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ABSTRACT

Master of Science Thesis
TOEPLITZ MATRICES WITH SOME WELL-KNOWN NUMBERS
Sevda AKTAS
Zonguldak Biilent Ecevit University
Graduate School of Natural and Applied Sciences

Department of Mathematics

Thesis Advisor: Prof. Dr. Yiiksel SOYKAN
June 2023, 71 pages

In this thesis, we consider special norms of the Toeplitz matrices with some well-known

number sequences. We summarize the chapters as follows.

In Chapter 1, we present some basic important definitions, recurrence relations, Binet’s
formulas and sum formulas of second order generalized number sequences used throughout
the thesis.

In Chapter 2, we present some basic important definitions and some results used throughout

the thesis. Moreover, we review the literature on Toeplitz matrices of special second order

recurrence relations by scanning several research papers.



ABSTRACT (continued)

In Chapter 3, the Toeplitz matrices whose elements are the Oresme numbers are created and
then the Frobenius (Euclidian), row and column norms of these matrices found. Furthermore,
we obtain lower and upper bounds for the spectral norms of these matrices. In addition, we
calculate the upper bounds for the Frobenius and spectral norms of the Kronecker and
Hadamard product matrices of the Toeplitz matrices with the Oresme numbers. This chapter

contains our original work.

In Chapter 4, we obtain and investigate the Toeplitz matrices whose elements are the
Mersenne numbers. First the matrices are created and then the Frobenius (Euclidian), row and
column norms of these matrices are found. Furthermore, we obtain lower and upper bounds
for the spectral norms of these matrices. In addition, we calculate the upper bounds for the
Frobenius and spectral norms of the Kronecker and Hadamard product matrices of the

Toeplitz matrices with the Mersenne numbers. The work presented in this chapter is original.

In Chapter 5, we define and investigate the Toeplitz matrices whose elements are the
Balancing numbers and then the Frobenius (Euclidian), row and column norms of these
matrices are found. Furthermore, we obtain lower and upper bounds for the spectral norms of
these matrices. In addition, we calculate the upper bounds for the Frobenius and spectral
norms of the Kronecker and Hadamard product matrices of the Toeplitz matrices with the

balancing numbers. This chapter contains our original work.

Keywords: Oresme numbers, Mersenne numbers, balancing numbers, norm, Toeplitz matrix,

Kronecker product and Hadamard product.

Science Code: 403.01.01



OZET

Yiiksek Lisans Tezi

BAZI iYi BILINEN SAYILARLA TOEPLIiTZ MATRISLERI

Sevda AKTAS

Zonguldak Biilent Ecevit Universitesi
Fen Bilimleri Enstitiisii

Matematik Anabilim Dal

Tez Damismam: Prof Dr. Yiiksel SOYKAN
Haziran 2023, 71 sayfa

Bu tez de, bazi iyi bilinen say1 dizileriyle Toeplitz matrislerinin 6zel normlarini ele aliyoruz.

Boliimleri asagidaki gibi 6zetliyoruz.

Boliim 1'de, tez boyunca kullanilacak olan ikinci mertebeden genellestirilmis say1 dizilerinin
bazi1 temel o6nemli tamimlarini, rekiirans bagintilarini, Binet’s formiillerini ve toplam

formiillerini sunuyoruz.

Boliim 2°de, tez boyunca kullanilan bazi temel 6nemli tanimlar1 ve bazi sonuglart sunuyoruz.
Ayrica birka¢ arastirma makalesini tarayarak ozel ikinci mertebe rekiirans bagmtilarinin

Toeplitz matrisleri hakkindaki literatiirii gbzden gegiriyoruz .

Bolim 3’de, elemanlar1 Oresme sayilari olan Toeplitz matrisleri olusturulmus ve bu
matrislerin Frobenius (Oklidyen), satir normunu, siitun normlar1 bulunmustur. Ayrica  bu

matrislerin spectral norm igin alt ve tst simirlar elde ediyoruz. Ek olarak Oresme sayilarla



OZET (devam ediyor)

Toeplitz matrislerin Kronecker ve Hadamard carpim matrislerinin Frobenius ve spectral

normlari i¢in st siirlar hesapliyoruz. Bu bdliim orjinal calismamizi igermektedir.

Boliim 4°de, elemanlar1 Mersenne sayilar1 olan Toeplitz matrislerini elde edip inceledik. Once
matrisler olusturulur ve daha sonra bu matrislerin Frobenius (Oklidyen), satir ve siitun
normunlart bulunur. Ayrica bu matrislerin spectral normlart i¢in alt ve ist smirlar elde
ediyoruz. Ek olarak Mersenne sayilarla Toeplitz matrislerin Kronecker ve Hadamard ¢arpim
matrislerinin Frobenius ve spectral normlari i¢in st sinirlar  hesapliyoruz. Bu béliimde

sunulan ¢aligma orjinaldir.

Boliim 5°de, elemanlari balancing sayilari olan Toeplitz matrislerini tanimlayip inceliyoruz ve
ardindan bu matrislerin Frobenius (Oklid), satir ve siitun normunu buluyoruz. Ayrica
spectral norm igin alt ve iist sinirlar elde ediyoruz. Ek olarak balancing sayilarla Toeplitz
matrislerin Kronecker ve Hadamard ¢arpim matrislerinin Frobenius ve spectral normlar igin

iist sinirlar hesaplanmistir. Bu boliim orjinal calismamizi icermektedir.

Anahtar Kelimeler: Oresme sayilari, Mersenne sayilari, balancing sayilari, Toeplitz matris,

norm, Hadamard ¢arpim, Kronecker ¢arpim.

Bilim Kodu: 403.01.01
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CHAPTER 1
LINEAR SECOND ORDER RECURRENCE RELATIONS

In this chapter, we present some basic important definitions, recurrence relations, Binet’s
formulas and sum formulas of special second order generalized number sequences used

throughout the thesis.

1.1 GENERALIZED ORESME NUMBERS

In this section, we present some definition, recurrence relations, Binet’s formulas and sum
formulas of generalized Oresme numbers. We use Soykan [6] and [7].
A generalized Oresme sequence {W,.},-, = {W, (W, W1)}, -, is defined by the second

-order recurrence relation

1
Wn == Wn,1 - Z—an,Q (11)

with the initial values Wy = ¢o, W7 = ¢; not all being zero.

The sequence {W,},, can be extended to negative subscripts by defining
W_p =4W_1) — 4W_(5—9)

for n =1,2,3,---. Therefore, recurrence equation (1.1) holds for all integer n.
Characteristic equation of generalized Oresme sequence {I/Vn}n20 is given as the quadratic
equation

1
¥ —z+-=0,

4

whose roots are «a, § and

1
OZ:BZE

Binet’s formula of generalized Oresme sequence is given as

W, — (nW1 _ % (n—1) WO> (%)n_l.



The first few generalized Oresme numbers with positive subscript and negative subscript
are given in the following Table 1.1.

Table 1.1 A few generalized Oresme numbers

n W, W_,

0 Wy Wo

1 Wi AWy — 4,

2 Wy — W 12Wo — 16W;

3 3w — 1w, 32W, — 48W;

4 W= 2w 80W, — 128W/
5 Wi — W 192W, — 3200,
6 SWi—2W, 448W, — T68W,
T IWh—2EW,  1024W, — 1792W;
8 3 Wi—gsWo 2304, — 4096W;
9 Wi —4Wo  5120W, — 9216W,
10 2 Wy — 2 Wy 11264W, — 20480,

For more information on generalized Oresme numbers, see for example, Soykan [6].
Modified Oresme sequence {Gy},,, Oresme-Lucas sequence {H,},-, and Oresme se-

quence {O,},~, are defined respectively, by the second order recurrence relations;

1

Gn+2 = Gn+1 - ZGna GO = 07G1 = 17 (12)
1

Hyo = Hypr— ZHn7 Hy=2,H; =1, (1.3)
1 1

On+2 - On+1 - Z__lOn OU = 0,01 - 5 (14)

The sequences {Gn}, 5o s {Hn}, 5o and {On}, 5, can be extended to negative subscripts

by defining

Gon = 4G_(-1) — 4G _(n-9),
H_, = 4H (1) —4H_(,_9),

O_n - 4Of(n71)_407(n72)-

forn=1,2,3, - respectively.

Therefore recurrence Equ. (1.2), Equ. (1.3) and Equ. (1.4) hold for all integer n.



Next, we present the first few values of the modified Oresme, Oresme-Lucas and Oresme
numbers with positive and negative subscripts:
Table 1.2 The first few values of the special second-order numbers with positive and

negative subscripts.

no0 1 2 3 4 5 6 7 8 9
Go 0 1 1 % 5 f % wm % %
Gon o —4 —16 —48 —128 —320 —768 —1792 —4096 —9216
H, 2 1 5 & 5 % = @& s %
", 4 8 16 32 64 128 256 512 1024
7
On 0 5 5 § & ®m ®m m m
O, .. —2 -8 —24 —64 —160 —384 —896 —2048 —4608

Binet’s formulas of modified Oresme, Oresme-Lucas and Oresme numbers are

. n—1 __ n
G, = na" " = T
1
H, = 2" = ,
gn—1
n n
CLL = no :3557

and Binet’s formulas of modified Oresme, Oresme-Lucas and Oresme numbers at the

negative index are

G_, = —4"G, = —nx2"
H., = 4"H, =2""

O, = —4"0,=—nx2".

In the following theorem, we present some sum formulas of generalized Oresme numbers.

Theorem 1.1 For generalized Oresme numbers, we have following sum formulas:

(a) [6, Proposition 26. a] If § (z — 2)? £ 0,i.e.,x # 2, then

n —4 n+1 n+1 B 4 4 _
Zkak _ (I )iU W, + 2" W,_1 +4Wy + (Wl WO) 33' (1'5)
k=0

(x —2)°

(b) [6, Proposition 26. dJ If (2z —1)? # 0,i.e., x # 3, then

i . 4" W+ A — Da™ W, + Wy — daWy
i DV;k:: .
— (2z —1)2



(c) [7, Proposition 2.1. af If é (x — 4)3 #£0,1.e.,x # 4, then

kasz: A 3
k=0 ( _4)

T

where

A= (x—4)(z—8)a" W2+ (x — 4)x" W2, +16(x — 4) W2 — 162(z — 4)(Wy —

W1)2 _ 2—2n+5(WO _ 2W1)2(22n _ :En)l‘
(d) [7, Proposition 2.1. d] If (4x —1)* #0,i.e.,x # § then

ZkaQk = =
4o — 1)

where

A =164z — 1)x ”+1W2n+1 + 82z — 1)(4x — 1) W2+ (4x — 1)WE — 16(4x —

If we set x = 1 in the last Theorem, we have the following corollary.

Corollary 1.1 For generalized Oresme numbers, we have following sum formulas:

(a)
Zn: Wy, = —3W,, + W,_ + 4W,. (1.6)
k=0
(b)
En: W_y =AW, + Wy — 4W;. (1.7)
k=0
(c)
En: W2 = —%(mwj — 3W2_ | — 4A8W, (2Wy — W) — 2725 (W — 2W7)% (22" — 1)).
- (1.8)
(d)
Z w2, = 48W2n+1 +24W?, 4 3WZ — 48W2 4 8(Wp — 2WW7)2(2% — 1)). (1.9)



1.2 GENERALIZED MERSENNE NUMBERS

In this section, we present some definition, recurrence relations, Binet’s formulas and sum
formulas of generalized Mersenne numbers. We use Soykan [8] and [9].
A generalized Mersenne sequence {W,},~, = {W, (Wo, W1)}, 5, is defined by the second

-order recurrence relation
W, = 3W,_1 — 2W,,_o (1.10)

with the initial values Wy = ¢o, W7 = ¢ not all being zero.

The sequence {W,}, -, can be extended to negative subscripts by defining

3 1
W_,==W_,—1y — =W_(_
sW-n-1) = 5W-n-2)
for n =1,2,3,--- . Therefore, recurrence equation (1.10) holds for all integer n.

Mersenne numbers and Mersenne primes are fascinating topics in number theory and have
been the subject of intense research throughout history. When M,, is a prime numbers,
it is called a Mersenne prime.

However, it is important to note that not all Mersenne numbers M, are prime. As
n grows larger, it becomes increasingly difficult to find Mersenne primes. Currently,
the largest known prime is a Mersenne prime, specifially M82589933, which is equal to
282589933 _ 1 The search for Mersenne primes has been a significant area of investigation in
the study of prime numbers. Mersenne primes have also been employed in various areas
of mathematics and computer science, particularly in the study of perfect numbers and
for certain fast algorithms in number theory.

In the search for Mersenne primes, various tests are employed to determine their primality.
The Lucas- Lehemer test and Pepin’s test are two such as tests.

Pepin’s test, on the other hand is a primality test designed specifially for Mersenne
numbers that can provide insight info their primality.

Research continue to explore these and other test, along with searching for new Mersenne
primes, to deepen our understanding of prime numbers and their properties.

The first few generalized Mersenne numbers with positive subscript and negative subscript

are given in the following Table 2.1.



Table 1.3 A few generalized Mersenne numbers

n W, W_,

0 Wo Wo

1 W, SWo—3W1

2 3W1—2W, Wo—3W,

3 TW1—6W, BWo—LIw,

4 15W,—14W, EWo—2W,
5 31W,—30W, S Wo—5W1
6  63W,—62W, ZIWo—BW,
7T 12TW,—126W,  ESWo— W,
8  255W,—254W,  SLW,—22W,
9  5LIW,—510W, BBW,—W,
10 1023W,—1022W, 22 W,—12221,
11 2047W1—2046W, 20951, — 220011/,
12 4095W1—4094Wo S Wo— 202,

For more information on generalized Mersenne numbers, see for example, Soykan [8].

