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ABSTRACT

THE EVOLUTIONARY LINKS BETWEEN THE ISOLATED NEUTRON STAR
POPULATIONS

ALİ ARDA GENÇALİ

PHYSICS Ph.D DISSERTATION, July 2023

Dissertation Supervisor: Prof. Ünal Ertan

Keywords: Accretion, Accretion Discs, Neutron Stars

In this thesis, we have investigated the long-term evolutions and evolutionary con-
nections of the isolated neutron star populations namely ordinary radio pulsars,
anomalous X-ray pulsars (AXPs), soft gamma repeaters (SGRs), dim isolated neu-
tron stars (XDINs), high magnetic field radio pulsars (HBRPs), central compact
objects (CCOs), rotating radio transients (RRATs), and long-period pulsars (LPPs),
with the fallback disc model. Among these families, the highest birth rate is esti-
mated for RRATs followed by XDINs and radio pulsars. The total birth rate of these
populations exceeds the estimated galactic core-collapse supernova rate, commonly
known as the birth-rate problem. The presence of evolutionary connections between
these populations, particularly between RRATs, XDINs, and radio pulsars, as pro-
posed earlier could potentially solve this problem. Our investigation in this thesis
together with earlier work show that neutron stars with fallback discs can evolve
into the properties of all different neutron star populations as a natural outcome
of differences in their initial conditions: the initial period, the disc mass, and the
dipole moment of the neutron star. These results are obtained with a continuous
dipole-moment distribution ranging from a few 1027 − 1031 G cm3. Our results in-
dicate that each of these systems are evolutionarily connected to at least one of the
other populations. RRATs have evolutionary connections with almost all the other
isolated neutron star populations, except for persistent AXP/SGRs and LPPs. Fur-
thermore, our results imply that AXP/SGRs are the progenitors of LPPs. In the
early phases of the evolution, RRATs could be observed as ordinary radio pulsars,
and/or HBRPs, while during the late phases, they could exhibit XDIN behaviour.
These evolutionary links predicted in our model provide the most comprehensive
quantitative support to the early ideas proposed to account for the birth-rate prob-
lem of these neutron star families.
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ÖZET

İZOLE NÖTRON YILDIZ POPÜLASYONLARI ARASINDAKİ EVRİMSEL
BAĞLAR

ALİ ARDA GENÇALİ

FİZİK DOKTORA TEZİ, TEMMUZ 2023

Tez Danışmanı: Prof. Dr. Ünal Ertan

Anahtar Kelimeler: Kütle Aktarımı, Kütle Aktarım Diskleri, Nötron Yıldızları

Bu tezde, izole nötron yıldızı popülasyonlarının; normal radyo pulsarları, anor-
mal X-ışını pulsarları (AXPs), yumuşak gama ışını tekrarlayıcıları (SGRs), X-
ray sönük izole nötron yıldızları (XDINs), yüksek manyetik alanlı radyo pulsarları
(HBRPs), merkezi yoğun cisimler (CCOs), geçici dönen radyo kaynakları (RRATs)
ve uzun periyotlu pulsarlar (LPPs) arasındaki uzun süreli evrimlerini ve evrimsel
bağlarını kalıntı disk modeliyle inceledik. Bu aileler arasında en yüksek doğum
oranı RRAT’lara ait olup, onları XDIN’ler ve radyo pulsarları takip etmektedir. Bu
popülasyonların toplam doğum oranı, galaksideki çekirdek çökmesiyle oluşan süper-
nova oranını tahminini aşmaktadır. Bu genellikle doğum oranı problemi olarak liter-
atürde geçer. Daha önceden de önerildiği gibi özellikle RRAT’lar, XDIN’ler ve radyo
pulsarları arasındaki evrimsel bağların varlığı, bu problemi potansiyel olarak çöze-
bilir. Bu tezdeki araştırmalarımız ve daha önceki çalışmalarımız, kalıntı disklere
sahip nötron yıldızlarının başlangıç koşullarındaki farklılıkların (başlangıç periy-
odu, disk kütlesi ve nötron yıldızının dipol momenti) doğal bir sonucu olarak, kay-
nakların farklı nötron yıldızı popülasyonlarının özelliklerine evrilebileceğini göster-
mektedir. Bu sonuçlar, birkaç 1027 − 1031 G cm3 aralığında sürekli bir dipol mo-
ment dağılımıyla elde edilmiştir. Sonuçlarımız, bu sistemlerin her birinin en az
bir diğer popülasyonla evrimsel bağı olduğunu göstermektedir. RRAT’lar, sürekli
AXP/SGR’ler ve LPP’ler dışında tüm diğer izole nötron yıldızı popülasyonlarıyla
evrimsel bağlara sahiptir. Ayrıca, sonuçlarımız AXP/SGR’lerin LPP’lerin atası
olduğunu göstermektedir. Evrimin erken evrelerinde, RRAT’lar sıradan radyo pul-
sarları ve/veya HBRP’ler olarak gözlemlenebilirken, geç evrelerde XDIN davranışı
sergileyebilirler. Modelimizde tahmin edilen bu evrim ilişkileri, nötron yıldızı sis-
temlerinin doğum oranı problemine çözüm olarak önerilmiş önceki fikirlere kapsamlı
bir nicel destek sağlamaktadır.
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to Ṁin values. The blue model curve is the same as given in Fig.
3.7b (∆r/r = 0.2 , η = 1 and ξ = 0.8). The black curve is also
obtained with the same disk parameters, but for a larger distance that
requires a stronger B and a higher Ṁin during the torque reversal.
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1. INTRODUCTION

Main-sequence stars sustain hydrostatic equilibrium through thermo-nuclear reac-
tions, which counteract the gravitational forces. When the thermo-nuclear reactions
terminate, the core of a massive main-sequence star undergoes a rapid collapse,
leading to an immensely powerful explosion known as a “supernova”. This explosive
event expels the outer layers of the star, which forms an expanding, luminous shell
called supernova remnant (SNR). Depending on the mass of the main-sequence star,
a supernova can yield either a neutron star (NS) or a black hole. If the gravitational
force is balanced by the neutron degeneracy pressure and repulsive strong interac-
tion during the collapse, the core of the collapsing star becomes a NS. The mass of
a typical NS is about one solar mass (M⊙ = 1.99×1033 g) compressed into a radius
of ∼ 10 km, which means an extraordinarily high average density of ∼ 1015 g cm3.
These systems are the most compact objects we can directly observe in the universe.

As a result of the conservation of angular momentum and magnetic flux during the
core collapse, NSs are born with exceptionally high rotational rates with spin periods
of milliseconds and intense magnetic dipole fields with strengths B ∼ 1012−13 G at
their surfaces. With increasing radial distance, r, from the star, speed of the closed
field lines increases, and approaches to the speed of light, c. This radius is called
light cylinder radius, rLC = c/Ω∗, where Ω∗ is the angular spin frequency of the star.
Since the speed of the field lines cannot exceed c, the field lines outside rLC are open.
These open field lines originate from the magnetic poles of the NS. Charged particles
(electrons and positrons) accelerated to relativistic speeds along these open field lines
generating electromagnetic radiation mostly in the radio band. This emission forms
a geometry similar to a cone opening outward from the magnetic poles.

For most of the NSs, the axis of the magnetic dipole field is not aligned with the
rotational axis. If the Earth is in the region of the sky traced by the rotating emission
cone, we detect a radio pulse for each complete rotation of the star (Pacini, 1967).
These sources are commonly called radio pulsars or simply pulsars. The first pulsar
was detected by a PhD student Jocelyn Bell in 1967 (Hewish, Bell, Pilkington, Scott,
& Collins, 1968). After some controversy, it has been understood that extremely
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stable pulses with very short periods can only be produced by rotating NSs (Antony
Hewish, 1974 Nobel Prize). After the first discovery, more than 2500 radio pulsars
have been discovered. Observations showed that pulsars are not only radio sources;
their emission spectrum span a broad range of wavelengths, from radio to gamma
rays. NSs, with their extraordinary properties, are excellent laboratories for studying
physics under extreme conditions (Ghosh, 2007).

These strong magnets rotating in vacuum lose angular momentum through magnetic
dipole radiation and gradually slow down in time. The radio pulsation mechanism is
estimated to cease when the rotational power of the source decreases below a critical
value (Bhattacharya & van den Heuvel, 1991; Bhattacharya, Wijers, Hartman, &
Verbunt, 1992; K. Chen & Ruderman, 1993). The lifetime of a radio pulsar is
estimated to be ∼ 107−8 yr (Faucher-Giguère & Kaspi, 2006; Keane & Kramer,
2008; Popov, Turolla, & Possenti, 2006).

There are many NSs in binary systems as well. These systems are classified depend-
ing on the mass of the companion star, Mc: (i) high-mass X-ray binaries (HMXBs)
if Mc > a few M⊙, (ii) low-mass X-ray binaries (LMXBs) if Mc ≲ M⊙. In both
types of systems, depending on their evolutionary phase and binary separation,
there could be mass transfer from the companion star to the compact object. In the
case of HMXBs, mass transfer on to the NS occurs predominantly through winds
from the massive companion. In LMXBs, the mass transfer starts when the Roche
lobe of the companion star is filled. In this case, material from the companion star
flows through the Lagrangian point into the Roche lobe of the NS. Due to the con-
servation of its angular momentum, the matter, cannot fall directly on to the NS.
Instead, it forms an accretion disc around the NS (Frank, King, & Raine, 2002).

The matter in the disc rotates with Keplerian speeds, vK. By means of viscous dis-
sipation, angular momentum is transferred outward, while the matter flows inward,
towards the NS. The outer disc is cut by the strong tidal forces of the companion
star. The inner disc is truncated at a radius, rin, depending on the mass inflow rate
of the disc and the magnetic dipole moment, µ, of the NS. The radius at which the
rotational speed of the closed field lines equals vK is called co-rotation radius, rco.
If rin ≤ rco, the matter couples to the closed field lines at rin, and can flow along the
field lines on to the NS. Due to extreme compactness, mass accretion on to a NS is
approximately 30 times more efficient than hydrogen fusion reactions in conversion
of rest-mass energy into radiation. The mass flow heats up the polar regions of the
star to X-ray temperatures. The rotation of the star causes a periodic modulation
of the observed X-ray flux, which is observed as a pulsed X-ray emission. These
sources are called X-ray pulsars.
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In the last a few decades, rapid developments in the observational techniques led
to the discovery of new isolated NS populations. These systems are anomalous
X-ray pulsars (AXPs), soft gamma-ray repeaters (SGRs), dim isolated neutron
stars (XDINs), central compact objects (CCOs), high magnetic field radio pulsars
(HBRPs), rotating radio transients (RRATs), and long-period radio pulsars (LPPs).
These single NS families have properties rather different from those of ordinary ra-
dio pulsars (see Abdo et al., 2013; Pavlov, Kargaltsev, Sanwal, & Garmire, 2001,
and references therein). The characteristic properties of these NS populations are
summarised in Chapter 2.

Two basic models have been proposed to explain the emergence of these isolated
NS systems with rather different characteristics: the magnetar model (Thompson &
Duncan, 1995) and the fallback disc model (Alpar, 2001; Chatterjee, Hernquist, &
Narayan, 2000; Ertan, Ekşi, Erkut, & Alpar, 2009a). In the magnetar model, sources
spin down in vacuum through magnetic dipole torques. With this assumption, the
dipole field strength, B0, on the poles of the star is inferred to be greater than 1014 G
for most AXP/SGRs and HBRPs, and ∼ 1013 −1014 G for XDINs. For AXP/SGRs
observed X-ray luminosities, LX, are greater than their rotational powers with few
exceptions. In this model, the X-rays are assumed to be generated through magnetic
field decay (Enoto, Kisaka, & Shibata, 2019; Harding, 2013; Kaspi & Beloborodov,
2017; Kaspi & Kramer, 2016).

After the supernova explosion, some of the ejected matter that is failed to reach
escape velocity or that is decelerated by the reverse shocks eventually falls back
(Chevalier, 1989; Colgate, 1971; Woosley, Heger, & Weaver, 2002; Zel’dovich,
Ivanova, & Nadezhin, 1972). If this matter has sufficient angular momentum, a
fallback disc could form around the newly born NS (Michel, 1988; Michel & Dessler,
1981; Mineshige, Nomura, Hirose, Nomoto, & Suzuki, 1997; Perna, Duffell, Cantiello,
& MacFadyen, 2014). It was estimated by Perna et al. (2014) through numerical
simulations that fallback discs around NSs are expected to form under special con-
ditions of negligible magnetic torques and weak, highly anisotropic explosion.

The fallback discs have been invoked to explain various phenomena observed in pul-
sars such as those with braking indices n < 3 (Benli & Ertan, 2017; Çalışkan, Ertan,
Alpar, Trümper, & Kylafis, 2013; W. C. Chen & Li, 2006; Fu & Li, 2013; Menou,
Perna, & Hernquist, 2001a; Özsükan et al., 2014; Yan, Perna, & Soria, 2012), drifting
sub-pulses, pulsar nulling (Cordes & Shannon, 2008), the lack of pulsations, pulsar
jets (Blackman & Perna, 2004), the discrepancy between characteristic and super-
nova ages (Marsden, Lingenfelter, & Rothschild, 2001), enhanced X-ray luminosities
of AXPs, rotational evolution of AXP/SGRs (Ekşi & Alpar, 2003; Ertan & Alpar,
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2003; Ertan & Çalışkan, 2006; Ertan, Ekşi, Erkut, & Alpar, 2009b; Ertan & Erkut,
2008; Marsden, Lingenfelter, Rothschild, & Higdon, 2001), the distribution of the
radio pulsars in the P − Ṗ diagram (Alpar, Ankay, & Yazgan, 2001), formation of
planets around pulsars (Lin, Woosley, & Bodenheimer, 1991), and periodic timing
variations of pulsars (Qiao, Xue, Xu, Wang, & Xiao, 2003).

It was proposed that the period clustering and the LX levels of AXPs could be ex-
plained by the fallback disc model with conventional magnetic dipole fields (Chatter-
jee et al., 2000). Alpar (2001) suggested that the fallback disc properties, if included
in the initial conditions (initial period, P0, and B0), could account for the properties
of NS populations including AXPs.

Emission characteristics of fallback discs have been extensively investigated in a se-
ries of earlier work for different sources (Ertan & Çalışkan, 2006; Ertan, Çalışkan,
& Alpar, 2017; Ertan, Erkut, Ekşi, & Alpar, 2007; Ertan, Göǧüş, & Alpar, 2006;
Özsükan et al., 2014; Perna, Hernquist, & Narayan, 2000; Posselt et al., 2018). Emis-
sion in the infrared band and at longer wavelengths is expected from the fallback
discs around young NSs (Perna et al., 2000), and such emissions have been inves-
tigated (see Mignani et al., 2007; Tam, Kaspi, van Kerkwijk, & Durant, 2004, and
references therein). It was shown that the observed excess emission of the pulsar
PSR 0656+14 in the R and I bands can be attributed to the emission from a disc
(Perna et al., 2000). Ertan and Çalışkan (2006) showed that the near-IR and optical
emission observed from most of AXP/SGRs can be reproduced by active fallback
discs. The first detection of a fallback disc around an AXP, 4U 0142+61, was re-
ported by Z. Wang, Chakrabarty, and Kaplan (2006), showing that the observed
mid-infrared emission can be modelled with an irradiated disc. Z. Wang et al. (2006)
attributed the earlier detections in the near-IR and optical bands to the magneto-
spheric emission, while they proposed that the mid-IR data could be produced by an
X-ray irradiated inactive disc. It was shown that the observed broadband emission
of the source (from optical to mid-infrared; Hulleman, van Kerkwijk, & Kulkarni,
2000, 2004; Morii et al., 2005; Z. Wang et al., 2006) can be produced by an X-ray
irradiated, active fallback disc (Ertan et al., 2007). Similarly, mid-infrared emission
was detected from 1E 2259+58, indicating a similar emission mechanism operating
in 4U 0142+61 (Kaplan, Chakrabarty, Wang, & Wachter, 2009). Detailed calcula-
tions show that mass transfer on to the NS can account for the observed soft and
hard X-ray spectra of AXP/SGRs consistently with the energy-dependent pulse pro-
files (Guo et al., 2015; Kylafis, Trümper, & Ertan, 2014; Trümper, Dennerl, Kylafis,
Ertan, & Zezas, 2013; Trümper, Zezas, Ertan, & Kylafis, 2010; Zezas, Trümper,
& Kylafis, 2015). There is no companion star that feeds the fallback disc through
mass transfer. The properties of sources (such as B0) estimated in this model could
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be significantly different from those estimated in the magnetar model. In the fall-
back disc model, the B0 value for a particular source could be one to two orders of
magnitude smaller than that predicted in the magnetar model.

The long-term evolutions of individual sources from all different isolated NS pop-
ulations were investigated with the fallback disc model. These studies indicated
that the rotational and X-ray emission properties of AXP/SGRs (Benli & Ertan,
2016), XDINs (Ertan, Çalışkan, Benli, & Alpar, 2014), HBRPs (Benli & Ertan,
2017, 2018b), CCOs (Benli & Ertan, 2018a), RRATs (Gençali & Ertan, 2018, 2021),
and LPPs (Gençali, Ertan, & Alpar, 2022, 2023) could be attained by NSs evolving
with fallback discs and conventional magnetic dipole fields. We discuss the details
of the fallback disc model in Chapter 3.

