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ABSTRACT

Let C,, =< a:a"™ =1 > be a cyclic group of order n, ZC,, its integral group ring
and U, (ZC,,) be the the group of normalized units of ZC,. Symmetric elements of ZC,,,
which are fixed under natural involution *, is denoted by ZC. We denote the unit group
of ZC by U(ZC}) and its normalized units by U (ZC}.). Uy (ZC}) is torsion free part of
U (ZC,). U (ZCy) is trivial forn = 1,2,3,4 and 6. For n = 5,7,8,9,10 and 12, U, (ZC,,)
have been characterized. In this study characterization of U;(ZC}) is completed up to

n = 24. In calculations we have used Maple and PARI softwares.

Keywords: fundamental units, symmetric units, characterization, generator, rank,

cyclic group.
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n < 24 ICIN U, (ZC;) NIN BELIRLENISI
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Tez Damsmani:  Yrd. Dog. Dr. Biilent KOKLUCE
Tez BEs-Damismani:  Yrd. Doc. Dr. Tevfik BILGIN

Y/

C, =< a:a" =1 > bir devirli grup olsun. ZC,, onun integral grup halkas1 ve
U,(ZC,) ZC,, nin normallegmig birimsellerinin grubu olsun. Dogal involiisyon altinda
sabit olan ZC,, nin simetrik elemanlarnn ZC} ile gosterilir. ZC; nin birimsel grubu
U(ZC}) ile ve normallegmiy birimseller grubu U, (ZC}) ile gosterilir. n = 1,2,3,4 ve
6 i¢in U1 (ZCy) asikardir . n = 5,7,8,9,10 ve 12 igin U;(ZC,) daha 6nce belirlenmigtir.
Bu ¢ahismada U (ZCy) nin belirlenigi n = 24’e kadar tamamlandi. Hesaplamalarda Maple

ve PARI programlar1 kullanildi.

Anahtar Kelimeler: temel birimseller, simetrik birimseller, belirleme, iiretec, rank,

devirli grup.
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CHAPTER 1

INTRODUCTION

Let C, =< a:a"™ =1 > be a cyclic group of order n, ZC,, its integral group
ring and U, (ZC,,) be the the group of normalized units of ZC,,. Now let us consider the

following subring of symmetric elements of ZC,,,

ZCH = {v =10 vid' % = i} -

We denote the unit group of ZC;" by U(ZC,) and its normalized units by

UN(ZCE) = {7 €UZCY) : 0t = 1)

Let us modify Higman’s result[1] for a cyclic group of order n instead of a finite

abelian group:

Corollary 1.0.1. U, (ZC) = F, where F is a free abelian group with rank

U (ZC,,) is trivial if n = 1,2,3,4 or 6. Torsion free part of U;(ZC,) has only one

generator if n = 5,8,10 or 12 and it was characterized for n = 5,8 and 12 in [2 — 3] as



follows :

U(ZCs) = C5 x (—1+a+a*) (1.1)

U(ZCs) = Cg x (=1 = (a+a™ ") + (a® + a~®) + 2a*)

Ui(ZCy3) = Cyo
x3+2a+a )+ (a®+a?) —(a*+a?) —2(a°+a®) —2a°

Another description for n = 8 is given by Sehgal[l] using fiber product diagram.
On the other hand, pis 2 if n = 7, 9, 14 or 18. For n = 7, F' was characterized
by Karpilovsky[4] and for n = 7 and 9, it was characterized by Aleev[5]. A different

characterization for n = 7 and 9 was also given by Kokliice and Kelebek]6]

U (ZCr) = Cr x (=14 (a+a™1)) x (=1 +2(a+at) — (a® +a?))

U (ZCg) = Cg x (=14 (a+a™t) — (a* +a™?))
x(=1+(a+at)—(a®>+a?)+ (a®+a7*) = 2(a* +a™))

In this study, we have completed the characterization of normalized units of ZC;! for
n < 24. In the calculations we have benefited from Maple and PARI software programmes.

The following table lists the ranks of cyclic groups corresponding to orders n < 24 :

Table—1
Rank p | 0 1 2 3 4 5 7 18 |10

Order n | 1,2,3,4,6 | 5,8,10,12 | 7,9,14,18 | 15,16,20,24 | 11,22 | 13,21 | 17| 19 | 23




CHAPTER 2

PRELIMINARIES

2.1. DEFINITIONS AND SOME BASIC FACTS

We shall give some required definitions and basic facts about group G. They are

taken from graduate text. (Hungerford, 1974)

Definition 2.1.1. A nonempty subset H of a group G is a subgroup of G, if it is closed
under the operation of G and H, with the restriction of the operation of G, is itself a
group. It is denoted by H < G.

Lemma 2.1.1. A nonempty subset H of a group G is a subgroup of G if and only if for

any elements x, y € H we have that

vy € H.

Definition 2.1.2. If there exists an element a in G such that G =< a >, then we say

that G is cyclic group and that a is a generator of G.

G=<a>={d":nelZ}

Definition 2.1.3. Let G and H be groups. A function f : G — H is a homomorphism
provided

f(ab) = f(a)f(b) for all a,be G

If f is surjective, f is called an epimorphism. If f is bijective, f is called an

isomorphism. In this case G and H are said to be isomorphic and it is denoted by



G=H.

Definition 2.1.4. Let H be a subgroup of a group G. Given an element a € G, the

subsets of the form

aH ={ah:h e H},

Ha={ha:he H}

are called the left and right cosets of the subgroup H, determined by a.

Definition 2.1.5. A subgroup N of a group G which satisfies for alla € G, aNa™! = N is
said to be normal in G (or a normal subgroup of G); we write N << G if N is normal in

G.

Definition 2.1.6. If N is a normal subgroup of group G and G/N is the set of all (left)
cosets of V in G, then G/N which is a group of order [G : N|, is called the quotient group
of G by N.

Definition 2.1.7. Let GG be an abelian group. An element of G is called a torsion element

if it is of finite order and the subgroup
T(G) ={g9 € G:|g] < oo}

is called torsion subgroup of G. If G = T(G), then we say that G is torsion group. If
T(G) = {1}, then G is said to be torsion-free group.

Now, we give some definitions and properties about units of group ring RG.

Definition 2.1.8. Let R be a commutative ring with identity and G be a group. The
group ring RG of the group G over the ring R is defined by

RG:{a: Z&gg:ageR,geG}

finite



Since 1r.eq = 1rq, we can define the group of units of RG by
URG) ={u € RG : uv =v.u = 1lgrg,Jv € RG}.
Definition 2.1.9. The ring homomorphism ¢ : RG — R , defined by

(L agg) = ag

geG geG

is called the augmentation map of RG.

As an important consequence of the fact that € is a ring homomorphism, we have;

e(u) e U(R),Yu € U(RG).

The subgroup of units of augmentation 1 in U(RG) is called normalized units of

RG and it is denoted by U, (RG).

Definition 2.1.10. The anti-automorphism of a group G defined by

x: @G — G

g +— g =g

is called involution, and can be extended linearly over R as;

% RG — RG

P e D S

For any «, § € RG, we have following basic properties for the natural involution;

. (a+p) =a"+p*
2. (aB)” = far
3.

()" =«



IfG=C, =<a:a"=1>is a cyclic group of order n. The group C,, has a

natural involution x which is defined as;

x: C, — C,

a +— a L

If we extend x* linearly over Z, we obtain;

x 7zC, —> 7.C,
n—1 ) n—1 )
dYoaat — Y azat
=0 i=0

Definition 2.1.11. The elements of the group ring RG which are fixed under the invo-
lution are called symmetric elements. The set of symmetric elements of RG, denoted
by RG™, is expressed as follows ;
RGT ={a € RG:a* =a}.
and the set of symmetric elements of ZC,,, denoted by ZC; can be expressed as follows:
ZCL ={v € ZCyh: i =Y, 1 <i<n,la| =n}.
Definition 2.1.12. The elements of the group of units of a group ring which are fixed
under the involution are called symmetric units. The set of all symmetric units of
U(RG), is denoted by U(RGT), and expressed as follows;
U(RGT) = {u € U(RG) : u* = u}

or equivalently,

U(RG") = U(RG) N RG™.



The group of symmetric units of integral group ring, is denoted by U(ZC}) and
defined by

UZCY) = {y €U(ZCy) : 7" =7}
and its normalized units are defined by
n—1
UI(ZCy) = {y eU(ZCy) : Yo =1}
i=0
Definition 2.1.13. Let g be an element of order n in a group G. A Bass cyclic unit is

an element of the group ring ZG of the form:

1 — 20

pi=(tgt. g )"+ g,

where 7 is an integer such that 1 <i <n —1 and (i,n) = 1.
Proposition 2.1.1. Let g be an element of finite order in a group G. Then, the element

1 — oM

pi=1+g+...+g7Hom™ 4+ —

where i is an integer such that 1 < i <n —1 and (i,n) = 1,is, in fact, invertible,
and its inverse is

1 — k%M

pt=(14+g 4. 4 ghDye —

where k is an integer such that ik = 1(mod n).

Proposition 2.1.2. Let g be an element of finite order n in a group G and let | be integer
such that 1 <l <n —1 and (I,n) = 1. Then, the Bass cyclic unit

1 — o)

Ml=(1+9+---+9l_1)¢(n)+T9



15 of infinite order.

Theorem 2.1.3. Let A be a finite abelian group. Then, U(ZA) = +£A x F, where F is

a free abelian group of finite rank.
Here the rank of I is

1
p(F) = §(n + 1+ ny —20),

where n is the order of A, ny is the number of cyclic subgroups of order 2 in A and [ is

the number of all cyclic subgroups of A.

Now, we give a result of Dirichlet’s unit theorem.

