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ABSTRACT

Let Cn =< a : an = 1 > be a cyclic group of order n, ZCn its integral group ring

and U1(ZCn) be the the group of normalized units of ZCn. Symmetric elements of ZCn,

which are �xed under natural involution *, is denoted by ZC+
n . We denote the unit group

of ZC+
n by U(ZC+

n ) and its normalized units by U1(ZC+
n ). U1(ZC+

n ) is torsion free part of

U1(ZCn). U1(ZCn) is trivial for n = 1, 2, 3, 4 and 6. For n = 5, 7, 8, 9, 10 and 12, U1(ZCn)

have been characterized. In this study characterization of U1(ZC+
n ) is completed up to

n = 24. In calculations we have used Maple and PARI softwares.

Keywords: fundamental units, symmetric units, characterization, generator, rank,

cyclic group.



iv

n ≤ 24 �Ç�N U1(ZC+
n ) NIN BEL�RLEN���

Nesibe TÜFEKÇ�

Yüksek Lisans Tezi-Matematik

Haziran, 2012

Tez Dan�³man�: Yrd. Doç. Dr. Bülent KÖKLÜCE

Tez E³-Dan�³man�: Yrd. Doç. Dr. Tev�k B�LG�N

ÖZ

Cn =< a : an = 1 > bir devirli grup olsun. ZCn onun integral grup halkas� ve

U1(ZCn) ZCn nin normalle³mi³ birimsellerinin grubu olsun. Do§al involüsyon alt�nda

sabit olan ZCn nin simetrik elemanlar� ZC+
n ile gösterilir. ZC+

n nin birimsel grubu

U(ZC+
n ) ile ve normalle³mi³ birimseller grubu U1(ZC+

n ) ile gösterilir. n = 1, 2, 3, 4 ve

6 için U1(ZCn) a³ikard�r . n = 5, 7, 8, 9, 10 ve 12 için U1(ZCn) daha önce belirlenmi³tir.

Bu çal�³mada U1(ZC+
n ) nin belirleni³i n = 24'e kadar tamamland�. Hesaplamalarda Maple

ve PARI programlar� kullan�ld�.

Anahtar Kelimeler: temel birimseller, simetrik birimseller, belirleme, üreteç, rank,

devirli grup.
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CHAPTER 1

INTRODUCTION

Let Cn =< a : an = 1 > be a cyclic group of order n, ZCn its integral group

ring and U1(ZCn) be the the group of normalized units of ZCn. Now let us consider the

following subring of symmetric elements of ZCn,

ZC+
n =

{
γ =

∑n−1
i=0 γia

i : γi = γn−i

}
.

We denote the unit group of ZC+
n by U(ZC+

n ) and its normalized units by

U1(ZC+
n ) =

{
γ ∈ U(ZC+

n ) :
∑n−1

i=0 γi = 1
}
.

Let us modify Higman's result[1] for a cyclic group of order n instead of a �nite

abelian group:

Corollary 1.0.1. U1(ZC+
n ) = F, where F is a free abelian group with rank

ρ = 1
2
φ(n)− 1.

U1(ZCn) is trivial if n = 1, 2, 3, 4 or 6. Torsion free part of U1(ZCn) has only one

generator if n = 5, 8, 10 or 12 and it was characterized for n = 5, 8 and 12 in [2 − 3] as

1
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follows :

U1(ZC5) = C5 ×
⟨
−1 + a+ a4

⟩
(1.1)

U1(ZC8) = C8 ×
⟨
−1− (a+ a−1) + (a3 + a−3) + 2a4

⟩

U1(ZC12) = C12

× 3 + 2(a+ a−1) + (a2 + a−2)− (a4 + a−4) − 2(a5 + a−5)− 2a6

Another description for n = 8 is given by Sehgal[1] using �ber product diagram.

On the other hand, ρ is 2 if n = 7, 9, 14 or 18. For n = 7, F was characterized

by Karpilovsky[4] and for n = 7 and 9, it was characterized by Aleev[5]. A di�erent

characterization for n = 7 and 9 was also given by Köklüce and Kelebek[6]

U1(ZC7) = C7 × ⟨−1 + (a+ a−1)⟩ × ⟨−1 + 2(a+ a−1)− (a2 + a−2)⟩
(1.2)

U1(ZC9) = C9 × ⟨−1 + (a+ a−1)− (a4 + a−4)⟩

× ⟨−1 + (a+ a−1)− (a2 + a−2) + (a3 + a−3)− 2(a4 + a−4)⟩
(1.3)

In this study, we have completed the characterization of normalized units of ZC+
n for

n ≤ 24. In the calculations we have bene�ted fromMaple and PARI software programmes.

The following table lists the ranks of cyclic groups corresponding to orders n ≤ 24 :

Table−1

Rank ρ 0 1 2 3 4 5 7 8 10

Order n 1,2,3,4,6 5,8,10,12 7,9,14,18 15,16,20,24 11,22 13,21 17 19 23



CHAPTER 2

PRELIMINARIES

2.1. DEF�N�T�ONS AND SOME BASIC FACTS

We shall give some required de�nitions and basic facts about group G. They are

taken from graduate text. (Hungerford, 1974)

De�nition 2.1.1. A nonempty subset H of a group G is a subgroup of G, if it is closed

under the operation of G and H, with the restriction of the operation of G, is itself a

group. It is denoted by H ≤ G.

Lemma 2.1.1. A nonempty subset H of a group G is a subgroup of G if and only if for

any elements x, y ∈ H we have that

x−1y ∈ H.

De�nition 2.1.2. If there exists an element a in G such that G =< a >, then we say

that G is cyclic group and that a is a generator of G.

G =< a >= {an : n ∈ Z}

De�nition 2.1.3. Let G and H be groups. A function f : G→ H is a homomorphism

provided

f(ab) = f(a)f(b) for all a, b ∈ G

If f is surjective, f is called an epimorphism. If f is bijective, f is called an

isomorphism. In this case G and H are said to be isomorphic and it is denoted by

3
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G ∼= H.

De�nition 2.1.4. Let H be a subgroup of a group G. Given an element a ∈ G, the

subsets of the form

aH = {ah : h ∈ H} ,

Ha = {ha : h ∈ H}

are called the left and right cosets of the subgroup H, determined by a.

De�nition 2.1.5. A subgroupN of a group G which satis�es for all a ∈ G, aNa−1 = N is

said to be normal in G (or a normal subgroup of G); we write N ▹ G if N is normal in

G.

De�nition 2.1.6. If N is a normal subgroup of group G and G/N is the set of all (left)

cosets of N in G, then G/N which is a group of order [G : N ], is called the quotient group

of G by N .

De�nition 2.1.7. Let G be an abelian group. An element of G is called a torsion element

if it is of �nite order and the subgroup

T (G) = {g ∈ G : |g| <∞}

is called torsion subgroup of G. If G = T (G), then we say that G is torsion group. If

T (G) = {1}, then G is said to be torsion-free group.

Now, we give some de�nitions and properties about units of group ring RG.

De�nition 2.1.8. Let R be a commutative ring with identity and G be a group. The

group ring RG of the group G over the ring R is de�ned by

RG =

{
α =

∑
finite

αgg : αg ∈ R, g ∈ G

}
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Since 1R.eG = 1RG, we can de�ne the group of units of RG by

U(RG) = {u ∈ RG : u.v = v.u = 1RG,∃v ∈ RG} .

De�nition 2.1.9. The ring homomorphism ε : RG −→ R , de�ned by

ε(
∑
g∈G

αgg) =
∑
g∈G

αg

is called the augmentation map of RG.

As an important consequence of the fact that ε is a ring homomorphism, we have;

ε(u) ∈ U(R), ∀u ∈ U(RG).

The subgroup of units of augmentation 1 in U(RG) is called normalized units of

RG and it is denoted by U1(RG).

De�nition 2.1.10. The anti-automorphism of a group G de�ned by

∗ : G −→ G

g 7−→ g∗ = g−1

is called involution, and can be extended linearly over R as;

∗ : RG −→ RG∑
αgg 7−→

∑
αgg

−1

For any α, β ∈ RG, we have following basic properties for the natural involution;

1. (α+ β)∗ = α∗ + β∗

2. (αβ)∗ = β∗α∗

3. (α∗)∗ = α
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If G = Cn =< a : an = 1 > is a cyclic group of order n. The group Cn has a

natural involution ∗ which is de�ned as;

∗ : Cn −→ Cn

a 7−→ a−1.

If we extend ∗ linearly over Z, we obtain;

∗ : ZCn −→ ZCn

n−1∑
i=0

αia
i 7−→

n−1∑
i=0

αia
−i.

De�nition 2.1.11. The elements of the group ring RG which are �xed under the invo-

lution are called symmetric elements. The set of symmetric elements of RG, denoted

by RG+, is expressed as follows ;

RG+ = {α ∈ RG : α∗ = α} .

and the set of symmetric elements of ZCn, denoted by ZC+
n can be expressed as follows:

ZC+
n = {γ ∈ ZCn : γi = γn−i, 1 < i < n, |a| = n}.

De�nition 2.1.12. The elements of the group of units of a group ring which are �xed

under the involution are called symmetric units. The set of all symmetric units of

U(RG), is denoted by U(RG+), and expressed as follows;

U(RG+) = {u ∈ U(RG) : u∗ = u}

or equivalently,

U(RG+) = U(RG) ∩RG+.
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The group of symmetric units of integral group ring, is denoted by U(ZC+
n ) and

de�ned by

U(ZC+
n ) = {γ ∈ U(ZCn) : γ

∗ = γ}

and its normalized units are de�ned by

U1(ZC+
n ) = {γ ∈ U(ZCn) :

n−1∑
i=0

γi = 1}.

De�nition 2.1.13. Let g be an element of order n in a group G. A Bass cyclic unit is

an element of the group ring ZG of the form:

µi = (1 + g + . . .+ gi−1)ϕ(n) +
1− iϕ(n)

n
ĝ,

where i is an integer such that 1 < i < n− 1 and (i, n) = 1.

Proposition 2.1.1. Let g be an element of �nite order in a group G. Then, the element

µi = (1 + g + . . .+ gi−1)ϕ(n) +
1− iϕ(n)

n
ĝ,

where i is an integer such that 1 < i < n − 1 and (i, n) = 1,is, in fact, invertible,

and its inverse is

µ−1
i = (1 + gi + . . .+ gi(k−1))ϕ(n) +

1− kϕ(n)

n
ĝ,

where k is an integer such that ik ≡ 1(mod n).

Proposition 2.1.2. Let g be an element of �nite order n in a group G and let l be integer

such that 1 < l < n− 1 and (l, n) = 1. Then, the Bass cyclic unit

µl = (1 + g + . . .+ gl−1)ϕ(n) +
1− lϕ(n)

n
ĝ
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is of in�nite order.

Theorem 2.1.3. Let A be a �nite abelian group. Then, U(ZA) = ±A× F, where F is

a free abelian group of �nite rank.

Here the rank of F is

ρ(F ) =
1

2
(n+ 1 + n2 − 2l),

where n is the order of A, n2 is the number of cyclic subgroups of order 2 in A and l is

the number of all cyclic subgroups of A.

Now, we give a result of Dirichlet's unit theorem.

Corollary 2.1.4. Let n > 2 and ω is nth root of unity. Then

U(Z[ω]) = ± < ω > ×F

where F is a free abelian group of rank ρ = 1
2
φ(n)− 1.

It is a consequence of Corollary(2.1.4) that there exist ρ = 1
2
φ(n)−1 units ε1, ε2, . . . , ερ

of Z[ω] such that any unit u of Z[ω] may be uniquely expressed in the form

u = δεn1
1 ε

n2
2 . . . εnρ

ρ

with ni ∈ Z and δ ∈ ± < ω >, the torsion subgroup of U = U(Z[ω]). The set {ε1, ε2, . . . , ερ}

is called fundamental system of units of U .

Theorem 2.1.5. (Bass and Milnor) Let A be a �nite abelian group. Then the index

(U(ZA) : ⟨U(ZC)⟩c), where C runs over all cyclic subgroups of A, is �nite.

