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INTERACTION BETWEEN MAGNETIZED STARS AND DISKS

SUMMARY

X-ray binary systems consist of a compact object, such as a neutron star, white dwarf
or black hole, and a normal star that transfers mass to this compact object. X-ray
binary systems are split into two groups depending on the mass of the donor star. If
the mass of the donor star is M; < 1M, these kinds of systems are called LMXB
and if the donor star mass is M; > 10M., these systems are known as HMXB. The
other component of the X-ray binary systems are compact stars: white dwarfs, neutron
stars or black holes. The observed X-ray power of these systems originate from the
gravitational potential energy released by the accretion of matter onto the compact star
and depends on the compactness, M, /R.

In LMXB, matter from the outer envelope of the donor star may may be transferred to
the compact star by Roche lobe overflow. In HMXB, matter from the outer envelope of
the donor star may be transferred to compact star by stellar wind. In both cases because
the matter transferred from the donor star has angular momentum, the matter can not
accrete on to the compact object directly; instead an accretion disk forms. The physical
parameters that define the interaction between a neutron star and a surrounding disk
are the magnetic field and angular velocity of the of the compact star, and the mass
flow rate in the disk. The interactions occur in three different stages:

i-) Mass accretion stage: If the inner radius of the disk, Ry, is smaller than the
corotation radius, R, the matter follows the magnetic field lines and flow to the
polar caps of the neutron stars.

ii-) Propeller stage: In this stage, Ry > R.o, the matter at the inner region of the
disk meets with more rapidly rotating field lines attached to the star. A decline

may occur in the observed X-ray flux because the mass accretion is centrifugally
inhibited.

iii-) Radio pulsar stage: If the inner radius of the disk is larger than the light cylinder
radius, Ry, an interaction can not occur between the neutron star and the disk.
In this stage, the cause of the observed X-ray flux is the slowing down of the
rotation of the neutron star.

The QPO are thought to be generated in regions close to the neutron star and the
inner part of the disk. Therefore, special types of QPOs provide direct evidence
for disk-magnetosphere interaction. In this study, models were created by using
both observational physical parameters (period, period derivative, luminosity, etc) and
QPOs.

The observation that the X-ray luminosity does not change significantly during
transitions to the spin-down stage led to MTD of Ghosh & Lamb in 1979. In
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this model, magnetic field can thread the disk by instabilities between disk and
magnetosphere and the presence of turbulence in the disk. The magnetic field lines
slip around the disk due to the differential rotation between disk and the neutron
star. According to the Ghosh & Lamb model, there is a stable region in which the
twisted magnetic field balances the spread magnetic field around the disk. In this way
a toroidal magnetic field is generated. However, as long as the magnetic field gets
twisted around the disk, arbitrarily strong toroidal magnetic field is generated and such
strong magnetic fields can destroy the disk. Because of the problems mentioned above,
Ghosh & Lamb model have important inadequacies.

The magnetic field lines that penetrate the disk beyond the corotation radius slow down
the neutron star. The net torque acting on the neutron star is the sum of the material
torque which spins up the star and the magnetic torque which slows down the star.
Toroidal magnetic field is an important factor that determines the net torque. In order
to understand the long-term evolution of the neutron star, it is important to specify how
the torque depends on the fastness parameter, @..

As LMXB have weak magnetic fields, it is hard to observe the spin change of the
system. Also HMXB have stellar winds that affect the torque and observed luminosity,
the relation between the fastness and the torque can not be specified, sensitively. For
these reasons, we choose 4U—-1626 67 which has high magnetic field and accretes from
a low mass donor star. 4U-1626 67 underwent two torque reversals in June 1990 and
February 2008. We used the torque reversal data and explored the coherence between
observational data and some torque models in the literature.

It is discovered that each nearby galaxy host one or two "ultraluminous X-ray sources"
(ULXs) whose luminosity exceed the Eddington limit for a solar mass object. It
was initially assumed that the ULX host IMBH but later with the discovery of X-ray
pulsations from some of these objects (e.g M82 X-2, ULX NGC 5907, ULX NGC 7793
P-13, NGC 300 ULX1, M51 ULX-7, NGC 1313 X-2 and Swift J0243.6+6124) showed
that they at least some of them are neutron stars. Population studies indicate that the
accreting neutron stars are common sources in the ULX population. In this thesis, we
investigate the surface magnetic field dipole strength, beaming fraction and fastness
parameter of the, PULX, taking into account the accretion flow in the super-critical
regime, beaming of X-ray emission and the reduction of the scattering cross section
in the presence of a strong magnetic field. We used three different methods for
determining the magnetic fields of the PULX:

1-) We assume the system to be near torque equilibrium.
ii-) We rely on the spin-up rate and solve the torque equation.

iii-) We assume the systems to be accreting at the critical rate. This critical rate
depends on the electron scattering cross-section determined by the super-critical
magnetic fields.

The plan of the thesis is as follows: In Chapter [I} the main ideas of the star-disk
interactions are given. In Chapter 2] the flux, the period and the period derivative
data of 4U-1626 67 embracing the torque reversal events in June 1990 and February
2008 are analysed and compared with Ghosh-Lamb model and some other models in
the literature. In Chapter |3} the magnetic fields of the pulsating X-ray sources are
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calculated using three different assumptions. Also, as the beaming fraction depends on
the inner radius of the disc which in turn depends on the mass accretion rate, we find
that the isotropic-equivalent luminosity of the source does not depend linearly on the
mass accretion rate. In Chapter [d]all of the results are discussed.
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MANYETIK YILDIZLAR VE DISKLER ARASINDAKI ETKILESIM

OZET

X-1s1n ¢ift y1ldiz sistemleri, bir notron yildizi veya kara delik gibi kompakt bir nesne
ve bu kompakt nesnelere kiitle aktaran normal bir yildizdan olusur. X-1s1n ¢ift yildiz
sistemleri, dondr yildizin kiitlesinin My < 1M, oldugu diisiik kiitleli X-1s1n sistemleri
ve dondr yildizin kiitlesinin My > 10M, oldugu biiyiik kiitleli X-1s1n sistemleri olarak
ikiye ayrilmaktadir. Bu tiir sistemlerde diger bilesen bir tikiz nesnedir; beyaz ciice,
notron yildizi ya da karadelik. Gozlenen X-iginlarinin nedeni tikiz nesne iizerine
aktarilan maddenin gravitasyonel potansiyel enerjisinin X-1s1n akisina doniismesidir
ve yayilan enerji yildizin tikizligina, M, /R, baghdir.

Diisiik kiitleli X-151n sistemlerinde donor yildizin dis katmanlari, Roche lobunu
doldurmasi nedeniyle, tikiz nesne iizerine akabilir. Biiyiik kiitleli X-151n sistemlerinde
ise dondr yildizin dis katmanlar yildiz riizgarlar1 formunda tikiz nesne {iizerine
aktarilabilir. Donor yildizdan aktarilan maddenin tikiz yildiza gore acisal momentuma
sahip olmas1 nedeniyle aktarilan madde tikiz nesne lizerine direkt olarak diismez bunun
yerine tikiz nesne etrafinda bir disk olusturur. Disk ile tikiz nesne arasindaki etkilesimi
belirleyen faktorler tikiz nesnenin manyetik alani, ddnme hizi ve kiitle aktarim oranidir.
Disk-manyetosfer etkilesimi ii¢ farkli evrede gergeklesir:

1-) Kiitle Aktarim Evresi: Diskin i¢ yaricapi, Ry, es donme yaricapindan, Rco,
kiiciikse disk manyetik alan cizgilerini takip ederek nétron yildizinin kutup
bolgelerine akar.

11-) Pervane Evresi: Diskin i¢ yaricapi, Ry, es donme yarigapindan, R, bilyiikse
diskin i¢ bolgesindeki madde, nétron yildizinin daha hizli ddnmesi nedeniyle bir
merkezkac bariyeri ile kargilasir. Kutup bolgesine akan madde miktarinda azalma
oldugundan gézlemlenen X-1s1niminda bir diisiis meydana gelir.

iii-) Radyo Pulsart Evresi: Diskin i¢ yaricapt 1sik silindiri yaricapindan biiyiikse
disk ile notron yildiz1 arasinda bir etkilesim gerceklesmez. Bu evrede goriilen
X-1siniminin nedeni notron yildizinin donme hizinin yavaslamasidir.

Yar1 periyodik salinimlarin (QPO), ndétron yildizina yakin bolgelerde ve diskin
i¢ kisimlarinda {iretildigi diisiiniilmektedir. Bu nedenle 6zel tipteki salimimlar
disk-manyetosfer etkilesimi icin dogrudan kanit saglamaktadir. Bu calismada
salinimlar ile birlikte diger gozlemsel fiziksel parametreler (periot, periot tiirevi, 1s1n1im
vb) kullanilarak modeller olusturulmustur.

Bazi nétron yildizlarii yavagladiklarinin anlagilmasi ve yavaglarken X-1smn parlak-
liginda 6nemli bir degisim gézlenmemesi nedeniyle Ghosh & Lamb tarafindan 1979
yilinda "manyetik olarak niifuz edilmis disk" modeli, MTD, 6ne siiriilmiistiir. Bu
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modelde akiskanlar arasindaki kararsizliklar ve diskin tiirbiilansli olmasi nedeniyle
manyetik alan diske niifuz edebilmektedir. Disk ve yildiz arasindaki diferansiyel
donme nedeniyle manyetik alan ¢izgileri disk etrafinda kayar. Ghosh & Lamb
modeline gore manyetik alan ¢izgilerinin biikiilmesi ve disk i¢inde yayilmasinin
dengelendigi kararli bir bolge mevcuttur. Boylece disk toroidal bir manyetik alan
olusturmaktadir. Bununla birlikte manyetik alanin disk etrafinda biikiilmesinin keyfi
biiyiik manyetik alanlar meydana getirmesi ve olusan bu manyetik alanlarin diski
parcalama olasili§1 Ghosh & Lamb modelininin en 6nemli yetersizliklerinden biridir.

