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ABSTRACT

HAAR SYSTEMS ON LOCALLY COMPACT
GROUPOIDS

Ayse Isil Giileken
M.S. in Mathematics
Advisor: Aurelian B.N. Gheondea Eladi
July 2022

Haar systems are generalizations of Haar measures on groups to groupoids. Nat-
urally, important research directions in the field try to generalize the well known
existence of a Haar measure on a locally compact group to the existence of Haar
systems in different groupoid settings. The groupoid case differs significantly from
the group case, evidenced by a result of Deitmar [5], showing that non-existence
is possible even for compact groupoids. We first present the classical theory of lo-
cally compact groups and Haar Measures on them. We motivate our investigation
by constructing full C*-algebras on locally compact groups, which uses the exis-
tence of Haar measures. Then, we cover the theory of locally compact groupoids
and present Renault’s [9] result that provides a complete characterization of the
existence of Haar systems for the r-discrete locally compact groupoid setting,
which are precisely the ones where the range map is a local homeomorphism. We
present a question from Williams [13] that investigates if the open range map
assumption is redundant for second countable, locally compact and transitive
groupoids. Finally, we present Buneci’s counter-example [1] that answers this

question in the negative.

Keywords: Haar systems, locally compact groupoids, r-discrete groupoids.
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OZET

LOKAL KOMPAKT GRUPOIDLERDE HAAR
SISTEMLERI

Ayse Isil Giileken
Matematik, Yiiksek Lisans
Tez Danigmani: Aurelian B.N. Gheondea Eladi
July 2022

Haar sistemleri, gruplar tlizerine tanimhi Haar olgiilerinin grupoidlere genelleme-
sidir. Dogal bir aragtirma alani ise, Haar olciilerinin lokal kompakt gruplardaki
varlik sonucunun lokal kompakt grupoidlere genellenmesi tizerinedir. Deitmar’in
[5] kompakt grupoidlerde bile Haar sistemi bulunmayabilecegini gosteren sonucu-
nun da isaret ettigi gibi, grupoidler iizerindeki Haar sistemlerinin varlik sorusu,
gruplardan oldukca farklidir. Bu tezde oncelikle lokal kompakt gruplarin ve tizer-
ine tanmimli Haar oOlgiilerinin teorisi sunulmustur. Gruplardaki varlik sorusunun
bir motivasyonu olarak, Haar ol¢tilerinin kullanildigi tam C*-cebiri insa edilmistir.
Lokal kompakt grupoidlerin teorisi sunulmusg ve Renault’un [9] r-ayrik lokal kom-
pakt grupoidler icin varlik sorusunun denkliklerine dair sonucu incelenmistir.
Williams’a [13] ait olan, deger fonksiyonunun, gegisli ve diger 6zelliklere sahip
grupoidlerde agikhigina dair sorusu sunulmustur. Son olarak, Buneci'nin [1] bu

soruyu olumsuz olarak cevaplayan ornegi incelenmistir.

Anahtar sozciikler: Haar sistemleri, lokal kompakt grupoidler, r-ayrik grupoidler.
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Chapter 1

Introduction

A common problem in early 20" century analysis was on the existence of invariant
measures on topological groups. Development on this problem for compact groups
by Alfred Haar [7] in 1933, the eponym of a left invariant Radon measure called
the Haar measure, led to the rich theory of analysis on locally compact groups

as we know it today.

The central result of the field, proved by André Weil [12], states that on every
locally compact group G, there exists a Haar measure . A natural question to
ask is can this result be preserved for group like objects. The main group like

object of our study will be groupoids, and particularly the locally compact ones.

The chapter dedicated to locally compact groupoids will introduce a gener-
alization of the Haar measure to groupoids, which is a family of left invariant
measures with additional properties called a Haar system. Thus, the generaliza-
tion of the existence question to groupoids will be, on a locally compact groupoid,
does there always exist a Haar system? The answer is negative in general, due to

a counter-example by Deitmar [5], see Section 3.3.

The first half of the second reviews the necessary background on the theory
of locally compact groups, to prove the existence of Haar measures in the locally

compact case. Assuming that a Haar measure p on a locally compact group G
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exists, invariant properties of the Haar integral will be shown. Afterwards, the
main effort will be spent on building a positive and left invariant linear functional
on C(G), the space of all nontrivial positive continuous functions with compact
support in G. The main existence theorem will have the Riesz-Markov Theorem

as its engine which will extend the mentioned functional to the Haar integral on

C.(G).

The second half of Chapter 2 will cover the theory of the full C*-algebra of a
locally compact group, which requires the existence of a Haar measure. For this,
Universal C*-algebras will be presented, whose C*-norm is obtained by lifting
a C*-seminorm on a *-algebra to its natural quotient space. Furthermore, an
explicit example of a Universal C*-algebra with historical importance called the
Cuntz algebra will be presented, which is generated by a finite family of isometries

on a separable Hilbert space.

Chapter 3 first introduces topological groupoids and defines Haar systems on
them. However, the theory of invariant system of measures on locally compact
groupoids is much more complicated than the group case as evidenced by Deit-
mar’s counter-example [5], since it shows that even for a compact groupoid there
might not be a Haar system associated to it. Furthermore, the importance of the
existence of a Haar system is further supported by the need for it to construct a

full C*-algebra on a locally compact groupoid.

Groupoids have two natural maps defined on them, called the range and do-
main maps denoted by r and d respectively. Groupoids with an open range
map, also called r-discrete groupoids, have certain convenient properties that al-
low characterising the existence of a Haar system on the groupoid easier if the
groupoid is also locally compact. As developed by Renault [9] in his foundational
lecture notes, for a locally compact groupoid, a purely topological characterisa-
tion of being r-discrete and having a Haar system is presented. At the end, we
present a conjecture on existence with quite general assumptions due to Deitmar
[5], which asks if a second countable, locally compact and r-discrete groupoid has

a Haar system in general.



Finally, motivated by the importance of having an open range map, a natural
research direction is investigating for which types of locally compact groupoids
is the r-discreteness assumption redundant. We present two possible cases to
investigate, suggested by Williams [13], one for transitive and one for proper and

principal groupoids, see Section 3.4.

The case for the proper and principal groupoid is still unanswered but the
transitive case has been answered by Buneci [1] who showed that the open range
map assumption is not redundant. We finish our discussion by presenting her
result where we equip G = R xR with the trivial groupoid structure which makes
the groupoid transitive. The Euclidean topology on G is modified to obtain a
topology of modified neighbourhoods 7 where for a bounded interval (a, b)) C R
that doesn’t contain 0, we have that the set {0} X (a, b) is an open neighbourhood
of points of the form (0, z), where x € (a, b). Thus {0} x (a, b) is open in 7; and

by the way the product is defined on a trivial groupoid we calculate,

r({0} x (a, b)) = {(0, 0)}

which isn’t open in the unit space of G which inherits the subspace topology from

71 on G. Thus, the groupoid does not have an open range map.



Chapter 2

Haar Measure on a Locally

Compact Group

2.1 Existence and Uniqueness of Haar Measure

We present the construction of a Haar measure on a locally compact group as

given in [2] which follows [6].

Definition 2.1.

e On (X, 7), a locally compact and Hausdorff space, we denote a Borel o-

algebra generated by 7 with B. A Radon measure p: B — [0, 0o] satisfies,

i) pu(K) < oo for any compact K C X,

ii) for any B € B we have
pu(B) =sup{u(K)| K C B, K compact}.

e We denote the o-algebra of all Borel subsets of a locally compact group G
with B(G). For any compact subset K of G, we define

Ck(G):={f: K — C| f continuous and supp(f) compact}.
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Ck(G) is a Banach space with the uniform norm,

1fllxc := sup|f(a)| = sup | f(z)]
acK zeG

we denote by 7x the topology associated to this norm. Now we equip

KCG
K compact

with the strictly inductive limit topology associated to the inductive system
{Ck(G)| K a compact subset of G} denoted by 7,4, and called the uniform
topology. The convex cone of nontrivial positive functions in C.(G) is de-

noted by C(G).

o A left Haar Measure on G is a Radon measure p on G that is left invariant,
in the sense that, pu(zE) = p(E) for all E € B(G) and all x € G.

From now on by a Haar measure on a locally compact group G, we refer to a

left Haar measure unless stated otherwise.

Example 2.1. The restriction of the Lebesgue measure to the Borel subsets of

R is a Haar measure on the topological group (R, +).

For the proof of the existence of a Haar measure on a locally compact group

G, we define the shift maps L, and R, for y € G in the following way,

L,o(x) :== ¢(y'z) and R,¢p(z) := d(zy)
for x € G and ¢ € C.(G).

Definition 2.2. The general linear group over R of degree n € N denoted by
GL,(R) is the set of n x n invertible matrices with real entries, with matric

multiplication as the group operation. We denote GL1(R) as GL(R).

