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ABSTRACT

COSMOLOGICAL IMPLICATIONS OF AFFINE GRAVITY

The main aim of this thesis is to reveal some interesting aspects of the purely
affine theory of gravity and its cosmological implication. A particular attention will be
devoted to its consequences when applied to cosmological inflation. Primarily, affine
spacetime, composed of geodesics with no notion of length and angle, accommodates
gravity but not matter. The thesis study is expected to reveal salient properties of matter
dynamics in affine spacetime and may reveal an intimate connection between vacuum
state and metrical gravity. An interesting application of the framework is the inflationary
regime, where it is shown that affine gravity prefers only a unique metric tensor such that
the transition from nonminimal to minimal coupling of the inflaton is performed only via
redefinition of latter. This allows us to avoid the use of the so called conformal frames.
In fact, unlike metric gravity, the metric tensor in affine gravity is generated and not
postulated a priori, thus this tensor is absent in the actions and conformal transformation
does not make sense. Last but not least, we try to show how metric gravity can be induced
through a simple structure that contains only affine connection and scalar fields. General
relativity arises classically only at the vacuum, and this view of gravity may be considered
as a new way to inducing metric elasticity of space, not through quantum corrections as in
standard induced gravity, but only classically. The thesis is concluded by analyzing affine
gravity in a particular higher-dimensional manifold (product of two spaces) in an attempt

to understand both, the cosmological constant and matter dynamically.
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OZET

AFIN KUTLE CEKIMININ KOZMOLOJiK UYGULAMALARI

Bu tezin temel amaci yalnizca afin teoresini igeren gravitasyon kurumanin ve onun
kozmolojik uygulamalarinin bazi ilging¢ yonlerini agia ¢ikartmaktir dikkatimizi 6zellikle
bu kuramin kozmolojik enflasyona uygulandig1 zamanki sonuglarina verecegiz. Oncelikle
belirtmek gerekir ki uzunluk ve ac¢1 kavramlar1 olmaksizin jeodeziklerden olusmus afin
uzay zamani gravitasyon ile ilintili olup maddeyi kapsamaz. Bu tez calimasindan afin
uzay zamaninda madde dinamiginin goze carpan Ozelliklerini gostermesi beklenmek-
tedir ve bu calisma metriksel gravitasyon ile vakum hali arasindaki yakin iligkiyi or-
taya koyabilir. Calismanin dikkat ¢ekici bir uygulamasi enflasyon rejimidir. Burada
afin gravitasyonun sadece kendine 6zgii bir metrik tensorii tercih ettii gosterilmistir.
Oyle ki inflatonun minimal almayan baglasimdan minimal olana gegisi sadece inflato-
nun yeniden tanimlanmasi vasitasiyla gerceklestirilir. Bu bize konformal cercevelerden
kacinmamiz icin imkan saglamistir. Aslinda, metrik gravitasyonunun aksine, afin grav-
itasyondaki metrik tensor iiretilmis olup, Oncelikli olarak postiile edilmemistir, bu ne-
denle bu tensor aksiyonlarda goriinmemektedir ve konformal doniisiim bir anlam ifade
etmemektedir. Sonuncu ama son derece dnemli noktalardan bir tanesi de, sadece afin
baglantist ve skaler alanlar1 iceren basit bir yap1 iizerinden metrik gravitasyonunun nasil
indiiklendigini gostermeye calistik. Genel gorecelilik klasik olarak sadece vakumda mey-
dana gelmistir ve gravitasyonun bu goriiniisii, standart indiiklenmig gravitasyondaki kuan-
tum diizeltmeler araciligiyla olmadan, sadece klasik olarak uzayin metrik elastikiyetini
olusturmak icin yeni bir yol olarak goz oniinde bulundurulabilir. Bu tez, dinamiksel olarak
madde ve kozmolojik sabitin her ikisini de anlamak amaciyla, daha yiiksek boyutlu belirli

bir manifold igerisinde afin gravitasyonunu inceleyerek sonug¢landiracaktir.
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CHAPTER 1

INTRODUCTORY NOTES AND MOTIVATIONS

1.1. Why Does Gravity Matter?

Newton came out with the laws that govern the gravitational attractions between
macroscopic bodies. He has shown that these laws are not only applied to small objects on
Earth, as it has been tested for the first time, but it holds for the whole universe. Gravity
in this sense is universal. Later in 1916, Einstein provided a new description' to this inter-
action based on new concepts (at the time) of space and time. As observed by Galileo, all
freely falling bodies accelerate in the same rate in a given gravitational field. This simple
remark has led Einstein to describe gravity by an accelerating frame of reference. Roughly
speaking, the gravitational interaction became one aspect of the curvature of spacetime,
and every type of energy in the universe responds to these manifestations, which finally
appear as gravitational effects. On the other hand, spacetime gains a dynamical character
due to the presence of every kind of energy which distort it.

Universality of spacetime, and gravity as its curvature, lead us to think about the
universe itself as a physical object, and Einstein himself tried to study the evolution of
the universe based on his description of gravity. In fact, in studying the evolution of the
universe at large scales, the only long range force that acts everywhere is gravity.

Below we summarize some of the interesting puzzling physical cases where grav-

ity was always the main force behind them:

e Dark side of the universe:

As it is usually stated, all the known stuff only adds up to 5% of the content of the
observable universe. The known stuff here includes all the baryonic matter which

are formed by protons and neutrons, as well as radiations (photons, neutrinos...etc).

I'The new theory is called Einstein’s general theory of relativity and it will be discussed in some details
in chapter three.



In other words, everything which is formed by (or includes) the standard model

elementary particles.

Here, gravity played an important role in the indication of the 95% missing matter
and energy. Assuming that gravity is described by Newton’s theory in leading ap-
proximation, it has been shown that clumps of a non baryonic matter, which does
not interact through any non gravitational force, are present in the outer galaxy ha-
los. This non-luminous dark matter which forms almost 28% the contents of the

universe, acts only through its gravitational effects [1, 2].

The remaining 67% is supposed to be vacuum or dark energy. It is the cosmolog-
ical fluid that makes the expansion of the universe speeding up rather than slowing
down if only matter is considered [3]. Again, the assumption of the existence of this
energy is based on the theory of gravity at hand; Einstein’s general relativity where
not only density but pressure plays also an important role. Rather than attracting in
a standard way, gravity in this sense stretches space apart due to the negative pres-
sure of vacuum energy. The nature of dark or vacuum energy is one of the mysteries

in cosmology where its signature came only through gravity.

Early universe and black holes:

Our understanding of the big bang model, the most successful model of the uni-
verse, is mainly based on the expanding universe which is a direct consequence of
relativistic gravity (general relativity). However, extrapolating further the history
of the universe in the standard big bang model, one encounters an initial singular-
ity. If general relativity is taken as the theory of gravity at this phase, an infinite
energy density would lead to an unacceptable infinite curvature of space. This phe-
nomenon is not much more different than the center of a black hole. Understanding

the nature of these singularities necessitates a better understanding of gravity itself.

Unifying endeavor:

Besides gravity, the physical world runs along three other fundamental interactions.
The first of these is the Electromagnetic force described by Maxwell’s classical
electrodynamics and its successful quantum version; Quantum Electro-Dynamics
(QED). At shorter ranges, nuclear particles such as protons and neutrons obey the
weak and strong nuclear forces. A unified picture of electromagnetic and weak
forces, namely Electroweak interaction, is successfully understood in the context of
gauge field theory, and finally a standard model for particle physics is set up as a

successful description of the three interactions.



Now, what about gravity? If it is “fundamental” too, then the first aim would be its
possible unification with the mentioned forces. One way towards a unified theory
that includes gravity is to write the other forces in a geometric form like general
relativity. The first request of this kind of unification (by Einstein) was to describe
electrodynamics in terms of geometry in order to put it in the same geometric frame-
work as gravity. This early view which has also led to postulating a fifth spatial
dimension turned out to be misleading. The same thing happens when we try to
geometrize the other forces. This is simply impossible because the geometric de-
scription of gravity is mainly based on the equivalence between the latter and the

accelerating reference frames, which is not the case for the other forces.

The other schema of unification stands on the quantum description of gravity. The
main approach to quantum gravity is to extend and apply the techniques of quantum
field theory to general relativity. Despite the similarity between electromagnetic
and the gravitational interactions (both are long rage forces), it turned out that the
latter suffer from infinities. While QED is successfully renormalizable [4], quantum

gravity is not [5].

The failure of the unification has led people to think about gravity from different
directions. Some of these directions run through the possibility that gravity is not
a fundamental force !. Gravity in this case is considered as an induced or emergent
phenomenon. In the former, gravity may arise from elementary particles through
one loop corrections to particle fields, whereas the latter suggests that gravity may
gain an emergent character from black holes thermodynamics [6, 7]. The problem

of gravity at very small scales has not been settled down yet.

1.2. Ifitis All About Curvature, Then Which Geometry is Viable?

Gravity is believed to be one aspect of the curvature of spacetime and then the
correct geometric view is essential in any theory of gravity. In Einstein’s general rela-
tivity, it is assumed that metric geometry is relevant to the theory. The spacetime then
is supposed to be pseudo-Riemannian, i.e, a space endowed with a metric tensor which
describes the intervals (distances and times) and angles between different events in the
curved background.

The concept of the metric tensor which is postulated a priori is certainly funda-

mental in the large scale structure where notions such as lengths and angles are present.



However, it is worth noting that the very existence of spacetime may not accommodate
these concepts, but rather, they may arise from a more fundamental requirements.

The concept of the curvature of spacetime does not require a metric field. In fact,
that is the rule of parallel displacement which provides a measure of the curvature of the
manifolds. This rule is incorporated in the so called affine connection through covariant
derivatives. Theories of gravity which are based on this affine connections as fundamental
fields are called purely affine theories. Interestingly, what is known as metric tensor in
general relativity appears in affine gravity a posteriori as a solution of the equations of
motion. In this sense, metrical structure is generated dynamically.

Affine spacetime involves only trajectories generated by connections with no no-
tion of length and angle. In this spacetime there are no invariants; even a constant energy
density is “difficult” to define. The only meaningful structure is determinants of tensors.
In this vision, possible gravity actions are constructed from determinants of the tensors
at hand, among these tensors, we have the pure geometrical tensors; the Riemann tensor,
the Ricci tensor as well as the torsion tensor. These are defined only in terms of the affine
connection and no other entities (such as metric tensor) are required. Besides these ten-
sorial quantities, matter fields may also enter the actions in a tensorial form. In fact, from
scalar fields ¢, in addition to its potential energy, a symmetric tensor V,¢V,¢ can also
be formed [8].

An interesting feature of affine spaces, is that they accommodate scalar fields only
for nonzero potential energy, a property which is at the heart of the inflationary cos-
mology. Nonzero potential energy means at least nonzero vacuum energy, thus metrical
structure which is generated a posteriori may gain in this sense an induced character from
vacuum energy [9].

Studying purely affine gravity from its different aspects will be the primary objec-

tive of our thesis which will be organized as in the following section.

1.3. Plan of This Thesis

In this thesis we will provide a detailed study of purely affine gravity. Our aim
here is to show the viability of this theory in both theoretical and observational sides.
However, to make it more pedagogical, the thesis will contain some introductions on
general relativity, and relativistic cosmology including inflation. This will make it easy
for the reader to see the differences between general relativity and affine gravity and

extract the new features of the latter.



We organize the thesis as follows: Chapter two will be devoted to the geometrical
framework where we introduce the concepts of metric tensors and affine connections.
This part is important and it shows how those concepts, though both fundamental, are
completely independent. It is also shown how curvature which is at the heart of any
relativistic theory of gravity, is related to the affine connection without introducing any
metrical structure.

In Chapter three, we present the general theory of relativity. We show how Ein-
stein was able to come out with his interesting description of gravity in terms of curvature
of spacetime, based only on a simple remark of free fall. We give a detailed derivation of
Einstein’s field equations using the variational principle where the fundamental field that
plays the role of the gravitational field is the metric tensor.

Purely affine gravity, the objective of the thesis, will be addressed in the fourth
Chapter. A particular and the simplest affine gravity is Eddington’s gravity, which is based
solely on the Ricci tensor and a nonzero cosmological constant. We show how this theory,
free of any matter fields, becomes equivalent to Einstein’s gravity after generating the
metric tensor. We proceed and extend Eddington’s theory by adding scalar fields. Here,
two important cases are studied separately; minimal and nonminimal couplings. We will
show that affine gravity is different than metric gravity for the nonminimal coupling case.
The differences appear in both the gravitational equations and the scalar field equation.
This, as we will see, is the consequence of the first order (linear) affine action.

An interesting part in this Chapter is about induced gravity in the affine context. It
is shown that in the affine picture, both the scale of gravity and the metric tensor gain an
induced character. Gravity arises from vacuum expectation value of heavy scalar fields,
while the metric tensor arises from the vacuum energy [9].

Chapter five will be devoted to standard cosmology and inflation, and in Chapter
six we tackle the problem of inflation in the context of affine gravity. We apply the affine
formalism presented in Chapter five to inflation, and show that the inflationary regime
arises naturally for slowly rolling fields with predictions compatible with the recent data.
Induced affine gravity however shows slight deviations from observation. We will also
discuss the question of different frames, namely Jordan and Einstein frames in metric
gravity, and the frame ambiguities in inflation. We show that these frames do not make
sense in affine gravity where there is a unique metric generated from nonzero vacuum
energy. The transformation from nonminimal to minimal coupling can be obtained only
through field redefinition, but not metric transformation.

In Chapter seven, we study Eddington-like gravity in a particular higher dimen-



sional spaces, namely the product spaces, as an attempt to give a dynamical nature to
matter from high dimensions. Finally, we summarize and conclude our thesis in Chapter

eight.



CHAPTER 2

SPACETIME: METRICITY AND AFFINITY

2.1. When Metric Tensor is Necessary?

2.1.1. Minkowski Spacetime

We are usually interested in the local character of the physical world. The lo-
cal properties require physical measurements associated with clock ticks and spacial dis-
tances, or spacetime intervals in relativistic view. This imposes the concepts of a distance
and angle in the physical world. In fact, in our four dimensional spacetime, the infinitesi-

mal interval which generalizes the three dimensional Euclidean distance is given by

(ds)?* = —(cdt)? + dX.dX, (2.1)

where dt and dX are time and space coordinate differentials connecting two close points,
and c is the speed of light.
The quantity (2.1) describes the length of a spacetime coordinate differential

dz® = (cdt, dX) , (2.2)

and it is written in the following form

(ds)? = napdada®. (2.3)



where clearly the quantity 7 is nothing but the 4 x 4 matrix with constant coefficients

-1 0 0 0

0 +1 0 0
Nab =

0 0 +1 0

0O 0 0 +1

The above writings allow us to associate to every contravariant vector A%, the square of

its length, given by

A% =, ACAL. (2.4)

The square of the length (2.4) is a particular case of the scalar product of two vectors of

components A% and B’ which is given by

A.B = n,,A*B° (2.5)

The above structure is inherited from the spacetime symmetries, where quantities like
(2.1) are invariant under the so called Lorentz transformation. It is defined by a linear

transformation of the form

" — 2% = A%’ (2.6)

that leaves the element (2.1) invariant.
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Figure 2.1. Two inertial frames in relative motion along the = direction. A coordinate
system is attached to each frame and they are related to each other by the
Lorentz transformation (2.6).

This is applied to the norms of vectors (2.4) and scalar products (2.5), and conse-

quently, the quantity 1 must satisfy

Nap = A A% Neg. (2.7)

The 4 x 4 matrix elements A%, describe rotations and boost transformations and they relate
the spacetime coordinates of the same event recorded in two inertial frames.
Along the z direction where the two inertial frames are in uniform relative motion

with a velocity v (figure 2.1), the Lorentz transformations are parametrized by

coshg sinhg 0 0
AV sinh¢ cosh¢ 0 0
8 0 0o 10|’
0 0 01
where
1
cosh ¢ = —, sinh ¢ = U—/C (2.8)
1-4 1-4

Like rotations in Euclidean space, the Lorentz transformations form a group O(3, 1). This
Lorentz group differs from the Euclidean group O(4) by the non positive spacetime in-

variants. In fact, according to (2.4), vectors may take positive, negative or zero norms.



To that end, a vector A is said to be time like, space like or light like if A? is negative,
positive, or zero respectively. The speed of light ¢ provides a limit to particle velocities,
and then the regions which are causally! connected, are described only by points inside

the light cone (see figure 2.2).

Figure 2.2. Light rays travel in straight lines (generators of the cone) between any two
points separated by a null interval ds*> = 0. Physical (massive) particles
move along lines with ds? < 0.

Next, we will discover the structure of distances and line elements in curved space-
time and introduce the notion of the metric tensor, where the invariance are manifested

by general coordinates rather than Lorentz transformations.

2.1.2. General Coordinates and Metrical Structure

As we will see later in this chapter, the gravitational phenomena necessitate, the
use of arbitrary reference frames. The spacetime geometry must then be described by
general (curvilinear) coordinates rather than the special coordinates used in the last sub-

section. Under general coordinate transformations ##(2), the coordinate differentials

!The regions must be separated by a timelike interval, ds? < 0.
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transform as

m
dat = gﬁ—d@", (2.9)
IV

where we have used Greek indices to refer to general coordinates.
Quantities A* that transform like (2.9) under coordinate transformations are called

contravariant four vectors

n
_ Oxt o)

o

A* (2.10)

Like coordinate differentials (2.9), it is also convenient to write the transformation

rule of the partial derivative of a scalar ¢. This is simply given by

o
Oz

Out Oy . (2.11)

Quantities A, which transform as (2.11) are called covariant four vectors
A, = —A,. (2.12)

Based on the above rules of transformations, one may simply call a covariant tensor of
rank two, an element 7}, of sixteen quantities which transform like the product of the

components of two covariant vectors, thus

o 08000
m gk ogv P

(2.13)
In the same manner, contravariant and mixed rank two tensors 7*” and T*, are introduced
respectively.

Now, the line element that describes the distance between two infinitesimally close

11



points with coordinates z* and x* + dx* is given by

(ds)? = g, (z)dadz”, (2.14)

where g, are the components of a covariant rank two tensor which coincides with the

Minkowski metric tensor in a local reference frame (at a point P)

guV(P> = Nyuw- (215)

The tensor g,,,, is symmetric, i.e, g,,, = ¢, and it is called the metric tensor. In Rieman-
nian spaces, this tensor is called the Riemannian metric. However, since its signature is
not positive (negative) definite, the metric then is called Lorentzian.

The metric tensor plays an important role in defining two quantities; norm of

vectors and angles. The norm of a vector of components A* is given by

1A = /g Ar A, (2.16)

This clearly coincides with (2.4) in a local reference frame.

The angle 6 between two vectors of components A* and B is defined by

(2.17)

where the numerator is nothing but the scalar product of the two vectors as written in (2.5)
in local reference frames.

Then like flat (Minkowski) spacetime, this (pseudo) Riemannian spacetime is an
arena which is endowed with a property for measuring distances and angles. This property
is encoded in the metric tensor. Later we will see that this metrical structure is not

necessary for describing the essential properties of spacetime geometry.
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2.2. Affinity on Spacetime Continuum

2.2.1. Notion of Affine Connection

Primary requirements in space geometry is how to compare vectors at different
points in space. This is trivial in Euclidean (or Lorentzian) geometry where equality of
the components of two vectors implies the equality of the vector themselves. The previous
assumption may not be correct if the space has non Euclidean geometry.