Corollary 2.1.4. Let n > 2 and w is n'" root of unity. Then

UZW) =+ <w> xF

where F is a free abelian group of rank p = 1o(n) — 1.

It is a consequence of Corollary(2.1.4) that there exist p = $(n)—1 units 1, o, . . .

of Z[w] such that any unit u of Z[w] may be uniquely expressed in the form

— ni .n2 Np
u=0ey'ey’ ... €,

withn; € Zand 0 € + < w >, the torsion subgroup of Y = U(Z|w]). The set {e1, €9, ...

is called fundamental system of units of ¢/.

1€p}

Theorem 2.1.5. (Bass and Milnor) Let A be a finite abelian group. Then the index

(U(ZA) : (U(ZC)).), where C runs over all cyclic subgroups of A, is finite.

Theorem 2.1.6. (Bass)Let C be a finite cyclic group. Then the Bass cyclic units of ZC

generate a subgroup of finite index in U(ZC).

Putting these two results together, we get



Theorem 2.1.7. Let A be a finite abelian group. Then B, the group generated by all
Bass cyclic units of ZA, is of finite index in U(ZA).

Theorem 2.1.8. Let G be a finite abelian group. Then U(ZG) is a finitely generated

group.

Lemma 2.1.2. Any v € U;(ZC}) can be written as

k
v =0+ 2 %Ci
=0

where C; = a’ +a~".

k
Proof. Let us denote C; = a’ +a~% and v € U (ZC). If n = 2k + 1 then v = 0+ >_7C;.
i=1

k—1
If n = 2k then v = v + Wéak + > 7C;. By considering their augmentations, we have
i=0

") ’70‘1‘22?:1% n=2k-+1
e\ = , _
Yo+ v +255 e n =2k

by modulo 2, we obtain

= 1(mod 2 n=2k+1
e(y) = 1(mod 2) = E /( )
Yo + v, = 1(mod 2) ,n =2k

By choosing vy as an odd integer in both cases we obtain ”y; = 2y, for some vy, € Z
ek = 2ya" =y (a* + ) = 2Cr.
So, v € U;(ZC}) can be written as

k
Y=+ ;)%-Ci

in both cases. [
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Proposition 2.1.9. Let H be a subgroup of a finite abelian group G. We can define a

group epimorphism:
Q: G — G/H

g = gH

If we extend ¢ linearly over Z, then we get a natural ring homomorphism as follows:

7. G — Z(G/H)
2099 2 e(gH)

If G/H = C,, C3, Cy4 or Cq then for any torsion free unit v € Uy (ZG), p(y) = H.

Remark 2.1.1. If v € U(ZC/) and n = 2k then afy € U (ZC)). The coefficient of
identity of either v or a*y is odd. + € U;(ZC;) can be chosen as a generator if its

coefficient is odd.

Proposition 2.1.10. Let n be odd integer then Co, =< a : a®" =1 > and H =< a® >.

Then Uy (ZCL) and Uy (ZH™) have the same rank.

Proof. We consider the group epimorphism;

fi Co — H

at = a®.
If we extend group epimorphism linearly over Z, we obtain the following ring epimorphism:

IE Z.Csy, — ZH

2n—1 i 2n—1 2
Do viat = Dl v

If we restrict f to multiplicative torsion-free group we have

f: U(ZC)) — U (ZH™).
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Since

= 30(2)p(n) — 1
= 3(n) — 1
= Pn,
U (ZC}) and Ui (ZH™T) have the same rank. O

k
Remark 2.1.2. Let n be odd integer. If v = vy + >_vC; is a generator of U;(ZH™) C

1=0

k
ZCs,,, then by proposition (2.1.10) v = o + >_v:a* is a generator of U,(ZC;).
i=0

By applying remark (2.1.2) to (1.1), (1.2) and (1.3) the unit groups U;(ZCY,),
U, (ZCY,) and U, (ZCy) can be determined as follows:

ul(ZCm) = ClO X <—1 + CL2 + a8>
Z/{1<ZC14) =Cq4 X <—1 + (CL2 + (1_2)> X <—1 + 2(&2 + a_z) — (CL4 + a_4)>
Ul(ZCm):Clgx<—1+(a2+a 2 a +a >X

(—=1+(a®+a?) = (a*+a )+ (@®+a %) —2(c®+a™®)).



CHAPTER 3

CONSTRUCTION OF FUNDAMENTAL UNITS

27

Let us denote w = e and a = w + w~! then we can write

Wtw?li=(wtw P -2=a>-2.

k 1

Similarly, we can express w® + w™" as a linear combination of o/, o'~!, ..., o2, «, 1 by

subsituting « into the expression 1 +w +w™ + ...+ w'T +w T we get a polynomial

of degree ”Tfl By factorizing this polynomial, the largest degree of this factor is the

irreducible polynomial which admits a as a root.

27

Example 3.0.1. Let us find minimal polynomial for n = 11. Let w = e and o =

w+w™. Then
wt+wl =a
wWwtw? =a?-2
W4 w? =a®-3a
wrrw™? =a*—40% +2
W4 w™? =a®—5a®+ ba

O=1l4w+?+ P+ ++0 +0"+ W+ + '
=l4+wtw '+ +0?+R o+t o P+ wd

=a’+a*—4a® —3a®+3a+1

12
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Since a® + ot — 4a® — 3a® + 3a + 1 is irreducible, minimal polynomial is

ming(a,r) = 2° + 2% — 42* — 32° + 3z + 1

27

Example 3.0.2. Let us compute minimal polynomaial for n = 15. Similarly, let w = eT5

and @ = w + w™ !

w—Hfl:a

Wtw?i=a>-2

w4 w? =ao® - 3a
wHwt=a'—402+2
W’ +w® =a’ -5’ + 5a

W+ w =0 —6a*+9a% —2

WHw T =a" —7a° + 14a® — T

O=1l4+w+i?+P+u'+® + W+ +w®+ 0+ w'®
Lol 12 g 18y

=ltwtw '+ +w P w Pt Tt W W
+l+w W 4w

=a"+a%—6a° — 50t +10a° + 60% —4a — 1

a’+ab —6a° — 50t 4+ 100 + 6a? — 4o — 1 is reducible. Thus we should factorize it. Then

we obtain

a’+ab —6a° —5a* +100° +60* —4a—1 = (a* —a® —4a* +4a+1)(a®* +a—1)(a+1).

Then minimal polynomial is

ming(a,z) = 2* — 2° — 4% + 4z + 1.
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We have used PARI software to speed computations up. The following table gives

us minimal polynomials corresponding to orders n :

order n | ming(a, )

11 25+ 2t —4a® - 322+ 3r+ 1

13 28 4+ 2% — 5ot — 42% + 622 + 32 — 1

15 ot — 2 —dx? + 4+ 1

16 xt —42% + 2

17 28 4+ 27 — 72% — 62° + 152* + 1023 — 102% — 42 + 1

19 29+ 28 — 827 — T2b + 2125 + 1521 — 2023 — 1022 + 5z + 1
20 2t =522 +5

21 2% — 2% — 62t + 623 + 822 — 8z + 1

23 o 4219 —102° - 92843627+ 2825 —562° — 35204 +352% + 1522 — 62 — 1
24 xt — 42 +1

27

If we denote w = e and a = w + w™! then the image of ZC,, under the ring

homomorphism

i ZCn — Z[w]

Yoviah o Yoy

gives us the ring of integers Z|a/.

To determine the normalized units Ui (ZC;) of ZC; we need to find the fun-

damental units of Z[a]. So we have a problem. Finding fundamental units of Z[a] is

extremely a difficult problem. In fact, with the exception of some particular values of n,

no specific system of fundamental units is known. The main difficulty seems to be the

fact that effective calculations in U(ZC,) are intimately connected with those in U(Z|a]).

In this study, we have computed fundamental units of Z[a] by using PARI

software. The following table lists the fundamental units of Z[a] for n < 24:



Table—3
Rank p | Order n | fundamental units of Z[o/]
A . 1=, e9= a + 1,65= a*-2
e1= a*+a’—3a’+3a
ming(a, ) = 2° + x* — 423 — 32% + 3z + 1
1= a+1,e,= a’—2,e;= a®>—3a
5 13 e4= o*—4a’+2
es= ot + a’—3a2—3a
ming(a, ) = 2% + 2% — 5t — 423 + 622 + 32 — 1
; L5 gi=a—1,6,=a*-3
£3= a’—3a
ming(a, ) = 2* — 2% — 42? + 4z + 1
5 " g1=a—1,e,= a?—1
e3=a’+a —1
ming(a, ) = z* — 4a% + 2
e1= a®—3a
co=a+a’—2a —1
. 17 e3= al—40?+3,,= o®—4a*+3a
e5= a® — bha+5a
ce= ab — 6a*+902% — 2
e7= a’+a%—6a’—5a*+100°+60* —4a — 2
ming(a,x) = 2% + 27 — T2% — 62° + 152% + 1023 — 1022 — 4z + 1
e1= &®—3a, e,= a'—4a*+3
e3= a®—4a>+3a
e4= a%—60a*+9a% — 2
8 19 e5= aS+a’—5a*—4a*+6a°+3a — 1

co= o' —Ta’+a*+14a—4a’—Ta + 2
er= a"+a®—60°—6a*+9a3+9a’—a — 1

es= a’+a%—6a°—50*+10a+50% —5a

ming(a, x) = 2° + 2% — 827 — T2 + 212° + 152* — 202° — 102% + 5z + 1

15
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e1= a?—2,e,= o’ +a — 2

es=a’—a? —3a+3

ming (o

x) =at =522 +5

1= a—1,e,= a®*—3a

e3= at—40’+1

o |21
e4= a®—=bal+a’+5a — 2
e5= o’ —ba’+Ha — 1
ming (o, z) = 2% — 2° — 62* + 62° + 82% — 8r + 1

e1= a3—3a,e,= a3—3a + 1
£3= a’—5a’+ba
e4= a®+a*—4a2—30%+3a + 1

es= a¥—6a*+9a%—1

10 | 23 | 6= aS—6a*+a®+9a2—3a — 1
e7= a®—8a5+21a*—200°45
es= o’ —8a"+21a° 210’ +a’+7a — 1
gg= a'¥—9084280° 350" +15a%—1
c10=0'"4+a”—9a%—9a"+ + 270°+270° —290a* —2903+6a2 46
ming(a, z) = x" 420 —102°— 925+ 362742825 — 562" — 3521 +-352° + 1522 — 62 — 1

