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ABSTRACT

ANALYSIS AND CONTROL OF PERIODIC GAITS IN
LEGGED ROBOTS

Hasan Hamzagebi
Ph.D. in Electrical and Electronics Engineering
Advisor: Omer Morgiil
November 2017

The analysis, identification and control of legged locomotion have been an in-
terest for various researchers towards building legged robots that move like the
animals do in nature. The extensive studies on understanding legged locomotion
led to some mathematical models, such as the Spring-Loaded Inverted Pendu-
lum (SLIP) template (and its various derivatives), that can be used to identify,
analyze and control legged locomotor systems. Despite their seemingly simple na-
ture, as being a simple point mass attached to a massless spring from dynamics
perspective, the SLIP model constitutes a restricted three-body problem formu-
lation, whose non-integrability has been proven long before. Thus, researchers
came up with approximate analytical solutions or they used some other different
techniques such as partial feedback linearization for the sake of obtaining analyt-
ical Poincaré return maps that govern the motion of the desired legged locomotor

system.

In the first part of this thesis, we consider a SLIP-based legged locomotion
model, which we call as Multi-Actuated Dissipative SLIP (MD-SLIP) that ex-
tends the simple SLIP model with two additional actuators. The first one is a
linear actuator attached serially to the leg spring to ensure direct control on the
compression and decompression of the leg spring. The second actuator is a ro-
tatory one that is attached to hip, which provides ability to inject some torque
inputs to the system dynamics, which is mainly inspired by biological legged lo-

comotor systems.

Following the analysis of MD-SLIP model, we utilize a partial feedback lin-
earization strategy by which we can cancel some nonlinear dynamics of the legged
locomotion model and obtain exact analytical solutions without needing any ap-
proximation. Having exact analytical solutions is crucial to investigate stability
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characteristics of the MD-SLIP model during its hopping gait behavior. We illus-
trate and compare the applicability of our solutions with open-loop and closed-
loop hopping performances on various rough terrain simulations.

Finally, we show how the MD-SLIP model can be anchored to bipedal legged
locomotion models, where we assign two independent MD-SLIP models to each
leg and investigate the system performance under their simultaneous but inde-
pendent control. The proposed bipedal legged locomotion model is called as
Multi-Actuated Dissipative Bipedal SLIP (MDB-SLIP) model. The key idea
here is that we can still utilize the partial feedback linearization concept that
we applied for the original MD-SLIP model and ensure exact analytical solutions
for the MDB-SLIP model as well. We also provide detailed investigations for
open-loop and closed-loop walking gait performance of the MDB-SLIP model on

different noisy terrain profiles.

Keywords: Legged Locomotion, Stability Analysis, Periodic Gaits, Partial Feed-
back Linearization, Spring-Loaded Inverted Pendulum (SLIP) Model, Robotics.



OZET

BACAKLI ROBOTLAR ICIN PERIYODIK YURUME
DAVRANISLARININ ANALIZI VE KONTROLU

Hasan Hamzagebi
Elektrik ve Elektronik Miihendisligi, Doktora
Tez Danigmani: Omer Morgiil
Kasim 2017

Bacakli hareketlerinin analizi, sistem tanilamasi ve kontrolii, dogadaki canlilar
gibi hareket eden robotlarin gelistirilebilmesi amaciyla bircok arastirmaci ta-
rafindan yogun ilgi gormistiir. Bacakli hareketliligi anlamak amaciyla yapilan
caligmalar, bu sistemlerin tanilamasi, analizi ve kontroli icin kullanilabilecek
Yayli Ters Sarkag (YTS) modeli (ve gesitli tiirevleri) gibi matematiksel mo-
dellerin ortaya g¢ikmasina olanak saglamigtir. YT'S modeli, dinamik denklem-
leri bakimindan kiitlesiz bir yaya eklenen basit bir noktasal kiitle olarak ifade
edilmektedir. Ancak bu basit goriintimlii yapisina ragmen, YTS modeli, integ-
rali alinamadigr daha once kanitlanmig olan kisith ii¢ cisim problemi formiilas-
yonuna sahiptir. Bu nedenle, YTS modelinin hareket denklemlerinin elde edile-
bilmesi amaciyla cesitli yakinsamali analitik ¢oziimler tiiretilmistir. Ayrica, bazi
aragtirmacilar kismi geri beslemeli dogrusallagtirma yontemleri gibi bazi teknikler
kullanarak da Y'TS modelinin hareket denklemleri i¢in ¢esitli ¢coztimler tiretmistir.

Bu calismada ilk olarak, basit YTS modelini iki ek eyleyici ile genigleten Coklu-
eyleyicili Tiiketimli YTS (CT-YTS) modeli olarak adlandirdigimiz bir YTS ta-
banli bacakli hareketlilik modeli degerlendirilmistir. Bu eyleyicilerden birincisi,
bacak yayina seri halde baglanarak bacak yayiin sikigmasi ve gevgemesi tizerinde
direkt kontrol saglayacak bir dogrusal eyleyicidir. Ikincisi ise, kalcaya sabitlenen
ve bacagin doniig ekseninde tork girdisi saglayan bir donel eyleyicidir. Bu tip
eyleyiciler temel olarak dogadaki canli dinamiklerinden esinlenilmis ve bacakli
hareketlilik modellerine dahil edilmigtir.

Caligmanin devaminda, degerlendirilen bacakli hareketlilik modelinde (CT-
YTS) yer alan bazi dogrusal olmayan dinamiklerin etkisini ortadan kaldiracak
ve bu sayede herhangi bir yakinsama ihtiyaci olmadan tam analitik ¢oziimler
elde edebilmemize olanak saglayacak bir kismi geri beslemeli dogrusallagtirma
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yonteminin sunulmasidir. Tam analitik ¢oziimlerin elde edilebilmesi, CT-YTS
modelinin ziplama davranigi sirasinda kararlilik analizinin yapilabilmesi igin ol-
dukca 6nemlidir. Sunulan ¢6ziim yonteminin uygulanabilirligi agik dongii ve ka-
pali dongii ziplama davramisi performanslarina bakilarak cesitli engebeli arazi
simiilasyon caligmalar1 lizerinde karsilagtirmali olarak gosterilmigtir.

Son olarak, CT-Y'TS modelinin ¢ift bacakl yiiriiylig hareketleri i¢in de uygula-
nabilecegini gostermekteyiz. Bu kapsamda, iki bacaga da ayr1 ve bagimsiz ancak
eszamanl olarak kontrol edilebilen C'T-YTS modelleri atanmigtir. Ortaya ¢ikan
bu yeni ¢ift bacakli yiiriiyiis modeli ise Coklu-eyleyicili Tiiketimli Cift bacaklh
YTS (CTC-YTS) modeli olarak adlandirilmigtir. Buradaki kilit fikir, CT-YTS
modeli i¢in 6nerilen kismi geri beslemeli dogrusallagtirma yonteminin aslinda ¢ift
bacakli CTC-YTS modeli i¢in de ayn1 sekilde kullanilarak tam analitik ¢oziimlerin
elde edilebilmesidir. Caligmalarimizi desteklemek amaciyla, CTC-YTS modelinin
de acgik dongii ve kapali dongii yiriiyiis davraniginin birbirinden farkli engebeli

yer profilleri tizerinde ayrintili performans degerlendirmeleri sunulmustur.

Anahtar sozcikler: Bacakli Hareketlilik, Kararlilik Analizi, Periyodik Yiiriiyiis
Sekilleri, Kismi Geri Beslemeli Dogrusallagtirma, Yayh Ters Sarka¢ (Y'TS) Modeli,
Robotik.
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Chapter 1

Introduction

One common objective of almost all robotics researchers is to build some useful
machines that can serve for their interest. Actually, the exponential growth and
spread of knowledge made this possible for some kind of applications such as
industrial robots that replace human workers in factories for decades. However,
area of legged locomotion, which aims to understand animal movements in nature
and tries to build robot platforms inspired by these observations, is not as mature
as the field of wheeled or tracked robotics. However, there is ample evidence,
which both theoretically and practically indicates that the legged morphologies
perform better than the wheeled/tracked ones, especially on rough terrains [1, 2,
3]. Therefore, the main research direction in the field of legged locomotion is to
first analyze and understand legged locomotion [4, 5], then build legged robots
with high maneuverability and control their locomotion by inspiring from nature
3, 6, 7, 8,9, 10]. Detailed reviews about legged robots can be found in [11, 12]

1.1 Models for Running with Legged Robots

There are various approaches that are used to identify, analyze and control legged

locomotion models. One of the most common method is to derive physics-based



mathematical models for the legged locomotor systems by using the principles
of Lagrangian dynamics. Such methods are quite successful for describing cen-
ter of mass trajectories of legged locomotion models [13, 14, 15] even in physical
robotic systems [16, 17, 18]. On the other hand, data-driven techniques can also
be utilized to estimate transfer functions [19, 20, 21, 22, 23] as well as state space
models [24, 25] for legged locomotor systems using input-output data. Different
than these approaches, central pattern generators based models are also consid-

ered in literature to investigate legged locomotion models [26, 27, 28].

Among the alternatives, it would be fair to say that a vast majority of the cur-
rent literature exclusively focus on developing physics-based mathematical models
and performing parametric fit to the data. Note that such robot structures may
have many legs and depending on their configurations, the resulting dynami-
cal equations usually become very complex, which makes both the analysis and
control of such systems extremely difficult. One way of dealing with the com-
plexities resulting from dynamics of many-legged systems is to obtain reduced
order models that are easy to quantify some essential features, such as the center
of mass dynamics, of legged locomotor systems, see e.g. [29]. The key reason
behind this approach is that such templates and their anchors are easier to an-
alyze and control. Since their behaviour captures some essential features of the
original system, the results obtained from these templates are expected to be ap-
plicable to the analysis and control of the original structure. The Spring-Loaded
Inverted Pendulum (SLIP) model is one of such templates which attracted consid-
erable attention and received wide spread acceptance in the community of biology
[30, 31, 32] and robotics [1, 33, 34, 35, 36]. It has been observed both theoreti-
cally and experimentally that SLIP template, and their anchors, can successfully
predict the center of mass (COM) trajectories of different animals, regardless of
the number of legs, see e.g. [2, 29, 37, 38|. Likewise, it has also been observed
that SLIP templates yield accurate ground reaction force profiles resulting in the
actual motion of such legged animals, see [29, 37, 39]. Hence, the SLIP model is
also used as control targets for legged locomotor systems [18, 40, 41]. Motivated
mainly from these observations, in this work we will focus on some properties of

various SLIP templates as a model to study one-legged locomotion. For more



information on legged locomotion, the resulting dynamics and related subjects,
the reader may resort to e.g. [2, 11], and the references therein. Also note that
there are some successful extensions of such models for 3D legged locomotion
models [42, 43, 44, 45, 46].

Despite its simplicity, COM trajectories of SLIP model constitute a three-body
problem during the phase in which the leg is in contact with the ground (stance
phase) [47], and non-integrability of such systems have been shown before [48].
Having this problem in its formulation, SLIP model does not have exact analytic
solutions to their stance phase dynamics. One ad-hoc solution to overcome this
issue is to proceed with numerical integrations, so that non-integrable nature of
the system dynamics will not cause any problem. However, having solutions to
the equations of motion, especially for the stance phase, might bring a huge com-
putational advantage for some applications, see e.g. [49, 50]. In such cases, the
utilization of semi-analytic approximation would be much more computationally
effective than the numerical integration of stance dynamics, especially in feedback

control of such systems which require high performance.

Once we turn our directions to computationally efficient analytical solutions,
two main directions come forward to obtain analytic solutions to the equations
of motion of the SLIP-like models. Our first choice is to utilize approximations
to the non-integrable stance dynamics of the SLIP model. For this purpose,
there are iterative methods in literature that approximates the stance dynamics
of a 2-DOF SLIP model by using the main principles from mean value theorem
[47]. Although the method is analytic by nature, its accuracy depends on the
number of iterations performed during each run. Different from this method,
simpler approximate analytic solutions have also been developed by assuming
constant angular momentum, small angular sweep and low spring compression
during the stance phase [51]. The main problem with this method comes from
constant angular momentum assumption that yields high prediction performance
for symmetric trajectories (see Figure 2.3 for visualization of such a trajectory)
that correspond to trajectories where leg length is even symmetric while leg angle
is odd symmetric around the time halfway during the stance phase [1]. However,

its accuracy deteriorates when the trajectory is non-symmetric [51]. Arslan et al.
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[52] proposed an extension to [51] in order to relieve the constant angular mo-
mentum assumption, so that the approximation holds also for the non-symmetric
trajectories. The effectiveness and performance of such analytical approximate
solutions have also been validated on a physical one-legged hopping robot plat-
form [53]. There are also some other approximate analytical solutions for various
type of SLIP-based legged locomotion models in the literature [15, 37, 54, 55].

Apart from using analytic approximations, partial feedback linearization also
yields closed-form expressions for originally non-integrable system dynamics by
eliminating some nonlinear components in the equations of motion with the help
of control input. The key idea in partial feedback linearization is to find a trans-
formation, which yields an equivalent controllable linear system through the use
of some input signals that can cancel some nonlinearities in the original system.
The theoretical foundations for the existence of such a transformation has been
proven before [56] using Lie derivatives and brackets. Also, there are successful
examples of using partial feedback linearization for various type of robotics sys-
tems [57, 58, 59, 60, 61]. More importantly, Piovan et al. [62] use a linear actuator
input, connected in series with the leg spring, in order to cancel the nonlinearities
in the SLIP dynamics to obtain exact closed-form expressions as an example of
using partial feedback linearization for legged locomotor system dynamics. The
important point here is to notice that partial feedback linearization also allows
enforcing specific, analytic trajectories to the stance phase dynamics, while elim-
inating the nonlinearities in the system dynamics [63]. Our previous studies also
show how this idea can be extended for obtaining exact analytical solutions to

the stance dynamics of different legged locomotion models [64, 65].

1.2 Extending SLIP Model with Multiple Ac-

tuators

SLIP template consists of a point mass attached to a massless leg. In order to

increase its practicality, many researchers anchored to SLIP template to obtain



more complex models for running with legged robots [35, 53, 66, 67], whose COM
trajectories can be accurately defined with SLIP template, see Section 1.1. This
section details our extensions to SLIP template based on biological observations

and engineering requirements.

Our first goal is to present a focused understanding of stability properties of
hopping that are common to a wide range of legged robots. Therefore, we first
extend the SLIP template with a passive, compliant damping in the leg, which is
inevitable for physical robot platforms. Note that extending the SLIP template
with a damping element has been utilized in literature [68] and its effectiveness

for modeling losses in a physical robot has been shown experimentally [53].

On the other hand, existence of damping in the leg requires energy injection to
the system in order to compensate for losses. Therefore, we first consider a single
linear actuator, which is serial to leg spring, as in [62, 69]. Physical significance
of using a linear actuator in the leg has been validated in [70] by modeling muscle
activation in the leg, which injects energy to legged animals during the stance
phase, with a force-free leg length actuation. Note that addition of a linear
actuator serial to the leg spring brings a mass to the robot leg. Various studies
investigating the effect of leg mass suggest that it affects system dynamics both
due to its inertia and due to the losses during the impact collisions [71]. However,
effect of inertia has been found to have a minor effect on system trajectories as
compared to impact collisions [71]. For the case of impact collisions, note that
the linear actuator is placed between the body mass and the leg spring. Thus,
linear actuator can be modeled as a part of body mass instead of leg mass. On
the other hand, it has been shown that effect of leg mass during the impact
collisions can be modeled with a simple inelastic collision map after the liftoff
event [53|. Therefore, we neglect the mass of the linear actuator and continue
our analysis with massless leg assumption in our simulation studies. For physical
implementations, the inelastic collision map, which will not affect our stance

dynamics solutions, can be used to consider the mass of the robot leg.

However, using a single linear actuator as in [62] limits us to enforce closed-

form trajectories to either radial or angular trajectories (several equations allow



enforcing constrained trajectories to radial and angular motion simultaneously
[62]). Hence, we utilize a torque actuation at the hip in order to obtain analytical
solutions to both radial and angular trajectory at the same time. Various studies
indicate that torque-actuated SLIP model yields more accurate predictions for the
ground reaction forces (GRF) as compared to basic SLIP models and their GRF
responses fit better to animal locomotion data [37]. Hence, torque actuation
is utilized both in theoretical analysis as well as on experimental legged robot
platforms [37, 68, 72, 73]. We assume fixed body orientation for torque actuation
that allows the reaction force at the hip to be applied on body mass, which is
assumed to be a point mass in our analysis. Note that although our assumption
for fixed body orientation seems to be impractical, planarizers for legged robots
make this assumption valid for template models [74]. On the other hand, a
humanlike body orientation without a planarizer will need a properly chosen
body angle for our desired hip torque actuation profile. However, this approach

is left out of the scope of the current study.

1.3 Extending Bipedal SLIP Model with Mul-
tiple Actuators

Although the SLIP model and its variants are capable of representing the COM
trajectories for different legged locomotor systems, a detailed analysis on more
complex legged locomotion models require anchoring the model to some different
legged locomotor systems [66, 75]. Our goal in this part is to first extend the MD-
SLIP model for a bipedal legged locomotion model and then apply the proposed

feedback linearization also on this model.

One of the initial ideas of bipedal legged locomotion models started by Geyer’s
use of simple spring-mass models to represent walking gaits in a bipedal legged
locomotion model [76]. The new model basically consists of two springy legs and
called as bipedal SLIP (B-SLIP) model in the literature. A key advantage of using
bipedal SLIP model is the ability to obtain walking and running gaits, which are



the mostly used gaits in humans [77, 78]. The walking gait that are produced
by B-SLIP model includes a non-instantaneous double support (DS) phase, in
contrast to the passive dynamic walkers [79, 80, 81]. In addition, the B-SLIP
model is reported to produce ground reaction forces that better match the human
data, which is important towards building humanoid robot platforms. Motivated
by these advantages, some researches aimed to achieve dynamic walking with the
B-SLIP model [82, 83, 84] as well as with more complex models [45, 85, 86, 87, 88|
through the embedding of B-SLIP models.

Motivated by these ideas, we extend upon our MD-SLIP model to a bipedal
legged locomotion model considering the principles from B-SLIP model [76]. Our
goal is not to simply extend the MD-SLIP model to a bipedal case but also to
show that partial feedback linearization also allows obtaining exact analytical
solutions for the bipedal legged locomotion models, which would be otherwise

too challenging even with the approximations.

1.4 Contributions

This thesis aims to contribute on the analysis and control of periodic gaits in

legged locomotion. To this end,

e We first demonstrate extensive simulation studies on investigating stability

characteristics of a variety of SLIP-based legged locomotion models.

e We consider a multi-actuated SLIP model, called MD-SLIP, to enhance the
stability region of the SLIP-based models that are currently available in the
literature. The model we investigate includes a linear actuator to compress

leg spring as well as a rotary actuator to inject torque inputs to the system.

e We utilize the partial feedback linearization theory to obtain the exact
analytical solutions for the MD-SLIP model. The way we utilize the partial
feedback linearization for the MD-SLIP model allows enforcing specified
trajectories for the equations of MD-SLIP model.
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e Another contribution of this thesis is the extension of our multi-actuated
SLIP model for double support phase of bipedal legged locomotion models,
which is called as MDB-SLIP model. We present how the multi-actuated
structure for each leg can be utilized to increase stability of bipedal legged
locomotion models. Besides, we can also utilize the partial feedback lin-

earization to enforce some desired locomotion trajectories.

e Last but not least, we show the stability and robustness performance of
the proposed models (as well as the partial feedback linearization strategy)
on various noisy terrain locomotion simulations via a dead-beat control

strategy.

1.5 Organization of the Thesis

This thesis is organized as follows. In Chapter 2, background about various SLIP
models, such as the dissipative SLIP model including some analytical approxi-
mate solutions, active SLIP model and torque-actuated dissipative SLIP model
are reviewed. Besides, we show systematic simulation studies to investigate the
stability properties of these SLIP-based models. In Chapter 3, we propose the
multi-actuated SLIP (MD-SLIP) model as well as our partial feedback lineariza-
tion strategy to obtain closed-form solutions to equations of motion of the MD-
SLIP model. We also present our investigations on stability characteristics of
the MD-SLIP model and its performance on rough terrain under a dead-beat
control strategy. Chapter 4 introduces our extensions of the MD-SLIP model for
a bipedal legged locomotion model called MDB-SLIP model. We show how our
multi-actuated model and partial feedback linearization strategy can be utilized
to obtain closed-form solutions for the bipedal legged locomotion models. Then,
in Chapter 5, we present our investigations on the performance of the MDB-SLIP
model on sloped and noisy grounds via extensive simulation studies. Finally, in
Chapter 6, we give the concluding remarks and possible future works of the cur-

rent study.