Mersenne sequence {M,}, ., and Mersenne-Lucas sequence {H,}, -, are defined respec-

tively, by the second order recurrence relations;
M, = 3M, 1—2M, o My=0,M =1, (1.11)

H, = 3H,,—2H,, Hy=2H, =3. (1.12)

The sequences {M,}, ., and {H,},, can be extended to negative subscripts by defining
3 1

M., = M (1)~ =M (4 9,
5 M-(n-1) = 5M-(n-2)
3 1

Ho, = SH 1y~ ~H (na).
5 H-n-1) = 5H-(n-2)

forn=1,2,3, - respectively.
Therefore recurrence equation(1.11), equation (1.12) hold for all integer n.

Next, we present the first few values of the Mersenne and Mersenne-Lucas numbers with

positive and negative subscripts:



Table 1.4 The first few values of the special second-order numbers with positive and

negative subscripts.

n 0 1 2 3 4 5 6 7 8 9 10
M, 0 1 3 7 15 31 63 127 255 511 1023
Mo 0 =5 =% =% 1 —% —a “im % o i
H, 2 3 5 9 1T 33 65 120 257 513 1025
Ho 2 5 & 8 % 5 o 18 2% s i

Characteristic equation of generalized Mersenne sequence {W,, }, ., is given as the quadratic

equation
2 —3x+2=0,
whose roots are «, 5 and

a = 2
6 = 1.

Binet’s formula of generalized Mersenne sequence is given as

Wn _ Wl—BW()an_ Wl_aWOBn
a—p a—p

= (W = Wy)2" — (W7 —20%).

Binet’s formulas of Mersenne and Mersenne-Lucas are

ik 6"
M, = =2" — )
=P B-a 2!

H, = o"+p3"=2"+1

and Binet’s formulas of Mersenne numbers and Mersenne-Lucas at the negative index are

1 1 —2"+1
M., = ___:—+7

anr [ 2n

1 1 2" 41
H, = —4—- =212

an  g" 2n

In the following theorem, we obtain some formulas of generalized Mersenne of numbers.

Theorem 1.2 For generalized Mersenne numbers, we have following sum formulas:



(a) /8, Proposition 22. a] If 22> — 32z +1=0,i.e.,x=1o0orz = %, then

z":ka _ (2(n+2)z = 3(n+ )" Wi + 2(n + Da"Woy + (Wi — 3Wh)
b 4r — 3 ’
k=0
b) /9, Proposition 2.1. o] If 2z — 1)(4x —1)(z —1) =0, i, 2 =L orz =21 orz =1
( /Z ; :
then

u NG
kyr/2
" WE =
kz_; P (2422 — 282+ 7)
where

U = (n(2z — 1)(4x — 5) + 242 — 28x + 5)2"W?2 + 4((22 — 1)n + 4oz — 1)a"W2_, +
2WG — (4o — 1)(3Wo — Wh)? + 2(W7 4 2W3 — 3W1 Wo) (2" (n 4 1)2™ — 1).

(c) [9, Proposition 2.1. d] If (v —2)(x—1)(z—4) =0, i.e., x =1 orxz =2 orxz =4 then

" 1\
k 2
€T l/‘/ _ fry
Zk_o (322 — 14z + 14)

where

U= (n(z—2)+2(x—1)z"W?2,., + (n(z — 2)(z — 5) + 32 — 14z + 10)2" W2, +4W¢ —
2(r — DYWE+4(WE +2WE — 3W Wo) (27 (n + 1)z™ — 1).

If we set x = 1 in the last Theorem, we have the following corollary.

Corollary 1.2 For generalized Mersenne numbers, we have following sum formulas:

(a)
i Wi = (1= )W, + (20 4+ 2)W,,_1 + (Wy — 3WWy). (1.13)
(b)
; Wi = %((1 — )W+ 4(n + 3)W2_, — 25W2 + 18W W, — 3W?2
oWy — 2Wo) (W — W) (2 (n + 1) — 1)). (1.14)
(c)

& 1
w2 = g(—nWEnH—I—(éln— W2 +4WE +4(WE42W3 —3W W) (27" (n+1) —1)).
k=0

(1.15)



1.3 GENERALIZED BALANCING NUMBERS

In this section, we present some definition, recurrence relations, binet formulas and sum
formulas of generalized balancing numbers. We use Soykan [10] and [11].
A generalized balancing sequence {W,},-, = {W, (Wo, W1)}, 5 is defined by the second

-order recurrence relation
Wn = 6Wn,1 - Wn,Q (116)

with the initial values Wy = ¢o, W7 = ¢; not all being zero.

The sequence {Wn}nzo can be extended to negative subscripts by defining
Won =6W_(n—1) = W_(n—2)

forn =1,2,3,---. Therefore, recurrence equation (1.16) holds for all integer n.
The first few generalized balancing numbers with positive subscript and negative subscript
are given in the following Table 3.1.

Table 1.5 A few generalized balancing numbers

n W, W_,

0 Wo W

1 Wi 6Wo — W1

2 6wy, — W 35Wy — 6

3 35W; — 6W, 204W, — 35W,4

4 204W; — 35W, 1189W, — 204W

5 1189W; — 204, 6930, — 11891

6 693017 — 1189, 40391W, — 6930,

7 40391W; — 6930W) 235416W, — 40391W,
8 235416W; — 40391W, 1372105W, — 235416W;

9  1372106W; — 235416W,  7997214W, — 1372105W;
10 7997214W; — 1372105W,  46611179W, — 7997214W;

For more information on generalized balancing numbers, see for example, Soykan [10].
Balancing sequence {B,},.,, modified Lucas-balancing sequence {H,},, and Lucas-

balancing sequence {Cn}nzo are defined respectively, by the second order recurrence re-
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lations:

B,=6B, 1 —B, 5 By=0,DB =1, (1.17)
H,=6H, —H, o Hy=2 H =6, (1.18)
On — 6Cn_1 - Cn_g, Co — ]., Cl — 3 (119)

The sequences {By},,5o > {Hn},>o and {Cr},5, can be extended to negative subscripts

by defining

B_, = 6B_(,-1) — B_(n-2),
H., = GH—(TL—l) - H_(”_2)7
Cor = 60 un) — C sy,

forn =1,2,3,--- respectively.

Therefore recurrence equation (1.17), equation (1.18) and equation (1.19) hold for all
integer n.

Next, we present the first few values of the balancing, modified Lucas-balancing and
Lucas-balancing numbers with positive and negative subscripts:

Table 1.6 The first few values of the special second-order numbers with positive and

negative subscripts.

n 0 1 2 3 4 ) 6 7 8

B, 0 1 6 35 204 1189 6930 40391 235416
B_, -1 -6 —-35 —-204 —1189 —6930 —40391 —235416

H, 2 6 34 198 1154 6726 39202 228486 1331714
H_, 6 34 198 1154 6726 39202 228486 1331714
¢, 1 3 17 99 277 3363 19601 114243 665857
c_, 3 17 99 577 3363 19601 114243 665857

Binet’s formula of generalized balancing numbers can be written as

Wl_BWO n Wl—OZWO n
o — B

Wn = a—f a—f

where a and [ are the roots of the quadratic equation

2 —6x+1=0.

10



Moreover,

a = 3+2V2,
B = 3-—2v2.
Binet’s formulas of balancing, modified Lucas-balancing and Lucas-balancing numbers
are
a” g
Bn = + )
(@=p)  (a—p)
H, = a" _’_5n7
a + ("
Cn = )
2
respectively.

In the following theorem, we present some sum formulas of generalized balancing numbers.

Theorem 1.3 For generalized balancing numbers, we have following sum formulas:

(a) [10, Proposition 6.2. (a)] If x> —6x+1#0,i.e.,0 # 3 +2v/2,0 # 3 — 2v/2, then

(1.20)

ika (2= 6) 2" W, + 2" W,y + (Wh — 6Wo)z + Wy
o oy x?2—6x+1 y

(b) [10, Proposition 6.2 (d)] If 2 — 6z +1 # 0,i.e., x # 3+ 2v/2, 0 # 3 — 2v/2, then

Zn:ka l‘n+1W_n+1 + (ZL’ — 6)[L’n+1W_n - WL’E + WO
k= .

2 _
— T 6x + 1

(c) [11, Proposition 2.2.(a)] If (z —1)(2® — 34z +1) #0,i.c,x =1 orx = 17 — 12v/2
orx =17+ 12\2/5, then

- v
k1172
E W2 =
— Tk 322 — 70z + 35’

where

U= ((z—34)a" " +(x—1)((n+2)z—34(n+1)) 2" W2+ ((n+2)x— (n+1))z"W?2_,
+WE — (22 — 1)(Wy — 6Wo)?2 + 2(WE + WE — 6W Wo) (2" (n + 1) — 1).

(d) [11, Proposition 2.2. (d)] If (v — 1)(2> — 34z +1) # 0,i.e.,x =1 or x = 17 — 12v/2
orx =17+ 12\2/5, then

u U
k 2
€T |/|/_ fry s
Zk:o M (322 — 70z + 35)
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where
U= (n+2)z—(n+1)2"W2 ,,+ ((x— 342" + (z —1)((n+2)x — 34(n+ 1))a™)W?2
+W§ — (22 — 1)WE + 2(WE + W§ — 6W1 Wo) (2" (n + 1) — 1).

n

If we set x = 1 in the last Theorem, we obtain the following corollary.

Corollary 1.3 For generalized balancing numbers, we have following sum formulas:

(a)
n e W= Wn_14+ SWo — Wi .21)
k=0

(b)
n o W+ 5vz_n + Wi = Wo (1.22)
k=0

(c)
Zn: WE = 3—12(33W3 — W2 —Wg+ (W, —6Wy)? —2n(W + Wi —6W,Wp)). (1.23)
k=0

(d)
Z w2, = WEn+1 33W2, + WE — W24 2n(W2+ W2 —6W ). (1.24)

12



CHAPTER 2

TOEPLITZ MATRICES AND PROPERTIES

In this chapter, we present some basic important definitions and some results use through-

out the thesis.

2.1 DEFINITIONS AND PROPERTIES

A matrix T = [t;;] € M,, (C) is called a Toeplitz matrix if it is of the form ¢;; = ¢,_; for

to t,1 t72 e tlfn

tl to t_l i t2—n

Tn = to t1 to S
tn—l tn—2 tn—3 e 250

Now, we give some preliminaries related to our study. Let A = (a;;) be an m X n matrix.

The ¢, norm of the matrix A is defined by

m n

1AL, = O > Jayl”)» (1<p< o).

i=1 j=1
If p = oo, then [|All, = lim, [|Al|, = max;; |a;;]| .
The well-known Frobenius (Euclidean) and spectral norms of the matrix A are defined

respectively by

1Al = OO0 ayl*)2

i=1 j=1

and

[A]ly =/ max |A;] (2.1)

1<i<n

13



where the numbers ); are the eigenvalues of matrix A”A and the matrix A is the
conjugate transpose of the matrix A. The following inequality between the Frobenius and

spectral norms of A holds.

1
;ﬁWﬂFSHMBSHMb- (2.2)

It follows that

1ALl < ANl < VallAll, -

In literature, there are other types of norms of matrices. The maximum column sum

matrix norm of n x n matrix A = (a;;) is

|Mh—fmx§:MM (2.3)

1<5<n

and the maximum row sum matrix norm is

HMm—mMEJ%I (2.4)

1<i<n

The maximum column lenght norm ¢ (.) and maximum row lenght norm 7 (.) of on

matrix of order m x n are defined as follows

wn= s (S0 = s 25

and
1
n 2
_ 2| _
w0 =g () = s, 20
j:
respectively.

For any A, B € M,,, (C), the Hadamard product of A = (a;;) and B = (b;;) is entrywise

product and defined by A o B = (a;;b;;) and have the following properties

[AoBll, <ri(A)er (B), (2.7)
and
Ao Bll, < [|All, B, - (2.8)

14



In addition,
[Ao Bllp < [|AllpIBllp- (2.9)

Let A € M,,, (C), and B € M,,, (C) be given, then the Kronecker product of A, B is
defined by

(ZHB alnB
[A® Bl =

amB - ap,B
and have the following properties

[A® Blly = Al Bl (2.10)
IA® Bllp = [AllglIBlF-

2.2 LITERATURE REVIEW

In this section, we review the literature on Toeplitz matrices of special second-order
recurrence relations by reviewing several research papers.

For Toeplitz matrices with the entry of special second order recurrence relations, we give
the largest absolute column sum, the largest absolute row sum, the Frobenius norm and
the spectral norm. Moreover, some properties related to the Hadamard and Kronecker

products of these Toeplitz matrices are presented.

2.2.1 On The Toeplitz Matrices with Fibonacci and Lucas Numbers:

In this section, we use Solak and Bahsi [5]. We list some properties related to the spectral

norms of Toeplitz matrices with Fibonacci and Lucas numbers given in Solak and Bahsi.

e Let the matrix A = [Fj_i]nfl be Toeplitz matrix, then the singular values of A are

7‘9.]:0
E, , if nis even
12 =
F?2—-1 | ifnisodd
and
0m =0, where m = 3,4,--- ,n.

