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Abstract

In this doctoral thesis we study some nonlinear nonlocal wave type equa-
tions. We consider three related problems which have connections with the
study of some physical models in the theory of nonlocal elasticity. The non-
locality term is introduced via a convolution type integral operator L, with

kernel «, defined on a bounded domain 2 C R” as

Lov(z) = / a(z — y)o(y)dy.

The first problem is an initial value problem for the nonlocal nonlinear

integro-partial differential equation given by,

Uy = Log(u) z€Q, t>0.



For this problem firstly local well-posedness is studied. Further analysis of
the solution, like global existence and finite time blow-up, are investigated by
various approaches such as assumptions of various smoothness and growth
conditions on the nonlinearity.

The second problem included in the thesis is the initial boundary value
problem for some nonlocal nonlinear wave type equation given by the equa-

tion,

Uy — Au = Log(u) z€Q, ¢>0. (0.0.1)
u=0 r e, t>0.

Local well-posedness of this problem is studied in proper Banach space set-
tings.
The third problem is variant form of the second problem and is given

by the equation,

uy — Au= Loyu+g(u) =€, t>0. (0.0.2)
u=20 xed, t>0.

Unlike the previous problem, here the nonlocality and nonlinearity are ex-
pressed with separate terms. While we have imposed general assumptions
on g(u) such as that it should be sufficiently smooth and ¢(0) = 0, in the
last two problems we have used power type nonlinear function of the form
g(u) = [uf~tu, p>1.

The symmetry of the integral operator involved in the last problem
enables us to define an explicit energy, which is a conserved quantity. For
further analysis of solutions of the third problem, we have used the method
of Nehari Manifold. Functionals like the total energy, the potential energy
and the Nehari functional associated to the equation are defined and the
potential well depth is obtained in terms these functionals. The two subsets

of the initial value space, namely the stable set and the unstable set that



are invariant under the flow of the solution are obtained accordingly. Based
on the initial energy and the sets where the initial data are located in, the

blow-up or the global existence conditions for solutions is analysed.



Yerel ve Dogrusal Olmayan Dalga Tipi Baz1 Problemler igin

Baslangi¢g-Deger Problemi

Hailu Bikila Yadeta
Matematik, Doktora Tezi, 2019

Tez Danigmani: Prof. Dr. Albert Erkip

Anahtar Kelimeler: ITyi konulmusluk, Gronwall lemmasi, yerel olmayan
problem, dogrusal olmayan problem, kuvvet tipi dogrusal olmayan terim,
patlama kosulu, global varlik, enerji 6zdesligi energy, Nehari manifoldu,
potansiyel kuyusu yontemi, Levine lemmasi, Banach sabit nokta teoremi,

Sobolev gémiilmesi

Bu doktora tezinde bazi yerel ve dogrusal olmayan dalga tipi denklemleri
caligildi. Bu kapsamda, elastisite kuraminin baz fiziksel modelleriye bagintili
ii¢ problem ele alindi. Yerel olmayan terim, a ¢ekirdegi ile belirlenen ve bir
) C R™ bolgesinde

uwuwaéam—yW@My

konvoliisyon tipi L, operatorii vasitasiyla tanimlanmaistir.

Birinci problem
vl t) = Log(u)(0,8) z€9, >0,

yerel olmayan integro-diferansiyel denklemine ait bir baglangi¢ deger prob-

lemidir. Bu problemde ilk olarak yerel iyi konulmusluk caligilmigtir. Coztimtin



global varlik ve sonlu zamanda patlama gibi ozellikleri degisik yaklagimlarla
ve dogrusal olmayan terimin diizgiinliigii ve biiyiime kosullar1 gibi varsayimlarla
aragtirilmigtir.

Bu tezde yer alan ikinci problem

uy — Au = Log(u) €8, >0, (0.0.3)
u=0 r e, t>0.

denklemiyle verilen yerel ve dogrusal olmayan dalga tipi denklem i¢in baglangic-
siir deger problemidir. Bu problemin uygun Banach uzaylar1 iizerinde yerel
iyi konulmus olmasi ¢aligilmigtir.

Uciineii problem, ikincinin bir benzeri olup,

Uy —Au=Loyu+g(u) z€Q, t>0 (0.0.4)
u=>0 xred, t>0.

denklemiyle tanimlanmistir. Onceki problemden farkli olarak yerel olmama
ve dogrusal olmama iki ayri terimle temsil edilmektedir. Tk problemde
dogrusal olmayan g(u) terimi igin yeterince diizgiin olma ve ¢g(0) = 0 gibi
genel kogullar varsaymamiza kargin, son iki problemde daha 6zel olarak g(u) =
lulP~u, p > 1, kogulu kullanild.

Son problemdeki integral operatoriintin simetrik olmasi korunan bir biiytikliik
olan enerjiyi tanimlaya olanak saglamaktadir. Uciincii problemin ¢oziimlerinin
incelenmesinde Nehari Manifold yontemini kulandik. Denklemin belirledigi
toplam enerji, potansiyel enerji ve Nehari fonksiyoneli tammmlandi ve bu
fonksiyoneller cinsinden potansiyel kuyusunun derinligi belirlendi. Baglangig
degerleri kiimesinde, denklemin belirledigi akig altinda invaryant olan, kararl:
ve karasiz kimeler elde edildi. Coziimlerin, baglangic enerjisi ve basglangig
degerlerinin yer aldigi kiimelere bagh olarak patlama ya da global varlik

kogullar1 incelendi.



ACKNOWLEDGEMENTS

The author would like to thank his thesis advisor professor Albert Erkip ex-
tended and unceasing support in selecting topics, in suggesting new ideas,
doing corrections and supplying valuable resources. He has greatly influenced
and risen my interest and motivation in doing mathematics, created better
ways of solving problems. I deeply value his patience and the trust he has
put in me that has helped me to work in better ways.

I would like to thank Professor Yasemin Sengul for her several corrections,
both in the series of thesis progress reports as well as the final thesis. Her
notational and grammatical corrections were extremely helpful.

I would like to thank Professor Hiisnti Ata Erbay for corrections on the theses
and Professor Varga Kalantarov for his helpful comments.

I would like to thank Ozan Giinytiz (PhD ) for providing the thesis template
for the current thesis, my friend Derje Kifle Boku (PhD) for his help in the
application process to this PhD scholarship, ex-colleagues Temesgen Alemu
and Biressaw Chali of Addis Ababa University for various ways of support
and encouragement.

I would to thank Sabanci University for the scholarship fund and for con-
ference travel grants. I am also thankful to TUBITAK (BIDEB2224-A) for

financial support for conference travel.

10



Contents

[Abstract 5
[ Gzetl 8

[ Acknowledgements| 10
(1__Introduction and Preliminaries| 13
(L1 Introductionl . . . . . . . ..o 13
(.2 local vsnonlocal|. . . . . . ... ... ... ... ... .... 16
(1.3 Sobolev Spaces| . . . . .. . .. ... 19
(3.1 Distributions and Weak Derivatives . . . . . . . .. .. 19

(1.3.2  The Sobolev Spaces|. . . . . . .. ... ... .. ... .. 20

[1.3.3 Sobolev Spaces of Order of Non-negative Integers| . . . 20

[1.3.4  Fractional Sobolev Spaces|. . . . . ... ... ... .. 20

(1.3.5 Sobolev Embedding | . . . . ... ... ... .. .... 21

(1.4  Eigentunctions and Eigenvalues of Dirichlet Laplacian|. . . . . 23
(1.4.1  Eigentunction Expansion Methods|. . . . . . . . . . .. 23

2 The Initial Value problem for Nonlinear Nonlocal Integro- |

[ Partial Differential Equation| 27
[2.1 Description of the problem|. . . . . . ... .. ... ... ... 27
[2.2  Local Well-posedness of the Problem| . . . . .. .. ... ... 29
2.3 Global Fxistence of Solution . . . . ... ... ... 34

11



[2.3.1 The case of moderately growing nonlinearity | . . . . . 34

2.4 Solutions of Higher Regularity] . . . .. ... ... ... ... 39
[2.5 Energy Identity and Global Existence|. . . . . . . . . ... .. 49
2.6 Blow-up in Finite Time|. . . . . . . . . . ... ... ... ... 53

[3 Nonlinear Nonlocal Wave Type Problem | 57
[3.1 Description of the problem | . . . . ... ... ... ... ... 57
[3.2 Local well-posedness| . . . . . ... ... ... ... .. ... 58
3.2.1  Weak Solutions . . . . .. ... ... ..o 63

[3.2.2  Strong Solutions| . . . .. ... 72

[4  Nonlinear Nonlocal Wave Type Problem with Separated Non- |

[ linearity and Nonlocality| 74
4.1  Description of the Problem|. . . . . . .. ... ... ... ... 75
4.2 lLocal Well-Posednessf . . . . . . ... ... ... ... .... 75

421 Weak Solutions . . . . .. .. ... ... 75
4.3 Energy Identity| . . . . . . ... ..o 7
4.4 Finite Time Blow-up of solutions| . . . . ... ... ... ... 78
4.5  Potential Well, Unstable Set and Blow-up of Solutions| . . . . 80

1.6 Potential Well, Stable Set and Global Existence of Solution | . 90

5 Conclusions and Possible Future Work] 95

12



Chapter 1
Introduction and Preliminaries

This chapter is devoted to the preliminary information and results which we

use throughout the thesis.

1.1 Introduction

A semi-linear wave equation is given by
Uyt — Au + g(U) = 0,

where ¢ is a function of u and not of its derivatives, which vanishes at more
than first order. The linear case g(u) = mu, where m € R, corresponds to
the classical Klien-Gordon equation in realistic particle physics; the constant
m may be interpreted as mass and hence assumed as to be nonnegative. In
attempt to model also nonlinear phenomenon like quantization, in the 1950s

equations of the type with nonlinearities like
g(u) =mu+u®, m>0

were proposed in relativistic quantum mechanics in local interactions, see[22]

and [24] and the references therein.
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Typically g grows like |u|P for some power p. If g is the gradient of some

potential function G then we have the conserved energy as
1 2 1 2
Sl + 51Vl + [ Gluds,

where ||.|| denotes the L?- norm. For nonlinear Klein-Gordon there is an
additional term of 1||u||? in the energy, which is useful for controlling the low
frequencies of u. We say that a semi-linear wave equation is defocusing if G
is positive definite and hence G(u) cooperates with the energy of the linear
operator, making the whole energy to be positively defined. On the other
hand if G(u) is negative definite, we call the nonlinear wave equation focus-
ing. The term ”coercive” does not have a standard definition, but generally
denotes a potential G which is positive for large values of u.

To analyze these equations in H*, we need the non-linearity to be suffi-
ciently smooth. More precisely, we will always assume either that g is smooth

or that g is of p'" power-type non-linearity with
p>ls]+1

where |s| denotes the greatest integer not greater than s. On the other hand
p must have some critical upper bound p. which is dependent on the dimen-
sion n of the space. One such example is the Sobolev critical exponent which
is the consequence of the Sobolev embedding theorem. A typical nonlinear

wave equation with linear dissipation is given by

Ut — Au + 5Ut = f(U)

and nonlinear wave equation with nonlinear dissipation is given as

Ut — Au + Q(tazaut) = f(l',U)

Both of these equations were studied in several research works. In most cases

14



the nonlinear source term is taken as

mi

Zai(x)\u

=1

Pi—lu

and nonlinear dissipative term is taken as

> bi(x) |uy
=1

The other form of nonlinear wave problems are those involving nonlocal terms

piilut.

which are introduced in various ways. One way is with terms involving
integral expressions over a domain or time interval. Another way is with
mixed type of nonlocalities which involve time and space nonlocalities.

Let us now explain how the nonlocal theory is different from the local
or standard continuum theory. In standard elasticity it is assumed that the
density of elastic energy stored per unit volume, w, depends only on the
strain tensor, which is directly related to the deformation gradient, i.e., to
the first gradient of the displacement field. The elastic energy stored by the
entire body, W is then evaluated as the spatial integral of the elastic energy

density. In the one-dimensional setting, one can write

W= [ wlua @)

where u = du/dx is the strain, further denoted as e, and L is the interval
representing geometrically the one-dimensional body. In linear elasticity, the

elastic energy density is given by

1
U}(€) = §E52,

which is a quadratic function of strain. In the standard continuum the-

ory, propagation of waves in a homogeneous one dimensional linear elastic

15



medium is described by the hyperbolic partial differential equation
PU — Eum = O, (111)

where p is the mass density, E is the elastic modulus, u(z,t) is the dis-
placement. Since p and E are constant coefficients, equation ([1.1.1]) admits
solutions of the form

U(l’,t) _ ei(k:(;—wt)

where ¢ is the imaginary unit, w is the circular frequency, k is the wave
number, and ¢ = w/k is the wave velocity. In the next few subsections,
we will discuss how enrichments can be introduced to bring in certain scale

parameters in the continuum equations.

1.2 Local vs nonlocal

Traditional partial differential equations are relations between the values of
an unknown function and its derivatives of different orders. To calculate a
partial derivative of a differentiable function at a point it suffice to have the
function defined in an arbitrarily small neighborhood of the point . To check
whether differential equation holds at a particular point, one needs to known
only the values of the function in an arbitrarily small neighborhood, so that
all derivatives can be computed.