Theorem 2.1.6. (Bass)Let C be a �nite cyclic group. Then the Bass cyclic units of ZC

generate a subgroup of �nite index in U(ZC).

Putting these two results together, we get
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Theorem 2.1.7. Let A be a �nite abelian group. Then B, the group generated by all

Bass cyclic units of ZA, is of �nite index in U(ZA).

Theorem 2.1.8. Let G be a �nite abelian group. Then U(ZG) is a �nitely generated

group.

Lemma 2.1.2. Any γ ∈ U1(ZC+
n ) can be written as

γ = γ0 +
k∑

i=0

γiCi

where Ci = ai + a−i.

Proof. Let us denote Ci = ai + a−i and γ ∈ U1(ZC+
n ). If n = 2k+1 then γ = γ0 +

k∑
i=1

γiCi.

If n = 2k then γ = γ0 + γ
′

ka
k +

k−1∑
i=0

γiCi. By considering their augmentations, we have

ε(γ) =

 γ0 + 2
∑k

i=1γi , n = 2k + 1

γ0 + γ
′

k + 2
∑k−1

i=1 γi , n = 2k

by modulo 2, we obtain

ε(γ) ≡ 1(mod 2) =

 γ0 ≡ 1(mod 2) , n = 2k + 1

γ0 + γ
′

k ≡ 1(mod 2) , n = 2k

By choosing γ0 as an odd integer in both cases we obtain γ
′

k = 2γk, for some γk ∈ Z

γ
′

ka
k = 2γka

k = γk(a
k + a−k) = γkCk.

So, γ ∈ U1(ZC+
n ) can be written as

γ = γ0 +
k∑

i=0

γiCi

in both cases.
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Proposition 2.1.9. Let H be a subgroup of a �nite abelian group G. We can de�ne a

group epimorphism:

φ : G → G/H

g 7→ gH

If we extend φ linearly over Z, then we get a natural ring homomorphism as follows:

φ̄ : ZG → Z(G/H)∑
γgg 7→

∑
γg(gH)

If G/H ∼= C2, C3, C4 or C6 then for any torsion free unit γ ∈ U1(ZG), φ(γ) = H.

Remark 2.1.1. If γ ∈ U1(ZC+
n ) and n = 2k then akγ ∈ U1(ZC+

n ). The coe�cient of

identity of either γ or akγ is odd. γ ∈ U1(ZC+
n ) can be chosen as a generator if its

coe�cient is odd.

Proposition 2.1.10. Let n be odd integer then C2n =< a : a2n = 1 > and H =< a2 >.

Then U1(ZC+
n ) and U1(ZH+) have the same rank.

Proof. We consider the group epimorphism;

f : C2n → H

ai 7→ a2i.

If we extend group epimorphism linearly over Z, we obtain the following ring epimorphism:

f : ZC2n → ZH∑2n−1
i=0 γia

i 7→
∑2n−1

i=0 γia
2i.

If we restrict f to multiplicative torsion-free group we have

f : U1(ZC+
n ) → U1(ZH+).
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Since

ρ2n = 1
2
φ(2n)− 1

= 1
2
φ(2)φ(n)− 1

= 1
2
φ(n)− 1

= ρn,

U1(ZC+
n ) and U1(ZH+) have the same rank.

Remark 2.1.2. Let n be odd integer. If γ = γ0 +
k∑

i=0

γiCi is a generator of U1(ZH+) ⊂

ZC2n, then by proposition (2.1.10) γ = γ0 +
k∑

i=0

γia
2i is a generator of U1(ZC+

n ).

By applying remark (2.1.2) to (1.1), (1.2) and (1.3) the unit groups U1(ZC+
10),

U1(ZC+
14) and U1(ZC+

18) can be determined as follows:

U1(ZC10) = C10 ×
⟨
−1 + a2 + a8

⟩
U1(ZC14) = C14 ×

⟨
−1 + (a2 + a−2)

⟩
×

⟨
−1 + 2(a2 + a−2)− (a4 + a−4)

⟩
U1(ZC18) = C18 ×

⟨
−1 + (a2 + a−2)− (a8 + a−8)

⟩
×⟨

−1 + (a2 + a−2)− (a4 + a−4) + (a6 + a−6)− 2(a8 + a−8)
⟩
.



CHAPTER 3

CONSTRUCTION OF FUNDAMENTAL UNITS

Let us denote ω = e
2πi

n and α = ω + ω−1 then we can write

ω2 + ω−2 = (ω + ω−1)2 − 2 = α2 − 2.

Similarly, we can express ωk + ω−k as a linear combination of αi, αi−1, . . . , α2, α, 1 by

subsituting α into the expression 1 + ω + ω−1 + . . .+ ω
n−1
2 + ω−n−1

2 we get a polynomial

of degree n−1
2
. By factorizing this polynomial, the largest degree of this factor is the

irreducible polynomial which admits α as a root.

Example 3.0.1. Let us �nd minimal polynomial for n = 11. Let ω = e
2πi

11 and α =

ω + ω−1. Then

ω + ω−1 = α

ω2 + ω−2 = α2 − 2

ω3 + ω−3 = α3 − 3α

ω4 + ω−4 = α4 − 4α2 + 2

ω5 + ω−5 = α5 − 5α3 + 5α

0 = 1 + ω + ω2 + ω3 + ω4 + ω5 + ω6 + ω7 + ω8 + ω9 + ω10

= 1 + ω + ω−1 + ω2 + ω−2 + ω3 + ω−3 + ω4 + ω−4 + ω5 + ω−5

= α5 + α4 − 4α3 − 3α2 + 3α+ 1

12
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Since α5 + α4 − 4α3 − 3α2 + 3α+ 1 is irreducible, minimal polynomial is

minQ(α, x) = x5 + x4 − 4x3 − 3x2 + 3x+ 1

Example 3.0.2. Let us compute minimal polynomial for n = 15. Similarly, let ω = e
2πi

15

and α = ω + ω−1

ω + ω−1 = α

ω2 + ω−2 = α2 − 2

ω3 + ω−3 = α3 − 3α

ω4 + ω−4 = α4 − 4α2 + 2

ω5 + ω−5 = α5 − 5α3 + 5α

ω6 + ω−6 = α6 − 6α4 + 9α2 − 2

ω7 + ω−7 = α7 − 7α5 + 14α3 − 7α

0 = 1 + ω + ω2 + ω3 + ω4 + ω5 + ω6 + ω7 + ω8 + ω9 + ω10

+ ω11 + ω12 + ω13 + ω14

= 1 + ω + ω−1 + ω2 + ω−2 + ω3 + ω−3 + ω4 + ω−4 + ω5 + ω−5

+ ω6 + ω−6 + ω7 + ω−7

= α7 + α6 − 6α5 − 5α4 + 10α3 + 6α2 − 4α− 1

α7+α6− 6α5− 5α4+10α3+6α2− 4α− 1 is reducible. Thus we should factorize it. Then

we obtain

α7+α6−6α5−5α4+10α3+6α2−4α−1 = (α4−α3−4α2+4α+1)(α2+α−1)(α+1).

Then minimal polynomial is

minQ(α, x) = x4 − x3 − 4x2 + 4x+ 1.
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We have used PARI software to speed computations up. The following table gives

us minimal polynomials corresponding to orders n :

order n minQ(α, x)

11 x5 + x4 − 4x3 − 3x2 + 3x+ 1

13 x6 + x5 − 5x4 − 4x3 + 6x2 + 3x− 1

15 x4 − x3 − 4x2 + 4x+ 1

16 x4 − 4x2 + 2

17 x8 + x7 − 7x6 − 6x5 + 15x4 + 10x3 − 10x2 − 4x+ 1

19 x9 + x8 − 8x7 − 7x6 + 21x5 + 15x4 − 20x3 − 10x2 + 5x+ 1

20 x4 − 5x2 + 5

21 x6 − x5 − 6x4 + 6x3 + 8x2 − 8x+ 1

23 x11+x10−10x9−9x8+36x7+28x6−56x5−35x4+35x3 + 15x2 − 6x− 1

24 x4 − 4x2 + 1

If we denote ω = e
2πi

n and α = ω + ω−1 then the image of ZCn under the ring

homomorphism

ψ : ZCn −→ Z [ω]∑
γia

i 7−→
∑
γiω

i

gives us the ring of integers Z[α].

To determine the normalized units U1(ZC+
n ) of ZC+

n we need to �nd the fun-

damental units of Z[α]. So we have a problem. Finding fundamental units of Z[α] is

extremely a di�cult problem. In fact, with the exception of some particular values of n,

no speci�c system of fundamental units is known. The main di�culty seems to be the

fact that e�ective calculations in U(ZCn) are intimately connected with those in U(Z[α]).

In this study, we have computed fundamental units of Z[α] by using PARI

software. The following table lists the fundamental units of Z[α] for n ≤ 24:
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Table−3

Rank ρ Order n fundamental units of Z[α]

4 11
ε1= α, ε2= α+ 1, ε3= α2−2

ε4= α4+α3−3α2+3α

minQ(α, x) = x5 + x4 − 4x3 − 3x2 + 3x+ 1

5 13

ε1= α+ 1, ε2= α2−2, ε3= α3−3α

ε4= α4−4α2+2

ε5= α4 + α3−3α2−3α

minQ(α, x) = x6 + x5 − 5x4 − 4x3 + 6x2 + 3x− 1

3 15
ε1= α− 1, ε2= α2−3

ε3= α3−3α

minQ(α, x) = x4 − x3 − 4x2 + 4x+ 1

3 16
ε1= α− 1, ε2= α2−1

ε3= α2+α− 1

minQ(α, x) = x4 − 4x2 + 2

7 17

ε1= α3−3α

ε2= α3 + α2−2α− 1

ε3= α4−4α2+3, ε4= α5−4α3+3α

ε5= α5 − 5α3+5α

ε6= α6 − 6α4+9α2 − 2

ε7= α7+α6−6α5−5α4+10α3+6α2−4α− 2

minQ(α, x) = x8 + x7 − 7x6 − 6x5 + 15x4 + 10x3 − 10x2 − 4x+ 1

8 19

ε1= α3−3α, ε2= α4−4α2+3

ε3= α5−4α3+3α

ε4= α6−6α4+9α2 − 2

ε5= α6+α5−5α4−4α3+6α2+3α− 1

ε6= α7−7α5+α4+14α3−4α2−7α+ 2

ε7= α7+α6−6α5−6α4+9α3+9α2−α− 1

ε8= α7+α6−6α5−5α4+10α3+5α2−5α

minQ(α, x) = x9 + x8 − 8x7 − 7x6 + 21x5 + 15x4 − 20x3 − 10x2 + 5x+ 1
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3 20
ε1= α2−2, ε2= α2+α− 2

ε3= α3−α2 − 3α+ 3

minQ(α, x) = x4 − 5x2 + 5

5 21

ε1= α− 1, ε2= α3−3α

ε3= α4−4α2+1

ε4= α5−5α3+α2+5α− 2

ε5= α5−5α3+5α− 1

minQ(α, x) = x6 − x5 − 6x4 + 6x3 + 8x2 − 8x+ 1

10 23

ε1= α3−3α, ε2= α3−3α+ 1

ε3= α5−5α3+5α

ε4= α5+α4−4α3−3α2+3α+ 1

ε5= α6−6α4+9α2−1

ε6= α6−6α4+α3+9α2−3α− 1

ε7= α8−8α6+21α4−20α2+5

ε8= α9−8α7+21α5−21α3+α2+7α− 1

ε9= α10−9α8+28α6−35α4+15α2−1

ε10=α
10+α9−9α8−9α7++ 27α6+27α5−29α4−29α3+6α2+6α

minQ(α, x) = x11+x10−10x9−9x8+36x7+28x6−56x5−35x4+35x3 + 15x2 − 6x− 1

3 24
ε1= α, ε2= α3 − 3α+ 1

ε3= α3 + α2 − 3α− 2

minQ(α, x) = x4 − 4x2 + 1



CHAPTER 4

CHARACTERIZATION OF U1(ZC+
n )

Now, we can start to give characterization of U1(ZC+
n ). Let n be a prime and γ be

generator of U1(ZC+
n ). Then we know that γ0 + 2γ1 + . . .+ 2γk = 1 since γ is normalized

unit. If we take ω as nth root of unity and α = ω+ω−1, we can de�ne a ring homomorphism

ψ : ZCn −→ Z [ω]∑
γia

i 7−→
∑
γiω

i
.