15



o Let A= [F]_z]fj_:lo be Toeplitz matrix, then
E, , if n is even

F?2—-1 , ifnisodd

n

1Ally =

o Let the matrix B = [Lj,i]?j_:lo be Toeplitz matrix, then the singular values of B are

L,£1 ., ifnisodd
012 =
F?2—-1 | ifniseven
and
Om = 0,where m =3,4,--- n.
e Let the matrix B = [Lj_i]?j;lo be Toeplitz matrix, then
L,+1 , ifnisodd
I1Bll, = y
L2 —4 | ifniseven

n

2.2.2 On The Toeplitz Matrices with Generalized Fibonacci and Lucas Num-

bers:

In this section, we use Akbulak, Bozkurt [1]. We list some properties (lower and upper
bounds for spectral norms) of Toeplitz matrices with generalized Fibonacci and Lucas

numbers.

o Let the n x n matrix A = [a;;] satisfy a;; = F;_; (as in [1], (3) for £ = 2). Then,

YK , N even
[Ally = .
F

and

141l < /(1 + FaFomn) (Fa ),
where |||, is the spectral norm, and F;, denotes the n th Fibonacci number.
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o Let the n x n matrix B = [b;;] satisfy b;; = L,_; Then,

2(L2 —4) , neven,
1B,>{ Y

2(L2+1) , nodd,
and

IBll2 < \/(LnLp—1 — 1)(LpLp_1 + 2),

where ||.||, is the spectral norm, and L,, denotes the n th Lucas number.

2.2.3 On The Toeplitz Matrices with k-Fibonacci and k-Lucas Numbers:

We use Shen [4] in this section. We list some properties (Lower and upper bounds for the
spectral norms) of Toeplitz matrices with k-Fibonacci and k-Lucas numbers and some

properties for the norms of Kronecker and Hadamard product matrices of these matrices.

o Let A=[F |’

ij=1 be Toeplitz matrix, then we have
2(F2 -1)

n )
2(F2, 1)

n )

n odd
Al >

= ==

. even

and

2(Fpp + Frpno1—1
j4ll, < 2hn * Fhncs 2 1)

o Let B=[Ly;4|;,_, be Toeplitz matrix, then we have

2 2
z \/ entt) , modd,
1B, = -

=

2 _
z —Z(Lk;l" Y , N even
and
Q(Lk,n + Lk,nfl - 2)
181, < hat =3
o Let A=[F};];._, and B = [Ly;;];._, be Toeplitz matrices, then we have

A(Fyn + Frn—1 — 1) (Lgn + Lin—1 — 2)
12

[AeBll, <

17



o Let A= [F;;]],_jand B = [Ly, ;| ,_, be Toeplitz matrices, then we have

4(Fk,n + Fk,nfl - 1)(Lk,n + Lk,nfl - 2)
k2

IA® Bll, <

and

2o\ (FR, — DR, +#) , nodd,
%\/Lim —4 , M even.

2.2.4 On The Toeplitz Matrices with Pell Numbers:

IA® Bll, >

In this section, we use Karpuz at al. [3]. We list some properties of Toeplitz matrices

containing Pell numbers.

n
iv

e Let the n x n matrix A = [a;;] ;:10 satisfy a;; = P;—;. Then

1
= P2 n even
mtin ) )
A, > .

+=(P?2—1) , nodd

and

1
141, < 5V @2+ PaPoct)(PaPoc).

2.2.5 On The Toeplitz Matrices with Pell, Pell-Lucas and Modified Pell

Numbers

In this section, we use Dagdemir [2]. We list some properties of Toeplitz matrices with
modified Pell, Pell, Pell-Lucas numbers. We give the Frobenius norm, the largest absolute
column sum (1-norm), the largest absolute row sum (oo-norm); the lower and upper
bounds for the spectral norm.

The first of all, we defined that the entry of the matrices comprise of the Pell, Pell-Lucas

and modified Pell numbers in [2].

F” = [Sozj = Ij-1 ¢ Z?] = 0717"' y 10— 1]n><n7

An = [hjij = Qi+j—1 :'éaj = 07 1a e, N — 1]n><na
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Tn = [Uij = Gitj-1" 07 17 e, N — 1]n><n

o LetT',, =¢;; = Piyj1:4,j=0,1,--- ,n—1be an nxn matrix as in [2, Theorem?2.1]

.Then, we have following results:

(a)

1 1
ITallr = 3y/P2a+ PasaPu— 1= 13/Q2 4,

(b)

Poi+ P, —1

Tully = [ITall, =
ITally = 1T llo 5

1 \/ P2, + P,sP, —

n

1 1
9 S ||Fn||2 S 5\/Pnpn—1(2+Pn—1Pn)

o Let A, = kij = Qiyj—1:1,7=0,1,--- ,n—1 be an n X n matrix as in [2, Theorem

2.3]. Then, we have following properties:

(a)

Al = /28

(b)

1
1Anlly = 1Al = 5 (@Qn + Qua) = 2P

(c)

N W N varpe (s

o Let v, =v; =¢qj—1:0,1,---,n—1Dbean xn matrix as in [2, Theorem 2.5].

Then, we have
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Il = —1 /22
FynF 2\/5 q2n

DO | ™

(b)

1Vally = 17allse = @0 + @1 = P,

(c)

1 1
E(Q% - 5) < ||7n||2 < 5\/(9271—1 a 5)(@1%—1 —c+ 2)

where € = £/2.

2.2.6 On The Toeplitz Matrices with Jacobsthal and Jacobsthal-Lucas Num-

bers:

We use Uygun [12] in this section. For the special norms of Toeplitz matrices whose ele-
ments are Jacobsthal and Jacobsthal-Lucas numbers respectively, we list some properties
such as the Frobenius norms and spectral norms of Hadamard and Kronecker product

matrices of these matrices.

e Let A=T (jo,j1, " ,Jjn1) be the Toeplitz matrix with Jacobsthal numbers entry,
then

— The maximum absolute column sum norm (1 —norm) and the maximum

absolute row sum norm (co — norm) of matrix A are

jn+2jn—1_1
Al = 4], = =57

— The Frobenious or Euclidean norm of matrix A is

+n2 —1.

1 \/16j2n_2+8(—1)”jn_1 Jon—2  Jn-1

Al =~ -
H HE 3 3 322n—2 32n—2
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— The lower and upper bounds for the spectral norm of A are obtained as

1 /167242 4+ 8(—=1)"jn_1 Jon—2 Jn1 n2 _1
- _ <A
3\/ 3n 3n22n—2 ' 3p9n—2 + N = | H2

and

1 - - -
[All, < 9\/(J2n 2+ 2(=1)" 1 +n)(J2n + 2(=1)"jn +n).

e Let the elements of the Toeplitz matrix A = T(cg,c1,- -+ ,¢,—1) with Jacobsthal

Lucas numbers,

— The 1 — norm, oo — norm of A are

Cn4+2 — 1
14l = 14l = =5—

— The Frobenius or Euclidean norm of matrix A is

1 4 . j2n—2 jn—l
HAHE = \/5(16.72n2 + 8(_1>"=7n71 © 92n-2  9n-2 o )

— The lower and upper bounds for the spectral norm of A are obtained as

1 . . j2n72 j

and

ANl </ (on—2 +4(=1)" "1 + 1) (2n — 2(=1)"j + 1)

o Let A= C(jo,j1, " ,jn-1) and B = C(cy, 1, ,cn_1) be the Toeplitz matrices
with Jacobsthal and the Jacobsthal Lucas numbers, then

— The Euclidean norm of Kronecker product of these matrices is

1 16j2n 2 + 8(_1)71]”71 j2n72 jnfl
4@ By = &/

T3 T T

1 o Jan—2  Jn-1
><\/3 (1622 + 8(—1)"jp1 — Son=z ~ gn3 5T 13—Tn+ 3n?).

— The upper bound for any norm of Hadamard product of these matrices is

16722 + 8 (=1)"jn—1 Jon—2 Jn—1

\/ BEPZE Rl

|Ae Bl g

W =

X

(16202 + 8(— 1)Jn1—‘;§j§§ ‘;"1+13 Tn + 3n2).

OJI>—‘
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2.2.7 On The Toeplitz Matrices with k-Jacobsthal and k-Jacobsthal Num-

bers:

We use Uygun [13] in this section. After giving the special norms of Toeplitz matrices
with k-Jacobsthal and k-Jacobsthal-Lucas members, we present some properties of these

matrices for spectral and Frobenius norms of Hadamard and Kronecker product matrices.

o Let A=T (jro,Jk1, - »Jkn—1) be the Toeplitz matrix with k-Jacobsthal numbers,

— The largest absolute column sum (1-norm) and the largest absolute row sum

(co-norm) of A are

/f+1

1Al = [[All

— The Frobenious (or Euclidean) norm of matrix A is.

1 2n+2 2ck,2 Ck,2n—2
m(ck on+2 T o — 8Cran — Fv2% + 16Ck2n—2 + S — 18)+

(n—1)(2k%2—-2)—4—k2 .
(k§+8)(k2)—1) + 3(k21+8) (8(=1)" jn-1— 4] — 6n + 8)

HAHE =

— The lower and upper bounds for the spectral norm of A are obtained as

n(k2+8)1(1—k2)2 (Chantz + S22 — 8Cpon — 23 + 160k m—2 + et — 10) < 4]
(n—1)(2k>—2)—4—k? 1 = 2
e+ sy 8(=D" )
and
Ak 9m—a—Cpon—a—k2—2 n—1 -
A, < | EsCEEEEET 2 ) )
2 S :

A¢k an—9—Cl on—k2—2 n
e +2(=1)"jn))

e Let the elements of the Toeplitz matrix be k-Jacobsthal Lucas numbers A =

T (Ck,Oa Ck,1y """ 7Ck,n—1) .

— The 1-norm and co—norm of A are

Al = Al =
41, = 141 nt2

— The Frobenious (or Euclidean) norm of matrix A is

16¢k,2n—2—8Ck 20+ Cr, 20 42— k2 —20 + Ck,2n—2—2Ck 2n+Ck 2n 42
HAH o (1—k2)2 22n—2(1_k2)2
=

(k2+4)+(n—1)(6k%—6) —8(—1)"jn—1+6n—8 in
+ 1—k2 + ]3 : + 3.2jn72'
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— The lower and upper bounds for the spectral norm of A are obtained as

16¢) 27— 2—8Ck, 2n+Ck 2n+2— (k2 —4)2 + Ck,2n—2—2Ck 2n+Ck 2142

n(l1—k?)2 22n—2p(1—k2)? < HA“
+(—4k2—8)+(n—1)(2k2—4) 4 8D n1460-6 g1 T 2
(1-k2)n 3n 3n.2n—2
and
A an—a—Chom—o2—k2—2 1 -
A _ Ck,2n—4 lcf,]zz 2 _2(_1)n ljn—l +5
H H2 - de on—2—Cp on—k2—2 n
1—k2 - 2(_1) In + 4

o Let A = T(jko,Jk1, " sJkm—1) and B = T(cko,¢k1, "+ ,Crn-1) be the Toeplitz

matrix with k-Jacobsthal and the k-Jacobsthal Lucas numbers,

— The Euclidean norm of Kronecker product of these matrices is given as:
HA®B”E = Uy X V1

where

1 Ck,2n+2 2ck,2 Ck,2n—2
(k2+8)(1—k2)2 (Ck,2n+2 + 22nn—2 4 86k,2n - 22n—g + 16ck,2n—2 + 22nn—2 - 18)

Uy =
(n—1)(2k2—2)—4—k? 1 _1\ns _ 4n
+ (k2+8)(k2—1) + 3(k2+8) (8( 1) Jn—1 on 6n + 8)
and
16¢) 20— 2—8Ck,2n+Ck,2n 42— k2 —20 + Ck,2n—2—2Ck 2n+Ck 2n12
- (1—k2)2 22n72(1_k2)2
! (K44 (n—1)(62=6) | —8(=1)"ju1 4608 _ _j,
1—k2 3 3.2n—2

— The upper bound for the spectral norm of Kronecker product of these matrices

is given as:

HA@BH2 S Ug X Vg

where
Al on—a—Clom—o—k2—2 n—1 -
[k21+8( S +2(-1) 1Jn71)+1]
Uz = 1 Ak 2n—2—Chkon—k?—2 .
|:k2+8( TR + 2(_1)%”)}
and
Ch.2n—4—Ch.on—2—k2— n—i -
hznct e =2 2(=1)""1j1+5
V2 = 4c —c, —k2-2 ’
k,2n721_ll?22n _ 2(_1)njn + 4
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— The upper bound for the spectral norm of Hadamard product of the matrices

is

HAOB“2 S Uz X U3

where
4cl on—a—Clom—o—k2—2 n—1 -
[k21+8( S +2(-1) 1]n—1)+]—]
4= 1 (4dckon—2—Chan—k>—2 " -
[k2+8( 1—k2 + 2(_1) ]n)i|
and

Ch,2n—4—Ck,2n—2—k*— )
<4 k,2n—4 lf;; 2~ k"2 —2(—1)n 1]n—1 +5)

Ch.2n—2—Cl.on—k2— "
(Aranca—Ckan K2 o(_q1ynj 4 4)

V3 =

— The upper bound for the Euclid norm of Hadamard product of the matrices is
|Ao Bz < ug X vy

where

1 Ck,2n+2 2¢k,2 Ck,2n—2
(K2 18)(1_K2)2 (Ck,2n+2 + 22nn72 — 8¢kon — 22n772L + 16¢k,2n—2 + 22nn72 - 18)

Ug =
(n—1)(2k*—2)—4— k> 1 _1\ns _4n _
and
16¢k,27—2—8¢k 2n+Ck 2nt2—k2—20 + Ck,2n—2—2Ck 2n+Ck 2n12
Vs — (1—k2)2 22n72(1_k2)2
4 (K24+4)+(n—1)(6k2—6) | 8(—1)"1j,_1+6n-8 in
+ 1—k2 + 3 + 3.2n—2
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CHAPTER 3

TOEPLITZ MATRICES WITH GENERALIZED ORESME NUMBERS

This chapter is about Toeplitz matrices with Oresme numbers components. First, the
Toeplitz matrices which elements are the Oresme numbers and then the Frobenius (Euclid-
ian), row and column norms of these matrices are found. Furthermore, lower and upper
bounds are obtained for the spectral norms of these matrices. In addition, the upper
bounds for the Frobenius and spectral norms of the Kronecker and Hadamard prod-
uct matrices of the Toeplitz matrices with the Oresme numbers are calculated. We use

Soykan [5, 6].

