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ABSTRACT

BEAUVILLE STRUCTURES IN p-GROUPS

Giil, Siikran
Ph.D., Department of Mathematics
Supervisor : Prof. Dr. Giilin Ercan

Co-Supervisor : Assoc. Prof. Dr. Gustavo Adolfo Fernandez-Alcober

November 2016, [107] pages

Given a finite group GG and two elements x,y € G, we denote by > (z, y) the union
of all conjugates of the cyclic subgroups generated by z, y and zy. Then G is called
a Beauville group of unmixed type if the following conditions hold:

(i) G is a 2-generator group.

(ii) G hastwo generating sets {z1, y; } and {xo, y2} such that X(zq, y1)NE(x2, yo) =
1.

In this case, {1, y;} and {z2, y»} are said to form a Beauville structure for G.

The main purpose of this thesis is to extend the knowledge about Beauville p-groups.
We will first discuss the conditions under which a 2-generator p-group with a “nice
power structure” is a Beauville group. These conditions are similar to the conditions
for an abelian p-group to be a Beauville group. In particular, this result applies to
all known families of p-groups with a good behavior with respect to powers: regular
p-groups, powerful p-groups and more generally potent p-groups, and (generalized)
p-central p-groups.

Secondly, we investigate Beauville structures in metabelian thin p-groups and in p-
groups of maximal class which are either metabelian, or have a maximal subgroup of
class < 2.



We next determine which quotients of the Nottingham group over I, for an odd prime
p are Beauville groups. As a result, we get the first known infinite family of 3-groups
admitting a Beauville structure.

Finally, we prove a conjecture of Boston: he conjectured that if p > 5, all p-central
quotients of the free group on two generators and of the free product of two cyclic
groups of order p are Beauville groups.

Keywords: Beauville groups, finite p-groups, thin p-groups, Nottingham group, group
of maximal class, free group, free product
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p-GRUPLARINDA BEAUVILLE YAPILAR

Giil, Siikran
Doktora, Matematik Bolumii
Tez YOneticisi : Prof. Dr. Giilin Ercan

Ortak Tez Yoneticisi : Dog. Dr. Gustavo Adolfo Fernandez-Alcober

Kasim 2016 ,[107]sayfa

Verilen bir sonlu grup G ve z,y € G igin, x, y ve xy tarafindan iiretilen devirli
alt gruplarin biitiin esleniklerinin birlesimini (x, y) ile gosteriyoruz. Eger asagidaki
sartlar saglanirsa, G grubuna karisik tiirde olmayan Beauville grup denir:

(i) G 2-iiretecli grup.

(if) G’nin Oyle iki tireteg kiimesi {x1, y1 } ve {2, yo } varki X(xq, y1) N X(x2, 1) =
1.

Bu durumda, {z1, 41} ve {xs, y2} ye G grubuna Beauville yapist olusturuyor denir.

Bu tezin asil amaci Beauville p-gruplar1 hakkindaki bilgiyi genisletmektir. i1k olarak
“iyi kuvvet yapil1” 2-tiretecli p-grubun Beauville grup olmasi icin gerekli sartlari tar-
tisacagiz. Bu sartlar degismeli bir p-grubun Beauville grup olabilmesi i¢in gereken
sartlara benzemektedir. Aslinda bu sonug¢ kuvvetlere gore 1yi davranig sergileyen bii-
tiin bilinen p-gruplar ailesine uygulanir: diizenli p-gruplar, kuvvetli p-gruplar ve daha
da geneli potent p-gruplar, ve (genellenmis) p-merkezsel p-gruplar.

Ikinci olarak, metabelian ince p-gruplarda, ve metabelian olan ya da iistel sifir sinifi
en fazla 2 olan bir azami alt grup iceren azami siniflt gruplarda Beauville yapilarini
inceleyecegiz.

Daha sonra tek asal say1 p icin, IF, lizerindeki Nottingham grubun hangi b&liim
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gruplarinin Beauville grup oldugunu belirleyecegiz. Sonug olarak Beauville yapisina
olanak saglayan ilk bilinen sonsuz 3-gruplar ailesini elde etmis olacagiz.

Son olarak Boston’nin sanisini ispatlayacagiz: eger p > 5 ise, iki lretegli serbest
grubun ve derecesi p olan iki devirli grubun serbest carpiminin biitiin p-merkezsel
boliim gruplar1 Beauville gruptur.

Anahtar Kelimeler: Beauville gruplar, sonlu p-gruplar, ince p-gruplar, Nottingham
grup, azami sinifl1 gruplar, serbest grup, serbest carpim
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CHAPTER 1

INTRODUCTION

Beauville groups were originally introduced in connection with a class of complex
surfaces, known as Beauville surfaces. Beauville surfaces were introduced by Catanese
in [13]] generalizing the construction of Beauville in [6]. A Beauville surface S is a
compact complex surface isomorphic to (C; x Cy)/G, where C and C, are algebraic
curves of genera at least 2 and G is a finite group acting freely on C; x C5 by holo-
morphic transformations, and if Gy < G is the subgroup of index at most 2 consisting
of the elements which preserve each of the factors, then GG acts effectively on each
curve, in such a way that C;/Gy = P;(C) and the covering map C; — C;/Gy is

ramified over three points for: = 1, 2.

A Beauville surface is said to be of mixed or unmixed type according to whether
|G : Go| =2 0or G = Gy. Then G is said to be Beauville group of mixed or unmixed
type, respectively. Clearly, any Beauville surface of mixed type S = (C; x Cy)/G

gives rise to a Beauville surface of unmixed type Sy = (C} x C3)/G.

The natural question that arises regarding Beauville surfaces is: which finite groups

are Beauville groups?

Bauer, Catanese and Grunewald [4,5]] were able to characterize the groups appearing
in the minimal presentations of Beauville surfaces in terms of the existence of the so-
called Beauville structure. The group-theoretical reformulation of Beauville groups
is as follows. For a couple of elements z,y € GG, we define
Sa,y) = (@70 )70 ay?),
geG

that is, the union of all subgroups of G which are conjugate to (z), to (y) or to (zy).
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Definition 1.0.1. Ler G be a finite group. An unmixed Beauville structure for G is

a pair of generating sets {x1,y, } and {2, y2} of G such that

(1) G = <I17y1> - <$27y2>,

(1) X(z1,y1) N B(22,y2) = 1.

We call {z;,y;, x;y;} the triple associated to {x;,y;} for i = 1,2. The signature of a

triple is the tuple of orders of the elements in the triple.

Remark 1.0.2. 1. The correspondence between the geometrical data of an un-
mixed Beauville surface and the group-theoretical data of an unmixed Beauville
structure was given in [4,5]. By this correspondence, a group G satisfying the
conditions in Definition [I.0.1] gives rise to an unmixed Beauville surface, that

it, G is an unmixed Beauville group.

2. Unmixed Beauville groups are 2-generator groups.

Definition 1.0.3. Let G be a finite group. A mixed Beauville structure for G is
a quadruple (G, x,y, z) where Gy is a subgroup of G of index 2 and z,y € G,
z € G~ Gy are such that

i) Go = (z,9),
(i) Forall h € Gy, we have (zh)* & X(z,y),
(iii) X(z,y) NX(z*,y*) = 1.

Remark 1.0.4. By [4,5]], a group G satisfying the conditions in Definition gives

rise to a mixed Beauville surface, that is, G is a mixed Beauville group.

In this thesis we study the unmixed case and we will use the term Beauville group to

mean Beauville group of unmixed type.

Since 2000, many mathematicians such as Bauer, Catanese, Grunewald, Guralnick,
Lubotzky and Malle have been interested in determining Beauville groups. Research
in this regard has been carried out mostly for abelian groups and simple groups. How-
ever, in some sense most finite groups are p-groups [7,8]. Therefore, it is natural to

consider which finite p-groups are Beauville.
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If p is a prime, the knowledge about Beauville p-groups is very scarce, and is re-
stricted to either groups of small order or with a very simple structure. In this thesis,

our main aim is to extend the knowledge about Beauville p-groups.
The thesis is organized as follows.

In Chapter 2] we first summarize some results on Beauville groups that we want to
emphasize. We give the most fundamental results regarding abelian groups, simple
groups and p-groups which admit Beauville structures. We next recall definitions
and general group-theoretical results which will be relevant throughout this thesis.
Further background material which is specific to a particular result or problem is

included only in the chapter where it is used.

In Chapter 3| we study the existence of Beauville structures in p-groups with a "nice
power structure”. We provide a generalization of Catanese’s characterization of abelian

Beauville groups to these groups. The main result of this chapter is as follows:

Theorem 1.0.5. Let G be a 2-generator finite p-group of exponent p° such that one

of the following conditions holds:

() G is semi-p®~'-abelian, i.e. for every x,y € G
e—1 —1

=" ifandonlyif (xy~' ) =1

(1) G is a potent p-group.

Then G is a Beauville group if and only if p > 5 and |G¥""'| > p2. If that is the case,
then every lift of a Beauville structure in G/®(G) yields a Beauville structure of G.

This result applies to all known families of p-groups with a good behavior with respect
to powers: regular p-groups, powerful p-groups and more generally potent p-groups,
and (generalized) p-central p-groups. As another application of the theorem, we give
the characterization of metacyclic Beauville p-groups. We also prove the following

proposition to determine the condition |G**'| > p? easily.

Proposition 1.0.6. Let G = (a, b) be a finite p-group of exponent p® which is either
’ bp€71>’ Z p2

e—1

semi-p®~'-abelian or potent. Then |GP~"| > p? if and only if |(a?

3



As an application of the proposition, we determine the number of Beauville groups

of order p® by using the Lazard Correspondence.

We next analyze the Beauville structures which are not inherited by the Frattini quo-
tients. In the last section, we give the characterization of regular Beauville groups

without induced Beauville structures.

In Chapter 4] we investigate Beauville structures in thin p-groups. More specifically,
we study metabelian thin p-groups and p-groups of maximal class which either are

metabelian, or have a maximal subgroup of class < 2.

If GG is a p-group of order < p?, then G is regular, and hence the existence of Beauville
structure can be determined by using Theorem [I.0.5] Thus we concentrate on p-

groups of maximal class of order > pP*1. We prove the following main results.
Lemma 1.0.7. Let G be a p-group of maximal class of order > pP*1. Suppose that G
satisfies one of the following:
(i) All elements of G ~. G, are of order p°.
(ii) There exists s € G\ Gy such that o(s) = p and all elements outside G, U (s, G')
are of order p*.
Then G is not a Beauville group.

Theorem 1.0.8. Let G be a p-group of maximal class of order p* > pP*L, where p
is odd, such that either G is metabelian or cl(G1) < 2. Suppose that G is not as in
Lemmall.0.7) Then one of the following holds:

(1) All elements of G ~. G are of order p.

(ii) There exist a uniform element s and s; € G1 ~ G’ such that o(s) = o(ss1) = p

and all elements outside G1 U (s, G') U (ssy, G') are of order p*.

Theorem 1.0.9. Let G be as in Theorem Then G is a Beauville group if and
only if p > 5 and one of the following two cases holds:

1. (i) holds.



2. (ii) holds, and either n # k(p—1)+2withk > 1, orn = p+1 and exp G1 = p.

If G is a metabelian thin p-group, then cl(G) < p + 1. If cl(G) < p, then the group
is regular, and hence Theorem @] can be used to determine Beauville structures.
Thus we focus on metabelian thin p-groups of class p or p + 1. The main results are

as follows.

Theorem 1.0.10. Let G be a metabelian thin p-group with cl(G) = p such that
7,(G)| = p? where p > 5. Then G has a Beawville structure in which one of

the two triples has all elements of order p*.

Theorem 1.0.11. Let G' be a metabelian thin p-group with cl(G) = p + 1, where

p > 5. Then G has a Beauville structure.
We next analyze the case cI(G) = p and |,(G)| = p. There are two possibilities:

(i) GP = 2-1(G),
(i) G? = ,(G).
Theorem 1.0.12. Let G be a group in case (i). Then G has a Beauville structure.

Theorem 1.0.13. Let G be a group in case (ii). Then G has a Beauville structure if

and only if it has at least three maximal subgroups of exponent p.

In Chapter[5] we study Beauville structures in quotients of the Nottingham group over
IF,, for an odd prime p. As a consequence, we give the first explicit infinite family
of Beauville 3-groups, and we show that there are Beauville 3-groups of order 3" for

every n > 5. The main result of this chapter is the following:

Theorem 1.0.14. Let N be the Nottingham group over F,, where p is an odd prime,
and let W be a normal subgroup of N of index > p? or p°, according as p > 3 or
p = 3. Then N'/W is a Beauville group if and only if W # N, (e, N, +1), where
e is the automorphism given by e(t) =t + t*™ for allm > 1 or m > 2, according as

p>3orp=3and z, =p" +p" 1+ +p+2

Finally, in Chapter [0 we prove a conjecture of Boston: he conjectured that if p > 5,

all p-central quotients of the free group on two generators and of the free product of

5



two cyclic groups of order p are Beauville groups. In the case of the free product, we
also deal with p = 3, and we get an infinite family of Beauville 3-groups which is

different from the one given in Chapter 5| The main results of this chapter as follow.

Theorem 1.0.15. Let ' = (x,y) be the free group on two generators. Then a p-
central quotient F'/\,,(F) is a Beauville group if and only if p > 5 and n > 2.

Let F' = (z,y | 27, y?) be the free product of two cyclic groups of order p.

Theorem 1.0.16. If p > 5 then the p-central quotient F'/\,(F) is a Beauville group
for everyn > 2.

Theorem 1.0.17. Let p = 3. Then the following hold.

(i) The p-central quotient F'/\,(F) is a Beauville group if and only if n > 4.

(i) The series {\,(F')}n>4 can be refined to a normal series of F' such that two con-
secutive terms of the series have index p and for every term N of the series F'/N

is a Beauville group.

Theorem 1.0.18. Let N # ~4(F') be a normal subgroup of F such that F/N is
a Beawville group. Then F/N is not isomorphic to any quotient of N which is a

Beauville group. On the other hand, F/~v4(F) is isomorphic to N /y4(N).



CHAPTER 2

BACKGROUND MATERIAL

2.1 Known results on Beauville groups

Research activity around Beauville groups has been very intense since the beginning
of this century; see, for example, the recent survey papers [9,/17,34]. We briefly

mention some results that we want to highlight.

In 2000, Catanese proved a result regarding abelian groups.

Theorem 2.1.1. [[13] A finite abelian group is a Beauville group if and only if it is
isomorphic to C,, x C,,, where n > 1 and ged(n, 6) = 1.

The following is a corollary of Catanese’s criterion for abelian Beauville p-groups.

Corollary 2.1.2. There are no abelian Beauville 2-groups or 3-groups. Thus an
abelian p-group G is a Beauville group if and only if G = Cyn X Cyn, where n > 1
andp > 5.

This result can be stated in a different way:
Corollary 2.1.3. Let p > 5, and let G be an abelian 2-generator p-group. If the

exponent of G is p° then G is a Beauville group if and only if |G**™"| = p*

The following groups also admit Beauville structures.

Theorem 2.1.4. [4,)5,22]

(i) The alternating groups A,, are Beauville groups if and only if n > 6,

7



(i) The symmetric groups S,, are Beauville groups if and only if n > 5,

(iii) The groups SL(2,p) and PSL(2,p) are Beauville groups for every prime p #
2,3,5.

Part (i) was proven in [4,|5] for n large enough, and it was later generalized in [22].
Part (i) was proven for n > 7 in [5], and it was later improved in [22]]. Part (iii)

appeared in [4]].
In 2006, Bauer, Catanese, and Grunewald made the following conjecture.

Conjecture 2.1.5. [5, Conjecture 7.17] Every non-abelian finite simple group other

than Ajs is a Beauville group.

By using probabilistic methods, Garion, Larsen, and Lubotzky [24] showed in 2012
that the conjecture is true if the order of the group is large enough. Soon afterwards,
Guralnick and Malle [28]] gave a complete proof of the conjecture. Then Fairbairn,

Magaard and Parker proved that:

Theorem 2.1.6. [18,/19] All finite quasisimple groups other than A; and SL(2,5)

are Beauville groups.

Bauer, Catanese and Grunewald have showed the following result.

Theorem 2.1.7. [4, Lemma 3.7] Let G be a non-trivial finite quotient of the infinite
dihedral group D, = (z,y | 22, y?), that is, G is a finite dihedral group. Then G is

not a Beauville group.

After the abelian groups, the next most natural class of finite groups to consider are

the nilpotent groups. In [2], the following lemma was stated.

Lemma 2.1.8. [2, Lemma 3] Let G and G’ be Beauville groups and let {{x1, v},
{x9,y2}} and {{z],v,}, {25, y»}} be their Beauville structures, respectively. Sup-
pose that forz = 1,2

!

ged(o(z;), o)) = ged(o(y:), o(y;)) = L.
Then { (21, 7)), (y1,91)}» {(x2, 25), (42, y) } is a Beauville structure for G x G'.

8



More generally we have the following lemma.

Lemma 2.1.9. Let G and G’ be 2-generator groups of coprime order. Then G x G’
is a Beauville group if and only if both G and G’ are Beauville groups.

Proof. If G and GG’ are Beauville groups, then since they have coprime order, Lemma

implies that G x G’ is a Beauville group.

Conversely, assume that {(z1,2}), (y1, 1)}, {(22,25), (12, 55) } is a Beauville struc-
ture for G x G’ . We will show that GG is a Beauville group, and the same arguments

apply to G'.

Let A = {(z1,2), (41, 1), (w1y1, 2191)} and B = {(22,23), (42, %), (w292, 25%2) }-
Then for every (a,a’) € Aand (b,b) € B we have

{(a,d))#9) A (b, 5)) ") = (1,1), 2.1)

forall gh € Gand g,h € G'. Let |G| = [ and |G’| = m, where gcd(l,m) = 1.
Then by equation (2.1, we get

(((@™)7, 1)) (™), 1)) = (1,1),

and hence (a™)9 N (b™)" = 1. Since ged (I, m) = 1, it then follows that (a)? N (b)" =
1. Thus G is a Beauville group. [

Since a finite group is nilpotent if and only if it is a direct product of its Sylow sub-
groups, by the above lemma, the study of nilpotent Beauville groups is reduced to the

study of Beauville p-groups.

Recently Stix and Vdovina [49] have constructed infinite series of Beauville p-groups.
In particular this gives the first examples of non-abelian Beauville p-groups of arbi-
trarily large order and any prime p > 5. The existence of a non-abelian Beauville
p-group of order p" for every p > 5 and every n > 3 is also proved in [2]. On
the other hand, as a consequence of the main theorem in [3|], there are Beauville 2-
groups of arbitrarily high order. The existence of infinitely many Beauville 3-groups
has been settled in the affirmative in [49] and [25]]. In particular, Stix and Vdov-

ina [49, Theorem 2] have showed that there are quotients of the ordinary triangle
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group T' = {x,y | 2* = y3 = (wy)® = 1) which are Beauville 3-groups of every or-
der greater than or equal to 3°. In all these groups, the signature of one of the triples
of the Beauville structure takes the constant value (3,3,9). They have also proved
the following theorem, which generalizes the reformulation of Catanese’s criterion

for abelian p-groups .

Theorem 2.1.10. [49] Theorem 3] A split metacyclic p-group G is a Beauville group
if and only if p > 5 and G is a semidirect product of two cyclic groups of the same

order.

Barker, Boston and Fairbairn have determined the smallest non-abelian Beauville p-
group for all primes p. In the below presentations of these groups, we have omitted

all commutators between generators which are trivial.

Theorem 2.1.11. [2| Corollary 9]

(i) For p =2, SmallGroup(2’, 36), that is the group
@y |t =yt = [o,9)" = [, = [0 = 1)

of order 27.

(ii) For p = 3, SmallGroup(3°, 3), that is the group
(r,y,z,w,t |2* =9y =2 =w? =13 =1,[y,2] = 2, [2,2] = w, [2,9] =)

of order 3°.

(iii) For p > 5, the group
(g2 | =y = =1, fag] = 2)

of order p?.

Also, by using the computer algebra system MAGMA for p = 3,5 and by giving the
direct proof for p > 7, they have showed that:

Theorem 2.1.12. [2| pages 5,6,9]

(i) There is only one Beauville group of order 3°, namely Smal1Group(3®,3).
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(ii) There are only three Beauville groups of order 3%, namely Smal1Group(3%,n)

for n = 34, 37, 40.
(iii) There is only one Beauville group of order p? for p > 5, namely the one given
in (iii) above.
In [2], they have also determined all Beauville p-groups of order at most p*, and have
found estimates for the number of Beauville groups of orders p° and p°.

Theorem 2.1.13. [17, Theorem 4.6] Let GG be a finite group of exponent n = p¢ > 1
for some prime p > 5 such that the abelianization G/G’ = C,, x C,,. Then G is a

Beauville group.

As a corollary of the above theorem, we have the following.

Corollary 2.1.14. [17, Corollary 4.7] Let G be a 2-generator finite p-group of expo-

nent p for some prime p > 5. Then G is a Beauville group.

2.2 General group-theoretical results

In this section, we recall some results which will be required throughout this thesis.
These results will be used without reference in later chapters. Most of them are well

known results and the proofs can be seen in the given references.
Definition 2.2.1. Let G be a group. We define the commutator subgroup G’ to be
G = (9.l =g 'h"'gh| g,h €G).

Lemma 2.2.2. [32, pages 113,114] Let G be a group and g,h,k € G. Then the
following identities hold:

(@) [g,h][h, g] = 1.
(i) [gh, k] = [g, K]"[h, k].
(iii) [g, hk] = [g, k][g, h]".

Definition 2.2.3. Let G be a group and let H, K < G be subgroups. Then the com-
mutator of H and K, denoted [H, K|, is defined to be

[H,K] = ([h,k] | h € H,k € K).
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Since the generators of [H, K] are the inverses of the generators of [K, H], we have

|H, K| = [K, H].

Lemma 2.2.4. [32, Lemma 4.1] Let G be a group and H, K < G be subgroups.
Then [H,K| < (H, K).

Lemma 2.2.5. Let G be a group and let N be a normal subgroup of G such that G /N

is cyclic. Then G' = [G, N].

Proof. Clearly [G, N] < G'. To prove the other inclusion, it is enough to show that
lg,h] € |G, N] forany g,h € G. Let G/N = (aN) for some a € G. Write g = a'ny,

h = a’ns for some n1,ny € N and for some integers 7, j. Then

(9, h] = [a'n1, a’ny] =[a’, a?ny]™ [y, a?ny)]

=[a’, n2]" [n1, no)[n1, @’]™ € [G, N].

