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ABSTRACT

QUALITATIVE BEHAVIOUR OF A CLASS OF PDE

This dissertation addresses the initial and periodic boundary value problems for a fourth-order

pseudo-parabolic equation given by
ur — aluy — Au+ (=A)%u = =V - (|Vu|P2Vu), (x,1) € Q% (0,7T)

where the gradient non-linearity and the pseudo-term are as specified above. The problem is

subject to the initial condition
u(x,0) = ug(x), up€L*(Q), xeQ,
and periodic boundary conditions

Vxely, O<t<T, i=1,2,

u(x,t) =u(x+Lie;, 1), uyx(x,t) =uy(x+Lie;,t),

where

Q=(0,L1)x (0,Ls), T;=8Qn {x;=0).

a > 0,and p > 2. A local existence-uniqueness result for mild solutions was established for
any initial data in L?(Q). It was also demonstrated that mild solutions are weak solutions to
the problem. Additionally, the existence of blow-up solutions was proven, and the blow-up

time was shown to have a lower bound.



OZET

BIR PDE SINIFININ NITELIKSEL DAVRANISI

Bu tezde, asagidaki gradiyenti dogrusal olmayan pseudo-parabolik denklem icin sinir ve

baglangic deger problemi,
up — alu; — Au+ A%u = =V - (|Vu|P72Vu).
u(x,0) = up(x), ugel?Q), xeQ,
Vxel;, O0<t<T, i=1,2,
u(x,t) =u(x+Lie;,t), uy(x,t) =uy(x+Lie;, 1),
incelenmistir. Burada Q ve 92
Q=(0,L1)x(0,L2), Ti=0Qnx;=0.

seklinde tanimlanmagtir.

Verilena > 0 ve p > 2, ve L?(Q) verilen baslangic¢ degerler icin bu uzayda ¢oziimiin varlig
ve tekligi ispatlanmugtir. Ayrica, bu ¢6ziimiin problemin zayif ¢6ziimii oldugu gosterilmis ve

bir patlama(blow-up) sonucu da elde edilmistir.
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Positive real numbers

All ordered m-length tuples made up of real numbers

Space of continuous functions

Space of functions whose first derivative is continuous

The set of functions with infinite differentiability

The space of infinitely differentiable functions with compact-support
The continuous function space defined on [0, T']

Hilbert spaces

Hardy space with square norm

The space of Sobolev functions having s — th order derivatives in L?
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Functions in a Sobolev space have derivatives up to order s that lie
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Laplace operator

Gradient operator

A region in R™ that is open, bounded, and connected

A boundary of Q



1. INTRODUCTION
1.1. STATEMENT OF THE PROBLEM

In this thesis, the following fourth-order pseudo-parabolic equation is examined:
up — aluy — Au+ (=A)%u = =V - (|Vu|P2Vu), (x,1) € Q% (0,7T)
subject to the initial condition
u(x,0) =up(x), ugel?Q), xeQ,
and periodic boundary conditions

Vxelj, O0<t<T, i=1,2, u(x,t) =u(x+ Le;, t),

Uy, (x,1) = uy,(x + Liej, ),

where

Q=(0,L1)x(0,Ly), TI;=0Qn{x;=0}.

Here, 0Q is the boundary of Q, @ > 0, and p > 2. For ug # 0, it is assumed that

[ mw=o.

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

The equation (1.1) and the condition (1.5) imply that % /Q udx = 0, indicating that periodic

initial value functions with zero average yield periodic solutions with zero average.

1.2. LITERATURE SURVEY

Pseudo-parabolic equations, also known as Sobolev-type equations, form a class of partial

differential equations (PDEs) that arise in various scientific and engineering disciplines.

These equations play a crucial role in modeling physical phenomena involving both diffusion

and wave propagation. Applications of pseudo-parabolic equations are diverse, including



phenomena such as heat conduction in materials with memory, viscoelasticity, and fluid flow

in porous media [1,2,3,4].

The linear Pseudo-parabolic equations are generally expressed in the form:
U — UAM[ = kAl/l, (16)

where A denotes the Laplacian operator. Showalter and Ting, in [5], established connections
between pseudo-parabolic and parabolic equations for a mixed boundary value problem
associated with the partial differential equation (1.6). They considered the cases n = 0 and

n # 0.

For n = 0, the equation simplifies to:
u; = kAu. (L.7)

They demonstrated the uniqueness, existence, and regular behavior of the solutions.
Furthermore, they found that the solution depends continuously on 7, and as 1 approaches

zero, the solution of (1.6) converges to the solution of (1.7).

In the 1960s and 1970s, significant progress was made in understanding the mathematical
properties of pseudo-parabolic equations. Sergey Sobolev [6,7] made substantial
contributions by analyzing their functional-analytic aspects, which led to the alternate name
as Sobolev-type equations. These types of equations are also studied in [8,9]. These studies

focused on understanding the existence-uniqueness of solutions to these equations.

Moreover, in this thesis, the aim is to analyze the effect of the pseudo-parabolic term —aAu,

and the diffusion term —Au in equation (1.1).

For a = 0, equation (1.1) turns into a special form of so called thin-film equations:
U + A1 Au + AaAu + A3V - (|Vul®Vu) + A4A|Vul|? = 0, (1.8)

where u(x,t) and A;Au indicate the terms used to represent the thickness of the film

during epitaxial growth and the diffusion effects from evaporation and condensation. AsA%u



and A3V - (|Vu|?>Vu) are the capillarity-driven surface diffusion and atomic displacements,
respectively, and the term A4A|Vu|? illustrates the movement of an atom. For a detailed
description of this model, please see [10]. Thin film equations are long-standing topics of

research, as shown in [10,11,12,13,14,15,16].

The study of the solutions of blow-up for the second-order nonlinear boundary value problems
with initial conditions for parabolic equations has been a long-standing issue we refer
[11,14,17,18,19,20,21,22,23,24,25]. For the fourth-order nonlinear parabolic equations, see
the references: [11,25,26]. In [11], Feng and Xu studied the problem:

up + (=A)u = =V - (|Vu|P~2Vu) (1.9)
with the initial condition
u(x,0) = ug(x), ug € L>(Q), x € Q, u=0 (1.10)

on a two-dimensional torus. They derived an existence-uniqueness result when 2 < p < 3.
Moreover, they accomplished to contribute a result for the finite-time blow-up solutions for
(1.9). In [26], thanks to the potential well theory; Zhou derived a finding for a blow-up,
assuming the initial energy is positive for the initial-boundary-value problem of a form of a
fourth-order thin film equation with a nonlocal source term. In [25], Philippin examined the

initial-boundary value problem:

up + A%u = k() |ulPu, xeQ, 0<r<T,

0
u(x,t) =0, 8—u:0, forxeodQ, 0<t<T,
n

u(x,0) =up(x), x e Q, QeR", n>2,and k(x) >0

and existence-uniqueness of the solutions. In addition, this study presented a blow-up result

and provided a lower bound for the blow-up time.

On the other hand, the effect of the pseudo-parabolic term has been studied by many

researchers. For example, Lakshmipriya, Gnanavel, Balachandran, and Yong-Ki addressed



the following pseudo-parabolic problem in [27]:
w; — Aw, — div (lelp(x)_QVw) = |w* 2w + |w|"2wlog|w|, (x,7) € Qx (0, ),
with the boundary condition:
w(x,t) =0, (x,1) € 0Q X [0, 00),
and the initial condition:

w(x,0) = wo(x),;x € Q,

where Q € R" is a bounded domain with a smooth boundary dQ. Their study demonstrated
about weak solutions to this equation with logarithmic nonlinearity over the interval [0, T).

They examined their existence and blow-up. Similar studies can be found in [28,29,30].