The reason of this can be understood from the fundamental transformation rule
(2.9). The vector A* in (2.10) which transforms exactly like (2.9) can be considered as
a displacement vector from a point P of coordinates z* to a close point Q of coordinates
x* + dz*. Since the coefficients 0z# /0z” depend on the coordinates (change from point
to point), then it becomes impossible to compare directly the same vector at the points P
and Q as in Euclidean space, even if these points are very close to each other.

Comparison of the same vector at two neighboring points can be related to the way
we parallel transfer this vector between these two points, and then, to how to make deriva-
tive of the vector along a given curve [10, 11]. This process is not trivial in curved spaces
because of the different tangent spaces at different points of the space. This requires a
new machinery that allows the connection between these tangent spaces.

Here we suppose that the vector A* at the point P takes the form A* + § A* which
infinitesimally differs from A*. The change in the vector A* is given in terms of both, the

infinitesimal displacement dx* and the vector A* itself, as follows

SAF = —T*" ;A%da”, (2.18)

where I'!) 5 are arbitrary functions of z#, and they are called the coefficients of an affine
connection.

In four dimensional space, the affine connection is determined by its 64 compo-
nents. Since the spacetime acquires a pseudo Euclidean geometry locally, where vectors

are transported from two neighbor points with no changes in the vector, i.e, § A* = 0, this

13



implies that the affine connection locally vanishes

I 4(P) = 0. (2.19)

Relation (2.18) describes then the parallel displacement of the vector A® along dz”. This
property, in non-Euclidean spaces, is at the heart of the concept of curvature. We call the
new derivative (of a vector) which is based on parallel transfer, the covariant derivative

and it is defined as

VA = 9,A% + T4 AN (2.20)

This rule coincides with the ordinary derivative locally when the space is considered flat
(T'(P) =0).

The presence of the affine connection in (2.20) can be understood from the ten-
sorial character of the derivatives of vectors. One may easily show that under general
coordinate transformation where the vector A* transforms as (2.10), the derivative of A

transforms as

OA® 03 01° 0A* 0% Oa°

= A 2.21
Ok oz Ozk Ox°  Oxr0x° O+ ( )

The last term of this expression spoils the tensorial character of the ordinary derivative
0,A“. Thus, the ordinary derivative is an object that depends on coordinate systems.
Based on this, one may show that the tensorial character of the total term (2.20)

implies the following transformation rule of the affine connection

o 01% 027 027 g 0*xP 01~
M 9B 93X 93T °T 1 922 0dm Oxb

(2.22)

From the transformation rule of this non tensorial object, we extract the following inter-

esting properties:

e First, the second term of the right hand side of equation (2.22) does not depend on
the connection but rather it is a coordinate system dependent quantity. Thus, if the

connection tends to be zero at one reference frame, then the presence of this term
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forbids it to vanish everywhere.

e However, if one envisages two connections FD;W and f"‘w in the same space, then
the difference 1", — fojw forms the components of a tensor. A particular and
interesting case is the torsion tensor which we will discover later. The same for
the infinitesimal variation 6I',,, which is a tensor. In other words, one may always

write any affine connection as a sum of a second connection and a tensor.

2.2.2. Curvature of Space

Up to now, we have referred to flatness only locally where the connection vanishes.
This is what observers realize in Galilean inertial frames. As we have seen, the affine
connection does not follow a tensorial transformation, thus, it may not provide us with
the real character of space, and to that end, one has to explore a new quantity which has
to be a tensor and characterizes the intrinsic form of space.

The parallel displacement which has led us to the concept of a connection is also
the key point towards the concept of curvature. In flat space, like the familiar two dimen-
sional plan, a vector at an initial point can be parallel transported along a closed curve
and it returns back to its original form. However, if the space is curved, the vector returns
back to the initial point but with a different direction. The inequality of a vector (after
parallel displacement) and its original form (before the parallel displacement) originates

from the curvature of space [10-12]. This fact is schematically illustrated in Figure 2.3.

Figure 2.3. In flat space (left), any vector is displaced infinitesimally along a closed
curve without losing its initial direction and magnitude. However, in a
curved space (right), parallel transfer affects the form of the vector due to
the curvature of space.

To proceed to the definition of the curvature tensor, it is important to mention that

parallel transport of a vector field may be described by successive derivation of the vector
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itself. The success of a vector to return to its original initial value in flat space can be

related to the fact that in this space, the derivatives commute

10,0, 0] A® = 9,0,A% — 9,9, A% = 0. (2.23)

The curvature of space will be then the origin of the failure of this commutativity which

is now written in its general covariant form as

[V,,V,]A* = V,V,A% — V,V,A” £ 0. (2.24)

This new commutation of the covariant derivative takes the following form

[V, VLAY = 0,0,A% + 9,I%\A* + T9,0,4* + 0,A'T°, + T°,T%,, A7

v

—ATY, — I, T, A% — (vp), (2.25)

where we have used the definition of the covariant derivatives (2.20), and the term (vp)
refers to the same expression with p <+ v.
If we write the last term of the right hand side explicitly, and simplify the expres-

sion, we finally get

[V/u vy]Aa = (aurcf/)\ - auray)\ + Fa,u,araz//\ - FC:/UFJ,LM) AA
— (I, —1,,) Va4~ (2.26)

Two important quantities appear in this expression, namely, the curvature tensor

R, [T = 0,0, = 0,1, + T, 1%, =T, (2.27)

HA?

and the torsion tensor

S/\ — F)\

pv (] —

(T, —T%,) (2.28)

pv vp

N | —

16



and then, the commutator (2.26) takes the form

[V, VLJAY = R, A — 257, VA% (2.29)

- Apy

These two quantities have some interesting properties that worth pointing out here:

1. Curvature tensor:

Although it is given in terms of the connection coefficients which are not tensors,
the quantities R*, , are the components of a true tensor. Since the commutator on
the left hand side is antisymmetric in the indices p and v, so the curvature tensor.
An important identity satisfied by the curvature tensor is the Bianchi identity which

will be very useful later. This is written as

VoR o + VR 0 4+ ViR, = 0. (2.30)

Q@ nKY HOK

In addition to this property, a useful rank-two tensor, namely the Ricci tensor, can

be extracted from the curvature tensor as

R, =R, [T]. (2.31)

2. Torsion tensor:

The torsion tensor SAW is nothing but the antisymmetric part of the affine connec-
tion, and thus, it is antisymmetric in the indices y and v. This means that an affine
connection is symmetric if it is torsionless. As we will see later, a symmetric con-

nection is important when Einstein’s equivalent principle is applied [13].

In constructing these important quantities, we were dealing with only connections. The
latter is introduced in (2.18) based on parallel transfers of tensors, but without referring to
any concepts of distances and angles. It is only from this simple spacetime structure that
one may use to describe a theory of gravity. This will be the aim of this thesis and it will

be started from chapter 4.
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2.2.3. Geodesics and Geodesic Deviation

Like Euclidean space or the flat spacetime of special relativity, the general curved
spaces have the properties of straight lines. We are familiar with the fact that these straight
lines are the shortest paths connecting two points. However, this is the case only if the
concept of distance is taken into account, and then the space is endowed with a metric
tensor. Nevertheless, the straightest possible lines or geodesics are completely indepen-
dent of distances. They are the paths whose tangent vectors are parallel transported along
themselves. If a geodesic is parametrized by an affine parameter 7 as z*(7), its tangent

vector u® must satisfy the parallel transport condition

AR} (2.32)

where V is the covariant derivative operator with respect to the affine connection I'.
Since the tangent vector is given as u® = dx®/dr, then the condition (2.32) is

written explicitly as

2 .0 m v
Ca? | pa detdem (2.33)

e

This represents a system of second order differential equations, and then a unique solution
is guaranteed by providing an initial conditions for z%(7) and dz®/d7. This unique solu-
tion describes a curve which we have called a geodesic. A point particle moving through
a geodesic has a vector velocity (tangent vector) that keeps the same direction along this
path.

The concept of curvature that we have met in the last section can be addressed
here from the notion of geodesic deviation. Suppose, we are given a geodesic curve
with tangent vector u®, and its separation from a nearby curve is denoted by the deviation
vector x as in Figure 2.4. Then the rate of change of this deviation, or the relative velocity
of the neighboring geodesics, is given by the vector u*V ,x“. The relative acceleration of

the infinitesimally close geodesics reads [10]

a = urVy (u” V,x"). (2.34)
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By writing the covariant derivatives explicitly in terms of the connection, one may show

that
(2.35)

B _ pH VAP
at = RV)\puxu,

where R" | o is the curvature or the Riemann tensor (2.27).
This equation shows that, in curved space, two lines which are initially parallel

will not remain parallel, and their “deviation” is caused by the curvature of space. To

leading order, the equation of the geodesic deviation (2.35) takes the following form [14]

o= = Rox’. (2.36)
/—) i
.y
observer/ |
- \
Uy
/| \
||‘I I‘l\'\".\ .
Geodesic (1) \Geodesic (2)

Figure 2.4. In a curved space, two geodesics (1) and (2) which start parallel, do not
remain parallel but they deviate from each other. This deviation is the

effect of the curvature of space as written in equation (2.36).

An analogy with gravity can be illustrated as follows. In a gravitational potential

o(z), a freely falling particle is governed by Newton’s equation of motion which is written

in an inertial frame as
d*a 0o(z*)

= — 0. 2.37
dt? oxi ( )

If the position of a second (freely falling) particle is z°(t) + x*(t), where \’(¢) measures
the separation of the two particles, then the equation of motion of the second particle

19



reads

Pz +x")  0p(a* +xF)
P Pt (2.38)

To linear order of (small) x/, one finds the time evolution of the separation vector as

dZXi 82gb ;
ar T <3a:jaxk) 28 =

This equation is at the heart of the so called tidal gravitational forces, and it provides a
measure of the relative accelerations of two (test) freely falling particles. When compared

to equation (2.36), one may easily find

2
( Ga? ) 8% o R gpo- (2.40)

07 Ox*

This shows that the effects of these forces are nothing but the manifestation of the curva-
ture of spacetime. In the next chapter, we will show how gravity is related to the curvature
of spacetime in the general theory of relativity. From the equivalence principle, Einstein
was able to describe the gravitational phenomena as the manifestation of the curvature of
spacetime. Near a gravitational object, two freely falling particles which move through
two infinitely close geodesics, accelerate towards one another due to tidal effect. This

effect is directly connected to the curvature of spacetime.
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CHAPTER 3

METRIC GRAVITY AND PALATINI FORMALISM

3.1. General Theory of Relativity

Newtonian theory of gravity has been successful in describing the motion of bod-
ies under the influence of the force of gravity, not only of the Earth but also of all the
planets of the Solar System. This has extremely determined the correct trajectories of
these planets around the Sun. However, it has been known for a long time that Newtonian
gravity fails in explaining the shifts observed in the orbit of planet Mercury, the closest
planet to the Sun. It turns out that this planet follows only an approximate ellipse where
its closest approach to the sun, called perihelion, moves slightly around the sun. This has
been known as the anomalous precession of the perihelion of Mercury, and its explanation
by general relativity, as we will see in this section, is considered as one of the accurate
tests of the later.

Besides the anomalous precession, Newton’s theory of gravity is simply based on
the classical concepts of absolute space and time. These concepts have been rejected after
the new study of classical electrodynamics made in 1905, which has led to the formulation
of special relativity. People believed then that a successful theory of gravity has to be

based on the new ‘“‘spacetime” concept.

3.1.1. Equivalence Principle and Einstein’s Field Equations

A remarkable property of gravity which has been noticed by Galileo and then by
Newton himself is that under the same initial conditions, all bodies fall in the same manner
in a gravitational field and they gain a unique acceleration independently of their masses.
This observable fact which is restricted to gravitational forces has been accurately tested
on earth [15]. Einstein has realized that this property can be viewed by observers located
in a noninertial reference frames in the absence of gravity. In fact, bodies which are at

rest or in a uniform motion relative to an inertial frame are seen to be in a freely falling
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state by a noninertial observer. Einstein then states his equivalence principle [13, 16]:
Noninertial reference frames are equivalent to some gravitational fields.

This means that one may eliminate a given gravitational field in a region of space by refer-
ring to a noninertial reference. However, since gravity becomes negligible and vanishes
at farther points (from the source), it is then impossible to find a noninertial frame that is
able to eliminate the gravitational field at infinity.

The physics of special relativity briefly described in chapter 1 ignores completely
any gravitational field, and since this later becomes equivalent to a certain accelerated
(noninertial) reference frame, one may directly think about the form of the physical laws
under general coordinate transformations. In effect, a uniform accelerated reference
frame is described by general coordinate system.

One of the important “geometrical” quantities that depends on the general coordi-
nates is the metric tensor g,,, which gives the invariant line element (2.14). Eliminating
a gravitational field then, means finding a (general) coordinate system which reduces the

tensor g,,,, to Minkowsi metric tensor 7,

goo = —1, g1 = 1, g2 = 1, g3z = L. 3.1

This turns out to be impossible, since the gravitational field does not vanish everywhere.
The failure of finding such a transformation where the metric has the components (3.1)
means that the spacetime is “curved”. This remarkable fact means that the metric tensor
responsible for distances and angles is not geometrically fixed as in (3.1) but it describes
a physical phenomenon; the gravitational field.

For an inertial observer, a free particle is known to be at rest or in a uniform

motion, and its path is described in terms of the coordinates z* by

d?a*
dr?

=0, (3.2)

where the parameter 7 refers to the proper' time.

!Proper time is the duration measured in an inertial frame in which two events are simultaneous.
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This equation represents the shortest path (straight line) the particle can take be-
tween two points A and B. Here, the concept of distance is essential, and then, equation

(3.2) is nothing but an extrema of the line element

B
s:/ V Gudardz?, (3.3)
A

where g,,, has the constant components (3.1).

Since gravitational phenomenon is equivalent to a certain noninertial reference
frame, the equations of motion of a freely falling particle is derived then from the same
line element (3.3) but for general coordinates where g,,,, is no longer constant.

Now, we suppose that a particle follows a curve which is parametrized by a pa-
rameter A as z*(\). The quantity (3.3) is a parameter independent, and we may easily

apply the variational principle on the following invariant

A2 m
/ AL (m“, Cz'; ) : (3.4)
A1

where the Lagrangian function is given by

dzt dzt dxv
po2 ) padieiedl
L(x , d)\) \/ Y N 3.5

As in special relativity, the particle here follows a time-like worldline between the two

points A and B in spacetime. This world line simply extremise the proper time; the time
measured by the clock along this world line. Now, if we fix the end points such that for
any deviation from the curve, noted dx*, satisfies dz# (A1) = dz#(A2) = 0, the variational

principle implies the Euler-Lagrange equations

oL  d oL
i d\ (a(dxﬂ/dA)> ' (36)

Using the explicit form of the Lagrangian (3.5), the Euler-Lagrange equation (3.6) leads
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to the following equation

O L7 Outos + 0 — ) o 27 ()
This can be written equivalently in terms of the proper time 7 as
% = —F“ag(g)%%, (3.8)
where we have put
I 5(9) = %Q’M (9a9r8 + 089ra — Orgas) - (3.9)

Straightforward comparison with equation (3.2) of the free particle, shows that the latter
is simply the limit of (3.8) when the metric tensor takes the constant components (3.1).
This is valid only locally at a point P, where an inertial observer uses g,,,|p = 7,,, to label
distances and time intervals. Thus, the quantity (3.9) vanishes at this frame, FZ 5(7}) =0.
This quantity defines a particular connection, called the Levi-Civita connection, and it is
a unique function of the metric and its first derivatives.

Equation (3.8) is also called the geodesic equation. But unlike the general form
(2.33), it is written in terms of the metric connection and not the affine connection. The
geodesics, the world lines described by the geodesic equation (3.8), are the shortest paths
in spacetime and they generalize the concept of straight lines in Euclidean (flat space)
geometry. Interestingly, along these special world lines, the metric which is responsible

for distances and angles, is parallel transported, or

V,.9ap = 0, (3.10)

where in this case, the covariant derivative is with respect to the metric connection (3.9).
The last equation is called the compatibility condition, and if it is solved with

respect to an arbitrary connection, it leads to the unique Levi-civita connection (3.9).
The general theory of relativity, which we are exploring here, is essentially based

on this metrical structure, where the metric tensor plays a crucial role in defining the
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gravitational field. In fact, the gravitational effects on the freely falling particle appear on
the right hand side of equation (3.8) as first derivatives of the metric. One may see this
fact clearly if the test particle is non-relativistic and plunged in a weak gravitational field.
This case is exactly the Newtonian description of gravity, and it is attained from a very
weak deviation from the flatness of spacetime. Since our fundamental field is the metric

tensor, then this later has to be expanded around the Minkowski metric as

Guv = Nuv + My, (3.11)

h| < 1.

In this limit, the proper time and the velocities that characterize the motion of the

where the tensor /1, is very small,

particle must satisfy

0 7
A A LF (3.12)
dr dr

where the last term represents the components of the three vector velocity which has to
be negligible.
Taking these together, one may easily check that the : component of the geodesic

equation (3.8) takes the form

~ T, (3.13)

The last term can be calculated in terms of the components of the metric by using equation

(3.9) where the inverse of the metric is given by

gh ~ " — hHY, (3.14)

then

FiOO ~ ——niiaihoo. (315)
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Finally, the Newtonian limit of the geodesic equation reads

>zt

Thus, we recover Newton’s second law, where the inertial force is given by the gradient
of the gravitational potential ¢ of a certain gravitational source. An interesting conclu-
sion of all this, is that the component A, of the (weak) metric tensor is nothing but the

gravitational potential itself

hoo = ——. (3.17)

This result shows the crucial relation between the spacetime geometry (metric tensor) and
the gravitational forces.

What is left now is to discover the general evolution of this metric tensor which
must be described by some fundamental differential equations that provide us with all the
components of the metric. These equations are called Einstein’s field equations, and we
are now in a position to explore them.

The Newtonian limit which has led us to the metric component (3.17) describes
only the evolution of test particles not the field itself. The later is described by Laplace
equation where the gravitational field propagates in vacuum, or the general Poisson’s
equations in the presence of the gravitational source itself. The gravitational potential in

this case satisfies

V2 = 471G N pm, (3.18)

where Gy being the Newton’s constant, and py, is the energy density of the matter distri-
butions that generate the gravitational field.

Again, this equation has to be realized for weak field limits of a general equations
of motion that take into account the general coordinate systems (noninertial frames). First,
the left hand side of equation (3.18) contains a second order partial differential operators
that acts on the gravitational potential. The later, as we have seen, is one component
of the metric tensor in the weak field limit. Thus, a generalization of this side may be

realized using second order derivatives of the metric tensor g,,,,. This directly implies that

26



the right hand side must be represented by a covariant tensor. This implication is clearly
understood, since the energy density is not a covariant quantity and it could not enter a
relativistic equation of motion.

The tensorial character of matter is generally represented by the so called Energy-
momentum or Stress-energy tensor, noted 7;,5. It describes the flux of the four-momentum
p,, of the particle (or a fluid) across a surface of constant 2” [17]. This definition provides
a meaningful energy density which is then the flux of the zero momentum across a surface
of constant . A good example of the energy-momentum tensor is Maxwell’s stress-energy
tensor that describes the electromagnetic field [13].

To that end, Einstein’s field equations (tensorial equations) provide a connection
between the spacetime geometry (metric and its derivatives) and a source which describes

all kind of matter and energy except gravity. These equations are generically written as

{9,09,0°9} .5 = KT, (3.19)

where « is a dimensionful parameter which must be related to Newton’s constant in order
to realize the weak field limit given in (3.18).
In constructing the object of the left hand side of (3.19), one has to take into

account the following necessary properties:

1. Like the energy-momentum tensor, this object has to be a rank-two symmetric ten-

SOT.
2. It involves up to second derivative of the metric tensor.

