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LATE-TIME COSMOLOGICAL ACCELERATION
IN f(R,$,X) GRAVITY

SUMMARY

Numerous observational data indicates that the universe has undergone two phases of
accelerated expansion. First phase, inflation, is thought to have occurred before the
radiation-dominated era. The second phase is the late-time cosmic acceleration. But
the mechanism that caused it hasn’t been properly understood yet. Since it interacts,
matter wouldn’t be able to cause it; thus, the concept of dark energy arose.

In the standard model of cosmology, the cosmological constant A was considered
to be the best candidate for dark energy. A corresponds to the vacuum energy in
quantum field theories. And based on our understanding of the subject and vacuum
fluctuations, we can calculate its density. However, a substantial problem emerged
when the expected vacuum energy density was 10'20 times higher than the observed
dark energy density. Consequently, interest in modified gravity theories increased as
an alternative solution.

In this thesis, we examine and review the late-time cosmological acceleration for
several models in the f(R, ¢,X) type modified gravity.

In the first chapter, we discussed the scientific discovery process that led us to this
theory in more detail.

In the second chapter, we introduced the general formalism of the f(R, ¢,X) theory by
replacing the Ricci scalar in the Einstein-Hilbert action with the said arbitrary function.

In the third chapter, we examined cosmological applications by considering specific
models and reconstructed the gravitational actions that corresponded to them.

And lastly, we discussed our results in the "conclusions" section.
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f(R,¢,X) TEORIDE
GEC-ZAMAN IVMELENMESI

OZET

Friedmann-Lemaitre-Robertson-Walker (FLRW) metrigi, homojen ve izotropik bir
uzay1 tanimlar. Kozmolojinin standart modeli ACDM’den soz edildiginde, diiz (k = 0)
FLRW metrigi ile tanimlanan bir evrenden bahsedilmektedir. Homojenlik terimi,
evrenin uzayin her noktasinda aym goriinmesini; izotropiklik terimi ise, evrenin her
yonde ayni goriinmesini ifade eder. Burada yalnizca uzaydan bahsedildigi, evrenin
zamanda homojen ya da izotropik olmadig1 unutulmamalidir.

ACDM modeli evrenin hizlanarak genislemesi, kozmik mikrodalga arkaplan 1s1masi
(CMB) anizotropilerinin ve evrenin bilyiik 6lcekli yapilarinin karakteristikleri, ayrica
hidrojen, déteryum, helyum ve lityum bollugu gibi gbzlemlenen 6zelliklerini oldukca
basarili bir sekilde agiklamaktadir.  Ancak aciklamakta yetersiz kaldigr cesitli
problemler bulunmaktadir.

ACDM modeli ile bugiin gozlemledigimiz evrendeki gibi bir diizliik iiretebilmek
icin Hubble sabitinin baglangi¢c degeri olaganiistii hassasiyetle ayarlanmalidir; bu
"diizliik problemi" olarak adlandirilir. Ayrica, gozlemsel veriler CMB’ nin neredeyse
mitkemmel sekilde tekdiize ve izotrop oldugunu gostermektedir. Evrenin farkh
bolgelerinin, goriiniiste hi¢cbir zaman termal dengeye gelmek icin yeterli zamanlari
olmamis olmasina ragmen, ayni 2.725 K sicaklifinda olmasi sorunu "ufuk problemi"
olarak ifade edilir. Son olarak, biiyiik birlesik teoriler tarafindan Ongoriiliiyor
olmalarina ragmen manyetik monopoller, yalitilmig tek bir manyetik kutbu (manyetik
yiikii) olan teorik parcaciklar, hala gézlemlenememistir.

1981 yilinda Alan Guth, bu problemleri ¢ozen enflasyon modelini, evrenin ilk
asamalarinda meydana gelen ve iistel genismeleyle sonuclanan mekanizmay1 6nerdi.
Guth’in teorisindeki bazi sorunlara, Andrei Linde’nin slow-roll (yavas yuvarlanma)
ve kaotik enflasyon katkilartyla ¢oziim saglandi. Boylece model daha kapsamli hale
getirildi.

1998-1999 yillarinda Tip Ia siipernova gozlemlerinin verileri, evrenin beklenenden
daha yiiksek bir oranda hizlandigini ortaya c¢ikardi. Bu daha sonra CMB’nin,
evrendeki biiyiik 6lgekli yapilarin ve baryon akustik salinimlarinin gozlem verileriyle
de desteklendi. Geg¢-zaman ivmelenmesine neden olan bu itici olgu karanlik enerji
olarak isimlendirildi.

Standart kozmoloji modelinde bu ivmelenme ile iligkilendirilen 6ge kozmolojik
sabit A’dir ve kuantum alan teorilerindeki vakum enerjisine (bos uzayin enerjisi)
karsilik gelmektedir. Ancak evreni ivmelenerek genisleten seyin kozmolojik sabit
A olmas1 onemli bir sorunu beraberinde getirmektedir. Ciinkii kuantum alan teorisi
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ve vakum dalgalanmalar1 hakkinda bildiklerimizi kullanarak hesapladigimiz vakum
enerji yogunlugu ile gozlemlenen karanlik enerji yogunlugu arasinda 1020 kat fark
bulunmaktadir; gozlemlenen deger, beklenen degerden ¢ok daha kiigiiktiir.

Bu sorunu ¢dzmenin bir yolu geometrinin kendisini degistirmek, genel goreliligi
modifiye etmektir. Bu modifikasyona basit bir 6rnek f(R) teorisidir; burada
Einstein-Hilbert eylemindeki Lagrangian, Ricci skalerinin keyfi bir fonksiyonuyla
genellestirilir.

Bu tezde Ricci skaleri R’ye ek olarak keyfi fonksiyona ¢ skaler alan1 ve X kinetik
terimi eklenmis; f(R, ¢,X) teorisi incelenmistir. Calismamizda Bahamonde, Bohmer,
Lobo ve Sdez-Gomez’in makalesi referans alinmis ve makaledeki sira izlenmistir.

Ikinci bolimde f(R,¢,X) teorisinin genel formalizmi ele alinmistir. Oncelikle
eylemin metrige ve skaler alana gore varyasyonu sifira esitlenerek alan denklemlert;
ardindan alan denklemleri kullanilarak Friedmann denklemleri elde edilmistir.
Skaler alanin karanlik enerji gibi davrandigi ve Friedmann denklemlerini sagladigi
varsayilarak, karanlik enerji yogunlugu ve basinci tanimlanmigtir. Bu karanlik enerji
bilesenlerinin siireklilik denklemini sagladig1 gosterilmistir. Son olarak, karanlik enerji
icin hal denklemi ve yogunluk parametresi tanimlanmusgtir.