Es donme yarigapinin otesindeki manyetik alan cizgileri yildizi yavaglatirken, es
donme yaricapinin icinde bulunan manyetik alan ¢izgileri yildizi hizlandirmaktadir.
Notron yildiz1 iizerine etki eden net tork hizlandirici maddesel tork ve yavaglatici
manyetik torkun toplamidir. Toroidal manyetik alani kisitlayan mekanizmanin ne
oldugu tam olarak anlasilamamig olsa da, toroidal manyetik alan torku belirleyen
onemli faktorlerden biridir. No6tron yildizinin uzun siireli evriminin anlagilabilmesi
icin, torkun yildizin donme hizina nasil bagl oldugunun belirlenmesi gerekir.

Diisiik kiitleli X-1s1n ¢ift sistemleri kiiciik manyetik alanlara sahip olmasi nedeniyle
spin degisimlerini gbézlemlemek giictiir. Bununla birlikte biiyiik kiitleli X-1s1n ¢ift
sistemleri Ol¢iilen 151n1mu ve torku etkileyen yildiz riizgarlarina sahip oldugundan spin
degisimi-tork iligkisini belirlemek zordur.

Bu tez ¢alismasinda, yukarida bahsettigimiz nedenlerden dolay1, yiiksek bir manyetik
alana sahip ve diisiik kiitleli eslik¢isinden kiitle aktarimi1 yapan 4U-1626 67 kaynagi
secilmis olup, Haziran 1990 ve Subat 2008’de goriilen iki tersine donen tork degisim
verileri kullanilarak literatiirdeki tork modellerinin gézlemsel verilerle uyumlulugu
arastirtlmistir.

Yakin galaksilerin her birinde parlakligi Eddington limitini asan ve kiitlesi Giines
kiitlesine yakin bir ya da iki "asuri parlak X-isin kaynagi", (ULX), kesfedilmistir.
Baglangicta bu tiir kaynaklarin orta kiitleli karadelikler oldugu varsayilmis olsa da
Bachetti ve digerleri tarafindan 2014 yilinda kesfedilen PULX M82 X-2, Israel ve
digerleri tarafindan 2016 yilinda kesfedilen ULX NGC 5907, Israel ve digerleri ve Furst
ve digerleri tarafindan yine 2016 yilinda kesfedilen ULX NGC 7793 P13, Carpano ve
digerleri tarafindan 2018 yilinda kesfedilen NGC 300 ULX1, Rodriguez Castillo ve
digerleri tarafindan 2019 yilinda kesfedilen M5 ULX7, Sathyaprakash ve digerleri
tarafindan 2019 yilinda kesfedilen NGC 1313 X2 ve Wilson Hodge ve digerleri
tarafindan 2018 yilinda kesfedilen Swift JO243.6+6124 kaynaklarindan X-151n atimlari
gozlenmesi asirt parlak X-151n kaynaklari iginde notron yildizlarinin varligina dair
kanitlar ortaya koymustur.

Bu tez calismasinda, siiper-kritik rejimdeki aktarim akisini, X-1sin parlakligini ve
giiclii bir manyetik alanin varliginda foton tesir kesiti sagiliminin azalmasim dikkate
alarak, kaynaklarin ylizey manyetik alan dipol siddetini, hiizmelenme kesrini ve hiz
parametresini inceledik. PULX’lerin manyetik alanlarinin belirlemek i¢in ii¢ farkl
yontem kullandik:

1-) Sistemin neredeyse tork dengesinde oldugunu varsayiyoruz.
ii-) Hizlanma oranina dayanarak tork denklemini ¢oziiyoruz.

iii-) Sistemlerin kritik oranda aktarim yaptifim1 varsayiyoruz. Bu kritik oran,
manyetik alan tarafindan belirlenen elektron sagilma tesir kesitine baghdir.
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Bu tez calismasinin plani su sekildedir: [I] boliimde disk-manyetosfer etkilesiminin
temel kavramlar1 hakkinda bilgiler verilmistir. [2] bélimde 4U—-1626 67 kaynaginin
Haziran 1990 ve Subat 2008’de gosterdigi iki tersine donen torka ait periyot, periyot
tiirevi ve aki verileri interpolasyon yontemiyle cogaltilip elde edilen sonuglar Ghosh
& Lamb modeli ve diger baz1 modellerle karsilastirilmistir. [3| boliimde, asir1 parlak
kaynaklarin manyetik alanlar, ti¢ farkli varsayim kullanilarak hesaplanmugtir. Ayrica,
hiizmelenme orani diskin i¢ yarigapina bagli oldugundan, (bu da kiitle aktarim hizina
baglidir) kaynagin izotropik esdeger parlakliginin kiitle aktarim hizina dogrusal olarak
bagli olmadig: gosterilmistir. 4] boliimde ise elde edilen tiim sonuglar ve kullanilan
yontemler 6zetlenmistir.
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1. INTRODUCTION TO DISK-MAGNETOSPHERE INTERACTION

1.1 Introduction

Interaction between a magnetized star and an accretion disk may occur in various
astrophysical objects. For example, the interactions can be observed in the T-Tauri

stars [1]], in the Cataclysmic Variables (CVs) [2] or in the accretion powered pulsars
[3].

Most of the stars in our galaxy are in the binary systems. The star with the larger
mass evolves more rapidly and becomes a compact object. During their evolution, the
normal star may increase in radius or the binary separation may shrink. This may lead
the star to fill its Roche lobe and then its outer envelope may flow onto the compact
star (Roche lobe overflow). A star with a higher mass ejects its outer envelope in the
form a stellar wind. Some of this material may be captured by the compact star (wind

accretion).

In the accretion process a large amount of radiation is released and thus accretion
powered pulsars are much brighter than non-accreting neutron stars. The released
energy depends on the compactness, M, /R, ratio of mass and radius of the compact
star. In order that the disk material can fall onto the compact star, the angular
momentum of the disk must be transported outward. The angular momentum of the
disk must be transported outward for disk material to fall onto the compact star. Some
instabilities, for example magneto-rotational instability (MRI) [4]], cause turbulence

which causes enhanced turbulent viscosity.

The first studies about effective viscosity in accretion disks were performed by Shakura
& Sunyaev [5]. According to Shakura & Sunyaev (1973) theory, the viscosity, v,
depends on the pressure scale height, H, and sound speed, Cj, in the disk; v = aCsH

where o < 1 is a constant.



1.2 Roche Lobe Overflow

The Roche potential is the potential experienced by a test particle in the gravitational
potential of two massive objects (compact star and donor star) orbiting each other.

According to the this approximation the orbits are circular.

In addition to the force arising from the two massive objects, the centrifugal and the
Coriolis force act on the test particle. But the Coriolis force vanishes if the test particle

is at rest in the binary frame. The Roche potential is defined as follows;

_ GM; GMp 1 5
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where G is the gravitational constant, 7 71, 72 are the position vectors of the stars,

M, and M, are the masses of the compact star and the donor star and ﬁorb defines
the orbital angular frequency. The first two terms of EqI.T] defines the gravitational

attraction of the stars and the gradient of the third term gives the centrifugal force.

Figure 1.1 : Roche potential of a binary system [6]].

The shape of the equivalent potential is determined by the mass ratio, ¢ = M, /M, of
the objects. The Lagrange points are seen in Figure [I.1] [6]. There are 5 points (so
called Lagrange points, Ly, L3, L4, Ls) at which the Roche potential is an extremum
and hence the net force acting on a test particle is zero. The first Lagrange point L; is
at the intersection of the two lobes. This means that when the material comes to the
L point, the material can pass through into the other lobe, easily. When the donor
star fills its Roche lobe, the material of the donor star is transferred from the L point.
Since the material has angular momentum, the accreting material can not fall on to the

compact object directly but an accretion disk forms.
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The X-ray binary systems are divided into two main categories with several subclasses.
In low-mass X-ray binaries (LMXB), mass of the companion star is approximately
M; < 1 Mg where M, is the mass of the sun, and the mass transfer usually occurs
by Roche lobe overflow. In high mass X-ray binaries (HMXBs) the mass of the

companion star is M; = 10 M., mass transfer occurs via stellar wind.

~

1.3 The Basics Concepts of Disk-Magnetosphere Interaction

In X-ray pulsars, the matter inflowing in the disk is channeled from the inner region of
the disk to the magnetic poles of a neutron star. The magnetic field is not aligned with
the rotation axis and if the hot polar cap, in each rotation of the star, passes from our

line of sight, we observe an X-ray pulse.

The magnetic field of the star disrupts the flow at a distance larger than the radius of
the star. In spherical mass accretion the magnetospheric radius where the magnetic

pressure is balanced with the ram pressure is the Alfvén radius,

‘u4 1/7
Ra=[——" 1.2
4 (ZG%LAF> 12)

where U is the magnetic moment of the magnetized star and M is the mass accretion

rate [/]].

In the case of disk accretion, the inner radius of the disk scales with the Alfvén radius so
that R, = (R where Ry, is the magnetospheric radius and { a dimensionless constant

of order unity; according to the Ghosh & Lamb model [§]] { is 0.52.

