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ABSTRACT

Assuming a weaker form of the Riemann hypothesis for Dedekind zeta functions by
allowing Siegel zeros, we extend a classical result of Cramér on the number of primes
in short intervals to prime ideals of the ring of integers in cyclotomic extensions with
norms belonging to such intervals. The extension is uniform with respect to the degree
of the cyclotomic extension. Our approach is based on the arithmetic of cyclotomic
fields and analytic properties of their Dedekind zeta functions together with a lower
bound for the number of primes over progressions in short intervals subject to similar
assumptions. Uniformity with respect to the modulus of the progression is obtained
and the lower bound turns out to be best possible, apart from constants, as shown

by the Brun-Titchmarsh theorem.
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OZETCE

Bu ¢aligmada, Dedekind zeta fonksiyonlar: i¢in Siegel sifirlarina izin veren Rie-
mann hipotezinin daha gii¢gsiiz formunu varsayarak, kisa araliklardaki asal sayilarin
sayist ile ilgili Cramér sonucunu, dongtisel uzantilardaki tamsayilar halkasinin norm-
lar1 bu tip araliklarda olan asal ideallerine genisletiyoruz. Bu uzant1 dongiisel uzanti
derecesine gore tekdiizedir. Bizim yaklagimimizda, dongiisel cisimlerin aritmetigi ve
onlarin Dedekind zeta fonksiyonlarinin analitik 6zellikleri ile beraber benzer varsayimlara
tabi tutularak elde edilen kisa araliklardaki diziler tizerindeki asal sayilarin sayisinin
alt sinir1 esas alinmigtir. Dizi moduliiliisiine gore tekdiizelik elde edilmistir ve Brun-
Titchmarsh teoreminde gosterildigi gibi, elde ettigimiz alt sinirin sabit sayilar haricinde

en iyi alt sinir oldugu ortaya ¢ikmigtir.
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NOMENCLATURE

LIST OF SYMBOLS/ABBREVIATIONS.

¢(s) The Riemann zeta-function.

i(x) 5 ljgu; the logarithmic integral.

x(n) Dirichlet character

L(s, x) Dirichlet L-function

w(n) The number of distinct prime divisors of n
A(n) The Von Mangoldt function

Rs The real part of the complex number s.
Ss The imaginary part of the complex number s.
[(s) The Gamma function.

©(n) The Euler’s totient function.

m(x) The number of primes < x.

m(x;q,a) The number of primes < x

which are = a (mod q).

|f(x)] < Cg(x) where C is an
absolute constant.

lim f(x)/g(x) = 0.

f(x) = O(g(x)).

lim £(z)/g(x) = 1.
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Chapter 1

INTRODUCTION

Assuming the Riemann hypothesis, the prime number theorem refines to show the

following equality

m(x) = li(z) + O(Vxlogz) (1.1)

for x > 2. Tt is not possible to obtain directly from (1.1) that there are primes in

short intervals of the form
(z, 2 + cv/x log 2]

for an absolute positive constant c¢. Although this statement limits the progress,
Cramér [5] was still able to show the formula under the Riemann hypothesis that
concerning the difference between consecutive prime numbers the following equation
is true

Y2 log p,)

Prnt1 — Pn = O(p
where {p,} is the sequence of primes. For more interesting connections between
correlation of zeros and gaps in primes, the reader is referred to the work of Languasco,

Perelli and Zaccagnini [12]. Indeed, Cramér obtained the stronger result

m(z + cy/rlogx) — m(z) > Vo (1.2)

for some absolute constant ¢ > 0 provided that the Riemann hypothesis is true. By
showing a new proof of (1.2), Dudek [7] also showed that for any € > 0, one may
choose ¢ = 3 + € for all sufficiently large values of x. However, the optimal value of ¢
for all sufficiently large x is still unknown. In the same paper, Cramér [5] suggested

a convenient probabilistic model which predicted that the distribution of primes in
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short intervals is Poissonian. This was nicely confirmed by Gallagher [9] who assumed
a uniform version of the k-tuple conjecture on primes. Recently, Tsai and Zaharescu
[18] went along this direction and discovered that the Poissonian behavior of prime
elements over small regions persists in number fields by assuming a general form of
the k-tuple conjecture adapted to finite extensions of Q. With this motivation, we
are curious to see how far (1.2) could be extended to the number field case. It turns
out that one can provide a satisfactory answer (see Theorem 1 below) by establishing
a uniform version of (1.2) for all cyclotomic extensions of Q. To be precise, let K be
a number field over Q of degree n with Oy denoting the ring of integers in K. For
any integral ideal a of Oy, let N(a) = |Oy : a| = |Ok/a| be the norm of a. Then the

Dedekind zeta function of K is given by the following equality

ls) = —— =TI (1 - #)

N LU T NGy

for R(s) > 1, where the summation on the right hand side of equality and the Euler
product are taken over the integral and prime ideals of O, respectively. (x(s) has
an analytic continuation to the whole complex plane with the exception of a simple
pole at s = 1 and has a functional equation relating (x(s) to (x(1 — s) (see p. 467
of [15]). By a critical zero of (k(s), a zero s with 0 < R(s) < 1 is referred. Then the

Riemann hypothesis for (x(s) claims that any critical zero of (x(s) has real part 1/2.

The statement of the main result is now as follows.

Theorem 1 Assume that all of the nonreal critical zeros of Dedekind zeta functions
corresponding to cyclotomic extensions of Q have real part 1/2. Let K, = Q({,) be a
cyclotomic extension with ¢ being a primitive qth root of unity. Further let g, (x) be
the number of prime ideals of the ring of integers in K, whose norm is < x. Given
any number A > 0, there exists an effective absolute constant ¢ > 0 such that for all

sufficiently large x with q < (logx)*, we have the inequality

T, (¥ + ¢ p(q@)V/rlogz) — Tk, () > (@) vz,

where ©(q) is Euler’s function. The inequality also holds with an ineffective constant

ca in place of ¢ for all v with ¢ < (logx)A. Finally, assuming the Riemann hypothesis
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for all Dedekind zeta functions of cyclotomic extensions, there exist effective positive

constants ¢ and \ such that the same inequality holds for all x with q < x.

An interesting feature of Theorem 1 is its uniformity over the order of primitive roots,
hence over the degree of cyclotomic extensions. Concerning this uniformity, Ledoan,
Roy and Zaharescu [13] gave asymptotic formulas for the number of nonreal zeros
(in the upper half plane with imaginary part < T') of partial sums converging to
Ck(s) when K = Q((,) with a fixed ¢ > 2. Their asymptotic formulas turn out to be
sharper than the classical case of the Riemann zeta function. The question of whether
analogous results from these studies can be investigated along with more uniformity
in ¢, such as varying ¢ with T" was remained to be open. One could also argue that
Theorem 1 holds for any number field K over Q in a way that the degree of the
extension, namely [K : Q], plays the role of p(¢) and [K : Q] < f(z) for a suitable
increasing function f(x) tending to infinity. Obviously the only additive input for
counting prime numbers is the number of positive integers that are < x and this is
x + O(1). This situation significantly changes in the case of a number field K over Q
with [K : Q] > 2 since the count of prime ideals depends ultimately on the number

of integral ideals with norm < z which is known to be
cxx + Ok (xl_[Tli@]> , (1.3)

where c¢x > 0 is the residue of (x(s) at s = 1, also called the ideal density of K.
Although the error term in (1.3) gets progressively worse with increasing [K : Q], we

still have, subject to the Riemann hypothesis for (x(s) that,
mr(x) = li(z) + Ox(Vxlogx).

Without any prior condition, Landau’s prime ideal theorem (see [10]) gives that
i (z) = li(z) + Ok (:pe_c@>

for some ¢ > 0 depending only on K. Moreover, it is possible to further relax the as-

sumptions in Theorem 1. Indeed assuming a quasi Riemann hypothesis for Dedekind
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zeta functions of cyclotomic extensions by requiring that R(s) < 3 + ¢ for a small
9 > 0 and for any critical zero s (such an assumption is not unreasonable as by a
celebrated result of Bohr and Landau, see section 9.6 of [8], all but an infinitesimal
proportion of the critical zeros of the Riemann zeta function lie within § of the critical

line for any given § > 0), one can show by modifying our approach that

1 1
i, (t + ¢ p(q)a2* logx) — i, (x) > p(g)z> ™

with uniformity in ¢. We have simply selected to present our results in terms of the
shortest possible intervals. Besides finding numerical values of ¢ for all sufficiently
large x (as in [7]) in Theorem 1 is an interesting problem, and still remains to be

open problem. Referring to the general theory, it is known that (see p. 466 of [15])

the completed zeta function
Zic(5) = |dx/m"/220-972D (5 J2)7T (5)" i)
satisfies the functional equation
Zk(s) = Zk(1—s),

where dy is the discriminant of K, r; and, respectively, 2ry denote the number of
real and complex embeddings of K with | + 2ry = [K : Q] and I'(s) is the gamma
function. Hence, the (x(s) belongs to the Selberg class and by a result of Selberg [17]

(K : Q]
27

Ng(T) ~ TlogT

follows, Ng(7T) being the number of critical zeros with imaginary part in (0,7"). It
is the specific structure and arithmetic of cyclotomic fields that we exploit in the
course of proving Theorem 1. However, we also make use of the following result on
the number of primes over progressions in short intervals assuming a slightly weaker

form of the Riemann hypothesis for Dirichlet L-functions by allowing Siegel zeros.

Theorem 2 Assume that all of the nonreal critical zeros of Dirichlet L-functions

have real part 1/2. Let w(z,q,a) be the number of primes p < x satisfying p = a



Chapter 1: INTRODUCTION 5

(mod q), where 1 < a < q and (a,q) = 1. Given any positive number A, there exists
an effective absolute constant ¢ > 0 such that for all sufficiently large x and for all

a,q with 1 < a < ¢ < (logz)? and (a,q) = 1, we have

m(x + ¢ o(q)vrlogx,q,a) — w(z,q,a) > /.

The inequality also holds with an ineffective constant c, in place of ¢ for all x with
q < (logz)?. Finally, assuming the Riemann hypothesis for all Dirichlet L-functions,
there exist effective positive constants ¢ and \ such that the same inequality holds for

all x with ¢ < 2.

As will be straightforward from the proof of Theorem 2, A\ < 1/4.

1.1 PRELIMINARIES

This chapter includes the basic information needed to understand the text as we fre-
quently will refer in the following chapters. We will present some functions and some
of their properties that we are going to deal with. All these are will be given briefly,

without proof, since detailed arguments can be found in [6].

1.1.1 Arithmetic Functions

Definition 1 A real- or complez-valued function defined on the positive integers is

called an arithmetic function.

We introduce some arithmetic functions which play an important role on distri-

bution of primes.

i. If n > 1 the Euler totient ¢(n) is defined to be the number of positive integers

not exceeding n which are relatively prime to n; i.e.,

p(n) = L.

(m,n)=1
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ii. The Von Mangoldt function A(n) is defined as:

A(n) logp if n = p™ for some prime p and some integer m > 1,
n)=
0 otherwise.

1.1.2 Dirichlet Series

Given an arithmetic function f(n), we define the Dirichlet series associated by f as
— f(n)
Fls)=) =
n=1

A Dirichlet series can be regarded as a function of the complex variable s, defined

in the region in which the series converges. We write the variable s as
s=o+it, where o=Rs,t=Ss,

and we will use this notation throughout the text.

An important result about Dirichlet series is the Euler product identity when
applied to the Dirichlet series. In other words, let f be a multiplicative arithmetic
function with Dirichlet series F'(s) = > -, %”) Assume F'(s) converges absolutely

for o > o,, then we have

F(s) = H (1 + /() + ) + .. ) for o > o,.

ps pQS

p

If f is completely multiplicative, then

F(s)=]] (1 + Lf))l for o > o,.