We can define higher commutators as follows.

Definition 2.2.6. Let GG be a group and ¢1, go, . . ., g, € G. For n > 2, we define

[91792a s 7gn] - [[917927 s agn—1]7gn]-

Notation: For any group G and z,y € G, we will use the notation [z,; y| to denote

the higher commutator [x,y,.%.,y] fori > 1.

Definition 2.2.7. Let G be a group. Let v, (G) = G and define recursively ;. 1(G) =
[v:(G), G| for all i > 1. The chain of normal subgroups

G=m(G)=27%(G)=G2x5(G) = ...

is called the lower central series of G. If for some n € N, we have 7,,,1(G) = 1, then
G is said to be nilpotent. The smallest such integer n is said to be nilpotency class of
G.

Theorem 2.2.8. [32, Theorem 4.11] For any group G, [;(G),7;(G)] < 4i+;(G) for
alli,j > 1.
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Theorem 2.2.9. [20, Theorem 1.11] Let G be a group and let N be a normal sub-
group of G. Then v;(G/N) = v;,(G)N/N forall i > 1.

Definition 2.2.10. Let G be a group. Let Zy(G) = 1 and Z1(G) = Z(G) and define
Z;(QG) inductively as the unique subgroup such that Z;(G) | Z;—1(G) = Z(G | Z;—1(Q)).

The chain of normal subgroups
1=20(G) < Z1(G) =Z(G) < Zy(G) < ...
is called the upper central series of G.

Lemma 2.2.11. [20, Lemma 1.12] Let G be a nilpotent group of class n. Then
Tni1-i(G) < Zi(G) forall 0 < i < n.

Theorem 2.2.12. [20, Theorem 1.13] A group G is nilpotent of class n if and only if
Zn(GQ) =Gand Z, 1(G) # G.

Corollary 2.2.13. [20, Corollary 1.14] Any finite p-group is nilpotent.

Definition 2.2.14. For a finite group G, the intersection of its maximal subgroups is

called the Frattini subgroup of G and is denoted by ®(G).
Theorem 2.2.15. [20, Theorem 1.6] (Burnside’s Basis Theorem) Let GG be a finite
p-group. Then

(i) G/®(G) is an elementary abelian p-group, and consequently it may be viewed

as a vector space over Fp.

(ii) The set {g1,go, - - ., ga} is a minimal generating set of G if and only if {1 P(G),
., 94®(G)} is a basis of G/ P(Q).

(iii) If d is the minimal number of generators of G, then |G : ®(G)| = p?.
Definition 2.2.16. Let G be a p-group. For any i > 0 we define
U@ =(zeG | =1),
that is, the subgroup generated by the elements of G whose orders are < p', and
G" = (" |z eq).
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It is clear that both ,(G) and GP' are characteristic subgroups of G.

Definition 2.2.17. Let GG be a finite group. The exponent of G, denoted by exp G, is
the least common multiple of the orders of its elements. If G is a p-group, it is simply

the maximum of the orders of all elements of G.

If exp G = p® then 2?° = 1 for all z € G, so that Q.(G) = G and G?* = 1. Thus we

have the following series :

1=0Q(G) <(G) <--- <01 (G) £Q(G) =G,

and

e—1

G>GP>..->GF >G" =1.

Theorem 2.2.18. [20, Theorem 2.4] Let G be a finite p-group and N > G. Then
(G/N) =GP N/N foralli > 0.

Theorem 2.2.19. [30, Theorem II1.3.14] Let G be a p-group. Then

(i) ®(G) is the smallest subgroup N of G such that G /N is elementary abelian.
(i) ®(G) = G'GP.

(iii) If N 9 G then ®(G/N) = ®(G)N/N.

The following remarkable formula relates z"y" to (xy)" in any group by using com-

mutators in x and y.

Theorem 2.2.20. [30, Theorem I11.9.4 | (Hall-Petrescu Formula) Let G be a group
and x,y € G. Then there exist elements c¢; = c;(x,y) € v;({x,y)) such that

(5,60

"y = (xy)" ey S Cn

foralln € N.

Under some particular conditions on the group, there is a more interesting formula

that gives an explicit expression for the elements ¢;(z, y) in the Hall-Petrescu formula.

Lemma 2.2.21. Let G be a group and let v,y € G. Write H = (x,y) and assume
that (y, H') is abelian. Then for any n € N

n n

(xy)" = 2"y "y, x](2)[y, x, x](S) oy, e Tl x](Z)
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Proof. First of all, notice that

(xy)" =2"y" ¥y T .yT YTy

Since y*' = y[y, '] for any i € N, and (y, H') is abelian, we deduce that

(zy)" = 2"y [y, 2" Y[y, 2" 2] ... [y, x].

Next by using induction on 7 and by taking into account that (y, H') is abelian, it can

be seen that

7 i

[y, 2] = [y, 2]'[y, z, :v](Q)[y,x, x,$]<d) oyt ). (2.2)

Then l) and the relation Y7, (/) = (41,) for binomial coefficients imply that

n n

(zy)" = 2"y" [y, x](Q)[% i x](?)) Ay, z, " ] ()

We will use the following results in Chapter 3]

Theorem 2.2.22. []1, Theorem 5.25 | (Wolstenholme’s Theorem) For any prime

p > 5, we have

— (p—1)!
2

=0 (mod p?).

k=1
Theorem 2.2.23. [16, Theorem 13.6] (Kummers’s Theorem) The power of a prime
p that divides the binomial coefficient (:;L) is given by the number of "carries" when

we add m and n — m in base p.

We have the following corollary of Kummer’s Theorem.

Corollary 2.2.24. If 1 < i < p'is such that p" < i < p'*', then the binomial
coefficient (”;) is divisible by p'~".

We next give the results regarding extensions with cyclic factor group and with abelian
factor group.

Theorem 2.2.25. [54, pages 128,129] (Extension with cyclic factor group) Let N be
a group and let 0 : N — N be an automorphism of N with the following property:
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(i) There exists a € N such that o(a) = a and 6" (x) = a”'za for all x € N and

for some n € N.

Then there exists one and only one extension group G of N such that G/N = (gN)
is cyclic of ordern, g" = a, and o(x) = g *xg forall v € N.

We next state a special case of extensions with abelian factor group.
Theorem 2.2.26. [54, pages 130,133] (Extension with abelian factor group) Let N
be an abelian group. Let a;, a;y, (i,k = 1,2...7;1 # k) be elements of N and let o;
be automorphisms of N with the following properties:

(i) 0;"(a) =aforalla € N,

(ii) o;0k(a) = oroy(a) foralla € N,

and a; rak; = 1,
(iii) (0; — 1)(ar) = (L4 op + 07 + -+ 01 ) aik),
(iv) (o7 — 1)(aix)(os — 1) (ag)(or — 1) (@) = Lfori < k <.
Then there exists an extension G of N such that G/N = (s N)x (s N) x - --x(s,.N),
where o(s;N) = n; and the following relations hold:
1. oi(a) = s;'as; foralla € N,
2. 8" = a,

3. [8i, Sk] = aige

2.3 Some useful lemmas

In this section, we shall give some lemmas which will be used in the proof of the

main theorems.

Lemma 2.3.1. Let G = (a, b) be a 2-generator p-group and o(a) = p, for some prime

| (U <a>9) N ( g <b>9) — 1.

geG geG
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Proof. Let x be an arbitrary element of this intersection such that z = (a%)? = (/)"
for some g, h € G and i, j € Z. Then in the quotient G = G /®(G) = (@) x (b), we
have T € (a) N (b) = T implying that z € ®(G). On the other hand, = € (a?), where

a? is of order p and a? ¢ ®(G). It then follows that = = 1. O

Lemma 2.3.2. Let G be a finite p-group and let x € G~ ®(G) be an element of order
p. Ift € ©(G) ~{[z, 9] | g € G} then

(U@)N (U @) =1

geG geG

Proof. Let h be an arbitrary element of this intersection, thatis b = (z%)9" = ((xt)7)92
for some gy, g» € G and i, j € Z. In the quotient G = G/®(G), wehave h = 7 = T/
ast € ®(G), and so i = j (mod p). Then (z7)9 = ((xt)?)% since o(z) = p.
If p|j, then we are done. Thus we assume that p { j. Since G is a finite p-group,
we have ged(o(xt),7) = 1, and by Bézout’s identity, there exist some integers k, [
such that o(zt)l + jk = 1. Then (z7%)9 = ((xt)?*)%, that is 29 = (xt)%2. Hence

t = [x, g1g>~1], which is a contradiction. O
Lemma 2.3.3. Let G be a group and g € G. Then the set
Z ={lg,x] |z € G} N Z(G)

is a subgroup of G.

Proof. Let|[g,x1],[g,x2] € Z forsome z1, x5 € G. Then [g, xo1] = [g, 21][g, 22]"* =
(9, 71][g, 2] € Z and [g, 21]7" = [g, 2] € Z. Hence Z is a subgroup of G. O

Lemma 2.3.4. [23, Lemma4.2] Let G be a finite group and let {1,y } and {x2,y>}
be two sets of generators of G. Assume that, for a given N < G, the following hold:

(i) {x1N,y1 N} and {xaN,y,N} is a Beauville structure for G /N,

(ii) o(u) = o(uN) for every u € {1, y1, 191 }-

Then {x1,11} and {xa,ys} is a Beauville structure for G.
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Proof. Let 1 # x € (UgeG W) N (Ugec (v)?), where u € {21, 51,2131} and
v € {T9,Y2, Toya}. Then z = (u')9 = (v7)9 for some gi,9o € Gand 1 < i <
o(u),1 <j < o(v).

In the quotient G/N, we have 2N € (uN)"" N (vN)**". Since {z, N,y N} and
{z2N,y2N'} is a Beauville stucture for G/N, it follows that t N = N, thatis z € N.
On the other hand, = (u’)9" implies that z91 ' — 4! € N,which contradicts our
assumption that o(u) = o(uN), and hence = = 1. Thus {x,y;} and {x2, 3.} form a

Beauville structure for G. L]

Recall that by Corollary a 2-generator finite p-group of exponent p for some

prime p > 5 is a Beauville group. Indeed, we can give a more general result.

Lemma 2.3.5. Let p > 5, and let G be a 2-generator finite p-group such that it has

at least three maximal subgroups of exponent p. Then G has a Beauville structure.

Proof. First of all, our aim is to find a triple so that every element in the triple is of
order p. Let M, be maximal subgroups of G of exponent p for i = 1,2,3. Choose
T € M; N\ ®(G) and y € My \ ®(G). Since each element in the set {zy’ | 1 < j <
p — 1} falls into different maximal subgroups, there exists 1 < j < p — 1 such that
ry’ € M3~ ®(G). Thus if we put ¥y = z and y; = 1/, then every element in the
triple {1, y1, x1y1 } is of order p. We choose {x1, 41} as one of the generating sets of

G.

Now let {z, ¢} be another set of generators of G such that z,¢ ¢ M, fori = 1,2, 3.
Again as in the previous paragraph each element in the set {zt* | 1 < k < p — 1}
falls into different maximal subgroups. Since p > 5, we have p + 1 > 6 maximal
subgroups, and hence there exists 1 < k < p — 1 such that zt* ¢ M, fori = 1,2, 3.
Then if we put 2, = z and y, = t¥, then each pair of elements in the set {x;, y;, 7;v; |

i = 1,2} is linearly independent modulo ®(G).

We claim that {z1,y;} and {z3,y2} form a Beauville structure for G. Set A =
{z1,y1, 2191} and B = {x2, Yo, 2ys}. Since o(a) = pforall a € A, and G = (a, b)
for all b € B, Lemmal2.3.1{implies that (a?) N (b") = 1, forall g,h € G. O

We close this section by a remark regarding the order of generators of G in a Beauville
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structure.

Remark 2.3.6. If {z1,y:} and {z2,9,} form a Beauville structure for G, then the
order of z; and y; (similarly the order of x5 and y») is irrelevant, that is, {y;, 1}
and {x9,y>} also form a Beauville structure for G. Since (z1y1)? N (a) = 1 for all
a € {22, Y2, Tayo} and iz = x1y, it follows that (z1y™)*1 9 N (a) = 1 for all
g € G.
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CHAPTER 3

p-GROUPS WITH A NICE POWER STRUCTURE

In this chapter, we extend Catanese’s criterion for abelian Beauville groups to finite p-
groups satisfying certain conditions which are much weaker than commutativity. This
result applies to all known families of p-groups with a good behaviour with respect
to powers: regular p-groups, powerful p-groups and more generally potent p-groups,
and (generalized) p-central p-groups. Then we give some applications of the result.
We next focus on Beauville structures of those groups which are not inherited by the
Frattini quotients. In the last section, we give the characterization of regular Beauville

groups without induced Beauville structures.

3.1 Preliminaries

In this section, we present some preliminaries for p-groups with a "nice power struc-
ture". The results can be found with detailed proofs in the given references. Where

results may not be found, the author provides a proof.

Definition 3.1.1. Let G be a finite p-group. We call G a regular p-group if xPy? =
(wy)" (mod ((x,y) ") for every x,y € G.

Theorem 3.1.2. [50, Lemma 3.13]
(1) Any p-group of class less than p is regular. In particular, any p-group of order
< p? is regular.

(ii) Let G be a p-group. If v,_1(G) is cyclic, then G is regular. Hence if p > 2 and

G’ is cyclic, then G is regular.
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(iii) A regular 2-group is abelian.

The elementary properties of regular p-groups are collected in the following theorem.
Theorem 3.1.3. [50, Theorem 3.14] Let G be a regular p-group. Then the following
properties hold for any 1 > 0 :

(i) Forany z,y € G, we have 27" = y*" if and only if (x~'y)?" = 1.

(i) U(G)={zecG|a" =1}

(i) G*' = {27

z € G}.

(iv) |G : (G| = |G¥'|, and consequently also |G = G¥'

= [(G)].

Corollary 3.1.4. [20, Corollary 2.11] If a regular p-group is generated by elements
of order p°, then exp G < p°.

Another family of p-groups with a nice power structure is powerful p-groups.

Definition 3.1.5. A finite p-group G is called powerful if G' < GP for odd prime p,
orif G' < G* forp = 2.

Theorem 3.1.6. [ [35]], Theorem 11.10, [21]], Theorem 1 and Theorem 4] Let G be a
powerful p-group. Then the following properties hold for any © > 0:

(i) G¥ = {2

r € G}.
(ii) If p is odd, then Q;(G) = {z € G | 2" = 1}.

(i) |G : G¥'

= [Qu(G)].

Lemma 3.1.7. [21, Lemma 3] Let G be a powerful p-group of exponent p°. Then for

i—

every0<i<e—1,andeveryx € G,y € G"* ' we have (:Uy)pi = xpiypi.
If G is a powerful p-group of exponent p°, then Lemma [3.1.7| implies that for any

= o if and only if (z~'y)P" = 1.

e—1

x,y € G, 2P

Theorem 3.1.8. [40, Corollary 1.9] Let G = (g1, go, - - - , gn) be a powerful p-group.
Then for any i > 1, we have G¥' = (gfi,ggi, g,
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We next define a family of finite p-groups which are in many respect dual to powerful
p-groups.

Definition 3.1.9. Let G be a finite p-group. We call G p-central if Q,(G) < Z(G)
for odd prime p, or if Qo(G) < Z(G) forp = 2.

It is clear that the property of being p-central or regular is hereditary for subgroups.
On the other hand, subgroups of a powerful p-group need not be powerful. The
property of being regular or powerful is clearly inherited by quotients, but quotients

of a p-central p-group are not necessarily p-central.

Next we consider a family of p-groups which are generalizations of p-central p-

groups.
Definition 3.1.10. Let G be a finite p-group. We call G generalized p-central if
M (G) < Z,_9(G) for odd prime p, or if Q(G) < Z(G) for p = 2.
Clearly, every subgroup of a generalized p-central p-group is generalized p-central.
Theorem 3.1.11. [27, Theorem B] Let G be a generalized p-central p-group. Then
foralli > 1

(i) %UG)={zreq|s” =1}

(i) G/Q4(G) is also a generalized p-central p-group.

Definition 3.1.12. Let i be any positive integer. We call a finite p-group G semi-p‘-
abelian if for any ©,y € G, 2" = ¥ if and only if (z~'y)*" = 1.

Definition 3.1.13. We call a finite p-group G strongly semi-p-abelian, if G is semi-
p'-abelian for every positive integer i.
The following lemma contains some elementary properties of semi-p’-abelian p-groups.
Lemma 3.1.14. [52, Lemma 1] Let G be a finite semi-p‘-abelian p-group. Then the
following properties hold:

(i) UG)={zrecCG|z” =1}
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(ii) [z, y]”" = 1ifand only if [z*",y] = 1 if and only if [z, y"'] = 1.

(iii) |G : ()| = {2 | z € G}|.

By Theorem [3.1.3] regular p-groups are strongly semi-p-abelian. On the other hand,
as a consequence of Lemma a powerful p-group of exponent p° is semi-p®~ -
abelian, and note that it need not be strongly semi-p-abelian. We next show that a
generalized p-central p-group G is strongly semi-p-abelian. This applies in particular

to p-central p-groups. We start by proving that GG is semi-p-abelian.

Theorem 3.1.15. A generalized p-central p-group is semi-p-abelian.

Proof. We prove the theorem by induction on |G|. We assume that the conclusion

holds for any p-group of order less than |G]|.
Claim 1: If a, b € G and a? = bP, then (a™1b)? = 1.

Set H = (a,b). If H < G then by induction hypothesis, H is semi-p-abelian, and
hence we are done. Thus we assume that G = (a,b). Since a”? = 0P, we have
[aP,b] = 1, that is a? = (b~'ab)P. If we set K = (a,b 'ab), then K is a proper
subgroup of G. The induction hypothesis implies that K is semi-p-abelian, so we get
(a™'b"tab)? = [a,b]P = 1. Since G is a 2-generator p-group generated by a and b, we
have G’ = ([a,b]Y | g € G), where all generators of G’ are of order p. It then follows
that G’ < Q;(G). If pis odd, then G’ < Z, »(G), and ,(G) = [G',G,?72,G] = 1.
Thus G is regular, by Theorem [3.1.2] and hence (a~'b)? = 1. If p = 2 then, since
a’* = b?, we have G/G' = C'/G' x D/G" with C'/G" and D/G’ cyclic, and D/G" =
Cy. Then D < OQ5(G) < Z(G) and G/Z(G) is cyclic. Thus G is abelian and the

result is valid also in this case.
Claim2: If a, b € G and (a™'b)P = 1, then a? = IP.

We may assume that G = (a, b). Since (a~'b)? = 1, we have [(a™'b)?,a] = 1, that
is (a7'0)? = ((a7'0)P)* = ((a7'b)*)? = (a"2ba)?. By Claim 1, we get [b, a]? =

Consequently again G’ < (@) and then, as above, G is regular if p is odd, or
abelian if p = 2. Then the result holds. [

Theorem 3.1.16. A generalized p-central p-group is strongly semi-p-abelian.
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Proof. Given a,b € G, we prove that a”? = V' if and only if (ab_l)pi = 1 by
induction on ¢ > 1. By Theorem [3.1.15] the results holds for i = 1. Thus we con-
sider the case ¢+ > 1. Since G is semi-p-abelian, we have a” = b if and only if
(a”'b77""")? = 1 which is in turn equivalent to a” Q1 (G) = W' Q(G). Now,
G/ (G) is again a generalized p-central p-group, by Theorem[3.1.11] By the induc-
tion hypothesis, the last equality is equivalent to (b~ )"

exactly that (ab~')?" = 1, since 0 (G) = {z € G | ¥ = 1}. O

€ Q;(G), and this means

Finally, we define a class of p-groups which are generalizations of powerful p-groups.
Definition 3.1.17. Let G be a finite p-group. We call G potent if v,_1(G) < G? for

p>2 0rG' <G forp=2.

Potent p-groups can be seen as the dual analogue of generalized p-central p-groups.
Also, the property of being potent is clearly inherited by quotients. Note also that if
p = 2 or 3, then a potent p-group is a powerful p-group.

Definition 3.1.18. Let G be a finite p-group. We call G power abelian if it satisfies
the following three properties for any i > 0:
(i) UG)={zecCG|z" =1}

(i) G7 = {z*'

z € G}.
(i) [G7'| = |G : (@)
Theorem 3.1.19. [26, Theorem 1.1] Let p be odd, and let G be a potent p-group. If
N < G then N is power abelian.
Potent p-groups are not in general strongly semi-p-abelian. Indeed, they need not be
even semi-p®~!-abelian as powerful p-groups, given that exp G' = p°.
Example 3.1.20. Let p > 3 be a prime and let
A= (a1) X (az) x -+ x (a,) = Cp, x 72 x C, x Cpz x Cp2.
be an abelian group.
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We define an automorphism « of A by means of

oz(ai) = Q;Qjy1, fori = 1,...,]?—3,

afay-s) = aprCLZ—p

a(ap-1) = ap-1a,
ala,) = ay.

p

If wesetz; = a;fore=1,...,p—2, 2,4 :ap_l,xp:agandxi: 1 for ¢ > p,

then we have a(x;) = x;x;,1. Since every x; is of order at most p, we get

0.6 ()

D ) — . . — .
P (x;) = 2w 1050 - T iy = T

forall 2 > 1. Also,

a?(ap-1) = ap1ab.
It then follows that o’ (a,_1) = a,_1. Thus a is an automorphism of A of order p?.

Let G = A x (b), where b is of order p? and acts on A via a. Then we have G’ =
(ag,as, ..., ap 9,ay 4,ap), and v(G) = (a, @ig1, .., ap2,a, 1,ab) for 3 < i <
p — 2. Thus v,1(G) = (a;_,,ab) < G?, and hence G is potent. Furthermore, it is a
3-generator potent p-group as G = (b, A) = (b, ay,...,ap,-1,0a,) = (b,ar,a,_1).

We will show that exp G = p?. If we set N = (b, ay,...,a, 2, a;_y,ab) < G, then
we see that NV is an abelian normal subgroup of exponent p. Since o (z;) = z; for all
1 > 1, b commutes with all z;, and hence NV is abelian. Then we have exp N = p,
since [V is abelian and each generator of NV is of order p. To show N < G, we only

need to show that [b*, a] € N forall a € A. Now

b a;) =a; fori=1,...,p—2,

b, a,_1] = ab

D’

[b*, a,) = 1.