Example 2.2. We can associate R\ {0} with the group GL(R). The measure I%yl
restricted to Borel subsets of R\ {0} and where dy denotes the Lebesgue measure

is a Haar measure on GL(R). To see its left invariance, fix x € GL(R), since

5



x # 0, without loss of generality assume that x > 0 and take E € B(GL(R)). We

can make the change of variables z = zy, and dy = 27! - dz and

dy 7' dz x'dz  dz
lyl amtel ate 2|

1 1
/—dy:/ —dz
& 1Yl < |7]

SO %’i is left invariant and thus a Haar measure on GL(R).

Thus,

For briefness purposes, from now on G will refer to a locally compact group

or, otherwise is stated. Now we state a classical theorem as presented in [2].

Theorem 2.1. (Riesz-Markov Theorem) Let (X, 7) be a locally compact and
Hausdorff space. Then, for any linear positive functional ¢ : C.(X) — R there
exists a unique Radon measure ji: B — [0,00] such that ¢(f) = [ fdu for all

fel(X).

Definition 2.3. A step function f : R — R is a simple function where the sets

of the characteristic functions whose linear combination sum to f are intervals.

Proposition 2.1. Let i be a Radon measure on G. The following are equivalent:

(i) p is a Haar measure,

(i) For any y € G and any step function f : G — R we have,
[ @p@aute) = [ e a)dute) = [ re)duta).
G G G

(i11) For everyy € G and every f € CH(G) the above equality holds.

(iv) For everyy € G and every f € C.(G) the above equality holds.

Proof. (Colojoara & Gheondea, p. 34)



(i) = (1)

(i) = (i)

(i) = (iv)

Let y € G and E € B(G). Then, since y 'z € E if and only if x € yE, we

have,
(Lyxe)(z) = xe(y™'z) = xyp(z), forall z € G.

Thus by the left invariance property of the Haar measure,
L tee)in) = [ xpte)in) = noE) = wE) = | xol@uta).

Let f =", cixg, be astep function for mutually disjoint sets Ey, ..., E,, €
B(G) and distinct positive numbers ¢, ..., ¢,. Then by the linearity of the

integral and the previous equality, f satisfies the condition.

Let y € G, E € B(G) and f € CI(G). For any step function ¢ we have
¢ < L,f if and only if L,-1¢ < f. By Sg, we denote the set of all step
functions on G. Observe that for any g € G, we have S¢ = Ly;Si. Then,

using the assumption in (i) and the change of variables ¢ = L,-1¢ we have,

[ tn@inte) = sw [ owin) = s [ (L,00)@duta)

<Ly f, L, 16<f,JG
PeSa PESG

— sup / () du() = / F(@)du(z)
e<f, JG G
PESG

Let y € G and f € C.(G). Then if f is nontrivial and f, —f & CF(G), it
has the unique decomposition into positive elements as f = f, — f_ with
f+, f- € CF(G) since both f,, f_ are nontrivial. Thus, L, f = L, fy — L, f-
and by the assumption in (7ii), (4v) holds. If f is trivial or if —f € CI(G)

then the statement follows immediately.

Let y € G be fixed and let p1,, be the Radon measure defined by the left shift
as in p,(E) = p(yE) for all E € B(G). By the left invariance assumption
of the integral in (iv), the two functionals f — [, fdp and f — [, fdp,
coincide and by the uniqueness implication of the Riesz-Markov Theorem,
we have p1 = p,. Thus p satisfies the left invariance property and is thus a

Haar measure.



Remark 2.1. In view of Proposition 2.1, we can consider a Haar measure u as
a left invariant positive linear functional p : C.(G) — C. Later on, we will prove
that p(f) coincides with the Haar integral [, f(z)du(z) for f € Co(G).

Lemma 2.1. Let f,¢ € CI(G). Then

i) There exists xy,...,x, € G and ¢y, ...,c, > 0 such that
<Y ¢Lyo.
j=1
ii) Letting
(f:0):= inf{z ¢i|f < chijqﬁ for some x; € G, ¢; > 0},
=1 j=1

the following properties hold:

(a) (f:9):=(Lyf:¢) forallyeG.

(b)) (fi+ fard) < (fi:0)+ (fa: ) forall fi, f> € CI(G).

(c) (cf:0)=c(f:¢) forallc> 0.

(d) (f:¢)>(g: @) for any g € CF(G) such that f > g pointwise.
(e) (f :0) 2 |[fllsc/l|¢llsc for & # 0.

(f) (f:9) < (f:4h)- (@) for any ¢ € CI(G).

Proof.

i) Since ¢ # 0 and ¢ € CI(G), we have |¢| = ¢ and for any € > 0 by the
approximation property of supremum we have ¢(x) > ||¢||o — € for some
z € G Let e = Pl and define U := {z € G|¢(z) > %} # (). Since

2
supp(f) is compact, for the (non-finite) open cover {zU | x € G} of supp(f),

there exists w1, ..., 2, € G such that supp(f) C Ua:jU where n € N such

j=1
that 1 < nl|¢||e. Then we have f < ||f||s and

n 1 n
f<nl8lloe - [1Flle = D2l lloo - Sllélloc < Y ¢iLa,0
j=1

j=1
for ¢; = 2||f|| for all j € {1, ...n}.

8



i)

(a) For f <>77 ¢jLq;¢, takey € G and we have L, (f—zyzl chz](b) =
Lyf =21 ¢ilys;¢ < 0. Since for any z; € G there exists v; € G
such that z; = yx;, when taking infimum over Z?Zl ¢;’s we have (f :
¢) = (Lyf : ¢).

(b) Take fi, fo, ® € CH(G). Then f; + fo € CF(G). Then there ex-

ists ay, ..., an, by, ..., b, > 0 for without loss of generality m > n and

L1y eeey Ty Y1y ooy Ym € G such that
<Y aiLa, f2 <D biLyé.
j=1 j=1

Let ¢; := a; + b; and choose z; € G such that L. ¢ > L, ¢ + L,, ¢ for
1 < j <nand (if m # n) let ¢; := b; and choose z; € G such that
L.,¢>L,¢forn+1<j<m. Then,
Ji+ 2 < chszgb, and ch = Zaj + ij.
J=1 Jj=1 Jj=1 j=1

So when taking infimum over the sums of coefficients a; and b; we have
(fizo)+(fa:0) = (fi+ farg)

(c) Since ¢ > 0, this follows from the properties of infima.

(d) Wehaveg < f < Z;‘:l ¢j Ly, ¢, then the infimum for sum of coefficients
of g is taken over a larger set than that of f’s. Thus (g : ¢) < (f : ¢).

(e) Assume that f <3 7 | ¢jL,,¢ for some z; € G and ¢; > 0. Then,

11100 <3 el|Laylloo = [l D _ 5.
j=1 i=1

So since ¢ # 0, we have ||¢||o # 0 and taking infimum over Z?:1 cj's

we get || flloo/[|9lle < (f : @)
(f) Let ¢ € CH(G) such that f < >°7 | ¢;L,;1) for some ¢; > 0, z; € G
and ¢ <" bpL,, ¢ for some by > 0, y; € G. It follows that,

F<Y eLai < ((chij> (ZbkLyk))qﬁ.
j=1 k=1

j=1
Taking infima over _; ¢; and >, by’s implies (f : ¢) < (f 1 ¢)-(¢ : ¢).
9



Now using the (- : -) operator on C1(G) x CH(G), we can define a linear

functional on C(G) whose extension to C.(G) will later on be the Haar integral.

Definition 2.4. Let ¢, fy € C/(G) be fixed and define Z; : C (G) — (0, +00)

by

() = % fecr).

Notice that in the previous definition, the denominator (fy : ¢) can never be

0 since otherwise we would have that fy is identically 0.

Lemma 2.2. With notation as in the previous definition and for fized ¢, fo €
CH(Q), the functional Z, has the following properties:

1. (Left Invariance) Ty(f) = Ty(Lyf) for ally € G and dll f € CH(G).

2. (Subadditivity) T,(f1 + f2) < Ts(f1) + Ly(f2) for all i, f» € CH(G).

3. (Positive Homogeneity) Ty(cf) = ¢Zy(f) for all ¢ > 0 and f € CHG).

4. (Increasing) To(f1) < Ty(f2) whenever f1, f» € CH(G) are such that f < fo.

5. (Boundedness) (fo: [)™F < Zy(f) < (f : fo) for all f € CI(G).

Proof. (Colojoara & Gheondea, p. 36) Properties (1 —4) follow from i7) (a — d)
of the previous lemma respectively. For property (5), we will use i) (f) of the

previous lemma to obtain,

(f:0) < (f:fo)(fo:¢)and (fo:¢) < (fo: [)(f:9)
from which we obtain the two needed inequalities. O

Lemma 2.3. Any function f € C.(G) is right and left uniformly continuous, in
the sense that the maps G > a — L,f € C.(G) and G 5 a — R.f € C.(G) are

continuous.

10



Proof. (Colojoara & Gheondea, p. 32)

We will only prove right uniform continuity since left uniform continuity is similar.
Notice that it is sufficient to prove the continuity of the map G > a — R,f €
C.(G) at e. Let € > 0, then for any = € supp(f), there exists a neighbourhood
U, € V(x) such that

(Ryf)(@) = f@)] = 1/ (ey) = f(@)| < 5, y€Us.