3 |24

ci=a, ea=a’ —3a+1

es=a®+a? —3a—2

ming (o

o) = ot — 422 + 1




CHAPTER 4

CHARACTERIZATION OF U, (ZC))

Now, we can start to give characterization of U;(ZCy). Let n be a prime and ~ be

generator of U; (ZC). Then we know that vo + 291 + ... + 27, = 1 since 7 is normalized

1

unit. If we take w as n' root of unity and o = w+w™!, we can define a ring homomorphism

v ZC, — ZWw]

Yo — Yo

After that we have computed 1 (7). Since v € Uy (ZCY), 1(7) is element of U(Z [a]). That
is, () can be written as a product of fundamental units of U(Z [a]) or their inverses.
Then we can obtain 7y to take pre-image of ¥(vy). U(Z[a]) is denoted by U and product
of fundamental units of U(Z [a]) or their inverses is denoted by V. Theorem(2.1.6) says
that U/V is finite. When we can not express U/V we have found a group W, where
W = V. After that we have checked whether ¢ /W is finite or not. If n is not prime we

take subgroups of prime order into consideration.
4.1. CHARACTERIZATION OF U,(ZC{;)

Theorem 4.1.1. The normalized units of ZC{, C ZCq1 are generated by the set
{=1+C,—14+Cy, =1 +C5,—1+C4}
for which C; = a* + a™".

Proof. Let v € U1 (ZC{,) C U;(ZCq;) be a generator of the group of torsion-free units.

17
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Since
1 1
— (1) —1=-10-1=4
p=5¥(ll) 5
U, (ZCT;) has only 4 generators. Then, we have

y=v +mla+a )+ v(a®+a?) +y3(a® +a?)
+yula* +a™) + y5(a® +a7)

=Y + 71C1 + 72C2 + 13C3 + 14Cs + 75Cs
and
Yo+ 271 + 2% +2v3+ 294+ 295 =1 (4.1.1)

On the other hand, if we denote w = e and o = w + w! then we can get the minimal

polynomial of @ over QQ, by Table-2, as follows;
ming(a,r) = 2° +2* — 42* — 32° + 3 + 1 (4.1.2)

Let us consider the following ring homomorphism:

’w . chl — 7 [W]

Yoviadt o Yyt

with equations (4.1.1) and (4.1.2), the image of the unit is

V) =7+ nw+w™) + W +w?) + 1w +w?)
+ya(w? +w™) + (W’ +w ™)
= +na+7(a® —2) + v3(a® — 3a)

+ ya(a* —4a® +2) + 75(a® — 5a® + 5a)
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=20 + na+ (e’ = 2) +y(a’ — 3a)
+ (et —4a® +2) + v5(—a’ — &® + 3a® + 20)
=1—27 — 4y — 273 — 375 + (71 — 373 + 275

+ (12 — 47 +3%)0% + (13 — 15)a” + (1 — 5)at

4
Saiat o’ +at —4a -3 +3a+1=0 } , by Table-3,
i=0

Since ¥(v) € U(Z[a]) = {
U(Z[a]) =< a,a+ 1,0* — 2,a* + a® — 3a® — 3a >

v € U;(ZC{,) can be obtained from products of the fundamental units or their inverses

which are computed by Maple. Let us say U(Z[a]) = U =< e1,e9,e3,64 > and V =<

V1, Vg, U3, Vg4 > then

v = —€165 ese]t = Y(—14+Cy)

vy = €] ey ey =Y(—=1+Cy)
U3 = €1€4 =P(—=1+Cs)
vy = —€;teaes? = Y(=1+Cy)

We should find a group W where W = V| since we can not express U/V . We have found

a group W =< e}, &5, 3,5 > such that

55’ = —'va;lvgm
52 = vf4v§3v3_1v4_2
5 -3, -1, -2 —4

5 1

_ —2 2, —

by using Maple. Then

W§V:U/V%U/WandU/W’£C5xC5><C5><C5
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| U/W |= 625 implies | U/V |= 625 and we have obtained

V(=14 C) = —8182 lesey? = Y Hv)= n=-1+C
P(=1+Co) = = Y )= 1=-1+0C
P(—1+C3) = 164 = P (v3) =13 =-1+Cs
V(=14 Cy) = —&; eges? = Y ) =yu=-1+C

4.2. CHARACTERIZATION OF U, (ZC{;)

Theorem 4.2.1. The normalized units of ZC{3 C ZCas are generated by the set
{=1+C,—14+Cy,—1+C3,—1+C5,1 +C5 — C5}
for which C; = a' + a™".

Proof. Let v € U;(ZCy3) C Ui(ZCi3) be a generator of the group of torsion-free units.

Since
a1t 1o
p=75¢ =3 =
U,(ZC7;) has only 5 generators. Then, we have

Y=9+m(a+a) +v(a® +a?) +ys(a® +a?)
+ya(at +a) +y5(a” +a7?) +(a° +a7%)

=Y + NCi + 72C2 + 13C5 + 14Cs + v5C5 4+ Y6Cs
and

Yo+ 271 + 292 + 293+ 2y + 295 + 296 = 1 (4.2.1)

On the other hand, if we denote w = eTs and o = w + w! then we can get the minimal
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polynomial of o over QQ, by Table-2, as follows;
ming(a,z) = 2% + 2° — 5o — 42® + 62° + 3r — 1 (4.2.2)

Let us consider the following ring homomorphism:

1/) : chg — 7 [w]
St Tt

with equations (4.2.1) and (4.2.2), the image of the unit is

V() =% + 1w+ w ) + (W +w ) + W’ +w)
+ ya(w* + w™) F s (w® + w ) + e (W +wh)
=% + na+72(a” = 2) +95(0” = 3a)
+ya(a* —4a® + 2) + v5(a® — 5a® + 5a) + v6(a’ — 6a* 4+ 9a® — 2)
=90 + 11 + Y2(a® — 2) + 13(c® — 3a)
+ (0t —4a? +2) + y5(a’ — 50 4 5a) + v5(—a® — a* + 4a® 4+ 3a* — 3a — 1)
=127 — 472 — 293 — 275 = 3% + (11 — 313+ 5% — 3y6)r

+ (2 — 4ys + 376)a” + (13 — 55 + 4v6)@” + (a — Y6)at + (15 — Y6)0”

5
Since ¢(7y) € U(Z[a]) = {Zaiai caf+a® —bat —4a® + 602 +3a—1=0 } , by Table-
i=0
3,

U(Z[a]) =< a+1,0* — 2,0* — 20, 0* — 4a* +2,0* + o — 3a* — 3a >

v € Uy(ZC73) can be obtained from products of the fundamental units or their inverses

which are computed by Maple. Let us say U(Z[a]) = U =< e1,e9,63,64,65 > and



YV =< vy, U9, V3, V4, V5 > then

v = —51_1838455_1
Vg = 81_18263_165
V3 = —E9&5

Vg = 815515;2

Vs = 82_183621

22

Since we can not express /), we have found a group W =< &3 &5 ¢3 €5 ¢ >

such that

-1, -2 —1

-1
52 = —vlvglvgvg,
-2
— -3,,2
€g = -1 4U2U3U4 31]5.
Thus,

Z/{/W §03 X CgXCGXCGXCG.

Then |U/V |= 1944 since | U /W |= 1944. We have obtained

P(—1+C) = —51 leseqes?
P(—14Cy) = 7 eges tes
(=14 C3) = —e9es5
P(=14Cs) = g5 'eze;!
Y(1+C3 —Cs) = €165 ¢;
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4.3. CHARACTERIZATION OF U, (ZC{;)

Theorem 4.3.1. The normalized units of ZC{y C ZCss are generated by the set
{—1+Cg,—1+C1 —Co+C3—C4+C5,—1+Cy —Cy+C5+Cq —C7}
for which C; = a* + a™".

Proof. Let v € U1 (ZC{5) C U;(ZCy5) be a generator of the group of torsion-free units.