Hence we conclude that N is normal in G. We next consider the quotient group
G = G/N = (b,a, 7). Since [b, @, 1] = @, € Z(G), this implies that G is of class
2 < p. Thus by Theorem G is a regular p-group in which each generator is
of order p. Then according to Corollary expG = p, and this, together with
exp N = p, yields that exp G = p?.

26



We next show that G is not semi-p-abelian. Observe that (a;, G') is abelian. Then by
Lemmal[2.2.21] we have

(bar)? = Walfan, b)) far, b,6)5) [y, b, 21,50
= bla) = (bay)".
The last equality is due to the fact that a, € Z(G). On the other hand, (a, 'b~"ba,)? =

(a,tar)P = a,® # 1.

Hence G is a 3-generator potent p-group of exponent p* which is not semi-p-abelian.

3.2 Main result

Recall that Catanese’s criterion for abelian Beauville groups implies that a 2-generator

e—1 ‘

abelian p-group of exponent p€ is a Beauville group if and only if p > 5 and |GP
p?. In this section, we give a generalization of this result to a wide class of finite p-
groups with a nice power structure. Then we will give a number of application of this

result.

We start with a proposition that can be used to prove the non-existence of Beauville

structures.

Proposition 3.2.1. Let G be a 2-generator finite p-group of exponent p°, and suppose

that:

(i) Qe—11(G) is contained in the union of two maximal subgroups of G.

(i) |G| =p.
Then G is not a Beauville group.

Proof. We argue by way of contradiction. Suppose {z1,y;} and {z3,y2} are two
systems of generators of G such that X(xy, 1) N 3(z2,y2) = 1. Since no two of the
elements z1, y; and x;y; can lie in the same maximal subgroup of G, it follows from
(i) that one of these elements, say 1, is of order p°. Similarly, we may assume that the
e—1

e—1 . e—1
order of z, is also p°. Since G is of order p, we conclude that (z!" ) = (5 ),

which is a contradiction. O]
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We will see later in Chapter [5] that we cannot relax condition (i) in Proposition [3.2.1]
since there are examples of groups G in which Q;._1}(G) is contained in the union of

three maximal subgroups, and which are Beauville groups even if G**" is of order .

We next give the main result of this chapter which can be applied to all classes of

finite p-groups given in Section [3.1
Theorem 3.2.2. Let G be a 2-generator finite p-group of exponent p¢ such that one

of the following conditions holds:

(i) G is semi-p®~1-abelian, i.e. for every x,y € G

e—1 -1

=" ifandonlyif (zy”)Y =1 3.1)

(i1) G is a potent p-group.

Then G is a Beauville group if and only if p > 5 and |Gp€71\ > p% If that is the case,
then every lift of a Beauville structure in G /®(G) yields a Beauville structure of G.

Proof. First of all, notice that if (3.1) holds in G, then according to Lemma [3.1.14]
Qe1(G) ={g € G| ¢g” " = 1}. It then follows from (3.1) that z*" ' = y* " if and
only if Q._1(G)z = Q._;(G)y, and therefore the cardinality of the set

X={¢""lgeq)
coincides with the index |G : Q._1(G)].

Let us first show that G is a Beauville group if p > 5 and |Gpe_1 | > p%. We claim that
Q._1(G) is contained in (G). Since ¢(G) = G'GP C G'Q2._1(G), we have
G/ 1(G) : (G/Qe1(G))] = |G : G'Qea(G))]
=G :d(G)1(Q)] < |G : ®(G)| = p*.

(3.2)

If |G/Qe1(G) : (G/Q_1(G))'| < p, then the quotient G/)._1(G) is cyclic, and so
it has order at most p. If (3.1I) holds in G, then by the first paragraph of the proof, we
have | X| < p, and then the subgroup G**~" coincides with X. If G is potent, then by
Theorem [3.1.19] it is power abelian, and hence |G : €, 1(G)| = |G|, and G~

coincides with X . Thus in both cases |Gp€71\ < p, contrary to our assumption. Thus
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we have |G/Q._1(G) : (G/Q._1(G))'| > p?, and this, together with (3.2)), yields that
O(G)Q2e—1(G) = P(G), i.e. that Q._1(G) C (G). This proves the claim.

Since p > 5, the elementary abelian group G/®(G) is a Beauville group. Let us
see that every Beauville structure of G/®(G) lifts to a Beauville structure of G. If
we use the bar notation in G/®(G), it suffices to show that, given two elements
z,y € G\ ®(G), the condition (T) N () = 1 implies that (x) N (y) = 1. Observe
that x and y are of order p°, since Q._1(G) C O(G).

Case 1: We first assume that (3.1)) holds in G. If (z) N (y) # 1 then (z? ') = ("),
and consequently 27° =y for some integer i not divisible by p. According to

(3.1), we have zy " € Q._;(G) and consequently (Z) = (y), which is a contradiction.

Case 2: We next assume that GG is potent. Notice that a maximal subgroup M of G is
power abelian, according to Theorem and hence [M : M? | = |Q._1(M))|.
Also, Q._1(G) < ®(G) < M implies that Q. (M) = Q._1(G). Thus we have
|G- GP| = |M : M? |, and so |GP" : MP"'| = p. Let us see that for every
ge G~ M,wehave g ' € GF" ~ MY If gP
G = G/M" ', wehave g € Q._1(G), and this, together with M < Q._1(G), yields
that G = (g, M) < Q._1(G). Since G is also potent, the exponent of Q,_;(G) is at

e—d e—1

€ MP" then in the quotient

—ne—1 — e— e— . .
most p°~ !, and hence @@ =T, thatis G*" ' < M®"'. This contradicts the property
that |GP" : MP"'| = p.

Let x € M for some maximal subgroup M of G. If (x) N (y) # 1 then <xp€71) —
(y*'), and so 27" = 4" for some i not divisible by p. This implies that y** &

MP"™", which is a contradiction, since (Z) N () = I in G/®(G), we have y ¢ M.

Thus we complete the proof of the first implication in the statement of the theorem.

Let us now prove the converse. Since {2(._1}(G) is a subgroup of G and exp G' = p©,
it follows from Proposition that we only need to prove that G has no Beauville
structure if p = 2 or 3, provided that |Gp671| > p?. Observe that since we assume
that |G| > p?, we have Q._1(G) C ®(G), as shown above. Hence all elements
of G \ ®(G) are of order p°. Also note that if G is potent and p = 2 or 3, then G
is powerful p-group and consequently satisfies the condition (3.1)). Thus it suffices to
prove the result in case (i). We are going to show that if (3.1)) holds in G, a Beauville
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structure of GG induces, by passing to the quotient, a Beauville structure in G/G?.
However, if p = 2 then G/G? is abelian of order 4, and if p = 3 then G/G? is of
order at most 32 by [47, 14.2.3]. Since there is no abelian Beauville 2-group and the
smallest Beauville 3-group is of order 3°, G/GP does not have a Beauville structure

in both cases.

So let us see that if (3.1)) holds in G, then a Beauville structure of G is inherited by
G/GP. To this purpose, we see that, given z,y € G ~ ®(G), the condition (z) N
(y) = 1 implies that (Z) N (y) = 1in G/GP. Otherwise, we have () = (7), and
consequently xy~¢ € GP for some i not divisible by p. Since GP? is generated by
{¢" | g € G} C Qe 1y(G), it follows that (vy~*)" ' = 1. By (3.1), we have
27" = """, Since z and y are of order p*, this implies that (x) N (y) # 1, which

is a contradiction. [
The following corollary is an immediate consequence of Theorem [3.2.2]
Corollary 3.2.3. Let GG be a finite p-group, and suppose that G belongs to one of the
following families:

(1) Regular p-groups, and in particular groups of order at most p.

(i1) Potent p-groups, and in particular powerful p-groups.

(iii) Generalized p-central p-groups, and in particular p-central p-groups.
Then G is a Beauville group if and only if p > 5 and |Gp671\ > p?, where exp G = p°.

The next result shows that, under the hypothesis of Theorem [3.2.2] the condition

]Gp571| > p? can be easily determined if G has a reasonably good presentation.

Proposition 3.2.4. Let G = (a, b) be a finite p-group of exponent p® which is either
N > p2

e—1

semi-p®~'-abelian or potent. Then |G"~"| > p? if and only if |(a?

Proof. First of all, notice that at least one of a or b is of order p°. Otherwise, a,b €

Qe1(G) = {g € G| ¢ = 1}. This implies that G < Q._;(G), and hence

e—1

exp G < p°*, which is a contradiction.
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1

It is clear that the condition |(a?* ", b*"')| > p? implies |G*"'| > p2. To prove the
converse, suppose, to the contrary, that |(a?* ", *')| = p. Then we have one of the

following cases:

G a* ' =1lorb? ' =1.

(i) a* " #land 0P #£1.

If (ii) holds, then »** ' = @™ for some integer  not divisible by p. If G is semi-

¢~l_abelian, then it follows that (ba*i)*’”e*1 = 1, and hence ba™* can play the role

p
of b in (i). If G is potent, then as in the proof of Theorem [3.2.2] the condition
Wl = g implies that ¢ and b lie in the same maximal subgroups, which is a

contradiction. Thus in both cases, we may assume that ar # 1 and vl =1,

We next show that ®(G) < Q._1(G). Recall that $(G) = G'G? and G? < Q._1(G).
Thus we only need to see that G’ = ([a,b]Y | g € G) < Q._1(G). Since [a,b] =
(b71)% € Q. 1(G) and Q. _1(G) < G, we have G’ < Q._1(G), and hence ®(G) <
Q._1(G). Indeed, ®(G) is a proper subgroup of 2.1 (G), since b € Q._1(G)\P(G).
Thus we have |G : Q._1(G)| = [{¢*" " | g € G}| = p. This implies that the subgroup
G coincides with the set {g?" ' | g € G}, and consequently |G”* | = p, contrary

to our assumption that |G*" | > p?. ]

Observe that the condition |(a?* ", 5" )| > p? is tantamount to the fact that the two

subgroups (a”" ) and (b*" ') are different and non-trivial.

In [2], it was proved that if p > 3 then there are at least p+8 Beauville groups of order
p°. Then the authors conjecture that the two non-isomorphic groups of order p°® under
the names H3 and H, in that paper are Beauville for p > 5 and, as a consequence,
that there are exactly p + 10 Beauville groups of order p° for p > 5. This can be
shown easily by using Proposition [3.2.4] Indeed, both H; and H, can be described in

the form

2

G=(abcla” ==& =[bd=1,[a,b=c [a,c=0b7),

where 7 is not divisible by p. Observe that G = (a,b). Since expG = p? and

(aP) # (bP) are non-trivial, and consequently G is a Beauville group.
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For groups of class less than p (so in particular for groups of order at most p?), we can
further simplify the determination of whether the group is Beauville or not by using
the Lazard Correspondence. Recall that the Lazard Correspondence uses the Baker-
Campbell-Hausdorff formula to establish a one-to-one correspondence between finite
p-groups of class less than p and nilpotent Lie rings of p-power order of class less
than p (see [35) Section 10.2]). The underlying set for both the group and the Lie ring
is the same, and it turns out that the nth power of an element in the group coincides
with its nth multiple in the Lie ring. Thus if G = (a, b), we can check the conditions
in Proposition [3.2.4]by working in the Lie ring instead of in the group, i.e. we have to
check whether (p°~a) and (p°~'b) are different and non-trivial. This is particularly
interesting for p-groups of small order, since their classification relies in classifying
first nilpotent Lie rings of the same order and then applying the Lazard correspon-
dence. For example, this is the procedure followed in [45] and [46] to determine all
groups of orders p® and p” for p > 7. By using the presentations of the nilpotent
Lie rings of order p® provided in [51]], we have obtained that the number of Beauville

groups of order p® is
4p +20 +4ged(p — 1,3) + ged(p — 1,4)
for p > 7. Since the total number of 2-generator groups of order p° is
10p 4+ 62 + 14 ged(p — 1,3) + 7Tged(p — 1,4) + 2 ged(p — 1, 5),

it follows that the ratio between the number of Beauville groups and the number of
all 2-generator groups of order p° tends to 2/5 as p — oo. Note that in [2]], the
authors could only say that this limit is smaller than 1, by finding p — 1 non-Beauville

2-generator groups of order p°.

As an illustration of our method, let us consider the following two nilpotent Lie rings

of order p° taken from [51]:
Ly = {a,b| p*a,pb — [b,a, a], p-class 3)
and

Ly = (a,b|pa—[b,a,a,al,pb—[b,a,a,al,lb,a,a,b,
[b,a,b,b] + [b, a,a,al, p-class 4).
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Clearly, in both L; and Lo, the elements a and b are of order p?, which is the exponent
of the additive group of the Lie ring. In the first case, (pa) and (pb) are different
subgroups, while in the second case they are equal. Thus L; gives rise to a Beauville

group under the Lazard correspondence, while L, does not.

It would be equally possible to calculate the exact number of Beauville groups of

order p7, for p > 7, but we have not pursued that task.

As a final application of Theorem [3.2.2] we extend the characterization given in [49,

Theorem 4] of split metacyclic Beauville p-groups to all metacyclic p-groups.

Corollary 3.2.5. A metacyclic p-group G is a Beauville group if and only if p > 5

and G is a semidirect product of two cyclic groups of the same order.

Proof. Let G = (a, b) with (a) < G. Assume first that p is odd, and let exp G = p°.
Then G’ is cyclic and G is regular by Theorem Thus G is semi-p°~!-abelian
and then, by Proposition G is a Beauville group if and only if p > 5 and the
subgroups (a” ') and (*') are non-trivial and different. This means that G =

(b) x (a) is a semidirect product with a and b of the same order.

Now we consider the case p = 2. We have to prove that GG is not a Beauville group.
If G’ < G* then G is powerful, and the result follows from Corollary Thus we
assume that G is not contained in G%, i.e. that G’ = (a?). We claim that, for every set
{z,y} of generators, we have bG’ C ¥(z,y). This proves that G is not a Beauville
group also in this case. Since G has only three maximal subgroups, we may assume
that x € (b)G* \ G*. Since G* = (b*)G’, we can write z = b'w with 7 odd and
w € G'. Then there is a power of x of the form z* = bw*, for some w* € G’. Now

observe that
G' = ([z*,a]) = {[2*,a]" | i € N} = {[z*,a"] | i € N},
and consequently the conjugacy class of x* equals x*G’ = bG’. This proves that bG’

is contained in X(z, y), as desired. O

We next show that the assumptions (i) or (ii) are essential in Theorem [3.2.2] Indeed,

for a general finite p-group G, the condition that |Gp€71\ > p? is neither sufficient nor
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necessary for G to be a Beauville group. We show this in Corollary by using

quotients of some infinite pro-p groups that we define now.

Let £ > 1 be a fixed integer, and consider the ring of integers R of the cyclotomic
field Q,(¢), where Q, is the field of p-adic numbers and ¢ is a primitive p"th root
of unity. Then R = Z,[(] is a discrete valuation ring and a free Z,-module of rank

p’“_l(p — 1). Also, the element { — 1 is a uniformizer, and we have

(p) = (C— 1) 7D, (3.3)

Multiplication by ¢ defines an automorphism of order p* of the additive group of R,
which can be used to construct a split extension of 2 by C,x. In order to avoid mixing
additive and multiplicative notation, we consider a multiplicative copy A of R, via an
isomorphism ¢ : A — R. If C' = (t) is a cyclic group of order p*, then we define
P, = C x A, where the action of ¢ on A corresponds under ¢ to multiplication by (,
that is, ¢(a') = (p(a) for all @ € A. Observe that P is a 2-generator pro-p group,
topologically generated by ¢ and by a; = ¢~ '(1). Also, we have P| = [A, ], which
corresponds to the ideal ({ — 1) of R under . More generally, the lower central series
of Py consists of the subgroups [A, ¢, ..., t], and the action of C' on A is uniserial. In

particular, if £ = 1 then we get the only infinite pro-p group of maximal class.

As we next see, the pro-p groups P} are a source of infinitely many Beauville p-

groups.

Theorem 3.2.6. Let p > 5 be a prime and let k > 1 be an integer. If N is a normal
subgroup of Py, of finite index and N < AP, then the factor group Py, /N is a Beauville

group.

Proof. By [14, Theorem 1.17], N is open in P, and consequently, P/N is a 2-

generator p-group. For every a € A, we have

-1

(ta)”" =" a>i=0 V', (3.4)

Since ( is a primitive pFth root of unity and " = 1, it follows that (ta)”" = 1. Now
the image of ta in P /A is of order p*, and consequently taN is of order p* in P, /N

as well.
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Let a,b € A and assume that the subgroups generated by ta/N and tbN have non-
trivial intersection. Then these subgroups have the same p*~'st power, and it readily

follows that (taN)?"~" = (tbN)?" . By a calculation similar to (3.4), we get

pF—11 " P11 "
Q2~i=0 = ph&i=0

(mod N),

and then the same congruence holds modulo AP. It follows that

k71—1

(Y ¢)@-p®) =0 (modp) (35)

in R. Now in the polynomial ring F,,[ X ] we have

k'—l_l

Sox = (-t
=0

p

and consequently
k—1_ 1

> (=~ 1)1 (mod p).

If we replace this into (3.5) and use (3.3)), we get

p

pla) = p(b) € (C =1
In particular, ¢(a) — ¢(b) € (¢ — 1) or, what is the same, @ = b (mod Py).

Now, by the previous paragraph, if 2,y € {t,tay,... ,ta? '} and z # ¥, then (zN) N
(yN) = 1. Since N and yN are generators of P,/N and p > 5, we conclude that
P /N is a Beauville group. O

Corollary 3.2.7. Let p > 5 be a prime. Then, for each of the implications in the
criterion for Beauville groups given in Theorem [3.2.2] there exist infinitely many 2-
generator p-groups (and even infinitely many p-groups of maximal class) for which

the implication fails.

Proof. Consider arbitrary integers ¢ > k > 1, and let NV be a normal subgroup of P
such that [A”" : N| = p. By Theorem G = P/N is a Beauville group. In
the proof of that theorem, we have seen that all elements of the form ta/N witha € A
are of order p”. It readily follows that every element of P, ~. A is of order at most p*
when passing to G. Thus exp G = p© and G = A" /N is of order p. This shows
that the ‘only if” part of Theorem [3.2.2]fails for G.

e—1
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Let us construct a family of groups for which the ‘if” part fails. Take againe > k£ > 1,
:N| =

e—1

and consider now N < P, lying between A” ' and A”", and such that | A?
p™ > p?. Let L < P, be an intermediate subgroup between N and AP such that
|L : N| = p. Thus L/N < Z(Py/N). Letus writte H = A/N and Z = L/N.
By using the theory of cyclic extensions [54, Section 3.7], we can get a new group
G = (u, H), where the action of u on H is again the one induced by multiplication by
¢, but w?" € Z ~ 1. Observe that G is a 2-generator group. A calculation as in (3.4)
shows that every & € uH is now of order pF*1, and (27") = Z. Also, all elements
of G ~. H are of order at most p***. Then exp G = p¢ and |G?"'| = p™. Now, any
set {z,y} of generators of G must contain an element, say x, outside the maximal
subgroup (u”)H, and then a power of x will be in uH. Consequently, Z C ¥(z,y)

and G cannot be a Beauville group. [

We end this section by showing that it is not possible to find a variation of Theorem
[3.2.2]which ensures the existence of Beauville structures in an arbitrary finite p-group,
even if we strengthen the requirement on the size of G**" Indeed, for every power of

p there are non-Beauville p-groups for which the order of G s exactly that power.
Corollary 3.2.8. For every prime p > 5, and positive integer m, there exists a 2-
generator p-group G such that:

1. Ifexp G = p° then |G| = p™.

2. G is not a Beauville p-group.

Proof. Let G = Py /N be as in the second part of the proof of the last corollary. Since
log,, | A?

e—1

: AP°| = pF~1(p — 1), we can make |A*" : N| as large as we want by

taking k big enough. This gives the desired groups. 0

3.3 Beauville structures which are not inherited by the Frattini quotient

In the previous section, by Theorem [3.2.2] we prove that if GG is a 2-generator finite
p-group of exponent p¢ satisfying condition (3.1)) for every x,y € G, then G is a
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Beauville group if and only if p > 5 and |G"'| > p®. Indeed, every lift of a
Beauville structure in G/®(G) yields a Beauville structure of G.

In this section, we want to determine if there is a Beauville structure of G which does
not reduce to a Beauville structure of G/®(G). To this purpose, we will concentrate
on the index |G : Q2._1(G)|.

Lemma 3.3.1. Ler G be a Beauville p-group of exponent p® satisfying condition (3.1).
If |G : Q. 1(G)| < p?, then every Beauville structure of G is inherited by G /®(G).

Proof. First of all, notice that the conditions |G**'| > p? and (3.1) imply that
Qe_1(G) < ®(G), as shown in the proof of Theorem Thus we have |G :
Qe_1(G)| = p* or p.

We will see that every Beauville structure of G can be inherited by the quotient
group G/Q._1(G). To this purpose, we need to show that, given two elements
z,y € GN®(G), the condition (z)N{y) = 1 implies that (Z)N(y) = 1in G/Q._1(G).
Otherwise, we have (Z) = (7) in G/Q._1(G), since exp G/Q._1(G) = p. This im-
plies that 2y~ € Q._(G) for some i not divisible by p, and hence (zy*)*" " = 1.
Then it follows from (3.1) that 27° " = yipe_l. Since x and y are of order p°, we have

(x) N (y) # 1, which is a contradiction.

If |G/Q%_1(G)| = p* then Q.1 (G) coincides with ®(G), and by the previous para-
graph, we are done. If |G/Q._1(G)| = p? then the quotient group G/Q._1(G) is
extraspecial, since it is non-abelian. Recall that a p-group P is said to be extraspecial
if®(P)=P = Z(P)and |Z(P)| = p. If v € P~ ®(P) then there exists g € P such
that [z, g] # 1, and hence P’ = ([z,g]) = {[z,¢'] | i = 0,1,...,p — 1}. Thus, the
derived subgroup of an extraspecial group is covered by commutators of any element

outside the Frattini subgroup.

Let {Z1,7:} and {73, 7>} form a Beauville structure for G = G/, _1(G). If we set
A = {z1,y1,71y1} and B = {9, Y2, 2y>}, then the previous paragraph, together
with p > 5, implies that @ and b are linearly independent modulo ®(G) for every
a € Aand b € B. Thus, every Beauville structure of G/€2._;(G) is inherited by the

Frattini quotient G /Q._1(G) /®(G/Qe-1(G)) = G/®(G). O
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In order to prove Theorem [3.3.3] we need the following lemma.