Chapter 2

On the Stability of SLIP Models

This section is devoted to investigating stability characteristics of various SLIP-
based models including approximate analytical solutions to their normally non-
integrable dynamics. In the first part of this chapter, we introduce the background
material on system models and equations of motions for different SLIP models.
Then, the second part presents our efforts on investigating stability characteristics
of these SLIP-based models.

2.1 SLIP Models

2.1.1 Dissipative SLIP Model

The dissipative spring-loaded inverted pendulum model is an extended version of
the well-known SLIP model, where a parallel damping element is added to capture
dissipation behavior of the leg during the stance phase. The model consists of a
body, which is assumed to be a point mass, attached to a massless leg to preserve
the simplicity of the model. The leg spring has parallel compliance and damping

elements as illustrated in Figure 2.1.



Figure 2.1: The dissipative SLIP model, coordinate system and model parameters

The model has hybrid system dynamics by nature and there are two switching
subsystems that are triggered one after another during locomotion, as illustrated
in Figure 2.2. First phase is called flight when the toe of the robot is on the
fly and the second phase is called stance when the toe of the robot is in contact
with the ground. The periodic locomotion of the robot is realized via consecutive
activation of these two phases. Actually, these phases can also be divided into
sub-phases of locomotion to investigate the overall behavior in detail. The flight
phase have two sub-phases as ascent and descent based on the increase or decrease
in the vertical position of the robot. Similarly, stance phase can be observed in
two sub-phases as compression and decompression, which are discriminated as
the compression and decompression behavior of the leg spring as the name refers

to.

The transitions from and to the sub-phases of locomotion are described by
events which are given by some predefined boundary conditions for system dy-
namics during associated phase of locomotion. Starting from descent phase, the
robot first faces with touchdown event which triggers the transition from descent
phase to the stance phase, where the foot gains ground contact. In the first sub-
phase of stance, body mass starts to compress the leg spring until the bottom

point where the bottom event occurs. The bottom event triggers the transition
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Figure 2.2: The phases of a single-stride locomotion of the SLIP model

from compression to decompression phase, where the body velocity changes its
direction during stance and leg spring starts pushing the body upwards by using
the potential energy stored in the leg spring. After some point the liftoff event
occurs, when the toe of the robot loses the contact with the ground and robot
starts to fly upwards due to the push of the leg spring. Finally, the robot reaches
a maximum height where the ascent phase ends. This event is called apezr event,
which triggers the transition from ascent to descent, which will be frequently used

in the thesis.

In addition to various terms defined above which are utilized in the thesis, at
this point, we will clarify some terminology regarding the locomotion trajectory.
Note that Figure 2.2 represents a sample trajectory for the SLIP model. This
trajectory, starting and ending at two subsequent apexes, is called a stride. By
an abuse of notation, we will also call this motion (stride) as a gait in this thesis.
Obviously the concept of gait, albeit containing the motion depicted in Figure 2.2,
corresponds to various coordination modes of animal (or robot) legs in literature
[5, 14, 27]. However, one-legged template structure of the SLIP model does not
allow a multi-legged gait description for one stride. On the other hand, [31]

11



a b

Figure 2.3: A sample illustration of a) symmetric gait and b) asymmetric gait.

describes the locomotion performed by kangaroos as hopping gait that is also
one of the locomotion types performed by using the SLIP model. Therefore, we
focus on hopping gait in our analysis and we will refer to this type of locomotion
as hopping gait (or simply gait) and the path it follows during the locomotion
will be called trajectory throughout the thesis. The locomotion of SLIP is then
subsequent recursion of strides depicted in Figure 2.2. A periodic motion, or
simply a periodic gait is such a motion where initial and final apex states are
equal. The locomotion containing such periodic gaits is then called as a periodic
locomotion. A periodic gait could be symmetric or asymmetric, as depicted
in Figure 2.3. In symmetric gaits, at the bottom event, the SLIP is vertically
upwards and the resultant trajectory has the following properties; leg length is
even symmetric while leg angle is odd symmetric around the bottom state [1].

Otherwise the trajectory is called asymmetric.

Our aim in this work is to analyze the existence and stability of periodic
gaits of SLIP dynamics under some control laws. The main motivation behind
such an aim is that such gaits could be preferred as steady-state targets in the
feedback control of SLIP locomotion. Likewise, deviations from such a periodic
gait could be utilized as a locomotion performance measure. In fact, if one can
relate various properties of such stable periodic gaits with the control law prop-
erties, various other measures could be considered to improve the locomotion
performance. For instance, a periodic locomotion could be generated by using
symmetric or asymmetric gaits. While symmetric gaits are easier to analyze

since they yield approximate analytical solutions, see [51], asymmetric gaits may
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Table 2.1: Dimensionless counterparts of the physical quantities

Quantity Description
t:=1t/\/ro/g | time

y:=17y/ro length

y = 1/\/9r0 velocity

J:=1/g acceleration
§:=0 angle
0:=0\/ro/g angular velocity
6 := Org /g angular acceleration
E := E/(mgr,) | energy
k:=kro/(mg) | leg stiffness

¢ := ¢y/r9/g/m | damping constant
T :=T/(mgry) | torque

be used to improve the stability of periodic gaits. They may be utilized to ad-
just foot placement, to regulate the energy or to control the horizontal position
with better locomotion performance. Further information about the symmetric
and asymmetric trajectories of the SLIP template can be found in [1] and the

references therein.

In order to make sure that our analysis are parameter independent and obtain
general forms, all the works in this thesis will be presented with dimensionless
formulation. To obtain dimensionless quantities, time and length will be scaled
with m and leg rest length rg, respectively. Conversion from physical quan-
tities to non-dimensional counterparts can be obtained by using the equations
in Table 2.1, where variables with bars are the physical quantities of the cor-
responding non-dimensional parameters. Additionally, notations used for SLIP
model throughout the thesis are given in Table 2.2. Note that our formulations
are in the non-dimensional coordinates to generalize our solutions. However, in
order to book-keep the notations of background materials, the reviews about such

background works will be given in their original coordinate frames.

System dynamics of the dissipative SLIP model during the flight phase is fairly
simple, since the point mass follows a ballistic trajectory during its fly, which is
given as

j=0,5=—1 (2.1)
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Table 2.2: Notation for SLIP model used throughout the thesis

’ SLIP Parameters ‘

Y,z | Body horizontal and vertical positions
7, % | Body horizontal and vertical velocities
i,Z | Body horizontal and vertical accelerations
r,0 | Leg length and angle
i, 0 Leg compression and swing rates
m,g | Body mass and gravitational acceleration
¢,k | Leg damping constant and stiffness
To Leg rest length
Do Angular momentum
ts Stance duration
tia, tio | Touchdown and liftoff times
T4, 0ia | Touchdown leg length and angle
T10, 0, | Liftoff leg length and angle
Tid, 6,4 | Touchdown leg compression and swing rates
Zay Vo | Apex height and horizontal velocity

in Cartesian coordinates.

However, system dynamics during stance is not as simple as in the flight phase.
In order to obtain the equations of motion during the stance phase, Lagrangian
method is used in this thesis. In the non-dimensional formulation, Lagrangian of

the system dynamics can be obtained as

1 . k

L= 5(7*2 +1r%0%) — 5(1 —7)? —7rcosf. (2.2)

In addition, we have a Rayleigh dissipation function due to the damping term as
1

z)ziﬁ? (2.3)

By using the classical Lagrange’s equations

d (0L oL 0D
_(_‘)__+__:o, (2.4)
dt \0q; ) 0Oq; 94
with ¢ = r and ¢o = 6, we obtain the following equations of motion for the stance
phase
P=r0*+k(1—r)—cosb — cr, (2.5)
| .
9:—@m9—%@. (2.6)
r
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It has been shown that the equations of the form given by (2.5) and (2.6) are
non-integrable [48]. Hence, exact analytical solution of the stance dynamics given
by (2.5) and (2.6) are not available. Although numeric integration is a first choice
to obtain stance trajectories, it is not an efficient solution for online computation
when solutions with different parameter sets are needed to optimize the controller
parameters [50]. Some researchers proposed analytical approximate solutions to
the stance dynamics [13, 51], some with iterative solutions [47] and some of these
approximations are validated on physical robot platforms [53]. On the other hand,
some studies in literature focus on using partial feedback linearization, which aims
at deriving exact analytical solutions with the utilization of additional actuators
62].

2.1.2 Simple Approximate Stance Map by Geyer et al.

In this section, we briefly review the approximation method proposed in [51]. If
a sufficiently small angular span Agy is assumed for the stance phase, the effect

of gravity can be linearized, yielding simplified equations of motion

mit = mré? + k(rg — r) — mgr, (2.7)
d

E(mﬁ@.) =0, (2.8)

which are now integrable since the angular momentum, py := ms20 and the total

energy

p92 k 2
Sy + 5(7“0 —1r)° 4+ mgr, (2.9)

become constants of the motion. Defining the parameters

m .
E=—6
50+

pi=——"0<y, (2.10)
To
2F
= 2.11
L (2.11)
Do
U 2.12
wis (2.12)
k
=1/ — 2.13
Wo m ( )
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and substituting them into (2.9), yields
_ 2 2 2 2 2
e=p"+w/(1+p)° +w"p” + 29(1+ p)/r0. (2.14)

If the relative spring compression |p| < 1 is assumed, then the term 1/(1 + p)?

can be approximated by a Taylor series expansion around zero to yield
L/(1+p)?] = 1-2p+3p> = O(p"). (2.15)

Under these assumptions and further simplifications [51], an approximate analyt-

ical solution to r(t) can be found as
r(t) =ro(1 + a + bsin(wt)), (2.16)

where some variables are defined as

Wo := Vwp? + 3w?, (2.17)
a = (w* = g/r0) /&, (2.18)

b= \/a2+(e—w2—29/r0)/@§. (2.19)

The equation (2.16) can also be used to determine the times for critical events

relative to an unknown time origin as

tig = (m — arcsin(—a/b)) /o, (2.20)
tio = (27 + arcsin(—a/b)) /wy, (2.21)

assuming that r,, = ryg = 0.

Given the approximate analytical solution for the radial motion and the con-

servation of the angular momentum, angular velocity can be obtained as
0=w/(1+p)?*=w(l—2p). (2.22)

Recalling that p := (r —1¢)/ro = a + bsin(wet), an approximate analytic solution

to the angular motion can be found as
2bw R R
O(t) = Org +w(l —2a)(t — ty) + = (cos(wot) — cos(wotia)) (2.23)
0

where t;4 <t < t,, and ti; and t;, are as in (2.20) and (2.21).

16



As a summary the following four equations are obtained as approximate ana-

lytical solutions of stance dynamics given by (2.5) and (2.6):

r(t) = ro(1 + a + bsin(wot)), (2.24)
7(t) = rowoeb cos(wot), (2.25)
O(t) = Opg + w(l —2a)(t — tq) + 2£w (cos(wot) — cos(wotia)) , (2.26)
ﬂﬂ:w@—ét (2.27)

2.1.3 Gravity Correction to Geyer et al. by Arslan et al.

The angular momentum during stance phase is conserved for symmetric trajec-
tories [52]. However, conservation of angular momentum becomes inaccurate for
non-symmetric trajectories. The angular momentum around the toe, P(t), during

stance can be calculated as

P@:&+ZZ@@, (2.28)

7(t) := mgr(t) sin(6(t)), (2.29)

where 7(t) is the torque due to gravity around the toe and P;, is the angular mo-
mentum at touchdown instant. These expressions are too complex for integration

so (2.28) can be simplified by an n-point approximation as

P@%&+@4®G§)WMmMMW> (2:30)

k=0

where r4[k| and 0,4k are (functions of r(t) and 6(t), respectively) defined as
ralk] = rlto + (1~ t0)), (2.31)
Dulk] = 0t + (1 — 1), (2.32)
respectively.
An average leg length between times ¢; and t; where ¢,y <t; <ty <t;, can be
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calculated as

1
tr—t,

ty
Taw(ti tp) & / ro(1 + a + bsin(wt))dt, (2.33)
t;

=ro(l+a)— =

Sty — 1) (cos(wotf) — cos(woty)) (2.34)

and using it in (2.30), the total effect of gravity becomes

(tr —ti)mgra,(ti, ty)

P. .=
2

(sin(0(t;)) + sin(6(t;))) (2.35)

P, is proposed to be added to the original angular momentum term, py
Po =po + Fo, (2.36)

which replaces py in all derivations. Using touchdown and liftoff times as initial

and final stated yields the corrective method for the apex return map [52].

2.1.4 Active SLIP Model

In this section, we give a brief review of the active SLIP model proposed in [62].
Note that [62] utilizes partial feedback linearization to obtain exact analytical
solutions to originally non-integrable system dynamics. More precisely, a linear
actuator is attached to the leg spring serially and the length of the actuator can
be adjusted. By adjusting actuator length, some nonlinear elements are cancelled

and the resulting system dynamics may have analytical solutions.

The addition of linear actuator changes the leg length as
r(t) = Tact(t) + ri(t) (2.37)

where r,.(t) represents the linear actuator length and r(t) is leg spring length.
In the same formulation, the symbols 7,00 and 7y are used to describe the rest
lengths of the linear actuator and the leg spring, respectively. Therefore, the leg

rest length can be represented as 1o = 74,0 + T'gct,0-
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Actuator displacement is defined as Arget = Taet — Faet0 I [62]. For Arge, the

following control law is proposed in [62]
m (. .
Aroer = T (r+gcos€—r9 ) +7r—ro, (2.38)

for the actuator displacement to make the point mass to follow the desired tra-

jectory.

In order to obtain analytically tractable equations of motion for the stance
phase, [62] forces the point mass to follow some specified symmetric gaits. For
instance, the following equation for the angular velocity is used to enforce the
symmetric gait in [62]

0(t) = Acos(t) + ¢, (2.39)

where A and c¢; are determined from the boundary conditions between descent
and compression subphases at the touchdown instant. The solutions of A, ¢, 7(t)

and more details can be found in [62].

2.1.5 Torque-Actuated Dissipative SLIP Model

In this section, we review the torque-actuated dissipative SLIP (TD-SLIP) model,
proposed by Ankarali and Saranli [37]. One of the main contributions of this
model is that a rotary actuator is attached to the hip to compensate the damping
loss of the dissipative SLIP model. The aim of this work is to approximate stance
dynamics of the proposed model and to perform limit-cycle identification and

characterization.

It has been shown in [37] that, TD-SLIP model is marginally stable without
applying an explicit control but asymptotically stable locomotion can be achieved

for fixed touchdown angles by applying torque inputs via the hip actuator.

For the hip actuator, the following torque function is proposed in [37]

L—t/ty) if0<t<t
rpy = § PA ) HOSE<t (2.40)
0 ift>tf
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where 7 := «/ Qtd. The « parameter is called as constant touchdown parameter.
This function is simple and uses some constants that is determined before touch-
down event. Also, the decreasing nature of this function avoids the application of
negative work during stance. In order to ensure that torque applied at the liftoff
instant is zero, ts is chosen as the liftoff time. By this way, the hip torque does
not cause early liftoffs and the stance duration approximation does not become

difficult. More details about this model and derivations can be found in [37].

2.2 Stability Analysis

In this section, we seek to analyze the stability characteristics of the periodic
gaits. Such periodic gaits are crucial for their use as steady-state control targets
in legged locomotion. Hence, stability of such periodic gaits are important for
their use in motion planning. In order to achieve this, we first define apex to apex
return map, which is a mathematical description of locomotion from one apex
state to the next one. Once we have this apex to apex return map, we can solve it
to find fixed points, which maps an apex state to the same apex state in a single
stride. Hence, fixed points generate the periodic gaits for legged locomotion. To
investigate their stability, we first derive the Jacobian matrix for the periodic
apex to apex return map by taking its numerical derivative with respect to cyclic
state parameters, apex height and apex speed. Having this at hand, one can

determine the stability by checking the eigenvalues of the Jacobian matrix.

2.2.1 Apex to Apex Return Map

The apex to apex return map analysis for the SLIP model starts by dividing
the locomotion into repetitive sub-phases and associated transition events. In
order to define an initial point, we choose a Poincaré section at the apex state
and define the apex to apex return map until the next apex state. Assume that
the chosen apex state have the apex height z,o and apex velocity 9,0. The first

phase of locomotion is called descent phase, where the body exhibits a ballistic
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trajectory (2.1) until the toe contact with the ground. Mathematically, this
boundary condition can be formulated as z = cos 6;4. The interim period between
the apex state and the touchdown instant can also be mathematically formulated

via the following map
(Zta> 9ea) = HY (240, Ja0), (2.41)

where terms with subscript td corresponds to their values at touchdown and H
is the apex to touchdown map. Note that the vertical and horizontal velocities
at touchdown; Z;4 and 1,4 are defined in Cartesian coordinates. One important
point to notice that H!? is a function of #;; and hence it can be used as a control
parameter to regulate the output of the apex to touchdown return map. Similar

control examples are often appeared in the literature, see e.g. [1, 49, 50].

The touchdown event initiates the stance phase, where the body follow the
dynamics represented in (3.1) and (3.2). These can be solved as (3.9) and (3.17).

To preserve our mathematical formulation, we write the stance phase as
(rlm 7'Aloa 9[07 9lo) = Htlg(ft% étd)a (242)

where the variables with subscript lo corresponds to their values at liftoff instant,
which can be defined as the time when the toe loses contact with the ground.
Besides, H[9 is a mathematical descriptor function for touchdown to liftoff map.

Similar to apex to touchdown event, H'S depends on the control parameter 6.

The ascent phase, coming after the liftoff event, has the ballistic flight trajec-
tory dynamics with the descent phase except their initial conditions. Hence, the

mathematical formulation for ascent subphase can be given as

(Zala yal) - Hla(‘)(zltda ytd7 Tlo, Qlo)a (243)

where H}! corresponds to the liftoff to apex map.

Having all subphase maps at hand, apex to apex return map can be obtained

by combining these phases from one apex state to the next one as

H*=H{ oV,,0 HS0V,y0 HY, (2.44)
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where H? is apex to apex return map. In addition to subphases, we include sim-
ple coordinate transformation matrices V;y and Vj, to switch between Cartesian
and polar coordinates while deriving our solutions. Hence, combining all these
subphases, apex to apex return map can be defined via a single mathematical
function as

(2a1; Ya1) = Hy (240, Ya0), (2.45)
where z,; and 9, correspond to height and velocity at the resulting apex state.
Again, the full apex to apex return map function is defined in terms of the
parameter ;5. Hence, one can design controllers by adjusting ;4 to regulate the
outputs of H?. The importance of H? for our analysis is indicated in the following

fact whose proof is self-evident and omitted.

Remark 1. The apex to apex return map, HS, is important in studying the
possible running gait patterns of the SLIP dynamics as well as stability of such
gaits. A gait is periodic if and only if it is a fived point of HS. Similarly, a gait
s a stable periodic gait if and only if it is a stable fived point of HZ. R

2.2.2 Stability of the SLIP Model

To begin our investigations on analyzing the stability of the dissipative SLIP
model, we first try to define the set of all fixed-points for this model in our
parameter space. Here, fixed-point refers to an apex state that maps to same
apex state in a single stride and we compute such fixed points through numerical
analysis. Note that this set of fixed points forms a manifold and we will refer to
this set as fixed point manifold throughout the thesis. Having obtained the fixed
point manifold, we can now check the stability for each point in this set. However,
due to the dissipation term in the dissipative SLIP model, obtaining a periodic
motion, hence a fixed point, is not possible. Therefore, in this part, we choose
the dissipative term to be zero, which corresponds to lossless SLIP model. Then,
we obtain the fixed-point manifold of the SLIP model. The resulting fixed-points
are illustrated in Figure 2.4, where the necessary control input, touchdown leg
angle, to generate a fixed-point for the given initial conditions can be observed.

Using this manifold, one can design stabilizing controllers for the SLIP model
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Figure 2.4: Touchdown angles that result periodic gaits for the SLIP model.

to obtain a periodic locomotion. The parameters used for the SLIP model in
this section for the fixed-point and stability analysis is given in Table 2.3. Note
that these parameters except the leg stiffness are chosen in accordance with [51].
The leg stiffness is greater the typical biological stiffness range [89]. However, the

parameters used in the simulations of the following chapters comply with [51, 89].

Unfortunately, obtaining a fixed-point manifold would not be sufficient with-
out considering the stability of the resulting fixed-points. Since there will be

disturbances and parametric uncertainties during SLIP locomotion, we need to

Table 2.3: SLIP model parameters used in fixed-point and stability analysis

| SLIP Model Parameters |

Body mass, m | 80kg
Gravitational acceleration, g | 9.81m/s?
Leg rest length, ro | 1m
Leg compression rate, k | 80kN/m
Apex vertical position, z, | [1 —2]m
Apex horizontal speed, 3, | [0 — 10]m/s
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Figure 2.5: Absolute value of the related eigenvalue of the Jacobian matrix of the
periodic gaits for SLIP model.

characterize the stability regions of the fixed-points. Therefore, we performed a
stability analysis of the fixed-points in the fixed-point manifold represented in

Figure 2.4.

