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A SECOND ORDER NEWTON METHOD FOR RECONSTRUCTION OF
PERFECTLY ELECTRIC CONDUCTING OBJECTS

SUMMARY

Inverse scattering problems for time harmonic waves are of fundamental importance
in applications such as radar and sonar, nondestructive evaluation, geophysical
exploration, medical imaging and others. In principle, in these applications the wave
scattered by an unknown object is measured at a number of discrete locations and
information such as shape parameters, location parameters and electromagnetic
parameters of the scatterer are extracted from these data.

In this study, a new second order Newton method for reconstructing the shape of a
arbitrary cylindrical perfectly electrical conducting (PEC) scatterer from the
measured far-field pattern for scattering of time harmonic plane waves is presented
the first time in this thesis. This method extends a hybrid between regularized
Newton iterations and decomposition methods. The main idea of our iterative
method is to use Huygen’s principle, i.e., represent the scattered field as a single-
layer potential. Given an approximation for the boundary of the scatterer, this leads
to an ill-posed integral equation of the first kind that is solved via Tikhonov
regularization. Then, in a second order Taylor expansion, the PEC boundary
condition is employed to update the boundary approximation. In an iterative
procedure, these two steps are alternated until some stopping criterium is satisfied.
Main advantages of method is that method does not need forward solver in each
iteration step and needs less iteration than first order Newton method in order to
obtain desired accuracy. Method can be easily extended for limited angular and near
field measurements of scattered fields. Proposed method is described in detail and
illustrated its feasibility through examples with exact and noisy data.
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IKINCi DERECE NEWTON YONTEMIiYLE MUKEMMEL iLETKEN
CISIMLERIN SEKLININ BULUNMASI

OZET

Zamanda harmonik dalgalarin ters sacilma problemi radar, sonar, tahribatsiz
degerlendirme, geofizik, tibbi goriintilleme gibi uygulamalar icin temel Oneme
sahiptir. Temel olarak, bu uygulamalarda bilinmeyen cisimden sa¢ilan dalganin ayrik
noktalarda Olciilmesiyle elde edilen data kullamilarak cagicinin sekil, konum,
elektromagnetik parametreleri gibi 6zellikleri bulunur.

Bu calismada, diizlemsel bir dalga ile aydinlatilmis rastgele kesitli silindirik
milkemmel iletken bir cisimden sacilan alanlarin uzak alan Ol¢iimlerinden seklinin
bulunmas1 yeni bir yontem olan ikinci dereceden Newton metoduyla ilk kez bu tezde
incelenmistir. Bu yontem Newton iterasyonu ve dekompozisyon methodunun daha
gelismis bir seklidir. Buradaki iteratif yontemin ana fikri Huygen prensibini
kullanmaktir yani sagilan alani tek tabakali bir potansiyelle ifade etmektir. Sagicinin
alman bir yaklagikligi icin bu Tikhonov regiilarizasyonuyla ¢o6ziilebilen birinci
dereceden ill-posed bir integral denklem elde edilir. Daha sonra, ikinci dereceden
Taylor acilimiyla miikemmel iletken sinir kosulu saglanacak sekilde cismin sekli
degistirilir. Iterasyon yonteminde bu iki adim belirlenmis bir durma kosulu saglanana
kadar devam ettirilir. Bu yOntemin temel avantajlari herbir iterasyonda diiz
probleminin ¢oziimiiniin gerekmemesi ve birinci dereceden Newton yontemine gore
arzulana bir dogruluga ulasmak icin daha az iterasyon gerektirmesidir. Onerilen
yontem yakin alan ve simirli alan Olclimlerinin sacgilan alan olarak kullanilmasi
durumuna kolayca gelistirilebilir. Bu yontem detayli olarak incelenecek ve tam ve
giiriiltiilii datalar icin uygulanabilirligi 6rneklerle gosterilmistir.
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1. INTRODUCTION

Inverse scattering problems for time harmonic waves are of fundamental importance
in applications such as radar and sonar, nondestructive evaluation, geophysical
exploration, medical imaging and others. In principle, in these applications the wave
scattered by an unknown object is measured at a number of discrete locations and
information such as shape parameters, location parameters and electromagnetic
parameters of the scatterer are extracted from these data. As opposed to classical
techniques of imaging such as computerized tomography that is based on the fact that
x-rays travel along straight lines, inverse scattering problems take into account that
the propagation of acoustic, electromagnetic and elastic waves have to be modeled
by a wave equation. This means that inverse scattering requires a nonlinear model,
whereas inverse tomography is a linear approximation of inverse scattering

problems.

1.1 Literature

The first attempt to reconstruct the shape of a perfectly electric conducting (PEC)
obstacle from a knowledge of the far field pattern in a manner acknowledging the
nonlinear and ill-posed nature of the problem was made by Roger in 1981 [1]. Roger

considered the scattering of a plane wave propagating in a fixed direction by a two

dimensional PEC scatterer parameterized in the form x = r(X)X, where r(X) = |x| ,

and then solved the nonlinear operator equation F(r) =u_ by Newton’s method,
where the Frechet derivative of F was inverted using Tikhonov regularization. A
characterization and rigorous proof of the existence of the Frechet derivative of F
was subsequently established by Kirsch [2] and Potthast [3] (see also [4], [S] and
[6]). An alternative approach to solving the inverse scattering problem for a PEC
obstacle was proposed by Kirsch and Kress [7] (see also [4]), who broke up the

inverse scattering problem into two parts. The first part deals with the ill-posedness

by constructing the scattered field us from the far field pattern u_ by representing



u’ in the form of a surface potential defined on a surface known a priori to be
contained in the unknown scatterer D. The second part then deals with the

nonlinearity of the problem by determining the unknown boundary of the scatterer as

the location of the zeros of the total field u =u' +u* where u' is again a plane
wave propagating in a fixed direction. An advantage of this approach is that the cost
functional of the nonlinear part of the problem has a particularly simple structure
from which the Frechet derivative is easily computed. Related methods have also
been proposed by Angell, Jiang and Kleinman [8], Colton and Monk [9], Misici and
Zirilli [10], and Potthast [11]. Detailed literature survey can be found in Colton and
Monk [12].

In this study, we are interested in shape reconstruction of PEC obstacles from
measurements of the far field pattern by using a new variant of a second order
Newton method given in [13]. This method extends a hybrid between regularized
Newton iterations and decomposition methods that has been suggested and analyzed
in a number of papers by Kress and Serranho [14, 15, 16, 17, 18] and has some
features in common with the second degree method for ill-posed nonlinear problems
as considered by Hettlich and Rundell [19]. As a major advantage, this iterative
algorithm does not require a forward solver at each iteration step. Our approach
extends a corresponding first order Newton method as suggested and analyzed by
Kress and Serranho for shape reconstruction for sound soft [14, 17] and sound hard
obstacles [16] and for the reconstruction of both the shape and the boundary
impedance [18]. Although, in the present paper the obstacle is assumed to be smooth,
since the approach of Kress and Serranho has also been extended to cracks [15] we

expect that our method also can be carried over to this case.

To some extend our approach is related to a method that has been suggested and
investigated more recently by Cayoren et al [20]. The main difference is that in [20]
the curve on which the Taylor expansion is employed remains fixed throughout the
algorithm and that, in order to compensate for this, higher order Taylor expansions
are used. This also implies that the method of Cayoren et al only works properly
when the approximating curve for the Taylor expansion is not too far away from the
actual boundary to be reconstructed, whereas our method is more flexible with this

respect through its alternating nature.



The idea of our algorithm differs from the traditional regularized Newton type
iterations for the inverse obstacle scattering problem. The latter approach is based on

the observation that the solution to the direct scattering problem with a fixed incident
plane wave u' defines an operator A:9D — u_ that maps the boundary 9D of the
scatterer D onto the far field pattern u_ of the scattered wave. In terms of this
operator, given a far field pattern u_, the inverse problem just consists in solving the
nonlinear and ill-posed operator equation A(dD)=u_ for the unknown surface dD

which, for example, can be done via regularized Newton iterations as has been
suggested for the first time by Roger [1]. For details on this approach we refer to [4].
Numerical examples in three dimensions have been more recently reported by Farhat
et al [21] and by Harbrecht and Hohage [22]. A related second order Newton scheme
has been considered by Hettlich and Rundell [19]. As opposed to our method, the

numerical implementation of Newton type iterations for the solution of A(dD)=u_

requires the solution of the forward problems to evaluate A and its derivatives for the
current approximation of dD in each iteration step. Main scientific contribution of
our second order Newton method given in [13] is that this method needs less
iteration than known first order approach [14] and more robust against noisy data.
Exploiting the fact that field satisfies Helmholtz equation outside the scatterer, the
second order normal derivative of the field on the estimated scatterer can be obtained
analytically which provides that each iteration of second order and first order
Newton needs approximately same CPU time.