The birth rates of individual NS families were estimated from the observed numbers
and distributions in our galaxy. If it is assumed that each population evolves inde-
pendently, the estimated total birth rate significantly exceeds the galactic supernova
rate estimated to be ∼ 1.9 ± 1.1 century−1 (Diehl et al., 2006; Faucher-Giguère &
Kaspi, 2006; Keane & Kramer, 2008; Popov et al., 2006; Rozwadowska, Vissani,
& Cappellaro, 2021). From the statistical calculations, RRATs seem to have the
highest birth rate among the isolated NSs. It is also estimated that XDINs and
radio pulsars have birth rates similar to and smaller than that of RRATs (Keane &
Kramer, 2008; Popov et al., 2006), and much greater than those of other populations.
Since the total birth rate cannot exceed the galactic supernova rate, there are likely
evolutionary links between some of these NS families (Faucher-Giguère & Kaspi,
2006; Keane & Kramer, 2008; Manchester et al., 2005; Popov et al., 2006). Possibil-
ity of evolutionary connections among these populations, particularly between radio
pulsars, RRATs, and XDINs, has been proposed earlier (Beniamini, Hotokezaka, van
der Horst, & Kouveliotou, 2019; Faucher-Giguère & Kaspi, 2006; Gullón, Miralles,
Viganò, & Pons, 2014; Jawor & Tauris, 2022; Johnston & Karastergiou, 2017; Kaspi
& Kramer, 2016; Keane & Kramer, 2008; Popov et al., 2006). Nevertheless, there
is no systematic and comprehensive theoretical study to predict the details of these
evolutionary links.

The results of our earlier work on the evolution of individual sources with fallback
discs also imply evolutionary links between some of these populations (Benli & Er-
tan, 2016; Gençali & Ertan, 2018, 2021; Gençali et al., 2022, 2023), which motivates
us for this comprehensive work. For instance, evolution of AXP/SGRs with rela-
tively strong dipole fields to long periods was predicted before the discovery of LPPs
(Benli & Ertan, 2016). Another work with the same model gave hints about the
evolution of some RRATs approaching to the XDIN properties (Gençali & Ertan,
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2018, 2021). In this thesis, we investigate all possible long-term evolutionary con-
nections between the NS populations tracing the initial conditions in the frame of
the fallback disc model.

In this thesis, we have investigated the long-term evolution and evolutionary con-
nections of isolated NS populations. For the torque calculations and the critical
conditions for the transitions between the rotational phases, we have used two mod-
els: (i) the simplified model applied earlier to individual isolated NSs (Model I),
(ii) a more realistic analytical model (Model II) recently developed by (Ertan, 2017,
2018, 2021). The details of both models, along with their applications to differ-
ent NS populations, have been described in the earlier work (Benli & Ertan, 2016;
Çalışkan et al., 2013; Ertan et al., 2014, 2009a). These models and the differences
between them are described in Chapter 3 summarising also their earlier applications
to different NS populations.

In Chapter 2, we summarised the characteristic properties of the isolated NS pop-
ulations. The details of the fallback disc models (Model I and II) are described in
Chapter 3 and the results of the numerical simulations for the long-term evolution
of different populations, and the estimated evolutionary connections between them
are discussed in Chapter 4. We summarise our conclusions in Chapter 5.
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2. ISOLATED NEUTRON STAR POPULATIONS

Different varieties of isolated (single) NSs have ages estimated to be less than a few
million years. In addition to their striking distinguishing behaviours some popula-
tions also show similar characteristics. In the literature, the dipole field strengths
of these sources are estimated with the assumption that they are rotating in vac-
uum, and slowing down purely by dipole torques. In this chapter, we will use “Bdf”
to denote the field strength at the surface of the star deduced by this assumption.
As discussed in Chapter 1, their actual field strength could be much smaller than
Bdf in the presence of fallback disc torques. Below, we summarise the observed
characteristic properties of these single NS families.

2.1 AXP/SGRs

AXP/SGRs are the most intriguing class of NSs with unique observational proper-
ties. These systems are known for their sporadic soft gamma bursts with luminosi-
ties exceeding 1044 erg s−1 (Cline et al., 1980; Hurley et al., 1999; Palmer et al.,
2005). These objects exhibit periodic X-ray pulsations, typically with P ∼ 2 − 12 s
and Ṗ ∼ 10−15 to 10−10 s s−1 (Olausen & Kaspi, 2014)1. Observed LX values
of AXP/SGRs vary widely, spanning a range of 1030 − 1036 erg s−1. For most
AXP/SGRs, the estimated LX values are much beyond their rotational powers. The
range of Bdf for AXP/SGRs is estimated to be ∼ 1013 − 1015 G. For most sources,
these Bdf values exceed the quantum critical value, beyond which ordinary radio
pulsations are estimated to be quenched (Baring & Harding, 1998, 2001). Some of
the AXP/SGRs show non-ordinary, transient radio pulsation epochs (Camilo, Ran-
som, Halpern, & Reynolds, 2007; Camilo et al., 2006; Camilo, Ransom, Peñalver,
et al., 2007; Kaspi & Beloborodov, 2017). The mechanism generating these radio
pulsations seem to be different from those operating in ordinary radio pulsars, and
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are likely to be similar to that of LPPs (Hurley-Walker et al., 2022).

The super-Eddington soft gamma bursts of these sources require strong magnetar
fields. Presence of strong, small-scale multipole fields close to the surface of the NS
is compatible with the fallback disc model, since the rotational evolution of the star
is governed by the interaction of the inner disc with the large-scale dipole field. In
this model, individual source properties of AXP/SGRs can be reproduced only with
conventional fields of young NSs with B0 ∼ 1012 −1013 G.

2.2 XDINs

XDINs constitute NSs that emit predominantly thermal soft X-rays at low LX levels,
typically in the range of 1030 − 1032 erg s−1 (Burwitz et al., 2003; Haberl et al.,
2004; Kaplan et al., 2003; Rea et al., 2007; Schwope, Schwarz, & Greiner, 1999).
The blackbody temperatures are found to be ∼ 50−100 eV (Haberl, 2007; Turolla,
2009). The observed P range (3−17 s) is similar to that of AXP/SGRs while their
Ṗ values (10−15 −10−12 s s−1) are mostly smaller than those of AXP/SGRs (Haberl,
2004; Haberl et al., 2004; Hambaryan et al., 2017; Kaplan & van Kerkwijk, 2005,
2009a, 2009b, 2011; Tiengo & Mereghetti, 2007; van Kerkwijk & Kaplan, 2008).
No radio pulsations have been observed from XDINs. Their characteristic ages are
(1 − 4) × 106 yr, a few times longer than the estimated kinematic ages (Mignani
et al., 2013; Motch, Pires, Haberl, Schwope, & Zavlin, 2009; Tetzlaff, Neuhäuser,
Hohle, & Maciejewski, 2010). So far, 7 XDIN sources have been identified, all
of which have been observed within a distance of 500 pc. This indicates that these
sources are highly common in the galaxy. For XDINs, the dipole-torque formula gives
Bdf = 1013 −1014 G placing them above the pulsar death-line. The non-detection of
radio pulsations from XDINs is attributed to their narrow emission cones (Haberl,
2005). In the fallback disc model, the estimated B0 values for XDINs (≲ 1012 G)
are not sufficient to yield pulsed radio emission (Ertan et al., 2014).

1http://www.physics.mcgill.ca/~pulsar/magnetar/main.html
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2.3 HBRPs

These sources exhibit ordinary radio pulsar behaviour with P (∼ 0.1 − 10 s) and
Ṗ (∼ 10−14 − 10−12 s s−1) values that give Bdf ∼ 1013 − 1015 G, similar to those of
AXP/SGRs (Kaspi & Beloborodov, 2017). This led to the identification of these
systems as “high-magnetic-field radio pulsars” (Gavriil et al., 2008). Some HBRPs
have measured braking indices, n ∼ 1 − 3 (Antonopoulou et al., 2015; Archibald,
Kaspi, Tendulkar, & Scholz, 2016; Camilo et al., 2000; Espinoza, Lyne, Kramer,
Manchester, & Kaspi, 2011; Kaspi, Manchester, Siegman, Johnston, & Lyne, 1994;
Weltevrede, Johnston, & Espinoza, 2011). The estimated LX values of HBRPs are
≲ 1033 erg s−1, which together with rotational properties give B0 ∼ 1012 −1013 G in
the fallback disc model (Benli & Ertan, 2017, 2018b). They often have strong and
highly variable X-ray pulse profiles (e.g., Hu, Ng, Takata, Shannon, & Johnston,
2017; Parent et al., 2011) They exhibit transient behaviours, including outbursts,
glitches and flares, indicating a dynamic and active nature. (Antonopoulou et al.,
2015; Archibald et al., 2017, 2016; S. Dai et al., 2018; Göğüş et al., 2016; Kaspi
& McLaughlin, 2005; Kuiper & Hermsen, 2009; Livingstone, Ng, Kaspi, Gavriil, &
Gotthelf, 2011; Ng et al., 2012; Parent et al., 2011).

2.4 CCOs

CCOs are the X-ray pulsars located at the centres of SNRs, indicating that they
are relatively young compared to other single NS populations. They exhibit pre-
dominantly thermal X-ray emission with LX ∼ 1033 erg s−1. The observed X-ray
spectra of CCOs are usually successfully modelled by two blackbodies with temper-
atures ∼ 0.2−0.5 keV corresponding to emitting areas much smaller than their total
surface areas (De Luca, 2017; Halpern & Gotthelf, 2010). These sources have not
been detected in the optical, infrared, and radio bands so far. They have similar
rotational behaviours with P ∼ 0.1−0.4 s and Ṗ ∼ 10−17 s s−1 (Gotthelf, Halpern,
& Alford, 2013). Considering their low Ṗ values, the current periods of CCOs are
likely to be close to their birth periods. Unlike AXP/SGRs, the rotational powers of
these systems are about an order of magnitude smaller than the observed LX levels.
CCOs have relatively low Bdf ∼ 1010−11 G, placing a gap in the Bdf distribution of
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CCOs and other populations (AXP/SGRs, XDINs, HBRPs) in the magnetar model
(Gotthelf et al., 2013; Halpern & Gotthelf, 2010).

2.5 RRATs

RRATs comprise a recently discovered NSs identified by sporadic and short (0.5 −
100 ms) radio bursts. They have rotational periods in the 0.1 − 10 s range with
very high flux densities in the 10−3 − 10 Jy range. Time separations between the
short bursts vary from minutes to hours. The physical mechanism responsible for
the radio bursts of RRATs has not been understood yet (McLaughlin et al., 2006).
The sporadic nature of the radio bursts makes it difficult to measure the Ṗ values.
Among more than 100 currently known RRATs, the Ṗ values were estimated only
for ∼ 40 sources, and found to be in the range of 10−16 −10−12 s s−1 (ATNF Pulsar
Catalogue, version 1.70, Manchester et al., 2005)2. From the obtained range of P

and Ṗ , the characteristic ages of these sources can be calculated to be in the range
of 105 to 108 years.

It is challenging to determine the correct positions, and therefore, X-ray emission
properties of RRATs from their radio bursts (Kaplan, Esposito, et al., 2009). Out of
more than 100 RRATs (Taylor et al., 2016), LX (∼ 4×1033 erg s−1) was estimated
only for one source (PSR J1819-1458; McLaughlin et al., 2006; Rea et al., 2009).
There are LX upper limits for several RRATs (Kaplan, Esposito, et al., 2009; Keane
et al., 2013; Rea & McLaughlin, 2008). They often exhibit a thermal X-ray spectrum,
suggesting the presence of a heated surface. The physical mechanism yielding RRAT
behaviour is relatively new and active area of research. Further detections in X-rays
are needed to understand their physical and long-term evolutionary properties.

2https://www.atnf.csiro.au/research/pulsar/psrcat/
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2.6 LPPs

LPPs are the radio pulsars characterised by their relatively long rotational peri-
ods and radio burst epochs during which they show pulsed radio emission. Re-
cently, two LPPs have been identified, namely PSR J0901–4046 (hereafter J0901)
and GLEAM-X J162759.5–523504.3 (hereafter as GLEAM-X). J0901 has P ∼ 76 s
and Ṗ ≃ 2.25×10−13 s s−1 (Caleb et al., 2022). GLEAM-X has a longer P (∼ 1091 s),
and its Ṗ has an upper limit of 1.2×10−9 s s−1 (Hurley-Walker et al., 2022). Both
LPPs exhibit varying pulse shapes during their transient radio-pulsar phases. Sim-
ilarly, five AXP/SGR sources have been observed to exhibit radio pulsations with
considerable variable pulse profiles (Esposito et al., 2020; Kaspi & Beloborodov,
2017) during transient epochs following X-ray outbursts (Kaspi & Beloborodov,
2017). Based on the similarities in their radio behaviour, it has been suggested that
the radio pulses of GLEAM-X might be generated through a mechanism similar
to that of radio emitting AXP/SGRs (Hurley-Walker et al., 2022). For J0901 and
GLEAM-X, the LX upper limits are ∼ 1030 erg s−1 and ∼ 1032 erg s−1 respectively.
With these low LX values, there could be many other LPPs with X-ray fluxes that
remain below the detection limits. In other words, they are likely to be detected
only during their radio burst epochs.

Most recently, one more LPP has been identified as a long-period radio transient,
namely GPM J1839–10 (Hurley-Walker et al., 2023). GPM J1839–10 has a measured
P ≃ 1318.1957 s (≃ 22 min) with an upper limit on Ṗ < 3.6 × 10−13 s s−1 (Hurley-
Walker et al., 2023). The observed pulses exhibit significant variation in brightness,
spanning two orders of magnitude. These pulsations have durations ranging from 30
to 300 seconds with maximum flux densities in the range of 0.1−10 Jy and display
quasi-periodic substructure. An investigation of the archival data revealed that the
radio pulsations have been repeating since at least 1988 (Hurley-Walker et al., 2023).
The estimated radio luminosity of the source is ∼ 1028 erg s−1, which is larger than
the rotational power of the source (≲ 6.2 × 1024 erg s−1). The persistent LX upper
limit was estimated to be ≲ 1.5×1032 erg s−1 (Hurley-Walker et al., 2023).
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3. LONG-TERM EVOLUTION OF NEUTRON STARS WITH

FALLBACK DISCS

In this chapter, we investigate the long-term evolution of RRATs and recently dis-
covered LPPs with the model applied earlier to all the other isolated NS populations
(Model I). For a detailed study of the evolutionary links between the populations, we
will also use the recently developed more realistic model (Model II). In Section 3.3.1,
we describe the Model II with a comparison to Model I, and its application to the
torque reversals of LMXBs, providing a test for the model to be employed in the
investigation of the evolutionary links between the single NS families (Chapter 4).

Sections 3.1.1 and 3.1.2 were published in Monthly Notices of the Royal Astronomical
Society, January 2021, Volume 500, Issue 3, pp. 3281–3289. A. A. Gençali, Ü. Ertan

Section 3.1.3 was published in Monthly Notices of the Royal Astronomical Society
Letters, June 2022, Volume 513, Issue 1, pp. L68–L71. A. A. Gençali, Ü. Ertan,
and M. A. Alpar

Section 3.1.4 was published in Monthly Notices of the Royal Astronomical Society
Letters, March 2023, Volume 520, Issue 1, pp. L11–L15. A. A. Gençali, Ü. Ertan,
and M. A. Alpar
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3.1 The Model I and Applications

3.1.1 The Model I

We use the long-term evolution model for a neutron star with a fallback disc which is
applied earlier to other young neutron star populations (Benli & Ertan, 2016, 2017,
2018a, 2018b; Çalışkan et al., 2013; Ertan et al., 2014, 2009b; Gençali & Ertan,
2018). Since the details of the model are given in these work, we briefly describe
the model calculations below.

We solve the disc diffusion equation using the α-prescription for the kinematic vis-
cosity, ν = αcsh, where α is the kinematic viscosity parameter, cs is the sound speed,
and h is the pressure scale-height of the disc (Shakura & Sunyaev, 1973). We start
with a surface density profile for a steady, geometrically thin disc. In the accretion
with spin-down (ASD or weak propeller, WP) phase, the matter coupling to the field
lines from the co-rotation radius, rco, at which the speed of the field lines equals
the Kepler speed, flows along the field lines on to the star. In this phase, we equate
the accretion rate, Ṁ∗, to the mass-inflow rate of the disc, Ṁin, which gives an
X-ray luminosity Lacc = GMṀ∗/R∗ where G is the gravitational constant, M and
R∗ are the mass and the radius of the neutron star. We calculated the total X-ray
luminosity, LX, including the contribution of the intrinsic cooling luminosity, Lcool,
of the star. We use the theoretical Lcool curve for neutron stars with conventional
magnetic dipole fields (Page, 2009). In the calculation of Lcool, we also include the
internal heating by external torques (Alpar, 2007) which does not affect significantly
the LX evolution of young neutron stars with fallback discs. When the accretion is
allowed, Lacc dominates Lcool in most cases.