In order to perform a stability analysis, we first computed the eigenvalues of
the numerical Jacobian matrix of the system. Note that, since the system is
time invariant and the motion is periodic, one of the eigenvalues of the Jacobian
matrix is always 1, see [90]. Therefore, to determine the stability, one has to
consider the remaining eigenvalues of the Jacobian matrix. Hence, the periodic
gait is asymptotically stable if these remaining eigenvalues are inside the unit
circle of the complex plane. Figure 2.5 illustrates the absolute value of the other

eigenvalues of the system.

Stable and unstable regions are also shown in Figure 2.6. Green colored
(horizontally-dashed) and blue colored (vertically-dashed) regions represent sta-

ble and unstable regions, respectively.
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2.2.3 Stability of Approximate Analytic solution of Geyer

et al.

After obtaining a fixed-point manifold for the dissipative SLIP model and per-

forming a stability analysis for the resulting fixed-points, we started to work on

approximate analytical solutions for the SLIP model in order to make a com-

parison. Different than previous section, this time we will use the approximate

analytic solutions of [51] to obtain a fixed-point manifold for the SLIP model

Our goal is

instead of numerically integrating the nonlinear system dynamics.

to observe the differences that may result in fixed-point and stability analysis

between the actual system dynamics and analytical approximations.
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Figure 2.7: Touchdown angles that result periodic gaits for the approximate
analytic solution of SLIP model.

In order to make a fair comparison, we used the same parameters as in the
previous section and performed a fixed-point analysis for the SLIP model by using
analytical approximate solutions given in (2.24)-(2.27). Our goal is again to find
the control inputs, touchdown angle for the SLIP case, which result in periodic
gaits for the SLIP model. Figure 2.7 illustrates the fixed-point manifold for the

analytic approximate solutions.

Our goal is to evaluate the performance of the approximate analytical solutions
to the SLIP dynamics in the sense of fixed-points. Therefore, we decided to com-
pare the resulting control input, touchdown angle, to obtain a fixed-point for the
same initial conditions. We derived the percentage error of the touchdown angles
obtained through approximate solutions with respect to ground truth touchdown
angles that are obtained via actual dynamics. Mathematically, this error function

can be defined as .

|01a — b1l
Ota

where 6,4 is the ground truth solution obtained via numerically solving the system

PE; =100 (2.46)
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Figure 2.8: Percentage error of the touchdown angles that result periodic gaits
obtained by using approximate analytic solution of SLIP model.
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Figure 2.9: Absolute value of the related eigenvalue of the Jacobian matrix of the
periodic gaits for the approximate analytic solution of SLIP model.
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dynamics and 6,4 is predicted touchdown angles using the approximate analytical

solution of [51]. Figure 2.8 shows the percentage control input error with respect

to initial conditions. Note that touchdown angle prediction errors stay well below

%3 yielding successful description of the control parameters.

Finally, we performed a stability analysis for the SLIP model by using analytic

approximate solutions. We again computed the eigenvalues of the numeric Jaco-

Figure 2.9

bian. Similarly, one of these eigenvalues is again on the unit circle.

illustrates the other eigenvalues of the system.

—— — — — — — — — — — — — — — — — — —00

10

Ya

Figure 2.10: Stability region of the approximate analytical solution of SLIP

However,

Blue (vertically-dashed) region and green (horizontally-dashed) region

correctly classified as unstable and stable fixed-points, respectively.

model.

black (shaded) and red (dotted) regions are falsely classified as unstable and

stable, respectively.
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Stable and unstable regions are also shown in Figure 2.10. Blue and red re-
gions represent stable and unstable regions, respectively. These are the regions
where the approximate solution complies with the ground truth solution, which
can be obtained by numerical solution of the system dynamics. However, there
are some small regions in the boundary of the stable and unstable regions, where
approximate analytical solution yields incorrect results with the actual dynamics.
The approximate solution is successful as classifying blue (vertically-dashed) re-
gion and green (horizontally-dashed) region as unstable and stable, respectively.
However, black (shaded) and red (dotted) regions are falsely classified as unstable
and stable, respectively. Falsely classified regions should be handled with care

when designing controllers with the approximate analytical solution.

2.2.4 Stability of Gravity Correction of Arslan et al.

In this part, we seek to analyze the stability characteristics of the gravity cor-
rection method proposed in [52]. Note that for the lossless SLIP model, the
fixed-points that we are using for analyzing stability of a gait results in always
symmetric trajectories. This point is also observed and analytically justified in
[91]. This is valid for both the numerical solutions as well as approximate ana-

lytical solutions.

The main contribution of [52] is to adjust angular momentum for non-
symmetric gaits to increase the region of validity of [51]. Thus, for symmetric
gaits, we expect no difference between [51] and [52] at all. This also means that

their fixed point stability analysis should be very similar.

Let the superscripts G and A represent the approximation model of Geyer et
al. [1] and Arslan et al. [52], respectively. One of the eigenvalues of the Jacobian
matrix of the fixed point gaits equal to 1 for both models, since the motion is time
invariant and periodic, see [90]. Let A and A\ represent other eigenvalues for
the approximation model of Geyer et al. [51] and Arslan et al. [52], respectively.

Then, the percentage change A|)| of the eigenvalues of the Jacobian matrix of
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Figure 2.11: Percentage difference between the eigenvalues of Geyer et al. and
Arslan et al.

the fixed point gait is defined as

M= 2]

AN =1
I\ = 100 e

(2.47)

and is illustrated in Figure 2.11. The simulation results prove that there is a
negligible difference between the eigenvalues of the two models. A key comment
that needs to be noted here is that [51] reports stable when [52] is stable and vice
versa (at least for the resolution of initial conditions we used in our simulations).
The only difference we observed is that, |[A\*| > |\“| for the unstable region (see
blue (vertically-dashed) and black (shaded) regions in Figure 2.10) and |A%] <
| A€ for the stable region (see green (horizontally-dashed) and red (dotted) regions
in Figure 2.10). The simulation results show that [52] actually does not have a
considerable effect on the stability characteristics of the fixed points, since for the

lossless model fixed-points are always symmetric.
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Chapter 3

Multi-Actuated Dissipative SLIP
(MD-SLIP) Model

There is a large variety of SLIP-based mathematical models to represent legged
locomotion. However, as shown in Chapter 2, there is a non-negligible unstable
region on the stability diagrams of the SLIP models. Motivated by this problem,
we seek to obtain a novel legged locomotion model that considers both a linear
actuator to compress the leg spring and a radial actuator to inject torque inputs.
One of the main advantage of such an actuator-enhanced model is that we obtain
a relatively large stability region, which increases the mobility and robustness of
the legged locomotion model. Besides, this multi-actuated model allows enforcing
desired trajectories by the use of partial feedback linearization. The following sec-
tions in this chapter introduces the Multi-Actuated Dissipative SLIP (MD-SLIP)
model and our extensive simulation studies on assessing stability and robustness

characterising of the proposed model under different scenarios.

31



3.1 Multi-Actuated Dissipative SLIP Model

3.1.1 Model and Dynamics

The proposed model differs from the original SLIP template by the addition of
two actuators as stated earlier. These actuators help us to use partial feedback
linearization methods to obtain analytic solutions to the stance dynamics. The
first actuator is a linear motor that is attached serially to the leg spring. The
second actuator on the other hand is a rotary actuator that is attached to the
point mass at the hip to apply the rotational torque 7. This model is called as
multi-actuated dissipative SLIP template and can be seen in Figure 3.1, where
the coordinate system, model parameters and the additional actuators are also
illustrated. Note that although the SLIP template (and hence our proposed
model) can be used to represent center of mass trajectories of different animals
with varying number of legs (see Section 1.1), the SLIP model itself (and hence
our proposed model) corresponds to a one-legged hopping robot when simulated

in computerized environments.

Z

>y

Figure 3.1: Multi-actuated dissipative SLIP model, coordinate system and model
parameters. The difference of this model with the dissipative SLIP model (illus-
trated in Figure 2.1) is the addition of the linear and the rotary actuators.
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Note that our additional actuators do not violate or change the assumptions
on the original SLIP model such as point mass, massless leg, etc. Therefore, point
mass still follows a ballistic trajectory during the flight phase, so the equations
of motion will be the same as in (2.1). However, addition of two new actuators
changes the stance dynamics, since now we are capable of injecting and removing
energy from the system. Therefore, the modified stance dynamics for the multi-
actuated dissipative SLIP (MD-SLIP) model can be given as

i =1r0? 4+ k(1 —r+ Aryy) — cosf — cr, (3.1)
0= " <51n9 — 27"«9) + 2 (3.2)

where Ar,. and 7 represent the linear actuator displacement and the rotary
actuator torque, respectively. The linear actuator displacement is defined as

ATget 1= Taet — Tact0, Where 7400 is the rest length of the linear actuator.

We note that, all time-dependent functions in Section 3.1 use touchdown time

as reference for the sake of simplicity.

3.1.2 Solving Stance Dynamics

As mentioned before, the stance dynamics of the SLIP model does not have exact
analytical solution due to its highly nonlinear and non-integrable nature. This
problem may become more complex if Ar,; and 7 in (3.1)-(3.2) are not chosen
appropriately. In this part, we explain how we can obtain exact analytical solu-
tions to the stance dynamics of the MD-SLIP model by canceling some nonlinear
terms in the system dynamics. We show that the equations (3.1) and (3.2) can
be solved when partial feedback linearization is used to cancel out some non-
linear terms. Besides, partial feedback linearization can also be used to enforce
specific solutions to the equations (3.1) and (3.2) such as specifying some desired

trajectories to the point mass during its stance locomotion.

To cancel some of the nonlinear terms in the equation (3.1), linear actuator
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displacement is chosen as
1 .
Arger = E(COS 0 —r0* + cr) — Ay + Cot, (3.3)

where Ay can be used to adjust the initial value and Cj can be used as an

additional control parameter.

At touchdown instant, a force is applied to the point mass in order to com-
pensate the losses due to leg damping. To achieve this, Ar,. is chosen as c¢ry/k

at touchdown instant. Using this idea and evaluating (3.3) at touchdown instant,

we obtain: )
A, — & Ora — rtdﬁfd. (3.4)
k
Substituting (3.3) in (3.1) results in
The solution of (3.5) can be obtained as
r(t) = Ay sin(wt) + Ag cos(wt) + 1 — Ag + Cot (3.6)

where w = \/E

At this point, if we compare the exact analytical solution given by (3.6) with
the approximate analytical solution of original SLIP dynamics given by (2.16),
we observe that they have quite similar structure when Cy = 0. Hence, although
the control law given by (3.3) seems quite nonintuitive, the resulting behaviour
is actually quite close to the natural behaviour of original SLIP dynamics. We
also note that, although (2.16) represents an approximate solution of (2.5), (3.6)

is an exact solution of (3.1).

Applying the boundary condition at touchdown instance, i.e. the leg length
should be equal to the leg rest length, As can be found as Ay = Aj.

In order to find the Ay, the radial velocity

7(t) = Ajw cos(wt) — Agw sin(wt) + Cy, (3.7)
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should be equal to its touchdown value at touchdown instant, which results in

A = T'td — Oo‘ (3.8)

w

As a result, the leg length during stance phase can be found as
r(t) =1 — Ag+ Agcos(wt) + Aj sin(wt) + Cyt, (3.9)
where Ay and A; are given by (3.4) and (3.8), respectively.

For the angular velocity equation (3.2), we propose an approach similar to the
one utilized in [62]. By adding an additional control parameter C}, similar to

(2.39), we propose the following desired angular velocity equation

é = BO COS(Q + Cl) + Bl. (310)

The required torque to enforce (3.10) can be found from (3.2) as

7 = 270 — rsin — Byr?sin(f + C,)6. (3.11)

In order to avoid sudden jumps in torque, we chose to apply 7 = 0 at touch-

down instance. Using this decision in (3.11), we obtain

27;'td9td — sin Qtd

0= — —. (3.12)
Slﬂ(@td + Cl)th
Furthermore, by evaluating (3.10) at touchdown instance we obtain
By = 0,q — By cos(Byq + Cy). (3.13)

Solving the angular velocity equation (3.10) for the angular position results in

(3.14)

2

By — By tanh (22 + B
G(t):z—6’1+2atan< 0 2 B(2 3)>,
1
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where By and Bs are defined as

By := /B2 — B2, (3.15)
By — B; tan (—9td+§1_g>
By

Bs := atanh (3.16)

After some lengthy but straightforward calculations, we obtain the following

equation for the angular position

(3.17)

B»0 th (B2t) + 27 0. — sin @
g(t)ZQtd+2acot< 20 coth () + 274abhq — sin td>.

12
gtd

To summarize, if we choose the linear actuator control law as in (3.3), the
solution of the radial dynamics given by (3.1) can be obtained as (3.9), where
Ap and A; are constants that are obtained as (3.4) and (3.8), respectively, and
Cy is a free control parameter. Likewise, if we use the torque control law as in
(3.11), the solution of the angular dynamics given by (3.2) can be obtained as
(3.17), where By, By, and B, are constants as given by (3.12), (3.13) and (3.15),

respectively, and C' is a free control parameter.

Note that stance trajectories generated by (3.9) and (3.17) are not arbitrary
functions enforced by partial feedback linearization. Actually, these trajectories
are well-fitted locomotion trajectories similar to the ones generated by the SLIP

model. A sample stance trajectory can be seen in Figure 3.20.

Remark 2. We note that both the solutions given by (5.9) and (3.17) depend on
the touchdown positions and velocities. Since the flight phase dynamics are inte-
grable, these values can be obtained at the end of the flight phase, then (3.9) and
(3.17) could be used as the solutions of stance phase dynamics. Moreover, these
formulas contain the free control parameters Cy and Cy explicitly, hence by choos-

ing these parameters appropriately, one may achieve various control objectives.
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3.1.3 Apex to Apex Return Map

In order to understand and analyze the MD-SLIP model in detail, its locomo-
tion needs to be divided into sub-phases that consecutively repeat themselves.
Note that, similar derivations for the original SLIP model have been given in
Section 2.2.1. For the sake of completeness, we make similar derivations for the
MD-SLIP model in the sequel. In this thesis, we choose the starting phase as
the apex instance and use the apex to apex return map to represent the loco-
motion. The states at the current apex point are chosen as the apex height z,
and apex velocity 7,0. When the locomotion starts from the apex state, it follows
the ballistic trajectory (2.1) until the toe touches to the ground. It means, the
touchdown event occurs when the equation z = cosfyy is satisfied. Hence the

state variables of the descent subphase and their relations can be written as

(21> 9ta) = Fu(2a05 Ya0), (3.18)

where the subscript td indicates the touchdown, F!¢ is the apex to touchdown
map, the velocities ;4 and 144 are vertical and horizontal velocities in Cartesian
coordinates at touchdown instance, respectively. Note that the map F!* depends
on 0,4 which is considered as a control parameter. The latter approach is utilized

in various control schemes proposed for SLIP dynamics, see e.g. [1, 49, 50].

After the toe touches the ground, the point mass starts to follow the stance
dynamics (3.1) and (3.2) which are solved as (3.9) and (3.17). The function for

the stance phase can be written as
(rloa 7;loa eloa élo) = Fth(I)(f’tdv étd)a (319)

where the subscript lo indicates the liftoff and F[¢ is the touchdown to liftoff map.
Note that the map F/9 depends on the control parameters 64, Cy and Cj, see
(3.9) and (3.17).

The liftoff event occurs, when the toe loses ground contact. After this instance
the point mass follows the ballistic trajectory (2.1) again until its vertical velocity

becomes zero at the apex. The ascent subphase can be represented as

(Zah yal) = F}%(ztda ytda Tlo, 610)7 (320>
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where F}? is the liftoff to apex map.

After describing the trajectory from current apex state to the next one, apex

to apex function can be written as
F*=FfoRy,o0F90 R0 F' (3.21)

where F? represents apex to apex return map. Note that R,y and R, stands for
the coordinate transformations between Cartesian and polar coordinates. These
transformations are required since we use polar coordinates for our stance phase
(radial) solutions while the actual map (with descent and ascent phases) are

represented in Cartesian coordinates.

Finally, the next apex state can be achieved by using current apex state as

(Zalv %1) == Fg(Za(h ya[))v (322)

where z,; and g, are the height and the velocity at the next apex point. Note
that the map F? depends on the control parameters 6,4, Cp and C;. Our aim
is now to choose these control parameters appropriately to obtain stable gait

patterns.

Remark 3. The apex to apex return map, FY, is important in studying the pos-
sible running gait patterns of the SLIP dynamics as well as stability of such gaits.
For example, any periodic gait is a fived point of F¢, and any stable gait is a
stable fived point of F*. M

3.1.4 Finding Stance Duration

To find the stance duration, the liftoff condition needs to be determined. In the
dissipative SLIP model, leg spring is constrained such that the maximum length
of the leg spring is its rest length. On the other hand, dissipation in the SLIP
model can yield some early liftoffs. In addition to these two criteria, we avoid
negative work by turning off the torque control to eliminate early liftoff. Hence,

the liftoff condition can be given as

r:1+Amd—£h (3.23)
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where Ar, is given by (3.3). Due to the highly nonlinear expressions of the
latter, finding an analytical expression for the solution of (3.23) is very difficult.

However, the numeric calculation is still a way to find the stance duration.

Under the symmetric stance trajectory assumption, we can find exact solution
for the stance duration. To have symmetric stance trajectory, leg length and leg
angle need to be even and odd symmetric around the time halfway through the
stance phase, respectively [1]. To satisfy these requirements, three conditions
need to be met. First, leg length needs to be even symmetric around bottom
event, which is possible by choosing Cy = 0. Second, leg angle needs to be odd
symmetric, which requires C; = 0. Third, at bottom time leg angle should be
zero. As a result a symmetric gait is formed by choosing control parameters C

and C] as zero and adjusting 6,4 to tune the bottom time

1 Ay
ty, = — —acos | ——— 3.24
e =) o

and the time required to make 6 equals to zero

2 sin 0,4 — 62, cot(24) — 27,0
to—o = Eacoth ( ta — b1 COUTH) i td) (3.25)

2 B29td

equal. Then, the stance duration can be calculated as

ty = 2t = 2t (3.26)

3.2 Periodic Gaits and Their Stability in MD-
SLIP Model

As stated in Remark 3, the periodic gaits of the proposed MD-SLIP model are
the fixed points of the apex to apex map F¢ given by (3.21). This fixed point,

(22, 9%), satisfies the following equation
(Za: ) = F (25, 0a)- (3.27)
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The stability of such fixed points can be determined by the eigenvalues of the
Jacobian matrix of F evaluated at the fixed point. The Jacobian matrix is

defined for the apex to apex return map as

8Zal azoLl
aZaO 0 yaO
Ji=1 . (3.28)
ayal ayal
aZaO a?)ao

However, we do not have exact solution of the stance duration for all cases,
where numeric calculation might be necessary. In such cases, the Jacobian matrix

is approximated in numerical simulations as

Zalz — Zal Zaly — Zal

AZaO AyaD
In = . . : . ) (3.29)
Ya1z — Ya1l  Yaly — Yal
AZCLO Aya()

where the values for Az,o and Ay, have been chosen as sufficiently small values
to approximate the numerical derivatives. After some extensive simulations, we
experimentally choose this number as 1075, since further decrease apparently
does not have a meaningful change on the eigenvalues of the Jacobian. The other

variables are defined as

(Zala yal) = Fg(za(b ya())a (3?)0)
(Zalza yalz) = Fg(za[) + AZaO: ya0)7 (331)
(Zaly’ yaly) = F;(Za[)) yaO + Aya())‘ (332)

During simulations the non-dimensional parameters and initial conditions are
chosen as z, € [1 — 2], 9, € [0 — 3.2] and k € [15 — 100].
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3.2.1 Zero Control Parameters C, and C

The goal of this section is to investigate the stability of the periodic motion for

the proposed MD-SLIP model when the gaits are symmetric.

Note that symmetric gaits are obtained by choosing the control parameters
Cy and C as zero leaving us the leg touchdown angle, 6,4, as the only control
parameter to regulate the gait. In order to begin stability analysis, fixed points
of the corresponding Poincaré map should be extracted. To accomplish this, we
first find the touchdown angle, 6,4 that yields same solutions for (3.24) and (3.25)
to obtain the fixed point manifold. At this point, we use numeric calculations
to solve t, = ty—¢ in order to find the fixed point manifold since obtaining an
analytic solution is very difficult for these equations, see (3.24) and (3.25). The
significance of this fixed point manifold is that any point chosen inside the fixed
point manifold as an initial condition to our MD-SLIP model yields symmetric
periodic locomotion. The fixed point manifold of the MD-SLIP model in terms
of a function apex height, apex velocity and touchdown angle is illustrated in

Figure 3.2. We also present comparative illustration of the touchdown angles of
the MD-SLIP model with the SLIP model.

