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Abstract

We present results from an experimental study which is concerned with the pri-
ority exchange of patterns in a dual-frequency nematic liquid crystal under the
effect of an applied sinusoidal electric field. The aim of the work was to investigate
an intrinsic mechanism for the exchange processes.

A device with microscopic electrodes was initially constructed in order to con-
tain the liquid crystal and apply an electric field to a specified portion of it. The
geometry of the device was such that electrodes of different sizes overlapped at
thirty-six separate locations to give a distinct small aspect ratio at each crossing.
The flow pattern resulting from the electric field effect was then examined as a
function of aspect ratios and frequency of the applied field.

The first experiment concerning the priority exchange of patterns was per-
formed for two convective flow states. In this case, the patterns of interest
comprised of four or six convection rolls. Our results confirm that the prior-
ity exchange of these states follow the general mechanism proposed by Benjamin.
Specifically, unfolding of a transcritical bifurcation takes place during the ex-
change process.

The second experiment was conducted to study the competition between a
convective flow and a static re-alignment state of the liquid crystal molecules
known as a Freedericksz transition. The results of this experiment revealed a

complex bifurcation sequence including evidence for a dual cusp.
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Chapter 1

Introduction

Solids, liquids and gases are generally accepted as the three main phases of matter.
However, between 1850 and 1888, experiments related to studies of biological
specimens, crystallization and compounds synthesized from cholesterol led to the
discovery of a new phase [1]. It was observed to exist between the isotropic liquid
and crystalline solid states and was thus named the liquid crystal phase. Hence,
materials that exhibit this phase are called liquid crystals.

Since their discovery, liquid crystals have been a fertile subject in scientific
research. Along with various studies done on their material properties and tech-
nological applications, liquid crystals have also been of interest in the field of
nonlinear dynamics due to interesting pattern formations they exhibit [2, 3]. In
particular, the unique optical and electrical properties of liquid crystals provided
practical advantages to conduct fruitful experiments regarding the flow patterns
that arise from electrohydrodynamic instabilities.

The work presented in this thesis is concerned with investigations of the un-
derlying bifurcation structure of electrohydrodynamic flows. Specifically, the ex-
perimental studies on the priority exchange between flow patterns and the corre-
sponding bifurcation sequences are presented.

In this chapter, firstly, nematic liquid crystals and their optical and electrical

18



properties are introduced. The dynamical effects observed in accordance with
these properties, which build the foundation of our studies, are then explained.
The chapter continues with a summary of previous works done on pattern for-
mation in nematic liquid crystals under the effect of an electric field, pattern
competition in various nonlinear systems and concludes with an outline of the

thesis.
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1.1 Nematic Liquid Crystals

As the name suggests, liquid crystals possess some properties of both the crys-
talline solid and the isotropic fluid states. A liquid crystal material shows some
degree of fluidity, yet its molecules are spatially ordered, as with solids. A mate-
rial may pass through one or more liquid crystal phases, known as mesophases,
of varying degrees of orientational and positional order, before it becomes an
isotropic fluid. Transitions to these phases may be via purely thermal processes
or by changing the concentration ratio of a solvent that is added to a material.

In order for a material to display liquid crystal phases its molecules must be
geometrically anisotropic. A strongly elongated rod-like (calamitic) shape is a
common form of liquid crystal molecules. For a collection of such molecules, the
structure resulting from the simplest orientational order is known as the nematic
phase [4] and is schematically illustrated in figure [1.1] As shown in the figure, the
position of nematic liquid crystal molecules are not fixed as in the case of the solid
phase, but on average they are aligned in a single direction and therefore possess
a certain degree of order. The preferred direction of the molecules is along the
long axis and is defined by a unit vector called the director, which is denoted by
n. The order of molecules in a nematic liquid crystal depends on temperature.
Hence, it can be destroyed at a temperature called the clearing point, which is
specific to each nematic material, and become isotropic.

The equations that describe the dynamics of isotropic fluids, namely the
Navier-Stokes equations, are not sufficient to model the hydrodynamics of nematic
materials. The main difference between nematic liquid crystals and isotropic flu-
ids is that in nematic liquid crystals the translational motion of the molecules is
coupled to their orientation. A model developed by Ericksen [5], Leslie [6] and
Parodi [7] (ELP theory) contains the coupling between the flow and the orienta-

tion of molecules. This is achieved by using a macroscopic approach based on the
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Figure 1.1: A schematic illustration of the nematic phase of liquid crystals.

approximation of classical mechanics. It considers deformations of the structure
without taking into account the details at the molecular scale and is therefore
a continuum model [8]. The equations that describe the dynamics of nematic
liquid crystals in terms of the velocity field, v(x,t), and the director field, n(z,t),

according to ELP theory are as follows:

0
plo; +uiVi)vi = pEi+ Vo (1.2)
pKi + €k0k; + leij =0 (13)

where p is the density, F' is an external body force per unit mass, o is non-
Newtonian stress tensor, K is an external body torque per unit mass and [ is a
couple stress tensor. The non-Newtonian stress tensor and couple stress tensor
are sources of nonlinearities as they include fourth order terms in n, the director.
The anisotropic nature of liquid crystals, which is contained in the set of

equations given above, is also present in the way molecules interact with light and

21



electric fields. As a result, liquid crystals possess unique electrical and optical
properties, which are used widely in scientific studies as well as in technological

applications. An introduction to these properties is given next.

1.1.1 The optical and electrical properties

Optical anisotropy, known as birefringence, is a phenomenon commonly seen in
nature. Materials that exhibit birefringence, such as liquid crystals, possess two
refractive indices since their optical properties vary in different directions within
a sample. The measure of optical anisotropy for these materials is the difference
of their refractive indices and is denoted by An. Accordingly, An in a liquid

crystal is defined by [9)]:

An =nj—ny (1.4)

where n and n, indicate the refractive indices parallel and perpendicular to
the director respectively.

The most important and practical outcome of optical anisotropy of liquid
crystals is obtained when white, unpolarised light propagates through a liquid
crystal sample that is placed between crossed linear polarisers. Normally, white
light cannot pass through perpendicularly positioned linear polarisers [10]. This
situation is illustrated in figure[1.2{i), where the red arrows indicate the polarisa-
tion direction of light that travels in the direction represented by the blue arrow
and the black stripes indicate the direction of polarisers. As schematically shown
in figure|1.2(i), the unpolarised light first passes through polariser 1 and becomes
linearly polarised along the direction of polariser 1. However, this direction is
perpendicular to polariser 2 and therefore, no light can pass through the crossed
polarisers.

When a liquid crystal sample is placed between crossed linear polarisers, the
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effect that occurs is somewhat different. This is illustrated in figure [1.2)(ii) where
the symbols and the colour codes have the same meanings as before. Similar to
the case explained in part (i), as the unpolarised light passes through polariser
1, it becomes linearly polarised in a direction parallel to the polariser. However,
this polarised light experiences a phase shift as it goes through the liquid crystal
molecules, due to their anisotropyﬂ Consequently, the polarisation direction of
light becomes altered. Therefore, when the polarised light reaches polariser 2,
they do not meet at 90° to each other and the component of light that is parallel
to polariser 2 passes through.

The phase shift, (dAn), experienced by the polarised light as it travels through

the liquid crystal sample is given in equation [10]:

dBn = (m + H)A (1.5)

where d is the thickness of the liquid crystal sample, as shown in figure (ii),
An is the optical anisotropy, m is an integer and A is the wavelength of the
polarised light when it reaches polariser 2.

An important consequence of equation (1.5 is that if the molecules change
their orientation, then the optical anisotropy acquires a different value and ac-
cording to equation [I.5] a different wavelength is then allowed to pass from the
second polariser. Therefore, the colour corresponding to the wavelength of this
outcoming light gives an indication of the alignment of liquid crystal molecules.
A new orientation appears as a different colour when viewed from crossed linear
polarisers. This advantageous property makes liquid crystals a beneficial tool in
experimental studies [I].

The electrical properties of liquid crystals also arise from the anisotropic na-

ture of the molecules. These properties are exploited widely in research and

!The details of this process can be found in reference [10].
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Figure 1.2: The propagation of unpolarised light through crossed polarisers (i)
without a liquid crystal sample, (ii) with a liquid crystal sample placed between
the polarisers. The direction of the polarisers are represented by the black lines.
The red arrows give the polarisation direction of the light, which propagates in a

direction indicated by the blue arrows.
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applications since an electric field can alter the director alignment or induce a
flow in a sample, which can then be detected using the optical properties of liquid
crystals. Thus, the interaction of the molecules with an applied electric field pro-
vides an easy and effective method to probe the material or dynamical properties
of liquid crystals. The response of the molecules to an applied electric field is

determined by the following terms [9]:

Ae=¢ —€y (1.6)

where ¢ is the dielectric constant measured along the director (i.e. along
the long axis of the molecules) and €, perpendicular to the director (i.e. along
the short axis of the molecules). Their difference, Ae, is called the dielectric
anisotropy.

Another related term is the conductivity anisotropy, Ac, and is given by [9]:

Ao =0 -0, (1.7)

where o is the conductivity measured parallel to the director and o, perpen-
dicular to it.

Next, we will discuss two of the main dynamical effects that can be observed
when an electric field is applied to a nematic liquid crystal, in relation to the
terms given above. These dynamical effects comprise the foundation of the studies

presented in this thesis.

1.2 Freedericksz Transition and
Electroconvection

The main criteria that determine the response of a nematic liquid crystal to an

electric field (E) is the sign of the dielectric anisotropy. This is schematically
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illustrated in figure where the subfigure (i) represents the effect of E on
materials with positive Ae and (ii) on samples with negative Ae. In both cases
the orientation of the long axis of the molecules is assumed to be horizontal in
the absence of a field.

For positive Ae the free energy is minimised when the molecules align in the
direction of the electric field applied [I, @]. This reorientation is called Freed-
ericksz transition(FT) after its discoverer [I1]. The photographs presented in
figure show how FT appeared when a sample was observed through a polar-
ising microscope. The image seen in figure [1.4[i) was taken when no field was
applied to the sample. By increasing the field strength, the orientation of the
molecules was altered and this was indicated as a change in colour, for the rea-
sons explained in the previous section. The modified colour observed from the

polarising microscope is presented in figure [1.4[(ii).

E E ++.++++

YYYYYY YYYVYYY
(i) (ii)

Figure 1.3: Alignment of nematic liquid crystal molecules according to the sign
of dielectric anisotropy, Ae, when a field E is applied on the molecules. Part (i)

represents the effect on a sample with a positive Ae and (ii) negative.