3. An important condition that has to be satisfied, is the covariant conservation law.
This law must be written in a covariant form (general coordinates) which general-

izes the conservation law written in an inertial frame in flat spacetime, thus
Vs = 0. (3.20)

The new tensor then has to satisfy the same relation.

It might be difficult to extract the form of this new tensor that satisfies the above condi-
tions, from all the geometric quantities that depend on the metric tensor. Nevertheless, the

only symmetric, rank-two tensors that we have at hand are, the metric tensor itself, and
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the Ricci tensor (2.31) of the Levi-Civita connection. Indeed, these tensors do not have
all the properties given above. However, though not be trivial, the “requested” tensor can

be constructed from these two quantities, and it has the following form
1 »
Rag — §ga@g RMV + Agaﬂ. (3.21)

The first two terms of this quantity that include the Ricci tensor 1,3, form the so called

Einstein tensor

1
Gag == Rag — §gagR, (322)

where the last term on the right hand side is called the Ricci scalar which is the contracted

Ricci tensor
R=g¢"R,,. (3.23)

The last term in (3.21) which includes a constant A, is introduced here since it satisfies
condition 3. However, in the following chapters, we will explore the physical necessity
of this term. Einstein tensor is written in terms of the Levi-Civita connection (3.9) and its
first derivative, and it can be constructed easily from the Ricci tensor (2.31), which in this

case is given by

Ras[U(g9)] = RY,,5['(9)]
= 01", 5(9) — 95T, (9) + T, . (9)T%5(9) — T 5(9)T%,, (). (3.24)

Here, we briefly show that the combination (3.21) satisfies the third condition stated
above. The main point is that the curvature tensor, which is given by its general form

(2.27) satisfies the Bianchi identity (2.30)

VoRY,., + V., R

« HKY HOK

+ VR, =0. (3.25)
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This is a tensorial equation, and in order to prove its validity, we simply check that it holds
in a local reference frame at a point P, where the connection coefficients FAW(P) = 0.

Using equation (2.27), we have in this frame
A A A
Ol )y = 0a0:17,, — 000,17, (3.26)
With an index permutation, we easily get

IR +0,R

UKV HOK

+ 0 R0 =0, (3.27)

which is exactly the identity (3.25) in the chosen local frame.
Thus, the Bianchi identity (3.25) holds for every coordinate system. Now, what

we need is to contract this identity two times, the first contraction (A <+ ) leads to
VoRuw + VuRYon + VaRY,,, =0, (3.28)
and the second contraction (multiplying by g#*) gives
2VHR,, — V,R=0. (3.29)

This equation gives us the required identity (condition three above)

1

v (RW - 5gWR> —0, (3.30)

where the last term in equation (3.21) can be trivially added here due to the compatibility
condition (3.10).

Finally, the gravitational field equations, or Einstein equations, are a system of
second order differential equations of the metric sourced by energy-momentum that gen-

erates the curvature of spacetime, and are written as

Gaplg) + MNgas = KThs. (3.31)
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Before discussing the properties of these equations and determining the constant x, we

will first give a detailed derivation of these equations based on a principle of least action.

3.1.2. Variational Principle: Einstein-Hilbert Action

The equation of motion of a test particle (3.8) has been derived from the extrema
of the invariant length (3.3). This procedure is called the principle of least action, and it is
well known in analytical mechanics of point particles and its generalization to field theo-
ries. In a physical theory, the system in question is described by fundamental fields that
satisfy (field) equations that govern their behavior. These equations are equivalent to the
Euler-Lagrange equations derived from a certain action through the calculus of variation
[12]. To proceed then, one needs a covariant integral, an integral which is invariant under
general coordinate transformations.

In special relativity, integrals contain functions which are Lorentz invariant. This
simply works well since the four dimensional integrals in flat space are invariant too. In

fact, under Lorentz transformation (2.6), the volume element transforms as

d*z = d*z||A|| = d*z, since ||A|| =1, (3.32)

where ||.|| refers to the determinant sign.
Thus, the volume element itself is invariant under Lorentz transformations (or in
flat spacetime). However, the volume element (3.32) is not generally covariant due to the

Jacobian term that appears under general coordinate transformations 7 (x)

@
ox

d*z = d*z , (3.33)

where the right hand side includes the trivial determinant of the Jacobian matrix J =
022 /2P of the diffeomorphism z# — 2%(x).

Nevertheless, one may simply notice that the volume elements might be gener-
alized by introducing a quantity which eliminates the Jacobian under general coordinate
transformations. Although there are some different way out to this problem, we concen-
trate here on the general concept of volume itself. Volumes are like areas and lengths,

and their measurements have to be frame (coordinate) independent. A relevant covariant
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quantity is the metric tensor g,,,. While it provides a prescription for measuring volumes,
the metric is a rank-two tensor, and then it is the quantity that one needs to cancel out the
unwanted (Jacobian) term in the volume element (3.33). In fact, under general coordinate

transformations, it transforms as

. ox* 0x”
Jap(Z) = Haa aAﬁguu( ). (3.34)

The quantity that can be constructed from the metric tensor and which includes the deter-

minant of the Jacobian matrix, is then the square root of its determinant

=1
0z

o lgll- (3.35)

r|g||=\

This quantity transforms as a scalar density of weight w = +1 [12].
Taking the product of the relations (3.33) and (3.35) we get the correct covariant

four-dimensional volume element

gl = lgl]- (3.36)

This defines and generalize the volume measure of flat space, and theory which is a co-
ordinate free can then be derived by integrating scalars in the spacetime manifold. Addi-
tionally, all fields that form the required scalars will automatically be coupled to geometry
due to the presence of the metric tensor in the volume itself. This leads to what is called
minimal coupling to gravity.

To derive Einstein’s field equations (3.31), we need to construct an action based

on the integral of the volume element (3.36) and contains the following quantities:

1. A geometric scalar that includes the metric tensor and its derivatives up to second
order. This part is essential in obtaining the geometric part of the field equations

which is given by Einstein’s tensor (3.22). The relevant quantity is the Ricci scalar
R(g).

2. A second geometric term that gives the covariant part Ag,s in the field equations

(3.31). This can be obtained simply by adding a constant A.

3. A scalar that depends on the matter fields that fill the space and generate the grav-
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itational field. To come out with a correct scalars, this part may include the metric
tensor itself, and in this case, we say that matter is coupled minimally to gravity
(the metric). However, in what follows, we will assume that this part can generally

be described by a scalar L,,(g) (a Lagrangian of matter).

The generally invariant action which has the above properties takes the following form
[16, 18]

slg) = 5 [ d'o/Tgll (R() ~20) + [ @toy/Tgl] Lo, (3.37)

The first part of the integral which includes only the Ricci scalar is called Einstein-Hilbert
action, and the second term A is called the cosmological constant. The last part of the
action describes the general form of matter interacting with gravity.

The action will be varied with respect to the fundamental field; the metric tensor.
To that end, it is useful to show briefly how to make the variation of the determinant, the
important quantity in all parts of the integral. With the help of the matrix properties, the

determinant of any matrix M can be written as [18]
M| = e™resM, (3.38)
This leads to
J|M|| = ||[M]| Tr [M’l(SM} . (3.39)
This is easily applied to the metric tensor and leads to the important formula
0\l = 5 V1191l 976 gas. (3.40)

One can write this differently, by noticing that

gmgw = 43, then gaﬁégaﬁ = —gagégaﬂ. (3.41)
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Finally

1
oVlgll = =5 Vl9ll gapdg™”. (3.42)

Variation of the Ricci scalar scalar reads
SR(g) = Rapdg™ + g*P6 Ryp. (3.43)

The last part will be evaluated using the explicit form of the Ricci tensor (3.24). Briefly,
the part R, includes terms such as 9(0I') and I'6T", where I is again the Levi-Civita
connection (indices are implicitly included). In chapter 2, we have seen that, unlike I', the

term 61 is a true tensor. One may then apply the covariant derivatives on this tensor as
V(07 5) = 0,(017%5) + T2, 00" 5 — I, 017, 5 — I 5017, .. (3.44)

Now, by using the expressions (3.24) and (3.44) we can show the following important

relation
§Rap = Vi (6175) — Vs (0T7%,,) - (3.45)

Although we have referred to the Levi-Civita connection, the last relation is completely
independent on the metric tensor and it holds for an arbitrary (symmetric) affine connec-
tion. Expression (3.45) will be very important in the affine dynamics in the next chapter.

Having the two expressions (3.42) and (3.45) at hand, variation of action (3.37)

takes the following form

1 1 a
oS = % /d4l' HgH (Raﬁ - §gaﬁR + Agaﬁ) 5,9 g
1
o / d /91l [9°7 (VA(OT,5) — V5 (0TA,0))]
0L, 1 o
+/d4w\/ g1l <—5ga5 - 59aﬁLm) 09" (3.46)
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Now since the covariant derivative of the metric tensor (and its inverse) vanishes, then the

second term in (3.46) takes the form

[ e VTall [Valg™sT) = VatgsT)] = [ do Vgl vars,  Gan

where we have defined the vector V* as

V= g™ 5 — ¢TI, (3.48)
Explicitly, its covariant divergence is written as

VaVA = VA + T, V*, (3.49)

where the “trace” of the connection on the last term can be easily calculated in terms of

the metric from (3.9) as

1
F)\n)\ = éguyaﬁguu' (3.50)

As we have done for the variation of the metric tensor to derive the expression (3.40),
similarly, the right had side of the last equation can be written in terms of the determinant

of the metric tensor. Thus

o _ LIl _ 9s/Tlall (3.51)
2 gl V9l

The last expression is substituted into the covariant derivative (3.49) leading to the useful

expression of the covariant divergence

1
VaVr = ——a (V]|g]IV?) . (3.52)
YVl q )

What is remarkable here is that with this expression, the term (3.47) is nothing but a total
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ordinary divergence. Finally, the variation of the gravitational action takes the form

1 1
o5 = [ ataVTall{ 5 (Guslo) + Agos) — 72 L9+ [ ataosi™, 353

where the last term is called the energy-momentum tensor of matter

o 95L,
af — T 5{]0‘5 + ga,BLm' (354)

It is important to shed light on the nature of the last term of (3.53). At first glance one
may think that this term is a total divergence and then by applying the Stokes’s theorem,
this integral vanishes. However, this is not trivial as one may think. The Stokes’s theorem
would lead to a surface term which vanishes at infinity if the metric variation vanishes
at infinity. The essential problem is that the integral at hand depends on the derivative
of the metric variation too, and then it will clearly contribute to the boundary term. This
is a consequence of the nonlinearity of action (3.37) in the metric, which requires an
additional term in order to cancel the unwanted boundary contribution [18].

Finally, “assuming” that the last term in (3.53) does not contribute to the total

variation, we get the gravitational field equations, namely Einstein’s equations with matter

1 1
- m .
o (Gap(9) + Agap) — 5las = 0 (3.55)

or in a standard form

Gap(9) + Agap = KT (3.56)

The simplest case is Einstein’s field equations in vacuum, this is the case where
space is free of matter and any source of gravity, then T; = 0 and A = 0. One solution
of Einstein’s equations in this case is clearly the flat spacetime metric (3.1). In the other
cases, the solutions are curved spacetime metrics which are described by components of
the energy-momentum tensor. These can be a mass, an energy density and pressure...etc.
Another simple but important case, is the spacetime with only a cosmological constant,

T = 0but A # 0. The spacetime curvature in this case is caused by a source of constant

35



energy and pressure and it could be described by an energy-momentum tensor of the form
Ths = —— G- (3.57)

In general relativity, this tensor can be simply postulated to be zero if the cosmological
constant A vanishes. This can be realized from the beginning in the action (3.37). How-
ever, for some reasons which will be clear in the next chapters, this cosmological constant
may receive nonzero contributions from different sources, the case that makes it impos-
sible to vanish. We will call the tensor (3.57), the energy-momentum tensor of vacuum.
But here let us take A = 0 for simplicity

To determine the constant x, one has to make the weak field limit where Newto-
nian gravity is valid. To simplify the calculation, it is useful to write the left hand side of
Einstein’s equations (3.56) in terms of only the Ricci tensor. By contracting both sides of

equation (3.56), we get
—R=rT"  where T"=g*T0, (3.58)

Now we substitute this in equation (3.56) and finally we get

1
Rog =k (T Y §ga5T‘“> , (3.59)

which are Einstein’s field equations written differently.

Under the weak field approximation (3.11), the Ricci tensor (3.24) takes the form
Rup = %n’“’ (0a0khop + 0-08har — 05Okxhap — 0uOphes) - (3.60)

Then, the 00 component reads
Roo = —%Ungaaanhoo = —%62%0, (3.61)

where we have taken a static field, dyhgy = 0.
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If matter is taken pressureless, which is a good approximate case, the 00 compo-
nent of the right hand side of equation (3.59) will be given then by the energy density as
[17]

1 1
Tgy — 597" = 5p. (3.62)

Now remember that the component of the perturbed metric h is given in terms of the
gravitational potential ¢ as in (3.17), and then the weak field limit of the gravitational

equations (3.61) reads

C2K

1 =2

c

This equation must coincide with the Poisson equation (3.18), and finally the constant x

becomes

87TGN

> (3.64)

K =

In fundamental units, this defines an inverse of a square of a mass, called the Planck mass
Mp;. In fact, it is believed that in addition to Newton’s gravitational constant, the fun-
damental constants c (speed of light) and the Planck constant 2~ when combined together
lead to a fundamental scale at which gravity is “supposed” to gain a quantum description
! This scale is embodied in the following quantities which define a mass, length and a

time respectively

n
Mpy = | =< ~ 10" GeV (3.65)
Gn

h

lp = ZN ~ 107 cm (3.66)
h

tp; = gN ~ 10* sec. (3.67)

In the following chapters, we will use Planck mass rather than Newton’s constant, and we
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will take (with h = c = 1)

M3, ~ (87Gy) . (3.68)

3.1.3. Testable Predictions of General Relativity

Like every physics theory, Einstein’s general relativity had to be confronted with
experiment. In the following, we present the tests of Einstein’s gravity which are made
in the Solar System, some of these tests are proposed by Einstein himself when he for-
mulated his theory. The details behind understanding the proposed tests are based on par-
ticular (spherically symmetric) solution of Einstein equations (3.56) called Schwarzschild
solution. Solutions of Einstein’s field equations are not the aim of this thesis, however

one may find more details in the references given below.

¢ Bending of light (Gravitational lensing):

One of the phenomena that has not been known or detected before the appearance
of general relativity is the deflection or bending of light by a gravitating mass. Ein-
stein proposed this fact as a first possible test of his theory. In flat spacetime, light
travels in straight lines, i.e, the geodesics of the flat geometry. In the presence of a
massive object, like the Sun, light rays will follow the geodesics of the new curved
background around this object, leading to a deflection of its path as shown in Figure
3.1.

Detailed calculation based on Schwarzschild solution, show that the angle of de-

flection is given in terms of the mass of the object M as follows

_ 4GNM

0o =~ (3.69)

where b is the apparent impact parameter [10].

This predicts a bending of 1.75 second of arc, which has been confirmed by Ed-
dington in 1919 during a Solar eclipse [20, 21].
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Figure 3.1. Light rays coming from a star are deflected by the gravitational field of the
Sun (curvature of spacetime around it) [19].

e Precession of planet Mercury:

Newtonian theory of gravity predicts closed paths of the planets in the Solar System
in agreement with elliptical orbits observed by Kepler. Neglecting any possible
gravitational perturbation from other objects, the angle swept out by any planet
during one revolution is indeed Ay = 27. However, in the case of planet Mercury,

an anomalous perihelion shift (from 27) given by [18, 20]

dp = 43.11" +0.45" per century (3.70)

remained unexplained in the context of Newton’s theory even by considering the
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gravitational perturbations of nearby planets.

The Schwarzschild solution provides a deviation from the closed elliptical orbits.

The deviation is translated by the following predicted perihelion shift [18, 20]

S = 6”fN ( M ) : (3.71)

c a(l —e?)

where M is the mass of the Sun, a is the semi-major axis of the orbit and e is the so

called eccentricity.

This has led to a value 5o = 43.04" per century, which is precisely the well known

precession of the perihelion (see Figure 3.2 below).

Planet Mercury is the closest planet to the Sun where the (strong) gravitational

effects need relativistic corrections.

precession

-

aphelion

<>

Sun

®

L

perihelion

Figure 3.2. Diagram illustrating the precession of the perihelion of Planet Mercury [19].
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e Gravitational redshift:

For a distant observer, an atomic light spectrum emitted near a gravitational field
is redshifted. In fact, at a fixed point in space, i.e, dx’ = 0, the passage of time is
given by the proper time, cdt = ,/ggodt, which is written near a gravitational field

as

c? c?

dr—J1- 22 gt~ (1 - f) dt, (3.72)

where we have used the weak field (3.17).

The previous equation gives us the difference between the time rates, near the grav-

itational field and at the infinity

dT:\/l—i—fdtz (l—c%) AToo . (3.73)

Near the gravitational field of Earth, where ¢(r) = —Gx M /r, with M being the

mass of the earth, the last equation leads to a difference in the frequencies given by

Av _ gz (3.74)

o
v c?

where 2 is the hight from the Earth’s surface, and g ~ 9.78m/s? is the gravitational

acceleration of the Earth.

Thus, the frequency of light emitted by a source near the gravitational field will be
subjected to red (blue) shifts. This gravitational frequency shifts is a direct conse-
quence of the equivalence principle itself, and it has been firstly confirmed with a
terrestrial experiment made by Pound and Rebka in 1959 [20, 22]. An accurate test
of the gravitational redshift has been performed around 1976, using a Hydrogen

maser in rocket [23, 24].

e Gravitational waves:

An astonishing prediction of the general theory of relativity is the gravitational
waves. We have seen that weak deviations from flatness of spacetime would lead

to the equation of motion of the weak field hoy which has been interpreted as the
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gravitational potential in the Newtonian limit. In general, for the weak curvature

(3.60), the Einstein’s field equations in vacuum take the form

Oh,, =0, (3.75)

where the d’ Alembert operator is given by

82

_ B _ 2
D—?] aaag—v —C2at2.

(3.76)

Detailed discussion about the derivation of equation (3.75) and the gauge choices is
beyond the scope of our thesis, and for more details we refer the reader to textbooks

like [16].

Equation (3.75) is a standard wave equation which describes the propagation of
the weak field h,,. These spacetime ripples, or gravitational waves, have been
supposed to be generated from different astrophysical sources, like the merging of
two compact objects such as neutron stars and black holes [14, 16, 17]. The final
confirmation of the detection of these waves has been announced by the LIGO?

group in 2017 and has led to the Nobel prize in physics in the same year [25].

21t is for Laser Interferometer Gravitational-Wave Observatory in Louisiana USA.
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3.2. Palatini Formalism: Metric-Affine Gravity

It became clear now that gravity described by general relativity is a manifestation
of the curvature of spacetime. A new geometry that goes beyond Euclidean geometry had
to be used as an attempt to formulate a theory of gravity in terms of curvature. Einstein
has simply used the Riemannian geometry where the Levi-Civita connection is completely
fixed by the metric tensor. The reason is simply that when Einstein formulated his general
theory of relativity, differential geometry was generally limited to Riemannian (or met-
ric) spaces. However, physicists and mathematicians have realized later that the general
covariance of the physical laws is not restricted to those spaces, and one may consider, in
addition to the metric tensor, an affine connection which is completely independent of the
metric.