After that we have computed ψ(γ). Since γ ∈ U1(ZC+
n ), ψ(γ) is element of U(Z [α]). That

is, ψ(γ) can be written as a product of fundamental units of U(Z [α]) or their inverses.

Then we can obtain γ to take pre-image of ψ(γ). U(Z [α]) is denoted by U and product

of fundamental units of U(Z [α]) or their inverses is denoted by V . Theorem(2.1.6) says

that U/V is �nite. When we can not express U/V we have found a group W , where

W ∼= V . After that we have checked whether U/W is �nite or not. If n is not prime we

take subgroups of prime order into consideration.

4.1. CHARACTERIZATION OF U1(ZC+
11)

Theorem 4.1.1. The normalized units of ZC+
11 ⊂ ZC11 are generated by the set

{−1 + C1,−1 + C2,−1 + C3,−1 + C4}

for which Ci = ai + a−i.

Proof. Let γ ∈ U1(ZC+
11) ⊂ U1(ZC11) be a generator of the group of torsion-free units.

17
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Since

ρ =
1

2
φ(11)− 1 =

1

2
10− 1 = 4

U1(ZC+
11) has only 4 generators. Then, we have

γ = γ0 + γ1(a+ a−1) + γ2(a
2 + a−2) + γ3(a

3 + a−3)

+ γ4(a
4 + a−4) + γ5(a

5 + a−5)

= γ0 + γ1C1 + γ2C2 + γ3C3 + γ4C4 + γ5C5

and

γ0 + 2γ1 + 2γ2 + 2γ3 + 2γ4 + 2γ5 = 1 (4.1.1)

On the other hand, if we denote ω = e
2πi
11 and α = ω + ω−1 then we can get the minimal

polynomial of α over Q, by Table-2, as follows;

minQ(α, x) = x5 + x4 − 4x3 − 3x2 + 3x+ 1 (4.1.2)

Let us consider the following ring homomorphism:

ψ : ZC11 −→ Z [ω]∑
γia

i 7−→
∑
γiω

i

with equations (4.1.1) and (4.1.2), the image of the unit is

ψ(γ) = γ0 + γ1(ω + ω−1) + γ2(ω
2 + ω−2) + γ3(ω

3 + ω−3)

+ γ4(ω
4 + ω−4) + γ5(ω

5 + ω−5)

= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α)

+ γ4(α
4 − 4α2 + 2) + γ5(α

5 − 5α3 + 5α)
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= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α)

+ γ4(α
4 − 4α2 + 2) + γ5(−α4 − α3 + 3α2 + 2α)

= 1− 2γ1 − 4γ2 − 2γ3 − 3γ5 + (γ1 − 3γ3 + 2γ5)α

+ (γ2 − 4γ4 + 3γ5)α
2 + (γ3 − γ5)α

3 + (γ4 − γ5)α
4

Since ψ(γ) ∈ U(Z[α]) =
{

4∑
i=0

aiα
i : α5 + α4 − 4α3 − 3α2 + 3α+ 1 = 0

}
, by Table-3,

U(Z[α]) =< α, α+ 1, α2 − 2, α4 + α3 − 3α2 − 3α >

γ ∈ U1(ZC+
11) can be obtained from products of the fundamental units or their inverses

which are computed by Maple. Let us say U(Z[α]) = U =< ε1, ε2, ε3, ε4 > and V =<

v1, v2, v3, v4 > then

v1 = −ε1ε−1
2 ε3ε

−1
4 = ψ(−1 + C1)

v2 = ε−1
1 ε−1

2 ε4 = ψ(−1 + C2)

v3 = ε1ε4 = ψ(−1 + C3)

v4 = −ε−1
1 ε2ε

−2
3 = ψ(−1 + C4)

We should �nd a group W where W ∼= V , since we can not express U/V . We have found

a group W =< ε51, ε
5
2, ε

5
3, ε

5
4 > such that

ε51 = −v21v−1
2 v33v4

ε52 = v−4
1 v−3

2 v−1
3 v−2

4

ε53 = −v−3
1 v−1

2 v−2
3 v−4

4

ε54 = −v−2
1 v2v

2
3v

−1
4

by using Maple. Then

W ∼= V =⇒ U/V ∼= U/W and U/W ∼=C5 ×C5 ×C5 ×C5
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| U/W |= 625 implies | U/V |= 625 and we have obtained

ψ(−1 + C1) = −ε1ε−1
2 ε3ε

−1
4 =⇒ ψ−1(v1) = γ1 = −1 + C1

ψ(−1 + C2) = ε−1
1 ε−1

2 ε4 =⇒ ψ−1(v2) = γ2 = −1 + C2
ψ(−1 + C3) = ε1ε4 =⇒ ψ−1(v3) = γ3 = −1 + C3
ψ(−1 + C4) = −ε−1

1 ε2ε
−2
3 =⇒ ψ−1(v4) = γ4 = −1 + C4

4.2. CHARACTERIZATION OF U1(ZC+
13)

Theorem 4.2.1. The normalized units of ZC+
13 ⊂ ZC13 are generated by the set

{−1 + C1,−1 + C2,−1 + C3,−1 + C5, 1 + C3 − C5}

for which Ci = ai + a−i.

Proof. Let γ ∈ U1(ZC+
13) ⊂ U1(ZC13) be a generator of the group of torsion-free units.

Since

ρ =
1

2
φ(13)− 1 =

1

2
12− 1 = 5

U1(ZC+
13) has only 5 generators. Then, we have

γ = γ0 + γ1(a+ a−1) + γ2(a
2 + a−2) + γ3(a

3 + a−3)

+ γ4(a
4 + a−4) + γ5(a

5 + a−5) + γ6(a
6 + a−6)

= γ0 + γ1C1 + γ2C2 + γ3C3 + γ4C4 + γ5C5 + γ6C6

and

γ0 + 2γ1 + 2γ2 + 2γ3 + 2γ4 + 2γ5 + 2γ6 = 1 (4.2.1)

On the other hand, if we denote ω = e
2πi
13 and α = ω + ω−1 then we can get the minimal
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polynomial of α over Q, by Table-2, as follows;

minQ(α, x) = x6 + x5 − 5x4 − 4x3 + 6x2 + 3x− 1 (4.2.2)

Let us consider the following ring homomorphism:

ψ : ZC13 −→ Z [ω]∑
γia

i 7−→
∑
γiω

i

with equations (4.2.1) and (4.2.2), the image of the unit is

ψ(γ) = γ0 + γ1(ω + ω−1) + γ2(ω
2 + ω−2) + γ3(ω

3 + ω−3)

+ γ4(ω
4 + ω−4) + γ5(ω

5 + ω−5) + γ6(ω
6 + ω−6)

= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α)

+ γ4(α
4 − 4α2 + 2) + γ5(α

5 − 5α3 + 5α) + γ6(α
6 − 6α4 + 9α2 − 2)

= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α)

+ γ4(α
4 − 4α2 + 2) + γ5(α

5 − 5α3 + 5α) + γ6(−α5 − α4 + 4α3 + 3α2 − 3α− 1)

= 1− 2γ1 − 4γ2 − 2γ3 − 2γ5 − 3γ6 + (γ1 − 3γ3 + 5γ5 − 3γ6)α

+ (γ2 − 4γ4 + 3γ6)α
2 + (γ3 − 5γ5 + 4γ6)α

3 + (γ4 − γ6)α
4 + (γ5 − γ6)α

5

Since ψ(γ) ∈ U(Z[α]) =
{

5∑
i=0

aiα
i : α6 + α5 − 5α4 − 4α3 + 6α2 + 3α− 1 = 0

}
, by Table-

3,

U(Z[α]) =< α+ 1, α2 − 2, α3 − 2α, α4 − 4α2 + 2, α4 + α3 − 3α2 − 3α >

γ ∈ U1(ZC+
13) can be obtained from products of the fundamental units or their inverses

which are computed by Maple. Let us say U(Z[α]) = U =< ε1, ε2, ε3, ε4, ε5 > and
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V =< v1, v2, v3, v4, v5 > then

v1 = −ε−1
1 ε3ε4ε

−1
5 = ψ(−1 + C1)

v2 = ε−1
1 ε2ε

−1
3 ε5 = ψ(−1 + C2)

v3 = −ε2ε5 = ψ(−1 + C3)

v4 = ε1ε
−1
3 ε−2

4 = ψ(1 + C3 − C5)

v5 = ε−1
2 ε3ε

−1
4 = ψ(−1 + C5)

Since we can not express U/V , we have found a group W =< ε31, ε
6
2, ε

3
3, ε

6
4, ε

6
5 >

such that

ε31 = v−1
1 v−2

2 v3v
−1
5

ε62 = −v41v−1
2 v53v

3
4v

−2
5

ε33 = −v1v−1
2 v23v5

ε64 = −v−2
1 v−1

2 v−1
3 v−3

4 v−2
5

ε65 = −v−4
1 v2v3v

−3
4 v25.

Thus,

U/W ∼=C3 ×C3×C6×C6×C6.

Then | U/V |= 1944 since | U/W |= 1944. We have obtained

ψ(−1 + C1) = −ε−1
1 ε3ε4ε

−1
5 =⇒ ψ−1(v1) = γ1 = −1 + C1

ψ(−1 + C2) = ε−1
1 ε2ε

−1
3 ε5 =⇒ ψ−1(v2) = γ2 = −1 + C2

ψ(−1 + C3) = −ε2ε5 =⇒ ψ−1(v3) = γ3 = −1 + C3
ψ(−1 + C5) = ε−1

2 ε3ε
−1
4 =⇒ ψ−1(v4) = γ4 = −1 + C5

ψ(1 + C3 − C5) = ε1ε
−1
3 ε−2

4 =⇒ ψ−1(v5) = γ5 = 1 + C3 − C5
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4.3. CHARACTERIZATION OF U1(ZC+
15)

Theorem 4.3.1. The normalized units of ZC+
15 ⊂ ZC15 are generated by the set

{−1 + C3,−1 + C1 − C2 + C3 − C4 + C5,−1 + C2 − C4 + C5 + C6 − C7}

for which Ci = ai + a−i.

Proof. Let γ ∈ U1(ZC+
15) ⊂ U1(ZC15) be a generator of the group of torsion-free units.

Since

ρ =
1

2
φ(15)− 1 =

1

2
8− 1 = 3

U1(ZC+
15) has only 3 generators. Then, we have

γ = γ0 +
7∑

i=1

γiCi

= γ0 + γ1C1 + γ2C2 + γ3C3 + γ4C4 + γ5C5 + γ6C6 ++γ7C7

Let us consider the subgroups H1 =< a3 > and H2 =< a5 > of prime orders. Since

C15/H1
∼= C3 we have a group epimorphism

φ1 : C15 −→ C15/H1

ai 7−→ aiH1

If we linearly extend φ1 over Z then we get a natural ring homomorphism as follows

φ1 : ZC15 −→ Z(C15/H1)∑
γia

i 7−→
∑
γi(a

iH1)
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φ1(γ) = γ0H1 + γ1(aH1 + a2H1) + γ2(a
2H1 + aH1) + γ3(H1 +H1)

+ γ4(aH1 + a2H1) + γ5(a
2H1 + aH1) + γ6(H1 +H1) + γ7(aH1 + a2H1)

= (γ0 + 2γ3 + 2γ6)H1 + (γ1 + γ2 + γ4 + γ5 + γ7)(aH1 + a2H1)

and similarly since C15/ H2
∼= C5 we have group epimorphism

φ2 : C15 −→ C15/H2

ai 7−→ aiH2

If we linearly extend φ2 over Z then we get a natural ring homomorphism as follows

φ2 : ZC15 −→ Z(C15/H2)∑
γia

i 7−→
∑
γi(a

iH2)

φ2(γ) = γ0H2 + γ1(aH2 + a4H2) + γ2(a
2H2 + a3H2)

+ γ3(a
3H2 + a2H2) + γ4(a

4H2 + aH2) + γ5(H2 +H2)

+ γ6(aH2 + a4H2) + γ7(a
2H2 + a3H2)

= (γ0 + 2γ5)H2 + (γ1 + γ4 + γ6)(aH2 + a4H2)

+ (γ2 + γ3 + γ7)(a
2H2 + a3H2)

φ1(γ) = H1, aH1 or a2H1. Then we can �nd φ1(γ) = H1 and we obtain that

γ0 + 2γ3 + 2γ6 = 1

γ1 + γ2 + γ4 + γ5 + γ7 = 0 (4.3.1)

and φ2(γ) = H2, aH2, a
2H2, a

3H2 or a4H2. Then we can �nd φ2(γ) = H2 and we obtain
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that

γ0 + 2γ5 = 1

γ1 + γ4 + γ6 = 0

γ2 + γ3 + γ7 = 0 (4.3.2)

Let us subsitute γ1 = p, γ2 = q, γ4 = r, γ7 = s in equation(4.3.1) and equation(4.3.2).