The corotation radius where the Keplerian rotation rate in the disk is equal to the

rotation rate of the star, is written as;

oM, P2\ '3
&:(4ﬂ) . (1.3)

where R, is the corotation radius and P is the period of the star. Another characteristic
length for neutron stars is the light cylinder radius. The light cylinder radius
distinguishes the inner domain of the magnetosphere which has static magnetic field

different from the outer radiation zone, and is defined as;

Ry = (1.4)

c
Q*.



where c is the speed of light and Q. is the angular velocity of the star. The rotation

parameter of the system, w,, called the fastness parameter, is defined as;

Q,

where Qg (R ) is the Keplerian angular velocity at the inner radius. Neutron stars can
interact with their surrounding disks in three different modes depending on the size
of the magnetosphere with respect to two different characteristic radii, the corotation
radius and the light cylinder radius: (i) Mass accretion mode (R < Ro, @y < 1); (ii)

Propeller mode (Ry, > Ry > Reo, @, > 1); (iii) Radio pulsar mode (R > Ry ).

In the accretion mode the gravitational potential energy of the falling matter on to the
star is converted to heat and radiation. Total luminosity coming from the stellar surface

18;

GM.M

L= 1.6
R (1.6)
where M, and R, are the mass and the radius of the star, respectively. If the outward
pressure of radiation exceeds the inward gravitational accretion, then accretion can be

halted. This limit is known as the Eddington limit given by;

4rGMcm,,
or ’

Lega = (1.7)

where m,, is the mass of the proton and o7 is the Thompson cross section [9].

According to Eq. [I.2] the inner radius of the disk will become smaller with the mass
accretion rate. If the mass accretion rate decreases sufficiently enough, the inner radius
of the disk goes beyond the corotation radius and the system enters the propeller
regime. In the propeller regime, it is expected that the matter carried to the inner edge
of the disk does not fall onto the surface of the star because of the centrifugal barrier
[10], but is ejected out of the system. The assumption that the matter can not fall onto
the neutron star in the propeller regime is valid only if the thickness of the disk is
infinitely thin and the magnetic axis coincides with spin axis. In reality, some fraction
of the inflowing matter might fall onto the star even when w, > 1 (see e.g [[11]]). Also,
the description of the magnetospheric radius given by Eq. [I.2]only prevails in the case
of steady state. In other words M the mass accretion rate, is the local value at Rp,.
But mass can accumulate at the boundary layer (due to the centrifugal barrier), and the

local mass accretion rate can be larger than the mass supply rate. This situation induces
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an episodic accretion which had been explored by Spruit & Taam [[12] and D’ Angelo
& Spruit [[13} 14} [15]].

The torque applied by the disk is;
Ngige = n(0,)MR2,Qk (Ry). (1.8)

where n(®,) defines dimensionless torque. Depending on the assumption of models
there are numerous suggestions for n( @) in the literature. The torque applied to the
star is given as;

(1.9)

where I, is the moment of inertia of the star and P is the spin period derivative of the
star. Using[I.8]and [I.9] we get;

s P M (GM,Ry,)"/?
" 2n L.

n(w,). (1.10)

If the inner radius of the disk is beyond the light cylinder, the disk can not apply
a torque onto the star. When the inner radius goes beyond the light cylinder, the
equilibrium between the magnetic pressure and the material pressure can not give a

steady radius.

1.3.1 The Role of the magnetic field

In the absence of a disk the magnetic field lines are poloidal, B, = £, and azimuthal

= 4,
component of the field dominates at the equator plane. When a disk is introduced,
the magnetic fields thread the disk and the magnetic field frozen into the plasma is
then forced to follow the fluid elements in the @-direction. Thus a toroidal field,
By, is generated. At the inner edge of the disk, some instabilities may occur (e.g.
Kelvin-Helmholtz instability, Rayleigh-Taylor instability, reconnection, etc.) which
may allow the penetration of the magnetic field to the disk. Stellar field lines penetrate
the magnetospheric boundary by the help of the instabilities and gets twisted to produce
the toroidal field By+ = FyB, where ¥ ~ 1 and upper and lower sign specifies the
field above/below the disk. If the toroidal magnetic field becomes comparable to
the poloidal field, the field lines will start to expand until they open up and the star

disk linkage is broken and the opened field lines can cause outflows or reconnections

[16L17]. These suggestions were confirmed by [18, 19, 20, 21].
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The position of the inner region of the accretion disk can be studied by observing quasi
periodic oscillation (QPO). QPO, have been detected in the X-ray flux of the X-ray
sources ranging from neutron stars to black hole candidates in LMXB. The QPO are
generally assumed to result from the motion of inhomogeneous matter distribution in
the inner region of the accretion disks and gives information about interaction between
disk and compact star. A number of models are suggested to explain this phenomenon

(see [22, 23] 24} 25, 261]).

1.4 Literature Summary

Over the last several decades numerous theoretical studies have been developed to
understand the interaction between accretion disks and magnetized stars. According
to the Ghosh & Lamb Model (1979) [8], stellar field lines penetrate the disk over a
large range of radius. Differential rotation between the disk and the star will cause
the field lines to wind up. In this theory, which is called magnetically threaded disk
model (MTD), there is a steady state where the twisted field lines are balanced with
dissipation, and at that point the field lines slip across the disk. The most important
inadequacy of the model is that the arbitrarily large magnetic fields could build up by
winding and such large toroidal fields could disrupt the disk [27]. It is possible that
the stellar field lines can penetrate the disk only near the corotation radius, rather than
a large range of radius [28]. Aly (1980) discussed the location of the magnetopause
and the effect of non- radial magnetic force by assuming a perfectly conducting disk
around the neutron star [29]. Anzer & Boerner (1980) showed that the differential
rotation leads to Kelvin-Helmholtz instability and turbulent diffusion. So some part of
the disk material falls on to the neutron star and the rest is flung out the system via these
instabilities [30]. Wang (1987) found that the particular pitch distribution assumed by
Ghosh & Lamb (1979) is not consistent since the resulting magnetic pressure would
shatter the disk beyond the corotation radius [27]. Aly & Kuijpers (1990) put forward
the idea that magnetic links are efficient transmitters of angular momentum. As the
disk matter is close to the star, the field lines undergo a series of expansion and
reconnection. They showed that these magnetic flares occur with a frequency a few
times the beat frequency and are possible explanation for quasi periodic oscillation

QPO [31]. Koenigl (1991) examined the dynamical and radiative consequences of disk



accretion onto magnetic T-Tauri stars by the help of Ghosh & Lamb model [32]. Spruit
& Taam (1993) found that if the magnetospheric boundary is defined as the distance
where rotation deviates from Kepler rate, there is a region inside boundary where the
matter drifts inward by an interchange instability. So mass could be accreted in cyclic
fashion by this instability [12]. Shu et al. (1994) examined the magneto-centrifugally
driven flows from young stars and disks (X-wind model) [33]]. Li et al. (1996) explored
the formation of a standing accretion shock in steady-channeled accretion flows [34]].
Lai (1998) constructed the magnetic slim disk models, involving the effects of both
magnetic fields and general relativity [35]. Terquem & Papaloizou (2000) computed
the warping of a disc resulting from an inclined dipole [36]]. Shirakawa & Lai (2002)
examined a global analysis of warping/precession modes in viscous accretion disks
and showed that the magnetic warping torque can overcome viscous damping [37].
Pfeiffer & Lai (2004) carried out numerical simulations of the non-linear evolution of

warped, viscous accretion disks driven by magnetic torques [38].






2. EXAMINATION OF THE DISK-MAGNETOSPHERE INTERACTION IN
4U 1626-67

2.1 Introduction

In order to understand long term evolution of the compact stars, it is important to know

the relation between the torque acting on star and the fastness parameter.

Since neutron stars in LMXB have weak magnetic fields, the resulting disk torque
on these objects is rather small. This makes it hard to observe the spin evolution in
these systems. The spin evolution is easily observed in HMXB which include young
neutron stars with strong magnetic fields, but accretion in these systems proceed by

stellar winds rather than disks.

In order to study the disk torques we need to analyse a system with a small mass donor
star and strongly magnetized neutron star. 4U 1626—67, which accretes from low-mass
donor star and hosts a neutron star with magnetic field, ~ 10'2G, is a good candidate

to determine the relation between the torque and fastness parameter.

4U 1626—67 underwent two torque reversal in June 1990 and February 2008. We
used the period, the period derivative and the flux evolution of 4U 162667 to find the

dependence of the disk torque on the fastness parameter.

2.2 Method

The X-ray flux is defined as;
 4mhd?

where b is the beaming factor and the d is the distance of the star. Using[I.6] the mass

Fx 2.1

flux accreting on the star is given as

. Ambd*FxR,
M= —""""2"*

G (2.2)



Using the above equations in Ry = ERp where Ra is given in Eq[l.2] the
magnetospheric radius or inner radius of the accretion disk;

¢ ( B>R3\/GM., )2/7

_ 2.3
" 167/ 27hd? Fx (2.3)

where B is the magnetic field and we used u = %BRi. Using Eq and Eq in

Eq[I.5]the fastness parameter written as

2p5 3/7
o, = E3/2 ( BR, > 27 . (2.4)
16v27bd> ) (Gm,)* F)7p
Accordingly, the critical fastness parameter at which the torque reversal occurs is
25 3/7
167v2bd?)  (Gm,)* F) P,

where F. and P, define the critical period and the critical flux, respectively. Using

Eq[2.4and Eq[2.3] we get;
3/7
B F P,
A (—) (-) : (2.6)
(08 Fx P

Eq[I.9] together with EqI.6|and Eq[2.3]becomes
_p— nw1/3 4717bd2R
T o)t em)' I

FxP'/3 2.7

or using Eq[2.6]becomes

o!P4pd®R.F.P!? n

2m)* 3 (GM) P ¥

2.8)

While the system near torque equilibrium, the dimensionless torque is written as n =

no(1 — x). Using this approximation Eq can be written in a different form;

—P=C—

— for x ~ 1. 2.9)
X

where 13 73
AThd*RF.P.
c= P T el M0 (2.10)

()3 (Gm,)' 1,

is a constant. Using the slope of P versus (1 —x) /x?, C is found and the value of C is

substituted in Eq[2.8and one finds;

~ = @2.11)
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2.3 Application to 4U 162667

4U 162667 1s discovered by UHURU [39] it is a LMXB including a 7.66 s X-ray
pulsar [40]. The pulse frequency history is given by [I] and in this Figure, the torque
reversals in June 1990 and in February 2008 can be seen, clearly [41].