Lemma 3.3.2. Let G be a 2-generator p-group of order p" > p*. Then there exist
r€GNP(G)andu € O(G) \{[z,g9] | g € G}

Proof. Note that a p-group has maximal class if and only if it has an element with
centralizer of order p? (see [30, I11.14.23]). Thus if G is not a group of maximal
class, then for any z € G . ®(G) we have |Cg(x)| > p*. On the other hand, if G
is a group of maximal class and we write G; = ;(G) for i > 2, then the subgroup
G1 = Cu(G2/Gy) is a maximal subgroup of G. In this case, for any z € G; \ ®(G),

we have |Cg(z)| > p®. Thus in both cases we get
{lz.9]1 g € G} =|Clg(2)| = |G : Co(x)] <p"*.
Since |®(G)| = p" 2, there exists u € ®(G) such that u & {[z, g] | g € G}. O

Theorem 3.3.3. Let G be a Beauville p-group of exponent p© satisfying condition
([B.1). Then G has a Beauville structure which is not inherited by G /®(G) if and only
if |G : Q1 (G)] > pt.

Proof. One of the implications in the statement of the theorem follows directly from

Lemma3.3.11

Let us now prove the converse. If we use the bar notation in G/€2._(G), then by
Lemma 3.3.2} there exist 7 € G\ ®(G) and @ € ®(G) ~ {[7,7] | g € G}. Choose
y € G such that G = (z,y). We claim that {x,y} and {zu, ry*} form a Beauville
structure for G. Clearly this Beauville structure cannot be inherited by G/®(G), since

(T) = (7W) in G/B(G).

Note that since G is a Beauville group satisfying ll we have p > 5 and |G?
p?. Also by the proof of Theorem [3.2.2) we have Q. (G) < ®(G). Let A =

efl|

{x,y, vy} and B = {zu, vy®, zury®}. If a = z and b = 2y or zuzy® then (@)N(b) =
1in the quotient G /®(G), since z and y are linearly independent modulo ®(G). Thus
if (a9) N (b") # 1 for some g,h € G, then we have ((a)?"") = ((b")?""), and
consequently (a9)?"" = (b")7P""" for some integer j not divisible by p. According

to (3.1), we have (a9(b")~7)P""" = 1, thatis a¢(0") 7 € Q._1(G). This implies that
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(@ = (b) in the quotient G/®(G), which is a contradiction. The same argument
applies when ¢ = zy and b € B. In the case « = y and b € B, again we have
(@) N (b) = T in the quotient G/®(G), since = and y are linearly independent modulo
(@) and p > 3. Therefore, (a?) N (b") = 1 for every g, h € G, as shown above.

Thus we are only left with the case a = x and b = zu. We need to prove that
(z)9 N (zu) = 1forany g € G. If ()9 N (zu) # 1 for some g € G, then ((z9)*" ') =

" = (zu)?"" for some integer j not divisible

((zw)”""), and consequently (z9)7"
by p. According to , we have (v 'z7'(29)7)"" = 1 and hence 7u = (z9) in
G /Q._1(G) , which is a contradiction. Indeed, since G = G/Q._(G) is a p-group,
7 is of order p and u € ®(G) \ {[7,7g] | § € G}, it follows from Lemma [2.3.2| that

()9 N (zu) = 1 forany g € G. O

3.4 Characterization of regular Beauville groups without induced Beauville

structures

Recall that, by Lemma if G is a finite group and G/N has a Beauville structure
with one of the generating sets satisfying o(x) = o(xN), o(y) = o(yN) and o(zy) =
o(zyN), then we can lift this Beauville structure in G/N to a Beauville structure of
G. In this section, our aim is to characterize regular Beauville p-groups in which no

Beauville structure of GG can be obtained by using the property above.

First of all, we see that in such a group we have \Gpefl\ = p?. If we take a normal
subgroup N < GP™" of order p, then exp G /N = p°. Also, since a quotient of
a regular p-group is also regular, G/N is regular. If |G*"'| > p? then we have
I(G/N)*'| = |GF""/N| > p?, and consequently G/N has a Beauville structure,
by Theorem Let {71,771} and {Z3,72} form a Beauville structure for G/N.
Since N < G*' < ®(@), this implies that G = (z1,7,) = (3, 12). Notice that
any element outside the Frattini subgroup has order p€ in both G and G/N. It then
follows from Lemma that {z1,y,} and {z2, y»} form a Beauville structure for
G.

Thus the condition |G?*'| = p? is necessary to guarantee that G has no Beauville

structure with a triple such that o(z) = o(xN), o(y) = o(yN) and o(zy) = o(zyN),
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but it is not a sufficient condition. We have the following example.

Example 3.4.1. Let G be a p-group splitting over A, i.e. G = (b) X A, where A =
(a1) x {as) = Cp2 x C, and the action of (b) = C,2 on A is given by @} = ajas
and @ = ay. Then G = {ay,b) is of exponent p?. Since G' = {([a1,b]? | g € G)
and [ay,b] = ay € Z(G), this implies that G has class 2 < p, and hence G is regular,

by Theorem 3.1.2] Observe that since G is of class 2, for any two elements z,y € G

we have (zy)P = zPyP[y, x| (&) by Lemma|2.2.21} In our case, since exp G’ = p, we

have (zy)? = 2Py, and it follows that G? = (af, b?). Note that ¢} and b’ commute,
and consequently |G?| = p?. If p > 5 then by Proposition [3.2.4] G has a Beauville

structure .

We now consider the quotient G/(ay) which is of exponent p?>. Since G/{as) is
abelian and |(G/{a2))?| = p?, G/{az) is a Beauville group with a Beauville structure
{a7,b} and {a2b, a’b} if p > 5. Notice that any element outside the Frattini subgroup
has order p? in both G and G//(a). Then by Lemma|2.3.4] the Beauville structure of
G /{ay) with {ar, b} as one of the generating sets can be lifted to a Beauville structure

for GG.

Theorem 3.4.2. Let G be a regular Beauville p-group of exponent p°. Then G has
no Beauville structure obtained from a Beauville structure of a proper quotient G /N
with one of the generating set satisfying o(x) = o(xN), o(y) = o(yN) and o(zy) =
o(zyN) if and only if |G*"™'| = p? and Q. (Z(G)) < G,

Proof. We already showed that in such a group we have |GP" | = p®. We next
show that the condition Q(Z(G)) < GP*" is also necessary. Otherwise, there exists
g€ D (Z(G)) ~ G ". We now consider the normal subgroup N = (g) of order p.
Since G'/N is a regular p-group of exponent p¢ and |(G/N )P | = p?, this implies
that G/N is a Beauville group. Let {Z1, 71} and {73, 73} form a Beauville structure
for G/N where G = (x1,y1) = (z2,y2). Then by Lemma this Beauville
structure of G /N can be lifted to a Beauville structure for GG, which is a contradiction.

Thus we complete the proof of one of the implications in the statement of the theorem.

e—1

To prove the converse, we assume that |G** | = p? and O (Z(G)) < G**". Sup-

pose, on the contrary, that G has a Beauville structure which is obtained from a
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Beauville structure of G/NN with one of the generating sets satisfying o(x) = o(zN),
o(y) = o(yN) and o(xy) = o(xyN). It follows that the exponent of both G and G/N
is p°. Since G/N is a Beauville group, we have |(G/N)*""'| > p?, where

[ P’

Npe—l _ pe—lNN _ — .
(GINY = 167 NIN| = (g s = T

Thus we have G*" ' N N = 1, and this, together with Q;(Z(G)) < G, yields that
2(Z(G)) N N = 1. Since N is a normal subgroup, there exists an element of order

pinside Z(G) N N, and hence ©,(Z(G)) N N # 1, which is a contradiction. O

41






CHAPTER 4

THIN p-GROUPS

This chapter is devoted to Beauville structures in thin p-groups. More precisely, we
first focus on p-groups of maximal class in Section We restrict ourselves to p-
groups of maximal class that either are metabelian, or have a maximal subgroup of
class < 2. We next turn our attention to metabelian thin p-groups of class at least p in
Section 4.3

4.1 Preliminaries

In this section, we present some preliminaries for p-groups of maximal class and thin
p-groups. The results can be found with detailed proofs in the given references. No

originality is claimed in this section.

Definition 4.1.1. Let G be a p-group of order p™ > p?. Then G is said to be a p-group

of maximal class if it has nilpotency class n — 1.
Theorem 4.1.2. [20, Theorem 3.5] Let G be a p-group of maximal class of order
p". Then
() We have |G : G'| = p* and |v;(G) : 7i11(G)| = pfor 2 < i < n — 1. Hence
|G : v(G)| = pi for2 <i<n.
(i) Unless G is cyclic of order p*, we have ®(G) = G’ and d(G) = 2.

(iii) The only normal subgroups of G are the v;(G) and the maximal subgroups of
G.
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(iv) If N < G and |G : N| > p?, then G/N is also a group of maximal class.
V) Zi(G) = 4pi(G) for0 < i <n— 1.

Theorem 4.1.3. [30, Theorem II1.11.9] Let G be a non-abelian 2-group. Then the

following are equivalent:

(1) G has maximal class.
(i) |G/G'| = 4.
(i) G is a dihedral group or semidihedral group or generalized quaternion group.

Theorem 4.1.4. [30, Theorem 111.14.23] Let G be a p-group with |G| = p™ > p*.

Then G has maximal class if and only if there exists an element x € G such that

{a? | g € G} =G : Ca(z)] = p" .

Since p-groups of order < p* are well-known, there is no loss of generality if we only

deal with p-groups of maximal class of order > p*.

Definition 4.1.5. Let G be a p-group of maximal class of order > p*. We define the
characteristic subgroup G of G by

G1 = Ca(G'/1(G)).

In other words, G is composed of the elements x € G such that [z, G'] < Gjy.

Notation: For 2 < i < n we will write G; = 7;(G).

Theorem 4.1.6. [30, Lemma II1.14.4] Let G be a p-group of maximal class. Then

G is a maximal subgroup of G.

Definition 4.1.7. Let G be a p-group of maximal class of order p". Then we define
the two-step centralizers Co(G;/G,y2) for 1 <i<n—2.

As happened with GGy, all two-step centralizers are characteristic and maximal in G.
Since G1/G5 is cyclic, Lemma implies that [G1, G1] = [G1, G2] < G4. There-
fore, we have that C';(G1/G3) = G4, and thus it is enough to consider the two-step

centralizers for 2 < <n — 2.
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Theorem 4.1.8. [30, Theorem I11.14.6] Let G be a p-group of maximal class of order
p" > p°. Then Gy = Cq(G;/Gipo) for2 <i<n—3.

Thus from the above theorem, there are at most two different two-step centralizers,
namely G; and C(G,,—2).

Definition 4.1.9. Let G be a p-group of maximal class of order p™. Then G is said to
be exceptional if G| # Cg(Gp—2).

Theorem 4.1.10. [30, Theorem I11.14.6] If a p-group G of maximal class of order
p" is exceptional, then p > 5, nisevenand 6 < n < p+ L.

Thus if |G| = p" > pP*2 then G is not exceptional and hence G; = Co(G,,_2).
Definition 4.1.11. Let G be a p-group of maximal class of order p". An element
s € G is called uniform if s ¢ G1 U Ce(Gp—2).

Notice that all p-groups of maximal class have uniform elements, since a group cannot
be the union of two proper subgroups.

Theorem 4.1.12. [30, Theorem II1.14.13] Let GG be a p-group of maximal class and

let s be a uniform element of G. Then the following properties hold:

(i) Cal(s) = (s)Z(G).
(i) s* € Z(G) and consequently o(s) < p*.
(iii) |Cq(s)| = p* and the conjugates of s are exactly the elements in the coset sG'.

Lemma 4.1.13. [20, Lemma 3.14] Let G be p-group of maximal class of order
p", and let s be a uniform element. If 1 < i < n —2and v € G; ~\ G;,1, then

[s,2] € Giy1 N\ Gigo.

Let GG be a p-group of maximal class, and let s be a uniform element and s; € G\ G5.
We can define recursively s; = [s;_1, s] for i > 2. It then follows from the above

lemma that S; € G,L AN G7;+1, and hence G,L = <Si, Gi+1> for all 1 < ) <n-— 1.
We next give the results regarding the power structure of a p-group of maximal class.
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Theorem 4.1.14. [30, Theorem II1.14.14] Let G be a p-group of maximal class of
order p* < pP™!. Then exp G/Z(G) = exp G’ = p.

Theorem 4.1.15. [20, Theorem 4.9] Let G be a p-group of maximal class of order
p" > Pt If1<i<n—pandz € G;\ Gy, then 2P € Giip 1\ Giyyp.

We now state the basic properties of thin p-groups which will be used in the proofs of

the main results in Section

Definition 4.1.16. A non-cyclic p-group is said to be thin if every anti-chain in the
lattice of its normal subgroups contains at most p + 1 elements. An anti-chain is a

subset of the lattice such that any two elements in the subset are incomparable.

An alternative definition of a thin p-group is as follows.

Definition 4.1.17. A p-group G is thin if the following two conditions holds:

(i) For every normal subgroup N of G, we have v;11(G) < N < ~;(G) for some i.

() 7%(Q) : 7i21(G)| < p? forall i.

Clearly, if the two conditions in Definition4.1.17|hold, then Definitiond.1.16|follows.
Conversely, note that the only abelian thin p-groups are cyclic or elementary abelian
of order p®. Thus if G is not cyclic, then G /G’ must be elementary abelian of order
p? and of exponent p, and then the remaining factors of the lower central series are of
order p or p?. Hence the conditions (ii) holds. By the result in [12, page 281], every
normal subgroup of a thin p-group is between two consecutive terms of the lower

central series, and thus the condition (i) holds.

The lattice of normal subgroups of the non-cyclic abelian thin group is referred to as a
diamond. Note that if G is a non-cyclic thin group, then G /G’ is elementary abelian

of order p?, and this implies that G is 2-generator.

It is clear from Theorem [4.1.2] that p-groups of maximal class are thin. In the sequel,
we will exclude p-groups of maximal class from our consideration of thin groups.
Thus we assume p > 2, since |G : G'| = 4 implies that G is of maximal class by

Theorem
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Lemma 4.1.18. [10, Lemma 2.1] Let G be a thin p-group and g € v;(G) \ Yi+1(G).
Then 7i41(G) = |g, Gl7i42(G).

Lemma 4.1.19. [10, Corollary 2.2] The lower and upper central series of a thin

p-group coincide.

Lemma 4.1.20. [10, Lemma 1.3] Let G be a finite p-group, p an odd prime. Then

(i) If G is a metabelian thin group, then v3(G)/v4(G) is non-cyclic.

(i) If G is thin, then |G| > p°, cl(G) > 2, and G /v3(G) is of exponent p.
Theorem 4.1.21. [[10, Theorem A, Theorem 3.4] Let G be a metabelian thin p-group.
Then

(1) Yp+1(G) is cyclic and ~,+2(G) = 1, and hence cl(G) < p+ 1.

(ii) The lattice of normal subgroups of G consists of a diamond on top, followed
by a chain of length 1, at most p — 2 diamonds, plus possibly another chain of
length 1. Hence |G| < p*.

(iii) exp(GQ) < p*

We next recall a commutator relation between the generators of G.

Theorem 4.1.22. [10, Theorem B] Let G' be a metabelian thin p-group. Then for

every © € G ~. G there corresponds an element y such that G = (x,y) and

ly,z,2,2] = [y, 2,9,9]"  (mod 75(G)). (4.1)

where h is a quadratic non-residue modulo p.

The following two lemmas are more general results on p-groups.

Lemma 4.1.23. [42] Theorem 3] (Meier-Wunderli) If G is a metabelian 2-generator
p-group, then GP > ~,(G).

Lemma 4.1.24. [10, Lemma 1.2] Let G be a p-group. If G/v;11(G) has exponent
p, for 1 <i <p—1, then v;(G)/vj+i(G) has exponent p.
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We now recall the power structure of a metabelian thin p-group.

Lemma 4.1.25. [10, Lemma 3.3] Let G be a metabelian thin p-group, and let g €
G\ 72(Q). Assume that g* € v;,(G) \ vi41(G). Then ;11 (G) is cyclic, and cl(G) <
v+ 1.

Lemma 4.1.26. Let G be a metabelian thin p-group, and | be the largest integer such
that G? < v(G). Then 3 < I < p, v141(G) is cyclic, y12(G) = 1 and v(G)P <
Yi41(G).

Proof. By Lemma4.1.20, [ > 3. Moreover, if G < v,(G), then by Lemma 4.1.23]
we have G? = 7,(G), and hence [ < p. We now apply Lemma4.1.24|to get 72(G)? <

Y+1(G). Then there is an element g € G \ 72(G) with ¢? € v(G) \ 741(G), and
by Lemma|4.1.25| v,11(G) is cyclic, and this implies that 7, 2(G) = 1. O

The following corollary follows directly from Lemma[4.1.26
Corollary 4.1.27. Let G be a metabelian thin p-group. Then |G?| < p>.

Lemma 4.1.28. Let G be a metabelian thin p-group such that its lattice of normal

subgroups ends with a chain. Then the order of GP cannot be p*.

Proof. If G is of class p + 1, then G = 7,(G), and hence |G?| = p3. Thus we
assume that cl(G) = ¢ < p. We claim that if M is a maximal subgroup of G, then it
is regular. Since |M : G'| = p, we have M’ = [M, G'] < ~3(G), and this implies that
Ye(M) < 7e41(G) = 1. Thus cl(M) < ¢ < p, and so M is regular.

Suppose, on the contrary, that |G?| = p?. Now consider the quotient group G =

G /7.(G), which is regular. Then |G'| = p, and hence |G : Q;(G)| = p. Write

01 (G) = M /~.(G) for some maximal subgroup M of G. Since G is regular, exp €, (G) =
p. This implies that M? < ~.(G), and so |[M?| < p. Then |M : Q;(M)| < pas M

is regular. Since Q;(M) < G and |G : Q(M)| < p?, we get G < (M), where
exp (M) = p. Thus exp G' = p.

On the other hand, if M is an arbitrary maximal subgroup of GG, we have G’ < M and
since exp G’ = p, we get G' < Qy (M) < M. Then |MP?| = |M : Q(M)| < p. Since
G is thin, this implies that M? < ~.(G) for any maximal subgroup M. But GP =
(MP | M maximal in G) < ~.(G), and hence |G?| < p, which is a contradiction. [
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4.2 p-Groups of maximal class

In this section, our aim is to determine Beauville structures in p-groups of maximal

class which either are metabelian or satisty cl(G;) < 2.

We begin with a lemma concerning p-groups of maximal class of order < p”.

Lemma 4.2.1. Let G be a p-group of maximal class of order at most pP. Then G is a

Beauville group if and only if p > 5 and exp G = p.

Proof. By Theorem.1.14] we have exp G/Z(G) = p. Thus |GP| < pandexpG = p
or p®. Since |G| < pP, it then follows from Theorem that G is regular. Then
Corollary implies that G is a Beauville group if and only if p > 5 and exp G =
p. [

Theorem 4.2.2. If p = 2 or 3, then no p-group of maximal class is a Beauville group.

Proof. Let GG be a p-group of maximal class for p = 2 or 3. Since p < 5, G is
not exceptional by Theorem Thus all elements of G \. (G; are uniform. By
way of contradiction, suppose that {z1,y;} and {3, y>} form a Beauville structure
for G. Since G has p + 1 < 4 maximal subgroups, at least one of the elements in
both triples {x1, y1, x1y1 } and {xa, y2, T2yo }, say x; and z,, fall in the same maximal
subgroup different from G. Hence z, = 2 g for some g € G’ and for some integer i
not divisible by p. Since x} is uniform, this implies that x5 and z* are conjugate, by

Theorem4.1.12] and this is a contradiction. L]

Theorem 4.2.3. Let G be a p-group of maximal class, and let M be a maximal sub-

group of G. Then all elements in M ~. G’ have the same order.

Proof. We deal separately with the cases |G| = p" > pP™2 and < pP*L. If |G| > pPt?
then all elements in G \. G; are uniform elements. Thus if M # G then all elements
in M ~. G’ are conjugate to powers of a fixed element in M ~ G’, and hence they have
the same order. If M = (G, then by Theorem 4.1.15| all elements in G; ~. G’ have

order p[;%H.
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Thus we assume that |G| < pP*!l. Letz € M ~ G’ and y € G'. Then by the

Hall-Petrescu formula, we have

(xy)? = :prpcgz)c§3> e Cp,
where ¢; € v;((z,v)) < 7i+1(G) for 2 < i < p. By Theorem4.1.14} exp G’ = p, and
this, together with 7,1 (G) = 1, implies that (zy)? = zP. O

In the sequel, we assume that G has order p” > pP*!. We choose an element s; €
G1 ~ G’ and a uniform element s. Since G/G’ = C, x C,, each pair of elements in
S = {s1,ss} | 0 < i < p— 1} are linearly independent modulo G’. Also, note that
all elements of (ss{)G’ \. G’ have the same order, by Theorem

In order to determine Beauville structures in G, it is fundamental to control the orders
of elements outside G;. To this purpose, we need to know the order of each ss! for
0 <@ < p—1. However, it is not always easy to determine these orders in an arbitrary
p-group of maximal class. Thus we will restrict our attention to a p-group of maximal
class G such that either G’ is abelian, that is G is metabelian, or cl(G;) < 2. Note
that a large number of p-groups of maximal class have one of these two properties, as
follows from the construction procedures describe in [43]] for metabelian groups and

in [38] for the groups with GG; of class 2.

Lemma 4.2.4. Let G be a p-group of maximal class of order > pP™. Suppose that G
satisfies one of the following:

(i) All elements of G ~. G, are of order p*.

(ii) There exists s € G~ Gy such that o(s) = p and all elements outside G1U (s, G")

are of order p*.

Then G is not a Beauville group.

Proof. Suppose that, on the contrary, {x1, 3, } and {x2, y, } form a Beauville structure
for G. Then without loss of generality, we can assume that z; and x5 are of order p?.

It then follows that (z}) = (28) = Z(G), which is a contradiction. O
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As a consequence of Lemma.2.4] if we want G to be a Beauville group, it is neces-
sary for GG to have at least two maximal subgroups other than (G; such that all elements

in those maximal subgroups outside G’ have order p.

