially a review of a classification technique of linear
second-order partial differential equations that are in two variables. This tech-
nique is presented in elementary steps without consulting to a general theory.
It involves the transformation of a partial differential equation into a canonical
form. The classification based upon this technique shows that there are three
distinct structural forms of partial differential equations. These are called hy-
perbolic, parabolic and elliptical equations. Hyperbolic equations describe vi-
brating systems and wave motion, parabolic equations describe heat flow and
diffusion processes and elliptical equations describe steady-state phenomena. As
it is known the nature of the boundary and initial conditions that are imposed on
a partial differential equation depend on its structure. Therefore the classification
technique mentioned above, is a consequence of a structural characterization of

partial differential equations.



Following the order of the classification given in chapter two, several important
linear partial differential equations which are often dealt with in various branches
of physics are investigated in chapter three. Analytical methods of solving them
are studied and for some pre-specified initial and boundary conditions their special
solutions are obtained.

Finally in chapter four, the emphasis is given to the importance of numeri-
cal methods in solving partial differential equations. In particular, attention is
focused on the finite-difference method. Using this method, the numerical solu-
tions of the same equations we dealt with in chapter three, are obtained and are

compared with their analytical counterparts. Lastly a discussion is presented.



CHAPTER 2
STRUCTURAL CHARACTERIZATION OF PARTIAL
DIFFERENTIAL EQUATIONS

An ordinary differential equation is classified according to its order and whether
it is linear or nonlinear [1]. However the classification of partial differential equa-
tions is more complicated. This is because besides the important concepts like
order and linearity, the structure of a partial differential equation is equally im-
portant as well. In fact the structure of a partial differential equation determines
the type of boundary and initial conditions which are to be imposed on it. More-
over the classification of partial differential equations according to their structural
characteristics is in the physical sense equivalent to the classification of the phys-

ical phenomena that these equations describe [2].

2.1 Classification of Second-Order Linear Partial

Differential Equations In Two Variables

In this section a review of the classification technique mentioned above is pre-
sented. This technique is briefly discussed in elementary steps without reference
to a general theory. A linear second-order partial differential equation has the

general form

aUzz + 26Uy + cUyy +dUz +eUy + fU =g (2.1)

where a, b, ¢, d, e and { are linear coefficients. The purpose of this analysis is to
transform equation(2.1) into a canonical form in terms of the new variables [3]

OGRETIM KURULD
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E=€&(z,y) 1 =n(z,y) (2.2)

Let U = U(&,7m) be the function into which U(x,y) is transformed. Now

applying the chain rule we get

Uz = Uls +Upn, (2.3)
Uy, = Uy + Uy

Ups = UgelZ+ 2gnane + Unytla + Ugbuw + Upliag

Uy = Ueebaly + Uen(&anty + &) + Uty

Uy = Ueafﬁ + 2Ugn&yy + UMS

+  Uebyy + Uy

Inserting equation(2.3) into equation(2.1) we obtain

AUs¢ + 2BUgy + CUpy + DUg + EU, + FU = G (2.4)

where

G=g , F=f (2.5)
E = dng + eny + anez + 2005y + ey
D = d&; + €&y + abpz + 266y + by

A = a2 + 2b6:€, + c£}

B = a;ng + b(Eamly + &) + cymy



C = an + 2bngny + cn?

From the relations given in equation(2.5) we can note that
B?* — AC = (0% - ac)J? (2.6)
where J is the Jacobian of the transformation given by equation(2.2):

_|& &

Ne Ty

J =&y — &y #0 (2'7)

Since J2 > 0 then from equation(2.6) the sign of B2— AC must be the same as the
sign of b®> — ac. Thus we conclude that the sign of the discriminant »*> — ac of the
quadratic form Q = aX?+2bXY + cY? is an invariant under the transformation
from the coordinates (x,y) to (&,n). The choices of the functions &,n7 are made
according to the'invar%ance of the sign of the discriminant. Thus we have the

following cases where the names are suggested by the quadratic form (3]

b* —ac >0 Hyperbolic type (2.8)
b —ac =0 Parabolic type

b2 —ac <0 Elliptic type

and in this way the linear, second-order partial differential equations are divided
into three distinct classes. Physically speaking, each class governs different phe-
nomena.