The simplest approach based on both metric and affine connection as an inde-
pendent fundamental fields is called the Palatini formalism [16]. In turns out that this
approach recovers general relativity, and it is considered then as a different formulation
of the latter.

Palatini approach to gravity starts with the following invariant action

1
Solg ¥ = 5.5 [ o [loll9" RoulD) + Salg. 0], (.77)

where in this case, the Ricci tensor which appears in the first integral is the Ricci tensor

resulting from the curvature of the affine connection

R, ([I) =R, (), (3.78)

pow

not the Ricci tensor of the metric g,,,.
Here, the action S, [g, ®] represents the couplings to matter fields, which we de-
note ®. For simplicity, the affine connection is taken symmetric, and then the variation of

the Ricci tensor with respect to the affine connection reads

SR = VaA(OT},) — V,(6T3,). (3.79)
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The total variation becomes

1 1
0Sp = 52 d4x‘/HQH [RM,,(F) — §gm/gaﬁRa5(F) _ /€2Tw/:| 5"
1 v av
5z [ AVl [A/TTTlo) — 859V Talla™)] o,
+05m[g, . (3.80)
Two field equations are obtained
1 af 9
Ryus(T) = 59w 9" Ras(I') = £ T, (3.81)
and
Via(V gl ¢*) — 0 Va(V/lIgll g*) = 0. (3.82)

Now, by contracting the indices i and A in the last equation we get

Va(Vllgll g*) = 0, (3.83)

and finally equation (3.82) becomes

Vi llgll ¢") = 0. (3.84)

This dynamical equation must lead to a relation between the affine connection and the
metric tensor. To solve this equation, we firstly expand the covariant derivative in terms

of the connection, this gives

gV Igll + Vgl oxg™ + Vgl (Th,9%° = T%g"™ +T%,) =0,  (3.85)
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Multiplying by g,,,, (contraction) we find

211911 T% = 40V 19l + V119119, 009" . (3.86)

The last term of the previous equation is given by

Vgl guwOrg™ = =2+/1lgl| O3 In /|1 g]]. (3.87)

If we substitute this into equation (3.86), we get

[ = O In/[[g]| (3.88)

With all this together, the dynamical equation (3.85) reads

gt + T8 (g™ +T" \g"* =0, (3.89)

which is equivalent to

Vg™ = 0, (3.90)

Since we have g"”g,, = 0¥, the last equation implies

Vg = 0. (3.91)

This is simply the compatibility equation, and it shows that the affine connection is re-
duced to the Levi-Civita connection I”\W(g), of the metric g,,. Thus, the field equations
(3.81) are nothing but Einstein’s field equations of GR. Although we have started with an
action different than Einstein-Hilbert action, the GR is recovered, this means that Pala-
tini formalism is nothing but a different formulation of GR, and the latter is derived only

a posteriori. This feature can be realized once we introduce an affine connection as an
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independent parameter.

Now, the metricity equation (3.91) which has been arisen a posteriori shows that
the spacetime is again a Reimannian space. Palatini formalism is a particular case of a
general type of theories called metric-affine gravity, and the metricity condition is ob-
tained since we have simply taken a symmetric connection. In general, metric-affine
theories of gravity are based on the metric tensor and an independent affine connection
without metricity condition. The latter may not be obtained, but instead, the metric tensor

always satisfies the nonmetricity equation

V)\g/w = Q)\p,w (392)

where the nonmetricity tensor (), measures the failure of the conservation of the metric
tensor under parallel displacement.

Extended metric-affine theories of gravity have shown that )5, # 0, the case
that violates the compatibility between the metric and the connection [26]. Metric-affine
gravity is a subject beyond the scope of this thesis, and for more details on this topic, we

refer the reader to some references like [27, 28].
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CHAPTER 4

PURELY AFFINE GRAVITY: METRICAL STRUCTURE
FROM VACUUM ENERGY AND AFFINE CONNECTION

4.1. Affine Structure of Spacetime

The gravitational theories discussed in the last chapter are clearly based on the
metric tensor as a fundamental field of gravity. In Palatini formulation, an additional
degree of freedom is added as an affine connection completely independent of the metric.
Thus, one raises the question of which field can be considered fundamental. If it is the
metric tensor, then the theory is simply general relativity and its extensions. If not, we
will be left with only the affine connection, or in the words of Schrodinger: can one not
go a step beyond Palatini and base a theory on affine connection alone? [29].

It is worth addressing this question from a fundamental point which concerns the
structure of spacetime at large and short scales. As we have seen in the first chapter,
the concept of metric tensor, in both flat and curved backgrounds, is essential since it is
the only “machinery” that provides us with the measurements of distances, clock rates
and angles. Spacetime at large scales has in fact this metric structure, and cosmological
observations are strongly based on the notions of angles and distances. However, there
is no fundamental reason for which the universe has started with this familiar geomet-
ric structure at very early times. It is known for decades, that the existence of singular
regions in space, such as black holes and the initial singularity (big-bang) suggest a com-
pletely different and primary structure for spacetime. In fact, at short distances, where
quantum effects, translated by Heisenberg uncertainty principle, are not avoidable, the
measurements of distances and clock rates break down.

Since the concepts of distances, time intervals and angles became essential at large
scales, and since they are encoded in the metric tensor, it is convenient to give an origin to
this later from a fundamental quantity of spacetime. In the absence of the metric tensor,
the spacetime is simply an affine space. The concept of parallel transfer which we have
explored in the first chapter requires an important quantity called affine connection. It

is only with this connection that we can make covariant operations, like the derivation
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and then we are able to compare vectors and tensors in different points in space. Our
fundamental quantity is then the affine connection. This quantity indirectly adds a new
tensor field which is the torsion tensor. However, the space is torsion-free, if the affine
connection is simply symmetric. In what follows, we will be interested only in this case;
an affine torsionless connection.

The difficulty that we face when choosing only an affine connection is in the con-
struction of the invariants which are necessary for the principle of least action. Since we
are familiar with the operation of contraction which is performed by the metric tensor, it
seems then impossible to define affine actions. However in general, invariants and vol-
ume measure do not need any process of contraction. As we have seen in the last chapter
when defining the Einstein-Hilbert action, the general coordinate invariant volume ele-
ment is defined only in terms of the square-root of the determinant of a rank-two tensor.
This tensor was simply taken as the metric tensor itself. In affine space, the only rank-
two tensor constructed by the affine connection is the Ricci tensor. It is this tensor that
provides us with the simplest and relevant affine actions which will be taken as the basis
towards a general affine approach to gravity. The simplest case that we shall explore in
the next section goes back to Eddington and it is considered as a different formulation of
GR in vacuum since it leads to Einstein’s field equations with a cosmological constant.
Eddington’s gravity will be our guide in exploring affine gravity with scalar fields where

the cosmological constant or vacuum energy plays an important role in affine space.

4.2. Eddington Gravity as The Simplest Affine Theory

Spacetime arena is supposed to be an affine space, endowed only with an affine
connection I', and its associated curvature which leads to the Ricci tensor as given in
(2.31)

Raﬁ(r> = a,ul—waﬁ - 85Iwau + Fﬂay Uaﬂ - Fﬂaﬁroa,u (41)

Eddington proposed an action for gravity which is based only on a symmetric affine con-

nection and the symmetric part of the Ricci tensor (4.1) as follows [29, 30]

2
St =y [ doy/[IRn (@l 2
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where A is a nonzero constant and

pv

1
.= Rag) = 5(Rap + Rsa). (4.3)

Throughout this work, we will drop the symmetrization sign, and then the symmetric part
of the Ricci tensor will be implicitly understood.

Here, the variation of this action will be performed with respect to the affine con-
nection I'. For the Ricci tensor, we have seen that it is given by relation (3.79). Using

relation (3.39), we easily show that

1 — [e%
O/ |1 Rasll = 5/ Il Rasll (R™")"*3 Ras. (4.4)

Then, the variation of action (4.2) reads

05 = % / d*z+/|[R|[ (R™")"#6R,,(T)
L TR (5t - 9.1
— = [t [0 (VIR ) o, - 9, (VIR ) ars,
oy [t o (VImIG yesrs,) v (VI rs,)] -

Since the connection is torsionless, the last two terms are total (covariant) divergence, and
then they vanish by applying the Stokes’ theorem [31]. The remaining parts of integral

(4.5) can be rearranged leading to the equations of motion

v (VIRIR ) = 809, (VIRTR ) } = o 40

This dynamical equation describes the evolution of the affine connection. The affine
connection, though taken symmetric, is considered arbitrary in action (4.2). However, the
affine variational principle provides us with constraints on this connection, and then only
solutions that satisfy equation (4.6) will describe the gravitational equations.

To proceed, let us take a look at the second term of (4.6). This term includes a
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covariant “divergence”, and then if we make ;1 = )\, the dynamical equation becomes

v, (VIRI(E ™) =0, @7

Thus, the second term of (4.6) vanishes, leaving only a simple equation of motion

s (VIR ™) =0 4.8)

This equation is solved by introducing an invertible and covariantly-constant tensor field

Jap such that

1 = (e} - «
TVIRIET™ = Vllgll(g™)™, and  V,gas = 0. (4.9)

The second condition, V,g.,3 = 0, or the compatibility condition, which arises now

dynamically, defines completely a Levi-Civita connection of the tensor g,,,,

1
T = §9M (Oagsr + 03920 — OrGas) - (4.10)

The tensor g, plays the role of the “metric” tensor which is generated a posteriori and
not postulated a priori as in general relativity.
Now, the gravitational field equations are described by the first identity in (4.9).

This identity can be written in a tensorial form as

Rap(9) = Mgag- (4.11)

Since the affine connection is reduced to the Levi-Civita or the metric connection, then
the tensor in the left hand side of equation (4.11) is nothing but the Ricci tensor of the
metric g. Thus, equations (4.11) are Einstein’s field equation in the presence of (only) a
cosmological constant A. Remember that this constant must not vanish, a condition that
protects action (4.2) from going singular. The new feature of Eddington’s gravity is the

fact that there is no flat limit solution to the field equations, i.e, spacetimes that satisfy
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RAPW = 0.

Eddington’s gravity then is based solely on an affine connection, and this later is
forced by a dynamical equation to coincide with the Levi-Civita of a generated metric
tensor. The theory reproduces clearly the field equations of general relativity in vacuum
with its metric structure. It is clear now that Eddington’s gravity is a theory in vacuum,
and then an extension of it is needed to include matter fields. This will be the goal of the

next section.

4.3. Affine Gravity With Matter

In purely metric theory of gravity (general relativity), matter-gravity interaction
is described by generalizing the field theory Lagrangian densities, by replacing the flat
Minkowski metric 7,,, by the curved spacetime metric g,,,. However, coupling matter to
gravity in purely affine gravity (in the absence of curved metric) is not trivial. Attempts
have been made to write different models for different matter fields [32, 33]. The affine
actions proposed in those models depend on the matter fields. Scalar field for instance
is described by a Lagrangian density which is derived from Legendre transformation of
its purely metric form. Kinetic and the potential terms no longer appear as a sum in this
Lagrangian density. However, a classical Electrodynamics Lagrangian derived using the
same transformation is found to have the form of its purely metric Lagrangian where the
metric tensor is replaced by the symmetric part of the Ricci tensor. In the limit of zero
fields, those actions are undefined even in curved space when the Ricci tensor appear
explicitly in their definition. This problem stems from the absence of the vacuum energy
(the cosmological constant) in those actions. In fact, in Eddington gravity, the metric
tensor is generated only if the latter is nonzero. To solve this problem, affine models of
classical electrodynamics and a nonzero cosmological constant are proposed in [32, 34].
The main result there is that there is no model of purely affine gravity that contains all
matter terms of the standard model of particle physics.

Here, we will address the coupling of scalar fields in the context of pure affine
gravity, and discover the new features of this gravity. But before that, it is useful to

present briefly how scalar fields are coupled to gravity in the presence of metric tensors.
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4.3.1. Scalar Field Coupling in Metric Gravity

4.3.1.1. Minimal Coupling

Here, spacetime is endowed with a metric tensor g,,, which describes distances
and angles and invariant quantities. Among these invariants is the volume measure formed
by the square root of the determinant of the metric tensor \/—g. In this theory, gravity-

scalar field coupling is described by the following action

St = / d'zy/=g [ — B9 )—%g“”amam—v (9] (4.12)

where V' (¢) is the potential associated with the scalar field ¢.
The gravitational equations arise from variation of this action with respect to the

metric tensor. These are given by

MG (9) = 0,00,¢ — gw(&ﬁ) — 9wV (9), (4.13)

where the right hand side defines the energy momentum tensor of the scalar field

Ty, = 0.00,¢ — g,w (00)* = g,V (¢) (4.14)

which can be easily obtained from the general form (3.54).
The dynamics of the scalar field ¢ is governed by the following Klein-Gordon
equation derived from (4.12) by varying with respect to ¢

06— V' (6) =0, where 0 — ﬁau (VTallo"s) (4.15)

The coupling gravity-scalar field given by (4.12) is called minimal since the field ¢

is directly coupled to the metric g, . It is straightforward to construct this sort of coupling
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by taking the scalar field action in flat spacetime and replacing the Minkowskian metric
by the curved metric tensor.

The action (4.12) has the following two important properties:

1. As in the case of flat spacetime action, kinetic terms (derivatives) of the scalar field

and potentials come in summation.

2. The later property means that action (4.12) is valid for all potentials V' (¢) and then
gravitational equations in the standard vacuum where ¢ = constant (or zero) and

V' (¢) = 0 arise easily in the theory.

4.3.1.2. Nonminimal Coupling and Conformal Transformation

The same metrical properties of spacetime are valid here. Invariants are formed
by the metric tensor g, postulated a priori.

Nonminimal coupling in metric gravity is described by a direct interaction of mat-
ter with the curvature of the spacetime. The simplest interaction is performed through the
Ricci scalar, and to that end, action (4.12) is extended by adding an explicit interaction

term between the scalar field ¢ and R(g) as follows

st = s+ [ dev=g (S00m0). @.16)

where ¢ is a dimensionless parameter.
Similarly, the following gravitational field equations are derived by varying this

action with respect to the metric tensor, and they are written as
MG (9) = T, + €V, V00" = £0¢%g — £6°Guu (9) (4.17)

where T;f’V is the energy momentum of the scalar field given by (4.14).

Variation with respect to ¢ yields

O¢ — V' (¢) + PR (9) = 0. (4.18)

53



Like the minimal case, we enumerate here some properties of nonminimal coupling in

metric gravity:

1. As we see from the total action (4.16), the nonminimal coupling £¢? is an additive

term.

2. Due to the nonlinearity of action (4.16), 1.e. the presence of the second derivative of
the metric tensor, the energy momentum tensor gains additional terms proportional

to the derivative of the scalar field and it is given as

Tt = €V, V0" — £0¢% g, — £6°Glu (9) - (4.19)

Finally we have two couplings to gravity, one minimal described by action (4.12) and a
nonminimal coupling (4.16). It turns out that one may easily make a transition between
the two actions by performing particular transformations called conformal transforma-
tion, followed by a field and potential redefinitions. The conformal transformation is the
mapping that allows the transition between two metric tensors g,,,, and g,,,, via the follow-

ing relation

guu = ‘Fguua (420)

where in our case, the function F is given in terms of the field ¢ as

_ £p?
Fl¢) = 1+M—%l. 4.21)

Action (4.16) is transformed to (4.12) using (4.20) and the following redefinitions

- 3F72(9) - V(o)
dd = \/F(@ t B (g) do,  V(é) = . (4.22)

These transformations lead to two possible “distinct” frames; the Einstein frame where
the theory is written as (4.12), and Jordan frame in which the action takes the form (4.16).

Classically, the two frames are considered “equivalent”. However, this equivalence breaks
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down when quantum fluctuations are relevant [35—44]. We will come back to the frame
ambiguity later when we study affine inflation.
Next we will consider the purely affine theory where the metric tensor is absent

and see that the last properties are no longer valid.

4.3.2. Scalar Field Coupling in Affine Gravity

4.3.2.1. Minimal Coupling

Unlike metric gravity, the metric tensor is absent here, we need only an affine
connection and its associated curvature. The affine connection is considered arbitrary,
however, for simplicity, it can be taken symmetric F,ﬁu = Ffw. The affine action must be

based on the following quantities:

1. Invariant volume measure:

A concrete theory of gravity must be described by a covariant field equations which
are derived from a principle of least action. This requires an invariant measure
which replaces the volume measure \/m of GR and other metric theories. In
the absence of the metric tensor, the simplest alternative is the square root of the
determinant of another possible rank-two tensor. In affine spacetime, this can be
simply constructed from curvature, thus, the Ricci tensor R, (I'). In the presence
of matter, which is taken here as a simple scalar field ¢, then its kinetic structure
V ,.¢V, ¢ might also play an important role in forming this invariant. In other word,
the possible invariant volume measure will be considered as the square root of the
determinant of the linear combination of both quantities; Ricci tensor and kinetic
structure of the scalar field. For simplicity, we will be interested only in the sym-

metric part of the Ricci tensor, R, = R,.).

2. Scalar integrand:

The scalar field ¢ enters affine space through its kinetic structure, and the remaining
part is its potential energy V' (¢). Like any scalar function, this simply enters the
action as a multiplicative term. However, attention should be given to this part,

since the case V(¢) = 0 would lead to zero or an infinite (singular) action. To
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avoid this unwanted case, we must impose V' (¢) # 0 everywhere. This is a novel

property which is restricted to affine gravity.

With all these properties at hand, the affine action can be written as

wherein we have taken a symmetric connection, I}, and the tensor R,,,, refers only to the

>
symmetric part of the Ricci tensor.

The affine gravity (AG) action in (4.23) is considered here as the simplest form
of a pure affine theory of gravity coupled to a scalar field. As we shall see below, the
equations of motion derived from this action are found to be equivalent to those of GR.
This has been proposed for the first time by Kijowski where the metric tensor arises as
the momentum canonically conjugate to the connection [32, 33].

Unlike action (4.12) of metric gravity, the AG action (4.23) is singular at V' (¢) =
0. Thus, the scalar field must always have a nonzero potential energy. If we take ¢ = puin
as the value of the scalar field for which V' (¢) attains its minimum, this theory requires
then V' (¢min) # 0. This describes the nonzero vacuum energy.

Now, the field equations must be derived by varying action (4.23) with respect to

the affine connection I'. To that end, one gets

d*z V”K P (VA(0Th5) — Va(6Ta,)) =0, (4.24)

where V is the covariant derivative with respect to the affine connection, and the tensor

K, is given by
Ko (¢) = MR, (T) — V.6V, 6. (4.25)

By integrating by parts and getting rid of the surface terms, we obtain

4 IE@ O ety sngo | B O 1y s 50 Ao
o (T ) (T s o, -
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(4.26)

This leads to the dynamical equation

K@ O, o—1vow | on K@ oivwo |
v, (W(K ) >5A Y <—V(¢) (K1) >_0. (4.27)

Taking the trace of the last equation, one shows that the first term vanishes, and finally

this dynamical equation is equivalent to

| K (D] gy |
VQ{W(K ) }_0. (4.28)

The solution to this equation is provided by the existence of a rank-two symmetric tensor

g, Which defines with its inverse (¢~1)**, a constant scalar density satisfying

| By DI ¢y _ g2 oy
e &= MEVIl ()" (4.29)

This implies that V,g,,, = 0, and then the affine connection is reduced to the

Levi-Civita connection of the tensor g,,,,

1 g
ij — rjw(g) =~ (0uGvo + OuGuo — OoGu)- (4.30)

2

The new tensor g, with its compatibility condition that leads to its associated connection
(4.30) plays then the role of a metric tensor. This metric tensor is not postulated a priori
as in GR, but it arises dynamically from the affine structure. This approach provides a first
argument towards the “emergence” of metrical elasticity of space which we will explore
later in this paper.