Polat investigated a different pseudo-parabolic equation under periodic boundary conditions,

deriving a lower bound for finite time blow-up [17]. He analyzed:

1
U + aAu; — Au + A%u = |u|p_1u—@/|u|p_1udx, xeQ, 0<t<T,
Q

with the initial condition:

u(x,0) = uo(x),

and

@:O, xe€edQ, 0<t<T
on

I/t(.x, 0) = MO(X), ug € Hper(g)a X € Q’ uo :_E O

and periodic boundary conditions:
u(x,t) =ulx+ Lie;, 1), uy,(x,t) = uy,(x + Lie;, 1) forallx eI, 0 <t <T,

where:

Q=(0,L1)x..x(0,L,) cR", n=20r3,I'=0QnNx; =0,



0Q indicates the boundary of the set Q, and p > 1, along with ug % 0,

/ uo(x) dx = 0.
Q

Polat also examines the following equation [14]:

_ 1 [ _
U — Uy + Unpry = u|P " tu = = lulPlu,dx, xeR,,t>0,
aJo

with periodic boundary conditions:

u(x,t) =u(x+a,t), VxeR,,t>0,

and the initial condition:

u(x,0) =up(x), xe€R,

where p > 1, ug € ngr(Q), Q = (0,a), and /Oa ug(x),dx = 0 with ug £ 0. This work
investigates an equation describing thin films featuring a second-order diffusion component,
a term with fourth-order derivatives, and a non-local term representing the source, all
under periodic boundary conditions. Additionally, Polat demonstrated the occurrence of

its finite-time blow-up for solutions.

In addition to the examples given above, numerous other studies have explored
pseudo-parabolic equations, including those referenced in [5,31,32,33,34,35,36], highlighting

the extensive depth of research in this area.

Apart from that, we can also say that pseudo-parabolic equations have been broadly
categorized into areas such as heat conduction with memory effects, fluid flow in porous
media, viscoelastic materials, biological systems, numerical methodologies, nonlinear
equations, multidimensional problems, and coupled systems. Detailed discussions and

examples of these studies are available in references such as [3,4,5,31,37,32,33,38].



1.3. FORMAT OF THE THESIS

This thesis consists of five chapters. Chapter 1 provides an overview of the literature of
pseudo-parabolic equations, (1.1)-(1.2). It also reviews prior studies in the field and presents
the formulation of the problem (1.1)-(1.2), supported by illustrative examples from existing

literature.

Chapter 2 introduces the functional spaces, fundamental definitions, and lemmas necessary

for establishing the existence and uniqueness properties of solutions.

In Chapter 3, the existence-uniqueness of the mild solution to (1.1)-(1.2) are established using
the Banach Fixed Point Theorem and Lipschitz continuity. This chapter also proves the main

theorem and demonstrates that the mild solution qualifies as a weak solution.

Chapter 4 focuses on blow-up results, proving the occurrence of blow-up and deriving both

upper and lower bounds for the blow-up time of the solution.

Finally, Chapter 5 examines the distinguishing characteristics of pseudo-parabolic equations

compared to parabolic equations, emphasizing their influence on the obtained results.



2. PRELIMINARIES

In this section, the necessary definitions, including the definitions of Sobolev spaces and the
statements of the theorems used to prove the existence and uniqueness of the solution, are

provided.

We proceed by giving the defitions of solution spaces:
L2Q)={u: Q> R: / lu(x)|?dx < oo}, where Q = (0,L;) % (0, L2).
Q
is the Lebesgue space endowed with the inner product and norm

(u,v):/oau(x)v(x)dx, ||u||2:/9u2dx.

respectively.

H*(Q) = {u € L*(Q) : D% € L*(Q) for |a| < 2},

and

le,er(Q) ={u e Hzer(Q.) : / u dx =0},
Q

which are referred to as the regular and periodic Hilbert spaces, respectively. The inner

product and its norm are given as

The pair (H?(Q), ||.|| 2 (@) denotes Hilbert space for:

(u,v) ::/Vu.Vu dx+/AuAv dx,
Q Q

and the norm

lll22 ) = V2l + [ Aulf?.
(@)

1

In addition, L7(Q) is defined as the Lebesque space with the norm [|u||, = ( A) |u|‘1dx) ‘)
The Sobolev Space W*4(Q) for 1 < g < oo is defined as the subset of functions f in L?(Q)



such that f and its weak derivatives up to an integer order s are in LY. That is,

S
WS(Q) = {u e LYQ), u, € LI(Q), ..., g ! e Li(Q),
xS
1
s d 7
(/ [t|? + Jue|? + ...+ | ]dxl) <oo}.
o Oxs

For ¢ — oo, the norm is defined by

.....

In the inequality above, ess sup means essential supremum. This allows us to generalize the
maximum of a function in a useful way. Let f € L(Q) with ¢ > 1 and f (k) be The Fourier

transform of f(k) at the frequencies k € Z? is given by

F(k) = /_ " i f(x) dx. (2.1)

oo

Moreover, when g = 2 and s € R, the Sobolev space by H*(Q) and the homogeneous Sobolev

space by H*(Q) are denoted by the norms

IFIFs = D, A+ KPR IFHP = 1 -8 f132,,
kez?
A, = D U AR = 1(=A)F112,

kez?

respectively. Here, I is the identity operator and (—=A)*/?> shows Fourier multiplier with
symbol |k|*, k& # 0. The strongly continuous semi-group of operators, which are generated
by

L= (I —aA) ' (=A + A?) on L?, are defined by the inverse Fourier transform

2 14lkI2
e Lf=F1 (te M a2 f) ,
on Q.

Definition 1. A function u : C([0,T]; L?(Q)) for 0 < T < oo is defined as a mild solution for



the problem (1.1)-(1.2) on [0, T] given the initial data conditions ug € L>(Q), if it satisfies
t
v(u)(2) = u(t) = e Lug - / e L —aN)TH V- (|VulP2Vu))ds  (2.2)
0

for0<t<T.

Definition 2. A function u € L*([0,T]; L*()) N L2([0, T]; H*(Q)) is defined as a weak
solution to (1.1)-(1.2) on the interval [0, T] with initial condition uy € L*(Q), if for every

test function { € C°([0,T] x Q), the following weak formulation is satisfied:

/MO{(O)dx+/ / uég’dxdt
Q e Jo Of
=/ /L{udxdt
€ Q

- / / (I —aA) " Vu(s)|P~2Vu - V¢ dxdt. (2.3)
€ Q

Jor0<t<T.

Definition 3. Let X be a Banach space. The operator T : X — X is called a contraction

mapping if there exists a constant « such that and ||Tx — Ty|| < a||lx — y|| forall x,y € X.

Definition 4. Let (X, d) be a metric space. A function T : X — X is called a contraction
mapping on X if a constant  with 0 < B < 1 exists d(T(x),T(y)) < Kd(x,y) for all
x,y € X.

Theorem 1. (Banach Fixed Point Theorem) Given that T : X — X is a contraction, a unique
fixed point x* satisfies Tx+ = x*. Moreover, the sequence (x;) defined by x; = Txy_1 with

any starting point xo converges to the x* of T. (where j = 1,2, 3, ...).

Definition 5. A function f defined on S C R"™ with values in R™ is said to be Lipschitz
continuous at x € S if there exists a constant k such that || f(y) — f(x)|| < k||y — x|| for all

points 'y € S sufficiently close to x.
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3. LOCAL EXISTENCE AND UNIQUENESS

In this section, the existence and uniqueness of the problem (1.1)-(1.2) are established using
the Banach Contraction Mapping Theorem, thereby proving the Main Theorem. Furthermore,
it is demonstrated that the mild solution of the problem (1.1)-(1.2) also qualifies as a weak

solution.
3.1. LOCAL EXISTENCE AND UNIQUENESS OF MILD SOLUTIONS

Consider the following Banach spaces to attain our main results.

Foru :R, xQ — R,

1 o
sup 12||Vulla < o0, ifa >1,
Ec= 0<t<T
S —

1 o
sup t4||Vulla < o0, if0<a <1,
0<t<T

and

Es=C([0,T]; L*(Q) N Es),

with the norm

max( sup |lull2, sup t%||Vu||2) , ifa>1,

||“||ES — 0<t<T 0<t<T

max( sup |lu|l2, sup t%||Vu||2) , if0<a<l.