Proposed new second order Newton reconstruction method can be extended
straightforwardly for multi illumination cases. In this case, object is illuminated by
multi plane waves separately each having different propagation direction. Scattered
data is obtained on unit circle Q for each illumination. Since more data is available
for this case, multi illuminations provide better reconstruction than single
illumination especially in shadow region of object. Moreover, it is also possible to
use proposed reconstruction method for any excitation as an incident field such as

line source instead of plane wave.

Proposed method can be extended for reconstruction of perfectly electric conducting
(PEC) objects located on known domain by using the fundamental solution of
Helmholtz equation on known domain and its far field pattern and using the incident

field as field in the absence of the PEC object. Fundamental solution of Helmoltz



equation on known domain ¢(x, y) simply is total field on x if line source located on
y . This is well known direct scattering problem. Therefore, ¢(x, y) can be obtained
straightforwardly. Field in the absence of the PEC object can also be obtained via
direct scattering problem for plane wave excitation. This approach have been applied
for reconstruction of objects buried in a arbitrary shaped cylinder by using second
order method in [23]. Shape reconstruction of the PEC object buried in dielectric half
space by first order Newton method is given in [24]. The considered problem given
in [24] can be applied for detection of mines, pipes, tunnels etc..Because of the
nature of the this problem, scattered field data can be obtained only upper half space.
Fundemantal solution of Helmoltz equation on this domain can be obtained by
integral representation on complex plane given in [24,25]. It is also straightforwardly
possible to extend the method in [24] for detection of PEC objects buried in rough

surface by using the Green’s function of rough surface given in [26]. Time

it

dependence is assumed e and omitted throughout the thesis.

1.2. Definition of the Problem

Given an open bounded obstacle D c R® with an unbounded and connected
complement and a smooth boundary dD and an incident field u' as depicted fig. 1,
the direct scattering problem consists of finding the total field u =u' +u* as the sum

of the known incident field ' and the scattered field u*, such that the Helmholtz

equation
Au+k’u=0, in R*/D (1.1)
and PEC boundary condition,

u=0 onodD (1.2)
are fulfilled and the scattered wave u’ satisfies the Sommerfeld radiation condition

) ou' .
lim/r ik =0, r=|y (1.3)
r—oo r

uniformly with respect to all directions. The latter ensures an asymptotic behavior of

the scattered wave of the form



eik‘x‘ 1
U, (D) +0 = |p | (1.4)

u'(x)=—
i }

uniformly in all directions with the far field pattern u_ defined on the unit circle Q.

\ oD ’

Figure 1.1 : Geometry of the problem.

The inverse scattering problem we are interested in is to determine the shape of the

scatterer D from a knowledge of the far field pattern u_ for one or several incident
plane waves u' =™ with incident direction d € Q . We note that the inverse

scattering problem we have just formulated is ill-posed in the sense that the
determination of dD does not depend continuously on the measured far field data in

any reasonable norm. This issue of ill-posedness will be handled using Tikhonov

regularization in our reconstruction algorithm.

This algorithm starts from Green’s representation formula for the scattered wave on

the I, initial estimate of the boundary dD as

W (x)=—— fa—u(y)Hé” (klx—yDds(y), xe R*\Tj (1.5)
47 v

and its far field pattern



irl4
[ e tasy), ke (1.6)

87k . ov

that is, Huygen’s principle (see Theorem 3.12 in [9]). Here, H" denotes the Hankel

u_(x)=-

function of order zero and of the first kind and v is the outward unit normal to I .

We view (1.6) as the data equation in terms of the measured far field pattern u_ .

Given an approximation for the boundary oD, we solve (1.6) for the unknown flux

@ :=—du/dv. Then we insert the scattered wave (1.5) into the boundary condition

(1.2) and consider this as the field equation which we solve for updating the
approximation for dD. This is achieved via a Taylor expansion up to order two for
u along the normal direction and solving the quadratic equation for the update
function. In an obvious way, these two steps are iterated until an appropriate stopping
criterium is satisfied. This method decomposes the inverse scattering problem into
ill-posed and non-linear part and deals with each part of the problem separately. This
provides that method does not need forward solver in each iteration step. On the
other hand, another advantage of this approach is that the cost functional of the
nonlinear part of the problem has a particularly simple structure from which the first
and second order Frechet derivatives are easily and analytically computed by
exploiting the fact that field satisfies Heltmoltz equation outside the object [13]. This
provides each iteration of second order and first order Newton needs approximately

same CPU time.



2. DIRECT SCATTERING BY NYSTROM METHOD

In this section, Electromagnetic scattering from PEC object is given by Nystrom
method. Nystrom method have exponential converge property therefore it is very
computational effective. Although, direct scattering from two dimensional objects
are well known and straightforward, it has be considered in order to produce data and

implement Newton method.

PEC object with boundary dD is located in medium whose wave number is k. This

object is illuminated by x, polarized plane wave with propagation direction d as
u'(x)=e"". Since the problem is homogeneous with respect to x, axis, scattered

field is also x, polarized and problem reduces scalar problem in xe R* such that

total field satisfies Helmholtz equation,

Au+k’u=0, xeR*\D 2.1
with PEC or Dirichlet boundary condition as

u(x)=u'(x)+u’(x)=0, xeoD (2.2)

and scattered field satisfies radiation condition as

limﬁ(ﬁ— ikusJ =0, r= |x| 2.3)

r—s or

uniformly with respect to all directions. The latter ensures an asymptotic behavior of

the scattered wave of the form

ik| x|
' (x) = e—{um %)+ O[LJ}’ I — oo (2.4)
N 4



uniformly in all directions with the far field pattern u_ defined on the unit circle Q.

Direct scattering problem is to find unknown scattered field «* for given boundary

oD and incident field u'.

2.1 Solution of Direct Scattering Problem by Single-Layer Potantial

if k*is not a Dirichlet eigenvalue for the negative Laplacian in the interior of oD,
scattered field, which satifies (2.1) and (2.3), can be expressed by single layer
potential by [4]

u' ()= [P(»P(x.Nds(y), xeR*\D 2.5)
oD

where @(x,y) is fundamental solution of Helmholtz equation in R*, in other words

Green'’s function of the medium given by [4]
i
P(x,y) = Hi (kx5 (2.6)

where H"(.)is Hankel function of first kind and order zero. Substituting (2.4) into

(2.2), one gets integral equation defined on the boundary dD as

[e(noCx, y)ds(y) =—u'(x), xedD @.7)
oD

Let’s represent the boundary dD of the object by parameterization as
D ={z(1) = (x, (), x, (1)), 1€ [027)} 2.8)

In this case, integral equation in (2.7) can be given by

Z@|dt=—u'(z(t)), te[0,27) (2.9)

2z
[oz@nma
0

Kernel of the integal equation (2.9) is expressed by

M (1,7 =5 HiP (kz(0) = 2(2) (2.10)

and can be decomposed as

Mt,7)=M,(t,7) ln(4sin2(t_TT)j +M,(t,T) 2.11)



where
1
M, (t,7) =——1J,(k|lz(t) — 2(7)))
4r
M,(1,7)=M(t,7)- M, (1,7) ln(sinz (t_TT)j

are analytic with diagonal terms

1
M (t,t) =——
1(20) dr

; k|x'(t
Mz(t,t)=i—£—iln—()|
4 2% 2w 2

where C =0.577215... is Euler constant.

Substituting (2.11) into (2.9), one gets

2r
J.(p(z(r))(Ml (t,7) ln(4 sin’ (I_TT)) +M, (1, r)j Z(@|dr = —u' ()
0

Using the equation [4],

27 t—1T 2N-1
| 1n(4sin2<7>jf<r> = 2RO f(;")
0

j=0

where N is discretization number of integral equation and
i
£ = 7

2r i1 V1
(n) _ (N) (N)
R (1) ===" m§:1—cosm(t—tj )= eosV @)

In addition, we use the trapezoidal rule

f f@dr =" Sray

j=0

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.17)

(2.18)

(2.19)



Substituting (2.19) and (2.16) into (2.15), one gets

2N-1

T

j=0

M) =—u' 1) (2.20)

(2.20) is evaluated at collocation points called by 7, =0,1,...2N —1, one gets linear

equation [4] where

2N-1 T
2 o ){REQM LU R AUS )}

G EETGAD)

~ (2.21)
k=0,1,..2N -1
where
N-1 . _1\J
R = R0y =— 225 Lo, CD°T (2.22)

N —om N N?

that can be solved straightforwardly. After solution of (2.21), scattered field can be

calculated by (2.4). By using large argument approximation of Hankel functions, one

obtains scattered field for |x| —> oo as

in/4 k|

u(x) = j (e ™ ds(y), F=xlx, [0 (2.23)

e
V8 x|

Comparing (2.23) and (2.5), one obtains far field pattern by

irl4
(%)=

I(ﬂ(y)e"“'yds(y), e Q (2.24)

V87 ;)

where Q is unit circle. We again outlined the fact that proposed single layer

approach can be applied for solution of direct scattering problem, if k”is not a
Dirichlet eigenvalue for the negative Laplacian in the interior of dD. Otherwise,

combined single and double layer representation of scattered field is used.