Uciincii boliimiin ilk asamasinda f (R, X,¢) = 7(X, ¢) R segilerek Brans-Dicke tipi bir
eylem tanimlanmistir. Burada Friedmann denklemleri kullanilarak

d*y(r) dy(r)

denklemi elde edilmistir. Bu denklem de-Sitter, {is-yasasi (power-law) ve ACDM
gibi gec-zaman ivmelenmesini iiretebildigi literatiirde iyi bilinen cesitli Hubble
parametreleri tanimlanarak ¢oziilmiigtiir.

Ugiincii boliimiin ikinci agamasinda ise f(R,X,¢) = o(R) + 7(X, ¢) segilerek skaler
alanin minimal baglh oldugu bir bagka kiitle cekimsel eylem, daha sonra Starobinsky
enflasyonu da tanimlanarak incelenmistir.

Son boliimde ise elde edilen sonuglarin degerlendirmesi yapilmistir.

XX



1. INTRODUCTION

The Friedmann-Lemaitre-Robertson-Walker (FLRW) metric

ds* = —dt* +a*(t) + 7 (d6* + sin*0d¢?) (1.1)

1 — kr?
describes a homogeneous and isotropic universe. Here, k can take the values

{—1,0,+1}. And depending on its value, it indicates whether the universe is open

(hyperbolic), flat or closed (spherical), respectively.

When we refer to the "ACDM model", also known as the "standard model of
cosmology", we are talking about an adiabatically expanding radiation-dominated
universe described by a flat FLRW metric [1]. And it quite successfully explains the
observed features of the universe; such as its accelerating expansion, the characteristics
of the cosmic microwave background (CMB) anisotropies, the characteristics of
the large-scale structures of the universe, as well as the abundances of hydrogen,
deuterium, helium, and lithium [2]. However, there were the remaining flatness,

horizon, and magnetic monopole problems.

The universe we observe today appears to be quite flat. To produce such flatness
in ACDM model, the initial value of the Hubble constant (Hp) must be fine-tuned
with exceptional precision. This is known as the flatness problem. Furthermore, the
observational data reveals that the CMB is almost perfectly uniform and isotropic.
Which raises the question: How can these distant regions be at the same temperature,
even though they have never been in causal contact to reach thermal equilibrium?
This is referred to as the horizon problem [3]. Lastly, magnetic monopoles are
self-explanatory theoretical particles, that were predicted by the grand unified theories
(GUTs). But despite the theoretical predictions, they have never been detected in the

present-day universe.

As a resolution to these problems, A. Guth suggested the inflationary model. A

mechanism that takes place at early stages of the universe and results in an exponential



expansion [1]. Guth’s model initially had some problems but became more complete

with Linde’s slow-roll and chaotic inflation contributions [4,5].

In 1998-1999, observations of Type Ia supernovae revealed that the universe is
accelerating at a rate higher than expected [6,7]. This finding was later supported by
observations of CMB, large-scale structures, and baryon acoustic oscillations. The
repulsive phenomenon causing this late-time cosmic acceleration was named dark

energy.

In standard model of cosmology, the element associated with this acceleration is the
cosmological constant A. And it corresponds to the vacuum energy (energy of the
empty space) in quantum field theories (QFTs). However, the observed dark energy
density is too small compared to the expected value of vacuum energy density. This

remains a major unresolved matter in modern cosmology.

One way to approach this problem is to modify the geometry itself. A simple
modification to general relativity is the f(R) gravity; in which the Lagrangian in the

Einstein-Hilbert action is generalized by an arbitrary function of the Ricci scalar [8].

In this study, we are going to consider f(R, ¢,X) gravity; where in addition to the Ricci

scalar, we introduce a scalar field and a kinetic term to our arbitrary function.



2. f(R,¢,X) TYPE GRAVITY MODELS

Generalized theories of gravity, such as f(R), f(R,¢), f(R,T) gravity, are widely
studied and their observational constraints are presented in modern cosmology
literature [8]-[15]. In this thesis, we consider the gravity model f(R,¢,X) to
understand the cosmological effects of modified gravity on the late-time acceleration
and whether it can overcome the shortcomings of ACDM cosmologies. In accordance

with this purpose, let us consider the general action as follows:

S=/d4x¢——g[§ £ (R9.X) + L @

Here, f(R,¢,X) is an arbitrary function of the Ricci scalar R, the scalar field ¢ and the

kinetic term X. The kinetic term is defined by [16]

X=—5(V9),

g"" g ovo.

(2.2)
X =

t\JI~NI>—*

On the other hand, L,, = L,,(g, y) is the matter Lagrangian. Here, matter is minimally

coupled to the metric field and y represents all matter fields.

2.1 The Field Equations

The field equations for this action can be obtained by taking its variation with respect
to the metric tensor g,y and the scalar field ¢. Varying the action with respect to the

metric tensor gives us

4 V- V=g df
65 /d |: 6\/ +Wﬁ5gR+22 8X6X+5 (\/ L)
2.3)

To solve this equation, first we need to find the variation of the metric determinant g,

where

g=det gy. 2.4)



For any matrix M, Tr(InM) = In(detM). The variation of this identity yields [17]

Tr(M~'6M) =

Y, O(det M).

Applying this to the metric using M = g,y transformation leads to
pv 1
g" dguy = p o8, (2.5)
and with this result, one can see that
— _ V&
6 — &8 = T g'uv 58#\/. (2.6)
Using the following transformation

guv & =5 — 8(guv ") =6(8) =0,

gV oguy = —guvogh’, (2.7)
we obtain
Sy/—g = ——Vz_gguVSg“V. (2.8)

Next, we will determine the variation of the Ricci scalar (curvature scalar). The Ricci

scalar is defined by [18]:
R = g'uvR’uv - g'uvRuv, (29)

where R,y is the Ricci tensor. Hence, the variation of the Ricci scalar can be written

as
6R:Ruv6g'uv+g'uv5Ruv. (2.10)

The Ricci tensor is the contraction of the Riemann tensor Rﬁ pv [18], which is given by

o
Ruv = Rypv,
P P o o P 2.11)
o} o}

So the variation of the Ricci tensor is

SRuy = (apsrﬁv +T0,6T9, — rgusr’ja) _ (&vsrgu +10,6T5, - rgv(sr,’;(,) .