In cases where an alternating (AC) electric field is applied to a nematic liquid
crystal with positive Ae, the response of the molecules can also have a depen-

dency on the frequency of the field applied. The response time of nematic liquid
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(ii)

Figure 1.4: Freedericksz transition observed through polarising microscope. The
image seen in part (i) was taken when no field was applied to the nematic sample
TX2A. In part (ii) the colour change due to the realignment of the molecules

under the effect of non-zero electric field is shown.
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crystals to external fields is generally given as a few hundred milliseconds [1]. Con-
sequently, if the frequency of an AC field is low in comparison to the response
time of a specific material, then the molecules can follow the field direction. In
other words, they can change their orientation as the field direction changes. For
AC fields with high frequency ValuesEL the response of the molecules is propor-
tional to the magnitude of the square of the field. Therefore, the effect of the
field will not differ from that of a DC field.

Alternatively, when an electric field is applied to a liquid crystal sample with
negative Ae the preferred alignment of the molecules is perpendicular to the
direction of the field [12] as illustrated in figure [1.3{ii), i.e. they remain in their
original alignment. However, above a threshold value, the molecules rearrange
so that a pattern of rolls emerge. An example of such a domain of pattern is
given in figure This effect is called electrohydrodynamic convection(EHC) or
electroconvection and was first observed by Williams in 1963 [13]. Six years later
Carr [12] and Helfrich [14] proposed the following explanation for the phenomena
which is schematically shown in figure [L.6]

When Ag is positive in a nematic material, in addition to negative Ae, the
effect of electric field, E.,, is to segregate the impurity ions, which are always
present in a material. These impurity ions originate from the synthetic roots of
the materials and their segregation is caused mainly by the alignment fluctuations
of the molecules. Rigorous theoretical descriptions of this segregation process can
be found in [3, 12} 14, 15]. According to the Carr-Helfrich model, the segregated
charges flow due to the applied electric field and create shear as they drag the
fluid with them. This exerts a torque on the molecules, which is referred to as
shear induced torque. Simultaneously, an internal electric field, F;,, is created

between the separated charges. This internal field creates another type of torque

2compared to the response time of the molecules
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A

Figure 1.5: Rolls observed in a nematic liquid crystal (TX2A) with negative Ae.

Figure 1.6: An illustration of the Carr-Helrich model for EHC. The thick black
lines represent the electrodes that apply an external electric field, E.,, to the
molecules. Local variations in the director field are symbolised by cigar-like
shapes. The plus and minus signs indicate the segregation of impurity ions that
give rise to an internal electric field, F;,. The circles denote the onset of convec-

tion where each roll rotates in a counter direction to its nearest neighbours.
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on the molecules, called conductivity induced torque. Both types of torques act as
destabilising forces and compete with the visco-elastic forces that seek to maintain
the molecules in their original alignment. However, above a critical value, the
destabilising effects dominate and the system undergoes cellular convection. It
should be noted that in addition to Leslie-Ericksen equations (equations , ,
, a charge continuity equation is included in the Carr-Helfrich model in order
to account for the impurity ions, introduced above, which are crucial for the onset

of EHC in the model [14]:

0
(a +v;Vi)pa+ ViJ; =0 (1.8)

where pg is the space charge density and J is the current density.

The appearance of EHC under a polarising microscope is in accord with the
spatial arrangement of the director field, illustrated in figure [1.6] Since the op-
tical anisotropy, An, depends on the director orientation, the spatially periodic
director field gives rise to a periodically varying An. The effect of this is equiv-
alent to a range of diverging and converging lenses that alternate with the same
periodicity of the director field. Consequently, a set of spatially periodic bright
and dark lines, as seen in figure [L.5] appear where the out-coming light converges
and diverges respectively.

As clearly demonstrated, EHC can be viewed easily through a polarising mi-
croscope and furthermore, modest electric field strengths (of the order of Volts)
are sufficient for its onset. These characteristics make EHC a practical system
to study pattern formation, which makes up an important branch of nonlinear
science. The fundamental ideas used for nonlinear dynamical systems, such as
the concept of bifurcations, can be applied to pattern forming systems to examine
the emergence and stability of the patterns. A rigorous mathematical description

of bifurcations can be found in reference [16], however, a brief introduction is
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given in the next section.

1.3 Bifurcations

Here we will firstly refer to a well known example, the Euler strut, in order to
demonstrate a qualitative change that can occur in the state of a nonlinear system
as a control parameter is varied. In this particular problem, an elastic strut is

compressed under a load P as schematically shown in figure

P

Figure 1.7: An illustration of the buckling of an elastic strut under the compres-

sion of an applied load P.

The equilibrium equation for such a strut of length [/ is as follows [17]:

d?0 )

where B is the elastic bending stiffness, 6 is the deflection angle as shown

in figure and P is the applied load, which is the control parameter of the
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problem. For small values of 6, equation [1.9 can be linearised by replacing the
sin f term by 6 and hence, exact solutions to the equation can be found. One of
these solutions is zero deflection angle and it is commonly called the trivial state.

However, as P is increased further, the trivial state becomes unstable at a
critical value of P. Consequently, the strut buckles either to the left or right
above this critical value and each of the bucklings correspond to a new stable state.
Then, the trivial state of the strut is said to have bifurcated to new solutions. The
type of bifurcation that is described here is an example of a symmetry-breaking
or pitchfork bifurcation since the buckled states break the left /right symmetry of
the trivial state.

There are two types of bifurcations, which we will frequently refer to in this
work. These are pitchfork and transcritical bifurcations. A simple demonstration
of a pitchfork bifurcation has already been explained, however, a mathematical
description and further details on unfolding of a pitchfork bifurcation are given
in Appendix A. Therefore, we will introduce a transcritical bifurcation, which is
described locally by the following equationﬁ:

dz 9

pr =\t —=x (1.10)

where z is a dynamical variable, which defines an equilibrium state, % gives
the evolution of an equilibrium state and A is a control parameter. The equilib-
rium states as a function of \ are shown in figure [I.§ where solid lines denote the
stable states and the dotted lines indicate the unstable solutions.

A significant difference to emphasize between a transcritical and a pitchfork
bifurcation is that a pitchfork bifurcation occurs in systems with perfect symme-

try whereas this is not the case for a transcritical bifurcation. A consequence of

3Note that the term local in this context indicates that equation is valid for the values

of X\ and z near the bifurcation point
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Figure 1.8: Bifurcation diagram for a transcritical bifurcation

this difference determines the role transcritical bifurcations play in the interac-
tion of neighbouring states in real systems. A detailed discussion of this topic is
given in Chapter 4] and Appendix A.

As noted in section [I.2] concepts of bifurcations can be applied to systems that
exhibit pattern formation. In such systems, a pattern that is realisable in an ex-
periment corresponds to a stable solution in the parameter space. Consequently,
the emergence of a pattern can be explained by a suitable type of bifurcation. As
a result, FT and to somewhat greater extend EHC, have been studied intensively
as cases of pattern formation in nematic liquid crystals. An overview of the work
done in this field, in addition to pattern competition studies in other systems,

are given in the next section.

1.4 Previous Studies

We will consider the past studies on F'T prior to those on EHC in accordance with

the chronological order of their discoveries. F'T was first observed in 1934 |11} in
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an experiment where magnetic field was applied to a nematic liquid crystal. The
phenomenon was studied theoretically in the following years by Saupe [18] and
Dafermos [19], who developed an integral expression that describes the free energy
of a nematic sample. Consistent with the original experiment of Freedericksz,
they carried out the calculations considering the application of a magnetic field
on the nematic material. When the condition of a minimum was imposed on the
integral expression giving the free energy, they found a threshold field strength
above which FT takes place [15]:

o ( K
° d Ay
where H, is the threshold field strength and d is the thickness of the liquid

)1/ (1.11)

crystal cell, which is the device containing the nematic material. K is the elastic
constant of the liquid crystal and Ay is the diamagnetic anisotropy of it, which
is defined as x| — x1. Similar to dielectric anisotropy described in section m,
subscripts indicate the values of diamagnetic constant measured in the direction
parallel and perpendicular to the long axis of the molecules respectively.

In 1970, Leslie [20] carried out theoretical calculations for the solutions of
equations based on continuum theory for a sample of liquid crystal under the
effect of a magnetic field. Two separate configurations were considered for the
geometry of the liquid crystal cell. In the first one, the material was assumed to
be deposited in an annular gap created between two concentric cylinders. Thus,
the alignment of the molecules were tangential to the surface of the cylinders
and a radial field was applied on the molecules. In the second case, the nematic
material was in a wedge shape container, so that the director alignment and
the field could be reversed compared to the previous case, i.e. the molecules
were aligned radially to the surface of the container and the field applied was

tangential. The threshold field determined from these theoretical calculations
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agrees with the results found by Saupe and Dafermos.

Another theoretical study, following on the findings explained thus far was
done by Derfel [2I] where he examined nematic liquid crystal molecules confined
between parallel plates with their alignment set to be parallel to the surface of
the plates. By considering a magnetic field that is applied perpendicular to the
director he studied the resulting orientation of the molecules from the perspective
of Catastrophe Theory. He showed that the threshold field strength corresponds
to the bifurcation point at which the trivial statd’] bifurcates into two states
defined by the sign of the angle the director makes with the surface of the plates
after the field is applied. Moreover, he reported that the transition between the
states has a dependency on the history of the field application.

The Freedericksz transition arising from the application of an electric field
was also investigated by researchers. Deuling [22], as well as Gruler et al. [23],
confirmed theoretically and experimentally that the onset of F'T induced by elec-
tric fields was similar to that created by magnetic fields. Explicitly, they found
a critical field strength above which the molecules re-aligned in a configuration
to give a minimised free energy. In addition, Gruler et al. calculated the angle
deviation of the director as a function of the field strength. The experimental
results of Gruler et al, however, showed discrepancies from the theoretical re-
sults at large field strengths. The explanation proposed for this observation was
the imperfections in the uniformity of the field applied, which was approximated
accurately for the small values of the field.