Another important observation about Figure 3.2 is that the touchdown angle
0:q that results in periodic motion is more or less proportional to the apex hori-
zontal velocity 9,. Note that this property is also observed in the original SLIP
template and [1] designed touchdown angle controllers to regulate apex horizon-
tal velocity based on this principle. Figure 3.2 shows that our proposed model
also exhibits this property, which would allow simple touchdown angle controllers
as in [1] to regulate apex horizontal velocity. We note that average steady-state
velocity is utilized as a measure to determine the locomotion performance in [5].
By combining this idea with the observation given above, we could state that
if we choose apex horizontal velocity as a measure to evaluate the locomotion
performance, we could utilize the touchdown angle as a parameter for optimiza-

tions. However, since our main aim in this work is to determine the existence
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Figure 3.2: Touchdown angles that result symmetric periodic gaits for the MD-
SLIP model with control parameters Cy and C; are zero. The dimensionless
spring constant £ is chosen as 36.

and stability of periodic gaits, we do not elaborate further on this subject which

requires and deserves further investigation.

In Figure 3.3, we present a comparative illustration of touchdown leg angle
between the MD-SLIP model and the passive SLIP model. Our goal here is
to observe the possible similarities and differences between the touchdown leg
angles for the two models. As seen in Figure 3.3, for the middle range of initial
conditions, the two model utilizes similar touchdown leg angles to obtain fixed
points. However, due to the use of active control signals and partial feedback
linearization in MD-SLIP model, touchdown leg angles differ on a range of initial

conditions, especially when apex horizontal velocity 7, is large.

Having zero control parameters assumption, we have analytic solutions to the
system dynamics and stance duration and hence we can perform an analytic
stability analysis. However, the stance duration is solved only for the symmetric

gaits and this analysis requires the general solution for the stance duration. Since
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Figure 3.3: The percentage change of the touchdown angles that result periodic

gaits for the MD-SLIP model (control parameters Cyy and C are zero) with respect
to passive SLIP.

the analysis is performed around the symmetric stance trajectories, we assume
that the stance duration equation solved for symmetric gaits can be used in this
analysis. Additionally, finding an exact analytic solution for the leg touchdown
angle that results in periodic locomotion is very challenging. Therefore, we utilize
numeric solution to find leg touchdown angles and plug in these numeric solu-
tion into our equations to form the Jacobian matrix. Symbolic Toolbox of the
MATLAB is used in all the steps to calculate the eigenvalues for the Jacobian
matrix (3.28), because of the complexity of the equations. Since we perform the
analysis around the symmetric gaits, magnitude of one of the eigenvalues always
results as 1. Therefore, we use the magnitude of the other eigenvalue illustrated

in Figure 3.4, to determine the stability of the gaits.

Note that using analytical Jacobian for computing eigenvalues is only valid
for symmetric gaits. However, most of the natural gaits generated by animals,
and hence our simulation models, correspond to asymmetric trajectories, which

requires derivation of numeric Jacobian matrix as in (3.29). In order to validate
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Figure 3.4: Magnitudes of the related eigenvalues of the Jacobian matrix of the
periodic gaits for the MD-SLIP model with control parameters Cy and C are
zZero.

this approach, we first derived both analytical and numerical Jacobian matrices
for the symmetric gait assumption and compared the resulting eigenvalues. Hav-
ing noticed that the distance between first eigenvalue pair was less than 0.1% (the
other eigenvalue pair was equal to 1 in both approaches), we decided to proceed

with (3.29) to compute eigenvalues for the non-symmetric gaits.

To compare the stability of the periodic gaits for the MD-SLIP model and
the SLIP model, fixed points of the corresponding apex to apex map should be
obtained. To find the fixed points of the periodic gaits for the SLIP model,
conservation of energy is required. Therefore, we choose the damping constant as
zero to find the fixed points of the SLIP model and perform a stability analysis
to compare with the MD-SLIP model. In Figure 3.5, stability regions of SLIP
model and MD-SLIP model is shown. The SLIP model is only stable in green
(horizontally-dashed) region whereas the MD-SLIP model is unstable only in the
red (dotted) region, in which the initial states have low speed and height. It is
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Figure 3.5: A comparison between stability regions of the SLIP and MD-SLIP
models. Blue (vertically-dashed) region illustrates the stable gaits of the MD-
SLIP model and green (horizontally-dashed) region illustrates the stable region
for both SLIP and MD-SLIP models. Finally, the red (dotted) region illustrates

the region where both models are unstable. Note that the dimensionless spring
constant is chosen as 36 in this analysis.

obvious that MD-SLIP model increases the stable region for the interested region

of initial conditions.

Remark 4. Note that our stability analysis is based on the linearization of non-
linear dynamics around a periodic motion (i.e. limit cycle). As a result of lin-
earization, all of our results are only local, hence stable periodic gait here means
an asymptotically (and locally) stable periodic motion, see [92]. There are vari-
ous ways to measure the stability performance of the periodic gaits considered in
this work. An obvious choice would be to characterize or estimate the domain of

attraction (DoA) of such a gait, (i.e. the set of all initial apex states from which
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the starting trajectories asymptotically converge to the apex state of the periodic
gait). However, finding and/or estimating such a DoA is quite difficult and re-
quires mainly large amount of simulations, see e.g. [92, 93], which is beyond the
scope of present work. Another measure is the robustness of such stable gaits
against small perturbations, and rough terrain simulations are frequently utilized
in literature as a measure of such robustness, [29, 39, 93]. Indeed, our stable gaits
are found when SLIP motion is on a flat ground. When the terrain changes, its
effect could be considered as a perturbation of apex state and if the resulting mo-
tion still converges to the periodic gait in question in rough terrains, this would
indicate a sufficiently robust stable gait. Although an ezxact analytical relation
between this type of robustness measure and the size of DoA is not available, we
may expect that the better robustness results in rough terrain simulations is an
indicator of larger sizes for DoA. This approach will be utilized in Section 3.3, see
also [93] for similar stability measures. Another measure for stability performance
might be the magnitude of the maximum eigenvalue, see e.g. [93]. Minimization
of this quantity as a stability measure will be considered in Section 3.2.2. We
note that other measures of stability, as well as estimation of DoA, are subjects

which require and deserve further investigations. B

Since active SLIP model proposed in [62] enforces a symmetric gait for all initial
conditions, the Jacobian matrix becomes identity matrix. Hence, the eigenvalues
of the Jacobian matrix becomes 1. Therefore, our approach which is based on
linearization is inconclusive to determine the stability properties of periodic gaits
obtained in [62]. As a result, we cannot compare the stability of the periodic

gaits for the MD-SLIP model and the model given in [62] by using our method.

On the other hand, we could compare the properties of stable gaits obtained in
our model with the ones obtained in TD-SLIP model. The fixed points of the TD-
SLIP are calculated and the stability analysis for TD-SLIP is also performed. In
order to make a fair comparison, non-dimensional spring constant k is chosen as
36 and non-dimensional damping coefficient ¢ is chosen as 0.96 to satisfy the value
0.08 for the damping ratio ¢y as in [37]. The stability regions of the periodic gaits
of TD-SLIP model and MD-SLIP model are illustrated in Figure 3.6. When we

46



18=======-1I

162222250y ESE 22525

l4dr==—===|

12 ===

oooooo
oooooo
essse 0000000 mmm mmm mmm m— — — — — — — — — — — — — — — —

ooooooooooooooo
ooooooooooooooo

Ya
Figure 3.6: Stability regions for the TD-SLIP and MD-SLIP models. Green
(vertically-dashed) and red (dotted) regions illustrate the stability and instability
for both models, respectively. Blue (horizontally-dashed) region corresponds to
stability region for MD-SLIP model, while TD-SLIP is unstable. On the contrary,
black (shaded) region represents stability region for the TD-SLIP model while the

MD-SLIP model is unstable. The dimensionless spring and damping constants k
and c¢ are chosen as 36 and 0.96, respectively.

compare the stability regions of the gaits generated by the proposed model with
the TD-SLIP model, we notice that the MD-SLIP model increases the region
in which stable motion is observed. There is only a very small portion in our
initial condition range, where the TD-SLIP model generates stable gaits but
the proposed model gaits are unstable; note that this region is very small and
corresponds to initial conditions with heights very close to leg length and very
small horizontal velocities. On the other hand, the proposed model exhibits
stable gaits in a wide range of initial conditions, where TD-SLIP model is unable

to preserve the stability of gaits.
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3.2.2 Optimizing Control Parameters Cj, and C}

In this section, we investigate the stability of periodic gaits when Cy # 0 and/or
C1 # 0 case. As we mentioned before, the case Cy = C7 = 0 results is symmetric
gaits, and when Cy # 0 and/or C; # 0, the resulting gait becomes asymmet-
ric. We also observed that in this case, the resulting periodic motion has better
stability characteristics as compared to symmetric periodic gait case. Hence, by
choosing Cy and C appropriately we may improve some stability measures. As
noted in Remark 4, maximum eigenvalue magnitude will be used as a stability
measure in this section. More precisely, let A\; and Ay be the eigenvalues of the
Jacobian matrix. Then the optimization problem considered in this section is
given as

minc max{|A1[, [A2]}. (3.33)
1

0¢4,Co,

For a given w* = (2}, y}) pair, if we choose Cy = C; = 0, then there is a single
touchdown angle 6,; value which makes w* a fixed point. However, if we choose
Co # 0 and/or C; # 0, then there is a range of touchdown angle ,; values which
make w* a fixed point for a given w* = (z},9}) pair. The magnitudes of the
eigenvalues of the corresponding Jacobian matrix for the changing touchdown
angle 6,; are illustrated in Figure 3.7. Minimizing the touchdown angle while
keeping the eigenvalues in the unit circle results in Cy = C; = 0. Maximum
values for the touchdown angle while keeping the eigenvalues in the unit circle is
illustrated in Figure 3.8. Notice that, the range for stable touchdown angle can
go up to 10 degrees as illustrated in Figure 3.9 and the percentage of the range of
the touchdown angles relative to minimum touchdown angles that result stable
periodic gaits for the MD-SLIP model is illustrated in Figure 3.10. Notice that
proportionality between the touchdown angle 6,4 that results in periodic motion
and the apex horizontal velocity v, is still valid for asymmetric gaits. Therefore,
simple touchdown angle controllers as in [1] can also be used for asymmetric gaits
in the proposed model. As noted in Section 3.2.1, following the idea given in [5],
if we choose apex horizontal velocity as a measure for locomotion performance,

we could utilize touchdown angle as a control parameter for optimization.
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Figure 3.7: Magnitudes of the eigenvalues with respect to touchdown angle. The
green and blue lines correspond to two eigenvalues of the system with respect to
varying touchdown angles. The red (dotted) lines represent the stability bound-
ary. In this system, the touchdown angle is chosen appropriately by adjusting Cy
and C] to make the gaits fixed point. The dimensionless apex height and velocity
are 1.02 and 2.3, respectively.

To provide some insight about the asymmetry of the gait, the angle bisector of
the touchdown angle 0,4 and liftoff angle 6, is chosen as a measure. Notice that
increased angle bisector results in increased asymmetry. For stable gaits, it is ob-
served that maximum values for the angle bisector is observed around maximum
touchdown angles. Angle bisector for maximum touchdown angle case and its ra-
tio to the touchdown angle is shown in Figure 3.11 and Figure 3.12, respectively.
As seen in Figure 3.11, the MD-SLIP model allows asymmetrical bisectors up to
14 degrees based on the initial horizontal velocity. This shows that we can obtain
periodic motion even with asymmetrical trajectories. The ability to choose such
leg angles increases the possible foot placement locations during motion planning

while preserving a stable periodic locomotion. Similarly, in Figure 3.12, we show
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Figure 3.8: Touchdown angles that result periodic gaits for the MD-SLIP model

with control parameters Cy and C; are optimized to maximize the touchdown

angle while keeping magnitudes of the eigenvalues of the Jacobian matrix of the

apex to apex map in the unit circle. The dimensionless spring constant k is
chosen as 36.

the percentage ratio of the angle bisector to the touchdown angle. In a great
portion of initial conditions, we observe a proportional relationship between the
touchdown leg angle and the angle bisector. Such relationships might be useful
for deciding the touchdown leg angles, since we can now have an idea about the

resulting angle bisector.

Now, we aim to find the control parameters which yield eigenvalues that are
closest to the origin that can be obtained by solving the optimization problem
defined in (3.33). Figure 3.13 illustrates the touchdown leg angles that yield the
most stable case for the eigenvalues. Note that the relation of the touchdown
leg angle with respect to initial conditions can be simply approximated with a
plane, which would result in simple controllers that will output the necessary
touchdown leg angles to minimize the maximum of eigenvalues for a given initial

condition. Also, we report the maximum of eigenvalues that are obtained after
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Figure 3.9: Range of the touchdown angles that result stable periodic gaits for
the MD-SLIP model. The dimensionless spring constant k is chosen as 36.
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Figure 3.10: The percentage of the range of the touchdown angles relative to
minimum touchdown angles that result stable periodic gaits for the MD-SLIP
model.
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Figure 3.11: Angle bisector of touchdown and liftoff angles of the MD-SLIP
model. The control parameters, Cy and C}, are adjusted to obtain a stable
system (eigenvalues are inside the unit circle) with maximum touchdown angle
to compute the angle bisector.
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Figure 3.12: The ratio of the angle bisector to the touchdown angle as percentage
for maximum touchdown angle case.
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Figure 3.13: The touchdown angles of the stable periodic gaits for the MD-SLIP
model.

minimization of the eigenvalues in Figure 3.14. Note that the resulting control
constants Cj and C for the stable gaits have also similar simple dependence on
initial conditions as illustrated in Figure 3.15 and Figure 3.16, respectively. These
plots together shows that actually, there is a hidden simpler relation between the
control parameters, touchdown leg angle and the initial conditions when the goal
is to obtain the most stable fixed points. This point requires a detailed investiga-
tion, and hence left as a future work, to obtain simpler alternative formulations

in controller design for the seemingly complex legged locomotion models.
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Figure 3.14: Maximum of the magnitudes of the eigenvalues of the Jacobian
matrix of the stable periodic gaits for the MD-SLIP model.
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Figure 3.16: Control parameter C; of the stable periodic gaits for the MD-SLIP
model.

3.3 Performance of MD-SLIP Model on Rough

Terrain

3.3.1 Open-Loop Control with Fixed Control Parameters

As stated in Remark 4, one way of evaluating the stability of periodic gaits is
to utilize rough terrain simulations, which gives us a measure of robustness of
the corresponding periodic motion. In this section, we present various rough
terrain simulations to test the robustness of the periodic gaits of three models
introduced before, namely SLIP, TD-SLIP and MD-SLIP models. We utilize
successful running (i.e. running without falling) rates as a robustness measure,
and show that the results obtained in Section 3.2 actually yield sufficiently robust,

hence stable, periodic gaits.

Section 3.2 investigates the stability performance of the gaits for the three
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Table 3.1: Properties of the Terrains

Terrain Mean | Variance | Average Power
1| 0.00000 | 0.00000 0.00000
2 1-0.01719 | 0.00552 0.00581
3 1-0.03438 | 0.02207 0.02322
41 0.06568 | 0.00228 0.00659
51 0.13136 | 0.00911 0.02636
6 | -0.07099 | 0.00112 0.00616
7 1-0.14199 | 0.00449 0.02465

models, SLIP, TD-SLIP and MD-SLIP, by checking the eigenvalues of the Ja-
cobian matrix around a periodic trajectory. This corresponds to linearizing the
dynamics around a periodic motion. In order to have an insight about the region
of attraction (validity region for our stability analysis), this section presents the
results for stability performance of the three models on rough terrain running
experiments. We show that the results obtained in Section 3.2 do not simply
yield a local stability but they correspond to gaits that are robust to different

rough terrains.

The proposed model, MD-SLIP model, is compared with the TD-SLIP model
and the original SLIP model on different terrains, which are depicted in Fig-
ure 3.17. Mean, variance and average power of the terrains are given in Table 3.1.
Average powers of the terrains are obtained via simple computations (square of
the terrain signal integrated over a period normalized by the length of the period)
due to the periodicity of the terrains. Additionally, power spectral density of the
terrains are illustrated in Figure 3.18 that are computed by the Welch’s method
[94]. Hence, the intuitive difference between the terrains depicted in Figure 3.17

can be quantitatively observed from Table 3.1 and Figure 3.18.

In order to generalize our results, we performed our tests with various initial
conditions, where the dimensionless spring and damping constant were chosen
as k = 36 and ¢ = 0.96, respectively in order to reach optimum performance of
the TD-SLIP model for a fair comparison. For the initial conditions, we chose
100 linearly spaced values for z, € [1.01 — 2] and 100 linearly spaced values for
Ua € [0.032 — 3.2] that yields a total number of 10000 initial condition points.
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Figure 3.17: Terrains 1-7 used during the simulations. Terrain 1 is the simple flat
ground which is used in comparison with the terrains 2-7.
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In order to perform our analysis in steady state, we first simulate the models for
1000 steps on the seven terrain models that are depicted in Figure 3.17 and count
the successful runs. The step number, 1000, is chosen experimentally to make
sure that further increasing the step number does not affect our performance
criteria. We note that, we also performed the same simulations for 100 steps.
Although the success/failure rates given in Tables 3.2-3.4 changes slightly, the
general tendency which indicates that MD-SLIP model outperforms the other
SLIP templates remained the same. Further increasing the step size apparently
does not change this conclusion. Following these observations, we fixed the step
size to 1000 for this section. Also as noted in Remark 4, rough terrain simulations
are expected to give an indication on the robustness of stability of periodic gaits;
hence from this perspective, we could consider the success/failure rates given
in Tables 3.2-3.4 as a measure for stability performance. Table 3.2 lists the
percentage failures for the three models on different terrains (Here, a successful
run corresponds to a case where the SLIP model completes 1000 steps without
falling). As can be seen, MD-SLIP model outperforms the other models with a

mean failure error of 21.30% on seven terrains.

Power (dB)

0O 01 02 03 04 05 06 07 08 09 1
Spatial Frequency

Figure 3.18: Power spectral density for the terrains 2-7
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Table 3.2: Percentage of the data points that failed to achieve 1000 steps on the
given terrains

Model
Terrain | SLIP | TD-SLIP | MD-SLIP
1] 77.67 35.29 2.74
2| 83.35 64.40 21.20
3 190.58 71.20 37.50
4 1 90.99 56.67 20.50
51 95.81 68.37 36.21
6 | 65.44 40.15 10.95
7 77.24 48.19 20.03

Having identified the successful runs on rough terrain, we continue to simulate
the models for another 1000 steps on flat ground to investigate the robustness of
the resulting periodic gaits. Our aim in these simulations is to observe whether
the runs which successfully finish 1000 steps in a rough terrain (without falling)
would continue to run successfully on a flat ground for another 1000 steps, hence
the resulting periodic gait is robust in this sense. Table 3.3 lists the percentage
of failure for the three models which could not stand for another 1000 steps on.

As can be seen, the MD-SLIP model outperforms the other models in this test.

The final step in our performance observation is to determine whether the
initial and final apex states in our simulations for the three models in flat ground
following these rough terrains are sufficiently close. If w; = (2}, y) is the initial

apex state and wy = (z.f, Yayr) is the final apex state (after 2000 steps in above

Table 3.3: Percentage of the data points that can not stand for additional 1000
steps on the flat ground in addition to the 1000 steps in the given terrains.

Model
Terrain | SLIP | TD-SLIP | MD-SLIP
1] 78.38 35.37 2.79
2 | 85.96 64.54 21.26
3191.70 71.28 37.58
4 | 90.99 56.67 20.50
51 95.81 68.41 36.21
6 | 70.78 41.76 15.84
71 82.69 50.11 26.00
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Table 3.4: Percentage of the data points that are accepted as fixed point periodic
gaits.

Model
Terrain | SLIP | TD-SLIP | MD-SLIP
1] 22.08 17.80 95.18
2| 14.52 16.69 78.74
3| 8.86 15.16 62.42
41 9.07 17.16 79.50
51 4.20 16.21 63.79
6 | 15.85 17.09 84.16
7 110.21 16.16 74.00

simulations), we consider w; and wy to be sufficiently close if ||w; —wy|| < 0.0001
and we consider the resulting periodic gait as a successful test in this evaluation.
The threshold, 0.0001, is also chosen experimentally based on data histogram to
consider two states identical at steady state, since obtaining true identical results
(corresponds to threshold value of 0) would not be possible in numeric analysis.
Table 3.4 illustrates the performance of three models on rough terrains, giving the
percentage of successful runs in the sense mentioned above. As seen in Table 3.4,
the MD-SLIP model has a better performance in converging to the initial apex
state as compared to SLIP and TD-SLIP models.

As can be seen from these simulations as given in Tables 3.2-3.4, the MD-SLIP
model outperforms the other models in these tests, which allows us to observe

that the periodic gait behaviour of our model is sufficiently robust.