(i)Hyperbolic Case: From equation(2.5) one can choose real £ and 7 in such



a way as to satisfy:

A=C=0 (2.9)
Thus equation(2.4) together with equation(2.9) gives the canonical form

E

D
Ue+ogUnt 357 = 35

U&H’@

Now using equation(2.5) and equation(2.9) the canonical coordinates can be cho-

sen as

Nz + /\27]1/ =0

where A\; and A are the roots of the quadratic equation

aX? —2A+c=0 (2.12)
ie.
1
/\1,2 = E(b TV b2 — ac) (213)

b

(ii) Parabolic Case: b*—ac = 0 leads to the result A\; = Ay = 2 in equation(2.13).

Now C can be set equal to zero ;i.e.

C=0 (2.14)

Also from equation(2.11) and equation(2.13) we have

b
& = —;fy (2.15)
__}
Nz = a’?y



Therefore with equation(2.15), B in equation(2.5) becomes

b)ny + b[fzny + fy(_gny)] + c&ymy (2.16)

a

B = a&(

1
— (- a0, = 0
a
Consequently from equation(2.4) the canonical form in parabolic case is given

by

D E F G
U§§+ZUE+ZUW+ZU— -;1- (2.17)

(iii)Elliptical Case: From equation(2.13) we note that A; and Ay are complex

and

Ao = M (2.18)

because b2 — ac < 0. Thus from equation(2.11), equation(2.18) implies that
n=¢ (2.19)
Also setting A = C = 0, the canonical form, from equation(2.4) reads

(2.20)



CHAPTER 3
ANALYTICAL TREATMENT OF PARTIAL
DIFFERENTIAL EQUATIONS

In this chapter following the classification discussed in chapter two, several
partial differential equations possessing different structural properties are ana-
lytically treated. The partial differential equations which are in question are of
utmost importance in physics because they describe a broad spectrum of physical
phenomena including wave motion, heat flow mechanisms and steady-state prob-
lems [4]. Methods of solving these partial differential equations are illustrated and

moreover their special solutions for some specified initial and boundary conditions

are provided.



3.1 One Dimensional Wave Equation- String Problem

In this section we analyze the one dimensional wave equation [1] as an example
of partial differential equations of hyperbolic type. This kind of partial differential
equations deal with propagation problems so that a variety of engineering systems
such as vibrations of rods and beams, motion of fluid waves, transmission of sound
and electrical signals can all be characterized by this kind of partial differential
equations. As a physical application of this equation, we consider the string
problem [5]. Let us take a string that is tightly stretched between two fixed
points on the x-axis as in figure(3.1).

U

/ U(x,t) \

0 ' L %

/
/

Figure 3.1: A string attached between two points.

X x+Ax X

Figure 3.2: A small segment of a vibrating string.

We assume that the string is made of a homogeneous material, and its vi-

brations take place in a plane as in figure(3.1). Our task is to determine which

2. YiusEKOGRETIM KURTLD
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equation governs the motion of the string under various initial and boundary
conditions and find a function U(x,t) which gives the deflection of the string at
any point x and at any time t. To describe mathematically the vibrations of this
string, we consider a small segment of length Az and apply Newton’s second law
as shown in figure(3.2).

The total force acting on this piece of string is equal to the mass of the piece
of the string multiplied by its acceleration

o?U

F= pAIL‘w (31)

where p is the density of the string which is constant. The forces which maybe
acting on the string are; any external force such as gravity Fe.(z,t) = —myg,
frictional force against the string —GU, if the string is vibrating in a medium that
offers resistance to the string’s velocity and restoring force —yU which is directed
opposite to the displacement of the string. Since we assume that the string moves
only in the u-x plane, there is also a net tangential force due to the tension T on

the string. This net force due to the tension is

F =Tsinfy — Tsinb, (3.2)

since we assume that the angles 6; and 8, are small we can write

sinf = tan§ (3.3)

so we get

F = T(tan 92 — tan 91) (34)

we see that each term in the above equation is the slope of the string at z + Az

11



and at z respectively. We can thus write
F=T[U,(z + Az,t) — Uy(z, t)] (3.5)
Combining all the forces acting on the string, we get

pAzUy = T[Uz(z + Az, t) — Uy(z,t)] + AzF(z,1) (3.6)

— AzfU(z,t) — AzvyU(z,t)

where the external force, restoring force and the frictional force are multiplied by
Az to get the total force acting on a segment of the string. Dividing each side

by Az and letting Az go to zero, we obtain

Utt i OtzUm + F(l‘,t) :H Y

where

T
o?== 3.8
. (3.8)

which has the dimension of velocity squared. We now assume that there is no
external force, no resistive force of the medium and no restoring force. Thus
equation(3.7) becomes

Utt = azUm (39)

which is the wave equation.
Here Uy represents the vertical acceleration of the string and U, is the force
(tension) on the string.