The variation 5Fg u itself is a tensor. Therefore its covariant derivative is [17]
Vy8Th, = 0y61p, + 105819, — 9,815, —I'7, 8%, (2.12)
This gives us the Palatini Identity:
SRuy =V, 8T, — V818, (2.13)
and the variation of the Ricci scalar (2.9) turns into
SR =Ryy8g" + gV (V8T — Vy6Ip,). (2.14)
The variation of the Christoffel symbols can be written as [19]
1
5Fﬁv =5 g (Vu5gav +Vyogau — Voc5guv) ) (2.15)
therefore
1
Using (2.7) we can find

guvgpavpvu 08av = —gavgpanV“ sgY,
p
oy

gV eP*V,Vbgay = —Vy V88,
and rearrange the equation
SR = (Ruv —VyVy) 8g"¥ + % (8uv8”*VpVadg" +g"V gpa VvV, 68P%),
SR = (Ruv —VyVy) 8g"¥ + % (8uvVPV, 88" +8pa V'V, 88P%).
Changing the indices v — p, p — 1 and o¢ — Vv gives us
SR = (Ruv — VuVy) 6g"Y +guv VPV, 68",
The covariant d’ Alembertian operator is
O=VPV,=V,VF. (2.16)
Therefore, the variation of the Ricci scalar is obtained

SR = (Ryy + guvO—VuVy) 88" 2.17)



Lastly, from the equation (2.2) we find the variation of the kinetic term X with respect

to metric as

0X = —%sgﬂvamav(p. (2.18)
Using the equations (2.8), (2.17), (2.18) and denoting
af
F = 3R’ (2.19)

the variation of the action (2.3) turns into

1
05 = /d4x { 22 (_]EC V=g guv 88" + /=g F (Ruv +guv =V, Vy) g

k2
- ?fx 6" ¢y +0 (\/__ng)>} .

(2.20)

Using integration by parts, one gets
FgMVDSg“V =V [FgquaSguv} - [VaFguv} Vadgh',
[VaFguv] Vadgh' =V [8quaF68'uv] — gk’ [gquaVaF} )
Fg#vlj5g'uv = V(X [Fg“VVaSgp‘v} — Va [g“vVaF6g'uv] + Sgﬂv [gquaVaF] .

The first two terms are total derivatives, resulting in a boundary term that generally

vanishes in the action integral. Therefore

FguyOoghY = 6g"Y g,vOF. (2.21)
Using the same method, one can prove that

FV,V,6g"" = 6gt"V,VF. (2.22)
Substituting (2.21) and (2.22) into (2.20) results in

1 1
05 = /d4x 8 [W (_Efgﬂv5gw+5g“v (Ruv +guv—=VuVy) F

1 v 1
- 558” f,X¢,u¢,v) +\/——_g5 (\/__ng)} )

- 1/ 1 1
55— /d4x _\/2g S {_ (_Efg,w + FRyy + guyOF —V,Vy F — Eﬁxgb,ugb,v)

K'2
I 5(\/—_ng)]
v—g &gt |

(2.23)



The matter energy-momentum tensor 7,y and the Einstein tensor Gy are defined as

[17]:

m 2 O(v/—gLm)
T = - = g (2.24)

1
guvR. (2.25)

1
Guv = Ryy — 2g,uvR — Ruv= G,uv+2

Using these definitions and keeping in mind that the action remains invariant under

variations of the metric 65 = 0 [18], the equation (2.23) becomes

0S = /d4 5 “v{ ( fguv+FGyv+1

2gquR+guvDF

(2.26)
— V,V\F— Eﬁx¢#¢7v> - T,ET)} ~0.

Hence, varying the action (2.1) with respect to the metric tensor gy, yields the

following field equation

1 1 .
FGuy =~ (f— FR) guv + VuVyF — guOF + = fx a0y + KT . (2.27)
2 2

Now we will vary the action (2.1) with respect to scalar field ¢ as follows
v—g|d d
89S = /d4 T [ f5¢cp+ f5¢X (2.28)

Through the definition of the kinetic term (2.2), its variation with respect to scalar field

can be expressed as

X =3 (Vu0) (749),

1
8X =~ [(Vu9) (V49) + (Vu0) (V#59)]
8X =—(Vub9) (VH9). (2.29)
Using integration by parts

fx (Vud9) (V') =Vu (fxVH$89) — Vi (fxV"$) 59,

and eliminating the total derivative

Fx8X = fx (Vu89) (V*9) =V, (fxV"9) 59, (2.30)



one can see that the equation (2.28) turns into

2K2

SS:/d4x 8 [ﬁq,-l—V“(ﬁXV“q))} 09 =0. (2.31)
Therefore, variation of the action (2.1) with respect to the scalar field ¢, yields

fo+Vu(fxVHe)=0. (2.32)

2.2 The Friedmann Equations

Now for (2.27), taking into account a flat FLRW metric (1.1) in spherical coordinates
ds* = —dt* +a*(t) [dr* + 7 (d6* + sin*0d ¢?)] , (2.33)

where a(t) is the scale factor. Therefore the metric and the inverse metric tensors takes

the form

guv = diag (—1, az, a2r2, azrzsinze) ,

1 1 1 (2.34)
W _ diag (1, = .
& zag( " a?’ a?r?’ azrzsinze)

Christoffel symbols are given by [18]

a _ 1 o aguﬁ agvﬁ B dguv
Tiv=28" {50 T om ~ 008 ) (2.35)

so for the metric (2.33), the non-zero components of Christoffel symbols are

0 .
I}y =aa, l“%z =—r
O _ .
Iy, =aar=, 1"%3 = — rsin’0
o _ .2 .72 .
I35 =aar~sin“0, 1“%3 = —sin6 cos6
4 . 2.
Loy 2 Iy == =
: a
2 _a 1
1—‘02 :57 1—?3 ==
r
» 1 3
FIZ :;’ F23 :COIG.

Using the definition of Ricci tensor (2.11), the values of the Christoffel symbols given

above, we obtain the following results:

a 2/ . -2
Ropp = -3 —, Ry =r“ (ad+2a
00 . ( ) 037
Ry = ad—|—2d2, R33 = r2sin*0 (ac’i—i— 26'12) .



So the Ricci scalar (2.9) can be found as

R= % (adi+a?) . (2.38)

The Hubble parameter (the rate of expansion) and its derivative with respect to time
are

. .. %)
a

. 2.39
ot (2.39)

Therefore, the Ricci scalar can be expressed in terms of the Hubble parameter as
R=6(H+2H?). (2.40)
Energy-momentum tensor for a perfect fluid is [18]
™ = (p+ p)utu’ + p g"", (2.41)

where p is the energy density, p is the pressure and four-velocity u* = (1, 0, 0, 0).

Therefore:

Tyy = diag (P, p &) (2.42)

The first Friedmann equation is derived from the 00 components of the field equations

1 = —1 —FR +V V F VoV F 1 m
GOO 2 (f )800 ovo g00VY0 0 2f,X ¢70¢70 K220(0 ),

1 1 ) 1, (99’
F (Ro() - EgooR) = 5 (FR—f) +F+V0VOF+ EﬁX (8_(11‘)) + szm.