3.3.2 Closed-Loop Control with a Deadbeat Control
Strategy

This section investigates the performances of the three models for apex trajectory
tracking under closed-loop control. We show that our proposed model yields
better tracking performances with a dead-beat controller as compared to other

two models.

60



Zfzi ) yg Deadbeat Controller u Plant Model Zao; Yao

u = (F5)71(2g7 yley Zaivyai) (Zaoa yao) = Fg(zaia yai)

Rais Yai

Figure 3.19: Block diagram of the simple deadbeat controller used to compare
the closed-loop performance of the models. Here u represents the generic con-
troller output, which is different for different models. (F; C‘L‘)*l is the inverse of the
apex map and 2., 9. are the apex height and apex horizontal velocity outputs,
respectively.

In order to investigate our statement, we use numeric inverse of the apex return
map as the controller in three models. The block diagram of the proposed dead-
beat controller scheme is illustrated in Figure 3.19. The inverse map controller
takes desired apex state w? = (z2,99) and current apex state w; = (2ai, Yai) as
input and calculates the control parameter u to achieve the desired apex state.
Note that to have a fair comparison, we apply the same deadbeat controller for all
three models. Here u represents the generic controller output, which is different
for different models. For instance, in SLIP model, u refers to touchdown angle,
0.4, since it is the only control parameter. However, for TD-SLIP model, u rep-
resents both the touchdown angle, 6,4, and the constant touchdown parameter,
a, that is used for determining torque applied to the hip. Finally, in MD-SLIP

model, u refers to touchdown angle, 6,4, and constant control parameters Cy and

Ch.

Then the system uses this control parameter and achieves an apex state 240, ¥qo-
This apex state is used as an input for the next cycle to compute the controller

input for the next step.

We define different metrics to evaluate the tracking performance of the pro-
posed closed-loop controller. The apex height tracking performance can be de-

fined as

n

1 Zgi — 2% 2
Po=100,| =3 () 3.34
n ( 24 ) (3:34)

i=1
where n is the total number of apexes, ¢ is the apex index, z,; is apex hight at

i’ index and 2¢ is the desired apex height. Similarly, apex horizontal velocity
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Figure 3.20: During simulation terrain 3 is used and 5 steps are performed.
Desired apex height 1.5 and desired apex speed 3.2 are simulated. Black solid
line represents the ground. Black dashed line represents the desired apex height.
Blue (diamond), magenta (star) and red (cross) points are the apex positions for
SLIP, TD-SLIP and MD-SLIP models, respectively. Blue (dot dashed), magenta
(dotted) and red (solid) lines are the trajectories that SLIP, TD-SLIP and MD-
SLIP models follow, respectively.

tracking performance can be defined as

1 Yai — Y
P, =100, | — 4 3.395
=00, 15 (B0 (3.35)

i=1 a

where 7/,; is horizontal velocity at i*" apex and ¢¢ is the desired apex horizontal

velocity.

Likewise, apex state tracking performance is defined as

1 Zai — 20\ (i — ¥
P,=100,| -3 a ai —Ya ) .
WO\ — < zd > +( yd ) (3.36)
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Figure 3.20 illustrates a sample run of the three models running at terrain
3 with desired apex height 1.5 and desired apex speed 3.2. It can be clearly
observed that MD-SLIP model and the associated closed-loop deadbeat controller
preserves the desired apex states with a negligible error when compared to TD-
SLIP and SLIP models. In order to generalize our results, we repeated this
closed-loop control test for all 10000 initial conditions and computed the mean
and standard deviations of the percentage tracking errors in (3.34), (3.35) and
(3.36) for terrains 2 — 7. The results are listed in Table 3.5. Our results show
that MD-SLIP model also outperforms the TD-SLIP and SLIP models when a

basic closed-loop controller is used.

The quantities given by (3.34)—(3.36) obviously could be considered as mea-
sures to determine the locomotion performance. Indeed they indicate the devi-
ations between the actual trajectory and the (desired) periodic gait during the
locomotion over the rough terrains. Table 3.5 indicates that the MD-SLIP model
with the proposed controller achieves better locomotion performance over rough
terrains. Moreover, as indicated in [93], such mean-variance deviations could also
be utilized as a measure for stability performance, or similarly for the robust-
ness performance of the proposed controller. Hence from this perspective, results
given in Tables 3.2-3.4 and Table 3.5 are both supporting the conclusion that
the MD-SLIP model not only yields better locomotion performance, but also has
better stability robustness as compared to the other two SLIP templates.
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Table 3.5: Percentage tracking error of apex states in closed-loop system

Model & Terrain

Metric 2 3 4 5 6 7

P, 0.694 + 0.923 1.21 + 1.58 0.724 + 0.932 1.27 & 1.58 0.409 + 0.551 0.722 £ 0.965

SLIP | P 0.229 £ 0.125 | 0.437 £ 0.224 0.267 & 0.135 | 0.508 £ 0.246 0.138 £ 0.0719 0.256 + 0.127

P, 0.771 + 0.899 1.37 &= 1.53 0.826 £+ 0.894 1.47 £ 1.51 0.460 £ 0.533 0.820 £+ 0.928

P, 1.31 + 0.948 2.42 £+ 1.60 1.40 + 0.921 2.54 4+ 1.53 0.779 £ 0.551 1.48 + 0.967

TD-SLIP | P 1.36 + 1.36 2.88 £+ 2.75 1.72 + 2.13 3.49 4+ 4.23 0.870 + 1.04 1.82 + 2.11
P, 2.24 + 1.12 4.41 + 2.20 2.64 + 1.82 5.08 &+ 3.63 1.40 4+ 0.894 2.76 = 1.80

P, | 0.107 + 0.115 | 0.200 + 0.166 | 0.122 + 0.154 | 0.193 + 0.204 | 0.0699 + 0.0874 | 0.132 + 0.142

MD-SLIP | P; | 0.171 + 0.0861 | 0.350 &+ 0.168 | 0.178 + 0.0886 | 0.361 £ 0.151 | 0.0925 + 0.0484 | 0.187 £ 0.0838
P, | 0.215 + 0.122 | 0.414 + 0.217 | 0.241 + 0.143 | 0.438 + 0.200 | 0.128 £+ 0.0835 | 0.246 + 0.139
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3.4 Discussion: On the Energy Efficiency of Lin-

ear and Rotary Actuators

The MD-SLIP model, proposed in this thesis, utilizes a combination of both a
linear and rotary actuator. However, when making this kind of choices, energy
efficiency of using such actuators and their combinations should be investigated
with care, since this is a very important point for a wide range of robotic applica-
tions. To investigate this, we first define the energy consumption/energy loss as
the amount of energy lost due to the damping and spring (in case of early liftoff)
components for a single stride, since we need to compensate for the lost energy
using our actuators in order to obtain a fixed point. Mathematical expressions
are given as special for each of the models when they are presented. Similarly,
energy efficiency can be defined as losing less energy and hence consuming less
energy by the use of our actuators when comparing different models. The energy

efficiency of model A compared to model B is defined as

EB.—EA
,’7E = 0SS OSS’ (3.37)
ElESS
where Eff  and EP_ are the lost energies of the models A and B due to the

damping and early liftoff, respectively. To this end, we propose some models
as well as associated simulation studies towards analyzing energy efficiency of
using such actuators. First of all, we propose two linearly actuated models;
one with having a damping term and the other being lossless. The lossy linear
actuator SLIP (LA-SLIP) models, their coordinate frames and model parameters

are illustrated in Figure 3.21.

Energy injection strategy of the LA-SLIP models is determined as changing

the length of the linear actuators with constant speed v, as
Tact = Tact,0 + Uactty (338)

where t represents time duration after touchdown instant. Here, v, values are
chosen as to obtain a gait with a fixed-point. Since this model has the ability

to retract its leg by using linear actuator, different liftoff conditions can be used.
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(a) LA1-SLIP Model (b) LA2-SLIP Model

Figure 3.21: Lossy linear actuator SLIP (LA-SLIP) models, coordinate system
and model parameters

However, the zero ground reaction force instant
k(rio—mg) —cr =0, (3.39)

is used for the liftoff condition to avoid using extra energy for retraction and keep

the model simple.

The injected energies by the linear actuators in LA1-SLIP and LA2-SLIP mod-

els in a single stride are formulated as

tio
Einjrai—seip = / k(rko — k) Vact dt, (3.40)
ty
o
Einjras—scip = / (k(rko — Th) — CTk)Vqe dt, (3.41)
tid

respectively. The energy loss due to the damping and early liftoff in LA1-SLIP

and LA2-SLIP models in a single stride are given as

tio 1
Eloss,pa1—sLip = / i dt + §k(rk7o — Tkio), (3.42)
tid
tio 9 1
Eloss,Laz—scip = / cry, dt + Ek(m,o — Thio) (3.43)
ttd

respectively, where 7y, is the spring length at liftoff instant. Note that the

injected and lost energies should be equal for fixed point gaits.
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Figure 3.22: Lossy rotary actuator SLIP (RA-SLIP) model, coordinate system
and model parameters

Secondly, we defined eight different torque profiles to use with the lossy rotary
actuator SLIP (RA-SLIP) model illustrated in Figure 3.22. First four of them

use increasing torque profile during different portions of the stance phase as

RA1-SLIP : 7 = Pt, (3.44)
Pt ifk(ryg—1rr) —cr >0

RA2SLIP : r = (ko = 7) , (3.45)
0 otherwise
Pt ifr<o0

RA3-SLIP : 7 = , (3.46)
0 otherwise
Pt i8>0

RA4-SLIP : 7 = , (3.47)

0 otherwise

where P is a constant that is computed to obtain a gait with a fixed-point. Note
that we obtain unique 6;; angle that yields fixed point for each initial condition.
Here we use ramp torque profile, since we don’t need to guess for the liftoff
time for increasing ramp torque profiles unlike the decreasing torque used in the
literature [37]. Another advantage of ramp torque is that we literally apply no
torque at touchdown instant, which reduces the effect of impact collisions. The
stopping condition for torque inputs are determined intuitionally to prevent any
possible early liftoffs. The different models defined above utilize different stopping

conditions to investigate the effect of our choices. The other ones defined below
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use constant torque profile during different portions of the stance phase as
RA5-SLIP : 7 = 79 (3.48)
10 if k(rgo—rr) —cr >0

RAG6-SLIP : 7 = (3.49)
0 otherwise

T0 if r f; 0

RAT7-SLIP : 7 = (3.50)
0 otherwise
9 if0 >0

RAS-SLIP : 7 = (3.51)

0 otherwise

where 7y is the applied constant torque and it is also computed to obtain a gait
with a fixed-point. Similarly, the touchdown leg angle is also unique as the ramp
torque case for a given initial condition. Different than ramp torque, constant
torque allows injecting same amount of energy by using smaller instantaneous
torques. The TD-SLIP model is also used as a decreasing torque profile for
comparisons. The following equation is used as liftoff condition for the rotary
actuator models

(k(ro —r) —cr)cos — T sing = 0, (3.52)
r

which is the boundary condition that makes the ground reaction force zero.

The injected energy by the rotary actuator and energy loss due to the damping
and early liftoff in RA-SLIP model in a single stride are formulated as

tio .
Einjra-sLip = / 0 dt, (3.53)
2%}
Lo 1
Eioss,ra-sLip = / cr? dt + §k(T0 — Tl0), (3.54)
2%}

respectively. Note that the injected and lost energies should be equal for fixed
point gaits.

Figure 3.23 illustrates a comparison between the energy consumption of LA1-
SLIP and LA2-SLIP models. Energy consumption ratio of model A with respect
to model B as percentage is defined as

Ej.,— EP
AE = 100—ep—ees, (3.55)

loss
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Figure 3.23: Energy consumption ratio of the LA1-SLIP model with respect to
LA2-SLIP model as percentage. LA1-SLIP exhibits more energy consumption
with respect to LA2-SLIP model.

where EA  and EB

loss loss

are the lost energy of the models A and B due to the
damping and spring (in case of early liftoff) components, respectively. As seen in
Figure 3.23, the LA2-SLIP model is energy efficient with respect to LA1-SLIP.
Therefore, we compare the energy efficiency of the rotary models with only LA2-

SLIP, since it exhibits a better energy efficiency performance with respect to
LA1-SLIP.

Similar to Section 3.3, we performed our simulations by using the values for the
dimensionless spring and damping constants as k£ = 36 and ¢ = 0.96, respectively.
For the initial conditions, we chose 100 linearly spaced values for z, € [1.01 — 2]
and 100 linearly spaced values for g, € [0.032 — 3.2] that yields a total number of
10000 initial condition points. The resulting regions are illustrated in Figure 3.24.
In the green (horizontally-dashed) region, the LA2-SLIP model is in the mean
10% more energy efficient compared to its closest rivals RA2-SLIP and RA4-SLIP
models. RA2-SLIP and RA4-SLIP models are the least energy consuming models
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Table 3.6: Mean and standard deviations of the percentage of the energy con-

sumption of the models in a single stride with respect to total energy

Model | Green Region | Red Region | Blue Region
LA1-SLIP 170 £ 544 | 238 £270 | 23.7 £ 3.07
LA2-SLIP | 16.0 £ 5.22 | 229+ 258 | 22.9 + 2.95
RA1-SLIP 17.7 £ 514 | 23.7 £ 1.35| 25.8 & 0.597
RA2-SLIP 175+ 5.10 | 22.3 £ 2.53 | 18.9 + 2.84
RA3-SLIP 177+ 526 | 229 +2.66| 15.8 £ 5.53
RA4-SLIP 175+ 5.16 | 22.3 £ 2.53 | 18.9 + 2.84
RA5-SLIP 176 £ 5.17 | 23.0 £2.07| 22.6 £ 1.18
RA6-SLIP 17.6 £ 5.16 | 22.6 £2.55| 18.2 £ 3.44
RAT7-SLIP 177 £ 524 | 229 +265|12.9 £ 7.34
RAS-SLIP 176 £ 520 | 22.6 £255| 18.2 + 3.44

TD-SLIP 176 +5.20 | 22.8 £257| 154 + 6.36
MD-SLIP 21.1 £6.52 | 248 +£2.92 | 24.7 + 3.20

that show similar performance in the red (dotted) region. Their nearest linear
actuator competitor is LA2-SLIP model and they have nearly in the mean 3%
energy efficiency compared to it. RA7-SLIP is the most efficient model in the blue
(vertically-dashed) green region. LA2-SLIP model consumes more energy in this
region, so that it is nearly 2 times worse on the average than RA7-SLIP model
in that region. Additionally, mean and standard deviations of the percentage
of the energy consumption of the models with respect to total energy , that is
calculated in a single stride, is given in Table 3.6. Such analysis can be useful for
switching between the actuators to obtain optimum energy efficiency for different
initial conditions. For example, for the green region in Figure 3.24, the optimum
choice would be LA2-SLIP. If the desired fixed point region is somehow switched
to a point in the red region, we can switch to RA2-SLIP or RA4-SLIP models,
to minimize our energy consumption in this region. Similarly, for the initial

conditions in blue region, we can utilize RA7-SLIP model for its energy efficiency.

Finally, we defined three models that includes combination of actuators (CA-
SLIP) as illustrated in Figure 3.1 as template with the following torque and linear
actuator profiles

T = T0

CA1-SLIP : (3.56)

Tact = Tact,0 + Uactt
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Figure 3.24: The energy efficiency regions for the linear and rotary actuators.
Despite a linear actuator model uses less energy in the green (horizontally-dashed)
region, both linear actuator models uses more energy in other regions.

10 if k(rgo—rr) —cr >0
T =

CA2-SLIP : 0 otherwise (3.57)

Tact = Tact,0 + Vaert

T0 if 7 S 0
T =
0 otherwise
CA3-SLIP : < (3.58)
Tact,0 if 7 S 0
Tact =
Tact,0 + Vact (t — tizo) otherwise

\

where t;_q is the instant 7 becomes zero. The following equation is used as liftoff
condition for the combined actuator models

(k(rgo — ) — crr) cos € — ;sin9 =0, (3.59)
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which is the boundary condition that makes the ground reaction force zero.

During simulations, we tried to find some balance between 7y and v, which
minimizes the consumed energy. However, the optimizations resulted in favour to
one of them and making other one zero. We observed that, optimizations resulted
in 79 = 0 in green (horizontally-dashed) region of Figure 3.24 which means it uses
only the linear actuator part of the model. Similarly, optimizations resulted in
Uaet = 0 in non-green regions of Figure 3.24 which means it uses only the rotary
actuator part of the model. By analyzing these results, we concluded that, CA-
SLIP models (at least three models that we defined above) are not better than
their single actuated counterparts in the sense of energy efficiency. However, as
compared its advantages such as enforcing exact analytical solutions to its stance

dynamics, we prefer to use MD-SLIP model in our analysis.
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Chapter 4

Multi-Actuated Dissipative
Bipedal SLIP (MDB-SLIP)
Model

The goal of this chapter is to extend the proposed multi-actuated dissipative loco-
motion model as well as the associated partial feedback linearization strategy to
bipedal legged locomotion models. To achieve this, we first give a brief discussion
on the existing bipedal legged locomotion models in the literature and then give
our approach which includes assigning two multi-actuated dissipative SLIP (MD-
SLIP) model corresponding to each leg in the bipedal legged locomotion model.
We then show how the partial feedback linearization theory can be utilized to

enforce exact analytical solutions to the trajectories of each leg.

4.1 Background: Bipedal SLIP Models

Geyer et al. [76] studied the bipedal SLIP (B-SLIP) model to describe the walking
mechanics/dynamics of human locomotion. They showed that compliant legs and

double support phase (where two legs touch ground) are two essential features
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of walking. The model they proposed shows similar characteristics with human
walking in terms of small vertical oscillations and ground reaction forces. They
showed that the model presents a successful template especially for walking and
running gaits. Although some recent studies directly use the B-SLIP model [82],
some prefer embedding its behavior in a higher level model [85]. The studies of [87,
88| such as modeling walking dynamics and developing approximate analytical
solutions to its originally non-integrable stance dynamics show the promising

nature of the proposed model for future investigations.

In this section, we will give some brief introduction and some terminology
regarding the bipedal SLIP models. Then we continue with some recent studies

from literature related to our work.

4.1.1 Dissipative Bipedal SLIP Model

The dissipative bipedal spring-loaded inverted pendulum (B-SLIP) model is ac-
tually like the combination of two dissipative SLIP models that are explained in
detail in Section 2.1.1. For the sake of simplicity, the body has been modeled as
a point mass (as in Section 2.1.1) connected to two massless lossy springy legs.

The model is illustrated in Figure 4.1.

The dissipative B-SLIP model has hybrid system dynamics by nature of the
SLIP models. However, different than classical SLIP models, the B-SLIP model
alternates between three main phases during its locomotion. One of these phases
is the flight phase in which none of the legs is in contact with the ground. The
second one is the single support phase (SS) in which one of the legs is in contact
with the ground but the other one is on the fly. Finally, the third phase is
the double support phase (DS) where both legs are in contact with the ground.
This locomotion behaviour characterizes the running gait of B-SLIP model. As
opposed to the running gait, during the walking gait, the model consecutively
switches between SS and DS phases as illustrated in Figure 4.2. Hence the basic
B-SLIP model captures both the running and walking behaviours. However, in

sequel we will mainly focus on the walking behaviour.
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Figure 4.1: The dissipative B-SLIP model, coordinate system and model param-
eters

SS DS SS

APEX TOUCHDOWN LIFTOFF APEX
BOTTOM

Figure 4.2: The phases of locomotion of the B-SLIP model during walking
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The phases of the locomotion is separated by some events that are triggered
by pre-determined boundary conditions. Let the model first start with an apex
state where the point mass has no vertical speed and the vertical acceleration is
downwards. Then the touchdown event occurs when the front leg touches to the
ground as the name implies and the transition from the single support phase to
double support phase occurs. During double support phase, bottom event occurs
when the point mass has the minimum height and the vertical speed changes its
direction. At the end of the double support phase, the rear leg loses contact with
the ground and the [liftoff event occurs which changes the phase to the single
support phase. Finally, the point mass reaches a maximum height which triggers

the apex event and the locomotion reaches the state where it started.

A sample stride for the B-SLIP model, which is the trajectory between two
subsequent apexes are illustrated in Figure 4.2. The term stride, walking gait or
simply gait will be used interchangeably. The path that the point mass follows
during this locomotion will be called as a trajectory. Then we can define the
locomotion of B-SLIP as subsequent recursion of gaits illustrated in Figure 4.2.
A motion where initial and final apex states are equal is called as periodic gait

and the resultant locomotion called as periodic locomotion.

One of the goals of this chapter is to examine the existence of the periodic gaits
of the B-SLIP model and determine stability characteristics of such periodic gaits.
Stable periodic gaits are important, because they could be used as steady state
control targets during locomotion. As such, deviations from these steady state
targets while walking on noisy terrain could be used as a performance metric of

a controller.