0<t<T 0<t<T

Throughout this thesis, the above spaces and the following lemmas will be used, which are

crucial in proving the existence and uniqueness of the mild solution:

Lemma 1. There exists constants C* > 0 and C? > 0 satisfying

Clri|flly  ifa>1,
e £ (I —ar)™ (V- fll2 <3 2

1
12 if0<a<l.
T+ a) 2||flli if0<a
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Proof. By using Plancherel’s identity and the definition of the operator e *£, one finds

le™ (1 —ar)™ (V- )3
2 2 1+|k "
= K= -2k 1+|wk‘l2|f(k)|2

2 2
L (L+alkP?)
|k|? 0|2 LIk
< sup [fl(R)P Y ———e Lealkf?
rez? ,222 (1+alk[?)?
<

2 1+]x]2
2 |x| ~2tx[2 L
71l /Rz ((1 +a|x|2)26 rent | d

The above integral in polar coordinates is split into two parts:

[ = / |x|? 2 |211+ij|2 I
T Jre (1+a|x|2)2
2r 9 14
/ / ((1 " _2" Trar? )rdrd@
ar?
= 271/ —e_Ql 211++arr2 rdr
0 (1+ ar?)?
1 2 2
r _2”.2 1+r
= 27‘(/0 (—(1 +ar2)28 1+ar2) rdr

00 2 2
r —9¢ 2 1+r
+27T/ —226 " v rdr.
1 (1+ar?)

In (3.2), the first integral is proper and it converges to a positive number, Cj.

integral can be written as

r2(1+r2)

Since 5
1+ar

2
Zr—forazl, andforO<r <1,
a

(o] r2
I < 27r/ ( ;26_2l7)d1’ — (\/_;/— ) r.
1 asr a 1 r

Applying Holder inequality to the right side of (3.3), we obtain

1 1
VN o) 2 ([ ) ()
a2 1 (r2 dr Sﬁ[ re “adr /1 r—4dr .

3.1

(3.2)

The second

(3.3)

(3.4)
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By computing the above integrals, the following is obtained:
Iy <Core s <Cot™ for Cy=——, (3.5)
2a?
and
1 <Ci+ CQZ‘_%.
For C! = max{Cy,C2}, one gets
[<Cl1+12). (3.6)
If equation (3.6) is used in (3.1), then for 0 < # < 1 one gets
_ _ _1 _1
le™ (I =at) ™ (V.03 < C' A+ 2)IfI] < C 2 £
. rrert
In addition, 0 < a < 1, >rand0 <t <1
1+ar?
o0 2
Iy <2 PR
2 n[ ¢ (1+ar2)2r :
Taking s = 1 + ar? in the above inequality,
T 2t o0 oas § — 1 T 1 (:2
Zea e ds = —e™ < ,
a2® /1+ae 2 T (1+a)?2 = (1+a)*
where C2 = % Hence,
L 1 2 c? 1y £112
_[ — —
et (1 = ad) (V1)1 < st I
O

Lemma 1 can be generalized further as in the following statement:

Lemma 2. There exists a constant C > ( satisfying
3.7

_ 9 _p=2
e £I3 < Tl 2.
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'L and utilizing

Proof. By employing Plancherel’s identity, the definition of the operator e~
the Hausdorff-Young inequality in Q, the following inequality is derived for a > 1 and

2<p<g:

141k|2 “261k|2 14]k|2 p-2 5=2p
—tL 112 =212 5 A 9 — 5 A _2
le”=fll5 = E e Lalkl2 | f(k)|* < E e "7 dialk § | f(k)|5-2r

kez? kez2 kez?

IA

—2¢1x]2 14|x|2 p=2
CIFI?, ( / e wvf@dx) < CrP 2 f)l 2.
-2 \JR2 p=2
For the special case p = g, the term [|e £ f ||% is directly bounded as

a2 L+ [kJ?
1 fllizzy - Y e ——15

1+alk|?
kez?

Consequently, the desired result is obtained.

We proceed to establish this lemma for the cases 0 < a < 1 and 2 < p < 3. Utilizing

t

Plancherel’s identity, the definition of the operator e £, and employing the Hausdorff-Young

inequality in Q the following inequality is derived for 0 <a <land 2 < p < 3:

2 —2t|k|? Lk 9 ~20[k|? 1+]k|? P A 2 o
||€_t£f||2 _ Z e 1+“\k|2|f(k)| < Z e P2 Tealk? Z | f(k)|3-P

kez? keZz? kez?

IA

~20|x|2 14]x|? p=2
CIFI, (/ e’ 1*“'*'2056) <Crr P f) 2.
p-2 R2 p-2

For the specific case p = 3, the term ||e £ f ||% is directly bounded as

o2 1+ k|2
[ I

1+alk|?
kez2
Consequently, the desired result is obtained. O

Lemma 3. For any s > 0, there exists constants C* > 0 and C* > 0 such that

S ir C3 2 ifa > 1,
[(=A)"2e™= fll2 < s”f”2
CH 1| fll if0<a<1.

Proof. By using Plancherel’s identity and the definition of the operator e £
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for a > 1, one can write:

s _opk|2 K2
||(—A)5e_t£f||% — Z |k|2s€ 2t|k| 1+a|k‘2|f(k)|2

kez?

ok 4
< D kP f ()

kez?

IA

x2 ~ _s
c? (supx%e—fv) D@ < Errf13

+
xXeR kez2

For 0 < a < 1, one can write:

o2 1K
PR Ol

kez?

s —2talk|*) £
D ke £k 2

kez?

s —taxt A -5
C4 (p e ) D@ < s,
xeR*

kez?

I(=A)2e L £1[2

IA

IA

Lemmad. (i) For2 < p < g, a>1,and0 <T <1, aconstant C1 > 0 exists satisfying for

the operator v : Eg — Eg satisfies
5-2p p-1
lv(llg, < Ca (||M0||2 +T 1 ||M||ES ) - (3.8)

(@) For2 < p <3, 0<a<1 and 0 < T <1, a constant Ci > 0 exists satisfying the

operator v : Eg — Eg satisfies
4 I ) -1
lv(llg < Ci (||M0||2 +(l+a)'T3 ||M||l,;—s ) : (3.9)

Proof. To prove (i), it is enough to show the two assertions given below hold:
Assertion 1If u € Eg, then v(u) € C([0,T]; L*(Q));

Assertion 2 If u € Es, then sup 2||V(v(u))|l2 < .
0<t<T

Throughout the remaining computations, the operator T is denoted by (I — aA)~!. In the

proofs of these two inequalities, the equality s = £ will be used when needed. To prove
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Assertion 1, Lemma 1 and Lemma 3 are used with 2 < p < % as follows:

t
@l < C(luoll+ / ||e-<f—f>f~‘TV-(|w|p-2w>||2ds)
0
! 1 _
< ||M0||2+/ (1 = )4 (Vul? 2Vu)||1ds)
0
t
< (luolla + / <r—s)-%||w||§‘1ds)
0

! R V|
< ¢ loll+ [ r-sls (sinanz)P-lds)
0
s-2p 1 1 eh g
< Clloll+ 5 |- @R i ae
5-2p -1
< C(luollo+ "+ ull).