In addition to viscous dissipation, the disc is heated by the X-rays emitted by the

star. Effective temperature of the disc can be written as Teff ≃
[
(D + Firr)/σ

]1/4

where σ is the Stefan-Boltzmann constant, and D is the rate of viscous dissipation
per unit area of the disc. The irradiation flux can be written as Firr = 1.2 CLX/(πr2)
where r is the radial distance from the star, and C is the irradiation parameter which
depends on the albedo and geometry of the disc surfaces (Fukue, 1992). Outside a
radius of about 109 cm, Firr dominates D. There is a critical temperature, Tp, below
which the disc becomes viscously inactive. Dynamical outer radius of the active disc
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corresponds to the radius at which Teff currently equals Tp, that is, rout = r(Teff =
Tp). In the long-term evolution, rout decreases gradually with slowly decreasing
Firr. In the earlier work on different neutron star populations, the simulations with
Tp ∼ 100 K, and C in the (1 – 7) × 10−4 range reproduced the individual source
properties (Benli & Ertan, 2016, 2017, 2018a, 2018b; Çalışkan et al., 2013; Ertan
& Çalışkan, 2006; Ertan et al., 2014; Ertan et al., 2007; Gençali & Ertan, 2018;
Özcan, Gençali, & Ertan, 2020). The Tp values estimated in the model seem to be
consistent with the results of the theoretical work indicating that the disc is likely
to be active down to very low temperatures (Inutsuka & Sano, 2005). The C values
are in the same range as that estimated for the low-mass X-ray binaries (see e.g.
Dubus, Lasota, Hameury, & Charles, 1999).

In the WP regime, we calculate the spin-down torque, ΓD, produced by the disc-
field interaction, by integrating the magnetic torques between the co-rotation radius,

rco = (GM/Ω2
∗)1/3, and the conventional Alfvén radius, rA ≃

[
µ4/(GMṀ2

in)
]1/7

,
where µ and Ω∗ are the magnetic dipole moment and angular frequency of the
neutron star. This allows us to write ΓD in terms of Ṁin = Ṁ∗ and rA as

(3.1) ΓD = 1
2Ṁin(GMrA)1/2[1− (rA/rco)3]

(Ertan & Erkut, 2008). In this phase, rco < rA < rLC, where rLC = c/Ω∗ is the light
cylinder radius, and c is the speed of light. The accretion on to the star from rco

produces a spin-up torque, Γacc = Ṁ∗(GMrco)1/2. The total torque can be written
as Γ = ΓD +Γacc +Γdip, where Γdip = −2µ2Ω3

∗/3c3 is the magnetic dipole torque. In
this phase, contributions of Γacc and Γdip are usually negligible compared to ΓD for
the accretion regimes of AXP/SGRs, XDINs, CCOs, and HBRPs except few sources
that are very close to rotational equilibrium with relatively high LX (Benli & Ertan,
2016, 2017, 2018a, 2018b; Ertan et al., 2014).

In the strong-propeller (SP) phase, assuming that all the inflowing matter is thrown
out of the system from the inner disc, we take Ṁ∗ = 0, Γacc = 0, and LX = Lcool. In
the absence of a well known critical condition for the transition to the SP phase at
low Ṁin, we assume that this transition takes place when rA = rLC, and the system
is in the SP phase for lower Ṁin that gives rA > rLC. Since rA greater than rLC has
no physical meaning, we replace rA in the ΓD equation with rLC in the SP phase.
The Ṁin curve enters a sharp decay phase at the end of the WP regime, and the
accretion-propeller transition is likely to take place in this sharp decay phase. This
means that the exact value of the critical Ṁin for this transition does not affect
our results significantly. A more realistic model to estimate the WP/SP transition
condition was developed by Ertan (2017). In this model, the critical Ṁin values for
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this transition are close to those obtained from our simplified model. We prefer to
use the same simplified model for RRATs as well for a systematic comparison of
initial conditions of these sources with those obtained earlier for the other isolated
neutron star systems (Benli & Ertan, 2016, 2017, 2018a, 2018b; Çalışkan et al.,
2013; Ertan et al., 2014; Gençali & Ertan, 2018). This comparison also requires to
use a similar set of main disc parameters, α, Tp, and C for different populations,
since these parameters are expected to be similar for the fallback discs of different
neutron star populations. In this way, we are able to compare the evolutionary
paths leading to very different source properties resulting only from the changes in
the initial conditions, namely the initial period, P0, the magnetic dipole strength on
the pole of the neutron star, B0, and the initial mass of the disc, Md.

Illustrative model curves showing the effects of the initial conditions on the evolu-
tionary curves are plotted in the earlier works (Benli, Çalıs,kan, & Ertan, 2015; Ertan
et al., 2014, 2009b). We can summarize the effects of the initial conditions (P0, B0,
and Md) as follows: For the sources that enter the evolution in the WP phase, the
long-term evolution is not sensitive to P0. For given Md and B0, there is a minimum
critical P0, such that the sources with P0 shorter than this critical value cannot enter
the WP phase, and always remain in the SP phase. The sources with different P0

evolve converging to the same period throughout the long-term WP phase (see fig.
3 in Ertan et al., 2009b). During the WP phase, Ṗ is not sensitive to Ṁin evolution
which depends on Md (see below). Sources with greater Md evolve with greater
luminosities in the WP phase, but the rotational evolution, which is not sensitive
to Md, is determined mainly by B0. Large differences in Md values produce only
a small scatter in the achieved current properties of the sources after the WP/SP
transition. Unlike Md, small changes in B0 produce rather different evolutionary
paths in the WP phase leading to a large scatter in the rotational properties after
the WP/SP transition. Figs. 1 and 2 in Ertan et al. (2014) compare the effects of
B0 and Md on the long-term evolutions. In this thesis, Figs. 3.1 and 3.2 also show
the sensitivity of the long-term evolution to B0.

In the WP phase when the source is not very close to rotational equilibrium, the
dominant torque ΓD is proportional to B0/P 2 and independent of Ṁin. Since Γ =
IΩ̇ ∝ Ṗ /P 2, where I is the moment of inertia of the neutron star, Ṗ depends only
on B0 which we take constant during the long-term evolution. Simulations indicate
that this phase terminates at an age smaller than ∼ 5×105 yr. The age of a source
that has been evolving in the WP phase starting from the initial phase of evolution
is equal to P/Ṗ , comparable to characteristic age, τc = P/2Ṗ . In the SP phase
following an WP phase, Ṗ is proportional to Ṁin which decreases rapidly in this
late phase of evolution. Consequently, the maximum Ṗ achieved in the WP phase
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also decreases sharply after termination of this phase. This causes P to remain
almost constant after the WP/SP transition. This maximum P achieved at the end
of the WP phase depends sensitively on B0, and does not change significantly with
Md. That is, we can estimate B0 from the measured P for the sources currently in
the SP phase.

3.1.2 Evolution of RRATs with Fallback Discs

For systems starting the evolution in the WP phase, the transition to the SP phase
occurs at an age smaller than about 5 × 105 yr. The age of a source is close to its
characteristic age when it is in a long-lasting WP phase. After the transition to
the SP phase, Ṗ decreases rapidly due to sharp decrease in Ṁin. The increase in P

during the WP phase stops after the WP/SP transition, P remains almost constant
in the SP phase (see Ertan et al., 2014, for details). It is crucial for our analysis
that this maximum P reached at the end of the WP phase depends basically on B0,
and has a weak dependence on Md. This allows us to estimate B0 for the RRATs
that have periods sufficiently greater than their P0 and τc ≳ 5×105 yr.

These sources with τc ≳ 5 × 105 yr should be evolving in the SP phase at present.
This conclusion is independent of the details of the evolution in the past. The
sources with τc < 5×105 yr could be in the SP or WP phase depending on the initial
conditions. For a given source, if τc > 5 × 105 yr, there are two basic possibilities
for the history of the source: (1) a long lasting WP phase followed by a SP phase,
(2) an evolution permanently in the SP phase. From the earlier applications of the
model, we estimate that most of RRATs follow the evolutionary phases described
in case (1). In this thesis, we investigate these solutions, and try to estimate the
range of B0 allowed for RRATs. For case (2), a large fraction of the sources evolve
towards the properties of normal radio pulsars, while the remaining fraction enters
the WP phase at a later time of evolution, and subsequently evolves as in case (1).

To estimate the RRATs evolving in the SP phase, the τc > 5 × 105 yr condition is
reliable only for the sources with P sufficiently greater than P0. In the first part of
our analysis, we select the sources with P > 0.7 s (30 out of 34). It is remarkable
that τc ≳ 5 × 105 yr for all these sources (except J1819). For the neutron stars
starting the evolution in the WP phase, P0 does not affect the long-term evolution
significantly. The periods of the sources with different P0 values converge to the
same level at the end of the WP phase (see e.g. Ertan et al., 2009b, for details).
For the model calculations, we set P0 = 300 ms, the estimated average value for the
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young pulsars (Faucher-Giguère & Kaspi, 2006).

Since the period achieved at the end of the WP phase depends mainly on B0 (see
Ertan et al., 2014, figs. 1 and 2), for all model calculations, we use the same initial
conditions (Md = 3.16 × 10−6 M⊙ and P0 = 300 ms) and the same set of main disc
parameters (α = 0.045, Tp = 67 K, and C = 7 × 10−4), which are similar to those
employed in the earlier work (Benli & Ertan, 2016, 2017, 2018a, 2018b; Çalışkan et
al., 2013; Ertan & Çalışkan, 2006; Ertan et al., 2014; Ertan et al., 2007; Gençali &
Ertan, 2018; Özcan et al., 2020). In this first step of our analysis, we obtain different
model curves by changing the initial condition B0 only. Illustrative model curves
tracing the P and Ṗ ranges of RRATs with P > 0.7 s are given in Fig. 3.1. The model
curves show how P , Ṗ , and LX evolution change depending on B0. The solid and
dashed parts of the curves correspond to the WP and SP phases respectively. There
is a single LX curve (top panel), since we use the same Md for all model sources.
In the top panel, the dotted curve is the theoretical cooling curve for the neutron
stars with conventional dipole fields. In Fig. 3.1, it is seen that all these sources
are evolving in the SP phase as we have initially estimated from their characteristic
ages. They are powered by the cooling luminosity at ages (∼ 2 – 6)×105 yr.

In Fig. 3.2, we plot the model curves for long-P RRATs in the P – Ṗ diagram
using the same color code as in Fig. 3.1. For comparison, we kept the constant τc

and B0 lines estimated from the dipole torque formula. The horizontal and vertical
branches of the curves in Fig. 3.2 correspond to the WP and SP phases respectively.
The numbers seen on the model curves show the ages of the sources in the units of
105 yr. It is seen in Figs. 3.1 and 3.2 that the sources with stronger fields evolve
to longer periods. It is remarkable that the B0 values between ∼ 2 × 1011 G and
∼ 6 × 1011 G produce the model curves tracing the entire P and Ṗ ranges of all
RRATs with P > 0.7 s. In Fig. 3.2, constant–B0 lines show the actual B0 of the
sources only at the end points of the model curves where the disc torque becomes
negligible compared to the dipole torque. There are LX upper limits estimated for
5 of these RRATs. These upper limits, together with measured P and Ṗ of the
sources are listed in Table 3.1. From the model curves given in Fig. 3.2, the ages of
these sources can be estimated. It is seen in Fig. 3.1 that the cooling luminosities
corresponding to these ages are in agreement with the estimated LX upper limits.
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Figure 3.1 The model curves produced by changing B0 only (given in the top panel)
for RRATs with P > 0.7 s. For all the curves, α = 0.045, Tp = 67 K, C = 7 × 10−4,
P0 = 0.3 s and Md = 3.16×10−6 M⊙ (see the text for the details). The dotted curve
in the top panel shows the theoretical cooling curve (Page, 2009). The WP and
SP phases are shown by the solid and dashed curves respectively. The X-ray upper
limits of 5 RRATs and their approximate ages (see Table 3.1) obtained from the
model are shown with error bars in the top panel. The thin horizontal lines in the
middle and the bottom panels show the observed P and Ṗ ranges for RRATs with
P > 0.7 s respectively.
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Ṗ
(s

s−
1
)

P (s)
Radio Pulsars

AXPs and SGRs
XDINs
CCOs

RRATs
RRATs with LX upper limit

B0 = 5.5× 1011 G

1 2 3 4

5

6

7

8

///////////////////////////////// //////////////

B0 = 4.4× 1011 G

1 2 3

4

5

6

7

///////////////////////////////////////////// ////////////////////

B0 = 3.4× 1011 G

1 2

3

4

5

6

///////////////////////////////////////////////////// //////////

B0 = 2.5× 1011 G

1
2

3

4

5

6

////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////
//////////

B0 = 1.8× 1011 G

1

2

3

4

5
6

Figure 3.2 Evolutions in the P – Ṗ diagram for the same model sources given in
Fig. 3.1. Filled circles show RRATs. Empty circles indicate the RRATs with LX
upper limits. Red solid lines are the upper and lower boundaries of the death valley
(K. Chen & Ruderman, 1993). Constant τc and B0 calculated from the dipole-torque
formula are also given for comparison with those estimated in our model (given in
the figure). The numbers on the model curves show the ages of the sources in units
of 105 yr. The ticks on the curves correspond to the periods at which the sources
cross the upper and lower borders of the death valley in our model. It is seen that
the sources with B0 ≳ 3 × 1011 G find themselves below the pulsar death line at
the end of the WP phase (horizontal branches of the curves). The constant–B0
lines show the actual B0 of the sources only at the end points of the model curves.
Ordinary radio pulsars, AXP/SGRs, XDINs, RRATs, and CCOs are also plotted
the data is taken from the ATNF Pulsar Catalogue (version 1.63, Manchester et al.,
2005, https://www.atnf.csiro.au/research/pulsar/psrcat/).

Among the RRATs with measured Ṗ , the other sources have periods in the 0.1 –
0.5 s range. For these sources, we cannot estimate the evolutionary phase from the
τc, since their P could be close to P0. Nevertheless, for a particular source, we could
estimate two different B0 values for each of the two possible phases of evolution,
WP and SP, at present. This analysis is important in that it is likely to give the
minimum possible dipole fields for the RRAT population in our model. For these
sources, we leave P0 free in addition to B0, and do not change Md and the main disc
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Figure 3.3 The same as Fig. 3.2, but the model curves for the sources with P <
0.7 s are also added (brown filled circles). The dashed and solid curves show the
evolutionary paths crossing the current source properties in the WP and SP phases
respectively. The P0 and B0 values in the unit of 1011 G are given in the figure.

parameters used for the P > 0.7 s sources. In Fig. 3.3, the model curves obtained
for all RRATs are seen together. The model fits indicate that the sources with
P < 0.7 s could have B0 ranging from ∼ 7×109 G to ∼ 1011 G. For a given source,
the minimum possible B0 is estimated assuming that the source in the WP phase
at present. We estimated these minimum possible B0 values in our earlier work (see
Gençali & Ertan, 2018, fig. 2).

The B0 values estimated in our model are also given in the B0 – P diagram in
Fig. 3.4. The solid lines show the upper and lower boundary of the pulsar death
valley (K. Chen & Ruderman, 1993). The B0 values inferred from the dipole torque
formula are also plotted for comparison (empty triangles). Filled triangles show
B0 values of the sources with P < 0.7 s in the case that they are currently in the
WP phase. The solutions producing the source properties in the SP phase can be
obtained with greater B0 depending on P0. For the two sources with smallest P , the
upper B0 values given in Figs. 3.3 and 3.4 correspond to the maximum B0 leaving
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Figure 3.4 RRATs in the B0 – P diagram. Plus signs and filled triangles show
the B0 values and final periods for the evolutions seen in Fig. 3.3. The solid lines
show the upper and lower borders of the death valley (K. Chen & Ruderman, 1993).
Empty triangles indicate the B0 values inferred from the dipole-torque formula using
measured P and Ṗ values (see Table 3.1). Vertical dashed lines show the ranges of
B0 deduced from the dipole torque formula during the long-term evolution. For the
four sources with P < 0.7 s, plus signs and filled triangles show the B0 values in the
case that the sources are currently in the SP phase and the WP phase respectively.
For P > 0.7 s, there is only one source (J1819) in the the WP phase, while the others
are in the SP phase.

the sources inside the death valley. We estimate that the death point of the RRAT
with minimum P is close to the upper border of the death valley (see conclusion).
It is seen in Fig. 3.4 that all these sources could be located inside the death valley
or below the pulsar death line with the B0 values estimated in our model.

The estimated ages and LX values in our model together with the observed rotational
properties are given in Table 3.1. As seen in Fig. 3.1, most of the RRATs are powered
in X-rays by the intrinsic cooling of the neutron star. We should note that the
cooling curve depends on some unknown details of the neutron star properties, such
as the equation of state and mass (see e.g. Potekhin, Zyuzin, Yakovlev, Beznogov,
& Shibanov, 2020, for a recent detailed discussion). In our numerical calculations,
we have employed the cooling curve obtained by Page (2009). Any corrections to
the cooling curve could change the LX values estimated in our illustrative model,
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without a significant change in the B0 values.