Before proceeding to the scalar field dynamics, we should point out here an impor-
tant point that concerns the Lorentzian signature of the generated metric. At first glance,
one may notice that the metric tensor is given in terms of the affine connection and the

scalar field as in (4.29). In imposing the physical signature, the solution to this dynam-
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ical equation must be taken such that the tensor K, (I, ¢) defined by (4.25), has one
signature, say (—, +, +, +) [32].
Given the a posterior metrical structure, the equations of motion now are nothing

but the equality (4.29), which is written
Mp Ry — V Voo = gV (9) . (4.31)

Contracting, raising and lowering the spacetime indices in the standard way can be per-
formed using the metric tensor. Thus, the equation of motion (4.31) can be easily recast

to a standard form as

1 1
M3, (R,“, — §gWR) =V,.6V,0 — §gW(V¢)2 — gV (9). (4.32)

Now variation of the action (4.23) with respect to the scalar field ¢ leads to the following

equation of motion
O¢ — V' (¢) = 0. (4.33)

The study made here, shows that the minimal coupling dynamics in the context of affine
gravity is equivalent to that of metric gravity. The equivalence of the two formalisms has
been shown for the first time in [32, 33].

As we will see latter, metric gravity and affine gravity are no longer equivalent in

the case of nonminimal couplings.

4.3.2.2. Nonminimal Coupling

The simplest generalization of action (4.23) is to introduce a “nonminimal” cou-

pling term that enters the volume element, this is realized as follows

(4.34)
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where M is an arbitrary constant of mass dimension.

Like (4.23), this action is invariant under general coordinate transformations. Ad-
ditionally, the action may acquire other internal symmetries depending on the potential
energy. For instance, the term inside the determinant has a Z, symmetry.

Following the procedure made for the minimal coupling case, one may easily
derive the following dynamical equation by varying action (4.34) with respect to the sym-

metric connection I

v {(W 1) ”]v(’@ §¢> [ (Kl)w} o @35)

where in this case, the tensor K, is defined as
K (9) = (M® +€6°) Ry (T) = V,.0V,0. (4.36)

Similarly, this equation is solved as

(M2 + §¢2) ”‘[jlz;§¢) H (K—l)ﬂl’ — MQ || q || (g—l)/W7 (437)

where M now, is a constant of integration.

Then, the affine connection is reduced to the Levi-Civita connection of the tensor

Guv
1
Tow = Th(9) = 597 (Ouuo + 0o = o). (4.38)

Equations (4.37) are rewritten as

MQ

(M2 + £6) Ry — VudVo6 = g (m

) V(p). (4.39)
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In a standard form, one may show that the last equations are equivalent to

1 1
Rw/ - §QWR = m Vu¢vu¢ - ig,uz/<v¢)2 - g,uuv (¢)
M2 _ MQ + €¢2
v \%4 . 4.40
T £g)? (9) (4.40)

For the case £ = 0, Einstein’s field equations for minimal coupled scalar field implies that

both constants M and M must equal the Planck mass

M = M = Mp,. (4.41)

Finally, the last condition shows that a single scalar field ¢ is coupled to gravity through

affine connection and its Ricci tensor via the following action [8]

M2 2 y T) — y
V(9)
and the gravitational field equations derived from this action are written as
1 1 1 9
By = 59 It = V1 e V.oV, ¢ — §9W(V¢) — gV (9)
2
ooV () 443

(M3, + £¢2)?

Now variation of the action (4.42) with respect to the scalar field ¢ leads to the following

equation of motion

O¢ = V'(¢) + EoR (9) + ¥ (¢) = O, (4.44)

where the function ¥ (¢) is given by

& , 260 y
V() = WV (¢) — (W) 9V .oV 0. (4.45)

60



In conclusion, we point out the following differences between Affine Gravity (AG) de-
scribed by action (4.42) and Metric Gravity (MG) based on action (4.16):

1. The theories are conceptionally different since they are based on different funda-
mental fields. In MG, matter couples to the metric, whereas this latter is absent in

AG, and matter then couples to affine connection.

2. Nevertheless, the theories provide equivalent equations of motion for the minimal

coupling case.

3. The theories are inequivalent in the presence of nonminimal couplings.

4.3.3. Mapping to Minimal Coupling in Affine Gravity

The question now is how to recast the gravitational field equations (4.43) to stan-
dard Einstein equations? What is the associated conformal transformation in this setup?
The answer to this is that there is no need for conformal mapping to get the standard Ein-
stein equation. In fact, one only needs to redefine the scalar field ¢ and its potential V' (¢)

as

(4.46)

In terms of the new field gz;, one may easily show that the field equations (4.43) and (4.44)

are, respectively, written as

1 -~ 1 - L.
Ry = 50w R = Mp? |V, 6V, — §gW(V¢)2 — 9.,V (9)]|, (4.47)

O¢ — V(¢) = 0. (4.48)

These equations are familiar in general relativity, they describe the dynamics of a scalar

field ¢ minimally coupled to gravity via the metric tensor 9 In other word, both fields
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are coupled (through equations of motion) to the same metric which is generated dynam-
ically in our setup. This can be seen in a standard form from the transformation of the
action (4.42) under the field redefinition (4.46)

L VIIMER,, (D) = V,09,0
Sag [T /d ‘N/((Z;) . (4.49)

This action represents the standard minimally coupled scalar field in affine spacetime.
Following the same procedure made previously, one derives the equations of motion
(4.48).

4.3.4. Multifields in Affine Gravity

Coupling matter to affine gravity is not restricted to single scalar fields, in fact,
affine spacetime accommodates multifields too. The general affine action which describes

the scalar fields ¢ coupled to the affine connection, is written as [45]

S[F,¢A] :/d4 \/||}— Cb )R,UV( ) 5ABVM¢AV ¢B|| (4.50)

V(gl,...,oN)

This action generalizes the affine theory of a single field (4.42) and the dynamics of the
fields may easily be obtained by following the same procedure made so far. The theory
is valid for general nonzero potentials V (¢!, ..., ¢") # 0, where one may impose some
specific symmetries on the field space, like SO(N) symmetry. In this particular cases,
one may have to add an additional piece to the potentials to prevent the action from going
singular at the poles of the potential function. This additional term may be simply a
cosmological constant.

The gravitational equations are derived by varying the last action with respect to

the affine connection I'. This leads to the following dynamical equation

A
Va {f(ﬂbl, 0 Vif(r ZJ)J)' (KT, asA))*“’} =0, (4.51)
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where we have used for brevity the following tensor

K, (T, 0% = F(o', ..., 0" )R, (T) — 045V .0V, 67. (4.52)

Solution to the dynamical equation (4.51) requires an invertible tensor g,, where the

connection is compatible with it, i.e,

vag,uu = 07 (453)

and satisfies the identity

KT, o) ]
(¢17"'7¢N>

Vilgllg™™ = F(¢',...,¢") v (KT, M) (4.54)

The last identity is nothing but a compact form of a gravitational field equations with

matter and it is easy to put it in a tensor form as

V(gh,....o")

) N A B __
F(o, ... ¢ )R (') = 648V ,107V 0 — I Gl Y

(4.55)

Now the tensor g, plays the role of a metric, and the connection I' is reduced to the
Levi-Civita connection of this metric. This tensor can be used then for raising, lowering
as well as contractions. To that end, one may write the last equation in terms of Einstein

tensor as

1
f(¢17 s 7¢N)GMV(9) = 5ABV,U¢AVV¢B - §gaﬁ5ABva¢Avﬁ¢Bg/“/

V(@ oY)
F(oh....oN)

(4.56)

The equation of motion of a scalar field ¢ is obtained by varying with respect to ¢”.

This leads after simplification to the following equation

1
O¢* — V4 + 5Jf,AR(g) LW =0, (4.57)

63



where the Comma refers to the derivative with respect to the field ¢A, and the function ¥

is given by
U= (1-FYWa—F 1 Fag"00pV a0 Vs0". (4.58)

The action (4.50) that leads to the complicated equations of motion (4.56) and (4.57) can
be recast to a simpler action which describes a minimally coupled multifields. This is
done without altering the geometric part (connection or curvature), but only by a field

redefinition of the form

_ Mp

do? — dot = ﬁdgb"‘. (4.59)

This reparametrisation must be followed by a potential rescaling as

- My N
Vi V=V Y. (4.60)

In this case, the action (4.50) takes the following form

M2R,, () — 645V, 04V, 0B
/d4 VIIMER, A5V, | e

(¢,-~-,¢N)

This action represents the theory of multifields minimally coupled to gravity through
affine connection. As can be easily checked by using the transformations (4.59) and
(4.60), the gravitational equations (4.56) are reduced to the standard Einstein equations
sourced by scalar fields gz~5A and the same spacetime metric tensor g,,. This is also the
result one can obtain when performing the variation of action (4.61) with respect to the
connection and solve the obtained dynamical equations. This remarkable result is re-
stricted to affine gravity where metrical properties are not defined a priori, and then no
conformal transformation makes sense. The absence of this latter prevents the appearance
of the additional unwanted terms which are proportional to the field derivatives, and then
provides us with a canonical kinetic terms of the fields. Different matter fields here which

can be obtained from each other through field redefinition couple to the same and unique
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spacetime metric.

4.3.5. Induced Affine Gravity

Despite the big difference between the physics of gravity and the physics of the
standard model (SM) of elementary particles, people have tried to incorporate some of
the interesting phenomena of the SM into gravity. One promising attempt has been the
concept of spontaneous symmetry breaking which has been the central to the Electroweak
interaction. Since the latter mechanism causes some scalar fields to have nonzero vacuum
expectation values, leading to generation of masses of the mediators (gauge bosons), it
has been suggested then, that Newton’s constant (gravitational coupling constant) could
be generated in the same mechanism [46]. In fact, both weak and gravitational coupling
constants appear as an inverse of mass squared.

The mechanism is generally based on a theory of a scalar ¢ coupled to the space-

time scalar curvature R (¢g) as follows

1 1
5= [ /Tl 368 R ) - 509,090~ Vie)]
(4.62)

where g,,, refers to the metric tensor of the manifold, and £ is dimensionless constant.
It is straightforward to see that Einstein-Hilbert action is obtained when the field
takes a constant value ¢ = v (generally, it minimizes the potential) and then Newton’s

constant appears as
Gy = 1/8n&0?, (4.63)

where the vacuum expectation value becomes of the order of the planck mass, or /v ~
Mpy.

The above mechanism is called induced gravity (IG); it is a theory of gravity
based on a scalar-tensor theory and it leads to Einstein’s general relativity via spontaneous
symmetry breaking.

Although it leads correctly to Einstein’s general relativity, it may not reflect a

complete emergence of gravity based on its “metrical” structure. In fact, classical gravity
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in its germinal Einstein’s general relativity is a theory of the spacetime metric. This latter
represents the gravitational field, and gravity then is a measure of the effects on rods and
clock rates. These effects are incorporated in the metric tensor, and then it is this “metrical
elasticity” which is the origin of gravity at large scales. At that end, it might be interesting
if one is able to generate this metrical elasticity of space. In the metric IG based on action
(4.62), this metric structure is already postulated as a Lorentzian manifold, thus generation
of Einstein-Hilbert action does not mean generation of “metrical elasticity”.

In this section we will show that affine gravity may also be induced via sponta-
neous symmetry breaking. At the beginning, the spacetime is simply endowed with an
affine connection which permits the parallel displacements without angle and distance
measures. This is a consequence of the absence of the metric properties which makes the
coupling, matter-geometry, non trivial. However, a scalar field, enters the setup with an
explicit coupling with the curvature of this affine connection. At a non zero expectation
value (vev), Newton’s constant is generated, requiring that the vev is of the order of the
Planck mass. This mechanism leaves a nonzero part in the potential which becomes nec-
essary for generating the metric tensor, where at the vacuum, the obtained field equations
are equivalent to GR with a cosmological constant.

Our aim in this section is to incorporate the concept of spontaneous symmetry
breaking in affine spacetime and generate the gravitational sector of the affine gravity
(4.23), and then derive the equations of motion by generating the metric tensor.

A scalar field ¢ is simply coupled to the Ricci curvature tensor through the fol-

lowing fundamental action [9]

ST, ¢ = / i VIEP Ry %} VidVud Il (4.64)

where £ is a dimensionless parameter.

The new coupling given by action (4.64) has two important properties. Firstly,
both geometry and matter field terms define the invariant volume measure, i.e, the square
root of the determinant. Matter field enters this measure by its derivative (kinetic part)
in a tonsorial form. Second, the potential energy enters the action separately in division,
and then theory prevents zero potential, V' (¢) # 0. The second property is important for
the early universe where the field ¢ requires a non zero potential to get all the phase of
inflation done [47-52].

Here, we will assume a spontaneous symmetry breaking potential which attains
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its minimum at v

V() =2 (2 —0?)°, (4.65)

where ) is some coupling constant.
Clearly, this potential tends to zero at ¢ = v and then leads to singular action
(4.64). The simplest and convenient way out to this singularity is to add a nonzero con-

stant term Vj and then

V(g) = Vo + % (¢? —?)”. (4.66)

A nonzero constant in the potential implies and guarantees a nonzero cosmological
constant even at the end of inflation (see figure 4.1 below). The remarkable feature is that
this vacuum energy is necessary for the generation of the metric tensor in the complete

absence of the scalar fields [8] (see also the discussion below).

V(@)

Figure 4.1. Spontaneous symmetry breaking potentials (4.65) (dashed line) and (4.66)
(solid line). The latter never vanishes, and at the vacuum ¢ = v, it produces
the cosmological constant. This is the minimum value of the potential, and
it leads to the metric tensor through the solution (4.71) at the vacuum.

Now, the nonminimal coupling of the scalar field ¢ to the curvature in action (4.64)
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induces the term

£(¢?) Ry (D), (4.67)
which leads to the affine gravity action (4.23) for
& = M3, (4.68)

It has been suggested a long ago, that although gravity and the SM physics could not
come into a unified picture, however, there might be a unified mechanism which provides
a possible link between the two. For instance, this mechanism can be responsible for the
mass scale of gravity and for a spontaneous symmetry breaking [46]. The gravitational
interactions in its pure affine picture where the metrical properties are absent, are also
induced here via spontaneous symmetry breaking mechanism. This again suggests the
existence of a relevant mass scale v = Mp;. Interestingly, we will see that if this Induced
Affine Gravity (IAG) tends to be equivalent to general relativity, then the gravitational
constant must also be generated with the metric tensor. This will show how the affine
gravity is able to induce both, Newton’s constant and the metrical elasticity.

Variation of action (4.64) with respect to the affine connection I' leads to the fol-

lowing dynamical equation

v, { e ||fv($3 Bl (K_l)aﬁ} o 69)

where we have put for simplicity the following tensor

K, (T, ¢) = E£0*R,,(T) — V,0V,¢. (4.70)

Metrical properties will arise only after integrating the dynamical equation (4.69). So-

lution to this equation will be given in terms of an invertible, rank two tensor g,,,, such
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that

M2lgll(g 1) = £¢2—w (K1) (4.71)

and
voag,uu = 07 (472)

where the constant M is an integration constant of mass dimension.
Obviously, the connection I' which has been taken arbitrary in action (4.64), is
reduced now to the Levi-Civita connection I" of the generated tensor g,,,, through equa-

tions of motion, thus

1
§g)“’ (OuGov + 0o — OsGu) - (4.73)

A

gFW _
The new tensor g,,,, plays the role of a metric tensor and the spacetime geometry acquires
metrical structure only a posteriori. To that end, the gravitational equations are written in

a compact form (4.71), this density equality can be put now in a tonsorial form as

M2
€¢2Ruu(g) - vu¢vu¢ = guuv(¢) (ﬁ) . (474)

The last equations can be brought to a standard form, in terms of Einstein tensor, after

contracting and getting the Ricci scalar

2
£¢2G;w - vu¢vu¢ - %QMVVAQSVACb - guuv(gb) (%) . (475)

These field equations are not equivalent to the ones resulting from action (4.62) of metric

induced gravity (see Ref.[8] for similar comparison.) However, at the vacuum, (¢?) = v?,
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affine gravity (4.64) is equivalent to the metric gravity (4.62), where

M = \/€v = Mp,. (4.76)

This can be easily checked from (4.71) where the vacuum energy V' (v) = V; plays an
important role in generating the metric tensor.
Since there are different contributions to vacuum energy, we will assume that they

are all incorporated in the piece V[, which is associated to the observed value through [8]

Vo ~mb, 4.77)

where m,, is the neutrino mass.

As we have seen, induced affine gravity is realized here via spontaneous symmetry
breaking. The mechanism provides the generation of both, the scale of gravity Mp; and
the metric elasticity of space (metric tensor). The last property never holds in standard
(metric) induced gravity. In Chapter 6, we will apply this setup to inflation and show that

like metric induced gravity, it also provides a large tensor-to-scalar ratio.

4.3.6. Vacuum Energy and the Generated Metric Tensor

Up to now, the transition between non-minimal and minimal coupling in affine
gravity is shown without referring to any physical principle that underlies the equivalence
of the theories. However, affine gravity based on the structure of the actions proposed so
far, provides a good reason for that. The key point is that the affine actions are singular
at V(¢) = 0, which means that the scalar field must always have a non-zero potential
energy. This property holds for multifields too.

The nonzero potential of different fields may be described by a nonzero primordial
part V which keeps the affine action non-singular even in the absence of the fields. This
turns out to be the vacuum energy. The presence of this quantity in the affine spacetime

imposes (covariantly) an energy momentum tensor of vacuum 7, with a non-singular
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inverse (7-1)**. This naturally defines a Levi-Civita connection as [53]
T, = %(Tl)”’ (0,1, + 0,T,, — 9,1, (4.78)
with respect to which
VT =0. (4.79)

Originally, it is this fundamental structure which provides a solution to the dynam-
ical equations (4.35) and (4.51). In fact, equation (4.35) is solved and put in the following
form [8]

2 2 _ M]%l V(¢)
VY I (MJ%Z + s¢>2) Vo) @

The vacuum energy momentum tensor which is inherently contained in affine spacetime

can be incorporated in its mixed form in terms of V' (¢,,,,) as

(Prmin )0l (4.81)

The transition to minimal coupling is made by transforming the equations of motion (4.80)
under the field redefinition (4.46). Since both vacuum energy V' (¢,.;,) and its energy

momentum tensor 7* are redefined, they form an invariant ratio

T T
v 4 = §*, 4.82

This identity tensor which facilitates the covariant description of vacuum energy in affine

spacetime reflects the metrical properties implicitly. In fact, the dimensionless metric
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tensor is nothing but the “unique” ratio

T, T

v I3

= Guv- (4.83)

With this metric tensor at hand, the gravitational equations can be recast to a minimally

coupled case without conformal transformation.
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CHAPTER 5

STANDARD COSMOLOGY AND INFLATION

5.1. Standard Model Cosmology and Its Shortcomings

In this chapter we will study some basic ideas behind relativistic cosmology. The
latter is a vast subject, and much more details put it beyond the scope of this thesis. For
that reason, the reader will be referred, in some cases, to some advanced and detailed

references.