The period evolution is seen Figure 2.1 1In order to obtain more data points,

observational data represented by dots [41] are smoothed by interpolation.

7.6795
7.679 |- —
7.6785 |- -

=

.2

8

= 7618 L -
7.6775 - -
7677 | | | | | | |

53600 53800 54000 54200 54400 54600 54800
time (MJD)
Figure 2.1 : Period evolution of 4U 1626—67.

The flux evolution is seen Figure [2.2] Observational data represented by dots [41] are
smoothed in a similar way.

In Figure 2.1} the critical period at which the torque reversal is observed is seen to
be P. = 7.67946628 s. In Figure 2.2] the critical flux at which the torque reversal is

observed is seen to be F, = 0.00658 cnt cm™2 s~ L.
Using Eq[2.6] the observational data can be converted a series form of x.

In Figure one can see the P data and using these data, the constant C in Eq[2.9]can
be found.
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Figure 2.2 : Flux evolution of 4U 1626—67.

In Figure the plot of P versus (1 —x)/x? is seen. Using the slope of this graphic C

is found as, C ~9 x 10~!1,

2.4 Results and Discussions

In Figure[2.5] the relation between the dimensionless torque scaled with rg and fastness

parameter, @, is shown .

As seen, while the torque models in the literature [42] have a convex shape near torque
equilibrium, the torque that we obtained using observational data of 4U 1626—67 can

be defined as a cubic function, in the range of x =0.8 — 1.1;

izl—x—a(x—l)z—b(x—l)S (2.12)
no

where a = 11.0946+0.1787(1.61%) and b = 55.7817 +-0.9935(1.78%).
The torque models shown in Figure[2.3].

According to Ghosh & Lamb Model [8], the dimensionless torque is defined as;

1 —{,[4.03(1 — »,)%173 —0.878]}
1 —w,

ngr = 1.39 (2.13)
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Figure 2.4 : P versus (1 —x)/x%.

for which @. = 0.35 [8]]. In order to compare our model with Ghosh & Lamb Model,

we used X = @,/ ®,. So;

_ _ 0.173 _
nGL _ 0.7371 {@cx[4.03(1 — w.x) 0.878]}
no 1 —@x

. (2.14)
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Figure 2.5 : The dimensionless torque scaled with ng versus @.

Table 2.1 : The torque models given by [42].

n(x) = physics limiting By~ @ n
43 (1-oa— &0 Alfvenspeed 076 43673
R wrbulent diffusion  5/7  35/6
(6/3)=(1/ (31):02)’2;(4/ 9)ix’ reconnection 0.85 8.7728
1+3 (1-ou— (20 buoyancy 076 43242
1+ 2 1=CLsen turbulence 0.73  6.0567

The torque models are obtained by different

assumptions.

Different

disk-magnetosphere interactions can restrict the growth of the toroidal field generated
by differential rotation between the magnetosphere and the disk, for example, turbulent
diffusion, Alfvén speed, reconnection, buoyancy and turbulence [42]

where ng = —ng,; (1) = 1.8839.

In Figure[2.5] the solid black curve defines Ghosh & Lamb Model [8].
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2.5 Conclusions

It is seen that the torque model inferred from the observational data of 4U 162667
is quite different than the existing torque models in the literature. The models
in the literature have convex shape in the vicinity of torque equilibrium. But in
the observational result, the torque acting on the star can be fitted with at least a
cubic function and behaves as a concave-up shape. Beyond the equilibrium, the
torque-fastness relation is irregular. This possibly indicates, an unstable regime that
is triggered when the inner radius is close to the corotation radius. But the physics of
the erratic behavior of the fastness parameter at slow-rotating limit is unclear. Thus,

inadequacies of MTD model are displayed.
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3. NEUTRON STAR MODEL FOR PULSATING ULTRALUMINOUS X-RAY
SOURCES

3.1 Introduction

Some of the galaxies close to our galaxy host several ultraluminous X-ray sources ULX
that contain compact objects whose luminosities far exceeds the Eddington limit and
whose mass exceed a solar mass. The initial assumption that the observed luminosity is
isotropic led to the view that such systems host intermediate-mass black holes of mass
~ 100M, — 10*M_, (see e.g. [43] 44| 45| 46]]). Many other studies have hypothesized
that ULX is home to stellar-mass black holes with anisotropic radiation that slightly
exceeds the Eddington limit [47, 48, 149].

Discovery of pulsating ultraluminous X-ray sources PULX, (M82 [S0], NGC 5907
[31], NGC 7793 [51], NGC 300 [52], NGC 1313 [53l], M51 [54]) point out that
PULX harbor neutron stars rather than black holes, and are more common in the
ULX population ([S55, 156, 57, 158, 59]]). Bachetti et al.(2014) explained the super
Eddington luminosity of the first PULX that they discovered with the fan-beam
geometry displayed at an appropriate angle ([60]) and based on their method, they

calculated the magnetic field of the neutron star as B = 10! G.

Eksi et al. [61] using the spin-up rate of the object inferred that, the neutron star in
this system has super strong magnetic fields (B > B, = 4.4 x 103 G) that reduce
the scattering cross section and increase the critical luminosity ([62], [63], [64]).
Dall’Osso et al. (2015), [65], and Tsygankov et al. (2016), [66], obtained magnetic
field values compatible with the results obtained by Eksi et al. (2015). Israel et al.
(2017a), [51], suggested that, as Eksi et al. (2015) suggested, the observed properties
of PULX in NGC 5907 can only be explained by the presence of super-strong
quadrupole fields. King and Lasota (2019), [67], argued that systems with strong
magnetic fields such as magnetars are unlikely to occur in binary systems, and ULX

systems are no exception. Based on the beaming of outflow and spherization of the
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disk in supercritical accretion, King and Lasota (2019) found the magnetic fields in the
range of ~ 10! — 1013 G. Kluzniak and Lasota (2015), [68], and Christodoulou et
al. (2018), [69], assumed that such systems have even much weaker magnetic fields,
B ~ 10'9 G, assuming that the discovered PULX is not in spin equilibrium. If the
magnetic field strength is of this order, the magnetosphere surrounded by Eddington
mass flux or a higher mass flux will not allow any pulse to be observed. Brightman
et al. (2018), [70], calculated the magnetic field strength of 105 G when the 4.5
keV line discovered in the spectrum of ULX in M5/ is due to proton scattering, or
corresponds to a 10! G magnetic field where it is caused by electron scattering.
However, assuming that the cyclotron line originates from the accretion column rather
than the stellar surface, stronger field estimates can be obtained. Based on the
PULX NGC 300 ULX1 source having a potential cyclotron property at about 13 keV,
Walton et al. (2018), [71] suggested that this source has a magnetic field of B ~ 10'?
G. These observations are consistent with the surface areas of B ~ 10! G obtained
in the strong spin-up state, assuming electron cyclotron resonance spectral properties

occurring in an accretion column a few times the radius of the star.

According to the evolutionary model developed by Erkut et al. (2019), [72], for
ULX, some newborn neutron stars with magnetic field intensities in the range of
101 — 10" G can interact with wind-fed discs in HMXB and so are seen as pulsating
and non-pulsating ultraluminous sources. If the system is in the propeller stage, the
rapidly rotating neutron star magnetosphere prevents material transfer onto the system,
and the system turns into a nonpulsating ULX. Systems with initial magnetic fields
~ 10" G take 10> years to go through the supercritical propeller phase, appearing as
ULX with the typical luminosity of ultra-light super soft sources. However, systems
with magnetic fields in the range of 10'3 — 10'> G are likely to appear as PULX during

the long accumulation stage that they must pass during their lifetimes [72].

In this thesis, we treat PULX as neutron stars that accumulate mass at super Eddington
ratios from their companions in HMXB. We also calculate the surface magnetic field of
the neutron star by examining the torque and luminosity states of the PULX. We also

estimate ranges for beaming fraction and fastness parameters. From the results, we
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predict that many ULX host neutron stars whose beamed X-ray luminosities coincides

with with our line of sight, causing the super Eddington luminosity to appear.

3.2 Method

3.2.1 Inner radius

We assume that the X-ray luminosity arises from the gravitational energy released by
accretion onto the neutron star: Lx = GM.M, /R, where M, is the mass accretion
rate onto the neutron star of mass M, and radius R, [7]. Assuming that the X-ray
emission is beamed by a factor b < 1, the X-ray flux at a source distance d is then

Fx=Lx/ 4rhd?, [Equation 2.1] Accordingly, the mass accretion rate onto the neutron

star can be estimated as

. AmbR.d*Fx
M, = —— "2 3.1
GM. 3.1

We assume the mass donor is at a stage such that it transfers matter at a
super-Eddington rate, My > Mg = Lg/ec?, where € ~ 0.1 is the efficiency

of gravitational energy release and Lg is the Eddington luminosity defined in

The supercritical mass flow within the disk makes the accretion flow quasi-spherical
in a region known as the spherical radius and within the spherization radius, the disk

is geometrically and optically thick.