The ages of most RRATs estimated in our model are one to two orders of magnitude
smaller than their characteristic ages. This indicates that RRATs could have cooling
luminosities in soft X-rays that are much higher than those corresponding to their
characteristic ages and comparable to those of XDINs. This puts a significant frac-
tion of RRATs, especially those within 2 kpc, into the list of detectable sources for
the 4-year extended Roentgen Survey with an Imaging Telescope Array (eROSITA)
all-sky survey (eRASS) which started on December 13, 2019 (Merloni et al., 2012;
Pires, Schwope, & Motch, 2017). All known XDINs are within a distance of 500 pc
from the Sun, while most of the RRATs are at larger distances (see Table 3.1).
Nevertheless, the eRASS sensitivity will be about 25 times greater than the ROSAT
all-sky survey sensitivity in the 0.2 – 2.3 keV soft X-ray range (Predehl et al., 2020).
Through Monte Carlo simulations, Pires et al. (2017) estimated that, on average,
about 90 thermally emitting new isolated neutron stars could be detected by the
eRASS.

Discussion & Conclusions:

We have estimated the B0 range for RRATs with measured Ṗ in the fallback disc
model. Comparing our results with those obtained earlier for the other young neu-
tron star populations, we see that the B0 range of RRATs (∼ 7×109 – ∼ 6×1011 G)
could fill the gap between the B0 ranges of CCOs and XDINs (∼ 4 × 109 –
∼ 3 × 1011 G) estimated in the same model (Benli & Ertan, 2018a; Ertan et al.,
2014).

In the dipole torque model, almost all RRATs are located above the pulsar death
line, and about half of them are even above the upper border of the pulsar death
valley in the B0 – P diagram. With the B0 values estimated in our model, we find
that all these sources could be either inside the death valley or below the death line.
Given that RRATs do not show strong continuous radio pulses, we estimate that
they are close to or below their individual death points. Then, what could be the
reason for their repetitive, short radio bursts? We tentatively propose that these
bursts could be ignited through interaction of the inner disc with the dipole field of
the star at the inner boundary of the disc. The flux of the open field lines through
the magnetic poles could be occasionally enhanced during the continual opening
and reconnection of the lines passing through the inner disc boundary (Lovelace,
Romanova, & Bisnovatyi-Kogan, 1995, 1999).

The enhancement of the open field line flux was proposed earlier by Parfrey,
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Spitkovsky, and Beloborodov (2016) in a different context related to the effect of
this enhancement on the torques acting on the millisecond pulsars. For the neutron
stars with long P , like RRATs, contribution of the field-line opening to the spin-
down torque is negligible compared to the disc torque. Nevertheless, we estimate
that this mechanism could transiently build up the condition required for the strong
radio emission near the poles. The field lines, that are closed inside the light cylinder
radius of a neutron star rotating in vacuum, open up from rLC to ∼ rin when there
is a disc around the star. Outside the inner boundary the lines are estimated to
be decoupled from the disc, while the lines passing through the boundary interact
with the disc. This interaction inflates and opens up the closed lines on a short
interaction time scale. The reconnections of the lines are also estimated to occur
on a similar time-scale (Lovelace et al., 1999; Ustyugova, Koldoba, Romanova, &
Lovelace, 2006). As a result of these cycles, the field density and the flux of the open
field lines through the poles are likely to show continual variations, which might trig-
ger the observed brief radio bursts of RRATs when the appropriate condition for
the burst is built up for short time intervals.

In this picture, the disc torque should be sufficiently strong to ignite radio bursts
when the star is actually below its death point. By comparison, XDINs have rela-
tively long periods and are estimated to be in the strong-propeller phase with fields
placing them well below the pulsar death line in the fallback disc model (Ertan et
al., 2014). This might indicate that their disc torques are not strong enough to
produce radio bursts. In other words, we estimate that the RRAT behavior is not
likely to be observed beyond a certain period. Below this period, there could be a P

range along which both XDINs and RRATs could show radio bursts depending on
their locations of the death points. The fact that 5 of XDINs have periods greater
than the maximum period (∼ 7 s) of RRATs seems to support this idea. For the
evolutions that end up inside the death valley, a given source could show normal
radio pulses or RRAT behavior depending on the position of its death point inside
the valley. For instance, the model source with B0 = 1.8 × 1011 G and P0 = 0.3 s
(Fig. 3.3), is estimated to be inside the valley after the inactivation of the disc (at
the end point of the model curve). If its end point of evolution is above the death
point, the source could be a radio pulsar during and after the SP phase. If the
end point of evolution is below the death point, the source could be observed as
an RRAT in the SP phase. In this picture, the effect of the disc is to boost the
source transiently above its death point inside the valley. This affect is strongest
at the beginning of the SP phase when rin ≃ rco, and becomes negligible towards
the end points of the evolutionary curves (Fig. 3.3). The radio bursts are likely to
terminate when the flux enhancements become insufficient to trigger radio bursts.
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This is likely to occur when a given source is apparently either inside the valley or
possibly, for low-period sources, below the upper border of the valley. Investigation
of the conditions that could trigger radio bursts, which is beyond the scope of this
work, could be studied through numerical simulations of the disc-field interaction.

Considering that RRATs have relatively high birth rate among the young neutron
star populations (Popov et al., 2006), our results imply that a large fraction of
the neutron stars are born with B0 in the (1 – 10) × 1011 G range. Among these
sources, those with relatively high B0 tend to evolve to longer periods leaving them
well below the pulsar death line at the end of the WP phase. These sources are
likely to have XDIN properties, and unlikely to show the RRAT behavior. The
sources with relatively weak fields, could enter the radio pulsar or RRAT phase
depending on the positions of their death points inside the death valley. If the disc-
field interaction is indeed required for the RRAT bursts, then the duration of the
RRAT phase could be limited by the active lifetime of the disc which we estimate
to be less than 106 yr. For all RRATs plotted in Fig. 3.3, the ages are in the
range of (∼ 2 – 6) × 105 yr in our model, while the characteristic ages are mostly
greater than 106 yr. At ages ≳ 106 yr, RRATs are not likely to be detected in X-
rays since the cooling luminosities remain below the X-ray detection limits. With
the ages estimated in our model (Fig. 3.3), some of the RRATs could be detected
with LX = Lcool ∼ (1031 – 1032) erg s−1. For the five RRATs with estimated LX

upper limits (Table 3.1), these limits are consistent with the cooling luminosities
corresponding to their ages estimated in our model (Figs. 3.1 and 3.2).

For the evolutionary curves seen in Fig. 3.2, all RRATs with P > 0.7 s are expected
to be in the SP phase with one exception, namely J1819. This is the only source with
known LX, and we estimated that the source is in the WP phase, and close to the
WP/SP transition at present (Gençali & Ertan, 2018). Continuous radio pulsations
are estimated to be switched off by mass-flow on to the neutron star. Nevertheless, it
is not clear whether very short radio bursts could be emitted in the accretion phase.
For the accreting sources close to the WP/SP transition, the short radio bursts might
be emitted when the accretion is occasionally hindered. We are not sure about the
current phases of the RRATs with smallest periods. Except these one or two sources
that are close to the WP/SP transition, we do not find any RRAT in the WP phase.
Finally, we note that the 3 CCOs given in Figs. 3.2 and 3.3 are estimated to be in
the accretion phase at present with B0 ∼ (1 – 5)×109 G in the fallback disc model
(Benli & Ertan, 2018a). The simulations show that their periods will not change
significantly until the WP/SP transition. This means that these sources are likely
to evolve into the RRAT phase after or close to the termination of the WP phase.
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Table 3.1 RRATs with the quantities estimated in the model (Age and LX) together with the observed properties (P , Ṗ , d, LX,upper, Ė
and τc) (ATNF Pulsar Catalogue, version 1.63, Bates et al., 2012; Keane et al., 2011; Manchester et al., 2005). Bdb shows the dipole field
strengths at the pole of the star inferred with dipole braking assumption (see Fig. 3.3 for B0 values estimated in our model). LX,upper
shows the X-ray upper limits in the 0.3 − 5 keV energy band for J1913+1330 and J1317–5759 (Rea & McLaughlin, 2008), and in the
0.3 − 8 keV energy band for J1846–0257 and J0847–4316 (Kaplan, Esposito, et al., 2009). LX,upper for J1840–1419 is calculated from
blackbody temperature upper limit (Keane et al., 2013). Unlike other long-P RRATs, J1819 is estimated to be in the WP phase and its
LX value is obtained from detailed model fits in earlier work (for details see Gençali & Ertan, 2018).

Source Name P Ṗ d LX,upper Ė τc Bdb Age LX
(s) (10−15 s s−1) (kpc) (1032 erg s−1) (1032 erg s−1) (105 yr) (1012 G) (105 yr) (1030 erg s−1)

J1554–5209 0.13 2.29 3.08 − 460 8.65 0.54 1 240
J1647–3607 0.21 0.13 15.94 − 5.30 261 0.17 2 90
J1848–1243 0.41 0.44 3.15 − 2.40 149 0.43 2 90
J1623–0841 0.50 1.96 4.64 − 6.10 40.8 1 2 90
J1909+0641 0.74 3.22 1.33 − 3.10 36.5 1.56 2−3 30−90
J1826–1419 0.77 8.78 3.24 − 7.60 13.9 2.63 2 90
J2325–0530 0.87 1.03 1.49 − 0.62 134 0.96 3 30
J1913+1330 0.92 8.68 6.18 < 940 4.40 16.9 2.86 2 90
J1839–0141 0.93 5.94 6.07 − 2.90 24.9 2.38 2−3 30−90
J1513–5946 1.05 8.53 3.76 − 2.90 19.4 3.02 2−3 30−90
J1048–5838 1.23 12.2 1.01 − 2.60 16 3.92 2−3 30−90
J0628+0909 1.24 0.55 1.77 − 0.11 359 0.84 4 8
J0139+3336 1.25 2.06 1.47 − 0.42 95.8 1.62 3 30
J1754–3014 1.32 4.43 2.52 − 0.76 47.2 2.45 3−4 8−30
J0201+7005 1.35 5.51 1.17 − 0.89 38.8 2.76 3 30
J0912–3851 1.53 3.59 0.52 − 0.40 67.4 2.37 3 30
J1739–2521 1.82 0.24 4.41 − 0.02 1200 0.67 4−5 2−8
J1919+1745 2.08 1.71 4.09 − 0.08 193 1.91 4 8
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Table 3.1 (Continued)

Source Name P Ṗ d LX,upper Ė τc Bdb Age LX
(s) (10−15 s s−1) (kpc) (1032 erg s−1) (1032 erg s−1) (105 yr) (1012 G) (105 yr) (1030 erg s−1)

J2105+6223 2.31 5.22 2.72 − 0.17 70 3.51 3−4 8−30
J1317–5759 2.64 12.6 3.77 < 7.5 0.27 33.3 5.83 3−4 8−30
J1807–2557 2.76 4.99 18.56 − 0.09 87.7 3.76 4 8
J1538+2345 3.45 6.89 1.31 − 0.07 79.3 4.93 4 8
J1854–1557 3.45 4.52 10.90 − 0.04 121 4 4−5 2−8
J1819–1458 4.26 563 3.30 − 2.90 1.2 49.6 2 4000
J1846–0257 4.48 161 4.00 < 3 0.71 4.42 27.1 3 30
J1854+0306 4.56 145 4.50 − 0.61 4.98 26 3 30
J1444–6026 4.76 18.5 5.82 − 0.07 40.7 9.51 4 8
J0736–6304 4.86 152 0.90 − 0.52 5.07 27.5 3−4 8−30
J2033+0042 5.01 9.70 2.93 − 0.03 81.9 7.06 4−5 2−8
J1707–4417 5.76 11.7 14.05 − 0.02 78.4 8.29 5 2
J0847–4316 5.98 120 6.55 < 1 0.22 7.9 27.1 4 8
J1226–3223 6.19 7.05 2.17 − 0.01 139 6.69 5 2
J1840–1419 6.60 6.35 0.72 < 0.043 0.009 165 6.55 5 2
J1652–4406 7.70 9.50 5.11 − 0.008 129 8.66 5 2
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Summary of the Results:

We have shown that the evolutionary avenues of the model sources depend mainly
on the dipole field strength, B0, which we have estimated to have a continuous
distribution from a few 109 G to about 1013 G. As seen in Fig. 3.3, the sources with
lowest B0 values are born as either CCOs accreting matter from the disc or RRATs in
the SP phase. After termination of the WP phase, CCOs could become radio pulsar
or RRAT depending on its B0, current P and the position of death point inside
the death valley. We estimate that a large fraction of the sources have B0 in the
rage of (∼ 1011 – 1012) G. These sources evolve to longer periods in the WP phase,
during which some of them could be identified as AXPs due to their apparently
high B0 inferred from the dipole torque formula (see Fig. 3.2). When the accretion
is switched off, a large fraction of these neutron stars could enter the SP phase
as RRATs. Among these systems, those with relatively short periods (≲ 1 s) could
become either radio pulsar or RRAT depending on the positions of their death points
inside the death valley. The stronger dipole fields lead the systems to longer periods
during the WP phase. Sources reaching the WP/SP transition with periods longer
than a critical level are likely to become XDIN immediately after the transition to
the SP phase. It is seen in Fig. 3.2 that the periods of RRATs and XDINs overlap
in roughly in the ∼ 3 – 8 s range. It is possible that the XDINs in this range could
actually be RRATs with unseen radio bursts due to narrow beaming and viewing
geometry, or alternatively their RRAT phases terminated at an earlier time, and
now they are evolving in the XDIN phase emitting no radio bursts.

In the same model, it is found that a large fraction of HBRPs and persistent
AXP/SGRs have B0 in the (1012 – 1013) G range (Benli et al., 2015; Benli & Er-
tan, 2016, 2017, 2018b), greater than the B0 values estimated for CCOs, RRATs,
and XDINs (Benli & Ertan, 2018a; Ertan et al., 2014). Most of these HBRPs with
relatively strong fields evolve from the SP phase to the WP phase achieving the
AXP/SGR properties. There are also HBRPs evolving always in the SP phase ap-
parently converging to the properties of normal radio pulsars (Benli & Ertan, 2017,
2018b). A fraction of these neutron stars could reach their death points while the
disc torques are still efficient. They become RRATs during their late phase of evolu-
tion. The remaining fraction of these HBRPs always evolve as radio pulsars slowing
down initially with the disc torques in the SP phase, and eventually with dipole
torques until they reach their critical periods switching off the radio pulses. Note
that, there is no evolution from the RRAT to the radio pulsar phase. At the end
of the RRAT phase, sources find themselves below their death points in the B0 – P

diagram.
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We estimate that most of the AXP/SGRs are currently evolving in the WP phase. In
this population, sources with B0 > 1012 G could achieve periods longer than XDIN
periods at the end of their WP phases due to their relatively strong dipole fields
(Benli & Ertan, 2016). These sources are not likely to show radio pulses or bursts
after the WP phase due to their long periods placing them well below the pulsar
death line. On the other hand, most of the transient AXPs, which seem to have
a birth rate greater than that of persistent AXP/SGRs (Keane & Kramer, 2008),
could have relatively weak fields (B0 ≲ 1012 G), and evolve first into the RRAT
phase and later become XDIN, or possibly evolve directly into the XDIN phase if
they reach sufficiently long periods at the end of the WP phase.

To sum up, in our model, RRATs seem to have evolutionary connections with all
the other isolated neutron star populations. Different systems show RRAT behavior
along a certain late phase of their observable long-term evolution. These connections,
complicating the total birth-rate estimation of isolated neutron stars, imply that the
total birth rate could be a small fraction of the sum of the birth rates estimated for
each population.

3.1.3 Application to LPP GLEAM-X

The model curves in Fig. 3.5 show illustrative evolutionary paths that reach the
observed period of GLEAM-X J162759.5–523504.3 at a time when LX and Ṗ satisfy
the observational upper limits (horizontal dotted lines). The model curves are ob-
tained with disc parameters similar to those employed for other neutron star systems
(α = 0.045, C = 7 × 10−4, Tp = 100 K), and with the initial conditions P0 = 0.3 s,
Md = 1.6 × 10−5 M⊙, except B0. The solid and dashed lines are for B0 values of
4×1012 G and 7×1012 G respectively. The results are not sensitive to P0 and Md.

Viable models are obtained with B0 ≃ (4−8)×1012 G. For fields stronger than this
range, the source attains the observed period at an earlier time when LX is above
the observational upper limit, while for fields below this range the disc becomes
inactive before the observed period is reached. The model curves in Fig. 3.5 are for
B0 = 4×1012 G (solid curves) and B0 = 7×1012 G (dashed curves). The source is in
the WP phase at an age of ≳ 3×105 yr in both cases.The sharp drop in the Ṗ curves
takes place when the disc becomes completely inactive at time ∼ 7 × 105 yr when
P ∼ 103 s for this source. Subsequently, the source evolves with the magnetic dipole
torque alone, with Ṗ ≃ 4×10−18 s s−1 for B0 = 7×1012 G. For B0 ≃ 4×1012 G, the
source arrives at the 1091 s period shortly before the inactivation of the disc and
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the period levels off at this value as the subsequent spin-down is negligible. This
weaker field option is also a possibility for the current state of the source considering
the large uncertainty in the Ṗ measurement (Hurley-Walker et al., 2022). Further
observations of the source during future radio burst epochs could better constrain
the Ṗ and the current state of the source.