5.1.1. Hubble Law and The Expansion of The Universe

Observations made in the last century have shown that our galaxy, the Milky Way,
takes part of numerous similar galaxies in a large patch of space which is accessible to
these observations. Local regions of this observed universe formed by stars and clusters
of galaxies are subjected to different changing due to the astrophysical evolutions of these
objects. However, a remarkable properties of the universe at very large distances are its
homogeneity and isotropy. The universe looks the “same” in every point seen from every
direction. This remarkable feature has been stated by Edward Milne as the cosmological
principle. From this principle, one realizes that the impression of having a center for the
universe is illusory.

A series of observations performed in late 1920 showed that the spectra of light
emitted by distant galaxies are redshifted. This means that the frequencies of the emitted
light obey a “cosmological” Doppler effect. The conclusion of these observations made
finally by Edwin Hubble in 1930 demonstrated that the redshifts are the results of the re-
cession of these distant galaxies. In other words, the observed distant galaxies are moving
apart from the Milky way. A remarkable feature which has been announced by Hubble
is that the redshifts increase with the distance of the galaxy from which light is emitted,
thus, the farther the galaxy the faster it moves apart. This has been finally stated as the

(empirical) Hubble law, which is written in terms of the velocity v of any galaxy at a
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distance D

v = Hy D, (5.1)

where the constant of proportionality H is called the “present” Hubble constant, and

recent Planck observation determined its value as

Hy = 67km/sec/Mpc. (5.2)

This simply means that a galaxy 1 Mpc away, which is about three light years, recedes

from us with a velocity of 67 km/sec. The Hubble law (5.1) is shown in Figure 5.1 for

different distant galaxies.

3

500

Velocity (km)

o

0 108 2 % 10°
Distance (parsecs)

Figure 5.1. Hubble diagram (original 1920 Hubble results) showing the linear relation
(5.1) between distance and velocity for different galaxies [19].

The feature of the recession of the distant galaxies is applied to the whole ob-
served universe. The cosmological principle stated above implies that every observer in
a typical' galaxy realizes the same effect (the recession) when observing other galaxies.
The galaxies are not only receding from us but they move apart from each other.

At the epoch, the idea of a static, unchanging universe, was the dominant belief,

and it took some time for cosmologists to come out with a confident interpretation of the

A galaxy is typical if its motion is only carried along with the general cosmic flow of galaxies [54]
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observations carried out by Hubble. The actual reason of the observed redshifs, or the
recession of the galaxies, is the increase in the distances (size) between these galaxies.
The distant galaxies are considered as comoving frames situated in an expanding space.
The universe then is no longer static, but it expands carrying the galaxies along with it
[55].

The observational facts discussed above had a theoretical reason in the framework
of general relativity. The latter is a theory of the dynamics of spacetime, and it can be
applied to the universe itself. Einstein’s equations (3.56) relates the geometry of space-
time to the matter (and energy) contained in it, and the dynamics of the latter trivially
implies a dynamical spacetime. Solutions of Einstein’s field equations are after all an
expanding or a contracting space. Historically, Einstein himself did not feel comfortable
with these dynamical solutions, and in order to avoid them, he introduced a cosmological
constant term similar to the last term in the right hand side of equation (3.56). If a specific
value, which is proportional to the matter density of the universe, is given to that constant,
the gravitational attraction of matter would be counterbalanced by this additional density
leading to a static universe. This model of the universe has been shown to be instable by
Eddington, shortly before the idea of an expanding universe came out [56], and Einstein
has abandoned this constant® stating that it was his biggest blunder.

In what follows we will explore the theoretical description of the expanding uni-

verse and see how both observation and theory, have led to the Big Bang model.

5.1.2. Robertson Walker Metric and The Big Bang Model

Models of the universe, or the cosmological models, are based mostly on the cos-
mological principle, that is to say the universe is homogeneous and isotropic on scales at
least larger than 100 Mpc. This is supported by the homogeneity of Cosmic Microwave
Background (CMB) radiation observed in 1965 to which we will return later.

The geometrical description of the cosmological models which are compatible

with the cosmological principle are described by a four-dimensional spacetime metric

>The cosmological constant is reconsidered as a possible reason for the accelerated expansion of the
universe after the measurements of the luminosity of Ia supernovae in 1998 [3]. Additionally, it has been
known a long ago that this constant term is not avoidable in cosmology.
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called Friedmann-Robertson-Walker (FRW) metric and it is written as

2

s T A+t sin® 0dg? | (5.3)

ds® = —2dt* + a*(t)

The quantity a(t) is called the scale factor which depends on the cosmological proper
time® t. The constant k determines the curvature of the spatial sections of this geometry,

and it falls into three categories as follows (see also Figure 5.2)

k = 0 : Flat space section
k = +1 : Positively curved space section

k = —1 : Negatively curved space section.

Closed (k= 0) Flat (k = 0) Open (k< 0)

Figure 5.2. Three possible geometries of the spatial sections of the FRW spacetime
(5.3).

Based on the FRW spacetime metric (5.3), one may easily predict the recession of
galaxies described by the empirical Hubble law (5.1). In fact, at any instant of time, the

proper distance D between our galaxy (at 7 = 0) and another (at ) is given by

T d,r,/
D =a(t R — 5.4
( )/0 1 — kr2 (54)

This shows that the distance between the two galaxies changes with time and it is propor-

3In cosmology, unlike relativity, there is a preferred time parameter ¢, this is called the cosmological
proper time.
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tional to the scale factor.

Now, the velocity of the galaxy is given by the time derivative of D, thus

dD Todr!
dt ()/o V1 — kr? (53)
and finally, using (5.4) again to get rid of the integral, we find
(T
v = @ D. (5.6)

a(t)

This is another form of Hubble law (5.1), and it shows how the velocity of the distant
galaxy changes with distance at different times. The Hubble constant H, given in (5.2)

represents the present value of the Hubble parameter
H(t) = —=. (5.7)

As we have seen here, the recession of galaxies are nothing but the consequence of the
expansion of the three dimensional space section. This expansion is overall described
by the time dependent scale factor. In an expanding space, light emitted from distant
sources (galaxies) suffers a cosmological redshift. In fact, since light travels along a
“null” geodesic, ds*> = 0, one may show that if a signal of light is emitted at a time ¢,

with a wavelength ., then it will be received by an observer at ¢, with a wavelength

Ae- (5.8)

Since the scale factor increases with time, then light is redshifted, Ay > ., exactly as
observed by Hubble (see Figure 5.3 below).

The cosmological principle provides us with the possible description of the geom-
etry of the universe, i.e, the FRW metric (5.3), however, the dynamics of the universe, or
the time evolution of the scale factor a(t) remains vague. To fill this gap, we have to apply
the gravitational equations where curvature of spacetime responds to the contents of the
universe (matter-energy). Matter (and energy) in the universe is generally postulated as

a perfect fluid with density p and pressure p. In a covariant form, its energy-momentum
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Figure 5.3. Redshifts of light signals due to the expansion of space as given in equation
(5.8).

tensor is given in terms of its (average) four-velocity u* = 6/, by [16, 17]

p p
Tuy = <p + g) Uy, Uy + gguw (59)

This allows us to adapt Einstein’s equations (3.56) to the line element (5.3) and get for

the “time-time” and “space-space”, the following equations

817G A
0%+ ke? = %paug (5.10)
871G A
2ai + a* + kc® = — WCQNpa2+§. (5.11)

These equations can be easily arranged and they lead finally to the Friedmann equations

N\ 2
a 8GN k2 A
) = e a 12
(a) 3 2 3 (5.12)
a  4nGy D A
ST (p3h) + 3 (5.13)

The time evolution of the scalar factor, is given then as the solution of these equations for
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every type of matter (and energy). The latter which is described by the energy-momentum
tensor (5.9), satisfies the covariant conservation law V#T,,, = 0. When it is adapted to

the metric (5.3), it leads to

p+ 33 (p + %) _0. (5.14)

This conservation equation can easily be derived differently from the Friedmann equations
(5.12) and (5.13), by taking the time derivative of the first and then using the second one.
In Table 5.1, we summarize the time evolution of the scale factor a(¢) for different

contents of the universe; radiation, matter (dust) and vacuum (cosmological constant).

Table 5.1. Energy density and pressure for different perfect fluids, and time evolution
of the associated scale factor a(t).

Radiation | Matter (dust) | Vacuum (cosmological constant)

Equation of state | p = zp p=0 p=—p
Energy density | p~a4(t) | p~a=3(t) | p= const

Scale factor a(t) ~ 12 | a(t) ~ 23 | a(t) ~ et

There is a strong relation between the geometry of the universe (curvature of the
space sections) and matter. This relationship can be seen from the first Friedmann equa-

tion (5.12) which can be written for the present time as

kc* 8nGy s A
W =g re ity G:19

where we have introduced the total energy density, including matter p,, and radiation p.

It is important to define the so called critical density as

3
N 87TGN

Der ~ 10" kg /m?, (5.16)
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and finally we get

k02 . 87TGN

Ty m T - Fer ) 517
= 3 (pm + pr + pA — Per) (5.17)

where the cosmological constant contribution is given here in terms of its energy density

A
N 87TGN'

PA (5.18)

The conclusion of all these is the fact that the geometry of the universe is flat (k = 0),
negatively curved (k < 0) or positively curved (k > 0) if the total energy density of
the universe (including vacuum energy) equals, less or larger than the critical density
respectively.

Now, what is the total energy density of the universe and what is its geometry?
Luminous objects, such as stars and galaxies, namely baryonic* matter, form an average

density [57]

po =~ 1072 kg/m?. (5.19)

In cosmology, matter refers to the (approximately) pressureless “matter”, or dust. It turns
out that, the baryonic matter given by its energy density (5.19) is not the only form of
matter in the universe. In fact, there is a “strong” evidence for the existence of a (not)
luminous matter in galactic haloes. This non-baryonic matter, which is called dark matter
has been postulated as an attempt to explain the flatness’ of the observed galactic rotation

curves [1, 2]. The ratio of the energy density of dark matter to the critical density is

“Baryonic matter refers to all type of matter that are formed by baryons; protons and neutrons.

SObservational data show that in the outer part of the galactic haloes, the radial velocities of galaxies
slowly rise or keep constant (nearly flat), which implies that there is a missing mass.
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estimated as [57]

Qum = 0.27 + 0.004, (5.20)

which is considered as a large contribution to the mass of the universe.
The final contribution to the energy density of the universe comes from thermal
radiation, this is nothing but the energy density of the 2.73 K photons of the cosmic

microwave background (see discussion below). This is estimated as [57]

pr =~ 1073 kg /m?, (5.21)

which is very tiny, and negligible compared with that of matter and dark matter.

The geometry of the universe has been determined from the measurements of the
anisotropy of the cosmic microwave background radiation [14]. These measurements are
consistent with a flat spatial geometry, i.e, £ = 0. In this case, the contents of the universe

would satisty

Pm + Pr+ PA = Per- (522)

In terms of the dimensionless parameter §2; = p;/p.;, the last identity is equivalent to

O+ + Q0 = 1. (5.23)

This identity shows us that ordinary baryonic matter, radiation, as well as dark matter are
not enough to “make” the universe flat!. In fact, previous estimations show that €2, +
Q, ~ 0.28, thus a significant contribution from the cosmological constant, {2, ~ 0.68, is
necessary. Up to now, this contribution has been introduced as a possible nonzero term in
Einstein’s equations, however, there are different possible origins for it though its physical
nature and the problem of its value have not been settled yet. The energy associated to
the cosmological constant has another great implication on the dynamics of the universe.
In fact, if this contribution dominates the energy density of the universe as it is clear

from the previous discussion, than, the second Friedmann equation (5.13) would imply
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an accelerating phase rather than a decelerating one as was expected for decades. The
acceleration of the expansion became a real fact since its confirmation for the first time
in 1998 from the measurements of the supernovae typela [3], and have led to the Nobel
prize in 2011.

Let us return now to the idea of an expanding universe, where only matter, dark
matter and radiation (A = 0) play an important role in its dynamics. If we extrapolate the
history of the universe, the expansion of the universe means that its size was smaller and
smaller at early times than now. The time evolution of matter ¢ ~3(¢) and radiation a=*(¢)
clearly show that at a very early time when the scale factor was infinitely small (goes to
zero), the universe gained an infinite energy density which led to an initial singularity.
However, this very hot and dense phase, named the hot big bang model provides us with
a good description of the early universe which is consistent with observation. As have
been proposed by Gamow and his collaborators in 1948, the high energy density and high
temperature would lead to thermal equilibrium between matter and radiation that filled
the universe at early time [58]. The early universe has a character similar to that of a
blackbody, and since the energy density of the latter is proportional to its temperature I’

as p o< T*, one may easily show that the temperature of the universe drops as

T oc —. (5.24)

This relationship between the temperature and the size of the universe is the basis of the
so called nucleonsynthesis of the light elements. As we go back in time, the scale factor
decreases and the universe becomes hot enough leading to high energy processes such as
pair creations. For instance, electron-positron pairs would take place when a temperature
T ~ 10'° K and higher, is reached. Indeed, the energy associated to this temperature is
about k7" ~ 1 MeV (k is the Boltzmann constant), which is greater than the rest mass of
the electron (or positron), m.c? ~ 0.5 MeV. Different particle processes will take place,

and the thermal equilibrium is maintained by primordial nuclear reactions like

e +et=vy+v and p+n=d-+1. (5.25)

As the universe expands one expects the inverse processes to happen. In this case electron-
positron would be annihilated leaving only photons. As the temperature goes down (with

the expansion), some of the light elements like Hydrogen, Deuterium and Helium up to
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Lithium are synthesized. Abundances of these primordial light elements are in high agree-
ment with their observed amounts, and this fact became one of the greatest confirmation
of the hot Big Bang model [58, 59].

When the temperature goes down to about 3000 K, it becomes possible for the nu-
clei and the electrons to be combined. In this recombination era the first atoms are formed,
and the universe becomes transparent®. It is only after this era, that photons start to prop-
agate freely in the expanding universe, and they form the so called Cosmic Microwave
Background radiation (CMB). Remarkably, this radiation which had the blackbody char-
acter in the beginning, retained the same character under the expansion of space. These
radiations are subjected to redshifts and at the present epoch its temperature is dropped to
2.73 K. The CMB radiations (Figure 5.4) have been finally detected (on Earth) by Penzias
and Wilson in 1965 and it was considered as the first remarkable confirmation of the the

big bang model.

Figure 5.4. The homogeneous cosmic microwave radiations that fill the observed sky.
As we shall see later, the origin of the tiny inhomogeneities (small red re-
gions) are due to the small perturbations that are generated during inflation

[57].

®Before this, the existed photons scatter by the free electrons and then the universe was completely
opaque [54].
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5.1.3. Flatness and Horizon Problems

The hot Big Bang model described above is based originally on a universe which
is dominated only with matter and radiation. A nonzero cosmological constant A became
necessary only in later times when the expansion of the universe started accelerating. A
universe with A = 0 is radiation dominated in its beginning, and this phase is followed
later by a matter dominated era. Although it has been successful in describing some
of the interesting (observed) phenomena, such as the origin of the CMB radiation and
the primordial nucleonsynthesis of the light elements, the big bang model in the above
picture fails in explaining naturally the initial conditions of the universe ! Among the
shortcomings of the big bang model are the flatness and horizon problems.

The former stems from the fact that the point €2,,, = 1 is unstable when the uni-
verse i1s dominated by matter and (or) radiation. To see this fact, let us write again the

Friedmann equation (5.15) as

k
g = QL (5.26)

Herein, the factor (a H )_1 is called the comoving Hubble radius, and in standard cosmol-
ogy, where the universe is dominated by matter or radiation (A = 0), it grows with time.

In fact, from table 5.1, one may easily check that

1 ts , for matter

1 . .
t2, for radiation.

Given this contribution, the left hand side of equation (5.26) is simply increasing with
time, thus, the universe becomes rapidly dominated by a nonzero curvature term. The

flatness problem then can be stated as follows
Why the parameter () is exactly unity, but not less or larger?

The horizon problem is somehow related to the failure in the explaining the re-
markable isotropy of the CMB radiation. In fact, only regions which have been in causal
contact in the past (when radiation last scattered from matter) could have the same tem-
perature today! It turned out however that in the standard model cosmology, different

patches of the universe who are causally disconnected, have also the same temperature
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[59, 60]. This has been shown from the accurate isotropy of the CMB radiation, where
AT/T ~ 1075,

5.2. Inflationary Paradigm

Inflationary scenario proposed in 1981 by Alain Guth provided a possible solu-
tions to the horizon and flatness problems mentioned above [47]. The basic idea at the
heart of inflation is that the universe, at a very early stage, has undergone a phase of a very
rapid accelerated expansion that flattens the spacial section of the universe, and makes the
universe homogeneous by stretching the size of its early inhomogeneities.

This early phase is realized generically by an exponential expansion of the form

a(t) o e, (5.27)

where in this case, the Hubble parameter // must be given in terms of a vacuum energy
provided by a potential of a new “substance”, that dominates the energy density of the
universe in its early time.

Under this rapid expansion, the Friedmann equation which has been written as

(5.26), takes the form

k

e2Ht ’

Q) — 1 o (5.28)

The presence of the exponential term in the right hand side means that the inflationary
phase drives the universe to {2 = 1 very rapidly, leading to a flat universe consistent with
current observational data.

This phase can be simply driven by a nearly homogeneous scalar field ¢. The
dynamics of the latter is described in Einstein gravity by the field equations (4.13) and
(4.15). These equations can be easily adapted to the FRW universe (5.3), and then the

homogeneous field ¢(t) will satisfy the following equations

g2 L <¢_2 n V<¢)> (5.29)
- 3ME N\ 2 ’ '
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and
¢+3Hop+V'(¢) =0, (5.30)

where we have ignored the curvature term & due to (5.28). As stated above, in this mech-
anism, the energy density of the universe must be dominated by the potential energy of

the inflaton ¢ (see figure 5.5), thus we suppose that

Q< V(9), [0 <[3HP|, o] < V'(9). (5.31)

Vi)

Ny /

(o} end (f)

Figure 5.5. The dominant potential energy remains nearly constant during inflation
(flat potential). After inflation, the inflaton rolls down converting the po-
tential to kinetic energy.

These conditions lead to simple equations of motion

2 V(¢) SRR 04
H ~ 3H$ ~ —V'(¢). (5.32)

When applying the slow-roll conditions (5.31), it is useful to define the so called slow-roll

parameters which are given by

€= MTJ%Z (%) . n= M5 (%) : (5.33)

These parameters became useful when solving for ¢ at the beginning and at the end of

inflation. To see this clearly, let us apply the second Friedmann equation (5.13) where in
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this case (A = 0) the energy density and pressure of the inflation are given by

& ¢
p=-"5+V(g), and p=-——V(9). (5.34)

These are the components of the energy-momentum tensor (4.14). To that end, we get

a__ L1 (5
)]

which clearly shows that the expansion is speeding up when the potential energy domi-
nates the right hand side.
Using equation (5.29), the last equation takes the following form

a $?
—=H*(1-—. 5.36
a ( 2M1231H2> ( )

A simple calculation based on the (slow-roll) equations of motion (5.32) shows that the

last term in the right hand side of the previous equation is nothing but the parameter e

F My (VIO)) _
= 1 (7)) = 37

thus the second Friedmann equation takes a simple and an interesting form
i=aH*(1—¢). (5.38)

During inflation the parameter € remains smaller than unity, which guarantees that the
inflaton is slowly moving, and then the inflationary phase ends when € = 1.
As an example, inflation can be driven by a potential of the form V (¢) = m?¢?/2,

which easily gives

€ = ¢2 s

(5.39)
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thus inflation ends (¢ = 1) when ¢ = ¢.ng ~ /2 Mp;. Before this (e < 1), ¢ > /2 Mpy.