The study of FT as a bifurcation problem was revisited by Blake et al. in
1999 [24]. The numerical calculations they performed were for a nematic liquid
crystal placed between parallel plates and both electrical and magnetic field effects

were studied. The original alignment of the molecules in the absence of the field

4i.e. the theoretical rest state that exists in the absence of a field
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was considered to be parallel to the plate surfaces. The bifurcation diagram
they produced for the idealised case, i.e. without imperfections, gave a well
defined threshold field strength. This threshold value acted as a bifurcation point
giving rise to a pitchfork bifurcation as the field strength was increased further.
When the imperfections were included either in the applied field or in the director
orientation near the boundaries, one of the branches of the pitchfork bifurcation
was disconnected whereas the other branch became a smoothly evolving one from
the trivial state. The locus of the limit point{’| of the disconnected branch was
examined and hysteretic behaviour was found. Consequently, loci of limit points
of the disconnected branch formed a cusp. Blake et al. also investigated the
effects of fields in a two-dimensional version of the problem. They set the ratio of
the length of the plates to the thickness of the gap between them to small values
and successfully revealed the charge density, the director angle and the electric
potential as a function of distance from the mid-plane of the gap in the vertical
direction.

The second main electro-dynamical effect of interest in this thesis, EHC, was
discovered by Williams [13] in 1963 as noted in section [1.2] Following the devel-
opment of the model explained above by Carr and Helfrich, the next important
contribution to the explanation of the phenomenon was made by the Orsay group
[25], who extended the theory for alternating (AC) fields. The experimental stud-
ies of EHC are mostly carried out with AC fields to minimise possible charge
injection from the electrodes on the glass plates of the liquid crystal cell, i.e.
the device in which the nematic material is contained. The Orsay group found
that two types of convective instabilities arise depending on the frequency of the
applied field. The regimes of the parameter space where these instabilities occur

are seperated by a critical frequency. In the region with frequency values lower

A detailed discussion of limit points is given in Chapter
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than the critical frequency, called the conduction regime, the space charge den-
sity, pq, oscillates in phase with the field and the director distortions are static.
For frequency values higher than the critical frequency, that is, in the dielectric
regime, director distortions follow the field applied whilst p, stays static. The
photograph presented in figure is a so called chevron pattern observed only
in the dielectric regime of the parameter space [2]. This pattern is created by the
periodic structure of defects that form due to the director motions determined by
the field and hence, is a trademark of the dielectric regime. In 1972, the models
developed by Helfrich and the Orsay group were detailed further by Penz and
Ford [26] who took into account the upper and lower boundaries and extended

the model to two-dimensions.

Figure 1.9: Alignment of nematic LC molecules according to the sign of dielectric

anisotropy, Ae [2].

Investigations of pattern formations in EHC were initiated by Kai and Hi-
rakawa [27] and were carried forward by Joets and Ribotta [28, 29]. They re-
ported that the onset of EHC was followed by oblique-roll, zig-zag, skew-varicose
and grid patterns subsequently as the voltage was increased. Photographs of

these patterns are presented in figure [1.10l The criteria for acquiring some of
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these patterns, such as oblique-rolls, were studied by Bodenschatz et al [30] who
carried out a three dimensional linear stability analysis of the trivial state. The
same group also considered competition between various instabilities by describ-

ing secondary instability mechanisms with amplitude equationsﬂ.

(iii) (iv)

Figure 1.10: Examples of patterns in EHC: (i) Oblique-roll, (ii) zig-zag, (iii)

skew-varicose, (iv) grid patterns [28].

The studies on EHC discussed thus far were carried out for systems where
the liquid crystal cell had large aspect ratios. The concept of aspect ratio is

discussed in detail in Chapter |3, Briefly, it is the ratio of the length and width

6see Section for an explanation of amplitude equations
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to the thickness of the three-dimensional section of the device where the fluid
is confined and the experiments are conducted. The reason for the preference of
large aspect ratio liquid crystal cells is to approach the approximation of infinitely
large experimental setups and hence to consider periodic boundary conditions.
A difficulty of this approach in practice is that the solution set can be very large
i.e. many different states can coexist at a given point in parameter space.

Nevertheless, some studies in other fluid mechanical systems with small aspect
ratios provide interesting results since in this case the solutions in the parame-
ter space are well separated and the multiplicity of states in the fluid system
is decreased. In addition, better experimental control can be achieved in such
systems. Thus, ideas related to finite-dimensional dynamics could be adapted for
the interpretation of the fluid motion [31].

An example of such studies is the work of Libchaber and Maurer [32] who
found a period doubling cascade to chaos in a small aspect ratio model of Rayleigh-
Bénard flow. In this system, convection is set in a fluid confined between two
parallel plates, by creating a thermal gradient across the fluid. Another fluid
system that revealed low dimensional dynamics was the Taylor-Couette system
[33, 34] where a fluid is placed in a gap between concentric cylinders. Then,
by rotating one of the cylinders while keeping the other one stationary, a shear
is created across the fluid layer [I7]. When the Reynolds number of the fluid
reaches a critical value a banded flow structure, shown in figure [L.11f1), arises. A
cross-sectional view of the cylinders (figure [1.11](ii)) reveal that the bands, in fact,
are a range of cellular flows placed on top of each other and every cell rotates in
a counter direction to its nearest neighbours. At higher values of the Reynolds
number the cells can leave their place to further hydrodynamic instabilities and
ultimately turbulent flow can form in the system. Mullin and Price [35], who

carried out an experimental study regarding the global dynamics of this system,
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reported mechanisms for the origins of chaos of the Sil'nikov typ A review of
low dimensional dynamics investigations in Taylor-Couette systems can be found

in reference [36].

(i) (ii)

Figure 1.11: Taylor rolls are shown in part (i). The cross-section view of the same

rolls are given in part (ii) [17].

Consequently, these studies gave motivation for the investigation of EHC in
small aspect ratio systems, where only few number of convection rolls are accom-
modated in the liquid crystal cell. The first one of such studies was carried out
by Yang et al. [37], who studied oscillations of the convection rolls and found
consistency with Hopf bifurcatiorﬂ Later, Hidaka et al. [38] showed evidence
for quasi-periodicity in transition to chaos in EHC of nematic liquid crystals.
Another observation regarding the complex behaviour of oscillating 6 and 10-roll
states of EHC was reported by Binks [39]. Following his work, Peacock [§] re-
ported two qualitatively different forms of oscillatory flow in EHC that arise via

a Hopf bifurcation and the existence of random bursting in their time series. The

"see [8] for an introduction to Silnikov Dynamics
8see [16] for Hopf bifurcation
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cause of bursting was believed to be the thermal noise in the system, which gave
rise to Brownian fluctuations of the director. Furthermore, a detailed study of
low-dimensional dynamics in EHC was also done by Peacock et al. [8] 140} 41, [42]
where he found a so called codimension-2 point, which leads to homoclinic bifur-
cations and acts as an organizing centre for the dynamics.

As the number of studies with small aspect ratio liquid crystal cells increased
and observations concentrated on the dynamics of few convection rolls, a problem
related to the symmetry of roll patterns was realised. Explicitly, the rotation
of the outer-most convection rolls in EHC is persistent in only one direction,
namely downwards [8], 39, 43]. This observation is considered to be peculiar on
the following basis. The onset of EHC is considered as a pitchfork (symmetry
breaking) bifurcation by Kramer and Pesch [44]. Accordingly, each branch of
the pitchfork corresponds to one of the two possible rotation directions of the
outer-most convection rolls. Since experimental observations show that the outer
rolls form prior to the inner ones [§] and every roll rotates in a counter direction
to its nearest neighbours, the rotation direction of the inner rolls are determined
by the outer ones. Therefore, the observations made demonstrate only one of the
branches and to date, the attempts to find the second branch of the pitchfork have
not succeeded [43] 45]. This important result cannot be interpreted as separation
of the branches due to experimental imperfections since the second branch could
not be observed at nearby values in the parameter space. The problem was
investigated numerically by Tavener et al. in [45]. They, in particular, studied
the effect of fringing electrical fields and the possibility of a large separation
of the branches as a result of them. However, they found that the separation
of the branches in such a case is small and therefore, both states ought to be
realisable in an experiment. Hence, this fundamental problem remains unsolved

to date. A similar situation also exists for Taylor-Couette flows, where the cellular
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structures always prefer the same rotation direction. However, in this case, the
large separation of the branches representing the two possible rotation direction
of the Taylor cells is related to the type of symmetry that is broken with the
onset of Taylor cells. This is a translational symmetry that cannot be achieved
in a physical system. A more detailed explanation on Taylor-Couette flows can
be found in reference [17].

Another convective system that is modelled as an example of a pitchfork
bifurcation is Rayleigh-Bénard convection [46]. Contrary to EHC, the existence
of both branches are confirmed experimentally [47, 48] for this system. The
reason for this is the validity of the Boussinesq approximation in Rayleigh-Bénard
systems, which introduces a symmetry between upward and downward motion
and thus, allows the existence of both flow directions of the convection rolls [46].
This is unlike the situation with EHC where the symmetry that exists in the
system is believed to be a translational one, akin to the case of Taylor-Couette
problem.

As a result of the studies in various nonlinear systems explained above, a qual-
itative similarity between EHC and Taylor-Couette flows was recognised. This
led to further investigation of the two systems and enabled comparisons between
them. An important one of these investigations was carried out by Binks et al.
[39, [49], who showed that the priority competition between two flow patterns in
EHC followed the exchange mechanism proposed by Benjamin [50]. According to
this mechanism, two flow states exchange priority via a transcritical bifurcation
and hysteresis is involved in the process. The same exchange mechanism was
demonstrated for 2 and 4-cell Taylor-Couette flows by the experimental results
presented by Benjamin and Mullin [511 [52] 53]. Also, the numerical calculations
by Cliffe [54], Bolstad and Keller [55], Furukawa et al. [56] agree with the ex-

perimental observations. The ideas were then applied to a connected system of
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Euler struts under compression by Tavener et al [57] and to flows in horizontal
and curved ducts by Nandakumar et al [58, [59).

The experimental results of Benjamin [51] on a Taylor-Couette system were
studied further by Schaeffer [60, 61], Hall [62, 63] and Cliffe [54]. In his work,
Schaeffer applied the methods of Singularity Theory to investigate the effects of
boundaries. His analysis, which produced qualitative agreement with the results
presented by Benjamin [51], was done for exchange processes between 2k and 2k+
2 rolls where k > 2. The model includes cubic nonlinearities, whereas for £ = 1
quadratic terms are also required. Later, Hall, [63] who studied Schaeffer’s model
further by using perturbation methods with no slip boundary conditions reported
that the degeneracy stemming from the quadratic terms ought to play a significant
role in the experimental results of Benjamin. Subsequently, Cliffe showed that
the hysteresis observed in Taylor-Couette experiments is highly suppressed for
the priority exchange of 2 and 4-cell states.