Similarly, for Assertion 2,

Vv @)ll2 < Ve Luglls
! (t=s) _-5) _
*/ IVe™ 7 Lllamalle™ T (Y - (|VulP~2Vu)) |l ds
0
t
< C17 fuglla + C / (1 = )72 (1 = )77 [Vul?"2Vu) |11 ds
0
a1 ! 3 -1 .
< Ct2|luglla+C | (t—=s)"2s7 2 (s2||Vull2)’ " ds
0
1
-1 3-2p _3 _(-1 _
< el o[- gl Ty de
0
< C(eF fuollo+ e ). (3.10)

Multiplying the inequality (3.10) by 13 , one obtains
1 5-2p p-1
ATV Ol < C (luolla + 1777 ull?)
for any r € [0,7]. Merging these two assertions, the proof of (i) is completed where
v : Eg — Eg is a bounded operator.
Similarly, to prove the second part, it is enough to show the two assertions given below hold:
Assertion 11If u € Eg, then v(u) € C([0,T]; L*(Q));

Assertion 2 If u € Eg, then sup tﬁlL||V(v(u))||2 < oo,
0<t<T
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In the proofs of these two inequalities, the equality s = ¢& will be used when needed. To

prove Assertion 1, Lemma 1 and Lemma 3 are used with 2 < p < 3,

valls < € (lluollz + /0 t||e-<f-s>*’~‘TV-<|w|”-2w>||2ds)
< C{luollz+ (1 +a)™ /0 t(z—sr%n<|Vu|P-2w>||1ds)
< C{luollz+ (1 +a)™ /O t(r—sr%nwng‘lds)
< Cluolla + (1 +a)™ /O t(z—s>—%s—lfr”<s%||w||2>"—1ds)
< C{luollz+ (1 +a)r 7 /0 1<1—fﬁf—“’i”||u||’g;1df)
< C(lluollz + (1+ @) T il )

Similarly, for Assertion 2,

Vv () (@)]]2

IA

_ P _(=s) _(-s) _
Ve Luglla + / Ve T LYalle™ T2 LT(V - (IVulP~2Vu)) |2 ds
0

IA

t
Cr ¥ ugll + C(1+a)”! / (1 =)74( = )7 | [VulP V)1 ds
0

IA

t . B
Ctilluglly + C(1+a) ™! / (t—5)" 357 (53| Vull)P " ds
0

(p

IA

_1 _ 2— 1 3 _(p-1) _
Cr ¥ luglls + C(1+ a) ltTp/o (1 - &y ey ae

C (e Hluolla + (1+ @)~ 7 7). (3.11)

IA

Multiplying the inequality (3.11) by 11 , one gets
1 _1.3=p -1
VY@ ()2 < € (lluolls + (1 + @) ull)

for any # € [0, T]. Merging these two assertions, the proof of (ii) is completed. This means

v : Eg — Eg is a bounded operator. m|

Lemma 5. (i) For2 < p < 5, a>1,and0 < T <1, there exists a constant Cy such that the

operator v : Eg — Eg is a Lipschitz continuous map. That is, it satisfies:

5-2p -2 -2
v ) = v(2) gy < CoT 1 (. + llually llus = wollgg.  (3.12)
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(i) For 2 < p <3,0<a <1, and 0 < T < 1, there exists a constant 62 such that the

operator v : Eg — Eg is a Lipschitz continuous map. That is, it satisfies:
_ 5 ~1p322 p-2 p=2 i}
[v(u1) = v(u2)llgg < Co(l+a) " T 7T (uallg ™ + lluzllg ") llur = uzllg- (3.13)

Proof. To prove (i), it is sufficient to show the following two inequalities:
5-2p 2 -2
L lv@n) = v@u2)llz < Coa (lually,” + luzlly, )llun = uallgg:

1 5-2p ) 2
I sup £2[[Vv(ur) = Vyv(uo)lla < Cto o (a7 + gl )l — uall g
t€[0.7] § $
In the proofs of these two inequalities, the equality s = t£ will be used when needed. To

prove Ij, Lemma 1 and Lemma 3 are used with 2 < p < %,

v - vl < C [ (=9 H Vi35 = [Viaol 2Vt ds
<cf (=) 191 = Vil (V12 Vol ) s
<cf (=) 1901 = Vel 190172l + 1 Vol 20) i
< C /0 (DRI — ol 7 (. + ol %) ds
< crit / 1O Gl + sl o sl de
0
< OO U+ Nzl e =
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Similarly, for I, one can write

IV (1) = Vv(ua) |2
g =) (=) _ _
s/ Ve~ 2 £lalle™ 2 £T(V - (|Vur|""2Vuy — |Vus|P"2)Vus)||2ds
0
t
<C / (t = )72 (t = 8) 7| [Vur |7~ 2Viy — |Vuo|?~2Vuso|| dis
0

t
_3 _ _
< C/ (t =) 71| Vur = Vugll2 (|| [Vur P2 ll2 + || [Vua]?72[|2) ds
0

t
_3 _1 _=2) -2 -2
scfo (t=9) 715 2wy —uzllggs™ = (unlly + luzll} ") ds

3-2p

1
_3 1-p -2 -2
<cri /0 (1=&) 732 (12 + Nl s = uzll g, dé,

3-2p ) 2
<Cr1 (||u1||’,}s +||u2||§—S Mt = uzl 5. (3.14)

Multiplying the inequality (3.14) by 13 , one gets

1 5-2p - 2
t2||Vv(u1) = Vv(ug)ll2 < Ct 3 (||u1||’,;—s + ||u2||’,j_—s Muy = uzll g

for all t € [0, T]. Merging the above two inequalities, (i) is shown. Thatis, v : Eg — Eg is
a Lipschitz continuous map. To prove (ii), in the same way as the previous inequality, it is

enough to show the following inequalities hold:
_1,3-p -2 -2
I lv(un) = v(u2)llz < C(L+ @)™ (lunll . + uzll llun = wallgg:
1 3- _ —
L sup 2[|Vv(ur) = Vv(u)llz < C(L+@) 73 (™ + lluzllf ")l = uzll -

te[0,T]

In the proofs of these two inequalities, the equality s = 7& will be used when needed. To
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prove I3, Lemma 1 and Lemma 3 are used and 2 < p < 3 is assumed:

t
% _1 _ _
lv(u1) =v(uz)llz2 < C /(I—S) 2| |Vur|P2Vuy — |Vua|P~*Vus||y ds
0
t
< / (t = 5)" 11 [Vt = Vol (Va1 |72 + [Vaal?2) 1 dis
0
t
% _1 _ _
< ¢ / (t = 5) 4 IVier = Vaslla (Il Vi1 P2lla + || [Vatzl2]l2) ds
0
< o [(t-9bst I 27 4 a2 d
< 0 [0 i —uallegs T ) ds
L3p 1 12 p—2 p-2
< O [ AT 2 uallZ s ol de
0
.3=p 9 )
< CO+a) (sl s = sl

in which C* = C(1 + a)‘l. Similarly,for I, one has

1Vv(u1) = Vv (us)lla
! _(-s) _ (=) _ b
< / Ve 2L lalle™ 2 ET(Y - (|Vur[P-2Vir = [Vata|P~2Vuto)) ladls
0
t
<c / (t = )3 (t = 5) 4[| [V [P~ 2Vaey = |Vatol P2V uao | ds
0
t
" _3 _ _
<c /(r—s> H1Vi1 = Vatallo (] [Vaer |21l + 1| [VatalP2]12) ds
0
« ! _3 _1 _-2) p-2 p—2
<€ [ =9 =l T Gl + ) ds

w 2-P
<C't4

1
_3 1»p -2 -2
=t Qs =l

1,22 - -
<CO+a) T (lally * + lluzllHllun = uall g, (3.15)
in which C* = C(1 + a)~!. Multiplying the inequality (3.15) with t%, one gets:
1 -1,322 -2 -2
t1|Vv(u1) = Vv(ug)lla < C(1+a) 177 (M llg, ™ + Nuaall ) llen = uall g

for any ¢ € [0, T]. Combining these two inequalities, the proof of (ii) is completed. That is,

v : Eg — Eg is a Lipschitz continuous map. O

The main result of this study is given below.

Theorem 2. (Main Theorem) (i) Let ug € L*(Q) such that a > 1, |lugll2 < C%, where
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Cy = max{C1, Ca} for the positive constants C1 and Cs provided by Lemma 4 and Lemma 5,
and2 < p < % Then O < T < 1 exists, based on ||ug||2, so that (1.1)-(1.2) accepts a unique
mild solution u over the interval [0,T] € Eg.