With the definition of the covariant derivative, one can prove that

. ap_ 1 — o8
OF = VaVirF = —— e <\/_gg aﬁF). (2.43)

The determinant g (2.4) for FLRW metric (2.34)

g= —a®rtsin’0 — V—g= a3rzsin9, (2.44)
hence
0 1 o0 3 0 .
VoV'F = = =— (—a’F) — VoV’F=-3HF —F. (2.45)
a’ ot



Using (2.45) and our findings from (2.37) to (2.40), we obtain

i R\ FR i} A
F-3-+= :——£+F—3HF—F+—ﬁX¢2+K2pm,
a 2 2 2 2

R 1
_3F (6 —H2) = —g —3HF + Ef,x¢2+ K-

Scalar field ¢ is only dependent on time and covariant derivative of scalar field is

simply a partial derivative V,;¢ = d,¢. Therefore
X = _%gﬂvawavqs — X = —%g()o&o(l)&o(l),
X =-(¢). (2.46)
Thus, we obtain the first Friedmann equation

1 .
3FH> :ﬁXX+§(FR—f)—3HF+K2pm. (2.47)

The initial step in deriving the second Friedmann equation is to find the trace of the
field equations [18]. With that aim, first we will multiply the field equations (2.27)
with ghV:

1 1
g"'F (Rﬂv = —guvR> ) (f—FR) 8“v8uv +8“vvquF _8“vguVDF

2
1
+ Eg“vﬁx¢,u¢,v + Kzguth%)'
Using the definition of the Ricci scalar (2.9), d’ Alembertian operator (2.16) and the

equations below
" guy =4, g"gii =3 (2.48)

as well as the following result for the energy-momentum tensor in FLRW space-time

(2.42)
g Tuy = 8°p + pg"gii,
T =g"Ty =3p—p, (2.49)
we can find the trace of the field equations
FR—2FR=2f—2FR+0OF —40F + %]{quq;,v +x°T,

1
FR:2f—3DF+Ef7X¢’V¢7V+K2T (2.50)
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If we rearrange this as follows

1 1 1
and plug (2.51) into field equations (2.27)

1 1 1 FR
1
— g OF + 2 fxfudu + T,
then find the 00 components

1 1
FRy = 7800 <FR+ 3VOVF — Ef,x 200 9,000 — K2T> +VoVoF —gooV°VoF

1
5 /x0000+ KTy,

. 1 . . . .
—3FH —3FH>=— y (6FH +12FH* —3F —9HF + fxX — k°T) — 3HF
+ﬁXX+K2Pma
. . . ! 1 .
—4FH — 4FH* :—2FH—4FH2+F+3HF—§]ﬂXX+§K2T—4HF
4 4 ,
—fxX+-K
+ 3f,X + 3 Pm;
y . . 1 4
—2FH =F —HF + fxX + §1<2 (3pm — Pm) + §;czpm,

we obtain the second Friedmann equation

—2FH = F —HF + fxX + & (Pm + Pm) - (2.52)

Now, applying the covariant derivative in the second term on the left hand side of

equation (2.32), gives us

Viu(fx 8"Vovd) =y (fx g"Vvo) +Tou (fx 8% ove). (2.53)

The only non-zero Christoffel (2.36) and metric (2.34) terms results in

Vi (fx 89v9) =00 (fx §%°909) + T4 (fx §°09),
Vi (Fx 84Y9v0) =~ (fx) =37 (fx9). 2.54)

and the equation (2.32) turns into

fo = (fx6) =32 (£x) =0,

11



Rearranging this using the fact that
co. ., a .
(@'fx9) = @ (fx9) +3(a’fx9),
leads us to

1 .
g(cﬁf,w)—f,x = 0. (2.55)

At this stage, we think that the scalar field behaves like dark energy and assume that it

satisfies the following Friedmann equations [16]:
3H? = k% (o + PpE) , (2.56)
—2H = K> (Pm+ Pm+ PpE + PDE) - (2.57)

Now let us compare these with Friedmann equations (2.47) and (2.52) to define dark

energy density and pressure. Substituting (2.56) into (2.47) gives us
3FH? = fxX + % (FR—f)—3HF + (3H* — K*ppE) ,
K*ppE :ﬁXX+%(FR—f) —3HF +3H*(1—F). (2.58)
Applying (2.57) into (2.52)
—2FH =F —HF + fxX + (—2H — x* (ppe + ppE)) ,
and using the equation (2.58), gives the following results
K?ppe = F —HF + fxX —2H (1 —F) —ﬁXX—%(FR—f)+3HF—3H2(1 —F),

KZpDE:FHHF—%(FR—f)— (2H +3H?) (1—F). (2.59)

Now, we are going to see if these effective dark energy components satisfy the usual

conservation equation. The covariant generalization of the conservation equation of a

perfect fluid [18]

Ty =Th"+Tg, TP+, TH =0, (2.60)

Whenv =0

uo _ 10 “ B0 0 up
VuTH =T+ 1Ty TPO4Tg, THP,

+1% 7% 10 7
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Using the non-zero components of the Christoffel symbols for FLRW metric (2.36)
and energy-momentum tensor (2.42) for matter T(f; ‘)/ = diag (pm, pm 8"). the equation

becomes

VoT (o) = 00Pm+3HPm+T11pm 8" +T5pm &2 +T33pm &7,

00 _ . Pm .me .2 .2 Pm
VoTi,y = Pn + 3HpPm +ad ~p hadr” 55 +adr’sin Gm,
. a
VoT() = Pin+3Hpn +3pu_ =0,
Pm +3H (Pm+ pm) =0 (2.61)

Turning back to the equations (2.56) and (2.57) to obtain a similar result:

-2 ... .3
Kz(pm+pDE):3a_2 — Kz(Pﬁ+pr):6(g—a—3>,
a a a
k2 (Pim + ppE) = 6HH,
. Ay .
H = ofl (Pm+ PDE) - (2.62)

Insterting (2.62) into (2.57)
_ K

3H

Pm~+3H (Pm~+ pm) + PpE +3H (PpE + pDE) =0,

(P + PDE) = K (P + Pm + PDE + PDE) ,

results in

ppe +3H (ppe + ppe) = 0. (2.63)

Finally, we will define the dark energy equation of state wpg. The general formula of

the equation of state is [18]

o="L (2.64)
p
Rearranging the equation (2.56)
K*ppe = 3H? — K pp, (2.65)
and (2.57)
—2H =Kk* (pw + ppE) + 3H,
K2 ppEe = — (K2 pm+3H? +2H) . (2.66)
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The ratio of these two equations, (2.66) and (2.65), gives us

WOpg =

PDE

PDE

—

Wpg =

_2H+3H2 + K2 pim

3H? — k2p,

Since p,,, = wp,, from (2.64), we can also express this equation as

Density parameter is [18]

Opg = —

where p, is critical density and

Now let us define [16]

therefore

Q

2H 4+ 3H?> + K2 wp,

3H? — k2p,,

2P
3H?’
20 K> Pm
32 T I+ 3H?
K20
1= 3H?

14

(2.67)

(2.68)
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3. LATE-TIME COSMIC ACCELERATION EXAMPLES

The aim of this chapter is to consider some specific forms of the action (2.1) and then
reconstruct some well-known cosmological solutions which are capable of reproducing
the late-time cosmic acceleration, such as de-Sitter [20,21], power-law [12,22,23] and

exact ACDM solutions.