The work presented in this thesis was concerned with taking the experimental
investigations on pattern selection further by using a unique liquid crystal ma-
terial, which allowed us to generate both FT and EHC in the same device. As
explained above, the emergence of a FT state is modelled in general as a pitch-
fork bifurcation. On the contrary, describing the onset of EHC with a pitchfork
bifurcation is inappropriate due to large separation of the branches. Thus, the
studies presented here were an investigation of the pattern selection between two

effects that are different in origin. A preview of these studies is given next.

1.5 Preview of Chapters

In Chapter 2| the apparatus and experimental technique are described. Following
this, the details of the liquid crystal cell constructed for our studies is given in

Chapter [3| and the role of aspect ratio on flow patterns is discussed furthermore.
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The general observations made in both F'T and EHC systems are also presented
in the same chapter.

The first of the sets of experimental results that constitutes the main focus
of our investigation is the subject of Chapter 4} Specifically, the chapter is con-
cerned with the study of the priority exchange of two neighbouring EHC states.
The theoretical background required for the interpretation of the experimental
results is given in the beginning of the chapter. This is followed by the details of
the experiment, and the results are compared with those obtained from similar
systems.

The results of a second experimental investigation are presented in Chapter [f,
where the pattern selection occurs between the primary flow state of EHC and a
FT state. As a result, an experimental evidence for the existence of a dual cusp
in a liquid crystal flow is presented. Finally, the conclusions of our studies are

given in Chapter [6]
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Chapter 2

Apparatus and Experimental

Techniques

In this chapter the apparatus and experimental procedures used to study the
pattern selection in a nematic liquid crystal flow are introduced. The accuracy
and the control of the equipment is detailed with an emphasis on the geometry
and manufacture of the liquid crystal cell. Finally, the rationale behind the design

of the experiments is discussed.

2.1 The Apparatus

A photograph of the apparatus used in the experiments is shown in figure 2.1} The
nematic liquid crystal was enclosed between two glass plates to form the liquid
crystal cell (LC cell) which was placed on the hotstage. A close-up image of the LC
cell is given in figure 2.2l During the experiments a thermally insulating lid was
mounted on the hotstage in order to minimise the heat transport between the cell
and the room. The temperature of the hotstage and consequently of the LC cell

was controlled and kept constant to within £0.01°C' by a temperature controllerE].

'Linkam Temperature Controller TMS 93
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In all experiments a sinusodial alternating (AC) electric field generated by the
function generatoxﬂ was ampliﬁedﬂ and applied to the LC cell. The final amplitude
of the field was read from the multimetelﬁ in units of Volts(V,,,s). The effect of

the AC field on the nematic LC was then observed from a polarising microscopeﬂ.

~ multimeter

function
generator

SWitch

a8 88 88 A
essssssa

Figure 2.1: The apparatus used in the experiments.

Pictures of the images observed through the microscope were taken by adapt-
ing a digital cameraﬁ fitted to the polarising microscope. These were then trans-

ferred and stored on a computer.

2Thunder and Thurlby, TTi TG1304 Programmable Function Generator
3High Voltage Wide Band Amplifier Serial code EW1896/PA41. Made in the electronics

workshop of the University of Manchester, Department of Physics
4Black Star 4503 Intelligent Multimeter
50Olympus BH2
6JVC Digital Camera KY-F1030
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Figure 2.2: The LC cell placed on the hotstage.

2.2 The Liquid Crystal Cell

The central part of the experimental system was the LC cell itself. Careful con-
sideration was given to the design and construction of the cell since its geometry
defined the boundary conditions of the experiments. The local structure of the
three dimensional rectangular cell selected for our LC studies is shown schemat-
ically in figure [2.3

The manufacture of the cell used was carried out in Cambridge University
clean rooms by Dr. Timothy Wilkinson. In essence, the LC cell was constructed
from two pieces of glass, with dimensions (25.60 £0.01)mm by (19.11£0.01)mm
and thickness of (1.31£0.01)mm, placed on top of each other. The size of the gap
between the glass slides was (9.7+0.1)um and set with polyethylene terephthalate
(PET) film spacers, which acted like pillars inside the cell. In order to apply the
electric field across the cell, transparent electrodes were etched onto the inner
surface of the glass using a series of special procedures, which will be discussed
shortly.

The cell was assembled such that the electrodes were perpendicular to each
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Active area
Spacers

Electrode

Electrode

Figure 2.3: A schematic illustration of a liquid crystal cell. The spacers inside
the cell provide even spacing at the ends. The electric field is effective over the
active area created by the crossing of the transparent electrodes. This is denoted

by the colour pattern. As before the n vector represents the director.
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other. Therefore, when an AC field was applied to a LC cell it acted over a
region where the transparent electrodes crossed. This region is referred to as
the active area. A sketch of the active area is given in figure 2.4, The rela-
tion between the dimensions of the active area and the thickness of the cell, i.e.
(length:width:thickness), is called the aspect ratio and it is the defining geomet-
ric parameter for the LC cell. The significance of the effect of aspect ratio on

dynamical systems and their experimental studies is discussed in further detail

in Chapter 3]

Figure 2.4: The active area of a liquid crystal cell and the dimensions that define

the aspect ratio (I : w: t).

The electrode patterns were deposited on the glass using lithography. Briefly,
the method of lithography is as follows: The glass was first covered with pho-
toresist and then exposed to ultraviolet light with a mask on top. After the
development, the photoresist under the mask remained. Then Indium-Tin-Oxide
(ITO) was etched in acid and remains of the photoresist cleaned. Hence, the
pattern of the mask was used to define the location of the transparent electrodes
on the glass.

The geometry of the mask designed for the cell we used is illustrated in fig-

ure 2.5, The electrodes etched on the top and bottom glass plates had the pattern
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of the black lines shown in figure The electrode widths were 20, 10, 7, 5, 3,
2um from top to bottom respectively with +1um accuracy. A distance of 100um

was set between each electrode.

Figure 2.5: An illustration of the mask used for the small aspect ratio cells. The
electrode widths from top to bottom were 20, 10, 7, 5, 3, 2um. Distance between

each electrode was 100um.

After the etching of the electrodes, another layer was prepared on the same
side of the glasses by spinning polyimide AM4276 for 20 seconds at 3000rpm.
The glass plates were then hard baked (at 220°C' for 2 hours) and buffed with
a roller to make microgrooves which mechanically align the molecules closest to
the surface. A discussion of the alignment of LC using surface preparation can
be found in [64, 65]. In short, when the polymer surface is rubbed a shear is
generated and the near-surface polymer chains undergo shear induced configura-
tional rearrangements [66]. Hence, the surface geometry created aligns the bulk
liquid crystal [67]. It is also known that near the surface the alignment induces
a tilt of 1 — 5° in the molecules [9]. Therefore, the upper and lower glasses were
rubbed in antiparallel directions in order to minimise this effect and create an
approximately constant alignment. Such type of alignment, where the molecules

are parallel to the surface of the glass plates, is called planar alignment} Thus

"When the molecules are aligned perpendicular to the surface the alignment is said to be

homeotropic.

20



the director n, introduced in Chapter (1|, was defined.

When the construction of the cell was completed, nematic TX2A was filled into
it by the vacuum created in the void between the glasses and spacers. The edges
of the cell were sealed with epoxy resin to prevent any leakage or contamination.
The nematic TX2A, whose properties are detailed in Appendix B, is a so called
dual frequency LC. In dual frequency materials the dielectric anisotropyﬂ varies as
a function of the frequency of the AC field applied to it and changes its sign at a
well defined frequency called the crossover frequency. The results of the dielectric
anisotropy measurements done for the nematic TX2A as a function of frequency
are given in Appendix B.1. Since the response of a LC to electric fields depends
on the sign of the dielectric anisotropy, we were able to observe both EHC and
FT in this material.

Finally, wires were soldered onto the electrodes with indium so that an electric
field could be applied to the LC cell. A schematic diagram of the cell in its final
state is given in figure[2.6| The red cross indicates the active area of the connected
electrodes and a matrix of different aspect ratios embedded within the same device
can be clearly seen.

The electrodes and their crossings were tested to check whether there was any
residue of photoresist or I'TO which would create a short circuit when an AC field
was applied. No such cross connections between the neighbouring electrodes was
found. An example is shown in figure 2.7 where the rolls formed only at the active
area of the connected electrodes, with an aspect ratio 2.0 £0.2: 2.0+ 0.2 : 1.0.

An important point to consider, when applying electric fields to a LC cell with
small electrode widths and cell thickness, such as the one explained above, is the
existence of fringing fields at the edge of the electrodes. To date, two main studies

have been done on fringing fields. The first one of these was carried out by Cas-

8see Chapter [1| for a definition
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Figure 2.6: The final state of the cell. Solid lines indicate the electrodes on the
top glass and the ones on the bottom glass are shown as dashed lines. Freedericksz
Transition or electroconvection is expected to evolve only within the active area

marked with a cross.
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Figure 2.7: Convection rolls created in aspect ratio 2.0£0.2: 2.0£0.2 : 1.0. The
black solid line indicates 20um. The crossings of different size electrodes creating
a range of different aspect ratios can also be partially seen. The response to
electric field is only in the active area of the connected electrodes and in its
neighbourhood where the fringing fields existed. The picture was taken with a

10X objective and numerical aperture (NA) = 0.25.
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sarly and Young [68] where they modelled the effects of fringing fields on optical
properties of a nematic LC and gave predictions for the extension of electric fields
at electrode edges. Their predictions were tested experimentally by Storrow et
al. [69] who used liquid crystal devices to create a phase difference between two
laser beams and then combined the beams to examine the resulting interference
patterns. Their experimental setup consisted of a Michelson interferometer with
two planarly aligned LC cells, each adjusted on one of the arms of the interferom-
eter. The LC cells were filled with the same nematic materialll and a laser beam
was directed towards each cell after it was split by a beam splitter. Meanwhile,
an electric field was applied to one of these cells (the retarding cell) whose effect
was to re-align the liquid crystal molecules in a way explained in Chapter [1] for
materials with positive dielectric anisotropy. Thus, the refractive indices of the
material were altered due to the birefringent nature of liquid crystals and the
phase of the laser beam experienced a shift as it passed through cell.

Similarly, an electric field was applied to the second liquid crystal cell (the test
cell), however, the values of the field amplitude were chosen specifically to orient
the molecules to produce phase shifts of 0, /2 and 7 relative to the first beam. By
combining the beams after they passed through the LC cells at set voltage values,
three different interference patterns were obtained. The intensity of patterns
were examined for quantitative information regarding the phase shift a wavefront
experienced at any point on the retarding cell} In principle, no phase shift
was expected outside the electrodes since, in these regions, the molecules were
assumed to be in the planar orientation they retain in the absence of electric field.
Nevertheless, Storrow et al. observed phase variations generated by the molecules

whose orientations were disturbed by the fringing fields which extended beyond

9The nematic E49. This material has positive dielectric anisotropy [70].
0The technique explained here is called phase-stepping interferometry (PSI) and further

information about it can be found in reference [69].
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the electrode edges by 18%. This value was two orders of magnitude greater than
the theoretical predictions of Cassarly and Young.