A nonlocal equation is a relation for which the opposite holds. In order
to check whether a nonlocal equation holds at a point, information about the
values of the function far from that point is needed. Most of the times, this

is because the equation involves integral operators acting on set of functions
like

S={u] u:QCR"—R}.

An operator T' on a set S is nonlocal operator on S if Tu(z), =z € Q,

16



is dependent on points in €2 that are far from x. However nonlocality can
be of different type. For example, spatial nonlocality, temporal nonlocality
(materials with memory) and mized nonlocality can be listed. For further
explanation on this, see [26].

As a specific example the transport equation,
Ut + Cly = f(i[),t),

may be considered as a local differential equation. Local problems may have
solutions which is written as a nonlocal integral.

Some partial differential equations may be reduced to integral equations
which are nonlocal wave equations For example, the generalized initial value

problem for Boussinesq equation in one-dimensional space
Ut — F(U)xm + Ugztt (121)

was studied by Adrian Constantin and Luc Molinet [2] by reducing into
convolution type integral equation. A more general class of convolution type

integro partial differential equation,

uy = (B (u+ g(w))) e (1.2.2)

was studied by N Duruk, H. A. Erbay and A. Erkip [1].

An initial value problem multidimensional generalized IMBq
Ut — Autt — Au = Af(U) (123)

was studied in [3] by reducing into convolution type integral equation with
the kernel as the free space Greens function for the operator (1 — A).

Cauchy problem of the generalized double dispersion equation

Ut — Ugy — Ugzit + Upgpx — OUggt = Q(U)m:m r >0 (124>

17



was studied by Shubin Wang and Guowang Chen, ([27]) by reducing into an

integro partial differential equations of the form

U — Uze = L{g(u)] + L]g(u)], (1.2.5)

where L := 92(1 — 82) and G(z) = 1e7Il,

My current research work is motivated by these and several other articles
involving nonlocality and nonlinearity, includes three related problems. The
first problem given in is initial value problem for nonlinear nonlo-
cal integro-partial differential equation of ordinary differential equation type
with convolution type kernel on a bounded domain 2 C R". Here, there is
no set boundary condition and the order of smoothness of the solution can
not exceed that of the kernel even if we set initial data with more degrees
of smoothness. The important aspect of this problem is the mapping prop-
erty of the integral operator involved in the problem. Following the
local well-posedness of solution in L? space, we proceed to study solutions of
higher regularity followed by smoother kernels. The second problem included
in this thesis is an initial-boundary value problem which is a nonlocal nonlin-
ear wave type problem. The nonlocality term is involved with same type of
integral operator studied in problem the nonlinearity is included by
some nonlinear function g satisfying some desired properties. The third and
the last problem (4.1.1)) is similar to problem . However in this latter
case the nonlinearity and the nonlocality are involved in separated terms.
The integral operator is linear and symmetric. The symmetry allows us to
calculate the energy identity corresponding to the problem. The rest of the
chapter is the analysis of the solution via the so called potential well method.
For Potential well method refer to [29],[30]. With the integral term involved
and the problem is different from the usual semi-linear wave equa-
tion we designed and introduced the corresponding definition for the Nehari
functional, potential functional, the energy identity in some subsets of the
Hilbert space H_.

18



1.3 Sobolev Spaces

1.3.1 Distributions and Weak Derivatives

We denote by L}

loc

(R) the space of locally integrable functions f : R —
R. These are the Lebesgue measurable functions which are integrable over
every bounded interval. The support of a function ¢, denoted by supp¢ is

the closure of the set {z : ¢(z) # 0} where ¢ does not vanish.

1

Le(R) determines a linear func-

Every locally integrable function f € L
tional Ly : C°(R) — R given by

Li(¢) == /R f(x)o(x)dx.

The integral is well defined for all ¢ € C2°(R), because ¢ vanishes outside of

a compact set. Furthermore, if Supp(¢) C [a, b] we have the estimate

o < ([ ) oo

Definition 1.3.1. A function v € L, () is weakly differentiable with re-

spect to x; if there exists a function, v € L}, .(Q2) such that

/u@xiqﬁ:/vgb for all ¢ € C*(Q).
Q 0

Definition 1.3.2. Suppose u, v € L}, (Q) and o = (ay,- -+ , ) is a multi-

loc

index. We say that v is the o weak derivative of v and write v = D%u
if

/uDO‘¢dx: (—1)|a/v¢dx Vo € C(9Q).

Q

Q

Note that the order of differentiation is irrelevant. For example, g, =

Uy... 1f one of them exists.
J 1

Example 1.3.3. Let f(z) = |z|, x € R. Then f'(z) = 2H(z) — 1, where

19



H(-) is the Heaviside function defined by

1, if x>0,

0, if z<0.

H(z) =

Example 1.3.4. The Heaviside function H(-) does not have a weak deriva-

tive. Indeed, H' = ¢ is the Dirac measure.

1.3.2 The Sobolev Spaces

1.3.3 Sobolev Spaces of Order of Non-negative Inte-

gers

Definition 1.3.5. Assume k is a non—negative integer and p € [1,00]. The
Sobolev space WHP(Q) consists of those LP(£2) functions whose weak deriva-

tives up to order k exist and are in LP(£2). Its norm is defined by

I lwery = Y IDf o).

|la|<k

When p € [1,00), the space WiP(Q) is the completion of C*°(Q) under the
| - [[wkr(q) norm.
When p = 2, W*? and Wé“ 2 are often written as H* and HE respectively,

which are Hilbert spaces.

Theorem 1.3.6. The Sobolev space W*P(Q) is a Banach space.

1.3.4 Fractional Sobolev Spaces

Let 0 < k < 1. For any p € [0,00), the Sobolev space W"P(Q) of fractional
order k is defined as follows.

|u(e) — uly)|”

Wee(Q) = {u € I7() : /Q ey < oo} (1.3.1)

Q

20



and
H"(Q) = Wr2(Q)

In the space W"?(Q) we define the semi-norm, [.],,, o given by,

[ e,
(U] p.0 .—/Q g dzdy,

fr— g
and a norm ||.||, o given by

”uHi,p,ﬂ = ”qu,p,Q + [u]i,p,ﬂ'

For any s > 0,s =k + x where 0 < kK < 1 and k£ > 0 an integer, we define
Wo2(Q) == {u € W*?(Q) : D’u € W*P(Q), |B] <k}.

The following semi-norm [ul, , o and norm |||, are defined in the space

W#P(Q) as

1/p 1/p
[uls.p.0 = Z [Dﬂu]n,p,ﬂ ;o ullspe = Z |D6u|n,p79
|81=k 1BI<k
2 |u(z) —u(y)®

and

[N

ull o) = ([ullz2@) + W7 (@) (1.3.3)

1.3.5 Sobolev Embedding

Definition 1.3.7. Let X, Ybe Banach spaces. We say that X is continuously
imbedded in Y if X is the subset of Y and there exists a constant C' such
that

|zlly < Cllz|x for every x € X,

21



We know that If u € W*P(Q), then u € LP(Q2) for k > 0. In Particular if
u € WHP(Q) then u € LP(Q) .

Lemma 1.3.8. [2]]

Let m > 1 be an integer. Let 1 < p < 0.

(1) If%—% > 0, then

1 1 m
W™P(R") — LY(R"), - = - — — 1.3.4
(R") = L(R"), - = — (1.3.4)
(i1) If% — = =, then
W™ P(R™) = L4(R"), q € [p, 00) (1.3.5)
(iii) If 5 — " <0, then
WmP(R™) < L*>(R") (1.3.6)

In case (i) set k to be the integral part and k to be the fractional part of
m — % There exists ¢ > 0 such that for all u € WmP(R"), we have

| D ulo 0,2y < Clltllmgp, ey VIBI < & (1.3.7)
and for almost all x,y € R™) and for all || = k,we have
D u(z) — DPu(y)] < Cllullmp,@nlz =yl (1.3.8)
In particular we have the continuous inclusion
Wme(R") < C(RY), for m > g. (1.3.9)

The same result follows when R™ is replaced by R™ or by € of class C™ with
bounded boundary and for the spaces W' (Q) for any open subset Q2 of R™.
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And thus if 2 is bounded and sufficiently smooth, we have

Wme(Q) < CQ), for m> . (1.3.10)
p

1.4 Eigenfunctions and Eigenvalues of Dirich-

let Laplacian

1.4.1 Eigenfunction Expansion Methods

Let Q be a bounded open set in R". By L*()) we mean the usual real

Hilbert space of square integrable functions which are defined on €. with

(u,v) :/uvdx,
Q

1

\WH:<K¥ﬂm)3

We know that the Laplace operator —A with Dirichlet boundary condi-

inner product

and norm

tion has a discrete spectrum consisting of increasing sequence

of eigenvalues satisfying the condition lim, A\, — oo as n — oo and the
corresponding sequence of eigenfunctions {¢, }, which form a basis of L?(12).
We therefore have,

— App(z) = Apn(), @u(z) =0 2€0Q n=123, .. (1.4.2)
Furthermore, ¢,, can be chosen to be an orthonormal set in L*(£2). That

is,

(i) =0 if i#j and @i =1.
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By virtue of ([1.4.2)), we have for any smooth function g defined on [0, 00),
gV =L)eu(x) = g(v/ An)on () (1.4.3)

By completeness, any u € L*(2) has eigenfunction expansion of the form,

u = Zuncpn (1.4.4)
n=1

where u,, are the Fourier coefficients with respect to the basis ¢,, are given
by,
Uy = / w(@)pn(z)dr n=1,2,3,.. (1.4.5)
Q

From Parseval’s theorem it follows,

“UH%%Q) = (u,u) = Zui (1.4.6)
n=1

and the convergence is in the L sense, that is,

N
ISy — u||2L2(Q) = / lu(z) — Zungon(x)|2dx —0 as N —o0. (1.4.7)
Q n=1

o0

[Au(z, 1)[172) = Z A (t) (1.4.8)

n=1

Also from integration by parts and the Dirichlet boundary condition we

have

||Vu||%z(9) = /Qu(—Au)dm = Z A2 (1.4.9)
n=1

from (1.4.6)) and (1.4.9) we see that, if u € HJ (),

lall sy = llullZago) + I Vullze@y = D (1 +An)u; (1.4.10)

n=1
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If w € H2(Q) N HL(Q),

ull?o i) =D 1D ul}a0) & Y (1 + Ay + A2)u2 (1.4.11)
a2 n=1

For convenience and the use in latter chapters let us define a norm for a
general u € H*(?), s >0, by

[e.o]

oy = Al (1.4.12)

n=1

Otherwise we may have written (1.4.12) as

o0

%Is(sz) = C(s) Z )\Zuia

n=1

[l

[l

where C(s) is a constant that is dependent on s. This follows from ((1.4.1)
and the property that lim, A\, — oo as n — oc.

We wind up this section by giving an example of the Dirichlet Laplacian
defined on an interval in the real line and the corresponding eigenvalues
and eigenvectors. The structures of eigenfunctions of the Dirichlet Laplacian
depend on the space dimension and the geometry of the domain. However
they all posses some common features. For example, the eigenfunction of
Dirichlet Lapalacian are infinitely differentiable. For further notes on this

topic we refer to ([33]).

Example 1.4.1. Let 2 = (a,b) be an open interval in R. For zero Dirichlet
boundary value u(a) = u(b) = 0, the eigenfunctions ¢,,(x) and the corre-
sponding eigenvalues \,, of the Laplacian operator, —% are satisfying the
boundary condition ¢,,(a) = ¢, (b) =0, m =1,2,3,... and the differential
equation ¢, (2)+Am@m(z) = 0 on (a,b). Any function v € H?(a.b)NH}(a,b)
can be generated by {¢,,}, i.e. written in the form (1.4.4), which is the usual

Fourier sine series of u. The eigenvalues and the eigenfunctions are given as

25



follows:

2
mm 2 r—a
Am (b—a) , em(T) b—asm<mﬂ<b—a)) m=1,2,3
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Chapter 2

The Initial Value problem for
Nonlinear Nonlocal
Integro-Partial Differential

Equation

2.1 Description of the problem

In this section we describe some problem with a non-local nonlinear integro-
partial differential equation, and prove its local well-posedness. The problem

is given as follows

=L, ,t eQt>0
Ugt g(u)(z,t) = (2.1.1)
U([E,O) :¢<$)a Ut(.flf,O) :¢($)
where the integral operator L, is given by
Lou(x,t) = / alr —y)u(y,t)dy (2.1.2)
Q
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where kernel «, is defined on a bounded domain €2 C R"™, and nonlinear
function g € C*°(R) satisfies g(0) = 0. In this chapter we consider two cases
for the kernel a. The case a € W*L(R) and the case o € H*(R) N L'(R).
The motivation for the current problem emerges from the possibility of some
initial-boundary value problems to be written as integral equation with its
kernel as Green’s function of some differential operator. For example, a

generalized Boussinesq equation in one-dimensional space is written as

Utt = [F<u>]$£ﬂ + Ugztr T € R,t >0,

(2.1.3)
u(z,0) = ug(x) wu(z,0) = uy(x).
Problem (2.1.3) may also be rewritten as
= * F' T
up = (B * F(u)) (2.1.4)
u(l‘,O) :uo(l'), ut<x70) :u1<:€),
where )
Bx) = éexp(—|x|), x € R, (2.1.5)

is the free space Green’s function for the operator (1 — 9?) and 7« 7 is the
convolution notation.