(ii) Let ug € L*(Q) such that 0 < a < 1, |Jugll2 < C%, where Cj = max{Cy, Ca} for the
positive constants C1 and Cq provided by Lemma 4 and Lemma 5, and 2 < p < 3. Then

0 < T < 1 exists, based on ||ug||2, such that (1.1)-(1.2) accepts a unique mild solution u over

the interval [0,T] € Es.

Proof. (i) Let Bg(0) be the closed ball with radius R, and

T < min{l, (2CoR"~2) 5%},
Then, Lemma 4 suggests that, for every u € Bg(0),
vz < R.
Moreover, Lemma 5 states that, for every u1,us € Bg(0) and [; < 1,
v (u1) = (u2)ll g < Lilluy — uzll g

By the Banach Contraction Mapping Theorem, a fixed point of v in Bz (0) is unique. Thus,

this fixed point u is the unique mild solution of (1.1)-(1.2) for the initial data u.

(ii) Let Bg(0) be the closed ball with radius R, and
T < min{1, (1+a) ' 2C;RP~2) 55 }.
Then, Lemma 4 implies that, for every u € Bg(0),
Iv@)llgg < R.
Moreover, Lemma 5 denotes that for every uy, us € Bg(0) and I3 < 1,

Iv(ur) = (u2)ll gy < lollur — uzl| -
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By the Banach Contraction Mapping Theorem, a fixed point of v in Bg(0) is unique. Thus,

this fixed point u is the unique mild solution of (1.1)-(1.2) for the initial data u. O
3.2. WEAK SOLUTIONS

In this section, we show that the mild solution of the problem in (1.1) with the initial condition
(1.2) meets the criteria for being a weak solution. To demonstrate this, we first derive the
energy inequality. Next, we prove that the mild solution belongs to the functional spaces
L?([0,T]; H*(Q)) and L%([0,T]; H™2(Q)), satisfying the regularity conditions required for

weak solutions. Using compactly supported test functions and the properties of the semigroup

e7'£, we confirm that the mild solution conforms to the weak formulation of the problem.

Finally, we apply the Dominated Convergence Theorem to complete the proof.

Proposition 1. If u is a mild solution on the interval [0,T], then it is a weak solution for
the initial value problem (1.1)-(1.2) over the same interval [0,T]. Moreover, the following

energy inequality is satisfied:

Foranyt € [0,T],2<p < % and a > 1,

t t t
()2 +2 /0 1Au(s) 2 ds < Jluo]2+2 /0 IVu(s)|Eds + C /0 IVu()|2ds.  (3.16)

Proof. We first rewrite the mild solution of the problem (1.1)-(1.2) for 0 < € <t < T as

follows:
t
v(u) (1) = u(t) = e Luy - / e UL — aA) TNV - (|Vu|P~2Vu)) ds.
0
Reformulating this solution at initial point # = € we get
t
v(u)(t) = u(t) = e Ly(e) - / e IL( —aA)THV - (|VulP2Vu))ds  (3.17)
0
which holds under the conditions

u e C([e,T]; L*(Q)),
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with
u e L*([e,T]; HA(Q)).

For u(x,.) : [e,T] — H*(Q), we denote

T
[ O gt = Nl g,

Now we will show that Au € L?([e,T] x Q).

From the Main theorem,

u e L*([e,T]; H*(Q)),

and

uy € L*([e, T]; H'(Q)),

with
e € L*([e,T]; HY(Q)) = L*([e, T]; L*(Q)).

As a result, it follows that

Au € L*([e,T]; L*(Q)).

Consequently, by employing the A for both sides of (3.17), using the decay properties of the

semigroup e 'L and noting that u € Eg on the interval [0, T], we obtain:
t
Av(u) (1) = Au(t) = e 9L Au(e) - / e UL — aA)TIAR(s) ds (3.18)
0

where R(s) =V - (|VulP72Vu) and F(Vu(s)) = (|Vu|P~2Vu).
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By employing the triangle inequality and the bound ||( — aA)~'|| < 1,

t
1Au®lly < C|lle”ILTVu(e)s + / ||e-<’-s>£(1—aA)‘lAR<s)||2ds)
1 Et
< (- Hvues + / ||e—<’—s>£AR<s>||2ds)
t
< - 2ule); + / ||e-<’-s>£A<v.(|Vu|f’-2w>)||2ds)
< Cl(t-¢)” 2||u(e)||H1 +/ (t—s)_i(t—s)__lqullp 1a’s)
< C(t-¢€)” 262||u(6)||H16_5+C/ (t—1s)" = ||Vu||17 1ds
< (-7 lullg, + P ul2 )

is obtained. From the above inequality, the right-hand side belongs to L? for 2 < p < % and

€ > 0.

We give the proofs of the claims:

Statement 1. F(Vu) € L2([e,T]; L72(Q)).
Statement 2. M (u) € L' ([¢,T]; Q).

1

The first statement follows directly from the Gagliardo-Nirenberg inequality, for % <5 <L

T T
/ IF(Vi)l2, ds = / Va2 s
€ p-2 € -2

T
2 2 -1
<C [ (IaulBhalzs = + i) as
€
T
2(p-2)
= C/S (””” ]Lg(g))llulle( [e.T1;H2(Q) +L”””c<[ 7] L?(Q)))d '

To establish the second statement, we first compute the following:

M ()| = |V - (IVul?"2Vu) < [Vul?"*|Au] + (p = 2)|[Vuul?~H (Vi) V0V,
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where u” stands for a vector transpose u € R?. Namely,

T T
/ 1M (u)|l; ds < / [1Vul?~2|Aul||, ds

€ €

T
+(p- 2)/ [1VulP~[(Vu) "' VZuVul||, ds

T T
:/ |||Vu|p_2|Au|||1ds+(p—2)/
€ €

T
p=2
L N I

-2 [(Vu)TV2uVul

\v}
[V VP

ds

1

2(p-2
< C”””?}([ET];H?(Q)) + C”u”E(sp '<o0

is showed. Next, for € C*([¢e, T] x Q) by Fubini’s theorem, along with the self-adjointness

t

of the operator e~ £ on L2, we derive:

/Q{(t)u(t)dx
= / e Ly (Du(e)dx + / . / e L1 —aA)TIVE (). F(u(s)) dxds.  (3.19)
Q € Q

Since £(¢) and V{(¢) belong to the set of elements for L for all € [¢,T], and L creates an
analytic semi-group, it follows that:

e—(r+h—e)£§(t) _ e_(’_f)L{(t)
h b

—e 9L (1) = lim
t—0

and

0 e =L (t+ h) — e~ =9LL (1)
_ -6y LY — 1
¢ atm) }1—{% h '

By Leibnitz’s rule:

d 0
g¢ e = TR = LT ),

In particular, combining e~~9<(¢) with any function f(¢) that is absolutely continuous on
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[, T], with values in L?(Q) and a time-integrable derivative, yields:

d [ 4o
G et rwas

= / (—Le*"f)%(t)f(t)+e‘<"f>f~%§<t)f<t)+e‘<f‘f>~‘4(t>f’(r))dx. (3.20)
Q

Similarly, for { replaced by VZ, we obtain:

4 [ u-or
7 /¢ V(1) f(t)dx
= / (—Le—U—fﬂivg(r) £(1) +e—(f—f>ﬁgvg(r) F(0)+e Ly (o) f’(t)) dx(3.21)
Q
Recall that:

In a Banach space X that is both separable and reflexive, a function defined on X is absolutely
continuous, considering time as the variable, if and only if the function admits a weak

derivative almost everywhere and is integrable in the Bochner sense.