We obtain,

γ0 = 1 + 2(p+ q + r + s)

γ3 = −q − s

γ5 = −p− q − r − s

γ6 = −p− r (4.3.3)

On the other hand, if we denote ω = e
2πi
15 and α = ω+ ω−1 then we can get the minimal

polynomial of α over Q, by Table-2, as follows;

minQ(α, x) = x4 − x3 − 4x2 + 4x+ 1 (4.3.4)

Let us consider the following ring homomorphism:

ψ : ZC15 −→ Z [ω]∑
γia

i 7−→
∑
γiω

i

with equations (4.3.3) and (4.3.4), the image of the unit is

ψ(γ) = γ0 + γ1(ω + ω−1) + γ2(ω
2 + ω−2) + γ3(ω

3 + ω−3)

+ γ4(ω
4 + ω−4) + γ5(ω

5 + ω−5)

= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α) + γ4(α
4 − 4α2 + 2)

+ γ5(α
5 − 5α3 + 5α)
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= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α) + γ4(α
4 − 4α2 + 2)

+ γ5(−α4 − α3 + 3α2 + 2α)

= (1− 2γ1 − 4γ2 − 2γ3 − 3γ5) + (γ1 − 3γ3 + 2γ5)α

+ (γ2 − 4γ4 + 3γ5)α
2 + (γ3 − γ5)α

3 + (γ4 − γ5)α
4

Since ψ(γ) ∈ U(Z[α]) =
{

3∑
i=0

aiα
i : α4 − α3 − 4α2 + 4α+ 1 = 0

}
, by Table-3

U(Z[α]) =< α− 1, α2 − 3, α3 − 3α > .

γ ∈ U1(ZC+
15) can be obtained single product of the fundamental units or their inverses.

We have used Maple to obtain that

ψ(γ) = ε21 =⇒ γ1 = −1 + C1 − C2 + C3 − C4 + C5
ψ(γ) = ε22 =⇒ γ2 = −1 + C2 − C4 + C5 + C6 − C7.

Since H1 =< a3 > is a cyclic group of order 5, by equation(1.1), its unit group of integral

group ring

U1(ZH1) = H1× < −1 + (a3 + a−3) >,

so the third unit is −1 + C3.

4.4. CHARACTERIZATION OF U1(ZC+
16)

Theorem 4.4.1. The normalized units of ZC+
16 ⊂ ZC16 are generated by the set

{−1− C2 + C6 + C8, 1− C2 − C3 + C5 + C6, 1− C1 + C2 − C6 + C7}

for which Ci = ai + a−i.

Proof. Let γ ∈ U1(ZC+
16) ⊂ U1(ZC16) be a generator of the group of torsion-free units.
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Since

ρ =
1

2
φ(16)− 1 =

1

2
8− 1 = 3

U1(ZC+
16) has only 3 generators. Then, we have

γ = γ0 +
8∑

i=1

γiCi

= γ0 + γ1C1 + γ2C2 + γ3C3 + γ4C4 + γ5C5 + γ6C6 + γ7C7 + γ8a
8

Let us consider the subgroup H =< a8 > of prime orders. Since H ∼= C2 we have a group

epimorphism

φ : C16 −→ C16/H

ai 7−→ aiH

If we linearly extend φ over Z then we get a natural ring homomorphism as follows

φ : ZC16 −→ Z(C16/H)∑
γia

i 7−→
∑
γi(a

iH)

φ(γ) = γ0H+ γ1(aH+ a7H) + γ2(a
2H+ a6H) + γ3(a

3H+ a5H) + γ4(a
4H+ a4H)

+ γ5(a
5H+ a3H) + γ6(a

6H+ a2H) + γ7(a
7H+ aH) + γ8H

= (γ0 + γ8)H+ (γ1 + γ7)(aH+ a7H) + (γ2 + γ6)(a
2H+ a6H)

+ (γ3 + γ5)(a
3H+ a5H) + 2γ4(a

4H)

φ(γ) = H, aH,a2H,a3H,a4H,a5H,a6H or a7H. Then we can �nd φ(γ) = H and we

obtain that

γ0 + γ8 = 1

γi + γ8−i = 0...........i = 1, 2, 3, 4 (4.4.1)
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Let us subsitute γ0 = p, γ1 = q, γ2 = r, γ3 = s in equation(4.4.1). We obtain,

γ4 = 0, γ5 = −s, γ6 = −r, γ7 = −q, γ8 = 1− p (4.4.2)

On the other hand, if we denote ω = e
2πi
16 and α = ω + ω−1 then we can get the minimal

polynomial of α over Q, by Table-2, as follows;

minQ(α, x) = x4 − 4x2 + 2 (4.4.3)

Let us consider the following ring homomorphism:

ψ : ZC16 −→ Z [ω]∑
γia

i 7−→
∑
γiω

i

with equations (4.4.2) and (4.4.3), the image of the unit is

ψ(γ) = γ0 + γ1(ω + ω−1) + γ2(ω
2 + ω−2) + γ3(ω

3 + ω−3) + γ4(ω
4 + ω−4)

+ γ5(ω
5 + ω−5) + γ6(ω

6 + ω−6) + γ7(ω
7 + ω−7) + γ8ω

8

= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α) + γ4(α
4 − 4α2 + 2) + γ5(α

5 − 5α3 + 5α)

+ γ6(α
6 − 6α4 + 9α2 − 2) + γ7(α

7 − 7α5 + 14α3 − 7α)− γ8

= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α) + γ5(−α3 + 3α)

+ γ6(−α2 + 2) + γ7(−α)− γ8

= (γ0 − 2γ2 + 2γ6 − γ8) + (γ1 − 3γ3 + 3γ5 − γ7)α

+ (γ2 − γ6)α
2 + (γ3 − γ5)α

3

= (−1 + 2p− 4r) + (2q − 6s)α+ (2r)α2 + (2s)α3

Since ψ(γ) ∈ U(Z[α]) =
{

4∑
i=0

aiα
i : α4 − 4α2 + 2 = 0

}
, by Table-3

U(Z[α]) =< α− 1, α2 − 1, α2 + α− 1 > .

γ ∈ U1(ZC+
16) can be obtained in the following product of the fundamental units or their
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inverses.

ε22, ε
−2
2 , ε21ε2, ε

−2
1 ε−1

2 , ε−2
1 ε2, ε

2
1ε

−1
2 , ε2ε

2
3, ε2ε

−2
3 , ε−1

2 ε23

Let us say U(Z[α]) = U =< ε1, ε2, ε3 > and V =< v1, v2, v3 > .

v1 = ε22

v2 = ε−2
1 ε2

v3 = ε2ε
−2
3

Then we have found a group W =< ε41, ε
2
2, ε

4
3 > where W u V such that

ε41 = −v−1
1 v22

ε22 = v1

ε43 = v1v
−2
3

We cannot express U/V but

U/W u C2 ×C4 ×C4.

That is, | U/V |= 32 since | U/W |= 32 . We have obtained generators of U1(ZC+
16) by

means of Maple:

ψ(γ) = ε22 =⇒ γ1 = −1− C2 + C6 + 2a8 = −1− C2 + C6 + C8
ψ(γ) = ε−2

1 ε2 =⇒ γ2 = 1− C2 − C3 + C5 + C6
ψ(γ) = ε2ε

−2
3 =⇒ γ3 = 1− C1 + C2 − C6 + C7
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4.5. CHARACTERIZATION OF U1(ZC+
17)

Theorem 4.5.1. The normalized units of ZC+
17 ⊂ ZC17 are generated by the set

{−1 + C1,−1 + C2,−1 + C4,−1 + C5,−1 + C6,−1 + C7, 1 + C8 − C3}

for which Ci = ai + a−i.

Proof. Let γ ∈ U1(ZC+
17) ⊂ U1(ZC17) be a generator of the group of torsion-free units.

Since

ρ =
1

2
φ(17)− 1 =

1

2
16− 1 = 7

U1(ZC+
17) has only 7 generators. Then, we have

γ = γ0 + γ1(a+ a−1) + γ2(a
2 + a−2) + γ3(a

3 + a−3)

+ γ4(a
4 + a−4) + γ5(a

5 + a−5) + γ6(a
6 + a−6) + γ7(a

7 + a−7) + γ8(a
8 + a−8)

= γ0 + γ1C1 + γ2C2 + γ3C3 + γ4C4 + γ5C5 + γ6C6 + γ7C7 + γ8C8

and

γ0 + 2γ1 + 2γ2 + 2γ3 + 2γ4 + 2γ5 + 2γ6 + 2γ7 + 2γ8 = 1 (4.5.1)

On the other hand, if we denote ω = e
2πi
17 and α = ω + ω−1 then we can get the minimal

polynomial of α over Q, by Table-2, as follows;

minQ(α, x) = x8 + x7 − 7x6 − 6x5 + 15x4 + 10x3 − 10x2 − 4x+ 1 (4.5.2)

Let us consider the following ring homomorphism:

ψ : ZC17 −→ Z [ω]∑
γia

i 7−→
∑
γiω

i
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with equations (4.5.1) and (4.5.2), the image of the unit is

ψ(γ) = γ0 + γ1(ω + ω−1) + γ2(ω
2 + ω−2) + γ3(ω

3 + ω−3)

+ γ4(ω
4 + ω−4) + γ5(ω

5 + ω−5) + γ6(ω
6 + ω−6) + γ7(ω

7 + ω−7) + γ8(ω
8 + ω−8)

= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α)

+ γ4(α
4 − 4α2 + 2) + γ5(α

5 − 5α3 + 5α) + γ6(α
6 − 6α4 + 9α2 − 2)

+ γ7(α
7 − 7α5 + 14α3 − 7α) + γ8(α

8 − 8α6 + 20α4 − 16α2 + 2)

= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α)

+ γ4(α
4 − 4α2 + 2) + γ5(α

5 − 5α3 + 5α) + γ6(α
6 − 6α4 + 9α2 − 2)

+ γ7(α
7 − 7α5 + 14α3 − 7α) + γ8(−α7 − α6 + 6α5 + 5α4 − 10α3 − 6α2 + 4α− 1)

= 1− 2γ1 − 4γ2 − 2γ3 − 2γ5 − 4γ6 − 2γ7 − γ8 + (γ1 − 3γ3 + 5γ5 − 7γ7 + 4γ8)α

+ (γ2 − 4γ4 + 9γ6 − 6γ8)α
2 + (γ3 − 5γ5 + 14γ7 − 10γ8)α

3 + (γ4 − 6γ6 + 5γ8)α
4

+ (γ5 − 7γ7 + 6γ8)α
5 + (γ6 − γ8)α

6 + (γ7 − γ8)α
7

Since ψ(γ) ∈ U(Z[α]), by Table-3,

U(Z[α]) =< α3 − 3α, α3 + α2 − 2α− 1, α4 − 4α2 + 3, α5 − 4α3 + 3α, α5 − 5α3 + 5α,

α6 − 6α4 + 9α2 − 2, α7 + α6 − 6α5 − 5α4 + 10α3 + 6α2 − 4α− 2 >

γ ∈ U1(ZC+
17) can be obtained in the following product of the fundamental units or their

inverses which are computed by Maple. Let U(Z[α]) = U =< ε1, ε2, ε3, ε4, ε5,ε6, ε7 > and

V =< v1, v2, v3, v4, v5, v6, v7 > .

v1 = −ε−1
1 ε−1

2 ε4ε
−1
5 = ψ(−1 + C1)

v2 = ε1ε3ε
−1
4 = ψ(−1 + C2)

v3 = ε2ε3ε
2
5 = ψ(1 + C8 − C3)

v4 = −ε−1
3 ε7 = ψ(−1 + C4)

v5 = ε−1
3 ε4ε

−1
6 = ψ(−1 + C5)

v6 = ε−1
1 ε2ε

−1
4 ε−1

6 = ψ(−1 + C6)

v7 = −ε3ε−1
5 ε6ε

−1
7 = ψ(−1 + C7)
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Then we can �nd a group W =< ε41, ε
8
2, ε

8
3, ε

8
4, ε

8
5, ε

4
6, ε

8
7 > where W ∼= V such that

ε41 = −v−1
1 v22v4v

2
5v

−1
6 v7

ε82 = −v−1
1 v22v

4
3v

9
4v

6
5v

3
6v

9
7

ε83 = −v51v62v43v34v25v6v37

ε84 = −v31v22v43v54v65v−1
6 v57

ε85 = v−2
1 v−4

2 v−6
4 v−4

5 v−2
6 v−6

7

ε46 = −v−1
1 v−2

2 v4v
−2
5 v−1

6 v7

ε87 = −v51v62v43v114 v25v6v37.