Problem of the form has been generalized in the work of N. Duruk,
H. A. Erbay and A. Erkip, in [I] by considering a wider class of kernel
functions [ that are not necessarily Green’s function of some differential
operator.

It is known that if f € W™!(R) and g € W™!(R), where m and n are

positive integers, we have the property
D™ (fx g) = (D™ f) * (D"g). (2.1.6)

By aid of the property given in ([2.1.6) problems of the form (2.1.4) may be
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written in the form

uy = (ax F(u))
u(z,0) =up(x), w(r,0)=u(zr), z€R

(2.1.7)

by carrying the derivatives only onto S. In doing so, it is assumed that
[ := «, and that (., is defined at least in some weak sense. For example,
for 3 given as in (2.1.5), we have 8,, = 8 — 4, where ¢ is the usual Dirac
distribution which is not a regular function.

Equation shows that convolution has some smoothing effect. That
is, differentiation of a convolution of two integrable functions can be per-
formed repeatedly as far as any one of them is differentiable. This property
says that the order of smoothness of a convolution is the sum of orders of
smoothness of the two functions. There are also some other important prop-
erties of convolution like the properties of Fourier transforms of convolutions.

The current problem ([2.1.1) is essentially of the form with convo-
lution type integral operator. However rather than the whole space R", our
integral operator L, given in (2.1.2)) is defined on functions which are defined
on a bounded domain €2 C R"™. The kernel « of the integral operator L, is
not necessarily a Green function of some differential operator. Also there is

no boundary condition on the domain €2 imposed on unknown function u .

2.2 Local Well-posedness of the Problem

In this section we investigate the well-posedness of the initial value problem
for the integro partial differential equation given in (2.1.1)) with the kernel
a € L'(R), initial data ¢,v € L*(2) N L>(Q), and the nonlinear function g
satisfying g € C*°(R) satisfying  ¢(0) = 0. Integrating with respect to ¢,
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we obtain first order integro-partial differential equation

u(z,t) = (x) +/0 Log(u)(z,7)dr, u(x,0) = ¢(x). (2.2.1)

Integrating equation (2.2.1)) with respect to t and applying the second initial

condition, we obtain

(@, t) = /0 (t = 7) Lag(u) (2, 7)dr + 1(x) + 6(x). (2.2.2)

We analyse the solvability of the integral equation ([2.2.2)) which is equiv-
alent to the original nonlocal problem ({2.1.1)).
Let the initial functions ¢, € L*(Q) N L>(Q) satisfy

18]z + 19lloc + ll¥2ll2 + ¢[00 =2 Mo (2.2.3)
Define a function space,
Yy = C ([0, T]; L*(2) N L>®(2))
equipped with the norm,
lllyr = max [fulle + max fullo. (2.2.4)

It is clear that Y7 is a Banach space with this norm. For the next task we

need the following lemma.

Lemma 2.2.1. L, : L*(Q) — L*(Q) is a continuous linear operator and,

[ Laullr29) < ol llullz2@)- (2:2.5)

Proof. By Cauchy-Schwarz inequality for integrals and Fubini’s theorem we
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have,

2

dx

Lottty = [ |( [ ate = nuty )dy>
< [ ([t

B /Q (/Q Vel —y)lVla(z - y>||u<y>|dy)2dx
S /Q (/Q ol - y)'dy) (/Q g - y>Hu<y>!2dy) dz

< iz / / (e — y)lluly) Pdydz

~ lall [ J@P [ fae = y)ldody
Q Q

< ||04||%1(R)/Q\U(y)l2dy= o2 ey ) 122

This completes the proof. O

Lemma 2.2.2. L, : L>®(Q) — L*>®(Q) is a continuous linear operator and
[ Laullpoe(e) < el llullze (@) (2.2.6)
Proof. We have
Lol = | | ale = put)is] < [ Jate = p)lut)dy

< ullzmy / e —y)ldy

<l llull =@ (2.2.7)

which gives the result. O]
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Lemma 2.2.3. Let g € C'(R) be a function vanishing at zero. For all
u € L>®(Q) N L*(Q), the function g(u) is also in L>°(Q) N L*(Q).

Proof. We have
1
g(u) :/ ug'(su)ds, x € Q,
0

so that if u € L>(Q) N L*(Q2) then

lg(u)| < sup  {g'(r)} |ul.

Ir|<[lull Lo
Thus we have g(u) € L>=(Q) N L*(Q). O

If we have u(z,t) € C ([0, T], L>=(2) N L*(2)), we have

lu(z, t)| < sup |lu(,,7)||ze < [|ully-
0<r<T

By Lemmas 2.2.1} [2.2.2| and [2.2.3] we know that g(u) € Yr whenever
u € Yr. In addition to that

lg(W)lyz < M[ullyy (2.2.8)
where
M= M(T) = S {lg'(r)[}- (2.2.9)

Note that if u(z,t) € C([0,T],L>*(2) N L*)), then M(t) defined as in
(2.2.9) is positive, continuous and nondecreasing on [0, T].

Now we have,

[Lag()llyy < llellllg(@llyr < llaflsMllully; (2.2.10)
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/O(t—r)Lau(a:,T)dT s/o(t—f) [Lag(u(@, 7))y, d7

Define an operator K : Y — Y7 as

Yr

1
PllLag(llvy < 5 llalliM [ully;

l\DI»—

K(u)(z,t) = /o (t — 7)Log(u)(z, 7)dr + t(x) + ¢(x). (2.2.11)
Clearly, K(u) € Y and
1K)y < %TQHOéHlMHUHYT +C M, (2.2.12)

where C' := max{1,T}. Let us fix some bounded subset of Y; which is the
neighborhood of the initial functions ¢, . Then

We can adjust 7', so that IC maps Y7 (M) into itself on [0, 7). If T < 1, then
C' :=max{1,T} = 1 and choosing T in such a way that

1
STl M (Mo +1) < 1.

Consequently, by (2.2.12), we have

. 2
Tgmln{ NG )} (2.2.14)

So the operator K maps Yr(My) into itself on [0, 1.
Now we proceed to set T" > 0 so that C is strictly contractive. Let u; and
ug be in Yp(Mjy). We have,
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I~ Kusly, = | [0 = 7)(Eatotun) - stushyin

Yr

< /0 (t = 7) [[La(g(u1) — g(u2))lly, dr

1

< §T2 [ La(g(u1) — g(u2))lly,,

1
< STl ((g(w) = g(u2))lly,

1
< §T2Ha\|1M Jur — ually, - (2.2.15)

From (2.2.14)) and ([2.2.15) if

2 1
T < min
\/2||a|| M(Mo+1) /Mlafl

then,
1
[Kuy — Kuglly,, < 5 |ur — usally,. - (2.2.16)

Now by Banach fixed point theorem there exists a unique u € Yy (My) which
is the solution of the integral equation (2 , and equivalently the nonlocal

problem (2.1.1). In conclusion, we have the followmg important theorem.

Theorem 2.2.4. Let a € L*(R).For every initial data ¢, € L*(Q)NL>(Q)
and for every function g € C*®(R) with g(0) = 0, problem has a

unique local solution u such that

u(z,t) € C* (0, T), L>(Q) N L*(2)).

2.3 Global Existence of Solution.

2.3.1 The case of moderately growing nonlinearity

It can be shown that the linear version of problem ([2.1.1]) has global solution.

In this section we focus on cases of nonlinearity that has mild growth so that
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it can be linearly bounded.

The first such case is when the function g € C*°(R) is uniformly bounded.
This includes cases like g(x) = Asin(mx), m € Rg(x) = arctan(z), g(z) =
tanh(x) with infinitely many others. From the integral equation (3.2.1]) we

have

[us D)l oo < N10lloe + 2 1] +t/0 [Lag(u)(.7)llo dr

< 19l + 11+ £ lledl; llg(u)ll
< 19l + 1+ llell, M (2.3.1)

where M = sup,.g |g(x)|. Also from,

u(z,t) = P(x) +/0 Log(u)(z,7)dr, u(z,0)=¢(x), (2.3.2)

we can obtain

lue( Dl < ||¢||oo+/0 [Lag(u)( 7)llo dr

< 19l + llerlly M. (2.3.3)

are finite for every finite time 7" > 0.

loc

Hence sup ||u(.,t)|| ., and sup ||u(., )
QT “T

The second special case where we can obtain a global solution is the case
where the function g € C*°(R) is bounded linearly. That is,

9(z)| < Alz| + B, =z €R. (2.3.4)
These includes all linear functions and sub-linear functions, i.e.,

lg(x)| < Alz]P+ B, 0<p<l1l, z€eR, (2.3.5)
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as well as functions with sub-logarithmic growth , i.e.,
lg(x)] < Aln(jJz]+ 1)+ B, 0<p<1, zxze€R. (2.3.6)

where A and B are positive constants.

Lemma 2.3.1 ([5]). Let x and k be continuous, and a and b Riemann in-
tegrable functions on the interval J = [to,t1] with b and k non-negative on

J.Then, we have the following;
L If
t
z(t) < a(t) + b(t)/ k(s)x(s)ds, te€ J, (2.3.7)

to

then

2(t) < a(t) +b(t) / ta(s)k:(s) exp ( / t b(r)k:(r)dr) ds, teJ. (2.3.8)

to

Moreover, equality holds in for a subinterval J; = [ta, t3] of J if
equality holds in[2.3.7 for t € J;.

II. The result remains valid if < is replaced by > both in and (

PEX:)

. . . t . t1 t s
I Both (1) and (II) remain valid if [, is replaced by [,* and [ by [,
throughout.

From our integral equation ([2.2.2)) and condition (2.3.4) on the function

g, we have the norm inequalities

[us )lloe < N10lloe + 2 191l +t/0 [Lag(u)(., 7)o dT

< 9l + ¥l + ||a|]1t/0 lg(w) (. 7)lloo d7

< 9l + Y]l + ||04||1t/0 (Allul, Tl + B)dr
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Therefore,

t
- Oll < 16l +¢ 91 Bl £+ Allal [l 7)o dr. (239)

The last inequality (2.3.8)) satisfies the condition of the Lemma with

a(t) = ||/l + vl + Bllall, £,
b(t) = Allall,,
k(r) =1,
J=[0,T], to=0,t; =T,
Hence
Ju(, )l < 9l + 10l + Bllall, £
t
A
+ A Halht/ (el + 7 1l + Bllall, 72) exp(5 ey (t* — 7%))dr.
0

(2.3.10)

< oo,for every finite time 7" > 0. From integro-

This means sup “u(7t>Hoo
T

differential equation (2.2.1)) we get,

|muwwswm+/nmmmnmwf

0
<l + ol | o)l e
SHWm+MMA@NMﬂWw+m&

t
= 10l + Bllaly t + el A/O [ule )l d

< 19l + Blledly t + llell, AU (), (2.3.11)
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where
1, 1 .
Ut) =tléll + 5t ||¢||oo+§Bt ol

t S A
n / / Allolly 516l + 71l + B Nl ) exp(y llal, (57 — 7))drds.
(2.3.12)

Therefore, limsup ||u.(., )|, < oo. For every finite time 7" > 0. This proves
“T

the global existence of solutions under the conditions imposed on the function

g. Note that, for bounded domain €2 like our case here, we have

1/2
sy = ([ 1) < /@ uleio

where () is the measure of . For this reason the L? norm in our work is

inherently considered by the dominant L*> norm.
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2.4  Solutions of Higher Regularity

We next show that the order smoothness of the solution can not exceed
the order of smoothness of the kernel o of the integral operator L,. As
shown in the previous example, for a € L'(R) and initial data ¢, €
L*(Q2) N L*(Q), we have seen that the problem is well-posed with a solu-
tion u(x,t) € C*([0,T), L*(2) N L>(2)). However, we can not get a so-
lution of better smoothness even if we take smoother initial data ¢, €
H*(Q) N L>*(Q), s > 0, rather than ¢,¢ € L*(Q) N L>(). In the next
lemma we see differentiation properties with respect to the spacial variable
x under integral sign. Such differentiation is directly applied to the kernel «
as the other variable under the integral is a dummy variable. We consider
the following illustrative argument for case {2 an interval in R.

Let Q = [a,0] C R. If w € H'(Q), by a simple change of variable,
y = x — z, we may write the integral operator given by as

Lou(zx) = /I_aoz(z)u(x —2)dz, x €. (2.4.1)

—b

From (2.4.1) we get

0

a—xLau(x) = ®p(x) + / alr — y)(%u(y)dy, (2.4.2)

Q

where

Oy(x) = alz — a)u(a) — a(x — b)u(b).

This implies that L,u € H'(Q) if and only if ®¢(x) € L*(2). One possible
case is when u € Hj (), where we have, u(a) = u(b) = 0, so that &y =0 €

L?(2). From these arguments, we state the following theorem.

Theorem 2.4.1. Let o € LY(R) and uw € H'(Q), then Lou(x) € HY(Q) if
and only if a(x — a)u(a) — a(x — b)u(b) € L*(Q).