Long-term evolution of GLEAM-X J162759.5–523504.3 seems likely to be very simi-
lar to those of some of AXP/SGRs with relatively strong dipole moments. In earlier
work using the same model, it was estimated that those AXP/SGRs could reach
103 s periods (see Benli & Ertan, 2016, fig. 2 and 3). Indeed, it is seen in Fig.
3.5 that the long-P pulsar would have been identified as an AXP/SGR if it were
observed at earlier phases of evolution. The reason for the non-detection of such
sources is likely to be their very faint X-ray luminosity and their lack of continuous,
normal pulsed radio emission. Even in the case that the disc is active, it is not likely
to be detected in the infrared (IR) bands because of the weak X-ray irradiation and
large rin (∼ 2×1010 cm). An evolutionary model for young neutron star families can
be tested by observations of the progenitors of the long-period systems as proposed
by that particular model. In our model, the AXP/SGRs are the progenitors ex-
pected to evolve to the long periods as exhibited by GLEAM-X J162759.5–523504.3.
AXP/SGRs do have the high X-ray luminosities providing strong X-ray irradiation
sufficient to irradiate and excite their discs to produce emission in the IR bands that
should be detectable with the James Webb Space Telescope.

This long-P pulsar was discovered by means of its radio burst events (Hurley-Walker
et al., 2022). The observed pulsed radio emission obviously cannot be powered by
magnetic dipole radiation alone, since the upper limit of Ė is smaller than the
pulsed radio luminosity, while in normal pulsars the radio luminosity is orders of
magnitude smaller than the rotational power. At its present period, the inferred
magnetic moment µ ∼ 1030 G places GLEAM-X J162759.5–523504.3 below the radio
pulsar death valley by four orders of magnitude. The physical mechanism producing
the radio bursts is beyond the scope of the present work. Recently, Ronchi, Rea,
Graber, and Hurley-Walker (2022) proposed that a neutron star with a fallback disc
and a magnetar dipole field can achieve the properties of this source at a young
age(∼ 104 − 105 yr). This model is completely different from the model we employ
here. In their calculations, it is not clear why the disc is assumed to be inactive
immediately after the source period is reached, while the current Ṁin is still high
(∼ 1015 g s−1). Furthermore, at these young ages Lcool alone is estimated to be
well above the LX upper limit, which is another source of heating for the disc that
should be taken into account in the disc evolution models.
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As a final remark, we would like to stress an important point about the comparison
of the X-ray variability and the torque noise behavior of AXPs with the accret-
ing neutron stars in binaries. For this comparison two important criteria should
be satisfied: (1) the neutron star should have a field strength and accretion rate
comparable to those estimated in the fallback disc model, and more importantly,
(2) the dipole field of the neutron star in the binary should be interacting with a
geometrically thin, optically thick disc, since AXPs in the fallback disc model have
no companions. If the companion is a high-mass star, or a low-mass giant star,
then their winds significantly affect both the X-ray variability and the torques act-
ing on the neutron star. Analyses that do not take these criteria into account (see
e.g. Doroshenko, Santangelo, Suleimanov, & Tsygankov, 2020) produce misleading
results.

Conclusions:

We have shown that the properties of GLEAM-X J162759.5–523504.3 can be ac-
counted for as a product of long-term evolution in the fallback disc model. The long
period of the source is obtained with a dipole moment of a few 1030 G cm3 with the
present state satisfying the upper bounds on LX and Ṗ . Our results are not very
sensitive to Md and P0. There are two different evolutionary avenues compatible
with the present source properties: (1) The disc is still active and the source is
in the WP phase at an age of ∼ 3 × 105 yr at present. For these solutions P will
continue to increase to a few 103 s with Ṗ ∼ 10−10 s s−1 until the disc becomes
inactive at an age of ∼ 7×105 yr. (2) With a weaker field in the allowed range, the
disc becomes inactive when the source achieves the observed period, and P levels
off at the present value because the dipole torque wields negligible spin-down after
disc torques turn off: The source should be evolving with Ṗ ∼ 4 × 10−18 s s−1 at
the present age greater than ∼ 7 × 105 yr. A tighter constraint on Ṗ with future
observations of the source could provide a test for these model predictions.
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Figure 3.5 Illustrative model curves for the long-term evolution of GLEAM-X
J162759.5–523504.3. B0 values are given in the top panel. For both models, the
other parameters are the same (α = 0.045, Tp = 100 K, C = 7 × 10−4, P0 = 0.3 s,
and Md = 1.6 × 10−5 M⊙). The horizontal dotted lines show the upper limits,
Ṗ < 1.2 × 10−9 s s−1 and LX < 1032 erg s−1. In the top panel, the dotted curve
shows the evolution of the cooling luminosity (Page, 2009; Page et al., 2006). The
solid horizontal line in the middle panel shows the period of the source (1091 s).
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3.1.4 Application to LPP PSR J0901-4046

Illustrative model curves seen in Fig. 3.6 show that the model can reproduce the P

and Ṗ of J0901 simultaneously with a range of LX values above a minimum LX ∼
1028 erg s−1 and consistent with the estimated LX upper limits (∼ 1030 erg s−1). The
current properties are reached at an age t ∼ (6 − 8) × 105 yr, while the source is in
the SP phase, slowing down with the ΓD. These model curves are obtained with disc
parameters α, C and Tp similar to those employed for GLEAM-X and other sources
from different neutron star families evolving under fallback disc torques. Our results
are not sensitive to the P0. For the model curves in Fig. 3.6, Md = 1.6 × 10−5 M⊙

and Md = 7.6 × 10−6 M⊙ for the solid and the dashed curves respectively, while
P0 = 0.3 s for both model curves. We obtain reasonable model curves for J0901
with B0 ∼ 1012 G. This dipole field strength together with the 76 s period place the
source below the pulsar death line (K. Chen & Ruderman, 1993), as was the case
for the current evolutionary phase of GLEAM-X in the same model (Gençali et al.,
2022).

Transient radio epochs and variable pulse profiles of J0901 and GLEAM-X are sim-
ilar to the pulsed radio behaviour observed from a few AXP/SGRs. This might im-
ply that a common radio emission mechanism is operating in these systems (Hurley-
Walker et al., 2022), possibly similar to the origin of the brief radio bursts of RRATs,
for which the occasional enhancement of the magnetic field flux in open field lines by
means of disc-field interaction could be responsible (Gençali & Ertan, 2021; Parfrey
et al., 2016; Parfrey, Spitkovsky, & Beloborodov, 2017). Even if a source is below
the relevant pulsar death line, inward propagation of the inner disc radius and sub-
sequent opening of the closed field lines could provide the power required for the
radio emission. The same effect could produce different radio behaviour in different
accretion and rotation regimes, and might power the transient radio pulses of the
LPPs as well (for discussion see Gençali & Ertan, 2021; Parfrey et al., 2016, 2017;
Tong, 2022). Details of the physical processes responsible for the observed radio
emission of these sources are beyond the scope of the present work.

Ronchi et al. (2022) recently proposed that a neutron star evolving with a fallback
disc and a magnetar dipole field can achieve the rotational properties of GLEAM-X
and J0901 at young ages (∼ 103 − 105 yr). Their model is quite different from the
model employed in this work. They use a simplified analytical model for the Ṁin

evolution (Ertan et al., 2009a; Menou, Perna, & Hernquist, 2001b) without including
the heating by the X-ray irradiation of the disc produced by accretion luminosity
and the cooling of the neutron star; and assumed that the disc becomes inactive (at
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Figure 3.6 Illustrative model curves for the long-term evolution of J0901. These
curves are obtained with the initial conditions B0 and Md values given in the top
panel, while P0 = 0.3 s for both model curves. For both models, we take α = 0.045,
and C = 7 × 10−4. The Tp values are given in the figure. In the top panel, the
horizontal dashed lines show the estimated the upper limits. The dotted curve
shows the evolution of the cooling luminosity Lcool of the star (Page et al., 2006,
2009). The solid horizontal lines in the middle and bottom panels show the measured
P and Ṗ of the source respectively. These illustrative models achieve the current
rotational properties of the source at the ages shown by the vertical dotted lines.
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different Ṁin values) when the model sources reach their presently observed periods.
Furthermore, at the ages of the LPPs predicted in model (< 105 yr), the LX values
estimated from the theoretical cooling curves (Page et al., 2006, 2009; Potekhin &
Chabrier, 2018; Potekhin et al., 2020) remain above a few 1032 erg s−1 even without
contribution of the magnetar field decay (see Viganò et al., 2013). This LX level is
two orders of magnitude greater than ∼ 1030 erg s−1, the LX upper limit estimated
for J0901. For a crustal field stronger than 1013 G, LX is estimated to decrease
below the upper limit at an age > 1 Myr. Thus, Ronchi et al. (2022) model with
simplifying assumptions reproduces the rotational properties of these LPPs at the
expense of inconsistency with the LX upper limits (Rea et al., 2022).

Is there any evolutionary link between the LPPs and other neutron star populations?
In our model, evolutionary paths of the two LPPs pass through the ranges of LX

and rotational properties of AXP/SGRs at ages of a few 104 yrs, similar to the ages
estimated for present day AXP/SGRs (see Fig. 3.6). From the model curves, we
estimate that AXP/SGRs with relatively strong dipole fields (B0 ∼ 1013 G) evolve to
the GLEAM-X properties (Gençali et al., 2022), while an average AXP/SGR (B0 ∼
a few 1012 G) is likely to become a source similar to J0901 at t ∼ (6 − 8) × 105 yrs,
in a state close to the final inactivation of the entire disc. These evolutionary
paths leading AXP/SGRs to long periods were already predicted in our earlier work
(Benli & Ertan, 2016, see fig. 2 and 3). In this model, AXP/SGRs are not likely to
exhibit normal radio pulsar behaviour. Since most of these systems are estimated
to be in the WP phase at present, accretion on to the star prevents their normal
pulsed radio emission. On the other hand, after the transition to the SP phase, the
radio emission would not be hindered by accretion, but their rotational power is
not sufficient at their current long periods. In this late phase of evolution with very
low LX, detections in X-rays are not likely. Emission of the disc in the IR bands
is also weak because of the currently weak X-ray irradiation. In other words, if the
LPPs were not able to show their unusual transient radio emission, we probably
would not be aware of their existence. Long period neutron stars as endpoints of
evolution with fallback discs without transient activity must constitute an abundant
population, as is also the case for descendants of isolated radio pulsars which have
spun down below the pulsar death valley.

These results imply that the persistent AXP/SGRs are likely to be progenitors of
the LPP population. The birth rate of AXP/SGRs is estimated to be ∼ 3 kyr−1

(Keane & Kramer, 2008). Less than half of the known AXP/SGRs are persistent
(11 sources; Olausen & Kaspi, 2014, see Magnetar Catalogue)1 and can achieve long

1http://www.physics.mcgill.ca/~pulsar/magnetar/main.html
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periods. From the simulations, we estimate that the periods of LPPs could range
from a few 10 s to a few 103 s for the B0 range estimated for AXP/SGRs with the
same model. We have estimated the ages of the two LPPs around 5×105 yr, while
the AXP/SGR ages vary from ∼ 103 yr to a few 104 yr. We therefore estimate that
the number of LPP candidates could be an order of magnitude greater than that of
AXP/SGRs.

Our results imply that the X-ray luminosities of LPPs sharply decrease to below
∼ 1031 erg s−1 after ages of a few 105 yr. This means that older LPPs are not likely
to be detected in X-rays with present generation observatories, except for nearby
sources, and that they are not likely to show normal radio pulsar behaviour either.
Considering the differences in the observed P and estimated B0 of the two LPPs,
we estimate that a significant fraction of LPP candidates could show detectable
pulsed radio-burst epochs. However, the physical mechanism activating pulsed-
radio emission and the recurrence times of the radio epochs are not known yet, one
is not able to make statistical predictions about radio detections.

Conclusions:

We have shown that a neutron star evolving with a fallback disc and a conventional
dipole field (B0 ∼ 1012 G) can acquire the rotational properties of J0901 at an age
of ∼ (6 − 8) × 105 yr. Our results are not sensitive to the P0. The expected LX is
below the estimated LX upper limit of the source. Our model results indicate that,
like GLEAM-X, J0901 was also an AXP/SGR in the early phase of its evolution:
The LPPs are evolutionary descendants of AXP/SGRs. The model can reproduce
the properties of these sources with the same disc parameters (α = 0.045, C =
(1−7)×10−4, and Tp = 50−150 K) as those employed for the other young neutron
star populations in earlier work. All isolated neutron star populations including
AXP/SGRs, XDINs, HBRPs, CCOs, RRATs and the newly discovered LPPs can
be explained in the fallback disc model with similar parameters of disc physics. The
differences between the evolutionary paths arise from different initial conditions,
namely the initial disc mass, magnetic dipole moment, and the initial period. We
will continue to investigate the evolutionary links between all these populations in
more detail in future work.
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3.2 Model II with an Application to the Torque Reversals of 4U 1626–67

In this section, we will describe the critical conditions for the transition between the
rotational phases, the rin and torque calculations in the recently developed analytical
model (Model II; Ertan, 2017, 2018, 2021) together with its application to the torque
reversals of 4U 1626–67. This model will also be used to analyse the details of the
long-term evolutionary links among the NS families in Chapter 4.

Sections 3.2.1, 3.2.2, and 3.2.3 were published in Astronomy & Astrophysics, Febru-
ary 2022, Volume A13. A. A. Gençali, N. Niang, O. Toyran, Ü. Ertan, A. Ulubay,
S. Şaşmaz, E. Devlen, A. Vahdat, Ş. Özcan and M. A. Alpar
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3.2.1 Introduction

Neutron stars in low-mass X-ray binaries (LMXBs) receive matter from their com-
panion through the Roche-lobe overflow. The interaction between the magneto-
sphere and the accretion disk as well as the mass accretion onto the neutron star
govern the X-ray luminosity and the rotational behavior of the star (for a review of
disk accretion onto magnetic stars, see Lai, 2014). Comparing observations of these
systems with the theoretical models, it is estimated that there are mainly three ro-
tational phases of neutron stars in LMXBs; namely, the strong-propeller (SP), the
weak-propeller (WP), and the spin-up (SU) phases. In the SP phase, all the inflow-
ing mass is expelled from the inner boundary of the disk by the magnetic torques
and the star spins down. In the WP phase, most of the matter from the inner disk
is accreted onto the star, while the star slows down. In the SU phase, all the matter
arriving at the inner disk flows onto the star along the closed magnetic field lines
and the star spins up (Bildsten et al., 1997; Papitto & de Martino, 2020).

Accretion onto the star takes place when the inner disk radius, rin, is equal to
or smaller than the co-rotation radius, rco, at which the angular frequency of the
neutron star, Ω∗, equals the Keplerian angular speed, ΩK, of the disk matter. In the
models, for a given disk mass-flow rate, Ṁin, and magnetic dipole moment, µ, almost
all the rotational and accompanying radiative properties of the star depend on the
location of rin. The inner disc radius, rin, was conventionally estimated to be close to

the Alfvén radius, rA ≃
[
µ4/(GM Ṁ2

in)
]1/7

, determined by equating the magnetic
and viscous stresses. Here G is the gravitational constant and M is the mass of the
star (Davidson & Ostriker, 1973; Lamb, Pethick, & Pines, 1973). With rin = rξ = ξrA

and 0.5 ≤ ξ ≤ 1 (Arons, 1993; Ghosh & Lamb, 1979a; Illarionov & Siuniaev, 1975;
Ostriker & Shu, 1995), these models encounter the following difficulties in explaining
the characteristic X-ray luminosity, LX, and the rotational behavior of neutron
stars in LMXBs (Archibald et al., 2009; Bassa et al., 2014; Bildsten et al., 1997;
Jaodand et al., 2016; Papitto & de Martino, 2020; Papitto et al., 2013): (1) There is
ongoing accretion with rates that are much smaller than the rate corresponding to
the rA = rco condition; (2) for a broad range of accretion rates Ṁin (up to two orders
of magnitude depending on the ξ, η, µ, and P parameters described in Sect. 3.2.2),
spin-down continues while there is mass accretion onto the star; (3) the transition
to the SP phase takes place at very low Ṁin when rA ≫ rco (Archibald et al., 2015;
Bassa et al., 2014; Papitto & de Martino, 2020; Papitto et al., 2015); (4) transitions
occur between the spin-up and spin-down regimes with similar torque magnitudes
without a significant change in LX (Bildsten et al., 1997; Camero-Arranz, Finger,
Ikhsanov, Wilson-Hodge, & Beklen, 2010; Chakrabarty, Bildsten, Finger, et al., 1997;
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Chakrabarty, Bildsten, Grunsfeld, et al., 1997; Deeter, Boynton, Lamb, & Zylstra,
1989; İnam, Şahiner, & Baykal, 2009; Takagi et al., 2016).