So we can express

U/W ∼=C4 ×C4×C8×C8×C8×C8×C8

That is, | U/V |= 524288 since | U/W |= 524288. Thus we have obtained

ψ(−1 + C2) = ε1ε3ε
−1
4 =⇒ γ2 = −1 + C2

ψ(1 + C8 − C3) = ε2ε3ε
2
5 =⇒ γ3 = 1 + C8 − C3

ψ(−1 + C4) = −ε−1
3 ε7 =⇒ γ4 = −1 + C4

ψ(−1 + C5) = ε−1
3 ε4ε

−1
6 =⇒ γ5 = −1 + C5

ψ(−1 + C6) = ε−1
1 ε2ε

−1
4 ε−1

6 =⇒ γ6 = −1 + C6
ψ(−1 + C7) = −ε3ε−1

5 ε6ε
−1
7 =⇒ γ7 = −1 + C7

4.6. CHARACTERIZATION OF U1(ZC+
19)

Theorem 4.6.1. The normalized units of ZC+
19 ⊂ ZC19 are generated by the set

{−1 + C1,−1 + C2,−1 + C3,−1 + C4,−1 + C5,−1 + C6,−1 + C7,−1 + C8}

for which Ci = ai + a−i.
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Proof. Let γ ∈ U1(ZC+
19) ⊂ U1(ZC19) be a generator of the group of torsion-free units.Since

ρ =
1

2
φ(19)− 1 =

1

2
18− 1 = 8

U1(ZC+
19) has only 8 generators. Then, we have

γ = γ0 + γ1(a+ a−1) + γ2(a
2 + a−2) + γ3(a

3 + a−3) + γ4(a
4 + a−4)

+ γ5(a
5 + a−5) + γ6(a

6 + a−6) + γ7(a
7 + a−7) + γ8(a

8 + a−8) + γ9(a
9 + a−9)

= γ0 + γ1C1 + γ2C2 + γ3C3 + γ4C4 + γ5C5 + γ6C6 + γ7C7 + γ8C8 + γ9C9

and

γ0 + 2γ1 + 2γ2 + 2γ3 + 2γ4 + 2γ5 + 2γ6 + 2γ7 + 2γ8 + 2γ9 = 1 (4.6.1)

On the other hand, if we denote ω = e
2πi
19 and α = ω + ω−1 then we can get the minimal

polynomial of α over Q, by Table-2, as follows;

minQ(α, x) = x9 + x8 − 8x7 − 7x6 + 21x5 + 15x4 − 20x3 − 10x2 + 5x+ 1 (4.6.2)

Let us consider the following ring homomorphism:

ψ : ZC19 −→ Z [ω]∑
γia

i 7−→
∑
γiω

i
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with equations (4.6.1) and (4.6.2), the image of the unit is

ψ(γ) = γ0 + γ1(ω + ω−1) + γ2(ω
2 + ω−2) + γ3(ω

3 + ω−3) + γ4(ω
4 + ω−4)

+ γ5(ω
5 + ω−5) + γ6(ω

7 + ω−7) + γ8(ω
8 + ω−8) + γ9(ω

9 + ω−9)

= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α) + γ4(α
4 − 4α2 + 2)

+ γ5(α
5 − 5α3 + 5α) + γ6(α

6 − 6α4 + 9α2 − 2) + γ7(α
7 − 7α5 + 14α3 − 7α)

+ γ8(α
8 − 8α6 + 20α4 − 16α2 + 2) + γ9(α

9 − 9α7 + 27α5 − 30α3 + 9α)

= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α) + γ4(α
4 − 4α2 + 2) + γ5(α

5 − 5α3 + 5α)

+ γ6(α
6 − 6α4 + 9α2 − 2) + γ7(α

7 − 7α5 + 14α3 − 7α)

+ γ8(α
8 − 8α6 + 20α4 − 16α2 + 2)

+ γ9(−α8 − α7 + 7α6 + 6α5 − 15α4 − 10α3 + 10α2 + 4α− 1)

= 1− 2γ1 − 4γ2 − 2γ3 − 2γ5 − 4γ6 − 2γ7 − 3γ9 + (γ1 − 3γ3 + 5γ5 − 7γ7 + 4γ9)α

+ (γ2 − 4γ4 + 9γ6 − 16γ8 + 10γ9)α
2 + (γ3 − 5γ5 + 14γ7 − 10γ9)α

3

+ (γ4 − 6γ6 + 20γ8 − 15γ9)α
4 + (γ5 − 7γ7 + 6γ9)α

5

+ (γ6 − 8γ8 + 7γ9)α
6 + (γ7 − γ9)α

7 + (γ8 − γ9)α
8

Since ψ(γ) ∈ U(Z [α] ), by Table-3,

U(Z[α]) =< α3 − 3α, α4 − 4α2 + 3, α5 − 4α3 + 3α, α6 − 6α4 + 9α2 − 2,

α6 + α5 − 5α4 − 4α3 + 6α2 + 3α− 1, α7 − 7α5 + α4 + 14α3 − 4α2 − 7α+ 2,

α7 + α6 − 6α5 − 6α4 + 9α3 + 9α2 − α− 1, α7 + α6 − 6α5 − 5α4 + 10α3 + 5α2 − 5α >

γ ∈ U1(ZC+
19) can be obtained from product of the fundamental units or their inverses

which are computed by Maple. Let U(Z[α]) = U =< ε1, ε2, ε3, ε4,ε5, ε6, ε7, ε8 > and
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V =< v1, v2, v3, v4, v5, v6, v7, v8 > .

v1 = ε−1
1 ε−1

4 ε5ε
−1
8 = ψ(−1 + C1)

v2 = ε1ε
−1
5 ε6 = ψ(−1 + C2)

v3 = ε−1
1 ε−1

2 ε3ε
−1
4 ε8 = ψ(−1 + C3)

v4 = −ε1ε2ε−1
6 ε7 = ψ(−1 + C4)

v5 = −ε−1
1 ε3ε6ε

−1
7 = ψ(−1 + C5)

v6 = −ε4ε−1
5 = ψ(−1 + C6)

v7 = ε−1
2 ε5ε

−1
6 = ψ(−1 + C7)

v8 = −ε−1
3 ε−1

7 ε−1
8 = ψ(−1 + C8)

v9 = ε1ε2ε
−1
3 ε4ε7ε8 = ψ(−1 + C9)

Then we can �nd a group W =< ε91, ε
9
2, ε

9
3, ε

9
4, ε

9
5, ε

9
6, ε

9
7, ε

9
8 > such that

ε91 = −v−2
1 v52v

−1
3 v34v

2
5v

−3
6 v47v8

ε92 = −v−2
1 v−4

2 v−1
3 v34v

2
5v

−3
6 v−5

7 v8

ε93 = −v21v42v3v64v75v36v57v−1
8

ε94 = −v−1
1 v−2

2 v−5
3 v−3

4 v5v
3
6v

2
7v

−4
8

ε95 = v−1
1 v−2

2 v−5
3 v−3

4 v5v
−6
6 v27v

−4
8

ε96 = −v1v22v−4
3 v−6

4 v−1
5 v−3

6 v−2
7 v−5

8

ε97 = v51v2v
−2
3 v−3

4 v−5
5 v36v

−1
7 v−7

8

ε98 = v−7
1 v−5

2 v3v
−3
4 v−2

5 v−6
6 v−4

7 v−1
8

Then we have

U/W u C9 ×C9 ×C9 ×C9 ×C9 ×C9 ×C9 ×C9
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Then | U/V |= 43046721 since | U/W |= 98 = 43046721.Thus we have obtained

ψ(−1 + C1) = ε−1
1 ε−1

4 ε5ε
−1
8 =⇒ γ1 = −1 + C1

ψ(−1 + C2) = ε1ε
−1
5 ε6 =⇒ γ2 = −1 + C2

ψ(−1 + C3) = ε−1
1 ε−1

2 ε3ε
−1
4 ε8 =⇒ γ3 = −1 + C3

ψ(−1 + C4) = −ε1ε2ε−1
6 ε7 =⇒ γ4 = −1 + C4

ψ(−1 + C5) = −ε−1
1 ε3ε6ε

−1
7 =⇒ γ5 = −1 + C5

ψ(−1 + C6) = −ε4ε−1
5 =⇒ γ6 = −1 + C6

ψ(−1 + C7) = ε−1
2 ε5ε

−1
6 =⇒ γ7 = −1 + C7

ψ(−1 + C8) = −ε−1
3 ε−1

7 ε−1
8 =⇒ γ8 = −1 + C8

4.7. CHARACTERIZATION OF U1(ZC+
20)

Theorem 4.7.1. The normalized units of ZC+
20 ⊂ ZC20 are generated by the set

{−1− C1 − C2 − C3 + C7 + C8 + C9 + 2C10,

−1 + C1 − C3 + C4 − C6 + C7 − C9 + 2C10,−1 + C4}

for which Ci = ai + a−i.

Proof. Let γ ∈ U1(ZC+
20) ⊂ U1(ZC20) be a generator of the group of torsion-free units.Since

ρ =
1

2
φ(20)− 1 =

1

2
8− 1 = 3

U1(ZC+
20) has only 3 generators. Then, we have

γ = γ0 +
10∑
i=1

γiCi

= γ0 + γ1C1 + γ2C2 + γ3C3 + γ4C4 + γ5C5 + γ6C6 + γ7C7 + γ8C8 + γ9C9 + γ10C10

Let us consider the subgroups H1 =< a10 > and H2 =< a4 > of prime orders. Since
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C20/ H1
∼= C10 we have a group epimorphism

φ1 : C20 −→ C20/H1

ai 7−→ aiH1

If we linearly extend φ1 over Z then we get a natural ring homomorphism as follows

φ1 : ZC20 −→ Z(C20/H1)∑
γia

i 7−→
∑
γi(a

iH1)

φ1(γ) = γ0H1 + γ1(aH1 + a9H1) + γ2(a
2H1 + a8H1) + γ3(a

3H1 + a7H1)

+ γ4(a
4H1 + a6H1) + γ5(a

5H1 + a5H1) + γ6(a
6H1 + a4H1)

+ γ7(a
7H1 + a3H1) + γ8(a

8H1 + a2H1) + γ9(a
9H1 + aH1) + γ10(H1)

= (γ0 + γ10)H+ (γ1 + γ9)(aH1 + a9H1) + (γ2 + γ8)(a
2H1 + a8H1)

+ (γ3 + γ7)(a
3H1 + a7H1) + (γ4 + γ6)(a

4H1 + a6H1) + (2γ5)(a
5H1)

and similarly since C20/ H2
∼= C4 we have group epimorphism

φ2 : C20 −→ C20/H2

ai 7−→ aiH2

If we linearly extend φ2 over Z then we get a natural ring homomorphism as follows

φ2 : ZC20 −→ Z(C20/H2)∑
γia

i 7−→
∑
γi(a

iH2)
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φ2(γ) = γ0H2 + γ1(aH2 + a3H2) + γ2(a
2H2 + a2H2) + γ3(a

3H2 + aH2)

+ γ4(H2 +H2) + γ5(aH2 + a3H2) + γ6(a
2H2 + a2H2) + γ7(a

3H2 + aH2)

+ γ8(H2 +H2) + γ9(aH2 + a3H2) + γ10(a
2H2 + a2H2)

= (γ0 + 2γ4 + 2γ8)H2 + (γ1 + γ3 + γ5 + γ7 + γ9)(aH2 + a3H2)

+ (2γ2 + 2γ6 + 2γ10)(a
2H2)

φ1(γ) = H1, aH1, a
2H1, a

3H1, a
4H1, a

5H1, a
6H1, a

7H1, a
8H1 or a9H1. Then we can �nd

φ1(γ) = H1 and we obtain that

γ0 + γ10 = 1

γi + γ10−i = 0, i = 1, 2, 3, 4, 5 (4.7.1)

and φ2(γ) = H2, aH2, a
2H2 or a3H2. Then we can �nd φ2(γ) = H2 and we obtain that

γ0 + 2γ4 + 2γ8 = 1

γ1 + γ3 + γ5 + γ7 + γ9 = 0

2γ2 + 2γ6 + γ10 = 0 (4.7.2)

Let us subsitute γ1 = p, γ2 = q, γ3 = r, γ4 = s in equation(4.7.1) and equation(4.7.2).