Now we will examine the following initial-boundary value problem as a specific

12



example of the wave equation.

U = Vs 0O<z<l, t>0 (3.10)
U0,t) =U(l,t) =0 >0 (3.11)
U(z,0) = f(z), Ui(z,0) = g(z) 0<z<! (3.12)

the solution of the equation(3.10) can be obtained by the method of separation

of variables. Letting

Uz, t) = X(z).T(t) (3.13)
gives
T? = c?X7 (3.14)

The left side of this equation is a function of t only and the right side is a function

of x only, so both sides must be equal to a constant

TII y 2X“ 4 2
F=Ca =k (3.15)

where k is a constant. We thus get two ordinary differential equations which are

T +KT =0 (3.16)
and
" kz :
X + ?X =0 (3.17)
The solution for X(x)is
k .k
X(z)=A4A cos(;a:) + B sm(zx) (3.18)

13



Applying the boundary conditions we get

X(z=0)=0=A4 and X(x=l)=O=Bsin(§l)

which implies sin(£l) = 0 and & = n7 where n is an integer. Thus

Xn(z) = Bp sin(E?)

The solution for T(t) is

T.(t) = an cos(cnlm) + by, sin( cnltﬂ)
The general solution is then given by
o0
U(z,t) = ) _[ancos ﬁltz + by sin —Ciltz] sin(?)
n=1
Now we apply the initial conditions
U(z,0) = f(z)
and
Up = (z,0) = g(z)
with
o . 7T
f(®) = 3 ansin(—-)
n=1
and
.. cnw . NTT
9(z) =3 bn—=sin(—=)
n=1

14

(3.19)

(3.20)
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(3.22)

(3.23)

(3.24)

(3.25)

(3.26)



Choosing ! =1, ¢ = 0.25, f(z) = 0 and g(z) = z(1 —z) as shown in figure(3.3)

we have

and

The solution is

Uz, t) = i sin(nmz) sin(

n=1

bn

a, =0

2/01 z(1 — z) sin(nwz)dx

2C - (-1

nird

X

Figure 3.3: A graph of the initial condition for the string problem.

0.

2

0.

4

0.8 1

(3.27)

(3.28)

To see how U(x,t) behaves in space and time, we give plots of the solution

given above from three different profiles over the domain 0 < z < 1 for ¢t = 20 in

figures(3.4.a),(3.4.b) and (3.4.c).



4.a : Graph of the analytic solution of the wave equation.

Figure 3

il
il

Il
il
_?_

l

: Graph of the analytic splution of the wave equation.

b

4

Figure 3
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Figure 3.4.c : Graph of the analytic solution of the wave equation.
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3.2 One Dimensional Heat Equation-Diffusion Equation

As an example of a partial differential equation of parabolic type we now consider
heat equation [1]. When temperatures in an object change with time, we have a
problem of unsteady flow of heat, a physical situation that can be represented by
a parabolic type of partial differential equation. Let us consider a cylindrical rod
of length L and radius R which is made of a uniform heat conducting material.
We assume that heat can enter and leave the rod only through its ends, that is,

the lateral surface of the rod is completely insulated.

S S
 Jy_ ]

0 x XtAx L

Figure 3.5: A cylindrical heat conducting material.

Let x measure the distance along the rod as in figure(3.5), and let U(x,t)
denote the absolute temperature at ant time t at any point x along the rod. We
assume that the temperature is uniform across any cross-sectional area A of the
rod. Let p be the density of the rod which is assumed to be constant. The specific
heat c of the rod is defined as the amount of heat that must be supplied to raise
the temperature of one unit mass of the rod by one degree. Consider a section of
the rod between z and z + Az. The mass between these two points is pAAz. In
order to change the temperature of the rod between these two points from zero
to U(x,t) degrees, we must supply U(z,t)cpAAz units of heat. Thus, between

any two points zg and z; the heat energy contained in the rod at time ¢ is

OGRETIM KURULU
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Q(t) = /Iu‘ U(z,t)cpAdz (3.29)

