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ABSTRACT

STOCHASTIC ANALYSIS
WITH APPLICATIONS TO QUANTUM MECHANICS
Elik, Gullua
Msc, Department of Mathematics
Supervisor: Associate Prof. Cenap OZEL
November 2009, 92 pages

In this thesis I describe a kind theory of stochastic analysis in Hilbert space, quan-
tum states, and Jaynes - Cumming Model under random phase telegraph noise. I apply
the stochastic process in quantum systems and explore entanglement properties of the

atoms-fields interaction under random phase telegraph noise.
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OZET

KUANTUM MEKANIGINDEKI UYGULAMALARI iLE
STOKASTIK ANALIZ
Elik, Giilli
Master Tezi, Matematik Boliimi
Tez Yoneticisi: Dogent Doktor Cenap OZEL
Kasim 2009, 92 sayfa

Bu tezde, Hilbert uzayda stokastik analizin, kuantum durumlarinin ve Jaynes -
Cumming Modelin rasgele faz telegraf giiriiltii altinda bir ¢esit teorisini tanimliyorum.
Stokastik siireci kuantum sistemlerine uyguluyorum ve rasgele faz telegraf giiriilti

altinda atom-alan etkilesimlerinin dolagiklik 6zelliklerini arastirtyorum.

Anahtar Kelimeler: Dolasiklik, Jaynes-Cumming Model, Rasgele Faz Telegraf

Gurulti.
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CHAPTER 1

INTRODUCTION

In the mathematically formulation of quantum mechanics, developed by Paul
Dirac[1] and John von Neumann|2], the possible states of a quantum mechanical sys-
tem are represented by unit vectors (called “’state vectors”) residing in a complex sepa-
rable Hilbert space (variously called the “’state space” or the ’associated Hilbert space”
of the system) well defined up to a complex number of norm 1 (the phase factor). In
other words, the possible states are points in the projectivization of a Hilbert space,
usually called the complex projective space. The exact nature of this Hilbert space
is dependent on the system; for example, the state space for position and momentum
states is the space of square-integrable functions, while the state space for the spin of
a single proton is just the product of two complex planes. Each observable is repre-
sented by a maximally-Hermitian (precisely: by a self-adjoint) linear operator acting
on the state space. Each eigenstate of an observable corresponds to an eigenvector of
the operator, and the associated eigenvalue corresponds to the value of the observable
in that eigenstate. If the operator’s spectrum is discrete, the observable can only attain
those discrete eigenvalues.

The time evolution of a quantum state is described by the Schrédinger equation, in
which the Hamiltonian, the operator corresponding to the total energy of the system,
generates time evolution.

The inner product between two state vectors is a complex number known as a prob-
ability amplitude. During a measurement, the probability that a system collapses from
a given initial state to a particular eigenstate is given by the square of the absolute value
of the probability amplitudes between the initial and final states. The possible results
of a measurement are the eigenvalues of the operator - which explains the choice of

Hermitian operators, for which all the eigenvalues are real. We can find the probability



distribution of an observable in a given state by computing the spectral decomposition
of the corresponding operator. Heisenberg’s uncertainty principle is represented by the
statement that the operators corresponding to certain observables do not commute.

The Schrodinger equation acts on the entire probability amplitude, not merely its
absolute value. Whereas the absolute value of the probability amplitude encodes in-
formation about probabilities, its phase encodes information about the interference
between quantum states. This gives rise to the wave-like behavior of quantum states.

It turns out that analytic solutions of Schrodinger’s equation are only available for
a small number of model Hamiltonians, of which the quantum harmonic oscillator, the
particle in a box, the hydrogen molecular ion and the hydrogen atom are the most im-
portant representatives. Even the helium atom, which contains just one more electron
than hydrogen, defies all attempts at a fully analytic treatment. There exist several
techniques for generating approximate solutions. For instance, in the method known
as perturbation theory one uses the analytic results for a simple quantum mechanical
model to generate results for a more complicated model related to the simple model
by, for example, the addition of a weak potential energy. Another method is the ’semi-
classical equation of motion” approach, which applies to systems for which quantum
mechanics produces weak deviations from classical behavior. The deviations can be
calculated based on the classical motion. This approach is important for the field of
quantum chaos.

An alternative formulation of quantum mechanics is Feynman’s path integral for-
mulation, in which a quantum-mechanical amplitude is considered as a sum over his-
tories between initial and final states; this is the quantum- mechanical counterpart of
action principles in classical mechanics.

Quantum entanglement, also called the quantum non-local connection, is a possible
property of a quantum mechanical state of a system of two or more objects in which
the quantum states of the constituting objects are linked together so that one object can
no longer be adequately described without full mention of its counterpart - even if the

individual objects are spatially separated in a spacelike manner. This interconnection



leads to non-classical correlations between observable physical properties of remote
systems, often referred to as nonlocal correlations.

For example, quantum mechanics holds that observables such as spin are indeter-
minate until such time as some physical intervention is made to measure the spin of
the object in question. In the singlet state of two spins it is equally likely that any
given particle will be observed to be spin-up as that it will be spin-down. Measuring
any number of particles will result in an unpredictable series of measures that will tend
more and more closely to half up and half down. However, if this experiment is done
with entangled particles the results are quite different. When two members of an en-
tangled pair are measured, one will always be spin-up and the other will be spin-down.
The distance between the two particles is irrelevant.

Theories involving *hidden variables’ have been proposed in order to explain this
result; these hidden variables account for the spin of each particle, and are determined
when the entangled pair is created. It may appear then that the hidden variables must
be in communication no matter how far apart the particles are, that the hidden variable
describing one particle must be able to change instantly when the other is measured. If
the hidden variables stop interacting when they are far apart, the statistics of multiple
measurements must obey an inequality (called Bell’s inequality), which is, however,
violated - both by quantum mechanical theory and in experiments.

When pairs of particles are generated by the decay of other particles, naturally or
through induced collision, these pairs may be termed “entangled”, in that such pairs
often necessarily have linked and opposite qualities, i.e. of spin or charge. The as-
sumption that measurement in effect “creates” the state of the measured quality goes
back to the arguments of, among others: Schrddinger, and Einstein, Podolsky, and
Rosen(EPR paradox[3]) concerning Heisenberg’s uncertainty principle and its relation
to observation (Copenhagen interpretation[4]). The analysis of entangled particles by
means of Bell’s theorem, can lead to an impression of non-locality (that is, that there
exists a connection between the members of such a pair that defies both classical and

relativistic concepts of space and time). This is reasonable if it is assumed that each



particle departs the scene of the pair’s creation in an ambiguous state (as per a possible
interpretation of Heisenberg). In such a case, for a given measurement either outcome
remains a possibility; only measurement itself would precipitate a distinct value. On
the other hand, if each particle departs the scene of its “entangled creation” with prop-
erties that would unambiguously determine the value of the quality to be subsequently
measured, then a postulated instantaneous transmission of information across space
and time would not be required to account for the result. The Bohm interpretation pos-
tulates that a guide wave exists connecting what are perceived as individual particles
such that the supposed hidden variables are actually the particles themselves existing
as functions of that wave.

Observation of wavefunction collapse can lead to the impression that measure-
ments performed on one system instantaneously influence other systems entangled
with the measured system, even when far apart. Yet another interpretation of this phe-
nomenon is that quantum entanglement does not necessarily enable the transmission
of classical information faster than the speed of light because a classical information
channel is required to complete the process.

The Jaynes-Cummings model (JCM) is a theoretical model in quantum optics. It
describes the system of a two-level atom interacting with a quantized mode of an opti-
cal cavity, with or without the presence of light. The JCM is of great interest in atomic
physics and quantum optics both experimentally and theoretically.

This model was originally proposed in 1963 by Edwin Jaynes and Fred Cummings
in order to study the relationship between the quantum theory of radiation and the
semi-classical theory in describing the phenomenon of spontaneous emission[5].

In the earlier semi-classical theory of field-atom interaction, only the atom is quan-
tized and the field is treated as a definite function of time rather than as an operator.
The semi-classical theory can explain many phenomena that are observed in modern
optics, for example the existence of Rabi cycles in atomic excitation probabilities for
radiation fields with sharply defined energy (narrow bandwidth). The JCM serves to

find out how quantization of the radiation field affects the predictions for the evolu-



tion of the state of a two-level system in comparison with semi-classical theory of
light-atom interaction. It was later discovered that the revival of the atomic population
inversion after its collapse is a direct consequence of discreteness of field states (pho-
tons [6, 7]). This is a pure quantum effect that can be described by the JCM but not
with the semi-classical theory.

Twenty four years later, a beautiful demonstration of quantum collapse and revival
was observed in a one-atom maser by Rempe, Walther, and Klein [8]. Before that time
research groups were able to build experimental setups capable of enhancing the cou-
pling of an atom with a single field mode, simultaneously suppressing other modes.
Experimentally, the quality factor of the cavity must be high enough to consider the
dynamics of the system as equivalent to the dynamics of a single mode field. With
the advent of one-atom masers it was possible to study the interaction of a single atom
(usually a Rydberg atom) with a single resonant mode of the electromagnetic field in
a cavity from an experimental point of view [9, 10] and study different aspects of the
JCM.

In order to more precisely describe the interaction between an atom and a laser
field, the model is generalized in different ways. Some of the generalizations are ap-
plying initial conditions[11], consideration of dissipation and damping in the model
[12, 13], consideration of multilevel atoms and multiple atoms [14], and multi-mode
description of the field [15].

It was also discovered that during the quiescent intervals of collapsed Rabi oscilla-
tions the atom and field exist in a macroscopic superposition state (a Schrodinger cat).
This discovery offers the opportunity to use the JCM to elucidate the basic properties
of quantum correlation (entanglement) [16]. In another work the JCM is employed to

model transfer of quantum information [17].

Another important generalization of the JCM is the incorporation of the noise into
the model as given by Joshi et.al.[18]. Kayhan et.al.[19, 20, 21, 22]. used this gener-

alized model to calculate the entanglement dynamics in the atom-field interaction.



In this thesis we first review the works in Ref [20, 21, 22] and go further to calcu-
late the entanglement dynamics in the two atoms-two fields system. We find that there
is no three partite entanglement of the time evolution system.

We should note that all calculations in the thesis are verified in MATHEMATICA.

The organization of the thesis is as follows.

Chapter 2 contains a general information about stochastic analysis and quantum
states.

In Chapter 3 we review one atom-one field interaction under random phase tele-
graph noise.

In Chapter 4 we review entanglement of one atom-two fields interactions under
random phase telegraph noise.

In Chapter 5 we investigate two atoms-two fields interaction under random phase
telegraph noise as a new work.

In Chapter of conclusion, we deduce that in atoms-fields interactions the effects of

random phase telegraph noise is different.



CHAPTER 2

BASIC CONCEPTS

2.1 Stochastic Analysis

In this chapter, we present the mathematical theory of stochastic analysis[23, 24,
25, 26, 27, 28].

A stochastic process, or sometimes random process, is the counterpart to a deter-
ministic process (or deterministic system) in probability theory. Instead of dealing
with only one possible ‘reality’ of how the process might evolve under time (as is the
case, for example, for solutions of an ordinary differential equation), in a stochastic or
random process there is some indeterminacy in its future evolution described by prob-
ability distributions. This means that even if the initial condition (or starting point) is
known, there are many possibilities the process might go to, but some paths are more

probable and others less.

2.1.1 Probability Spaces and Random Variables

In this section we recall the basic vocabulary and results of probability theory. A

probability space associated with a random experiment is a triple (Q; F; P) where:

1. Q is the set of all possible outcomes of the random experiment, and it is called

the sample space.
2. Fis a family of subsets of Q which has the structure of a o-field:

e (eF

e If A € F ,then its complement A€ also belong to F



3. Pisa function with associates P(A) toeachsetA € F (that is,AANA; =0 if i+# j),

P(O A,-] = i P(4)
i i=1

=1

The elements of the o—field F are called events and the mapping P is called a proba-

bility measure. In this way we have the following interpretation of this model:

P (A) =" probability that the event F occurs”

The set () 1s called the empty event and it has probability zero. Indeed, the additivity

property (3) implies

P(0)+P (@) +......... =P(0).

The set Q is also called the certain set and by property (3) it has probability one. Usu-
ally, there will be other events A C Q such that P (A) = 1, then its customary to say that
the statement is true almost surely, or that the statement holds for almost all w € Q.