Let V,, € V(e) be symmetric so V, = V. ! and open such that V7'V, = V,V, C U,.
Then since the families of sets {zV |z € G, v € V(e)} are bases of the topology
of G, we have that {V,}scqupp(s) is an open cover of supp(f). Then, there exists
Z1, ..., Tp € supp(f) such that

k=1

Let V := ﬂka and fix y € V. There are three cases,
k=1

e If x € supp(f), then there exists zi, ..., ¢, such that © € zV,, so
x,;lx € V., and hence zy = mk(:vlzlx)y € U,,, and thus by applying tri-
angle inequality we get,

€

|mﬂxm—funsuuw—ﬂ%n+vww—f@n<§+2

= €.
o If xy € supp(f), then there exists k € {1, ..., n} such that zy € z;V,, C
x,U,, hence the inequality holds for this case too.

e If both x, xy & supp(f) then f(z) = f(zy) = 0 so the inequality holds for

this case as well.

]

Lemma 2.4. Let fi, fo € CHG) and € > 0 be arbitrary. Then, there exists a
neighbourhood V' of e in G such that, whenever supp(¢) C V', we have

Lo(f1) + Zy(fo) S Ty(fi + fo) +e.

11



Proof. (Colojoara & Gheondea, p. 36)
Let f € CI(G) be such that g(z) = 1 for all x € supp(fi + f2) and 6 > 0.
Consider

h:=fi+ fo+9, h; ::% fori=1,2.
Then supp(h;) = supp(f) so h; € CH(G) for i = 1,2. So by the previous lemma
both h; and hy are left and right continuous, hence there exists V', a neighbour-

hood of e such that
|hi(x) — hi(y)| < & whenever y 'z €V, i=1,2.

Let ¢ € C.(G) be such that supp(¢) C V. If h <" | ¢;L,, ¢ for some z1, ..., x, €
G and cq, ...,c, > 0. We have,

fi(x) = h(z)hi(z) < icjgzﬁ(lex)hi(x), zeG.
=1
We will show that ‘
fi(z) < Zn:cjgb(:cjlx)(hi(xj) +9) fori=1,2 (%)
j=1
Fix j € {1,...,n}. We first prove that,

gzﬁ(xj_lx)hz(x) < (/ﬁ(xj_lx)(hz(a:]) +8) (%)

If x]-_la: € supp(¢) C V then |h;(z) — hi(z;)] < 0, 1 = 1,2 so (k) is satisfied. If
a:j’lx ¢ supp(¢), then both sides of the inequality is 0 so (#x) is trivial. Then

by multiplying both sides of the inequality with positive scalars ¢; and summing

over j € {1,....,n} we get (x). Now since hy + hy = fle:;;ij&g < 1, we get
(fr:0)+ (f2:0) <D cilhalwy) +0) + Y cilhalzs) +6) + Y ¢;(1+20)
=1 j=1 j=1

Taking infimum over all finite sums of the form > 7, ¢; such that h <377 | ¢; Ly,

we have the following,
Zo(f1) + Zo(f2) < (1 +20)Zy(h) < (14 20)(Zy(f1 + f2) + 6Zs(g)).
Finally letting 6 > 0 be small enough such that
20(f1+ f2: fo) +0(1+20)(g : fo) <e
we get the desired result. O]

12



The development of the theory of invariant measures on topological groups
had seen rapid development at the first half of the 20" century. In 1933, Alfréd
Haar proved that there exists an invariant measure on a Hausdorff compact group
[7]. Shortly after in 1933, John von Neumann showed it’s uniqueness [11]. André
Weil was the first to come up with a proof for the locally compact case [12]. Now

we present a proof for this celebrated result.

Theorem 2.2. On any locally group G there exists a left Haar measure .

Proof. (Colojoara & Gheondea, p. 37)

Let fo € CH(G) be fixed and for each f € CI(G) consider the compact interval
Xy = [@, (f : fo)]. Note that by the boundedness property of Lemma 2.2,
for each ¢, f € C(G) we have Zy(f) € Xy so the interval is nonempty. Then by

Tychonoff’s Theorem, the topological space

X = Xf
fec (@)

is compact and nonempty. As a set we have the identification
X ={F|F:CHG) — (0,+00) function, F(f) € X; for all f € C}(G)}

In particular, Zy € X. For each neighbourhood V of e € G, let

K(V):=1{Z,| ¢ € CF(G), supp(¢) C V}

Since X is compact, it follows that K (V') is compact. {K(V)}vep() has the
finite intersection property. Indeed for Vi, V5, ..., V,, € V(e) we have

K(DV) gém;)

By compactness, intersection of all K(V')’s is nonempty, thus there exists Z € X
that lies in each K(V). Further, for all V- € V(e), € > 0 and f1,...f, € CIH(G)
there exists ¢ € C(G) with supp(¢) C V and |Z(f;) — Z,(f;)| < € for all j =
1,2,...,n. By Lemma 2.4, 7 is additive, positively homogeneous and left invariant.
Finally, for f € C.(G), if f is nontrivial and f, —f & CF(G), there exist uniquely

13



f+ € CH(G) such that f = f. — f_and fif- =0solet Z(f) :==Z(fy) — Z(f-).
This extension is a nontrivial linear functional, positive and left invariant. By
Riesz-Markov Theorem, there exists uniquely a left Haar measure ;o such that

ff z) for all f € C.(G). O

Theorem 2.3. If u and X are Haar measures on G, then there exists ¢ € (0, 00)
such that = cA.

Proof. (Colojoara & Gheondea, p. 39)

We denote the inverse map on G with j, so j(z) = 7! for all x € G. Now
considering 4 as a linear functional, define X :== \(f o j) for f € C.(G). Then A
is a right Haar measure. For any f € C.(G) such that f € supp(u), the function

1 -
Ce(x ::—/fod)\y,aseG,
r@) =2 | B @A)
is continuous. If g € C.(G) then the function

h(z,y) == f(x)g(yx), z,y € G

is continuous with support included in supp(f) x supp(g). Then using Fubini’s

theorem and left invariance of p and right invariance of i we have,

o (1C) = [ o) [ Las@ain Jaute)

[ ([ rr@stee )aiw = [ [ sy -
| 1 ( [ stwauty ) - [ fa ( [ 5 (w)d;(m):
([ s ( [ iz = uni

Thus u(gCy) = Ag). If fi € C.(G) is another function such that p(f) # 0, we
also have u(gCy,) = Ag). Then, u(9Cy) = u(gCy,). Thus, gCp = gC, p-almost
everywhere for every g € C.(G) and then Cy = Cy, p-almost everywhere. Since
supp(p) = G and Cy, Cy, are continuous, the equality holds everywhere on G.
Then we can denote C(z) := C(z), and for x = e, since L,f(e) = f(y™') =
( 0 4)(y) we get ~

M) = Ceulf).
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Also, M(f) = M(foj) = A(fojoj) = A(f). Then for f > 0, we have u(f), \(f) >

0 hence it follows that C(e) = % > 0. Since every real valued f can be

decomposed into f = f, — f_ where f,, f- > 0 and by linearity of the functionals
i, A, there exists ¢ := C(e) such that p = c\.

]

Definition 2.5. Let i be a Haar measure on a locally compact group G. Fixing
r € G, py(F) := p(Fz™') for arbitary £ € B(G). Then pu, is a left Haar
measure and by the uniqueness property, there exists uniquely A(z) > 0 such
that p, = A(x)p. A : G — (0,400) is called the modular function of G. A
group G is called unimodular if A(z) =1 for all z € G.

Example 2.3. An abelian locally compact group G is unimodular. To see this,
let pu denote a Haar measure on G, £ € B(G) and « € G. Then by left invariance

of u, G being abelian and the definition of the modular function we have,

W(E) = pa'E) = p(Bx™") = Ax)p(E)
Thus A(z) =1 for all z € G.

Remark 2.2. For f € L'(G), t € G and p a Haar measure on G we have,
[ #stauts) = 80) [ Fs)ints)
@ a
Proof. We will prove the statement for simple functions and then the result will
hold for all f € L'(G). Let E € B(G) and t,s € G we have,
Alts)u(E) = p(Es~ 1) = A A(s)u(E)

thus A : G — (0,00) is a group homomorphism where (0, 00) is the multiplica-
tive group of positive reals with subspace topology from R with the standard

Euclidean topology.

Now for yg where x denotes the characteristic function and assuming that

w(E) is finite, we have

/ yprdp = p(BCY = ABu(E) = Al / o,
G G
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which proves the statement for simple functions f = """ | s;xg, for scalar s;’s
and E; € B(G) where i € {1, ..., n} and n € N, O

2.2 Universal C*-algebras

Definition 2.6. A, a Banach algebra over C with an involution x — x*, is called

a C*—algebra if the following are satisfied,

(i) (ax + By)* = az* + By* for o, B € C and z,y € A,
(ii) (zy)* =y*z* for x,y € A and

(iii) ||zz*|| = ||z|* for z € A.

As expected, in the previous definition the C*-norm property given as in (7i)
will usually be the only non-straightforward property to check. A standard ex-
ample of a finite dimensional C*-algebra motivated by linear algebra is given

below.