» D

This is well known theorem in Analytic Number Theory.

1.1.3 Riemann zeta function

The most famous Dirichlet series is the one associated with the function f(n) = 1,
so-called the Riemann zeta function ((s),

()= . (0> 1)
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We initially define ((s) for ¢ > 1 but it has an analytic continuation to the half-

plane o > 0:

((s) = 2 = /1 b,

S

In fact, ((s) has an analytic continuation to the whole complex plane and satisfies

the following functional equation

7 D) (s) = 7T (1 - )1 - 9)

Moreover, by the Euler product identity, we have
=1 1\’
:Z_SZHO__S) (0>1).
n=1 n p p
Logarithmic derivative of the last identity gives us:

j ZZlogp i%zn(l—i_%)_l (0 >1).

pnl n=1 p p

1.1.4 Riemann Hypothesis (RH) and zero-free region for ((s)

The Riemann hypothesis is a deep mathematical conjecture which states that the
nontrivial zeros of Riemann zeta function, i.e. the values of s other than —2, —4, —6,
.. such that ((s) = 0, all lie on the critical line o0 = Rs = %
We are far from the proof of Riemann hypothesis, but one can still prove that,

there exists a positive numerical constant ¢ such that {(s) has no zero in the region

C
~log([t] +2)

This is called a zero-free region for ((s).

1.1.5 Durichlet Characters and L-functions

Definition 2 An arithmetic function x(n) is called a Dirichlet character modulo q if
it satisfies

(i) x(n) =0 for (n,q) > 1,
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(i) x(1) # 0,
(i1i) x(n)x(m) = x(nm) for all integers m,n,
(iv) x(n) = x(m) whenever n =m (mod q), i.e. x(n) is q-periodic.

Multiplicativity entails x(1) = 1, and consequently y(n) must be a (¢(q))-th root
of unity for (n,q) = 1. Also, there are ¢(q) characters to the modulus ¢. One of them
takes the value 1 for all integers relatively prime to ¢ and 0 otherwise, this is called
the principal character and denoted by xo(n).

A character x(n) modulo ¢ satisfies the following relations:

1 ifn=1 (mod q),

0 otherwise,

and

1 1 1fX:X17
— Y x(n)=

0 otherwise.

One can easily deduce that, if (n,q) = 1, then for any m we have

1 if m=n (mod q),

0 otherwise.

Dirichlet also defined L-functions denoted by L(s, x) to be the Dirichlet series of

x(n) for o > 1,

:ix(n)'

n=1

By the Euler product identity we have

-1
L(s,x) =[] (1 - M) (0 >1).
pS
p
Logarithmic differentiation gives us

ZZ x(p logp f: A(nif(n) (0> 1).

p n=1 n=1
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A character y(n) modulo g, when restricted to the values of n with (n,¢) = 1, may
have a least period less than ¢, say ¢;. Then we say x(n) is imprimitive , otherwise
if ¢ is the least period itself, we say that x(n) is primitive. We leave the principal
character unclassified. In the case when y(n) is imprimitive, there is a primitive
character yi(n) modulo ¢; with x;(n) = x(n) for (n,q) = 1 and we say that yi(n)
induces x(n). Moreover there is a relation between L(s, x1) and L(s, x) which follows
from the Euler product formula

L(s,x) = L(s,x1) [ | (1 - Xl(p)) (o >1).

pS
plg

Now, let x be any primitive character modulus ¢. Then the functional equation
of the corresponding L function takes different forms according as x(—1) = 1 or

X(=1) = —1. One of this must hold, since x(—1)? = x(1) = 1. Define

0 if x(—1) =1,
a =
1 y(=1)=—1.
Now, if
T—3(sta) 1
£(s,x) = . P[5 (s + a)]L(s,X)

then, the following equation is satisfied:

«

.
[N

q
(x)

where the Gaussian sum 7(x) is defined by

5(1—8,?) = S(S,X),

\“

T(X) = > _ x(m)eg(m).

1.1.6  Generalized Riemann Hypothesis (GRH) and zero-free regions for L-functions

The Generalized Riemann hypothesis conjectures that all nontrivial zeros of any

Drichlet L-function, as well as all nontrivial zeros of Riemann zeta function, lie on

1

the critical line 0 = Rs = 2
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The known zero-free regions for L-functions takes different forms according as y
is complex or real. One can prove that, there exists a positive absolute constant ¢
such that, if y is a complex character to the modulus ¢, any zero § + iy of L(s, x)

satisfies

C
log q + log(|y| +2)°

<1

Moreover, it can be shown that, there exists a positive absolute constant ¢ such
that, if 0 < 0 < ¢ and Y is a real nonprincipal character to the modulus ¢, then any

zero [ + iy of L(s, x) for which

)
7=
0gq
satisfies
)
g<1—

5(log g + log(|7] +2))”
Siegel’s theorem states that, for any € > 0 there exists a positive number C'(€)

such that, if y is a real nonprincipal character, with modulus ¢, then L(s, x) # 0 for
s>1—C(e)g .

To sum up, there is no zero of L(s, x) satisfying

c
logq’

except possibly when Yy is real, when there may be one simple real zero. That possible
zero is called Siegel zero.
1.1.7 Brun-Titchmarsh theorem

For comprime integers ¢ and a, let 7(z;a, q¢) denote the number of primes not exceed-

ing x that are congruent to a mod ¢. It can be shown that

m(r;a,q) = m (1+O <IO;$)>
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holds uniformly for ¢ < log”z, where A is an arbitrary positive constant. It is
desirable to extend the validity range for ¢ of this formula. A simple application of
a sieve method eads to an upper bound which gives the correct order of magnitude

€

of m(x;a,q) for all ¢ < x'7¢, where € is an arbitrary positive constant. Because of
its uniformity in ¢, the following inequality, known as the BrunTitchmarsh theorem,
turns out to be very useful:

2

71—(,17, a, q) S T N1 Tz
¢(q) log(7)
for all ¢ < x. The constant 2 possesses a significant meaning in the context of sieve

methods.

1.1.8 Bombieri- Vinogradov theorem

Under the Generalized Riemann Hypothesis, we get that for (a,q) = 1

P(x;q,a) = @ + O (Vzlogiz), (1.4)

where

Y(xiga)= > An).
n<z
n=a (mod q)

The Bombieri-Vinogradov Theorem is an unconditional result which says that
while for any specific ¢, the error term might be large, on average over a certain
range, the error term resembles that of (0.4). Before we state the theorem, for brevity
we put

B(wiq,0) = ¥(ziq,0) — —
r,q,a) =P\T;,¢,a) — ——~
(q)
for (a,q) =1, we let
E(z;q) = max |E(z;q,a)],
(a,q9)=1

and

E*(z,q) = max E(y, q).

y<z
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Now, Bombieri-Vinogradov Theorem states that, for any fired A > 0, we have

Z E*(z,q) < x%Q(log r)°

<Q

D=

provided that x%(log r)A<Q<x



Chapter 2

PROOF OF THEOREM 1 ASSUMING THEOREM 2

To begin with, the ring of integers in K, = Q((,) is given by the following identity
(see p. 60 of [15])
ZIG) = T+ Ty + -+ T

We will use an effective decomposition law of primes into prime ideals of the Dedekind

domain Z[(,] (see p. 61 of [15]). Before giving this decomposition law, let
q=][»"
p

be the prime factorization of ¢, where the product on the right hand side of the equality
is taken over all primes with the convention that v, = 0 if ¢ is not divisible by p. For

every prime number p, let f, be the smallest positive integer number satisfying

pP =1 (mod ¢/p™). (2.1)

Then the factorization

(p) = PZIC) = (p1...py, )PP (2.2)

holds for the principal ideal generated by p, where py, ..., p,, are distinct prime ideals
of Z[¢,] lying above p with N(p;) = p/ for all j. Since K, is a Galois extension, we

have that for each prime number p the equality

efr =o@”)fry = ¢(q) (2.3)

holds. Now, let us consider a prime number p satisfying p =1 (mod ¢). Since p does
not divide g, then v, = 0 and from (2.1)-(2.3) we obtain that f, = 1 so that there

are exactly ¢(q) distinct prime ideals lying above p each having norm p. As K, is a
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cyclotomic extension, the factorization of the Dedekind zeta function of K, (see p.

468 of [15]) in the form

o) =] (1 - ﬁ) 1460 (2.4)

plg
is valid over the complex plane, where the first product in the right hand side of
equality (2.4) is taken over the prime ideals lying above the prime divisors of ¢ and as
for the second product in (2.4) is taken over all Dirichlet characters modulo ¢. Since
we are assuming the Riemann hypothesis, that is to say all of the nonreal critical zeros
of (x,(s) have real part 1/2, then it follows from (2.4) that all of the nonreal critical
zeros of the function L(s, x) have real part 1/2. Hence, by applying Theorem 2 we
obtain the existence of an effective absolute constant ¢ > 0 satisfying the following

inequality

m(x + ¢ p(q)Vzlogr,q,1) — m(x,q,1) >V (2.5)

for all large enough z values together with the inequality ¢ < (logx)?. As we have
observed above, for each prime number p = 1 (mod ¢) belonging to the interval
(x, 24 c (q)y/xlog x|, there are p(q) distinct prime ideals lying above p with norm p.
As a consequence, the norms of these prime ideals are also belong to the same interval.
Note that for different primes, the set of prime ideals lying above them are disjoint
as their norms are different. Using the inequality in (2.5), this contributes more than
©(q)+/z prime ideals of Z[(,] with norms in the interval (z,z + ¢ ¢(q)v/xlogz] and
the inequality
T, (T + ¢ p(q)Valoga) — g, (2) > (q)Va

follows for all sufficiently large x with ¢ < (log z)” and some absolute constant ¢ > 0.

The remaining claims in Theorem 1 can be shown analogously by using Theorem 2.

This completes the proof of Theorem 1 assuming Theorem 2.
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THEOREM 2

The proof of Theorem 2 is rather long, so it would be convenient to give an outline
of the proof. We will provide the sketch of the proof of Theorem 2, and then show

the proof as a whole part.

3.1 Sketch of the proof

Our tecnique is mainly based on obtaining explicit formulas representing certain ex-
ponential sums over the critical zeros of the Riemann zeta function in the case of
the principal character (see (3.86) below), and over the critical zeros of L-functions
in the case of nonprincipal characters (see (3.129) below). For the principal charac-
ter, our explicit formula differs from Cramér’s explicit formula [5] in the sense that
additional sums are taken over the divisors of the modulus appear and these create
further technical complications. The verification of such formulas proceeds by com-
plex integration. To overcome difficulties arising from accumulated zeros of finite
Euler products, we resort to strong lower bounds for the linear forms in logarithms.
At the same time, one has to keep track of the argument change resulting from log-
arithms of L-functions. Moreover, some detailed analysis based on zero-free regions
is needed to justify the interchange of the summation with the integral in (3.82). For
the fusion of (3.86) and (3.129), the influence of a possible Siegel zero has to be taken
into account and this is the most important part of the proof. Here, finding the exact
value of the argument (see (3.167) below) is indispensable. Using a consequence of the
fusion of explicit formulas (see (3.172) below), we then pass to the arithmetic setting
(see (3.183) below) with the help of asymptotic formulas for the number of critical
zeros with ordinates in (=7,7T") as T tends to infinity, where L(s, x) and L(s,X) are
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grouped for the count of their critical zeros. The proof is then completed by deducing
lower bounds for suitable weighted sums over prime powers in a progression, where
the main contribution comes from the primes, by employing the Brun-Titchmarsh

theorem.