To solve the horizon problem, the largest scales (wavelengths) observed today
might have been inside the horizon at the beginning of inflation as illustrated in figure 5.6.
For this reason, it is useful to know how many e-folds are required for inflation. This e-
foldings number of inflationary expansion will be noted NV, and it arises from dN = Hdt.
This provides a relation between the scale factors at the beginning and at the end of

inflation; denq = €V X g0 In general, the e-folds number is given as

tend
N = Hdt (5.40)
tstart
L[
~ - do. (5.41)
MI%I start V,(¢)

For the previous given example of the mass term potential, we get

2
% 1. (5.42)

N ~
4M1231 2

Hubble horizon -#/\ /f\
H-! \\ j \ // 6

(Fourier) mode

During inflation

T T '* * |/
>\ (O

Figure 5.6. From left to right: During inflation, the flat (nearly constant) potential ren-
ders the Hubble radius constant leaving the modes growing inside the hori-
zon until they cross it. After inflation, the Hubble radius starts expanding
(radiation era) and the modes reenters the horizon [61].

/

After inflation

As we see, the value of the number of the e-folds determines the initial value of the
inflaton, for example at the time the observed CMB radiations are created. Determination
of the exact value of N is not trivial, nevertheless, one may derive its possible values

as follows. From the redshift relation (5.8), the the initial scales A, are related to the
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present scales )\ as

Astart = Ao 2art, (5.43)
Qo

where the present scales are \g = H, ! (the Hubble radius).
Now, we can evaluate the remaining term in terms of the time evolution of the

temperature of the universe (5.24), thus

Astart Qstart Qend _ Ty
star — star X Een. :6 ]\[>< (5.44)

)
Qg Qend (%) Tend

where a.,q and 7,4 refer to the scale factor and the temperature during the radiation

dominated epoch (end of inflation!). Finally, the scales evolve as follow

T,
Astart = Hy'! <T Od) e V. (5.45)

Since this initial physical scale must be less than the Hubble horizon during inflation, i.e,
Astare < H™1, then equation (5.45) leads to [62, 63]

Tend

This number, which is taken usually, N = 62, is the number of e-foldings required to put
all the regions of the observed universe in causal contact at the time of the last scattering
(creation of the CMB). The energy scale, 10*°GeV, which appears in the last equation
refers to the scale of the Grand Unification Theory (GUT), at which inflation is supposed
to occur.

This mechanism is driven by the homogeneous background field ¢(¢) with a large
potential energy treated as a classical source in Einstein’s field equations. Another in-
teresting feature of inflation, besides solving the flatness and horizon problems, is the
generation of the tiny perturbations observed in the cosmic microwave background radi-

ation. In fact, quantum fluctuations in ¢ lead to curvature perturbations, which in turn
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produce small fluctuations in the energy density of the early hot plasma’

5p=V'(¢) 6. (5.47)

The comoving curvature perturbation is defined in terms of the inflaton fluctuation and

the Hubble parameter as follows [62, 63]

0
R == 6. (5.48)
¢

The power spectrum Pr (k) of this quantity is calculated from the ensemble average of

the fluctuations [64]
(RiRg) = (2m)*6(k + k) Pr(k) (5.49)

where k is the momentum (in Fourier space).

For the slow-roll approximation, the power spectrum satisfies [62, 63]

1 [/ H, \°*
Pr(k)k® = * s 5.50

where the sign * means the values of the parameters at the time of the horizon crossing,
i.e, when the mode left the Hubble radius (k = a H).

The parameter n, which is called the spectral index, or tilt, determines the scale
dependence of the perturbation, or its deviation from scale invariance (ns; = 1). Calcu-

lations based on the slow-roll approximation showed that the spectral index is given in

"This is the hot plasma of relativistic particles which form the energy density of the universe in the
radiation dominated era after inflation. The transition from inflation to this stage occurs after reheating,
where inflaton oscillations are followed by its decay to matter fields [62, 63]. Reheating is an important
phase in inflation and its details go beyond the scope of this thesis.
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terms of the slow roll parameters (5.33) as

ns — 1= 21 — 6e. (5.51)

Recent Planck data strongly suggest a nearly scale invariant perturbations, precisely ng ~
0.965 [57]. Measurements of the spectral index allows us then to constraint the form of
the potentials that drive inflation, and come out with only models that are consistent with
the measured values.

Not less important, prediction of the cosmological inflation is the production of
the tensor perturbations. These tensor modes that arise from the metric fluctuation dg,,,
are the origin of the primordial gravitational waves. Similarly, the power spectrum of the
tensor modes, noted P;(k), is given in terms of the Hubble parameter at the time of the

horizon crossing, but in this case

H 2
PRk =4 == . 5.52
k=1 (57) (552)
The amplitude of the tensor perturbations A, is related to the amplitude of the scalar
perturbation A, by A; = rA,, where the parameter r is called the tensor-to-scalar ratio.

In the slow-roll approximation, this ratio takes the form [62, 63]
r = 16e. (5.53)

Last few years accurate cosmological data have offered a powerful discrimination be-
tween different theories, and helped in supporting or ruling out various inflationary mod-
els. The predictions of any successful model of inflation have to be consistent with the

observed bounds on the (n,,, ) plan (see Figure 5.7 below).
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Figure 5.7. Recent Planck results [57]. The data suggests only models with small
tensor-to-scalar ratio. Some of these models are the Starobinski model
[65, 66] and «-attractors [67].



CHAPTER 6

AFFINE INFLATION AND FRAME AMBIGUITIES

Standard inflation presented in the end of the previous chapter is based on Einstein
gravity coupled to a scalar field in the form (4.12). Theories of inflation driven by scalar
fields coupled nonminimally to gravity have also been considered and studied in various
details in metric gravity [68—70]. The studies are performed in both Jordan and Einstein
frames where same predicted results are not guaranteed.

In this chapter, we came to one of the main points of this thesis. We will consider
the inflationary dynamics in the context of purely affine gravity. As we have seen, in the
case of scalar fields, the affine gravity approach necessitates nonvanishing potentials, and
thus, studying inflation in this context is important by itself. Throughout this chapter we

will deal with the following potential

V(6)=Vot (6 —0)") 6.1)

where v is a constant vacuum expectation value.

We will address the inflationary dynamics through three models. The first and
the most important model is the standard affine inflation where the inflaton ¢ is coupled
nonminimally to affine gravity as in (4.42). The second, will be a direct application of
the first where the inflaton is considered as the standard model Higgs boson (Higgs affine

inflation). Finally we will consider inflation in the context of induced affine gravity (4.64).
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6.1. Affine Inflation

Here the dynamics of the inflaton ¢ is governed by its equations of motion (4.43)
and (4.44). In homogeneous flat FRW universe, the distribution of the scalar field is now

described by its associated energy density and pressure, respectively, as follows

1 [ Ve

PO =F o) (5 ! f(qs)) ©2
1 [ V(9

p(¢) = m (7 — m) , (6.3)

where the function F(¢) is given by (4.21).

As we see, the quasi-de Sitter solution which requires p (¢) = —p (¢) is possible
for some slowly rolling fields. The cosmological constant case is implicitly understood
here for ¢ = ¢in.

In this case, the Friedman equations are derived from the gravitational field equa-

tions (4.43), and are written in terms of the Hubble parameter H as follows

,_ 1 ¢ V()
ST <?+f<¢>> 4
and
I S A ()]
R TV R ) (2 f<¢>> ©

The possible quasi-de Sitter solution (constant Hubble parameter) shows that an inflation-
ary phase is possible in this theory. For simplicity, we will perform the calculation using

the new field ¢ given by (4.46). This equation is integrated easily giving

o Me o (VS
o(o) = VE sinh (MPZ ¢) . (6.6)

The FRW metric remains unchanged under the last redefinition, since no conformal trans-
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formation is applied. Now, we apply the slow roll conditions on ¢ as follows

, .
% < V(9), ? < H. (6.7)
¢

In this case, the new potential has the form

2

l

\ [ M2,¢ sinh? (%@ _ 2

(¢) =~ . (6.8)
4 1 sinh? (3756
With these conditions, the Friedman equations (6.4) and (6.5) take the form
7() ey
H? ~ d3H¢p ~ —V'(¢). 6.9
s W 3H6 = —V'(3) (69)
Now, the slow-roll parameters are give by
M?2 ‘7/ 2 \/E
Pl 7
e=— | = | ~128exp | —4— 6.10
5 <V> £ exp < Mo ¢> (6.10)
‘7// \/g ~)
= M3 | — | ~—32€ex (—2— , 6.11
n Pl < v > § exp MPl(b ( )
where we have taken a large field ¢ > Mp;/\/E.
The number of e-folds takes the form
1 (% V() -
ek [T
Mgy Ja, V'(9)
2 o0 (330,8) o0 (237,7).
~ — lexp|2—¢; | —exp | 2—— ) (6.12)
32¢ { p( Mpl¢ P Mpz¢f

Inflation ends when ¢ = ¢ 7, or € =~ 1 where the slow-roll conditions break down. The
initial field @ is determined from the number of e-foldings /V. Initial and final values of

the inflaton are presented in Table 6.1.
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Table 6.1. The inflaton redefinition and its initial and final values in both metric grav-
ity and affine gravity, for large &. The field values are below Planck mass
in affine gravity.

Einstein frame (metric gravity) | Affine gravity
13 £26.25x1073 £€2>3.12x 1072
&() Mpi ovn ( LL) Mpi ginh (ﬁgb)
Ve 1+6€ Mp; Ve Mpy
&i/Mpy H (/55 In (326N) /2v/E
b1/ M e (5 In (128€) /4/€

The slow-roll parameters are evaluated at the value ¢ when the scale of interest
crossed the horizon during the inflationary phase, and they must remain smaller than
unity and then deviations of the spectrum of perturbations from scale invariant spectrum
are small. The slow-roll parameter € is depicted in Figure 6.1 as a function of . The
parameter behaves like in metric gravity only for very large £&. The spectral index is

written in its first order, n, = 1 — 6¢ 4 27, and reads

3 2
sl —— ——. 6.13
" A46N?2 N ©.13)
In metric gravity, one may show that this quantity is given as [69]

1-— 16?%7 for Qb?c > 1)2
Ng ™ ) (6.14)

1 16¢(1+6) for &2 ~ o2

T 8EN(1+62)+62 or qbf =v

where 62 = {v? /M3,
Figure 6.2 shows the behavior of the first order spectral index for both metric

gravity (MG) and affine gravity (AG) for large fields.
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Figure 6.1. The slow-roll parameter ¢ as a function of the coupling parameter €.
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Figure 6.2. First order spectral indices predicted by metric gravity and affine gravity.

Considering second order terms, the spectral index 7, takes the following form
[71, 72]

1 2 1
ng =1 — 6e + 2n + 5(44— 18¢) €2 + (4c — 14) en + gnZ +5 (13 —3¢) 2, (6.15)

where ¢ = 4 (In2 + ) ~ 5.081 and + is Euler’s constant, and the third slow-roll parame-

ter (2 has the following form

VIV (326 exp (—4ﬁ¢3) . (6.16)

2 = M4
¢ Py Mpy

Since the slow-roll parameters of affine inflation decay exponentially, deviations from

the first order spectral index is very tiny. This is not the case for metric gravity as it is
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illustrated in Figure 6.3. Finally, the tensor-to-scalar ratio r ~ 16¢ reads
re —— (6.17)

which takes a very small values, r < 1.7 x 1072, for the bound ¢ > 3.12 x 1072 (see
figure 6.2).

Recent data, provides a power spectrum of the primordial perturbations of the
order [57]

H? 9
—— ~24x 10" 6.18
8m2e M3, ’ (6.18)

which allows us to put a constraint on the following ratio
M€ ~2.66x 107 (6.19)

This ratio will be important later when we address Higgs affine inflation, where the mea-

sured self coupling A will require a large nonminimal coupling .

0970
095!
@ 0980+ — G
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095!
0B 02 o1 1 10 T ORIV )

¢

Figure 6.3. Second order spectral indices predicted by metric gravity and affine gravity.
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This study shows that like metric gravity, slow-roll inflation arises naturally in the

context of affine gravity, and leads to observed quantities that fit the recent data.

6.2. Other Affine Inflationary Models

6.2.1. Higgs Affine Inflation

Like any scalar field, the SM Higgs boson may drive the cosmic inflation. In this
case, the predictions must be in agreement with the SM measured parameters such as
the Higgs mass and the self coupling parameter. However, for a Higgs boson minimally
coupled to metric gravity (GR), the observed power spectrum requires an extremely small
quartic coupling A ~ O(107'3). Nevertheless, it has been shown that, this constraint
can be relaxed by adding a nonminimal coupling term, Higgs-curvature, to the action.
Then, the SM quartic coupling A ~ O(107!) is attained for large nonminimal coupling
parameter & ~ 10*. The non-minimal coupling then motivates the SM Higgs inflation,
where the predictions are in agreement with recent Planck results [57, 70]. Our aim here
is to study “Higgs affine inflation”, where the SM Higgs boson is supposed to be coupled
to affine gravity rather than metric gravity.

Here, the mechanism is similar to that of the previous section, where ¢ = h being
the SM Higgs boson [45]. In this case, and from equation (6.19), the SM quartic coupling
A =~ 0.13 implies

€~ 4.8x10°. (6.20)

The affine nonminimal coupling is then larger than its value in metric gravity. This leads

to an extremely small tensor to scalar ratio

r~0(107"). (6.21)

As we see, the tensor contribution is tiny and negligible. Recent observations suggest a

very small upper bound for tensor perturbations, the tensor to scalar ratio is of the order
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r < 0.08. Future observations are expected to provide us with a precise bounds, since
then, one may decide whether Higgs affine inflation could be considered as a good model
for the early universe. In Table 6.2 we summarize the results obtained here and compare

them with Higgs inflation in metric gravity.

Table 6.2. Higgs affine inflation suggests a strong Higgs-curvature coupling &, and a
negligible tensor-to-scalar ratio.

Parameters | Higgs Inflation (metric gravity) | Higgs Affine Inflation
13 10* 10°
N 0.97 0.97
r 0.0032 O(10713)

6.2.2. Induced Affine Inflation

Induced affine inflation is the inflationary dynamics based on induced affine grav-
ity action (4.64). A detailed study of this model has been done in Ref. [9].
It has been shown that for ordinary inflation where the fields start with values

Osart K U, the scale factor follows a power law

a(t) oc tY/5. (6.22)

In such theories, the spectrum of density perturbation is sensible to the value of the power
p [73, 74].

In metric gravity, the conformal transformation which leads to different power law
would clearly provide a significant difference between the density perturbations which
are calculated in two conformal frames. However, field redefinition in affine gravity does
not alter the physics, but it enters only as a new variable leading to a unique observable

spectral index and tensor-to-scalar ratio. These are given in terms of the coupling £ as

16¢
PR [ — = 128¢. 6.23
n e (6.23)
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Recent Planck bound, r < 0.12 implies ¢ < 1073, This clearly drags the spectral index n,
up to its required bound. Thus, the induced gravity inflation, in both metrical and affine
gravity setups, cannot satisfy the recent Planck bounds on  and n, simultaneously. The
reason is that induced gravity inflation supports only large tensor-to-scalar ratio, a feature
which is not specific to induced affine gravity; it already happens in the metric induced
gravity (see Figure 6.4 below).

1.00

099+

098\

0971

107 103 102
4

Figure 6.4. Spectral indices predicted by metric induced gravity (IG) and induced
affine gravity (IAG). The tensor-to-scalar bound, r < 0.12, drags the spec-
tral index to larger values for both theories.

We conclude this chapter by addressing briefly a serious problem one faces when
studying inflation using nonminimal coupling. As we have seen from the inflationary
predictions summarized in Figures 6.2, 6.3 and 6.4, metric gravity suffers from Einstein-
Jordan ambiguities where the observable quantities are frame dependent.

The ambiguity in metrical gravity is traced back to the conformal transformation
(4.20) that maps one frame to the other. Since this transformation is nothing but a field
and metric redefinitions, one expects then physics to be identical in both frames. As we
have stated in chapter 4, this is true only at the classical level. The problem arises when
we consider the quantum fluctuations of the fields. When passing from Jordan to Ein-
stein frame, the mixing between the inflaton and metric fluctuation is not avoided. An
important quantity which is not invariant under conformal transformation is the curvature
perturbation (5.48). This undoubtedly has an effects on the form of the spectral indices,
and then leads to different results in different frames. Attempts have been made to over-
come this ambiguities, and to come out with a unique description of inflation and other
cosmological scenarios, but the debate has not settled down [75-79].

The advantage of pure affine gravity, which we have considered throughout this
thesis, is that it provides us with a unique geometric frame (a unique metric). In this case,

the inflaton dynamics is described in one and the same frame with metric tensor g,,,,. This
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is clearly seen from the fact that nonminimal coupling actions are transformed to minimal
actions by making only a field redefinition. The uniqueness of the metric tensor ensures
then the invariance of the intrinsic curvature perturbations and the observable parameters

such as the spectral index.
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CHAPTER 7

HIGHER DIMENSIONAL AFFINE GRAVITY

In this chapter we will consider affine gravity, particularly Eddington’s gravity, in
a higher dimensional space. The latter will be considered as the product of two spaces.
Some of the results will be based on geometric operations such as exterior derivatives of
differential forms, and quantities like connection and curvature forms, which are directly
given without details. In this case, the reader may be referred to some text books on

differential geometry such as [80, 81] and others.

7.1. Immersed Space

The spacetime is described by a four dimensional space M, which is immersed in
an affine eight dimensional space Mg which is the product of two identical four dimen-
sional real manifolds W, [82]

Mg =Wy x Wy. (7.1)

The following index notation will be used [81, 83]:
For Latin indices: ,7,.. = 1,...8 and for Greek indices: «,3,.. = 1,...4. We also
introduce on the indices the operation * such that i* = ¢ & 4, (then (:*)* = 7).

This means that Latin indices take both Greek indices, o and o* via the operation
x,1.e,1=a,a"=1,..8.
One may show that the above construction confers to the large space Mg a hypercomplex
structure [82, 84, 85].
The hypercomplex coordinates, noted X* = 2%+ 2% are elements of the Hypercomplex
Ring H, such that /2 = 1 and 2%, 2" are real coordinates in W, x W,.

The spacetime will be defined as the diagonal submanifold M, where [82, 85]

z* =0. (7.2)

The real elements 2, 2% define the associated diagonal coordinates.

This construction is similar to that of complex manifolds, and one similarly defines
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the almost hypercomplex structure on the tangent space of Mg by the operator J such that

[81]
o) 9, 9, 0
/ (%) - Ox / (8x0‘*> - Ox’ 73)

Thus, this operator satisfies J? = id, with id refers to the identity operator on the tangent

space of Mg. This operator is defined in the real basis Mg by a tensor with components

81, 84]
. 0 I
J;:( ) (7.4)
I, 0

where 7, is the 4 x 4 unit matrix. Thus, the operator J has the components
Jg =Jg. =0, Js=J5 =dj, (7.5)

and it corresponds to the multiplication by I (remember that /2 = 1). To see this clearly,

we define a hypercomplex basis by the hypercomplex vectors

0 1/ 0 0 0 1/ 0 0
== 1 ——==|=—-1 7.
oXe 2 (axa * 83:0‘*) ) I (83:0‘ axa*) ’ (7.6)
such that
0 0 0 0
J(aXa) = oxe J(aT) = oxe 7D
Now, the operator .J has a representation in the hypercomplex basis, which is given by the
matrix
. 17, O
Ji; = . (7.8)
0 —-I7,

Here, the real representation of the linear group GL(4, H) can be described by the sub-
group of GL(8, R) defined by the matrices which commute with (7.4).