3.1 Brans-Dicke Type Models

In 1961, C. Brans and R.H. Dicke introduced a non-minimally coupled scalar-tensor
theory with the intent of incorporating Mach’s principle into General Relativity [24].
In recent years, Brans-Dicke theories have regained interest due to their cosmological
implications, providing an alternative to the existence of a dark energy source [25]. In

this section, we choose f (R, X,9) = v(X, ¢) R to examine a Brans-Dicke type action

1
S:/d4x\/—_g {my(X,MRJer . (3.1)

Here, the function y(X, ) is coupled to the gravitational field through the Ricci scalar
R. So the kinetic term is also part of the coupling to the Ricci curvature. First, we vary

the action with respect to metric tensor

58S = /d4 |: 6\/_—{— \/_RaY( >5X—|—’Y(X7¢)\/__g3R

0X 2K2

(3.2)
+6 (\/—_ng)] :

Substituting the equations (2.8), (2.17) and (2.18) into the equation (3.2), one can see

i o[ (S FEene) o ()

\/2_2y (Ruy +8uvE =V Vy) 8gH) +6 (\/—_ng)] .

Here, using integration by parts, like we did for equations (2.21) and (2.22)

that

Vguv[mg'uv = Sg'uvg,uvm%
}/Vqu5g”V = 5g“VVqu}/,
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we obtain the following solution

N — 1 R R
oS = /d4ng5g“v [ (—%g,uv_ 57’,X¢,u¢,v+7Ruv +guvDy—Vqu}/)

K2
I 5(\/—_ng)]
V=g ogv |

Since 65 = 0 and the definitions of Ty, and Gy are given as (2.24) and (2.25), we

obtain the field equations as follows

YR R YR m
— 5 8uv— E'}’,X‘P.,,UQV —YGuv + 5 8uv +guvdy =V, Vyy = KZT‘LEV)7
R 2 (m)
YGuy = E'}’,X(D,LL‘P,V —gulYy+VuVyy+ k7T, . (3.3)

The first Friedmann equation is derived from the 00 components of the field equations

(3.3)

1 R
Y (Roo ~ §g00R> = 5?’,x¢,0¢,0 —g00VoV2y+ VoVoy+ KZTo(Sn )

Similarly to (2.43), one can see that

il 1 aff
Oy = \/_—gaa (\/—88 9;37) ;
VoV'y = —y—3H7y. (3.4)

Here, using the equations (2.34), (2.37), (2.38) and (2.42), the first Friedmann equation

is obtained as follows

i R R ; .. S
7(—3 ;+—) = ¥x 02+ 7= 3HY— 7+ K pm,

2
- 2, YR o2
—3vH —3yH" + 5= Yx XR—3HY+ K pp,
—3yH — 3yH? + g (6H + 12H?) = yx XR — 3HY+ K> P,

3yH? = yx XR—3H7+ K°py. (3.5)

Now for the second Friedmann equation, we are going to multiply the field equations

(3.3) with g"V to find its trace

1 R
v g (Ruv - EguvR> = EXXguV‘P,u‘P,v — " euOy+¢""'VuVyy+ KzguvTuw

R
2YR = YR+30y =S 7x9" 0y — KT (3.6)
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If we rearrange this equation

R g R
%guv = %v (yR+3Dy— E'}’,X‘PN(PN - KZT) )

and plug it into field equations (3.3), we get

g R R
YRuv — %v (7R+ 30y — E'}’,X‘P’pr,v - KZT) :EY,X(P,H‘P,V —guvly
+VuVyy+ Kzg“vT’E'(/l).

Considering the 00 components of this equation

) 1 )
—3yH —3yH* + 1 (v(6H +12H?) —37—9Hy— yxXR — k*T) =yxXR—7—3H7

+ ¥+ K P,
. . XR k% 4XR o 4x?
—2YH —Y-3HY— —Yx— 5T =—F"Yx —4HY+ —Pm,
3 3 3 3
the second Friedmann equation is obtained
—2yH = YxXR+§—HY+ K> (P + pm) - (3.7)

The sum of the first (3.5) and second (3.7) Friedmann equations gives us

—YH —3yH? = 7+ 2HY+ K*pp.

Here, taking into account that pressure of the matter (dust) is zero [18]:

pm =0, (3.8)

and rearranging the equation, results in

d*y(r) dy(r)
dt? +2H dt

+ (3H*+2H) y(t) = 0. (3.9)

This equation can be solved by introducing a designated Hubble parameter.

Reorganizing the first Friedmann equation (3.5) gives us

3yH? +3HY— K*pp,

R (3.10)

YxX =

17



Action (3.1) can be altered with a specific form of y(X, @), which has to satisfy (3.10)
[16]. As an example to this alteration, let us consider the standard form of a scalar field

Lagrangian

VX, ¢) =X -V(9). 3.1

This turns the equation (3.10) into

_ 3YH?+3H7— Kpy

X 3.12
- (3.12)
Using the continuity equation (2.61) and p,, = 0 we get

dpm _

4Pm _ _spar P = e 3/ HAHC,

m
Redefining ¢ = and setting the constant term to e = pg, we get
P = poe 1 40H. (3.13)

Substituting this result into the equations (3.11) and (3.12), we can rewrite the kinetic

term and the scalar potential as

X(p) = JOH+3HY(9) — K2poe> /41

(3.14)

Now we will consider several cosmological solutions.

3.1.1 de-Sitter reconstruction

In 1917, de Sitter found a solution to the modified Einstein equations that included
the cosmological constant A [26]. Initially, this solution portrayed a static model
describing a space with zero matter density (vacuum). However, it was later understood

that this model could also represent the currently observed expansion of the universe

[27].

In summary, inflation and late-time cosmic acceleration can be described as de Sitter
solutions with perturbations, playing a crucial role in cosmological models. The
solution is described by an exponential expansion of the scale factor a(t) = age™,

which gives a constant Hubble parameter [20,28,29]

H = Hy = const. (3.15)
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So the equation (3.9) turns into

d>y(t dy(t
%g)—MHO%jLSHg}/(t) = 0. (3.16)

To solve this differantial equation, let us take y(z) = e* where « is constant

ot ot

Y1) =e* = Y1) =ae™ — (1) =a’e™. (3.17)

With these transformations, (3.16) turns into

a’e®™ + 2Hyoe™ + 3H§eat =0,

o’ 4 2Hy+3HG = 0.
Using the quadratic formula, we get two complex conjugate roots
oy = —Hy+iV2Hy, o =—Hy—iv2H, (3.18)

therefore, the general solution of the differential equation takes the form

V() = Cre®' 4 Cre™, (3.19)
¥(r) = e~ Hot (cl ¢iV2Ho! | Cze*"ﬂHOj . (3.20)
) th) ’
Now, defining
x(0) = (Cle"m’(ﬂ + cze—iﬁH0’> : (3.21)
Ci=MeP, =N, (3.22)