3.2 Proof of Theorem 2

Let xo be the principal character modulo g. Consider the following equality

Ls.x0) =<)L (1- ) (5.)

plg

which holds for all s € C, where ((s) represents the Riemann zeta function. The
first straightforward consequence of (3.1) is the fact that L(s, xo) has a simple pole
at s = 1 with residue ¢(q)/q, and the second obvious result of (3.1) is that all of the
critical zeros of L(s, xo) coincide with the critical zeros of ((s) as the zeros of the
finite product in the right hand side of (3.1) is purely imaginary. For any complex

number of the form z = x + iy with z,y > 0, we define

V(z)=> e (3.2)

>0

where the sum in the right hand side of (3.2) is taken over the critical zeros p = o +i7y
of L(s,xo) (hence of the Riemann zeta function) with positive imaginary part. The
convergence issue in (3.2) can be obtained easily as by using partial integration, so

that

4 *N(T N
<e” Z e W = ez/ e W dN(t) = ee—TEJ)+e$y/ % dt (3.3)
0 0

0<y<T

g ef?

0<y<T

with N(7T') denoting the number of critical zeros of the Riemann zeta function with
imaginary part in (0,77). Since N(t) = O(tlogt) for all ¢ > 2 (see p. 98 of [6]) and
y > 0, then we have

/OT ]Zt(yt) dt = O (/: tloft dt) —0(1). (3.4)

et
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Thus combining (3.3) and (3.4) give that V(z) in (3.2) is a well-defined function. Let
us now work towards relating V'(z) to certain explicit formulas involving primes. For
this purpose, let S be the set of all purely imaginary zeros of L(s, xo) with nonnegative

imaginary part. Indeed, we can rewrite S as

2mik
S:{m :p|q,k€Z,k20}. (3.5)
log p

Clearly, from (3.5) it can be observed that S is a countable set and may be represented
as the sequence {z,}n>1 with 0 = (z1) < S(22) < ... . Let ds = inf |z,11 — 2,|. If
q is a prime power, then S is a discrete set of equally spaced points. On the other
hand, if w(q) > 2, w(q) denoting the number of distinct prime divisors of ¢, then let
us show that S is not discrete. Assume that r and p are two distinct prime numbers
dividing ¢. Then logr/logp is irrational number and by Dirichlet’s theorem, there
are infinitely many [/k € Q satisfying

logr 1 - 1 2k 2ml y 2m
k2 logp logr| klogr’
As k can be arbitrarily large, the inequalities in (3.6) imply that ds = 0 ,and hence

an

3.6
logp k (36)

shows that § is not discrete. Next, for a positive parameter T, let Cr be an almost
rectangular path with positive orientation having vertices at 0,1, 147" and 1", where
in addition there are half circular indentations of radius €, > 0 directed to the right
of the imaginary axis with center at z, for n > 2. Furthermore, C'r has quarter
circle indentations of radius € > 0 both at 0 and 1, where at 0, the direction of the
indentation is to the right of the imaginary axis and at 1, it is to the left of the axis
R(s) = 1. € and ¢, are chosen small enough so that the indentations do not intersect
with each other and all the critical zeros with imaginary part in (0, 7) lie in the region
enclosed by C'r . Here, the choice of T is delicate, especially when & is not discrete,
and we also need to consider further arguments. Indeed, as a first step, one may take

T in such a way that (see p. 108 of [6]) the interval

Co Co
T — T 3.7
( log T’ * logT) (3.7)

does not contain the imaginary parts of critical zeros for some constant ¢y > 0 and

all large T. By using this specific smart choice of T', the following estimates (see p.
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108 and p. 116 of [6])

(o +1iT)
(o +iT)

L'(oc £4T,x)

PR 2 T (AT o)
= O(log?T), L(oc + 1T, y)

= O(log? qT) (3.8)

hold uniformly for —1 < ¢ < 2 and any primitive character x modulo q. We will use
identities provided in (3.8) repeatedly in the sequel. Observe that there is a unique

integer n > 1 such that J(z,) < T < S(2p41). If S is discrete, then the difference

B 2
N log p

S(2ng1) — S(2n)

is fixed, where p is the unique prime divisor of ¢q. Otherwise, without loss of generality

we can assume that

2 2
e and $(zp41) = a

S(zn)

- logv logr’

where v # r are prime divisors of ¢ > 6 and [, k are positive integers. Now, let us find

a positive lower bound for the difference

27

= ——(]1 —kl ) 3.9
logrlogv( 08 v ogT) (3.9)

S(zni1) = ()

For this purpose we shall use an estimate of Waldschmidt that complements the
seminal work of Baker [3], [4] on the transcendentality of linear forms in logarithms

(see [19]). Given an algebraic number a with minimal polynomial

d
ag H(x — ;)

over Z, define the Mahler measure of a by

d
M(a) = ap [ [ max(1, |ay)),
j=1
and the absolute logarithmic height by
1
h(a) = pi log M («).

Then the following Lemma is the precise formulation of the result as we needed.
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Lemma 1 Letm > 1 and let K be a number field of degree d over Q. Let aq, ..., qpn,

be nonzero elements of K and By, B1,...,Bm € K. Consider

k= 0o+ Pilogas + -+ B, log ay,.
Assume that the numbers Vi, ...V, W are subject to the conditions
<V <<V, Vier 21,

Vi > max(h(a;), |loga,|/d) for 1 < j <m,

W > max h(S;).

1<j<m

If kK #0, then
K| > exp (=2¥" 1AV LV (W + log(edViy,) ) log(edVi—1)) -

Noting that [logv — klogr > 0, we can apply Lemma 1 to x = [logv — klogr and
get our desired result. In our case, m = 2 and d = 1. Taking V; = 2logwv, Vo = 2logr
and W = max(logl,log k), we obtain that

llogv — klogr > exp (—273 log vlog r(max(logl,log k) + log(2elogr)) log(2e log v)) .

Hence, as log v, logr < log g, the lower bound for the difference

¢—C1(log q)*(loglog ¢)?

(max(l, k‘))02(10gq)210glogq (310)

[logv — klogr >

follows for some positive constants C7, Cy independent of ¢q. Since we only consider
arbitrarily large values of T', one may also suppose that $(z,+1) < 25(z,). Thus,

T'log q > max(l, k) and (3.10) becomes
llogv — klogr > C(q)T~Cloga)’logloga (3.11)

for some positive constant C(q) depending on ¢ and C. Combining the inequalities

in (3.9) and (3.11), we get that

S2n11) — S(zn) 3, TOlos0™slone, (3.12)
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As a consequence of (3.12), we may vary T by an amount which is a constant multiple
of T—Clloga)*loglogg  \{hep performing this action, it is possible to stay in the interval
given in (3.7) as

TfC(logq)Qloglogq _ 0((10g T)fl).
By doing this we can assure that for any prime number p | ¢, if T'logp = 275 £ 7, is

true with 275 being the closest integer multiple of 27 to T'logp and 0 < 7, < 7, then
Ty, ¢ T~ Cloga)*loglogg (3.13)
As a result of (3.13), we now have that
[P = 1] = |78 — 1| = | sin(7,/2)| >, T~ U0 losloma, (3.14)

Once T is chosen with the above restrictions, €, and €, are taken to be small enough
so that the indentations at 2, and z,,; do not intersect the horizontal line passing
through ¢7T". This completes our digression on the choice of T and the construction of
Cr. As ((s) has no zeros in [0, 1] and on the lines R(s) = 0, R(s) = 1, by the residue
theorem applied to C'r, one obtains
/ eszM ds = 2mi Z e’* (3.15)
cr Lls:xo) 0<y<T
for all z = x + iy with x,y > 0. Next let us show that
/ZT eszM ds — 0 (3.16)
1pir (s xo)

as T tends to infinity subject to the conditions above. First of all, we have that

1
< exny /
0

Using (3.8), (3.14) and the elementary inequality |p

T /
L
esz (87 XO) dS

1+iT L(87 Xo)

logp
do. (3.17
0- + ZT ' Z |po+zT o ( )

ot 1| > [pT — 1| for all prime

numbers p dividing ¢, one obtains

T /
L
esz (87 XO) dS

1+iT L(57 XO)

— Oy (" (10g? T 4 TO(w 0 oxlok) ) (3.18)
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Thus, the convergence in (3.16) follows from (3.18). Let C; be the remaining part
of Cp with the same orientation after deleting the open segment from 1+ ¢7" to 7.

Using the integration by parts, we observe that

L/
/ 57 (S7 XO) ds
C% L<S> XO)
=MD og L(1 +iT, xo) — 7% log L(iT, xo) — z/ e**log L(s, xo) ds.

Cr
(3.19)

Combining (3.15) and (3.19), the identity

. (s Xo)
27i el = / ds — z/ e**log L(s, xo) ds
Z +ZT L (s, X0) cy

0<y<T

+ W2 Jog L(1 4 iT, x0) — €% log L(iT, x0)  (3.20)

follows. Let us remark that in (3.19) and (3.20), log L(s, xo) is the unique branch of
the complex logarithm defined on the simply connected region

1 1 1 1 2mik 2mik

C(moo -1t i LYl L) _ 2mik 2mik

(—o0, 1] {2—1—170,2—1—200) {2 0, 5 zoo) |L]€J¢O( Oo+logp’10gp
pla,

(assuming the Riemann hypothesis with %+i’yo denoting the critical zero of ((s) with

least positive ordinate) and satisfies

 An)xo(n)
log L = —
og (Ja XO) nz::l no log n

as 0 — 00, where A(n) is the von Mangoldt function. Note that this branch is analytic
on CF and differs from the classical branch defined on the region

N 2mik 2mik
C—(—oo,l]—U(—oo—l—w,é—l—w}— U <—oo—|——,—

v plg,k#0 logp- logp

(with % + iy denoting the critical zeros of ((s)) by an amount in the argument which
is easily seen to be O(tlogt) at points of the form o +it with 0 < o < 1/2 and t > .
For other points of the form ¢ + it with o > 0, the two branches coincide. Therefore,

one can still carry out calculations with respect to the classical branch but then add
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the difference in the argument which is O(tlogt) whenever necessary. We have to
show that both of the terms e**1)?log L(1 + 4T, xo) and €7 log L(iT, xo) in (3.20)

tend to zero as T' tends to infinity. To begin with, note that
log L(1 + 4T, xo) = log |L(1 + T, xo)| + i arg L(1 + iT’, xo). (3.21)

Here arg L(o + it, xo) = Slog L(1 + it, xo) is defined by continuous variation from
oo + it to o + it, namely that

o !
arg L(o +it, xo) = / %%(a +it) do.
If o + it is a zero, then we set

arg L(c +it, x0) = = (arg L(o +it*, xo) + arg L(o + it ~, x0))

1
2
in the case of a horizontal branch cut at o + it and
) 1 o _
arg L(o +it, xo) = 5 (arg L(o" +it, xo) + arg L(o™ + it, xo))

in the case of a vertical branch cut at o + it. Let us write from (3.1) that

log |L(1 + T, xo)| = log [((1+iT)| + Y log |1 — ——|. (3.22)
plq b
Using log (2 +iT")| = O(1) and (3.8), we have
| B 1+4T CI ) )
og [C(1+4T)| =1log |[C(2+4T)| + R ds < log”T. (3.23)
2+4iT C S)
Observing that
1 1 1
log l — ——7| < max <log <1+—) , — log (1——)) = —log (1——) ,
p p p p
one obtains
q
log |1 <log — < logloglogq. 3.24
Z pl+iT o(q) (3.24)

plg

Thus from (3.22)—(3.24), the equlity

log |L(1 44T, x0)| = O(log® T + log log log q) (3.25)
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follows. Moreover, we may write

. ' N 14+4T L’(s, XO)
arg L(1 + 14T, xo) = arg L(2 + T, xo) + S —— == ds.
arir L(s, X0)

First of all since arg L(2, xo) = 0,

2+1T L/
arg L(2 + T, xo) = %/ s x)

5
9 L

—~

87X0)

holds. By uniform convergence, one gets

o0

/2+zT L/(s Xo _ —z/ Z Z ,zmogn _
5 L(s, x0) n2+“ 2logn

This implies that

arg L(2 +iT, xo) Z e logn sm(T logn) = O(1).