The axioms 1, 2 and 3 lead to the following basic rules of the probability calculus:

P(AUB) = P(A)+P(B) if ANB=0

P (B)

1 - P(a)

A c B=— P(A) <P(B)

2.1.2  Probability Distributions of Random Variables

We have two types of random variable discrete and continuous. All random vari-

ables (discrete or continuous) have a cumulative distrubition function, which is the



characterizetion of the probability distribution F,(x) : R — [0, 1] defined by
Fi(x) = P(X < x) = Py((—0, x]) 2.1)

which satisfies
e F is non-decreasing,

e Right continuous and

lim Fo(x) =0

lim Fy(x) =1

X—+00

2.1.3 Discrete probability distribution

A probability distribution called discrete if its cumulative distribution function only
increases in jumps. More precisely, a probability distribution is discrete if there is a
finite or countable set whose probability is 1. It is also sometimes called the probability

function or the probability mass function

P(X = x;) = p(x;) (2.2)

It satisfies the following conditions:
e ( < p(xi) < 1

e X p(x)=1

2.1.4 Continuous distribution function

A probability distribution is called continuous if its cumulative distribution func-
tion is continuous, which means that it belongs to a random variable X for which

P[X = x] =0 forall x inR.



If we have a absolutely continuous distributions we can characterized this distributions

by a probability density function:

Fu(x) = P[X < x] = f ) fu(t)dt (2.3)

and if, in addition, the density is continuous, then F’.(x) = fi(x).

2.1.5 Expected Value

The expected value of a random variable indicates its average or central value. 1t
is useful summary value (a number) of variable’s distribution.
Stating the expected variables with the same expected value can have very different
distributions. There are other useful descriptive measures which affect the shape of the
distribution, for example variance.
The expected value of a random variable X is symbolised by E(X) or .
If X is a discrete random variable whit possible values x, x;, x3, ..., x,, and p(x;) denotes

P(X = x;), then the expected value of X is defined by:

p=EX) = ) xpx) (24)

where the elements are summed over all values of the random variable X.
If X is a continuous random variable whit probability density function f(x), then

the expected value of X is defined by
p=E00 = [ xfds 23)

2.1.6 n-Dimensional Random Variable

We say that X = (X}, ..., X,,) 1s an n dimensional random vector if its components are
random variables. This equivalent to say that X is a random variable whit values in R”.

The mathematical expectation of an n-dimensional random vector X is, by defini-

10



tion, the vector

E(X) = (E(X)), ... E(X,)) (2.6)

As in the case of real-valued random variables we introduce the distribution of an n-
dimensional random vector X as the probability measure defined on the Borel o-field

of R" by
P.(B)= P(X''(B)) = P(X € B) (2.7)

We will say that a random vector X has a probability density f, if f.(x) is nonneg-

ative function on R”, measurable with respect to the Borel o-field and such that
by bi
Pla;< X; < bj,i=1,....,n}= f fo(x15 ey Xp)d X1 . d X, (2.8)
an ap

for all a; < b;. Notice that

f f feo(x1, s xp)dxy.dx, = 1. (2.9

o0

2.1.7 Independent Random Variable

Two events 4, B € F are said independent provided
P(4A N B) = P(A)P(B). (2.10)

Given an arbitrary collection of events {4;,i € I}, we say that the events of collection

are independent provided
P(4;, N...N4;) = P(4;)...P(4;,) (2.11)

for every finite subset of indexes {iy, ..., i} C 1.

Suppose that X, Y are two independent random variables with finite expectation.

11



Then the product XY has also finite expectation and

E(XY) = E(X)E(Y) (2.12)

More generally , if Xj, ..., X, are independent random variables,

E[g1(X1)...gn(Xn)] = E[g1(X1)]...E[gn(X0)], (2.13)

where g; are measurable functions such that E[|g;(X;)|] < oo.

2.1.8 Conditional Probability

The conditional probability of an event A given another event B such that P(B) > 0
is defined by

P(4 N B)

P(4|B) = P(B)

(2.14)

We see that A and B are independent if and only if P(4 | B) = P(A). The conditional
probability of the event A modified by the additional information that the event B has

occurred.

2.1.9 Stochastic Process

Let (Q2, ¥, P) be a probability space. A stochastic process is a collection

(X, 1€ T) 2.15)

of random variables X, defined on (Q, 7, P) where T is a set, called index set of the
process {X; | € T'}. T is usually (but not always) a subset of R. X is sometimes known
as a random function.

Given any ¢ the possible values of X; are called the states of the process at ¢. The set of

all states, for all 7 of a stochastic process is called its state space.

12



If T is discrete, then the stochastic process is a discrete-time process. If T is an interval
of R then {X; | t € T} is a continuous-time process. If T can be linearly ordered, then ¢
is also known as the time.

A stochastic process X with state space S can be thought of either of following three

ways.

e As a collection of random variables, X; for each ¢ in the index set 7.

e As a function in two variables t € 7 and w € Q

X:TxQ—8§,(tw) — X(w). (2.16)

The process is said to be measurable, or jointly measurable if it is B(T)@F /B(S)
measurable. Here, 8(T) and B(S) are the Borel o algebras on T and s respec-

tively.

e In terms of sample paths. Each w € Q maps to a function

T — §,t— X(w) (2.17)

In the following sections we will analysis some of the most important stochastic pro-

cesses which are Poisson process and Markov process.

2.2 Poisson Process

A Poisson process[29, 30] is the stochastic in which events occur continuously and
independently of one another. Examples that are well-modeled as Poisson processes
include the telephone calls arriving a switchboard, page view requests to a website,
and rainfall.

Let N(t) denote the number of events having occurred before time t. Such a stochas-
tic process {N(?),¢ > 0} is called a counting process. It takes values on non-negative

integers and is non-decreasing in time t. The increment N(¢) — N(s), s < ¢, counts the

13



number of events having occurred during the time interval (s, 7]. It is usually assumed
that N(0) = 0.
A Poisson process is a continuous-time counting process {N(t),t > t} that possesses

the following properties:
e N(0)=0

e [ndependent increments (the number of occurrence counted in disjoint intervals

are independent from each other)

e Stationary increments (the probability distribution of the number of occurrences

counted any time interval only dependents on the length of the interval)

e arrivals don’t occur simultaneously

Consequence of the definition include

e The probability distribution of N(?) is a Poisson distribution.
The Poisson distribution is a discrete probability distribution that expresses the
probability of a number of events occurring in a fixed period of time if these
events occur with a known average rate and independently of the time since the

last event.

e The probability distribution of the waiting time until next occurred is an expo-
nential distribution.
The exponential distributions are a class of continuous probability distributions.
They describe the times between events in a Poisson process, i.e. a process in

which events occur continuously and independently at a constant average rate.

2.2.1 Homogeneous Poisson Process

A homogeneous Poisson process has a constant rate parameter function A(¢) = 4,

such that the number of events in time interval (¢, ¢ + 7] follows a Poisson distribution

14



with parameter Ar. This relation gives us

e (AT

PING +7) = N(@) =K = =

k=0,1,2,..., (2.18)

where N(¢ + 7) — N(¢) is the number of events in time interval (¢, + 7], the rate A is the

expected value of “events” or “arrivals” that occur per unit time.

2.2.2 Non-Homogeneous Poisson Process

In general, the rate parameter may change over time; such a process is called a
non-homogeneous Poisson process or inhomogeneous Poisson process. In this case,
the generalized rate function is given as A(¢). Now the expected number of events

between time a and b is

b
Aup = f AD)dt. (2.19)

Thus,the number of arrivals in the time interval (a, b], given as N(b) — N(a), follows a

Poisson distribution with associated parameter A,

ei/la'b (ﬂa,b)k

PIN(®) = N@) = k] = ——,

k=0,1,.. (2.20)

A homogeneous Poisson process may be viewed as a special case when A(7) = 4, a

constant rate.

2.2.3  Properties

In its most general form, the only two conditions for a stochastic process to be a

Poisson process are:

e Orderliness: which roughly means

AltiLnO PIN(t+At) - N@t)> 1| Nt+AH)-N({) >1]=0 (2.21)

15



which implies that arrivals don’t occur simultaneously.

o Memorylessness: the number of arrivals occuring in any bounded interval of time

t is independent of the number of arrivals occuring before time .

These seemingly unrestrictive conditions actually impose a great deal of structure in
the Poisson process. In particular, they imply that the time between consecutive events
(called interarrival times) are independent random variables. For the homogeneous
Poisson process, these inter-arrival times are exponentially distributed with parameter
A(mean 1/1); Also, the memorylessness property shows that the number of events in
one time interval is independent from the number of events in an interval that is disjoint
from the first interval. This latter property is known as the independent increments

property of the Poisson process.

2.3 Markov Process

A Markov process ( [31] - [37] ) is a mathematical model for the random evolution of
a memoryless system, that is, one for which the likelihood of a given future state, at
any given moment, depends only on its present state, and not on any states.

In common description, a stochastic process with the Markov property, or memory-
lessness, is one for which conditional on the present state of the system, its future and
past are independent.

Often, the term Markov chain is used to mean a Markov process which has a discrete

(finite or countable ) state - space.

2.3.1 Definition

A stochastic process whose state at time ¢ is X(), for # > 0, and whose history of states

is given by x(s) for times s < ¢ is a Markov process if

PIX(t+h)=y|X(s) = x(5),Vs < t] = P[X(t + h) =y | X() = x(t)], Vh > 0.(2.22)

16



That is, the probability of its having state y at time ¢ + 4, conditioned on having the
particular state x(¢) at time ¢, is equal to the conditional of its having that same state y
but conditioned on its value for all previous times before ¢. This captures the idea that
its future state is independent of its past states.

Markov processes are typically termed (time-) homogeneous if

PIX(t+h) =y | X(®)=x] = P[X(h) =y | X(0) =x], Vt,h>0, (2.23)

and otherwise are termed (time-)inhomogeneous (or(time-)nonhomogeneous). Homo-
geneous Markov process, usually being simpler than inhomogeneous ones, form the

most important class of Markov processes.

2.3.2  Markovian Representations

In some case, apparently non-Markovian processes may still have Markovian rep-
resentations, constructed by expanding the concept of the ‘current’ and ‘future’ states.
For example, let X be a non-Markovian process. Then define a process, such that each

state of Y represents a time-interval of states of X, i.e. mathematically

Y(6) = {X(s) : s € [a(d), b(D)]} . (2.24)

If Y has the Markov property, then it is a Markovian representation of X. In this case,
X is also called a second-order Markov process. Higher-order Markov processes are

defined analogously.

2.3.3 Markov Chain

A Markov chain is a stochastic process with the Markov property. We talk about it
above subsection. At each step the system may change its state from the current state
to another state (or remain in the same state) according to a probability distribution.

The changes of state are called transitions, and the probabilities associated with various
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state-changes are called transition probabilities.

Formal Definition

A Markov chain is a sequence of random variables Xi, X;, X, ... with the Markov
property, namely that, given the present state, the future and past states are indepen-

dent. Formally,
PXpi =x|Xi =x1, X =x2,..,X, =x,) = P(X,s1 = x| X, = X,,). (2.25)

The possible values of X; form a countable set S called the state space of the chain.

Properties

The probability of going from i to sate j in n steps is
Pl = PX, = jl X =) (2.26)
and the single-step transition is
pi; = PXy =1 X =1). (2.27)
For a time-homogeneous Markov chain:
P = PXyer = j 1 Xi = 1) (2.28)
and

Pij = P(Xir1 = J | Xk = 1) (2.29)
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so, the n—step transition satisfies the Chapman-Kolmogorov equation, that for any k

such that 0 < k < n,

Py = pipl (2.30)

reS

where S is the state space of the Markov chain. The marginal distribution P(X, = x)
is the distribution over states at time n. The initial distribution is P(X, = x). The

evolution of the process through one time step is described by

P(X, =)= ) p Py =r) = > plP(Xo = 7). 2.31)

reS reS

in which the (n) is an index, not an exponent.

2.4 Random Phase Telegraph noise

Random switching between discrete levels is known as random phase telegraph
noise[38, 39, 40]. The telegraph model of a random process x(¢) ( we will use in

following chapters x(¢) = ¢(¢) ) rests on the following assumptions.

e The quantity x(¢) remains constant except during infinitesimally brief jumps,

when it changes to a new constant value.
e The process x(¢) is stationary in time and the jumps occur at random.

e The jump process is Markovian: the value of x(#) immediately after a jump de-
pends, at most, only upon the value immediately preceding the jump, not upon

any prior history.

In short, the telegraph constitutes a stationary Markov chain.