We proceed to determine pth powers of ssi. We deal separately with two cases: G is
metabelian, or cl(G;) < 2. We begin by analyzing metabelian p-groups of maximal

class. In this case, we rely on the following result of Miech.

Lemma 4.2.5. [43, Lemma 8] Let G be a metabelian p-group of maximal class
of order p™ > PP, where p is odd, and let s be a uniform element. Suppose that

(G, Go] = G and [s1, 55) = s°" 9 2D Thenfor0 <i<p—1

cOn—1

. p p . .
(ss7)P = &P (sﬁ”sgz) . szg”))zsfi,

where
a(n — k) if k=p—2,
0 if k<p-3.
Lemma 4.2.6. Let G be a metabelian p-group of maximal class of order p™ > pP*!,

where p is odd, and let s be a uniform element and s; be an element in G ~ G'.

Suppose that o(s) = o(ss1) = p and (ss3)P = s)_|. Thenfor1 <i<p—1

Proof. For the proof, we use Lemma @4.2.5| If we call a = sﬁ’s&) o s]g”) and b =

s¥ . then

n—1°
(ss))? = a'b” for 1<i<p-—1.
Since a,b € Z(G), we have (ss7)? = (ab)?b?* = (ss1)*b* = b*. Note that (ss1)? = 1
implies @ = b, and thus (ss?)? = b~ = (b2)(;) = si(fl). O

We next deal with the case cl(G1) < 2. For this purpose we need another result of

Miech.

Theorem 4.2.7. [44, Theorem 4] Let G be a group generated by x and y, G5 = G,
and G1 = (y,G3). Let oy = y and 0,1 = |0;, x| for i > 0. Then for any nonnegative
integer n

G 0

(zy)" = 2PyPoy* .. 0,1Q,  (mod y3(Gh)),
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where
n—1k—

k—1
= [ I ]lox. ouZ*D, (4.2)
k=11=0

for a nonnegative integer B(n, k, 1) depending on n, k and l.

Lemma 4.2.8. Let G be a p-group of maximal class such that cl(G1) < 2, where
p is odd, and let s be a uniform element. Suppose that o(s) = o(ss1) = p and
(ss2)P = s} . Thenfor1 <i<p-—1

(ssi)P = 52,

Proof. To prove the lemma, we will apply Theorem 4.2.7 m We set 0,0 = s% and
oir = [s,s,. . s fork > 1. Set Q,, = [[4— l 0 Oy 05| PORD,

(2)

First of all, by using induction on k, we will show that o, , = s}, ;> for some t;, €
[G1,G1]. Now 0,1 = [st,s] = s7°(s)" = s7"(s152)", and since cl(G) < 2 we have

(5182)" = sisb[so, 31](;), thus 0,1 = sb]so, 31](;>. We assume that fork > 2,0, 1 =
sﬁct,gé_)l. Then we have ;) = [s}, s] [t,gé_)l,s]. Notice that for any z € [G1,G4] <
Z(Gy), [2",s] = [x,]" for n € Z. It then follows that o), = [si., s][ts_1, ] ().
Now [si,s] = s.°(s;)" = 8" (sksk+1)’. Again since cl(G;) < 2, this implies that
(SkSk41)" = S}Shoq[Sk41, sk]( ), and thus Oie = Shor ([Skt1, S [tr—1, s])(2) We call

tk = [Sk+1, Sk][tk—1, 8] € [G1, G1], and the induction is complete.
Since t;, € Z(G1), by Theorem4.2.7, we get
(ss))P = sllpSQ( 2) .s; (tEQ)tgg’) .. .tl(,ﬁ)l)@Qi,p.

Also, note that since cl(G;) < 2, for any z,y € G; and m,n € Z we have [z, y"] =
[z, y]™", and this, together with z'y’ = (zy)'[x y]( ) yields that

(58P = (s’fsgg) . sp)i<1i[ 1_[ [s;, sk tgg)tg) .. .tl()g)l)> (2)Qijp.

() () _ 2

On the other hand, [alk,oZ z] [skﬂtk St ] = [Shins Siga] = [Sk41, s141)", and

this implies that Q;,, = Q% o by (4 , If we call y = __|G2|+1 and

AZﬁ ﬁ [sj,sk](ﬁ)(z)(tgé’)tgé’)mt]gz_)l)y



then

) P i o N
(ssy)? = (311’552) L Sp) A=) ’12719

,L'Q

= (s’fsgg) e SpA_“)i<AMQ1,p) ’

where the last equality follows from the fact that A € [G1, G1] < Z(Gy).

For simplicity, let us call a = sll’s&) ...s,A7" and b = A*Q ,. Then (ss})? = a'b”

for 1 <4 < p— 1. Since b € [Gy, G1], a and b commute, and thus we have (ss?)P =

(ab)?b* = (ss1)?Pb* = b%. Consequently, by using the same argument as in the proof

of Lemma.2.6] we get

(sst)P = s/\(_zl) for 1<i<p-1,

n

as desired. ]

We are now ready to state the main results of this section.

Theorem 4.2.9. Let G be a p-group of maximal class of order p™ > pP*1, where p
is odd, such that either G is metabelian or cl(G1) < 2. Suppose that G is not as in
Lemma Then one of the following holds:

(1) All elements of G ~. G are of order p.

(ii) There exist a uniform element s and s; € Gy \ G’ such that o(s) = o(ss1) = p

and all elements outside G, U (s, G') U (ss1, G') are of order p*.

Proof. Since G does not satisfy the conditions in Lemma4.2.4] there exist a uniform
element s and an element s; € G7 ~ G5 such that o(s) = o(ss;) = p. Then by

Lemma and Lemma[4.2.8] we have
AG)

(sst)P =54 for 1<i<p-—1,

A

where (ss?)P = s .

Observe that o(ss?) = p if and only if
Ai—1)=0 (mod p). 4.3)
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If A =0 (mod p) then (4.3) holds for all , that is o(ss}) = pfor 1 <i < p—1, and
hence we get (i). Otherwise, ¢ = 1 is the unique solution for @), and thus (ii) holds.

This completes the proof. 0

We are now ready to determine Beauville structures in G.

Theorem 4.2.10. Let G be as in Theorem[d.2.9) Then G is a Beauville group if and
only if p > 5 and one of the following two cases holds:

1. (i) holds.

2. (ii) holds, and either n # k(p—1)+2withk > 1, orn = p+1 and exp G| = p.

Proof. By Theorem[.2.2] G can only be a Beauville group if p > 5. Let us first show
that if p > 5 and (i) holds, then G is a Beauville group. Since p > 5, G/®(G) =
C, x C, is a Beauville group. We will see that every Beauville structure of G/®(G)
lifts to a Beauville structure of G. To this purpose, it suffices to show that, given
z,y € G\ ®(G), the condition (Z) N (y) = 1 implies that (x) N (y) = 1, where we
use the bar notation in G/®(G). Observe that since (T) N () = 1, at least one of =
and y, say x, is of order p. Thus if (z) N (y) # 1 then (z) C (y) and this implies that

(z) = (y), which is a contradiction.

We next show that if p > 5, (ii) holds and |G| = p" > pP*? withn # k(p — 1) + 2
for k > 1, then G is a Beauville group. We claim that {s, s} and {ss?, ss}} form a

Beauville structure for G.

Let X = {s,51,851} and Y = {ss?, ss{, ss?ss}}, where each y € Y is of order p.
We need to show that
(29 N ") =1, (4.4)

forallz € X,y € Y and g, h € G. Observe that 29 and y" lie in different maximal
subgroups of GG in every case, since s and s; are linearly independent modulo ®(G)
and p > 5. Assume first that z = s or ss;, which are of order p. If @ does not hold,
then (x9) C (y"), and consequently (z®(G)) = (y®(G)), which is a contradiction.
Thus we assume that x = s;. By Theorem we have o(s;) = p° for some e > 2.
If does not hold, then ((z*""")9) = ((y*)"), and consequently (z" ') = G, _,,
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which is a contradiction. Indeed, since n # k(p — 1) + 2, 27" can not lie in Gp_1,

by Theorem4.1.15]

Now we assume that (ii) holds, |G| = p*! and exp G; = p. We claim that {s, s }
and {ss?, ss{} form a Beauville structure for G. If X = {s,s1,85} and Y =
{ss? ssi, ss3ss}} then all elements in X are of order p. Then clearly for all x € X,
y € Y,and g,h € G we have (z9) N (y") = 1. Otherwise, (z®(G)) = (y®(G)),

which is a contradiction.

Thus we complete the proof of one implication of the theorem. For the converse, let
us first see that if (i) holds and n = k(p — 1) + 2 for some k& > 2, then GG cannot be a
Beauville group. Suppose that, on the contrary, {z1, y; } and {x2, y>} form a Beauville
structure for G. Let A = {z1,y1,21y1} and B = {xa, yo, x2yo }. If there exist a € A
and b € B which are uniform elements of order p?, then (a?) = ()*) = Z(G). Thus

we may assume that x; € (G; and y; and z,y; are uniform elements of order p. It then

follows from Theorem4.1.15|that x’l’k € Grp-1)+1 N Grp-1)+2.1.6. 1 # x’fk € Z(G).

On the other hand, since the conjugates of any uniform element s are exactly the
elements in the coset sG’, there cannot be a uniform element of order p in B. Thus
there exists b € B which is uniform of order p?, and hence (b?) = (xfk) = Z(G),

which is a contradiction.

G| = pP™! and exp G; = p?, then G has

no Beauville structure. The proof is quite similar to the proof of Lemma [4.2.4] thus

Finally, we need to show that if (i1) holds,

we skip the proof. [

4.3 Metabelian thin p-groups

In this section, we study Beauville structures in metabelian thin p-groups. By Theo-
rem [4.1.21] we know that metabelian thin p-groups have class at most p + 1. If the
class is less than p, then by Theorem [3.1.2] the group is regular, and hence Theorem
can be used to determine Beauville structures. Thus we focus on metabelian

thin p-groups of class p or p + 1.
We start with determining which metabelian thin 3-groups are Beauville groups.
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Remark 4.3.1. Recall that the computer algebra system GAP has a library called
SmallGroup. This library gives access to all groups of certain "small" orders. The

groups are sorted by their orders and they are listed up to isomorphism.

Theorem 4.3.2. Let G be a metabelian thin 3-group. Then G is a Beauville group
if and only if it is isomorphic to one of SmallGroup(3®,3), SmallGroup(3°, 34),
or SmallGroup(3%,37).

Proof. Since |G| < 3° by Theorem and the smallest Beauville 3-group is of
order 3°, the order of G can only be 3° or 3%. Let us first assume that |G| = 3°. We
know that the only Beauville 3-group of order 3° is S = SmallGroup(3®,3), and
hence G is a Beauville group if and only if G = S. We will see in Theorem[5.2.8] that
S is isomorphic to the quotient group N /N of the Nottingham group over F3 and

this quotient group is a metabelian thin p-group.

We next assume that |G| = 3°. It has been shown in [2] that there are only three
Beauville 3-groups of order 3%, namely S = Smal1Group(3%,n) forn = 34, 37, 40.
However, if n = 40 then |Z(S)| = 9 and |4(S)| = 3. This implies that Z(S) #
v4(S), and thus S is not thin. On the other hand, if n = 34 or 37 then by using the
computer algebra system GAP, we can see that every normal subgroup of S lies be-
tween two consecutive terms of the lower central series of S and |y;(.S) : vi11(S)] <
3% forall 1 < i < 4, and S’ is abelian. Thus S is a metabelian thin 3-group. Conse-
quently, GG is a Beauville group if and only if G = S for n = 34 or 37. [l

Thus we assume that p > 5. Let G be a metabelian thin p-group with cl(G) = p or

p + 1. Then we have three cases:

(i) c(G) =p+1.
(i) cl(G) = pand |,(G)| = p?.
(i) cl(G) = pand |4,(G)| = p.

In the first two cases, we have GP < v,(G), by Lemma 4.1.26] It then follows from
Lemma 4.1.23| that G? = ~,(G). Also we have 72(G)? < 7,4+1(G). On the other
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hand, in the last case if [ is the largest integer satisfying G < ~,(G), then [ = p — 1
or p and hence 7,(G) < GP < v,_1(G).

Our first step is to calculate the pth powers of z'y modulo v,.1(G) forall 0 < ¢ <
p—1if G = (x,y) and 12(G)? < 7,+1(G). To this purpose, we need the following

lemma.

Lemma 4.3.3. [43, Lemma 6] Let G be a metabelian p-group and x,y € G. Set
o1 =y and o; = |0;_1, x| for i > 2. Then

& 0

P _ PP
(xy)? = 2PyPoy? ... op” 2,
where
p—1p—1
j C(i,j
Z = HH[O’H_l,O'l,.J..O'ﬂ ( ]),
i=1 j=1
and

w5 (1))

Lemma 4.3.4. Let G be a metabelian thin p-group such that vo(G)? < v,+1(G). If x
and y are the generators of G satisfying ({.1)), then forall0 <t <p—1

—2t 2t2

(2'y)? = (@) 'Yy, Top2 Y] [y, T3 y, ] =07 (mod Y,41(G)).  (4.5)

Proof. By Lemmai4.3.3] we have

p—1p—1

(2ty)? = (@) yy, 2]®) .. [y s 1] ) TT 1Tl 2 9176,

i=1 j=1

Since 72(G)?P < 74,41(G), it then follows that

(z'y)? = (a")'y ly,p-1 2] H [y, 2" y]C(i’j) (mod vp41(G)).
i1

Note that for i + j > 0, C(i, j) is the coefficient of w7 in S0} (1 4 u)*(1 + v)*,

where
p—1 p—1
]_ p_l
Z(l—i-u)k(l—l—v)k: ((1+U>(1+U))k:( +u+ v+ uv)
U+ v+ uv
k=0 —
1 _ 1)
E(+u+v+uv ) mod p)
U+ v+ uv

((u+v)+ uv)p_l (mod p).
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In the previous expression the monomials of total degree less than p appear only in

(u+v)P~t = P2 (=1)"uvP~~! (mod p), and hence

o 0 (mod p) ifi+7<p—1,
C(i,j) = ,
(=1 (modp) ifi+j=p—1.

Thus the condition v5(G)? < 7,4+1(G) implies that
p—1 _
(x'y)P = (aP)'y? H[y,i 2 pic1 Z/](fl) (mod p+1(G))-
i=1
On the other hand, notice that for 1 <t <p—1
[y, 2", 2t 2" = [y, 2, 0,2 (mod 75(G)),
since commutators of length 4 are multilinear modulo +;5(G). Then by (4.1)), we have

ly, z,x, 2" = [y, z,5,y"  (mod 45(G)).

Again by multilinearity of commutators, we get

y, 2y, 9" = [y, 2ty 9" (mod 45(Q)),

and hence

ly, ot 2t 2] = [y, 2, y,9)" (mod v5(@)). (4.6)

Since G is metabelian, for every a,b € G and ¢ € G’ we have [c,a,b] = [c, b, al.
Thus we have [y, 2%, 2%, y] = [y, 2", y,2"]. Then this equality, together with (4.6),
yields that

v 2 J O (mod 9 (@) i =25 -1,

y,i2' i1y - o
[y, 237, 2t (ht) (mod v,41(G)) if i = 2s ,

and hence
2\ T 2y
(xty)p = (l.p)typ ([ya x?p—? y]_t[y7 xap—?’ Y, x]t ) (mOd ’7p+1 (G))
Note that since h is a quadratic non-residue, we have h% = —1. Thus
(pzl):/Q(th)s—l _ 1 - (ht2)% _ 2
— o 1—ht2 11— h?
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Consequently, we get

—2t 2t2

(2'y)? = (@)Y ly, 2p2 Y] 2 [y, 2p_gy, 2]+ (mod 7,41 (G)),

for 0 <t < p—1, as desired. O

Lemma 4.3.5. Let G be a metabelian thin p-group such that |7y,(G)| > p* and let ©
and y be the generators of G satisfying . Then for every ty € {0,1...,p — 1}

there exist at most three distinct t € {0,1 ..., p — 1} such that

((@y)") = ((z'y)")  (mod 3,11 (G)). (4.7)

Proof. Since |y,(G)| > p?, we have G = 7,(G), by Lemma [4.1.26] this implies
Y2(G)P < 41 (G). Also |7,(G) : v4+1(G)| = p?. Notice that, as a consequence
of Lemma |l =ly,xz,p—2y] and m = [y, z,, 3y, x| are linearly independent
modulo v, (G), and hence (/,m) is a basis of v,(G) modulo ~,.1(G). If we set
2P = [“mP (mod v,41(G)) and y? = "m° (mod 7,.1(G)) for some «, 3,7,d €
IF,, then by (@.5)), we have

2
(aty)p = (T8 PR (mod ,0(G))- .8)
Observe that as rational functions in ¢, neither f(t) = v 4+ at — 2 nor g(t) =

§+ Bt + lfftg are zero.

We now fix tg € {0,1...,p — 1}. Then (4.7) holds if and only if there exists A € [
such that

f(t) =Af(to) and g(t) = Ag(to).

If f(ty) = 0 or g(ty) = 0, then we have f(t) = 0 or g(t) = 0, thatis (1 — ht*)(y +
at) — 2t = 0 or (1 — ht*)(d + St) + 2t> = 0. Otherwise, we have % = %. Then
g(to) f(£) — f(to)g(t) = 0, that is

g(to) (1 = hi2)(y + at) = 2t) — f(to) (1 = ht)(3 + Bt) + 262) =0,

which is a polynomial in ¢ of degree < 3. Thus in every case, there are at most three

distinct ¢ € {0,1...,p — 1} such that ((z'0y)?) = ((z'y)?) (mod Yp4+1(G)). O

Lemma 4.3.6. Let G be a metabelian thin p-group such that v2(G)? < v,.1(G). If
M is a maximal subgroup of G and a,b € M \G’, then (a)? = (b)? (mod Yp4+1(G)).

59



Proof. If we write b = a‘c for some ¢ € G’ and for some integer 4 not divisible by p,

then by the Hall-Petrescu collection formula, Theorem [2.2.20] we have
(aic)p — apicpcg2)cg3) o C}()p)’

where ¢; € v;({a,c)) < 7;+1(G). Thus (a'c)? = a”* (mod 7,4+1(G)), and hence
()P = ()" (mod 11 (G)). 0

Remark 4.3.7. If we replace x with z*, where x* € G ~ G’ is not a power of z,
there exists a corresponding y* satisfying @.1). Then z € ((z*)y*,G') \ G for
some 0 < t5 < p — 1, and according to Lemma[4.3.6] we have (2*) = (((z*)"y*)?)
(mod v,11(G)). It then follows from Lemma that there exist at most three
distinct ¢ € {0,1...,p — 1} such that (zF) = ((z'y)?) (mod Yp4+1(G)).

The following corollary is an immediate consequence of Lemma [4.3.5] and Lemma
4.3.6

Corollary 4.3.8. Let G be a metabelian thin p-group such that |v,(G)| > p* If M

is a maximal subgroup of G, then there exist at most two maximal subgroups M, My

different from M such that MP = M} = MY (mod 7,11(G)).

Before we present the main results, we need the following two remarks.

Remark 4.3.9. Let G be a finite 2-generator p-group. Then we can always find el-
ements z,y € G~ ®(G) such that z,y and zy fall into the given three maximal
subgroups of GG. Let M;, M and M3 be three maximal subgroups of G. Choose
r € M; N\ ®(G) and y € My \ ®(G). Since each element in the set {zy’ | 1 < j <
p — 1} falls into different maximal subgroups, there exists 1 < j < p — 1 such that
xy’ € M3~ ®(G). Thus if we put x* = x and y* = 3/, then elements in the triple

{z*,y*, z*y*} fall into the given three maximal subgroups.

Remark 4.3.10. At the end of this section we give a method to construct metabelian
thin p-groups. By using this construction and the computer algebra system GAP, we
can see that there is no metabelian thin 5-group of class 5 such that |y5(G)| = 5% and

5th powers of maximal subgroups coincide in pairs.

We are now ready to give the main results of this section.
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Theorem 4.3.11. Let G be a metabelian thin p-group with cl(G) = p such that
17,(G)| = p? where p > 5. Then G has a Beawville structure in which one of

the two triples has all elements of order p.

Proof. We divide our proof into three cases depending on the number of maximal

subgroups whose pth powers coincide, and in every case, we take into account Corol-

lary and Remark

Case 1: Assume that there is a 1-1 correspondence between maximal subgroups M; of

exponent p? and M?. Choose a set of generators {x1,y; } such that o(z;) = o(y;) =

o(xyr) = P

Case 2: Assume that there exist three maximal subgroups of exponent p? such that
their pth power subgroups coincide. Then choose a set of generators {x,y;} such

that 1, y; and 9, fall into those maximal subgroups.

In both Case 1 and 2, since p > 5, we can choose another set of generators {3, y2} s0

that each pair of elements in {x;, y;, z;y; | @ = 1,2} is linearly independent modulo

G’ by Remark

Case 3: Assume that we are not in the first two cases. Then there exist two maximal
subgroups M, M- of exponent p* such that MY = M2} and MP # M? for all other

maximal subgroups M.

Let us first deal with p > 7. We start by choosing a set of generators {x1,y; } where
ry € My and y; € M, are such that o(x1y,) = p?, say 2131 € M3. Then there might
be a maximal subgroup My such that MY = M} (note that there is no other i # 3,4
satisfying M? = MY, otherwise we are in Case 2). Since p > 7, we can choose
another set of generators {z5, y»} so that xs, o, T2y ¢ M, and each pair of elements
in {z;,y;, x;y; | i = 1,2} is linearly independent modulo G, by Remark

If p = 5 then by Remark @.3.10] 5th powers of maximal subgroups do not coincide
in pairs. Thus in Case 3, there exists a maximal subgroup, say M3, of exponent 52,
where all other M°® are different from M. Then choose sets of generators {x1,y; }
and {xs, -} sothat x1 € M, , y; € Ms and x1y; € Mj; and each pair of elements in
{zi, i, x;y; | © = 1,2} is linearly independent modulo G'.

61



We claim that, in every case, {z1, y1} and {z2, y»} form a Beauville structure for G.

If A= {x1,y1,2191} and B = {x2, Y2, 2y}, then we need to show that
(@) N (") =1, (4.9)

foralla € A,b € Band g,h € G. Note that o(a) = p? for every a € A. Assume
first that o(b) = p. If (a?) N (b") # 1 for some g,h € G, then (V") C (a9), and
hence (aG') = (bG"), which is a contradiction, since a and b are linearly independent
modulo G’. Thus we assume that o(b) = p*. If does not hold, then ((a%)?) =
{(b")P), which contradicts the choice of b. O

We next deal with the case cl(G) = p + 1.