By the Iﬁw of conservation of energy, if there are no heat sources and sinks
within the rod the heat energy in any part of the rod can increase or decrease
only because of a flow of heat through the boundaries of that part of the rod.
Therefore the heat flux Qr(z,t) is the quantity of heat energy per unit time
passing through a unit area in the cross-section. Thus, to find the rate of change
of the heat energy between the zy and z; cross-sections we need only take the
difference
aQ

i AQp(zo,t) — AQp(z1,1) (3.30)

where the first term on the right side is the heat energy lowing in and the second
is that flowing out. We assume that the heat flux at any point is proportional to
the temperature gradient %?Q at that point. The constant of proportionality is
called the thermal conductivity of the rod and is denoted by . Since heat flows

in the direction of decreasing temperature, we have

_0U(z,t)
Qr(z,t) = e (3.31)
where & > 0. So we have
5 - OU(z1,t) » oU(zp,t), [ i U (z,t)
AQr(zo,t) — AQp(z1,t) = A[h,———ax g |i= /IO az[n——az |Adz
(3:32)

Substituting the right side of the equation(3.32) into equation(3.31) and dif-

ferentiating equation(3.30), we get

19




dQ _ rm 8U(z,t)

= e

/" 8y 2 (a8 Adz (3.33)

o% oz

or

wr. OU(z5) 0 0UJ:L‘
/I[Cﬁ

0 el )\ Adz (3.34)

Hence the expression in brackets must be zero for all values of z. Then this

leads to
U(z,t) 8, dU(z,t)
B - e G ) (3.35)
So
U 85U
T 5@ (3.36)
where § = & and is called the diffusivity of the material. Equation(3.36) is known

as the heat equation.
As a specific example setting § = 1, we wish to solve the so called diffusion

equation with the given initial and boundary conditions 6]

Up=Us (3.37)
U(0,¢) = U(L,8) =0 t>0 (3.38)
U(z,0) = f(z) DL L (3.39)

The equation can be solved by separation of variables technique. Letting

U(x,t)=X(x)T(t) we have from equation(3.37)

20



Xx)y T
" T (3.40)

Since the left side is a function of z only and the right side is a function of ¢
only both must be equal to a constant;i.e.
X'(z) _T@)

e NG e ol 3
>~ k (3.41)

where k is a constant. This takes us to the following equations:

X' +KX=0 (3.42)
T+ kT =0 (3.43)

The solution for X(x)is:
X(z) = Acoskz + Bsinkz (3.44)

Now applying the boundary conditions given by equation(3.38) we obtain

X(z=0)=0=4 (3.45)

and

X(z=L)=0=BsinkL (3.46)

so that sin kL = 0 which implies that kL = nr and k = 2% where 7 is an integer.

Thus

X(z) = Bysin % (3.47)

On the other hand the solution for T(t)is:

21



nm
(=

T(t) = Cexp(—k*t) = C, exp(— ) t) (3.48)

The general solution is then written as
g .
ZA sin( exp( (—) t) (3.49)
The initial condition given by equation(3.39) becomes
o0
=3 A,sin(2ZZ) (3.50)
n=1 L

The coefficients A, can be calculated by the Fourier transform technique

A, =7 / bin )dz (3.51)

taking L = 1 and f(z) = z%(1 — z) as shown in figure(3.6) we have

—-24 24 — 6n2r?
Ap = 2/ (1 — z)sin(nmz) = + (—(W(—l)"] (3.52)

where the integral is evaluated by the method of integration by parts. A plot of
the special solution corresponding to the imposed initial and boundary conditions

are shown in Figures:(3.7.a),(3.7.b) and (3.7.¢c) from three different profiles.

22
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Q.2 0.4 0.6 0.8 1

Figure 3.6: A graph of the initial condition for the diffusion equation.
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Figure 3.7.b : Analytic solutionof the diffusion equation.
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Analytic solution of thediffusion equation.

Figure3.7.c
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3.3 Laplace’s Equation

The following problems of physics are described by an elliptic type of a par-
tial differential equation called Laplace’s equation; (1] the problem of finding the
steady-state temperatures in an isotropic body without sources or sinks of heat,
a steady-state potential flow of an incompressible fluid, the potential of an elec-
trostatic field in a region containing no charges, the potential of a gravitational

field in a region containing no masses, and so on.