It is well known that the dynamics of such Markov chain is completely described
by two basic functions c(a;?) and f(a | B; t) governing all possible transitions among
the different states  at time ¢ will change its state in the interval #, ¢ + dt. The function

f(a | B; t) is the conditional probability that in the interval ¢, # + df this change takes the
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telegraph from state 3, given that the transition ends in the state @. From the definition
of the conditional probability f(a | 5;¢) it is clear that for every fixed state @ and time

t we have

Zf(a B0 = 1. (2.32)
B

We adopt a common simplification and specialize to the case of generalized Pois-
son processes. The random phase telegraph noise is a Poisson process ; the probability

that its state changes » times in an interval of length A¢ is given by
P,=¢e(R)"/n!, (2.33)

where the mean number 7 is related to Az through the dwell time 7 (i.e., the mean time

between interruptions) for the telegraph:
n=AtT. (2.34)

These are special Markov chains for which all ¢(a; ¢) are equal to the same constant

value, and the functions f(« | 5; f) are time independent

ca;t) = ; (2.35)
flalpn = flelp). (2.36)

These definitions imply that the number of transitions within a finite interval Az has a
Poisson-like distribution with a mean value equal to A¢/T. The probability of remaining

in a given telegraph state decreases with time as exp(— | ¢ | /T).

2.5 Qubit

The simplest nontrivial quantum mechanical system is a two-state system which

can be described by a vector in two-dimensional complex Hilbert space. Such a sys-
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tem is called a qubit[41]. The favorite qubit of many physicists is the spin of a spin-1/2
particle, for instance an electron. We will use spins of such particles to illustrate en-
tanglement.

If we measure the z-component of the spin, the result is either up or down. This
measurement corresponds to the observable operator which we call Z. After the mea-
surement the state of the particle is an eigenstate of the observable. We denote these
states by | T,) and | |,), for spin parallel to and antiparallel to the z-axis. They are
mutually orthogonal, and we take them as the unit basis vectors of the spin Hilbert
space. In addition to the eigenstate, the particle may be in any superposition of the

eigenstates,

W’) =a | Tz) +ﬁ | ~Lz> (237)

such that | @ > + | B [*= 1. When the spin along the z-axis is measured, we obtain +1
whit a probability | @ |* and -1 with probability | B |* ( where the spin is in units of
n/2). After the measurement the state is collapses into the corresponding eigenstate.
As the overall phase of a quantum state does not have any physical significance,
only the phase difference between a and S is important, and for convenience we often
choose a to be real. In order to also include the property | @ |*> + | B [*= 1, we can

write the spin state (2.37) of the particle as
0 v . 0
¥y = cos | ) + ¢ sin Sl 4o (2.38)

This gives a nice and intuitive picture of the state space of the spin-1/2 particle, and
thereby any qubit. All possible states are covered when the parameters are restricted to
0 < ¢ <2mand 0 < ¢ < &. Thus, any state corresponds to a point on the unit sphere,
whit the azimuthal angle given by ¢ and the polar angle given by 6. Such a sphere is
called a Bloch sphere, and is very useful tool for visualising states of a qubit. Note that
for 6 = &, the phase of (2.38) changes as ¢ changes, but the state is still the same. This

is reflected on the Bloch sphere, as the azimuthal angle is irrelevant at the poles.
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We may choose another set of orthonormal basis vectors. For instance

1 1
x) = = z z x) = — = z) z7)- 2.39
| T \/E(|T>+|l>) | 12 @(IH 112)) (2.39)

These are the eigenvectors of the X-operator, and they are the resulting states if we
measure the spin along the x-axis. Likewise, we may measure the spin along any axis,

and find a corresponding set of eigenvectors. If we denote the basis vectors

1 0
I 1) = | 12) = ) (2.40)
0 1

then the operators for the spin along the x, y and z axes are nothing more than the Pauli

matrices

0 1 0 —i 1 0

S
1]
h<
1]
N
1]

(2.41)
10 i 0 0 -1

For the spin along any other unit vector, say aX + by + ¢z where a®> + b* + 2 = 1,
the spin operator is aX + bY + cZ. All operators of this form have eigenvalues +1
corresponding to spin parallel and antiparallel to the vector.

As already mentioned, other system are equally good qubits as a spin-1/2 particle.
Among the more popular ones are the polarisation of a photon and the energy levels
of a two-level system. They can be represented by a Bloch sphere just as well as the
spin of an electron can. The advantage of thinking about a spin-1/2 particle is that the
vectors on the Bloch sphere corresponds to actual spin directions in real space.Thus, a
qubit in a state close to the y-axis on the Bloch sphere, has, when the qubit is a spin-1/2
particle, a spin pointing in a direction close to the y-axis.

In general the particular implementation of the qubit is not important for our pur-
pose, so we simplify denote the basis vectors |0) and |1), which in the case of a spin-1/2
particle are typically | T,) and | |,), respectively. The superpositions of these states cor-

responding to the spin along the x-axis, are often denoted |+) and |-), according to the
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sign in the superposition.

1 1
+) = N (10 +11) =) =—-(00)—11)) (2.42)

V2 V2

The name qubit comes from quantum bit and it plays the same role in quantum
information theory as the bit does in classical information theory. The bit is a system
which can be in one of two states, usually denoted 0 and 1. Thus, each bit is capable
of storing enough information to answer exactly one yes/no question. As we have just
seen, the qubit is a much richer structure. In addition to being capable of being in the
states |0) and |1), just as a bit, it can be in a continuum of superpositions between those
states, given by two parameters. Still, only a single bit of information can be read from
a single qubit. When the spin of a spin-1/2 particle is measured along an axis the only
possible results are parallel and antiparallel to the chosen axis. After the measurement
the state is changed, and from the result of the measurement we know what it is. No

more information about the original state can be retrieved.

2.6 Entangled State

From the simplest quantum systems whatsoever, we now turn to look at the sim-
plest composite quantum systems[48, 49, 50]. A composite system is a system which
consists of two or more parts, and the simplest one is a system consisting of two qubits.
We call the two systems A and B. The composite state of the two systems in then sim-

ply the tensor product (or direct product) of the two states.

|\Ppr0d> = |w>A ® |¢>B (243)

Such a state is called a product state, but product states are not the only physically

realisable states. If we let the two systems interact with each other, any superposition
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of product states is realisable. Hence, a general composite state can be written as
I¥) = Z Qi Wi a ® 1)) (2.44)
ij

where Z |y jl2 = 1 and the sets {|y;)} and {|¢,)} are orthonormal basis for the two sub-
systems. Any composite state that is not a product state is called an entangled state.

A composite quantum state consisting of two parts only, is called a bipartite state,
as opposed to multipartite states which consists of more than two parts.

For a single qubit we could always change to another basis where the outcome of
a Z measurement would be given. For a spin-1/2 particle this means that the spin is
always pointing in some direction, even though the state will show up as a superposi-
tion in a basis where the state is not one of the basis states. If the particle is entangled
with another particle, though, the direction of the spin of that particle alone is not well

defined.

2.7 Pure and Mixed States

2.7.1 Pure states

In quantum mechanics, states of knowledge cannot be complete, meaning that an
observer cannot know the result of all possible measurements perfectly well. How-
ever, some states of knowledge are still better than others and there remains a notion
of maximal knowledge. Those quantum states of maximal knowledge are the pure

states[51]:

o =YXyl

where the wavevector is an element of the associated Hilbert space ¢ € H. The states
of non-maximal knowledge are referred to as mixed states.
Some simple relations for pure states are p*> = p and Tr(p?) = Tr(p) = 1

When we are given a bipartite state the first question of interest is whether it is
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entangled or not. This is the question of separability. A separable state is a state which
is not entangled, so each of the subsystems can be given a description on its own.
When it comes to pure states, a state is separable if and only if it is a product state. As

indicated in 2.6, a pure state is a product state if it can be written as

I'J/prod> = |'70>A ® |¢>B (245)

for any pure state [i))4 and |¢p)z. If the state is not a product state, it is an entangled
state.

In practice, though, one needs to find the right basis vectors to be able to write a product
state as in (2.45). A simpler criterion is desired. The Schmidt decomposition[47] is
helpful in this respect. The number of terms in the Schmidt decomposition is called

the Schmidt number , sometimes also Schmidt rank. That is, the number n in

DRI ALIA (2.46)
k=1

The Schmidt number is at most min(d,, dg), where d,(dg) is the dimension of sub-
system 4 (B). But when some of the Schmidt coefficients are zero, those terms may
be skipped giving a lower Schmidt number. Remember that the Schmidt coefficients
are simply the square root of the eigenvalues of any of the reduced density matrices.
Hence, the Schmidt number is simply the number of nonzero eigenvalues of p or p3.
What the Schmidt number tells us physically is basically how many degrees of
freedom that are entangled. And as a product state can be written as (2.45) it is ob-
vious that its Schmidt number is 1. For pure states this is a necessary and sufficient

criterion for separability.
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2.7.2 Mixed States

A pure quantum state is a state which can be described by a single ket vector, other
states are convex combinations' of pure states which are called mixed states.

A mixed state cannot be described as a ket vector. Instead, it is described by its
associated density matrix (or density operator), usually denoted p. Note that density
matrices can describe both mixed and pure states, treating them on the same footing.
A simple criterion for checking whether a density matrix is describing a pure or mixed
state is that the trace of p? is equal to 1 if the state is pure, and less than 1 if the state is
mixed. Another, equivalent, criterion is that the von Neumann entropy is 0 for a pure
state, and strictly positive for a mixed state.

The structure of mixed state bipartite entanglement is richer than its pure state
equivalent. Also, the more difficult task of finding out whether a given mixed state is

separable or not gives rise to classes of states which can be identified by other criteria.

2.8 Density Operators and Mixed States

We want to be able to describe the state of a subsystem that is entangled with an-
other subsystem to which we do not have access. State vectors cannot be used for this
purpose, and we need another representation of quantum states, namely density oper-
ators. This is not only useful for describing “locally” a subsystem which is part of an
entangled system for which we know the state. The formalism is also necessary for
describing quantum mechanical experiments - where noise is inevitable - and doing
quantum statistical mechanics. In the laboratory it is impossible to isolate the quantum
systems under study completely. The systems become entangled with the environment
through unwanted, but unavoidable, interactions. Nevertheless, it is necessary to de-
scribe the system without taking the environment into account.

In the density operator formalism, we describe quantum states by operators on the

system’s Hilbert space instead of unit vectors on it. For any quantum state vector |i),

IA convex combination of elements x;,Xa, ..., XN is an element which can be written > bix; for
p; = 0and };p; = 1. A convex combination of two points is a point on the straight line connecting
them.
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the corresponding density operator is the projection operator ){¢/|. As linear opera-
tors may be - and often is - represented by matrices, density operators are also called
density matrices.

So far we have only represented the state in a new way, using density operators
instead of vectors. But what if we do not know exactly in what state our system is?
Imagine, for example, that we have a machine in our lab which outputs particles in
state |¢) (think of it as some component of a spin). But once in a while events beyond
our control and knowledge (a spike in the electric grid, the turning on of an electro-
magnet in a neighbouring lab, etc.) make the machine malfunction slightly producing
states which are close to, but not exactly [). Let us for simplicity say that the state [y/)
is always created when the machine malfunctions, and that the probability for that to
happen to any given particle is p. Given this uncertainty, the state cannot be described

by a state vector. Still, in terms of density matrices it is described as

p =1 =p) )Wl + ply) Wl (2.47)

The density operator does not tell us from what pure states the state was prepared.
For example, we can have a state |0) or |1), each with probability 1/2. The density
operator is then %( [0)¢0] + |1)(1]) = %I[. The same density operator can be made by

mixing the states |+) = %( |0Y + 1)) and |-) = %( |0y — |1)) in equal amounts, or the

three states |0), |+) and %IO)—%ID in amounts p, = %— %,pz = 3f@ andp; = 1- %,

respectively. We call these different collections of pure states with corresponding prob-
abilities, {p;, [y;)}, ensembles. Sometimes it is also called a realisation and we say that
an ensemble realises a mixed state. Hence, when we describe a state from an ensemble
by its density operator, we discard the information about which ensemble the mixed
state was made from. The density operator still describes the mixed state as well as
can be done, as states from different ensembles having the same density operator are
experimentally indistinguishable.

This indistinguishability makes the density operator a perhaps more intuitive rep-

resentation of a state than the state vector. For example, a state vector has an arbitrary
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overall phase factor, so two vectors differing by a phase factor represent the same state.
Still, when the vector is put together with its dual vector to form a pure state density
operator, the phase factor vanishes because of the complex conjugation. Hence, all
state vectors representing the same state are represented by the same density operator.