Theorem 4.3.12. Let G be a metabelian thin p-group with cl(G) = p + 1, where

p > 5. Then G has a Beauville structure.

Proof. By Theorem{4.3.11, G = G /~,11(G) has a Beauville structure in which one
of the two triples has all elements of order p?, i.e. they have the same order in both GG

and G. Then we can apply Lemma and thus G is a Beauville group. [

We next analyze the case cl(G) = p and |, (G)| = p. Observe that in this case p > b5,
otherwise G is of maximal class. Recall that we have 7,(G) < G? < ~,_1(G), and

thus there are two possibilities:

i) GP =7,1(G),
(i) GP = ,(G).

Observe that G? cannot be a proper subgroup of 7, 1(G) of order p?, by Lemma
4.1.28

Theorem 4.3.13. Let G be a group in case (i). Then G has a Beauville structure .

Proof. First of all, notice that there exists a pair of generators a and b of G such that
a? and P are linearly independent modulo +,(G). By the Hall-Petrescu formula, we

have

(a'b)? = atpbpcgg) . cj()g),

62



where ¢; € v;((a’,b)). Since 12(G)? < 7,(G), by Lemma4.1.26, we get
(a'b)? = a™’  (mod 7,(Q))

for 1 <t < p— 1. Observe that, similarly to Lemma {4.3.6] for every maximal
subgroup M, m € M and ¢ € G', we have (mc)? = mP? (mod v,(G)). It then
follows that the power subgroups M? are all different modulo v, (G).

On the other hand, since G = G /~,(G) is of class p — 1, it is a regular p-group such
that |G"| = p®. According to Theorem , G is a Beauville group since p > 5.
From the observation above, all elements outside G’ are of order p? in both G and G.

Then we can apply Lemma[2.3.4]to conclude that G is a Beauville group. O

Theorem 4.3.14. Let G be a group in case (ii). Then G has a Beauville structure if

and only if it has at least three maximal subgroups of exponent p.

Proof. If the number of maximal subgroups of exponent p is less than three, then
2;(G) is contained in the union of at most two maximal subgroups. Since |G

it then follows from Proposition that G has no Beauville structure.

:p,

On the other hand, if at least three maximal subgroups have exponent p, then accord-

ing to Lemma[2.3.5] G is a Beauville group. O

We continue this section with the construction of metabelian thin p-groups. As a
consequence, we will see that if cI(G) = p and |7,(G)| = p, then both cases (i) and

(i1) are possible.

A partial ordering can be introduced on the set of non-cyclic metabelian thin p-groups
by saying that G strictly dominates H if H is isomorphic to a proper quotient of G.
Then in this poset, G is said to be an ancestor if it is not strictly dominated by any

thin group. This means that all metabelian thin p-groups are quotients of ancestors.

We will give the construction of all ancestors of order at least p” for p > 3, which is

given in [10].

Construction 4.3.15. Let M = (co,c;_1,u;,v;,1 < i < | — 2) be an additively

written abelian group where [ < p, with relations
pa-1 = pu; = pv; =0, pcy = A,
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for some \. Here ¢;_ is allowed to be zero, and in this case, M is elementary abelian
of order p?’~3. Otherwise, M has order p?~2, and is elementary abelian for A = 0

and of type (p%,p, ..., p) otherwise.
We next define two endomorphisms Y and X of M by

Y(Co) = 1, Y(CZ—I) = 0,
Y(UZ) = Ujt1, Y(’UZ> = V41, fori <1 — 2,

Y(w-2) = pe-1, Y(vi-2) =ve-y,
for some p and v, that can be both zero only for ¢;_; = 0, and

X(Co) = Uy, X(lel) = O7
X(ug) = kvigr + Y Hw), X(v;) =uiy1, fori<l—2,
X(w—2) = kve_1, X(vi_2) = pe_y,

where £ is a non-square modulo p, and w is a fixed element in
<u37 v3,...,U—2,V—2, cl—l)-

Then it is easy to see that X and Y commute, and X =Y!=0. Thusz = 1+ X and

= 1+ Y are commuting automorphisms of M, and since [ < p, they have order p.

Let A be the commutative ring of endomorphisms of M generated by = and y, and let
I be the ideal of A generated by X and Y. Then M is a cyclic A-module, generated

by cq. By checking the action on ¢y, it is easy to see that

X? =kY?+p, forsome o € I°,
Iqul—Q — VYZ_17

where w = ().
Let o, 3,7 and J be integers so that the endomorphisms

¢=aXY'"3+ Y% (mod I'™!) and
Y =4XY"3 4+ 6V (mod I'Y)

satisfy the following relations:
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where the norm N (z) of an element of A is defined as
N(E)=1+z+ - +227"

:p+@(2—1)+-~-+ (P)<z_1)“+--.+(z—1)p1.

]

We can now construct a metabelian thin p-group. Note that M is abelian, and x and

y are commuting automorphisms of M of order p. Set

my = au_g + Bu_a,
Mo = YU—2 + OU1_2,

my 2 = —Co, and ma1 = Co.

Then we have

(y = D(ma) =Y (m) = (ap + fr)a,

and
(I+z+-+2P ) (mgy) = N(x)(co) = Yo(co) = (ap + Br)e_s.
Also
(x = 1)(m2) = X(m2) = (vkv + dp)cia,
and

(I+y+- 49" ) mia) = Ny)(—co) = Xt(co) = (vkv + dp)cis.

Thus by using Theorem [2.2.26] we can construct a metabelian p-group G = (a, b) as

an extension of M by an elementary abelian group of order p? where

[a, b] = co,
m® = x(m), m®=y(m) forallm € M,

a” = ¢(co), V' =1(co).

By [10, pages 170,171], such a group GG will be thin. Then according to Theorem 4.1

in [10]], the resulting group G has exponent p? and we have the following:

1. If we want G to have order p*~! and cl(G) = [, then we can choose freely

B, v and § which are not all zero unless [ = p. In this case, we have exp G' = p.
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2. For | < p, if we want G to have order p? and cl(G) = [ + 1, then
a=s, B=Fkt, y=—t, 6= —s,
for s, ¢t not both zero. In this case, we have
AN=s>—kt*, p=s, v=—t,
and exp G’ = p?.
We next use the construction to show that there exists a group as in case (i) in page

62], that is, c1(G) = p, |,(G)| = pand GP = 7,1 (G). Letus take [ = p— 1,t =0

and s = 1, then by the construction, we have A = 1, y = 1, v = 0 and

¢=XY?* (mod I"?)
Y =-YP3 (mod IP?).

Hence a? = [a,b,a,b,?~% b] and ¥ = [a,b,?~2,b]. By Lemma4.1.18} a? and b” are
linearly independent modulo v, (G). Then 7,1 (G) = (a?, )7, (G) = (a?, 1P, cf) <
GP. Thus G? = ,_1(G).

We continue this section by showing groups as in Theorem {.3.14] exist. We first
observe that there is a metabelian thin p-group G of class p and v,(G) = C, x C, in
which there are three maximal subgroups whose pth powers coincide in a non-trivial

subgroup and all maximal subgroups have exponent p*.

Recall that by the proof of Lemma.3.5] we have

2
(aty)r = I R (mod 5,44 (),

where ([, m) is a basis of 7, (G) modulo 7,+1(G). By the construction, we can freely

choose «, 3, v and 4. Our aim is to choose v and « so that v + at — 172# = 0 has
three different solutions. Now v + at — 1_2}22 = 0 if and only if
—aht® — yht* + (a — 2)t + v = 0. (4.10)

If we take v = 0, then (4.10) holds if and only if either ¢ = 0 or —aht*+ (o —2) = 0,

that is t? = <=2h 1.
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Notice that the map

F,~ {0} — F, ~ {1}

2
oar—1—-—
o)

is a bijection. Let us take a quadratic non-residue j € F, . {1}, then there exists
o € F, ~ {0} such that j = 1 — 2. Thus we have t* = jh~!, for some ¢ # 0, since
jh~! is a non-zero quadratic residue. Therefore, there are two different non-zero

solutions of (4.10), say ¢; and ¢, and consequently y*, (x"y)P, (x'2y)P € (m).

We next choose /3 and § so that all maximal subgroups have exponent p?. Observe

that

22

=0 if and only if — Sht® + (2 — Sh)t* + Bt + 6 = 0.

5+ Bt +

If we choose 3 = 0 and § = 2h~!, then since 2h~! # 0, we have no solution in ¢.
Thus, if y = 8 = 0,0 = 22" and a € F, . {0} is such that j = 1 — 2 is a quadratic
non-residue, then by (4.8) and Lemma all maximal subgroups have exponent

p? and there are three maximal subgroups whose pth powers coincide.

Set G = G/{m), then G is a group as in case (ii) with three maximal subgroups of

exponent p.

On the other hand, since 7,(G) has p + 1 maximal subgroups and (y?) = ((z"y)?) =
((z"2y)P), there exists a maximal subgroup N of v, (G) which does not coincide with
the pth power of any maximal subgroup of G. Hence G = G//N is a group as in case

(ii) in which all maximal subgroups are of exponent p?.
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CHAPTER 5

QUOTIENTS OF THE NOTTINGHAM GROUP

In this chapter, we state the main result on quotients of the Nottingham group. We
determine which quotients of the Nottingham group over FF,, are Beauville groups,
for an odd prime p. As a consequence, we give the first explicit infinite family of
Beauville 3-groups, and we show that there are Beauville 3-groups of order 3" for
every n > 5. Before moving on to the results we give the definition of the Nottingham
group and some properties in Section [5.1] These properties play a significant role in

proving the main theorems of this chapter.

5.1 Preliminaries

In this section, we present some preliminaries for the Nottingham group. The proof

of the results can be found in the given references.

The Nottingham group was first introduced by D. Johnson [33] as a group of formal

power series under substitution.

Definition 5.1.1. Let I, be a finite field. The Nottingham group over I, denoted by
N (F,), is defined to be the group of formal power series of the form

f=t1+ ) ') e B[]

k=1

under formal substitution: given g € N'(F,), set fg = g(1+ > =, arg").

Equivalently, the Nottingham group may be described as follows:
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Definition 5.1.2. The Nottingham group over I is the topological group of normal-

ized automorphisms of the ring F[[t]] of formal power series :

N(E,) = {f € Aus(F[[]) | f(1) =t + 3 ait'}.

i>2

The group operation is composition and given g € N (F,), we set fg = f o g.

Throughout this chapter, we shall write A/ for N'(F,) and the elements of N will be
thought of as automorphisms of F[[¢]].

We next define a chain of subgroups A, (k > 1) of A by

Ni={f € Au(E[[]) | f() =t + ) ait'}.

i>k+1

Each N is an open normal subgroup of N and [N} : Nji1| = ¢. It can be seen that
N = @(N/Nk) Thus if ¢ is a power of p, then N is a pro-p group. Indeed, it is a
finitely generated pro-p group.

We now state some results regarding the generators of the Nottingham group. For this

purpose, we introduce the following specific elements.

Definition 5.1.3. Fori € Nwithi # 0 (mod p) and X € F,, we define f;[\] € N by
FilN]: t— t(1 = M)~

Then f;[\] € N; (see [36]], page 41).

Proposition 5.1.4. [36, Proposition 1.2] The set {f;[\| | i € Nwithi # 0
(mod p), A € IFZ} is a complete set of representatives for the conjugacy classes of

the elements of order p in N.

Definition 5.1.5. Fori > 1 and \ € F,, we define e;,[\] € N; by

e\t — t(1+ AtY).

Let F, be a field with odd characteristic. If I, is additively generated by { A1, A, ..., Ac},
then AV is topologically generated by 2¢ elements, that is

N =(aN]elN] 1<) <e).
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Lemma 5.1.6. [11, Remark 3(ii)] Let N be the Nottingham group over F,, for an
odd prime p. Then N can be generated by two elements of order p, namely f1[1] and

fo[1]-

Definition 5.1.7. If 1 # f € N then there is an integer k > 1 such that f €
N\ Niy1. We call k the depth of | and denote it by D(f). Also, we define the depth
of the identity to be .

Proposition 5.1.8. [11} Proposition 1] Ler f, g € N with D(f) = k and D(g) = .
Then

D(lf,g) =k+€ if k#{ (modp),
D([f,g]) >k+¢ if k={¢ (mod p).

Theorem 5.1.9. [11, Theorem 2] Forp # 2,

Nk-l—fa lf k 7_é 14 (mod p)a
Nivera, if k={ (mod p).

[Nk,J\/E] -5

The following can be easily deduced from Theorem [5.1.9]for p # 2.

(i) The derived series of N is given by N'© = Nyiv1_; fori > 0,and [N : NO)| =

q2i+1*2

(ii) The lower central series of A is given by v;(N) = N,,, where r; = i + 1 +

=1

Thus if AV is the Nottingham group over F,, for an odd prime p, then |;(N) :
Yir1(N)| < p? and the equality holds if and only if 7 = k(p — 1) + 1 for some
k > 0. In other words, we have ‘diamonds’ of order p? in the lower central series

which correspond to the quotients Ny 1/Nypi3-

Theorem 5.1.10. [37, Theorem 1.3] Let N be the Nottingham group over F, of
characteristic p # 2. Then for every 1 # W < N, there exists k € N such that one
of the following holds:

(i) N1 SW < Ni wherek #1 (mod p).
(ii) Nizo <W < N, where k=1 (mod p).
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Thus every non-trivial normal subgroup of N is of finite index.

In particular, if NV is the Nottingham group over F,, for an odd prime p, then every
non-trivial normal subgroup of N is either a term of the chain {N}} or one of the
p + 1 intermediate subgroups in a diamond corresponding to Ny, 1/Npi3. Thus the

Nottingham group over F,, is an example of thin infinite pro-p group.
Lemma 5.1.11. [11, Lemma 1] If D(f) = k then
D(f*)=kp if k=0 (modp),
D(f?) > kp if k#0 (modp).
Theorem 5.1.12. [11] Theorem 6] Ifp # 2 then
le — /\_/Z) = Nkp+Ea

where k = k (modp)and()ﬁ%ﬁp—l.

Notation: We write z,, for the number p™ + p™ ! +- ..+ p+ 2 for every m > 1 and

we put zp = 2.

The following theorem implies that p™th powers of elements of the Nottingham group

are contained in NV, _1.

Theorem 5.1.13. [53| Theorem 6] Let z,, be as defined above and p # 2. Then for
everym > 1 and k < z,, the exponent of N'/ N, is at most p™.

We next mention how we can calculate the p™th powers of elements of the Notting-
ham group. For any f € N, we can form a matrix M where M ; is the coefficient
of #/ in the power series f(t'), which is the image of ¢* under f. Then we have the

following lemma.

Lemma 5.1.14. [53, Lemma 5] Let f € N, and let M be the matrix associated to
f. Then for every r > 1, the coefficient of t" in the series fP (t) is

Z Mi07i1Mi17i2 cee Mig_higa (51)

i=(i0,...,i¢)
where { = p" and the tuples i = (i, ..., 1) in the sum are taken so that 1 = iy <

1<ty < o< ty_q <tp=n.

72



We finally state a result regarding the centralizers of elements of order p with depth k&

of the Nottingham group.

Theorem 5.1.15. [36, page 42] Let f be an element of N of order p with D(f) = k.
Then for every { € k + 1 4 pN we have

5.2 Main result

In this section, we analyse quotients of the Nottingham group over the field [F,,, for an

odd prime p. Before proving the main result, we require Theorems[5.2.6/and [5.2.8] It

should be noted that Lemma [5.2.2] is crucial to determine Beauville structures in the

quotients of the Nottingham group.

Before proving the following two lemmas, we first observe that for every £ > 1, we
have

f=g (modN,) ifandonlyif f(t)=g(t) (mod t*). (5.2)
Indeed, f = g (mod N) implies that there exists h € N, such that f = hg. Let h
be given by h(t) =t + > .., ait’. Then

f(£) = h(g(t) = g(t) + > ag(t) = g(t) (mod t*+).
i>k+1

Conversely, let us assume that f(¢) = g(t) (mod t**1), that is f(t) = g(t) +
> isksr @it'. Since g € N, there exists g=' € N such that g~ (g(t)) = t. Let h
be given by h(t) = t + > o,y aig”'(t)". Then h € Ny, and h(g(t)) = g(t) +
s 69~ (9 = 9(t) + Siop s it = £(2). Thus f = hg, and hence f = g
(mod Ng).

Our approach to prove the main result is based on the analysis of the quotients of
the form N/, .1 for every m > 1. To this purpose, the important point is to con-
trol the p™th powers of elements outside N’ modulo N, .1 since they are potential

generators of that quotient group.

Lemma 5.2.1. Let f € N,, 1 and g € N, 11, where k > 0. Then, for every { > 1

we have

(fg) = 1" (mod Noy, 1),
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Proof. According to Theorem [2.2.20] we have

(fg)pé = fpegpecgg)cg%’) . cﬁ’il) . Cye, (5.3)

P

where ¢; € v;({f,g)) for every 2 < i < p’. Since g € N, 11, it then follows from
Theorem [3.1.12] that

¢ ¢
9" € i-ﬁ-l < '/V;?e(zlﬁ-l) < Nzk+e+1'

On the other hand, let 1 < i < p’, and choose r such that p” < i < p"*'. Then the

binomial coefficient (p:) is divisible by p’~", by Corollary [2.2.24, Since p" < i <

p" ™, we have ¢; € v,-({f, g)), where

71”“(<f7 g)) S [Nzk—i-h-/\/'zk—lap‘rila zk—l] — N2+pr(2k71)+p’“—1 .

p—1

The equality follows immediately from Theorem Since

" —1
];_1 :Zr+k+]-7

24p (2 — 1)+

we get

() ¢ g
i P
C; S /\/’T+k+1 < Npefr(zrwc—i—l) < Nzk+z+17

zZ.

by using Theorem|5.1.12, Thus we conclude from 1} that (f¢)*" = f* (mod N iot1)-
U

As a consequence of Lemma [5.2.1] if we want to know p™th powers of all elements
outside N in the quotient N' /N, 1, it is enough to calculate the p™th power of one

element in M ~. N for every maximal subgroup M of \.

We note that ®(N) = N3, by Remark 3 in [11]] and hence N'/®(N) = C, x C,,.
Thus A has p + 1 maximal subgroups. These maximal subgroups are N3, together
with the subgroups M, = (fy,N”) for all A € F,, where the element f) is given by
L) =t +1+ 2.

We recall from Proposition that the elements a and b given by a(t) = (1 —¢)!
and b(t) = t(1—2¢)~1/? are both of order p. Indeed, a(t) = t(1—t)"' = t(> ;2 t') =
t+t?+¢> (mod t*). Then by we have a = f; (mod N3). Thus M = (a, N7).
Also Ny = (b, N"). By Lemma[5.2.1] we conclude that all elements in M; \ N and
N3 ~. N have order at most p™ in the quotient group N'/N,_ 1. On the other hand,
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we will see that all elements in M ~ N’ with A # 1 have order p™ ™! in N/, ;1.
To this purpose, we need to calculate f" modulo N, 1. The following lemma is

crucial for the calculation of ff\)m.

Lemma 5.2.2. Let f € N be defined via
f(t) =t + APt = (mod #om1 ),
where m > 1. Then

(1) = t+ NI = )t = 2N — )Pt (mod t172), if mo=1,
t— )\pflutzm _ )\p72u2tzm+l (IIlOd tszrQ)7 lf m > 1.

(5.4)

Proof. By Lemma and (5.2)), we may assume that f(t) = ¢+ \t*m—1 4 pt#m-1+1,
Since f € N, _,_1, it follows from Theorem [5.1.12]that ¥ € N? | = N, _;.
Thus for every 2 < i < z,, — 1, the coefficient of ¢’ in f? (t) is zero. For the proof we
rely on Lemmal5.1.14] According to the definition of the matrix M, we have
ft) =t + Z M 84
i>1

By expanding the ith power in

P = 50 = e gy = 3 (e oy, 69)

S=

we obtain the following values of M, ;; for1 < j < z,,_; 4+ 1: if m > 1 we have

Ni, ifj =z — 1,
My = i, ifj = zm1, (5.6)
0, if1§j<zm_1—10rj:zm_1+1,
and if m = 1 then
YR if j =1,
Miirj = X (%) + p, if j =2, (5.7)
22(5) +A3(35), ifj=3.
We deduce from (5.6)) that if there is a non-zero term in the sum (5.1)) corresponding
to a tuple i = (i, ...,1%,), then we must have ;.4 > i; + 2,1 — 1 for every j =

0,...,p— 1. Thus i; > j(z,—1 — 1)+ 1forevery j =0,...,p.
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Let us first assume that m > 1. We start by calculating the coefficient o of t*™ in
fP(t). Since i, = 2z, = p(zm—1 — 1) + 2, for some k& € {1,...,p} we must have
ij=Jj(zm-1—1)+1forj=0,...,k—1landi; = j(z,—1 —1)+2forj=k,...,p.
For simplicity we write ¢; = j(z,,—1 — 1) + 1. Then

p
o= E Ak,
k=1

where .

~1 P

Q= (HMQi—h‘h') Mg, gt ( H qu‘—1+17q1'+1)‘

i=1 i=k+1

By (5.6) we have
quthj = >\ij1 = )\j7 fOI'j = 1, cey k — 1,
MQk—vak‘f’l = pqp—1 = pk,
and
qu_1+1,qj+1 =Mg-1+1)=Ay+1), forj=k+1,...,p

Thus

ar =N kl(k+2)...(p+1).

Since «y, contains the factor p unless k£ = p — 1, we get
a=N"up—-1l=-IN"1y

We next calculate the coefficient 8 of t*=*1 in f(¢*). Since i, = 2z, + 1 = p(2pn—1 —

1)+ 3, 8 must be a product of factors of the form M, i, where i;—ij 1 = 21— 1
except for two values k and ¢ for which i), — i1 = 4 — ipy-1 = Zy,_1, Or One
value r for which i, — 7,1 = 2,,_1 + 1. The latter case gives a zero product, since

M; i ,,_,+1 = 0 by (5.6), and hence

B= > Bs

1<k<t<p
where
k—1 /-1
By = (HMifla‘Ji) My, qu+1 ( H Mi71+17qi+1)
=1 i=k+1
p
ng71+1,qg+2 ( H Mi71+276h‘+2>'

1=0+1
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By (5.6), we have

p+2
— \Pp—2,2 ;
5]6,@ = A H H 1,
=1
i£k+1, 0+2

whichisOunless k = p—1land ¢ =p,or1l < k < p—3and ¢ = p— 2. Consequently

w

p—

B = Ap‘2u2<(p -DI(p+1)+

p—-Dip+1)(p+2)\ p—2 2
k+1 >__)‘ ol

b
Il

1
where the last equality follows from Theorem [2.2.22] This completes the proof when

m > 1.