By applying equation (3.20) for f(¢) = u(e) and (3.21) for f(r) = F(Vu(s)), and
differentiating (3.19),

%/g;g’(t)u(t)dx
- / (e-U—f)ﬁﬁg(t)—Le—“—f)fg(t))u(e) dx
Q ot

+/Q/Et (e—(t—s)L%((Vg(t)) _ Le—(r—s)L(Vév(t))) (I- aA)_1(|VM(S)|p_2Vu(s)) didx

+ / (I —aAN) 'V (|Vu()|P2Vu(t)) dx
Q

is obtained. By rearranging terms, the expression above simplifies to:

%/Q{(t)u(t)dx
= / %g(;) (e—<f—f>1-‘u(e)— / t(e_(t_s)L(I—aA)_lV.(qu|p_2Vu)(s) ds) dx
Q €

- / L(1) (e—U—f)u(e)— / te—<H>£(1—aA)—lv.(|vu|P—2vu)(s) a’s) dx
Q €

+ / (I = a7V (@) ([Vu(n)|P~2Vu(r))dx.
Q



26

All of the terms on the right-hand side may be formulated as:

/(ﬁg(t)—zg(t))u(t) a’x+/(I—aA)_1V§(t)(|Vu(t)|p_2Vu(t)) dx.
o \ot Q

By integrating this result over [€,¢] for ¢t € [e,T], we arrive at:

/ £(u(r)dx - / L(u(e)dx
Q Q

:/:/g%{(s)u(s)dxds—/Et‘/g.ﬁé(s)u(s) dxds

+ / t /Q (I —aA)"'Ve(s).(|Vu(s)|P~2Vu(s)) dxds. (3.22)

We assert that %u e L?([e,T]; H?). To validate this, it suffices to show that the last term
of (3.22) is well-defined for ¢ € L?([e,T]; H?) with ¢ € L?([e, T]; H~2). Specifically:
t
/ / (I —aA)'Ve(s) - (|Vu(s)|P2Vu(s)) dxds
€ Q
t
= / /(1 —aA)7'V(s) - F(Vu(s)) dxds
€ Q

t
< [ IV oy IF T, ds

1
t 3
sc(/ (IAZIS + IAZIB) ds| - IFVll ,

THELP2(Q)

¢l 2ery;m2) 1F( u)”L2([5,T];Lﬁ(Q))

< 00

b

in which the final terms proceed from Statement 1 in addition to the Gagliardo-Nirenberg

inequality:

Letu € L%([e,T], H*) N H'([e,T], H™2). Consequently, there exists a sequence
{um} € C'([e, T1; H?)

satisfying the following conditions:

» u™ — u as strongly in C([€,T], L?) N L%([e,T], H?) as m — oo, and
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. %u’" — %u weakly in L2([e,T], H™%) as m — co.

These properties imply that

/l /(Vum — Vu)F(u(s)) dxds
€ Q

< IVu™ = Vul| | IF(Vu)ll | a
2 (i

1
(e,T),L5-2p ) eT];Lr=2 )

eT];LP-2

which converges to 0 as m — co. Using u™ as a test function (3.22), and taking the limit,

m — oo, the following is obtained:
t a t
/lu(t)lzdx—/lu(6)|2dx=/ /u(s)—u(s) dxds—/ /LuZ(s)dxds
Q Q e JQ ot e Ja
t
+ / / (I —aA)"'Vu(s).(|Vu(s)|P"2Vu(s)) dxds.
€ Q

This can take the form of

()5 = lluCe)ll3
< [ o 2utas— [ [ ra)dass [waoa @29

By rearranging and considering the inequality ||a| — |b|| < |a — b|, the terms in the last

equality (3.23),

(D113 ~ llu(e)ll
S/E /Qu(s)%u(s)dxds—/é ||Au(s)||%ds+C/6 ||Vu(s)||§ds+/E IVu(s) |2 ds.

Since, u € L?([€,T]; H?) and %u € L?([e,T]; H™?), the map t — ||u(t)||§ is absolutely

continuous. By applying the Fundamental Theorem of Calculus,

/ez/Qu(s)%u(s) dxds = % (|Iu(t)||§ - ||u(e)||%) ,
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By substituting this result in the previous equation, the energy inequality becomes

lu(t)ll3 - llu(e)ll3

1 t t t
< 5 (I~ @) - [ 1aulEds+c [ 1Tuts) s+ [ 19ullas,

and

5 (1B~ ha(@B) + [ 1aucozas < [ 1vucoigas+c [ gas

By multiplying by 2, we derive the following inequality:

t t t
()12 = ()2 +2 / lAu(s) 12 ds < 2 / IVu(s)|2ds + C / IVu(s)2ds. (3.24)

We now demonstrate that letting e — 0 in this inequality yields an energy inequality valid

over the interval [0, T]. Using the Gagliardo-Nirenberg inequality, we have the bound

[ 1w as < [ iautsyigas+c [ (||u(s)||§'_2" +||u(s)n5) ds.

Substituting this into (3.24) and applying the definition of Eg, we obtain

t t T 2
/ lAu(s)I2 < u (@I — ()2 + / IVu(s)[2 ds + / (||u(s)||§‘2"+||u<s>||§) ds

Simplifying further,

t 2
2 V4 5-2p )4 2
/E ||Au<s>||2sc(||u||ES+L||u||ES +L||u||ES+||u||ES),

where the right-hand side is independent of €. This result implies that L2([0, T); H?).

Through the Dominated Convergence theorem, assuming € — 0 in (3.24) gives the energy

inequality obtained as follows:

t t t
()12 +2 /0 1Au()II2 ds < lluol2 +2 /0 IVu(s)llZds +C /0 1Vu(s)2 ds.

Moreover, the continuity of the function ||u(f)||2 at + = 0 can be verified directly. As
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u € L>([0,T); H?), the right-hand side of (3.24) remains uniformly bounded as € — 0.

Finally, substituting ¢ — 0 into the weak formulation and using a test function { €

CX([0,T) x Q), we get

/uO{(O)dx+/ / Ltﬁ{dxdt
Q e Jo Ot
:/ /l:{udxdt
€ Q

t
- / / (I —aA) 7 Vu(s)|P2Vu - V¢ dxdt. (3.25)
€ Q
Thus, the mild solution satisfies the weak formulation over the interval [0, T]. O

Performing similar steps for cases 2 < p < 3 and 0 < a < 1, the same energy inequality can

be obtained as follows:

Proposition 2. If u is a mild solution on the interval [0,T], then it is a weak solution for
the initial value problem (1.1)-(1.2) over the same interval [0,T]. Moreover, the following

energy inequality is satisfied:

Foranyt € [0,T],2<p<3,and0 <a <1,
t t t
@ +2 [ NsuBds < ol +2 [ 1u s+ ¢ [ 1vuBas. 326)
Proof. We first rewrite the mild solution of the problem (1.1) for 0 < € < ¢ < T as follows:
t
v(u) (1) = u(t) = e Lugy - / e UL — aA)TH(V - (|Vu|P~2Vu)) ds.
0
Reformulating this solution at initial point # = € we get
t
v(u)(1) = u(r) = e 9Ly (e) - / e UL = aA) NV - (|Vu|P2Vu))ds  (3.27)
0
which holds under the conditions

u € C([e,T]; L*(Q)),



30
with
u e L*([e,T]; HA(Q)).

For u(x,.) : [e,T] — H*(Q), we denote

T
[ O gt = Nl g,

Now we will show that that Au € L?([e,T] x Q).

From the Main theorem,

u e L*([e,T]; H*(Q))

and

u, € L*([e, T]; H(Q))

with
e € L*([e, T]; HY(Q)) = L*([e, T]; L*(Q)).

As a result, it follows that

Au € L*([e,T]; L3(Q)).