3.1 THE TOEPLITZ MATRICES WITH GENERALIZED ORESME NUM-
BERS COMPONENTS

In this section, we define the Toeplitz matrices which elements are modified Oresme,
Oresme-Lucas, Oresme numbers respectively and we use the notation A = T (W, Wy, -+, W, _1)

for the Toeplitz matrix with generalized Oresme numbers, i.e.,

W W_y W_o - Wi_,
W1 Wo W—l T W2—n
A= Wy Wy Wo - Wi, : (3-1)
Wipa Wio Wyg - W

For special cases, we get

Go G, G -+ Gy, 0 -4 =16 --- Gi_,
G, Go G4 - Gy, 1 0 -4 - Goy
A= Go G Go - Gz | = 1 1 0 o Gag (32)
Gn—l Gn—2 Gn—3 T GO Gn—l Gn—2 Gn—3 T 0
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for the Toeplitz matrix A = T (Go, Gy, -+ , G,—1) with modified Oresme numbers and

H H, H, --- H_, 2 4 8 -+ Hi,
H, Hy H., --- Hy, 1 2 4 Hy .,
A= Hy H, Hy Hs ., | = 3 1 2 Hs_,
Hn—l Hn—2 Hn—3 e HO Hn—l Hn—Q Hn—3 e 2
(3.3)
for the Toeplitz matrix A = T (Hy, Hy,- -+ , H,_1) with Oresme-Lucas numbers and
Oy O O -+ O, 0 -2 =8 O1_,
O Oy Oy -+ Osy : 0 -2 - Ogy
A= O O1 Qo - Oz | = % % 0 R O (3.4)
On—l On—2 On—3 e OO On—l On—2 On—3 e 0

for the Toeplitz matrix A =T (Oy, Oy, - -+ ,0,_1) with Oresme numbers.

3.2 THE LARGEST ABSOLUTE COLUMN SUM (l-norm) AND THE
LARGEST ABSOLUTE ROW SUM (co-norm) OF THE TOEPLITZ
MATRICES WITH GENERALIZED ORESME NUMBERS

In this section, we calculate the largest absolute column sum and the largest absolute
row sum of the Toeplitz matrices with generalized Oresme numbers and obtain their
properties.

In the following theorem, we present the norm value of ||A||; and ||A]|, of the largest

absolute column sum and the largest absolute row sum of A.

Theorem 3.1 Let A =T (Wy, Wy, ,W,,_1) be a Toeplitz matriz with generalized Oresme
numbers then the largest absolute column sum (1-norm) and the largest absolute row sum

(co-norm) of A are

—AW o —Wo+4AW + W, Zf |W_k| > |Wk| and W_;, <0

Al = 1Al = ,
AW iy + Wy — AW, = Weyy i [Wop] > [Wi| and W_j, > 0
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where k =i—j:4,7=0,1,--- ,n—1; (k€ N,—k e N).

Proof. Consider A = T'(Wy, Wy, -+, W,_1) which is given as in (3.1). By the definitions
of 1 — norm and oo — norm and Equ. (2.3) and Equ. (2.4) and Equ. (1.7), we conclude

that

(i) If W_y| =

1Al =

|Wk|, k€ N and W_, <0,k € N, then we get

n
1<5<n
=I= i=1

n—1
(1] + lazn| + lagal + -+ lana| =D (W
k=0

n—1 n

= W == W= W_,)
k=0 k=0

—AW_ 1 —Wo+4W1 +W_,

and if [W_g| > |Wy|,k € N and W_; > 0,k € N, then we obtain

1Al =

(i) T (W] >

1Al =

n

1<j<n
=l

n—1

|a1n| + |aza| + |azn| + -+ + |ana| = Z (W_]

k=0
n—1 n
> W= W -Wo,
k=0 k=0

AW iy + Wy — AW, — Wy,

|[Wi|, k€ N and W_, <0,k € N, then it follows that

n n
max Y |ay| = max {|ag| + |a| + |as| + - + ||} =) |ay]
=1 =1

1<i<n 4

la11] + |ai| + |ais| + - - + |ain|

n—1 n

= W == W= Wy)
k=0 k=0

—AW 0 — Wo +4W + W,

27

n
max Z |aij| = max {|ai;| + |ag;| + [as;| + -+ - + |an;|} = Z |@in)
=1

n
max Z |a;;| = max {[ai;| + [ag;| + |ag;| + -+ + |an;[} = Z [
=1



and if |W_g| > |Wy|,k € N and W_;, > 0,k € N, then we get

n n
[All, = max Z |aij| = max {|ag| + [ai| + ais| + - + [awn[} = Z |ay;
j=1 j=1

1<i<n 4

= an|+ |aw2| + |ais] + - - + |a1n]

n—1 n
= ) Wo=> W —W,
k=0 k=0

== 4W,n+1 + WO - 4W1 - W,n.

Thus, the proof is completed. [

Remark 3.1 In the statement of the Theorem 3.1, the condion on W,, W_,, n € N
is given to calculade ||.||, and ||.|,, norms of modified Oresme, Oresme-Lucas, Oresme

numbers. The other cases can be handled similarly.

From the last Theorem 3.1, we have the following corollary which present norm values
of ||All; and ||A]|,, of A with modified Oresme numbers, Oresme-Lucas numbers and
Oresme numbers, respectively, (set W,, = G,, with Gy = 0,G; = 1 and W,, = H,, with
Hy=2,Hy=1and W, =0, with Oy =0,0; = %, respectively).

Corollary 3.1

(a) For A =T(Gy Gy, -+ ,Gp1), the values of norms of Toeplitz matrices with modified

Oresme numbers have the following property:

Al = [All o = —4Gpp1 + G + 4

(b) For A =T (Hy, Hy,- -, H,_1), the values of norms of Toeplitz matrices with Oresme-

Lucas numbers have the following property:

Al = | All o = 4H 1 — Hon = 2.

(c) For A=T(0p,01,---,0;,_1), the values of norms of Toeplitz matrices with Oresme

numbers have the following property:
1Al = [|All = =40-n11 + O + 2.
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3.3 THE FROBENIOUS NORM OF THE TOEPLITZ MATRICES WITH
GENERALIZED ORESME NUMBERS

In this section, we calculate the Frobenious norm of the Toeplitz matrices with generalized
Oresme numbers and obtain their results.

Next, theorem presents the Frobenious (Euclidian) norm of a Toeplitz matrix A.

Theorem 3.2 Let A = T (Wy,Wy,--- ,W,_1) be a Toeplitz matriz with generalized

Oresme numbers components, then the Frobenious (Euclidian) norm of matriz A is

1Al = v

where

0, = é(%Wg —24W2 —15W2 | + 24OW2n+1 + (72(22") 4+ 192(272") — 96)W2 + (576 —
288(22") — 768(272")) W W, + (288(22") + 768(272") — 1056)W32).
Proof. The matrix A is of the form

Wo W1 W oo Wi,

W1 W() Wfl e Wan

A= Wy Wi Wo -+ Wi,
Wn—l Wn—2 Wn—?) T WO

Then we have
JAIZ = aWZ+ - D)W 4+ (n—2)W2 + (n —3)W?2 + -+ W2,
+(n—1DWE+ (n—2)WZ+(n—3)Wi+---+ W2,

and so
1

nfl
JAIE = @- W}~ Zwk DM §Z

k=

+§ZW2k+—ZW1 (2Wo — WA)
k=1

n—1
+217 272k+5(Wo _ 2W1)2(22k3 o 1)
=1
1 2 2 8 2102k
+§;WO ZW —7; Wo — 2W7)2(2%F — 1).
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By using the equalities

-1
16 < 16
E L@H(QLL% —-Lyﬁ) = n/——l)DV1(2L®h —-L@H)

e - (
9 £ 9
1 1
§ZW02 = §(n_1)W027
k=1
n—1
16 16
—gzwf = —5(“—1)W127
k=1
1 (Wo — 2W7)?
— N T2 2 — 22 (2% — 1) = L (3p2° 4 27(27% — 1)),
27 £~ 81
n—1 2
S Sy — o -y = S AN o,y
27 £~ 81
we obtain
n—1 n—1 n—1
16 1 , 16 )
}) = ?; LLH(2LLB —‘LLH>'+'§ Lpb _-TJ-EE:LLH
k=1 k=1 k=1
1 n—1 8 n—1
+52 D2 RS (W — 2W7)2(2%F — 1) + §Z<WO —2W7)2(2%F — 1),
k=1 k=1
and it follows that
16 1 16
P o= 5 (n=1Wi@Wo = W) + 5(n — W5 = =(n — YWY
—2 —2
+—(W° W) (3n2° +27(27%" — 1)) + 8(Wo — 2Wh) (22" — 3n — 1)

81

Moreover, we use equation 1.8 and equation 1.9 in Corollary 1.1.

Therefore, we get

1A = 2 =) W5 = G300 WE+ 5 X Wi + 9 i Wi + 5 i W2 + P
= 1 (96W72 — 24W2 — 15W72 | + 240W2 4 + (72(2°") 4 192(272") — 96)W§ +

288(22") — 768(272")) W W1 + (288(22") + 768(272") — 1056)W32).
This complates the proof. []

From the last Theorem 3.2, we have the following corollary which gives Frobenius norm

formulas of modified Oreme numbers, Oresme-Lucas numbers and Oresme numbers, re-

spectively, (take

W, =G, with Gy =0,G; =1 and W,, = H,, with Hy =2, H; =1 and W,, = O,,, with

Op=0,0, = %, respectively).
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Corollary 3.2 For n > 0, Toeplitz matrices with the modified Oresme, Oresme-Lucas

and Oresme numbers, respectively have the following properties:

(a) [Ally = v

where A is given as in 3.2

1

0, — —
2 81(

96G2 — 24G*,, — 15G2_, + 240G?,, | + 288(2*") + 768(27>") — 1056).

(b) [Allp = Vs
where A is given as in 3.3

1
Q3 96H. — 24H?, — 15H? | + 240H?, .| — 288).

(¢) [Allp = VS
where A is given as in 3.4

1 o “on
Qy = 8—1(960§ — 2407, — 1502_, + 24007, | + 72(2%") + 192(27%") — 264).

3.4 THE LOWER AND UPPER BOUNDS OF THE SPECTRAL NORMS
OF THE TOEPLITZ MATRICES WITH GENERALIZED ORESME
NUMBERS

In this section, we investigate the lower and upper bounds of the spectral norms of the
Toeplitz matrices with generalized Oresme numbers

In the following theorem, we present the lower and upper bounds of the spectral norms
of the Toeplitz matrices with the modified Oresme numbers, Oresme-Lucas numbers and
Oresme numbers, respectively, (set W,, = G,, with Gy = 0,G; = 1 and W,, = H,, with
Hy=2,Hy=1and W, = O, with Oy =0,0; = %, respectively).

Theorem 3.3

(a)  Consider A=T(Go, G4, ,Gp_1) which is given as in (3.2). Let

1 G, G.o -+ G, 1 -4 =16 --- Gi_,
1 Gy G-o; -+ Goo, 1 0 —4 o Ga_,

C = 1 Gl Go s G3,n - 1 1 0 s Ggfn
1 Gha Gug -+ Gy 1 Gho Gpg --- 0
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(b)

and

Go 1
Gy 1
Gy 1
Gnq 1

1 1
1 - 1
1 --- 1
1 1

Gn—l

11

1

such that A = C o D (Hadamart Product of C and D).

(i)

(ii)

Consider A = T(Hy, Hy, - - -

and

1Ally =

1
~Q,
n

where Q29 is as in Corollary 3.2.

141, < €25

where

1

Q p—
° (27

1 H,
1 H,
1 H

1 Hn72

Hy 1
H, 1
Hy 1

H,, 1

H_,
H_y
Hy

anB

(48G2, ., — 3G2,, + 32(2*" —

1) — 21))2 x V/n.

, H,_1) which is given as in (3.3). Let

Hl—n
H2fn
H3—n

Hy

NI

Hn—l

1 4
1 2
1 1

11

such that A = C o D (Hadamart Product of C" and D).
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1Ally =

1
_Q3
n

where Q3 is as in Corollary 3.2.

(ii)
1Al < €

where

Q =

(c) Consider A =T(Oy,Oy,---

6

1 0
1 O
C= 1 01
1 On—2
and
Oy 1
0O, 1
D= 02 1
Op1 1

02
Oy
Oo

On—3

1

1
27

(5(48H2 .y — BH?, — 117)) x y/n
(—9-(48H2 — 3H2_, — 144))7 x (

Y

(48H?,,, —3H?, —117))} , 1<n<6

,On_1) which is given as in (3.4). Let

1

Ol—n
02771
O3—n

Oo

e}

NI N

On—l

1
1
1

1

1

—8 Ol—n

—2 O2fn

0 O3—n
On_3 0

1

such that A = C o D (Hadamart Product of C and D).