1(1) = Ayl (Brv2Ha) | g oi(Br—2Hor),

and using Euler’s formula ¢?® = cos@ + isin®, one can see that

%) = Aicos (ﬁl n ﬁHOt) +ilysin <[31 + \/EH();)
+ Ascos <B2 — \/§H0t> +idysin <l32 — \/EHot) )

To get rid of the imaginary components, we choose

Aysin (/31 + \/§H0t> + Apsin (ﬁz — \/EHW) =0,
Asin (B] + \/iHot) = Aysin (\/iHot — Bz) )
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Hence A; = A, and fB; = —f3;, and the equation turns into
%) = Mycos <B1 + \/§H0t> + Aycos (—Bl - \/EHOr) ,
x(t) =2Acos <[31 + \/§H0t) :
Here, setting the constants as C = 21, and B; = —v/2Hoto, leads us to
x(t) = C cos [\/EHO (r— zo)] . (3.23)
Substituting (3.23) into (3.20), we obtain
Y1) = e HIC cos [\/EHO (r— t())] . (3.24)

To find the kinetic term and the scalar potential (3.14), first we need to differentiate
v(¢) with respect to time. Then set ¢ =z, therefore
¥(t) = —Hoe H'C cos [\/EHO (r— to)} — e M'C\/2Hy sin |:\/§H() (r— to)} :
37(9)Hg +37(¢)Ho — k*poe 31 40Ho
R )
CeHo? [—3\/§H3sin (\/EHO (¢ — ¢0)>] — K2 pge3Ho?
= .
For Hubble parameter H = Hy, the Ricci scalar is R = 12H§, gives us the following

X(9) =

X(¢) =

results

_BﬁHgCe_Ho‘z’sin [\/QH() (¢ — (Po)} szoe—’:’Ho(p

X =
() 12H} 126}

— ¢ H? ip [\/EHO (0 — ¢0)] - ip(; e3Mh?, (3.25)
120

V(g)=X(¢)—v(9),
V(9)=—Ce 0 [2%/5 sin <\/§Ho (¢ — ¢0)> + cos <\/§HO (¢ — ¢0)>}

_ KPP0 3
12H}?

V(§)=— g o~ Ho? [\/5 sin (\szo (¢ — ¢0)> +4cos <\/§H0 (¢ — ¢0)>]

K o 3Hoo
12H}?

Unlike the standard General Relativity, this action results in a constant Hubble

Y

(3.26)

parameter in the presence of matter (dust) and scalar field, but without a cosmological

constant.
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3.1.2 Power-law reconstruction

Power law solutions hold great importance in cosmic history, as radiation-dominated,
matter-dominated, and dark energy eras can be described by power law expansions.
Additionally, power-law solutions can be applied to certain special cases, including

the possible phantom epoch [12,29].

Now let us consider a power-law solution where the scale factor has a power-law

dependence on time
a(t) =apt". (3.27)

We can find the Hubble parameter and its derivative with respect to time

a(ty=agnt" !, () =agn(n—1) "2
L (3.28)
a t
.. a9
. a a . n
H==—— S /H=—=. 3.29
a a & (3:29)
When we plug these into the equation (3.9), we get
d*y(t) n dy(t) n? n
— 42 - —= 35—-2=5)v()=0
a2 i a 02 12 v =0,
d*y(1) dy(t)
2 —
which is in the form of Cauchy-Euler equation. To solve this, we assume [30]
yt)=1" — yt)=mt"" — Jt)=m(m—1) "2
Therefore
2 mm—1) "2 420t m ™' +n(3n—2)" =0,
m? 4+ (2n— D)m+n(3n—2) =0.
Solving the quadratic equation, we get two distinct roots
1 —2n++1+4n— 8n? 1 —2n—+/1+4n—8n?
my = ;M= .
2 2
If we define
1-2 V1+4n—8n?
p= n — vitan—son” (3.31)

2 4 2
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then m; = p+ g and my = p — q. Therefore our solution to (3.30) is

Y1) =C "™ +Cy 1™,
Y(t) =Cr P4 CreP 7, (3.32)

7(6)=Ci(p+q) 1"+ Co(p—q) 1777

Redefining the scalar field to coincide with the cosmic time ¢ = ¢, makes the Hubble
parameter H = n¢ ! and the Ricci scalar R = 6n(2n — 1)¢ 2 . Hence, the equation

(3.14) transforms into

309 2[Cung? 9+ Cond? I +Ci(p+4)9" I+ Calp —)9” ]

o) 6n(2n—1)¢—2
K2p0€_3f%d¢
X(9) _Ci(n+p+q)9P 1+ Co(n+p—q)9P 1 K2podPe 0

2(2n—1) 6n(2n—1)

If we substitute p using (3.31) and notice that e 3" "¢ = ¢ =" we obtain the kinetic

term and the scalar potential (3.14) as follows

C1(1429)pPT1 +Cy(1 —2q)¢P~ 9  K2pop>~"

X(9)= 42n—1) T en(2n—1)
X(9) =4(2n]—_1) {q(l F2g)0704Co(1 - 29)97 1~ o 2K2Po¢2_3"} - (333)
v(p) =CLF 20097 + Co(1 ~2)¢7 Kpod® " pia .

4(2n—1) ~ 6n(2n—1)

1

V(q)) :—4(211— 1) {Cl(S — 8n—|—2q)¢17+q —f—Cz(S —8n—2q)¢p_q _ 3in 2K2p0¢2—3n:| _

(3.34)

Thus, we have obtained the gravitational action that can regenerate power-law

solutions.
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3.1.3 ACDM reconstruction

At first, we are going to redefine the matter (dust) density p,, in terms of the scale
factor a(r). Using the continuity equation (2.61) and the fact that matter pressure
pm =0(3.8), we get

. 1 dpy 3 da
— 3H — w2
pm pm — pm dt a dtu

Inpy, = Ina=3 +C.

If we define the contribution from the integration constant as p,, o, we find the

following relation

P =Pmoa > (3.35)

Using the definitions of density parameter (2.69) and critical density (2.70), the matter

density for today can be expressed as follows

Pm,0 = Pc,0 -Qm,Oa (336)
where
3H}
Pco = 7 (337)

Therefore the equation (3.35) turns into
P = Peo Qo a . (3.38)
The continuity equation for cosmological constant A is
Pa+3H(pa+pa) =0. (3.39)
The relation between the density and the pressure of the cosmological constant is [18]
PA = —PA- (3.40)

Using this relation and the continuity equation (3.39), one can see that

dps

=0 = 3.41
I — PA = PAD; (3.41)
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therefore
PA = Pec,0 QA0- (3.42)
Substituting the equations (3.42) and (3.38) into the first Friedmann equation (2.56)
3H? = k% (Peo Qo a >+ Peo Qo)
and using (3.37), we obtain
H?* = Hf (Quo a > +Qayp) - (3.43)

The continuity equation is valid at all times, so it should also apply at the present time