We obtain,

γ0 = 1− 2s+ 2q, γ6 = −s, γ7 = −r, , γ5 = 0

γ8 = −q, γ9 = −p, γ10 = 2s− 2q (4.7.3)

On the other hand, if we denote ω = e
2πi
20 and α = ω + ω−1 then we can get the minimal

polynomial of α over Q, by Table-2, as follows;

minQ(α, x) = x4 − 5x2 + 5 (4.7.4)
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Let us consider the following ring homomorphism:

ψ : ZC20 −→ Z [ω]∑
γia

i 7−→
∑
γiω

i

with equations (4.7.3) and (4.7.4), the image of the unit is

ψ(γ) = γ0 + γ1(ω + ω−1) + γ2(ω
2 + ω−2) + γ3(ω

3 + ω−3)

+ γ4(ω
4 + ω−4) + γ5(ω

5 + ω−5) + γ6(ω
6 + ω−6)

+ γ7(ω
7 + ω−7) + γ8(ω

8 + ω−8) + γ9(ω
9 + ω−9) + γ10(ω

10)

= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α) + γ4(α
4 − 4α2 + 2)

+ γ5(α
5 − 5α3 + 5α) + γ6(α

6 − 6α4 + 9α2 − 2)

+ γ7(α
7 − 7α5 + 14α3 − 7α) + γ8(α

8 − 8α6 + 20α4 − 16α2 + 2)

+ γ9(α
9 − 9α7 + 27α5 + 30α3 + 9α)− γ10

= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α) + γ4(α
2 − 3) + γ5.0

+ γ6(−α2 + 3) + γ7(−α3 + 3α) + γ8(−α2 + 2) + γ9(−α)− γ10

= (γ0 − 2γ2 − 3γ4 + 3γ6 + 2γ8 − γ10) + (γ1 − 3γ3 + 3γ7 − γ9)α

+ (γ2 + γ4 − γ6 − γ8)α
2 + (γ3 − γ7)α

3

= 1− 10s+ (2p− 6r)α+ (2q − 2s)α2 + (2r)α3

Since ψ(γ) ∈ U(Z[α]) =
{

3∑
i=0

aiα
i : α4 − 5α2 + 5 = 0

}
, by Table-3

U(Z[α]) =< α2 − 2, α2 + α− 2, α3 − α2 − 3α+ 3 > .

γ ∈ U1(ZC+
20) can be obtained from the following products of the fundamental units or

their inverses;

ε22, ε
2
3, ε

4
2, ε

2
2ε

2
3, ε

4
3, ε

2
2ε

−2
3 , ε−2

2 ε−2
3 , ε−4

2 , ε−4
3 .
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We have used Maple to obtain that

v1 = ε22 = ψ(−1− C1 − C2 − C3 + C7 + C8 + C9 + 2C10)

v2 = ε23 = ψ(−1 + C1 − C3 + C4 − C6 + C7 − C9 + 2C10)

Let us say U(Z[α]) = U =< ε2, ε3 > and V =< v1, v2 > . Then we have

U/V u C2 × C2

and | U/V |= 4. Hence we have obtained

ψ(γ) = ε22 =⇒ γ1 = −1− C1 − C2 − C3 + C7 + C8 + C9 + 2C10
ψ(γ) = ε23 =⇒ γ2 = −1 + C1 − C3 + C4 − C6 + C7 − C9 + 2C10

In the other side, since H1 =< a4 > is a cyclic group of order 5, by equation(1.1), its unit

group of integral group ring

U1(ZH1) = H1× < −1 + (a4 + a−4) >,

so the third unit is −1 + C4.

4.8. CHARACTERIZATION OF U1(ZC+
21)

Theorem 4.8.1. The normalized units of ZC+
21 ⊂ ZC21 are generated by the set

{1− C1 + C3 − C4 + C5 + C8 − C9, 1 + C1 − C4 − C5 − C6 + C9 + C10,

1− C2 − C3 + C5 + C6 − C8 + C10, − 1 + C1 − C2 + C7 − C8 + C9,

3− C1 + C3 − 2C4 + C5 − C6 − C7 + 2C8 − C9 + C10}

for which Ci = ai + a−i.

Proof. Let γ ∈ U1(ZC+
21) ⊂ U1(ZC21) be a generator of the group of torsion-free units.
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Since

ρ =
1

2
φ(21)− 1 =

1

2
12− 1 = 5

U1(ZC+
21) has 5 generators. Then, we have

γ = γ0 +
10∑
i=1

γiCi

= γ0 + γ1C1 + γ2C2 + γ3C3 + γ4C4 + γ5C5 + γ6C6 + γ7C7 + γ8C8 + γ9C9 + γ10C10

Let us consider the subgroups H1 =< a3 > and H2 =< a7 > of prime orders. Since C21/

H1
∼= C7 we have a group epimorphism

φ1 : C21 −→ C21/H1

ai 7−→ aiH1

If we linearly extend φ1 over Z then we get a natural ring homomorphism as follows

φ1 : ZC21 −→ Z(C21/H1)∑
γia

i 7−→
∑
γi(a

iH1)

φ1(γ) = γ0H1 + γ1(aH1 + a2H1) + γ2(a
2H1 + aH1) + γ3(H1 +H1)

+ γ4(aH1 + a2H1) + γ5(a
2H1 + aH1) + γ6(H1 +H1)

+ γ7(aH1 + a2H1) + γ8(a
2H1 + aH1) + γ9(H1 +H1) + γ10(aH1 + a2H1)

= (γ0 + 2γ3 + 2γ6 + 2γ9)H1 + (γ1 + γ2 + γ4 + γ5 + γ7 + γ8 + γ10)(aH1 + a2H1)

and similarly since C21/ H2
∼= C3 we have group epimorphism

φ2 : C21 −→ C21/H2

ai 7−→ aiH2
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If we linearly extend φ2 over Z then we get a natural ring homomorphism as follows

φ2 : ZC21 −→ Z(C21/H2)∑
γia

i 7−→
∑
γi(a

iH2)

φ2(γ) = γ0H2 + γ1(aH2 + a6H2) + γ2(a
2H2 + a5H2) + γ3(a

3H2 + a4H2)

+ γ4(a
4H2 + a3H2) + γ5(a

5H2 + a2H2) + γ6(a
6H2 + aH2) + γ7(H2 +H2)

+ γ8(aH2 + a6H2) + γ9(a
2H2 + a5H2) + γ10(a

3H2 + a4H2)

= (γ0 + 2γ7)H2 + (γ1 + γ6 + γ8)(aH2 + a6H2)

+ (γ2 + γ5 + γ9)(a
2H2 + a5H2) + (γ3 + γ4 + γ10)(a

3H2 + a4H2)

φ1(γ) = H1, aH1 or a2H1. Then we can �nd φ1(γ) = H1 and we obtain that

γ0 + 2γ3 + 2γ6 + 2γ9 = 1

γ1 + γ2 + γ4 + γ5 + γ7 + γ8 + γ10 = 0 (4.8.1)

and φ2(γ) = H2, aH2, a
2H2, a

3H2, , a
4H2, a

5H2 or a6H2. Then we can �nd φ2(γ) = H2

and we obtain that

γ0 + 2γ7 = 1

γ1 + γ6 + γ8 = 0

γ2 + γ5 + γ9 = 0

γ3 + γ4 + γ10 = 0 (4.8.2)

Let us subsitute γ1 = p, γ2 = q, γ4 = r, γ5 = s, γ8 = t, γ10 = v in equation(4.8.1) and
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equation(4.8.2). We obtain,

γ0 = 1 + 2(p+ q + r + s+ t+ v)

γ3 = −r − v

γ6 = −p− t

γ7 = −p− q − r − s− t− v

γ9 = −q − s (4.8.3)

On the other hand, if we denote ω = e
2πi
21 and α = ω+ ω−1 then we can get the minimal

polynomial of α over Q, by Table-2, as follows;

minQ(α, x) = x6 − x5 − 6x4 + 6x3 + 8x2 − 8x+ 1 (4.8.4)

Let us consider the following ring homomorphism:

ψ : ZC21 −→ Z [ω]∑
γia

i 7−→
∑
γiω

i

with equations (4.8.3) and (4.8.4), the image of the unit is

ψ(γ) = γ0 + γ1(ω + ω−1) + γ2(ω
2 + ω−2) + γ3(ω

3 + ω−3)

+ γ4(ω
4 + ω−4) + γ5(ω

5 + ω−5) + γ6(ω
6 + ω−6)

+ γ7(ω
7 + ω−7) + γ8(ω

8 + ω−8) + γ9(ω
9 + ω−9) + γ10(ω

10 + ω−10)

= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α) + γ4(α
4 − 4α2 + 2)

+ γ5(α
5 − 5α3 + 5α) + γ6(α

6 − 6α4 + 9α2 − 2) + γ7(α
7 − 7α5 + 14α3 − 7α)

+ γ8(α
8 − 8α6 + 20α4 − 16α2 + 2) + γ9(α

9 − 9α7 + 27α5 + 30α3 + 9α)

+ γ10(α
10 − 10α8 + 35α6 − 50α4 + 25α2 − 2)
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= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α) + γ4(α
4 − 4α2 + 2) + γ5(α

5 − 5α3 + 5α)

+ γ6(α
5 − 6α3 + α2 + 8α− 3)− γ7 + γ8(−α5 + 6α3 − α2 − 9α+ 3)

+ γ9(−α5 + 5α3 − α2 − 5α+ 2) + γ10(−α4 − α3 + 4α2 + 3α− 2)

= (γ0 − 2γ2 + 2γ4 − 3γ6 − γ7 + 3γ8 + 2γ9 − γ10)

+ (γ1 − 3γ3 + 5γ5 + 8γ6 − 9γ8 − 5γ9 + 3γ10)α

+ (γ2 − 4γ4 + γ6 − γ8 − γ9 + 4γ10)α
2 + (γ3 − 5γ5 − 6γ6 + 6γ8 + 5γ9 − γ10)α

3

+ (γ4 − γ10)α
4 + (γ5 + γ6 − γ8 − γ9)α

5

Since ψ(γ) ∈ U(Z[α]) =
{

10∑
i=0

aiα
i : α6 − α5 − 6α4 + 6α3 + 8α2 − 8α+ 1 = 0

}
, by Table-3

U(Z[α]) =< α− 1, α3− 3α, α4− 4α2+1, α5− 5α3+α2+5α− 2, α5− 5α3+5α− 1 > .