X

Figure 3.8: A thin rectangular metal plate

In order to derive this equation, we consider an element on the face of a thin
rectangular metal plate of thickness Az as shown in figure(3.8). The plate is
insulated everywhere except the edges where the temperature can be set at a
prescribed level. The insulation and the thinness of the plate mean that heat
transfer is limited to the x and y dimensions. At steady-state the flow of heat
into the element over a unit time period must equal to the outflow of heat. This

means that

q(z)AyAzAt + q(y)AzAzAL (3.53)

= q(z+ Az)AyAzAt + q(y + Ay)AzAzAt

26



where g(z) and g(y) are the heat fluxes at x and y respectively. Dividing by Az

and At and collecting terms yield,

la(z) — q(z + Az)]Ay + [a(y) — a(y + Ay)]Az = 0. (3.54)

Multiplying the first term by Az/Az and second term by Ay/Ay gives

q(z) — g(z + Az) q) —qly+Dy) =
= AzAy + o AyAz =0 (3.55)
Dividing by AzAy and taking the limit results in
dq 0Oq
y 0 (3.56)

This equation is an expression of the conservation of energy for the plate. The
link between flux and temperature is provided by Fourier’s law of heat conduction
which can be represented as

= —/cpcw (3.57)

where ¢; is the flux in the direction of the ¢ dimension, k is the coefficient of
thermal diffusivity, p is the density of the material, c is the heat capacity of the

material , and U is temperature, which is defined as
H
= — 3
U P (3.58)

where H is heat and V' is volume.
The term in front of the differential in equation(3.57) is treated as a single

term

k'=lkpe (3.59)
where &' is called the coefficient of thermal conductivity. It is a parameter that re-
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flects how well the material conducts heat. Inspection of equation(3.57) indicates
that Fourier’s law specifies heat flux which is perpendicular to the 4 axis is pro-
portional to the gradient or slope of temperature in the 5 direction. Substituting
equation(3.57) into equation(3.56) results in

ol B

Bz it W =0 (3.60)

which is the Laplace's equation.

Now let us solve Laplace’s equation for a specified boundary value problem

given as
e +Upy=10 Uil | Ofe (3.61)
U@,y)=U(1,y) =0 (3.62)
Ulz0) = Flz) Uz, 1= 0 (3.63)

To solve the partial differential equation we apply the method of separation of

variables
Ulz,y) = X(z)Y (y) (3.64)
we get
X" i
Y- (3.65)

The left side of this equation is a function of x only and the right side is a function

of y only, so each must be equal to a constant

=-)\2 (3.66)
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where A is a constant. The solution for X(x) is

X(z) = Acos(\z) + Bsin(\z)

Applying the boundary conditions

X(z=0)=0=A4 and X(z=1)=0= Bsin(\z)

gives A = nm where n is an integer. Then

Xn(z) = Bpsin(nnz)

The solution for Y(y)is

Y (y) = Ccosh(A\y) + Dsinh(\y)

or

Y.(y) = Cy cosh(nmy) + D, sinh(nmy)

We can write

Ya(y) = Eysinh[nz(y — yo)]

Use of the boundary condition U(z, 1) = 0 implies that

E, sinh[nm(1 —yo)] =0

which gives yo = 1. Therefore the solution becomes

0
U(z,y) = Y = bysin(nrz)sinhnr(y — 1)

n=1
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(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)



The last boundary condition is expressed as

)

U(z,0) = Y = b, sin(nrz) sinh(—nn) = f(z) (3.75)
n=1
giving
by = m/{: f(z)sin(nrz)dz (3.76)

We again take f(z) = z3(1 — z) as shown in the figure(3.9) so that

_ =2 =24 24— 6pir?(—1)"
B sinh(n) [(m)s (n)5 (3.77)

A plot of the solution given by equation(3.74) is shown in figures(3.10.a), (3.10.h)

and (3.10.c) from three different profiles.

t X
0.2 0.4 0.6 0.8 1

Figure 3.9: The graph of the boundary condition for Laplace’s Equation.
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X

Figure 3.10.b : Analytical solution of Laplace' s equation.
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Figure 3.10.c : Analytical solution of Laplace ' s equation.
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CHAPTER 4
NUMERICAL TREATMENT OF PARTIAL
DIFFERENTIAL EQUATIONS

4.1 The Finite-Difference Method

In the previous chapter we have studied the analytical solutions of some of the
physically important partial differential equations that are of different structure.
Now in this chapter we wish to investigate the numerical solutions of the same
equations. As we all know, most of the real-world problems are too complicated
to handle analytically and therefore with the aid of a suitable method they are
solved numerically [7]. The use of a numerical method generally means that a
continuous problem is replaced by a discrete problem which can be solved on a
computer in finitely many steps [14].