2.1 Solution of Direct Scattering Problem by Combined Single and Double
Layer Potantials

Scattered field, which satifies (2.1) and (2.3), can also be expressed by combined
single and double layer potential by [4]

w 0= 1259 o, ) bo(nds(y), ve RAD (2.25)
5L ov(Y)

10



with unknown density ¢ and some real coupling parameter 77. Substituting (2.25)

into (2.2), and using jump relation related to single and double layer potantials, one

obtains boundary integral equation given by

P(x) _

[ {a¢(X’Y) ——u'(x), xedD (2.26)

N(y) ing(x, y)}(o(y)dS(yH

Substituting (2.6) into (2.26), (2.26) can be expressed by
j {kv )=y }H“) (x— y)) = inH (kx — y}(ﬂ(y)ds(y)Jr P i, xedD (2.27)

if parametric representation of boundary dD is given by (2.8), (2.27) can be given
by

j (L(t,7) Z(0)dz (2.28)

where M(¢t,7) is given by (2.10) . Since normal vectoris espressed as

(1) = (x5, (1) —x; , L(t,7) is

ik (x5 (2).(x] (1) = x/ (7)) = x](D).(x, (1) = % (7))

L(t,T)=— H" (k|z(t) - 2.29
=7 E— (Kz)-z0)  (2:29)

and can be decomposed as,

L(t,7) = L,(1,7) ln(4 sin’ t_TTj +L,(t,7) (2.30)

where

L= k(5 (0).(x( (1) = x[(D) = x, (0)-(x5, (1) = x3(7)) J (K- @31)

4x |2(t) - z(2)|
L(t,7) = L(t,7)~ L, (1,7) ln[4 sin’ I_Tfj (2.32)

turn out to be analytic with the diagonal terms

L(tt)=0 (2.33)

s X/ (0)x; (1) — x5 (£)x] (1)
4z

L,(t1) = (2.34)

11



Using the (2.17) and (2.18) again, we get,

2N-1

> o R (=i, (2,1

Jj=0

M+ L))

(2.35)
T .
+N(—177M2(t,t;’v))

Z,(IE'N) )‘ +L2(l,l;N) )}4-@ — _ui([)

and evaluating (2.35) is evaluated at collocation points called by ¢, =0,1,..2N -1,
one gets linear equation

2N-1

2" R, i )

)+ L)

V/ 2 (N)
+N(_mM2(tk’[j )

L+ L1 )} + "’(;k) =—u'(t,)  (2:36)
k=0.1,..2N-1

that is linear equation with 2N equation and 2N unknown which can be solved

straightforwardly. After solving (2.36), scattered field can be obtained through
(2.25). Far field pattern of (2.25) can be obtained as

—irl4
e

N ; {7 - kb(3).2)e ™ p(y)ds(y)

(2.37)

12



3. NEWTON METHOD FOR RECONSTRUCTION OF BOUNDARY

3.1 A First Order Newton Method for Reconstruction of Boundary

Object with boundary oD is illuminated by plane wave u’ =™

with propagation
direction d € Q. Far field pattern u_, of the object is obtained on . Our problem is
to find dD through measurements of far field pattern u_(X), xe Q.

Since we assume the boundary dD to be smooth, i.e., analytic, the scattered wave
can be extended as solution to the Helmholtz equation across the boundary into a
neighbourhood of dD. We now assume that an initial estimate I'; for the boundary
of the scatterer D is at our disposal such that this extension of u" is defined in the
closed exterior of T,. Further we assume that k is not a Dirichlet eigenvalue for the
negative Laplacian in the interior of I';. Then the scattered field can be expressed as

a single-layer potential

u'(x) = i j PV H," (k|x—y)ds(y), xe R*\T, (3.1

for all x in the exterior of T, and a uniquely determined density @e L*([,) [4]
Passing to the far field in (3.1) we obtain

ir/4

V8

[o(me ™ ds(y) =u.(®), ieQ (3.2)

as an integral equation of the first kind for the unknown density ¢. Due to its
analytic kernel, this integral equation is severely ill-posed. However, the operator

S_:I*(T,) - *(Q) defined by

ir/4

j%f[(p(y)e_iki'yds(y), xeQ (3.3)

(S.o)X) =

13



is known to be injective and have dense range (see Theorem 5.17 in [4]). Therefore,
Tikhonov regularization can be applied for a stable approximate solution of (3.2),

that is, the ill-posed equation (3.2) is replaced by
oap, +S.S. ¢, =S_u., (3.4a)

with some positive regularization parameter @ and the adjoint S_ of S_ given by

—irl4
e

o)

(S_o)(x) = u,(2)e™ds(x), e Q (3.4b)

For the further description of the reconstruction scheme we represent the curve I, by

a regular parameterization
[, ={z,t):1€[0.27)} (3.5)
with a periodic function z, : R — R”.

If far field data is obtained M discrete points on Q called as x,,m=12..M , and
boundary I, with parametric representation given by z,(f), te€ [0,27[) is
discretized by 2N collocation points. Therefore (3.2) expressed by

ir/4 2N-1

\e/%% Z(/’(Z(tn et
n=0

that is linear equation system with M equation and 2N unknown is given by

@) =u(&,), m=12.M (3.6)

S g = 3y 3.7)

with S§™" matrix whose elements given by

irl4
e T ik, .z(,)
e

Son =—F——
mn \/% N

z,(t,) (3.8)

Adjoint operator of far field pattern given by S* =S that is Hermitian of

SV Therefore, Tikhonov regularized solution is given by

0, = (aI(NN) + SD(OMN)HSD(QMN))—I SD(OMN)HMLM) (3.9)

14



Searching the location where the boundary condition (1.2) is satisfied we
approximate the total field u by the Taylor formula of order one with respect to the

normal direction at I';,. For this we try to update in the form
L, ={z, () + h(t)v, (1) : 1€ [0.27)} (3.10)

where v, denotes the outward normal vector to I'; and h : IR - IR is a sufficiently

small 2z periodic function. The normal vector can be expressed through the

parameterization (3.5) via

’ s
[z 0] (3.11)

where for any vector a = (a,,a,), we set a* = (a,,—a,) . Then the first order Taylor

formula requires the update function 4 to satisfy [13]
d

Hozy + 500 2yl =0 (3.12)
v

Once the single layer density ¢ is known from (3.9), the values u and du/dv of the
total field on I, can be obtained through the jump relations for the single-layer

potential [13], that is, by

u() =’ () + [0, (VH (k= yds() (3.13)
Iy

and

ou ou' i oH " (k|x— y)) 1

- - +— S N d N

S (=204 j P (3) g S ds() =5 ()

d ' ik 0 P(0){x— yIH " (k|x - y)) 1 G
u u' i v(x)ax—ysH, xX—y

ey =2 = d =

(=24 j () - 5() =2 o)

The integrals in (3.13) and (3.14) can be accurately evaluated by as fallows,

Total field u on I'jis expressed by using (2.20)

u(zy (1) =u' (z, (1)) + i j Po (2o ) H " (k|zo (1) = 2o (D)2 (D)|d T (3.15)

Ty

15



2N-1

u(z, () =u'(z,(t)) + Z%(t(N)){R(N)(t)M (t, r<N>)+ M, (1, r““)}

z (z“v))\ (3.16)

where t;N )= jm/N. Since we only need total field on collocation points, we can

find

AGY )\ (3.17)

; 2N-1 T
u(z ) =0 Gt )+ X0 >{R3”3nM1 1ot + 5 Mo 0, >}

where M, and M ,are given through (2.12-15).