(i)

1Ally =

1
~Q,
n

where 24 is as in Corollary 3.2.

(ii)

IA]l, < €2

7
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where

1
Q= (5-(480%,,, —30%, +15 +8(2" — 1))z x v/n.
Proof.
(a)
(i) We use equation (2.2).
(ii) By definition, we get
n n—1
1 1 1
rn(C) = mz.ax(z leifl)2 = O ley; )z = (1+ ) W2y)2
J j=1 k=1
1
= (2—7(48G2,n+1 —3G?, — 24G? — 48G?
+8(Go — 2G1)? (2% — 1)) + 1)2
1
- (E(zlgcﬂ’_n+1 — 3G, +32(2>" — 1) — 21))2

and
(D) = max(}|dy[*)?

= vn (OZS G; <1, for (1>0and n>1)).
So, from inequality (2.7),

[All, < m(C)er(D) = Qs

1 )
= (2—7(48(;2_71+1 —3G2, +32(22" —1) - 21))2 x v/n

(b)

(i) We use equation (2.2).

(ii) We get

() = max(Yles) = (Dl ) = 1+ 3 H2)}
k=1

J Jj=1
1
- (5(481&13%1 —3H?, — 24H{ — 48H7
+8(Hy — 2H, )22 — 1)) + 1)2
1
= (2—7(4811r3n+1 —3H%, —117))2
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and

—1
713:0 HI? = \/ﬁ

n—1 rr2 1
o HE =4
cl(D) _ k=0 1k 27

\

(21H2 — 3H?_| — 48H,(2H, — H,)
—272H5 ([ — 2H,)?(2%" — 1)) — H?
= (—(48H2 — 3H2_, — 144))>

Y

so by defination of Hadamard product and from inequality (2.7)

[A[ly < 71 (C)er(D) = Q6

(&(48H2, ., —3H2, —117))2 x/n , n>6
= —L(48H2 — 3H2_ | —144))2
( 27( n n—1 ))21 1§n<6
x(L(48H2, ,, — 3H2, — 117))2
(c)
(i) We use equation (2.2).
(ii) We get
1 i 1 ol 1
r(C) = m?X(Z i)z = O L) = (14> 02,2
i 7j=1 k=1
1
= (5(4802_”+1 —30%, — 2402 — 4807
+8(0p — 201)2(2%" — 1)) 4+ 1)2
1
= (2—7(4802_n+1 —30% +15+8(2 — 1)))2
and

a(D) = maX(Z!dijV)%

J

)

= vVn(0<0;,<1, for (i>0 and n >1)).
so, from inequality (2.7)

Al < 71 (C)er(D) = Q7

1
= (5(480’{”+1 —30%, +15+8(2*" - 1))

N

X \/n.

This complates the proof. [
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3.5 THE KRONECKER AND HADAMARD PRODUCT OF THE TOEPLITZ
MATRICES WITH GENERALIZED ORESME NUMBERS

In this section, we obtain some results for the Kronecker and Hadamard product of the
Toeplitz matrices with generalized Oresme numbers.

From the equation (2.10) and Corollary 3.2, we have the following corollary which gives
the Frobenius norms of the Kronecker products of the Toeplitz matrices with special cases

of generalized Oresme numbers.

Corollary 3.3

(a) Let A = T(Go,G1, -+ ,Gy_1) and B = T(Hy, Hy,--- , H,_1) be Toeplitz matrices
with modified Oresme numbers and Oresme-Lucas numbers, respectively, then we

have the following property.

lA® Blp = [AllgIBllg

= V2V

where € and €23 are as in Corollary 3.2 (a) and (b),
(set W,, = G, with Gy =0,G; =1 and W,, = H,, with Hy = 2, H; = 1, respectively).

(b) Suppose that A = T(Go, G, ,Gpr_1) and B = T(Oy, Oy, -+ ,0,_1) be Toeplitz
matrices with modified Oresme numbers and Oresme numbers respectively, then we

obtain the following property:

[A®Blp = [AllgIBlg

= Vv

where 5 and €y are as in Corollary 3.2 (a) and (c),
(set W,, = G, with Gy =0,G; =1 and W,, = O,, with Oy =0,0; = %, respectively).
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(c) Given A =T(Hy, Hy, -+ ,H,_1) and B =T(0Oy, 01, -+ ,0,_1) be Toeplitz matrices
with Oresme-Lucas numbers and Oresme numbers respectively, then we get the

following property:

[A®Bllp = [lAlzIBllg

= VsV

where (23 and €24 are as in Corollary 3.2 (b) and (c),

(set W,, = H,, with Hy =2, H; =1 and W,, = O,, with Oy = 0,0, = %, respectively.)
Proof. (a), (b) and (c) follows from equation (2.10) and Theorem 3.2 and Corollary 3.2.
O

From the above inequality (2.9) and Theorem 3.2 and Corollary 3.2, we have the following
result, which gives an upper bound for the Frobenius norm of Hadamard products of

Toeplitz matrices by exclusive cases of generalized Oresme numbers.

Corollary 3.4

(a) Let A = T(Go,G1,-++ ,G,_1) and B = T(Hy, Hy,--- , H,_1) be Toeplitz matrices
with modified Oresme numbers and Oresme-Lucas numbers, respectively, then we

have the following property:

Ao Bl < [Allz|IB|x
< VeV Q3
where 5 and €3 are as in Corollary 3.2 (a) and (b),
(set W,, = G, with Gy =0,G; =1 and W,, = H,, with Hy = 2, H; = 1, respectively).

(b) Suppose that A = T(Go,G1,- -+ ,Gpr—1) and B = T(Oy, Oy, - ,0,_1) be Toeplitz
matrices with modified Oresme numbers and Oresme numbers, respectively, then

we obtain the following property:

[Ao Bl < [lAllpIBllp

< Vo

where (25 and €24 are as in Corollary 3.2 (a) and (c),
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(set W,, = G,, with Go =0,G; =1 and W,, = O,, with Oy = 0,07 = %, respectively).

(c) Assume that A = T'(Hy, Hy, -+ ,H,—1) and B = T(Oy, 04, -+ ,0,_1) be Toeplitz
matrices with Oresme-Lucas numbers and Oresme numbers, respectively, then we

have the following property:

Ao Bl < [AlglBlr
< V3V

where Q3 and €4 are as in Corollary 3.2 (b) and (c),

(set W,, = H,, with Hy =2, H; =1 and W,, = O,, with Oy = 0,0, = %, respectively).
In the last inequality (2.8) and Theorem 3.3, we have the following Corollary, which gives
an upper bound for the spectral norm of Hadamard products of Toeplitz matrices with

special cases of generalized Oresme numbers.

Corollary 3.5

(a) Given A =T(Go,G1, - ,G,—1) and B =T(Hy, Hy,--- ,H,_1) be Toeplitz matrices
with modified Oresme numbers and Oresme-Lucas numbers, respectively, then we

have following property:
|Ao B, <5 x Qg
where (25 and ()¢ are as in Theorem 3.3,
(take W,, = G,, with Go = 0,G; = 1 and W,, = H,, with Hy = 2, H; = 1, respectively).

(b) Let A = T(Go,G1,-+ ,Gpr1) and B = T(Og,O1,--- ,0,,_1) be Toeplitz matrices
with modified Oresme numbers and Oresme numbers respectively, then we have the

following property:
|Ao Bll, <5 x
where ()5 and (27 are as in Theorem 3.3,
(set W,, = G, with Gy =0,G; =1 and W,, = O,, with Oy =0,0; = %, respectively).
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(c) Suppose that A = T(Hy, Hy,-- ,H,_1) and B = T(Oy, O, -+ ,0,_1) be Toeplitz
matrices with Oresme-Lucas numbers and Oresme numbers respectively, then we

get the following property:
HAO B||2 < QG X Q7

where (g and §2; are as in Theorem 3.3,

(set W,, = H,, with Hy =2, H; =1 and W,, = O,, with Oy = 0,0, = %, respectively).
Proof. For (a), (b) and (c) see inequality (2.8) and Theorem 3.3. [J

From the related equation (2.10) and Theorem 3.3, we have the following Corollary which
gives an upper bound for the spectral norm of Kronocker products of Toeplitz matrices

with special cases of generalized Oresme numbers.
Corollary 3.6

(a) Let A=T(Go,G1, - ,Gp_1) and B = (Hy, Hy, - - - , H, 1) be Toeplitz matrices with
modified Oresme numbers and Oresme-Lucas numbers, respectively, then we have

the following property:
||A® B||2 < Q5 X Qﬁ

where (25 and {2¢ are as in Theorem 3.3,
(set W,, = G, with Go =0,G; =1 and W,, = H,, with Hy = 2, H; = 1, respectively).

(b) Let A = T(Go,G1,-+ ,Gp_1) and B = T(Oy,O1,--- ,0,,_1) be Toeplitz matrices
with modified Oresme numbers and Oresme numbers respectively, then we get the

following property:
|A® Bl, < Q5 x Q
where (25 and (); are as in Theorem 3.3,

(set W,, = G,, with Gy =0,G; =1 and W,, = O,, with Oy =0,0; = %, respectively).

39



(c) Let A = T(Ho,Hy, - ,H, 1) and B = T(Oy,O1,--- ,0,,_1) be Toeplitz matrices
with Oresme-Lucas numbers and Oresme numbers respectively, then we obtain the

following property:
|A® Bl, < Q6 x Q7

where (g and (27 are as in Theorem 3.3,

(set W,, = H,, with Hy=2,H; =1 and W,, = O,, with Oy =0,0; = %, respectively).
Proof. For (a), (b) and (c) see equation (2.10) and Theorem 3.3. [J
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CHAPTER 4

TOEPLITZ MATRICES WITH GENERALIZED MERSENNE NUMBERS

In this chapter, we investigate Toeplitz matrices with Mersenne numbers components.
First, the Toeplitz matrices whose elements are the Mersenne numbers are created and
then the Frobenius, row and column norms of these matrices are found. Furthermore
lower and upper bounds are obtained for the spectral norms of these matrices. In addition,
the upper bounds for the Frobenius (Euclidian) and spectral norms of the Kronecker
and Hadamard product matrices of the Toeplitz matrices with the Mersenne numbers are

calculated. We use Soykan [8, 9].

4.1 THE TOEPLITZ MATRICES WITH GENERALIZED MERSENNE
NUMBERS COMPONENTS

In this section, we define the Toeplitz matrices whose elementry Mersenne and Mersenne-
Lucas, respectively and we use the notation A = T'(Wy, Wy, --- ,W,,_1) for the Toeplitz

matrix with generalized Mersenne numbers, i.e.,

Wo W1 W_o --o Wi,
Wl Wo W—l T W2—n
A= WQ W1 W() ce ngn . (41)
Woaa Wio Wyg -0 W

For exclusive cases, we get

My M. M. - M., 0o -1 -3 M,

My My My - M, 10 -1 My,

A= M2 M1 MO ce M37n = 3 1 0 Mgfn
Mn—l Mn—Q Mn—3 e MO Mn—l Mn—2 Mn—3 e 0
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(4.2)

for the Toeplitz matrix A = T(My, My, --- , M,_1) with Mersenne numbers and

HO H,1 H72 e Hlfn 2 % % Hlfn

H« Hy H, - Hy, 3 2 3 Hy

A= H2 Hl Hg Hg_n = 5) 3 2 Hg_n
Hn—l Hn—2 Hn—3 e HO Hn—l Hn—2 Hn—3 e 2

(4.3)

for the Toeplitz matrix A = T'(Hy, Hy,- -+ , H,_1) with Mersenne- Lucas numbers.

4.2 THE LARGEST ABSOLUTE COLUMN SUM (l-norm) AND THE
LARGEST ABSOLUTE ROW SUM (co-norm) OF THE TOEPLITZ
MATRICES WITH GENERALIZED MERSENNE NUMBERS

In this section, we calculate the largest absolute column sum and the largest absolute
row sum of the Toeplitz matrices with generalized Mersenne numbers and obtain their
properties.

In the following theorem, we present the norm value of ||A||; and ||A]|_ of the largest

absolute column sum and the largest absolute row sum of A.

Theorem 4.1 Let A =T (Wy, W1, ,W,_1) be a Toeplitz matriz with generalized Mersenne
numbers then the largest absolute column sum (1-norm) and the largest absolute row sum

(co-norm) of A are

nW,—2n+2)W  _+3Wo—W1 , if [Wi|>[W_k| and W< 0

Al = |All . =
' Wt (20 + )W, (W, —3Wo) |, if [Wil > Wil and Wi> 0

where k=i—j:4,7=0,1,--- . n—1; (k€ N,—k € N7).