_ 27eorMy

M
o= ~1.43%x10° cme (—0) (3.2)

8mmpc 1020 gs—1

determined by L(R > Ryp) = 27eGM . My/ 2Ry = Lg and the flow regulates itself so

that the local Eddington rate is not exceeded, i.e.,

M {MO(R/RSP), for R < Ryp; (33)

My, for R > Rp.
[S].

Since viscous stresses are negligible in the inner radius of the disk, the inner radius of

the disk is determined by the balance between magnetic and material stresses [8]],

d .
TR (MR°Q) = —R°B}B., (3.4)
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where Q is the angular velocity of the innermost disk matter within the boundary
region, B, is the poloidal magnetic field, B} = Yo B is the toroidal magnetic field at the

surface of the disk and 7¥; is the azimuthal pitch of order unity.

Integrating with the aid of over the narrow zone (boundary

region), where the neutron-star magnetosphere threads the inner disk, we write

MoR? [Qk (Rin) — Q. Rin
oR;, [Qk (Rin) ]:_/ 1o B*R2dR, (3.5)

Rsp Rin—AR
taking into account that Q(Rj,) and Q(R;, —AR) can be approximated by the
Keplerian angular velocity at the inner radius, Qk (Rj,), and the angular velocity of
the neutron star, Q,, respectively. The right hand side of this equation is of the form
u?8/R3 , where i is the magnetic dipole moment of the neutron star and § = AR/R;,

is the relative width of the coupled domain (boundary region) between the disk and the

neutron-star magnetosphere.

The azimuthal pitch can be expressed in terms of the rotational shear between the

magnetosphere and the innermost disk matter as ¥y ~ @, — 1, where @ is the fastness

parameter defined in [Equation 1.5} [73]. Assuming that B, ~ —u/R>, it then follows
from [Equation 3.3 that
‘U,ZR S 2/9
Rin— ( ' ) , (3.6)

which defines the inner radius of a disk around a magnetized neutron star accreting at

super-critical rates. In the steady state, the mass flux at the inner disk equals the mass

flux onto the star. Substituting M, = M (Rin/Rsp) into [Equation 3.1} we can rewrite
the inner disk radius in as

R. — (.uszM*B )2/7

3.7
ATbR . d*Fx -7)

This expression is not explicit as it depends on b, which in turn might depend on the
inner radius of the disk. In the next subsection, we determine b in terms of R;, to obtain

a self-consistent solution.
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3.2.2 Beaming fraction

We assume here that the beaming fraction, b, is determined by the opening angle of
the polar cap and therefore the fractional area of the polar region as

Ac
=— 3.8

A (3.8)
where A, is the polar cap area, A = 47R? is the total surface area of the neutron star,
and y < 1 is a normalization constant corresponding to the maximum fractional area

of the polar cap.

The definition of beaming fraction proposed by King [47] depends only on the mass
transfer ratio. However, beaming fraction, if pulsating source are to be addressed, is
not only dependent on the mass transfer rate, but also on the magnetic field and the
angle of inclination of the source. In addition, since it is known that the pulsation stem
from most sources is caused by the disc-magnetosphere interaction, the definition of

beaming we put forward is a more reliable definition.

The size of the polar cap can be inferred as follows: Dipole field lines in polar
coordinates are defined as r = Csin® 6. Assuming that the inclination angle between
the rotation and magnetic axes is «, the field line that connects the inner edge of the
disk to the star is described by r = R;, sin” 6 / cos? o. This field line makes an angle 6,
with the magnetic axis on the neutron-star surface such that sin 6. = \/m cos .
The ratio of the polar cap area to the surface area of the neutron star is A./A =
$(1—cos ;). For R, < Riy (sinf ~ 6 and cos 6, ~ 1 — 62/2), as would be valid

for a strongly magnetized neutron star, we simplify the same ratio as

cos“ 3.9

[9].
Substituting the above result into [Equation 3.8] we obtain b = (cos® a/4y) R./Rin.

Expressing 4 = BR? /2 in terms of the polar surface field strength B, it follows from

[Equation 3.7 that
(3.10)

o (y«/GM*BzR‘iS)Z/ :

- \4nd?cos? a Fx
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for the inner disk radius and

2/5

rd?cos’ o Fx /

b= (3.11)
8y1/2\/GM,B*R>/*§

for the beaming fraction, which can be used in[Equation 3.1 to find

2/5
_ [471'7/2d7cos7aR*F)Z/2 /
. =

G5 (3.12)

Note from [Equation 3.12| that the mass accretion rate, M,, and the X-ray flux, Fx,

are not linearly proportional as a consequence of beaming. An increase in M, does
not imply an increase in Fx at the same ratio. This is because a higher M, results
in a smaller inner radius, which increases the polar cap area and hence the beaming

fraction.

The fastness parameter defined by can also be expressed in an explicit
form with the use of[Equation 3.10|for the inner disk radius and Re, = (GM, P2 /47%)'/3
for the corotation radius. We find

o _ (1/CM.BR!S 35 g
* 7\ 47md? cos? aFx P\/GM,

(3.13)

for the fastness parameter.

Using [Equation 3.1| and [Equation 3.11] we write the beaming fraction in terms of the

mass accretion rate onto the neutron star and the model parameters such as o and 7y as

coslo [ M aM? 17
b ~0.0011 ( i ) , (3.14)
Y\ RioB136;,

where M 4 = M,/1.4M, R = R./10km, Mg = M,./10"8¢gs™!, Bj3 = B/10'3G,
and 8y = 0/0.1. In we display the variation of the beaming fraction with
y (normalization constant) for the wide ranges of M, and B. Given a certain value of ¥,
the systems with low M, and high B have lower beaming fractions compared to those

with high M, and low B.

There is yet to be a direct observational clue about the inclination angle, o , and
the normalization constant y. Therefore, the estimation of the magnetic field based
on the o and the y can be tricky. We will express the magnetic field and fastness

parameter depending on the beaming fraction, without reference to the & and the 7y (see
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Figure 3.1 : Variation of the beaming fraction b (vertical axis) with the normalization
constant 7y (horizontal axis) for the 10'3-10%° gs~! range of M, and
10"-10"5 G range of B. Here, the boundary region width is selected as
0 = 0.1. In addition, the mass, the radius and the inclination angle
between rotation and magnetix axis of the neutron star are selected as
M, =1.4M;, R, = 10 km and o = 20° respectively [74].

and Section [3.3). Using [Equation 3.T1]and [Equation 3.13] we eliminate

7Y to obtain

5 25/6 (GM)'? (Pw,)"/® d\/Fxb

2/3 Ri/ 28
for the dipolar magnetic field strength on the surface of the neutron star. Note that
the expression for B in does not depend on how we model the beaming

fraction (Equation 3.15|does not contain the specific parameters such as & and y we
use to define b and could also be obtained using [Equation 1.5 and [Equation 3.7 and

(3.15)

will therefore be used further in our analysis.
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3.3 Inference of Magnetic Field From Torque and Luminosity

In this section, we estimate the magnetic field strengths of PULX using different
methods based on the accretion torque acting on the neutron star and the maximum
critical value of the X-ray luminosity. Throughout our analysis, we employ M, =
1.4M, R, = 10 km, and I = 10* gcm? for the neutron-star mass, radius, and moment

of inertia, respectively.

Table 3.1 : Observed periods, period derivatives (spin-up), X-ray fluxes, and

distances of PULX.
Source P(s) P(s sl Fx (erg s"lem™?) d(Mpc) References
NGC 5907 1.137 —5x107°  4.29x 10712 17.1 [51]
NGC 7793 P13 0.417 —2x10712  519x 10712 3.9 (73]
M82 X-2 137 —2x10719  4.18x 1072 3.6 [50]

NGC 300 ULX1 31.6 —5.56x10"7 1.11x1071! 1.88 [52]
M51 ULX-7 2798 —24x10719  7095%x10°13 8.58 [54]]
NGC 1313 X-2 1.458 —1.38x 1078 9043 x 10712 4.2 (53]

Swift J0243.6+6124 9.833 —2.3x 1078 2.90 x 1077 0.007 [76]

3.3.1 Magnetic field inferred from spin-up rate

We write the accretion torque acting on the neutron star as N = nM.\/GM.R;,,
where 7 is the dimensionless torque. Using the observed spin periods, P, and period
derivatives, P, we solve the torque equation N = I, to estimate the magnetic field of
the neutron star of moment of inertia /. If the system is away from spin equilibrium,

the dimensionless torque can be approximated as n = ng, where ng is a constant of

order unity. Next, we employ to write the torque equation as

—21IP/P? = 0 *ng\/GM,ReoM... (3.16)
Solving for B, it follows from that
. IR Fxd*costo [ 21\
M, = X l ( ”) : (3.17)
y(GM,) / . P
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which we exploit in to obtain

B (E) 1/3 ngFxP5/3 (R.d cos at)?

. (3.18)
4 1P| (GM.)* w!/?