Example 2.4. For each n € N, M, (C) of n x n complex matrices with the
uniform norm || - || is a Banach algebra. The involution is defined by adjoint
matrices, so A* := AT for A € M,(C). As the C*-norm, define the uniform norm
as,

Il = sup Al

[EIRS

which satisfies the C*-norm property and thus M, (C) is a C*-algebra.

We follow the construction of a universal C*-algebra as presented in [10].

Definition 2.7. Let A be a x-algebra. Let p : A — [0,00) a map. p is a

C*-seminorm if

(i) p is a seminorm on A,
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(ii) for z,y € A, p(z*z) = p(x)* and

(iii) for z,y € A, p(zy) < p(z)p(y).

For x € A, define ||z|| := sup{p(z) | p is a C*-seminorm on A}. Suppose that
||z]| < oo for all z € A. Let

[:={z e Alljz|| = 0}.

We will show that I is an ideal. Take x € I and a € A. Then by the submul-
tiplicativity of the C*-seminorm, |laz|| < |la|| - ||z|| = 0 so ax € I. Thus, [
is an ideal in A. Now consider the quotient A/I, where the quotient norm has
the definiteness property and thus the seminorm descends to a C*-norm on A/I.
The completion of A/I with respect to this C*-norm is called the wuniversal or

the enveloping C*-algebra of A and is denoted by C*(A).

2.2.1 Cuntz Algebra

An alternative way of constructing universal C*-algebras is in terms of generators.
An important example to illustrate this method is the Cuntz algebra that we
will denote by O, for integer n > 2. This example is particularly historically
important because it was the first known constructed example of a separable
infinite simple C*-algebra [3]. We will start our study of O, by defining the

notion of simpleness for C*-algebras.

Definition 2.8. A (C*-algebra A is called simple if it contains no non-trivial

closed two-sided ideals.

Let #H be a separable Hilbert space and {5}, a sequence of isometries on H
so S;S; =1 for 1 > ¢ > n. We assume that Z?Zl S5 =1.
Definition 2.9. Given k € N, let W} be the set of all k-tuples (i1, ..., i) with
i; € {1, ...n}. Let W} := {0} and W, = UW,? We write Sy := I and for a

k=0
multi-index a = (ji, ..., jx) € W} we denote by S, := 5;,5;, - - - Sj,. Finally, let

l(a) := k be the length of o and 1(0) := 0.

17



Lemma 2.5. a) Let p,v € W2 and l(u) = l(v). Then S;;S, = 0,,1.

b) Let p,v € W2 and let P,Q be the range projections of S,,, S, respectively.
Suppose that S;,S, # 0.

(1) If l(p) = U(v) then S, =S, and P = Q.
(it) If lp) < U(v) then S, = S,y with p' € Wi,y ) and P < Q.
(iti) If l(p) > U(v) then S, = S, S, withv' € Wi, ., and P> Q.

Proof. (Cuntz, p. 175)

a) We have SfS; = 6;;1 so for k := l(n) = l(v), p = (i1,...,%) and v =
(71, -5 J) We have
S5, =8, S5+ S
so if p # v, S;S, =0since S;,_ S;, =0for0>m>k—1and 5SS, =1

if 4 = v since S, is a product of isometries.

b) Follows from a).

]

Lemma 2.6. Let M # 0 be a word in {S;} U{S;F}. Then there are two unique
elements p, v € W2 such that M = S,,S;.

Proof. (Cuntz, p. 175)

Let M = X --- X, where X; € {S;}U{S/} for 1 < j <r. After cancelling terms
of the form 5;S; we get the expression M = Y;---Y; in lowest terms, so s < r and
YYii1 #0forall 1 <i < s—1. By the previous lemma part a) since S;'S; = §;;1
and M # 0, we conclude that if Y; = S; for some j such that 2 < j <'s, then
Y;_1 =5;. Let jo denote the largest integer between 0 and s such that Yj, = 5;
then Y; = S;if 1 < j < joand Y; = S5 if j > jo. Thus there exists p,v € W2
with {(p) + I[(v) = s such that M = S5,S;. Uniqueness follows from the previous
lemma part b). O

18



Definition 2.10. Let FJ = CI and let ] be the C*-algebra generated by the
set {5,955 | u,v € W'}, By F", we denote the C*-algebra generated by the union
of all F}'’s where k > 0.

Proposition 2.2. F is x-isomorphic to M,x(C) and F C F, .

Proof. (Cuntz, p. 175)

According to Lemma 1.18 part a), for u, i/, v,v" € W', we have,
(S1S2) (S350 = DS

Since also (S,,.S;)* = 5,5 € {5, | u,v € Wi}, this shows that {S,S} |p,v €
W'} is a self-adjoint system of matrix units. Thus F' generated by {55} | i1, v €

W} is #-isomorphic to M, (C). Furthermore, since Y., S;SF, we have
SuSy =Y S,5:8;S;.
i=1

Since {(S,,S;) = 1(S,S;) = k + 1, we have S,S; € F',,. Thus F C F.,. O

Now let P be the algebra generated by {5;}7, and {S;}! , in the sense that
all A € P is a linear combination of words in {S;} U {S;} for 1 < i < n. Let
V := S and then V! = S7 since S is an isometry. Let M = S, S} be a word in
{S;yU{S;} for1 <i<n.Ler:=I[(u) and s:=I(v) and k:=1 — s.

(i) If k > 0, set M := S,S%St*. Then, since 1(S:St*) = s+ — s = r, we have
Me Frand M = MV,

(ii) If k < 0 set M = S7%S,S%. Then, since [(S7*S,) = |k|+7=s—7r+7 =35,
we have M € F* and M = VFM.

(iii) If k =0 then M € F' = F.

Then for any A € P, we have an expression of the form,

—1 K
A= D" ViA+ A+ AV
i=—N =1
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for some non-negative integers N, K and for some words A; € F" where i €
{=N,—N+1,...,—1,1,..., K}. Define F;(A) := A;.

The next technical result we will state without proof.

Proposition 2.3. (Cuntz, p. 176)
The elements A; = F;(A) are uniquely determined by the construction described

above (i.e., they don’t depend on the representation of A as a linear combination
of words). We also have ||F;(A)|| > ||A]|.

Now we equip P, the algebra generated by the family of isometries {S;}7
with the largest C*-norm,

|| X |0 := sup{||p(X)]| | p is a x—representation of P on a separable Hilbert space}.

Let £ be the || - ||o-completion of P. Since || - ||o is a C*-algebra norm which
dominates the initial norm on P, the generated C*-algebra C*(Si,...S,) is a
quotient of £. We will show that £ = C*(Sy, ..., Sp).

Proposition 2.4. Let A€ L. If F;(A) =0 for all i € Z, then A = 0.

Proof. A can be decomposed in the following way,

—1 N
A=Y VIR(A) + F(A) + Y F(AV
i=—N i=1
where V' = S) and for some N € N. If each F;(A) = 0 in the decomposition, then
A=0. 0

Proposition 2.5. £ is canonically isomorphic to C*(Sy, ..., Sy).

Proof. (Cuntz, p. 178)

The identity mapping 7 : P — P extends to a continuous *-homomorphism 7 of
L onto C*(S1, ..., S,). To show that 7 is an isomorphism, we will show that it is
injective. Since P contains F" for each n € N, we can identify F" with 7=(F")

and then we have F; o7 = 7 o F; for each ¢ € Z. Then if 7(A) = 0 for some
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A € L, we have F;(7(A)) = 0 for each i € Z. Hence since 7 is the extension of

the identity mapping and by the previous proposition we have,
Fi(A) =7(F;(A) = Fy(7(A) =0foralli e Z — A=0.

Thus 7 is injective. O

Now we will show that the generated C*-algebra doesn’t depend on the choice

of family of isometries.

Theorem 2.4. Let {S;}", be a second family of isometries such that
S SSF =1, then

A

C*(SY, ..., Sp) = C*(Sy, ...5,).

Proof. (Cuntz, p. 177)
FrAP X FrAP = Fr " — PP — L =L By the last
proposition we have £ 2 C*(Sy, ..., S,) and £ 2 C*(S, ..., S,) and thus,

C*(S1,...,80) = L= L= C*(S, ..., Sn).

We write O,, for C*(51, ..., S,) since the isomorphism class of O,, doesn’t de-
pend on the choice of family of isometries. Now to see the simpleness of O,,, take a
maximal ideal 7 C O,, and let 7 : O,, — O,,\J be the canonical projection. Then
by the previous theorem, the simple C* algebra O, \ J = C*(7(S}), ..., m(S,)) is

isomorphic to O,, and thus O,, is simple.

2.3 ("-algebra Associated to a Locally Compact
Group

Now we can define an involutive algebra structure on C.(G).
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Definition 2.11. For f, g € C.(G), an

e involution of f is defined by f*(t) := f(t=1)A(t)~! for t € G,
e convolution of f and g is defined by (f * g)(t) == [, f( “Hdu(s)

Proposition 2.6. With the 1-norm

£l = /G £ (9)ld(s)

and the above defined involution and convolution, C.(G) becomes an involutive

normed algebra.