To complete our discussion about density operators, we should take note of some
of their properties. For a more thorough discussion, see e.g. [69].Density operators are
(i) positive?, meaning that for any vector [v), (v|o|v) > 0, or equivalently that it is Her-
mitian with nonnegative eigenvalues. Also, (ii) the trace of a density operator is unity,
tr(p) = 1. It turns out that any operator satisfying these two criteria can be realised by
a pure state ensemble. Hence, we may take these criteria as the defining properties of
a density operator.

We will now see how the density operators are used to describe individual parts of
an entangled system. In fact, we will see that even when the composite system is in
a pure state, if the subsystems are entangled, the individual subsystems are in mixed
states.

Formally, ignoring some degrees of freedom in a system (like the ones correspond-
ing to a particle out of reach) is done by tracing out the relevant degrees of freedom
from the density operator. This is also called taking the partial trace with respect to the

degrees of freedom that are to be traced out. Any bipartite state can be written as

p=) cimlaia;l ® b))

ijkl

and the partial trace with respect to system B of a bipartite system is defined as

trg (p)

D cilaa;l ® (b bi)
ijkl

> cubilbiy laiay)

ijkl

Z Cij|ai><aj| (2.48)

i

2Positive operators here refer to positive semidefinite operators. Positive definite operators, on the
other hand, satisfy(v|p|v) > 0 for any |v) and have only positive eigenvalues.
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with C;; = >4, ¢;{bilby). The density operator obtained by tracing out one part of the
system is called the reduced density operator.

We can perform the partial trace in an example. The density matrix is

p = [al?[00)¢00] + aB* [00)(11] + a*B|11)00| + |3 *[11){11], (2.49)

so the reduced density matrix becomes

pa = trz(p)

|@*¢010)10)¢0] + aB" COII0)(1] + "B (110)1)0] + [B(1T)1)(1]

|2I?10)0] + [BP[1)(1]. (2.50)

which is just what we expected.

In section 2.6 we saw what we meant by an entangled state as long as the states
were pure. But this leaves the question of when a mixed state is entangled.

We say that a mixed state is separable if and only if it can be realised as a mixture

convex combination) of locally prepared states 3. That is, it can be written as*
Y prep

> pip" @ p” (2.51)

where p; forms a probability distribution; p;, > 0 and ; p; = 1. This also means [46]

that the state can be written as a mixture of pure product states,

> Pl e L (2.52)
kl

Hence, a mixture of entangled states need not be entangled, but a mixture of separable
states is always separable. Mixture is a process which destroys entanglement. This

is because by discarding information about which of a number of entangled states the

3This definition is due to Werner [44] who called them “classically correlated” states.

“In fact it was considered sufficient that such a sum approximated the state arbitrarily well. It was
shown in [46], though, that in the finite dimensional case any separable state could be expressed in d?
terms, where d is the dimension of the Hilbert space of the composite system.
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system is in, it can no longer be distinguished from a mixture of separable states.

2.9 Separable States

Recall from section 2.8 that a bipartite state is called separable if it can be realised

as a mixture of product states,

> o ep? (2.53)

with p; > 0 and X;p; = 1. Given a density matrix in some basis the task of finding
local density matrices to satisfy (2.53) can be enormous. Even for the simplest system

which may be entangled, a pair of qubits, a density operator would typically look like

p = 234|oo><00| +fz‘|00><01|+fil00><11|
_fi|01><00| + 411|01><01| - fi||01><10| (2.54)
+I/2§i|10><01| + 254|10><10| - fi|10><11|
_f,-|11><00| + ;/filll)(IOI + 152|11><11|

or in matrix representation in the {|00) ,|01) ,|10) ,|11)} basis,

3 V2. V2 -
24 ﬁl O El
V2. 1 V2.
il oz =i 0
o= 24 \; 12 - (2.55)
2. 5 2.
0 ﬁl 2% _ﬁl
V2 V2. 5
i 0

It is not easy to see that this can be written as (2.53). Still, it is constructed as a mixture

of two product states. It can be written as (2.53). Still, it is constructed as a mixture of
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two product states. It can be written as

p;p\”

1(1 1 11 1 o
5 (2|1><1| + 2|—><—|) ® |w%><w%| t5 (211/2 + 2|+><+|) ® Wg)(lﬁgl (2.56)

B )

®p1 + p2p2 »

® p}

ho)
Il

where

o b 2.
W= 50 \ﬁzm

It could of course be realised by a variety of other mixtures as well.

This example shows that we could well use an operational criterion for separability,
like the Schmidt number for pure states. In general, no easily computable necessary
and sufficient criterion is known. Still, we have a necessary condition which is easy to
compute. This is known as the PPT>-criterion or Peres-Horodecki criterion [45, 46]. It
states that if the state is separable, then the partial transpose of the density operator with
respect to one subsystem is positive. A transpose of an operator needs to be taken with
respect to a basis, and the resulting operator depends on the basis. Actually, if A7 is the
transpose of the operator with respect to one basis, any operator of the form U 47 U"
for unitary U satisfying U = U? (in the same basis) is a transpose of the operator
with respect to another basis. However, since the different bases are connected by a
unitary transformation, the eigenvalues are independent of the basis. Therefore, any
orthonormal basis will do for taking the transposition. More formally, if we choose an
orthonormal product basis {|[v;v;)} = {|v;) ® [v;)} for the state p, the partial transpose pls

is defined by its matrix elements

pz;i,nv = <vmv/1|pTB|vnvv> = pmv,ny- (257)

For systems of dimension 2 X 2 and 2 x 3 the PPT-criterion is also sufficient for the

state to be separable [46]. For larger systems, though, there exist entangled PPT states

SPositive Partial Transpose
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[55]. The PPT-criterion is still so useful that the class of PPT states is an important
class of states, strictly larger than the class of separable states. Anything that can be

proved for all PPT states, is automatically true for separable states.

2.10 Von Neumann Entropy

Before treating the general case of mixed states we will consider the simpler case
of entanglement measures of pure states. The treatment is facilitated by the fact that a
pure state contains no classical correlations between the subsystems, so any correlation
present must be of quantum nature. As mentioned in section 2.3, even if an entangled
state is pure the states of the subsystems - described locally by the reduced density
operator - are mixed. For pure states, then, the amount of “mixedness” turn out to be a
good measure of entanglement.

Our measure for how mixed a quantum state fi is, will be the von Neumann entropy,

defined as

S(p) = —tr (plogp) (2.58)

where we take the logarithm base-2 as is the custom in information theory. It is most

easily calculated from the nonzero eigenvalues A; of p as

S(p) = — Z A:log A; (2.59)

What the von Neumann entropy essentially describes, is the uncertainty in a quan-
tum state. It is zero for pure states, and smaller for a mixture of two nonorthogonal
states than a similar mixture of two orthogonal states.

2.11 Entanglement of Formation

The entanglement of formation is a straightforward generalisation of the entropy

of entanglement to mixed states. We define the entanglement of formation for a pure
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state as the entropy of entanglement. For a given ensemble of pure states & = {p;, [i;)}
the entanglement of formation is the average of the entropy of entanglement for the

states in the ensemble

EE) = ) pie (9)). (2.60)

A mixed state can be realised by a multitude of pure state ensembles, with different
entanglement of formation. As any of those ensembles realises the mixed state, the
natural definition for the entanglement of formation for a mixed state is the entangle-
ment of formation for the “most economic” ensemble. That is, the entanglement of

formation for a mixed state is defined as

/(o) = inf ) piEz (). (2.61)

where the infimum is taken over all ensembles & = {p;, [i/;)} that realises the state p.

2.11.1 Concurrence

A concept related to the entanglement of formation is the concurrence [72, 73]. It
is defined for a system of two qubits. For a general state p of two qubits, let p be the

spin-flipped state
p=eY)p (Y®Y) (2.62)

where the Y is the Pauli Y operator and p* is the complex conjugate of p, both taken in

the standard basis {|00),]01),[10),]|11)}. Let the Hermitian matrix R be defined as

R= \J\ppp (2.63)
with eigenvalues in decreasing order {4;}. The concurrence is then defined as
C(p) = maX{O,/ll - /12 — /13 - /14} (264)
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The concurrence can be used as an entanglement measure for two qubits. The great
advantage is that it is easily computable. But more important is that it is directly related
to the entanglement of formation, providing an explicit formula for the entanglement

of formation in the case of two qubits. Let the function & be given by

ECO)=h (H\/;_—CZJ (2.65)
where /4 is the binary entropy function
h(x) = —xlogx — (1 — x)log(1 — x). (2.66)
Then the entanglement of formation is simply given by [72, 73]
Er(p) = E(C(p)). (2.67)

There have been various attempts to generalise the concept of concurrence. Uhlmann
[75] considered general conjugations instead of the special (2.62). This was further
generalised to concurrence vectors by Auderaert et al [76]. The previously mentioned
convex roof extended negativity coincides with the concurrence in the case of two
qubits [66], and thus provides another generalisation. Some of those generalisations -
along with other aspects of concurrence and entanglement of formation - are reviewed

in [77]

2.11.2 Multipartite Systems

In this section, we study more than bipartite systems. We expressed the entangle-
ment of bipartite systems and measurement in the previous sections. Now we focus
multipartite systems|[74].

The questions about entanglement literally acquire new dimensions when more that
two subsystems are considered. Between two parties all relations are between those

two parties. Once we increase the number of parties to three, we have three pair re-
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lations in the system. Still, those three pair relations do not describe all correlations
in the system (neither classical nor quantum). Consider for instance the pure tripartite

entangled state called the GHZ® state
1
|IGHZ) = — (1000) + [111)). (2.68)
V2

If we trace out any one of the systems, we get the density matrix shared by the two

remaining parties
1
p =5 (100X00] + [T1)(11]) (2.69)

which is separable. Thus, the state contains no bipartite entanglement between the
systems, but the tripartite entanglement is maximal.

For separability, some notions can be taken directly over from bipartite systems,
though. A state is separable if and only if it can be written as a convex combination of

product states;

> epPe. ep" (2.70)

whitp; > 0and }};p; = 1.

The classification of states does not end with this. An entangled multipartite state
may or may not still be entangled after one of the subsystems are ignored (i.e. traced
out). A multipartite state that loses its entanglement when any of the subsystems is
traced out, is called multiseparable.

The PPT (Positive Partial Transpose) criterion for separability trivially extends to
the multipartite case. If a multipartite state is separable, then transposing any number
of the subsystems must also give a valid (i.e. positive) density operator.

The meaning of entanglement measures in the multipartite setting is more vague

than in the bipartite. In the bipartite setting it quantifies in some way how much that

®Daniel M. Greenberger, Michael A. Horne and Anton Zeilinger
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can be achieved by the two parties together. In the multipartite case there are more
possibilities.

For discriminating the genuine three-partite entangled states from other entangled
states or separable states, we search the state preparation fidelity to adopt and study if
the three-partite entangled states can be generated in the system[20]. For a three-qubit

state, the state preparation fidelity, F, is defined as

F(p) = (GHZ|p|GHZ), 2.71)

where |GHZ) is the three-partite GHZ state. A sufficient condition to determine the
genuine three-partite entanglement is whether F(o) > 1/2 or not. If F(p) > 1/2, the

system is three-partite entanglement , otherwise it is not entanglement.
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CHAPTER 3
REVIEW OF ONE ATOM-ONE FIELD INTERACTION UNDER

RANDOM PHASE TELEGRAPH NOISE

In this chapter, we restudy one atom-one field interaction under random phase tele-
graph noise. For this purpose, we use generalized Jaynes-Cummings model with ran-
dom telegraph noise by Joshi and et.al.[18, 78]. The Jaynes-Cummings model of a two
-level atom interacting with a single quantized mode of radiation field is generalized
to include the effects of stochastic fluctuations in the atom-field coupling. The fluctua-
tions are modelled with random telegraph process by Joshi ana et.al.Using Markovian
property of the telegraph noise, we rewrite in these two cases an equation for the den-

sity operator averaged over the distribution of fluctuations.

3.1 Generalized Jaynes-Cumming Model with Random

Telegraph Noise

In this section, we review the basic formulation of the stochastic Jaynes-Cumming
Model ( JCM [79] ) by Joshi and et.al. After introducing the physical model and the
basic properties of the phase telegraph noise, we go on solutions. Exact equations are

rewritten for the relevant density matrix averaged over the fluctuates in phase.