Normal derivative of total field du/dv on I;is given by (3.14) as

(X)

—( )——( )+ (K@) (x) - (3.18)
where K denote the integral operators defined by
0
(kg0 = [ 752 o325 (3.19)
L

‘:'(Zo (t)){zo -z, (T)}

H (k|zy (1) -
|Zo(f)_ZO(T)| 1 (|Zo(l) 2y

Z(@ldr  (3.20)

_ k 2z
K==~ [2.(2()
0
Parametrization of (3.20) can be given by

(Kg)(z) (1) =,%)| [H (D)9, (2 ()T (321)

is given by

H\" (K|zy (1) = z,(7)))
|Zo (t) — 2 (T)|

H(t,7) = %v(t).[zo (7) — 2, (1)] (3.22)

J(1),—x/(t)). We decompose the

where we have set v(f)=

O

fundamental solution H;’ =J, +iN,, and use the power series

Jo(u) = Z( D [ j (3.23)

n=0

for the Bessel function of order zero and

16



2 n 1 (_1)n+1 2n
N, (u) = —Lln S CJJ (W) += Z{Z—} ~ (%J (3.24)

n=l {m=1 M (f’l‘)

for the Neumann function of order zero with Euler constant C=0.57721.. .From these

series we can see that the kernel H can be written in the form
.2 1—7
H(t,7)=H, (t,7) ln(4 sin Tj +H,(t,7) (3.25)

where

11 (Kzo®) = 20 (@)

H,(1,7) = ——v(t) [20(®) = 2, ()]~ (3.26)
T (0= %, (0)
. 217
H,(t7)=H(t,7)-H,(t,7) ln[4 sin Tj 3.27)
turn out to be analytic with the diagonal terms
H,(t,1) =0, (3.28)
1).z(t
H, (1,1 = —— 2D 20 (3.29)
4z |25
Using the (2.16) and representation of incident field u'(x) = ¢®™*, normal
derivative of the total field can be obtained as
a—u(zo(t)) = ik(P().dye o4~ L) @,
v 2
2N-1 T (3.30)
Z%( (N)) {RE-N)(t)H1 (t,r§N>)+NH MR )} AGE
Since we only need total field on collocation points, we can find
al/t A ikzy (t,,).d ¢a (tm)
—(z,(t,,)) =ik(V(¢,).d)e""" ————"=+
v 2
2N-1 ju 3.31)
S R+ 2 )

Since the solution of (3.12) is sensitive to errors in the normal derivative of u in the
vicinity of zeros, equation (3.12) is solved in a stable way by a least squares method.

For this we express

17



J
hy(t)=a,+ (a;cos jt+a,,, sin jt) (3.32)

j=1
as a trigonometric polynomial of degree less than or equal to J. Then, we satisfy
(3.12) in a penalized least squares sense, that 1s, the coefficients a,a,,...a,, in
(3.32) are chosen such that for a set of collocation points #,1,.,.....Z,y_, in [0,27) the

penalized least squares sum

2N-1

D lulz, >)+g—i’<zo<tn Nhy(t,)

n=0

2 J
+ 5, {aé +> j(a; +a3,, )} (3.33)

j=1
with some regularization parameter 3, >0 and some pe€ N is minimized. Here, the
penalty term corresponds to the square of the Sobolev norm ||h0 "m . We note that the

approach can be carried over to other approximations of A, rather than by

trigonometric polynomials. Substituting (3.17) and (3.31) into (3.33), one obtains,

>

i

N i
’ N
A
n=(

; 2N-1 T
“ (ZO (t” )) + Z ¢a (t;N) ){R(JJY:IMI (tn ’t;N) ) + NMZ (tn ’t;N) )}

j=0

J
(ao + Z (a,cos(ht,)+a,,,sin(ht, ))j(ik(\?(tn ).d)e" ot — —(p“;t”) +
h=1
2 3.34)

ANl (N) 1 (N) oy, (N)
> 0 D T R 0,7+ T H )
J= 0\n

’ N
20t ))\J

J
+ﬁ1{a§ +Z jZI)(ai +a§g)}

j=1

After the solution of (3.34), new approximation of boundary called as I is found
through (3.10) and similar procedure is applied for I’ until predetermined stopping

condition is satisfied.
3.2 A Second Order Newton Method for Reconstruction of Boundary

A second order method can be performed by modifying (3.12) by using second order

derivatives of total field on initial estimation of boundary as [13]

d 9’
uozo+a—Zozoho+ﬁozohg =0 (3-35)

18



The second order derivative 9°u/dv> can be obtained by using the fact that the total

field satisfies the Helmholtz equation outside the object, that is, it is given by

o’u

ou, 225 dwozy) 1 oz  zgwy du
v, ’

Z
4 2 2 2 0
ot ot z|” oV

(3.36)

7o =—k’uoz,+

’

2

’

<o

in terms of the parameterization (3.5) [13] (see Appendix A.1). The first and second

order derivatives of u o z, with respect to the parameter t occurring in (3.35) can be

obtained via trigonometric differentiation. For this purpose, given total field on

collocation points u(z;), j=0,1,..2N —1. we express the total field by trigonometric
interpolation as

2N-1

u(t) =Y u(t;)L(t.t,) (3.37)
j=0

where

L(t.t ) = ——sin(N(t—1.)) cof| -2 (3.38)

(1, j)—551n( (t—1;))co 2 .

is Lagrange basis or interpolating polynomial. Derivative with respect to parameter ¢

can be given as

2N-1

W' ()= u(t)L'(t,t;) (3.39)

where L'(,¢,)is derivative of L(t,t,) given by

t—tjj 1 sin(N(t—l,»))J (3.40)

L’(,,,j):ﬁ(Ncos(N(l—lj))CO{ 2 ) 2sin’((t—1.)/2)

since we need derivative only collocation points and obtaining L’(z,t ;) ast—i; by

=0 (3.41)

2 ) 2sin’((t—1,)/2)

-1, 2N

limL(N cos(N(t -1, ))co{’ L ] 1 sin(NG—1,)) j

one obtains

2N-1

—1. 1 N —1.
W' (,)= Y, u(tj)ﬁ(Ncos(N(tm—tj))cot(tm t’j L NG, t’))J(3.42)

e 2 ) 2sin’(, —1,)/2)
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As seen from (3.35), one also needs second order derivative with respect to ¢ in
order to calculate second order normal derivative, second order derivative with

respect to ¢ can be calculated by similar way as

2N-1

w’(t)y= Y u't )L (t,1)) (3.43)
j=0

L, A 1 ~ t,—t; 1 sin(N(,, —1,))
W)= 2 2 ”(tf)zN[NCOS(N(I'” tf'))co{ 2 j 2sin2((tm—tj)/2)j

m=0, p£m j=0,m#j
t —rmJ 1 sinV(, —rm))J

(3.44)
l P _—
QJV[NCOS(N(IP _tm ))CO{ 2 2 Sin2 ((tp _tm)/z)

As in the work of Hettlich and Rundell [19] and following Halley [27] the nonlinear
equation (3.35) is solved in two steps, a predictor and a corrector step. In the

predictor step, one has to solve
d
oz, + a—z o Zohy, =0 (3.45)

for h,, which is solved by procedure in Section (3.1).

Once h, has been obtained, in the corrector step the equations [13]

2

d d
uozy+ a_z ° Zohy, + ﬁ ° Zghy hy, =0 (3.46)

are solved for h,, again in a penalized least squares sense, that is, the coefficients in

J
hya (1) = by + Y 1, cos jt+b,, sin ji} (3.47)

j=1
are chosen such that [13]

2
2N-1

2

n=0

0 10’
M(Zo (t,z )) + |:a_z (Zo (t,, )) + Eav_l;l (Z() (tn ))h(),l (t,, ):|h(),2 (t,, )

(3.48)

+ﬂz{b§ b +b5+,)}

j=1
with some regularization parameter £, >0 is minimized. Then, finally & =h,, is

inserted in (3.10) to obtain the updated boundary I, . This procedure of alternatingly
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solving (3.2) and (3.35) now is iterated in an obvious fashion until some stopping
criterium is satisfied.

Although there are a few results available on the convergence of regularized Newton
iterations for inverse obstacle scattering problems (see [19, 28, 29, 30]) this issue is
not satisfactorily resolved. Despite the progress made by Hohage [28, 29] with this
espect, so far it has not been clarified whether the general results on the solution of
ill-posed nonlinear equations in a Hilbert space setting (among others see [31, 32])
are applicable to inverse obstacle scattering or, in general, to inverse boundary value
problems in the frame work of solving the operator equation (1.7). This remark also
implies to the convergence results of Hettlich and Rundell [19] on the second order
method with respect to its applicability for the inverse obstacle scattering problem.
The more problem oriented approach of Potthast [30] for a convergence analysis
suffers from the restrictive assumption of a non vanishing normal derivative of the
total field on the boundary dD in the case of exact data. Furthermore, in the analysis
for noisy data, convergence for the noise level tending to zero, as usual, requires a
stopping rule and with this particular rule the method has not yet been numerically
implemented.

These comments also apply to the case of the first order method of Kress and
Serranho. At present only convergence results in the spirit of Potthast [30] are
available in [17]. Therefore, we view it as legitimate to present our second order
variant of this approach without a detailed convergence analysis and confine
ourselves to some heuristic considerations.

We begin with the case of exact far field data u_. Since we assume 90D to be
analytic, the solution to the scattering problem has an extension as a solution to the

Helmholtz equation across dD in some neighborhood. If I}, is contained in this

neighborhood and provided k*> is not a Dirichlet eigenvalue for the negative
Laplacian in the interior of I, then the far field equation (3.2) is uniquely solvable
and its solution represents the scattered field via (3.1). Consequently our second
order method as formulated in (3.16) corresponds to a second order Newton method
for finding the zero level curve of the exact total field # . Under the assumption that
the normal derivative of u does not vanish on I’ (this can be shown to be valid in
the case of scattering from a disk) then as in [17, 30] and using the convergence

result of Hettlich and Rundell [19] for the second order Newton method for an
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operator with a bijective and bounded Frechet derivative in can be verified that our
second order method has convergence order three.