In this section, we briefly study a basic numerical method to solve partial
differential equations which is known as the finite-difference method [9]. In this
method, the main point is to replace the partial derivatives in the continuous
equation by their difference-quotient approximations. Hence in this way a con-
tinuous partial differential equation is converted into a difference equation. As

an example let us consider the following initial value problem
v=Ff(ty) , O0<t<l (4.1)

with y(0) = yo. Here y' = %4
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In order to solve equation(4.1) numerically, the first step is to discretize the
continuous interval 0 < ¢ < 1 by defining a finite number of discrete points
tn = nAt where n = 0,1,., N, At is the time step size and At = . At each
point ¢, a value Y, is determined which is a reasonably good approximation to
the exact value y(t,) of the solution. From calculus it is known that y'(t,) can

be approximated by a forward difference quotient
' I/ — Hlts
~ Yltni1) = y(tn) (4.2)

provided that At is small enough. Consequently the continuous differential equa-
tion is approximated by
Yo =Y + Atf(tn, V) (4.3)

where n = 0,1,2,...., N. Now given Y; = yp, the difference equation(4.3) given
above provides a numerical algorithm to calculate the approximations Y;, Y, ....

recursively.

34



4.2 The Wave Equation-The String Problem

As an example we consider the wave equation which is expressed as 19]

Us=elew , D<ol , 25D (4.4)
U(0,t) = U(1,¢) =0 . 50 (4.5)
U(z,0) = f(z) , Ufz,0)=g(z) , 0<z<1 (4.6)

It should be noted that we have already examined this problem analytically in
the previous chapter and now we want to solve it numerically. Here in this and the
following sections, our purpose is to illustrate the use of finite-difference method

and also to compare the numerical solutions with their analytical counterparts.

Figure 4.1: Lattice for the wave equation.

Choosing the lattice as given in figure(4.1), the equation(4.4) can be approx-

imated as the following difference equation

e

-+l __ n n—1
U=

VU = 207 + Uf) (47)

35



From equation(4.7) it is apparent that the value of U;‘“ at the time level
n + 1 can be computed only if its values from the previous two time levels are
known. The value of U} at ¢ = 0 is provided by the initial condition; that is

U? = f(z;) with 5 =0,1,2,....,J (4.8)

2

The value of U at t = t| can be computed using the initial velocity condition
given by Uy(z,0) = g(z). The finite-difference approximation of this condition
can be written as

U} = U + Atg(z;) (4.9)

To avoid numerical instability, the following stability condition

Az

c< i (4.10)

must be satisfied. Here c is the speed of the waves propagated in the system and
equation(4.10) is known as the Courant-Friedrichs-Lax condition.

Using the computer program given in Appendix:A, the equation(4.9) is first
solved for U} at the first time level and then the equation(4.7) is numerically
integrated in the rest of the integration period.

Hence in this manner, the future values of Uj" are determined. With ¢ = 0, 25,
N = 400 and J =8, a plot of U} is depicted in Figures:4.2(a-b-c) from three

different profiles.
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Figure 4.2.b : Numerical solution of the wave equation.
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400

Figure 4.2.c : Numerical solution of the wave equation.
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4.3 Heat Diffusion Equation

We now wish to solve numerically the following one-dimensional heat diffusion

equation [9].

=8, , 8<e<h, t>0 (4.11)
UO0,t)=U1,t)=0 , t>0 (4.12)
U, 0) =) , Oxw<l (4.13)

We must recall that this initial-boundary value problem has already been
treated analytically in chapter three.

The first step is to replace the continuous space-time domain by a discrete
domain defined on the lattice points shown in figure 4.3. where z; = jAs,

tp = nAGRIERSRORIE ... RS RA =10, 1, i

Figure 4.3: Lattice for the diffusion equation.
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Here Az is the step size along x-axis. The integer J is the number of subinter-
vals in 0 <z < 1 and N is the number of time steps to be taken. Now the main
idea is to look for an approximation which we call U} to the exact value U(z;, t,)
of the solution at each point (z;, t,) of the lattice. To achieve this goal, we replace
the partial derivatives in equation(4.11) by their finite-difference quotients; that
is
U(zj, tny1) — Ulzj, tn)

= (4.14)

Ui(zj,tn) =

and

U559, tn )= Wlilms 6, ) + Ulliciaa b,
Um.(r],tn)% ( =T ) ((A;)z ) ( gL ) (415)

Hence in this way the following difference equation for U(zj,t,) can be derived

At

n+l _ rrn
UJ _UJ+(AI)2<

U~ 807 + Ul (4.16)

The initial and boundary conditions are given by

U = f(z;) = 23(1 — ;) with j=0,1,..,N (4.17)
Ug=0 , U'=0 with n=1,2...N (4.18)
We must also remember that to ensure the stability of the numerical solution, we

must have the following stability condition

(4.19)

to be satisfied [9].
Using the computer program given in Appendix:B, the difference equation

can be applied at all the interior lattice points. The algorithm is such that
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the iterative scheme starts with the initial temperature values and computes the
temperature values at the next time step. The iteration proceeds until a desired
time level is reached.