Proof. (Sundar, p. 36)

To show that C.(G) is a *-algebra with convolution as multiplication and the
defined above involution, we will show the two non-straightforward properties of
a x-algebra. Mainly, we will show the associativity of the convolution and that
(fxg)" =g xf forall f,g € C.(G). Take f,g,h € C.(G) and s € G, by applying

invariance of p to f * g and Fubini’s theorem we get,

((f % 9) % B)(t) = /G (f * ) (ts)h(s ™ )dp(s) =

([ sttsnatoaute) s auts) = [ ([ stersatepautr ) ats auts) -
/Gf(tr)(/Gg(r‘ls)h(s_l)du(8)>du(r) = /Gf(tr)(g « D) (V) du(r) = (f * (g % b)) (D).

Next, since A is a group homomorphism we have,
(f *g)*(t W
570) | TG / 0 (7)™ gl A duls)
/G () (s ) dls) = (9" # £)(E):
]

Definition 2.12. Let A be a x-algebra and 7 : A — B(H) a representation for

some Hilbert space H. 7 is said to be non-degenerate if m(A)H is dense in H.
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Remark 2.3. Given a Banach s-algebra A, consider the family {m,}ac; of all
non-degenerate *-representations for A. The C*-norm of C*(A) can be written

as

[zl = sup(lima()I])

The family of non-degenerate representations that the supremum is taken over
is non-empty by the Gelfand-Naimark-Segal construction. Furthermore, the need
for the norm || - ||, comes from the fact that || - ||; doesn’t generally satisfy the

C*-norm property, in other words for some G and f € C.(G),

I fll = [ () /A ) Oldu

(o). [

= |1F* [l - 111 # AN

The completion of C.(G) in the 1-norm is isomorphic to the space L'(G) of
equivalence classes of functions which are integrable with respect to the Haar
measure. Also, L'(G) is a Banach x-algebra with the 1-norm and, the previously

defined convolution and involution since it is complete with respect to the 1-norm.
Then || - ||+ is a norm on L'(G) such that

11l < 111

and

177 flle = sup [[ma(f) ma( ] = sup [l (O = IIF1IZ

acl
for f € L'(G). Then, we can define the following C*-algebra that summarizes

this development.

Definition 2.13. For a locally compact group G, the full group C*-algebra C*(G)
is defined to be the enveloping C*-algebra of L'(G).
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Chapter 3

Haar System on a Locally

Compact Groupoid

3.1 Locally Compact Groupoids

We follow Renault’s [9] exposition of groupoids.

Definition 3.1. A groupoid is a set G endowed with a product map G? — G :
(z,y) — zy where G? is a subset of G’ x G called the set of composable pairs, and

an inverse map G' — G : x +— 27! such that the following relations are satisfied:

(i) @) =2
(i) (z,9), (y,2) € G? = (xy,2), (v,yz) € G* and (2y)z = x(y=2)
(iii) (z7',7) € G* and if (x,y) € G?, then 27 (zy) =y

(iv) (z,27') € G* and if (2,7) € G? then (zz)z~! =2

If x € G, the maps d, r : G — G defined as d(z) = z7 'z and r(z) = zz™!
respectively are its domain (sometimes called the source) and range maps respec-
tively. d(G) = r(G) since for any = € G, r(z) = d(z7') and G° = r(G) = d(G) is
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called the unit space of G, its elements are units in the sense that zd(z) = = =

r(x)z.

A common way of referring to the elements of G is as morphisms. Thus, a
natural question to ask is if groupoids have a category theoretic description. By
(#7) of the definition of a groupoid, we know that for composable elements the
product map is associative. Also, we know that the class of morphisms, which
is the groupoid G itself is a set. In light of this discussion we have the following

remark.

Remark 3.1. A groupoid G is a small category where every morphism is invert-

ible and the objects are the elements of the unit space.

A groupoid G is said to be principal if the map G — G° x G° such that
z = (r(z),d(z))

is injective and transitive if the map is surjective. For u,v € G° we denote the
fibers of G with G* = r~!(u), G, = d"'(v) and G* = G*NG,,. With this notation
G(u) := G* becomes a group and is called the isotropy group at u. The relation
u ~ v if and only if G* # () is an equivalence relation on the unit space G°. Its

equivalence classes are called orbits and the orbit of u € G is denoted [u].

Example 3.1. A group G is a groupoid with the usual product and inverse maps.

Since all elements of a group are composable we have G* = G x G and G° = {e}.

Example 3.2. Let X be a set and let G = X x X. We define on G the following

groupoid structure:

o &*={((v,9),(y,2)) | v,9,2 € X}
e The product map G? > ((x,y), (y,2)) — (v,2) € G

e The inverse map G 3 (z,y) — (y,x) € G

Then we have 7(z,y) = (z,z) and d(z,y) = (y,y) so we get G@*) = {z} x X and
Goz) = X x{z} for x € X. G is called the trivial groupoid. The trivial groupoid

is principal.
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Example 3.3. Suppose that the group S acts on the space U on the right. The
action of s € S on u € U is denoted by u-s € S. We let G = U x S and define

the following transformation groupoid structure:

e (u,s) and (v,t) are composable pairs if and only if v = u - s and then
(ua S)(u "5 t) = <u> St)

o (u,s) t=(u-ss1)

Then denoting the identity of the group S with e,
r(u,s) = (u,s)(u,s) ™ = (u,s5 ") = (u,e),
d(u,s) = (u,s) (u,s) = (u-s,5"'s) = (u-s,e)
so GY = U x {e}. Thus we can identify the unit space of G with U.

Definition 3.2. The action of a group S on a non-empty space U is,

o free if for any s, t € 5, if there exists u € U such that - s = w -t then we

have s = t.
e transitive if for any u, v € U, there exists s € S such that u-s =wv.

Proposition 3.1. Let G = U x S be a transformation groupoid. Then,

1. G is principal if and only if S acts freely and,

2. G s transitive if and only if S acts transitively.

Proof. We will denote the identity of the group S with e.

1. [ = ] Suppose that G is principal so for g, h € S there exists = € U such
that x - g = x - h. Then we have

d((z,h)) = (x - h,e) = (z - g,¢) = d((z,9)),
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r((z,h)) = (z,e) = r((z,9))

since G is principal, we have (z,h) = (z,g9) = h =g. So S acts freely.
| <= Suppose that S acts freely, and for (g, s,), (h, sn) € G we have that
(r((g:54)),d((g: 5¢))) = (r((h, s1)),d((h, s1))). Then we have,

(g,e) = (h,e) and (g-s4.€) = (h-sp,e)

then g =hand g-s, =h-s, = ¢g-s,=g- s, and since S acts freely,
sg = Sp. Thus the map v — (r(7),d(v)) is injective and G is principal.

2. [ = ] Suppose that G is transitive. Take u,v € U and then (u,e), (v,e) €

G°. Since G is transitive, there exists (z,s,) € G such that r((z,s,)) =
(u,e) and d((z, s;)) = (v,e). Then (z,e) = (u,e) and (z-5,¢) = (v,e) =
r=wuand v=x-5, =u-s,. So.S acts transitively.
[ < ] Suppose that S acts transitively on U. Take (u,e), (v,e) € G°.
Since u,v € U and S acts transitively, there exists s € S such that v -s =
v = 1((u,s)) = (u,e) and d((u,s)) = (u-s,e) = (v,e). Then the map
v — (r(7),d(7)) is surjective and G is transitive.

Remark 3.2. A groupoid G is transitive if and only if it has a single orbit.

Proof.

[ = ] Suppose that G is transitive. So the map = — (r(z),d(z)) is
surjective on G. Then take (u,v) € G° x G° and there exists € G such
that r(z) = v and d(z) = v. © € G* # ) so u ~ v and u,v € [u]. Since
u,v € G° were chosen arbitrarily, all the elements in the unit space are

equivalent so there exists only one orbit [u].

[ <= ] Suppose that G has a single orbit. Then for any u,v € G°, G¥ # .
Take z € G¥, so u = r(z) and v = d(z). Then for any (u,v) € G* x GY,

there exists « € G such that (u,v) = (r(z),d(x)). Thus 2 — (r(x),d(z)) is

surjective on G.
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]

Example 3.4. For a groupoid G, the set of composable elements F' := G? can

be turned into another groupoid with the following structure:

e Its set of composable pairs denoted by F? is,
F? = {((z, y), (¥, 2)) € F x F|y = ay}

e The product and inverse maps are defined by (x,y) - (zy, 2) := (x, yz) and
(2, )" = (wy, y™)

Then if (x, y) € F we have r(y) = d(x) and denoting its range and domain maps

with r? and d? we have,
r(z, y) = (2, yy~') = (x, 7(y)) = (2, d(2)),

d*(z, y) = (zy, y'y) = (2y, d(y))

Then the map = — (z,d(z)) = r?(z,y) for (z,y) € F identifies the unit space [
of F with G.

Remark 3.3. The groupoid F'is principal.