Proof. Acknowledge A = T'(Wy, Wy, -+, W, _1) which is given as in (4.1). By the defin-
itions of 1 —norm and co — norm, and equation (2.3), equation (2.4) and equation(1.13),

we conclude that
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(i) If |Wi| > |W_g|, k € N and W), <0,k € N, then we get

n

n
1All, = 1%%12 laij| = max {|ay;| + as;| + [as;| + - + ans|} =) |aa
=l i=1

n—1
= |au| + |aa| + lazi| + - + [am| = Z (Wil
k=0

n—1 n n
= O W) == W -W)==> W+ W,
k=0 k=0 k=0
= (M =n)Wy+ (2n+2)Wy 1 + (W1 = 3W0)) + W,
= (7’L - 1)Wn - (27’L + Q)Wn_l + (3W0 - Wl) + Wn
= an — (2n + Q)Wn_l + 3WO - W1

and if |[Wy| > |W_y|,k € N and W), > 0,k € N, then we obtain

n

n
1Al, = 113%2 |aij] = max {|ay;| + |as;| + las;| + - + ans|} =D |aa
T a=1 i=1

n—1
= |au| + |aa| + lasi| + - - + am | = Z (Wil
k=0

n—1 n
= > Wi=> Wp—W,

k=0 k=0
= (1 — n)Wn + (QTL + 2)Wn71 + (W1 - 3W0) — Wn
= —nW, + 2n+2)W,_1 + (W — 3Wp).

(ii) If |Wy| > |W_i| .k € N and Wy, < 0,k € N, then it follows that

n n
[All,, = max Z |aij| = max {|ag| + [ai| + [ais| + - + [awn|} = Z |
j=1 j=1

1<i<n 4

n—1
= Jant] + lana] + ans| + - + lana] = D [Wi
k=0

k=0 k=0
= —(Q=n)Wy+ @2n+2)Wy1 + (W1 = 3W0)) + Wy,
= TLWn — (2’/1 + Q)Wn_l + 3W() - Wl
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and if |W_g| > |Wy|,k € N and Wy > 0,k € N, then we get

n

n
Al = g%z |aij| = max {[an| + |ai| + |ai| + -+ + |aim|} = Z ||
T =1 j=1

n—1 n

= Jam| + lana| + |ans| + -+ Jann] =D Wil =D Wi =W,
k=0 k=0

= (1 — n)Wn + (QTL + Q)anl + (Wl - 3W0) — Wn

= —TLWn + (Zn + Q)Wn_l + (Wl — 3W0)

Thus, the proof is completed. [

Remark 4.1 In the statement of the Theorem 4.1 the condion on W,,, W_,, n € N 1is
giwen to calculade ||A||, and ||Al|, norms of Mersenne, Mersenne-Lucas numbers. The

other cases can be handled similarly.

From the last Theorem 4.1, we have the following corollary which gives norm value of
|All, and || Al of A with Mersenne numbers and Mersenne-Lucas numbers, respectively,

(set W,, = M,, with My =0, M; =1 and W,, = H,, with Hy = 2, H; = 3, respectively).
Corollary 4.1

(a) For A=T(MyM,---,M,_1), the vaules of norms of Toeplitz matrices with Mersenne
numbers hold the following property:

Al = [All o = —nMn + (20 + 2) My + 1.

(b) For A = T (Hy,Hy, -+ ,H,_1), the values of norms of Toeplitz matrices with
Mersenne-Lucas numbers hold the following property:
IAll, = 1Al = —nH, + (20 + 2)H,y — 3.

4.3 THE FROBENIOUS NORM OF THE TOEPLITZ MATRICES WITH
GENERALIZED MERSENNE NUMBERS

In this section, we calculate the Frobenious norm of the toeplitz matrices with generalized
Mersenne numbers and obtain their results.

Next theorem, present the Frobenious (Euclidian) norm of a Toeplitz matrix A.
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Theorem 4.2 Consider A = T (Wy, Wy, -+, W, _1) which is given in (4.1), then the

Frobenious (Euclidian) norm of matriz A is

1Al = VAt

where

Al — ( 3n2+5n)W2n+1 + (6n2—é0n+4)WEn _ (144n+271)WO (GTL + ll)WOW 6n+11 Wl

3n%+23n+34 2 6n2+46n+847172 2
(32428ni3t)jy2 4 60’ dbniBiyy2 | of

+§(6n22_” +3n22" —10n27"423n2" — 28(27") + 14(2") — 18n+ 14) (W — 2Wo ) (W, — W).
Proof. The matrix A is of the form

Wo W,1 W72 T Wlfn

W1 W() W_l tee WQ—n

A= Wy Wi Wo -+ Wi,
anl Wn72 an?) T WU

Then we have

JAIZ = a2+ n—D)W2 +(n—-2)W2 +(n—3) W2 +---+ W2,
+n—1WE+(n—2)W3+(n—3)Wi+ -+ W2,

and so
n—1 k n—1 k
JAl7 = nWg+ Z(Z W?) + Z(Z W2) —2(n— )W
k=1 =0 k=1 =0
n—1 k n—1 k
= (=20 +2W5+>Y O _WH+> O w?
k=1 i=0 k=1 i=0
—3n? +5n, 6n? —10n+4. , 144n + 271,
- (T)W—n—H + (T)W—n - (T)WO
6n + 11 3n? +23n + 34 6n2 + 46n + 84
(60 4+ 1) WW; — ("cf)wf (2 18” w24 2 9" W2,

1
—2W?2, + 5(6#2‘” + 3n%2" — 10n27" + 23n2" — 28(27")

_'_14<2n) — 18n + 14)(W1 — 2W0)(W1 — W0>

Moreover, we use equation 1.14 and equation 1.15 in Corollary 1.2.

Then, we obtain

( 3n18+5n)W2n+1+(6n2—10n+4)w2 144n+271 W02+(6n+11)W0W 6n+11) Wl <3n +23n+34)W2+

9 18

6n2+46n+84 2
el 14
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—2W?2, + %(67122’" + 3n%2" — 10n27" + 23n2" — 28(27™) + 14(2") — 18n + 14)(W; —
2Wo) (W — Wy).
Therefore, we get

A2 = (FBsmmy 2, g (Stonsd )2 (M2 2 (G 11)Wo I, — G2 2

18 9

3n24+23n+34 2 4 6n2 446104841172
(—18 YW+ R W

—2W?2, + 5(67122’” + 3n%2" — 10n27" + 23n2" — 28(27™) + 14(2") — 18n + 14)(W; —
2Wo) (W — Wy).

This complates the proof. [

From the last Theorem 4.2, we have the following corollary which gives Frobenius norm

formulas of Mersenne numbers and Mersenne-Lucas numbers, respectively, (take W, =

Mn with M() = O,Ml = 1,M,1 = —% and Wn = Hn with HO = Q,Hl = 3,H71 = 3,

|

respectively).

Corollary 4.2 For n > 0, Toeplitz matrices with the Mersenne and Mersenne-Lucas

numbers, respectively have the following properties:

(a) [Allr = VA2

where A is given as in (4.2)

Ay = (= 3n2+5n)M2n+1+<6n2—10n+4)M2 (3n2+§zn+34)M2+6n +46n+84M2 i+ (6n227n+

3n22" — 10n27" + 23n2" — 28(27") + 14(2") — 27n — 7).
(b) [[Allr =VAs

where A is given as in (4.3)

Az = ( 3n128+5n)H2n+1 + (6n2—é0n+4)Hgn _ (3n —0—?211—&-34)]_]2 <6n2+%6n+84)]__]72hl _

L(6n227" + 3n22" — 10027 + 23n2" — 28(27") + 14(2") + 27n + 151).

4.4 THE LOWER AND UPPER BOUNDS OF THE SPECTRAL NORMS
OF THE TOEPLITZ MATRICES WITH GENERALIZED MERSENNE
NUMBERS

In this section, we investigate the lower and upper bounds of the spectral norms of the

Toeplitz matrices with generalized Mersenne numbers
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In the following theorem, we find the lower and upper bounds for the spectral norm of
the Toeplitz matrices with the Mersenne numbers, Mersenne-Lucas numbers, respectively,

(take W,, = M,, with My =0, M; =1 and W,, = H,, with Hy = 2, H, = 3, respectively).
Theorem 4.3

(a) Consider A =T (My, My, -+, M,_1) which is given as in (4.2). Let

1 M—l M—2 T Ml—n 1 _% _% Ml—n
1 My M.y -+ My, 1 0 -1 My,
C = 1 M1 MO Mg,n - 1 1 0 Mg,n
I Myo M,3 My 1 My o M, 3 0
and
My 1 1 --- 1 0 11 -+ 1
My 11 --- 1 1 11 --- 1
D= My 1 1 --- 1 = 3 11 -+ 1
M, 1 1 --- 1 M, 1 1 --- 1

such that A = C' o D (Hadamard Product of C' and D).
)
1

1A, =4/~ A

where Ay is as in Corollary 4.2.
(ii)

1Ally < Aq

where

Ay = (%((—2 C)M2 4 (dn 4+ 9)ME, + 2 (n 4 1) — 2))}

N|=

(=2 —=n)M? +4(n+3)M?_, + 2" (n+ 1) — 5))=.

1
><(§
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(b) Consider A = T(Hy, Hy, "+ -

and

1 Hy, Hy -+ Hi,
1 Hy H,y - Hyy
1 Hl HO H3—n =
1 Hn—2 Hn—?) HO
Hy 11 1 9
H 11 1 3
Hy, 1 1 1 | = )
Ho; 11 - 1 H, .

—
w N wlw

1 Hn—2

, H,,—1) which is given as in (4.3). Let

DN Nw ot

Hn—3

such that A = C' o D (Hadamard Product of C' and D).

(1)

(ii)

Proof.

1
4l > 1/~ Ag

where A3 is as in Corollary 4.2

14]l; < As
where
1
As = (=2 = n)H} + (4n + 9)H ;= 2" (n+ 1) — 14))?

—_

x(2((=2 = n)H2 + 4(n+ 3)H2_, — 2" (n+ 1) — 17))=.

w

(a) (i) We use equation (2.2).
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(ii) We get

r(C) = miax(z i)

NG

n

1

= () leasl)?
j=1

= O ME+1)E=(0+Y ME— M2 M)
=0 k=0

= (=2~ n)M? + (4n + 9)M>_, — 25 M2 + 18 My M,

—3M7 + 2(My — 2Mo)(M;y — M) (2"(n+1) — 1)) + 1)

N

_ (%((_2 —n)M? + (4n+ QM2 + 2" (n+ 1) — 2))2

and

er(D) = max(}_ [dy")E = (3 Idal*)2

—_

3

= QM) = (o ME = M)
k=0 k=0
. (%((_2 — ) M2 + 4(n + 3)MZ_, — 25M2 + 18MyM,
—3M7 +2(M; — 2Mo)(M; = Mo)(2"(n + 1) — 1))
= (%((_2 —n)M2+ 4(n+ 3)M2_, + 2 (n + 1) — 5))}

so, from inequality (2.7),

[All, < m(C)er(D) = Ay
1

= (5((=2=n)M] + (4n + 9)M},
F27 1) = 2))% X (5((-2 — )M + 4+ 3)ME,

N[

+2" (0 + 1) — 5))>.

(b) (i) We use equation (2.2).

(ii) By definition, we get

(€)= max(yleyl)E = (3 lew[)?

n—2 n
= O HI+1)2 =(+Y HE—H:-H. )
k=0 k=0
1
= (5((—2 —n)H? + (4n+9)H? | —25HZ + 18HyH, — 3H?

N

+2(Hy — 2Ho)(Hy — Ho)(2"(n+1) — 1)) + 1)

= (%((—2 —n)H2 + (4n+9)H> | — 2" (n 4+ 1) — 14))2
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and
n n—1 n
a (D) = m]aX(Z di*)2 = O lda*) = O HY)? = (> Hi — H)?
i i=1 k=0 k=0

1
= (=((=2—=n)H:+4(n+3)H?_, —25H; + 18HyH, — 3H;

3
+2(Hy — 2Ho)(Hy — Hp)(2"(n + 1) — 1)))2
= (%((—2 —n)H? +4(n+3)H?_| — 2" (n 4 1) — 17))3

so, from inequality (2.7)

Al < m(C)a(D) = As

= (%((—2 —n)H? + (4n + 9)H>_, — 2" (n + 1) — 14))2

« (%((—2 ) H 4+ 4+ 3 — 2 (n+ 1) — 1T))?.

This complates the proof. []

4.5 THE KRONECKER AND HADAMARD PRODUCT OF THE TOEPLITZ
MATRICES WITH GENERALIZED MERSENNE NUMBERS

In this section, we obtain some results for the Kronecker and Hadamard product of the
Toeplitz matrices with generalized Mersenne numbers.

From the equation (2.10) and Corollary 4.2, we have the following corollary which gives
the Frobenius norms of the Kronecker products of the Toeplitz matrices with special cases

of generalized Mersenne numbers.

Corollary 4.3 Suppose that A = T (Mo, My,--- ,M,_1) and B = T(Hy,Hy,--- ,H,_1)
be Toeplitz matrices with Mersenne numbers and Mersenne-Lucas numbers respectively,

then we have the following property:.

[A®Blp = [AllgIBlg

= VA

where Ay and Az are as in Corollary 4.2 (a) and (b),

(set W,, = M,, with My =0, M; =1 and W,, = H,, with Hy = 2, H; = 3, respectively).
Proof. It can be easily seen from equation (2.10) and Theorem 4.2 and Corollary 4.2. [J
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From the above inequality (2.9) and Theorem 4.2 and Corollary 4.2, we have the following
result, which gives an upper bound for the Frobenius norm of Hadamard products of

Toeplitz matrices with different Mersenne sequences.

Corollary 4.4 Assume that A = T (Mg, My,--- ,M,—1) and B = T(Ho, Hy,--- , H,_1)
be Toeplitz matrices with Mersenne numbers and Mersenne-Lucas numbers, respectively,

then we have the following property:
[AoBlp < lAlgIBls
< VA3
where Ay and Az are as in Corollary 4.2 (a) and (b),
(set W,, = M,, with My =0, M; =1 and W,, = H,, with Hy = 2, H; = 3, respectively).
Proof. For the proof see inequality (2.9) and Theorem 4.2. [J
In the last inequality (2.8) and Theorem 4.3, we have the following corollary, which gives

an upper bound for the spectral norm of Hadamard products of Toeplitz matrices with

different Mersenne sequences.