In the early detailed models of disk-field interaction, accretion disks were assumed
to be threaded by the closed magnetic field lines of the star (Ghosh & Lamb, 1979a,
1979b). Later, Y. M. Wang (1987) showed that this picture is not self-consistent
because the winding of the toroidal field lines resulting from the disk-field interaction
would destroy most of the disk. Magnetically threaded disk models also encounter
difficulties in attempting to explain the abrupt torque reversals corresponding to
small changes in the accretion rate. A series of works showed that the field lines
interacting with the inner disk tend to inflate and open up when the toroidal field
strength becomes comparable to that of the poloidal field (Aly & Kuijpers, 1990;
Lovelace et al., 1995; Lynden-Bell & Boily, 1994; Uzdensky, 2002; van Ballegooijen,
1994). In the model proposed by Lovelace et al. (1995), this result was found to
be applicable to the propeller phase as well (Lovelace et al., 1999; Ustyugova et al.,
2006). In this model, the field lines and the inner disk interact in a narrow boundary
region with ongoing opening and reconnection cycles of the magnetic field lines on
dynamical timescales, while the field lines are decoupled from the disk outside the
boundary region (see Sect. 3.2.2). This model was supported by the results of
the numerical simulations (Goodson, Winglee, & Böhm, 1997; Hayashi, Shibata, &
Matsumoto, 1996; Miller & Stone, 1997).

Adopting the basic principles of the model proposed by Lovelace et al. (1995, see
Sect. 3.2.2), it was shown through analytic calculations within a new torque model
that a steady SP phase can be established with a value of rin that is much smaller
than rA (Ertan, 2017, 2018). Applying this model to the transitional millisecond
pulsars (tMSPs), the critical Ṁin level for the SP-WP transition was found to be
consistent with the estimated accretion rates and the torque variations corresponding
to transitions between the radio pulsar and X-ray pulsar states (Archibald et al.,
2009; Bassa et al., 2014; Jaodand et al., 2016; Papitto & de Martino, 2020; Papitto
et al., 2013). The extended version of this model, including the SU phase as well,
can also account for the general torque-reversal characteristics summarized above
(Ertan, 2021). The model estimates of rin are seen to be much smaller than the
conventional rA in the SU phase as well. It is only for a narrow range of Ṁin,
around the torque-reversal that rin is found to trace rξ (for details, see Ertan, 2021).

In this subsection, we investigate the detailed torque-reversal behavior of 4U
1626–67 in the model proposed by Ertan (2021). Overall, 4U 1626–67 seems to
be the best source for testing the thin disk torque-reversal models (for a detailed
discussion, see Camero-Arranz et al., 2010), as the source shows torque reversals
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purely by disk torques due to the lack of wind accretion from the companion. In
addition, there are many period derivative and X-ray luminosity measurements avail-
able on either side of the torque reversal (Camero-Arranz et al., 2010; Takagi et al.,
2016). 4U 1626–67 was first discovered with Uhuru in 1972 (Giacconi et al., 1972)
in a 42 min ultracompact binary system, accreting matter from a companion with
mass M ∼ 0.04 M⊙, with some uncertainties depending on the inclination angle
of the LMXB (Chakrabarty, 1998; Chakrabarty, Bildsten, Grunsfeld, et al., 1997;
Levine et al., 1988; Middleditch, Mason, Nelson, & White, 1981). With a spin
period of P = 7.66 s (Rappaport et al., 1977), the source shows torque reversals
without a significant change in its X-ray luminosity (LX ∼ 1036 − 1037 erg s−1;
Camero-Arranz et al., 2010; Chakrabarty, Bildsten, Grunsfeld, et al., 1997). The
distance is estimated to be in the 5 − 13 kpc range (Chakrabarty, 1998; Takagi
et al., 2016). Magnitudes of the measured period derivatives are in the range of
1.8×10−12 < |Ṗ | < 1.3×10−10 s s−1 (Takagi et al., 2016, and references therein).

The detection of double-peaked emission lines in the X-ray band indicates the pres-
ence of an accretion disk (Schulz et al., 2001). A cyclotron line detected at ∼ 37 keV
corresponds to a surface magnetic field strength of B ∼ 3 × 1012 G (Coburn et al.,
2002; D’Aì, Cusumano, Del Santo, La Parola, & Segreto, 2017; Orlandini et al.,
1998). While the X-ray flux increased by a factor of ∼ 3 from 2006 to 2010, no con-
current changes in the magnetic field strength, as inferred from cyclotron line ener-
gies, accompanied the flux changes and associated torque reversals (Camero-Arranz
et al., 2012). The range of inner disk radii recently estimated for 4U 1626–67 from
the double-peaked emission lines observed with Chandra/LETGS (Hemphill, Schulz,
Marshall, & Chakrabarty, 2021) indicates that rin ≃ rco for plausible neutron star
masses within the uncertainty in the disk inclination angle. During the torque re-
versals, the shape of the pulse profile changes, which could be a sign of a change in
the emission geometry of the accretion column (Beri, Jain, Paul, & Raichur, 2014;
Koliopanos & Gilfanov, 2016).

We summarize the model (Ertan, 2021) in Sect. 3.2.2 and discuss our results together
with a summary of other torque-reversal models in Sect. 3.2.3. Our conclusions are
summarized in Sect. 3.2.3.

3.2.2 The Model II

For the inner disk radius, rin, and the torque calculations, we used the model that
was previously developed for neutron stars accreting from geometrically thin accre-
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tion disks (for details, see Ertan, 2017, 2018, 2021). We describe the model in brief
as follows. The inner disk interacts with the magnetic field lines in a boundary layer
between rin and rin + ∆r. In this region, the closed field lines cannot slip through
the disk since the interaction time-scale, τint ≃ |Ω∗ − ΩK|−1, is orders of magnitude
shorter than the diffusion time-scale of the magnetic field lines (Fromang & Stone,
2009). In this boundary region, field lines inflate and open up within τint. In the SP
phase, matter can be expelled from the inner disk along the open field lines. The
open field lines reconnect on a dynamical timescale comparable to τint, completing
the cycle. The field lines are decoupled from the disk at radii greater than rin +∆r

(Lovelace et al., 1999; Ustyugova et al., 2006).

A strong-propeller mechanism can be sustained at rin > rco = (GM/Ω2
∗)1/3, provided

that the field lines can throw out all the matter flowing into the boundary region.
This requires that the field lines are able to force the matter into co-rotation in the
interaction boundary. The maximum inner disk radius, rin,max, at which this strong-
propeller mechanism is satisfied is determined by the implicit condition (Ertan,
2017):

(3.2) R
25/8
in,max |1−R

−3/2
in,max| ≃ 1.26 α

2/5
−1 M

−7/6
1.4 Ṁ

−7/20
in,16 µ30 P −13/12,

where Rin,max = rin,max/rco, and α−1 = (α/0.1) is the kinematic viscosity parameter,

M1.4 = (M/1.4M⊙), Ṁin,16 = Ṁin/(1016 g s−1), µ30 = µ/(1030 G cm3), and P is
the rotational period of the star. We define rη ≡ η rin,max, where η ≤ 1 is likely
to be close to unity because of the sharp variation of magnetic torques with radial
distance. In the SP phase, rin = rη is always found to be much smaller than rξ = ξrA.
For a given dipole field strength, the dependence of rin on Ṁin is much weaker than
that of rA ∝ Ṁ−2/7 in the SP phase.

The speed of the closed field lines rotating with the star is greater than the escape
speed, vesc, outside the radius r1 = 1.26 rco, while it is smaller than the value of
vesc between rco and r1. A steady-state SP phase is possible only with rin > r1. In
the case that rin is instantaneously between rco and r1, the field lines can effectively
throw the matter from the inner disk, while the matter returns back to the disk
at larger radii. Due to the growing pile-up of this matter, the inner disk moves
inwards down to rin = rco, eventually switching to accretion mode, and then the
system enters the WP phase. The SP-WP transition takes place when rin = rη = r1,
and rξ is much greater than rη and rco. In the WP phase, the inner disk cannot
penetrate inside rco, while matter flows to the star from rco. For the inner disk to
protrude inside rco, the viscous stresses should dominate the magnetic stresses at
this radius. With increasing Ṁin, rξ approaches rco in the WP phase. The inner disk
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starts to propagate inwards of rco when Ṁin exceeds the critical rate corresponding
to rξ = rco (for details, see Ertan, 2021). The torque reversal takes place at a certain
Ṁin, when rin = rco, and rξ is close to rco depending on the actual value of ξ.

In the SU phase, a steady rin cannot be established at rξ beyond a certain Ṁin

level. The inner disk extends inwards opening the field lines until rin = rη, which
is the stable inner disk radius corresponding to the same accretion rate Ṁ∗. For
higher accretion rates, rin tracks rη, which could be several times smaller than rξ

depending on the magnetic dipole moment and the period of the source. Considering
that the field lines are decoupled from the disk for r > rin + ∆r, we estimate that
the spin-down torque, ΓD, switches off when rin enters inside rco by a small radial
extent comparable to ∆r (for a detailed description, see Ertan, 2021).

The total torque acting on the star can be expressed as:

(3.3) Γ = − µ2

r3
in

(
∆r

rin

)
+
√

GMrin Ṁ∗ +Γdip,

where the first term is the spin-down torque, ΓD, produced by the interaction be-
tween the inner disk and the magnetic field of the star in the narrow boundary
region with radial width ∆r < r. The second term is the spin-up torque, Γacc, as-
sociated with the mass accretion from the inner disk onto the star (Pringle & Rees,
1972). We note that Ṁ∗ is the accretion rate onto the star, while Ṁin denotes mass
inflow-rate of the disk. The magnetic dipole torque, Γdip ≃ −2µ2Ω3

∗/3c3, where c

is the speed of light, also contributes to the spin-down torque, and this is, in most
cases, negligible in comparison with ΓD. In the SP phase (rin = rη > r1), there is
no mass accretion onto the star and thus Γacc = 0. In the WP phase, both spin-up
and spin-down torques are active with rin = rco. In this phase, with an increasing
accretion rate, |Γacc| increases, while |ΓD| remains constant, since rin = rco persists
for a large Ṁ∗ range in the WP phase. Eventually, at a certain Ṁ∗, the spin-up and
spin-down torques are balanced, and the system makes a transition to the SU phase
(torque reversal). We note that the torque reversal does not necessarily take place
when rξ is exactly equal to rco. Nevertheless, our results indicate that these two
radii are close to each other during the torque reversals. With increasing Ṁin, rin

enters inside rco tracking rξ for a narrow range of Ṁ∗. Outside this Ṁin range, rin is
significantly smaller than rξ, depending on B, P, and Ṁin (for a detailed description,
see Ertan, 2021).
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Figure 3.7 Torque reversal of 4U 1626–67 for different ξ values. The model parame-
ters are B = 3 × 1012 G, ∆r/r = 0.2 , η = 1 , d = 5.3 kpc. We obtained the data
from Takagi et al. (2016, and references therein). For both models, the spin-down
torque is inactivated when rin = rco − ∆ r/2 (see the text for details).
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3.2.3 Application to the Torque Reversals of 4U 1626–67

We take the measured Ṗ and bolometric X-ray flux, Fx,bol, values of the source from
Takagi et al. (2016, and references therein). The distance, d, has an estimated range
from 5 to 13 kpc (Chakrabarty, 1998; Takagi et al., 2016). Our model calculations
are sensitive to Ṁ∗ (and thus to the distance). The Fx,bol values are converted to
bolometric X-ray luminosity and Ṁ∗ using LX = 4 π d2 Fx,bol = GMṀ∗/R∗

neglecting beaming effects. The beaming correction was estimated to be at most
50% for Her X-1 (Basko & Sunyaev, 1975). Due to similarity of the two sources,
Takagi et al. (2016) estimated a similar correction for 4U 1626–67. In this case, we
obtain reasonable model fits with somewhat larger distances. For instance, if the
actual beaming correction is 50%, the same model fit given in Fig. 3.7 is obtained
with a ∼ 40% larger distance (∼ 7.5 kpc), while still remaining within the estimated
distance range. In our model, the relation between the torques and the accretion
rates is obtained for steady-state disks. Torque reversals are short-term events
and during these transitions, there could be fluctuations in the local mass inflow
rate, X-ray luminosity, and structure of the inner disk that could deviate from
the steady-state disk properties. Since these time-dependent fluctuations are not
addressed in our model, we looked for the seemingly best fits to the observed data
without performing a χ2 test. We obtained the model curves in Fig. 3.7, tracing
the critical Ṁ∗ values for the torque reversal and the corresponding B values for the
period of 4U 1626–67. It is seen in Fig. 3.7 that the model produces the observed
torque reversal of 4U 1626–67 quite well. Reasonable model curves are obtained
with B ≃ 3×1012 G, and the torque-reversal takes place at Ṁ∗ ≃ 1.9×1016 g s−1 ,
which corresponds to d ≃ 5.3 kpc. For larger distances, d, which require greater B

and higher Ṁ∗ values during the torque reversal, the model cannot reproduce the
observed Ṁin − Ṗ relation (see Fig. 3.8).

The critical Ṁin for the torque reversal is sensitive to the ξ parameter. For 0.63 <

ξ < 1, the torque reversal takes place when rin = rco and rξ ≳ rco with reasonable
model fits. For instance, for the models seen in Fig. 3.7, the WP-SU transitions take
place when, rξ ≃ 1.07 rco for ξ = 0.68 and rξ ≃ 1.27 rco for ξ = 0.80. For this range
of ξ, the rotational equilibrium is obtained at the same Ṁin. For 0.50 < ξ < 0.63,
rξ penetrates within rco while the spin-down torque is still dominant. In this case,
the spin-down torque is switched off and the torque changes sign at a relatively low
value of Ṁin. This type of torque reversal gives reasonable model curves only for
a very narrow range of ξ (0.60 − 0.63), favoring rin = rξ and rξ ≲ rco during the
torque reversal.
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In Fig. 3.7, the sharp increase in Ṗ in the spin-up regime is due to the inactivation
of the spin-down torque, ΓD, while the subsequent sharp decrease is produced by
the rapid inward propagation of rin from rξ to rη, as described in Sect. 3.2.2. Figure
3.7 illustrates how these features depend on the ξ parameter. The abrupt rise in
Ṗ during the SP-WP transition corresponds to the inward motion of rin from r1 to
rco, which results from the growing pile-up at the inner disk when rin gets into the
range between r1 = 1.26 rco and rco (See Sect. 3.2.2). The η parameter affects the
critical Ṁin for the SP-WP transition, while it does not change the critical Ṁin or
the morphology of the torque reversal. With smaller η values, the SP-WP transition
takes place at lower Ṁin levels.

Illustrative model curves showing the dependence of torque-reversal characteristics
on the model parameters were given by Ertan (2021). These model curves indicate
that the morphologies of the torque reversals are likely to be similar for sources
with very different dipole moments, periods, and accretion rates during the torque
reversals, assuming that all these systems have similar ξ and η values and that they
are not affected by the winds of their companions. This is a testable prediction of
the model in addition to the abrupt torque variations without significant changes in
LX in the SU phase (see Fig. 3.7).

Recently, Benli (2020) showed that the torque-reversal behavior of 4U 1626–67 can
be accounted for based on the assumption that rin remains equal to rco before and
after the torque reversal without addressing the physical reason for this behavior and
the condition for rin to penetrate inside rco. Investigating the functional behavior of
the torque reversal of the same source, Türkoğlu, Özsükan, Erkut, and Ekşi (2017)
found that the torque variation as a function of Ṁ∗ contradicts the estimates of the
conventional models that assume the torque reversal occurs when rξ = ξrA = rco.

There have been different proposals and models proposed to explain the physical
mechanism of the torque reversal. The transition of a warped disk into a retrograde
regime was suggested as the reason for the spin-up-spin-down transition (Beri, Paul,
& Dewangan, 2015; Chakrabarty, Bildsten, Grunsfeld, et al., 1997; Makishima et al.,
1988; Nelson et al., 1997; van Kerkwijk, Chakrabarty, Pringle, & Wijers, 1998; Wi-
jers & Pringle, 1999). The difficulty related to this model is that there is evidence
for the presence of a prograde disk in the spin-down phase from the quasi-periodic
oscillation analysis (van Kerkwijk et al., 1998). Another idea is related to the vari-
ation of rin due to transitions of the inner disk between the optically thin and thick
regimes (H. L. Dai & Li, 2006; Vaughan & Kitamoto, 1997; Yi & Vishniac, 1999;
Yi, Wheeler, & Vishniac, 1997). In this model, the inner disk is Keplerian in the
optically thick state, while the mass inflow is spherical-like and sub-Keplerian in the
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optically thin state. For 4U 1626–67, with a high accretion rate ( Ṁin > 1016 g s−1)
and large radius (rin ∼ 7 × 108 cm) during the transition, the inner disk is likely
to be optically thick. For comparison, tMSPs are estimated to have optically thick
disks in their sub-luminous (LX ∼ 1033 erg s−1) LMXB states with rin ∼ 20 km
(Papitto & de Martino, 2020). Lovelace et al. (1999) proposed that the spin-down
torque is produced by a strong propeller mechanism throwing most of the inflowing
matter out of the system when rin > rco. The propeller mechanism is switched off,
accretion onto the star is allowed, and the star spins up when rin < rco. The tran-
sitions between the two phases, which are stochastic in nature, could take place at
different accretion rates, with small variations in the disk mass-flow rate or in the
magnetic field configuration. This model can reproduce the transitions with com-
parable torque magnitudes, but has trouble when it comes to the observed torque
reversals with small variation in LX.