3.1.1 Formulation

We consider the interaction of a single two-level atom with a single mode of radia-
tion field. The atom is characterized by spin-1/2 angular-momentum operators S, S,
while the field described by the annihilation and the creation operators a and a’, re-

spectively. In the usual rotating-wave approximation, the Hamiltonian of the system
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takes the form

H = wyS. +woa'a+[g"(#)S a+ g(H)S_d'], (3.1)

where the coupling g(t) between the atom and the field is assumed to be time depen-
dent. In this section we will study an alternative model that represents noise by means
of discrete jump processes. A simple example of such a jump process is two-state ran-
dom telegraph.

In order to illustrate such a model we know that

g(t) = goe 0, (3.2)

where the nonstochastic amplitude g is a positive real quantity while the ¢(¢) is treated
as a stochastic variable. In the following, we have, telegraph noise where ¢(¢) randomly

jumps between two possible values(states) a and -a, the correlation function

goexplil¢(t) — ¢()]})

gilcos® a + sin® aexp(=2|t — |/ T)], (3.3)

(g(ng())

where the T is the mean dwell time of the telegraph ( The jumps are separated by an

average time interval called the mean dwell time.)

3.1.2 Solution

We now proceed to study in the presence of telegrapher noise. For this purpose, we
rewrite the relevant equation of motion from the basic Liouville-von Neumann equa-
tion for the density operator. It is convenient to use of the interaction representation

and the evolution equation as

0
zaij = [H,.p] = Hyp - pH, (3.4)
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where H, denotes the interaction Hamiltonian

H, = go {explig(1)1S 1a + exp[~ig()]S_a'} (35)

We now introduce the states

W) = In,e),
¥,) = In+1,g), (3.6)
and
Py () = (VD)) (3.7)
From the above equation we can define
Pon(@) = (nelp(t)lne) (3.8)
piat) = (nelp(d)in + 1g) (3.9)
P = (n+1glo(t)lne) (3.10)
Pun() = (n+1glp(®)ln + 1g) (3.11)
Using equation (3.4) we have that
zfpmna) = Hipli(0) - pl(OH, (3.12)
d
i@ = Hh,(0) = (DH, (3.13)
d
dtpmn(t) = Hp,, () = (DH (3.14)
pmn@) = Hipli(0) — pli(OH, (3.15)
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Now we obtain from equations that (3.12), (3.13), (3.14), (3.15)

d

o = im0 — e ™0p, ()] (3.16)
d . ; i
P = i [@e™Opi(t) = e ™0 p,(1)] (3.17)
d .
P = i|ae 00,0 — ane *Op )] (3.18)
d . 1 —1
P = 1| 0P — e 0p) ()] (3.19)
in which
U = go Vm + 1 (3.20)

These equations have to be solved taking into account the stochastic nature of the phase
variable ¢(¢). For this purpose, it is convenient to first solve equations (3.17) and (3.18)
formally and insert to equations (3.16) and (3.19). Then we first make the convenient

solution, for this purpose we integrate %p;;;(t’) and %p;;;(t’) from 0O to 7.

‘d
f gy P )AL= (D) = 0,(0) = 0, () (3.21)

d
[ i = 550 =530 = 30 (.22)

We assumed that p};; (0) = 0 and also # < z. Now we insert the convenient equations

to the equations (3.16) and (3.19).

i|a,e 0 f d —p ()l - aet? f ' d —p ()dt
dt, mn dt' mn

= iq,e f dt'i|a,e™Opii (') - ane ™™ p, ()]
0

pmn( )

t
—iq, et f dt'i| e ™ p, (1) - ane " Opli(t)]
0

t
= [ drfae 0O a0l ) - aupy 1)
0

+a’mei[¢(t)_¢(t’)] [0’, pmn (t ) anpmn (t )] } (323)
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Similarly,

d
P (D)

; +ig(?) ' d dt —ig(7) ' d d
7 z[ane f d,pmn(z‘) ! —ape f d,pmn(t) tl

= ja,et?0 f dr'i [ane_i¢(’/)p;1;(t’) — e M Op( )]
0
t
—iae f dt'i|a,e™Opri (') - ane ™™ p,. (1))
0

t
_ f dt,{ e OO (g o (1) — @p ()]
0

+a, 104 [ (') = @0, ()] } (3.24)

In describing equations (3.16) and (3.19) in the above form the idea behind it, is to
make use of Markovian property of the telegrapher noise. According to this, since
¢ < t, the part involving the exponential factor in equations (3.23) and (3.24) gets
decoupled from the other part, which depends on #'. This allows us to take the average
over the stochastic distribution of the telegrapher noise. Using the symbol ( ) to denote

such an average and writing
c(t — 1) = (e*1O-9ONy (3.25)

Now we take the average of equations (3.23) and (3.24), then we will use equation

(3.25) and obtain;

d ! .
Sy = - f it far (e 190NN [, (0 (1)) = (€ )]
t 0

+u( 0NN [, (1 () = ()] |

= - f dr' c(t = ) (0 + Q)i (t)) = 2P ()] (3.26)
0

f dt'{a, (e OO [, (0 (1)) = A0 (¢))]
0
+a, (@) [, (03 (1)) = o ()] |

[ arete=) panantoiien - @+ Eoen) G20
0

d __
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For convenience we may introduce two quantities

1
(0 = 5 105 (0) % €0, ()] (3.28)

and if we make addition or substraction between equations (3.26) and (3.27) we can

rewrite them in a new form.Firstly we make addition

d t
E{<p;;(z>>+<p,;;<r)>} fo dr' ot = 1) {~(an = ) Pin()) = (@ = ) (0D}

296,0) = [ drett= )]~ - @] (L + )
0

GE0 = [ b=~ ] KoL) + o)
0

fF+ () = Q) f el OF () (3.29)
0

Now we make substraction

SR - @) = [ =0 o+ @GO~ @+ 00

d t

2950 = [ dret- O+ @) (L) - )

d t

G0 = [ drett= @+ 0 KoL) = o)

d

SR = @y [ are- k) (3.30)

in which,

Q) =(@uza,)l=g(Vm+1+ Vn+1)>%

Now we may solve equations (3.29) and (3.30) using Laplace transform techniques.
The form of the correlation function c(t) depends on the telegrapher process consid-
ered.

The correlation function C(¢ — ¢) for the phase telegraph is given by equation (3.3)

C(t - t') = cos® a + sin® ae 2"~V (3.31)
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Inserting equation (3.31) in equations (3.29) and (3.30) and taking the Laplace trans-

form with respect to t, we obtain f,i,m (2). Firstly we obtain F;jm (2);

d

G0 = @7 [ are-0r,@)

d,
L {thmn(t)}

zF, ()~ Fi(0) = —(Q, Y Lic())F},(2)
T+ F:;m(())
Fnl@ = @, Y Lic)

. .o u
Since c(f) = cos® a + sin* ae” 7 we have

cos’a N sin a
2/T +z

Lic(d)} =

If we insert equation (3.33) in equation (3.32) and simplify it, we obtain

2(z + 2/ T)F* (0)

mn

2 +222/T + ()22 cos? a/ T + (<, )2

F (2) =

In a similar procedure we can obtain that i‘;m (2) ; that is

z(z +2/T)F,,,(0)
23+ 222/T + ()2 cos?a/T +z(Q},)?

mn

F, ()=
where F;—;m(z) is the Laplace transform of F;,, (#). When m=n
(@) = (@n — @)’ = (@, —@,)* =0
Thus,we obtain from equation (3.34)

F.(0 = F.,(0)
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On the other hand, when m # n, from Inverse Laplace transform of the equations (3.34)

and (3.35) we get the general solution

30 +2/T
F:—;m(t) = F;n(o) Zl lj_(l(j/:__//lk)) eXp(/ljt) (337)
J= ]
ket

where A; are the roots of the cubic equation in (3.34) and (3.35)
X+ @2/ + () A+ (2/T)QE,) cos’a=0 (3.38)

Now we extend calculation thinking random phase telegraph jumps from +a to

infinity as formulated by Joshi and et.al. Let ¢(¢) follow the distribution.

d
dO(t) = exp(—%)% (3.39)

The above distribution specifies the probability of duration of each such jump interval.
We consider only that case in which ¢(7)s in the neighbouring intervals are not

correlated. So, at any instant, the probability of finding a given ¢ remains the same
and equal to dQ(1), and there is no limitation on the form of this distribution. In other
words, ¢(¢) is undergoing random continuous change of Markov type. To determine
the dynamical evolution of system we need to know the unitary transformation U(¢, ¢')

such that

p(1) = U, t,0)p( YU (4, 1,1) (3.40)

At the end of each (ith) interval we find the density matrix p(¢) which is the initial

condition for the next matrix; so, if in the interval (0,t) there are k& changes in ¢,then

pt.tr) = U@(t);t, 1) .. U(p(th); 1, t1)U((0); 11, 0) p(0)
x U (¢(0); 11,00 U™ (p(11); 12, 11) . U (p(t); 1) . (3.41)
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The expression in equation (3.41) is of multiplicative nature and hence it is quite
easy to average it over. The probability (in the interval (0,t)) that £ changes of ¢ have
actually occurred at successive instants #;, 2, ..., #; and a certain sequence ¢y, @, ..., Pk

( where ¢; = ¢(t;)) was realized between them is obviously equal to

k
A0 (1,115 81,920 0) = ex0 () [ | (dt )ﬂ Qo). (342

i=1 i=0

The average density operator can be thus written as

p(t)exp( i T f dt; f dey_;..
k=0
% fo a f 40(%) f 40y 1) f 40t 1). (3.43)

Note that the term with £ = 0 (when ¢ does not change at all in the interval (0,t)) will

not contain integrals with respect to the time and is equal simply to

f d0(bo)p,0).

By using the recurrence relation (3.39), we can multiply both sides of equation (3.43)
from the left and the right by U~!(¢, 7, #) and U(, 7, £) respectively and also by dQ(¢)dt/ T,
then integrate with respect to time from 0 to 7 and eliminate the entire series using

equation (3.43). After some simplifications it is easy to show that

poen(T) = [ U@nopo U @in0d0w)
wp [enp) [ v@mop0U @rdown. 644

where we define the horizontal bar sign over p for convenience.

Next, we define

im
le

f Us(d: 7. OU;) (6 7. 0)d0(B).
GZ(" = GZ;, (3.45)
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so we get

T im
pn(®) = exp(~ 1) Tr [G"(r,0)p(0)]
1 (T (t—-1 im

tr fo dtexp (—T) Tr [G™(z, Dp(0)| . (3.46)
This is the statistical average over the random variable ¢(¢). In order to determine dy-
namical evolution of the system one has to determine G. The problem is now simplified
because we have to deal whit an interval in which ¢ (or alter natively g) is constant and
the change in p is perfectly regular. Thus, by knowing G, we can find the average
variation in the system, unbounded with respect to time.

Now we will firstly calculate the H;,; matrix for the basis {|ne), |n + 1g)}

Hy = (nel Hiy ne)

Hy = (nelHyln+1g)

Hy,y = (n+1g|Hy,lne) (3.47)
Hy = m+l1glHyn+1g)

from the above equation H;,, matrix

0 g, Vn +1
H;,; = (3.48)

g, \n + 1 0

The unitary matrix

6, —i —i¢) sin(6,
U = exp(_if, i) = cos(6,1) iexp (—ig) sin(6,1) (3.49)
—iexp(+ig) sin(6,¢) cos(6,t)

and the inverse of the unitary matrix

v - cos(6,1) iexp (—ig) sin(6,t) (3.50)
i exp(+ig) sin(6,1) cos(6,1)
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in which 6, = go(n + 1)!/2. The elements to be averaged in the calculations of G are

those containing the factors exp(+i¢). Since the phases are equally probable, that is

d
dQo = 2?; (3.51)
from equation (3.45)
27
6ll = [ vu@rouenooe
27
= f cos[6,(t — t)]. cos[6,(T — t)]%
0 2r
= cos’[6,(t — 1)]
27
Gy, = fo Uix(¢;7.0). Uy (83 7. 0)dO(9)
27
= f —ie”" sin[6,(t — £)] cos[6,(T — t)]d—(/)
0 2r
=0 (3.52)
G) = Gl
27
6l = [ Ua@rvieoow
PN i do
= f (—i)e™ " sin[0,(T — )](+i)e” sin[6,(t — 1)]
0 2n
= sin’[6,(1 - 1)]
We have thus
G = cos’[60,(t — 1)] 0 (3.53)
0 sin’[6,(t — £)]
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Similarly from (3.45)

22
Gll

f ) Uia(¢; 7,00y (¢ 7,)dO(9)
= si;Z[en(r—r)]
G = f ’ Un(¢; 7, )U, (65 7,)dO(9)
= 00 (3.54)
G = Gj
¢z - | " Ut 0)U31 (63, 040)

= cos’[0,(t - 1)]

We have thus

_ sin®[6,(T — )] 0 (3.55)
0 cos?[6,(T — 1)]

G22

We need not calculate all elements of the density matrix using (3.45). For two-level
atom we have p;; = 1 — py, and p1, = pj,; so it is perfectly sufficient to know only py;
and p;, to determine the complete dynamics of the system.