Of course, as in all of the iterative methods for the inverse obstacle scattering
problem, the ill-posedness corrupts the high order convergence. Here, the ill-
posedness enters through the integral equation (3.2) of the first kind leading to
inevitable errors occurring in its regularized solution. It is to be expected that a
convergence analysis with respect to the noise level can be carried out analogous to
the first order method as described in [17]. We refrain from working out the details
since the result would be of a qualitative character only and would not lead to the
possibility for a quantitative comparison on the convergence for the first and second
order method. However, from the better convergence order for the exact data case
one might expect some advantages in the numerical performance. Indeed, our
numerical examples in the next section illustrate an improvement in the quality of the
reconstructions and the speed of convergence connected with an increase in the

stability with respect to noisy data.

3.3 Extension of Newton Reconstruction Method for Multi-view illumination

Proposed first and second order Newton reconstruction methods in section 3.1 and
3.2 can be extended straightforwardly for multi illumination cases. In this case,
object is illuminated by multi plane waves separately each having different
propagation direction. Scattered data is obtained on unit circle Q for each

illumination. In this case, one obtains single layer density for each illumination as

fallows,
S o"E) =uR), n=12,.L 3.49)
where @ and u!”represent single layer density and far field pattern for n.

illumination respectively. L is total number of the illuminations. Single layer density

on initial estimate of the boundary related for each illumination can be obtained as,

" (x)=(ad +S.5.)"'Su", xeT,, n=12,..L (3.50)

o0 Voo

Total field and its normal derivative on the initial estimate of the boundary can be

expressed as,

u”(x)=u"(x)+u”(x), xel,, n=12,..L (3.51)
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where u'"” (x) is scattered field related with n. illumination given by
u® (x) = [0 (1P(x,y)ds(y), xeT,, n=12..L (3.52)
Iy

d

and u” (x) =™ n. illumination with propagation direction d,.Normal derivative

of the total field on the initial estimate of the boundary related with n. illumination

can expressed as,

du™ (x) _oul”(x) N du" (x)

, xel,, n=12,...L (3.53)
ov v ov

Substituting (3.52) on (3.53) and using the representation n. illumination of incident

field, (3.53) can be written as,

ou'™ (x)

S =Je"0 )a¢( ) g5y + kP d, e, xeTy, n=12..L (3.54)
1%

£, Iv(x)

and one obtains the equation set given for first order Newton method as

(n)
u® () + h() %
ov

(x) =0, xeT,, n=12..L (3.55)

I
and for second order Newton method as

(n)
0 () + o)
ov

2 (n)
+ ()2
o

0

(x)

(x)

=0, xel, n=12,.L (3.56)

0

that can be solved solved straightforwardly by methods described in section 3.1 and

section 3.2 respectively.

3.5 Extension of Newton Reconstruction Methods for PEC Objects Located on
Known Domain

Proposed Newton reconstruction methods can be extended for reconstruction of
perfectly electric conducting (PEC) objects located on known domain by using the
fundamental solution of Helmholtz equation on known domain and its far field
pattern and using the incident field as field in the absence of the PEC object.

Fundamental solution of Helmoltz equation on known domain @(x, y) simply is total

field on x if line source located on y . This is well known direct scattering problem.
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Therefore, ¢(x,y) can be obtained straightforwardly. Field in the absence of the
PEC object can also be obtained via direct scattering problem for plane wave
excitation. Using these interchanging on section 3.1 and section 3.2, it is possible
proposed Newton methods for reconstruction of PEC objects located in known

domain.
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4. A SECOND ORDER NEWTON METHOD FOR SHAPE
RECONSTRUCTION OF BURIED OBJECTS

In this section, A second order Newton method for reconstructing the shape of a
perfectly electrical conducting (PEC) scatterer buried in an arbitrary shaped
dielectric cylinder from the measured far-field pattern is presented. Object as

depicted in fig.4.1 is illuminated by incident field u' = ek

that is polarized along
X3 axis with propagation direction Igi =—(cos(¢,)x, +sin(g,)%,). Because of the
homogeneity of the problem with respect to x; axis, scattered field is also x;
polarized and problem reduces scalar problem in xe R*. Let’s call the total field in
the absence of the PEC object as u’ then straightforward direct scattering problem

% and

consists of finding the total field u =u° +u’ as the sum of the known field u
scattered field u’ that is result of PEC object with boundary dD buried inside the
dielectric medium with boundary dC and wave number k, as depicted fig.4.1. Let’s
represent the total field u(x), as u(x)=u,(x), xe Cand u(x)=u,(x), xe R*\C
such that total field satisfies the Helmholtz equation

Au,(x)+ klzul(x) =0, xe R*\C

4.1)
Au,(x)+kju,(x)=0, xeC

with k and k, that are wave number of background medium and dielectric cylinder
respectively, also satisfies the PEC boundary condition

u(x)=0, xeadD 4.2)
and boundary condition on dielectric interface dC as

u,(x)=u,(x), xedC
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where d/dv is normal derivative, and the scattered wave u’ satisfies the

Sommerfeld radiation condition as

hm\/_(——lku J:o, r=| (4.4)
}"

r—oo

uniformly with respect to all directions on unit circle € and the scattered wave has a

asymptotic behavior as

1

e"‘l"“ { [ J}
u'(x)= u_(x)+0 X| —> oo, xeQ 4.5)
el " B

with x = x/|x| =(cos@,sing), pe [0,27[) , uniformly in all directions with the far field

pattern u_, defined on the unit circle Q.

N X
\_

aC

Figure 4.1: Geometry of the considered problem.

The inverse obstacle problem is the determination of boundary dD by means of the

given far field pattern u_(X), X€ Q with the knowledge of the wave numbers k,,k,

and boundary of the dielectric cylinder dC and incident field u'. The direct
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scattering problem can be represented by an operator as F : dD — u_ that maps the
boundary dD onto the far field pattern u_ . By using this operator, given a far field

pattern u_, the inverse problem is expressed as the solution of nonlinear and ill-

posed operator equation,
F(OD)=u_ (4.6)

for the unknown surface dD. Because of the facts that direct scattering problem
depends nonlinearly on the boundary, Eq. (4.6) is nonlinear. Also, it is ill posed since
the far field pattern is an analytic function on the unit circle Q.

The presented Newton iteration starts with an initial estimate I, of the boundary
oD . The scattered field in the closed exterior of I, can be expressed by using single

layer potential [4]

(P, o)) = [Gx, )p(y)ds(y),  xe R*IT, 47)

o

with density @€ L’(T,) in the exterior of the surface I},, where

G,()@)’), XERZ\C,yEC

G(x,y)= 4.8)

iH(()”(k2|x—y|)+G,(x,y), xeC,yeC

represents the Green’s function of Helmoltz equation in the domain containing

dielectric cylinder (see Appendix A.2). Where H_"(.) denotes the zero order Hankel
function of the first kind. In (3.64), the terms G, (x,y) and G, (x,y) are smooth part

of Green’s function given in Appendix A.2 [23]

The far field pattern of the potential (4.7) for the scattered direction

X =(cos@,sing), g€ (0,27) as shown in Fig.l1, denoted by (Pro,m(/’)(fc) can be
derived from G, (x,y) while [x] - oo as (see Appendix A.2) [23]

irl4

(P @)(®) = —— [ [@(g, )(y)ds(y)ds(g) 49)

v 8727‘1 ac I,

Because of the fact that the scattered field «* is uniquely determined by its far field
pattern u_, the density @ can be seen to be the unique solution of the ill posed

integral equation
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© [t [ e, p(ds()s(e) = () @10)
8ﬂkl aC T

Due to its analytic kernel, integral equation in (4.10) is severely ill posed [23].
However, the operator P _ : L*(T,) = *(Q) in (4.9) is known to be injective and
has dense range. Therefore, Tikhonov regularization can be applied for a stable

approximate solution of (10), that is, the ill-posed equation (4.10) is replaced by

ap+ P, P. . .9=F. u (4.11)

,00 Voo

with some positive regularization parameter & and the adjoint Pzgwof B ...