Substituting [Equation 3.18] into [Equation 3.13] and [Equation 3.1} we estimate the

magnetic field and the fastness parameter in terms of the beaming fraction and the

measured quantities such as P, P, Fx, and d in[Table 3.2|as

o, [2GM.I|P|
B=—F\/——— 3.19
Ri 7tn05 ( )
and ;
TGM, 1|P|
W, = ) 3.20
4 (node2P7/3R*b) ( )

respectively. The expressions in [Equation 3.19| and [Equation 3.20| could also be

obtained substituting [Equation 3.1| and [Equation 3.15|into [Equation 3.16] Our results

do not depend on the modelling of the beaming fraction in terms of the specific

parameters such as & and ¥ we introduced in [Equation 3.8|and [Equation 3.9}

The shaded regions in each panel in[Figure 3.2]show the allowed magnetic field values.
Magnetic field values are determined by the maximum and minimum values of the
boundary region thickness, 6. It has been assumed that the thickness of the boundary
region varies between 6 ~ 0.01 to 6 ~ 0.3, [[77]. The weak magnetic fields correspond

to the smallest value of the fastness parameter, while the highest value of the fastness

parameter, @, = 1, gives the strong magnetic field values. Examining
and it can be seen that the weak magnetic fields correspond to the

upper limit of beaming fraction. However, the upper limit of the fastness parameter
(w, = 1) corresponds to the lower limit of beaming fraction b and gives the strong
magnetic field values. All possible situations and the results for the magnetic field
ranges inferred from spin up rates are shown in[Figure 3.2 and [Table 3.2] respectively.
There are two situations that we want to emphasize in As can be seen in
we examined the M51 ULX-7 source for two different mass values. The

fastness parameter and magnetic field value corresponding to M, = 1.4M,, value is at
least one order of magnitude smaller than the values that we find for M, = 2M,. This
situation shows us that as the mass of the neutron star gets smaller, the value of the
fastness parameter can decrease. Secondly, taking M, = 1.4M, and R, = 10 km for

NGC 1313 X-2 source, a solution corresponding to the situation for @, < 1 could not
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Figure 3.2 : Here, tﬁe magnetic field and fastness parameter values are expressed in
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M. = 2M,, respectively, [74]].



be found. Therefore, by taking the values of M, = 0.9M and R, = 10 km, marginal

solutions corresponding to the values for b ~ 1 and @, ~ 1 were obtained.

Table 3.2 : Weakest (min) and strongest (max) magnetic field ranges inferred from
spin-up rates.

Source Bpin(x10'G) B, (x101°G)

ULX NGC 5907 2.0-10 4.0-25

ULX NGC 7793 P13 0.012-0.070 0.09-0.5

M82 X-2 (J095551+6940.8) 0.08—-0.5 0.80—-5.0
NGC 300 ULX1 70 —400 45 —240

M51 ULX-7 0.018 —0.090 1.0-6.0

NGC 1313 X-2 400 —2300 4.6 -25

Swift J0243.6+6124 80 —240 10-50

Here the magnetic field range of NGC 1313 X-2 are marginally obtained at b ~ 1
for M, = 0.9M and R, = 10 km. For all other sources we use M, = 1.4M and
R.=10km.

3.3.2 Magnetic field inferred from spin equilibrium

The short spin-up time scales P/P ~ 100 yrs of PULX [50, 51} [75] means that the
neutron stars in such systems must have reached spin equilibrium with their discs. This
allows for an estimation of the magnetic field as was inferred for millisecond pulsars
[78]. If the disk is in outburst state, which corresponds to an enhanced mass transfer
rate at the time of observation, as in the PULX in M82, the spin equilibrium assumption
is not valid [66]. It is assumed that the system approaches spin equilibrium at a critical
fastness parameter, @, < 1. In this case, all torque models near the spin equilibrium

~Y

behave as n o< 1 — . /.. In the case of spin equilibrium @, = @, the inner radius

of the disc approaches the corotation radius by R;, = a)c2 / 3RCO. Assuming that the

fastness parameter constant at the critical value, @, = 0.75, [[79], in the
the magnetic field, B, can be expressed in terms of beaming fraction, b. When the
is examined, it can be seen that strong magnetic fields correspond to the
(b =1). In order to find the minimum value of beaming fraction b corresponding to

weak magnetic fields, we considered the super Eddington mass transfer rate condition.
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Using [Equation 3.3] we write

. R . L
M0:< 2/351’ )M*> £ (3.21)

2 b
¢ " Reo €c

where Ry, = 276 GM, M /2Lg. Substituting for M, = M (Ry,), it follows

from [Equation 321] that
P2/3
203 —05—— (3.22)
FridiMyy
provided € =0.1 and @, = 0.75. Here, P is the spin period in seconds, Fj; is the X-ray

1

flux in units of 101! ergs— cm~2, d; is the distance in Mpc, and My is My in units of

1020 g s!. We expect from R, ~ Ry, that p2/3 /Mzo ~ 0.85 and therefore

b>0.25F'd; > (3.23)

Table 3.3 : Weakest (min) and strongest (max) magnetic field ranges inferred from
spin equilibrium. For all sources we use M, = 1.4M, and R, = 10 km .

Source Bpin(x10°G) B, (x101G)

ULX NGC 5907 024—-14 0.80—4.5

ULX NGC 7793 P13 0.077—0.42 0.061 —0.33
M82 X-2 (J095551+6940.8) 0.30—-1.7 0.20—-1.0
NGC 300 ULX1 12—-67 7.0—-35
M51 ULX-7 0.70—-3.9 0.50—-2.6
NGC 1313 X-2 0.35—-1.8 0.40—-2.1
Swift J0243.6+6124 32—-17 1.0-5.7

Using the observed values of Fx and d in[Table 3.2] we obtained the minimum value of
b for each PULX (see[Equation 3.23)). In[Table 3.3] we show the weakest and strongest

field ranges inferred from spin equilibrium assuming @, = 0.75.

3.3.3 Magnetic field inferred from critical luminosity

The presence of a strong magnetic field can increase the critical luminosity of the
accreting pulsar by reducing the scattering cross section of photons from electrons [62,

63,164]. The critical luminosity, L., depends on the magnetic field as 311 (B/ BC)4/ e
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if L. > Lg, [63], [80], where B. = m2c®/he = 4.4 x 10'* G is the quantum critical
magnetic field. Magnetic fields above the critical quantum value cause the luminosity
to exceed the Edington limit. For sources whose surface magnetic field is well below
the critical quantum value, the critical luminosity is almost close to that of Eddington

luminosity, L, ~ L.

Critical luminosity is defined as,

LXSLCz

B\ 43
1+311 (—) ] Lg, (3.24)
B

where Ly = 4nbd’Fx. The surface magnetic field strength for each PULX in terms of
the beaming fraction, X-ray flux, and distance is given as

B. (4nd’Fxb 3/4
Ie '

B>
~(311)%4

The [Equation 3.25]yields the minimum magnetic field strength for Lx = L.

(3.25)

Table 3.4 : Weakest (min) and strongest (max) magnetic field ranges inferred from
critical luminosity. For all sources we use M, = 1.4M., and R, = 10 km.

Source Bpin(x10°G)  Byuun(x1013G)

ULX NGC 5907 0.40—-2.3 9.0

ULX NGC 7793 P13 040—-2.2 045—-1.2
M82 X-2 (J095551+6940.8) 0.40—-2.2 0.85
NGC 300 ULX1 0.40-—-2.2 0.67
M51 ULX-7 0.40-2.3 0.92
NGC 1313 X-2 0.40-—-2.2 2.0
Swift J0243.6+6124 040—-2.2 0.30

In when the X-ray luminosity is equal to the critical luminosity, the
minimum values of B and the corresponding fastness parameter values are obtained.
The upper limit of the beaming fraction (b = 1) defines the largest value of the
minimum magnetic field for (@, < 1). For each PULX, except ULX NGC 7793 P13,
the value of b =1, (0.01 < 0 < 0.3), gives the largest value of the minimum magnetic

field. However, for ULX NGC 7793 P13, the upper limit is defined for values of
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b < 0.3, (6 =0.3). The minimum value of the minimum magnetic field for this source
is defined for the range 0.3 < b < 1. The minimum value range of the minimum
magnetic field for all sources is defined for the lower limits of the beaming fraction
for which @, > (R./Rc)>/?. Our results for the magnetic field ranges inferred from
critical luminosity (Lx = L) are summarized in The range for all sources
in [Table 3.4] are obtained for M, = 1.4M¢, and R, = 10 km. For a M. = 2M, neutron
star (M51 ULX-7), lower magnetic field and fastness parameter values were obtained.

Because, according to minimum B values decrease when Eddington

luminosity increases.

3.3.4 Common solutions of spin up rate, spin equilibrium and critical luminosity

In this thesis, together with the main methods mentioned above, the value ranges for the
magnetic field and fastness parameters are estimated by using the common solutions
of these methods with each other.