Corollary 4.5 Given A =T (Mo, My,--- , M, 1) and B =T(Hy, Hy,--- , H,_1) be Toeplitz
matrices with Mersenne numbers and Mersenne-Lucas numbers respectively, then we have

the following property:
||AO B”2 S A4 X A5
where Ay and A5 are as in Theorem 4.3,

(take W,, = M,, with My = 0, M; = 1 and W,, = H,, with Hy = 2, H; = 3, respectively).
Proof. See inequality (2.8) and Theorem 4.3. [J
From the related equation (2.10) and Theorem 4.3, we have the following corollary which
gives an upper bound for the spectral norm of Kronocker products of Toeplitz matrices

with different Mersenne sequences.

Corollary 4.6 Let A =T (My, My, -+ ,M,_1) and B="T(Hy, Hy,--- ,H,_1) be Toeplitz
matrices with Mersenne numbers and Mersenne-Lucas numbers, respectively, then we have

the following property:
|A® B, < Ay x As

where Ay and A5 are as in Theorem 4.3,
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(set W,, = M,, with My =0, M; =1 and W,, = H,, with Hy = 2, H; = 3, respectively).
Proof. See equation (2.10) and Theorem 4.3. [
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CHAPTER 5

TOEPLITZ MATRICES WITH GENERALIZED BALANCING
NUMBERS

In this chapter we investigate, Toeplitz matrices with balancing numbers and their prop-
erties. First, the Toeplitz matrices whose elements are the balancing numbers are created
and then the euclidian, row and column norms of these matrices are found. Further-
more lower and upper bounds are obtained for the spectral norms of these matrices. In
addition, the upper bounds for the Frobenius (Euclidian) and spectral norms of the
Kronecker and Hadamard product matrices of the Toeplitz matrices with the balancing

numbers are calculated. We use Soykan [10, 11].

5.1 THE TOEPLITZ MATRICES WITH GENERALIZED BALANCING
NUMBERS COMPONENTS

In this section, we define the Toeplitz matrices which elements are balancing, modified

Lucas-balancing, Lucas-balancing numbers, respectively and we use the notation A =

T(Wy, Wy, -+, W,_1) for the Toeplitz matrix with generalized balancing numbers, i.e.,
WO Wfl W72 T Wlfn
Wiy Wo W - Way,
A= Wy, W, W, --- W, |- (5.1)
Wn—l Wn—2 Wn—3 T WO

For special cases, we get

By B, B --- Bj_, 0 —1 -6 -+ Bi_,
By By By -+ By, 1 0 -1 -+ By,
A= By By By Bs_, = 6 1 0 Bs_, (5 2)
B,.1 B, Bj,_3 By B,.1 B,2 B3 0
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for the Toeplitz matrix A = T'(By, By, - - , B,_1) with balancing numbers and

Hy H, Hy --- H_, 2 6 4 - Hi_,

H,y Hy H, --- Hy, 6 2 6 - Hy,

A= H2 H1 HU Hg,n = 34 6 2 Hg,n
Hn—l Hn—2 Hn—?) e HO Hn—l Hn—2 Hn—3 e 2

(5.3)

for the Toeplitz matrix A = T'(Ho, Hy, - - - , H,—1) with modified Lucas-balancing numbers

and
Ch, C, Co --- Ci_, 1 3 17 - Ci_,
(& Co C_1 - Oy 3 1 3 N O
A= Gy G Co - Ciyy | = 17 3 1 - Oy (5.4)
On—l Cn—2 Cn—?: e C’0 On—l Cn—2 On—?) e 1

for the Toeplitz matrix A = T(Cy, Cy,-- - ,C,—1) with Lucas-balancing numbers.

5.2 THE LARGEST ABSOLUTE COLUMN SUM (l-norm) AND THE
LARGEST ABSOLUTE ROW SUM (oco-norm) OF THE TOEPLITZ
MATRICES WITH GENERALIZED BALANCING NUMBERS

In this section, we calculate the largest absolute column sum and the largest absolute
row sum of the Toeplitz matrices with generalized balancing numbers and obtain their
properties.

In the following theorem, we present the norm value of ||Al|, and ||A||__ of the largest

absolute column sum and the largest absolute row sum of A.

Theorem 5.1 Let A =T (Wy,Wy,--- ,W,_1) be a Toeplitz matriz with generalized bal-
ancing numbers then the largest absolute column sum (1-norm) and the largest absolute

row sum (oco-norm) of A are

—~

W+ Wy —5Wo+ Wh) , if [Wi| = |W_y| and Wy <0

1
1AL = 1Al = § * .
(Wn—Wn_1+5WO—W1) s Zf |Wk| = |W_k| and Wk ZO

=

where k=4i—j:4,7=0,1,--- ,n—1; (k€ N,—k € N™).
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Proof. Consider A =T (Wy, Wy, -+, W,,_1) which is given as in (5.1). By the definitions
of 1 — norm and oo — norm, and equation (2.3) and equation (2.4) and equation (1.21),

we conclude that

(1) If [Wy| = |W_g|, k€ N and Wy <0, k € N, then we get

n

1All, = lrgjagglz |aij| = max {|ai;| + |ag;| + |as;| + -+ - + |an;[}
=1
' n
= |an|+ |ag1| + |asi| + - + |an] :Z|ail|
=1

n—1 n—1 n
= > Will==) We==> Wi+W,
k=0 k=0 k=0
Wy + W1 — 5Wo + W,
4

and if |Wy| = |W_g|, k € N and W), > 0, k € N, then we obtain

n
Al = max D fagl = max {las| + Jaz| + las;| - + [any[}
T =1
' n
= Jau| +laz| +lagi| + - + || =) lau]
=1

n—1 n—1 n
= D W=D W=> Wi =W,
k=0 k=0 k=0
Wy — Wy +5Wy — W
y .

(i) If [Wy|=|W_g|, k€ N and W, <0, k € N, then we get

1<i<n 4

n
Al = max > |ai;| = max {|an| + |an| + |ais| + - + |am|}
j=1

n
= Jant] + lanal + -+ @] =D lan|
j=1

n—1 n—1 n
S ST, SIS S
k=0 k=0 k=0
W W = 5Wo+ W,
B 4
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and if |[Wy| = |W_k|, k € N and Wy, > 0, k € N, then we obtain

n
= = . . ) ce .
1Al max » || = max {|aa| + |ai| + |ass| + - + |aim]}
j=1

1<i<n <

n
= ant] + lanz| + -+ lann] = |an]
j=1

n—1 n—1 n

= Wil => W => Wi =W,
k=0 k=0 k=0

o n —’vVﬁ_1-+»5va——qu

B 4

Thus, the proof is completed. [

Remark 5.1 In the statement of the Theorem 5.1 the condion on W,,, W_,, n € N is
gwen to calculade ||.||; and ||.||,, norms of balancing, modified Lucas-balancing, Lucas-

balancing numbers. The other cases can be handled similarly.

From the last Theorem 5.1, we have the following corollary which present norm values of
| All; , [|A]l,, of A with balancing numbers, modified Lucas-balancing numbers and Lucas-
balancing numbers, respectively, (set W,, = B,, with By = 0, B; = 1 and W,, = H,, with
Hy=2,H; =6 and W,, = C, with Cy = 1, = 3, respectively).

Corollary 5.1

(a) For A=T(ByBy,- - ,B,_1), the vaules of norms of Toeplitz matrices with balancing

numbers have the following property:

B, —B,1—-1
1Al = [[Allo = 1 :

(b) For A=T(Hy,Hy,--- ,H,_1), the values of norms of Toeplitz matrices with mod-

ified Lucas-balancing numbers have the following property:

H,—H, ,1+4
1Al = [[Allo = 1 :
(c) For A =T(Cy,Ch,---,Cy_1), the values of norms of Toeplitz matrices with Lucas-
balancing numbers have the following property:
Cp—Ch1+2
H/4“1 ::Hj4”a):: 4 :
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5.3 THE FROBENIOUS NORM OF THE TOEPLITZ MATRICES WITH
GENERALIZED BALANCING NUMBERS

In this section, we calculate the Frobenious norm of the Toeplitz matrices with generalized

balancing numbers and obtain the following results.

Next theorem present the Frobenious (Euclidian) norm of a Toeplitz matrix A.

Theorem 5.2 Let A = T (Wy,Wy,--- , W, 1) be a Toeplitz matriz with generalized

balancing numbers components, then the Frobenious (FEuclidian) norm of matriz A is

Al = v

where Ty = LW2 4 L2 — Bltyye  npy2 ooy, 61,)2 — 20 (2 4w —
6TV, ).

Proof. The matrix A is of the form

Wo W_1 W - Wi,

Wy Wo W_oy - Wo,

A= Wy Wi Wo - Wi,
Wipaa Whoo Wyg - W

Then we have

JAIZ = aWZ+ - D)W+ (n—2)W2 + (n—3)W2 + -+ W2
+(n—1DWE+(n—2)WZ+(n—3)Wid+---+ W2,
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we obtain it follows that

2
1Al =

W+ (n—=1DW2 + (n = 2)W2 + (n = )W+ + WP,

+(n 1W12+( — Wi+ (n—=3)W2+ -+ W2,

—QTL(Wl + WO — 6W1W0)))

n—1
+ Z WEn+1 33W2, + W2 — W2+ 2n(W2 + W2 — 6W1Wp)))

k=1

1
(2 —n)WZ + 3—2(W3 — (n+ 33)WZ + n(W1 — 6W)?
~ (n+33)
+1

—%(Wf + W2 — 6WL W)
1 5, 1 5 (B4n+2) o, n__, n 9
32Wn + 32W,n 5 Wi + 32W1 + 32(W1 65)
_2n(n+1)

Moreover, we use equation (1.23) and equation (1.24) in Corollary 1.3.

Therefore, we get

1A% =

LW L2, BBy gy n (W, 6T) 2 — 22D (W2 L W — 6T, ).

This complates the proof. [

From the last Theorem 5.2, we have the following corollary which gives Frobenius norm
formulas of balancing numbers, modified Lucas-balancing numbers and Lucas-balancing

numbers, respectively, (take W,, = B,, with By = 0,B; = 1 and W,, = H,, with Hy =

2, H; = 6 and W,, = C,, with Cy = 1, C} = 3, respectively).

Corollary 5.2 Forn > 0, Toeplitz matrices with the balancing, modified Lucas-balancing

and Lucas-balancing numbers, recpectively, have the following properties:

(@) [Allr=

VT

where A is given as in (5.2)

Ty =

1
3 — (B2 + B, — 2n?).
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(b) Al =vTs

where A is given as in (5.3)

1
T3 = —(H2+ H?, + (64n* — 8)).

(©) Ay = Vs

where A is given as in (5.4)

1
T, = 3—2(05 +CO2,, +16n* - 2).

5.4 THE LOWER, UPPER BOUNDS OF THE SPECTRAL NORMS OF
THE TOEPLITZ MATRICES WITH GENERALIZED BALANCING
NUMBERS

In this section, we investigate the lower and upper bounds of the spectral norms of the

Toeplitz matrices with generalized balancing numbers

In the following theorem, we find the lower and upper bounds for the spectral norms of
the matrices with the balancing numbers, modified Lucas-balancing numbers and Lucas-
balancing numbers, respectively, (take W,, = B, with By = 0, B; = 1 and W,, = H,, with
Hy=2,H, =6 and W,, = C,, with Cy = 1,C; = 3, respectively).
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Theorem 5.3

(a) Consider A = T(By, By, - - -

and

1 B,y By --- Bi_,
1 By B, -+ DBy,
1 B, By - Bs, |=
1 B,2 B,3 -+ By
By 11 1 0
B 11 1 1
By 1 1 1 = 6
anl 11 --- 1 anl

11

, Bn—1) which is given as in (5.2). Let

1

such that A = C' o D (Hadamart product of C' and D).

(i)

(ii)

(b) Consider A = T(H,, Hy, - - -

1
4l > /=T

where Y5 is as in Corollary 5.2.

14l < s

where

e

1
T5:Q§uﬁ—33ﬁﬂ—2n+%ﬁ

1 H, H., --- Hi_,

1 H, H, --- Hy,

1 H, Hy, - Hs, |=
1 H,» H, 3 --- H
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1
XS?BZ—BiJ+1—2M).

1
1
1

6

, H,_1) which is given as in (5.3). Let

34

Bl—n
BQ—n
B3fn

D=




and

H 11 .- 1 2 11 -1
H 11 --- 1 6 11 -1
D = Hy, 11 1 1= 34 11 1
H,, 11 -1 H,, 11 .1

such that A = C o D (Hadamart product of C' and D).

(i)
1
4l > /s
where T3 is as in Corollary 5.2.
(ii)
[Ally < o
where
1
Yo =(2+ —(H?—33H2_, + 64n))7 x (

(c¢) Consider A =T(Cy,C,- -+ ,C,_1) which is given as in (5.4). Let

32 32

1 ¢4 Co - Ciy 1 3 17
1 G Cq - Cyy 1 1 3
C= 1 01 O() Og_n = 1 3 1
1 Cn72 Cn73 C10 1 Cn72 Cn73
and
Co 11 1 1 11 1
c; 11 1 3 11 1
D= C, 11 1| = 17 11 1
Chey 11 -+ 1 Chy 11 - 1
such that A = C' o D (Hadamart product of C' and D).
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1
(H? — H2 | 4 32+ 64n))>.