It remains to consider

144T

T (s ) T 1 (s) !
S —’ds:%/ ds +S lo / ds.
/2+2‘T L(s, x0) 24T C(S) Z &P orir PP —1

pla
Observing that

1+3T -1
3 [0 gy g1 - v 7)< T,

%Zlogp/

ds < w(q)
opir P°— 1

and gathering (3.26)—(3.28), we get that

arg L(1 + 4T, xo) = O(log T + w(q)).
Therefore, from (3.21), (3.25) and (3.29), one has

log L(1 44T, xo) = O(log? T + logloglog ¢ + w(q))
and (3.30) implies that

e % Jog L(1 + 4T, x0)| = €~ "¥|log L(1 + 4T, xo)| — 0

(3.26)

1).

(3.27)

(3.28)

(3.29)

(3.30)
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as T' — oo. Next, consider the equality
log L(iT', xo0) = log |L(iT", xo)| + i arg L(iT", xo). (3.31)

Similarly, we have

log |L(iT, xo)| = log [((iT)| + Y "log |1 — —|. (3.32)
plg b
Using (3.8) and (3.14), one gets that
: - (s 2
log [C(iT)| =log (2 4+ ¢T)| + 9’1‘,/ ds < log“ T, (3.33)
2+ir ()
1
D log|1 - | < log T (3.34)
plg
Hence, by using (3.32)—(3.34), we may write
log | L(iT, x0)| = O,(log® T). (3.35)
Finally observing that
1T C/(S) T 1
arg L(iT, xo) = O(1) + %/ ds + S Z logp/ ds, (3.36)
2ir G(8) o2 ayir P° — 1
and using
Q/iT C(S) ds < logT SZlogp/iT ds < TC(logq)Zloglogq
arir G(8) 7 oriT P° — ! ’

plq
and the argument difference between the branches which is < T'logT, we deduce

from (3.36) that
arg L(iT, xo) = O,(TC s 0" leglogq), (3.37)
Combining (3.31), (3.35) and (3.37), one can easily obtains that
le#log L(iT, xo)| = €”~ Y| log L(iT, x0)| — 0
as T'— oo. Next for n > 2, let

I, :/ e**log L(s, xo) ds, (3.38)
c

€n
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where C¢, is the half circular indentation of radius €, at z,. Let us decompose the
right hand side of (3.38) as the following

J

€n

e**log|L(s, x0)| ds + z/ e** arg L(s, xo) ds. (3.39)
Cep,

First of all note that
| e tolis o)l ds
C

:/ e**log |((s)| ds—i—Z/ e** log
Cen Cen

plg

1
1— —| ds. (3.40
. ] (3.40)

As log |¢(s)] is continuous and uniformly bounded on C,, when ¢, — 0, we see that

lim e** log|((s)| ds = 0. (3.41)
en—0 Ce,
Assuming z,, = ijrgiﬁ for some prime number p | ¢ and k£ > 1, we also have
lim Y~ [ e log|l - oo (3.42)
en—0 | C. rs
r|q n
r#p

Moreover, when ¢, is small enough, one may write the equality

1
1- i (s — zp)F(s).

Here F(s) is a bounded analytic function as €, — 0, satisfying

lim F(s) = logp.

S—>zn

Thus,
log

1
- —‘ — log|s — 2| + log [F(s)] = log |s — 2| + O(1)
ps

holds when s — z,, and the limit

lim e* log
en—0 C.
n

follows. Combining (3.40)—(3.43), one gets

1
1- —‘ ds = lim O(e,|loge,|) =0 (3.43)
p? en—0

lim e*log |L(s, xo)| ds = 0. (3.44)
en—0 c

€n
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For all s =0 + it € C,, we know that

o+it 1 o+it 1
arg L(s, xo0) = O(1) + %/ ¢(s) ds + Z %/ Sogip ds. (3.45)
24t C(S) ola 24+it P 1

Next we have

%/::zt i’((j)) ds = O(log([t| + 4)) = O(log(|z.| + 4)). (3.46)

On the other hand, over the strip region defined by J(s) € (|z,] — 2€n, |2,| + 2€,) and

R(s) > 0, one may write for all small ¢, that

logp 1
ps—l_s—zn

+ G(s),

where G(s) is analytic and bounded as s — z, in this strip. As a result, we obtain

that

o+it 1
%/ 6T 4s=0(1) (3.47)
2

yie 70— 1

for all prime numbers r | ¢ with r # p and

o+it o+it
%/ logp s — %/ ( ! +G(s)) ds = O(1). (3.48)
2 2

vir pP—1 +it S — zp

Combining (3.45)—(3.48) and taking into account the argument difference between the
branches, it yields that

arg L(s, xo) = Og(([2n] + 4) l0g(|2a] + 4))
is uniformly bounded on C, for all small €, and the limit

lim e*arg L(s, xo) ds = 0. (3.49)
en—0 J~

€n

Thus, from (3.38), (3.39), (3.44) and (3.49), the limit

lim I, = 0 (3.50)

en—0

is justified for n > 2. Similarly, we can show that

lim e**log L(s, xo0) ds = 0, (3.51)
e—0 Co

,€
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where Cj  is the quarter circle centered at z; = 0 with radius € > 0, and by considering
the singularities of log(1 —p~*) at s = 0 for all p | ¢. On the other hand, if C . is the

quarter circle centered at 1 with radius € > 0, then by writing

f(s)

L(s, x0) = P

where f(s) is an analytic function bounded in a neighborhood of 1 with

lim f(s) = ¢<q>,

s—1 q

one can easily get the result

lim e**log | L(s, x0)| ds = 0. (3.52)

e—0 Che

Moreover, on C ., we have arg L(s, xo) = O,(1) uniformly for all small ¢ > 0 and this

implies that

lim e**arg L(s, xo) ds = 0. (3.53)

e—0 Che

From (3.52) and (3.53), it follows that

lim e**log L(s, xo) ds = 0. (3.54)

e—0 Che
Now letting 7" — oo in (3.20), we get

27m'26pz:z/

e**log L(s, xo0) ds — z/ e**log L(s, xo0) ds
>0 CBA

CD

— z/ e** log L(s, xo0) ds, (3.55)
DEF
where

A= +ico, B=+ie, C=c¢

D=1—¢ FE=1+1, F=1+41io00.
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Using (3.1) and the functional equation for ((s), one has

L(s, xo0)

— 275 L gin (%) (1 s)L(L - s,x0) [ (1 - pi> <1 - %) o (3.56)

p
plg

Our goal is now to use some symmetry on the path of integration by relating log L(s, xo)
to log L(1—s, xo) through (3.56). Thus, it will be necessary to keep track of the initial
difference between the arguments of the relevant logarithmic terms. Indeed, let us
show that as s traverses from C' to B, then arg L(s,xo) = —7 at s = C, whereas
1 — s traverses from D to 1 —ie = F with arg L(1 — s,x0) = 7 at 1 —s = D. This
results in a 27 initial difference in the arguments and by continuous variation of the
argument, the same holds on the path CBA. To verify our claim, for 0 < s < 1, let
C = C1 U5 be the circle of radius 1 — s centered at 1, positively oriented, where C
is the upper half and Cj is the lower half. As L(s, xo) has no zeros in C' and a simple
pole at s = 1, it follows that

/C1 %(S,XQ) ds + /02 %(S,XQ) ds = —2mi. (3.57)
Using

L L
f(‘%XO) = f(37X0)7

one sees that

L L
— (s, x ds:—/ —(s, x0) ds.
| T as==[ T

Now as arg L(2 — s, xo) = 0, by continuous variation on C; and using (3.57), we have

L/
arg L(s, xo0) = arg L(s, xo) — arg L(2 — s, x0) = %/ f(s, Xo) ds = —m. (3.58)
Ch

Similarly, by continuous variation on Cs, we get

/

—arg L(s, xo) = arg L(2 — s, xo0) — arg L(s, x0) = %/ f(s, Xo) ds = —m, (3.59)
Co
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which implies that arg L(s, xo) = 7. From (3.58) and (3.59), one can conclude that
the argument of log L(s, xo) is sensitive to the direction of the path. It is —7 if we
traverse the path from right to left indenting around 1 in the positive direction and
it is 7 if we traverse from left to right indenting around 1 in the positive direction.
In addition, the arguments of the logarithms of all the other terms appearing on the
right hand side of (3.56) are 0 for 0 < s < 1. Hence, the following equation is justified
via (3.56) by formally taking logarithms of both sides.

z/ e**log L(s, xo0) ds
CBA

:z/ esz(slogZ—l—(s—l)log7r—|—10gsm( 5 >+logF(1—s)+logL(1—s,X0)
CBA

+ ) log <1 . —) Zlog (1 F —) —27i) ds. (3.60)

plg

Letting € — 0 and €, — 0 for all n > 1, (3.50), (3.51) and (3.54) give that the path of
integration in (3.55) and (3.60) can be assumed to be unions of straight lines. Hence,
C BA becomes the straight line from 0 to ioco, DEF becomes the straight line from 1
to 1 4+ 700 and C'D becomes the straight line from 0 to 1. To analyze the right hand

side of (3.60) in detail, let us consider

/ e**log <1 — —) ds. (3.61)
0 p’

Note that for any k£ > 0,
1
gp)'dt+0( ) = 0(1).
log p

1
log (1 — —>
pS
ico 1 iT 1 .
eFlog |1 ——)ds= e*log(1——)ds+0O(e™) (3.62)
0 P’ 0 p’

Using this, (3.61) becomes
(here the parameter 7" has nothing to do with the earlier uses of it in the proof). But

log (1 — i) = i T i i (3.63)

s
P m=1

2mi(k+1)

log p
27ik

log p

27

log p
ds =
0

t1
log (2 sin ——
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for all s =it, t # 2“’“ , where both
1 t1
@Rlog(l__) _ _y wslmtlogp)
ps m>1 m
and
1 i 1
Slog (1 B _) _ Z sin(mt log p)
pS m>1 m

are boundedly convergent except at finitely many points (so almost everywhere on
[0,77). Thus we can interchange the summation and integral in (3.62) and by (3.63),

we obtain that

T
/ 57 lOg <1 _ _) Z / s 2z—mlog p) ds
0 m>1

ezT(zfmlogp)
Z ( z—mlogp) a m(z—mlogp)) '

m>1

As eTz=mloer) — O(e¥T) | letting T — oo termwise in the above equation,

o)

100 1 >
z eFlog|1l——|ds= _— 3.64
/0 ® ( p* ) mzzl m(z — logp™) (364

follows. Similarly, one can show that

z e** log (1 — —) ds = . 3.65
/0 p! mZ::l mp™(z + log p™) (3.65)

Combining (3.55), (3.60), (3.64) and (3.65), the following formula is verified.