For the further description of the reconstruction scheme we represent the curve I, by

a regular parameterization

[, ={z,(t):1€[0,27)} 4.12)

with a 2z periodic function z,:R — R>. Searching the location where the

boundary condition (4.12) is satisfied, we approximate the total field # by the Taylor

formula of order two with respect to the normal direction at I',. For this purpose, we

try to update in the form
[, ={z,(t) = 2, (1) + h(t)v, (1) : € [0,27)} (4.13)

where v, denotes the outward normal vector to I') and /& : IR — IR is a sufficiently

small 27 periodic function. The normal vector can be expressed through the

parameterization (4.12) via

(zy)*

L tefo2n) 4.14)
)

vy (1) =

where for any vector a = (a,,a,), we set a* =(a,,—a,) . Then the first order Taylor

formula requires the update function £ to satisfy

2
h+la_u

h*=0 4.15
2 v, @19
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Once the single layer density ¢ is known from (4.11), the values u and normal
derivative du/dv, of the total field on I'ycan be obtained through the jump relations

for the single-layer potential [4], that is, by

u(x)=u’(x)+ I¢(x, V)(y)ds(y), xel 4.16)
Ju ou’ oP(x,y) 1

—(x)=— —— —— 4.17
S =00+ j ey POIBDI=Se@. el 4.17)

where u’(x) is the total field in the absence of the PEC object (see Appendix A.3).
The second order derivative d°u/dv, can be obtained by using the fact that the total

field satisfies the Helmholtz equation outside the object, that is, it is given by

u 2.2, ou 1 9°u z,v, du
— 72 0 0___28_2_%_ 4.18)
t Z() aVO

in terms of the parameterization given in (4.12) [13]. The integrals in (4.16) and
(4.17) can be accurately evaluated by the quadrature rules as described in [4] and the
first and second order derivatives of u with respect to the parameter ¢ occurring in
(4.18) can be obtained via trigonometric differentiation.

As in the work of Hettlich and Rundell [19] and following Halley [27] the nonlinear
equation (4.15) is solved in two steps, a predictor and a corrector step. In the

predictor step, one has to solve

ut 2 hy =0 4.19)

Volr,

for h,. Since the solution of (4.19) is sensitive to errors in the normal derivative of u

in the vicinity of zeros, equation (4.19) is solved in a stable way by a least squares

method. For this we express

hy(t) = a, + i (a; cos(jt)+a,,; sin(j1)) (4.20)

J=1

as a trigonometric polynomial of degree less than or equal to J. Then, we satisfy

(4.19) in a penalized least squares sense, that is, the coefficients a,,q,,...a,, in
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(4.20) are chosen such that for a set of collocation points f,,t,,....t, in [0,27[) the

penalized least squares sum

M(Z() (t,, )) + a_u (Z() (tn ))h() (tn )
v,

N 2 7
2 +ﬁ1{a§ +> " (a} +al, )} (4.21)
n=1 j=1

with some regularization parameter /S, >0 and some pe N is minimized. Here,
the penalty term corresponds to the square of the Sobolev norm ||h0|| ur
Once h, has been obtained, in the corrector step the equation

s
v,

2
h+la_u

hh, =0 4.22
29v, 0 ( )

Iy

o

is solved again in a penalized least squares sense, that is, the coefficients in

h) = by + (b, cos(jt) + b, sin( ) 4.23)

j=1
are chosen such that [13]

N

2

n=l1

ou 10°u
u(zy(t,))+ {avo (z,@))+ E xg (2o (2, )y (2, )}h(l‘)

=l

2 J
+5, {bj +>j7 (b} +b3, )} (4.24)

with some regularization parameter [, >0 is minimized. Then, finally h(z) is
inserted in (4.23) to obtain the updated boundary I, . This procedure of alternatingly

solving (4.11) and (4.15) now is iterated in an obvious fashion until some stopping

criterium is satisfied.

We demonstrated the proposed second order Newton method for reconstruction of
PEC scatterers buried inside the dielectric cylinder of arbitrary shape by some
examples. In all our examples we used N = 50 equidistant collocation points in the
least squares sums in (4.21) and (4.24). Accordingly, we used 50 equidisant

collocation points on [0,27[) in the parametric representation of I, and 50 equidisant

data points for the far field pattern on the unit circle Q. The latter, in particular,
means that we require full aperture data. In order to avoid an inverse crime, the
synthetic data were obtained by solving the combined single- and double-layer
boundary integral equation for the direct scattering problem by the Nystrém method

as described in [4] with 100 quadrature points. The wave number of exterior medium
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is chosen as k, =1 and the penalty factors for the least squares approach as
B, = 3, =0.0001. Tikhonov regularization parameter & is chosed as 10~* for exact

data and 10™ for noisy data. The Sobolev norm parameter and polynomial degree
were chosen as p = 3 and J=6 respectively. All iterations were started with circle of

radius 1m. To introduce a stopping criterium, we consider the residual

res, = ||u()c)||L2 , xel 4.25)

n

that is I’ norm of total field on boundary I', obtained at n. iteration. In our

examples we terminated the iterations when one of the two conditions is satisfied.

res, ., —res, [<0.01 or res, <0.01 (4.26)

In order to demonstrate that second order Newton method is more effective than first
order method, change of residuals obtained by first and second order Newton

methods are given in Tables.

In the first example, we consider the reconstruction of the peanut shaped PEC object
located inside a elliptical cylinder whose wave number and radius are k, =2+0.17,
a =2 respectively. Angle of incidence is chosen as ¢, = /2 therefore d = (0,~1) .
The parameterization of the boundaries of dielectric and PEC objects given

respectively as

oC ={(2cost,1.5sin?), € [0,27)} [m] 4.27)

oD = {(\/0032 t+0.25sin’ t)(cost,sint), t € [0,27[)}[m] (4.28)

Far field pattern of buried peanut shaped object for d = (0,—1) incident direction is
depicted in fig.4.2. The reconstructions of buried peanut shaped object for d = (0, 1)

incident direction and using exact and %3 noisy data are given by figure 4.3 and
figure 4.4 respectively. The change of the residual given in (4.25) during the

iterations is illustrated through Table 4.15 for exact data.

In the second example, we consider the reconstruction of the kite shaped PEC object

located inside cylinder whose wave number k, =1.6+0.07i and parametrization

given in (4.29). Angle of incidence is chosen as ¢, =0 therefore d =(-1,0). The
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parameterization of the boundaries of dielectric cylinder and kite shaped PEC objects

given respectively as

9C ={(3+0.6sin(31))(cost,sin?), t € [0,27)} [m] (4.29)
oD ={(cost +0.65cos 2t —0.15, 1.5sin7), t € [0,27)} [m] (4.30)
1.5

Far field pattern

| [ [ | [ [
0 50 100 150 200 250 300 350
Angle [deg]

Figure 4.2 : Far field pattern of the buried peanut shaped object for d =(0,-1).
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Figure 4.3 : Reconstruction of buried peanut object for d = (0,—1) and exact data.
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Figure 4.4: Reconstruction of buried peanut shaped object for d = (0,—1) and %3
noisy data.

Far field pattern of buried kite shaped object for d =(—1,0) incident direction is
depicted in fig.4.5. The reconstructions of buried peanut shaped object for d = (0, —1)
incident direction and using exact and %3 noisy data are given by figure 4.6 and
figure 4.7 respectively. The change of the residual expressed in (4.25) during the

iterations is illustrated through Table 4.1 for exact data.

Table 4.1: Residuals of buried peanut shaped object for 4 = (0, —1) and exact data.

Iteration number First order Newton | Second order Newton
0 (initial estimate) 4.056 4.056
1 0.936 0.754
2 0.241 0.115
3 0.199 0.0065
4 0.186 --
5 0.184 --

33



2 T
Real part
—— Imaginary part

15

Far field pattern

-1. 5 L L L L L L L
0 50 100 150 200 250 300 350

Angle [deg]

Figure 4.5 : Far field pattern of the buried kite shaped object for d = (-1,0) .
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Figure 4.6 : Reconstruction of buried kite object for d = (—1,0) and exact data.
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Figure 4.7 : Reconstruction of buried kite object for d = (—1,0) and %3 noisy data.

Table 4.2 : Residuals of buried kite shaped object for 4 = (-1, 0) and exact data.

Iteration number | First order Newton | Second order Newton
0 (initial estimate) 6.948 6.948
1 2.562 1.146
2 0.868 0.541
3 0.464 0.276
4 0.412 0.267
5 0.391 --
6 0.378 --
7 0.371
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5. NUMERICAL EXAMPLES

In all our examples, we used N = 50 equidistant collocation points in the least
squares sums in (3.33) and (3.48). Accordingly, we used 50 equidisant collocation
points on [0,27[) in the parametric representation of and 50 equidisant data points for
the far field pattern on the unit circle . The latter, in particular, means that we require
full aperture data. In order to avoid an inverse crime, the synthetic data were
obtained by solving the combined single- and double-layer boundary integral
equation for the direct scattering problem by the Nystrom method as described in
section 2.1 with 100 quadrature points. The wave number is chosen as k =1 and the

penalty factors for the least squares approach as S, = 8, =0.00001. The Sobolev

norm parameter was chosenas p =3.