Proof. We will show that the map (z,y) — (r*(x,y),d*(z,y)) is injective on F'.
Suppose that for some (2/,y), (2”,y") € F that

7"2(1’/,3//) — 7"2<1’//,y”> and d2<1’/,y/) — dQ(x",y”).

Then from the first equality above, 2’ = z” and d(z) = d(2") for 2/, 2" € G.
From the second equality, 2y’ = 2"y” and d(y') = d(y") for v/, y" € G. Also since
(«',y"), (z",y") are composable pairs in G, r(y') = d(2’) and r(y") = d(z”). Thus
by associativity of the product on G and since r(y) is a left unit for all y € G we
get,

y = T(y/)y/ d(l’,)y/ — x'_l(x/y') — x//—l(x//y//) — d(l’”)y” — T(y")y” — y//

Thus F' is principal. O
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Definition 3.3. A group bundle G is a groupoid such that for any x € G,
d(x) = r(x). So a group bundle is the union of its isotropy groups G(u) for
u € G°. Here two elements can be composed if and only if they are in the same
fiber.

Definition 3.4. A topological groupoid consists of a groupoid G and a topology

compatible with the groupoid structure such that:

e The map G > z +— 27! € G is continuous

e The map G? > (z,y) — zy € G is continuous where G? has the induced
topology from G x G.

Remark 3.4. Range and domain maps are continuous on a topological groupoid
since they are compositions of the inverse and product maps of the groupoid,

which are both continuous.

We will only consider topological groupoids whose topology is Hausdorff and
locally compact and we will call such a groupoid G a locally compact groupoid.
Since singletons are closed in Hausdorff spaces and range and domain maps are
continuous on topological groupoids, for u,v € G°, G, = d~'(v), G* = r~(u)

and G} = G*' N G, are closed in G.

Example 3.5. Let G be a topological gropoid that is discrete. Then since G is
both locally compact and Hausdorff it is a locally compact groupoid. Particularly,
if G is finite, then it is a compact groupoid since compact subsets of a discrete

space are the finite ones.

3.2 Haar Systems

Definition 3.5. Let G be a locally compact groupoid. A left Haar system for G
consists of {\*|u € G} on G such that,

1. the support of the measure \* is G*,

29



2. for any f € C.(G), u— A(f)(u) := [ fd\* is continuous, and
Gu

3. for any x € G and any f € C.(G),

/ fay)d\") (y) = / Fy)dN ™ (y)

Ga(z) Grz)

From now on by a Haar system on a locally compact groupoid G, we will refer

particularly to a left Haar system unless stated otherwise.

Example 3.6. Let G = X x X where X is a second countable, locally compact
and Hausdorff space be a trivial groupoid, see Example 3.2. Let u be any positive
regular Borel measure on X whose support is G°. For any u € X, let \* 1= 6, X ;1
on G = {u} x X. So for any Borel subset A of X we get \*({u} x A) = pu(A)
where {u} x A C G®%. The family {\“},cx is called the left Haar system
associated to . To show continuity of the Haar integral, notice that for f € C.(G)

we have

A () = / £ (. 2)du(2)

so X 3 uwr [ f(u,z)du(z) € R is continuous for f(u,-) € C.(X). Invariance
X

follows from the way the product map is defined on G.

For locally compact group bundles we have a similar (to the locally compact

group case) uniqueness result.

Proposition 3.2. Let G be a locally compact group bundle. Then if a Haar
system exists, it is unique. In the sense that, any two Haar systems {\"},cqo

and {11 }oeqo on G differ by a continuous positive function h on G° such that
A= h(u) - pu* for all u € G°.

We provide a proof of the above proposition from Renault [9].

Proof. Let G be a locally compact group bundle with Haar systems {\*},cqo and

{1’ }yeqo. Since G*’s correspond to G(u)’s which are locally compact groups, and
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thus A* and p* are Haar measures on the fibers G(u). Then for any u € G° there
exists ¢, > 0 such that \* = ¢,u*. Define h: G° — (0, 4+00) such that h(u) := ¢,
so h is strictly positive. Let f € Co(G) be non-negative and its support included
in G*, then
M) fpddX
p(f)(w)  fo fpr "
is well defined. By continuity of A(f)(:) and u(f)(-), h is continuous. O

= h(u)

We can construct a universal C*—algebra on a locally compact groupoid, sim-
ilar to the group case using Haar systems. We present this result as stated in
[4].

Definition 3.6. Let G be a locally compact groupoid with a Haar system \ =
{\*}uecqo for G. We provide C.(G) with the following involutive algebra structure,

e the involution by f*(x) = f(x=1) for f € C.(G) and x € G,

e the convolution product by (f *g)(z) = [ f(zy Hg(y)d '@ (y),

e The 1-norm on C.(G) is defined by

ueGO

If1ly = sup max § [ |f(z)|d\(2), [ [f(z")|dA\"(z)
(v v

The groupoid’s full C*-algebra C*(G,\) is defined to be the enveloping C*-
Sl

algebra of the Banach x-algebra C.(G)

3.3 Existence of Haar Systems

The following is an example due to Anton Deitmar [5], that shows that let alone
locally compact groupoids, even compact groupoids don’t necessarily have Haar
systems. Notice that similar to a locally compact groupoid, by a compact groupoid

we mean that the groupoid is both compact and Hausdorft.
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Example 3.7. We will construct a trivial groupoid GG whose fibers can’t support a
Radon measure. Let Y be an uncountable set with the discrete topology. Since Y
is discrete and not finite it is Hausdorff and locally compact but not compact. Let
X =Y U{oo} be its Alexandroff extension which is both compact and Hausdorff.
We will show that X can’t be the support of any Radon measure. To see this,
let 1 be a Radon measure on X, then u(X) < oo, as X is compact. Further

w(ly) = Zu({y}), as  is regular and thus inner regular and the only compact

yey
subsets of Y are the finite sets. As u(Y) < oo, theset M :={y € Y | u({y}) > 0}

is countable, therefore M # Y and pu is supported in M U {co} # X. Now let
G = X x X with the product topology and make G a groupoid by equipping it
with the trivial groupoid structure so the product is defined as (x, y)(y, z) = (z, 2)
and then r(z,y) = (z,z), d(z,y) = (y,y). Then G is a compact groupoid. The
range map is a homeomorphism between G and {z} x X since r({z} x X) =
{(z,7)}, so the fiber G™®%) can’t be the support of any Radon measure, hence no

Haar system exists on G.

Proposition 3.3. Let G be a locally compact groupoid with a Haar system
{N}ueqo. Thenr: G — G° is an open map.

Proof. This follows immediately from the continuity assumption of the Haar sys-
tem and the continuity and surjectivity of the range map r : G — G since G is

a locally compact and hence topological groupoid. [

Definition 3.7. A locally compact groupoid G is r-discrete if its unit space is

an open subset.

Lemma 3.1. If G is an r-discrete groupoid, then

(i) for any v € G, the fibers G, G,, G are discrete spaces,

(ii) the Haar system on G is essentially the counting measures system.

Proof. (Renault, p. 19)
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(i)

(i)

Let € G* and let v = d(x), since {v} = G NG, it follows that {v} is an
open set in GV, and since y — zy is a homeomorphism from Gv to G*, {x}

is open in G*. Finally G} = G, N G* so G is also open.

Let {\“},cqo be a Haar system for GG. Since the fiber G" is the support
of the measure \* and by part (i) is discrete, every element u in G° has
positive A" measure. Let g(z) := A(xgo)(x), where xgo denotes the char-
acteristic function of G°. By the continuity condition of the Haar system,
g is continuous and positive. Again, since the measure \* is supported by

the fiber G* for each unit u, we have for u € G,

o) = / Nend At = / Nend At = / Neod\t = A (G") £ 0
G u

GONsupp(A*)

u
u

replacing \* by % we can assume that \“({u}) = 1 for all u € G°. Then
by invariance, \’({z}) =1 for any = € G?.

Definition 3.8.

A G-set in a groupoid G is a subset A C G such that the restriction maps

ra and d4 are injections.

The family of open, Hausdorff subsets A of GG such that r4, d4 are homeo-

morphisms onto open subsets of G is denoted by GP.

For A, B C G we define the inverse and product on sets as,
At ={z'eCGlzec A}
AB ={ry|lz € A, y € B, (z,y) € G*}.

An inverse semi-group is a set G endowed with an associative binary op-
eration (multiplication), and inverse such that the below relations hold for
all A € g,

AAT'A=A and A7TAAT = ATE

33



Remark 3.5. A C G is a G-set if and only if AA™!, A=A C G°.

Proof.

[ = ] Suppose that A C G is a G-set. Take ab™' € AA ™ soa, b€ A and d(a) =
r(b~') = d(b). Since d is injective on A, a = b and ab™! = aa™' = r(a) € G° so
AA™L C G°. The case for A71A follows similarly from the injectivity of r on A.
[ <] Suppose that AA™! C G°. Take a, b € A such that

d(a) =d(b) and r(a)=r(b).

Then (a, b™') € G* so ab™! € AA™! C G°. Then there exists ¢ € G and thus
r(c) € GY such that,

ab™' =r(c) and also r(a) =r(ab™) =r(r(c)) =r(cc™t) =r(c).