Since
= loas —1=ls1=3
U, (ZC7y) has only 3 generators. Then, we have

7
Y=+ ;%Ci

=Y + NCi + 72Cs + ¥3C3 + 14Cy + 15C5 + Y6Cs + +77C7

Let us consider the subgroups H; =< a® > and Hy, =< a® > of prime orders. Since

Ci5/H; = C3 we have a group epimorphism

p1:Ci5 — Cls/H1

a' — o'H,
If we linearly extend ¢; over Z then we get a natural ring homomorphism as follows

E : ZCLL:, — Z(C15/H1)
>oviat — Y yi(aHy)
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@1(7) = 2H1 +vi(aH, + a®Hy) +72(a®Hy + aHy) +v3(H, + H))
+ ’)/4(CLH1 + a2H1) + 75(012H1 + CLHl) + ’)/6(H1 + Hl) + ’}/7(CLH1 + CL2H1)

= (Yo + 273+ 2v)Hy + (71 + 72 + v + 5 +97) (aHy + o®Hy)

and similarly since Cy5/ Hy = Cs we have group epimorphism

o 1 Ci5 — C15/H2

a’ — a'H,
If we linearly extend @5 over Z then we get a natural ring homomorphism as follows

@ : ch5 — Z(Cl5/H2)
>oviat — > vi(a'Ha)

?2(7) = YHy + 71 (aHy + a*Hy) + 72(a*Hy + a*Hy)
+ v3(a*Hy + a*Hy) + v4(a*Hy + aHy) + v5(Hy + Hy)
+v6(aHy + a*Hy) + v7(a*Hy + ¢*Hy)
= (Y0 + 2v5)Ha + (71 + 71 + ¥6) (aHy + a*Hy)

+ (72 + 3 + 77)(@®Hy + a*Hy)

?1(7y) = Hy,aH; or a®H;. Then we can find $;(v) = H; and we obtain that

Yo+ 293+ 2% =1

Nt+rt+tnut+ty+ir=>0 (4.3.1)

and ©3(7) = Hy, aHy, a®Hy, a*H, or a®H,. Then we can find p3(7) = Hy and we obtain
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that

Yo+ 275 =1
Y +7+7% =0

Y2t+y3+97=0 (4.3.2)

Let us subsitute 73 =p, 2 =¢, 74 =7, 77 = s in equation(4.3.1) and equation(4.3.2).
We obtain,

Yo=14+2(p+qg+7r+5)

T=—q—s

V=—p—q—T—>5

o= —p—1 (4.3.3)

On the other hand, if we denote w = e and o = w+w! then we can get the minimal

polynomial of a over Q, by Table-2, as follows;

ming(a,r) = z* — 2° — 42 + 4z + 1 (4.3.4)

Let us consider the following ring homomorphism:

¢ : ch5 — Z [w]

Yoviah o Yy

with equations (4.3.3) and (4.3.4), the image of the unit is

V() =7 +mnw+w™) + (W +w ) 4+ W +Fw?)
+ ya(wt + w™) + y5(W + wP)
=7 + 70+ Y(a? — 2) + 3(a® — 3a) + (ot — 40 + 2)

+ 75(a® — 5a® + 5a)
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= + ma + Y2(a® — 2) + y3(a® — 3a) + ula* — 4a* + 2)
+ 75(—064 —o®+30% + 2a)
=(1—=2m1 —4% —2y3—37) + (11 — 373+ 27%5)a

+ (72 — 4y + 35)0% + (3 — 5)a® + (1 — )

3 .
Saiat ot —ad —4a? +4a+ 1= O}, by Table-3
i=0

Since ¥(v) € U(Z[a]) = {
U(Z[a]) =< a—1,a*> = 3,a® — 3a > .

v € Uy (ZC75) can be obtained single product of the fundamental units or their inverses.

We have used Maple to obtain that

T = n=-14C—-C+C3—Cs+Cs
1/1(’7):5% = Y2 =—-14+C—Cs+C5+Cs —Cr.

Since H; =< a® > is a cyclic group of order 5, by equation(1.1), its unit group of integral

group ring
U (ZH)) = H x < =1+ (a® +a™?%) >,
so the third unit is —1 + Cs. O

4.4. CHARACTERIZATION OF U, (ZC})

Theorem 4.4.1. The normalized units of ZC{g C ZCrg are generated by the set
{-1-Co+Cs+Cs,1 —Co—C3+C5 +Cs,1 —C1 +C2 — Cs + Cr}
for which C; = a* + a™".

Proof. Let v € U1(ZC1g) C U1(ZC1s) be a generator of the group of torsion-free units.
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Since
= loae —1=1s1=3
p=5% =8-1=
U, (ZCTg) has only 3 generators. Then, we have

8
v =" + 2 %Ci

=1

= 90 + 11C1 + 72Ca + 13C3 + 714Ca + 75C5 + Y6Cs + 17Cr + Yza®

Let us consider the subgroup H =< a® > of prime orders. Since H = C, we have a group

epimorphism

© . C16 — ClG/H

a' — o'H
If we linearly extend ¢ over Z then we get a natural ring homomorphism as follows

@ : ZC]_G — Z(C]_G/H)
> viat — > vi(a'H)

?(7) = oH + v1(aH + a H) + v2(a*H + a°H) + 13(a*H + ’H) + v4(a*'H + ¢*H)
+v5(a’H + ¢°H) + v6(a’H + o*H) + y7(a"H + «H) + s H
= (Y0 + ) H + (31 + 77) (aH + "H) + (72 + 76) (a"H + o°H)

+ (3 + 75)(a3H + a5H) + 274(a4H)

?(v) = H,aH,a’H,a*H,0*H,a>H,a°®H or «"H. Then we can find $(y) = H and we
obtain that

Yo+ =1
Vi Vi = O i=1,234 (4.4.1)
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Let us subsitute v =p, 1 =¢, 72 =7, 73 = s in equation(4.4.1). We obtain,

Yo=0,%=—=87%=-"77=—¢w=1-p (4.4.2)

On the other hand, if we denote w = eTe and o = w + w! then we can get the minimal

polynomial of v over QQ, by Table-2, as follows;
ming(a, z) = 2* — 42 + 2 (4.4.3)

Let us consider the following ring homomorphism:

1/} . ZC]_G — Z[(,U]

S s Yoyt

with equations (4.4.2) and (4.4.3), the image of the unit is

YY) =7+ nw+w )+ W +w?) + 3w +w?) + puwt +w)
+ 95 (W’ + W) + 76(w’ + w %) + (W + W) + sw®
=90 + 1 + Y2(a® = 2) + y3(a® — 3a) + ya(a’ — 4a® + 2) + y5(a” — 5a® + 5a)
+796(a® — 6a* + 902 — 2) + y7(a” — Ta® + 14a® — Ta) — 15
=% + o+ 72(042 —2)+ 73(043 —3a) + 75(—a3 + 3a)
+76(=0” +2) +y7(—a) —
= (Y0 — 272 + 2% — 8) + (11 — 373+ 375 — r)a
+ (92 = %)’ + (13 — 95)0”
= (=1+2p —4r) + (2¢ — 6s)a + (2r)a® + (2s)a®

4
Saal ot —4a? +2 = O}, by Table-3
i=0

Since () € U(Z[a]) = {
UZ[a)) =< a—1,0°> —1,a* +a—1>.

v € U1 (ZC{g) can be obtained in the following product of the fundamental units or their
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inverses.

2 -2 2 -2 -1 -2 2_—1 2 -2 _—-1.2
52,62 ,5162,61 62 ,51 52,6152 75253,5253 752 53

Let us say U(Z[a]) =U =< ¢e1,69,63 > and V =< vy, 9,03 > .

V1 = 5%
Vg = 51_252
V3 = egsgz

Then we have found a group W =< £, ¢3,£3 > where W & V such that

4 -1.2

€1 = —Uy Uy
2

82 — Ul

5§ = v1v3’2

We cannot express U /V but

Z/{/WECZXCZLXCZL.

That is, | U/V |= 32 since | U/W |= 32 . We have obtained generators of U;(ZC{g) by

means of Maple:

Y(y) = €3 — 7 =—-1-Co+Cs+2a®=-1-Cy+Cs+Cs
1/)(7)251_252 = 1 =1-0C—-C3+C5+Cs
¢(7):52€§2 = 13 =1-C+C—Cs+Cr
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4.5. CHARACTERIZATION OF U, (ZC{;,)

Theorem 4.5.1. The normalized units of ZC{, C ZCyr are generated by the set
{=1+C,—14Cy, =1 +C4,—1+C5, =1+ C4,—1 +C7,1 +Cs — Cs}
for which C; = a* + a™".

Proof. Let v € U;(ZC7;) C Ui1(ZC7) be a generator of the group of torsion-free units.

Since
1 1
=—p(l7)—-1==-16—-1=7
p=59(17) 5
U, (ZC7,) has only 7 generators. Then, we have

T=v%+mn(a+at)+7(a®+a?) +(a’ +a?)
+ya(at +a) +35(a” +a7%) +96(a° + a7°) + yr(a’ +a77) +s(a® +a7h)

=% + ’YlCl + 7262 + ’}/303 + 74C4 + 7505 + 76C6 + 77C7 + '7868
and
Yo+ 271427+ 273+ 27 + 275 + 2% + 27+ 23 =1 (4.5.1)

On the other hand, if we denote w = e and o = w + w! then we can get the minimal

polynomial of v over Q, by Table-2, as follows;
ming(a,r) = 2® + 27 — 72°% — 62° + 152* + 102 — 1022 — 4z + 1 (4.5.2)

Let us consider the following ring homomorphism:

b i ZCr — 7 [w]

Sial — Y
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with equations (4.5.1) and (4.5.2), the image of the unit is

Y(7) =0+ nw+w™) + 9 +w )+ + 0%
+yg(w? + 0™+ 5w’ +wP) F (Wt w ) (W W)+ (Wt W)
=Y + ma + Ya(a? —2) + y3(a® — 3a)
+ys(at —4a® + 2) + y5(a’® — 5a® + 5a) + v6(a® — 6a? + 9a* — 2)
+y7(a” — Ta® + 140® — 7a) + (a® — 8a® + 20a* — 16a* + 2)
=Y + ma + Y2(a?® — 2) + y3(a® — 3a)
+ (a0t —4a? +2) +95(a’ — 5a® + 5a) + v6(a® — 6a* + 9a? — 2)
+y7(a” — Ta® + 140® — 7a) + w(—a” — a® + 6a° + 5a* — 100® — 6a* + 4o — 1)
=12y —dyy — 273 — 295 — 46 — 277 — s + (11 — 373 + 575 — Ty7 + 4s)
+ (72 — 44 + 976 — 678)0” + (73 — 575 + 1477 — 1078)a” + (74 — 676 + 57s)*