Subsequently, Binks [39] and Peacock [8] observed that for a cell with thick-
ness of H50um and electrode widths of 200um, the fringing fields are not large
at moderate voltages and the flow patterns are confined within the active area
only. However, given that the actual dimensions of the active areas in the LC
cell we manufactured were significantly smaller than the values of the cell used
by Binks and Peacock, the effects of fringing fields were evident and examples of

their effects are given in the next chapter.

2.3 Electrical Equipment

The quality of the electrical equipment used in the experiments was checked
with computer codes written in LabView measurement and automation software.
Specifically, the long term stability of the function generator, the amplifier, the
multimeter and the temperature controller were examined.

According to the manufacturer’s quote, the accuracy of the function generator
in frequency is equal to that of the amplitude for the range of values applied in
our experiments and is given as +0.01% for both parameters. In order to test if
this level of accuracy can be maintained in frequency and amplitude of the AC
field applied to the LC cell in our experiments, firstly, the function generator was
set to produce a selected sinusoidal AC signal. Then, the amplitude of this test
signal was modified by the amplifier to a typical value applied in the experiments
whilst the frequency was kept at its original value, which was also within the
range applied in our experiments. Afterwards, the root-mean-square(rms) value
of the amplified AC signal was measured by the multimeter whose accuracy given
by the manufacturer is £0.01% for measuring values with three significant digits.

Finally, the frequency and the modified amplitude values of the AC signal were
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sampled by a computer every 15 minutes for 5 hours by the signal generator and
the multimeter respectively through separate GPIB (General Purpose Interface
Bus) ports.

The results shown in figure [2.8 are the rms voltage readings sent to the com-
puter from the multimeter, after the original signal was amplified. As such, the
accuracy of the function generator, the amplifier and the multimeter are included
in the data presented. The standard deviation of the mean, shown as the error
bars, is +0.0014V,.,,s which corresponds to a percentage error of £0.01%. Hence,
the precision of the measurements was in agreement with the values quoted by
the manufacturers of the multimeter and the signal generator. The results also
indicate that the fluctuations in the amplifier were less than or equal to £0.01%.
No variation could be detected in the value from the measurements of the fre-
quency of the AC signal sampled by the computer from the function generator
with the sampling rate specified above. Therefore, the value quoted by the man-
ufacturer was accepted as the accuracy of the function generator in frequency.
Conclusively, the parameter values in the experiments could be maintained to
within this level of accuracy, explicitly 40.01%.

Thermal stability was considered and examined with great care. According
to Rehberg et al [T1] random Brownian-like fluctuations, which can result from
thermal fluctuations, have a significant effect near the onset of EHC. Further-
more, Peacock [§] reported that thermal fluctuations can give rise to bursts near
the onset of the oscillatory motion observed in nematic BDH-1786. Therefore, a
special temperature monitor was designed to test for fluctuations for the temper-
ature controller shown in figure whose stability specified by the manufacturer
is 0.1°C (relative temperature). For our test, firstly, the temperature controller
was set to increase the temperature of the hotstage from room temperature to

33°C', which was considered to be a suitable temperature to conduct the exper-
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Figure 2.8: The stability graph of the amplifier and the multimeter. The data
was collected and sent to the computer by the multimeter after the signal was

amplified.
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iments for the reasons which are given below. Furthermore, a lid was mounted
on the hotstage to isolate it thermally from the room temperature. It should be
emphasized that here, the aim was to check for the fluctuations in temperature
rather than its absolute value. Therefore, the hotstage and the temperature mon-
itor were connected to each other and the offset of the monitor was calibrated for
the temperature of the hotstage after the display of the temperature controller
confirmed that it has reached 33°C. Finally, the temperature of the hotstage was
measured every minute for more than 16hours and the difference between the
calibrated and the measured temperature values were converted to a DC signal
such that 12V corresponded to 1°C'. The results were recorded by a computer
and are shown in figure 2.9, which confirms that the temperature fluctuations
were approximately 0.01°C".
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Figure 2.9: The stability graph of the temperature controller. On the vertical

axis 0.1V corresponds to ~ 0.008°C".
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2.4 Experimental Techniques

In investigating the priority exchange between different phenomena and patterns
observed in nematic TX2A, experimental methods outlined below were used. The
details of specific experiments are given in the related sections of Chapters |4 and
[l

The first effect to be considered in the experiments was the drift in the con-
ductivity of LC, which arises from contamination by impurity ions. It is believed
that the electrodes slowly corrode and contaminate the liquid crystal with time
[9]. The amount of drift changes on a day to day basis and thus produces a
quantitative shift in the value of the limit pointsE] measured in the experiments.
This problem has also been an issue in previous investigations [8, [39]. All the
bifurcations were steady and the technique used by Binks [39], of nondimension-
alising the results by a well defined critical point, was adopted. Specifically, a
limit point was chosen to provide a reference value and was measured at regular
intervals. Relative values of the voltage were obtained by dividing the absolute

value by the reference value as shown in equation

‘/rel = V:zbs/v;‘ef (21)

where V,; is the relative voltage, Vs is the absolute voltage (the rms value
found as the result of a measurement) and V,.y is the reference value explained
above. The same technique was applied also to frequency measurements for the
experiment discussed in Chapter

The increments/decrements on the control parameters were made in steps of

U The concept of limit points is introduced and its role in the experiments is described in

detail in Chapter
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0.01kH ZE and 0.03VTWH for frequency and amplitude respectively. The waiting
time between the steps was determined by considering typical response time of
nematic LC’s to electric fields. This value is usually of the order of one hundred
milliseconds [I]. Therefore the waiting time of the order of seconds between the
increments/decrements was regarded sufficient. However, the specific value for
the waiting time and justification for its choice is given in Chapter [

The temperature of the LC cell was kept constant at (33.00£0.01)°C' through-
out the experiments. The first reason for choosing this value was that it is well
below the clearing poinﬁ of TX2A (101°C). Therefore, the possible effects result-
ing from a nearby phase transition, such as increased orientational fluctuation of
the molecules, can be neglected. Further detail on phase transitions from nematic
to isotropic phase can be found in reference [72]. Another reason for choosing this
temperature value was to minimise possible fluctuations of the temperature con-
troller in case of a thermal leakage. In such a situation, if the temperature set for
the hotstage is close to the room temperature, the heat flow between the hotstage
and the environment will be from and to the hotstage, due to thermal fluctua-
tions of the room temperature. Hence, the temperature controller will operate
both heating and cooling processes in order to maintain the required tempera-
ture. On the contrary, if the set temperature is well above the room temperature,
the temperature controller can operate more steadily since its single practice will

be heating.

2corresponding to 0.4% and 0.7% in the experimental range specified in Chapters [4] and

respectively
Beorresponding to 0.7% in the experimental range specified in Chapters [4] and

Hgsee section for the definition of clearing point
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Chapter 3

General Observations

In this chapter the significance of the aspect ratio of the active area on the ob-
served flow patterns will be examined. Firstly, the advantages and disadvantages
of large and small aspect ratios in studies of fluid systems driven from equilibrium
will be compared. Following this, the primary flow patterns in various aspect ra-
tios will be discussed leading to the justifications of the aspect ratio used in the
experiments. Finally, general observations of flows in this aspect ratio will be

summarised.

3.1 Large and Small Aspect Ratios

For studies of flow problems in EHC, large aspect ratio cells are commonly se-
lected [73]. The motivation for this preference is to attempt to approach the
abstraction of an infinite experimental setup so that the results can be compared
with those obtained from mathematical models where periodic boundary condi-
tions are used. The advantage of periodic boundary conditions is that they allow
the flow to be decomposed into its Fourier modes and thus, permit the derivation
of amplitude equations which are applicable just above the onset of finite wave-

length instabilities. Amplitude equations, especially near stationary bifurcations,
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give the slow modulation in space and time of the finite wavelength pattern [74].
Therefore, the assumption of periodic boundary conditions is a favored tool in
pattern formation studies carried out in EHC as well as in other nonequilibrium
systems [75], [76], [77].

However, there is another outcome of periodic boundary conditions that re-
quires attention. Specifically, in very large systems where such boundary con-
ditions are applicable a continuum of flow states exist in the solution space. If
the system were an ideal one, i.e. with no experimental imperfections, a single
flow pattern from a continuum would be selected as a stable state. Nonetheless,
a large number of others will exist nearby, that is, with small variations in the
values of control parameters a different flow pattern can become stable.

This is an important consequence of periodic boundary conditions that should
be taken into consideration when evaluating the experimental appropriateness of
large aspect ratio cells in practice. By definition, in large aspect ratio cells the
active area is significantly greater than the thickness of the cel]E|. Therefore,
the imperfections on the glass surfaces and the bending of the glass due to its
own weight cause unavoidable variations in the cell thickness, which in turn will
mean that different flow patterns will be selected in various parts of the LC cell.
Photographs presented in figures and where the colours are natural,
display such a case in EHC. The image in figure [3.1| was taken near the threshold
voltage for the onset of convection. On the upper left and lower right sections
of the photograph oblique roll pattern is seen where the rolls undulate. Straight
rolls dominate the rest of the picture but dislocation points are also present. The
photograph in figure [3.2] was taken at a value far from the threshold. As seen in
the figure, different patterns coexist in well separated domains in this case and

small regions of disordered flow or dislocations can also be noticed. Moreover,

LA typical value for the electrode widths in a large aspect ratio cell can be ~ lem whereas

the cell thickness can be down to 5um.
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it is possible that the patches of different patterns shown in figures 3.1 and [3.2]
can interact with each other, since liquid crystals are non-compressible fluids.
Rasenat et al. [78] show in their studies, regarding the defect dynamics in EHC,
that the coherence length of perturbations in a LC cell is of the order of the cell
thickness. As clearly demonstrated by these photographs large aspect ratio cells
cannot provide a well defined experimental system in practice and therefore are

not suitable for studies on pattern competition.

Figure 3.1: EHC created in nematic TX2A in a large aspect ratio (2000:2000:1)
cell near the threshold voltage. Different patterns are seen in various sections of

the cell. The black solid line indicates 5um.