1+4i00 100
2miV(z) = —z/ e**log L(s, xo0) ds + z/ e**log L(1 — s, x0) ds
1 0

100 100 1
— z(log 7 + 2mi) / e** ds + zlog 27?/ se* ds — z/ e**log L(s, xo0) ds
0 0 0

+z/ e** log sin <82> d3+z/ e**log'(1 — s) ds
0 0
. (3.66
+ZZ z—logp szp z+logp) (3.66)

plg m= 1
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Next, some terms on the right hand side of (3.66) are to be estimated. To begin with,
note that

z/ e** log sin (ﬂ) ds:logQ—ﬂ—i—ﬁ—i-iz/ e logt dt
0 2 2 2z 0

. > itz em —1 . L’
+ 1z e log " dt:U—i—log2—7rz—|—2—+logz—log7r
0 z

°° 1 1 2t (1
—/ (t ———l—l)e‘m‘dt:U+log2—|—7T—Z<——1)—l—\I/<i>,
0 et—1 ¢t 2 \z g

(3.67)
where U = — fooo e tlogt dt is Euler’s constant and
I'(s) L
U(s) = =-U — dt 3.68
() T(s) +/0 1—et (3.68)

is the digamma function. By Stirling’s asymptotic formula for the gamma function,

we have
le*log T'(1 — s)| = e”* %|log I'(1 — s)| = O(e~**!|s|log|s]) (3.69)

for some positive constant k£ when s is in the second quadrant. Therefore, from residue

theorem, (3.68) and (3.69) give

z/ e**log'(1 —s) ds = z/ e**logT'(1 — s) ds
0 0
= —zez/ e *logl'(s) ds = —ez/ U(s)e ** ds. (3.70)
1 1

From (3.68) and (3.70), the identity

z/ e**logT'(1 — s) ds
0

:g_ez/oo dt /OO (etsz_e(tJrz)s)dS:g_l/oo t . dt
z o l—et ), 2 z)y e—1 t+z

(3.71)

follows. For any character x modulo ¢, consider the Dirichlet series

S~ A () -

— n° logn
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which represents log L(s, x) for R(s) > 1. Assume that s = 1+it with 0 < ¢y <t < M,
where €y and M are fixed but arbitrary. Let us see that (3.72) converges uniformly to
log L(s, x) for all such s. If x is half an odd integer (which we may assume without

loss of generality), then by Perron’s formula, we have

> An)x(n) _ L./:HTﬁlogL(s +w,x) dw+ O (logx> , (3.73)

S .
o, M logn 2w Jo_ip W T

where in (3.73), ¢ = 1/logx and T is a parameter that can be taken to be arbitrarily
large and will be chosen as an increasing function of z later (here the parameter 7" has
nothing to do with the earlier uses of it in the proof). Note that |(s+w)| < T+ M
and R(s + w) =1+ R(w). Let us recall that L(s + w, x) has no zeros when

L R) 2 1 (S G W)+ 0)

for some absolute constant ¢; > 0 with the possible exception of a single simple real

zero satisfying
(&)

Valog® ¢

for some absolute constant co > 0. We may choose 6 > 0 small enough so that

1+ R(w) <1-—

L(s+w, x) has no zeros for R(w) > —§ and |S(s+w)| < T+ M. Indeed, it is enough
to take

A
= log T’ (3.74)
where A > 0 is a constant depending only on ¢ and M. Hence, we see that if x
is a nonprincipal character modulo ¢, then L(s 4 w, x) has no poles or zeros in the
rectangular region with vertices at ¢ — T, ¢ + T, =) + T, —6 —+T. Then by the

residue theorem, one has

1 C-‘r’LT w
— x—logL(s+w,x) dw
w

2mi c—iT
c+iT 0+iT —0—iT
= log L(s, x) +%(/ / / > (3.75)
o+iT c—iT

In the above zero-free region, we know that

|log L(s + w, x)| <4 loglogT
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for all large T'. Thus

—0+iT 5 T
—log L(s + w, x) dw = O x %loglo T/ —)
/JiT w ( Y) M ( 085 | Ui
= Oumy (:13_6 log T log log T) . (3.76)

Moreover, we have

c+iT | w log log T c
/ x—log L(s 4w, x) dw = Oy (ﬁ/ " du)

—oiT W T -5
x¢loglog T loglog T
— Owy (%) — Oy (%) (3.77)
and similarly
—5—iT
v loglog T
/ e log L(s 4+ w, x) dw = Oy, <w) (3.78)
c—iT w T

follows. Assembling (3.73), (3.75)—(3.78), one infers that

3 A(n)x(n)
o, n®logn
1
=log L(s,x) + O ( 08T

T

loglog T’
) + Owrg (27 log Tloglog T) + Oy (%) :

(3.79)

For example, take T = log® z in (3.79), then we deduce that the convergence is uniform
for all s =141t with 0 < ¢y <t < M. If x = xo is the principal character modulo
¢, then a minor modification of the argument is required as L(s+ w, xo) has a simple

pole at w = —it. Precisely, by the residue theorem

1 c+iT xw
— — log L(s + w, xo) dw = log L(s, xo)

21t Jo_ir w
1 c+iT —§+iT —6—iT 1
210 \J —sqar —6—iT c—iT 2mi Jo

where C' in (3.80) is a loop starting and finishing at —§ — it encircling —it in the

positive direction. In particular, C' consists of two oppositely oriented straight lines

joining —¢ — it to —§5 — it and a circle of radius ¢/2 positively oriented with center
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—1t. We also have

/ " log L(s +w, xo) duw
C w

. B 1 |
= O¢q (xlog(1/c)(c+0)) = O 4 (loglogx <logT + logx)) . (3.81)

As aresult of (3.76)—(3.78), and taking T = (log x)'°81°8® in (3.79)—(3.81), the uniform

convergence of

2 A(n)yo(n
3 (n)xo(n)

nslogn

to log L(s, xo) is obtained for all s =1 + it with 0 < ¢y <t < M. Observe that

1+ico 1+iM
— z/ e**log L(s, x0) ds = —z lim e**log L(s, xo0) ds
1 070 Jivieo
1+iM m m 1+iM
= —z lim e Z _Xo(p ) ds = —z lim Z _Xo(p ) esz=mlosp) g
eo—0 [, mp"s €0—0 m 1t
M—soo  LHt€o m,p M—s00 M.p +ieo

(3.82)

where the change of order of sum and integral in (3.82) is possible by the uniform

convergence of the series on the range of integration. From (3.82) we also have that

14700
- z/ e**log L(s, xo0) ds
1

— —2¢% lim Z XO(p ) (eiM(z—mlogp) . eieg(z—mlogp)) ) (383)
@920 L= mp™(z —mlogp)

‘eiM(z—mlogp) . eieo(z—mlogp){ _ O(l)

and the series

Z Xo(P™)
e~ mp™(z —mlogp)

1
P plogp’

on the right hand side of (3.83) to get the result

is convergent by comparison with »

one may let ¢ — 0 and M — oo termwise

—z /HiOO e**log L(s, xo0) ds = ze® Z Xo(p") : (3.84)
1 e~ mp"™(z —logp™)
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Similarly, we have

z e log L(1 — s s = —z 3.85
/0 g L(1 — s,Xo) Zmp ZHng) (3.85)

Feeding (3.71), (3.84) and (3.85) into (3.66), one derives the following explicit formula

over primes:

s Xo(@™) . Xo(p™)
2miV(z) = %; mp™(z — log p™) ; mp™(z + logp™)
2 Z

e m z—logp szp z+logp )

1 100
— z/ e**log L(s, xo) ds + z/ e** 10gsm< p > ds
0 0

1 [~ t dt
+logm + - (U+log27r)—|—2m—;/0 1 (3.86)

The case of the principal character settled, we may now proceed to the case of a
nonprincipal character x modulo ¢ and arrive at an analog of (3.86). Assume that y
is induced by the primitive character x; modulo ¢; (so that ¢; divides ¢). First we
have the identity

L(s,x) = L(s, ) [ ] (1 - Xl(p)) (3.87)

pS
plg

for all complex s. Let us define for any z = x + iy with x,y > 0

V(z,x) = Z ePx®, (3.88)

>0

where the sum in (3.88) is taken over the critical zeros of L(s, x) with positive imagi-
nary part. The convergence in (3.88) can be checked easily as before since the number
of critical zeros of L(s, x) with imaginary part in (0,7") coincide with that of L(s, x1)
by (3.87) and this number is O(T'log ¢T). Let S, be the set of purely imaginary zeros
of L(s,x) with nonnegative imaginary part. Clearly each y;(p) is a ¢gth root of unity
and we write x1(p) = €*™ with r, = a,/q, 0 < a, < ¢. Then S, can be described

precisely as

21
: > . .
Sy = {log (k+m) : pla k_O} (3.89)
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In general S, is not a discrete set but can be represented as a sequence {z,},>1
with 0 < Q(21) < Y(22) < ... . For a positive parameter T, let Cr, be an almost
rectangular path with positive orientation having vertices at 0,1,1 + ¢7,¢7T and half
circular indentations of radius €, > 0 directed to the right of the imaginary axis with
center at z, for n > 2 (forn > 1if 0 < ¥(z1)). In addition, Cr, has a quarter
circle indentation of radius € > 0 at 0, where the direction of the indentation is to
the right of the imaginary axis (the indentation at 0 might be necessary when 0 is a
member of S, or when y is even so that L(0,x) = 0). In the case of a pair of Siegel
zeros in (0, 1), say at § and 1 — §, we make half circular indentations of radius € at
and 1 — 8, where the indentations are above the real axis. Here € and ¢, are chosen
small enough so that the indentations do not interfere with each other and all the
critical zeros with imaginary part in (0,7") lie in the region enclosed by Cr,. The
choice of T' is again delicate and is subject to (3.7) and (3.8). We may assume that
S(zn) <T < S(2n41),

2 2
S(zn) = log”v(k +7) and S(znp) = —— (1 + 1),

where v # u are prime divisors of q. As logv and logu are linearly independent over
Q, it follows that (I + r,)logv — (k + r,)logu > 0. It remains to find a positive
lower bound for this combination in terms of T and ¢. This can be done by applying

Lemma 1. Only the choice of W changes and becomes
W = max(log(ql + ay),log(gk + a,)).

Thus, similarly as in (3.10) and (3.11), one obtains

¢—C1(log q)*(loglog ¢)?

(+ra)logv = (k+r)logu = (max(ql + ay, gk + a,))C>(eg)? loglogg” (3.90)
As 0 < ay,a, < g, it follows from (3.90) that the inequality
S(zps1) — S(2n) >, T Clos0)? logloga (3.91)

holds. Compared to (3.12), only the constant depending on ¢ worsens in (3.91).