Then,
a = ad(a) = ad(b) = (ab™")b = r(c)b = r(a)b = r(b)b = b.

Thus 74, dy are injective, and A is a G-set. n

Remark 3.6. The family of G-sets of the groupoid G forms an inverse semi-

group.

Proof. This follows from the injectivity characterization of a G-set as given in

the previous definition. Let G be the family of G-sets of the groupoid G.

[D | Take A € G, for any a € A,
a=ad(a) =aa 'a € AAT'A
thus A C AA'A.
[C ] Now take ab~'c € AA'Asoa, b, c€ Aand (a,b7"), (b7, ¢) € G* s0
d(a) = r(b™') = d(b) and r(b) = d(b™") = r(c).

Since 7 and d are injective on A, a = b and b = ¢. Then ab~'c = aa"ta =

ad(a) =a € A. Thus AA™'A C A and then A = AA7'A. The case for A~}

is similar. Then G is an inverse semi-group.
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]

Remark 3.7. For an r-discrete groupoid GG, A C G belongs to G if and only if
A is an open, Hausdorff G-set.

Proof. (Paterson, p. 45)

| = ] Suppose A € G°. Then r4,ds are homeomorphisms onto r(A),d(A)
respectively. Since r4,d, are bijections, they are injections, so A is a G-set.

[ <= ] Since A is a G-set, 74,d4’s are bijections onto their images and since they

are open maps, they have continuous inverse, so they are homeomorphisms. Thus
Ae GP. m

Our discussion so far allows us to state and prove the next theorem which
is the most important result of this section. It characterizes the existence of a
Haar system on an r-discrete groupoid in a purely topological way. The previous
remark implies that (i7) holds if and only if (¢7i) holds in the next theorem so we

will only show (i) = (ii) < (iii) = (i) and (i) = (iv) = (iii).

Theorem 3.1. For a locally compact groupoid G, the following properties are

equivalent,

(i) G is r-discrete and admits a Haar system,
(ii) r: G — G is a local homeomorphism,
(i1i) G has a base of open G-sets,

(iv) the product map - : G* — G is a local homeomorphism.

Proof. (Renault, p. 19)

(i) = (i) Since G is r-discrete we can assume that the Haar system {\"},cqo is the
system of counting measures on G*’s. Let x € G and a compact neighour-

hood V' of x meets G" in finitely many points 1y, ..., x,. If z; # x, there
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(iii) = (4)

(ii) = (iv)

exists a compact neighbourhood V' of x contained in V' which doesn’t con-
tain x;. So we can assume that G* NV = {z}. By continuity of the Haar
system, we can assume that \*(V') = 1 for any u € (V). So ry is injective

and hence a homeomorphism onto (V).

There is an open G-set S such that 7(S) = SS™!. Take r € sand y € S~!
and rg, dg-1 are homeomorphisms onto their images. We will show that
the product map with domain restricted to D := SS~! is injective. Take
(«',y"), (z",y") € D such that 'y’ = 2"y". Then,

r() =r(2"),dy) =dy") = ' =2" and ¢y =y’

So the product map is a local homeomorphism restricted to D, so 7(.5) is
open in G. Then GV is open so G is r-discrete. For the existence of the Haar

system, let \" = Z J; the counting measure on G* and f € C.(G). Using

zeGY
a partition of identity, we can write f as a finite sum of functions supported

on open G-sets S. So it is enough to consider a function f whose support is
contained in an open G-set S. Then since rg, dg are local homeomorphisms
onto their images,
/fcw = Y @) = (forshw)
zeGuNS

So the counting measure system is continuous.

We will denote G? by F as we previously did in the corresponding example.
Take (z,y) € F, since G is locally compact and r is a local homeomorphism,
we can choose compact neighbourhoods U and V' of x and y respectively
such that the restriction maps ry, dy are local homeomophisms. Since F'
inherits the subspace topology from G x G, (U x V) N F is a compact
neighbourhood of (x,y) on which the product map is injective. Since the

restriction maps 7y, dy are injective, this can be seen by,
Take (2',y), (¢",y") € F such that 2'y’ = 2"y" —
r(@’) = r(@'y) = r(@@"y") = r(2") and
r(y) = d(@'y) = d(2"y") = d(y") —
=2"and ¢ =y = (2,y) = (2", y").
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(iv) = (di1) If x € G and U is a neighbourhood of x, we can find open sets V and W
such that x € V C U, 27! € W C U~! and the restriction of the product
map to V x W is injective. So both V,W~! include z, are contained in
U and ryqw—1 is injective by assumption so V N W1 is the desired open
G-set.

]

Proposition 3.4. A locally compact groupoid G is r-discrete and admits a Haar

system if and only if F = G? is r?-discrete and admits a Haar system.

Now we provide a proof of the above statement from Renault [9].

Proof.

(=) Suppose that G is r-discrete and admits a Haar system. Then by the
previous theorem, G has a base of open G-sets. Take (z,y) € F. There
exists open G-sets A, B C G such that x € A and y € B. Since A X B is an
open set in G X G (equipped with the product topology), then (A x B)NF
is open in F (equipped with the subspace topology inherited from G x G).
We will show that 72 restricted to (A x B)N F is a local homeomorphism of
F and for that we will show that it is injective. For some (2/,y/), (2", y") €

(A x B)N F, suppose that

then

(ZE/,T(y/)) — TQ(I‘,,y/) — TQ(I‘”,y”) — (I'II,T(y”))
so ' = 2" and r(y') = r(y”). Since B is a G-set of G and ¥/, ¢y’ € B,
we have ' = 3 so 7’2\( AxB)nF 1S injective so it is a homeomorphism onto
its image and by the previous theorem F' is r-discrete and admits a Haar

system.
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(<=) Suppose that F is r-discrete and admits a Haar system. Then by the
previous theorem F' has a base of open G-sets. We want to show that
- G? = @ is a local homeomorphism of G. For convenience by f we will
denote the multiplication map - of G and we will show that f is injective.
Take (z,y) € F', then there exists V' an open G-set in F such that (z,y) € V.
Suppose that for some (2/,y'), (z”,y") € V C F we have z'y = f(2/,y/) =
f(2",y") = 2"y”. Then since d(2'y") = d(y') and d(z"y") = d(y") we have,

(2, y') = (2, d(y") = (Y, d(2y))
_ (x"y",d(:v"y”)) _ dQ(x"y",d(y"))
_ dQ(I”, y//).

Since d? restricted to V is a homeomorphism, it is injective thus (2/,y') =
(2",y") = a’ =" and y = y”. Thus f is injective and by the previous

theorem, G is r-discrete and admits a Haar system.

We will end our discussion of Haar systems by stating the below important

open problem on existence.

Conjecture 3.1 (Deitmar, 2017). Do every second countable, locally compact

groupotid with an open range map admit a Haar system?

3.4 Groupoids with Open Range Map

Example 3.8. Let U = S = R and endow both U and S with the standard
Euclidean topology generated by the Euclidean metric. Notice that S is also an
additive group where its identity denoted by e is 0. Let G = U x S and let GG have
the product topology. Let G be the transformation groupoid where S is acting
on U from the right by right translations, see Example 3.3. So the group action
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of s on u denoted by u-sisu-s:=u+sforue U, s € S. So for any (u,s) € G

we have,
r(u,s) = (u,e) = (u,0) and d(u,s) = (u- s,e) = (u+s,0).

G is second countable since we can take a basis of R x R consisting of open balls

of the type,
BT(QI) q2)7 qi, 42, T € @

which forms a countable basis. It is also locally compact and Hausdorff since U
and S have the Euclidean topology and G has the product topology. Since U
and S are metric spaces, using sequential continuity, showing that the product
and the inverse maps of GG are continuous is straightforward since addition is
continuous on R. Thus G is a locally compact groupoid. For an open subset of
G of the form A x B where A C U and B C 9, since G° = U x {0} we have,

r(Ax B)=Ax {0} =(Ax B)nG".

Notice that the notion of opennes of the range map is in the sense of the subspace
topology of G°, which doesn’t necessarily correspond to opennes in G. 7(Ax B) =
A x {0} is not open in G since {0} is a singleton and thus closed in S which is
Hausdorff. However, r(A x B) = (A x B)NGY is open in G, so r is an open map

and thus G is r-discrete.

We will show that G doesn’t admit a Haar system. To do this we will show
that G doesn’t have a base of open G-sets and we will use the previous theorem to
conclude the desired result. Suppose by contradiction that G has a base of open
G-sets. Let A denote an open G-set in this basis. Since products of open intervals
in R forms another basis for G, an open A contains a set of the form (a, b) x (¢, d)
wherea < b, ¢ < d. Let e = min{bfT“, d%c} > 0. Now let 21 = “TH’+6, Y1 = %l—e,
Ty = “T“’—eandygz%l—i—e. Then,

a+b+c+d

5 ; 0) = (22 +y2, 0) = d(z2, y2)

d(z1, y1) = (1 + 1, 0) = (

where (x1, y1), (z2, y2) € (a, b) x (¢, d) and (z1, y1) # (2, y2) so d isn’t injective
on (a, b) x (¢, d) and thus it isn’t injective on A. Then A isn’t a G-set, a contra-
diction with the assumption. Thus, G' can’t have a basis of open G-sets and thus

it doesn’t have a Haar system.
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Furthermore, we can see that G is trivial and principal

1. Principal: We will show that the action of S on U is free and thus that
the groupoid is principal. Take s, t € S = R and suppose that there exists
some u € U such that u-s =wu-t. Thenu+t=u+s = t=s. Thus

the action is free and G is principal.