Io
a(to)
Hy = , (3.44)
07 at)
3H; = K*(Pm.0+ PA0)-
2
K Pm,0+ PAO
1= — + — 1= 7Y
3 (Pm0+PA0) oo
Q.m70 + QA7() =1. (3.45)
The redshift z is defined as
z=a ' +1. (3.46)

Using (3.46) and (3.45) and plugging it to (3.43); we obtain the Hubble parameter in

terms of redshift, which is used to express the ACDM model

H(z) = Ho\/Quo(1+2)° + 1 - Q. (3.47)

Now we are going to reformulate the equation (3.9) in terms of redshift. First, let us
see how to convert time derivatives to redshift derivatives. Using the equation (3.46),

we get following relations

d dz d d
— =" =_(1 H —. 4
dt dt dz (1+2) dz (549)
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To express the derivative with respect to redshift, using diz =

U any, 350
d*y d /

= (~(+aHY),

2

‘;—ﬂy: (14+2)H*Y + (1+2)HH'Y + (142)*H*Y". (3.51)

Finally, for Hubble parameter, using (3.47)

3 H?
H ===20 ,(1+2)? 3.52
2 H ,0( +Z) ’ ( )
. 3 H? dz
H==-20,01+z2)?>=
2 H mo(1+2) dt’
H=-(1+z)HH' (3.53)

When we plug (3.50), (3.51) and (3.53) into the equation (3.9), we get
(1+2)*H*Y' + [(1+2)*HH — (1+2)H?*| ¥ + [3H*> —=2(1 +2)HH'| y=0. (3.54)

Now let us solve this equation as ¥(X,¢) = y(z) for ACDM model using (3.47) and
(3.52), as follows

Hy(1+2)* [Quo(142)° + 1= Qo] V'

+H;(1+2) %Qm,o(1+z)3—ﬂm70(l+z)3—1+Qm70 Y

+3HE [Quo(14+2)> + 1= Qo — Quo(1+2)°] =0,

2(142)* [Quo(14+3z+322 +27) + 1 — Qo] V'
+ (142) [Quno(1 4324327 +2°) —2+2Q,,0] ¥

+6[Quo(32+37+27) + 1= Quo(1+3:+32+2%)] y=0,

2(1+2)? [Quoz(3 +3z+2%) + 1] ()" + (1+2) [Qmo(3 +3z43272+7°) — 2] y(z)

+6[1—-Q0]7(z) =0.
(3.55)

This equation can’t be solved exactly. But can be solved approximately, using

numerical methods [16].
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3.2 Minimally Coupled Field Model

Now let us consider another gravitational action where the scalar field is minimally
coupled to the metric field. For this, we choose f(R,X,¢) = a(R)+ y(X, ), resulting

in an action of the form

S— /d4x\/—_g {2—11(2 (a(R)+y(X,¢))+Lm} (3.56)

The variation of the action with respect to metric is found as follows

55 = /d4x {% <a(R) 5y =g+ ~g agge) SR+Y(X,0) 5v/=3

(3.57)
Vg~ ( ¢) 6X)+6(\/_L )}

Applying equations (2.8), (2.17) and (2.18), the equation (3.57) turns into

1 /__
05 = /d4x [m (_Tg 8uv 08"V o+ /=g o (Ruy +guv—VyuVy) 5"

_%Q 8uv ogtVy— T_g Yx ogh? aﬂ‘l)avq)) +0 (\/ —8 Lm)} .

Here, using integration by parts and remembering that S = 0, we obtain

vV 1

2
2 06 (v —8 Lm)} —0
vV—g gt '

Substituting the definition of matter energy-momentum (2.24) and Einstein tensors

—Y,Xau‘l)avq)) +

(2.25) gives us the field equation

Suv

or Guy = —— (ot — O‘,RR) guvDaR+VquaR+ 7"’ Yx8u(])av¢ +K T,uv

(3.58)
Taking into account a flat FLRW metric in spherical coordinates, let us find Friedmann
equations. In the first instance, we shall consider the 00 components. Using the
equations from (2.34) through (2.44), and substituting them into the field equation

(3.58) gives us

1 1 ..
o.R (RO() — 5g00R> =— > (OC — OC}RR) + V()VOOQR +OR— %/-{- YxX + K‘zpm.
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Here

1 . ..
V()VO(X7R :—_ga() (\/ —gg0080(x7R) = —3HOC,R — UR.

=

Thus, we obtain the first Friedmann equation

1
3H%£:mx+5amR—a—w—%mﬂ+ﬁmr (3.59)

Multiplying the field equation (3.58) with g"" gives us its trace

g“vguv
2

g“vguv
2

uv

-%gz—xxau¢ab¢%—K%#W7hw

guqu Guv = (a— O‘,RR) —g“vg“vDOC’R +guvvﬂvva,R +

Y

Using the equations (2.9), (2.48) and (2.49)
uv 1 1 \Y 2
ar g | Ruv — Eg“vR =2(a—arR+7v)—30ar— Ema 0o+ KT,
so the trace of the field equation reads
1
(mR:Ma+ﬂ—IM£—?qWW%¢+ﬁT (3.60)
Rearranging this equation as follows

1
g%(a—f—'}’) = ‘%%v <oc7RR+3DoqR+ E}/,Xc?vq)&vgb - K2T> ,

and plugging it into field equations (3.58), gives us

1
or Guy = % <a7RR+3Da’R + Exxavq)av(p — K'ZT) — g%oc,RR—g#vDogR

1

Now we are going to look at the 00 components of this equation, in the same manner
as we did above
. 5 | .. . 2 : 2
3og (H+H”) = 1 (agR—30gr —9HOR+YxX —K°T)+3HAR— YxX — K" Pp,

. : 1 1
—4@“H+Hﬂ:—QquJW%m+aﬂ+Mﬁm—§mx+§ﬁT—MﬁM

+4 X+4ﬁ
3’}/7X 3 Pms

. K2 4x?
—200rH =yxX +0r—HOR+ ?(3pm —Pm) + Tpm.
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The pressure of the dust matter p,, = 0, therefore our second Friedmann equation
—200gH = yxX + g — HOR + K*pi. (3.61)

When we subtract the second Friedmann equation (3.61) from the first Friedmann

equation (3.59), we get
Y= -0+ (R—6H*—4H) ar—4Hd g — 20p. (3.62)

This equation can be expressed differently using the following transformations

OQR =R O RR, (3.63)
0 g = R ot gr + R* 0 gRr- (3.64)

Therefore,
Y(t) = —a+ (R—6H> —4H) o.g — (4HR +2R) ot gr — 2R* 0t gri- (3.65)

This equation can be solved by determining ¢&¢(R) and again, introducing a designated

Hubble parameter.

Readjusting the first Friedmann equation gives us

o R
YxX =+ (3H2 —~ 5) g +3HAR — K2 Py + %’ (3.66)

Y(X, ¢) is obtained by considering a specific form of the scalar field Lagrangian which
satisfies the equation (3.66).