Nevertheless, varying T' subject to (3.7), we may guarantee that for any prime p | g,
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it T'log p — 2mr, = 2mj £ 7, holds with 2mj being the closest integer multiple of 27 to

Tlogp — 2mr, and 0 < 7, < 7, then

7, >, T~Cloga)*logloga. (3.92)
Consequently from (3.92),

|piT B Xl(]?)’ _ ‘eiTlogp B 6271'1'7“,,‘ >, T—C(logq)2loglogq' (3.93)

follows for all p | ¢. After choosing T with these conditions, we take €, and €, small
enough so that the indentations at z, and z,,; do not intersect the horizontal line
passing through 7. This completes the construction of Cr, and gives

- L'(s,x) ol
/CT, e’ L(s %) ds = 2mi Z e (3.94)

0<y<T

since L(s, x1) has no zeros on the lines R(s) = 0, R(s) = 1 except possibly at s = 0.
From (3.87), one gets

L'(s,x)  L'(s,x1) xi(p logp
3.95
L(s,x)  L(s,x1) Zp —xi(p (3.95)

Using (3.8), (3.93), (3.95) and [p”™T — x1(p)| > [p™" — x1(p)| for & > 0, we easily see
that

T L/(S X) ‘ )
=2 s = 0, (e7 TV (10g? T 4 708D 08k ) 3.96
| e (e ) (3.96)

Let C7 be the remaining part of C7, with the same orientation after deleting the

open segment from 1+ 47T to iT. Integrating by parts, we see that

)7
/ (X))
C’;f’X L(S7 X)
— e(1+iT)z 10gL(1 + iT, X) _ ez’Tz IOgL(’iT, X) . Z/ e5% log L(S, X) ds.
Cr.,

(3.97)
Thus by (3.94) and (3.97),

T L)
271 e :/ e ——=2 ds — z/ e**log L(s,x) ds
> T (5, %)

0<y<T 14iT

+ e log L(1 44T, x) — ¢ log LT, x) (3.98)
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follows. Here log L(s, x) is the unique branch of the complex logarithm defined on

the simply connected region

I 1 I .
C — (—o00,8] - {5 T o 5 T ZOO) - {5 ~ Moy T ZOO)

Yy (_oo+ 2t (k+rp),12ﬂ(k+rp>},

plakeZ log p ogp

(where 3 is the largest real zero of L(s, x), possibly a Siegel zero and £ +i70,y, 3 — 71,5

are the first critical zeros above and below the real axis, respectively) and satisfies

log L(o, x) = Z —A(n)x(n) —

— n? logn

as 0 — 0o. If o + it is a zero, then the limiting conventions for arg L(o + it, x) in the
case of a vertical or a horizontal branch cut are defined similarly as in arg L(o+it, xo)-
Again the classical branch requires horizontal cuts at each critical zero. But for all
points of the form o + it with 0 <o < 1/2 and t > Y0,x> We have to take into account
a change in the argument between the two branches which is O((t + 4) log q(t + 4)).
That is to say, we can still use the classical branch of log L(s, x) in the rest of our

proof. Let us write
log L(iT, x) = log | L(iT, x)| + i arg L(iT', x). (3.99)

We also have

x1(p) '

L— piT

log | L(iT, x)| = log|L(iT, x1)| + ) _ log (3.100)

plg

Since x; is primitive, by using (3.8) and (3.93), one obtains that

(s, )

log |L(iT, = log |L(2 +iT, + R
g |L(iT, x1)| g |L( )l ayir L(s,x1)

ds < log*qT,  (3.101)

x1(p)

1
L- piT

> “log <, logT. (3.102)

plg

Collecting (3.100)—(3.102), the equality

log | L(iT, x)| = O,(log?T) (3.103)
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follows. Moreover, we have

oI L/(S Xl) oI Xl(p)
arg L(iT, x) = O(l)—l—%/ — 2 ds+ S logp/ —=—— ds (3.104)
orir L(8, X1) %q: orir P° — X1(p)
and using
T (s, x1) o x1(p) 2
& — 5 ds <, log T, & lo / A (s <, TCoga)" loglogq
/JrzT L(s, 1) v 08 Z &P orir P° — X1(D) !

pla
together with the O((T + 4)log q(T + 4)) change in the argument between the two
branches, one infers from (3.104) that

arg L(iT, ) = O, (TC0s* loglogay (3.105)
From (3.99), (3.103) and (3.105), one sees that
€7 1og L(iT, x)| = [ log LT, )| - 0

as T'— oo. Similarly

e+ D% 1og L(1 4 4T, x)| — 0

as T'— oo. Let C* be any of the indentations on the path of integration. Consider
/c e**log L(s, x) ds :/c e**log |L(s, x)| ds —H’/C e**arg L(s,x) ds (3.106)
and
/c e**log |L(s, x)| ds

:/ e**log | L(s, x1 ]ds—l—Z/ e** log
ok

The center of C* is either a z, = lgg;(k‘ + r,) or one of 0,3,1 — 3. Note that

x1(p)
. - ‘ds. (3.107)

log | L(s, x1)| is continuous and uniformly bounded near z, (and also near 0, if L(0, x1) #

0). Otherwise, 0, 3,1 — [ are simple zeros of L(s, x;) and one may write

;

sFi(s)
L(s,x1) = { (s — B) Fa(s)
(s — (1 — ﬁ))FE}(S)a

\
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where Fj(s) are analytic functions with F;(0) # 0, Fy(8) # 0, F5(1 — ) # 0. It
follows that

(

log |s| + O(1) if s is close to 0

log |L(s, x1)| = { log s — 8]+ O(1) if s is close to 3

log|s — (1= 5)|+O(1) if sisclosetol—f.
\
In all cases, we see that

/ e**log |L(s,x1)| ds — 0
X

as radius of C'* tends to 0. Similarly, each of 1 — x;(p)p~* is either continuous and

uniformly bounded near the center of C* or has a simple zero at z, so that

52 ]
Z/CXG og

plg

x1(p)

S

1—

‘ds—>0

as radius of C'* tends to 0. Hence by (3.107),

/ e**log|L(s,x)| ds — 0 (3.108)
X%

as radius of C* tends to 0. If s = o 41t € C*, then

o+it L/ otit 1
arg L(s,x) = O(1) + %/ M ds—{—Z%/ xi1(p)logp ds.
2

orit L(s,x1) o2 e PP —xa(p)

As x; is primitive, we have

o L/(S Xl)
R — 22 ds =0(lo t|+4)) = O, (log(|z] + 4)),
/ L(s, x1) (log q([t] + 4)) = Oy(log(|z] +4))

where z is the center of C* and the radius of C'* is small enough. Expressing

xi(p)logp 1
P — Xl(p> §— Zn

+ F(s)

if necessary, where F'(s) is analytic and bounded near z,, one easily obtains that

arg L(s, x) = Oy((]z] +4)log(|z| +4)) and the limit

/ e**arg L(s,x) ds — 0 (3.109)
X%
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as radius of C* tends to 0. Gathering (3.106), (3.108) and (3.109), one is justified to

assume that the path of integration consists of straight lines. Letting T"— oo,

QWiZe"X’Z = z/

e**log L(s, x) ds — z/ e**log L(s, x) ds
> CBA

CD

—Z/ e**log L(s, x) ds, (3.110)
DE
where

A=+ico, B=+ie, C=c¢
D=1, E=1+icc.

To make use of symmetry for L(s, x), especially for the integral over C' BA appearing
on the right hand side of (3.110), let us note that by the functional equation for

L(s, x1),
1 g
L(s,x) = e(x1)2°7° ¢}

X sin @F(l —s)L1-s %) ][ (1 — Xl—(m) (1 - X_ll—@) B (3.111)

p? b
plg

holds for all s, where |e(x1)| =1 and a =0 or a = 1 in (3.111) according to x; is even
or odd, respectively. As we will take the logarithm of both sides of the expression
in (3.111), the initial difference between the arguments has to be taken into account.

For 0 < s < 1, we know that
arg L(s,x1) = O(logq), argL(1 —s,x1) = O(logq). (3.112)
If x1(p) =1, then

arg (1 - Xl(p)) =0 (3.113)

pS

for 0 < s < 1 and if x;(p) # 1, then

arg (1 - Xl(p)) = 0(1) (3.114)

pS
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for 0 < s < 1. As a result of (3.113) and (3.114),
arg [ | oy o xaw) _IZO(w(q)):O logq (3.115)
P p* log log ¢ '

follows for 0 < s < 1. Since arge(y1) = O(1) and the arguments of all the other terms
on the right hand side of (3.111) are 0 for 0 < s < 1, we see from (3.111), (3.112) and
(3.115) that

z/ e**log L(s, x) ds = z/ e” (loge(x1) + slog(2m/q1)
CBA CBA

+ log(y/q1/m) + log sin MTG)?T +logI'(1 — s) + log L(1 — s,X)
+ Zlog <1 — X;&P)) — Zlog (1 — zll(_]?) +iA(q,x)) ds, (3.116)

plg plg

where A(q, x) = O(log q) is the initial difference in the arguments of the logarithms
of both sides of (3.111) when s = €. Letting ¢ — 0 in (3.110) and (3.116), one has

2 (log e(xa) + log(v/@r/) +iA(g, X)) / e ds
—  (loge(x1) + log(y/a/m) +iA(g, X)) (3.117)

and

zlog(27r/q1)/ se” ds = —log(2m/q). (3.118)
0 z
Moreover, when a = 1

100 1 14100
/ e** log sin @ ds = e_z/ e** log sin <S§> ds. (3.119)
0 1

For any positive parameter M, one obtains that

14+iM 14+iM
/ e** log sin (S—W> ds:/ e’* log sin (S—W> ds
1 2 iM 2
iM 1
—I—/ e** log sin (S—W> ds—/ e** log sin (8—7r> ds. (3.120)
0 2 0 2

But when s = o + M with 0 < ¢ < 1, the estimate

5(=M+io) _ 5 (M—io)
‘logsin (%)‘ = (log <e 9 g )‘ = O(M) (3.121)
2
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holds for all large M. Letting M — oo in (3.120) and using (3.121), we see from
(3.119) that

/ e logsinu ds:/ e*~Y? Jog sin (S—W> ds
; 2 ) 2
1
—/ e~ H? Jog sin (%) ds. (3.122)
0

Next consider

100 T
/ e**log (1 — %@) ds = / e**log (1 — %@) ds +O(e”¥T). (3.123)
0 0

Using
log (

for all s = it with ¢ # 127” (k +rp) and the facts that

cosm(tlogp — 2mr
§Rlog<1_><;(sp)):_z: (tlogp p),

m
m>1

x1(p
) - >

m>1

i 1 —2
Slog <1 B Xl(p)) _ Z sinm(tlogp — 27r,)

ps m>1 m
are both boundedly convergent almost everywhere on [0, 7], one justifies that inter-

change is permissible and

iT
/ e5% IOg (1 - Xl(p)) ds
0 p?
eiT(z—logpm)

~xale™)
B Z( Z—logp ) m(z—logp™) ) (3124

m>1

holds. Letting 7" — oo in (3.124), one obtains from (3.123) that

e X1(p) —  xi(")
e* log (1 — ) ds = —_— 3.125
/0 p* mzl m(z —log p™) (3.128)
Similarly,
/ e**log <1 — X11(p)) ds = a(r”) (3.126)
0 p mp™(z + log p™)

m=1
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follows. Finally, as interchange was shown to be valid above for all characters, one

easily derives that

—z e log L(s, x) = z¢€* 3.127
/1 o~ mp™(z —logp™) (
and
z e*log L(1 —s,%X) = —2 . 3.128
/0 ( ) ; mp™(z + log p™) (3:128)

Therefore, assembling (3.116), (3.117), (3.118), (3.125)—(3.128), the following formula

which is analogous to (3.86) is verified.

2miV (z, x) = ze Z xX(@”) ZZ P mY(pm>

™ (z — log p™ ) p (Z+10gpm)
plg m= 1 plg m=1
1 100
—z/ e**log L(s, x) ds+z/ e** log sin (s+a)7r ds
0 0

et—1 t+z
(3.129)

1 2 1 [> t dt
- (U + log —W) - <log e(x1) + log Vi +iA(q, X)) - —/ :
T q T z Jo

For the fusion of (3.86) and (3.129), some preliminary estimations are necessary. First

note that
1 - xa(p™) _ - 1
- S LV P . (3.130)
e %mzzlm(z—logpm) pz|qu=1 my/(x — log p™)? + 12

To estimate the right hand side of (3.130) further, let m, be the closest integer to

x/logp for each p | ¢. Then the contribution of m, for p | g is

gq

(3.131)

e’ Z !