Dimensionless formulation described in Section 2.1.1 will also be used in this
chapter to generalize our solutions for a general class of legged locomotion sys-
tems. As a reminder, time and length will be scaled with m and leg rest
length r¢, respectively, to have dimensionless quantities. Table 2.1 has the equa-
tions to transform the physical quantities (which are represented by variables

with bars) to corresponding non-dimensional ones. In addition to Table 2.2,
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Table 4.1: Additional notation for B-SLIP model

’ B-SLIP Parameters ‘

s, 0f Front leg length and angle
Ty, O Rear leg length and angle
T, Ty Front and rear leg compression rates
Ytoe, f.a> Ytoera | Apex front and rear leg toe horizontal positions

some notations specific to B-SLIP model are given in Table 4.1. Note that all re-
lationships below use the non-dimensional parameter formulation described above

unless otherwise specified.

System dynamics of the dissipative B-SLIP model during its single support
phase has the same equations of motion for the stance phase of the dissipative

SLIP model as in (2.5) and (2.6). As stated in Section 2.1.1, (2.5) and (2.6) are

non-integrable [48] and hence no exact solution is available.

In the non-dimensional formulation, Lagrangian and Rayleigh dissipation func-

tions of the double support dynamics for the B-SLIP model can be obtained as
zW+f)——u—4ﬂ2—§u—wﬁ2—z, (4.1)
(2 +72), (42)

respectively. By using the classical Lagrange’s equation

d (0L oL 0D

— =) —5—+ = =0, 4.3

dt<3%) dg; 04 3
with ¢ = y, @@ = 2, Ory/0y = —sinby, Or, /0y = —sinb,, Ory/0z = cosb;

and Or,/0z = cosf,, we obtain the following equations of motion for the double

support phase of the B-SLIP model as

j=—(k(1—rp)—crp)sinfy — (k(1—r,) —ci,)sinb,, (4.4)
F=—1+ (k1 —rp) —cif)cosOs + (k(1 —r.) — cry) cos by, (4.5)
in Cartesian coordinates. Similar to the single support phase dynamics, double

support dynamics of the B-SLIP model has also no exact solution [87]. How-

ever, stance trajectories can still be obtained by using numerical integration. On
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the other hand, this option is not feasible for online computations, e.g., online
optimization of controller parameters. Some researchers proposed analytical ap-
proximate solutions to the otherwise non-integrable double support dynamics of
the B-SLIP model [87, 88]. We will continue with the approximations proposed
in [87, 88] for the double support phase of this model.

4.1.2 Axial-torsional SLIP (AT-SLIP) Model

Shahbazi et al. [87] studied the B-SLIP model to unify the walking, running
and transitions between each other for bipedal locomotion and also provided an
approximation to the double support phase by introducing an auxiliary template
called as axial-torsional SLIP (AT-SLIP) model. This model has a virtual leg
that represents the characteristics of two legs at the double support phase as

illustrated in Figure 4.3.

The single virtual leg is used to approximate the behaviors of real legs by a
virtual axial and a virtual torsional spring. This virtual leg is located between
point mass and midpoint of the ground contact of the actual legs. The torsional
spring is located at the toe of the virtual leg. The spring constant of the axial

spring and the rest length of it are defined as k, and [,,, respectively. Similarly,

|

Y

2a

Figure 4.3: Axial-torsional SLIP (AT-SLIP) Model, coordinate system and model
parameters
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the spring constant and the zero torque angle of the torsional spring are defined
as k; and ¢g. Here the zero torque angle corresponds to the angle of the torsional
spring when there is no compression or decompression on the torsional spring.

The equations of motion for the AT-SLIP model in DS phase is given as:

m[y] :m[(J]—I— cos ¢ —singb] [ ko (g — 1) ]7
: —g

(4.6)
ki (oo — @) /7
in Cartesian coordinates [87]. The equilibrium point of the B-SLIP model is

sing cos¢

calculated by equating both equations, (4.4) and (4.5), to zero. As a result of
symmetry, zero torque angle becomes ¢g = 7/2. The length of the actual legs at

the equilibrium point [., can be found by solving the equation

le, = 2ll2, + (1§ — a® — (mg/k)? [4)I2, + 2a°lyleq — a®15 = 0. (4.7)

Zeq = /12, — a7, (4.8)

the height of the equilibrium point 2., can be found. By assuming small angular

By substituting l., in

span and small spring compression as in [51], approximate values for axial spring

constant k,, axial spring rest length [,, and torsional spring constant k, can be

derived as
fo= et (4.9)
VIE—a? — 2z
I, = % + g, (4.10)
_ 2ka’lyl?
(a2 +12)"

Following and extending the approaches used in [51] and [52], the approximate
analytical solution to the equations of motion for the double support phase of
the B-SLIP model is derived. These derivations and more details can be found
in [87].
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4.1.3 Lossy Axial-torsional SLIP (LAT-SLIP) Model

Shahbazi et al. [88] also worked on the lossy B-SLIP model and named the model
as Lossy Axial-torsional SLIP (LAT-SLIP) model. They used a similar virtual leg
approach to approximate the double support dynamics. This model is illustrated

in Figure 4.4.

To approximate the losses on both legs, the axial and torsional springs are
replaced with their lossy counterparts. The damping coefficients of the virtual
axial and torsional springs are defined as ¢, and ¢, respectively. The equations
of motion for the LAT-SLIP model in DS phase is given as:

- [y] 4 0] P [—sin@ cos@] [ ka (lrg — 1) — ca? ] ’ (4.12)

—g cosf sinf| |k, (6o —0) /r—c/r
in Cartesian coordinates [88]. Instead of using equilibrium point as in AT-SLIP

model, the approximations are made at the point where the legs have rest length.
This does not change the zero torque angle which is 6, = 0. However, axial spring

rest length r,..s is changed as

|

Trest = l2 a?. (413)

rest

k,c k,c

Y

2a

Figure 4.4: Lossy Axial-torsional SLIP (LAT-SLIP) Model, coordinate system
and model parameters
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This approach also changes the approximated axial and torsional spring coef-

ficients as

ka =2 (rresi&/lrest)2 k7 (414)
kt = 2&2 (Trest/lrest)Q k. (415)

Newly added axial and torsional spring damping constants are approximated as

Cq = 2 (Trest/lrest)Q C, (416)
¢ = 2a’ (7’,,est/l7~est)2 c. (4.17)

A detailed analysis including the complete derivations of the above equations
can be found in [8§].

4.2 Multi-Actuated Dissipative Bipedal SLIP
Model

4.2.1 Model and Dynamics

Multi-actuated dissipative bipedal SLIP (MDB-SLIP) model is actually a point
mass attached to two legs, which are modeled as the MD-SLIP model. The
proposed model includes two linear and two rotational actuators that can be
utilized during the locomotion. In the original MD-SLIP model, we used a single
linear and a single rotational actuator to ensure and enforce exact analytical
solutions to model dynamics. Here, in the MDB-SLIP model, we utilize a similar
principle to obtain exact analytical solutions for the double support dynamics as
well. The proposed model can be seen in Figure 4.5 with the coordinate system,

model parameters as well the actuators on it.

Note that our additional actuators do not violate or change the assumptions
on the original B-SLIP model such as point mass, massless legs, etc. However,

addition of new actuators changes the double support dynamics, since now we are
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Tact,r

Figure 4.5: Multi-actuated dissipative bipedal SLIP model, coordinate system
and model parameters. The difference of this model with the dissipative B-SLIP
model (illustrated in Figure 4.1) is the addition of the linear and the rotary
actuators.

capable of injecting and removing energy from the system during double support
phase by using our additional actuators. Therefore, the modified double support
dynamics for the multi-actuated dissipative bipedal SLIP (MDB-SLIP) model

can be obtained by using the corresponding Lagrangian and Rayleigh dissipation

functions
L oy Kk 2 _ ko _ 2
L= 5 (z + ) 5 (1 —7r¢+ Arges) 5 (1 =74+ Arger)” — 2, (4.18)
D=3 (#%+77), (4.19)

respectively. By using the classical Lagrange’s equation

d (0L oL 0D

(=) ==L = 0. 4.20

i(5) 5 5= (420
with ¢1 = vy, @@ = 2, Ory/0y = —sinby, Or, /0y = —sinb,, Ory;/0z = cosby,

Or./0z = cos B, and external forces

Q1= —7,/rrcosb, —1s /1 cos by, (4.21)
Q2 = —7/rpsin, — 74 /7 sin by, (4.22)
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we obtain the following equations of motion for the double support phase of the
MDB-SLIP model

yl 0 N —sinf, —cosb,
sl =1 cosf, —sind,

in Cartesian coordinates. Here radial rear leg force F, , and radial front leg force

FT‘,'I‘
Fa,r

Fi. s

4.23
£, (4.23)

—sinfly —cosby
costly —sinfy

F, s are defined as

Fo,=k(1—r 4 Arge,) — cry, (4.24)
Frp=k(1l—=rf+ Argay) —cry, (4.25)

where Aruerr = Tacty — Tact,o a0d AT f = Taet,f — Tact,o- Similarly, the angular

forces F, , for the rear leg and Fj, ¢ for the front leg are defined as

Fa,r —~ Tr/rm (426)
Faog=11/7s, (4.27)

respectively, with 7, and 7, are the torque applied by the rear and front rotary

actuators, respectively.

We note that, all time-dependent functions in Section 4.2 use touchdown time

as reference for the sake of simplicity.

4.2.2 Adjusting MD-SLIP Stance Dynamics for MDB-
SLIP Single Support Dynamics

Section 3.1.2 details our investigations on the stance dynamics of the MD-SLIP.
Note that the resulting solutions for the equations of motion from Section 3.1.2
can actually be used for the single support phase of the MDB-SLIP model. How-
ever, we need to update the boundary conditions for the MDB-SLIP model.

The equation (3.9) is modified to obtain the solution for the radial dynamics

for the single support phase of the MDB-SLIP model as

r(t) = Az + Aysin(wt) + As cos(wt) (4.28)
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where w = v/k. By using the following boundary conditions

r(0) = 7y, (4.29)
7(0) = 74, (4.30)
0(0) = 6, (4.31)
0(0) = 6y, (4.32)
one can compute the unknowns in (4.28) as
— 2
Ag = M + ATy +1, (4.33)
T
Ay = — 4.34
4 W ) ( )
A5 =Ty — Ag, (435)

where 1y, 7, 6, éb and Argeqp is the leg length, radial velocity, leg angle, angular
velocity and linear actuator displacement at the instant between the transition

of single support and double support phases, respectively.

The equation (3.10) for the angular velocity of the MD-SLIP model is modified
for the single support phase of the MDB-SLIP model as

0 = Cy cos() + By, (4.36)

where (4 is a free control parameter and By = 6, — Cs cos(6y). Then, the solution

for the leg angle can be obtained as

(4.37)

Cy — Bs tanh (Z¢ + B
Q(t):z—i—Qatan 2 s tanh (557 + Bs) )
2 By

where Bs and Bg are defined as

Bs :=/C2 — B2, (4.38)

Cy — Bytan (252
Bs

Bg := atanh (4.39)

Remark 5. Note that in MD-SLIP model we have extra control parameters Cy
in (3.9) and Cy in (3.10). Here in MDB-SLIP model we choose not to utilize
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these control parameters since we have other free control parameters available to
control the locomotion. However, obviously these parameters could also be utilized
in (4.28) and (4.36), if desired. This point requires and deserves further analysis

and is left as a future work. W

4.2.3 Solving Double Support Dynamics

As in single support dynamics, double support dynamics also have no exact an-
alytical solution due to non-integrability of the equations of motion. Choosing
appropriate function for Arge,, Araer,r, 7 and 77 in (4.24)-(4.27) may result ex-
act analytical solutions. Similar to the approach presented in Chapter 3, we will
utilize partial feedback linearization concept to solve the equations of motion in
(4.23) by cancelling some nonlinear terms and enforcing some desired trajectory

for point mass body to follow.

First, we start by deriving the equations of motion in polar coordinates, which
is centered at the midpoint of the two leg’s contact points with the ground (il-
lustrated in Figure 4.5). The radial and angular accelerations can be obtained
as

T,a cos 0 Tra cos 6
r2 4+ a2 —2arsinf 1?24 a? + 2arsiné

> (r —asin@)

i = — 2kr +rf? — cos +

cri — arsin® — ard cos
k' /r2+a?—2arsinf
Vr2 4+ a2 — 2arsiné

]{3 (1 + Aract,r —
_|_

(4.40)

cri + arsin§ + ard cos 0
kE /r?2+a?+ 2arsinf
Vr2 + a2 + 2arsinf

k <1—|—Arm,f— > (r + asin @)

Y

+
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7. (r — asin0) Tf (r+ asin )
r24+a? —2arsinf = 2+ a2+ 2arsinf

r0 = — 270 + sin 0 +

k (1 + A'ract,'r -

cri —arsin® — arf cosd
— - acosf
k' /r?2+a%—2arsinf

V12 4+ a2 — 2arsiné

i (1 - Aras — cri’—l—m”sinﬁ—i—arécosH) cosd

(4.41)

k V12 + a2 + 2arsiné
Vr2 + a2 + 2arsiné

respectively. Here a is the half of the distance between the two toes’ contact

_|_

Y

points as illustrated in Figure 4.5.

To simplify the equations (4.40) and (4.41), rear and front leg linear actuator

displacements are chosen as

ri — arsinf — arf cost c
A'r’act,r = ( - Tr,td) T Aract,r,td; (442)

V12 + a2 — 2arsin 6 k

ri 4+ ar sin 0 + arf cos 0 c
Arper f = -7 — 4+ ATact ftds 4.43
o < Vr?+a?+ 2arsinf f’td> k vl (4.43)

respectively, where td subscripted variables are the values at touchdown instant.

By substituting equations (4.42) and (4.43) in (4.40) and (4.41) the radial and
angular acceleration become
7.0 cos 0 Tra cos 0

r2+ a2 —2arsinf 12+ a2+ 2arsinf
+ (k (1 + Aract,r,td) - Cfr,td) (7’ — asin (9)

i = —2kr + 6% — cos O+

4.44
Vr2 + a2 — 2arsin 6 (4.44)
n (k (L + Araerf1a) — cy4a) (r + asinf)
V12 4 a2 + 2arsin ’
; R 7, (r — asinf) ¢ (r + asinf)
0= —2r0 0
' s +T2+a2_2a7"5m9 r2 4+ a? + 2ar sin 6
k(1 + Aruc r - 07:’7‘ acosf
_( ( t, ,td) ,td) (445)

Vr2 4+ a2 — 2arsiné
(k? (1 + Aract,f,td) — C?l“thd) acosf

V12 + a2 + 2arsiné

Y

respectively.
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Similar to the approach used in the MD-SLIP model, we propose to use the

following equation for the radial dynamics

r(t) = Ag + Az sin (wpst) + C3 cos (wpst), (4.46)
where (3 is a free control parameter, wps := V2k, Ag¢ = 1:,q — C3 and A; =

Tta/wps. Here the parameters Ag and A; are calculated by using the following

boundary conditions

r(0) = rea, (4.47)
7(0) = 74, (4.48)
0(0) = by (4.49)
0(0) = Oy (4.50)

Note that one can ensure that (4.46) form an exact solution for (4.40) via appro-
priate selection of 7, and 7;. Different than the MD-SLIP model, we set Cy = 0,
since the free control parameter Cj is sufficient for solving double support dy-

namics, see Remark 5. Similarly, the angular velocity is chosen as
0 = Cy cos b + By, (4.51)

where () is a free control parameter and By is calculated by using the boundary
conditions (4.49) and (4.50) as B; = 0,0 — Cy o8 O,y .

Solving the angular velocity equation (4.51) for the angular position results in

(4.52)

Cy — Bstanh (2! + B
0(t)=g+2atan( : s tanh (55 + 9>),

By

where Bg and Bg are defined as

Bs = 4/C? — B2, (4.53)

04 — B7 tan <9td 2)

By := atanh
9 atan BS

(4.54)

The required torque inputs 7, and 7; can be calculated by solving equations
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(4.44) and (4.45) by using the solutions of (4.46) and (4.52) as

2

T = ;"_r (27“(9 - 057"9 sin @ — sin 9)
-
2 . |
Ty (r + aSl;l 0) (2/€Ttd — 904k — r? + cos 9>
22ar cos (4.55)
ror ‘
e (14 D p10) = i)
re(r? — a? ‘
a W (K (1 + ATact,ria) = CTrta)
7“]% ) .
7y = o (270 — Csrdsind — sin0)
r
T}(T—asin@) N
B 0 <2krtd — 205k — r0” + cos 0)
22a7° cos (4.56)
e, '
m (k (14 Aractrta) = Crta)
ri(r? — a?) '
e (b (14 Ay ) — ).
respectively, where the variables . and r; are defined as
Ty = V12 +a? — 2arsinb, (4.57)
rpi= \/r2+a2_|_2arsin0, (4.58)

respectively. Note that (4.52) is an exact solution of (4.41). Different than the
MD-SLIP model, we set C; = 0, since the free control parameter Cj is sufficient

for solving double support dynamics, see Remark 5.

To determine the end of the double support phase, the liftoff condition needs
to be determined. The liftoff occurs when the rear leg loses the ground contact,
which means the ground reaction force becomes zero. The ground reaction force

of the rear leg, Frr,, is given as
Feppy = Frpcosf, — F, ,sinb,, (4.59)

where rear leg radial and angular forces F,, and F,, are given by (4.24) and
(4.26), respectively. Finding an analytical expression for the solution of (4.59) is
challenging due to its highly nonlinear nature. This led us to solve it numerically

to determine the end of the double support phase.
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4.2.4 Apex to Apex Return Map

As mentioned earlier, the locomotion of the MDB-SLIP model is divided into
consecutively repeating subphases of locomotion. In our analysis, we will use
the apex point as the starting point which means we will perform the analysis
from apex to apex map. Therefore, we need to construct the apex to apex map
of the MDB-SLIP model. The state variables of the initial apex are defined as
initial apex height z,o, initial apex horizontal velocity 7,0, initial apex rear leg
linear actuator displacement Ar,.,q.0 and initial apex rear leg toe horizontal
displacement AYioera0 = Yioera — Ya- After locomotion starts from an initial
apex position, the point mass follows the trajectory defined by the equations
(3.1) and (3.2), which are solved as (3.9) and (3.17), until front leg toe touches

to the ground. Hence the function for the single support phase can be written as

(r’r‘,td7 fr,td) 97‘,td7 Qr,td) = szd(z(wu y(an Aract,r,am Aytoe,r,aﬂ); (460)

where the subscript td indicates the touchdown and G is the apex to touchdown
map, respectively. Note that the map Gfld depends on 0,4, Arge g and Cy which

are considered as control parameters.

After the front leg toe touches the ground, the point mass starts to follow the
double support dynamics (4.40) and (4.41) which are solved as (4.46) and (4.52).

The function for the double support phase can be written as
(7"1077;107 010, 910) = Gig(rtd>ftd> O1a, 9td)> (4-61)

where the subscript lo indicates the liftoff and G!9 is the touchdown to liftoff
map. Note that the map Gf;l depends on the control parameters 0;4, Arseria, Cs
and Cly, see (4.46) and (4.52).

The liftoff event occurs, when the rear leg toe loses ground contact. After this
instant the point mass follows the single support phase again until apex point.

This phase can be represented as

(Zab /yala ATact,f,aly Ayiﬁoe,f,al) - G;lo(Tf,lo; 7.nf,l07 Qf,lm éf,lo)y (462)
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where G, is the liftoff to apex map. Note that the map depends on the control

parameter Cs.

After describing necessary functions for the phases of the locomotion, the apex

to apex map can be written as
Gg = Gi, 0 Wiy 0 G o Wigo G, (4.63)

where (G¢ represents apex to apex return map. The functions W, and Wy, are

the required transformations to jump from one coordinate frame to the next one.

The next apex state can be determined by using the apex to apex map and

the current apex state as

(Zala yala A"nact,f,ala Aytoe,f,al) = GZ (Za07 ya07 AT&Ct,T,(lO? Aytoe,r,aO)y (464)

where 2,1, Ya1, ATgct a1 a0d Ayioe £.01 stands for apex height, apex horizontal
velocity, apex front leg linear actuator displacement and apex front leg toe hori-
zontal displacement, respectively. At this point, the rear leg sets its angle to 64
and becomes front leg. As such, the locomotion continues by consecutive activa-
tion of the apex to apex map. The apex to apex map G¢ depends on the control
parameters 04, Argeria, Co, Cs and Cy. The next step will be choosing these

parameters appropriately to obtain stable gait patterns.