3.3.4.1 Magnetic field inferred from the spin-up rate and critical luminosity

In this method, we obtained magnetic fields using both spin-up rate and critical

luminosity (Lx = L.) assumptions. As can be seen in [Figure 3.5| and [Figure 3.7]

we obtained the magnetic field and fastness parameter values from the intersection
of the model curves, based on the observed spin-up ratios and critical luminosity
assumptions. Model intersections showed that for each source, similar ranges for both
B and @, can be obtained. Our model intersects over a wide range of b (0.01 < 6 < 0.3)

for all sources except NGC 300 ULX1, Swift J0243.6 + 6124, and NGC 1313 X-2

(Figure 3.5 [Figure 3.6|). For NGC 300 ULXT1 source, we obtained marginal solutions

for the fastness parameter and the magnetic field around » = 1 (0 = 0.34). The value
of 6 = 0.34 is beyond the upper limit we set in this study. For Swift J0243.6+6124, our
model curves only intersect at small mass and radius values. However, we could not
get a general solution for the NGC 1313 X-2 source even with mass values as small as

M, =0.9M.
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Figure 3.5 : The magnetic field and the fastness parameter in terms of the beaming
fraction using the spin-up rates of the PULX M82 X-2 (left panels) and
ULX NGC 5907 (right panels) under the assumption of Lx = L.. The
solutions for B (vertical axes on the upper panels), b (horizontal axis on
each panel) and w, (vertical axes on the lower panels) have been
achieved by the intersection of black solid curve and red and blue solid

curves. We use M, = 1.4M, and R, = 10 km for each source, [74].
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Figure 3.8 : Estimation of the magnetic field and the fastness parameter in terms of

the beaming fraction under the ssumption of PULX ULX NGC 5907
(left panels) and ULX NGC 7793 P13 (right panels) are close to spin
equilibrium and Lx = L.. The solutions for B (vertical axes on the upper
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lower panels) have been achieved by the intersection of black solid curve
and red and blue solid curves. We use @. = 0.75, M, = 1.4M, and
R, = 10 km for each source, [74]]

3.3.4.2 Magnetic field inferred from the spin equilibrium and critical luminosity

For other PULXs such as M82 X-2, NGC 300 ULX1, M51 ULX-7, NGC 1313 X-2,
and Swift J0243.6 + 6124, we could not find a common solution even at extremely
small values of neutron star mass. As can be seen in relatively large radii
and small masses for the neutron stars are required to ensure both spin-equilibrium and

critical luminosity conditions.

3.3.4.3 Magnetic field inferred from the subcritical luminosity

The allowed magnetic field region in all PULX with subcritical luminosity is shown
in above the magnetic field curve depicted by the curve obtained from the
critical luminosity assumption. For PULX with subcritical luminosity, the magnetic

field results revealed by the subcritical luminosity model obtained under the spin-up
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rate and spin equilibrium assumptions are shown in [Figure 3.9] and [Figure 3.10]

respectively.
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Figure 3.9 : The magnetic field values (shown by striped region) in terms of the
beaming fraction using the spin-up rates of PULX at subcritical
luminosity. The red and the blue curves show B inferred from spin up

rates and the black solid curves show B inferred from critical luminosity.
We used M, = 1.4M, and R, = 10 km for all sources. The bottom-left

and -right panels for M51 ULX-7 compare two different cases with

M, = 1.4M, and M, = 2M,, respectively, [74]
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Figure 3.10 : The maggetic field values (shown by striped region) in terms of the
beaming fraction using the spin equilibrium of PULX at subcritical
luminosity. The red and the blue curves show B inferred from spin
equilibrium and the black solid curves show B inferred from critical

luminosity. We used M, = 1.4M., and R, = 10 km for all sources. The
bottom-left and -right panels for M51 ULX-7 compare two different
cases with M, = 1.4M, and M, = 2M.,, respectively,

38



3.4 Conclusions

In this thesis, we focused on determining the magnetic field, beaming fraction and
fastness parameters of PULX. Firstly, we used three different cases for determinig the

magnetic fields B, the beaming fraction b, and the fastness parameter @, of PULX;

1-) assuming the systems to be in nearly torque equilibrium.
1i-) using the spin up rate and solving torque equation.

iii-) assuming the systems to be accreting at critical rate.

We also examined the systems containing PULX using our methods below;

i-) the observed spin-up rates result from the standard spin-up torque under the

critical luminosity condition,
ii-) the spin equilibrium and critical luminosity conditions both apply.

iii-) the subcritical luminosity condition (Lx = L.) with either the observed spin-up

rates or the spin-equilibrium condition.

PULX are most likely systems that transfer mass in the state of w, < 1. With the help
of the observed spin-up rates, the upper limit of the fastness parameter (@, = 1) gives
the strong magnetic range corresponding to the lower limit of the beaming. In contrast,
the upper limit of beaming fraction, b = 1, defines the weak magnetic field range. The
limit values of the magnetic fields also depend on the thickness of the boundary region
([72]; see also[section 3.2). We calculated the weak magnetic field range corresponding
to the lower limit value of b in the super Eddington mass transfer rate case (My > Mg)
with spin equilibrium @, = @. = 0.75. If we consider only the critical luminosity, the
strongest and weakest ranges of the magnetic fields are determined by the lower and
upper ranges of the beaming. We obtain more reliable and tighter constraints on the
magnetic fields, beaming fractions, and fastness parameters of the PULX using either
the observed spin-up rates or the spin-equilibrium condition along with the critical

luminosity condition.
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In this thesis, we refer to the state of near spin equilibrium keeping @, = @. = 0.75
([79]]) and the state of non-equilibrium assuming an efficient standard spin-up torque.
Our study is not based on a specific torque model with a certain dependence on
the fastness parameter. Instead, we focus on the spin-equilibrium or spin-up state
that occurs due to the torque acting on the neutron star. We think that the reason
for observing X-ray pulsation in some ULX and not in others is the beaming. Our
calculations here suggest that beaming may also play a role in understanding the lack
of pulsations from some of the neutron-star ULX. However, Eksi et al. (2015), [61],
stated that the reason why there is no pulsation in such systems is an optically thick

medium due to stellar wind (see also [81]]).

Also in this study, we introduced a new approach to beaming. Since our definition
of beaming depends on mass transfer rate, magnetic field strength and some other

physical parameters, it is more reliable especially for systems that show pulsation.

However, strong gravitational effects around the neutron star’s surface are absent in our
definition of beaming. The mass-accretion rates and luminosities in PULX are so high
that the accretion curtain on the magnetospheric surface can behave as an optically
thick, therefore relativistic effects may not be detected ([81]). In the case of large
enough mass transfer, the height of the accretion column may be comparable to the
radius of the neutron star. For that reason, the X-ray flux from the column is dominant
over the reflected component coming from the neutron star surface ([82]). If there is
an optically thick envelope around the neutron star, the radial distance of the accretion
column can be twice the radius of the neutron star. Therefore, we think that strong
gravitational effects can be neglected in pulse profiles of PULX. In the presence of
super strong magnetic fields, the reduction of the scattering cross section, [62, 63],
can affect the X-ray flux [61], ( see also [65} 80, [83]]). This argument is based on
the assumption that the object is close to spin equilibrium, so very strong magnetic
fields are really needed to explain the spin-up of the object. If the system is in outburst
state and therefore not in spin equilibrium, the observed spin up rate does not require

supercritical magnetic fields, so it supports the beaming argument.

The magnetic field range we have determined by the intersection of our fastness
parameter and critical luminosity models reveals the minimum magnetic dipole field

strength range on the neutron-star surface. The intersection of our spin-up and critical
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luminosity assumptions, the minimum B values we obtained, are well above the weak
field range where only spin-up rates are derived. On the other hand, in M82 X-2
and NGC 300 ULX1 (Figure 3.4), the ®, range deducted from the critical luminosity
assumption is well below the critical value of the fastness parameter. This indicates that
the sources cannot have X-ray luminosity at the maximum critical value when close
to spin equilibrium. In addition, we estimate the surface dipole magnetic fields of the

sources, beaming parameters and fastness parameters by including both the observed

spin-up ratios (Figure 3.3 [Figure 3.6] [Figure 3.7) and spin equilibrium conditions

(Figure 3.8) under the assumptions of subcritical x-ray luminosity as the most general
case. When using observed spin up values, the upper limit of the fastness parameter
(@« = 1) corresponding to the lower limit of b defines the upper limit of B. However,
under the assumption of critical luminosity, the upper limit of b defines the lower limits

of B and w..

3.4.1 Comparison with observation

We have applied all possible plausible scenarios to all PULX we have examined
in the thesis. The sources we have examined are different from each other when
some properties such as the orbital period, the type of the donor star and the spin
state of the neutron star are considered. The optical spectrum of NGC 7793 P13
indicates the presence of a blue supergiant companion, while its photometric analysis
reveals an orbital period of more than 2 months [[84) 85, [86l]. ULX NGC 7793 P13
exhibits a slow but persistent spin up [75]. NGC 300 ULXI is another PULX with
a supergiant companion. Photospheric absorption lines in the near infrared spectrum
of NGC 300 ULXI1 showed that the donor star is a red supergiant with an orbital
period of 1-2 years, [87]. A long-term constant spin-up rate with a time span of
~ 1 yr is probably due to the small fastness parameter of NGC 300 ULXI if the
system is away from spin equilibrium, [88]]. Under our spin-up ratio and subcritical
luminosity assumptions, ULX NGC 7793 P13 (w, ~ 0.065) and NGC 300 ULX1
(w, >~ 0.015) can be slow rotators. However, ULX NGC 7793 P13 can be close
to spin equilibrium because the source exhibits a slow spin-up of ~ —10712ss™ 1.