The connection form wj» is given in the frame of Mg by the matrix [81]

, wg Wi
wi=| 7T ). (7.9)

e} (87

wﬂ Wi

In the natural diagonal frame of Mg, the affine connection satisfies [82, 84]

w§ =wh, Wi =uwj. (7.10)
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Generally, the connection form is written in terms of its components Fé. 5 as

wh =T%, da*. (7.11)

J J

To that end, the affine connections in the natural diagonal frame bundle of Mj satisfy the
conditions

=Tl The =Tl (7.12)

These conditions can be derived from the relation VJ = 0, where V is the covariant
derivative with respect to the connection F; i» and J is the operator of the almost hyper-
complex structure given above by its components (7.5).

Now, let us turn to the restriction in the spacetime My, where the above conditions

induce for all diagonal frame of M, the equations
a _ ot ot _ 7o ot _ o _ a _ ma®
By — Fﬂ*'y - Fb’v* - e By T By T Fﬂ'y* - Fﬁ*v*' (7.13)

With this structure at hand, one may show that the coefficients F;  With even number of
asterisks transform like connections, while those with odd number of asterisks transform
like tensors in all natural diagonal frame of V [81, 83]. This allows us to define an affine

connection E% and a tensor Agw as follows

a _ ot _ pat _ pa _ o
By — B*“/_Fﬁv*_ By T FB (7.14)

o =TI =T%.=0%. =A%, (7.15)

where the affine connection £, has no symmetric (antisymmetric) character.

We proceed by defining the curvature form induced in M, as

A 1 Di
Q) = 5 Ry, da’ N dat, (7.16)

where the hat denotes the restriction in M (z*° = 0) and R’, , are the components of the

Riemann tensor.
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Thus, the induced Riemann tensor in M, takes the form

R, =0T, — 9,0t + T2, + T2, — T 7 —T0 T, (7.17)

J W Ju= prA PBT GA prRT GA

In this case, we can construct the two independent Ricci-type tensors as
Paﬁ - ég)\a’ Qaﬁ - ﬁg\é*)\ﬁa (718)
which are given explicitly as follows [82, 85]

Pap = O0Laog — 0alis + L3,L05 — L2,L55+ Ay A5, — AVLAS,, (7.19)
Qas = Mg — Oahay + L3N0 — L3 A0 + ANLE, — Ao Lf, (7.20)

The first motivation that led to this mathematical construction was the generalization of
Einstein-Schrodinger theory [82, 84] as an attempt to unify gravity and classical electro-
dynamics, where the spacetime M4 was supposed to be endowed with a metric structure.
Another interesting application of the formalism has been done to describe a dynamical
dark energy [85, 86].

Although the formalism is mathematically complicated, however, it may lead to
a possible modification of gravity. Here, we will be interested only in the extensions
of Eddington’s purely affine gravity. These extensions will arise from the Lagrangian

densities which are constructed from the Ricci-type tensors (7.19) and (7.20).

7.2. Eddington’s Gravity

Here, we will focus on the simplest extension of Eddington’s gravity, where the
action is constructed from the symmetric part of the Ricci tensor (7.19). For simplicity,

the affine connection £ will be taken symmetric. In this case, we have [87]

5= /d4x,/||73(a5)||. (7.21)
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The variation of the Ricci tensor is given by
5Pas = Vo (0£4,) — Vs (0£4,). (7.22)

where we have omitted the sign of symmetry, however, it must be implicitly understood.
Following the same procedure made so far in deriving the field equations, the

variational principle applied to action (7.21) leads to the dynamical equation
Vi [Voet P (P)] =0, (7.23)
which is solved as

Det [P] (P71 = Av/gg™®, (7.24)

where ) is a constant and g, is an invertible rank two tensor which satisfies
V9o = 0. (7.25)

This condition forces the affine connection to coincide with the Levi-Civita connection of

the tensor g,g which will play the role of the metric tensor. Thus
555 = %QM (Oagpr + 089ra — OrGap) » (7.26)
and the density equality (7.24) becomes
Pap = Aap- (7.27)
Finally, using equation (7.19), the gravitational field equations (7.27) take the form

Rap = Map + My = MaAls0)- (7.28)

This is nothing but Einstein’s equations with a “generated” energy-momentum tensor of
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matter which is given by

1

Tap = (5E5§ — 39a89" ”) (A;\(#Aﬁ))\ - A?AA@L)) : (7.29)

The setup described here shows that matter can also be generated dynamically when
spacetime is considered as a subspace of a higher dimensional space. In this case, the
metric tensor, the cosmological constant as well as the energy momentum tensor of mat-
ter appear dynamically.

The second possible extension of Eddington’s gravity using the same formalism,
is to take the second Ricci tensor O,z given by (7.20) in addition to P,3. However, a
dynamical equation like (7.23) is not guaranteed, and in this case, a “current”-like term
would appear leading to a nonmetricity equation. For more details, the reader is referred
to Ref [87].

7.3. Separate Einstein-Eddington Spaces

In this section we will be interested in Eddington’s affine gravity in the so called
separate space. This is a higher dimensional space which is supposed to have a product
structure. The aim of this section is to derive the gravitational equations that arise in
separate Einstein’s space, a space with only a cosmological constant.

Given a 2N-dimensional space which admits a locally product structure, i.e, the
existence of a separating coordinate system x7 such that in any intersection of two neigh-

bourhoods z* and z* we have [83, 88]
ZL"W — xp,/ ({E“) , I“*/ — l"u,*/ (QZ'H*) 7 (730)

where the Greek indices are givenas y = 1,..., Nand p* = N 4+ 1,...,2N.

This means that the higher space appears as the product of two spaces M and M*
defined by their coordinate systems z* and 2~ respectively.

Additionaly, if the space is endowed with a metric tensor a priori, then we define

the separate Einstein’s spaces as the product spaces which are described by their Ricci
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tensors R;; which are splited into [83, 88]

R/W = (CL + b>gw/7 R,u*u* = (CL - b)g,u*z/*~ (731)

Here, a and b are constants.

It is clear that these spaces have constant curvature. We call these spaces, the
maximally symmetric spaces. The curvatures are given by two nonzero cosmological
terms a + b and a — b respectively.

Next, we will provide a derivation of the equations (7.31) in the context of Ed-

dington gravity, using only an affine connection.

7.3.1. Gravitational Equations in The Separate Space

Herein, the 2/N-dimensional product space is endowed with a symmetric affine

connection given by its components Ffj, such that,j =1,..2N.

The curvature tensor, noted R!

1

;- has a standard form in terms of the affine con-

nection
Rije = O, — 9,04 + T}, — T, Tii. (7.32)
The Ricci tensor R;; arises as
Rij = Rij- (7.33)

We define the 2NV dimensional Eddington’s action as follows [89]

S = Q/dQNx\/HRUH. (7.34)

Here, the Lagrangian density is defined by

L =2/[IRll; (7.35)

where we have taken only the symmetric part of the Ricci tensor, additionally, the affine

connection I is taken symmetric.
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Following [32, 33], we construct the canonical momentum conjugate to the con-

nection I' as follows

7 = %, (7.36)
1]

which will be at the heart of the metrical structure.

Using the the Lagrangian density (7.35), the last equation becomes

|Ry||RY = 7%, (7.37)

where RY is the inverse of the Ricci tensor.
In the following, we will apply Euler-Lagrange equations where the field config-

uration is the affine connection, then

oL oL
0 . —— =0. (7.38)
l (a (ari,) > ar’,
This leads to the dynamical equation [32, 33]
Vi = 0. (7.39)

where the operator V is the covariant derivative associated to the affine connection I'.

A possible 2NV dimensional solution of equation (7.39) is given as follows

79 = \/llaGi; + bF;;|| (aG + bF)7 (7.40)

where a, b are constants, and the 2N tensors G;; and F;; have the components

» 0 y 0
G = < In ) . Fy= ( i ) . (7.41)
0 Gurv= 0 —Gprvr
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The tensors defined above will be important in defining the so called projective operators
which map the higher dimensional space into the separate spaces M and M*.

Now, let us turn to equation (7.37) which finally takes the form

Additionally, the dynamical equation (7.39) is written in the separate spaces M and M*
as follows
Vigw =0, and V,-g, = 0. (7.43)

The generated metric tensors g,,, and g,+,~ lead to the following “separate” Levi-

Civita connections

1
Ths = 59" (Oagpr + Osgra — Orgas) (7.44)
* ]. * )k
FZ*B* = 59/" A (811*9,8*)\* —+ 85*.9)\*01* L — ak*ga*ﬁ*) (745)

in the separate spaces M and M* respectively.
Mapping the vectors and tensors from the 2/V dimensional space into the N sepa-

rate spaces is made via the projection operators which are defind as [83, 88]
Py=3 (Gt Fy), and Qy=(Gy—Fy), (7.46)
where for every vector v with components (v, v*") we have
Piv' = (v*,0), and Qfv' = (0,0"), (7.47)

with Plk = gklPli and Qf: = gkl le‘-
The separability of the higher dimensional space allows us to write the field equa-
tion (7.42) in two independent and separate field equations in the spaces M and M*

respectively. These equations are given as

R = (a+ D) g, (7.48)
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and

Ry = (@ —0) gurp. (7.49)

These equations govern the dynamics of the so called Einstein’s spaces which
have a constant curvature. Detailed studies of these spaces in the context of metric theory
are give in Ref. [83, 88].

The derivation presented in this section is different from the one given in the re-
ferred works. It is based only on affine spaces endowed with an affine connection and its
associated curvature. The metric tensors arise a posteriori as in Eddington gravity, and
finally the theory is reduced to separate spaces with two cosmological constants a + b and
a — b respectively.

Next, we will present a possible application of this formalism. We will focus on
the cosmological constant in the separate spaces and show how this constant vanishes in

one of the spaces due to projective symmetry.

7.3.2. Zero Cosmological Constant From Projective Symmetry

As we have seen so far, the cosmological constant is at the heart of the affine ap-
proach to gravity. In this sense, a nonzero cosmological constant facilitates the generation
of the metrical structure and drives the affine models to metrical gravity. In what follows,
we will discuss a mechanism that allows us to render the cosmological constant to zero a
posteriori. Although, this is generally not possible, however, the structure of the separate
spaces discussed above provides us with a particular cases, where one of the spaces may
be free of the cosmological term.

Previously, we have shown that Einstein’s space may describe two maximally

symmetric spaces (universes) with nonzero cosmological constants given by

A=a+b and A" =a—0b, (7.50)

where a and b are nonzero constants.
Generating the metric tensors forbids a zero cosmological constant in both spaces.

However, the symmetric conditions b = —a, or b = a render one of the cosmological
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constants to zero. In the first case, we have

Ry =0, Ry = 2ag,-,+, (7.51)

where space M becomes empty.

The other symmetric case (b = a) leads to

Ry = 2a9,, and Ry« = 0. (7.52)

The two cases b = a and b = —a correspond to the projection of the action (7.34)
on the spaces M and M* respectively. This can be simply shown by using the projection

tensors (7.46), thus

RiPr = (Ruw,0) and Ry Q% = (0,Ryspe) . (7.53)

A zero cosmological constant arises then in one of the spaces due to the projection on the
separate spaces. The result of this projective symmetry can be translated as follows; while
one of the universes is sensitive to a possible large vacuum energy due to the cosmological
term, the other one becomes completely empty.

In [90], Linde has proposed the antipodal symmetry in a two interacting universes
and has shown that the effective cosmological constant vanishes in both spaces when
applying that symmetry.

Clearly, our setup is not able to solve the cosmological constant problem, since
it does not explain the tiny value of the vacuum energy that arises in the other space.
Nevertheless, the separate spaces with zero and nonzero vacuum energy may, after all,
describe two states of one universe. The large vacuum energy at the early state is driven
to zero at the final stage. We will return to this case in the following discussion when we
introduce scalar fields in the setup.

Now, in the presence of a simple scalar field ¢ (x’), where 1 = 1, ..., 8, the affine

Lagrangian density takes the following form

~ VIR;(T) — 8:60;9]|
£=2 V(9) ’

(7.54)
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where V' (¢) is a potential energy, and for brevity, we will take 87G = 1.
The canonical momentum (7.36) that corresponds to the above Lagrangian be-

comes

T — \/HRZ] B ai¢aj¢H
V(o)

In this case, Euler-Lagrange equations (7.38) imply a dynamical equation similar to

(R — 0¢.00)" . (7.55)

(7.39), which finally allows us to write the field equations

In the philosophy of the separate spaces presented above, the last equation is written in

two forms

Ry = (a+b)V(¢) g + 000,90, (7.57)

Ry = (a— )V (@) gurve + Ope 9y b, (7.58)

In vacuum, we have seen that the two universes are completely separate. This is however
not the case in the presence of matter.
Now, the dynamics of the scalar field is described by its equation of motion derived

from the variation with respect to ¢. Again, this would lead to two equations of motion

0,6 — (a+b0) V' (¢)=0 and Oy¢— (a—0b)V'(¢) =0, (7.59)

where the operators O, and O - are defined in the spaces M and M* respectively.
In order to study the cosmological evolution of the scalar field, we will adapt the

previous equations of motion to the flat Friedmann-Robertson-Walker metrics

ds? = —dt? + o () dT?,  ds? = —dt* + a® (t,) dz.?, (7.60)

where the asterisks (x) refer to the coordinates of space M*.
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The second Friedmann equation arises as follows

a 4rG 7,
2o -2+ V(9)], (7.61)
s AnG T,
= 262 —2(a-v)V(9)]. (7.62)

where the time derivative in the last equation is with respect to ..
Applying the projective symmetry discussed above, the Friedmann equations (7.61)

and (7.62) become

. A .
¢ _ atdC [2¢2 _ 4aV (¢)} : (7.63)
a 3
3 A ‘
@y_ _4C <2¢2) , (7.64)
Qs 3

Here, we have taken the case b = a (equivalent to b = —a).

In cosmology, the early accelerated phase of the universe (the initial state here)
is governed by the so called gravitational mass density p + 3p, where p and p are the
density and pressure of the inflaton respectively. The gravitational mass density forms the
quantity in the right hand side of equation (7.63). In fact, from the energy momentum

tensor of the scalar field (for b = a)

1
T = 0,60,0 = 50 [(00)° +4aV (9)] (7.65)

we easily find the energy density and pressure of the scalar field as

1

p= %& +2aV (9), p=56"—2aV (9), (7.66)

and finally, the gravitational mass density takes the form

Pograv = P+ 3p = 2% — 4aV (¢). (7.67)
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On the other hand, the right hand side of (7.64) is governed by the inertial mass density
of the field. This is given by

Q'SZ = Px + Px = Piner- (7.68)

Thus, in the presence of matter, the role of the projective symmetry is to eliminate the
effects of the gravitational mass density in the final state, and the dynamics of the universe
in this case is governed by only its inertial mass density. In the case of the vacuum energy
(cosmological constant) where p = —p, the inertial mass density p + p vanishes, which is

consistent with (7.51).
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CHAPTER 8

CONCLUDING REMARKS

Purely metrical structure of spacetime where gravity is described by general rel-
ativity is essential for the very large scales of the universe. However this structure may
not be required in the very beginning. At early stages, the spacetime is purely affine in
a sense that it does not accommodate notions of angles and lengths. These notions arise
a posteriori with the metric structure when this latter is generated. The absence of the
metric tensor leaves spacetime with a very simple structure, the affine structure, in which
the affine theory of gravity is viable.

As we have mentioned in this thesis, purely affine gravity is not a new theory, it
goes back to previous classic works of Einstein, Eddington and Schrodinger as an attempts
to a unified picture of gravity and electrodynamics [29]. The failure of the purpose of
unification has led people to abandoning the affine approach by considering it as a pure
mathematical construction that lacks physical interpretations. Other affine approach to
gravity has been proposed later as a different formulation of general relativity where the
metric tensor appears as a momentum canonical conjugate to the affine connection, and
the derived field equations are equivalent to those of GR with scalar and possibly gauge
fields [32, 33]. In the recent few years, attempts have been made to consider general and
different approaches to pure affine gravity, in vacuum and in the presence of matter and
even in higher dimensions [34, 91-94].

In this thesis, we have studied this affine gravity in the presence of scalar fields.
At the first step where the field is minimally coupled, we have seen that the theory is
defined only for nonzero potential, this led out to a nonzero vacuum energy in the theory.
We have argued that this nonzero vacuum is the origin of the metric tensor from which
Einstein’s equations are written. Transition to nonminimal coupling is investigated, where
the coupling is made through the Ricci tensor. It turned out that, unlike the first case, the
nonminimal coupling in affine gravity differs from general relativity. The differences
rely on both, the improved energy-momentum tensor and the modified equation of the
field. We have seen that the improved energy momentum tensor depend on the potential
of the scalar field rather than derivatives of the field ¢ as in general relativity. This is a
consequence of the linearity of the Ricci tensor in first derivative of the affine connection.

We have shown that the transformation from nonminimal to minimal coupling is simply
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obtained through the scalar field redefinition. This shows that there is only one frame in
which affine gravity is formulated. This is arguably clear since there is only one generated
metric tensor. This means that Jordan and Einstein frames of general relativity are not
present in affine gravity.

The main goal of this thesis is to show that affine spacetime though difficult to ac-
commodate all matter fields, it serves a viable framework for studying the early universe.
In fact, in the inflationary regime and before reheating phase, only scalar fields that drive
the rapid expansion are required. We have shed light on two particular examples. The first
is the standard affine inflation where a non-SM scalar field is coupled nonminimally to
affine gravity and drives cosmological inflation. In this model, the scalar spectral index as
well as the tensor-to-scalar ratio are in agreement with the recent Planck results for some
values of the nonminimal coupling parameter [8]. The second model is based on a new
approach to induced gravity. In this induced affine gravity, it has been shown that both
gravity scale and the metric tensor gain an emergent character [9]. As in (metric) induced
gravity, Planck mass arises spontaneously in terms of the vacuum expectation value of a
non-SM heavy scalar. Additionally, the metric tensor appears dynamically from nonzero
vacuum energy which is left after symmetry breaking. Induced affine inflation, how-
ever, results in a relatively large tensor-to-scalar ratio, a feature which is generic of the
models in which gravity is induced by the vacuum expectation value of a scalar field. Last
but not least, we tackled the conformal frame ambiguities. It has been shown that since
affine gravity stands on a unique “generated” metric tensor, the familiar Jordan and Ein-
stein (conformal) frames are absent, the case which makes the affine inflation predictions
unique and frame ambiguity-free.

We have to mention here that up to now affine gravity is considered as an incom-
plete theory. In fact, a program should be pursued of incorporating all the SM matter
fields in order to complete the affine picture of matter-gravity interactions. Speculatively
speaking, the SM matter fields may also be generated dynamically at the end of inflation
where the inflaton energy is converted to SM particles and the universe becomes radia-
tion dominated. In this case, a reheating process in the context of affine gravity must be
studied. The final point concerns the quantum correction to the affine actions which have
been proposed throughout this thesis. Since these actions are not polynomials in the fields
then one might go beyond the standard techniques of field theory when performing the
covariant quantization. An alternative way is to transform these actions into polynomials
which lead to the same field equations of motion and go through the quantization in its

standard form, however, in this case one may lose the aim of affine gravity by proposing
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different forms of the action [95].
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