Corollary 2.4.1. The operator L, : H}(2) — H'() is a bounded operator.
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Proof. By Theorem and differentiation under integral sign it follows
that

HLau“?ﬂ(Q) = HaxLaUH%%Q) + HLO&UH%Q(Q)
< a7y (luallZag) + 2 @)

= ||04H%1(R)||“||i15(9)-
Therefore we have,
[ Laull a0y < [lallpellull g @),

as required. O

If « € W(R) and uw € H*(Q),m > k > 1, by an argument that follows

from (2.4.1)) and (2.4.2) we may get

k
OF Lou(z) = / a(z — y)oru(y)dy + Z 01 ®y (), (2.4.3)
& i=1
where,
®,.(z) = a(z —y)oyu(y)l,=, forl <r<k-—1.
and
k
> 0y (x) € LA(Q) (2.4.4)
i=1
In particular we have
Qpi(x) € HTHQ), 1<i<k. (2.4.5)

The condition in (2.4.5|) follows from definition of Sobolev space H*. On the

other hand we have
O Loulz) = [ kol — g)ulu)dy = Losau(s). (2.4.6)
Q
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If a € Wm(R),m >k and u € H*(Q),k > 1 then Lou(z,t) € H*(Q). In
this case we have equivalent forms of writing 9% L,u(x, t) given by (2.4.3) and
©.1.6).

Lemma 2.4.2. Let « € WFL(R), where is k is a positive integer. Then the

operator
Lo : L*(Q) — H*(Q)

1S continuous.

Proof. By definition, o € W*1(R) implies that
Dia € LY(R), 0<r<k. (2.4.7)

For u € L*(Q) N L>=(R2), by differentiation under integral sign and (2.2.1]) we

have .
Lprau € L*(Q) 0<r<k (2.4.8)
Applying partial differentiation under integral sign yields,
DiLou= Lprou€ L*(Q), 0<r<k. (2.4.9)

From (2.4.9) we get that Lo,u € H*(Q2). Next we set the norm estimate of
Lou.

k k k
Loty = Y105 LatullFo) = D 1 wrayulliz) < D ID5allFamlull?zq)
r=0 r=0 r=0

k 2
_ (Z||D;a||il<R))||u||izm) < (nanwk,l(m) e
r=0
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Therefore we have
Loty < (el ) ol (2410

]

Theorem 2.4.3. Let k > 1 be a positive integer. For the kernel o € WH(R)
and initial data ¢, € L™ N H*(Q), we have a unique local solution of the

initial problem u e C*([0,T], L N H*(2)).

In the preceding lemmas and theorem we have seen that with smoother
kernel of the integral operator we get a solution with order of smoothness
provided that the initial data too are sufficiently smooth. However we have
discussed only the case where solutions with order of smoothness a positive
integer and not a fractional order. The next lemma and the theorem that

follows are about how we can find a solution of any positive order s with a
kernel a € H*(R) N L'(R).

Theorem 2.4.4. Let u € L*(Q) and o € H*(R) N LY(R), s > 0. Then
Lo € H*(Q) and the operator, Lo, : L*(2) — H*(Q) is continuous.

Proof. e Case 1. For s = 0,That is, a € L*(R) N L}(R), then L,u €
L?(£2). Indeed,

Lol = [ |( [ ate - nutar)
</ ( / |a<x—y>||u<y>|dy)2dx
< [([1ate=nkar) ([ lwiay) ac

< oy / / (e — y)2dyda

= () lllZz gy el z20)-

2

dx
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o Case 2. s € N,
In this case D"« € L*(R), V 0 <r <s. This implies that

D'Lou= Lprqu € L*(Q) ¥V 0<r<s.

Hence L,u € H*(Q2) by Case 1 and definition of H*((2).

e Case 3. For 0 < s < 1.
We have o € L*(R) and by Case 1 Lou € L*(2). Next we show that

the Gagliardo semi-norm [Lqu]gs o) < 0o. In fact;

[Lou)? Zatd _// |Lau’$ _—|1+28( y)I? A
o [ [ Uhlete=2) zely —puirit

|1—|—2s

[/ (= |2dz U oz —2) ~aly - 2)Fdz) ,

|l’— |1+2$

2 a(z —2) —aly — 2)?
§||u||L2(Q / (/ |x—y|1+28 dzxdy | dz

= [[ullZ 0y (D) [ e g)-

e Case 4. For arbitrary s > 0.
In this case s can be written as s = k + k, where k is a nonnegative

integer and 0 < k < 1.Then,
a € H¥(R) = H*™"(R) c H*(R).

Hence, L,u € H*(R) by Case 2 and D*L,u € H®(R) by Case 3.
Consequently, we have L,u € H*(R).
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From Cases 1,2,3 and 4 we have the following norm estimate

1/2
| Laul

Ho(Q) = <||Lau’|12ﬂlk(ﬂ) + [Lauﬁzs(m>

k 1/2
= (Z ||DTLQU||%2(Q) + [DkLaUﬁ{n(Q)>

r=0

N 1/2
= (Z ||LDTau||%2(Q) + [LDkauﬁIN(Q)>
r=0

. 1/2
< (Z QD" |2y 1l Z2 () + IQI[Dka]?{~(R)IIUII2Lz(Q)>

r=0

= V2l

We also have,

) || vl L2 (0)-

[LaullL=@) < v p)|all 2@l L)
[l

Theorem 2.4.5. For initial data ¢, € H*(2) N L>(Q),s > 0 and o €
H*(R)NL'(R), there exists a unique solution u € C*([0,T); H*(Q)NL>(Q))
of problem defined on some maximal interval of existence [0, T). The
solution depends on the initial data u(x,0) = ¢(z),u(x,0) = P(x). If T <

0o, then

+ Jlue(, 1)

1111;151113 (luls )l s ws (@) Ul )l ooy + e ) ooy ) = 00

Proof. We may write problem in (2.1.1) as a system of first order ODEs
in the Banach space, Y; = HS(Q) N L>®(Q). Let uy(x,t) := v(xt) .We can
transform the problem ([2 into a system of ODE

U(z,t) = F(U(x,t)),U(x,0) = Uy,
where,
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and

F(U) = [ﬁ(U(x,t»] _ [ u(z, 1) ]

f2(U(z,1))

with the corresponding initial condition,
0
Uo(l',t) — u(']:’ ) il ¢(x) .
v(z,0) ()
By Theorem we have

[Lag(uz) = Lag(u2)llvr @) = [[La(g(uz) = g(ur))llvr()

< llallzs@llg(uz) = g(un)llyr @

< Jlaf

HS(R)M”U2 - UIHYT(Q)a

(2.4.11)

For all uy, us € Yr(92). We deduce that above ODE system is locally Lipschitz.
Hence from the results from classical Picard theorem [38], we conclude the

well-posedness of the problem. O

Theorem 2.4.6. Let the initial data ¢, € H*(2),s > 1/2 and u(z,t) be the
solution of in the mazimal interval of existence [0,T). Then T < oo

if and only if sup [Juy(., )| oo () = 00-
s
Proof. For s > %, ) C R we have the embedding,

HY(Q) — L¥(9). (2.4.12)
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By composition theorem for Sobolev spaces we have,

lg(w)]

ms@) < Cllul

Hs(Q)

where C' depends only on ||u||ze~(q). Now,

d
7 (Il + llollz) = 20w, v) e + 200, v s

= 2(u,v) s + 2(v, Lag(u)) s

= 2|[ul a1 2] 0|l Lag(w)]
= 2{[ul
= 2||ul| gs

< (1 +Cllaflprmy) (J|vl

Hs ’U| Hs

g(u)|
g(u)]

Hs U| Hs
Hs + 20||Oé||L1(R)||U| Hs

as + [vllZs).

e + 2ol 0

HS

vl

Therefore,

d
7 (Il + llollz) < (U +2C ol ) (lullz: + lollE-).

Application of Gronwall’s lemma verifies that the H*- norms of u and v and
consequently the L*°-norms of u and v, do not blow up in finite time. By

theorem — ,this implies that T" = oo assuring global existence of solution. [

We may summarize to a class of functions which includes the ones dis-
cussed above for which under certain conditions the global existence works.
For initial data ¢,1¢ € H*(Q),s > 1, let us introduce the class

< d
W = {w : Ry — (0, 00), wis nondecreasing and / S —1—00}
o w(s)
Theorem 2.4.7. Let o € W(R) and function g € C*(R) satisfy g(0) =0
with
l9(2)” < w(a?),
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for some w € W. Then for all ¢,vp € H*(Q) any local solution u €

C*([0,T); H5(Q)) of is a global solution of , that is T = oo.
Proof. We have

ey = [+ 0, ol = [ 02+
Q Q
So,

d
aHqul(m = /(Zuut + Uty )de = /(qu + 2u,v, )dx
Q Q

< /(u2 +v? v+ v2)dx
Q

= /(u2 +u2)dx + /(v2 + v2)dx
0

Q

= ||U||§{1(Q) + ||U||§-11(Q)’

(2.4.13)

and

d
EHUHEP(Q) = /(21}7),5 + 20,0, )dx
0
< / (0% + 07 +vp +vp,)da
Q

= /(v2 + vi)dx + /(U? + vit)dx
Q

0
= [ollin + lvellin @)-

(2.4.14)
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However from ([2.1.1)) and Theorem it follows that

Hth%ﬂ(Q) = HLag<u>H?{1(Q) < CC%HQ(U)H%%Q)
=2 [ lowPde < ¢ [ wiyis
Q Q
< Q) Cu([[ull%) < Q) Caw([|ullf o))
< Q) Caw([lullin gy + v/l )

(2.4.15)
Now from (2.4.14]) and (2.4.15)we have,
ol < 0l + m@Cu (g + lole).  (2416)
From and we get the differential inequality,
SW (1) < CLlW (1) + w (W (1) (2.4.17)
whete (1) = [[u( )3 + 00 ) and Co = max{2 w(Q)C2).

Integrating from 0 to ¢ both sides of the differential inequality (2.4.17)), we
get the integral inequality

W(t) < W(0) —I—/O C((W(s) +w(W(s)))ds, (2.4.18)

where W(0) := [|6l1710) + [¥1131(q)-
Applying Bihari-LaSalle inequality[5] we get,

W(t) < G HGW(0) + Cyt),

or equivalently

a3y + N1y < G (Cat + G (I M3y + 10l3n@) ) (24.19)
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where

" ds
— _— >
G(r) /0 Sr ) r >0,

The last inequality guarantees the H'(Q)-norms of v and u; remain finite on

every finite time interval [0, 7]. Consequently,

limsup ||u(.,t)||,, < oo
“T
and

hmsup “ut(vt)Hoo <0
T

for every finite time 7" > 0. ]

2.5 Energy Identity and Global Existence
We write equation as

Puy = —g(u) (2.5.1)

where we assumed at this point that the integral operator L, is negative
symmetric and that
pP.=-L

o )

(2.5.2)

is a symmetric positive operator. By symmetry of P we mean that (Pu,v) =
(u, Pv) for all u,v in the range R(L,) of the integral operator L,. Basically,

we assume that the kernel « is symmetric. That is,
alz —y) =aly — x). (2.5.3)

Consequently the integral operator L, is symmetric. By positivity of P we
mean that
(Pu,u) >0, Yué€ R(L,). (2.5.4)
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By the conditions in (2.5.2)) and (2.5.4)), we have L, is negative operator.
That is,

(Lou,u) <0, Vu€ L*(Q). (2.5.5)

For o € WH(R), we have the operator P defined on the range R(L,) of the

integral operator L, that is ,
P:R(L,) C H'(Q) — L*(). (2.5.6)
We also have a norm ||.||p defined on the range R(L,) given by
u(t) = (Pu(t), ult))2s ) = lu(®)llp, ¢ € [0,T). (2.5.7)

Lemma 2.5.1. Assume that, G(z) = [ g(s)ds, Pue L*(Q), G e L'(Q)
and let u € C2([0,T); L*(2) N L=(Q)) be the solution of problem (2.1.1)).
Then the quantity E(t) given by

1
E(t) = §<Put:ut>L2(Q) + / G(u)dx (2.5.8)
Q
is a constant. Specifically we have

B(t) = 5(Pb.)ay + [ GO)de = EQ), te(0.T)

Proof. The proof follows by multiplying both sides of (2.5.1)) by u; and inte-

grating over the domain (2. O

Sometimes it may be important to consider a nonlinear function g in
problem that begins with linear term w. For this case we may write
g(u) = u+ f(u). To keep the characterization of ¢ as smooth function with
g(0) =0, we set f to be smooth and that f(0) = 0 as well. This introduces

a positive term %HUH%Q(Q) in the corresponding energy identity. So that new
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energy identity, which is a conserved quantity, may be written as
1 1. 9
Q
In particular,
1 | R
E(t) = B(0) = S(PY. ¥) 2@ + 5 10llz2g0) + i F(¢)dz, te€0,T),

where, F(z) = [ f(s)ds, Pu, € L*(Q), F e L'().