From equation (3.46)

pu@ = exp(-7)Tr [G"' (7 0)p(0)]

+; fo dt exp(—(T; t))Tr G @, 0)(0)]. (3.56)

We get

0 0
(0) = p11(0)  p12(0) (3.57)
p21(0)  p2(0)
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and

cos?[6,T] 0 ]

G“(T, 0) =
0 sin’[6,7]

Then we multiply

cos’[6,7]p11(0)  cos?[6,7]p12(0)
sin’[6,7]021(0)  sin’[6,7]022(0)

G''(7,0).p(0) = [

Then we obtain that

Tr|G' (7,0)0(0)| = p11(0)cos’[6,7] + p2(0) sin’[6,7]
= p11(0) + [022(0) — p11(0)] sin’[6, 7] (3.58)
We get
o(0) = [ p1(®)  pia(?) ] (3.59)
p21(8)  p2(t)

Using the equations (3.53) and (3.59)

G'(z, ) p(t) = [ cos?[6,(t — H]p11 (1) cos*[6,(t — H)]p1a(?) ]
sin’[6,( — H]ox1 () sin’[6,(T — H)]pxa(?)
Te[G(m00(0] = pun(0)cos’[b,(r ~ 0] + paalt) sin’ 6 (r )]

p11(D) + [p2(t) = p11(H)] sin’*[0,(7 — 1)] (3.60)

Inserting equations (3.58) and (3.60) in equation (3.56) we obtain that

pll(T) €xXp (+;) = pll(o) + [p22(0) —p“(O)] Sinz[enr]
+]{ fo‘ eXp (+;_,) {pll(t) + [pzz(t) — pll(l)] Sinz[é’,,(r _ t)]}

(3.61)
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Similarly

p22(7) exp (+;) = p2(0) + [p11(0) — p(0)] sin’[6,7]

1 T
+? ﬁ exp ("';) {Pzz(l) + [p11(£) — pa(D)] sin’[6,(t — f)]}
(3.62)

To quantify of experimental interest called inversion is defined as W, = p;; — p,; and
can be evaluated using equations (3.61) and (3.62).

Firstly we substract equations (3.61) and (3.62):

(o1(@) = paa(e) exp () = {[011(0) = p22(0)] + 20p22(0) — p11(0)] sin’[0,71)
1 T
T j(: exXp (;) {[Pll(f) — p2(D] + 2[p2a(2) — pr1(O)] sin*[6,(T — t)]}

(3.63)

Since

Wu=pu—pn, W.(0) = p11(0) — p2(0) (3.64)
Substituting (3.64) in equation (3.63) we obtain

W, exp (+;) = W,(0)[1-2 sinz(HnT)]

+; fOTexp(+;){1—2sin2[9n(r_t)]}Wn(t)dr. (3.65)

This equation describes the relaxation of the population and can be easily solved by

the known procedure of differentiation. Differentiating (3.65) three times and carrying
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out necessary simplifications we have

d;fn exp (1) + ;Wn exp (1) = M (O)-26) sin(zem]
+; fo\ exp( )[ (26,) sin(26,(t — 1)) ]W,(¢)dt + exp (T) w, (T)

(3.66)

(5o ) L) - e
+;£Texp(;)[—(4 ) cos(26, (T—t))]W(t)dt+exp(T)W(T) +exp( )dCZI

2w, dw,1 T 5 T
(drz T ar T) Xp(T)_(_49”)W"eXp(T)

(3.67)

d3W,,+d2W 1 o (r)+ aw, 1 +dei o (r)
dr3 dr? T P arr T = dr T 2| SXP T

)exp(T)+( 492) W, exp(T)

(3.68)
Equations (3.66),(3.67) and (3.68) gives us
a&>w, 24w, 1 (26,)*
+ — + + (20 4+ wW,=0 3.69
dr® T dr? ( + (20 ) T (3.69)
where the required solution should satisty the following initial conditions:
dw, a*w,
"= " = —(26,)*W,(0). 3.70
e = (200" ,(0) (3.70)

We use of Laplace transform to solve equation (3.69) together with the initial condi-

tions mentioned in equation (3.70),

&Ew, 24w, (1 (26,
L{ g T a0 +( (20)) . .+ T Wn,T,S}ZO
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We have

2,2 1
P+ 2+

25 (26,
$3+ 5+ 5 + (26,25 + 5

W,(s) =

W,(0) (3.71)

By Inverselaplace transform of equation 3.71 we get

W,(t) = |cos[2go(n+ 1)"?Z,1]

t
: 1/2
t g Tn s 12z, S8+ D) Znt])exp (—T), (3.72)

in which

1 1/2
Z,=|———— -1 3.73
(16g(2)T2(n +1) ) ( )

Now, we begin a new calculation in which we use the master equation (3.44) to find
the time evolution density matrix. During the process we use Laplace transform tech-

niques. Since the master equation (3.44) equal to:

poen(1) = [ venop0U6:n0a00)

1
w1 [ent) [ U@ opoU @indowin. 674

By defining

pi (1) pia(7) p11(0)  p12(0) ou(®) pn()
p(7) = , p(0) = , p(t) =
p21(T)  pn(7) 021(0)  p22(0) p21(8)  p2(?)

(3.75)
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and from equations (3.49) and (3.50)

U(ir.0) = cos(6,7) —iexp (—i¢g) sin(6,7) ’ (3.76)
—iexp(+i¢g) sin(6,7) cos(6,7)
U(ir.0) = cos(6,7) iexp (—ig) sin(6,7) 3.77)
iexp(+ig) sin(6,7) cos(6,7)
Similarly,
ViD= cos[6,(t — 1)] —iexp (—i¢) sin[6,(t — 1)] G18)
—iexp(+ig) sin[6,(t — 1)] cos[,(T —1)]
- 1(¢; n = cos[B,(t — 1)] iexp (—i¢) sin[6,(T — 1)] (3.79)
iexp(+ig) sin[6,(t — 1)] cos[6,(t — 1)]

We begin calculation getting the integrations on the right and side of the master equa-

tion

cos?[6,7]011(0) cos?[6,7]p12(0)
27 in’ 0,,, 0
[ v opou @m0 | O
0 d sin’[6,7]011(0)
cos?[6,7]021(0) +c0s?[6,7]022(0)
(3.80)
cos*[0,(t — )]p11(2) cos*[0,(t — )]p12(2)

2 102 9n —
[ v ropwui@nagt < T e = Dlpal0)
0 d sin*[6,(t — H]on ()
cos*[0,(t — 1)]p21(2) +c0s?[0,(1 — 1)]p22(2)

(3.81)

Then we divide both side of the equation exp (%) After division we get Laplace trans-
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form with respect to 7;

cos?[6,7]011(0) cos?[6,7]p12(0)

s {[ ,011(7') plZ(T) ]} _r exp (_;) + Sinz[HnT]pzz(O)

P21(7)  p2(T7) sin’[6,7]011(0)
c0s?[6,7]021(0) + c0s?[6,7]022(0)
cos?[6,(1 — 1)]p11(2) cos?[0,(7 — 1)]p12(2)

_ in’ en -
+L lfdtexp (_”) + 810 [6,(7 — 1)]p22(2)
T T sin’[6,(t — £)]o11(2)

cos’[6,(t — H]p21(1) +cos’[0,(T — )]p2(1)

(3.82)

Thus we have

{{,011(5)’/?12(5)}, {le(S)’Pzz(S)}} =

T((1 +Ts)* +2T%6)p11(0) + 2T°6;02(0) T((1 + Ts)* +2776)p12(0)
(1 + T's)® +4T%(1 + Ts)6> (1 + Ts) +472(1 + Ts)6%

T((1 + Ts)* +27%6;)p12(0) 27°6,011(0) + (1 + Ts)* + 2T29§)pzz(0)}
(1+ Ts)? +472(1 + Ts)6?’ (1 4+ Ts)3 +472(1 + Ts)62

N L, T((1 + Ts)* + 2T%6,)p11(s) + 2T°0p20(s) T((1 + T's)* +2T76;)p1(s)
T (1 + Ts)® +4T%(1 + Ts)6> (14 Ts) +472(1 + Ts)62

T((1 +Ts)* +2T%6)p1a(s) 2T°63011(s) + (1 + T's)* + 2T°62)pa(s)
(1 + Ts)® +472(1 + Ts)62’ (1 + Ts)* +4T2(1 + Ts)6>

(3.83)

After addition, we get

{16151, P2 (o1 (5), P22} =
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((1 + Ts)* + 2T262)p11(s) + T(011(0) + T(s(2 + T's)p11(0) + 202(p22(s + T(p11(0 +p22(0)))))
(1 + Ts)} +4T73(1 + Ts)62

((1+Ts)* +27°6))(p12(s) + Tp1a(0)) | (1 + T'5)* + 2T76,)(p1a(s) + Tp12(0))
(1 4+ Ts)} +4T3(1 + Ts)62 ’ (1 4+ Ts)} +4T%(1 + Ts)6?

b

2T%0p11(5) + (1 + T's)* + 2T%02)pxa(s) + 21°6,p11(0) + 7((1 + T's)* + 2T292)P22(0)
(1 4+ Ts)3 +472(1 + Ts)6?

(3.84)
When we solve the equation (3.84) above, we get ;
(s + Ts* +2T6*)p11(0) + 2T62p(0)
= 3.85
pu(s) s(s + 152 +4T62) (3-:85)
o = (TP 42700 .56
PR = S+ TsP +2T(1 + 2Ts)2 '
(s) = ((1 + T's)* + 2726;)p21(0) (3.87)
PR = S+ TsP +2T(1 + 2Ts)2 '
2T6%011(0) + (s + T's* + 2T6>)p2,(0
02a(5) LP11(0) + (s § -)p22(0) (3.88)

S(s + 7152 +4T76%)

Now, we get the Inverselaplace transform of equations (3.85) and (3.88). We do not

need the (3.86) and (3.87).

sinh[2go(n + 1)'2Z,1]
2¢0T(n + 1)172Z,

mmyl@mﬂeﬂ@M%m+wﬂ] )@mymm»wm@

sinh[2go(n + N2 Z,1]
2¢0T(n + 1)112Z,

pu(t) = : (1011(0) —eTr (cosh[Zgo(n + 1)z, + )(PM(O) - Pzz(O)) +Pzz(0))

(3.89)
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in which

1 1/2

We know from equation (3.70) W, = p11 — p22. So if we use the(3.89) we have

W) = (cos[2g0(n+1)l/22,,t]

t
in[2gy(n + 1)'°Z, (—) g 91
+2g0T(n+ N2 sin[2gy(n + 1) t])exp T w,0) (3.91)

The exact solution in equation (3.72) is completely the same as equation (3.91).
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CHAPTER 4
REVIEW OF ENTANGLEMENT OF ONE ATOM-TWO FIELDS
INTERACTION UNDER RANDOM PHASE TELEGRAPH

NOISE

In this chapter, we review one atom-two fields interaction under random phase
telegraph noise and re-investigate the results [20]. The illustrated model is the JCM
with random telegraph process. We review entanglement in the interaction system and
its subsystems. We find one atom-one field subsystem is not entangled, but field-field

subsystem is entangled under random phase telegraph noise as given [20].