Consequently, by applying the Laplacian operator the A of both sides of (3.27), using the
decay properties of the semigroup e~*£, and noting that u € Eg on the interval [0,T], we

achieve:
Av(u) (1) = Au(t) = e 9L Au(e) - / e~ 9L([ — aA)TAR(s) ds (3.28)
0

where R(s) =V - (|Vu|P~2Vu) and F(Vu(s)) = (|Vu|’~2Vu).
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Employing the triangle inequality and the bound ||(1 — aA)™|| < 1,

2uoll: < ¢ (e OETTutel+ [ t||e-<f—s>£(1—aA)‘lAR(s)ngds)
:
< clu-otvu@l+ [ t||e-<’-s>£AR<s>||2ds)
< clt- @l + / t ||e—<’—”£A<v.(|Vu|P—2w))||zds)
< clt-o @l + / (1 =97t = )T vult; 1ds)
< C(t-e€) 464||u(6)||H16_71+C/ (t—s) 7 ||Vu||p Lds
< c(e-e e ully + T ull).

is obtained. From the above inequality, the right-hand side belongs to L? for 2 < p < 3 and

€ > 0.

The proofs of the claims are provided:
Statement 1. F(Vu) € L%([e, T]; L72(Q)).
Statement 2. M (u) € L' ([¢,T]; Q).

The first statement follows directly from the Gagliardo-Nirenberg inequality, for % < p%l < 1.

T T
/ IF(Vi)l2, ds = / Va2 s
€ p-2 € -2

T
2 2 -1
<C [ (IaulBhalzs = + i) as
€
T
2(p-2)
= C/S (””” ]Lg(g))llulle( [e.71; H?(Q))*L”””cq 7] L?(Q)))d

To establish the second statement, first compute the following:

M ()| = |V - (IVul?"2Vu) < [Vul?"*|Au] + (p = 2)|[Vuul?~H (Vi) V0V,
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where u” stands for a vector transpose of # € R?. Namely,

T T
/ 1M (u)|l; ds < / [1Vul?~2|Aul||, ds

€ €

T
+(p- 2)/ [IVulP~[(Vu) " VZuVul||, ds

T T
:/ |||Vu|p_2|Au|||1ds+(p—2)/
€ €

T
p=2
L N I

-2 [(Vu)"V2uVul

\v}
[Vu VP

ds

1

2(p-2
< C”””?}([ET];H?(Q)) + C”u”E(sp '<o0

is showed. Next, for € C*([¢e, T] x Q) by Fubini’s theorem, along with the self-adjointness

t

of the operator e~ £ on L2, we derive:

/{(t)u(t)dx

Q

= / e Ly (Du(e)dx + / / e L1 —aA)TIVE (). F(u(s)) dxds.  (3.29)
Q € Q

Since £(¢) and V{(¢) belong to the set of elements for L for all € [¢,T], and L creates an

analytic semi-group, it follows that:

e—(r+h—e)£§(t) _ e_(’_f)L{(t)
h b

—e 9L (1) = lim
t—0

and

0 e =L (t+ h) — e~ =9LL (1)
_ -6y LY — 1
¢ atm) }1—{% h '

By Leibnitz’s rule:

d 0
g¢ e = TR = LT ),

In particular, combining e~~9<(¢) with any function f(¢) that is absolutely continuous on
[e, T], with values in L?(€) and a time-integrable derivative, yields: In particular, combining

e~ =)L (1) with any function f(¢) that is absolutely continuous on [e,T], with values in
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L?(€) and a time-integrable derivative, yields:

d [ _—t-er
G et rwas

= / (—Le*"f)%(t)f(t)+e‘<"f>f~%§<t)f<t)+e‘<f‘f>~‘4(t>f’(r))dx. (3.30)
Q

Similarly, for { replaced by VZ, we obtain:

4 [ u-or
7 /¢ V(1) f(t)dx
= / (—Le—U—fﬂivg(r) £(1) +e—(f—f>ﬁgvg(r) F(0)+e Ly (o) f’(t)) dx(3.31)
Q
Recall that:

In a Banach space X that is both separable and reflexive, a function defined on X is absolutely
continuous, considering time as the variable, if and only if the function admits a weak

derivative almost everywhere and is integrable in the Bochner sense.

By applying equation (3.30) for f(tr) = u(e) and (3.31) for f(¢r) = F(Vu(s)), and

differentiating (3.29), we arrive the following equation:

%/g;g’(t)u(t)dx
- / (e-U—f)ﬁﬁg(t)—Le—“—f)fg(t))u(e) dx
Q ot

+/Q/Et (e—(t—s)L%((Vg(t)) _ Le—(r—s)L(Vév(t))) (I- aA)_1(|VM(S)|p_2Vu(s)) didx

* /(1 = al) VL () (IVu(D)P 72 Vu(1)) dx.
Q

By rearranging terms, the expression above simplies to:

%/Q{(t)u(t)dx
= / %g(;) (e—<f—f>1-‘u(e)— / t(e_(t_s)L(I—aA)_lV.(qu|p_2Vu)(s) ds) dx
Q €

- / L(1) (e—U—f)u(e)— / te—<H>£(1—aA)—lv.(|vu|P—2vu)(s) a’s) dx
Q €

+ / (I = a7V (@) ([Vu(n)|P~2Vu(r))dx.
Q
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All of the terms on the right-hand side may be formulated as:

/(ﬁg(t)—zg(t))u(t) a’x+/(I—aA)_1V§(t)(|Vu(t)|p_2Vu(t)) dx.
o \ot Q

By integrating this result over [€,¢] for ¢t € [e,T]. We arrive at:

/ £(u(r)dx - / L(u(e)dx
Q Q

:/:/g%{(s)u(s)dxds—/Et‘/g.ﬁé(s)u(s) dxds

+ / t /Q (I —aA)"'Ve(s).(|Vu(s)|P~2Vu(s)) dxds. (3.32)

We assert that %u e L?([e,T]; H?). To validate this, it suffices to show that the last term
of (3.32) is well-defined for ¢ € L?([e,T]; H?) with ¢ € L?([e, T]; H~2). Specifically:
t
/ / (I —aA)'Ve(s) - (|Vu(s)|P2Vu(s)) dxds
€ Q
t
= / /(1 —aA)7'V(s) - F(Vu(s)) dxds
€ Q

< [ 19 IF UL, ds

1
t 3
sc(/ (IAZIS + IAZIB) ds| - IFVll ,

THELP2(Q)

¢l 2ery;m2) 1F( u)”L2([5,T];Lﬁ(Q))

< 00

b

in which the final terms proceed from Statement 1 in addition to the Gagliardo-Nirenberg

inequality:

Letu € L%([e,T], H*) N H'([e,T], H™2). Consequently, there exists a sequence
um € C*([e,T]; H?)

satisfying the following conditions:

» u™ — u as strongly in C([€,T], L?) N L?([e,T], H?) as m — oo, and
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. %u’" — %u weakly in L2([e,T], H™%) as m — co.

These properties imply that

/t /(Vum — Vu)F(u(s)) dxds
€ Q

< ||Vu"™ -V F(V
IVu u||L2( IF( u>||L2([

1 1
(e,T),L3‘P) e,T];L”‘Q)

<C|lu™ - . F(V ,
< Cll u™ = ull 2 ey I1F( u)”L2([e,T];Lp32)

which converges to 0 as m — oo. Using u™ as a test function (3.32), and taking the limit

m — oo, the following is obtained:
t 6 t
/lu(t)lzdx—/lu(6)|2dx=/ /u(s)—u(s) dxds—/ /LuZ(s)dxds
Q Q e JQ ot e Ja
t
+ / / (I —aA)"'Vu(s).(|Vu(s)|P"2Vu(s)) dxds
€ Q

This can take the form of

lu()113 = llu(e)ll3
s/ /u(s)ﬁu(s)dxds—/ /£u2(s)dxds+/ | Vullbds. (3.33)
€ Q ot € Q €

By rearranging and considering the inequality ||a| — |b|| < |a — b|, the terms in the last

equality (3.33),

(D113 ~ llu(e)ll
S/E /Qu(s)%u(s)dxds—/é ||Au(s)||%ds+C/6 ||Vu(s)||§ds+/E IVu(s) |2 ds.