2. Transitive: We will show that the action of S on U is transitive and thus
that the groupoid is transitive. Take u, v € U =R. Then s :=v—u € R =

S. Since u-s = u+ (v —u) = v, the action is transitive and G is transitive.

Definition 3.9. A groupoid G is called a proper groupoid if the map p : Gr(d) —
GO x GO defined by
ply, d(y)) = (r(y),d(y))

where y € (G, is a proper map.

As seen in the previous example, it is possible to construct r-discrete groupoids
in relatively simple settings that are both principal and transitive. The topolog-
ical characterisation of the existence of a Haar system for r-discrete groupoids
is a useful one, especially since we know that if it exists, that it is essentially
the counting measures system. Thus, it is natural to ask for which types of
groupoids we automatically have r-discreteness. The below two questions from
Dana P. Williams (p. 6, 2016) investigate if the r-discreteness assumption is

redundant for certain types of groupoids.

Question 3.1. Must a second countable, locally compact, transitive groupoid have

open range and domain maps?

Question 3.2. Must a second countable, locally compact, proper principal

groupotid have open range and domain maps?

While the previous example shows that a second countable, locally compact,
transitive groupoid (that can even be principle) can exist it doesn’t show that

transitiveness implies an open range map. Indeed, the first question has been
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answered in the negative by Buneci in 2018 [1] and we finish our discussion by

presenting her result below.

Example 3.9. Let X =R and G = X x X. We will equip G with the trivial
groupoid structure, see Example 3.2. To see that G is transitive, we will show
that the map G > (z,y) — (r(z,v), d(z,y)) is surjective. This is straightforward
since for any ((z,z), (y,y)) € G° x G° for some z, y € X, r(z,y) = (z,z) and
d(z,y) = (y,y) where (z,y) € G. We will equip G with a modified Euclidean
topology by redefining the neighbourhoods of each x € X. For x € X, let

{322,525z +€),e>0}, ifz=52, neN
5

B, := {(2'n+2_€7 2n5+2]7€>0}7 ifxzzn%, neN

{(x — e,z +¢),e >0}, otherwise

and using the set of neighbourhoods of each point, we will define the new topology

on X as,
F.={VCX|qUeB, UCV}

0={0OCX|ifzeO, then O € F,}

Now (X, 7y) is a Hausdorff topological space. Moreover we will show that its
topology is locally compact. For all points x € X such that x # 0, z # 271% and
z # 32 for all n € N, we can find € > 0 small enough such that [z — €,z + ¢
contains no points of that form. Then [z —¢€, x+ €] is a compact neighbourhood of
. lfx = Qn% for some n € N, take € > 0 such that € < 22”%, then [2%%, 22”%—#6]
is a compact neighbourhood. Similarly, for x = 22”% for some n € N, take
2%% >¢€ >0 and [2%% — €, 2%%] is a compact neighbourhood of z. Thus, since
we can find a compact (in 75) neighbourhood of each point in X, we have that
(X, ) is also a locally compact topological space. Now we will define a new

topology on G by describing the neighbourhoods of a point (z,y) € G.

((AxB|(r,y) € Ax B, A, Ben)}, ifx#0,y#0,
B {{0} x Bly € B, B € 1y}, ifz=0,y+#0,
(zy) *=

{Ax {0}z e A, Acm}, ifx#0,y=0,

({Kn|n € N}, ifxr=0,y=0
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where

K, :={(0,00}uU,

and
o

3 5 3 5
U” = U {2k+2’ 2k+2:| x {2k+2’ 2k+2}

k=n

for n € N. Similarly we will define a topology of neighbourhoods on G by,
f(:t,y) = {V - G|E|U IS B(gj’y), U C V}

71 ={0 C G| if (z,y) € O, then O € F, )}

We will show that G equipped with the 77 topology is a topological groupoid.

' = (y,x), the preimage of the inverse map maps an open neigh-

Since (z,y)~
bourhood of the form A x B of (y,z) to B x A € B(;,) and thus to an open
set so the inverse map is continuous. The continuity of the product map can
be seen by the preimage mapping an open neighbourhood A x B of (z,z) to
{((z,9),(y,2)) |r€ A, ye X, z€ B} = ((Ax X) x (X x B))NG? which is open

in G2 so the product map is also continuous. Thus G is a topological groupoid.

To see that G is second countable, notice that (0, 0) has countably many
neighbourhoods K, for n € N. For (z, y) € G and = # 0 and y # 0 sets of the
type A x B where

A= (CI1—7"1>6]1+7“1) and B := ((]2—7“2,(12+7“2), Q1 G2, 71, 72 €Q

such that x € A and y € B form a countable set of neighbourhoods. Without
loss of generality, for points of the type (z, 0), sets of the type A x {0} form a

countable set of neighbourhoods.

To see that G is also locally compact, we will show that (0,0) has a compact

neighbourhood. Let ((2,,Yn))nen € K. Let
j - {TL S N | ($n7 yn) = (070)}

1. If J is infinite, then ((z,,y,))nen has a subsequence converging to (0,0) €
K,,. Thus K,, is compact.
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2. If J is finite, then there exists ng > m such that (z,, y,) € K, for all
n > ng. Then there exist u,, v, € [3,5] and k, € N such that z,, = ==
and y, = m%s. If (kn)new is not bounded, then (z,,)nen and (Y, )nen have
subsequences that converge to 0 in the Euclidean topology of X. For all

n €N,

5 5 5 b}
o (= o) * (= 30w 303
5 5 5 b}
(e (=3 mm) < (- 7gm)) )0 00)

UnU{(0,0)}, ifm>n,
U1 U{(0,0)}, if0<m<n

In both cases, the set is included in K, since K,,’s are decreasing subsets. It
follows that ((x,, ¥»))nen has a subsequence that converges to (0,0) in 7y. If
(kn)nen is bounded, then it has a convergent subsequence in the Euclidean
topology. Also since u,, and v,’s are bounded, they also have convergent
subsequences. Thus (x,)nen and (y,)nen have subsequences that converge
to 5tz and 5% for some u, v € [3,5] and k& € N. Then every neighbourhood
of (372, z77z) contains another neighbourhood of the form A x B such
that A, B € 19. Therefore ((x,,¥y,))nen has a subsequence converging to

(552, m5z) in the topology of 71. Thus K, is compact.

Now we can show that G doesn’t have an open range map since for any

B e,
r({0} x B) = {(0,0)}

which isn’t open in G since it is Hausdorff while {0} x B is a neighbourhood

of (0, y) for y # 0 and y € B and is thus open in 7.

43



Bibliography

1]

[10]

M. R. BUNEc1, A Second Countable Locally Compact Transitive Groupoid
without Open Range Map, Proceedings of the American Mathematical Soci-

ety, 147 (2019), pp. 3603-3610.

I. COLOJOARA AND A. GHEONDEA, Lectures on Representations of Locally

Compact Groups, Theta Series in Advanced Mathematics, Bucharest, 2018.

J. CunNTz, Simple C*-Algebras Generated by Isometries, Communications
in Mathematical Physics, 57 (1977), pp. 173-185.

C. DEBORD AND J. M. LESCURE, Index Theory and Groupoids, Geometric
and Topological Methods for Quantum Field Theory, (2010), pp. 86-158.

A. DEITMAR, On Haar Systems for Groupoids, Zeitschrift fiir Analysis und
ihre Anwendungen, 37 (2018), pp. 269-275.

G. B. FoLLaND, A Course in Abstract Harmonic Analysis, CRC Press,
Boca Raton, 1995.

A. HAAR, Der Massbegriff in der Theorie der Kontinuierlichen Gruppen,
Annals of Mathematics 2, 34 (1933), pp. 147-169.

A. L. T. PATERSON, Groupoids, Inverse Semigroups, and Their Operator
Algebras, Birkhauser, Boston, 1999.

J. RENAULT, A Groupoid Approach to C*-Algebras, Springer-Verlag, Hei-
delberg, 1980.

S. SUNDAR, Notes on C*-Algebras, July 2020.

44



[11] J. vON NEUMANN, Die Einfuhrung Analytischer Parameter in Topologis-
chen Gruppen, Annals of Mathematics 2, 34 (1933), pp. 170-190.

[12] A. WEIL, L’intégration dans les Groupes Topologiques et ses Applications,
Actualités Scientifiques et Industrielles, 869 (1940).

[13] D. P. WiILLIAMS, Haar Systems on Equivalent Groupoids, Proceedings of
the American Mathematical Society, Series B, 3 (2016), pp. 1-8.

45