+ (75 — Ty7 + 678)a” + (6 — 18)a® + (7 — 78)”

Since ¥(vy) € U(Z|a]), by Table-3,

U(Z][a]) =< a® = 3a,a® + a? —2a — 1,a* — 4a® + 3,a0° — 4a® + 3a,a® — 5a? + ba,
ab —6a* + 902 — 2,07 +ab — 6a® — 5at + 1003 + 60% — 4o — 2 >

v € U(ZC7,) can be obtained in the following product of the fundamental units or their
inverses which are computed by Maple. Let U(Z[a]) = U =< £1, 2,3, 4,656, 7 > and

VY =< V1, U, U3, V4, Us, Vg, U7 > .

v = —ey ey eyt = Y(=1+C))
vy = €1636, " =yY(—1+Cy)
V3 = £9E367 =Y(1+Cs —C3)
vy = —€3 €7 = (=14 Cy)
vs = €5 €45 " =(—1+4Cs)
ve =7 teaer eyt = (=14 C)
v = —e365 'eger T = Y(=1+Cy)



Then we can find a group W =< e}, 5,5, e84, €8, 5,3 > where W =V such that

el = —v 'vavvivg toy
5 = —v wivugvivivivg
5 = —vivSvavivivgvd
e = —vivjvgviviug vl

2 4 6 —4 -2 _

4 -1, -2 -2, -1
€6 = —U; Uy U4V5 “Vg U7
8 _ 5,6,4, 11 2 3

So we can express

Z/{/W %"04 X C4XCgXCgXCgXCgXCg

That is, | U/V |= 524288 since | U /W |= 524288. Thus we have obtained

Y(—1+Cy) = e163¢] " = Y=-1+0C
V(1 + Cs — C3) = eqe3e? — 3 =14+Cs —Cs
P(—1+Cy) = —e5'eq = yu=-14C4
P(=1+C5) = e3"eags ! — »5=—1+0Cs
(=14 Cs) = €] 'eaey g5 = 7% =—1+Cs
(=14 Cr) = —ese; €67 = 7w=-1+C;

4.6. CHARACTERIZATION OF U, (ZC},)

Theorem 4.6.1. The normalized units of ZC{y C ZCig are generated by the set

{_1 +Cly -1 +627 -1 +C37 -1 +C47 -1 +C57 -1 +C67 -1 +C77 -1 +CS}

for which C; = a* + a™".

32
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Proof. Lety € Uy(ZC{gy) C U (ZC1g) be a generator of the group of torsion-free units.Since
=g 1=t o1-s
p=75¢ =3 -~
U, (ZCTy) has only 8 generators. Then, we have

y=v +7la+a )+ v(a®+a?) +y3(a® +a?) +ula +a)
+95(a® +a7®) + y5(a® + a7 %) + v (a” +a7) +s(a® +a®) + y(a® +a?)

=Y + 1C1 4+ 72C2 + 13C3 + 14Cs + 75C5 + Y6Cs + 17C7 + 78Cs + 79Co
and
Yo+ 271 4 272 + 293 + 274 + 295 + 296 + 297 + 298 + 279 = 1 (4.6.1)

On the other hand, if we denote w = eTs and o = w + w! then we can get the minimal

polynomial of @ over QQ, by Table-2, as follows;
ming(a,r) = 2° +2® — 827 — 72% + 212° + 152* — 202% — 1022 + 52+ 1 (4.6.2)

Let us consider the following ring homomorphism:

’w . chg — Z[UJ]

Sial — Y
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with equations (4.6.1) and (4.6.2), the image of the unit is

V() =%+ W+ @) F 9w +w) + @ o) !t e
+ v5(W° + w™?) + (W’ + w ) + e (w® + w ) + Yo(w? +w™?)
=7 +ma+7(a? —2) +y3(a® — 3a) + (et — 4a® +2)
+75(a”® — 5a® + 5a) + v5(a’ — 6a* + 9a® — 2) + 7 (a” — Ta® + 14a® — Ta)
+78(a® — 8a8 + 200" — 160* + 2) + Y9 (a” — 9a” + 27a° — 300 + 9a)
=90 + 1+ Ya(a® = 2) + y3(a® — 3a) + ya(a* — 4a® + 2) + y5(a” — 5a® + 5a)
+76(a® — 6a* + 902 — 2) + 7 (a” — Ta® + 140® — Ta)
+ vs(a® = 8a8 + 200" — 160° + 2)
+79(—a® —a’ + 7a’ + 6a° — 150" — 10a® + 10a* + 4o — 1)
=1=2y1 — 4y — 273 = 275 — 4y — 277 — 3% + (11 — 373 + 575 — Tyr + dp)a
+ (72 — 474+ 976 — 1675 + 1079)a” + (73 — 55 + 1497 — 1079)a”
+ (71 = 676 + 2075 — 1579)a" + (35 — Ty7 + 679)0”

+ (16 — 878 + 770)® + (77 — Yo)a” + (75 — 70)°
Since () € U(Z[a] ), by Table-3,
U(Z]a]) =< a® — 3a,a* — 4a? + 3,a° — 403 + 3, a® — 6a* + 9a? — 2,
a4+ a® —5a* —4a3 + 602 +3a — 1,a" — 7a® + o* + 14a® — 4a? — Ta + 2,

a"+ab —6a° —6a*+90%+90% —a—1,a" + af — 6a® — 5at + 10a® + 5a? — ba >

v € Ui(ZC7g) can be obtained from product of the fundamental units or their inverses

which are computed by Maple. Let U(Z[a]) = U =< £1,€9,€3,64.65,6,E7,68 > and



VY =< V1, U2, U3, U4, Vs, Vg, U7, Vg > .

v = 61_16;185551 =
— -1 —
Vg = €1E5 €6 =

W )
U )
v3 = €] ‘5 ese) teg =(—1+C3)
W )
W )

vy = —815255187 =Y(—1+4+Cy
vy = —51_1535657_1 =Y(—14Cs
vg = —646g1 = (=14 Cg)
vy = €5 teseg T =(—1+Cy)
vg = —e3ter teg? = (=1 +Cg)
Vg = 515253_1545758 = (=14 Cy)

Then we can find a group W =< £, ¢35, 3, €9, e2, €2, €%, €8 > such that

8? = —U1_2USU3_1U2U§U6_3’U$U8
53 = —vf%;%glvivgvg%;%g
9 _ _ 2.4 6735 —1
52 = —'U1_1U2_2'U3_5U4_3U51)2U$US_4
gg = 1)1—11]2_21}3_51]4_31)51}6_61)31)8_4
9 _ 2, -4, -6, -1 -3 -2 -5
5'? = vawg?v;%g%g’v;lvg?
9o _  —7,-5, ,-3,-2,—6, -4 —1

Then we have

Z/{/WECQXCgXCgXCgXCgXCgXCgXCg
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Then | U/V |= 43046721 since | U /W |= 9® = 43046721.Thus we have obtained

P(=14C) = ey e teseg! = vy =-1+C
(=14 Co) = €165 €6 — v =—14+0C
P(=14Cs) = e7les tege) tes = 3 =—1+Cs
Y(—1+Cy) = —e16065 €7 — y=-1+C4
P(—14Cs) = —e; tezeeer ! — 5 =—1+0Cs
P(=1+Cs) = —cuc5 = % =—1+0Cs
Y(=14C7) = €5 ‘564 — Yy =—-14+C;
h(=1+Cs) = —e5'e7 5 — w8 =-1+Cs

4.7. CHARACTERIZATION OF U, (ZC,)

Theorem 4.7.1. The normalized units of ZC3y C ZCaqg are generated by the set

{=1—-C1 —Cy — C3+ C7 + Cs + Coy + 2Cyo,
—14C —C3+Cy—Cs+Cq—Co+ 2C10, —1 4+ Cy}

for which C; = a* + a™".
Proof. Lety € Uy(ZC3y) C U (ZCa) be a generator of the group of torsion-free units.Since
1 1
— Zp(20) —1=-8—1=3
p=5(20) 5
U, (ZC4,) has only 3 generators. Then, we have

10
7= + 27%Ci
=1

= Y + 71C1 + 12Cs + ¥3C3 + 74Cs + 15C5 + 16C6 + ¥7C7 + ¥3Cs + 79Cy + Y10C10

Let us consider the subgroups H; =< a'° > and Hy =< a* > of prime orders. Since
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Co0/ H; = Cyg we have a group epimorphism

w11 Cgo — C20/H1

a' — a'H,
If we linearly extend ¢; over Z then we get a natural ring homomorphism as follows

m : ZC20 — Z(Czo/Hl)
>oviat Y yi(aHy)

?1(7) = voH1 + y1(aH; + a®H)) + 2 (a*H, + o®*H)) + 73(a®H; + o H))
+ya(a*Hy + a®Hy) + v5(a®Hy + ¢Hy) + v6(a®Hy + o'Hy)
+ v7(a"Hy + a®Hy) + 15(a®Hy + a*Hy) + y9(a”Hy + aH,y) + v10(Hy)
= (Yo + v10)H + (71 + 70) (aH; + a’Hy) + (72 + 78) (a®H; + a®Hy)

+ (73 +77)(@®Hy + a"Hy) + (11 + 76) (a'Hy + a®Hy) + (275)(a°H,y)

and similarly since Cyo/ Hy = C4 we have group epimorphism

g Cgp — Czo/Hz

a' — a'H,

If we linearly extend @5 over Z then we get a natural ring homomorphism as follows