Remark 6. As noted in Remark 5, in MD-SLIP model we utilized control pa-
rameters Cy and Cy in (3.9) and (3.10), respectively, but we choose not to utilize
these parameters in MDB-SLIP model. If we choose to use these parameters as
well, the resulting apez to apexr map G given in (4.64) would depend on these
parameters as well. This approach would increase the free parameters from 5 (044,
Argetta, Co, Cs, Cy) to 7, which obviously increases the computational complex-
ity. Hence, to reduce the computational complexity, we choose not to utilize these
parameters in MDB-SLIP model. However, as noted in Remark 5, these parame-
ters could also be utilized and their effect on the stability of fixed points could also
be investigated by using the approach presented in this chapter. This approach is

left as a future work. M
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4.3 Periodic Gaits and Their Stability in MDB-
SLIP Model

The fixed points of the map G¢ result periodic gaits for the MDB-SLIP model.
The state of the fixed point is defined as (2}, ¥, AT o) AYiye ) and it is the

solution of the equation
(227 927 ATth,m Ayfoe,a) = GZ(Z; ?JZa ATth,av Ay:oe,a)' (465)

We will use the Jacobian matrix analysis to determine the stability of the loco-
motion. The eigenvalues of the Jacobian matrix of the apex to apex map G¢ will

be evaluated at the fixed point. The Jacobian matrix for G¢ is defined as

[ azal aZal azal 8za1 T
8ZaO 3%0 aArozct,aO aAytoe,aO
ayal ayal ay.al ayal
aZaO ayaﬂ aATact,aO 8Aytoe,a0
JMpB-sLIP = . (4.66)
aAract,zzl aATacif,al aAract,al aAract,al
azaO aytJLO aAract,aO aAytoe,aO
aAytoe,al aAytoe,al aAytoe,al aAytoe,al
L azaO 8%0 aAT(zct,aO aAytoe,tJLO .

Since other bipedal SLIP models do not have actuators on them, the Jacobian

matrix is different for them and it is defined as

[ 82(11 aZal aZal i
azaO aya(] aAytoe,a()
3%1 ayal ayal
_ = 4.
JB SLIP 8ZaO aya(] aAytae,aO ( 67)
aAytoe,al aAytoe,al aAytoe,al
aZGLO ayaﬂ aAytoe,a() |

Since we do not have an analytic solution to the apex to apex maps of the
locomotion of the models, we need to approximate the Jacobian matrices and

solve them numerically. We started by using a simple approximation as defined
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in Section 3.2. However, we observed that, the results are not satisfactory. As a
result, we decided to use a numerical Jacobian matrix calculation approach based

on Romberg extrapolation [95] rather than previously used simple approximation.

The non-dimensional values used for parameters and initial conditions during
simulations are z, € [0.900 — 0.995], 9, € [0.16 — 0.64] and k € [12.75 — 51.00].

Remark 7. Note that the ranges defined for parameters and initial conditions
in order to simulate MD-SLIP model in Section 3.2 and MDB-SLIP model show
different characteristics. Since the hopping behaviour of the MD-SLIP model is
wnvestigated, the apex height is greater than leg length and apex speed can have
greater values. However, in MDB-SLIP model, the walking behaviour is examined,
which limits the height of the body mass as well as the apex height to leg length

and limits the apex speed to velocities that are possible to walk. B

4.3.1 Optimizing Control Parameters for Minimizing

Magnitude of Eigenvalues of Jacobian Matrix

The goal of this section is to investigate the stability of the periodic motion for
the proposed MDB-SLIP model. In order to begin stability analysis, fixed points
of the corresponding Poincaré map should be extracted. To obtain periodic gaits,
we can use control parameters 6,4, Aryera, Co, Cs and Cy. However, the solution
that gives fixed point is not unique for a given initial state. Therefore, we need

to minimize the solutions by an appropriate optimization.

When we examine the eigenvalues of the Jacobian matrix of the apex to apex
map, we observed that one of the eigenvalues is on the unit circle, which is a
characteristic property for the periodic motion, see e.g. [90]. Therefore, we use
the magnitudes of the other eigenvalues to determine the stability of the gaits.
Magnitude of the maximum eigenvalue will be used as a stability measure. More
precisely, let A\;, Ao, A3 and A4 be the eigenvalues of the Jacobian matrix where

|A\1| = 1. Then the optimization problem considered in this section is given as

min max{|Az|, [As], [A\a] }- (4.68)

0td,ATqct,td,C2,03,C4
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Figure 4.6: Touchdown leg angle that results minimal eigenvalues for MDB-SLIP
model.

As a result we obtained stable fixed point manifolds for the apex to apex
map. The resultant 6,4 and Ar,e g are illustrated in Figure 4.6 and Figure 4.7,
respectively. An important observation is that the touchdown angle 6,; that
results in periodic motion is also more or less proportional to the apex horizontal
velocity 9, as in Figure 4.6. Note that this property is also observed in the
original SLIP template and [1] designed touchdown angle controllers to regulate
apex horizontal velocity based on this principle. Another important observation
is that the linear actuator displacement A7, ;4 is shortening while the point mass
has lower heights. This makes the toe height more or less same across all initial
points. Similarly, smooth affine dependence of A7y 44 to the initial height and

initial horizontal velocity allows designing simple controllers.

The result of (4.68) is illustrated in Figure 4.8. It is observed that, the mag-
nitudes of the eigenvalues of the Jacobian matrix of the periodic gaits of the
MDB-SLIP model result values smaller that 0.2. This means we have a model

whose gaits are stable all over the region we made simulations. This shows us
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values for MDB-SLIP model.
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Figure 4.8: Touchdown linear actuator displacement that results minimal eigen-
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Figure 4.9: The stable periodic gaits of the B-SLIP model is illustrated with black
colored region.

that we also have some margin for other variables to optimize.

Note that investigating the fixed points of periodic gaits requires the conser-
vation of energy. In our model, we can compensate for energy losses using our
actuators. However, for the case of B-SLIP, such a compensation may not be
possible. Therefore, for the sake of obtaining a fair comparison of stability char-
acteristics, we choose damping to be zero for the B-SLIP model. Hence, we can
obtain the fixed points and observe their stability. Similarly, we can find the fixed
point for the AT-SLIP and LAT-SLIP models as well. However, our investigations
showed that B-SLIP model outperforms the AT-SLIP and LAT-SLIP models, so
we compare our MDB-SLIP model only with the B-SLIP model.

Figure 4.9 illustrates the region of stability for the B-SLIP model. Note that
as seen in Figure 4.8, our MDB-SLIP model is stable on the whole desired range.
However, the B-SLIP model is stable only in a small portion of the desired range.

Hence, the MDB-SLIP model exhibits much better stability characteristics as
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compared to other models especially due to the availability of our actuators.

Remark 8. Note that there are some existing studies which aims to achieve
minimal control of bipedal legged locomotion in a two-step strateqy [96]. Actually,
this study shows that it is not possible to generate arbitrary fixed points in a
single stride for a bipedal legged locomotion model [96]. However, utilizing such a
method, with a two-step control strateqy yields period-2 stability characteristics.
On the contrary, the goal of this study is to investigate stability characteristics
of bipedal locomotion for period-1 gaits. Therefore, we first show the stability
regions for the period-1 motion for the bipedal legged locomotion models in the
literature and then design period-1 deadbeat controllers. However, we need to
note that if the sole goal is to obtain larger stability regions for bipedal legged
locomotion models, considering higher period motions as well, one may need to
utilize the two-step analysis and control methods as proposed in [96] to consider
period-2 motion of the associated models. This point requires and deserves further
wvestigation. Since our main aim is to analyze period-1 motions, this point is

left as a possible future research topic. B

4.3.2 Optimizing Control Parameters for Robustness to

Parametric Uncertainty

Our goal in this section is to optimize our control parameters towards obtaining a
stable gait, which is robust to parametric uncertainty in initial conditions. Here
we consider “successful walking gait” as our desired gait of interest for which we

seek to maximize the robustness to parametric uncertainty.

To achieve this we first define what we mean by “successful walking gait” to
make our problem definition more clear. A “successful walking gait” should have

the following properties

e The point mass should not collide with the ground.
e The simulation results should be compatible with physical laws such as any
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of toes should not go inside the ground, the leg length should not result in

a negative value, etc.

e The gait should not switch to running gait, which requires both legs to lose

contact with the ground simultaneously.

Having defined the requirements for “successful walking gait”, now we need to

define our robustness criteria. Let the walking gait start from an initial condition

Za0
- | & (4.69)
Aract,r,a()

Aytoe,r,ao
and assume that it continues its locomotion as a “successful walking gait”. Our

problem of interest is to find maximum perturbation values we can add to this

initial conditions as

Za0 6,2
.a 5.
Fo=| YO x| ¥ (4.70)
A"ﬂact,nao 5A7”act
Aytoe,r,ao 5Aytoe
1)
zo

such that we will still have a “successful walking gait”. Now the optimization
problem is to choose optimum control parameters, 0,4, Argcia, Ca, C3, Cy such
that norm of dz is maximized. In a mathematical sense, the optimization prob-
lem is

s s o]l fmax{al, sl [Aal} < 0.9}, (4.71)

ensuring that maximum of the eigenvalues is less than 0.9 to guarantee stability

with a safety margin of 0.1.

The resulting bounds of state variables for parametric uncertainty are illus-
trated in Figure 4.10, Figure 4.11, Figure 4.12 and Figure 4.13. These figures
illustrate how well our model can preserve stability for the computed perturba-
tion ranges of the initial conditions. The perturbations ranges computed in this

part is capable of handling small noisy perturbations either in our measurements
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Figure 4.12: Maximal da,,,., bound obtained through optimization for the MDB-
SLIP model.
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or in the ground profile where the robot is walking on. The bounds are quite sat-
isfactory for noisy perturbations, since we assume that our measurement errors

will stay well below these bounds.

On the other hand, Figure 4.14 and Figure 4.15 illustrates the touchdown leg
angle and the touchdown linear actuator displacement that results the maximal
bounds for perturbations. Note that these parameters also exhibit almost affine
dependence on initial height and initial horizontal velocity. Hence, we can also
build simple predictors to compute touchdown leg angle and the linear actuator

displacement based on given initial conditions.
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Chapter 5

Performance of MDB-SLIP

Model on Different Terrains

This chapter is devoted to performance analysis of different bipedal locomotion
models on various terrain types such as sloped and noisy ground simulations. The
models we are interested in are the B-SLIP, AT-SLIP, LAT-SLIP and MDB-SLIP
models, which are introduced in Chapter 4. Note that the other models except the
MDB-SLIP are recent studies used from literature for comparison purposes. To
accomplish this goal, we first derive the equations of motion for the double support
(DS) dynamics of the MDB-SLIP model on sloped ground. Then, considering
our solution methodology for the standard MDB-SLIP model on flat ground, we
propose similar solution strategies for the sloped ground case. In addition to
open-loop locomotion analysis, we also present comparative investigations for the

closed-loop walking performance on various rough terrains.
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5.1 Solving Double Support Dynamics of MDB-
SLIP Model for Sloped Ground

In this section, we explain the details of our solutions for the double support
dynamics of the MDB-SLIP model for sloped ground. The proposed model and
parameters on a sloped ground are illustrated in Figure 5.1 with the associated
coordinate system. The double support dynamics for the sloped ground case (as
the flat ground case) have no exact analytical solutions due to non-integrability
of the equations of motion. Hence, similar to Chapter 4, we utilize partial feed-
back linearization to solve equations of motion by canceling nonlinear terms and

enforcing desired body trajectories.

Our analysis starts by deriving the equations of motion in polar coordinates,
whose center is virtually placed at the midpoint of the two leg’s contact points

with the ground as illustrated in Figure 5.1. Hence, the radial and angular

Figure 5.1: Multi-actuated dissipative bipedal SLIP model, coordinate system
and model parameters for sloped ground. Different than the flat ground case (il-
lustrated in Figure 4.5), we now give the necessary variables to solve the equations
of motion for sloped ground.
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accelerations can be obtained as

Tracos (6 —6,) B Tracos (6 — 6,)
r?2+a?—2arsin (6 —0,) 12+ a?+2arsin(d —06,)

) (r —asin(6 —6,))

i =— 2kr 4+ r0* — cos 0 +

cri-— arsin (6 — 6,) — ar cos (0 — 6,)

¢ (1 b Ay €

k /1?2 + a® — 2arsin (6 — 6,)

_l’_
V1?2 +a? — 2arsin (6 — 6,)

k{14 Ar _EW—i—a?’"sin(Q—@g)—i—a?“éCOS(Q_Qg) (r+asin (0 —6,))
act, f k \/7”2 e a? -+ 2ar sin (0 = 99) g
\/r? + a®+ 2arsin (6 — 0,) |

(5.1)

+

. . W 7 (r —asin (0 — 6,)) 7¢ (r +asin (0 —6,))
0 =—2r0 0
" T T r2+a? —2arsin (60 —0,) 1?2+ a4+ 2arsin (6 —6,)

) acos (0 —6,)

E{1+Ar _Erfﬂ—af“sin(e—eg)_arécos(e_eg)
actr — 7 \/7“2 +a? —2arsin (6 — 6,)

V2 +a? — 2arsin (0 — 6,)

i (l—i—Ar tf_Erf+afsin(0—09)+arécos(0—09)> acos (0 —0,)
ek V2 + a2+ 2arsin (0 — 6,) I
/12 + a®+ 2arsin (6 — 0,) ’
(5.2)

respectively. The a terms here refers to the half distance between the two toes’

+

contact points and 6, represents the angle of the slope of the ground as shown in

Figure 5.1.

To clarify (and simplify) the equations (5.1) and (5.2), we choose the rear and

front leg linear actuator displacements as
ri— aisin (0 — 0,) — arfcos (0 —0,) c
Arac r = = L — Ty -+ A'rac rtds 5.3
" ( V12 +a? — 2arsin (6 — 6,) Ik rsa - (5:3)

i 4 arsin (0 — 0,) + arfcos (0 — 0,) . c
Argerf = . — Tt | 7
V2 + a2+ 2arsin (0 — 6,) k

+ A'ract,f,tda (54)

respectively, where variables with subscript td corresponds to their values at the

touchdown instant.
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Plugging the equations (5.3) and (5.4) into (5.1) and (5.2), the radial and

angular acceleration equations take the form

Tracos (0 — 6,) B Tracos (6 —6,)
r?24+a? —2arsin (0 —0,) 2+ a®+ 2arsin (0 —6,)
i (k (1 + Argetrta) — CFrta) (r —asin (6 —6,))

V12 +a? — 2arsin (6 — 6,)
I (k (1 + Arget f.4a) — €T f1a) (1 +asin (0 —6,))
V2 + a2+ 2arsin (0 — 6,)

i = —2kr + 162 — cos O+

Y

(5.5)
L n(r—asn(0—0)) . 7 (r+asn(0—6,)
)
rd 70 + sin 9+r2 +a® —2arsin (0 —0,) 12+ a? + 2arsin (0 — 0,)
B (k (14 Aractrta) — CTria) acos (0 — 6,) (5.:6)

/12 + a® — 2arsin (6 — 6,)
. (k (1 + ATact,f,td) - Cf’fytd) a COS (0 — 09)
/12 +a®+ 2arsin (6 — 6,)

9

respectively.

In order to reduce the complexity of our solutions, we keep the radial dynamics
of the sloped ground case same with the flat ground case. For the sake of clarity,
we will repeat the exact analytical solution of (5.1) for radial dynamics as given
below

r(t) = Ag + Ay sin (wpgt) + Cs cos (wpgt). (5.7)
However, we choose a new angular velocity solution form as

é = 05 COS (‘9 — ‘99) + BlO; (58)

where (5 is a free control parameter and By is calculated as By = étd -
C5 cos (0iq — 0,) by using the boundary conditions 6(0) = 6,4 and 0(0) = 0,4

Furthermore, we can solve the angular velocity equation (5.8) to obtain the

angular position as

0(t) = g + 0y + 2atan (

Cs — By tanh (Z5 + 312)> (5.9)

Big
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where By, and Bjs are defined as

B11 =4/ Cg - B%O’ (510)

2
By := atanh
By

(5.11)

At this point, the required torque inputs 7, and 7; can be computed by solving
the equations (5.5) and (5.6) via the solutions of (5.7) and (5.9) as

2

= s (900 — Cyrfsin (9 — 6,) — sin
TT—QT(T — Csrfsin (0 — g)—sm>

2 o
+ 0 ]
Ty (r+asinf) <2k7'td 904k — 16 + cos 9>
2ar cos 0 5.12)
7”2 T’f .
_ s »S k 1 A - . .
2ar cos (0 — 6,) (k (1 + Aract,fed) — Crpta)
rs(r? —a?) '
o 7 k(1 A act,r . T s
2ar cos (0 — 6,) (k (1 + ATactr.a) = Cr.a)
r2 ) .
T = f.s (27’“0 — Csrfsin (6 — 6,) — sin 9)
r
r2 (r —asin@ .
- ( ) <2k7"td — 2C3k — r6* + cos 8)
2ar cos 6 5.13)
r2r ,
f,s'rs )
k(1 A act,r — CI'y
+ 2ar cos (0 — 0,) (k (14 Argetrtd) — CTrtd)
ris(r? —a?) '
7 k 1 A ac - R
2ar cos (0 — 0,) (k (14 Aract,gea) — T p1a)
respectively, where the variables 7, s and 7, are defined as
Trs = \/7‘2+a2—2arsin(9—¢99), (5.14)
Tfs = \/T2 +a? + 2arsin (0 — 6,). (5.15)

A final step is to determine the liftoff event by defining a valid liftoff condition
for the double support phase. The liftoff occurs when the rear leg takes off from
the ground, which can be mathematically defined as the instant when the ground
reaction force on the toe becomes zero. Hence, we define the ground reaction

force of the rear leg, Forp,, as

Foppy = Frpsint, + F, . cos ), (5.16)
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where 1), is the small angle measured counter-clockwise from the tangent line to
the ground at rear toe contact point as illustrated in Figure 5.1. Besides, rear leg
radial and angular forces F,., and F,, are given by (4.24) and (4.26), respectively.
Since the exact analytical solution is very challenging and makes the solutions
much more complex than already they are, we prefer to use simple numerical

solution for the determination of liftoff instant based on the above principles.

5.2 Performance of MDB-SLIP Model on
Sloped Ground

This section presents our analysis for the performance of the MDB-SLIP for
walking gait on sloped ground. To accomplish this goal, we perform extensive
simulation studies by using 620 initial condition points that are selected from the
range 2z, € [0.900 — 0.995] and y, € [0.16 — 0.64] with non-dimensional spring
constant k of 12.75. Our success criteria in these simulations was to observe 1000
steps of walking gait behaviors. Hence, if the model falls down or transits to

running behavior (both legs are on the fly), we consider the test as failed.

Here we define two virtual models as sub-models of the original MDB-SLIP. In
the first model, MDB1-SLIP, we compute the fixed points via optimizing the con-
trol parameters that minimizes the magnitude of the eigenvalues of the Jacobian
matrix defined in Section 4.3.1. On the other hand, for the MDB2-SLIP model,
we compute the fixed points via optimizing the control parameters that maximizes

the robustness to the parametric uncertainty as defined in Section 4.3.2.

To present our analysis, we first define the simulations and the success rate
we are considering in this part. We run both the MDB1-SLIP and MDB2-SLIP
solutions on a sloped ground for 1000 steps with all initial conditions that are
defined above. The ground slope can both be negative and positive corresponding
to going downwards and upwards, respectively in the range [—0.1,0.1] of slope.

The slope is defined as arctan (6,), which corresponds to the amount of change
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Figure 5.2: Percentage success rate of MBD1-SLIP and MDB2-SLIP models on
sloped ground. MDB2-SLIP model performs better than the MDB1-SLIP model
in terms of successfully completing the 1000 steps.

in z that corresponds to a unit change in y. The success rate is defined as the
percentage of tests that completed 1000 successful walking steps. Figure 5.2
illustrates the results for both the MBD1-SLIP and MDB2-SLIP solutions with
respect to 201 different ground slopes that are chosen equidistantly in the range
[—0.1,0.1]. Note that both models exhibit 100% success rate for flat ground case
(with zero slope) as expected. The key observation here is that MDB2-SLIP
model exhibits better performance for going downwards than the MDB1-SLIP
model. However, both models are poor while going upwards due to increased
demand of energy to climb upwards. Note that the success rate axis for Figure 5.2
is in log scale but we manually added the 0% value to indicate that some tests
result in 0% success while going upwards. A final note here is that fixed point
solutions are obtained from flat ground but tested on sloped ground. If one can
measure the ground profile and compute the fixed points considering the slope
of the ground, we expect the solutions to be more successful. However, the goal

of this study is to investigate the performance of our flat ground solutions on
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Figure 5.3: The average number of successful walking gait steps before failure for
the MDB1-SLIP and MDB2-SLIP models on sloped ground. MDB2-SLIP model
exhibits better performance in terms of average number of steps before failure.

sloped ground, hence this part is left out of the scope of current study as a future

research direction.