In the model proposed by Perna, Bozzo, and Stella (2006), the disk-magnetosphere
interaction for an oblique rotator leads to a cyclic variation in the accretion-rate,
Ṁacc, while the mass-flow rate from the outer disk is constant. In this model, in
the propeller phase, a fraction of the inflowing matter that is ejected from the inner
disk returns to the disk at larger radii, which is the reason for the Ṁacc variation.
Neglecting the magnetic torques, Perna et al. (2006) proposed that the changes in
the material torques arising from the accretion-propeller transition that is due to the
changes in Ṁacc could be responsible for the observed torque reversal. As discussed
by these authors, during the torque-reversal, a significant LX variation is estimated
in the model, which is not in agreement with the observed torque reversal of 4U
1626–67. We do not encounter this luminosity problem in our model because there
is mass accretion onto the star on either side of the torque reversal.

Conclusions:

In this subsection, we show that the torque reversal behavior of 4U 1626–67, the only
source known thus far with Roche-lobe overflow and a likely thin disk, and observed
through torque reversals, can be reproduced in the comprehensive model developed
by Ertan (2021) that expands upon earlier works on the SP/WP transition (Ertan,
2017, 2018) to include the torque reversal and the SU phase as well. The model
calculates the inner disk radius, torque, and X-ray luminosity as functions of the
mass-flow rate for neutron stars accreting from steady, geometrically thin accretion
disks. In the model, the observed torque reversals are produced naturally when the
system makes transitions between the WP and SU phases with an accretion disk
that remains geometrically thin (optically thick) across the torque reversal. We
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Figure 3.8 Illustrative model curves with torque-reversals corresponding to Ṁin val-
ues. The blue model curve is the same as given in Fig. 3.7b (∆r/r = 0.2 , η = 1
and ξ = 0.8). The black curve is also obtained with the same disk parameters, but
for a larger distance that requires a stronger B and a higher Ṁin during the torque
reversal. The magnetic field B and distance d values used in the models are given
in the figure. It is clearly seen that the model with the larger d cannot reproduce
the data (grey data points).

46



have obtained reasonable model curves with B ≃ 3×1012 G and d ≃ 5.3 kpc, which
produce the torque reversal at an accretion rate of Ṁ∗ ≃ 1.9×1016 g s−1 (Fig. 3.7).
This field strength is in agreement with the B values estimated from the observed
cyclotron lines in the (2.4 − 6.3)×1012 G range (Chakrabarty, 1998; Coburn et al.,
2002; D’Aì et al., 2017; Orlandini et al., 1998) and the distance is close to the lower
edge of the estimated distance range of 5 − 13 kpc (Chakrabarty, 1998; Takagi et
al., 2016).

We find that rin = rco, and rξ is close to, but not necessarily equal to rco during the
torque reversal. A strong indication in support of our model results is that both spin-
down and spin-up torques are operating on either side of the torque reversal. The
spin-down torque produced by the disk-field interaction remains roughly constant
during the WP phase and across the torque reversal. With increasing Ṁ∗ in the WP
phase, the accretion torque gradually dominates the spin-down torque, decreasing
the magnitude of the net spin-down torque, and eventually the neutron star makes
a transition to the SU phase. The magnitudes of the net spin-down and spin-up
torques on either side of the transition are found to be naturally commensurate in
this model.

3.3 Long-term Evolution with Model II

3.3.1 A Comparison with Model I

Details of Model I and Model II are described in Sections 3.1.1 and 3.2.2 respectively.
Here we summarise the differences between these two models in the torque and LX

calculations in the SU, WP, and SP phases, as well as in the critical conditions for
the transition between these phases.

Spin-Up (SU) Phase:

During the long-term evolution, isolated NS populations almost never enter this
phase. In Model I, rin = rco when accretion is allowed in both spin-up and spin-
down regimes. In Model II, there is a well-defined condition for rin to penetrate into
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rco (see Section 3.2.2), which also approximately corresponds to WP/SU transition
(torque reversal) in this model. With increasing Ṁin above this critical level, rin

approaches the star as described in Section 3.2.2.

Weak-Propeller (WP) Phase:

In this phase, rin = rco and all the inflowing mass is accreted on to the star from
this radius in both models. When, Model I was developed there was no well-known
theoretical condition for WP/SP transition that is consistent with observations. The
Ṁin level corresponding to rA = rco was assumed to be the critical condition for the
WP/SU transition, and system remains in the WP phase when rco < rA < rLC. In
Model II, the WP/SP transition condition is rin = r1, and rin = rη is calculated
from Equation 3.2 in the SP phase. Depending on the B0 and current P values, the
source could remain in the WP phase for a large range of Ṁin while rin = rco, and
for given Ṁin and B0, the net torque acting on the star as well as LX are found to
be similar in the two models.

Strong-Propeller (SP) Phase:

For both models, LX = Lcool in this phase. In Model I, ΓD is calculated replacing rA

with rLC in Eq. 3.1 while rin ≃ rco in the SP phase. This is equivalent to the case that
rin ∝ Ṁ

−1/3
in while ΓD equals the magnetic torque integrated between the current rin

and rLC. In Model II, rin = rη (Eq. 3.2), and ΓD is found by integrating the magnetic
torques within a narrow interaction boundary with radial width ∆r < rin in the SP
phase. Due to the sharp rin dependence of the magnetic torques, ΓD is found to
be similar in the two models for given rin, Ṁin, and B0 values. Nevertheless, Ṁin

dependence of rin in the SP phase is different in the two models. From Eq. 3.3, it
can be shown that rin ∝ Ṁ

−14/125
in in Model II. This leads to a disparity in rotational

evolutionary routes in the two models. From the demonstrative model curves given
in Fig. 3.9, it is seen that the Ṗ decay with decreasing Ṁin is faster in Model I. This
discrepancy gives rise to additional evolutionary links in Model II (see Section 4.2).

Both models can produce the properties of a given source with small differences
in the initial conditions. For instance, rotational properties of a particular source
can be reproduced with a somewhat higher B0 (within a factor of ∼ 2) in Model II
than in Model I. To reproduce different source properties in a self-consistent way,
the minimal cooling curve works better in Model I, while better results are obtained
with maximal cooling curve in Model II (Page et al., 2006, 2009). In addition,
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Figure 3.9 Illustrative model curves for Model I and Model II. For all the curves,
α = 0.045, C = 7×10−4, Tp = 67 K, P0 = 0.3 s, and Md = 3.2×10−6 M⊙. For Model
II we take, ∆r/r = 0.25 , η = 0.7 , and ξ = 0.7. The B0 values are given in the
upper panel. Solid and dashed segments of the curves correspond to the WP and
SP phases respectively.
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during the initial phases of evolution, the SP/WP transition requires greater P0

and/or higher Md for a given B0 in Model II. In both models, it is the value of B0

that yields characteristic distinctions in the long-term evolutionary avenues, which
are discussed in the following section.

3.3.2 Effects of the Initial Conditions on the Long-term Evolution

The disc parameters α, C, and Tp are discussed in Section 3.1.1. These parameters
are estimated to be similar for the fallback discs of different NS populations. In our
earlier work, we obtained reasonable results with α = 0.045, C = (1−7)×10−4, and
Tp = 50 − 150 K for all NS populations (Benli & Ertan, 2016, 2017, 2018a, 2018b;
Ertan et al., 2014; Gençali & Ertan, 2018, 2021; Gençali et al., 2022, 2023; Özcan et
al., 2020). A detailed parameter study with illustrative model curves can be found
in e.g. Ertan et al. (2009a), Ertan et al. (2014), and Benli and Ertan (2016).

In this section, we will show how the initial conditions, namely B0, Md, and P0, alter
the long-term evolutionary paths. In this study, we take α = 0.045, C = 1 × 10−4,
and Tp = 50 K for all illustrative model sources.

Initial period, P0:

We obtained the model curves in Fig. 3.10 by changing P0 only. The dashed and
solid curves show the SP and WP phases respectively. For given B0 and Md, there
is a critical P0, such that the sources with P0 longer than this critical value starts
its evolution in the WP phase, while the sources with smaller P0 are in the SP
phase during the initial phase of evolution. This critical P0 is around 200 ms for the
sources (B0 = 6×1011 G, Md = 9.6×10−6 M⊙) seen in Fig. 3.10.

For the systems that enter the WP phase at an early time of the evolution, the
rotational properties achieved in the late phases of evolution, with P ≳ several
seconds, are not sensitive to P0. For instance, in Fig. 3.10, the sources with P0

values of 0.3 and 0.7 s are seen to evolve converging to the same P and Ṗ levels.
These sources make a transition from the WP phase to the SP phase at an age
∼ 2 × 105 yr. Afterwords, their X-rays are produced by Lcool. In Fig. 3.10, the
sources with P0 values of 0.03 and 0.1 s are evolving in the SP phase over their
entire lifetime. These sources also show similar rotational and LX evolution.
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Figure 3.10 Illustrative model curves for different P0 values (given in the upper
panel). For all the curves, ∆r/r = 0.25, η = 0.7, ξ = 0.7, α = 0.045, Tp = 50 K,
C = 1×10−4, B0 = 6×1011 G, and Md = 9.6×10−6 M⊙. The dotted black curve in
the top panel shows the theoretical maximal cooling curve (Page et al., 2006, 2009).

Disc mass, Md:

For numerical calculations, we initially set rout = 5 × 1014 cm. After the first time
step, the dynamical outer radius of the disc, rout, tracks the radius at which currently
Teff = Tp. The initial disc mass is calculated by integrating the disc surface density
profile, Σ(r) = Σ0(r/rin)−3/4, from rin to rout = 5× 1014 cm. That is, the Md value
for a particular source may not reflect the actual initial mass of the disc. For a
sufficiently large initial rout, it is the value of Σ0 that determines the Ṁin, and
thus LX evolution of that source. A relatively high value of Md yields Ṁin and LX

evolutions at higher levels.

We obtained the model curves in Fig.3.11 for different Md values, using the same
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B0 and P0 values. For the sources starting the evolution in the WP phase, there
is a critical minimum Md. For smaller Md the sources initially evolves in the SP
phase. For instance, for the model parameters given in Fig. 3.11, this critical Md is
∼ 10−5 M⊙. It is seen that the evolutionary paths passing through the WP phase
reach relatively long periods. For these sources, the rotational properties acquired
in the late phases of evolution are not sensitive to Md. It is seen in Fig. 3.11,
that about an order of magnitude difference in Md does not change the rotational
evolution significantly. Similarly, P and Ṗ evolutions of the sources in the SP phase
are not sensitive to LX history either.
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Figure 3.11 Illustrative model curves for different Md values. For all the curves,
∆r/r = 0.25, η = 0.7, ξ = 0.7, α = 0.045, Tp = 50 K, C = 1 × 10−4, P0 = 0.3 s,
and B0 = 6 × 1011 G. The Md values are given in the upper panel. Dotted black
curve in the top panel shows the theoretical maximal cooling curve (Page et al.,
2006, 2009).
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Magnetic dipole field strength, B0:

In Fig. 3.12, the models are generated with different B0 values without changing
Md and P0. As seen in the figure, small differences in B0 yield significant varia-
tion in the rotational evolutionary curves. The value of B0 seems to be the most
important factor that determines the fate of the sources basically through the in-
teraction between the inner disc and the magnetosphere of the source. Because ΓD,
the dominant torque in both SP and WP phases, is very sensitive to B0.

For given P0 and Md values, there are three different typical evolutionary avenues
depending on the dipole field strength B0: (i) SP+WP+SP with high B0 values.
Initialy, high B0 prevents the penetration of the inner disc into r1, and these sources
begin their evolution in the SP phase. Strong spin-down torque ΓD associated with
high B0, rapidly slows down the sources. The inner disc approaches and eventually
penetrate into r1 taking the system from the SP to the WP phase. After a long-term
evolution in the WP phase, the star returns to the SP phase below a certain Ṁin.
(ii) Permanent SP phase with intermediate B0 values. For these systems, the dipole
field is strong enough to keep the inner disc outside r1, while it is not sufficiently
strong for rin to catch r1 during the entire evolution. These sources always remain in
the SP phase. (iii) WP+SP with low B0 values. The dipole field is sufficiently weak,
such that, initially rin < r1 and the evolution starts in the WP phase. Like in case
(i), the star enters the SP phase below a critical Ṁin level. For very low B0 values
(≲ 1010 G), the evolution could start in the SU phase as well. With decreasing Ṁin,
the system reaches the rotational equilibrium, and subsequently makes a transition
to the WP phase. Finally, when Ṁin decrease below a critical level the source enter
the SP phase.

These evolutionary paths described above can be seen from Fig. 3.12. Sources with
B0 ≳ 3 × 1012 follow the evolutionary path (i). Evolutionary curves with B0 ∼
6 × 1011 − 2 × 1012 G show the evolution described in case (ii). The sources with
B0 ≲ 5 × 1011 G evolve as described in case (iii). It is important to note that these
ranges of B0 values depend on the other initial conditions.

In Fig. 3.12, it is also seen that the periods of the sources with extremely strong B0

(≳ 1013 G) increases sharply, which is not consistent with the rotational behaviour
of AXP/SGRs and other NS populations. This is the main reason for the fallback
disc model to explain the source properties of these systems only with conventional
dipole field strengths.

Some sources could approach the rotational equilibrium in the WP phase depending
on the values of Md and B0. This happens when Γacc becomes comparable to the
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ΓD. This leads to a transient decrease in the magnitude of the net spin-down torque.
The minimum in the upper Ṗ curve (B0 = 1 × 1013 G) in Fig. 3.12 is produced by
this effect.
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Figure 3.12 Illustrative model curves for different B0 values (given in the upper
panel). For all the curves, ∆r/r = 0.25, η = 0.7 , ξ = 0.7, α = 0.045, Tp = 50 K,
C = 1 × 10−4, P0 = 0.3 s, and Md = 9.6 × 10−6 M⊙. The dotted black curve in the
top panel shows the theoretical maximal cooling curve (Page et al., 2006, 2009).

In the following chapter, evolutionary links between the isolated NS populations will
be discussed on the P − Ṗ diagram with the curves obtained with both models.
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4. LONG-TERM EVOLUTIONARY LINKS BETWEEN THE

ISOLATED NEUTRON STAR POPULATIONS

This chapter will be submitted to a scientific journal with some modifications.

4.1 The Birth Rates of the Isolated NS Populations

NSs are formed by core collapse supernovae (CCSN). In our galaxy, the rate of CCSN
is estimated to be βCCSN ∼ 1.9±1.1 century−1 (Diehl et al., 2006; Rozwadowska et
al., 2021). It is assumed that approximately 80% of this rate corresponds to the
formation of the isolated NSs. Sources are classified into different populations based
on their unique observed properties. Statistical calculations and Monte Carlo simu-
lations have been performed to estimate the birth rates of different NS populations
(Beniamini et al., 2019; Faucher-Giguère & Kaspi, 2006; Gullón et al., 2014; Jawor
& Tauris, 2022; Lorimer et al., 2006; Vranesevic et al., 2004).

In most studies, the birth rate of radio pulsars, βPSR, is estimated under the as-
sumption that they evolve in a vacuum with dipole torques. Simulation results are
interpreted on the P − Ṗ diagram. It is assumed that synthetic sources evolving
on the P − Ṗ diagram could not be detected when they lose their ability to emit
radio pulsations as they approach the pulsar death line and/or become too faint in
the radio band. To maintain a steady-state condition consistent with the observed
radio pulsars and age of the Galaxy, the flow of radio pulsars across the P − Ṗ

diagram can be considered as a “current” obeying a continuity equation (Phinney
& Blandford, 1981; Vivekanand & Narayan, 1981). This current equals the rate of
the sources formed as radio pulsars minus the rate of sources that lose their radio
abilities. From this assumption, the maximum value of this current is estimated
to be the βPSR, which varies depending on the models and assumptions taken into
account (e.g. Galactic electron density distribution and the beaming fraction). The
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estimated birth rates for radio pulsars are in the range of 1−3 century−1 (Faucher-
Giguère & Kaspi, 2006; Keane & Kramer, 2008; Lorimer et al., 2006; Popov et al.,
2006; Vranesevic et al., 2004).

Total numbers of the RRATs are assumed to be a factor of those of radio pulsars
(NPSR ∼ (1 − 3) NRRAT) (Keane & Kramer, 2008; McLaughlin et al., 2006; Popov
et al., 2006; Vranesevic et al., 2004). The birth rate can be written as β ≈ N/τ ,
where τ and N are average active lifetimes and the total number of sources in a
given population respectively. For RRATs, τRRAT is estimated to be ∼ 5 × 106 yr
(Popov et al., 2006). From the formula, βRRAT is estimated to be 1 − 6 century−1

(Keane & Kramer, 2008; Popov et al., 2006). Additionally, it appears that the radio
pulsar region serves as a transit route for most sources, and sources may spend less
time in the radio pulsar region than in the RRAT or XDIN regions (Popov, 2023).

Up to now, there are only 7 sources that have been identified as XDINs. All these
objects located within a distance of 500 pc. Their active life times are estimated to be
≈ 1 Myr from their current LX levels assuming they evolve with Lcool. Due to low LX

levels, it is hard to detect XDINs. Statistical calculations and population synthesis
have been conducted considering their distributions in the galaxy to estimate their
total number and birth rate. Results indicated that βXDINs ∼ 2.1±1century−1 (Gill
& Heyl, 2007; Keane & Kramer, 2008; Popov et al., 2006). Similar work have been
performed for AXP/SGRs as well. Birth rate of AXP/SGRs is estimated to be about
an order of magnitude lower than those of RRATs (Ferrario & Wickramasinghe,
2008; Gill & Heyl, 2007; Keane & Kramer, 2008; Kouveliotou et al., 1998; Muno,
Gaensler, Nechita, Miller, & Slane, 2008).