@ : ZCgo — Z(Cgo/Hg)
> oviat = > vi(a'Hy)
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@(’y) = ’70H2 +7 ((IHQ + (I3H2) + ’YQ((IQHQ + a2H2) + ’73(G3H2 -+ CLHQ)
-+ ’)/4(H2 —+ Hg) + ’)/5(CLH2 + CL3H2) + ’)/6<CL2H2 -+ a2H2) + 77(013H2 -+ CLHQ)
+ ”)/S(HQ -+ Hg) -+ ’}/Q(CLHQ + a3H2) -+ ")/10((12H2 —+ (12H2)

= (Yo + 271 + 27vs)Ha + (71 + 3 + 75 + 77 + 7o) (aHz + a*Hy)
+ (2’}/2 + 2’76 + 2’}/1(])(012H2)

?1(y) = Hy,aHy,a*Hy, *Hy, a*Hy,a°Hy, a®Hy, "Hy, a®H; or «®H;. Then we can find

21(v) = H; and we obtain that

Yo+ Y10 =1

Yi+70-i =0, =1,2,3,4,5 (4.7.1)

and $3(v) = Hy, aHy, a?H, or a®Hy. Then we can find $3(y) = Hy and we obtain that

Yo+ 274+ 275 =1
N+ Y+t =0

272+ 27 + 710 =0 (4.7.2)

Let us subsitute v; =p, 2 =¢, 73 =7, 74 = s in equation(4.7.1) and equation(4.7.2).
We obtain,

Yo=1-25+2¢,7%=—s,v77=—",,7%5=0

Y8 = —q; Yo = —P; Y10 = 25 — 2 (4.7.3)

On the other hand, if we denote w = ¢ and o = w + w ! then we can get the minimal

polynomial of @ over Q, by Table-2, as follows;

ming(a,z) = 2* — 5x* +5 (4.7.4)
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Let us consider the following ring homomorphism:

¢ : ZCZO — 7 [w]
Sl — St

with equations (4.7.3) and (4.7.4), the image of the unit is

Y1) =2+ mnw+w™) e + o) + W’ +w)
+ g (w* + w™) + (W 4+ w ) + (Wb + W)
(@ + 0T+ (Wt + W)+ (@ + W) (W)
=0 +ma+7(a® = 2) + (0’ = 3a) +ule’ —4a® +2)
+ 75(@” — 5a® + 5a) + y6(a’ — 6a* + 9a* — 2)
+y7(a” — 7 + 140® — Ta)) + y5(a® — 8a° + 20" — 160 + 2)
+79(a” = 9a” + 27a° + 30a® + 9a) — Y10
=70 + na + (e’ = 2) +y3(a’ = 3a) +(ae? = 3) +75.0
+76(—a” + 3) + 17 (—a® + 3a) + 1s(—a® + 2) + y9(—a) — 110
= (Y0 — 272 = 374 + 3% + 29 — Y10) + (71 — 373 + 377 — o)
+ (V2 + 71 — Y6 — 98)” + (y3 — 1)@’
=1-10s+ (2p — 6r)a + (2 — 2s)a* + (2r)a?

3
Since ¥ (vy) € U(Z[a]) = {Zaiai cat —ba?+ 5= O}, by Table-3

i=0
UZa)) =< a? =2, +a—2,0° —a* —3a+3 >.

v € Uy (ZC3y) can be obtained from the following products of the fundamental units or

their inverses;

2 2 4 2.2 4 2. -2 _—2_-2 _—4 _—4
€9, €3,E9,E5€3,E3,E3E3 ,E9 &3 ;&9 ,E3 .
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We have used Maple to obtain that

01253

1/)(—1—Cl—CQ—C3+C7+C8+Cg+2610>
¢(—1+C1—C3—|-C4—CG+C7—C9+2C10)

vy = €3
Let us say U(Z]a]) =U =< e9,e3 > and V =< vy, v3 > . Then we have
UV = Cy x Cy
and | U/V |= 4. Hence we have obtained

5 = v =—1-C —Co—Cs+Cr+Cs+Co+2Cyo
Y(y) = €3 — yo=—14C —C3+Cys—Cs+Cr—Cy+ 2Ca0

In the other side, since H; =< a* > is a cyclic group of order 5, by equation(1.1), its unit

group of integral group ring
U (ZH)) =H x < =1+ (a* +a™*) >,
so the third unit is —1 + Cs. O

4.8. CHARACTERIZATION OF U, (ZC};)

Theorem 4.8.1. The normalized units of ZC3, C ZCay are generated by the set

{1-C1+C3—C4+C5+Cs—Co,1+C; —Cqg—C5—Cg+ Cq+ Cyo,
1-Co—C3+C5+Cs—Cs+Cip,—1+Ci —Co+C7 —Cs +Co,
3—C14+C3—2C4+C5 —Cs—C7+2Cs — Cg + Cyp}

for which C; = a* + a™".

Proof. Let v € U;(ZC4,) C Ui(ZCa1) be a generator of the group of torsion-free units.
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Since
ooy 1=t 1o
p=5% =3 =
U, (ZC3;) has 5 generators. Then, we have

10
7= + 2%Ci

=1

=Y + 1C1 4+ 72C2 + 13C3 + 14Cs + 15Cs5 + Y6Cs + 17C7 + 78Cs + 79Co + Y10C10

Let us consider the subgroups H; =< a® > and Hy =< a” > of prime orders. Since Co1/

H;, = C7 we have a group epimorphism

p1:Cop — Czl/H1

a' — o'H,
If we linearly extend ¢; over Z then we get a natural ring homomorphism as follows

ﬁ : ZCgl — Z(Cgl/Hl)
>oviat — > vi(a'Hy)

?1(7) = vH1 + 1 (aHy + a®Hy) + 72(a®Hy + aHy) + v3(Hy + Hy)
+ ’}/4(CLH1 + CL2H1) + ’}/5(CLZH1 + aHl) + ’)/6<H1 + Hl)
+ ")/7(CLH1 + a2H1) + ”yg(CLQHl + aHl) + ")/9<H1 + H1> + ’ym(aﬂl + CZ2H1)

= (%0 + 273 + 296 + 270)H1 + (11 + 72 + 74 + %5 + 77 + 75 + 710) (aHy + ®Hy)
and similarly since Cy;/ Hy = C3 we have group epimorphism

g 1 Cop — CZI/H2

a' — a'H,
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If we linearly extend ¢ over Z then we get a natural ring homomorphism as follows

@ : ZCZI — Z(Czl/H2>
>oviat — > vi(a'Hy)

?2(7) = vHa + 71 (aHy + a®Hy) + 72 (a*Hy + a®Ha) + v3(a*Hy + a'Hy)
+ 74(G4H2 + a3H2) + 75(a5H2 + CL2H2) + 76(CL6H2 + aHy) 4+ v7(Hs + Hy)
+ s(aHy + a®Hy) + v9(a*Hy + a”Hy) + y10(a*Hy + a'Hy)
= (70 + 297)Ha + (11 + 76 + 7s) (aHaz + o°Hy)

+ (72 + 75 + 79) (@”Ha + ¢”Hy) + (33 + 71 + 710) (¢’Hy + a'Hy)
?1(y) = Hy,aH; or a®H;. Then we can find $1(v) = H; and we obtain that

Yo+ 273+ 29 + 279 =1

Yi+Y2e+Ya+ v+ + 78 +70=0 (4.8.1)

and Ps(7y) = Hy, aHsy, a*Hs, a®Hy, , a*Hy, a®Hy or a®Hy. Then we can find p3(v) = Hy

and we obtain that

Yo+ 297 =1
M+v%+wr=0
Y2+ Y5+ 7% =0

Y3+ 74+ 70=0 (4.8.2)

Let us subsitute v =p, %2 =¢q, u=71, 75 =5, %8s =1, 710 = v in equation(4.8.1) and
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equation(4.8.2). We obtain,

Y=1+2(p+q+r+s+t+v)
V3=—Tr v

Y6 = —p—t
YT=-P—q—r—s—t—-v

Yo=—q—S$ (4.8.3)

On the other hand, if we denote w = ¢ and @ = w+w™! then we can get the minimal

polynomial of v over Q, by Table-2, as follows;
ming(a, z) = 2% — 2° — 62* + 62° + 82> — 8x + 1 (4.8.4)

Let us consider the following ring homomorphism:

1/} . ZCzl — Z[(,U]

2omat > 3o

with equations (4.8.3) and (4.8.4), the image of the unit is

Y(y) = +nw+w ) + 1w +w?) + 93w’ +w?)
+Ya(wt + 0™ + (W% + w ™) + s (w® + w0
Fr(w” + w0+ s(w® + 0 ) 4 70 (@ + w0 ?) + Yi0(W + w 1)
=7 + Y1 + ya(a? = 2) + 73(a® — 3a) + y4(a* — 4a® + 2)
+795(a”® — 5a® + 5a) + v5(a’ — 6a* + 9a® — 2) + 7 (a” — Ta® + 14a® — Ta)
+78(a® — 8a® + 200" — 1602 + 2) + Y9(a’ — 9a” + 27a° + 300 + 9a)

+ Y0(a' — 10a® + 35a° — 500 + 250° — 2)
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=90 + 1+ Y2(a? = 2) + y3(a® — 3a) + (ot — 4a® +2) + 95(a’ — 5a® + 5a)
+76(a” — 60° + a® + 8a — 3) — y7 + (=’ + 60 — a® — 9 + 3)

+Y9(—a® + 50 — a? — 5a + 2) + yip(—at — a® + 4a* + 3a — 2)

= (% = 272 + 271 — 376 — 7 + 378 + 279 — Y10)

+ (71 = 373 + 575 + 8% — 98 — 579 + 3710) v

+ (72 = 41+ 7% — 98 — Yo +4v10)0” + (13 — 575 — 676 + 678 + 579 — 110)”
+(

Y1 — o)’ + (5 + 76 — Vs — o)
0
Since ¥() € U(Z[a]) = {Zaioﬂ cab —ad —6a* +6a% +8a% —8a+1= O}, by Table-3
=0
U(Z[a]) =< a—1,0° = 3a,a* —4a® +1,0° =50 + a® +5a —2,0° — 5% +5a —1 > .
v € U (ZC3,) can be obtained product of the fundamental units or their inverses;
962, 6265162 e1edeyt e1e5tesel, e2es, €165 es %, el 2e0es, €262 5

Let us say U(Z[a]) = U =< £1,€9,€3,465 > and V =< vy, Vg, U3, U4, U5 > such that

V1 = 82€§
Vg — —5?165
_ -2
VU3 = —&1 €285

Vg = elaglagag

Vg = 51538;1



Then we can find a group W =< &8,

27, 10, 14
el® = vy Pvgu3 o vy

4,1 -8,.2
ex® = vivy v B2’

78 37 3.4 -10
€3 = U] Uy U3 VU5

78 737 -9 14 4
€4 =V Uy U3 Uy Vs

~14,4,18 28 8
e = vy MoyuiBustub.