γ ∈ U1(ZC+
21) can be obtained product of the fundamental units or their inverses;

ε2ε
2
3, ε

2
1ε

−1
2 ε24, ε1ε

3
2ε

−1
4 , ε1ε

−1
2 ε3ε

2
5, ε

2
4ε5, ε1ε

−1
3 ε−3

5 , ε−2
1 ε2ε5, ε

2
1ε

2
3 ε

−1
5

Let us say U(Z[α]) = U =< ε1, ε2, ε3, ε4,ε5 > and V =< v1, v2, v3, v4, v5 > such that

v1 = ε2ε
2
3

v2 = −ε24ε5

v3 = −ε−2
1 ε2ε5

v4 = ε1ε
−1
2 ε3ε

2
5

v5 = ε1ε
3
2ε

−1
4
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Then we can �nd a group W =< ε781 , ε
78
2 , ε

78
3 , ε

78
4 , ε

78
5 > where W ∼= V such that

ε781 = v−5
1 v72v

−27
3 v104 v

14
5

ε782 = v41v
10
2 v

6
3v

−8
4 v205

ε783 = v371 v
−5
2 v−3

3 v44v
−10
5

ε784 = v71v
37
2 v

−9
3 v−14

4 v−4
5

ε785 = v−14
1 v42v

18
3 v

28
4 v

8
5.

Then we express

U/W ∼=C78 ×C78 ×C78 ×C78 ×C78

That is, | U/V |= 785 since | U/W |= 785. We have used Maple to obtain that

ψ(γ) = ε2ε
2
3 =⇒ γ1 = 1− C1 + C3 − C4 + C5 + C8 − C9

ψ(γ) = ε24ε5 =⇒ γ2 = 1 + C1 − C4 − C5 − C6 + C9 + C10
ψ(γ) = ε−2

1 ε2ε5 =⇒ γ3 = 1− C2 − C3 + C5 + C6 − C8 + C10
ψ(γ) = ε1ε

−1
2 ε3ε

2
5 =⇒ γ4 = 3− C1 + C3 − 2C4 + C5 − C6 − C7 + 2C8 − C9 + C10

ψ(γ) = ε1ε
3
2ε

−1
4 =⇒ γ5 = −1 + C1 − C2 + C7 − C8 + C9

4.9. CHARACTERIZATION OF U1(ZC+
22)

Theorem 4.9.1. The normalized units of ZC+
22 ⊂ ZC22 are generated by the set

{−1 + C2,−1 + C4,−1 + C6,−1 + C8}

for which Ci = ai + a−i.

Proof. If we subsitute a2 for a we obtain desired result by considering Theorem(4.1.1)
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with Remark(2.1.2).

{
−1 + a2 + a20,−1 + a4 + a18,−1 + a6 + a16,−1 + a8 + a14

}

4.10. CHARACTERIZATION OF U1(ZC+
23)

Theorem 4.10.1. The normalized units of ZC+
23 ⊂ ZC23 are generated by the set

{−1 + C1,−1 + C2,−1 + C3,−1 + C4,−1 + C5,−1 + C6,−1 + C7,−1 + C8,−1 + C9,−1 + C10}

for which Ci = ai + a−i.

Proof. Let γ ∈ U1(ZC+
23) ⊂ U1(ZC23) be a generator of the group of torsion-free units.

Since

ρ =
1

2
φ(23)− 1 =

1

2
22− 1 = 10

U1(ZC+
23) has 10 generators. Then, we have

γ = γ0 + γ1(a+ a−1) + γ2(a
2 + a−2) + γ3(a

3 + a−3) + γ4(a
4 + a−4)

+ γ5(a
5 + a−5) + γ6(a

6 + a−6) + γ7(a
7 + a−7) + γ8(a

8 + a−8)

+ γ9(a
9 + a−9) + γ10(a

10 + a−10) + γ11(a
11 + a−11)

= γ0 + γ1C1 + γ2C2 + γ3C3 + γ4C4 + γ5C5 + γ6C6

+ γ7C7 + γ8C8 + γ9C9 + γ10C10 + γ11C11

and

γ0 + 2γ1 + 2γ2 + 2γ3 + 2γ4 + 2γ5 + 2γ6 + 2γ7 + 2γ8 + 2γ9 + 2γ10 + 2γ11 = 1 (4.10.1)

On the other hand, if we denote ω = e
2πi
23 and α = ω + ω−1 then we can get the minimal
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polynomial of α over Q, by Table-2, as follows;

minQ(α, x) = x11+x10−10x9−9x8+36x7+28x6−56x5−35x4+35x3+15x2−6x−1 (4.10.2)

Let us consider the following ring homomorphism:

ψ : ZC23 −→ Z [ω]∑
γia

i 7−→
∑
γiω

i

with equations (4.10.1) and (4.10.2), the image of the unit is

ψ(γ) = γ0 + γ1(ω + ω−1) + γ2(ω
2 + ω−2) + γ3(ω

3 + ω−3)

+ γ4(ω
4 + ω−4) + γ5(ω

5 + ω−5) + γ6(ω
7 + ω−7) + γ8(ω

8 + ω−8)

+ γ9(ω
9 + ω−9) + γ10(ω

10 + ω−10) + γ11(ω
11 + ω−11)

= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α) + γ4(α
4 − 4α2 + 2)

+ γ5(α
5 − 5α3 + 5α) + γ6(α

6 − 6α4 + 9α2 − 2) + γ7(α
7 − 7α5 + 14α3 − 7α)

+ γ8(α
8 − 8α6 + 20α4 − 16α2 + 2) + γ9(α

9 − 9α7 + 27α5 − 30α3 + 9α)

+ γ10(α
10 − 10α8 + 35α6 − 50α4 + 25α2 − 2)

+ γ11(α
11 − 11α9 + 44α7 − 77α5 + 55α3 − 11α)

= γ0 + γ1α+ γ2(α
2 − 2) + γ3(α

3 − 3α) + γ4(α
4 − 4α2 + 2)

+ γ5(α
5 − 5α3 + 5α) + γ6(α

6 − 6α4 + 9α2 − 2) + γ7(α
7 − 7α5 + 14α3 − 7α)

+ γ8(α
8 − 8α6 + 20α4 − 16α2 + 2)

+ γ9(−α8 − α7 + 7α6 + 6α5 − 15α4 − 10α3 + 10α2 + 4α− 1)

+ γ10(α
10 − 10α8 + 35α6 − 50α4 + 25α2 − 2)

+ γ11(−α10 − α9 + 9α8 + 8α7 − 28α6 − 21α5 + 35α4 + 20α3 − 15α2 − 5α+ 1)
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= 1− 2γ1 − 4γ2 − 2γ3 − 2γ5 − 4γ6 − 2γ7 − 2γ9 − 4γ10 − γ11

+ (γ1 − 3γ3 + 5γ5 − 7γ7 + 9γ9 − 5γ11)α

+ (γ2 − 4γ4 + 9γ6 − 16γ8 + 25γ10 − 15γ11)α
2

+ (γ3 − 5γ5 + 14γ7 − 30γ9 + 20γ11)α
3

+ (γ4 − 6γ6 + 20γ8 − 50γ10 + 35γ11)α
4

+ (γ5 − 7γ7 + 27γ9 − 21γ11)α
5 + (γ6 − 8γ8 + 35γ10 − 28γ11)α

6

+ (γ7 − 9γ9 + 8γ11)α
7 + (γ8 − 10γ10 + 9γ11)α

8

+ (γ9 − γ11)α
9 + (γ10 − γ11)α

10

Since ψ(γ) ∈ U(Z[α]), by Table-3,

U(Z[α]) =< α3 − 3α, α3 − 3α+ 1, α5 − 5α3 + 5α, α5 + α4 − 4α3 − 3α2 + 3α+ 1,

α6 − 6α4 + 9α2 − 1, α6 − 6α4 + α3 + 9α2 − 3α− 1,

α8 − 8α6 + 21α4 − 20α2 + 5, α9 − 8α7 + 21α5 − 21α3 + α2 + 7α− 1,

α10 − 9α8 + 28α6 − 35α4 + 15α2 − 1,

α10 + α9 − 9α8 − 9α7 + 27α6 + 27α5 − 29α4 − 29α3 + 6α2 + 6α >

γ ∈ U1(ZC+
23) can be obtained from product of the fundamental units or their inverses.

Let U(Z[α]) = U =< ε1, ε2, ε3, ε4,ε5, ε6, ε7, ε8, ε9, ε10 > and

V =< v1, v2, v3, v4, v5, v6, v7, v8, v9, v10 > .

v1 = −ε−1
1 ε4 = ψ(−1 + C1)

v2 = −ε−1
1 ε22ε

−1
3 ε−1

4 ε5 = ψ(−1 + C2)

v3 = ε9ε
−1
10 = ψ(−1 + C3)

v4 = −ε−1
3 ε−1

5 ε−1
6 = ψ(−1 + C4)

v5 = −ε−2
1 ε−1

6 ε−1
7 ε8ε9 = ψ(−1 + C5)

v6 = ε1ε
−1
2 ε−1

8 ε−1
9 = ψ(−1 + C6)

v7 = −ε−1
2 ε3ε4ε

−1
5 ε−1

7 ε−1
10 = ψ(−1 + C7)

v8 = ε1ε
−1
4 ε6ε7 = ψ(−1 + C8)

v9 = ε1ε5ε6ε
−1
9 ε10 = ψ(−1 + C9)

v10 = ε1ε7ε
−1
8 ε10 = ψ(−1 + C10)
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Then we can �nd a group W =< ε111 , ε
11
2 , ε

11
3 , ε

11
4 , ε

11
5 , ε

11
6 , ε

11
7 , ε

11
8 , ε

11
9 , ε

11
10 > which is iso-

morphic to V , such that

ε111 = v−7
1 v−3

2 v33v4v
−5
5 v−4

6 v−2
7 v−6

8 v29v
−1
10

ε112 = v−4
1 v32v

−3
3 v−1

4 v−6
5 v−7

6 v27v
−5
8 v−2

9 v10

ε113 = −v−7
1 v−3

2 v−8
3 v−10

4 v−5
5 v−4

6 v−2
7 v−6

8 v−9
9 v−1

10

ε114 = −v41v−3
2 v33v4v

−5
5 v−4

6 v−2
7 v−6

8 v29v
−1
10

ε115 = −v−2
1 v−4

2 v43v
−6
4 v−3

5 v26v
−10
7 v−8

8 v−1
9 v−5

10

ε116 = −v91v72v43v54v85v26v127 v148 v109 v610

ε117 = v21v
−7
2 v−4

3 v−5
4 v−8

5 v−2
6 v127 v

−3
8 v−10

9 v−6
10

ε118 = v−4
1 v−8

2 v−3
3 v−1

4 v−6
5 v−7

6 v−9
7 v−5

8 v−2
9 v−10

10

ε119 = v1v
2
2v

9
3v

3
4v

7
5v

−1
6 v57v

4
8v

6
9v

8
10

ε1110 = v1v
2
2v

−2
3 v34v

7
5v

−1
6 v57v

4
8v

6
9v

8
10

Then we express

U/W u C11 ×C11 ×C11 ×C11 ×C11 ×C11 ×C11 ×C11 ×C11 ×C11

That is, | U/V |= 1011 since | U/W |= 1011. Thus we have obtained

ψ(−1 + C1) = v−7
1 v−3

2 v33v4v
−5
5 v−4

6 v−2
7 v−6

8 v29v
−1
10 =⇒ γ1 = −1 + C1

ψ(−1 + C2) = v−4
1 v32v

−3
3 v−1

4 v−6
5 v−7

6 v27v
−5
8 v−2

9 v10 =⇒ γ2 = −1 + C2
ψ(−1 + C3) = v−7

1 v−3
2 v−8

3 v−10
4 v−5

5 v−4
6 v−2

7 v−6
8 v−9

9 v−1
10 =⇒ γ3 = −1 + C3

ψ(−1 + C4) = v41v
−3
2 v33v4v

−5
5 v−4

6 v−2
7 v−6

8 v29v
−1
10 =⇒ γ4 = −1 + C4

ψ(−1 + C5) = v−2
1 v−4

2 v43v
−6
4 v−3

5 v26v
−10
7 v−8

8 v−1
9 v−5

10 =⇒ γ5 = −1 + C5
ψ(−1 + C6) = v91v

7
2v

4
3v

5
4v

8
5v

2
6v

12
7 v

14
8 v

10
9 v

6
10 =⇒ γ6 = −1 + C6

ψ(−1 + C7) = v21v
−7
2 v−4

3 v−5
4 v−8

5 v−2
6 v127 v

−3
8 v−10

9 v−6
10 =⇒ γ7 = −1 + C7

ψ(−1 + C8) = v−4
1 v−8

2 v−3
3 v−1

4 v−6
5 v−7

6 v−9
7 v−5

8 v−2
9 v−10

10 =⇒ γ8 = −1 + C8
ψ(−1 + C9) = v1v

2
2v

9
3v

3
4v

7
5v

−1
6 v57v

4
8v

6
9v

8
10 =⇒ γ9 = −1 + C9

ψ(−1 + C10) = v1v
2
2v

−2
3 v34v

7
5v

−1
6 v57v

4
8v

6
9v

8
10 =⇒ γ10 = −1 + C10
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4.11. CHARACTERIZATION OF U1(ZC+
24)

Theorem 4.11.1. The normalized units of ZC+
24 ⊂ ZC24 are generated by the set

{−5− 2C1 − 4C3 − 3C4 + 2C5 − 2C7 + 3C8 + 4C9 + 2C10 + 3C12,

3 + 2C2 + C4 − C8 − 2C10 − C12,−1 + C1 − C4 + C5 − C7 + C8 − C11 + C12}

for which Ci = ai + a−i.