7 mp\/(x —logp™)? +

plg
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Moreover, we have

,;BZZ _1

log p™)? + y?

plg m<1ogp
m#£my
e_rZIng Z 1 :—Zlogp Z ! + !
< mlogp(xz — log p™) < \mlogp x—mlogp
plg m<isep plq M<{5ep
m#mp m#my
1 1
« & OBIOBT (3 39
x
Similarly,
1
ey ) < e "logq (3.133)
_ m)2 2
plg m>_1-:logp m\/(x tog ) Y
2
m#my

follows as |z —mlog p| > ﬁ in the range of summation over m. Fianally, we consider

SOVIEDY 1

my/(z —log p™)? + y?

plq $<m<f%flogp
m#Emy
1 1 e "logqlogx
Z ( _ ><< g qlog '
. . mlogp —x mlogp x
plg 1ng<m<%
m#Emyp

(3.134)

As y will be taken as a very small function of x later, it is safe to infer from (3.130)—

(3.134) that

1 > m ]
~2.0. ulr <« =51 (3.135)
e? m(z — log p™) Ty
plg m=1
Clearly,
1 xX(p™) -
il z 3.136
e* (z + log p™) < ( )
and
! 3.137
%mzlmp z+logp ) e logg ( )
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hold with absolute implied constants. Using the well known estimate for the digamma
function in the form

U(z) < log|z|

when z is in the first quadrant and |z| tends to infinity, one gets from (3.67) that

1 100
—/ e log sin <S ) ds
e* Jo 2

1
/ e D* Jog sin (S—W> ds
0 2
(3.122) gives that

I 1
— / e log sin M ds
0 2

ez

< e "loglz| < e *logu. (3.138)

Since

1
<</ |log s| ds < 1,
0

<e™. (3.139)

It is also clear that

1 2 1 v/
‘ 5 (U+1og —7T> — i (1og€(X1) +logﬁ —I—iA(q,X))
22e 7 ze T

1 [ ¢ dt
- e, o 3.140
oy / 1135 ¢ Tloge ( )

Corresponding terms on the right hand side of (3.86) can be estimated analogously.

Combining (3.86), (3.129) and (3.135)—(3.140), one gets

x(p™)
2 mp™(z — log p™)

m?p

2mi S
= E e + — | e*log L(s,x) ds+ R(z,q,x) (3.141)
ze? e Jo

v>0

for any character y modulo ¢, where
-
R(z,q,x) = O (ﬂ) . (3.142)
Y
Using the orthogonality of characters, (3.141) and (3.142) give that
Z ¢(q)
mp™(z —logp™)

m,p
pm=a (mod q)

2
= mZX )Y e+ — SZZX )log L(s, x) ds + R(z,q), (3.143)

ze?
>0
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with

R(z,q) =0 <%) . (3.144)

Comparing imaginary parts of both sides of (3.143), the formula

Y e(q)y
4~ mp"[(z —logp™)* + y]
p™m=a (mod q)

2m 1 [
=R a Px? L sz a) loo L d SR
x@ Y K Do A(@logLisx) s+ R0

et >0
(3.145)
holds with
h 4
SR(z,q) = O <%> (3.146)

by (3.144). Let us consider the function
F(s,a) = [ L(s: <@,
X
In particular, F'(s,a) can be recovered by the unique branch of its logarithm which is
given as

log F(s,a) = > x(@)log L(s,x) = ¢(a) Y Aln) (3.147)

nslogn
X n>2

n=a (mod q)

for R(s) > 1. Thus F(s,a) is analytic in a maximal simply connected open subset of

C and it follows from (3.147) that
F’ F7
= (8,0) = —(s,0) (3.148)

for all possible s. Our goal is then to get a useful estimate for the quantity
1t
%—/ e”(log |F(s,a)| +iarg F(s,a)) ds.
e Jo
To begin with, we have that

log|F(s,a)| = Y (R(x(@))log|L(s, x)| — S(x(@)) arg L(s, x)) . (3.149)

X
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Using (3.149), one sees that
1 1
se—/ e**log |F(s,a)| ds = Zm(x(a))%/ e D log |L(s, x)| ds

0 " 0

1

— Z%(X(a))%/ eV arg L(s, x) ds. (3.150)
0
X

Recalling that z = z 4+ 1y with x,y > 0, one obtains

cosy

1
< / e*sin(sy) log |L(s, x)| ds
0

siny

e:r

1
‘%/ eV log|L(s, x)| ds
0

1
/ e*® cos(sy) log |L(s, x)| ds|. (3.151)
0

e$

Let us temporarily assume that y is primitive. For all §; > 0 small enough, there are
no critical zeros of L(s, x) with ordinate §; and the set of (finitely many) critical zeros
with ordinates in (0; — 1,d; + 1) is the same as the set of critical zeros with ordinates
n (—1,1). Suppose now that 0 < s < 1. As x is primitive, using a well known result
(see p. 102 of [6]), we may write

Lis + i x) = Z - + O(log q), (3.152)

L(s+ 161, x) . s+idy —p

where the finite sum in (3.152) is taken over the critical zeros with ordinates in (—1,1).

Consequently, we see from (3.152) that

. . s L/(t + i617 X)
log |L o = log |L(1 +id R | ———
o8 (s + i )| = log | (1 + 8, )| + R [ FEmX

= log|L(1 4+ id1, x)| + Zlog|s +1i0y — p| — Zlog|1 + 161 — p| + O(log q).

P o

(3.153)

Letting 6; — 0 in (3.153), one obtains

log |L(s, x)| =log |L(L, x)| + Y log|s — p| = Y "log|1 — p| + O(log q)

P P

(3.154)
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for all 0 < s < 1 not coinciding with a real zero of L(s, x). Armed with (3.154), let

us revisit the terms on the right hand side of (3.151). Precisely, one has

1
cosy/ e** sin(sy) log|L(s, x)| ds
er 0
1
cos y o
= / e** sin(sy) Z(log\s —p| —log |1 —p|) ds
0
p
1
o / e sin(sy)(log | L(1, x)| + O(log q)) ds. (3.155)
0

To control the right hand side of (3.155), note that if p = (3 is a Siegel zero, then
&
1-8> ———
Valog?q
for some constant ¢; > 0 and for other zeros p = o + it with ¢t € (—1, 1), we have
&)
log q

for some constant ¢o > 0. In any case we see that log |1 — p| < logq for all critical

l1—0>

zeros with ordinates in (—1,1). As the number of zeros with ¢t € (—1,1) is < logg,

one easily obtains

1 1 2
coiy Zlogll — p]/o e* sin(sy) ds < Y Of 1 (3.156)
p

€

We know that
1
— < |L(1, < loggq. 3.157
7 |L(1, x)| g ( )

Using (3.157),

cosy

1
|
/ e* sin(sy) log | L(1, x)| ds < Y qu (3.158)
0

eﬂ?
follows. Clearly, we have

cosy

1
1

/ e*sin(sy)logq ds < Y084, (3.159)

er Jo T

Finally let us observe that

cosy ! Yy !
ST 3 l _ d e ST 1 _ d
" ;/0 e’ sin(sy) log|s — p| ds < e Ep /0 e*|log |s — o|| ds

1
<<yZ/ llog |s — o] ds < ylogg. (3.160)
0
P




50 Chapter 3: Theorem 2

Gathering (3.155)—(3.160), one gets

1 1 2
CZiy/ e** sin(sy) log|L(s, x)| ds < ylogq + Y Oxg 7 (3.161)
0
We can show similarly that
siny (! ylog? q
/ e** cos(sy) log|L(s, x)| ds < ylogq + . (3.162)
er Jo
Thus (3.151), (3.161) and (3.162) give that
' (s—1)z leng
[ e log |L(s, x)| ds| < ylogq + . (3.163)
0 x
Moreover writing
: (s—1)z ol ' ST L3
[ e arg L(s, x) ds| < e* sin(sy) arg L(s, x) ds
0 e* Jo
- 1
smy/ e*® cos(sy) arg L(s, x) ds| (3.164)
e* Jo

and using the fact that arg L(s,y) < logg when x is primitive, we deduce from
(3.164) that

<

1
1
‘%/ e V% arg L(s, x) ds yoed
0 T

(3.165)

On the other hand, if x is not a primitive character modulo ¢, then using (3.87),
(3.113) and (3.114), we can easily see that (3.165) holds for all nonprincipal characters
modulo ¢. Note that for any p | g,

log(1 — p—*
hmog( p~°)

=1
5—0 log s

Then we see that

cos Y

1 1 1
/ e** sin(sy) log |1 — Xl—(m‘ ds < y/ log <1 - —) ds <y
0 p° 0 I

6.73

and
sin y

L xal@)

S

1
/ e*® cos(sy) log
0

where y; is the primitive character inducing x. Therefore, (3.163) holds for all non-

‘ ds < v,
el’

principal characters modulo ¢ as well. In case when x = Yo is the principal character
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modulo ¢, one can similarly show that (3.163) and (3.165) continue to hold (which
is even easier as no Siegel zeros enter into the argument) by considering logarithmic
singularities of L(s, xo) at s = 0 and s = 1 arising from the finite product over p | g
and from the Riemann zeta function, respectively. Combining (3.150), (3.163) and
(3.165), one infers that

1 ! lo 2
%;/ e log |F(s,a)| ds < ¢(q) <ylogq+ Y Ig q) : (3.166)
0

If p > 1/2 is a Siegel zero, then it is easy to see by a calculation as in (3.58) and
(3.59) that

(

- iff<s<1

argF(s,a)=¢0 ifl-B<s<}p (3.167)

s if0<s<1-—05.

\

Consequently from (3.167), we see that

-l 1
%i/ e*“arg F(s,a) ds = 8%—/ e**arg F'(s,a) ds
e* Jo e* Jo
/2 ~(1-f)e
=R (—1—e e e (1705 = R (E>+o<e >+0(6 )
z

z X

By Siegel’s estimate (see p. 127 of [6]), we know for § > 0 that

c(0
q(9> <1_B7

where C'(f) > 0 is an ineffective constant. In this way (3.168) becomes

C(0)x
- (9) —z/2

_/e arg F'(s,a) ds = xz—fy +o| < xq +O(e$

) (3.169)

for all > 0. Furthermore, if we assume that critical zeros of all Dirichlet L-functions

have real part 1/2, then

; 1 —x/2
%i/ e**arg F'(s,a) ds = ™ 40 (6 ) (3.170)
e* Jo

x? + 92 x
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follows. Combining (3.145), (3.166), (3.169) and (3.170), one justifies the formula

3 _ v(q)y 2 Z @Y e

o= mp™[(z —logp™)* + 7] =
pm=a (mod q)

C(0)x
e ¢ e~ o/? log?
+ 27T ——— +0 —f—O( )+O(g0(q)(ylogq+y gq))
T +y T T x

+0 (%) . (3.171)

But writing p, = 1/2 + i, with 7, > 0 and noting that

2
T T Yy
AT _ ¥ ( 4y
24y d (x?’)
the following relation is immediate from (3.171).
Yy 7r
Z m m )2 B

4~ mp™[(r —logp™)? +y*  p(q)w
pm=a (mod q)

_CO)z

< L Lo () vo (S ) o ()

X x>0
ylog®q e *logq
+ O | ylogqg + +0(———). (3.172)
x Ty

The O-term involving 6 in (3.172) has to be discarded if no Siegel zeros exist. To
make (3.172) manageable, it suffices to study the behavior of

Z Z e~ Y

X x>0

in terms of . Then a judicious choice of y as a small function of ¢ and x will prepare
us for the minimization of the right hand side of (3.172). Let N(T, x) be the number
of nonreal critical zeros of L(s, x) with ordinates in (=7, 7). It is known that (see p.