Then we express

Z/{/W gC7g X C78 X C78 X C78 X C78

78 .78
€9 ,E3 ,84 ,85

> where VYW = YV such that

That is, | U/V |= T8 since | U/W |= 78°. We have used Maple to obtain that

4.9. CHARACTERIZATION OF U, (ZC},)

Theorem 4.9.1. The normalized units of ZC3, C ZCaq are generated by the set

— =1+

= ’}/3:1—02

= 5152’551 = »=—1+0C

{=1+4+Cy,—1+Cq,—1+Cq,—1+Cs}

for which C; = a* + a™".

- ’71:1—61+C3

—C4+C5+C8—C9
—Cy—Cs
—C3+Cs5 + Cq

—Cs+Cy + Cio
_C8+C10
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- ’}/4:3—61+C3-2€4+C5—CG—C7+268—C9+610
—Co+C7 —Cg + Cy

Proof. If we subsitute a® for a we obtain desired result by considering Theorem(4.1.1)
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with Remark(2.1.2).

{_1+a2+a207_1+a4+a187_1+a6+a16’_1+a8+a14}

4.10. CHARACTERIZATION OF U, (ZC;)

Theorem 4.10.1. The normalized units of ZC4y3 C ZCag are generated by the set
{_1 + Cl7 -1+ 027 -1+ C37 -1+ C47 -1+ C57 -1+ C67 -1+ C77 -1+ C87 -1+ C97 -1+ CIO}
for which C; = a' + a™".

Proof. Let v € U1 (ZC33) C U(ZC23) be a generator of the group of torsion-free units.

Since
= oy —1=tn 110
U, (ZC13) has 10 generators. Then, we have

Y= +m(a+a')+v(a®+a?) +y3(a® +a7?) +ya(a* + a)
+y5(a” +a7%) +96(a” + a7%) + y7(a” + a77) + ys(a” + 077
+,yg(a9 4 a—9) +710<a10 + a—lO) +711<(111 + a—ll)
=0 + 1C1 + 72C2 + 73C5 + 711Cs + 7505 + 766

+ 77C7 + 18Cs + Y9Co + Y10C10 + 111C11
and
’}/0 + 2’71 -+ 2’}/2 —+ 2’)/3 -+ 2’}/4 —+ 2’)/5 + 2’}/6 =+ 2’)/7 —+ 2"}/8 -+ 2’}/9 + 2’710 + 2’}/11 = 1 (4101)

On the other hand, if we denote w = e% and o = w + w! then we can get the minimal
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polynomial of o over QQ, by Table-2, as follows;

ming(a, ) = 2" +2°—1027 915 +362"+281° —562° — 3521+ 352 + 1522 —62—1 (4.10.2)

Let us consider the following ring homomorphism:

1/) : ZC23 — 7 [w]
doviat Yoy’

with equations (4.10.1) and (4.10.2), the image of the unit is

P(y) =0 +n(w+w ™) F W +w?) + W +w™)
(e + ™)+ W+ w ) + (0" +wTT) F (Wt +w™)
+ ’}/g(wg + W—Q) + ,Ylo(wlo + w—lO) + 711(&]11 + w—ll)
= +ma + Ya(a® —2) + y3(a® — 3a) + yula* — 4a* + 2)
+75(a° = 5a® + 5a) + y5(a’ — 6a* + 9a% — 2) + y7(a” — 7a® + 14a® — Ta)
+ 78(a® — 828 +20a* — 160 + 2) + y9(a” — 9a” + 27a° — 30a” + 9a)
+ 0(a'® = 10a® + 35a° — 500 + 250° — 2)
+ (e = 11a” + 440" — 770° + 550° — 11a)
=0 + 71+ (e’ = 2) + 73(a® — 3a) + a(a* — 40”4 2)
4+ v5(a® — 5a® + 5a) + v6(a® — 6a* 4+ 9a? — 2) + v, (a” — 7a® + 14a® — 7a)
+ 78(a® — 8a° + 200 — 160° + 2)
+ 99 (—a® — a” + 7a’ + 6a° — 15a* — 10a® + 100 + 4a — 1)
+ 710(a'® = 100® + 35a° — 500" + 250* — 2)

+ v (= —a? +90® + 827 — 2805 — 21a® 4 350" + 200 — 1502 — 5a + 1)
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=1—2vy — 4y — 273 — 295 — 46 — 297 — 299 — 4710 — 11
1 —3v3+ 575 — Ty7 + 99 — 5711
Yo — 4y4 4 96 — 1675 + 25710 — 15711)0?

Y3 — 575 + 1477 — 3079 + 20711)0®

V5 — 7’}/7 —+ 27’}/9 — 21’)/11)065 + (’76 — 8’)/8 + 35’)/10 — 28’}/11)046

+ (

+ (

+

+ (74 — 66 + 2078 — 50719 + 35711 )t

+(

+ (97 — 970 + 8y11)a” + (35 — 10910 + 9711)®
+ (

Yo — 1)’ + (710 — Y1)’
Since () € U(Z[a]), by Table-3,

U(Z]a]) =< a® — 3a,a® —3a + 1,a° — 5a? + ba, a® + ot — 4a® — 302 + 3a + 1,
ab —6a* +9a% —1,0% — 6a* + a® 4+ 902 — 3a — 1,
a® —8al + 21a* — 2002 + 5,0 — 8a” + 21a® — 21 + o 4+ Ta — 1,
at® —9a® + 2825 — 350t + 1502 — 1,
at® +a® — 9a® — 9a” + 27a8 + 27a° — 290 — 2902 + 602 + 60 >

v € Uy (ZC33) can be obtained from product of the fundamental units or their inverses.
Let U(Z]a]) =U =< €1,€9,€3,4.65,E6,E7, Es, €9, €19 > and

V =< V1, Vg, U3, V4, Us, Ug, U7, U, Vg, U1g > -

v = —€] ey =(=1+C)
vy = —e7 tedez e tes =Y(—1+Cy)
V3 = E9ETp =Y(-1+G)
v = —e5les g = (=1 +Cy)
vy = —51_255157_15859 =(—1+Cs)
Vg = €165 €565 " = (=14 Cg)
vy = —e5 tezeqe; ter tery =Y(—1+Cy)
Vg = £16; ‘E6E7 = (=14 Cy)
Vg = €1€5E6E5 €10 =Y(—1+0Cy)
V10 = 16765 €10 = (=1 + Cio)
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Then we can find a group W =< g1l esl il el el el el el bl el > which is iso-

morphic to V, such that

=7, —33 -5, ,—4

ey = vy vy vy v g Twivg vy
w_ _,-7,-3 -8 —10, =5 —4 2

€5 = —V] Uy U3 v, V5 Vg Uy
1m_ _,4,-33 -5 -4 -2 -6 2 —1
€4 = TUUy U3UaUs Vg U7 Vg Uglpg
5%1 = —vf2v2_4v§v;6v5_3v§v7_lov§

1 _ _,9 745 8 2 12 14 10, 6

€6 = TU1UU3U4U5VgU7 Vg Vg V1

g7 = vty vy v vy g v vy
m_, -4 -8 -3 -1 -6 -7 -9 —

€5 =V Uy U3 Uy Vs Vg U7 Vg

11 2,9 3 7 ~1 .5 4 6 8

€9 = V1UU3V4U5Vg U7UgUG V10

11 2 -2 3 7, 1,5 4 6 8
€10 = V1VpU3 UyU5Vs U7UgUgU1g

Then we express

2 6.2 1
Uz "Ug VgVyg

Z/{/WECH X Cll X Cll X Cll X Cll X Cll X C11 X Cll X Cll X C11

That is, | U/V |= 10" since | U/W |= 10*. Thus we have obtained

2 6 -9 1
U7 "Ug Vg Uyg

—1 4 Cy) = vy20dvdoTvs WwiuduSod

V1V5V3U U5V~ U7Ug Vg V1

V(=14 C) = vy vy vivgs vty

(=1 +Cy) = vy *v3vs vy vy Cvg TuFug vy Puig
W(—1 4 C3) = vy vy 35 vy Vg Sug
P(=14Cy) = vivy *vdvgws Pvg fvr?
Y(=1+Cs) = vy vy tusu v vy

(=1 + Cs) = vivgusvivivguitogtog™uf,
W(=1+4 Cr) = vivg vy oy oo oo g
B(=1+ Cs) = vyt o oy g Pug T g

U )

Y(

220307, =1, 5 46,8
—1+4 Cip) = v1v3v5 “UFVIVE  VIVZVGUT,

Uy

trreribrel

Nn=-1+0G
Yo =—-14+0Co
3 =—-14+Cs
ya=—-14+C4
v =—1+Cs
v = —1+ Cg
Y =-1+C
78 =—1+Cg
Yo =—14Cy
Y10 = —1+ Cio
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4.11. CHARACTERIZATION OF U,(ZC},)

Theorem 4.11.1. The normalized units of ZC3, C ZCsay4 are generated by the set

{—5 —2C1 —4C3 — 3C4 + 2C5 — 2C7 + 3Cg + 4Cy + 2C19 + 3Ci2,

3+2C+Cy—Cs—2C19g—Cr2,—1+C; —Cy +C5 —C7 +Cs — Cy1 + Cr2}
for which C; = a* + a™".