For selecting the Tikhonov regularization parameter & in (3.4), we employed the

discrepancy principle as described, for example, in [9], that is, & is chosen such that

|S.(at+s25)7" S, —u| =6 (5.1)

where § =107 for exact data and & =107* for noisy data. To introduce a stopping

criterium we consider the residual

res,, =|AT, ) -u.| . (5.2)

between the given far field data u, and the far field pattern A(T, ;) for the

approximate boundary I

n

, obtained after n iteration steps using the trigonometric

polynomial degree J . In our examples we terminated the iterations when

res <10_2"”w"ﬁ or |resn,J —res, ., <107 (5.3

nJ —
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for exact data and

res, , < 2.10_2||um

p or res, , —res, | <2.107 (5.4)

for noisy data. We observed different final residuals for different trigonometric
polynomial degree J and for the figures we chose J such that this residual is
minimal. For comparison, we executed both the first and second order Newton

method.

It is also observed that each iteration step requires 1.7083s and 1.7147s for the first
and second order Newton methods respectively, if computer with 1800MHz clock

frequency is used.

In the first example, we consider the identification of a peanut-shaped object with the

parameterization,

oD = {\/cos2 t+0.25sin* ¢ (cost,sint) :te [0,27[)}[m] (5.5)

for two different angles of incidence. Poynomial degree J = 6 was selected.
For the incident directions d = (—1,0) and d =(-1/+/2,-1/+/2), Iteration was started
with a circle of radius 1.5m and 0.5m respectively. For exact data, the change of the

residual during the iterations for the incident directions d =(-1,0) and
d =(~1/~+/2,-1/~/2) are illustrated through Table 5.1 and Table 5.2 respectively and
for noisy data, illustrated through Table 5.3 and Table 5.4 respectively.

Table 5.1 : Residuals of Peanut object for d = (—1,0) and exact data.

Iteration number First order Newton Second order Newton
0 (initial estimate) 5.9390 5.9390
1 1.5877 0.8427
2 0.3325 0.0074
3 0.0391 --

Table 5.2 : Residuals of Peanut object for d = (~1/+/2,~1/+/2) and exact data.

Iteration number First order Newton Second order Newton
0 (initial estimate) 2.9496 2.9496
1 1.5253 0.3193
2 0.4849 0.0122
3 0.0391 --
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Table 5.3 : Residuals of Peanut object for d = (—1,0) and %3 noisy data.

Iteration number

First order Newton

Second order Newton

0 (initial estimate) 5.8476 5.8476
1 1.5244 0.8160
2 0.3096 0.0999
3 0.1357 --
4 0.1352 --

Table 5.4 : Residuals of Peanut object for d = (~1/+/2,~1/~/2) and %?3 noisy data.

Iteration number

First order Newton

Second order Newton

0 (initial estimate) 3.0692 3.0692
1 1.1165 0.4633
2 0.3167 0.1318
3 0.2035 --
4 0.1831 --

0.1813 --

Far field patterns of peanut shaped object for d =(—1,0) and d = (-1/+/2,-1/+/2)

incident directions are depicted in fig.5.1 and fig.5.2 respectively. The

reconstructions of peanut shaped object for d = (—1,0) incident direction and exact
and %3 noisy data are given by figure 5.3 and figure 5.4 respectively.The
reconstructions of peanut shaped object for d =(~1/~/2,—~1/~/2) incident direction

exact and %3 noisy data are given by figure 5.5 and figure 5.6 respectively.

1.5 T
Real part
— Imaginary part

0.5+ N ,/—/' .

Far field pattern

0 50 100 150 200 250 300 350
Angle [deg]

Figure 5.1 : Far field pattern of peanut shaped object for d = (-1,0).
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Far field pattern

Figure 5.2 : Far field pattern of peanut shaped object for d = (-1/+/2,~1/+/2).

Figure 5.3 : Reconstruction of Peanut shaped object for d = (—1,0) and exact data.
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Figure 5.4: Reconstruction of Peanut shaped object for 4 = (-1,0) and %3 noisy data.
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Figure 5.5 : Reconstruction of Peanut object for d = (=1/+/2,~1/+/2) and exact data.
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Figure 5.6 : Reconstruction of Peanut object for d=(-1/y2,-1/4/2) and %3 noisy data.

In the second example, we consider the identification of a kite-shaped object with the

parameterization,
oD ={ (cost +0.65cost —0.65,1.5sint) : 1 € [0,27)} [m] (5.6)

for two different angles of incidence. Iteration was started with a circle of radius
1.5m and poynomial degree J =9 was selected. For the incident directions
d =(-1,0) and d =(1,0) and for exact data, the change of the residual during the
iterations are illustrated through Table 5.5 and Table 5.6 respectively and for noisy
data, illustrated through Table 5.7 and Table 5.8 respectively. Far field patterns of
kite shaped object for d =(—1,0) and d = (1,0) incident directions are depicted in

fig.5.7 and fig.5.8 respectively.

Table 5.5 : Residuals of Kite shaped object for d = (—1,0) and exact data.

Iteration number First order Newton Second order Newton
0 (initial estimate) 5.2744 5.2744
1 0.9737 1.1716
2 0.2100 0.0487
3 0.1247 --
4 0.1158 --
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Table 5.6 : Residuals of Kite shaped object for 4 = (1,0) and exact data.

Iteration number First order Newton Second order Newton
0 (initial estimate) 4.8715 4.8715
1 0.7954 1.5308
2 0.3872 0.0430
3 0.1486 --
4 0.0903 --

Table 5.7 : Residuals of Kite shaped object for d =(~1,0) and %3 noisy data.

Iteration number First order Newton Second order Newton
0 (initial estimate) 3.0692 3.0692
1 1.1165 0.4633
2 0.3167 0.1318
3 0.2035 --
4 0.1831 --
5 0.1813 --

Table 5.8 : Residuals of Kite shaped object for d = (1,0) and %3 noisy data.

Iteration number First order Newton Second order Newton
0 (initial estimate) 4.8349 4.8349
1 1.1324 0.8606
2 0.4182 0.3128
3 0.3297 --
4 0.3234 --

The reconstructions of kite shaped object for d = (—1,0) incident direction and exact
and %3 noisy data are given by figure 5.9 and figure 5.10 respectively The

reconstructions of kite shaped object for 4 =(1,0) incident direction exact and %3

noisy data are given by figure 5.11 and figure 5.12 respectively.
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Figure 5.7 : Far field pattern of kite shaped object for d = (—1,0) incident direction.
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Figure 5.8 : Far field pattern of kite shaped object for d = (1,0) incident direction.
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Figure 5.9 : Reconstruction of Kite shaped object for d = (—1,0) and exact data.
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Figure 5.10: Reconstruction of Kite shaped object for d =(-1,0) and %3 noisy data.
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Figure 5.11 : Reconstruction of Kite shaped object for d =(1, 0) and exact data.
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Figure 5.12 : Reconstruction of Kite shaped object for d =(1,0) and %3 noisy data.
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In the third example, we consider the identification of an object with the

parameterization given by,
oD ={(2+0.3cos(31)) (cost,sint) : € [0,277)} [m] (5.6)

for incident directions d =(-1,0) and d =(—+/3/2,~1/2). Far field patterns of object
for d =(=1,0) and d =(—+/3/2,—1/2) incident directions are depicted in fig.5.13 and

fig.5.14 respectively. Iteration was started with a circle of radius 1m and poynomial

degree J =6 was selected. For the incident directions d=(-1,0) and
d = (—/3/2,~1/2) and for exact data, the change of the residual during the iterations

are illustrated through Table 5.9 and Table 5.10 respectively and for noisy data,
illustrated through Table 5.11 and Table 5.12 respectively.

Table 5.9 : Residuals of the object for d = (—1,0) and exact data.

Iteration number First order Newton Second order Newton
0 (initial estimate) 9.7291 9.7291
1 8.4913 5.0646
2 6.5985 1.1555
3 3.2368 0.3167
4 1.0412 0.0370
5 0.1956 --
6 0.0456 --

Table 5.10 : Residuals of the object for d = (—/3/2, —1/2) and exact data.

Iteration number First order Newton Second order Newton
0 (initial estimate) 9.6817 9.6817
1 8.4888 2.4462
2 6.5367 0.5538
3 3.1243 0.1169
4 1.0579 0.0356
5 0.2132 -
6 0.0425 --

47



Table 5.11 : Residuals of the object for d = (—1,0) and %3 noisy data.

Iteration number

First order Newton

Second order Newton

O (initial estimate)  3.0692
1 1.1165
2 0.3167
3 0.2035
4 0.1831
5 0.1813

3.0692
0.4633
0.1318

Table 5.12 : Residuals of the object for d = (—/3/2, —1/2) and %3 noisy data.

Iteration number

First order Newton

Second order Newton

0 (initial estimate)

1

[ B SNV IS

9.5634
7.4218
2.3911
1.9524
L.7779
1.6617
1.5805

9.5634
5.4220
1.4691
0.4686
0.4575

The reconstructions of object for d =(—1,0) incident direction and exact and %3

noisy data are given by figure 5.15 and figure 5.16 respectively The reconstructions

of peanut shaped object for d = (—/3/2, —1/2) incident direction exact and %3 noisy

data are given by figure 5.17 and figure 5.18 respectively.
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Figure 5.13 : Far field pattern of object for d =(—1,0) incident direction.
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Figure 5.14 : Far field pattern of object for d = (_\/5 /2,~1/2) incident direction.
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Figure 5.15 : Reconstruction of the object for d = (—1,0) and exact data.
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Figure 5.16 : Reconstruction of the object for d = (—1,0) and %3 noisy data.
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Figure 5.17 : Reconstruction of object for d = (—/3/2,-1/2) and exact data.
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Figure 5.18 : Reconstruction of object for d = (—/3/2, -1/2) and %3 noisy data.