Theorem 2.5.2. Let « € H*(R) N L' (R) and initial data

o, € H¥(Q) N L>X(Q), s> 1. Let u be a solution to problem on
the mazimum interval of existence [0,T). If fQ u)dx > 0, the quantity
(Pu(t), u(t))r2(q) does not blow up in every finite time interval. In addition,

if we have either the condition
k:/QG(u(x,t))dx > [Ju(., )2, t€[0,T) (2.5.10)
for some k > 0, or the condition
[, )l z2ge) < (Pul,t),u(, 1) gy, t€1[0,T) (2.5.11)

then the solution is global in time, i.e. T = oo.

Proof. From the energy identity (2.5.8) and the given additional condition
that [, G(u)dz >0 on [0,T), we have

1

By the assumption that P is positive symmetric, using Cauchy-Schwartz

inequality and equation (2.5.12]), we have the inequality

(Pu,ur) < (Pu,u) iy (Pus, ur) gy < v/2ZE(0)(Puu) g,
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Rewriting the inequality as

d(Pu, U>L2(Q) < mdt

2 <PU, U>L2 Q)

and integrating over the interval [0,¢], 0 <t <T, we get

(Pu), u®) e < (\/ (PO ey + VEEON) . (2519

This shows that the quantity (Pu(.,t),u(.,t))r2@) does not blow-up in a
finite time interval. Let u(z,t) a solution of (2.1.1)). If we have additional
condition given by inequality (2.5.10]) then by Theorem m, given condition

(2.5.10) and energy identity (2.5.8)) we have

me@®|lg(w) |l 2@
oy M (1) ||ul| 220

< el sy M (1) kE£(0)

[Lag(u)[m1@) < [lof
< [laf

< [laf

(2.5.14)

Now by virtue of the equations ([2.2.2)) and (2.2.1]), we have the ||u|| g1(o) and

||ut || 1112y are bounded over any finite interval of the form [0, 7). This assures
the global existence of solution.

Now if we have the condition,

() lz2g@) < (Pult), (1) o, (2.5.15)

By theorem ([2.4.4]) and given condition (2.5.15)) we have,
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1 Zag ()l ar= < llotll ey g (w)l| 20y
< o] sy M () || 1] 220
< ol ars ey M () (Pl 1), u(, 1)) oty
< el my M (1) (\/<P¢, Ghrxey + V2EO)E) . (25.16)

Again by virtue of the equations ((2.2.2) and ( - we have |lu| 1) and
|| || 112y are bounded over any finite interval of the form [0, 7). This assures
the global existence of solution.

[

Particular examples of function ¢ satisfying the condition in Theorem
2.5.2|are g(x) = sinh(z) and g(z) = ax + f(x) where,

a0, f(0) =0, F(z) = /0 F(r)dr, /QF(u)dac > 0.

2.6 Blow-up in Finite Time

In this section we discuss the case of non continuation of a solution beyond
some finite time. We use an indirect argument by showing the non con-
tinuation of some positive quantity (Pu,u) defined on the range R(L,) of
the integral operator (2.1.2). The following classical result is of ultimate

importance.

Lemma 2.6.1 (Levine Lemma). Suppose that for t > 0, a positive, twice

differentiable function I(t) satisfies the inequality

I (t) — pl'(t)? >0,

where [ > () is a constant. If I(0) > 0 and I'(0) > 0, then I(t) — oo as

1(0)
t—1t < = L0y

, for some 0 < t; <

1/(0
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Now we state a theorem on the non-continuation condition of solution
of (2.1.1)) when the initial energy E(0) is negative.

Theorem 2.6.2. Let condition ug(u) < qG(u) be satisfied for some q > 2.
Then no solution u of problem exist on some interval J = [0,00)
when the initial energy E(0) < 0.

Proof. Let u be a solution on of (2.1.1)) on the interval J = [0, 00). Define
1
I(t) = §<Pu, u) + B(t), (2.6.1)

where f(t) is a positive twice differentiable function that we determine latter

in the proof. So,
I'(t) = (Pu,us) + B'(t). (2.6.2)

From the given condition ug(u) < ¢G(u) we have, —(u, g(v)) > —q [, G(u)dz.

Therefore,

I”(t) = (Put,ut) <PU utt) + 5//( )
= (Pug, ur) + (Pu, Lag(u)) + 3"(t)
= (Pug, ue) — (u, g(u)) + 8"(t)
= (Puy, uy) — /Q G(u)dz + 5" (t). (2.6.3)

But from the energy identity (2.5.8) we have,

g /Q G(u)dz =

(Puy,ug) — qE(0).

l\DI'Q

We therefore have

I"(t) = (1 + 2)<Put7ut> —qE(0) + B"(t). (2.6.4)
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Suppose that E(0) < 0, if we set,

B(t) = Bo(t + to)”

where 5y = |E(0)| and ¢y > 0,then
—qE(0) + B(t) = (¢ + 2)| E(0)] = 45o(1 + p).

We can observe that I(t) >0, ¢ > 0, and consequently

1
1(0) = 5(P, 6) + ot > 0.
If the constant t, is chosen sufficiently large, say for example,

(P, )
" BB

we have

I'(0) = (P, ) + 2Boto > 0.

Up to this point we have shown that I(¢) satisfies two of the conditions in
Levine lemma. Namely, 7(0) > 0 and I'(0) > 0. It suffices to show that the
quantity I(¢)I”(t) — (14 u)[I'(t)]* > 0 to conclude that the quantity I(¢) and

consequently, the quantity (Pu,u), blows up in finite time. We have

() 2 (5(Pu) +50) ) (1 + DPusud - a80)+ 50)

— (14 @) [(Pu,ug) + B/ (1))

— %(1 + g)(Pu, u)(Pug, ug) — (14 p){Pu, ug)?
(—éqm) ; %ﬁ”(t)) (P ) + (1 + D)B(0) P, )

= 2(1+ p)B'(t){Pu,ur) — ¢E(0)B(t) + B)B" (1) — (1 + w)[B'(1)]*
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If we let 1(14 £ = (14 p), we get

H(t) > (14 p)[(Pu, u){Puy, u) — (Pu, u;)?]
+2(1 4 ) Bo[(P(u — (t + to)ug), u — (t +to)us)] > 0

By Cauchy-Schwartz inequality the first term in bracket is nonnegative. And
by the positive definiteness of the operator P, the expression in the second

bracket is also non negative. Consequentiality the result follows by Levine

lemma [2.6.1] O
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Chapter 3

Nonlinear Nonlocal Wave Type
Problem

3.1 Description of the problem

In this chapter we consider a nonlinear nonlocal wave equation with non-
linearity and nonlocality terms are combined with an integral operator with

kernel a. The problem is given as

Uy — Au = Log(u), x€Q, t>0,
u(z,0) = ¢(x), u(2,0) = P(z), =€, (3.1.1)
w(z,t) =0, z€dQ t>0,

where a € LY(R) is a known function, g is a given nonlinear function, the in-
tegral operator L, defined as given by (2.1.2)), and u is the unknown function.

For problem (3.1.1) and the current chapter, and the related problem
(4.1.1)) given in the next chapter, we set the nonlinearity term g(u) to be
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power type nonlinearity given by
gu) = [ufPtu, p>1. (3.1.2)

This is due to the simplicity that we may discover later in the chapters. Some

other functions with power type nonlinearities may take anyone of the forms
g(u) = £ulP, gu) =xuP, g(u) =E[ulftu, p>1.

As desired by our solution, g(u) = |u[P"'u, p > 1, satisfies the following

conditions.
i. g € C'(R) and g(0) = ¢'(0) = 0.
ii. Gu) == [} g(s)ds = ﬁ|u|p+1.
iii. g(u) is monotone and convex for u > 0, and concave for u < 0.

iv. (p+1)G(u) = ug(u).

3.2 Local well-posedness

Equation (3.1.1) may be written in an equivalent operator form which is an

integral equation as

u(z,t) = A(t)o(x) + B(t)y(x) + /0 B(t — 1) Lag(u(x, 7))dT. (3.2.1)

For notational simplicity, in (3.2.1)) we have used the operator notations A

and B meaning:

A(t) := cos(t\/—Ap), B(t) - Sin(tv=4p) (3.2.2)

V=B
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According to ([1.4.3)), the operational definitions the operators given in ((3.2.2)),

are given as follows. For any u € L*(Q) with eigenfunction expansion given

by (L4.4), N
(t)u = Z cos(t/ A ) UnPn, (3.2.3)

Z sin( t\/_ SV A . (3.2.4)

We later see that definitions given in and (3.2.4) are well defined. The

integral representation for the first order time derlvatlve u is given by

u(z,t) = (—Ap)B(t)p(z) + A(t) () +/0 At — 7)Lag(u(z, 7))dT. (3.2.5)
In we introduced the operational definition,
(=Ap)B(t) = —/—Apsin(tv—A). (3.2.6)

Next, we make the analysis of the norm estimates of each of the terms in-

volved in the integral equations (3.2.1)) and -

The zero Dirichlet boundary conditions are satisfied by each of the eigen-
functions ¢, (z) of the positive Dirichlet Laplace operator —Ap. We have
the following important mapping properties of the operators A(t) and B(t).

Theorem 3.2.1. Each of the following mappings of the operator A(t) and

B(t) between the indicated pair of spaces are continuous :
A(t) : L*(Q) — L*(Q),
A(t) s HY(Q) — HY(Q),
A(t) : H*(Q) — HI(Q) N H*(Q), k > 1,

(3.2.7)
B(t) : L*(Q) — HL(Q),
B(t) : HY(Q) — HL(Q) N H?*(Q),
B(t) : H*(Q) — H3(Q) N H*™(Q), k > 0.
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Proof. Let u € L*(2). By (1.4.4), (3.2.3) and (1.4.6) we have

o0

MA@ ullZ2 ) Z cos*(tV/A)of < Y uf = [ullfzq)
i=1

So that
[A®)ull 2@ < llullz2)- (3.2.8)

It w € H'(Q), then |Julfn ) = 272, Aiuf < oo. Hence,

Il A(t uHHl Zcos (/X)) A <Z)\u —HuHH1

Consequently,
[A@)ullms@) < |lullms@)- (3.2.9)

If uwe HHQ), k > 0, then, [[ull3q) = 2272 Afui < 00 and
IA®) el 75 ) ZCOS (EVAAuf <Y Nuf = [lull ),
i=1

[A®)ull ) < [Jwll gre)- (3.2.10)

As a consequence of the operational definition given in (3.2.4) and the defi-

nition of H' norm given in (1.4.9)), we have

g = 3 (SR ) a3 =l

i=1

Consequently we have
1B(t)ull gy < llullr2@)- (3.2.11)

By the operational definition given in and the definition of the general
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H?® norm given in (|1.4.12)), we have
sin(v/Ait)
B0 = 3 (00 <3 aa = ol
i=1 v

and consequently
1B(t)ul m2 ) < |lullm)- (3.2.12)

According to (|1.4.12)),
00 . 2 0o
sin(tv/\;)
By = D (A ) A0 = 30N =l
i=1 v i=1

Consequently
1B()ull ey < [lullmxq)- (3.2.13)

We observe that the operator A(t) and B(t) incorporate the Dirichlet bound-
ary conditions while B(t), additionally, increases the order of smoothness by

one. O

Theorem 3.2.2. The mappings of the operator,
ApB(t) : H*(Q) — H*(Q)

given as
u— ApB(t)u = Z — v/ Apsin(ty/ A\ unen ()
n=1

18 continuous.

Proof. 1f u € H¥*(Q), then, |Ju]

_ o0 s+1 2
Hs+1(Q) = Zz 1 )\Z u; < 00.

ApB(t) Z \/_smt\/—
=1

For ApB(t)u, we have
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@ Z 3 (—v/Assin(ey/Au)
= Z A5t sin?(tv/ A )u

o0
< Z/\fﬂ P = llullfr )
i=1

Therefore,

1ADpB(t)u|

w@) < |ullz), (3.2.14)

as required. O

Theorem 3.2.3. The following mappings of the composition of operator
A(t), B(t) and L, are continuous:

B(t)L, : H () — HL(Q),
A(t) Lo : HY(Q) — Hy(S2), (3.2.15)
A(t) Lo : L*(Q) — L*(Q)).

Proof. From we know that L, maps H¢(§2) into H'($2) while from(3.2.7)
we know that B(t) maps H(2) into H}(Q)N H?($2). Consequently, the com-
position of the continuous operators B(t) L, maps H}(£2) into itself. Similarly,
the composition operator A(t)L, maps the space H} () into itself. We also

have the following norm estimates that follow from similar arguments.

1B(t) Laul gy < lledlor@llullm e
[A@) Laull ) < llellnr@llull o) (3.2.16)
[A) Laull 20) < |l llullz2)

This proves the claim. O
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3.2.1 Weak Solutions

Definition 3.2.4. Let Q7 := Q) x T, where (2 C R", is an open connected
set with smooth boundary 92. A weak solution of the nonlocal nonlinear
initial-boundary value problem (3.1.1]) is any function u satisfying

u € C([0,T), Hy(Q) N CH[0,T), L*(2) N L=()).
Moreover, it satisfies
/Q (0,3~ S, ), 8) = vz, ) L, 5) = (), )
_ /Q ($(z)v(z, 0) — (z)ui(z, 5)) deds

for every v € C°(Qr x (0,7)).