4.1 Formulation and Exact Solution

A two-level atom described by spin-1/2 operators (S ., S) interacts with a single mode
of two identical optical cavity fields described by the annihilation (a,b) and the creation
(a', b") operators. The configuration of the system resembles the system of Plenio and
Huelga [81] but no thermal driving is involved and the radiation fields are in resonance
with the atomic transition frequency w,. The Hamiltonian of the system with rotating

wave approximation under the assumed conditions is (7 = 1)

H = wS,+wod'a+wyb'd

+Hgi (S +a +g1(DS-a") + (&S +b + g2(1)S -b") (4.1)

in which the interaction part is

Hi(1) = g (S +a +g(0S-a" + g (S +b + g(S -b° (4.2)
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where g(t) is the time-dependent coupling coefficient between the atom and the fields,

which is considered to be completely stochastic:

g(0) = goe™"” (4.3)

g, 1s a real number. In calculations we set go = 1. ¢(¢) is jump manner fluctuating
stochastic variable between arbitrary phase occur according to a Poisson process. The
jumps are separated by an average time interval called the mean dwell time, which is
the mean inter-arrival time of the Poisson process. The mean dwell time is a predom-
inant factor that determines the strength of the noise. ¢(¢) for neighboring intervals
are not correlated. Consequently, the probability of finding ¢(¢) is the same-constant
for any instant of time. Thus, ¢(f) can go through continuous random change of the
Markov type, which allows one to take the average over the stochastic fluctuations.
We initiated the state of the system as the cavity fields in the vacuum state |00) and

the atom in the excited state |e). Hence the initial density matrix of the system becomes
p(0) = [00)<00I ® [e)¢el. (4.4)
Then the time-dependent interaction density matrix can be written

poen(T) = [ U@nopoU @in0d0w)

1
- f exp(1) f Ui, 0p(OU" (67, 040t (4.5)

where 7 is the mean dwell time and dQ(¢) = Z—ﬁ.
Firstly our purpose is to obtain the solution of density matrix. We will use of the

Laplace transformation techniques during the solution process.
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Now we obtain H;,, matrix with basis {|00e), |10e), |01e), [11e),|00g), [10g),|01g), [11g)}

Hi, =(00e|H;,|00e) Hi, = (00e|H;,;|10e) ....... Hyg = (00e|H,;,,|11g)
Hy = (10e|H;,,|00e) Hy, = (10e|H;,,|10e) ....... Hyg = (10e|H;,,|11g)
Hgy = (11g|H;,100e)  Hgy = (11g|H;[10e) ... Hgs = (11glH;l11g)  (4.6)

From the above equation (4.6), we obtained the H;,, matrix:

0 0 0 00 e e 0
0 0 0 00 O 0 e
0 0 0 O0O0 O 0 e
Ho = 0 0 0 O0O0 O 0 0 @

0 0 0 O0O0 O 0 0

€ 0 0 00 0 0 0

e 0 0 00 0 0 0
0 €% ¢ 00 0 0 0

We know that the unitary matrix equal to

U= CXp(— i[_[intT) .
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So if we use the equation (4.7), we have

o o
U - {{cos[\@r],0,0, 0’0’_16 s1i1/[§\57],_1e SI%\/ET]’O}
o
{O,COSZ[JE],—sinz[JE],O, 0,0,0,—’65“}2‘@]},
o
{0,—sin2[:/-§],cosz[\7/-§],0, 0,0,0,—’65’%\@]},
{0,0,0,1,0,0,0,0},
{0,0,0,0,1,0,0,0},
{Sin[ \/ET](_ZC\;)ES[(ﬁ] + Sin[(p]), 0’0’0, 0’0082[\7/-5], _ Sin2[\7/-§]’0}’
(Sinl V2T C\;’;[‘ﬁ] *sinlé]) 4 0.0.0,— sinz[:@], COSZ[\‘;E], 0l
(0 sin[ V27](~i cos[¢] + sin[¢]) sin[ V27](—i cos[¢] + sin[¢]) 0.0.0.0 cos[\/ir]}}
, 5 , 5 h0o0o
(4.8)

The inverse of unitary matrix

sin[ V27](i cos[¢] + sin[¢]) sin[ V27](i cos[#] + sin[¢]) o)
(o, cosz[fﬁ], - sinz[\TE], 0.0,0,0, L V27l Ci);2[¢] +sinfg]),

(0, - sinz[fﬁ], cosz[fﬁ], 0.0,0,0, 5L ¥2700 Ci’/z[gb] +sinlé]),
{0,0,0,1,0,0,0,0},

U = {{cos[\ﬁr],o,o,o,o,

{0,0,0,0,1,0,0,0},
i sin[ V271] 5 T e T
{(————,0,0,0,0,cos"[—], — sin"[—
V2 V2 V2
ie" sin[ V2] o T e T
{(————.,0,0,0,0,—sin"[—], cos"[—=], 0},
V2 V2 V2
(0 i’ sin[ V27| ie' sin[ V271]
’ V2 oo V2

1.0},

,0,0,0,0,cos[ V27] }} (4.9)

60



By defining

p(0) =

p(t) =

and

(1) =

1 00 0O0O0OO0OTO

0 00O0O0O0O0OO OO O

0 00O0O0O0OO OO

0 00O0O0O0O0OO0OP O

0 00O0O0O0O0OTP O

000 O0O0O0OO0OTO

0 00O0O0O0OO0OTP O

0 00O0O0O0O OO

pu(®) pr(?) pi3() pu) pis)

p21(1)  p(t) p23(t) p2a(t) pas(?)

p31(t) p3(t) p33(t) p3at) p3s()

Pa1(t) pa(t) pa3(t) paa(t) pas()

psi(1) ps2(t) ps3() psa®) pss(7)

Pei(t) pex(t) pe3(t) pea(t) pes(?)

P10 pna(®) p1®) pul) pos)

psi(t) psa(?) ps3(t) psalt) pss(?)
p1(™) p2(7) pi3(1) p1a(™) p1s(7)
p21(7) p2a(T) p23(T) p2a(T) p25(7)
p31(7) p3(7) p33(7) p3a(T) p3s(7)
Pa(7) pa2(7) pa3(T) pas(T) pas(7)
psi(1) ps2(7) ps3(T) psa(T) pss(7)
Pe1(T) Pex(T) pe3(T) Pea(T) Pes(T)
p11(1) pra(7) p73(T) p7a(T) p75(7)
psi(T) psa(7) ps3(7) psa(T) pss(7)
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P16(t)
P26(1)
P36(2)
Pa6(?)
Ps6(1)
Pes(t)
P76(1)

Pz6(1)

P16(T)
p26(T)
P36(T)
Pa6(T)
Ps6(T)
Pe6(T)
P76(T)
P36(T)

p17(t)
p21(1)
p37(0)
pa7(2)
ps7(1)
Per(t)
p77(1)

pz7(1)

p17(7)
p27(T)
p37(T)
Pa7(T)
ps7(T)
Per(T)
p77(T)

pg7(7)

p1s(t)
p2s(7)
p3s(t)
Pas()
pss(?)
Pes(t)
p78(7)

psg(t)

p18(T)
P28(T)
p38(T)
Pas(T)
pss(T)
Pes(T)
p78(T)

pss(7)

(4.10)

4.11)

(4.12)



We apply the appropriate form of equations (4.8) and (4.9) with the conditions in equa-

tions (4.10), (4.11) and (4.12) to the master equation (5.5). Firstly we make the inte-

grating parts respect to the ¢ in the interval [0, 27r]. Then we divide the both sides of

the equation (we obtained) e(+7). After division we use of the Laplace transformation

respect to the {7, s}. Then we solve the equation and obtain

£11(5), 12(8), s P18(8), .., P81(8); -, P35 ()

Then we use the Inverselaplace transform to obtain the density matrix. We simplify

the solution then we have the nonzero elements :

! : 1—3272,] Sinh [lz?ﬂ’]
pu( = 4|2+2e7 Cosh[ 3 l S

1  Ivisaa,] ¢ sinh| VT
Poolt) = gl T o

! L [ V1 —-3272¢] ™7 sinh %th
S R T vy

1 , (Vi—3272;] € sinh Vi
prilf) = |l me oot 2T - [ 3277

The other elements of the density matrix are all zero.

The solution is

(1) = p11(#)100e)00el + pes(#)I10g)(10g| + pe7(#)110g)(01g]

+p76(1)|012)(10g] + p77(1)101g)<01g]

4.2 Results

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

We use (4.17) for investigate the effects of the phase telegraph noise on the entangle-

ment properties of the system.
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Now we can obtain a subsystem which is containing field 1 and the atom by tracing
out of the degree of freedom of the second field , using the equation (4.17). That is,

the reduced density matrix p*/!(£);

P (@) = (Olp)I0) + (1lp(n)I1)

= p11(D)10e){0e| + pes()I1g)<1g| + p77(1)|0g)<0gl (4.18)

and repeating it for tracing out the degree of freedom of the first field to obtain the

reduced density matrix for field 2 and the atom subsystem p*/*(¢) is

PPt = (0lp()I0Y + (1lp(®)I1)

= p11(D)10e){0e| + pes(1)10g)<0g| + p77(D)I1g)<1gl (4.19)

From equations (4.18) and (4.19), we can say that p%"!(r) and p%/*(f) gives the same

density matrix.

P (1) = p (1) (4.20)

Now, by tracing out the degree of the freedom of the atom,we obtain the reduced

density matrix p//(f), for the subsystem containing two fields which is

o' (1)

(elo(®)le) + (glo(?)lg)

P11(8)100)00] + pes(D)10)(10] + per(1)[10)01]

+p76(1)01)(10] + p77(£)|01)01] (4.21)

For these systems, the degree of the entanglement can be quantified by the Wootters’s

concurrence C(t) which is defined as

C(1) = max{0, A1(2) — (1) — A3(1) — (D)) (4.22)
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where A,(f) > A,(¢) > A3(¢) = A4(¢) are the square roots of the eigenvalues of the matrix

R(t) which is

R() = p(t)(o, ® 7,)0" (1), ® ) (4.23)

The Pauli spin matrix [82] o, is

0 —i
oy = (4.24)
i 0
And the tensor product of (o, ® 07)
0 0 0 -1
0 01 O
(oy®0y) = (4.25)
0 10 0
-1 00 0

Now we will calculate the concurrence C(t) of these subsystems for to check entangle-
ment properties.

Firstly we will make calculations for the field 1 and atom subsystem.From the above
equation (4.18) the matrix form of the reduced density matrix p*/-!(f) , with the basis

{loe),|1e),10g),1g)}

pu@ 0 0 0

P (0) = (4.26)
0 0 pp( O

0 0 0 pelt)

Then we obtain (pa.fll)* (¢). After these we can obtain R*!(¢). From equation (4.23)

Rt = p ()0 ® 0y) (p™) (1), ® 7)) (4.27)
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Using the equations (4.26) and (4.25) we can obtain the R"!(f). Then we need the
eigenvalues of RY"!(£). In calculations we find two of the eigenvalues zero and the two
of them nonzero. Then we get the square roots of the eigenvalues and then we order
them from greater one to smaller one. From the definitions of concurrence in equation
(4.22) we calculate the C(t) and we find it zero (C(¢) = 0). Thus we can say that the
subsystem which is containing one atom-one field, does not entangle.

Since p*!(t) = p*(f) , we do not need a new calculation for p/(¢). We will have
same result again.

Lastly, we calculate the concurrence of field-field subsystem. From the above
equation (4.21) the matrix form of the reduced density matrix p’/(¢), with the basis

{100),110),101),[11)}

pu@® 0 0
0 pss(t) psr(2)

0 () prr(2)
0 0 0

P (1) =

(4.28)

oS o o O

We use the same procedure to calculate concurrence with field-field subsystem. We

obtain

RY(0) = p" (00, ® ;) (p77) (D) © ) (4.29)

Then we find the eigenvalues of R//(¢). We find the three of eigenvalues zero and the
one of them is non zero. After these we get square roots of eigenvalues and then or-
der them greater one to smaller one. From the definitions of concurrence in equation
(4.22) we calculate the C(t) and we plot it. And we analyze the entanglement of this

subsystem.
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Figure 4.1: Concurrence C in the field-field interaction subsystem under RPTN with
time t and mean dwell time 7.

In Figure 4.1 we find the concurrence C over 0.5. We conclude that field-field sub-
system is always entangled from [20]. In one atom-two field interaction system under
phase telegraph noise by tracing out of the degree of the freedom of atom or field we
find the subsystems and investigate their entanglement properties. Here the Wootters’s
concurrence can be used as a measure of entanglement. The concurrence C between
the cavity fields reaches its peak value in a very short time. Then, as time passes, it
oscillates and gradually decays until it takes a finite value. As the mean dwell time T’
increases, the effect of noise declines. But, at sufficiently small values of 7, the decay
of entanglement stabilizes to a finite value and remains in a stationary state. Thus,
in these subsystems we find that one atom-one field interaction subsystem does not

entangle under RPTN, but field-field interaction subsystem is entangled.
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CHAPTER 5
THREE-PARTITE ENTANGLEMENT OF ONE FIELD-TWO
ATOMS INTERACTION SYSTEM UNDER RANDOM PHASE

TELEGRAPH NOISE

In this chapter we study a new work that is; two-atoms and two-fields interaction
system under random phase telegraph noise. In the previous chapter we have reviewed
bipartite system, now we increase the number of states. We look at three-partite entan-
glement subsystem and generalized the methods of the bipartite systems to multipartite

system and we use fidelity as a measure of entanglement.