Proof. Let γ ∈ U1(ZC+
24) ⊂ U1(ZC24) be a generator of the group of torsion-free units.

Since

ρ =
1

2
φ(24)− 1 =

1

2
8− 1 = 3

U1(ZC+
24) has 3 generators. Then, we have

γ = γ0 +
12∑
i=1

γiCi

= γ0 + γ1C1 + γ2C2 + γ3C3 + γ4C4 + γ5C5 + γ6C6

+ γ7C7 + γ8C8 + γ9C9 + γ10C10 + γ11C11 + γ12a
12

Let us consider the subgroups H =< a12 > and K =< a8 > of prime orders. Since

H ∼= C2 and K ∼= C3 we have a group epimorphism

φ1 : C24 −→ C24/H

ai 7−→ aiH

If we linearly extend φ over Z then we get a natural ring homomorphism as follows

φ1 : ZC24 −→ Z(C24/H)∑
γia

i 7−→
∑
γi(a

iH)
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φ1(γ) = γ0H+ γ1(aH+ a11H) + γ2(a
2H+ a10H) + γ3(a

3H+ a9H)

+ γ4(a
4H+ a8H) + γ5(a

5H+ a7H) + γ6(a
6H+ a6H)

+ γ7(a
7H+ a5H) + γ8(a

8H+a4H)

+ γ9(a
9H+ a3H) + γ10(a

10H+ a2H) + γ11(a
11H+aH)+γ12H

= (γ0 + γ12)H+ (γ1 + γ11)(aH+ a11H) + (γ2 + γ10)(a
2H+ a10H)

+ (γ3 + γ9)(a
3H+ a9H) + (γ4 + γ8)(a

4H+ a8H)

+ (γ5 + γ7)(a
5H+ a7H) + 2γ6(a

6H)

and similarly

φ2 : C24 −→ C24/K

ai 7−→ aiK

If we linearly extend φ2 over Z then we get a natural ring homomorphism as follows

φ2 : ZC24 −→ Z(C24/K)∑
γia

i 7−→
∑
γi(a

iK)

φ2(γ) = γ0K+ γ1(aK+ a7K) + γ2(a
2K+ a6K) + γ3(a

3K+ a5K) + γ4(a
4K+ a4K)

+ γ5(a
5K+ a3K) + γ6(a

6K+ a2K) + γ7(a
7K+ aK) + γ8K

+ γ9(aK+ a7K) + γ10(a
2K+ a6K) + γ11(a

3K+a5K)+γ12(a
4K)

= (γ0 + γ8)K+ (γ1 + γ7 + γ9)(aK+ a7K) + (γ2 + γ6 + γ10)(a
2K+ a6K)

+ (γ3 + γ5 + γ11)(a
3K+ a5K)+(2γ4 + γ12)(a

4K)

We can �nd φ1(γ) = H and we obtain that

γ0 + γ12 = 1

γi + γ12−i = 0...........i = 1, 2, 3, 4, 5, 6 (4.11.1)
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and similarly for φ2(γ) = K,we obtain

γ0 + 2γ8 = 1

γ1 + γ7 + γ9 = 0

γ2 + γ6 + γ10 = 0

γ3 + γ5 + γ11 = 0 (4.11.2)

Let us subsitute γ2 = p, γ3 = q, γ4 = r, γ5 = s in equation(4.11.1) and equation(4.11.2).

We obtain,

γ0 = 1 + 2r, γ1 = s+ q, γ6 = 0, γ7 = −s, γ8 = −r,

γ9 = −q, γ10 = −p, γ11 = −q − s, γ12 = −2r (4.11.3)

On the other hand, if we denote ω = e
2πi
24 and α = ω + ω−1 then we can get the minimal

polynomial of α over Q, by Table-2, as follows;

minQ(α, x) = x4 − 4x2 + 1 (4.11.4)

Let us consider the following ring homomorphism:

ψ : ZC24 −→ Z [ω]∑
γia

i 7−→
∑
γiω

i

with equations (4.11.3) and (4.11.4), the image of the unit is

ψ(γ) = γ0 + γ1(ω + ω−1) + γ2(ω
2 + ω−2) + γ3(ω

3 + ω−3) + γ4(ω
4 + ω−4)

+ γ5(ω
5 + ω−5) + γ6(ω

6 + ω−6) + γ7(ω
7 + ω−7) + γ8(ω

8 + ω−8)

+ γ9(ω
9 + ω−9) + γ10(ω

10 + ω−10) + γ11(ω
11 + ω−11) + γ12ω

12
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= γ0 + γ1(

√
6 +

√
2

2
) + γ2(

√
3) + γ3(

√
2) + γ4 + γ6.0

+ γ7(
−
√
6 +

√
2

2
)− γ8 + γ9(−

√
2) + γ10(−

√
3) + γ11(

−
√
6−

√
2

2
)− γ12

= γ0 + (γ1 − γ11)(

√
6 +

√
2

2
) + (γ2 − γ10)(

√
3)

+ (γ3 − γ9)(
√
2) + (γ5 − γ7)(

√
6−

√
2

2
)

= (1 + 6r) + 3q
√
2 + 2p

√
3 + (q + 2s)

√
6

Since ψ(γ) ∈ U(Z[
√
2,
√
3]) = U(Z[

√
2])× U(Z[

√
3])× U(Z[

√
6])

i)ψ(γ) ∈ U(Z[
√
2])

=⇒ p = 0, q = −2s

=⇒ ψ(γ) = (1 + 6r)− 6s
√
2 = ±(1±

√
2)k(k ∈ Z)

=⇒ (1 + 6r)− 6s
√
2 = ±(17± 12

√
2), (k = 4)

=⇒ γ = −5− 2C1 − 4C3 − 3C4 + 2C5 − 2C7 + 3C8 + 4C9 + 2C10 + 6a12

ii)ψ(γ) ∈ U(Z[
√
3])

=⇒ q = s = 0

=⇒ ψ(γ) = (1 + 6r) + 2p
√
3 = ±(2±

√
3)k, (k ∈ Z)

=⇒ (1 + 6r) + 2p
√
3 = ±(7± 4

√
3), (k = 2)

=⇒ γ = 3 + 2C2 + C4 − C8 − 2C10 − 2a12

iii)ψ(γ) ∈ U(Z[
√
6])

=⇒ q = p = 0

=⇒ ψ(γ) = (1 + 6r) + 2s
√
6 = ±(5± 2

√
6)k, (k ∈ Z)

=⇒ (1 + 6r) + 2s
√
6 = ±5± 2

√
6, (k = 1)

=⇒ γ = −1 + C1 − C4 + C5 − C7 + C8 − C11 + 2a12
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By considering Lemma (2.1.2) the generators can be written as follows, respectively:

−5− 2C1 − 4C3 − 3C4 + 2C5 − 2C7 + 3C8 + 4C9 + 2C10 + 3C12,

3 + 2C2 + C4 − C8 − 2C10 − C12,

−1 + C1 − C4 + C5 − C7 + C8 − C11 + C12.



CHAPTER 5

CONCLUSION

If γ ∈ U1(ZC+
n ), then we have shown that

γ = γ0 +
∑k

i=0γiCi, where Ci = ai + a−i.

First of all, we have obtained that γ0 + 2γ1 + . . . + 2γk−1 + 2γk = 1 since γ is a

normalized unit. In the second step, we have denoted ω as nth root of unity and we have

computed the minimal polynomial. If n is not prime, we have considered the subgroups

of prime orders and we have de�ned ring epimorphism:

φ̄ : ZCn→Z(Cn/H).

So, we have gotten the new equation(s) to take φ̄(γ) = H into consideration.

Finally, by regarding the following ring homomorphism:

ψ : ZCn→Z[ω]

we have obtained ψ(γ) to use equations which are stated at �rst and second steps.

Since γ ∈ U1(ZC+
n ), then ψ(γ) is the element of U(Z[ω]) =< u1, u2, . . . , uρ > ,where

ρ is rank. Namely, ψ(γ) can be written as product of fundamental units and inverses. We

have gotten γ to take pre-image of product of fundamental units and inverses by means

of Maple.

Computation of fundamental units is extremely di�cult especially for great n′s.We

55
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have involved this problem by using PARI software. In some cases, we have waited for

two days to results obtain from Maple. Unit group of integral group ring of cyclic group

was characterized for n = 5, 7, 8, 9 and 12 before.With this study we have completed

characterization of U1(ZC+
n ) for n ≤ 24.

U1(ZC+
n ) ρ generators

U1(ZC+
10) 1 −1 + C2

U1(ZC+
11) 4 −1 + C1,−1 + C2,−1 + C3,−1 + C4

U1(ZC+
13) 5 −1 + C1,−1 + C2,−1 + C3,−1 + C5, 1 + C3 − C5

U1(ZC+
14) 2 −1 + C2,−1 + 2C2 − C4

U1(ZC+
15) 3

−1 + C3,−1 + C1 − C2 + C3 − C4 + C5,

−1 + C2 − C4 + C5 + C6 − C7

U1(ZC+
16) 3

−1− C2 + C6 + C8, 1− C2 − C3 + C5 + C6,

1− C1 + C2 − C6 + C7
U1(ZC+

17) 7 −1 + C1,−1 + C2,−1 + C4,−1 + C5,−1 + C6,−1 + C7, 1 + C8 − C3
U1(ZC+

18) 2 −1 + C2 − C8,−1 + C2 + C4 + C6 − 2C8

U1(ZC+
19) 8

−1 + C1,−1 + C2,−1 + C3,−1 + C4,

−1 + C5,−1 + C6,−1 + C7,−1 + C8

U1(ZC+
20) 3

−1− C1 − C2 − C3 + C7 + C8 + C9 + 2C10,

−1 + C1 − C3 + C4 − C6 + C7 − C9 + 2C10,−1 + C4

U1(ZC+
21) 5

1− C1 + C3 − C4 + C5 + C8 − C9,

1 + C1 − C4 − C5 − C6 + C9 + C10,

1− C2 − C3 + C5 + C6 − C8 + C10,

3− C1 + C3 − 2C4 + C5 − C6 − C7 + 2C8 − C9 + C10,

−1 + C1 − C2 + C7 − C8 + C9
U1(ZC+

22) 4 −1 + C2,−1 + C4,−1 + C6,−1 + C8

U1(ZC+
23) 10

−1 + C1,−1 + C2,−1 + C3,−1 + C4,−1 + C5,

−1 + C6,−1 + C7,−1 + C8,−1 + C9,−1 + C10

U1(ZC+
24) 3

−5− 2C1 − 4C3 − 3C4 + 2C5 − 2C7 + 3C8 + 4C9 + 2C10 + 3C12,

3 + 2C2+C4 − C8 − 2C10 − C12,

−1 + C1 − C4 + C5 − C7 + C8 − C11 + C12
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