We consider a power type nonlinearity for cases of space dimension n > 2
and a more general class of nonlinearity for space dimension n = 1. This
is due to some embedding results that help to indicate where our desired
solution should be. From Sobolev embedding theorem we have Hj(Q2) C
L%(Q) if n > 3.However for n = 2, H}(Q) C LY(Q), 1< ¢q < oo, and
forn=1, HJ(Q) CLIQ), 1<q<oo.

The case n > 3 : Let ¢ € HY(Q), ¢ € L*Q) N L>(N2). We study
the existence of a unique solution u(z,t) of the nonlocal nonlinear initial-

boundary value problem in the space
u € C([0,7), Hy () n ([0, T), L*(Q)).

We set the nonlinearity term g(u) of power type as it is given by equation

(.1.2).

Lemma 3.2.5. Let Q@ C R" be abounded domain with measure pu(2) < oo.
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We have the following embeddings,
Hy(Q) — L*(Q) — L*(Q)
with
[ullz < p(2) 2 [Jullzp,  Nullp < Copllullme)
provided that

l<p<=L5 if n=>3,

l<p<oo if n=1,2.

Proof. The first embedding follows from Sobolev embedding theorem. We
have,

HUHLQP(Q) = CQPH“”H&(Q)

For the second embedding, since €) is bounded domain, using Hélder’s in-

equality, for any u € L?’(Q2) we get

Jul = [ Juta \dm<(/ o) e’ (/Qldx)l_; (3:2.17)

(@) ul,

which proves the second embedding. O]

Definition 3.2.6. Let X and Y be Banach spaces. A mapping f: X — Y
is said to be locally Lipschitz if for each bounded subset U of X there exists

a constant Cp; with

1f(w) = F)lly < Cullu—wvlx

for all u,v € U.

Lemma 3.2.7. Let n > 3. For 1 <p < =5, the mapping
g: HY Q) NL*(Q) — L*(Q)
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gwen by u — g(u) = |[u[P~ u is locally Lipschitz.

Proof. Let R > 0. Define the set

Then, we have
g(u) = [ul’~u =p/ |s|P~ ds (3.2.18)
0

For uy,us € Br we have,
ug
|g(u2) — g(ua)| = P|/ [sP~"ds| = plu[""Huz — w1 (3.2.19)

where, u* = Ou; + (1 — 8)uy for some 6 € (0, 1), according to the mean value
theorem. We also have u* € H}(Q2) N L?P(Q2) and that

w2 ) = [10ur + (1 — O)uz| gy (q)
< Oluallgp) + (1 = O luall mp e
<OR+(1-0)R=R.

Consequently, u* € By, and from (3.2.19))

g(us) — g(w)* = p?|u PP V]ug — uy |?
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Finally by applying Holder inequality with % + 1% =1, we get
lg(uz) = g(ur)l72() = /Q |9(u2(2)) = g(wi(2))[*dz
:p2/ |u*’2(p—1)|u1 . U2|2dl‘
Q

1 1
/ ! P
<p? (/ || 2P d:v) ’ (/ lug — u1|2pdx)
Q Q

2(p—1
= P50 Vluz — w3,
2 2(p—1
< pPCop |k gy lua = wall 3o
< PPOoy R* D uy — us |l 0y

We therefore have

19(u2) — g(wr) | r2() < pCoRP ™ ug — uall () (3.2.20)

For the tasks that follow we define the following function space:
Yy :=C" ([0,7), Hy(Q)) N C ([0,T), L*(2)) (3.2.21)
with norm defined as

Julle = g e 7)oy + e e Dl 2o (3222)

With the norm defined in (3.2.22)), we notice that Y is a Banach Space. In
connection to the integral equation (3.2.1), we define an integral operator
K :Yr — Y given by

Ku(z,t) = A(t)p(x) + B(t)y(z) +/O B(t —71)Log(u(z,7))dr  (3.2.23)
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For any initial data ¢ € H}(Q),v € L*(Q), let

My == 9]l g3y + IVOllz2@) + 2/l 22 (0)-

Let us fix some bounded subset of Y7 which is a neighborhood of the initial
data ¢(z),(x). Then we have

Yr(Mo) ={u] weYr, |u|y,<My+1.}

Y7 (M) is a nonempty, bounded, closed and convex subset of Y7. Our next
task is to prove step by step that the integral operator K has a unique fixed

point, which is also the unique solution of our problem.

Lemma 3.2.8. Assume that ¢ € Hi(Q),v € L*(Q). Then, K maps Yo (M)
into itself and K : Yr(My) — Yr(My) is strictly contractive if T is appropri-

ately small relative to M.

Proof. We calculate the H} () norm estimates of all the terms involved in
Ku(x,t) as follows. From Theorem we have the following norm esti-

martes.
[A®) Dl 1) < 1Dl s (3.2.24)
1BV (@) |5y < 1¥lz2(0)- (3.2.25)

Also we have; We also have;

/0 B(t —T1)g(u(.,7))dr

t
< / 1B(t — 7)g(u(., 7))Ly ey
H(Q) 0

t t t
< [ttt = [t ydr < €5, [t )iy i
< OByt mass [l By oy < Clpt (lull)” < O3t (ull ") )

(3.2.26)
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We find the H}(€Q) norm estimate for Ku using the norm estimates of the
terms of Cu given in (3.2.24)), [3.2.25/ and (3.2.26)) as

max |[Ku( 7)) < 191y + 1912 + llolitlully:

+ O3t (lull$,") vy (3.2.27)

We calculate the Lo-norm estimates of each of the terms appearing in 0;,Ku

as

|ApB(t)oll2 < [[Voll2, (3.2.28)
JA®)Pll2 < [l9]l2- (3.2.29)

/ At = 7)g(u(., 7)) |l2dT

< / lotu(..7))adr < / Byt < B, [ a7t

< 02pt0n<1ax lu(., 7 < O3t (lullB1) llullyy

t—T

ol
(3.2.30)

Therefore the L?-norm estimate of 9,Ku is calculated by summing up the

estimates of terms of 0;Ku given (3.2.28)) to (?7) so as to get,

max ||0Kully < [IVll2 + [[9]l2 + lellitlully, +

+ OBt (Jull™) Nl (3.231)

From (3.2.27)) and (3.2.31)) it follows that,

IKullyz < IVolla +2[¢ll2 + ¢l + llerllatllelly,+
+ gt (Ilully, ") llully

IKully, < Mo+ Tlall(Mo+1) + C5T(M +1)"

< My +T(||af]y + 2p) (My + 1)° (3.2.32)
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From (3.2.32)), if T" satisfies

1
lally +C3,) (Mo +1)°

T< ( (3.2.33)
then ||Kully, < My + 1 whenever u € Yr(M,y). Therefore K maps Yy (M)
into itself.

Now we want to show that K is strictly contractive. Let T" > 0 and
uy, us € Yp(My) be given.

o~ Ky, = | [ B = OLalatun) - gtus)iir

Yr

S/o |1B(t — 7)La(g(u1) — g(ua))|ly, dr

g/o | La(g(u1) — gu2))lly, dr

(3.2.34)
t
< lall [ llgtun) = glus)l, d-
0
t
<alhC | flur =l dr
0
< |alLCT |lur — ually,, -
Now for
T < mi { L ! }
min ,
([lally +C3,) (Mo +1)P7 2C| ||y
From (3.2.33) and (3.2.34)), we have
1
[Kuy — Kua|ly, < §Hu1 — U ||y
]

Theorem 3.2.9. Letn > 3. For any g given as in with 1 <p < -5
and for any initial data ¢ € HJ(),v € L*(2) problem has a unique
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local weak solution u(z,t),
u(@,t) € CY([0,T), Hy(2)) N C([0,T), L*(%2))

Proof. From Lemma and contraction mapping principle, it follows that
for appropriately chosen T > 0, the integral operator K has a unique fixed
point u(z,t) € Yp(My) € CH([0,T), HX(2)) N C([0,T), L*(f2)), which is the
solution of integral equation (3.2.1) and equivalently weak solution of prob-
lem ((3.1.1)). [

The case of n=2:

The reason of considering the case n = 2 separately is that, while p > 1,
in our power-type nonlinearity declared in , for case of n = 2 we can
take p in the unbounded interval 1 < p < oo. Due to Sobolev embedding
conditions given in lemma , we can not do the same for the case n > 3.
For this reason we set the well-posedness of the problem forn =2 in

the following theorem.

Theorem 3.2.10. Suppose that n = 2, g(u) = |u[P" u with p > 1. Then for
any ¢ € Hy(Q),v € L*(Q), problem admits a unique weak solution

u e C(0,T), H(Q) N CY([0,T), LA(Q)

in some mazximal interval of existence [0,T). Moreover, one of the following
holds :

(i) T = 400, That is the solution is global in time.

(i) T < oo, and

tn (Il ey + e, Dl o) = +00
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Proof. 1t suffices to notice that for n = 2, by Sobolev embedding theorem,
H} () is continuously embedded in L(2) for any 1 < p < co. Hence, the

function g is locally Lipschitz continuous. O

The case of n=1:

While the case of n = 1 entertain the same condition of p given in (3.1.2)) as
the case of n = 2, we can set a wider class of nonlinear functions g other than
the power type nonlinear functions. For this reason we set other theorem for

the case of n = 1. We need the following lemma before stating the theorem.

Lemma 3.2.11. For g € C*(R) and g(0) = 0, the mapping HL(Q) — H(Q)

given by u — g(u) is locally Lipschitz continuous.

Proof. Let
Bui={u e H(@): fuluger < )

and u,v € Bg. Then by mean value theorem, we have

g(u) — g(v)| = [¢'(Ou+ (1 = O)v|ju — v
and hence

lg(u) = g(v)ll () < max 19" (M)l = vl 30
as required. O

Theorem 3.2.12. Suppose that g € C'(R). Then for any ¢ € H'(Q), 1 €
L?(Q) problem admits a unique solution

we C((0,7), HY2) N C* ([0,7), L)

in some maximal interval of existence [0,T). Moreover, one of the following
holds :

(i) T = +oo, That is the solution is global in time
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(i) T < o0, and

tim (Jlul.,#)llyie + e )l 2@ = +oo

Proof. For n = 1, the Sobolev embedding theorem guarantees that H}(€2) is
continuously embedded into C'(Q2). The further assumption given that g € C*
guarantees that ¢ satisfies local Lipschitz condition. Thus local solvability
follows. O

3.2.2 Strong Solutions

Definition 3.2.13. Assume that ¢ € H?*(Q) N Hy(Q) and ¥ € HJ(Q) N
L?(Q). A strong solution is of problem (3.1.1) is a weak solution with

additional regularity,
ue C*([0,T),L*(Q) NC* ([0,T), Hy(Q)) N C ([0,T), H*(Q) N Hy) .

In this case we consider the local well-posedness of problem (3.1.1)) in the

space where the domain of the Dirichlet Laplacian is normally defined.

Theorem 3.2.14. Let n > 3 and g(u) = |ulPu with p > 1 satisfying the
Sobolev embedding condition given in . Also assume that for the inte-

gral operator Ly, the kernel o € W2Y(R). For any initial conditions
¢ € H Q)N He(Q), v € Hy(Q),
problem admits a unique strong solution u such that
ue C([0,T),Hy(Q) N H*(Q)) N C' ([0,T), Hy(2)) N C*([0,T), L*(2))

in some mazximal interval of existence [0,T). Moreover, one of the following

conditions hold:
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(i) T = +oo, That is the solution is global in time.

(i) T < oo, and

tim (., &)llyie + e )l 2(@y) = +oo

Proof. Define a function space

Xy o= C ([0,T), HA(Q) n H2(€)) C* ([0, T), HA(Q)) N C* ([0, T), L*(%2)) .

(3.2.35)
with norm defined as,
el =+ o e, 7)oy + g [l ) lgcay + 102 ) ey
(3.2.36)

With the norm defined in , we notice that X7 is a Banach Space.
By the result from Lemma [2.4.2] about the mapping property of the integral
operator L, and Lemma[3.2.1]about the mapping properties of the operators
A and B, for sufficiently small interval [0, Tg], we have a continuous mapping

of the operator,
Ku(x,t) == At)op(x) + B(t)y(z) + /OtB(t —7)Log(u(z,7))dr  (3.2.37)
C([0, To), H*() N Hy () N CH([0, To], Hy () N C*([0, To]), L*()) € X

which is also strictly contractive. By Banach fixed point argument we have

the fixed point of the integral operator (3.2.37)) which is also the unique
solution of the problem (3.1.1)). O
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Chapter 4

Nonlinear Nonlocal Wave Type
Problem with Separated

Nonlinearity and Nonlocality

In this chapter we study a nonlinear nonlocal problem similar to problem
given in Chapter 3. However, here we have the nonlinear and non-
local terms are given by two separate terms, with linear integral operator.
Symmetry of the convolution type integral operator involved in this
problem has enabled us to further analyze the problem, beyond local well-
posedness. We have defined the energy identity associated with in
([4.3.5). The condition of global well-posedness and finite time blow-up con-

ditions were studied.
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4.1 Description of the Problem

Let us analyse the well-posedness of a nonlocal wave-type equation given by

uy — Au = Lou+g(u), €8, t>0,
u(x,0) = ¢(x), u(z,0) = ¥(x), =€, (4.1.1)
u(z,t) =0, z€0Q, t>0,

where, a € L'(R) is a known function, g(u) = |u[P"'u, and the integral
operator L, is defined in (2.1.2), u is a function which we are going to solve
problem (4.1.1)) on some maximum interval of existence [0,T).