From these earlier studies, it is seen that the estimated total birth rate of the
isolated NS populations exceeds the βCCSN (Faucher-Giguère & Kaspi, 2006; Keane
& Kramer, 2008; Popov et al., 2006). To overcome this problem, it has been proposed
that there should be evolutionary connections, particularly between radio pulsars,
RRATs, and XDINs (Faucher-Giguère & Kaspi, 2006; Keane & Kramer, 2008; Popov
et al., 2006). Below, we investigate this problem in the frame of the fallback disc
model.
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4.2 Long-term Evolutionary Links Between the Isolated Neutron Star

Populations

The long-term evolutionary paths generated by Model I and Model II (see Chapter 3)
are presented in Fig. 4.1 and Fig. 4.2, respectively. In Model I, the curves are
obtained using the minimal theoretical Lcool curve (Page et al., 2006, 2009), with
the disc parameters α = 0.045, C = 7 × 10−4, and Tp = 67 K. While, in Model II,
we employ the maximal theoretical Lcool curve (Page et al., 2006, 2009) with the
disc parameters α = 0.045, C = 1 × 10−4, and Tp = 50 K. With these sets of disc
parameters, we obtain reasonable model curves that can reproduce the individual
source properties (LX, P , Ṗ , and n) simultaneously with both models. For all
model curves, the solid and dashed lines correspond to the WP phase (accretion is
allowed) and the SP phase (no accretion) respectively. Model II produces almost
all the evolutionary paths produced by Model I (Fig. 4.1). In most cases, Model II
yields evolutionary curves similar to those obtained with Model I. There are also
some additional different evolutionary routes estimated with Model II. Here, we
will discuss the evolutionary links between the NS families indicated by the results
obtained with Model II (see Fig. 4.2).

In Fig. 4.2, with some exceptions, the model sources evolving with relatively high
Ṗ values have stronger dipole fields, and reach longer periods. From Fig. 4.2, it is
seen that the sources with B0 ≳ 1 × 1012 G pass through the persistent AXP/SGR
region. The properties of these sources are reproduced during the WP phase (curves
1, 2, 3, 4, and 7). In this phase, ordinary radio pulses are estimated to be quenched
by mass accretion on to the star. Indeed, none of these sources show normal radio
pulsar behaviour. Few of them exhibit transient and unusual radio epochs (see the
related discussion in Sec. 3.1.4).

In the early phases of evolution, the model sources with relatively high B0 values
(≳ 1.5 × 1012 G) start their evolution in the SP phase and pass through the region
that contains HBRPs with Ṗ ≳ 10−12 s s−1 (curves 1 − 5). Some of these sources
evolve with increasing Ṗ in the SP phase and subsequently make a transition to the
WP phase (curves 1 − 4). In the late phases of evolution, they undergo a WP/SP
transition when Ṁin decrease below a critical level. Note that these sources (curves
1−4) evolve passing through persistent AXP/SGR region and have no evolutionary
links with known CCOs, RRATs, and XDINs. Nevertheless, they can evolve to long
periods achieving the properties of LPPs like GLEAM-X and GPM J1839–10. After
the transition to the SP phase, they remain below the pulsar death line, and cannot
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Figure 4.1 Evolutionary paths in the P − Ṗ diagram for Model I. For all models,
α = 0.045, C = 7 × 10−4, and Tp = 67 K. All these curves are obtained with Md =
3.2×10−6 M⊙ (except three curves, Md values in the unit of 10−6 M⊙ are given in
the figure), while values of B0 and P0 are given in the figure. Solid and dashed curves
represent the WP and SP phases respectively. The upper and lower boundaries of
the death valley are represented by red solid lines (K. Chen & Ruderman, 1993). For
comparison, constant τc and B0 lines, calculated from the dipole-torque formula, are
also given. The numbers on the model curves show the ages of the sources in units
of 105 yr. The markings on the curves indicate the periods at which the sources
cross the upper and lower boundaries of the death valley in our model. At the end
of the evolution, the constant-B0 lines indicate the actual B0 values of the sources.
The data for radio pulsars, AXP/SGRs, XDINs, RRATs, HBRPs and CCOs are
obtained from the ATNF Pulsar Catalogue (version 1.70, Manchester et al., 2005).
Recently discovered LPPs, GLEAM-X, J0901, and GPM J1839, are shown by filled
squares. The arrows on the GLEAM-X and GPM J1839 data points show the Ṗ
upper limits of the sources.
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Figure 4.2 Same as Figure 4.1. All the curves are obtained with Model II. For all
curves, α = 0.045, C = 1 × 10−4, Tp = 50 K, ∆r/r = 0.25, η = 0.7 , and ξ = 0.7.
All these curves are generated with Md ≃ 1 × 10−5 M⊙ (except for the curves 16
and 17, Md ∼ 1.6×10−6 M⊙). The values of B0 and P0 are given below the figure.
The numbers in circles are identified the curves for the discussion in the text.
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show ordinary pulsed radio emission. It is seen that the model curves sweeping the
AXP/SGR region crosses some HBRPs in the early phases of evolution.

The model curves 6−15 are produced with B0 values in the ∼ 3×1010 −1.3×1012 G
range. It is seen that these curves trace most of the RRAT population. These
curves connect only a small fraction of RRATs to the entire known XDIN population
(curves 6, 8, 9, 11). Like the high−B0 case, these model curves also traces some
HBRPs before they reach the RRAT region (curve 8). The sources with relatively
high B0 in this group can acquire the properties of LPPs similar to J0901 in the
late phases of evolutions (see curves 6). Depending mainly on P0 and B0 values,
these sources could start the evolution in either the SP phase or the WP phase.
Along the evolutionary paths 6, 8, 10, and 12, the sources always remain in the
SP phase. These routes indicate a significant connection between the normal radio
pulsars and RRATs, since there is no accretion on to the NS, and the pulsed radio
emission is allowed in the SP phase. The radio pulsar-RRAT-XDIN connection seen
in these simulations provides a natural solution to the birth-rate problem. These
populations have the highest estimated birth rates. It is interesting that the NSs
that can achieve the XDIN properties could be initially identified as radio pulsars,
HBRPs and possibly transient AXP/SGRs (with relatively low Ṗ values). Note
that, in the model, a system can be HBRP or radio pulsar only in the SP phase (see
curves shown by dashed curves in Fig. 4.1 and 4.2).

The model curves with lowest B0 values (∼ 109 G) pass through the CCO region.
CCOs are probably the youngest sources among the populations considering their
SNR associations. In our models, the sources with smallest B0 values could repro-
duce the rotational properties of CCOs (see curves 16 and 17 in Fig. 4.2, and Benli
& Ertan, 2018a). Depending on B0 and Md values, the evolution of these sources
could start in the SU or WP phase. Currently known CCOs are slowing down.
Nevertheless, some CCOs could be discovered in the SU phase in the early phase of
evolution. Due to very small Ṗ values, the periods of known CCOs are not likely
to change significantly over a long timescale (≳ 106 yr). After the WP/SP transi-
tion, CCOs could become normal radio pulsars or RRATs depending on their death
points inside the pulsar death valley. Note that, there are many RRATs within the
P range of CCOs with unknown Ṗ . There are also CCO candidates without P

and Ṗ measurements (see CCO catalogue1). Further observations are required to
understand the potential evolutionary links between RRATs and CCOs.

It is seen in Fig. 4.2 that the model curves with a continuous B0 distribution in
the a few 109 − 1013 G range sweeps out the regions of all the NS families. Among

1http://www.iasf-milano.inaf.it/~deluca/cco/main.htm
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these sources, the highest birth-rate is estimated for RRATs. Fig. 4.2 shows that
the model curves evolving through the entire RRAT region also pass through the
properties of the other populations except for persistent AXP/SGRs (with relatively
high Ṗ values). Since AXP/SGRs are estimated to have a relatively low birth rate
(see Section 4.1), their likely evolutionary links do not bring a solution to the birth-
rate problem. The evolutionary links especially with RRATs which have the highest
estimated birth-rate seem to be important in the estimation of the total birth-rate.

The birth-rate estimated for XDINs is smaller than, but close to that of RRATs. It
was proposed earlier that a fraction of RRATs could be progenitors of XDINs (see
Sec. 3.1.2). In Fig. 4.2, it is seen that the known XDINs could indeed be progenitors
of a small fraction of RRATs. Following the results obtained by Parfrey et al. (2016,
2017), it was proposed that the radio bursts of RRATs could be produced by the
penetration of the accretion disc into the light cylinder, which enhances the flux of
the open field lines through the magnetic poles of the star, and produce radio burst
occasionally (Gençali & Ertan, 2021). After the disc torques decrease below the
level to induce these short radio bursts, these RRATs are likely to become XDINs
which are hard to detect in the X-ray band due to their low LX levels at these ages
(≳ 106 yr). Their currently long periods do not allow pulsed radio emission either.
Indeed, no pulsed radio emissions have been observed from XDINs (Haberl, 2007;
Turolla, 2009). In this picture, note that only a small fraction of RRATs are evolving
into the region of known XDINs properties (Fig. 4.2), and XDIN phase is the final
phase of these systems which can be observed only if they are located at close
distances. In other words, XDINs are not expected to evolve to show radio pulsar
or RRAT properties. It is worth mentioning that RRATs with periods smaller than
XDIN periods could also gain XDIN properties with lower P values. Nevertheless,
most of these sources find themselves below the pulsar death line once the RRAT
activity terminates, making it challenging to detect them due to their low X-ray
luminosity levels at these ages. This means that there could be undetected XDINs
with short periods, evolved from RRATs. Further observations are needed to clarify
these possibilities.

Each radio pulsar has its own death point inside the death valley depending on its
dipole field geometry (K. Chen & Ruderman, 1993). A given source above this point
shows normal radio pulsar behaviour, while the pulses are switched off below the
death point. We estimate that the disc-magnetosphere interaction enhancing the
flux of the open field lines through the poles occasionally boost the sources above
their death points. If there were no disc effect, these NSs would find themselves
either inside or below the death valley (Gençali & Ertan, 2021). In our model, this
means that all radio sources evolving with fallback discs close to and below their
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death points are estimated to exhibit RRAT behaviour. Eventually, with increasing
rin, RRAT bursts are also likely to be switched off, and the sources enter the XDIN
phase. Note that, for some sources the lifetime of the fallback disc could terminate
when the sources above their death points. In this case, these radio pulsars continue
to emit radio pulses until they reach their death points by means of magnetic dipole
torques.

The possibility of evolutionary connection between the radio pulsars and RRATs
raises the question of whether these evolutionary curves are consistent with the
measured braking indices of radio pulsars and HBRPs. It was shown earlier that
P , Ṗ , LX, and n can be reproduced simultaneously for all HBRPs with measured
braking indices varying in the range of 0.7−2.9 (Benli & Ertan, 2017).

For the radio sources evolving in vacuum the braking index, n = 2 − PP̈/Ṗ 2, is
estimated to be close to 3. Long-term braking indices have been measured for
a limited number of the youngest pulsars (see Lyne, Graham-Smith, & Stappers,
2022, Table 5.1). Measuring the true braking indices of older pulsars is challenging
due to the small expected values of P̈ and the presence of glitches or timing noise,
which often obscure the long-term effects. The recoveries from glitches can lead
to considerable changes in P̈ values between glitches, resulting in braking indices
as large as many tens, which do not accurately represent the long-term rotational
evolution of pulsars. Recent observations indicate that n could be significantly larger
than 3 (Parthasarathy et al., 2020, 2019). For the model curves connecting radio
pulsars and RRATs in Fig. 4.2 (curves 8, 10−14) the braking indices traces a large
range from ∼ 1.5 to ∼ 500. During the late phase of evolution, n could become as
large as ∼ 500 due to the sharply decreasing Ṗ in this phase.

The evolutionary connections discussed above could be summarised as follows. With
a continuous B0 distribution in the range of a few 109 −1013 G all the single NS
populations can be reproduced in the fallback disc model with various evolutionary
links between these systems. Considering the birth-rate problem, it seems that
most important links are those that connect RRATs to the other systems, especially
XDINs and radio pulsars. Our results indicate that RRATs have evolutionary links
with almost all other populations except persistent AXP/SGRs which are relatively
low birth-rate. Most of RRATs could be radio pulsars, a small fraction could be
HBRP as well in their early phases of evolution, while a small fraction of RRATs
could evolve to the properties of currently known XDINs.

62



5. RESULTS & CONCLUSIONS

We have investigated the long-term evolutions and evolutionary links between the
isolated NS populations. Our results and conclusions can be summarised as follows:

Among the populations of isolated NSs, RRATs are estimated to have the highest
birth-rate. Therefore, it is crucial to investigate the long-term evolution of RRATs to
understand the possible evolutionary connections between the populations. We in-
vestigated the long-term evolution of RRATs, which have no LX information (except
J1819), using Model I by tracing the initial conditions. The model yields the rota-
tional properties of all the RRATs with B0 values in the ∼ 7×109− ∼ 5.5×1011 G
range. This B0 range fills the gap between the B0 ranges estimated for CCOs and
XDINs in the same model. Even though many RRATs are located above the pul-
sar death valley with the fields inferred from the dipole-torque formula, none of
them exhibit normal radio pulses. The estimated B0 values in the model place all
the RRATs either in the death valley or below the pulsar death line. We estimate
that RRATs are the sources located below their individual death points. We tenta-
tively proposed that the disc-field interaction enhancing the flux of open field lines
through the magnetic pole occasionally triggers observed short radio bursts (Gençali
& Ertan, 2021). Our results indicate the possibility of evolutionary links between
RRATs, XDINs, and some of AXP/SGRs, as well as the connections between RRATs
and CCOs. From the simulations, we estimated that there is no evolutionary link
between AXP/SGRs and CCOs.

Recently, the discovery of two LPPs, J0901 (P ≃ 76 s) and GLEAM-X (P ≃ 1091 s),
exhibiting radio emissions distinct from normal radio pulsars enabled their detection
in radio band. The evolutions of AXP/SGRs with relatively high B0 to such long
periods had already been predicted before their discovery (Benli & Ertan, 2016).
LPPs exhibit transient pulsed-radio epochs with unusual and variable pulse shapes,
reminiscent of the radio behaviour observed in a small number of radio-emitting
AXP/SGRs. Similar to RRATs, the disc-field interactions could be responsible
for these observed radio pulsar epoch of LPPs. We have analysed the long-term
evolution of these LPPs using Model I and demonstrated that their rotation and
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LX properties could be simultaneously reproduced with B0 ∼ 1012 G (for details see
Gençali et al., 2022, 2023).

Since GLEAM-X has an upper limit to the Ṗ , the properties of GLEAM-X can be
accounted for by our model in both the SP and the WP phases. J0901, on the other
hand, has a measured Ṗ , providing a better constraint on the evolutionary model.
The observed features of J0901 can only be achieved in the SP phase in the model.
Our results with Model I indicate that LPPs pass through the AXP/SGR epoch
in their early stages of evolution at ages around a few 104 yrs. We estimated their
current ages in the range of ∼ (6−8)×105 yr, depending on the chosen Lcool curve.

In our earlier work, we investigated the torque-reversals behaviour of 4U 1626–67
using the Model II. The model successfully reproduces the observed torque reversals
consistently with the accompanying LX variations. Our results indicate that: (i)
torque reversals occur when the system approaches the rotational equilibrium when
rin = rco, while rA ≳ rco; (ii) on either side of the torque reversal, both ΓD and
Γacc are active; (iii) with increasing Ṁin, Γacc become dominant. The occurrence of
torque reversals is a natural outcome of transitions between the WP and SU phases
of a system with a stable, geometrically thin accretion disc.

In the last part of our study, we have extended our evolutionary analysis to cover all
the isolated NS populations using both Model I and Model II. Our results indicate
that both models can successfully reproduce the rotational properties of these NS
families with a continuous B0 distribution in the range of a few 109 −1013 G, while
yielding various evolutionary connections between these populations. In comparison
with Model I, some additional evolutionary paths are produced in Model II. These
new avenues, favour the SP phase for the initial phase of evolution and generate
additional evolutionary links, particularly between radio pulsars, HBRPs, RRATs,
and XDINs.

Considering the estimated birth rates of the populations, it seems more important to
show evolutionary connections between RRATs, XDINs and radio pulsars. We have
found that, except for the persistent AXP/SGRs which have relatively low birth
rates, RRATs have evolutionary connections with almost all other populations. In
the early stages of their evolution, a large majority of RRATs could be observed
as radio pulsars and/or HBRPs, while XDINs could be decedents of a fraction of
RRATs. Our detailed model results support earlier predictions to account for the
long-lasting birth-rate problem.

Finally, our analyses in this thesis together with the earlier work show that the
properties of isolated NS populations can be reproduced with the fallback disc model
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as a natural outcome of differences in the initial conditions P0, B0, and Md in a single
picture. We obtain reasonable results with conventional dipole field strengths for
all these NS systems, while the presence of small-scale magnetar fields in higher
multipoles, required to explain soft-gamma bursts, is compatible with the fallback
disc model.
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