In our computations we take Az = 0,05 and Ay = 0,0004 . The evolution
of the approximate temperature values in time on the lattice is displayed in

Figures:4.4(a-b-c) from three different profiles.
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Figure : 4.4.b : Numerical solution for the diffusion equation.
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20,
200

Figure : 4.4.c : Numerical solution for the diffusion equation .
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4.4 Laplace’s Equation

Lastly in this section we wish to study Laplace’s equation [4] again. But as we
mentioned in preceding sections our present purpose is to analyze this boundary
value problem numerically. In particular this equation is solved in the unit square
with given values on the boundary of the square using the finite-difference method.
As it is known this kind of a boundary value problem is a typical example of a

Dirichlet problem. The problem we want to focus our attention at is given as

U + B =00 <ol o, il (4.20)
U(,y)=U(L,y)=0 , 0<y<1 (4.21)
Uz 0) = f(&) , Uz, 1) =0 , O<z<l (4.22)

The equations(4.20)-(4.22) which do not involve the time as an independent vari-
able are said to describe the so-called steady state phenomena.
The unit square in the xy-plane, which is in fact the domain of the solution,

can be discretized by defining the lattice points as

z;=1Az , yi=jAy , i=0,1,..1 , j=0,1,..J (4.23)

where Az = } and Ay = L are the step sizes in the x and y directions

respectively(See Figure:4.5). Now it can be shown that equation(4.20) can be

approximated by the following difference equation

Ay? Az?
Y (Uicrj + Uipr) + 3 =

m)(Um—x +Uijn)  (4.24)

Vs = 8+ By

The boundary conditions(4.21)-(4.22) provide the values of Us; at the lattice
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Figure 4.5: Lattice for the Laplace’s equation.

points on the boundary of the square. Our task is then to find the values of
Ui; at the (I —1) % (J — 1) interior lattice points. To do this we apply the
finite-difference equation(4.24) to each interior lattice point simultaneously. This
results in (/ —1)* (J — 1) number of linear algebraic equations for (I —1)*(J —1)
number of unknowns U; ;. Hence in this way the boundary value problem reduces
to a linear algebra problem. Choosing f(z) = z*(1 — z) as shown in Figure:4.6
and Az = 0.05 ,Ay = 0.1 and using the algorithm presented in Appendix:C, we
obtain all the values of U;; at the interior lattice points. A graph of these values
of U;; over the discretized unit square from three different profiles is shown in

Figures:4.7(a-b-c).

Figure 4.6: A graph of the boundary condition f(z) for Laplace’s Equation.
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Figure 4.7.a : Numerical solution for Laplace's equation.

Figure 4.7.b : Numerical solution for Laplace' s equation.
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Figure 4.7.c : Numerical solution for Laplace' s equation.
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4.5 Discussion

In the present thesis a brief review of some important partial differential equations
in physics is made. The strategy of the review was such that we looked first at
a classification technique. This technique classifies partial differential equations
according to their structural forms. This way of classifying the equations means
that the physical phenomena governed by these equations are in fact indirectly
being classified. Therefore in the light of this substantial point we selected several
partial differential equations of physical significance and studied them analytically
in chapter three. Generally speaking, this type of an approach illustrates the
use and application of some of the frequently encountered analytical solution
methods. In addition to the general solutions of these equations, we also obtained
their special solutions for some of the specified initial boundary value problems.

Next in chapter four we studied the same equations using the finite-difference
method. The main point behind this numerical treatment was to see which of
the two approaches is more advantageous. To be able to give an answer to
this, we compared the analytical and numerical solutions of the equations we
considered in chapters three and four as given by the figures:3.4.(a-b-c), 3.7.(a-
b-c), 3.10.(a-b-c), 4.2.(a-b-c), 4.4.(a-b-c), 4.7.(a-b-c). Also for each equation we
plotted the variation of the differences between the analytical solutions and the
numerical solutions as shown in figures:4.8.(a-b-c). The non-dimensionalized and
scaled amplitudes of the analytical and numerical solutions (see figures:3.4.(a-b-
c), 3.7.(a-b-c), 3.10.(a-b-c), 4.2.(a-b-c), 4.4.(a-b-c), 4.7.(a-b-c)) are larger than
the amplitudes of the differences between the analytical and numerical solutions
(see figures:4.8.(a-b-c)) by an order of magnitude 10°. This tells us that the
truncation errors in the numerical solutions are almost negligible. Also as for

the time-dependent equations, numerical instability has not shown itself at all.
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From this analysis it is clearly seen that both approaches produce almost identical
solutions.