4.2 Local Well-Posedness

4.2.1 Weak Solutions

Definition 4.2.1. Let Q7 := ) x T, where (2 C R", is an open connected

set with smooth boundary 92. A weak solution of the nonlocal nonlinear
initial-boundary value problem (4.1.1)) is any function u Satisfying

ue C([0,T), Hy(2)) N CH([0,T), L*(2) N L*=(2)).
and
/Q (e = (e, )9 (r,5) =, Lo, ) — gl 3ol )dads
_ /Q (G(2)o(z,0) — (@)vr(z, ) deds

for every v € C°(Qr x (0,77)).

We consider a power type nonlinearity for cases of space dimension n > 2

and a more general class of nonlinearity for space dimension n = 1. This
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is due to some embedding results that help to indicate where our desired
solution should be. From Sobolev embedding theorem we have H}(Q) C
L%(Q) if n > 3. However for n =2, H}(Q) C LYQ), 1< q< oo, and
forn=1, H}Q) CLYQ), 1<q<oo0.

Problem (4.1.1)) may be written in an equivalent integral equation as
t
u(z,t) = A(t)o(x) + By(z) + / B(t — 7)Lou(x, 7)dr+
0
t
+/ B(t — 7)g(u(z, 7))dr. (4.2.1)
0

Define an integral operator S on the space H}(Q) as

S(u) := Alt)op(x) + By (z) + /0 B(t — 1) Lou(x, T)dr
T /0 B(t - 7)g(u(z,7))dr. (4.2.2)

The analysis of the solvability of nonlinear nonlocal problem (4.1.1]) is es-
sentially the same as that of problem . With the operational defini-
tions and mapping properties of A, B and L, being the integral operator S
given in is well defined on the space H}(Q). The solution of prob-
lem is the same as the solution of the equivalent integral equation
(4.2.1). However, the solution of the integral equation is the fixed
point of the integral operator , with the function space Yr defined as
in (3.2.21) and the corresponding norm in (3.2.22). For sufficiently small
time T" > 0 we have a contractive mapping of the operator S from the space
C([0,T), H}(2)) n C* ([0,T)L?*(Q2)). By Banach fixed point theorem, the
integral equation has a unique solution, which is also the solution of

problem (4.1.1]

Given in Chapters 2 and 3, by applying the fixed point argument to

integral equation (4.2.1) via the integral operator given by (4.2.2)), we get
problem (4.1.1)) has a unique local solution
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u(z,t) € C ([0,T)Hy () N C* ([0,T)L*(R)) .

4.3 Energy Identity

Multiplying the equation in (4.1.1)) by u; and integrating over {2 we obtain

1d [ , 1d

/Qut(x Dug(z, t)dr = it |, u; (z,t)de = §E||ut||iz(9) (4.3.1)

—/Qut(x,t)Au(a:,t)dx—/Vut(x,t)Vu(x,t)dx

— 2
— 33 | IVufde = SEITu

From the assumption that the kernel « is symmetric, i.e, a(z — y) =

(4.3.2)

a(y — x) we have,

/QutLaud$ = /Qut (/Q alr — y)u(y,t)dy) dx
- /Q /Q a(x — y)u(z, Hyuly, )dydz
_ / / oy — Yy, tyule, Hdady

Consequently by taking the average,

[ wtet)Laute.de =5 [ [ ate =) e u(y.6) + o Outa, )] dody

th// a(z — y)u(z, t)uly, t)dzdy

(4.3.3)
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For the nonlinear term g(u), we have

/g(u(x,t))ut(x,t)dac = % G(u(z,t))dx (4.3.4)
Q Q

where G(z) = [} g(s)ds so that G’(x) = g(z).
Comblnmg the results from (£.3.1)-(4.3.4), we get quantity

B(t) :=§||ut<.7t>||iz(m+§||w< ey + 5 M@0 — G)(0),  (435)

where

—//a(a:—y)u(m,t)u(y,t)da:dy = (Lau, u)r2(0) (4.3.6)
aJo

1
- [ Gt t)dr = —lulz?} (43.7)

which is actually independent of ¢. Specifically,

B(t) = 9130 + 51Vl3a00) + 5A0)(0) ~ G(w)(0)
=FE(0), te][0,T),

where,

0= [ [ ale=peleviss. 90 = [ Glo)ds

4.4 Finite Time Blow-up of solutions

In this the section we show that under some conditions the L?- norm of the
solution u of the problem (4.1.1]) blows-up in finite time.

Theorem 4.4.1. Suppose that there exists a constant ¢ > 2 such that the

78



conditions

ug(u) > qG(u) (4.4.1)

and

E(0) <0 (4.4.2)

hold true. Then the local solution of the problem ceases to exist in
finite time. Notice that for our problem involving power type nonlinearity,
we have ug(u) = (p + 1)G(u), which satisfies the condition with q =
p+1>2.

Proof. Let .

I(t) := §<u(.,t),u(.,t)> + 5(t) (4.4.3)
where 5(t) is a positive, twice differentiable function which we will fix latter.
Now,

I'(t) = (u(., t), u(., 1)) + B'(t) (4.4.4)
and

17(t) = (ue(,), w5 1) + (ul, 1), w5 1) + B7(2) (4.4.5)
= (ul 1), wl 1)) + (uls 1), Aul, 1)) + (ul., 1), Lau(., 1))
+ (u(-, 1), g(u(, 1)) + 5" (t)

= |lugl)? = | Vul|* + Au + /ng(u)d:x + B"(t).
From and we have the inequality
I"(t) 2 |luel* = [Vl + Au(t) + qG(u)(t) + B"(t). (4.4.6)
Now, from the energy identity given in we have

aG(w)(t) = 3 lue* + gnw + gAu@ — qE(0). (4.4.7)
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Substituting (4.4.7)) into (4.4.6) we get

I'(t) = (L4 Dl + (G = DIVul?+ (1= D)Au(t) —gB0) +B(2). (44.8)

By the assumption that ¢ > 2, we have £ —1 > 0 and that the operator,

—L, is positive operator. Then both the terms (£ — 1)||Vul|* and Au(t) are

positive. Consequently, we have the inequality

I'(t) 2 (1 + 3 ull® = B (0) + 8"(1). (4.4.9)
Setting
lae 1w, >0
2 2 - ), K ’
and

Bt) = Bolt +10)%, Bo = |E(0),]
from , and we have
I0O1'(1) = (14 W (0]
z{QWW+ﬁuﬂU1+§me—quwwww = (140 [, ) + B0

(1 g0) [l lluell* = Fu, we) P] + 280(1 + p)u — (¢ + to)ur, u — ( + to)ue)
0.

v

Hence, by Lemma the quantity I(t) = ||u(.,t)||%2(9) + Bo(t + tp)? and

equivalently |lu(., t)H%Q(Q) ceases to exit in finite time. O

4.5 Potential Well, Unstable Set and Blow-

up of Solutions

In this section, we prove the finite time blow-up of solutions of the nonlinear

nonlocal IBVP. We need the following definitions and lemmas for proof of
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the theorems that follows. The total energy identity of nonlinear nonlocal

problem (4.1.1)) is given by
1 1 1 1 41
B(0) 1= 5wl + SIVul? + GAu — ]

We define potential energy functional for the nonlinear nonlocal initial-
boundary value problem (4.1.1) as J : H}(Q) N LPT1(Q) — R given by

1
2

pt1
p+1-

1 1
J(u) = §HVUHZ + -Au — mHUH

The Nehari functional, .J : H} () N LPT(Q) — R, associated with nonlinear

nonlocal initial-boundary value problem (4.1.1)) is given by

J(u) = [|Vu® + Au — [[ullp s

p+1-

The Nehari functional is introduced as follows. If u € H}(Q) and u # 0,
then there exists a unique A.(u) > 0 and that -.J(Au)|rzp () (Au) = 0.
This critical number A = A.(u) gives the maximum value of J(Au). The

Nehari Manifold is the set defined by
N = {u € HYQ)| J(u) =0,u # o}.

The potential well depth d is a positive number defined by

d:= Jg{/‘](u) (4.5.1)
We define the stable set as
W= {u € HAQ), | J(u) > 0, J(u) < d} n {0} (4.5.2)
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and the unstable set by,

W= {u e HYQ), | J(u) <0, J(u) < d} (4.5.3)
We observe that
WUW = {ue Hy(Q)| J(u) <d},and WnwW =0.

Lemma 4.5.1. The potential well depth is given by

d := inf {Sup JAu) wu e Hy(Q), ||Vul| # 0}

A>0
18 a positive quantity.

Proof. We have,

JO0w) = 2Tl + xenu - X (15.)
u) .= — u — u — .0,
2 2 p+1" P
From which we get,
d
() = AVl + Mu — NP[[u||2L] (4.5.5)

From equation (4.5.5)) setting %J (Au) = 0, we get critical value of A given
by,

_1
|Vl + Au]*
iy

Ao(u) = [ (4.5.6)

The second derivative at this critical point is,

d2
37 M) harw = (L =p)(IVul” + Au) <0

This shows that the critical number A\ (u) indeed gives the maximum value.
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p+1
p—1 ||Vu||2+Au 1
JAu) = J(\, =
sup J() = J(Ac(w)u) 2<p+1>( Tl

d := inf {sup J(Aw), u € HY(Q), || Vul| # 0}

AER
[Vull? + A\ (457
— inf we HY(Q), |Vul| #0%  (4.5.7
o () ’
-1 2(p+1)
= o NI

>
~20p+1) "
where the constant C,; is a constant of the Sobolev embedding.

[Vl

[l

Cpt1 = inf{ u € Hy (), | Vul| # O}

This shows that the Nehari manifold is bounded away from zero by some

positive number. O

Lemma 4.5.2. For each u € W, we have the inequality

where d is the potential well depth.

Proof. We can write

1 1 1
J(u) = —HVUH2 + g Au— luallpy

_|_ 1 p+1
—1
2 (IVull2 © Au — p+1 b
=35 (” ul® + Au ||U”p+1) 200+ 1) Ullp+1
1= p— 1
==J(u

For v € W, the unstable set, we have .J(u) < 0. However there exists a
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critical number A := A.(u) € (0,1) such that J(A.(u)u) = 0. So

1= p—
LNAJUNO:=§JL%OOUV+AJUV+1( )Hlﬁii
= Ayt Ll
2(p+1)
Therefore, for such choice of A we obtain
p—
s llullpt > A(u )1"+1 H 4 = JAe(w)u) > d.

2@+1) 2(p+1)

]

Lemma 4.5.3 (Invariance of Unstable Set). Let ¢ € H}(Q),v € L*(Q),
and let 1 < p < Z—fg ifn >3 and 1 < p <oo, n=12 Letu(x,t)
be a local solution of the nonlocal nonlinear IBVP (4.1.1) on the mazximum
interval of existence [0,T). If there exists to € [0,T) such that u(,ty) €
W (the unstable set) and E(ty) < d, then u(.,t) remains in the set W for any
t € [to,T).

Proof. Suppose that there is t; € [to, T) such that u(.,t) € W for [to, ;) and
u(,t;) ¢ W. From the definition of the stable set, W and continuity in ¢
of the functionals J(u(.,t)) and J(u(.,t)), we have either, J(u(.,t;)) = d, or
J(u(.,t;)) = 0. If we assume that .J(u(.,t;)) = d then from the energy iden-
tity, £(0) = E(t1) = 3||u(t1)||* + J(u(t1)) > J(u(t1)) > d. This contradicts
the energy condition E(0) < d given in the Lemma. So the first condition is
impossible. Now assume that J(u(.,#;)) = 0 . This implies that u(t,;) € N.
Therefore, from the definition of d given in (4.5.1), J(u(t1)) > Jg/f\‘/ J(u) =d.
This implies that F(0) = E(t1) > J(u(t1)) > d. Again this contradicts the
energy condition given in the Lemma. Therefore, u(t;) € W and that the

stable set is invariant under the flow of the solution problem (4.1.1)). m
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Lemma 4.5.4. Under the assumptions given in Lemma[f.5.3, the inequality

2d(p+1)

(|| Vul|* + Au) > —

is fulfilled for t € [to, T'), where u(x,t) is the local solution for nonlocal non-

linear IBVP .

Proof. We may write J(u) = 37— +1 (IVul* + Au) + J(u) For the critical
coefficient A (u) given in (4.5.6) we have J(\(u)u ) = 0. In addition, for
u € W we have 0 < \.(u) < 1. Now we have

4 < JOuw)) = ()52 (|70l + Au) + —— T (o (u)u)

2(p+1) p+1
< 271 (19l + Aw)
2(p+1)
which completes the proof. O

Theorem 4.5.5. Let u(x,t) be the local solution of nonlocal nonlinear IBVP
4.1.1) on [0,T) with initial data ¢ € HL(Q), € L*(Q). If there emists
a number ty € [0,T) such that u(,ty) € W the unstable set and E(ty) < d,
then T' = oo. That is the solution of the nonlinear nonlocal IBVP doesn’t exist

globally in time. That is T' < oo.