C’l—n
C2fn




1
4l > 4/ T

where T, is as in Corollary 5.2.
(ii)
[A]l, < Y7
where
Y, = (3%(05 —33C%_, +40 4 16n))7 x (3%(02 —C2 | +8+16n))2.
Proof.
(a) (i) We use equation (2.2).

(ii) We get

n n—2
r(C) = mgX(Z leii*)2 = O lensP)? = (14 ) BY)?
i j=1 k=0

1
=01 ﬁ(B,‘i —33B2_, — B{ + (B, — 6By)?
—2n(B? + B2 — 6B, By)))?

1
_(3_2

N|=

(B2 —33B2 | —2n + 33))

and

ca (D) = mﬁX(ZW@VﬁZ(ZIdHIQP
i i=1
n—1

= ()_B)

k=0

= ((@(3332 — B2, — Bj + (B — 6By)*

—2n(B? + B2 — 6B,By)) — B?)2
1
= (@(Bi — B | — Bi + (B1 — 6By)’
—2n(B? + B} — 6B, By)))
1
(33
so, from inequality (2.7),

[NIES

=(>_Bi-B)?
k=0

N

= (=(B2—B2,+1-2n)):

n

[A]ly; < m(C)ea(D) = T5

N

1
X (3—2(33; — B2 +1-2n))z.

N[

1
= (5(35 —33B2 |, —2n+33))
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(b) (i) We use equation (2.2).

(ii) By definition, we get

n n—2
r(0) = max(D_leyl)? = O lewl’)? = (1+ D HY)2
7 7j=1 k=0

1
= (1+ ﬁ(HZ —33H2_, — Hj + (H, — 6H,)?

—2n(H? + H? — 6H,H,)))?

N|=

1
= (24 —=(H2 —33H? | + 64n))

32
and
c1 (D)
n n—1 n
1 1 1 1
= max(D _|dy[)2 = O _ldal*)2 = O_Hp)2 = (D _H - H})>
o i=1 k=0 k=0
1
= ((@(33}13 — H2_y — Hi + (H, — 6Hy)?
—2n(H? + H? — 6H,Hy)) — H?)?
1 1
= (gp(H3— Hy —4+36 - 20(36 +4 - 72)))2
1
= (==(H? — H? | + 32+ 64n))=.

32
so, from inequality (2.7),
[All, < m(C)a(D) =g

1 1
= (24 g5 (Hy = 33H , + 64n))2 x (52— Hy g +32+ 64n))2.

(c) (i) We use equation (2.2).

(ii) By definition, we get

n n—2
r(0) = max(}_leyl)? = lewl’)? = 1+ Cp)2
i 7j=1 k=0
= (1+ 3—12(05 —33C2_, — C3 4 (Cy — 6Cp)?
—2n(C? + C2 — 6C1Cy)))2
— (3%(02 —33C%_, +40 4 16n))?
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and

C1 (D)
n n—1 n
= max(Ydy[)? = (3 ldal’)? = (Q_C)r = (Q_CE - )
i i=1 k=0 k=0

1
= ((5;(33C7 — Ch_y = G5 + (C1 = 6Cy)?

32
—2n(C? + C2 — 6C1Cp)) — C2)3
1 )
= (3—2(03 —C? [ —1+(3-6)*—2n(9+1—18)))2
1 )

so, by definition of Hadamard product and from inequality (2.7),

[All, < m(C)a(D) =17

N

1 1 1
— (3—2(02 —33C2_ | 440+ 16n))? x (3_2(03 _ G2 48+ 160)k.

This complates the proof. []

5.5 THE KRONECKER AND HADAMARD PRODUCT OF THE TOEPLITZ
MATRICES WITH GENERALIZED BALANCING NUMBERS

In this section, we obtain some results for the Kronecker and Hadamard product of the
Toeplitz matrices with generalized balancing numbers.

From the equation (2.10) and Corollary 5.2, we have the following corollary which gives
the Frobenius norms of the Kronecker products of the Toeplitz matrices with special cases

of generalized balancing numbers.

Corollary 5.3

(a) Let A = T(By,By, -+ ,Bn1) and B = T(Hy, Hy,--- ,H,_1) be Toeplitz matrices
with balancing numbers and modified Lucas-balancing numbers respectively, then

we have the following property:

[A® Bllp = [lAlzBllg
= VT2V T3
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where Ty and T3 are as in Corollary 5.2, (a) and (b),
(set W,, = B, with By =0,B; =1 and W,, = H,, with Hy = 2, H; = 6, respectively).

(b) Suppose that A = T(By, By, ,B,_1) and B = T(Cy,Cy,--- ,C,_1) be Toeplitz
matrices with balancing numbers and modified Lucas-balancing numbers, respec-

tively, then we obtain the following property:

[A® B, = [AllgIBllg

= VTV,

where Ty and T, are as in Corollary 5.2, (a) and (c),
(set W,, = B, with By =0,B; =1 and W,, = C,, with Cy = 1, C; = 3, respectively).

(c) Given A =T(Ho,Hy, -+ ,H,_1) and B =T(Cy,C,--- ,C,_1) be Toeplitz matrices
with modified Lucas-balancing numbers and Lucas-balancing numbers, respectively,

then we get the following property:

[A®Blp = [AllgIBllg

= VTVT,

where T3 and T, are as in Corollary 5.2, (b) and (c),

(set W,, = H,, with Hy =2, H; = 6 and W,, = C,, with Cy = 1,C; = 3, respectively).
Proof. (a), (b) and (c) follows from equation (2.10) and Theorem 5.2 and Corollary 5.2.
O

From the above inequality (2.9) and Theorem 5.2 and Corollary 5.2, we have the following
result, which gives an upper bound for the Frobenius norm of Hadamard products of

Toeplitz matrices by exclusive cases of generalized balancing numbers.

Corollary 5.4

(a) Let A =T(By,By, -+ ,B,_1) and B = T(Hy, Hy,--- ,H,_1) be Toeplitz matrices

with balancing numbers and modified Lucas-balancing numbers, respectively, then
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we have the following property:

Ao Bl < (Al Bl
< VT T3

where To and T3 are as in Corollary 5.2, (a) and (b),
(set W,, = B, with By =0, B; =1 and W,, = H,, with Hy = 2, H; = 6, respectively).

(b) Suppose that A = T(By, By, ,B,—1) and B = T(Cy,C4,--- ,C,_1) be Toeplitz
matrices with balancing numbers and Lucas-balancing numbers, respectively, then

we obtain the following property:

Ao Bl < [Alz|IB|x
< VT v/ Ty

where Yo and T, are as in Corollary 5.2, (a) and (c),
(set W,, = B, with By =0,B; =1 and W,, = C,, with Cy = 1,C; = 3, respectively).

(c) Assume that A = T(Hy,Hy, -+ ,H,_1) and B = T(Cy,C1,--- ,C,_1) be Toeplitz
matrices with modified Lucas-balancing numbers and Lucas-balancing numbers,

respectively, then we have the following property:

Ao Bl < [AlrIBllg
< VT3V Ty

where T3 and T, are as in Corollary 5.2, (a) and (c),

(set W,, = H,, with Hy =2, H; = 6 and W,, = C,, with Cy = 1,C; = 3, respectively).
In the last inequality (2.8) and Theorem 5.3, we have the following corollary, which gives
an upper bound for the spectral norm of Hadamard products of Toeplitz matrices with

special cases of generalized balancing numbers.
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Corollary 5.5

(a) Given A=T(By, By, -+ ,Bn-1) and B =T(Hy, Hy,- -+ , H,_1) be Toeplitz matrices
with balancing numbers and modified Lucas-balancing numbers respectively, then

we have the following property:
HAO B”2 < T5 X T6

where Y5 and Yg are as in Theorem 5.3,
(take W,, = B,, with By =0, B; = 1 and W,, = H,, with Hy = 2, H; = 6, respectively).

(b) Let A = T(By, By, -+ ,By-1) and B = T(Cy,Cy,---,C,_1) be Toeplitz matrices
with balancing numbers and Lucas-balancing numbers, respectively, then we have

the following property:
HAO B”2 < T5 X T7

where T5 and T, are as in Theorem 5.3,
(set W,, = B, with By =0,B; =1 and W,, = C,, with Cy = 1, C; = 3, respectively).

(c) Suppose that A = T(Hy, Hy, -+ ,H,—1) and B = T(Cy,C4,--- ,Cy,_1) be Toeplitz
matrices with modified Lucas-balancing numbers and Lucas-balancing numbers re-

spectively, then we get the following property:
||AO B||2 < Tﬁ X T7

where T4 and T, are as in Theorem 5.3,

(set W,, = H,, with Hy =2, H; = 6 and W,, = C,, with Cy = 1, = 3, respectively).
Proof. For (a), (b) and (c) see equation (2.8) and Theorem 5.3. [J

From the related equation (2.10) and Theorem 5.3, we have the following corollary which
gives an upper bound for the spectral norm of Kronocker products of Toeplitz matrices

with special cases of generalized balancing numbers.
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(a) Let A =T(By,By, -+ ,Bn,_1) and B = T(Hy, Hy,--- , H,_1) be Toeplitz matrices
with balancing numbers and modified Lucas-balancing numbers, respectively, then

we have the following property:
[A® Bll, < T5 x Tg
where Y5 and Yg are as in Theorem 5.3,
(set W,, = B, with By =0, B; =1 and W,, = H,, with Hy = 2, H; = 6, respectively).

(b) Let A = T(By, By, -+ ,B,_1) and B = T(Cy,C4,--- ,C,_1) be Toeplitz matrices
with balancing numbers and Lucas-balancing numbers, respectively, then we get

the following property:
|A® B, < T5 x Y7

where Y5 and Y7 are as in Theorem 5.3,
(set W,, = B, with By =0,B; =1 and W,, = C,, with Cy = 1, C; = 3, respectively).

(c) Let A = T(Hy,Hy,--+ ,H,_1) and B = T(Cy,C4,--- ,C,_1) be Toeplitz matrices
with modified Lucas-balancing numbers and Lucas-balancing numbers, respec-

tively, then we obtain the following property:
[A® Bll, < Tg x Tr

where Yg and Y7 are as in Theorem 5.3,

(set W,, = H,, with Hy =2, H; = 6 and W,, = C,, with Cy = 1, = 3, respectively).
Proof. For (a), (b) and (c) see equation (2.10) and Theorem 5.3. [J

68



[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

REFERENCES

Akbulak M and Bozkurt D (2008) On the Norms of Toeplitz Matrices Involving
Fibonacci and Lucas Numbers. Hacettepe Journal of Mathematics and Statistics,
37(2): 89-95.

Dasdemir A (2016) On the Norms of Toeplitz Matrices with the Pell, Pell- Lucas,
Modified Pell Numbers. Journal of Engineering Technology and Applied
Sciences, 1(2): 51-57.

Karpuz G E, Ates F, Giingor A D, Cangiil I N and Cevik A S (2010) On the Norms
of Toeplitz Hankel Matrices with Pell Numbers. In:CP1281, ICNAAM,
Numerical Analysis and Applied Maathematics, International Conference.

Shen S (2012) On the Norms of Toeplitz Matrices Involving k-Fibonacci and k-Lucas
Numbers. Int. J. Contemp. Math. Sciences, 7(8): 363-368.

Solak S and Bahsi M (2013) On the Spectral Norms of Toeplitz Matrices with
Fibonacci and Lucas Numbers. Hacettepe Journal of Mathematics and Statistics,
42(1): 15-19.

Soykan Y (2021) Generalized Oresme Numbers. Eartline Journal of Mathematical
Sciences, 7(2): 333-367.

Soykan Y (2022) A Study on the Sum of the Squares of Generalized Oresme Numbers:
the Sum Formula Y {k=0}"x"{k}W _{mk+j}2. Asian Journal of Pure and
Applied Mathematics, 4(1): 16-27.

Soykan Y (2021) A Study On Generalized Mersenne Numbers. Journal of Progressive
Research in Mathematics, 18(3): 90-108.

Soykan Y (2021) On the Sum of the Squares of Generalized Mersenne Numbers: the
Sum Formula Y {k=0}"x"{k}W _{mk+j}2 International Journal of Advances in
Applied Mathematics and Mechanics, 9(2): 28-37.

[10] Soykan Y (2021) A Study on Generalized Balancing Numbers. Asian Journal of

Advanced Research and Reports, 15(5): 78-100.

69



REFERENCES (continued)

[11] Soykan Y Tasdemir E Dikmen C M (2021) A Study on the Sum of the Squares of
Generalized Balancing Numbers: the Sum Formula Y {k=0}"x"{k}W {mk+j}2.
Journal of Innovative Applied Mathematics and Computational Sciences, 1(1):
16-30.

[12] Uygun S (2019) On the Bounds for the Norms of Toeplitz Matrices with the Jacobsthal
and Jacobsthal-Lucas Numbers.  Journal of Engineering Technology and Applied
Sciences, 4(3): 105-114.

[13] Uygun S and Aytar H (2020) Bounds for the Norms of Toeplitz Matrices with k-
Jacobsthal and k-Jacobsthal Lucas Numbers. Journal of Scientific Reports.
45: 90-100.

70



CURRICULUM VITAE

Sevda AKTAS completed her primary, secondary and high school education in Malatya. She
graduated from Inénii University in 2006. She attended in department of mathematics at
Zonguldak Biilent Ecevit University in 2020 and graduated in 2023.

71