We conclude that whether the ULX NGC 7793 P13 and NGC 300 ULX-1 sources

are close to spin equilibrium or not, their magnetic fields should be in the range
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of B~ 101 G—10" G and B ~ 103 G — 10'5 G, respectively. The intermittent
pulsations seen on the M82 X-2 and the large variations in spin-up rate accompanying
a secular spin down period indicate that the source may be close to spin equilibrium.
Using timing, it was concluded that the mass of the companion star in M82 X-2 is in
the range of M; = (5 —20)M, and the orbital period is ~ 2.5 days, [89]. Another
PULX ULX 5907 with a secular spin up rate and a short orbital period concluded to
be ~ 5 days, [51]. Using the spin-up rates at subcritical luminosity, we obtain similar
values for the beaming fraction in the (0.1 — 0.3) range for both sources. The magnetic
field we obtained from the spin-up ratio for the ULX NGC 5907 is one order greater
than the magnetic field we obtained for M82 X-2, If M82 X-2 is close
to spin equilibrium and not close to ULX NGC 5907, then the magnetic field range
we get for M82 X2 under the spin equilibrium assumption will have values close to
the magnetic field range that we get from spin-up ratio for ULX NGC 5907. Taking
b ~ 0.25 for both PULX, we find B = (1 —5) x 10'3 G for M82 X-2 (Figure 3.10) and
B = (3-6)x 10" G for ULX NGC 5907 (Figure 3.9). The mass of the companion star
MS51 ULX-7, one of the most recently discovered sources in M51, was determined to
have a lower limit of about 8 M, and an orbital period of 2.5 days. It has been suggested
that the magnetic dipole field on the surface of the neutron star is approximately
B =102 G- 10" G for 0.08 < b < 0.25,[54]. Using the spin-up ratio and the critical
luminosity condition (Figure 3.7)), we obtained the magnetic field and beaming fraction
range as B= (0.6 —1) x 10'2 G and 0.05 < b < 0.08, respectively. However, using
spin-up rates with subcritical luminosity, larger field range of B = (0.6 — 60) x 1012 G
is found with 0.02 < b < 0.08. Also, the magnetic field lies between 7 x 10'> G and
3 x 10'* G for a beaming fraction in the ~ 0.02” — 1 range if the system is close to spin
equilibrium with a subcritical luminosity. Our field values based on a spin-equilibrium

assumption are consistent with the field estimates of Vasilopoulos et al (2019), [88].

Although not precisely determined, the existence of a B-type companion star with an
orbital period of about 2 days and a mass of 12M., has been proposed for another
PULX newly discovered in NGC 1313. The frequency derivatives measured during
both pulse detection periods show the presence of spin-up rather than spin down.
As also suggested by observations, ULX NGC 1313 X-2 might be close to spin

equilibrium and might therefore have B ~ 10'?> G — 10'* G with a minimum beaming
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fraction of ~ 0.01 (see [Figure 3.10). The first galactic PULX has been discovered
Be/X-ray binary Swift J0243.6+6124. The system is known as an X-ray transient with
a Be-type main-sequence companion star of mass 16M., and has an orbital period of
28 days. The system is an X-ray transient and can therefore be either close to or away
from spin equilibrium. A sudden increase in the mass accretion rate can push the
ULX out of spin equilibrium, and the using the spin up rates under the assumption
of subcritical luminosity we deduce B ~ 10'> G —10'* G, b > 0.3, w, > 0.04. The
source may also be close to spin equilibrium with @, ~ 0.04 and B ~ 10'* G- 10'* G
for w, > 0.1. We found the narrowest ranges for B, b and @, when we used the critical
luminosity condition with observed spin-up rates or spin-equilibrium state. Scenario
which is based on spin up rates observed at critical luminosity worked well for all
PULX giving B in the ~ 10! G — 10'® G range. On the other hand, scenario which
is based on the spin-equilibrium at the critical luminosity state worked for two PULX
that yielded B only in the ~ 10'! G —10'3 G range. Assuming subcritical luminosities
with observed spin-up rates or spin-equilibrium state, we obtained wider ranges for
B, b and w,. Using both the observed spin up and spin equilibrium conditions in
the subcritical luminosity regime, we found B in the range ~ 101! G— 10" G. As a
result of our work, we understand that the surface magnetic dipole fields of neutron
stars in PULX are not always magnetar strength. In addition, the B ranges we have
obtained include values well below the quantum critical limit for magnetic fields. If
the luminosity is considered critical, weaker B fields are obtained. Our results suggest
that the role of beaming cannot be ignored. Subcritical luminosity can be reached at
the b < 1 condition even in the absence of magnetar-strength fields, otherwise it will

increase the critical luminosity by reducing the scattering cross section.
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4. CONCLUSIONS

In this thesis, we developed a torque model for disc-magnetosphere interaction from
the spin and flux observations of 4U 1626—-67 and compared it with the torque
models in the literature. The method we used is only suitable for a few persistent
LMXB because very few of these sources have large magnetic field and show torque
reversal. However, as the study is concerned with dimensionless functions depending
on dimensionless parameters, we expect our torque model would have implications
for models in the literature that have quite different functional form around the torque
equilibrium. While the torque inferred from the observations, when ®, /@, is plotted
versus n/ng exhibits a concave-up behavior around the torque equilibrium, models in
the literature predict concave-down behavior. We found that the dimensionless torque
has a cubic dependence around equilibrium and can be expressed as the superposition
of two hyperbolic functions.This difference may be due to the inadequacy of the
models in the literature or the fact that some of the assumptions regarding our model
have not been tested yet. One of the uncertainties in our model is due to the coefficient
&, which determines the relationship between the inner radius and the Alfvén radius.
It is possible that this coefficient is not constant and changes depending on the fastness
parameter. In future studies, the dependence of the & coefficient on the fastness
parameter will be investigated. Another uncertainty concerns the assumption that
X-ray luminosity will grow with the accretion rate. For example, as observed in the
Her X-1, the disc may be warped and therefore part of the X-ray flux coming to the
observer may be blocked. Yet we think the disk in 4U 1626—67 is not warped, as the
system shows a fairly smooth torque evolution around torque equilibrium. Another
situation where a linear relation between the accretion rate and the luminosity will
not be realized is the regime called ADAF, in which the disc is optically thin and
geometrically thick. ADAF regime is generally observed in systems containing black
holes. It is therefore unclear how the ADAF regime can be adapted to neutron stars.

If, as in the ADAF regime, the local accretion rate in the disk is not proportional to the
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amount of material transferred to the surface of the neutron star, our assumption will

be invalid.

In this thesis, we also found the critical fastness parameter corresponding to the torque
equilibrium of the source as w, = 0.75 using the BFM and other this value we have
obtained is compatible with other studies. We found that, when the fastness parameter
falls below @ = 0.6, we see that an unstable regime emerges, and this instability is a
regime seen in simulations. We plan to conduct studies to understand the origin of this

erratic behavior.

In this thesis, we have also calculated the surface dipole magnetic fields, B, beaming
fractions, b and fastness parameters, @, of ULX systems showing X-ray pulsation in
accordance with different scenarios. In our model based on the spin-up rates at the
critical luminosity, the value range we obtained for the magnetic field is compatible
with all the PULX. However, the magnetic field range we obtained based on the
spin-equilibrium at the critical luminosity yielded consistent results for only two
PULX. Our results showed that PULX do not necessarily have magnetar strength
magnetic fields. Since most of the magnetic field values we have obtained under

different scenarios are well below the critical quantum limit.

We calculated the weak magnetic field range corresponding to the lower limit of b
in case of super Eddington mass transfer with spin equilibrium @, = @. = 0.75.
If we consider only the critical luminosity, the strongest and weakest ranges of the
magnetic fields are determined by the upper and lower ranges of beaming. Using
the observed spin-up rates or the spin-equilibrium state assumptions with the critical
luminosity, we achieved more reliable and tighter constraints on the magnetic fields,
the beaming fractions and the fastness parameters of PULX. Our work is not based
on a specific torque model with a certain fastness parameter. Instead, we focus on
the spin-equilibrium or spin-up state caused by the torque acting on the neutron star.
Our calculations here show that beaming may also play a role in understanding the
lack of pulsation from some neutron star ULX. Also in this work, we took a new
approach to the beaming. Since our definition of the beaming depends on the mass
transfer rate, the magnetic field strength and some other physical parameters, it is more
reliable especially for pulsating systems. In the presence of super strong magnetic

fields, the reduced scattering cross section can affect the X-ray flux. This argument is
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based on the assumption that the object is close to spin equilibrium, so really strong
magnetic fields are needed to explain the spin-up behavior of the object. If the system
is in explosion state and therefore not in spin equilibrium, the observed spin up does
not require supercritical magnetic fields, so it supports the beaming argument. The
magnetic field range determined by the intersection of our fastness parameter and the
critical luminosity models reveals the minimum magnetic dipole field strength range
on the neutron-star surface. The intersection of our spin-up and critical luminosity
assumptions is that the minimum mgnetic fields we obtained are well above the weak
field range from which only spin-up ratios are derived. In addition, we estimate the
beaming fraction, the fastness parameters, and the surface dipole magnetic fields of
the sources by including both observed the spin-up rates and the spin equilibrium

conditions under subcritical x-ray luminosity assumptions as the most general case.

When using observed the spin up values, the upper limit of the fastness parameter
corresponding to the lower limit of beaming defines the upper limit of the mgnetic
fields. However, under the critical luminosity assumption, the upper limit of the
beaming defines the lower limits of magnetic fields and fastness parameter. The
scenario based on the spin-up rate worked well for all PULX giving the magnetic
fields in the range of 10'! G —10'3 G. On the other hand, the scenario based on the
spin-equilibrium worked for two PULX that yielded magnetic fields in the range of
B ~ 103 G— 10" G only. Assuming the subcritical luminosity with observed the
spin-up rate or the spin-equilibrium, we obtained larger ranges for the magnetic fields,
the beamings and the fastness parameters. Using both the observed spin up and spin
equilibrium conditions, we found the subcritical luminosity regime in the range of
101" G — 10" G. As a result of our work, we understand that the surface magnetic
dipole fields of the neutron stars in the PULX are not always magnetar strength. In
addition, the magnetic field ranges we get include values well below the quantum
critical limit for magnetic fields. If the luminosity is considered to be at the critical

value, weaker magnetic fields are obtained.
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APPENDIX A:Pulse evolution of 4U 1626—67 from 1997 to 2009, [41]].
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