Let us now assume that m = 1. We first calculate the coefficient v of ¢** in fP(t).

Similar to the case m > 1, we have

p
a = E Ak,
k=1

where
k—1 p
O = (HM%—MH) M%ﬂ#}k-ﬁ-l ( H Mi—l"l‘la%"!‘l)'
=1 i=k+1

Then by (5.7),
k
ap, = /\7"1</\2 (2) + uk) (k—DW(k+2)...(p+1).
Since oy, is 0 unless £ = p — 1, we finally get

o= NN ) (p— Dl(p+ 1) = NN — ).

The coefficient 3 of t**™! in fP(¢) can be obtained in a similar way. In that case, we

have
p

B= > Bt B

1<k<t<p r=1

where [}, 4 is as defined above, and

r—1 p
ﬁr == (H M ifl,Qi) Mqr_lqu+2 ( H M ¢—1+2,q¢+2>-
=1

i=r+1

By (5.7), we have

e o) omeen) T

i=1
i#k, k41,041, 0+2
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whichisOunless k =p—1land/=p,orl1 <k <p—3and ¢ = p— 2. Thus

D Bre= N (=X )= Dip+1)
Ly EE =D+ D+ 2) (V) + pk
TN =) Y k:(k:+1)( )

k=
= A 2(A2 = p)(=3M + p),

—

where the last equality follows from Theorem [2.2.22] On the other hand,

B, = AP‘I(QAM(Q) + A3 (g)) (r—1)lr+3)...(p+2).

We now consider separately p = 3 and p > 5. Let us first assume that p > 5. Then
B, is Ounless 7 = p — 1 or p — 2. Thus

iﬁr - Apl(zw(p; 1) + X8 (p 5 1)) (r—2!p+2)
v <2)\u (p 5 2) 13 (p 5 2)) (p—3)(p+1)(p+2)
= 20" 120 — A%) — NP6 — 4)?)
— 2N (N2 — p).

If p = 3 then

3
S B = Ba+ By = 10X + 22 = 203(\? — ).

r=1

Thus in both cases we get the same result, namely Y >_, 3, = 2)\?(A\? — u1). Conse-
quently

B= N2 = ) (=37 4 ) + 20 (N — ) = = NTHN — p)?,
as desired. This completes the proof. [
Corollary 5.2.3. For every A € I, and m > 1, we have

@) =t+ (1= N — (1= At (mod ¢ +2),

Proof. To prove the corollary, we use induction on m. By Lemma § 2 2 we have
ff(t> =t+ (1 — )\)tzl _ (1 _ )\)Qtzl—O—l (IIlOd tz1+2)_
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We now assume that the result holds for m — 1 for some m > 2. That is,

m

ff _l(t) =i+ (1 - /\)m—ltszl _ (1 _ A)mtzm,l—&-l (IHOd tzm*H_Z),

m

Then Lemma implies that the coefficient of ¢ in f} (t) is
(1= D01 = o) = (1= AP = (1= A,
and the coefficient of t*=+1in £ (¢) is
—(1 = N)P=20m=D _ \)2m — (] — \Pm=DF2 — (] — )™

The last equalities follow from the fact that for every A € F,,, \* = A. This completes
the proof. [

We next consider a quotient G = N /N,, .1 of the Nottingham group, for a fixed m >
1. We will use the following notation: for every 1 < k < z,, + 1, N}, = N /N, 11,
and for every A € F,, M\, = M, /N, ;1.

Corollary 5.24. If G = N'/N., 11 then for A\ € F,, X\ # 1, the power subgroups
M f\?m are all different and of order p, contained in N, ;. In particular, all elements

of My ~. G’ are of order p™*! for X # 1.

Proof. We know that M- f\om is the image of Mﬁm in G. Lemma yields that for
every A € F,, A\ # 1, MY is equal to the image of (f*") in G, and hence by
Corollary Mf is of order p. Thus for every A # 1, we have 1 = N, ;1 <
M f\’m < N.._;. Furthermore, since fy is of order p™*! in G for A # 1, it follows

from Lemma that all elements of M, ~. G’ are of order p™*! for \ # 1.

It remains to show that M fm are all different for A # 1. If M f\’:l =M f;n for some
A1, A2 € Fyy A, Ag # 1, then (f§1n> = (ff;n> (mod N, 11). Then || implies that
f;’: NOE ff\’;n(t) (mod t**2) for some integer 7 not divisible by p. Observe that
since f} (t) = ¢+ (1 — A\)™t™ — (1 — A\ )2+ (mod ¢2+2), by Corollary
[5.2.3] we have

ff\?m (t) = (f)lin © ffr)(t) =1+ 2(1 — Al)mtz’” — 2(1 — Al)erltszrl (HlOd tzm+2).
Then inductively we get
f;\z;m (t) =t+ Z(l - )‘l)thm _ Z(l _ /\l)m—i-ltzm-‘rl (mod t2m+2),
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Hence (f) = (f{') (mod N, 1) if and only if
i(1—A)™ = (1—X)™, and i(1 — A\)™ = (1 — \g)™

This clearly forces Ay = \o. Thus M fm are all different forevery A € F,, A # 1. [J

We now begin to determine which quotients of the Nottingham group are Beauville
groups. We first consider the quotients of the form A'/N;. We deal separately with
the cases p > 3 and p = 3. On the other hand, the following lemma holds in both
casesp > 3 and p = 3.

Lemma 5.2.5. N'/N,,  is not a Beauville group for every m > 1.

Proof. By Lemmal[5.2.1]and by Corollary[5.2.3] all elements in M, /N, ~N"/N,,
are of order p™*! for A # 1. Since exp N'/N,,, = p™*1, it then follows that con-
dition (i) of Proposition [3.2.1] is fulfilled. On the other hand, by Theorem [5.1.12]
we have N?" < N, 4, and so (N/N.,)P" < N, _1/N., . This, togehter with
N, _1/N.,,| = p, yields that (A/A, )P has order p. Thus also condition (ii) of
Proposition holds, and we conclude that A/ /A, is not a Beauville group. [

Theorem 5.2.6. If p > 5 then a quotient N'/ N is a Beauville group if and only if
k > 3 and k # z,, forallm > 1.

Proof. First of all, note that by Lemma [5.2.5] N'/N,, is not a Beauville group for
m > 1. On the other hand, if £ = 2 then N'/N> = C,, which is not a Beauville group.

This completes the proof of one implication in the statement of the theorem.

Let us now prove the converse. We begin by proving that G = N /N, .1 is a
Beauville group for all m > 1. Let u and v be the images in G of the automor-
phisms a and b which were defined after Lemma Then {u,v} and {uv?, uv'}
are both systems of generators of (G, and we claim that they yield a Beauville structure

for G. If X = {u,v,uv} and Y = {uv? uv?, uvuv'}, we have to see that
() N (") =1 (5.8)

forall z € X,y € Y, and g,h € G. Observe that (z®(G)) and (yP(G)) have

trivial intersection for every x € X and y € Y/, since a and b are linearly independent
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modulo ®(G) and p > 5. As a consequence, ¢ and yh lie in different maximal

subgroups of G in every case.

Assume first that x = u or v, which are elements of order p. It then follows from

Lemma [2.3 1] that

foreveryy € Y.

We next assume that x = uv. Now, uv and all elements y € Y lie in M) ~ G’ for

some A € F,, A # 1, and so they are all of order p™**, by Corollary If (5.8)
does not hold, then

(@) = ("))

and, again by Corollary [5.2.4, 29,4" € M), for some \. This is a contradiction, and

we thus complete the proof that GG is a Beauville group.

Let us now consider a general quotient N/, with & > 3 and k # z,, for all m > 1.
Theneither3 < k <p+1lorz,+1<k<z,1—1forsomem > 1. In the former
case, exp N /N, = p. Since p > 5, it implies that A'/N}, is a Beauville group by
Corollary In the latter case, we claim that the Beauville structure of N'/N, 14
shown in the previous paragraph can be inherited by a quotient N' /N, for z,, + 1 <
k < zmi1 — 1. One of the generating sets in the Beauville structure of N'/N, 11
is {aN,,, +1,bN,, 11}. By Corollary we have (ab)?" € N, 1~ N, 11 and
(ab)P" ™ € M., -1 < Ny, thus o(abNj,) = p™*. Since also o(aNy) = o(bN}) = p,
we can apply Lemma [2.3.4] and hence A/ is a Beauville group. O

Next we show a similar result for p = 3. To this purpose, we need the following

lemma.

Lemma 5.2.7. Let p = 3and m > 1, and put G = N'/N,, ;1 and Ny, = Ny /N, 1
forall k > 1. If u and v are the images of a and b in G, respectively, then

{[U,g] | g e G} M sz—l = [U,, sz—2]7
{[U,g] ‘ g e G} N sz,1 - sza
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and both of order p.

Proof. By Theorem [5.1.9] G is a finite nilpotent group of class 2z,, 1 — 1 since
V2ep 1 (G) = N1 = Land v, ,—1(G) = N,,, -1 # 1. Let N, /N, 1 = (),

for some w € N, _5. Then

Vorm-1-1(G) = Napmr = ([u, w], [v, w]) = ([u, w]) x {[v, w])
= [u,N,, o] X [v,N,, o] =u, N, o] x N

Zm*

Zm*

Observe that [v, N, o] = N,, , because b € No \ N3 and [Ny, NV, o] = N,

Then [u, N, o] has order p. We first show that {[u,g] | ¢ € G} NN, 1 =
[u, N, _o]. By Lemma[2.3.3) we have {[u,g] | ¢ € G} N N,, _; is a subgroup of
N, _1since N, 1 < Z(G). Itis clear that [u, N,,, o] < {[u,9] | g € G} NN, 1.

We argue by contradiction, and suppose that [u, N, ] is proper, that is

Then, since N, _; is of order p?, we get {[u,g] | g € G} N N,,, 1 = N, 1. Thus

there exists g € G such that 1 # [u,g] € N, . Since a € N7 \ N, is of order p,

Theorem [5.1.15]yields
Cy /N, (N,,) = Cn(@)N, -1 /N,

Thus we can write ¢ = ch, with [u,c¢] = 1 and h € N, ;. It follows that [u, g| =
[u,ch] = [u, h)[u,c]® = [u,h] € [G,N,, 1] = 1, since N,,,_; is central in G, which

18 a contradiction.

We next prove the result for the element v. Let [v, g] € N, _; for some g € G. Since

b € N3 ~ N3 is of order p, again by Theorem[5.1.13] we have
CON /N2 (0N —2) = O (DN, -2 /N, 2.

Thus we can write g = ch with [v,¢] = 1 and h € N, _4, and consequently [v, g] =
[v,ch] = [v,h][v,c]" = [v,h]. Now, if D(h) = z,, — 4, then by Proposition [5.1.§]
D([v, h)) = z;,—2, thatis [v,h] € N,, o~ N, 1, whichisnottrue. Thush € N, 3
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and hence we conclude that [v, g] € [Na, N,,,_3] = N,,,. Since IV, has order p, we
get{[v,g]| g€ G} NN, _1 =N, ,as desired.

]

Theorem 5.2.8. If p = 3 then a quotient N'/ N, is a Beauville group if and only if
k> 6and k # z,, forallm > 1.

Proof. Since the smallest Beauville 3-group is of order 3°, the quotient A//N,, can
only be a Beauville 3-group if &£ > 6; note that 6 is the same as z;+1 in this case. Now,
by arguing as in the proof of Theorem [5.2.6] it suffices to see that G = N'/N, .1 is

a Beauville group for every m > 1.

Let v and v be the images of a and b in (G, respectively. By Lemma there
exist w,z € N, _; such that w & {[u,g] | ¢ € G} and z ¢ {[v,g] | ¢ € G}.
Observe that w and z are central elements of order p in G. We claim that {u, v}
and {(uw)~!, vz} form a Beauville structure in G. Let X = {u,v,uv} and Y =
{(uvw) vz, utow™2}. Assume first that z € X is of order p, and let y € Y.
If (z®(G)) # (y®(G)) in G/P(G), then by Lemma ()9 N (y)h = 1 for
every g,h € G. Otherwise, we are in one of the following two cases: © = u and

y = (uw)™!, or x = v and y = vz. Then the condition (x)¢ N (y)" = 1 follows by
Lemmal[2.3.2

We now assume that z = wv. Again applying Lemma[2.3.1}, we get (z)7 N (y)" = 1
where y = (uw)~! or y = vz, which is of order p. Thus we are only left with the
case when 7 = wv and y = v vw ™'z, Now z and y lie in two different maximal
subgroups which are different from A/, and N,. By Corollary both z and y
are of order p™*! and (xP") # (y?"). Since zP",y?" € N, are central in G, it
follows that (x)? N (y)" = 1 for all g,h € G also in this case. This completes the
proof that GG is a Beauville group. 0

By Theorems[5.2.6/and[5.2.8] we determine which quotients of the Nottingham group

of the form N /N, are Beauville groups. We next analyse the case of quotients of the

form A/W, where W is an intermediate subgroup in a diamond Ny 1/Nyp 3.
It is clear that N, _1/N,, .1 is a diamond for all m > 0. We refer to these as
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distinguished diamonds.

Theorem 5.2.9. Let VV be an intermediate subgroup in a diamond of the Nottingham

group which is not distinguished. Then N' /W is a Beauville group.

Proof. Let Nipis < W < Nypi1, where N1 /Nipis is not distinguished. We
choose m such that z,,, + 1 < kp + 3 < z,41 + 1. By Theorems [5.2.6] and [5.2.§]

N /N, 1 has a Beauville structure whose first set of generators is {aN,,, 11, bN,, 11}
Now a and b are both of order p modulo W and modulo N, ;. Since (ab)?” €
N., 1~ N, and (ab)pm+1 € N.,,.,—1 by Corollary ab has the same order
modulo W and NV, ., namely p™*!. Hence N/ is a Beauville group by Lemma
234 O

Theorem 5.2.10. (Main Theorem) Let \ be the Nottingham group over F,, where
p is an odd prime, and let YW be a normal subgroup of N of index > p* or p°,
according as p > 3 or p = 3. Then N'/W is a Beauville group if and only if W #
N.,., (e, N, +1), where e is the automorphism given by e(t) = t + t*™ for all m > 1

orm > 2, according as p > 3 or p = 3.

Proof. Tt remains to deal with the case of quotients of the form N /W, where W is
an intermediate subgroup in a distinguished diamond \V,,, 1/, 11 for some m > 1
or m > 2, according as p > 3 or p = 3. The p + 1 intermediate subgroups between
N, +1and N, _; are N, and the subgroups W,, = (€4, N, 1), where a € F,, and
ea(t) =t +t7m + at™ L,

We already know that '/, is not a Beauville group by Lemma By using
the same argument we show that neither N'/W, is a Beauville group. By Corollary
we know that all elements in M, /W, ~ N’ /W), are of order p™*! for X\ # 1,
and hence exp N'/W, = p™*. Then Q3 (N/W,) is contained in two maximal
subgroups, which are M /W, and N3/W,. On the other hand, since N?" < N, _;
we have (N /Wp)P" = NP" Wy /Wy < N, —1/Wo, and so (N /W)™ is of order p.
Thus N /W is not a Beauville group by Proposition m

Thus we may assume that WW = W, for some o # 0. If we define f, as above by
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means of f)(t) =t + t* + \t3, then by Corollary we have
ffra@) =t+ (—Oé)mtzm — (—a)m+1tzm+1 (HlOd t2m+2>7

and hence

flia =" (mod Neyya).

Consequently, W,, = (f,.., N>, +1). We next observe that f,,, = ab® (mod N3).
Since a(t) =t + t? + t3 (mod t*), and b(t) = t + t* (mod t*), we have ab®(t) =
t+t*+ (1 + a)t® (mod t*), and (5.2) implies that f;,, = ab® (mod N3). Then
Lemma [5.2.1] yields that

ffra = (ab™)""  (mod N, 11).
Hence W, = ((ab®)?", N, +1). In particular, the order of ab® modulo W, is p™.

Now, since m > 1if p > 3and m > 2ifp = 3, N/N,, _,,1 has a Beauville
structure with {a\,, _,+1,bN,, _,+1} as one of the generating sets. In a similar way,

we can prove that N'/N, . has a Beauville structure whose first set of generators

iS {aNZ'm.—l"Fl ) ba‘/\/zm—l"rl }'

Let u and v be the images of a and bin G = N /N, 11, respectively. If p = 3, then
{u,v?} and {uw, vz} also form a Beauville structure for G. The proof is essentially

the same as the proof of Theorem

If p > 3, then for 1 < o < p — 3 the set of generators {u,v*} and {uv!*® wo?~1}
form a Beauville structure for G. If « = p — 2, then {u,v*} and {uv? uv?~*} form
a Beauville structure for G, and finally if @ = p — 1, then {u,v*} and {uv,uv3}

form a Beauville structure for G. The proofs are essentially the same as the proof of

Theorem

Then we have o(aN, ,+1) = o(aW,) = p, o(bN,, ,+1) = o(bW,) = p and
o(ab®N,,,_,+1) = o(ab®W,) = p™, and consequently we can apply Lemma to
conclude that N'/W, has a Beauville structure. [

We close the chapter by showing that condition (i) in Proposition [3.2.1] cannot be re-
laxed. More specifically, given a 2-generator finite p-group G of exponent p© in which

Qe—1}(G) is contained in the union of three maximal subgroups and G = p, it
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may well happen that GG is a Beauville group. To this end, consider an intermedi-
ate subgroup NV, 1 < W < N, _; in a distinguished diamond of the Nottingham
group, where m > 1 orm > 2,accordingasp > 3orp=3.IfW #N,, ,{e,N., 1)
then G = N /W is a Beauville group by Theorem Also, as indicated in the
proof of that theorem, we have W = ((ab®)?" | N, ;1) for some a # 0 in F,,. It then
follows from Corollary that exp G = p™'! and that Q,,,3(G) is contained in the

three maximal subgroups of GG that contain the images of a, b and ab®.
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CHAPTER 6

p-CENTRAL QUOTIENTS OF FREE GROUPS AND FREE
PRODUCTS

In this chapter, we prove a conjecture of Boston that if p > 5, all p-central quotients of
the free group on two generators and of the free product of two cyclic groups of order
p are Beauville groups. In the case of the free product, we also determine Beauville
structures in p-central quotients when p = 3. As a consequence, we give an infinite
family of Beauville 3-groups. We next compare these examples with the Beauville
quotients of the Nottingham group over F5 given in Chapter 5] and we show that the

two infinite families only coincide at the group of order 3°.

6.1 Preliminaries

In this section, we briefly recall the definition and some properties of p-central quo-
tients. Also we present some preliminaries regarding free groups and free products of

groups.
Definition 6.1.1. For any group G, the normal series

G=M(G) > N(G) > > M(G) > ...

given by \,(G) = [M\i—1(G), G]\—1(G)? for n > 1 is called the p-central series of
G. Then a quotient group G /\,(G) is said to be a p-central quotient of G.

Theorem 6.1.2. [31| Definition 1.4, Theorem 1.5] Let GG be a group. Then

n—2

) (@) = 1 (GP" (G 41 (G)Pa(G).
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(ii) [)‘m(G)v)‘n(G>] S >\m+n<G>'
(i) An(G)P" < Anyi(G).

Theorem 6.1.3. [29, Theorem 9.14] If G is a d-generator group, then G /\o(G) is
elementary abelian of order at most p?. If G is a finite p-group, then \y(G) = ®(G).

Lemma 6.1.4. [29, Lemma 9.15] If 0 is a homomorphism of G, then 0(\;(G)) =
\i(0(G)). Consequently, each term of the p-central series is a characteristic subgroup
of G. Also, if N < G then \;(G/N) = X\i(G)N/N.
Theorem 6.1.5. [29, Lemma 9.20] If G/)\o(G) is generated by the images of g1, ga,
-y G, then \o(G)/XN3(Q) is generated by the images of ¢¥ for 1 < i < d and
lgi, 9] for 1 < i < j < d. More generally, for k > 1, let S be a subset of G
which generates G modulo \o(G), and let T' generate \i,(G) modulo \g11(G). Then
Mier1(G) is generated modulo \i1o(G) by [s,t] for s € S, t € T and t? fort € T.

Theorem 6.1.6. [31, Theorem 1.8] Let G be a group. Then any element of \,(G)

can be written in the form

..a, forsome a;€ v;(G).

The following lemma states a special case of the Hall-Petrescu formula.

Lemma 6.1.7. [31, Lemma 1.1] Let G be a group, x,y € G and let p be an odd
prime. Then forn > 3

n—2
(l‘y>pn72 = l‘pn72ypn72 (mod WQ(G)pn72 H ’YpT(G)pn727'r).
r=1
Lemma 6.1.8. Let G be a group and x,y € G. Forn > 2, we have

n—2 n—2 n—2

(xy)? ~=aP TyP (mod A\, (G)).

Proof. By Lemma[6.1.7, we have

-2 n—2 n—2

n—2
(zy)" " =" " (mod (G [ (G, 6.1)
r=1

n—2

Now the result follows, since by Theorem |6.1.2} 75 (G)”" " < \,(G) and for 1 < r <

n — 2 we have

n—2—r

Vpr (G)p

Note that the last inclusion holds, since p is odd. O]

S )\pT+n—2—r(G) S )\n<G)
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Note that if y € A\2(G) in Lemma|6.1.8] then

n—2 n—2

(xy)P " =a? (mod A\, (G)). (6.2)

Lemma 6.1.9. Let G be a group such that exp G/G' = p. Then for all n > 1,
An(G) = 1m(G).

Proof. Since expG/G’' = p, we have G? < G’, and hence \y(G) = G'. Now
assume that the result holds for n > 2, that is, \,,(G) = 7,(G). Then \,1(G) =
Yni1(G)Vn(G)P. Since exp v;(G) /7i+1(G) | exp G/G’ = p for all i > 1, this implies
that v,,(G)? < 74,,+1(G), and hence \,,(G) = 7,(G). O

We next give the definition of free groups.