101 of [6])

LlogT + O(T'logq) if T >2
N(T,x) =

O(log q) ifo<7T <2
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In particular when y is a real character, then the number of critical zeros with ordi-
nates in (0,7) is 3N (T, x). If x is not a real character, then using the correspondence
between the critical zeros of L(s,x) and L(s,X), we see that the total number of
critical zeros of L(s, x) and L(s,Y) with ordinates in (0,7") is N(T,x). Therefore, if

X is real, then we have

> =g [ e

0<y <T

1 T
= ée_TyN(T, X) + %/ e WN(t,x) dt. (3.173)
0

As e TYN(T, x) — 0 when T' — 00, one sees from (3.173) that

2 o)
0 2

x>0

To proceed, we need to study the right hand side of (3.174). First we have

y

2
5 / e WN(t,x) dt < logq(l —e %) < ylogg. (3.175)
0

Second we observe that

g/ e UN(t, x) dt = i/ te %logt dt + O ylogq/ te ™ dt ). (3.176)

One easily calculates that

v te %logt dt
2w Jq
lo 1 00 00
& <y> 1 —t —t
= te”"logt dt + te"dt ] . (3.177)
2my log (i) 2y 2y
Obviously,

1 oo o0
—/ te 'logt dt — 0 and / te "t dt — 1
log (i) 2y 2y

as y — 0. It follows from (3.174)—(3.177) that

S e = (14 0(1))10g (i> +0 <1qu> (3.178)

x>0 2my Y
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as y — 0. Similarly,

Yoo Y e = (14 0(1))% +0 (bﬂ) (3.179)

T
>0 75>0 Yy (Y

is obtained for each pair of complex characters x # X. Collecting (3.178) and (3.179),

one gets
53 e (1 oy £ g (1) 0 (£0280) %0

as y — 0. For the judicious choice of y that was alluded to above, we take y =

Z|

¢(q)ze~2. In the presence of Siegel zeros, let us assume that ¢ < z4 for any given

number A > 0. Then using a small enough 6 > 0 (in terms of A), one can satisfy

_ C(0)x
[

0 ip(qq)x _ (Soé)x) as T — oo. (3.181)

Moreover, we have

O(w(i?%) <901/2)
ylog™q

(9)
log”
O (ylogq+

) O(%) o(@) as = — oo (3.182)

whenever

Since log)(gl;ly) — 0 as * — oo when ¢ < 2, one obtains from (3.172), (3.180)—(3.182)

that

= mpm[(x—logpm)? +y? g '
p™=a (mod q)

where O(z) is a function satisfying |©(x)| < 1 for all sufficiently large values of . On

the other hand, if no Siegel zeros exist, then (3.183) still holds when ¢ < e** for some

sufficiently small number A > 0 (so that lo;o(gl}ly) is small enough for all sufficiently
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large values of ). Let us remark that A is an effective constant. It is now immediate
from (3.183) that
2
3 Y > (3.184)

£~ mpm[(zr —logp™)? +y* = p(g)r

p™=a (mod q)

for all sufficiently large values of x. Let us estimate the contribution of terms with

|z —log p™| > 1 on the left hand side of (3.184). Precisely, consider

Y 1
< . (3.185
Z mp™[(z — logp™)2 + y2] =7 Z mp™|z — log p™| ( )

m,p m,p
p™=a (mod q) p™=a (mod q)
|z—log p™[>1 |z—log p™[>1

Clearly, we have

1

=0(1). 3.186
2 et O (3150
méZ

p™=a (mod q)

|z—logp™[>1

Hence it suffices to look at

> T (3.187)

plz — log p|

lz—log p|>1
as a function of all large x. When |z — logp| > 1, it is easy to see that

1 T

< .
|z —logp| ~ logp

Consequently, (3.187) is < = and one obtains from (3.185), (3.186) that

Y
<L yz. (3.188)
;,; mp™[(x — log p™)? + y?|
pm=a (mod q)
|lz—log p™|>1

Since ¢ < e for some sufficiently small number A > 0, one gets yz = o(1/p(q)x)
and (3.184), (3.188) give that

Y 1.9
> 3.189
; mp™[(z —logp™)? +y*] = ¢(q)z (3159)
p™=a (mod q)
|z—log p™|<1
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for all sufficiently large x. To analyze the left hand side of (3.189) further, we de-
compose the interval (z — 1,z + 1) to tiny subintervals of length y starting from the
point z (the rightmost and the leftmost subintervals being possibly of length < y).
We then look at the contribution of each such subinterval. For a nonnegative integer

v with vy < 1, let us first study sums of the type

1
p=a (mod q) p=a (mod q)

m7p
p"=a (mOd q) vy < p< (v 1)y z—(V+1)Y << VY
vy<|z—log p™|<(v+1)y ¢ =p=¢ ‘ =p=¢

+Z% 3 14 S 1], (3.190)

m>2 p™=a (mod q) p™=a (mod q)
z+vy z+(v+1)y z—(v+1)y T—vy
et <p<eTm e <p<e

where the sum taken over m in (3.190) is actually finite with m < z. Estimating

trivially,

> % > 1+ > 1| <e? (3.191)

m>2 p™=a (mod q) p"=a (mod q)
vy z+(v+1)y z—(v+1)y T—ry
e <p<e m e <p<e m

holds. Moreover, by the Brun-Titchmarsh theorem, one has the inequality

T+ry y_l z
3 I T Gt ) B (3.192)

zHvy(ev—1
p=a (mod q) Sp(q) IOg <%>

€m+uy <p<e.7:+(l/+l)y

for all sufficiently large z. Similarly,

> l<e? (3.193)

p=a (mod q)
ezf(u+l)y§p§€zfuy

follows for all sufficiently large x. Gathering (3.190)—(3.193), one infers that

1 .
> — < e? (3.194)
m

m7p
pm=a (mod q)
vy<loz—logp™|<(v+1)y
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with an absolute and computable implied constant. Using (3.194), it is easy to see

that

) 1 1 1
Z mpm{(x _ logpm)z + yg] < go(q)x (ﬁ + m =+ .. ) R (3195)

m,p
m—

p™m=a (mod q)
vy<|z—logp™|<1

where the implied constant is absolute. Therefore, fixing a large enough value of v in

(3.195), we obtain from (3.189) that

Yy 1.8
> (3.196)
;,; mp™[(z —logp™)? +y*] = ¢(q)z
pm=a (mod q)
|z—log p™|<vy

for all sufficiently large z. As a result of (3.196),

1 vy 3
Y —>18 (ye—) > 1.7¢% (3.197)
m

o lg)r
p™=a (mod q)
|z—log p™|<vy
follows for all sufficiently large x. Let us define the function

f(z,q,a):= Z %

m7p
M=q (mod
P ( q
p"<z

Then the inequality in (3.197) can be reformulated as
F(e,q,a) — f(e, q,0) > 1.Te5 (3.198)

for all sufficiently large =. Let us rewrite (3.198) in terms of a more customary way of
representing short intervals. To this end, it is enough to replace = by log x in (3.198).
Note that the conditions on ¢ should be scaled in the same way. Namely, if there are
Siegel zeros, then ¢ < (logz)? for any given A > 0 and otherwise ¢ < z* for some

small enough A > 0. In this way the interval (e*~*¥, e**"¥] is mapped to the interval

_vy(g)logz ve(q) logﬂc]

(xe VT xe Ve (3.199)

Next, we show that the interval in (3.199) is a subset of the interval

(v — 2vp(q)Vrlog z, v + 2vp(q) v/ log x]
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for all sufficiently large x. For the right end points of the intervals, this amounts to

checking the inequality

ew(fa%ogz 14 QVSO(?}lOgQZ
T
(q)logz

which is obviously true since WT — 0 as ¢ — oo. The verification for the left

end points of the intervals can be done analogously. Therefore, (3.198) becomes

f(x+2vp(q)V/xlogx,q,a) — f(x — 2vp(q)vV/xlogz,q,a) > 1.7\/x (3.200)

for all sufficiently large z. Using (3.200), we can find an absolute constant ¢ > 0 (in

terms of v) such that

fx+c p(g)vzlogz,q,a) — f(r,q,a) > 1.7/x.

Finally observing
NZ7

logx’

f(x7Q7 CL) - W(x,q,a) <

one easily obtains

m(x +c p(q)vzlogx,q,a) — n(x,q,a) > V& (3.201)

for all sufficiently large x. It is possible to arrange an effective constant ¢ that works
for all z and ¢ subject to ¢ < x* but in the presence of Siegel zeros and ¢ < (log )%,
the choice of ¢4 in place of ¢ is ineffective since we can not know precisely how large

x should be to have (3.201). This completes the proof of Theorem 2.
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CONCLUSION

The consequence of Theorem 2 is partially effected by the presence of exceptional
real zeros of Dirichlet L-functions and note that this conclusion is flexible in the
modulus aspect. Another instance of this influence is clearly observed in the classical

asymptotic formula (see p. 123 of [6])

T

e g,a) = ole) )

which holds in the range ¢ < V8% where y; is the exceptional real character modulo

q, and 3 is the Siegel zero of the corresponding Dirichlet L-function

- n
L) = Yo 1)
n
n=1
for R(s) > 1 and ¢; > 0 depends only on the arbitrary constant ¢ > 0. As a final
remark on Theorem 2, note that the inequality ¢ < ¢ ¢(q)+/xlogx holds for all ¢ < z,
with x > 2 and for a suitable constant ¢ > 0. Then, the Brun-Titchmarsh theorem

implies that

7(z +c plq)vzlogz,q,a) — n(x,q,a) = O v loge = O0(Vx).
log <c w(q):z/ilogaf>

Therefore, the lower bound given in Theorem 2 is the best possible apart from con-

stants. Under this observation, it is natural to expect more uniformity over ¢ in
Theorem 2 (and in Theorem 1) such as ¢ < z. Although we are far from confirming
uniformity for all ¢ < z, there are some heuristics that are worth mentioning in an
almost all ¢ sense. A number # > 0 is called admissible if there exists a positive
constant C'(f) such that

C(0)x

©(q)logx (4.1)

m(z,q,a) >
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holds for almost all ¢ < 2/ = @Q, allowing ﬁ exceptions for some K > 0. The

inequality given in (4.1) can be considered as a lower bound version of the Brun-
Titchmarsh theorem adapted to the case of almost all moduli. Bombieri-Vinogradov

theorem shows that any 6 < 1/2 is admissible. Rousselet [16] was the the first

to improve this result and go beyond 1/2 and obtained that any 6 < % + 10%00 is

admissible. Suppose that

L <g<a’ (4.2)
log log x

for some 1/2 < # < 1. By the Brun-Titchmarsh theorem, we easily get from the
inequality (4.2) that the following holds,

5 vz (log log ) = o(x/2). (4.3)

¢(q)log (§> S g

Heuristically, as z = o(p(q)y/x log ), expression in (4.1) suggests that

m(z,q,a) <

CO)w +cployalogn) _, o (4.4)

m(z +c p(q)v/rlogz, q,a) > ©(q)log(x + ¢ w(q)y/zlog )

for many values of ¢ provided that c is large enough. Thus, we would derive from

(4.3) and (4.4) that

7T($ +c @(q)ﬁlogw,q,a) - W(xv%a) > \/E

still holds for many values of ¢ subject to (4.2) (actually we require also the condition
q < (p(q)y/zlogx)?). This puts an end to our digression on the uniformity of ¢ in
an almost all sense. For detailed research on other types of denser sequences such as
the B-free numbers and application to the size of gaps between consecutive nonzero
Fourier coefficients of modular forms via sieve methods, see [1], [2], [14]. Recently,
Greni, Monteni, and Perelli [11] have also studied similar topics and provided some

relative theorems concerning the primes and prime ideals in short intervals.
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