Proof. From Lemma () and energy identity we have,

4> Blto) = B(t) = glluel DI + J(u(., 1)
> C(IVul, O + Au, ) + 1)

where, ¢ = This inequality and the principle of continuity lead to the

2( +1)
global existence of solutions, i.e T' = oo. O]

Theorem 4.5.6. Let g satisfy the conditions (i)-(iv), and let W denote the
corresponding potential well energy of CIf p(x) € W and E(0) < d,

then ||ul|L2(q) — oo in finite time.
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Proof. Let 1(t) be defined as

1
Then
I'(t) = (u, w) 20 (4.5.9)

Since we know that J(u) < 0 for u € W, we have

I"(t) = [luall® + (u, u) r2(0)
= JJuel|® + (u, Au+ Lou + g(u)) 120
= [luall* + (u, Au) + (u, Lau) + (u, g(u))
= fluell® = | Vull® = Au + [lulpiy

= [lw|* = J(u) >0 (4.5.10)

Where J(u) = ||Vu® + Au — (u, g(u)) 20y is the Nehari functional. By

the assumptions of the function g(u) = |u|P~! we have,
") > |lw|* + (p+ 1) / G(u)dz — || Vul]* — Au. (4.5.11)
Q

Calculating the value of [, G(u)dz from the energy identity (4.3.5) and sub-
stituting into (4.5.11)), we have

(p—1)

+3
P32+ P g2 1

2

I"(t) > @Au — (p+1)E(0). (4.5.12)

1
2
From the variational inequality given as

1Vl = Mlul® = 20 1(2), (4.5.13)

- . (I|VUI|2>
1= min 2
weHA(Q), IIVul£0 \ ||ul|
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is the principal eigenvalue of the Dirichlet Laplacian, we get by substituting

(£.5.13) into (£.5.12)

(p+3)
9

el |2+ (p — D)A]Jul)® + MAU — (p+1)E(0). (4.5.14)

[//t>
(t) = :

Since I is convex function of ¢ (I”(t) > 0), it follows that, if there exists ¢;
such that I'(t;) > 0 then I(t) is increasing t > ¢;. Consequently the quantity
(r—1)

(0= Dlfull? + L= A — (p+ 1) E(0)

eventually became positive and will remain positive afterwards. Thus for

sufficiently large t we would have

"> el .

(p+3)
2

Now let us set u = @1—3) > 1. By applying Levine’s Lemma m for 1(t) we

have

10)1"(0) - L2 )P

> (31?) (5 ut?) - P

(p+3)
4

(el *[luael|* = (. ue)?) > 0.

Hence the L? norm of the solution u of problem (4.1.1) blows-up at some
finite time Ty, that is,
lim I(t) = oc.

t—To—
One more remaining condition required to complete the proof is to show that

there exists some ¢, such that I'(¢;) > 0, which was assumed to be so.

Lemma 4.5.7. Suppose that I'(t) = (u(t),u:(t)) <0 for allt > 0. Then we

have the following conditions.
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(i) |lu(®)|| < |l¢|| for allt and that ||u(t)]| | A for some constant A > 0.

(i) I'(t) = (u(t), w(t)) 1 0 as t — oco.

(113) I"(t) L 0 as t — oo.

Proof. (i) I'(t) = (u(t),u(t)) < 0 for all ¢ implies that I(¢) is a decreasing
function of ¢. This implies that

—_

I(t) < 1(0) = %HU(t)II SlI8lI” = lu@ll < ligl

for all t > 0. Also as ||u(t)|| is decreasing function of ¢, if we assume that
llu(t)|l | 0, then we have u(t) € W beyond some value of ¢. This contradicts
with the stationary property of the unstable set TW.

(ii) By the assumption that I'(t) < 0 and I”(t) > 0, we have I'(t) is
increasing. If we assume that I’(¢) is bounded above negatively, that is, if
we assume that there exists some € > 0 such that, I'(0) < I'(t) < —e for all
t > 0, then

t t
I(t) = 1(0) +/ I'(s)ds < I(0) —/ eds = I(0) — et
0 0
This implies that I(¢) < 0 for ¢ > 2% and contradicts the fact that I(t) >0

for all ¢t > 0, as defined in 1'

(iii) Finally, if we assume that there exists § > 0 such that,I”(t) > § > 0, for
all t > 0, then

I'(t) = I'(0) + /t I"(s)ds > I'(0) + /t 5ds = I'(0) + 6t

This implies that I'(t) > 0 for t > H/STO)' and contradicts with our assumption
that I'(t) < 0 for all t > 0. Therefore we have, I”(t) | 0 as t — 0. O

It turns out that [ is bounded and decreasing ( non increasing ) and I’
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is bounded and increasing with ,
10)> 1(t) > A>0, I'(0) < I'(t) 0.

We have I(t) tend to a finite positive limit A where 0 < A < I(0). However
I(t) cannot tend to zero for this would place u(t) inside the potential well.

This cannot happen as was seen in Lemma [4.5.3 Therefore we have,
I—-A>0, I't)—=>0, I't) >0 (4.5.15)

We also have

I"(t) = [luel)® = J () = Jue]® > 0,

' . (4.5.16)
I"(t) = fluell* = J(u) = = J(u) 2 0
From (4.5.16)we conclude that
lim |jug]|> =0, lim J(u) = 0. (4.5.17)
t—ro0 t—o00
O

We have to prove out that only one of the following two conditions holds

true.

e The first condition is that I'(t) < 0, for all ¢ > 0, and the maximum
time of existence T' = oo. Let u(ty) € W. By lemma (4.5.3), we have
u(t) € W for all t > t,. Furthermore by lemma (4.5.2)),

J(u(t)) > d+ %j(u(t)), t > to.
and,

B(0) = gl + T((t)) > 3 el +d+ ()

Applying limit as t — oo and taking into account (4.5.17] ), we get
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E(0) > d > 0. This contradicts the energy condition given in the
Lemma and hence this condition can not happen. Therefore, we con-

sider the second condition.

e The second condition, which is the negation of the first condition, states
that either the maximum time of existence is 7' < oo, or I'(ty) > 0,
for some ty € [0,7). However, the condition 7' < oo, by the very
definition, signifies the finite time blow-up condition of the Ly-norm ||u|
of the solution u of problem (4.1.1)). Alternatively, since I”(t) > 0, the
condition I'(ty) > 0, for some ty € [0, T) implies that I'(t) >0, t >t
so that the conditions of Levine Lemma [2.6.1] are satisfied and we resort
back into our proof of finite time blow-up condition, assuming that
I'(ty) > 0, for some ty € [0,T).

4.6 Potential Well, Stable Set and Global Ex-

istence of Solution

Lemma 4.6.1 (Invariance of Stable Set). Let ¢ € Hj(Q2),v € L*(Q) and
let 1 <p< L5 ifn>3, andl <p <oo, n=12 Letu(xt) be the
solution of the nonlocal nonlinear IBVP on the maximum interval of
existence [0,T). If there exists to € [0,T) such that u(,ty) € W, the stable

set, and E(ty) < d, then u(.,t) remains in the set W for any t € [ty, T).

Proof. Suppose that there is t; € [to,T) such that u(t) € W for [to,t) and
u(ty) ¢ W. From the definition of the stable set W and the continuity in ¢
of the functionals J(u(.,t)) and J(u(.,t)), we have either,

(1) J(u(ty)) = d, or

(I1) J(u(th)) =0

90



However J(u(t;)) = d implies
E0) = E(t) = %Hut(tl)HQ +J(u(t) = J(u(tr)) = d

However this contradicts the energy condition £(0) < d given in this lemma.
Therefore condition (I) can not be true.

Assume that case (II) holds true. J(u(t1)) = 0 implies that u(t;) € N.
Therefore by the definition of the potential well depth we have J(u(t1)) > d.
Consequently E(0) = E(t;) > J(u(ty)) > d. This contradicts the energy
assumption given in the lemma. Therefore condition (II) as well cant not be
true. O

We now suppose that the solution starts inside a potential well, i,e,J (¢) >
0 and with additional condition that F(0) < d . By Lemma we have
that the stable set W is invariant under the flow of the solution of .
That is J(u(t)) > 0,t € [0,T)0. We show that the solution is global in time.

Lemma 4.6.2. For every u(ty) € W, i.e., J(u(,ty)) > 0, We have the
inequality,

p—1 2
J(u(.,t) = W(IIVU(J)II + Au(,1))

is fulfilled for t € [to,T), where u(x,t) is the local solution for Nonlocal

nonlinear IBVP and T is the mazimum interval of existence.

Proof. For t € [tg,T), by invariance property of the stable set W as was
shown in Lemma we have,

J(u(t)) = [IVu(, )17 + Aul, ) = Ju(, Ol > 0.
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By the rearrangement, we obtain

Hu(t) = IVl + 5AuC0) = —lul. D7)

2 T
— gy (V6 + Aul ) = a0l
+2é;a)mVMWMF+Amwm
:(pilyﬂ“‘iﬁ‘%géigﬁ(HVuutm2+Aﬂp¢»
Zg@la)mVMJm2+AMwﬂ)

]

Theorem 4.6.3. Let u(x,t) be the local solution of nonlocal nonlinear IBVP
on [0,T) with initial data ¢ € HY(Q),v € L*(Q). If there exists a
number to € [0,T) such that u(,to) € W and E(ty) < d, then T = co.That is

the solution s global in time.

Proof. From Lemma and energy identity (4.3.5) we have

d>Emﬁ=ﬂO=;MbﬂW+ﬂMJ»ZﬂM%m
> ([[Vu( 8)]° + Au(, 1)) > [|Vul., ).

We therefore have the semi-norm ||V (.,%)|| is bounded and that

2(p+1)

IFu(.Hl* < 22

d, (4.6.1)
for all ¢ € [to,T'). From the energy identity we have 1|ju(.,t)||? < d, for all

t € [ty,T) so that

s 1)) < V2d. (4.6.2)
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Applying the differential inequality to equation (4.6.2]) we get,
d
Sl Ol = Jw( )] < vad.
Integrating over [ty,t], we get,
lu(, I < [[ul,to)|l + V2d(t — to), (4.6.3)

for allt € [ty,T") . Hence the Ly- norm of u is bounded linearly. Alternatively

we may proceed as follows. From the equation

() = %j(u) 4

p—1 p+l
2(]9 + 1) ||u||p+17

the given energy condition F(0) < d, and the property that J(u) > 0, Vu €
W leads to the inequality

2(p+1)
+1
Julit < 2252 (46.4)

By the embedding LP(Q2) — L?(2) and inequality (4.6.4)) we have,

1

- -1 (2 1) \#1

llul| < |Q|2<"p+11> [ w||ps1 < ‘Q‘zéﬁn ( (p +1 )d>” (4.6.5)
p_

From equations (74) and (75) we have,

1
p—1 2 1 P+l
Jull < 7 (2222a) (46.6)

From inequalities given in (4.6.1)), [4.6.2|and |4.6.5, we have a unique weak

local solution

uz,t) € C([0,T), Hy () N ([0, T), L*()),
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which is finite for every 7" > 0. By the principle of continuity this leads to

the global existence of solutions that is 7' = oo. O]
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Chapter 5

Conclusions and Possible
Future Work

With many other possible tasks the following problems may be considered.

e Let d be the potential well depth of a nonlinear nonlocal wave equation
given in (4.5.7) and d’' be the potential well depth of the usual nonlinear

wave equation with nonlinear term g(u) = |[u[P™*, p > 1. We have

p+l
-1 2\ p-1
g inf{2p (”W” ) ue HY(S), [Vl #o}.

(p+1) HUH?DH

Due to the positive term Awu involved in d, we have, d > d'. also from

the inequality
Au = —(Lou,u) < || Loul[lu]l < [lallllull® < Collalll[Vul®

we have,
d < (14 Cyllaf)id.

e Several variants of the above problems may be studied. For example, in

my research I have considered the nonlinear function g to be of power
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type. That is, g(u) = |u[P"'u, p > 1. This is to apply some helpful
Sobolev embedding theorems efficiently and easily. The corresponding

term appearing in the energy identity is given by

G(t) = [ Glds = = [ jul. P+ =l

which is a positive definite quantity. This term appears as well in and
the potential energy functional the Nehari functional up to a constant
factor. On the other hand if we use the nonlinear term as g(u) = |ul?

, the corresponding term appearing in the energy identity would be

Gw)(t) = [ s = — [ ful.OPu(a s

This term is sign changing depending on u and requires some more
analysis in the study of existence of solutions and analysis of blow
up conditions of solutions A finite linear combination of such power
functions may also be considered or a more general nonlinear functions

in the form

m
= Z lulPiu p;>1i=1,....,m
i=1

which does not include the nonlocality terms involved, such form non-
linearities were discussed some articles on nonlinear wave equations.

For example, refer [39].

e A nonlocal problem involving dissipative term u; or more generally non-
linear dissipative term f(u;) may be considered. Nonlinear dissipative

problems with nonlocal term has been discussed in some articles.

e Nonlocality with respect to time variable ¢ may be considered instead of

the nonlocality in space variable x as the case of the current work.

e A problem with more general kernel of the form k(z,t) may be considered
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in the integral operator involved in the problem. For example, integral

operator of the form

Liu(z,t) ::/Qk(x,t)u(y,t)dy

can be considered.
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