On the other hand, small aspect ratio systems have proved to be advantageous
for detailed studies of nonlinear systems, including the competition between ini-
tial neighbouring solutions [49, [52]. The effect of using small scales is to reduce
the multiplicity of flows [53], [79] by restricting the number of fixed points in the

solution space [3I]. Furthermore, better experimental control can be obtained
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in a large aspect ratio

Patterns created in nematic TX2A

Figure 3.2:

cell above the threshold voltage for the primary state. As before

(2000:2000:1)

different patterns coexist. The black solid line indicates 5um.
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when the actual size of the active areas are decreased. In that case, physical im-
perfections, such as the thickness variations on the glass surfaces of the cell will
be minimised. Also, it should be considered that the alignment of nematic liquid
crystal molecules cannot be well defined for cell thicknesses greater than 100um
[15]. Hence, in small scale aspect ratios, the well separated steady states can
uniquely be identified and their dynamics can be investigated. The studies re-
garding low-dimensional dynamics in EHC experiments, explained in Chapter [1]
are also conducted in small aspect ratio cells for the same reasons. Therefore,
following the discussions given above, a small aspect ratio cell with actual elec-
trode width and cell thickness sizes of the order a few microns, was decided to be
the best and only option for our experiments on how the basic flow states inter-
act. However, before detailing these studies, we will now present the observations

regarding the primary roll numbers in relation to various aspect ratio values.

3.2 Primary States of Various Aspect Ratios

The main purpose of constructing the cell explained in the previous chapter as
a matrix of aspect ratios was to study experimentally the predictions made in
the numerical work of Tavener et al [45] concerning the roll number of primary
stated?| for various aspect ratios. The associated results they presented in [45] are
shown in figure [3.3]

In figure [3.3] the vertical axis gives the electric field strength applied to a
nematic liquid crystal’| in volts and the aspect ratio, r, is given along the hori-

zontal axis. In the calculations, r is defined as w/t, where w and ¢ indicate the

%i.e., the state that emerges continuously from no-flow state as one of the control parameters
in the experiment is varied (electric field strength in this case) whilst the other parameters are

kept fixed. A more detailed definition is given in Chapter E}
3with negative dielectric anisotropy
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Figure 3.3: The results of numerical calculations giving the threshold voltages
as a function of aspect ratio, r [45]. The solid lines give the loci of parameters
where the primary states emerge from no-flow state. The number of rolls in each
primary state is given on the associated curve. The dashed lines are indicate the

secondary bifurcations.
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width and the thickness of the active area respectively, as illustrated in figure 2.4]
This two dimensional definition of r is considered to be suitable to investigate
the roll number of the primary state that evolves in the system, since the width
of convection rolls are determined by ¢ [2] and the number of rolls that can be
accommodated within the active area depends on w. The role of the third di-
mension, i.e. [ shown in figure [2.4] is to determine the length of the convection
rolls. However, the effect of [ on the roll number of the primary state is negligible
compared to that of w or .

In figure for a fixed value of r, the no-flow state, which exists in the
absence of electric field, remains stable for voltage values below the solid lines.
When the voltage is increased to a value on the solid lines the no-flow state loses
stability to an EHC state (primary state) for the corresponding value of r. The
predicted number of convection rolls that form in the EHC state is indicated on
each curve and the dashed lines represent the secondary bifurcationsﬁ. Here, we
are particularly interested in comparing our results to those shown in figure (3.3
with reference to the number of rolls in primary state for fixed values of the aspect
ratio. The absolute values of the threshold voltages can not be compared since
the numerical calculations in [45] were carried out for nematic material MBBA,
and not TX2A. Consequently, the threshold voltages for the primary states of
the two will differ due to differences in their material properties. Moreover, in
experimental systems, the primary state forms continuously and therefore, well
defined critical points, such as those in the numerical calculations presented in
figure [3.3], cannot be realised in practice.

As illustrated in figure [2.6] the cell constructed for our experiments included
thirty-six different aspect ratios. However, this range of aspect ratios can be

divided into three categories, namely, those less than 1, approximately/equal to 1

4The concept and the necessity of secondary bifurcations is given in Chapter
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and greater than 1. An example representing the primary pattern from each group
is given below and as before, the colours are natural in all figures. Within the
categories the roll numbers of the primary states stayed the same but the width
of the convection rolls varied according to the actual width of the electrodes.
The first example displayed in figure is for aspect ratios less than 1. The
actual width of the horizontal electrode in the picture was 3um. This length
is nearly 30 times smaller than an average size of a human hair (90um). For
comparison, a picture of a LC cell with 200um electrode width is presented next

to a human hair in reference [40] by Peacock et al and is shown in figure

Figure 3.4: A pattern suggesting a single roll observed in active area with an
aspect ratio 0.31 : 0.52 : 1. The black solid line indicates 3um and white lines
give the borders of the electrodes. The picture was taken at voltage and frequency
values 29.60V,.,,,; and 30.10k H z respectively, with 80X objective and N.A. number
of 0.75.



Figure 3.5: The image in the background is a LC cell with 200um. A piece of
human hair is focused in the photograph [40]. It should be noted that the largest
electrode width in the LC cell used in this study was 20um which is approximately

one quarter of the diameter of a human hair.
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The pattern seen at the centre of figure suggests a single roll in accordance
with the prediction presented in figure It is believed that this may be the
first observation of a single roll in an EHC system to date and is of importance for
the following reason. When an even number of rolls form in EHC, translational
symmetry is broken. In that case, as explained in Chapter [1| with comparisons
to Taylor-Couette and Rayleigh-Benard systems, EHC cannot be modelled as a
pitchfork bifurcation since experimental investigations to observe both rotation
directions of the convection rolls have failed [45]. This problem is stressed again
in the discussion given below for the 4-roll state observed in aspect ratio 2:2:1.
However, a possible single roll presented in figure |3.3| will break not translational
but the left/right symmetry and thus, the state with counter rotating direction
may exist at control parameter values close to the one given for the pattern
presented in the figure. The details of the pattern shown in the photograph could
not be resolved due to the small width of the electrodes and the effect of fringing
fields, introduced in the previous chapter, which is revealed as a distribution
of molecular orientation near the electrode edges. Nevertheless, it is a novel
observation which warrants further investigation in the future.

In figure the initial flow pattern formed in an aspect ratio 1.03 : 1.03 : 1
is presented. The width of the electrodes for this image were 10um. The purple
regions contrasting with the green background suggest that two rolls exist in
the picture. Since the neutral curves for the states with two rolls begin near
the aspect ratio value of 1.0 in figure the image presented in figure [3.6| is
consistent with numerical predictions.

A photograph of a typical flow field for aspect ratios greater than 1 is shown
in figure 3.7 Aspect ratio 2 : 2 : 1 revealed four rolls, as shown in figure [3.7]
which is once again in agreement with the numerical results given in figure [3.3|

The actual size of the electrodes in this case were 20um. While acquiring this
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Figure 3.6: Two rolls observed in the active area with an aspect ratio 1.03 : 1.03 :
1. The black solid line indicates 5um and the white lines show the borders of the
electrodes. The picture was taken at voltage and frequency values 23.04V,,,s and

30.10k H z respectively, with 80X objective and N.A. number of 0.75.
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picture, the focal plane of the microscope was adjusted so that it matched with
the plane of the upper glass of the LC cell. This contrasts with the other pictures
presented thus far, where the focal plane was adjusted to coincide with the mid-
plane between the two glasses. As a consequence, the bright pink lines in figure|3.7
are in focus. These indicate upward flow of the rolls. Hence, consistent with the
flow structures suggested by Hirata and Tako in [43], the rolls flowed downwards
at the ends of the active area. Also, akin to the observations of Binks[39] and
Peacock[]], the rolls did not display a counter rotation direction throughout our
study. An explanation for the absence of such symmetric flows was proposed
by Hirato and Tako [43]. According to their argument, the free ions in a LC
material have a single sign and the impurities that localize near the electrode
edges force a downward flow direction in these regions. Tavener et al. [45] also
addressed this problem numerically by investigating the effect of fringing electric
fields on the bifurcation structure of EHC. However, they found that fringing
fields disconnect off the branches but the two solutions exist near each other.
Consequently, the absence of counter rotation direction of the rolls still remains
as one of the fundamental questions related to EHC.

The active area with aspect ratio 2 : 2 : 1, which revealed the flow pattern
shown in figure (3.7, was used extensively in our experiments to examine the
priority exchange of neighbouring states. As presented in figure the primary
state in this aspect ratio contained 4-rolls and its neighbouring state was a 6-
roll state. The justification for the choice of this aspect ratio is based on the
theoretical studies of Schaeffer [61] and Hall [62, 63], which were later detailed
by Cliffe [54] as explained in Chapter Briefly, they show that the hysteresis
observed in experiments regarding pattern competition in Taylor-Couette flows
is highly suppressed for 2 and 4-roll states due to quadratic terms which are

included in the model for these states. Thus, in order to avoid the effect of the
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Figure 3.7: Four rolls created in an aspect ratio 2 : 2 : 1. The black solid line
indicates bum and the borders of the electrodes are given by the white lines.
The picture was taken at voltage and frequency values 20.60V,,,s and 30.10kH z

respectively, with 80X objective and N.A. number of 0.75.
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quadratic terms, aspect ratio 2 : 2 : 1 was used in the experiments so that the
priority exchange between 4 and 6-roll states can be studied. In the next section,
we will introduce the 6-roll state as well as further instabilities that can develop
in EHC. However, prior to this, the Freedericksz Transition(FT) observed in this

active area will be presented.