Proof. Let v € U1(ZC3,) C U;(ZCa4) be a generator of the group of torsion-free units.

Since
1 1
— _p(24)—1=-8—1=3
p=50(24) 5
U, (ZC3,) has 3 generators. Then, we have

12
Y=+ 2%‘@
=Y + 71C1 + 12Cs + ¥3C3 + 74Cs + 15C5 + 76Cs

+ 77C7 + 18Cs + 19Co + Y10C10 + 111C11 + 7126112

Let us consider the subgroups H =< a'? > and K =< a® > of prime orders. Since

H = C,; and K = Cj3 we have a group epimorphism

(o C24 — C24/H

a’ — o'H
If we linearly extend ¢ over Z then we get a natural ring homomorphism as follows

@1 . ZC24 — Z(C24/H)
Syiat — > yi(a'H)



ol

71(7) = %H + v1(aH + o™ H) + v (a®H + o'°H) + v3(*H + o’H)
+ v4(a*H + a®H) + 75(a®H + a"H) + v (a’H + a°H)
+ 77(a"H 4 a°H) 4 ~3(a®H+a*H)
+ 79(a”H 4 ¢*H) 4 v10(a'°H + o’H) + 711 (¢ H+aH) 47, H
= (v0 +Y12)H + (71 + 711) (aH + a'"H) + (72 + 710) (a®H + a'°H)
+ (95 +70) (@"H + a”H) + (7 + 7s)(a"H + o"H)

+ (95 + 77) (aH + a"H) + 2v6(a°H)

and similarly

Q9 . C24 — C24/K

a’ — a'K
If we linearly extend @5 over Z then we get a natural ring homomorphism as follows

@2 : Z024 — Z(Cz4/K)
> a3 i(a'K)

?2(7) = 10K + 71(aK + a'K) + 72(’K + a’K) + 13(a’K + a’K) + 1(a'K + a'K)
+75(a’K 4 ¢’K) + 76(a°K + a’K) + 77(a’K + aK) + 1K
+79(aK + a"K) + 710(a’K + a®K) + 711 (a* K+ K)+712(a*K)
= (70 + 1)K + (71 + 77 + 79) (aK + a"K) + (2 + ¥6 + 710) (a’K + a°K)

+ (13 + 795 + 711) (’K + ¢°K)+(274 + 712) (¢’ K)

We can find %7(7) = H and we obtain that

Yo+ 12 =1
I | i=1,2,3,4,5,6 (4.11.1)
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and similarly for $3(v) = K,we obtain

Yo+ 25 =1
Y+ v+ 7 =0
Y2+ % + 710 =0
Y3+ +711 =0 (4.11.2)

Let us subsitute v2 =p, 3 =¢, 74 =7, 75 = s in equation(4.11.1) and equation(4.11.2).
We obtain,

’}/0:1+2T,’}/1 :S—i-q,%:(),%: —S,78 = —T,

Yo = —¢; Y10 = —P, Y11 = —¢ — S, 12 = —2r (4.11.3)

On the other hand, if we denote w = e% and o = w + w! then we can get the minimal

polynomial of o over QQ, by Table-2, as follows;

ming(a, x) = 2% — 422 + 1 4.11.4
Q( ) )

Let us consider the following ring homomorphism:

w : ZCQ4 — 7 [w]
>ovia — Yo’

with equations (4.11.3) and (4.11.4), the image of the unit is
Y(7) =7+ nw+w )+ nw +w ) + 7w +0) ! o)

+ 5w’ + w0 + (W + w8 + (W +wTT) + (W + w )

+ Yo(w® 4+ w™?) + 710w + w10) + Yy (W + W)+ paw!?



= + 71(\/6; ﬂ) +72(V3) +93(V2) + 71 + 7.0
+ 77(_\/6;_ \/5) -8+ 79(—\/5) + 710(—\/3) + 711(_ 62_ \/i) — 712

Vo + \/5) + (72 — 110)(V3)

2
(=) (VD) + (35— ) ()

= (1+6r) +3¢V2 +2pV3 + (¢ + 25)V6

= + (71— y1)(

Since ¥/(v) € U(Z[V2,V/3]) = U(Z[V2]) x U(Z[V/3]) x U(Z[VE])
i)U(y) € U(Z[V2])

— p=0,9g=—2s

— (7)) = (1 +6r) — 65v2 = +(1 = V2)"(k € Z)

— (1+6r) —65v2 = +(17+12v/2), (k = 4)

—> v = —5—2C, — 4C3 — 3C; + 2C5 — 2C7 + 3Cs + 4Cy + 2Cy + 602

i1)¥(v) € U(Z[V3])

— q=s5=0

— (7)) = (1 +67) +2pV3 = £(2+ V3)*, (k € Z)
— (1+6r)+2pV3=+(7T+£4V3),(k=2)

— v =3+2Cy+C4 —Cs —2Cip — 2a*?

i) () € U(Z[VE])

— g=p=0

— () = (14 67) 4+ 25v6 = £(5 £ 2V6)*, (k € Z)
= (1+6r)+2sv6 =+5+2V6,(k=1)

= y=—-1+C, —C4+C5—C;+Cg — Ci1 + 2a'?
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By considering Lemma (2.1.2) the generators can be written as follows, respectively:

—5—2C; —4C3 — 3C4 + 2C5 — 2C7 + 3Cs + 4Cy + 2C19 + 3C12,
3+2Cy+Cy—Cg—2C10 — Clg,
—14+C; —Cs+C5—C; +Cg — Cqy + Cyo.
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CHAPTER 5

CONCLUSION

If v € Uy (ZCY), then we have shown that

v =0+ N5 G, where G =a' +a”".

First of all, we have obtained that vy + 291 + ... + 29k—1 + 27 = 1 since 7 is a
normalized unit. In the second step, we have denoted w as n'* root of unity and we have
computed the minimal polynomial. If n is not prime, we have considered the subgroups

of prime orders and we have defined ring epimorphism:
¢ ZCL—Z(Cy/H).

So, we have gotten the new equation(s) to take ¢(y) = H into consideration.

Finally, by regarding the following ring homomorphism:
Y ZCy—Z[w]

we have obtained () to use equations which are stated at first and second steps.

Since v € Ui (ZCy), then () is the element of U(Z[w]) =< uy, us, ..., u, > ,where
p is rank. Namely, ¢)(7) can be written as product of fundamental units and inverses. We

have gotten 7 to take pre-image of product of fundamental units and inverses by means

of Maple.

Computation of fundamental units is extremely difficult especially for great n's.We
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have involved this problem by using PARI software. In some cases, we have waited for
two days to results obtain from Maple. Unit group of integral group ring of cyclic group
was characterized for n = 5,7,8,9 and 12 before. With this study we have completed

characterization of U (ZC}) for n < 24.

U (ZCL) | p | generators

U(ZCH) |1 | 1+,

U(ZCH) |4 | —14+C1,—1+Cy,—1+C3,—1+C4

U(ZCY3) |5 | =1+Ci,—1+Co,—1+C3,—1+C5,14+C3 —Cs
UNZCE) |2 | =1+ Coo—1+2C, —Cy

—1+Cs,—14C; —Co+C3 — Cs + Cs,
—14+Cy—Cy+C5+Cs—Cy

—1—-Cy+Cs+Cs,1 —Co — C3 + C5 + Cs,
1—Cl—|—Cg—CG—|-C7

Ui(ZCg) | 3

U(ZCT) | 7T | =1+4C1,—1+Co,—1+Cy,—1+C5,—1+Cs,—1+Cr, 1 +Cg — Cs3

U(ZCR) |2 | =1+Co—Cs,—1+Cy+Cy+Cs — 2Cg

—1+4+Ci,—1+Cy,—1+Cs,—1+Cy,
ul(ZCirg) 8

—1—|—C5,—1—|—CG,—1—|—C7,—1—|—68

—1—-C1 —Cy —C3+C7r + Cs + Cy + 2Cyo,
—1+4+C —C3+C4 —Cs+C7 —Cy+2C10, —1 +C4

U\(ZC3) | 3

1—-Ci+C5—Cs+Cs5+Cs — Cy,

14+C —C4—Cs5 — Cs + Cy + Cyo,

U\(ZC3y) | 5 1 —Cy —C3+C5+Cg — Cg + Co,
3—C1+C3—2C4+C5 —Cs — Cy + 2C5 — Cy + Cy,
—14C, —Cy+C;—Csg+Cy

U(ZCL,) |4 | =14Cy,—1+Cy,—1+Cs, —1 +Cg

-1 +Cla -1 +627 -1 +C37 -1 +C47 -1 +C57

Ui(ZC33) | 10

—5—2C1 —4C3 — 3C4 + 2C5 — 2C7 + 3Cs + 4Cy + 2C19 + 3C12,
U (ZC3y) | 3 3+ 2Cy+Cy — Cg — 2C19 — Ci2,
—14+C, —Cs+C5—Cr+Cg —Cq1 +Cqpo
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