In addition, we report the average number of successful steps before failure
for each ground slope value. Figure 5.3 illustrates the comparative analysis that
are obtained from MDBI1-SLIP and MDB2-SLIP models. Similarly, MDB2-SLIP
model exhibits better performance in terms of average number of successful steps
criteria. We believe that the main reason behind this is that MDB2-SLIP model
is designed to maximize robustness and hence it shows better performance on

unmeasured sloped grounds.
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5.3 Performance of MDB-SLIP Model on Dif-

ferent Noisy Terrains

This section investigates the performance of the MDB-SLIP model and its vari-
ants on different noisy rough terrains. Note that ability to perform a gait is
an important measure of robustness for a periodic motion. Hence, we evaluate
the stability of periodic gaits via numerical simulations on different terrains to

investigate their stability characteristics.

In previous sections, we presented two variants of MDB-SLIP model as MDB1-
SLIP and MDB2-SLIP models based on the way their fixed points are generated.
In addition to these proposed model, we investigate B-SLIP, AT-SLIP and LAT-
SLIP models from the literature for comparison purposes. Our robustness or
success measure is the successful completion of walking gait without falling or
transiting to a different gait. The analysis in this section show that our results

obtained in Section 4.3 are indeed robust, stable periodic gaits.

In Chapter 4, we investigated stability performance of the gaits for the four
models; B-SLIP, AT-SLIP, LAT-SLIP and MDB-SLIP by checking the eigenval-
ues of the Jacobian matrix around a periodic trajectory. However, this stability
analysis gives us information about the stability characteristics of the equilib-
rium points. In order to investigate the stability properties of the gait for a
region around such equilibrium points (validity region for our stability analysis),
we present our analysis for investigating their stability characteristics on rough
terrain simulations. The analysis presented in this section demonstrates that the
stability results obtained in Section 4.3 are not simple equilibrium point stabilities
but they have a considerable region of attraction around them in which they can
preserve their stability. We also propose comparative analysis by investigating
the similar characteristics of the models from the literature; B-SLIP, AT-SLIP
and LAT-SLIP.

Here we first give a brief implementation details about generating the noisy

rough terrain for our simulations. The ground profiles we use in this section
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are generated depending on two main variables, T and (2. We create a ground
profile consisting of m points that are evenly separated from each other by T non-
dimensional length. Let (y,, z,) be a pair of numbers for each discrete point on
the ground profile for Vn € 0,1,...,m — 1. Here, vy, refers to horizontal position
of the point, while z, corresponds to height of the specific point. Note that the
horizontal distance among two points are defined by T and they are fixed, so we

can define the horizontal position for each point using

Yo =0, (5.17)
yn :yn—1+T VTLE 1,2,...,m_ ]_, (518)

In order to generate noise for the height, we use a truncated normal distribution

NT and set the height of each point by using the following equations

20 = O, (519)
d, =NT(0,1,Q/10) forn=1,2,...m — 1, (5.20)
Zn = Zp—1 + dy, forn=1,2,...m—1, (5.21)

Note that €2 determines the noise level for each ground segment, whose lengths
are determined by Y. Hence, these two parameters define a mathematical formu-
lation for the rough terrain profiles used in this thesis. The procedure is repeated
if the resulting z, values are not in the range of +{2. In order to have a continuous
definition of the ground profile (to generate the inter point values), we use cubic

spline interpolation [97] and can generate height values for any ground point.

The average length of each step used in our models are around 0.5 in non-
dimensional units. We repeated our analysis for different YT values that are chosen
as integer multiples of the average step length as 1, 2 and 4. In addition, we
performed the tests with various initial conditions with a non-dimensional spring
constant of K = 12.75. The initial conditions are chosen as 20 equidistant values
for z, € [0.900 — 0.995] and 31 equidistant values for y, € [0.16 — 0.64], which

correspond to 620 initial condition points.
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5.3.1 Open-Loop Control with Fixed Control Parameters

The open-loop simulations aim to run the models for 1000 steps on a randomly
generated terrain to count the successful runs. The successful run means preserv-
ing the walking gait without falling or transitioning to running behavior. The
number of steps, 1000, is chosen big enough to ensure that further increasing the

step number does not affect the results and hence our analysis.

We also mentioned that rough terrain simulations can be used as a metric to
investigate robustness of the stability of the periodic gaits. Hence, the results we
obtained from these simulation experiments, illustrated in Figures 5.4-5.9, will
be used a measure for stability performance. Among these results, Figure 5.4,
Figure 5.6 and Figure 5.8 illustrate the percentage rate of successful runs for the
five different models we aim to compare here. In contrast, Figure 5.5, Figure 5.7
and Figure 5.9 represents the average number of steps that are performed for each
experiment on different ground noise levels. The extensive comparative analysis
with a wide range of initial conditions and noise levels demonstrate that the
MDB-SLIP models variants outperform the models in the literature in terms of

robustness in an open-loop rough terrain analysis.

Figure 5.4, Figure 5.6 and Figure 5.8 correspond to percentage success rate
of the experiments for the five models with respect to noise levels for T = 0.5,
T =1and T = 2, respectively. Note that the success rate axes for Figure 5.4,
Figure 5.6 and Figure 5.8 are in log scale but we manually added the 0% value
to indicate that some tests result in 0% success for increasing €2 values. The first
thing we need to mention about these plots is that as T becomes bigger, the
roughness of the ground profile becomes smoother. Hence, the methods become
more successful for larger T values. A simple observation of the results presented
in Figure 5.4, Figure 5.6 and Figure 5.8 demonstrates that our proposed models
MDBI1-SLIP and MDB2-SLIP outperform the available methods in the literature
in a non-negligible way. Actually, the percentage success rate of the methods B-
SLIP, AT-SLIP and LAT-SLIP are well below 3% in our noise level range, which

is a very poor performance for locomotion. On the other hand, the proposed
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Figure 5.4: Percentage success rate of five models on noisy ground. MDB1-SLIP
and MDB2-SLIP models outperform the B-SLIP, AT-SLIP and LAT-SLIP in
terms of successfully completing the 1000 steps for T = 0.5.
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Figure 5.5: The average number of successful walking gait steps before failure for
the five models on noisy ground. MDB1-SLIP and MDB2-SLIP models exhibit
better performance in terms of average number of steps before failure for T = 0.5.
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Figure 5.6: Percentage success rate of five models on noisy ground. MDB1-SLIP
and MDB2-SLIP models outperform the B-SLIP, AT-SLIP and LAT-SLIP in
terms of successfully completing the 1000 steps for T = 1.
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Figure 5.7: The average number of successful walking gait steps before failure for
the five models on noisy ground. MDB1-SLIP and MDB2-SLIP models exhibit
better performance in terms of average number of steps before failure for T = 1.
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Figure 5.8: Percentage success rate of five models on noisy ground. MDB1-SLIP
and MDB2-SLIP models outperform the B-SLIP, AT-SLIP and LAT-SLIP in
terms of successfully completing the 1000 steps for T = 2.
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Figure 5.9: The average number of successful walking gait steps before failure for
the five models on noisy ground. MDB1-SLIP and MDB2-SLIP models exhibit
better performance in terms of average number of steps before failure for T = 2.
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methods MDB1-SLIP and MDB2-SLIP are above 30% even with the smallest
(most difficult) T value with the largest ground noise level. A final comment
that needs to be given here is that MDB2-SLIP model is better than MDBI1-
SLIP model in almost all scenarios in terms of robustness. This is mainly because
the MDB2-SLIP model is designed to ensure maximum performance by carefully

choosing the fixed points.

Figure 5.5, Figure 5.7 and Figure 5.9 correspond to average number of steps
that are achieved for the five different models for a wide range of ground noise lev-
els and for T = 0.5, T =1 and T = 2, respectively. These plots also give similar
performance results with the percentage success rate. The proposed MDB1-SLIP
and MDB2-SLIP are more successful than the other models B-SLIP, AT-SLIP and
LAT-SLIP in terms of the average number of steps that can accomplish, since
our models are able to complete the 1000 step experiments for a great percentage
of the experiments. Similar to previous results, MDB2-SLIP model would be the
optimal choice for robustness to achieve successful rough terrain locomotion in

an open-loop manner.

5.3.2 Closed-Loop Control with a Deadbeat Control
Strategy

In the previous sections, we investigated the stability characteristics of the five
models on sloped and noisy ground profiles in an open-loop manner. This section
is devoted to investigate the apex trajectory tracking performance of these five
models under closed-loop control paradigm. The extensive analysis we performed
in this section show that the proposed models exhibit better tracking performance

with a dead-beat controller as compared to other models.

The control strategy we use in this part is based on numerical inversion of
the apex to apex return map as the deadbeat controller for the models. We
utilized the controller strategy defined in Section 3.3.2, whose representative block

diagram is given in Figure 3.19. The inverse map based controller takes desired
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Table 5.1: Percentage tracking errors of apex states P, for T = 0.5 in closed-loop

system.
Models

Q MDBI1-SLIP MDB2-SLIP AT-SLIP | LAT-SLIP B-SLIP
0.005 | 0.156 4+ 0.138 | 0.180 £ 0.158 | 0.999 4 2.67 | 1.52 & 3.35 | 5.79 £ 9.58
0.015 | 0.503 4+ 0.454 | 0.589 +£ 0.513 | 1.94 +4.64 | 3.40 + 7.34 | 5.76 £+ 8.39
0.025 | 0.858 4+ 0.762 1.05 = 1.00 | 2.65 4+ 4.54 | 4.05 &+ 7.45 | 6.72 £ 9.50
0.035 1.22 + 1.10 1.67 + 2.37 | 3.05 & 4.84 | 5.25 + 9.69 | 7.57 £ 9.69
0.045 1.63 + 1.54 2.19 +£ 2.21 | 3.64 +£6.00 | 5.53 £ 9.05 | 831 £ 10.1
0.055 2.09 + 2.00 2.77 £ 2.57 | 413 +£6.82|6.39 £992|9.14 £ 11.8
0.065 2.73 £ 4.17 3.51 £4.22 | 436+ 783|704 +£10.3 | 10.1 £11.9
0.075 3.39 £ 6.51 4.13 £4.18 | 471 £801 | 721 £10.9 | 9.88 £ 10.5
0.085 3.92 + 4.96 4.88 £5.77| 484 £836| 793 £ 12.2 | 9.83 £ 9.79
0.095 4.29 + 4.92 5.27 £ 5.64 | 5.00 £ 8.56 | 7.92 £ 11.2 | 9.89 £+ 10.1

apex state w? = (2¢,9%) and current apex state w; = (24, ¥ai) as its input and
tries to compute the optimal control parameters u to achieve the desired apex
state from the current apex state. In order to make a fair comparison, the same
controller logic is applied for all five models used in our analysis. However,
one should note that the control parameters defined under the control signal
vector v may differ for each of the five models by definition. For instance, in
B-SLIP, AT-SLIP and LAT-SLIP models, u includes the touchdown angle, 64
only, since it is the sole control parameter used for these three models. However,
for our proposed models, MD1-SLIP and MDB2-SLIP models, the input signal «
includes touchdown angle, 6,4, touchdown linear actuator displacement Arge 14,

and constant control parameters Cy, C3 and Cj.

In order to generalize our results, the experiments are repeated for all 620 ini-
tial conditions under closed-loop control and mean and standard deviations of the
percentage tracking errors (3.34), (3.35) and (3.36) are computed for randomly
generated noisy terrains. Table 5.1, Table 5.2 and Table 5.3 presents the apex
state tracking error for T = 0.5, T = 1 and T = 2, respectively. The error metric
we use is based on (3.36), which measures percentage apex tracking error. The
results indicate the MDB1-SLIP and MDB2-SLIP models perform better locomo-
tion on rough terrain under closed-loop control with respect to B-SLIP, AT-SLIP
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Table 5.2: Percentage tracking errors of apex states P, for T = 1 in closed-loop

system.
Models

Q MDBI1-SLIP MDB2-SLIP AT-SLIP LAT-SLIP B-SLIP
0.005 | 0.0845 + 0.0701 | 0.103 4+ 0.0887 | 0.496 £ 1.09 | 0.880 £ 1.87 | 2.07 £ 4.82
0.015 0.264 + 0.219 0.375 £ 1.12 | 1.35+2.51 | 2.17 +3.38 | 3.51 4+ 6.00
0.025 0.458 £ 0.384 | 0.569 £+ 0.467 | 2.09 £ 5.74 | 4.24 £ 8.97 | 4.56 + 7.57
0.035 0.659 + 0.545 | 0.863 + 0.814 | 2.81 £ 6.06 | 4.31 £ 8.57 | 5.27 + 7.57
0.045 0.886 + 0.729 1.22 +1.48 | 3.18 £ 585 | 4.53 +8.22 | 5.61 £ 8.13
0.055 1.15 + 1.09 1.63 +2.22 | 3.72+659| 541 £+ 8.85| 6.08 £ 8.04
0.065 1.47 + 1.47 1.81 +1.44 | 396 £6.70 | 6.01 +9.82 | 5.92 £+ 7.59
0.075 1.81 +1.93 2.39 + 2.82 | 459 + 7.86 | 6.04 +9.33 | 6.57 + 9.13
0.085 2.23 +£ 2.34 2.79 £2.99 | 4424+6.77| 6.17 £8091 | 6.81 £+ 8.16
0.095 2.61 £ 2.72 3.02+3.14 | 451 +6.71| 6.31 £9.26 | 7.80 £ 9.90

Table 5.3: Percentage tracking errors of apex states P, for T = 2 in closed-loop

system.
Models

Q MDB1-SLIP MDB2-SLIP AT-SLIP LAT-SLIP B-SLIP
0.005 | 0.0451 + 0.0372 | 0.0541 4+ 0.0523 | 0.313 £+ 1.24 | 0.475 £ 0.981 | 1.49 £ 3.48
0.015 0.139 + 0.113 0.166 = 0.142 | 1.08 £ 3.05 1.92 £ 4.16 | 3.17 £ 5.90
0.025 0.238 + 0.193 0.294 + 0.317 | 1.62 £ 3.59 2.87 £ 5.59 | 3.68 £+ 6.66
0.035 0.340 + 0.270 0.432 + 0.399 | 2.07 £ 4.17 3.62 £ 6.99 | 4.40 + 8.09
0.045 0.446 + 0.359 0.569 + 0.484 | 2.42 + 5.38 3.86 + 7.26 | 5.00 + 8.99
0.055 0.566 £+ 0.504 0.744 + 0.897 | 2.81 £5.72 3.86 £ 6.39 | 5.37 £ 8.72
0.065 0.711 + 0.698 0.860 + 0.743 | 2.85 £ 4.44 4.46 £ 7.82 | 531 £ 7.75
0.075 0.853 + 0.855 1.067 £ 1.07 | 3.25 £ 5.67 5.00 £ 8.65 | 5.97 £ 9.58
0.085 1.08 + 1.21 1.215 £ 1.12 | 3.29 £ 4.76 5.41 £ 8.55 | 5.77 + 8.46
0.095 1.31 +£ 1.53 1.443 £ 1.56 | 3.82 £ 5.81 5.09 £ 7.00 | 6.17 £+ 8.90

and LAT-SLIP models. Moreover, in terms of mean-variance deviations, as indi-
cated as a stability metric in [93], we show that the MDB1-SLIP and MDB2-SLIP
models exhibit better locomotion performance with a better robustness in sta-
bility. The main difference of closed-loop experiments is that now MDB1-SLIP
model performs better than the MDB2-SLIP models under closed-loop control
although MDB2-SLIP model was better in open-loop experiments. The quanti-
tative details can be found in Table 5.1, Table 5.2 and Table 5.3. There are some
very minor cases where the other models exhibit a better performance but for
a majority of the cases, the MDB1-SLIP and MDB2-SLIP models yield better

tracking accuracy.
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5.4 Discussion

In this chapter, we explained the details of our investigations for performance
analysis of the proposed model with respect to some recent prominent models
in the literature. We performed extensive simulation experiments to investigate
how these models perform on noisy rough terrain with different noise levels. Our
analysis concluded that the proposed model, together with its additional actu-
ators, performs better in terms of stability and robustness with respect to the
models in the literature. One can simply think that this is an expected result,
since we utilize more actuation in our models. However, the goal of this section
is to illustrate how we can develop solutions for these kind of complex models
using partial feedback linearization and use them in very complicated cases as
a legged locomotion model. Actual, the punch line here is that we show how
effective use of actuators yield more stable and robust legged locomotion models

that also perform better in closed-loop under a dedicated control strategy.
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Chapter 6

Conclusions and Future Work

In the first part of this thesis, we started by considering an actuator-enhanced
model of the standard spring-loaded inverted pendulum (SLIP) model that is a
widely used tool for capturing and studying legged locomotion. The model we
consider, which we call as Multi-Actuated Dissipative SLIP (MD-SLIP) model,
contains a linear force actuator in leg and a rotational torque actuator at the
hip. We showed partial feedback linearization technique can be used to obtain
analytical solutions to the stance trajectories of the MD-SLIP model, which were
originally non-integrable for basic SLIP models. In addition, we also show how the
controlled system possess stable periodic gaits in a wide range of initial conditions.
Besides, we showed MD-SLIP model exhibits quite successful results in terms of

stability and robustness in rough terrain.

In the following parts, we considered using similar actuations for bipedal lo-
comotion. Fortunately, analysis and control of bipedal legged locomotion have
received considerable attention from the robotics community and hence there
were a lot of successful results in the literature. However, the non-integrability
problem of the basic SLIP model also prevents analytical solutions for the SLIP-
based bipedal legged locomotion models. Another problem with the models in
current literature was that their stability properties and robustness have not yet

been investigated in a systematic way, leaving the practicality of their use on
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rough terrain as an open problem. To this end, we first formulated an actuator-
enhanced bipedal legged locomotion model called, Multi-Actuated Dissipative
Bipedal Spring-Loaded Inverted Pendulum (MDB-SLIP) model. Now, both legs
have their own linear actuators and torque actuators yielding two linear and two
torque actuators for the MDB-SLIP model. Fortunately, we were able to present
a similar feedback linearization strategy to obtain analytical solutions for the tra-
jectories of the MDB-SLIP model as well. In order to characterize its performance,
we presented detailed simulation studies illustrating how the MDB-SLIP model
can be used to obtain periodic locomotion exhibiting a great stability and ro-
bustness performance. For a deeper discussion, we also implemented three recent
studies from literature and presented a comparative analysis for the MDB-SLIP
against these models in terms of stability and robustness both in an open-loop
and closed-loop manner. The results showed that MDB-SLIP model is quite suc-
cessful in terms of open-loop walking performance on rough terrain as well as

desired trajectory tracking performance under closed-loop control.

An important comment that needs to be given about this thesis is that we do
not only consider new models and demonstrate their properties but we include a
detailed background, where we explain various legged locomotion models for both
one-legged and bipedal cases. In addition, we present extensive simulation studies
to compare the performance of these models with the ones that are already in
the literature. We believe that the extensive analysis results presented in this
thesis will serve as a guide in literature that will help future researches for their
comparative analysis. We also give implementation details and parameters used

in our analysis.

To summarize, the main contributions of this thesis can be listed as follows:

e We demonstrated simulation studies on investigating stability characteris-

tics of a variety of SLIP-based legged locomotion models.

e We considered a multi-actuated SLIP model, called MD-SLIP, to enhance
the stability region of the SLIP-based models in the literature. The MD-

SLIP model includes a linear actuator to compress leg spring as well as a
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rotary actuator to inject torque inputs to the system.

e We utilized partial feedback linearization theory to obtain exact analytical
solutions of the proposed MD-SLIP model. Besides, the way we utilize the
partial feedback linearization also allows enforcing specified trajectories for
the equations of MD-SLIP model.

e Another contribution of this thesis was the extension of our multi-actuated
SLIP model for bipedal legged locomotion models, which is called as MDB-
SLIP model. We presented how the multi-actuated structure for each leg
can be utilized to increase stability of bipedal legged locomotion models.
Besides, we can also utilize the partial feedback linearization to enforce

some desired locomotion trajectories.

e Finally, we showed the stability and robustness performance of the proposed
models (as well as the partial feedback linearization strategy) on various

noisy terrain locomotion simulations via a dead-beat control strategy.

The results presented in this thesis could be improved in various directions.
Partial feedback linearization proves that it is possible to obtain analytical solu-
tions for the SLIP model by the use of accurately chosen control laws. Hence, one
can design different, maybe application-based control laws, that will generate an-
alytical solutions for the SLIP model, which radically simplifies the analysis and
control of such models. The proposed control laws can also be utilized for motion
planning due to its computational advantage as a result of its analytical nature.
In addition, the applications like adjusting best foothold placement for optimiz-
ing stability and energy efficiency can be better satisfied when an analytical tool

is available to describe the trajectories of a legged locomotion model.

Another future direction about the bipedal legged locomotion part would be
including a torso in the model. An interesting study would be designing the
torque inputs considering their effects both on the body mass trajectory as well
as the motions and stability of the torso. We believe that the dynamic legged
locomotion models are fundamental for developing bipedal robots that move like

animals do in nature.
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