3.3 Observations in Aspect Ratio Two

The general properties of the nematic LC used in our experiments, namely TX2A,
was introduced in Chapter [I] and revisited in Chapter 2] In this material, for fre-
quencies below the crossover frequencyﬁ, the dielectric anisotropy has positive
values. Consequently, the response of the LC to AC field is a Freedericksz transi-
tion. A picture of an FT state observed at frequencies within this range is shown
in figure [3.8] Near the centre of the active area, which is the dark region in the
photograph, the molecules are aligned approximately perpendicular to the sur-
face of the glass. This is a signature of a nearly complete Freedericksz transition
where realignment of the molecules has occurred under the action of the applied
field. Elsewhere, the director has a distribution of orientation in accordance with
the colour pattern seen in figure [3.8|

When the voltage was further increased above the onset value for FT no mo-
tion was found. This is in stark contrast to EHC where temporal oscillation and
even turbulence was found near similar voltage ranges as discussed below. The
effect of increasing the voltage in an F'T state was simply to force the orientation
of the director further towards perpendicular alignment to the surfaces as shown
in figure 3.9 The photograph presented in this figure was taken at 37.50V,,s,
i.e. ~ 5 times greater than the value applied to observe the pattern shown in

figure 3.8l The frequency was 20k H z as in figure [3.8] It can be clearly seen in the

Ssee Chapter [2| for a definition
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photograph that the molecular orientation was distorted and the effect of the AC
field extended beyond the borders of the electrodes due to high applied voltage.
The black regions near the electrode edges and the centre indicate the areas with
complete Freedericksz transition. Interestingly, the middle section of the active
area which was darker in figure [3.8 acquired a brighter colour in this case. A
similar observation, shown in figure [3.10, was presented in the first Chapter of
reference [3] as an example of transient patterns in Freedericksz transition. Ac-
cording to [3] the white regions seen in figure are such transient patterns
and are observed prior to complete Freedericksz transition due to competitions
between the applied and elastic forces. This observation is in accordance with the
bright line observed near the centre in figure [3.9. The main difference between
the LC cells used in figures 3.9 and is that a large aspect ratio cell was
used for the case in figure [3.10 Consequently, the number of white regions in
figure |3.10| is greater than that of figure [3.9) The test for the evolution of the
transient line in figure [3.9 at higher voltages was not performed in order to avoid
damaging the LC cell via a short circuit.

When the frequency of the AC field applied to the cell was set at values above
the crossover frequency, the dielectric anisotropy of TX2A changed its sign to
negative. As a result, the response of the nematic material to AC field is EHC.
The primary EHC state observed in aspect ratio 2 : 2 : 1 within this range of
frequencies was shown in figure [3.7] In accordance with the explanations given in
references [50, [61], for higher frequencies when the voltage was stepped up from
the undisturbed state the primary pattern evolved consisted six rolls. A picture
of this state is presented in figure [3.11] The experiment regarding the priority
exchange of these states is the subject of Chapter [4]

The final pictures presented in figures and illustrate some of the

patterns observed in the same active area as the voltage was increased to values
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Figure 3.8: A Freedericksz Transition (FT) observed in aspect ratio 2 : 2 : 1.

The black solid line indicates 5um and the white lines show the borders of the
electrodes. The picture was taken at voltage and frequency values 7.42V,.,,s and

20k H z respectively, with 20X objective and N.A. number of 0.40.



Figure 3.9: A Freedericksz Transition (FT) observed in aspect ratio 2 : 2 : 1.
The black solid line indicates 5um and the borders of the electrodes are imposed
on the photograph by the white lines. The picture was taken at voltage and
frequency values 37.50V,.,,s and 20k H z respectively, with 20X objective and N.A.
number of 0.40.
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Figure 3.10: A Freedericksz Transition observed in a large aspect ratio cell filled
with a nematic LC [3]. The bright lines are transient patterns are observed prior
to complete Freedericksz transition due to competition between the applied and

elastic forces.
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Figure 3.11: Six rolls created in an aspect ratio 2 : 2 : 1. The black solid line indi-
cates Hum and the white lines denote the borders of the electrodes. The picture
was taken at voltage and frequency values 22.60V,,,s and 32.10k H z respectively,
with 80X objective and N.A. number of 0.75.
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above the one applied for the pattern in figure [3.11] Following the 6-roll state in
figure [3.11| an oscillation of the side rolls was activated at 30.00V},,s as shown in
figure[3.12] Contrary to FT states explained above, increasing the voltage further
resulted with dynamic states and the loss of the finite wavelength structure, which
is given in figure [3.13] The disordered flow at a microscopic scale was pushed
outwards from the edges of the active area as seen in the picture. It should be
noted that the value of the voltage applied to the cell to obtain this flow pattern

was the same value that was applied to observe the pattern in figure [3.9]

Figure 3.12: Periodic motion of the end rolls observed in an aspect ratio 2 : 2 :

1. The black solid line indicates bum the white lines give the borders of the
electrodes. The picture was taken at voltage and frequency values 30.00V,,,, and

32.10k H z respectively, with 80X objective and N.A. number of 0.75.
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Figure 3.13: Disordered state in an aspect ratio 2 : 2 : 1. The black solid line

indicates bum and the white lines show the borders of the electrodes. The picture
was taken at voltage and frequency values 37.50V/.,,s and 32.10k H z respectively,
with 80X objective and N.A. number of 0.75.
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3.4 Conclusions

In order to carry out a study of the priority exchange between neighbouring states
in EHC as well as the competition between EHC and FT, a small aspect ratio
system was selected. The main motivation for this was to gain maximum control
over the active area by minimising the practical difficulties that arise with the
increasing size of LC cells. Hence, the multiplicity of flow states was reduced.
The theoretical predictions relating to the primary roll numbers as a function
of aspect ratio in EHC systems was confirmed experimentally by using a specifi-
cally constructed LC cell which was designed to include thirty-six different aspect
ratios. The relation between the roll numbers and the aspect ratios were in agree-
ment with the theoretical prediction [45] that the convection rolls in EHC are tall
and thin in shape. Taking the previous theoretical and experimental studies into
consideration, the aspect ratio chosen to conduct the experiments was 2 : 2 : 1.
These observations, thus, formed the basis of our studies regarding the priority
exchange of different flows. In the next Chapter, the first of these studies, the

priority exchange of 4 and 6-roll states in EHC will be presented.
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Chapter 4

Priority Exchange of Four and

Six-Roll States

The discussion presented in this chapter is concerned with the priority exchange of
steady cellular patterns of EHC observed in the liquid crystal flow as the control
parameters were varied.

The general topic of pattern competition has been of great interest and impor-
tance for hydrodynamic stability theory [80]. For the well known Taylor-Couette
system, where a fluid is confined between two concentric cylinders and a flow is
set with the rotation of one of them, Benjamin[50] suggested a specific sequence
of bifurcations to allow the exchange of stability between two neighbouring states
in the flow. The mechanism he proposed was confirmed experimentally by Ben-
jamin [50} 5I] and Mullin [52} [63]. Moreover, the numerical calculations by Cliffe
[54], Bolstad and Keller [55], Furukawa et al. [56] all agree with the experimental
observations. The ideas also received further application by Tavener et al [57] to
a connected system of Euler struts under compression and Nandarkumar et al
[58, 59] to flows in horizontal and curved ducts.

In EHC, the same bifurcation sequence arises when two nearby states with

different number of rolls exchange stability depending on the values of the control
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parameter. In other words, the number of rolls in EHC are different for two neigh-
bouring regions of the parameter space. Binks [49] showed that the mechanism
proposed by Benjamin is in agreement with the exchange of 6 and 8-roll states
of EHC formed in nematic BDH-17886. Here, we report new results regarding
the exchange between 4 and 6-roll states for the nematic TX2A which form the
basis for an investigation into where the additional effects of material properties
on control parameter produce interesting novel outcomes.

In section [4.1] prior to explaining Benjamin’s theory on how two states ex-
change stability, the concept of neighbouring states on the parameter space and
the role of secondary bifurcations are considered. Benjamin’s theory is then in-
troduced in section[£.2] Following these, the experimental method is detailed and
the results presented. In section the results are discussed and compared to

those of Binks” and Mullin’s. Finally, conclusions are given in section [4.6]
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4.1 Neigbouring states

In a model nonlinear system which is controlled by two parameters A and B,
symmetry breaking of the trivial state will give rise to a pair of new states, Ny
and Ns, as the control parameter, A, is varied and B is held fixed. At other fixed
values of B a separate bifurcation can occur where other states K; and K, can
arise above a critical value of A. The associated type of bifurcation in both cases,
namely the pitchfork bifurcation, is discussed in greater detail in Appendix A.
An illustration of the paths of such bifurcations is given in figure [£.1|i) where the
parameter space is spanned by A and B. The two parabolas in the figure, called
the neutral stability curves, indicate the loci of bifurcations to N and K states.

Varying A, in the direction given by the dotted arrows in the figure [.1](i) at
various fixed values of B will give rise to distinctly different bifurcation sequences,
depicted in figures [4.1](ii-iv), for each of the three different values of B indicated.
In figures [4.1f(ii-iv) solid lines indicate stable branches, dashed lines represent
unstable ones and the evolution of the states are given on the z-axis.

Specifically in the case of B = p, varying A will result in the bifurcation set
given in figure (ii) where the stable branches of N develop from the trivial
state. A further pitchfork bifurcation to a pair of K solutions can then arise from
the trivial branch with further increase in A. At the second bifurcation point the
trivial state is unstable and hence the resulting solution branches of the pitchfork
will also be unstable. As reviewed and shown in [81], secondary bifurcations will
arise to restabilise these secondary states, which are essential features to facilitate
the smooth exchange of priority between the states as discussed below.

When A is varied while B is held fixed at r, the stable states that arise from the
symmetry breaking of the trivial state are K; and K, as shown in figure [4.1(iii).
Now the state N bifurcates from the trivial when A is increased further and

is hence initially unstable. As before, secondary bifurcations restabilise the N
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B =p, B=r and B = g are given in parts (ii), (iii) and (iv) respectively.
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branches.

A special case arises when B equals ¢ which is the point where the two neu-
tral curves intersect. In order to enable a smooth transition between N and K
branches, secondary bifurcations indicated as blue dashed lines in figure [£.1](i)
and shown in figures [4.1fii),(iii) are necessary [81]. As the two control parame-
ters are varied sequentially the effect of varying B is to slide the secondary states
towards each other. Consequently, all branches will meet at B = ¢ as illustrated
in figure (iv). Thus, states with different number of rolls can approach each
other and moreover exchange priority in the parameter space when secondary
bifurcations are present. Otherwise, in the absence of secondary bifurcations the
exchange of stability would require an entire branch(for instance an N state) to
become unstable at a critical value and the other state (K state) to gain stability,
which is a highly implausible scenario. Bauer et al. gives a detailed discussion of
this argument in [81].

However, in physical systems imperfections that will disconnect the branches
must be taken into account. In figure the bifurcation diagrams of the ideal
include the effect of experimental imperfections, plotted as blue lines. As before,
the solid lines are the stable branches and the unstable ones are plotted as the
dashed /dotted lines.