In the fourth example, we consider the identification of square shaped object with

edge 1.5m for incident directions d = (-1,0) . Far field pattern of square shaped object
for d =(—1,0) incident direction is depicted in fig.5.19. Iteration was started with a

circle of radius 1m and poynomial degree J =6 was selected. The change of the
residual during the iterations are illustrated through Table 5.13 and Table 5.14 for
exact and noisy data respectively. The reconstructions of square shaped object for

d = (-1, 0) incident direction and using exact and %3 noisy data are given by figure

5.20 and figure 5.21 respectively.

51



Far field pattern
o
o [$,)
14
/
/

S
o

T
— Real part
— Imaginary part

|
100

Figure 5.19 : Far field pattern of the square for d =(—1,0) incident direction.

|
150

L L
300 350

|
250

|
200
Angle [deg]

1.5 T
Exact
First order Newton
Second order Newton
1L _
O
0.5+ / B
£ ol _
N \
X { \\
0.5 \ | g
> S —
-1+ -
-1.5 ! ! ! ! !
-1.5 -1 -0.5 0 0.5 1 1.5
x4 [m]

Figure 5.20 : Reconstruction of square for d = (—1,0) and exact data.
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Figure 5.21 : Reconstruction of square for d = (—1,0) and %3 noisy data.

Table 5.13 : Residuals of square for 4 = (-1, 0) and exact data.

Iteration number First order Newton Second order Newton
0 (initial estimate) 1.1946 1.1946
1 0.3179 0.0801
2 0.1478 0.0192
3 0.0875 0.0147
4 0.0643 -
5 0.0543 -

Table 5.14 : Residuals of square for d = (-1, 0) and %3 noisy data

Iteration number First order Newton Second order Newton
0 (initial estimate) 1.2118 1.2118
1 0.5426 0.1979
2 0.4528 0.1756
3 0.4478 -
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6. CONCLUSIONS

We have presented a new second order method for solving the inverse obstacle
scattering problem for PEC obstacles. Although there is a tremendous amount of
competing algorithms and despite the lack of a rigorous convergence analysis, this
method deserves attention due to its simple implementation and its reconstruction
quality. Extension to other boundary conditions and to the three dimensional problem
should be possible analogous to the corresponding first order method in [16, 17,18].
In addition, in principle, there is a straight forward extension to the case of limited
angle data by modifying the far field equation appropriately, of course, at the cost of
increasing the degree of ill-posedness. Furthermore, also the case of near field data
can be accommodated through again modifying the data equation accordingly. This
method decomposes the inverse scattering problem into ill-posed and non-linear part
and deals with each part of the problem separately. This provides that method does
not need forward solver in each iteration step. On the other hand, another advantage
of this approach is that the cost functional of the nonlinear part of the problem has a
particularly simple structure from which the first and second order Frechet
derivatives are easily and analytically computed by exploiting the fact that field
satisfies Heltmoltz equation outside the object [13]. This provides each iteration of
second order and first order Newton needs approximately same CPU time. It is
observed each iteration step requires 1.7083s and 1.7147s for the first and second
order Newton methods respectively, if computer with 1800MHz clock frequency is
used. Therefore, second order approach does not increase computational complexity.
We obtained better reconstruction of illuminated region of the object than shadow
region of the object. By means of multi-view illumination as given in section 3.3, it
is possible to obtain better reconstructions especially in shadow region of the object.
Proposed Newton reconstruction methods can be extended for reconstruction of
perfectly electric conducting (PEC) objects located on known domain by using the
fundamental solution of Helmholtz equation on known domain and its far field
pattern and using the incident field as field in the absence of the PEC object.

Fundamental solution of Helmoltz equation on known domain @(x, y) simply is total
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field on x if line source located on y . This is well known direct scattering problem.
Therefore, ¢(x,y) can be obtained straightforwardly. Field in the absence of the
PEC object can also be obtained via direct scattering problem for plane wave
excitation. Using these interchanging on section 3.1 and section 3.2, it is possible
proposed Newton methods for reconstruction of PEC objects located in known
domain. Particularly, reconstruction of object buried in an arbitrary shaped dielectric

cylinder or buried in a half space are given in [23] and [24] respectively.
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APPENDICES

APPENDIX A.1 : Expression of Second Order Normal Derivative of Field

APPENDIX A.2 : Numerical evaluation of the Green’s function of domain
containing arbitrary shaped dielectric cylinder

APPENDIX A.3 : Expression of the total field in the absence of the PEC
object
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APPENDIX A.1

Using the change of variables for the Laplace operator we have that

Au(s, €)= ! {a( ! a“(sg)}aag(

Therefore

Z’(s) + a/(s)‘ gz (s, 8))} (Al1.1)

7(8)z (s) au
2

L2 ‘(s)v (S)a_z( 0)+—(s 0 (A1.2)

Au(s,0)=—

|32

Z (s)|
and observing that u satisfies the Helmholtz equation we find that

o’u 7(5).27(s) ou 1 o

@(S,O) =—k’u(s,0)+ ( 0)— o . Z(8)V'(s) ou

Z'(s)‘ e

s5,0) —

—(50) (A2.2)

el
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APPENDIX A.2

Green’s function of domain with arbitrary shaped dielectric cylinder G(x, y) is the

total field in the x if line source is located on y as depicted fig. A2.

X2

T

Figure A2: The domain whose Green’s function has to be evaluated.

If a line source is located point y that is inside the dielectric cylinder, the total field

outside and inside of the dielectric cylinder can be expressed respectively as [14],

u,(x,) = [@(2,7)G,(x,8)ds(g), xe R*\C,yeC (A2.1)
aC

0y (x,y) = (i1 HH Uy e = 3) + [W(g,3)G, (x, g)ds(g), xeC,yeC  (A22)
aC
where,
i
Gl,z ()C, g) = Z H(()l) (kLz |)C - g|) (A2.3)

As seen from (A2.1), (A2.2) and (4.8), u, and second term of u, correspond to

G,(x,y) and G, (x,y)in (4.8) respectively. The total field has to satisfy boundary

condition as,

u,(x)=u,(x), xeadC

ou,(x) du,(x)
= , oC
ov v e

(A2.4)
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Substituting (A2.1) and (A2.2) into (A2.4) and using the jump relation of single layer

potential, one gets integral equation as,

[@(2, H" (k,[x— gDds(g)— [W(g, H{" (U, x = gDds(g) = HY (k;|x— 3] (A2.5)
aC aC

[tg.y V(x;{xgg}k HO (k- g)ds(g) + 1/ 2@, y)~ ()
aC
N (A2.6)
- [0 = - g =" 0 e
i x—g] x=

For any location of the line source as y, one obtains two integral equations with two
unknown as® and Y given by (A2.5) and (A2.6) which can be solved any
numerical method such as method of moments (MoM) or Nystrom [9].

Substitutions of @ and¥ into (A2.1) and (A2.2) respectively, one obtains the total

field for line source excitation that is Green’s function of the domain.

Far field pattern of the single layer potential ¢ on the boundary of the object I', can

be expressed by (A2.1), (4.7) and using large argument approximation of Hankel

functions as,

iky ‘x‘
. (%)= lim [ o(y) j D(g, )G, (x, g)ds()ds(y) =

M Th (A2.7)

P B

o [ [ (g »dst)dsts)

Lo

that gives (4.9).
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APPENDIX A.3

Total field in the absence of the PEC object can be expressed by similar procedure as
Appendix A. For the plane wave excitation, total field inside and outside of the

cylinder can be given respectively as,

u, (x)= ek 4 J‘P(y)Gl (x,y)ds(y), xe R*\C (A3.1)
ac

1, (x) = [ ()G, (x,y)ds(y), xeC (A3.2)
aC

where 12,. = (—cos@,,—sin@,)is incident direction of plane wave. The total field has

to satisfy boundary condition as,

Uy (x) = u, (x)

Ju,(x) _ du,(x) (A3.3)
v v

Substituting (A3.1) and (A3.2) into (A3.3), one gets two integral equations as

[@HY (K [x = yds(y) = [WIHY (ky|x = Yds(y) = " (A34)
aC ac
[o0 )v(x){x 2 HO G = sty + (11 2@ — (o)
- . A (A3.5)
f W) O g0 e sty =ik i

=

with two unknown @,V that can be solved straightforwardly. Substituting & into

(A3.2) gives the total field inside of the cylinder in the absence of PEC object.
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