Since, u € L?([€,T]; H?) and %u € L?([e,T]; H™?), the map t — ||u(t)||§ is absolutely

continuous. By applying the Fundamental Theorem of Calculus,

/ez/Qu(s)%u(s) dxds = % (|Iu(t)||§ - ||u(e)||%) ,
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By substituting this result in the previous equation, the energy inequality becomes

lu(t)ll3 - llu(e)ll3

1 t t t
< 5 (1@~ @) - [ 1sulEds+c [ 1vuts)ds+ [ 17ucolpas
and
1 2 2 ! 2 ! p ! 2
5 (I = Na(@1B) + [ NauZds < [ 1Vu)lpds +C [ 1Vu(s)l3ds.
By multiplying by 2, we derive the inequality
5 % t t t 9
w1~ ()3 +2 [ NaulFds <2 [ [9uto)lpds+C [ 19ulEds. (.39

We now demonstrate that letting € — 0 this inequality yields an energy inequality valid over

the interval [0, T']. Using the Gagliardo-Nirenberg inequality, we have the bound

! 4 T 2(p-1)
/ ||VM(S)II§dSS/ IIAu(s)IISds+C/ (Ilu(s)||23"’ +||u(s)||g) ds.
€ € .

Substituting this into (3.34) and applying de definition of Eg, we obtain

t t T 2(p-1)
/ 1Au(s)13 < |Iu(6)||§—||u(t)||§+/ IIVM(S)IIQdHC/ (IIM(S)IIQS_” +||u(S)|I’2’) ds

Simplifying further,

t 2(p-1)
2 - 2
/6 ||Au(s)||2sc(nuug;LuquE ; +L||u||ZS+||u||ES),

where the right-hand side is independent of €. This result implies that L2([0, T); H?).

Through the Dominated Convergence theorem, assuming € — 0 in (3.34) gives the energy

inequality is obtained as follows:

t t t
()12 +2 /0 1Au()II2ds < lluol2 +2 /0 IVu(s)llZds +C /0 1Vu(s)2 ds.

Moreover, the continuity of the function ||u(f)||2 at + = 0 can be verified directly. As



37

u € L*([0,T); H?), the right-hand side of (3.34) remains uniformly bounded as € — 0.
Additionally, for / € C([0,T); H?), the sequence (a—”)

5 converges weakly to %—’; in
L([0,T); H?).

X[eT]

Finally, substituting ¢ — 0 into the weak formulation and using a test function €

CX([0,T) x Q), we get

/uo{(O)dx+/t/ ug{dxdt
Q e Jo Of
:/ /L{udxdt
€ Q

- / / (I —aA) | Vu(s)|P~?Vu - V¢ dxdt. (3.35)
€ Q

Thus, the mild solution satisfies the weak formulation over the interval [0, T]. O
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In this chapter, the blow-up result for the solutions of (1.1)-(1.2) is presented. To achieve this

goal, the following functionals are defined:

2 2
= Mlully + allVull3,

1 1o 1 )
= IVully = 5Vul = 51l Aul,

The main theorem of this study is given as follows:

Theorem 3. Assume that p > 2, ug € H*(Q), ug # 0, and
1 1 , 1 )
¥(0) = l—)IIVuollz — 5 lIVuollz = 51 Auolla.
In that case, for u(x,t) of (1.1)-(1.2), some T* > 0 exists satisfying
lim ®(¢) =
fp 0) =

in which -
@2 (0)

T:p@—%'

Theorem 3 was formulated using the notions of [25].
Proof. Considering (1.1)-(1.2),

' (r) = 2[IVully = IVull3 ~ || Aull3]

¥'(1)

2 2
el + al[ V3.

is obtained. By the Schwarz inequality, one has

0¥ (1) = (Ill3 + alIVull3) a3 + a1V 3) = (@' (1))

4.1

4.2)
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Combining (4.1) and (4.2), one gets
()W (1) > ;lCI)'(t)CI)’(t) > %’@/(r)\p(z), (4.3)

which turns into

OOV (1) - g@’(t)‘l’(t) > 0.

Now consider
(lp(x)ap(t)—%)' o) 5 (‘P’(t)(l)(t) - gqy(z)wm) > 0. 4.4)

From this one gets

YD) 2 > P(0)®(0) % =M, (4.5)

and

Y1) > MD(1)2.
Using (4.1), the following is obtained:

' ()D(1) 2 Y

4.6
o (4.6)
This is equivalent to
(ew™)
-~ 7 > M,
(2-p)p
and
1 _ _
——— (@) - (@(0)F") > M1,
(2-p)p
Thus, one gets
2-p 2-p
(@) 2 (©72(0) - p(p - 1) (4.7
Taking the roots of both sides of (4.7), one gets the following:
2
2-p 2-p
(1) 2 (®7(0) - p(p - 2)1)
2-p
This expression gives the upper bound of the time interval, i.e, t < T* = q;(;_g;) for the

solution blow-up. O



40

Now, we give the next theorem to specify a finite time on (0,7.). Moreover, the amount
||Vu||§ +al| Aull% stays bounded which is based on [22,25]. Furthermore, T is a lower bound

for ¢. In accordance with the Poincaré inequality, one has
llull + al|Vully < A1 (allAull3 + || Vul3), 1 € (0,T.),
where 11 corresponds to the first eigenvalue —Au = Au in the context of periodic boundary
conditions.
Theorem 4. Let u(x, t) represent the solution to the problem formulated by (1.1)-(1.2). Then,

B2 (0)
(p—2)C¥2(Q)

a number T, = > 0 exists satisfying

B(1) = /(|Vu|2+a|Au|2) dx (4.8)
Q
remains bounded in (0, T,).

Proof. By using Green’s identity and employing (1.1)-(1.2)

B(1) 2‘/QAu(—u,+aAu,) dx

2/Au(—Au+(—A)2u+V-(|Vu|p_2Vu))dx,
Q

=2||Aul|® - 2||VAu|?® - Q/QVAu (|VulP~2Vu)) dx. (4.9)
By the inequality |2|6u||u|?”| < |6u|? + |u|?” the last term above gives

= 2/Q |VAu||[VulP~ dx| < |[VAul3 + || Vull50 7.
Substituting this into (4.9) (1) < ||Vu||§§ :g. Now, by using the Sobolev inequality
IVul3h =5 < C*=2(Q) (|| Vul3 + allAul3)P . (4.10)

So, one gets

B (1) < CP2(Q)(I| Vull® + allAul?)P~ = C*P2(Q)B" 7 (1).
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If this inequality is solved, the following is obtained:
B (1) 2 B27(0) = (p = 2CP Q1. (4.11)

Taking the root of both sides of (4.11), one finds

1
2-p

B = (B7(0) - (p -2 (@)

B (0)
(p —2)C%r2(Q)

Therefore, T, = as obtained. O
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5. CONCLUSIONS

Higher-order pseudo-parabolic equations are derived from parabolic equations by
incorporating the term —aAu,. These equations are essential for modeling complex
physical phenomena where conventional parabolic or hyperbolic equations fall short.
Pseudo-parabolic equations are valuable in numerous scientific and engineering applications
due to their capacity to account for memory effects, non-local behavior, and to maintain the
smoothness of solutions (see [39,40,41,42,43]).

By setting a = 0 in the term —aAu;,, these equations generalize the thin-film equation, which
is relevant in various scientific fields such as biology and physics. This encompasses the
spreading of low-amplitude long waves, heat conduction, the infiltration of homogeneous
fluids through cracked rock, the unidirectional travel of nonlinear dispersive long wavesand
many other phenomena.

In this research, it was observed that two different solution spaces were obtained, and these
spaces are defined as follows:

For a > 1, the solution space is:

Es={u:RyxQ — R| sup t%||Vu||2 < o0},

0<t<T

and for 0 < a < 1, the solution space is:

Es={u:R, xQ —R| sup t711||Vu||2 < oo},
0<t<T

These spaces are defined, respectively.
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