As a conclusion we may state that a major advantage offered by the analytical
approach is that the analytical solution allows us to find the solution at any point
in the domain of solution and not just the lattice points. Another advantage is
that the analytical solution enables us to see how physical variables, initial and
boundary conditions affect the solution [10].

However an important advantage of the numerical approach is that almost
all nonlinear real-world problems which do not have analytical solutions must be
treated by numerical methods. In fact, most realistic models in physics, chemistry,

biology and so forth, are nonlinear in nature [7].
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Figure 4.8.a : The graph of the difference between the analytic and
the numerical solutions of the string problem.

Figure 4.8.b : The graph of the difference between the analytic and
the numerical solutions of Laplace' s equation.
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Figure 4.8.c : The graph of the difference between the analytic and
the numerical solutions of the heat diffusion problem.
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APPENDIX A
MATHEMATICA PROGRAM FOR WAVE EQUATION

£[x_] :=0; (#initial conditionx)
g[x_] := (1-x) *»x; (*initial velocity conditionx)
e¢=0.25;
FD[J_, N_, k_] :=Module[{h}, h=0.125;
r= B/i(k):
Print["The Stability Condition: ", r]; («the Stability conditionx)
£2[x_] :=0.0;
U= Array[£2(0.0], {J+1, N+1}];
Do[U[[], 1]] =0.0, {j, 1, T+1}];
Do[U[[j, 2]1] =kxg[hx(3-1)1, {3, 1, T+1}];
Do[U[[1; n]] =0.0, {n, 1, N+1}]; (*boundary conditionx)
Do[U[[J+1, n]] =0.0, {n, 1, N+1}]; (*boundary conditions)
Do[Do[U[[j, n+1]] =
2%U[[3, n]] -U[[3, n-1]]1+ ((c*k) /h) “2% (U[[F -1, n]] -2+T[[3, n]]
+U[[3+1, n]1), {3, 2, 3}, {n, 2, N}]:
U]

unum = Table[FD[8, 400, 0.05]];

55



APPENDIX B
MATHEMATICA PROGRAM FOR DIFFUSION

EQUATION
funct[x_] := (1 - x)*x"3 (*initial condition¥)
FD[J_, N_] := Modulel[{h, k},
h = 0.05; k = 0.0004;
r= k/(h*h) ;
Print ["The Stability Condition: ",r]; (*the Stability condition*)
f2(x ] = 0.0;

U = Array[£2[0.0], {J + 1, N + 1}];

Dol[Ul(j, 111 = functlh*( - 1)1, {3, 1, J + 1}1;
DolUL[1, nl] = 0.0, {n, 1, N + 1}1;

Do[Ulld + 1, nl] = 0.0, {n, 1, N + 1}];

Do[Dol[UL[j, n + 111 = UL[j, nl]l + k/(h*h)*(Ul[j - 1, nl]
SRRUIT G, AT LAmIaN i 2, YR or N1 01

num=ListPlot3D[FD[20, 200],AxesLabel->{"Ln, nXn, U  w}]

REoN
<
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APPENDIX C
MATHEMATICA PROGRAM FOR LAPLACE’S
EQUATION

funct[x ] := (1-x)*x"3
FD[I_, J_] := Module[{h, k, U}, h=0.05; k=0.1;
T =055+ K2 LIRR) H0k?) )
5 = D-saih® /@A (k39
f2[x_] :=0.0;
U =lmablie [0 {14y T+l (] 1L o Ea]s
Do[U[[i, 1]] = funct[h« (i-1)]1, {i, 1, T+1}];
Do[U[[i, T41]] = 0.0, {is L, T+1}1;
Do[U[[1, 311 =0.0, {3, 1, J+1}];
BolU[ [T+ 1; J11= 0.0, {978, T+1} )i
Do[Do[Do[U[[i, ]] =z* (U[[1i-1, 311 +U[[i+1, 31]) +
s+ (U[[41, 3-111+U[[i, 3+111),
(15,24 I¥w {3s 2,92 (Be 1,:2000]5
U]
fdif = FD[20, 10];
ab =
ListPlot3D[fdif, PlotRange - All, AxesLabel » {"y", "x", "U"}]
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