Definition 6.1.10. (Universal property of the free groups) A group F' is said to be
Jree on a nonempty set S if there is a function ¢ : S — F such that if G is any

group and 0 : S — G is any function, then there exists a unique homomorphism

f: F — G such that 0 = f o ¢.

Theorem 6.1.11. [47, Theorem 2.1.5] If G is any group and S is a subset of G that

generates G, then G is a homomorphic image of the free group on the set S.

Definition 6.1.12. Let S be an arbitary set. A word in S is a finite sequence of
elements which we write as w = Y1y . . . yn, where y; € S. Consider S™' = {s71 |
s € S} where s is just a formal expression, and set S*' = S U S™L. An expression
of the type w = 55! ... si" (s;, € S, ¢; € {1,—1}) is called group word in S. A group

word w = vy ...y, is called reduced if w does not contain a subword of the type yy

fory € S*L.
The following is an alternative definition of free groups that uses reduced words.

Definition 6.1.13. A group F' is called a free group if there exits a generating set S of
F' such that every non-empty reduced group word in S defines a non-trivial element
of F. If this is the case, F is said to be freely generated by S, and the generating set
S is called a basis for F.

The following theorem will be essential in Section [6.2]
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Theorem 6.1.14. [41, Problem 2, Section 2.2] Let F' = (z,y) be the free group on

two generators. Then an element w = x™ y™ ... "™ y™* forn;, m; € Z belongsto F'

if and only if the exponent sum of both letters is zero, that is Zle n; = Zle m; = 0.

Proof. Consider the abelianization F'/F” of the free group F'. This is the free abelian

groupon {z,y}. Thenw = x™y™ ... z"y" € F’if and only if it is the empty word

in the free abelian group, and this happen if and only if Zle n; = Zle m; =0. [

We now present some results regarding the free product of groups. Also, we will see
later that free groups are free products of inifinite cyclic groups.

Definition 6.1.15. A group G is said to be free product of its subgroups G if the
subgroups G, generate G, that is if every element g of G is the product of a finite

number of elements of G,

9=0q192---Gn G € G,,, 1=12...,n, (6.3)
and if every 1 # g € G has a unique representation in the form subject to the
condition that g; # 1 and no two adjacent elements are in the same subgroup G..
We can also speak of a free product of an arbitrary collection of groups.

Let an arbitrary set of groups {G,}.ca be given. A word is an ordered system of
elements w = ¢19s . . . g,, Where n > 1, every g; is an element other than the identity
element of GG,,, and two adjacent elements g; and g;, belong to different groups G,,,.

The case n = 0 corresponds to the empty word.

If w' = g1g), ... g, is another word, then we can define the product of w and w’ in the

following way:

Let g; = 0,y 05 = Gn1s- -+ 9i = Gntiy fOr 0 < i < min(m, n), but g,y # g, 7.
If the elements g¢;,, and g,,_; belong to different groups G, then

ww' = g19 . . -gn—i9£+19§+2 e G
butif g}, and g,,; lie in the same group G, and g,_;g;,, = h, then

ww' = g1 . . -9n—¢—1h9£+2 e G
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In other words, to obtain the product of w by w’ we write down w and w’ in juxtapo-

sition and then carry out the necessary cancellations and contractions.

The empty world plays the role of the unit element in the multiplication of words.

Thus the inverse of w is

-1 _ -1 -1 -1 -1
w =9, 9p-1---92 91 -

Then the set of all the words defined above form a group G, and this group is the free

product of its subgroups G, where G, are isomorphic to the given groups G.,.

Definition 6.1.16. If G is a free product of the set of groups {G}aen, then the G,
are called the free factors of G.

The free product G will be written G = Froep Go. If A is a finite set {aq, o, . . ., },
then the free product G is written G = G, * G, % -+ * G,

Remark 6.1.17. [48, Theorem 11.52] Every non-trivial element of the free product
G = Fraen G, can be written uniquely in the form
9=9192-.-Gn,

where each ¢; is a non-trivial element of some G,,, and consecutive terms lie in

different groups. This is called the normal form of g.

The definition of a free product can also be put into another form that uses generators

and relations.

Theorem 6.1.18. [48, Theorem 11.53] Let {G,, | a« € A} be the nonempty set of
groups. Suppose that G, = (S, | R.) are the presentations for G, where S, is a set

of generators and R, is a set of defining relations in these generators. Then

FraEA Ga = <Ua€ASa | UaEARa>-

The following is another approach to the concept of a free product.

Definition 6.1.19. [47, page 167] Let {G, | « € A} be a nonempty set of groups.
The free product of the G, is a group G for which there exist homomorphisms (., :
G, — G with the property that for any group H and any family of homomorphisms

Vo @ Go —> H there exists a unique homomorphism v : G — H such that

Yo =1 0 Lo
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Lemma 6.1.20. [48, Lemma 11.49] If G is a free product of {G,, | « € A}, then the

homomorphisms L, are injections.

Theorem 6.1.21. [47, Theorem 6.2.2] For every nonempty set of groups {G,, | o« €

A} there corresponds a free product.

The following theorem shows the uniqueness of the free product.

Theorem 6.1.22. [48, Theorem 11.50] Let {G,, | o« € A} be a set of groups. If each
GGy and G5 are the free product of the G, then G1 = Gb.

Lemma 6.1.23. [48, Example 11.9] A free group F' is a free product of infinite cyclic

groups.

Proof. 1f X is abasis of F, then (z) is infinite cyclic group for each z € X. We define
ty : (x) — F to be the inclusion. If H is a group, then a function [ : X — H
determines a family of homomorphisms ¢, : (x) — H, namely z" — f(x)".
And the unique homomorphism v : F' — H which extends the function f clearly

extends each of the homomorphisms v, thatis ¢ o ¢, = ¢, forall z € X. [

We will need the following lemma in Section

Lemma 6.1.24. [47, Example 6.2.11] The free product of two groups of order 2 is an
infinite dihedral group.

Proof. Let G = (a) % (b) where o(a) = o(b) = 2. Write ¢ = ab. Then we have G =
{a,c) and ¢* = ¢~!. Thus G is an image of an infinite dihedral group D,,. Observe
that c has infinite order, since ¢, ¢?, ¢3, . .. are distinct elements by uniqueness of the

normal form. On the other hand, since a proper image of D, is finite, we have
G = Dg. O

6.2 Main results

In this section, we give the main results of this chapter, namely we prove Boston’s

conjectures about Beauville structures in p-central quotients of the free group on two
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generators and of the free product of two cyclic groups of order p. We first deal with

the free group case.

Let F' = (z,y) be the free group on two generators. Notice that ®(F/\,(F')) for
n > 2 coincides with Ao(F)/\,(F), and thus elements outside \o(F') are potential
generators in F'/\,(F). In order to determine Beauville structures in the quotients
F/\,(F), it is fundamental to control p"~?nd powers of elements outside \o(F') in

these quotients groups.

Before we proceed to prove the main result for the free group we need to introduce

two lemmas.

Lemma 6.2.1. Let F' = (x,y) be the free group on two generators. Then 2"~ and

y?" " are linearly independent modulo \,(F) for n > 2.

n—2

(mod A, (F)).

...ay for some a; €

Proof. We argue by way of contradiction. Suppose that y"pnf2 = a?

It follows from Theorem that 27" "y

-2 . n-2 pn—l1

7v;(F), and then we have y=7" "2P" "a] = € yo(F). Write a; = 2Fy'z for some

n—2 n—1 n—2
D p
— gy 7

z € v9(F') and some k, [ € Z. Then

n—1

a = (:z:"”ylz)f"w1 = xkpnflylpnfl (mod o (F)).

2 -2

Thus y~#" " zP" aﬁ’n_l € v5(F) if and only if y= " " g?" *(+ke)y """« 40 (F), and
this happens if and only if y?" (P9 zP" (k) ¢ ~,(F). On the other hand, by
Theorem an element of the free group F' belongs to 7, (F') if and only if the
exponent sum of both generators is zero. Hence we get p"~2(1 + kp) = 0, which is a

contradiction. O

As a consequence of Lemma x and y have order p"~! modulo A, (F).

By (6.2)), if we want to know p"~?nd powers of all elements outside Ao (F') in F'/\,, (F),
it is enough to know the power of each element in the set {y, zy* | 0 < i < p — 1}.

Also, by Lemma[6.1.8] we have
SNy —2 n—2 ;on—2

(zy" ) ~=a y? (mod \,(F)) for 1<i<p-—1,

and since 27"~ and y?" "~ are linearly independent modulo ), (F) by Lemma m

the following lemma is straightforward.
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Lemma 6.2.2. If G = F/\,(F), the power subgroups M?"™? are all different and of
order pin \,—1(F)/\,(F'), as M runs over the p + 1 maximal subgroups of G. In

particular, all elements in G ~. ®(G) are of order p"~.

We are now ready to prove the main result regarding the free group on two generators.

Theorem 6.2.3. A p-central quotient F/)\,(F) is a Beauville group if and only if
p>bandn > 2.

Proof. For simplicity let us call G the quotient group F'/\,(F"). We first show that
if p = 2 or 3, then G is not a Beauville group. By way of contradiction, suppose
that {u;,v;} and {us, v, } form a Beauville structure for GG. Since G hasp + 1 < 4
maximal subgroups, and there are 6 elements in the union of two triples {u;, vy, u1v; }
and {us, Vs, usvo} We may assume that u; and u, are in the same maximal subgroup.

Then by li we have <u’1’n_2> 2 (ug"‘2>, which is a contradiction.

Thus we assume that p > 5. First of all, notice thatif n = 2, G = C, x C, is a
Beauville group, by Catanese’s criterion. So we will deal with the case n > 3. Let u
and v be the images in G of = and y, respectively. We claim that {u, v} and {uv?, uv?}

4,024
,uvtuvt}, we

form a Beauville structure for G. If A = {u,v,uv} and B = {uv?, uv
need to show that

(a9) N (") =1, (6.4)

foralla € A,b € B, and g, h € G. Observe that a? and b" lie in different maximal
subgroups of G in every case, since u and v are linearly independent modulo ®(G)

and p > 5.

Now, all elements a € A and b € B are of order p"~!, by Lemma If (6.4) does
not hold, then

(@) ") = (")),

and again by Lemma |[6.2.2| a? and b" lie in the same maximal subgroup of G, which

is a contradiction. We thus complete the proof that GG is a Beauville group. [

We next turn our attention to the free product of two cyclic groups of order p.
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Let F' = (z,y | 2P, y”) be the free product of two cyclic groups of order p. Notice
that since F'/F" has exponent p, we have \,(F') = v,(F) for all n > 1, by Lemma
6.1.91

We start with a general lemma.

Lemma 6.2.4. Let ¢y: G; — Go be a group homomorphism, let x,y, € G, and
xo = Y(x1), y2 = V(1). If o(x1) = o(xs) then the condition <a:12ﬁ(g)> N <y;p(h)> =1
implies that (x9) N (y!) = 1 for g,h € G1.

Proof. We argue by way of contradiction. Suppose that 1 # 2, € (x{) N (y%). Then
W(z) € @9 N (y¥™) = 1, and hence 2z, € Kere. Since o(z) = o(1h(z1)), it
follows that (x{) N Kert = 1, thus z; = 1, a contradiction. O

Recall that if a p-group G is regular, then Q;(G) = {z € G | 27" = 1}, by Theorem
Thus any p-group G of class < p satisfies exp ;(G) < p’, since it is regular.
On the other hand, if a group G is not regular, we cannot guarantee that exp €2;(G) <
p'. However, we can still find a bound for the exponent of ;(G), which is related

with the class of G.

Lemma 6.2.5. [15, Theorem A] Let G be a p-group. Then for every i,k > 1, the

condition Yyp—1)+1(G) = 1 implies that

exp (G) < ptFl

A key ingredient of the proof of the main theorem will be based on p-groups of
maximal class with some specific properties. Let G = (s) x A where s is of order p
and A = qu. The action of s on A is via 6, where 6 is defined by the companion
matrix of the pth cyclotomic polynomial 2P~!+- - -+ +1. Then G is the only infinite
pro-p group of maximal class. Since s? = 1 and ! + - - . + 0 + 1 annihilates A, this

implies that for every a € A,

(s = Pas" ko

Thus all elements in G ~. A are of order p. An alternative construction of G can be

given by using the ring of cyclotomic integers (see Example 7.4.14 [39]).
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Let P be a finite quotient of G of order p™ for n > 3. Let us call P, the abelian
maximal subgroup of P and P; = [Py, P,~!, P] = ~;(P) for ¢ > 2. Then by Lemma
6.1.9) we have \;(P) = 7;(P) for all 1 < i < n. Also we have the following.

Lemma 6.2.6. Let P be as given above. Then every element in P; \. P, is of order

p[p,ﬂ, and hence exp P; = p“’l -

Proof. Let x be an element in P; \. P, ;. We will use reverse induction on ¢ to show
n—(n—1)

that o(x) = p[%] Ifi=n—1theno(z) = p( 1 | Now assume that the result

holds for all j > i+ 1. Let us take a uniform element s in P. Then (sz)? = 1 because

every element outside P; is of order p. Since P, is abelian, we have
1 = (sz)P = sPaxP[x, 5] (5) | 3](5) g, s, 7 s 8](5)
As sP =1, we get
P p

2P = ([, 5]<2)[a:, s, 8] ®) ... [z,8,271, 5] (P))_l.

Then by Lemmal4.1.13| [x,s,.%.,s] € Piyp \ Py forall 1 < k < p— 1. By the

reverse induction, we know that Pf < Pjip—1 forall j > ¢+ 1. This implies that

2’ € Pip_1 N\ Py (6.5)

. . . |'n—i—p+1“ I'n—z'l
Then again by the reverse induction, o(z”) = p! = »=1 | and thus o(z) = p!»11, as
desired. OJ

Now we can begin to determine which p-central quotients of F' are Beauville groups.

We first assume that p = 2.
Lemma 6.2.7. Let F' be the free product of two groups of order 2. Then no p-central

quotient of F' is a Beauville group.

Proof. The free product I’ of two cyclic groups of order 2 is the infinite dihedral
group D, by Lemma[6.1.24] Then by Theorem no finite quotient of £ is a
Beauville group. [

In the remainder, we consider the case where p is an odd prime.
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Lemma 6.2.8. Let G = F/\,(F) forn > 2. If u and v are the images of x and y
in G, then for any i,j # 0 (mod p) all elements in the coset u'v’®(G) have order
el
Proof. Let P be the p-group of maximal class of order p" which is mentioned above
and let s € P~ P, and s; € P, ~ P'. Note that all elements in P ~. P, are of order
p. Then by the universal property of the free product and since i, j # 0 (mod p), we
can define a homomorphism v : ' — P such that ¢(z') = s~ and ¥ (y’) = ss;.

Since A\, (P) = 1, if we call u and v the images of x and y in G, respectively, then the

map
v:G— P
TR
v —> 881,
is well-defined and an epimorphism. Set k = {Z%ﬂ Since 1) is an epimorphism,

we have ¢ (v’ ®(G)) = 1 (u'v?)®(P) = 5,®(P), where every element in the coset
s1®(P) has the same order as s;, namely p*. Then for every g € u‘v/®(G), we have
o(g) > o(s1) = p*. On the other hand, vy(,—1)+1(G) < 7,(G) = 1. Then by Lemma
6.2.5} together with 2, (G) = G, we get exp G < pF. Consequently o(g) = p*. [

We deal separately with the cases p > 5 and p = 3.

Theorem 6.2.9. If p > 5 then the p-central quotient F'/\,(F') is a Beauville group
for everyn > 2.

Proof. For simplicity let us call G the quotient group F'/\,(F). If n = 2 then G =

C, x C) is a Beauville group, by Catanese’s criterion. Thus we assume that n > 3.

Let v and v be the images of = and y in G, respectively. We claim that {u,v}
and {uv?, uv*} form a Beauville structure for G. Let A = {u,v,uv} and B =

4 uv?uv®}. Assume first that ¢ = u or v, which are elements of order p,

{uv?, uw
and b € B. If (a?) N (") # 1 for some g,h € G, then (a?) C (b"), and hence
(a®(G)) = (b®(G)), which is a contradiction since p > 5. Next we assume that

a = uv. Let ¢ be the homomorphism in the proof of Lemma Since p > 5,
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for every b € B we have ¢)(b) € P ~. Py, which is of order p. Thus for all g,h € G
we have (szf(g)> N ((b)¥™) = 1. Since o(uv) = o(sy), it then follows from Lemma
6.2.4that (a?) N (b") = 1. This completes the proof. O

In order to deal with the prime 3, we need Lemma[2.3.2]and the following lemma.

Lemma 6.2.10. Let G be a p-group which is not of maximal class such that d(G) = 2.
Then for every x € G there exists t € ®(G) \ {[x,q] | g € G}.

Proof. Note that a p-group has maximal class if and only if it has an element with
centralizer of order p?, by Theorem[4.1.4] Thus for every z € G we have |Ce(z)| >

p?, and hence

{lz,9] | g € G} = | Clg(2)| = |G : Ca(x)| < p"~°.
Since d(G) = 2, we have |®(G)| = p" 2. Then there exists t € ®(G) such that
t ¢ {lz,9llgcG} 0

Theorem 6.2.11. Let p = 3. Then the following hold.

(i) The p-central quotient F'/\,(F) is a Beauville group if and only if n > 4.

(ii) The series {\,(F)},>4 can be refined to a normal series of F' such that two
consecutive terms of the series have index p and for every term N of the series

F/N is a Beauville group.

Proof. Since the smallest Beauville 3-group is of order 3°, the quotient F'//\,,(F') can

only be a Beauville group if n > 4. We first assume that n = 4. Now consider the

group
H = (a,b,c,de|a’* == =d* =¢®*=1,[b,a] = ¢,[c,a] = d, [c,b] = e),

where we have omitted all commutators between generators which are trivial. This
is the smallest Beauville 3-group. Since \y(H) = 1, F//A\4(F) maps onto H. On the
other hand, since \;(F') = ~;(F) forall ¢ > 1 and |y2(F') : v3(F)| = 3, it is clear
that |F'/A\,(F)| < 3° and so F//\y(F) = H. Consequently, F//\;(F) is a Beauville

group. Thus we assume that n > 5.
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Now let us call G' the quotient group F'/\,(F). Consider the map ¢: G — P
defined in the proof of Lemma Since ¢ is an epimorphism, ¥(\,_1(G)) =
An_1(P). As a consequence, the subgroup Ker ) N \,,_1(G) has index 3 in \,_1(G),
since \,,_1(P) is of order 3 . Choose an arbitrary normal subgroup N of F such that
M(F) < N < A\y_y(F) and N/, (F) < Ker ). Then 9 induces an epimorphism ¢
from F'/N to P.

We will see that L = F'/N is a Beauville group, which simultaneously proves (i)
and (ii). Let v and v be the images of = and y in L, respectively. Set k = (”T_l]
Then o(uv) < o(zyA.(F)) = 3*. On the other hand, since ¢ (uv) = s;, we have
o(uv) > o(s;) = 3%, and consequently we get o(uv) = 3% in L. Since F/ \(F) = H
is not of maximal class, L is not of maximal class. Thus, by Lemma there
exist z,t € ®(L) such that z ¢ {[u,l] | [ € L} and t ¢ {[v,{] | | € L}. We claim
that {u, v} and {(uz)~!, vt} form a Beauville structure for L. Let A = {u, v, uv} and

B = {(uz)™t, vt, (uz)tvt}.

If @ = u, which is of order 3, and b = vt or (uz)~'vt, then we get (a?) N (V") = 1
for every g, h € L, as in the proof of Theorem When a = vand b = (uz) ! or
(uz)~wt, the same argument applies. If we are in one of the following cases: a = u
and b = (uz)~!, or a = v and b = vt, then the condition (a?) N (") = 1 follows from

Lemma[2.3.2]

It remains to check the case when a = wv and b € B. For every b € B, we have
(b) € P~ Py, which has order 3. Since o(uv) = o(s;), the condition (a?) N (b") = 1
follows from Lemma [6.2.4] as in the proof of Theorem [6.2.9] This completes the
proof. ]

Thus the quotients in Theorem [6.2.11] constitute an infinite family of Beauville 3-
groups of order 3" for all n > 5.

Observe that if p = 3 then o(uv) = o((uz) tvt) = p*, where k = P‘%ﬂ , by Lemma
)

Also if p > 5 then every element b € B in the proof of Theorem has

order p*. Thus the signatures of the triples in the Beauville structures arising from

Theorems [6.2.9] and [6.2.11] are unbounded as n goes to infinity. Consequently these

examples are different from those of Stix and Vdovina given in page[9], since in their
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examples the signatures of one of the triples of the Beauville structures take a constant

value.

We finish this section by comparing the infinite family of Beauville 3-groups in The-
orem [6.2.11] with the ones given in Chapter [5 by considering quotients of the Not-
tingham group over F3. Recall that by Theorem N /N, is a Beauville group
if and only if £ > 6 and k # z,, for all m > 1. Furthermore, by Theorems
and @ for i > 1 there exists a normal subgroup W between N, 3 and N, 1
such that N'/W is a Beauville group. This gives quotients of N which are Beauville
groups of every order 3" with n > 5.

We will show that these two infinite families of Beauville 3-groups only coincide at

the group of order 3°.

Theorem 6.2.12. Let N # ~4(F) be a normal subgroup of F' such that F/N is
a Beauville group. Then F/N is not isomorphic to any quotient of N' which is a
Beauville group. On the other hand, F/~v4(F) is isomorphic to N /y4(N).

Proof. Since there is only one Beauville group of order 3°, F/~4(F) is necessarily
isomorphic to A//74(N'). Now suppose that F//N = N /W where v, (F) < N <
Yn—1(F') for n > 5 and F//N is a Beauville group. Since F'/N is of class n — 1 and
W lies between two consecutive terms of the lower central series, we have 7, (N) <
W < 4,-1(N). Note that if n = 5 then v5(N) < W < y4(N), where 75(N) = N7
and y4(N') = N, by Theorem Thus in this case, we have W = ~5(N). If
n > 5 then W < ~5(N). Consequently the isomorphism F'/N = A/ /W implies that
F/v5(F)N = N /v5(N). We next show that this is not possible.

Recall that y»(N) = N3 and by Theorem 3 = Ny . Then exponent of
Y2 (N /75(N)) is 3. On the other hand, as in the proof of Theorem there is
an epimorphism from F'/v5(F)N to a p-group of maximal class P of order 3° with
exp P’ = 3%. Thus N/ /~5(/N') cannot be isomorphic to F'/~vs5(F)N. O
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