5.0.1 Formulation and Exact Solution

We have considered the interaction of two two-level atoms described by spin-1/2
operators S, §""? with a single mode of two identical optical cavity fields described
by the annihilation (a, b) and the creation (a', b") operators. The Hamiltonian of the

system is

H = cuoSZ1 + wOSf +woa'a + web'b
+(g*(r)sia +gS'a" + g (O)SLb + g()S'h’

+g'(0S3a + g(H)S%a’ +g'(1)S%b +g(S>b") (5.1)
in which the interaction part is

H, = g®Sla+gn)S'a" +g@)S'h+g®)S'b’

+g'()S%a + g()S*a’ + g ()S*b + g(1)S*b' (5.2)
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where g(¢) is the time-dependent coupling coefficient between the atoms and the fields.
In the random phase telegraph noise interaction problems, g(¢) is taken to be com-

pletely stochastic, and it is defined as

g(t) = goe™"” (5.3)

where g is a positive real constant amplitude. In calculations we set go = 1. ¢(¢) is a
stochastic variable fluctuating between different arbitrary phases in a manner of jumps.
The jumps in the phase occur according to the Poisson process and they are separated
by an average time interval called the mean dwell time. ¢(¢) for neighboring intervals
are not correlated. The probability of finding ¢(¢) remains the same at any instant of
time. Thus, ¢(¢) can undergo continuous random change of Markov type which allows
us to take the average over the stochastic fluctuations.

In the system we define the initial states; the cavity fields in the vacuum state |00),
atom 1 in the excited state |e) and atom 2 in the ground state |g). Thus, the initial

density matrix of the system is

p(0) = |00eg){00eg| (5.4)

Then the time-dependent interaction density matrix can be written

pmen(1) = [ Uen0pOU6:m.0a0w)

1
w7 [ent) [ U@ opoU @ind0win. (53)

where 7 is the mean dwell time and dQ(¢) = Z—i. In this integral equation, the statistical
average is taken over the stochastic variable ¢(¢). Hence, p(?) is the noise averaged time
evolution density matrix of the system.

Firstly our purpose is to obtain the solution of time evolution density matrix. We
will use of the Laplace transformation techniques during the solution process.

We obtain the H;, interaction matrix in the sub-Hilbert space spanned by the basis
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{100eg), [00ge), [10gg), [01gg)}

Hyy = (00eg|H;,|00eg) Hy, = (00eg|H;,/00ge) ....... Hy, = (00eg|H;;01gg)

H, =(00gelH;,;|00eg) H,, = (00ge|lH;,|00ge) ....... H,4 = (00gelH;,,101gg)

Hy = (01gglH;|00eg) Hy = (01gglH;,|00ge) ... Hy4 = (01gglH,,,|01gg)
(5.6)

From equation (5.6) we obtain the H;,, matrix ;

0 0 goe ™ goe™

0 0 g™ goe™

Hint = (57)
g0 goe® 0 0
g€’ goe? 0 0
The unitary matrix,
U = exp(=iHuT) (5.8)

s0, we can obtain the unitary matrix U by using the equation (5.7), then we have

cos?[goT] — sin’[go7] —Yie®sin[2gyt] —lie " sin[2gy7]
U —sin’[goT] cos?[goT] —Jie® sin[2ggt] —3ie  sin[2go7]
) —lie®sin[2gyt] —lie™ sin[2g7] cos?[goT] — sin®[go7]
—Jie”?sin[2gyt] —1ie " sin[2go7] — sin’[go7] cos?[goT]
(5.9)
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From (5.9) the inverse of unitary matrix:

cos?[go7] —sin’[gor]  liesin[2gor] lie * sin[2gy7]
- —sin’[goT] cos’[goT] Jie " sin[2gt] 3ie " sin[2goT]
lie” " sin[2go7] lie™™ sin[2goT] cos?[goT] —sin’[goT]
lie” sin[2got] liesin[2gor]  — sin’[goT] cos?[goT]
(5.10)
We rewrite the initial density matrix from equation (5.4) in the matrix form
1 000
00 0O
p(0) = (5.11)
00 0O
0 00O
and define
p1(®) pi2(®) pi3() pu) Pu(t) pra(t) pi3(7) p1a(7)
P21(1) pu(t) p2(t) p2a(?) P21(7) pa(T) P23(7) P2a(7)
p(t) = . p() =
p31(1) p3(t) p3@) p3a(d) P31(T) p3(T) p3(T) p3a(T)
pa1(t) pa(t) pa(t) pault) Pa(T) pu(T) pa3(T)  pas(T)
(5.12)

We apply the appropriate form of equations (5.9) and (5.10) with the conditions in
equations (5.11) and (5.12) to the master equation (5.5). Firstly we make the integrat-
ing parts respect to the ¢ in the interval [0,27]. Then we divide the both sides of the
equation (we obtained) e(*7). After division we use of the Laplace transformation

respect to the {7, s}. Then we solve the equation and obtain

P11(5), £12(5)5 0> 014(8)5 o P21(8)5 ..., P42 () (5.13)
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After these calculation we use the Inverselaplace transform to obtain time evolution

density matrix. We simplify the calculation and then we have nonzero elements

o11(f) = (3 +¢*"( cosh[vt/2T] + 4 cosh[wt/2T]

+sinh[vvt/2T] LA sinhzut/ZT]) G5.14)

p12(f) = ;( — 1+ ¢ ( cosh[vt/2T] + S“‘h[Vvt/zT]) (5.15)
021(8) = 1( — 1+ ¢ ( cosh[vt/2T] + Smh[vvt/zT]) (5.16)

02(f) = (3 +e"?"( cosh[vt/2T] - 4 cosh[wt/2T]

+sinh[vvt/2T] 4sinh a)t/2T ) 517

p3s(f) = é 1+ ¢ 7(~ coshlv/2T] - Smh[w/ sinhp1/21y (5.18)
palt) = :g L +¢T( ~ cosh[vt/2T] - Smh[v’/ 271 ) (5.19)
paalt) = :g L +¢7( - coshlv/2T] - Smh[w/ 27] ) (5.20)

in whichv = /1 — 64T2gf) and w = ,/1 - 16T2g§. The other elements of the time

evolution density matrix are all zero. From above equations the time evolution density

matrix is

p(t) = p11(2)|00eg){00eg| + p12(¢)|00eg){00ge| + p22(2)|00ge){00ge|ps3(#)|10gg){10gg]
+p34(1)|10g2)(01gg| + p34(2)110gg)<01gg]| + p43(1)|01gg)(10gg]

+044(1)|01gg){01ggl
(5.21)

5.0.2 Results

We can use equation (5.21) for investigate the effects of the random phase telegraph
noise on the entanglement of the system.

We can obtain subsystems by tracing out of the degree of the freedom of one of the
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fields and atoms.
Now, we obtain a subsystem which is containing field 1 and two atoms by tracing
out the degree of the freedom of the second field, using equation (5.21). That is, the

reduced density matrix p“¥/!;

PPy = (Olp()I0) + (1p()I1)

p11(0)10eg){0egl + p12(1)|0eg){0gel + p,1(1)|0ge){Oeg]

+p2(1)|0ge)(0gel + p33()1gg){1ggl + paa(?)0gg){0ggl  (5.22)

and repeating it for tracing out the degree of the freedom of the first field to obtain the

reduced density matrix for field 2 and the atoms subsystem p““/*();

p“LA(1)

(0lp(1)10) + (1lp()I1)

p11(1)|0eg){Oegl + p12(1)|0eg){0gel + p2:1(1)l0ge)(Oeg]

+022(1)|0ge){0gel + p33(¢)0gg){0ggl + pas(?)|1gg)(lggl  (5.23)

From equations (5.22) and (5.23), we say that p®/"!(¢) and p?“/(f) give the same re-

duced density matrix.

p0) = ) (5:24)

So, it is sufficient to investigate one of the subsystems for the entanglement proper-
ties(they have the same results).

For these systems we investigate whether the three-partite entanglement can appear
or not. For discriminating the genuine three-partite entangled states from other entan-
gled states or separable states, we searched the state preparation fidelity to adopt and
study if the three partite entangled states can be generated in the system.For a three -

partite state, the state preparation fidelity, F, is defined as

F(p) = (GHZ|p|GHZ), (5.25)
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where |GHZ) is the three-partite GHZ state. A sufficient condition to determine the
genuine three-partite entanglement is whether F(o) > 1/2 or not. We considered the

state density matrix in equation (5.21) and choose the GHZ state to be |[GHZ) [20]

1
GHZ) = |(0)~il1) ® () +1e) @ (12) - Ie))

—(10) + i) ® (1) — le) @ (I2) +le))] (5.26)
We rewrite the equation (5.26) and we obtain that
\GHZ) = ; [—10ge) + [0eg) — illgg) + illee)] (5.27)
Thus,
(GHZ| = ;[—(Ogel + (Oegl + i{1gg| — i(1eel] (5.28)

Now we calculate the fidelity F(p) by using equations (5.27), (5.28) and (5.22) in

equation (5.25), we obtain that

F() = (GHZ|p“" (H|GHZ)

= 411 [011(2) — p12(2) — P21(2) + P22(2) + p33(2)]

= e PT(1—y 4 18Ty — T (1 4+ v)) 64y (5.29)

in whichv = /1 — 647%g2.

After these calculations we plot the F(f) and analyze entanglement possibilities.
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Figure 5.1: Fidelity F of one field-two atom interaction subsystem under RPTN with
the time t and mean dwell time 7.

In Figure 5.1 we plot the fidelity F as a function of # and the mean dwell time 7. As a
measure of the entanglement between three-partite state F' reaches its maximum value
in a very short time and gets values under 0.28. Here we observe that its maximum
value of F' is almost 0.28. As the value of mean dwell time 7 increases, the strength
and the lifetime of phases of possibilities of entanglement increases. But the system
does not entangle. It is clear that F'(¢) is not over 1/2 in time evolution of the system.
From this view, we point out that one field and two atom interaction of three-partite

state under random phase telegraph noise does not entangle.
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CHAPTER 6

CONCLUSION

In this thesis, we investigated the interactions of atoms and fields under random
phase telegraph noise in a stochastic structure. We used generalized Jaynes-Cumming
model under random phase telegraph noise by Joshi et.al. We have studied the en-
tanglement properties of these interactions in different systems and subsystems, like
atom-field, field-field and atom-atom-field interactions systems.

We firstly gave a general information about stochastic analysis and quantum states
in chapter 2. We searched special cases Poisson process, Markov Process and random
phase telegraph noise. For quantum states, we gave information about quantum qubits,
entangled states, pure and mixed states, density operators. After these we analyzed
entanglement of formation.

Then, in chapter 3 we reviewed one atom-one field interaction under random phase
telegraph noise. For this purpose, we have studied generalized Jaynes-Cumming model
with random phase telegraph noise by Joshi and et.al. We searched analytically the
equations of Jaynes-Cumming model. It is emphasizedi the importance of the Poisson
process and Markovian property in the random phase telegraph noise.

All then, in chapter 4 we reviewed entanglement of one atom-two fields interac-
tions under random phase telegraph noise by [20]. In calculation procedure, we used
Laplace transformation techniques and also for random phase telegraph noise Poisson
process and Markovian property is important too. It is convenient to used Wootters’s
concurrence as a measure of entanglement in the bipartite subsystems. We reviewed
that atom - field interaction subsystem does not entangle but field-field interaction sub-
system entangled under random phase telegraph noise.

Finally, in chapter 5 we investigated two atoms-two fields interaction under ran-

dom phase telegraph noise as a new work. In this interaction system we used another
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method of entanglement measure called fidelity for three-partite subsystems. We an-
alyzed one field-two atoms subsystems entanglement property. We concluded that it
does not entangle under random phase telegraph noise.

In result, we can deduce that in atoms-fields interactions the effects of random
phase telegraph noise is different. In atom-field interaction system we found that it
does not entangle but field-field interaction system entangled as indicated in chapter 4.
For three-partite states, in one field-two atoms interaction system we found that it does
not entangle in chapter 5. From this view, if we investigate more multi-partite interac-
tion systems under random phase telegraph noise than, may be, we can generalize the

effects of noise for entanglement property of multi-partite state systems.
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