3.2.1 Starobinsky inflation

Inflation can be regenerated solely in terms of gravity, without the need for additional

fields like scalar fields. An example of this is Starobinsky’s inflationary model.

In 1980, coinciding with Guth’s development of his model, Alexei Starobinsky
proposed his inflationary theory [31]. In his papers, Starobinsky emphasized the role of
quantum corrections to General Relativity in the early universe. These corrections are
generally quadratic terms of the curvature (R?), incorporated into the Einstein-Hilbert

action. The inclusion of these terms may lead to an effective cosmological constant,
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resulting in an inflationary phase that replaces the initial singularity of the universe

[28].

Nowadays, the inflationary scenario associated to an action including an R* term is

commonly known as the Starobinsky inflation [32,33].
Now, with the aim of reconstructing some specific solutions, let us consider
a(R) = R+ aR?, (3.67)

where a is a constant with proper dimensions. Using the equation (3.67), we can turn

the equation (3.65) into

y=a(R*—8HR —4R) — (6H*> +4H) (14 2aR). (3.68)
3.2.2 de-Sitter reconstruction

For de-Sitter reconstruction, we will define the Hubble parameter as the Hubble
constant H = Hj, like we did in (3.15). So the Ricci scalar will be R = 12H3 and

then the equation (3.68) becomes
y=—6H;. (3.69)

Considering the standard form of a scalar field Lagrangian (3.11), second Friedmann

equation (3.61) turns into
X =—20gH — &g +HOR — K. (3.70)

Using the equations (3.13) and (3.67); also redefining the Hubble constant as H = H)

and the scalar field as ¢ =1, we get
X(¢) = —K2py e 309 (3.71)
Then choosing
Xo = —x2po, (3.72)

we find the kinetic term and the scalar potential as
X(9) = Xo e M2,

(3.73)
V(9) = Xo e "% 1 6H;.
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3.2.3 Power-law reconstruction

For the equation (3.68), when we put the Ricci scalar and its derivatives
(3.74)

R=6H+12H*> — R=6H+24HH — R=6H +24H”+24HH,

we obtain
(3.75)

y = —108aH? —216aHH? — 144aHH — 6H?> — 4H — 24aH .
= % just like in (3.28), the following

When the Hubble parameter is chosen as H ()

transformations can be derived
=- - H=——5 — H=2—5 — H=-6—,
t 12 13 14
n? ) n? ) n .. n? (3.76)
H>=—, H?’= —, HH’=—-—, HH=2—.
t 14 t4 14
Therefore, the equation (3.75) becomes
2 3 2
n n n n n
Yy=144a l—4—396a t—4—|—216a t_4+4 t_2_6 2
18a (4 — 11n+6n%) + (2 —3n)t?
y(t) =2n ( a ) ( ) . (3.77)
Since
o« =R+aR* Gg=2aR
) (3.78)
QR = 1+2aR, (')'6713 = 2aR
the equation (3.70) can be written as
X = —2H(1+2aR) +2a(HR — R) — k*py. (3.79)
Applying the derivatives in (3.74) we find
(3.80)

X = —2H —72aH* — 12aH — 36aHH — k*p,,.

Then using the transformations in (3.76) and the equation (3.13) while redefining ¢ =,

the equation (3.80) turns into
2
n n n 3 (do
X:2p+72aﬁ—144aw—xzpoe Jdos. (3.81)

Finally, using the definition in (3.72) and the fact that e 3495 — ¢ 3", we obtain the

kinetic term and the scalar potential as

_ 2
X(9) —Xop 2 A2 SUEE 382
2 2 ( . )

V(0) =Xo6 " +2n 18a(—2+7n—6;z4)+ (=1+3n)¢ .
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3.2.4 ACDM reconstruction

Since H = %, using the equations (3.43) and (3.45), one can easily see that

da t
= | Hyd:. (3.83)
VA =Qp0)a T +Qppa®> i

With u-substitution, we find

Q 3./Q
arcsinh | a®/* A0 = A0 Hy(t —1p), (3.84)
I— Qo 2

and rearranging this result gives us the scale factor as

_ 1/3 3./Q
a= (I—QAO) sinh*/? (TAO Ho(t—t0)>. (3.85)

Qa0

Density of the cosmological constant is [18]

A
PA=PAO= 7 (3.86)

Using the equation (3.37) and the definition of density parameter (2.69) we get

A
Qpro=—. 3.87
A0 =3 i (3.87)
Therefore the equation (3.85) turns into
1—Qp0\"? V3A
a= A0 sink®P | 22 —1) |, (3.88)
Qpo 2

and the Hubble parameter can be written as

H(t) = \/gcoth (@ (¢ —t0)> . (3.89)

Through the application of the following derivatives

H= _A esch? <@ (t—to)> ,

2 2
H= ? A2 coth (@ (1 —to)) csch? (@ (¢ —to)) , (3.90)
2
H= —% csch? (@(i —l0)> %—FCOShZ <g\(f—t0))] ’
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to the equation (3.75) and using the fact that coth?(x) — csch?(x) = 1, we obtain

y = —2A —9aA’csch* (—”S’A (t —zo)) : (3.91)

Now we are going to find the kinetic term and scalar potential. For this purpose, taking
the Friedmann equation 3H? = x(p,, + pa) into account and using the equation (3.86),

we can see that
K2ppm = 3H?> — A.

Implementing this with previously found Hubble parameter (3.89) and its derivatives

(3.90) to the equation (3.80), we obtain the kinetic term and the scalar potantial as

X(¢) = —9aA’csch* (@(Z —to)> ;

V() =2A.

(3.92)

As it can be seen, the scalar potential has been reduced to the cosmological constant.
Furthermore, the way the scalar field changes over time compensates for the additional

terms in the gravitational sector.

32



4. CONCLUSIONS

Despite its remarkable success in accordance with observations, the standard model
of cosmology falls short in explaining certain problems. Although some of its
shortcomings can be resolved through inflation, the accelerated expansion of the

universe at an unexpectedly high rate is still a conundrum.

In this review thesis, we examined the f(R,¢,X) gravity; a modified gravity model to
provide an explanation for late-time cosmic acceleration. The article by Bahamonde,
Bohmer, Lobo and Séez-Gomez was taken as reference and the order presented in the

article has been followed.

The theory includes various modified gravity and dark energy models. In particular,
high-order derivative models in both gravitational and matter sectors. In this study,
with the aim of regenerating the late-time cosmic acceleration, we introduced certain
Hubble parameters and reconstructed the corresponding f(R,$,X) action. With the
application of the reconstruction techniques, the gravitational action can be derived

effortlessly when some restrictions are imposed on f (R, ¢,X).

Static solutions of modified gravity theories with various symmetries are also widely
studied in the literature. One of our aims will be to examine spherically symmetric

static star-like solutions of the models considered above.
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