In addition to experimental imperfections, the finite size of physical systems
can have an effect on the branches. The symmetry of models of Taylor-Couette
and EHC is one of translation and since this cannot be realised easily in an
experiment, the bifurcation is effectively destroyed. In figure the red frame
encloses the branches with an opposite sense of symmetry to the ones outside the
frame. Since the enclosed branches can be largely separated from the rest, as in

the case of Taylor-Couette flows [82] and EHC [8] 45], they will be omitted here

87



'\

secondary R
. ) —_ =
bifurcation = I.(1
’_-’:-é
Yo IR
= —
—_ t__:__:--:--.—.-.:._.;--) A
B - T~
v~
\‘\ (
“
‘\\
secondary TN K
bifurcation e~ I

Figure 4.2: Bifurcation diagram including imperfections are shown in blue
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onwards. Hence, in a system with two control parameters, states with different
patterns can approach each other in the parameter space, as shown in figure 4.4},
and are experimentally observable.

The branch that evolves smoothly in figure 4.4] is referred to as the primary
state whereas the disconnected branch is called the secondary state. In any prac-
tical case the trivial state of the perfect system is always a combination of the
primary and secondary states. Therefore, the initial state, from which the pri-
mary branch evolves smoothly, will be referred to as the mixed state henceforward.
As a consequence of the smooth evolution of the primary state a well defined bi-
furcation point will no longer exist. Experimentally, when the system is stable
on the secondary state and A is varied towards the mixed state, the system will
jump to the primary state instantly at the limit point in this representation. The

exploitation of limit points as well defined points will be explained in section [£.4]

88



sgcond_ary Lz Kl
bifurcation
L
] P ~ N\
Kae SIm -
7 T
e / A
i el iinsivs o
'Y
N
N ————
NN — T T =
NN
N\ \
N
s_econd_ary SN K
bifurcation A
N2
N J

Figure 4.3: Branches framed in the red box possess a counter sense of symmetry

to the ones outside the frame. Due to large separation of the enclosed branches

they are not observed in EHC and will be omitted.

ZA

W

primary state

—_————
]

mixed
state

limit point secondary state
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4.2 Benjamin’s Theory

The interaction of a smoothly evolving state with a nearby disconnected branch
in a single mode system generically involves an unfolding of a transcritical bifur-
cation. In the presence of perfect symmetry the interaction occurs via a pitchfork
bifurcation [83]. A more detailed discussion of the unfolding of pitchfork bifurca-
tion for a single mode system is given in Appendix A.

In [50] Benjamin applies the arguments of unfoldings given above to fluids,
specifically to Taylor-Couette flows and predicts a series of bifurcations for the
exchange mechanism between two stationary states. The prediction is concerned
with the variation of two control parameters so that the system can be regarded
as having two modes. One of the control parameters is kept fixed at chosen values
and selects the primary state while the other control parameter is varied.

Nevertheless, the local bifurcation structure for a two-mode system is qualita-
tively the same as for the universal unfolding of a pitchfork given in equation[A.3],
and Benjamin [50] uses the following equation as his model:

dx

E:x?’—axQ—quLA (4.1)

where A and B are the control parameters for a system with two neighbouring
states N and K that exchange priority in accordance with B. The parameter «
is set to one here and its role is discussed in detail in [50]. The limit points for
this equation as a function of A and B are given in figure (O) and the series
of bifurcations predicted by Benjamin’s theory are illustrated in figures [4.5](i-iv)
where the evolution of the states in relation to B is given on the z-axis, as A is
kept constant at fixed values.

In figure [4.5(0) the set of limit points are divided into three regions which are
denoted by region I below the lower dashed line, region II between the dashed

lines and region III above the upper dashed line. A typical change in parameter B
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at fixed A is indicated by the arrow shown in region I. The associated bifurcation
diagram is labelled [4.5{(i). When the system is in the secondary branch, i.e. in
the K state and the control parameter B is varied in the direction shown by the
arrow, the secondary branch loses stability at the limit point a followed by a
sudden jump to the primary branch N. Hence, the A and B values where this
change takes place give the coordinates of the limit point a in figure (O)

As clearly seen in figure (i), starting from the mixed state and varying B in
the direction opposite to that shown in figure (O) will result with the smooth
evolution of NV and no sudden change in the states will be observed. Therefore,
in order to find limit points it is necessary to begin the parameter scans from the
secondary states. Furthermore, once the system jumps to NV at the limit point a,
it will stay on the primary branch even when B is varied in the direction opposite
to that shown in figure (0) In other words, there are no limit points on the
primary branch in region I that depends on the history of the scans and thus the
region is not hysteretic.

In region II of figure (O), similarly to the previous case, the arrows represent
varying B at a fixed value of A and the related bifurcation diagram is given in
[L.5(ii). However, here the primary state of figure [4.5{i) has become hysteretic
and hence there are two more limit points compared to the previous case due
to the dependency of the limit points on the history of the path followed on the
parameter space. Changing B in the same direction as indicated by the arrow
in region I gives the limit point b where the state K loses stability and jumps
to state N. Once the system is in the state N following the arrows shown in
figure [4.5((ii) brings the system to another limit point, d, where state N becomes
unstable. When the direction of changing B is reversed, as marked by arrows in
both figures [4.5(0) and [4.5[(ii), the system jumps back to state N at a different

value than d and thus a hysteresis loop is created. This third limit point is called
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¢ in both figures. An alternative path to take in the parameter space can be
going under and around the cusp. In this case, as A is decreased to go below the
cusp, the system will approach the mized state, introduced in figure .4 As B is
increased to go around the cusp, state K can become the primary state due to
non-uniqueness of the mixed state. Hence, through this path states can exchange
priority without undergoing a bifurcation.

At point T in figure[£.5(0) and the corresponding bifurcation diagram, [4.5(iii),
hysteresis reaches its maximum value and with the merging of limit points b and ¢
a transcritical bifurcation takes place. Thus, the hysteretic region ends for values
of A above point T.

The bifurcation diagram given in figure (iv) for region III and the existence
of a single limit point is similar to the case of figure (i) with the major
difference being the primary state in region I is a secondary state in region III.
Hence, starting from state N and varying B in the direction indicated by arrows
in both figure [4.5(0) and (iv) will end with a rapid collapse to a K state at point
e.

In summary, the series of bifurcations explained in figures [4.5{i-iv) contain a
mechanism for the stability exchange of a smoothly evolved primary branch and
a disconnected secondary state in a system with two control parameters. This
mechanism constitutes Benjamin’s Theory.

In practice, the competition between two states have been examined in various
physical systems, such as Taylor-Couette, a connected system of Euler struts
under compression and horizonal and curved ducts, by both experimental and
numerical studies. In the next section the interesting results of the experiment

done in EHC are presented.
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4.3 Experimental Method

In accordance with the theoretical and physical systems considered above, the
two experimental control parameters were the voltage and frequency of the AC
field applied to the nematic material. As the control parameters were varied se-
quentially, the resulting states, which correspond to N and K in the previous
sections, were 4-roll and 6-roll states of convection. Frequency was the control
parameter used to locate the primary state. Therefore, after reaching the neigh-
bouring state the voltage needed to be kept constant and the frequency was then
varied in order to find the limit points and hence trace out the bifurcation set.

During data collection, the states were identified visually since they were
easily distinguishable through the microscope. As also mentioned in Chapter [2]
data was taken with steps of 0.01kH z in frequency and 0.03V,,,, in voltage. The
waiting time between successive increments/decrements of the control parameters
was set as 10 seconds for the following reasons: The response time of nematics
to electric fields is mostly given as a few hundred milliseconds[I]. Nevertheless,
preliminary measurements showed that the collapses/jumps from one state to
another were completed over 3 — 4 seconds on average. Hence, 10 seconds of
waiting time was large enough to enable reproducible results.

The measurements were meticulously carried out with special attention paid
to the drift of impurity ions and the non-dimensionalizing of the parameters as
explained in Chapter 2l The frequency range over which the bifurcation set was
measured corresponded to 7.69% of the available range. In order to measure the
drift in frequency, the reference point was taken at the lowest frequency value at
which the 6-roll state was observed. Consequently, the drift value found for the
frequency was 0.20% per hour. As for the voltage, the reference point was chosen
to be the value at which the 6-roll state collapses to the 4-roll state, at frequency
30.2kHz. Thus, 0.85% shift per hour was noted for the amplitude.
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Accumulation of the preliminary data over several days showed that the drift
in voltage was noticeable whereas the drift in frequency was small compared to
the frequency range of the experiment. Therefore, the frequency was kept at its
absolute value whilst a reference value for the voltage was determined daily before
the measurements began and was checked throughout the experiment every 30
minutes. After finding each limit point, the voltage was converted to its relative
value in the way explained in Chapter 2| by taking the ratio of the absolute

amplitude value and the reference value.

4.4 Results

The limit points found after careful scans are presented in figure together with
the associated bifurcation diagrams presented in subfigures (i)-(iv). As explained
in section the paths taken during the scans are of great importance and they
will be described in further detail below along with the figure

In figure the circles and squares represent the upper and lower limit points
of the 4-roll states respectively and the triangles indicate the limit points of the
6-roll state. For simplicity, the parameter space in figure 4.6/ can be considered to
comprise three regions as illustrated schematically in figure [£.7 The grey region
is where the 4-roll state of EHC is the primary state and in the blue region it
is the secondary state. More specifically, for a constant frequency value in the
grey area increasing the relative amplitude results in 4 rolls. The same procedure
for a higher frequency value in the blue region, i.e. above ~ 31.7kHz, ends in
6-roll state. The shaded region in between the grey and blue areas corresponds
to a narrow range of frequencies of ~ 0.6% of the total, over which the exchange
of stability takes place. The arrows in the figure, which will be detailed shortly,
represent the paths taken on the parameter space.

The scans to determine the limit points of the 6-roll state were always started
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from values (1.23,32.5kHz). Once the 6-roll state was reached, the frequency
was decreased keeping the relative amplitude value constant as represented by
the black arrow in figure[£.7] The variation of the control parameters was carried
out systematically with the step sizes indicated above. When the frequency was
varied such that the operating point was moved to values below ~ 31.5kHz in
figure i.e. into the region indicated by the grey area in figure [£.7] the system
continued to exhibit 6-rolls. However, the 6-rolls state was the secondary state
in this region. Hence, the condition of having the system in a secondary state,
which is required to find limit points was established. The search for the limit
points continued systematically varying one control parameter at a time until a
sudden change was observed in the number of the rolls when viewed through the
microscope. The black triangles shown in figure [4.6] are the limit points at which

6-rolls jumped to 4-rolls state instantly. The associated bifurcation diagram is

given in figure [4.6(1).
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The red circles in figure denote the loci of limit points where the 4-roll
state collapsed to a 6-roll state. The path followed in the parameter space in
order to find these limit points is represented by the red arrow in figure [4.7
Applying an AC field to the LC cell at 30.5kH z resulted in a smooth emergence
of 4-roll state. Having established a well defined 4-roll state, the frequency was
then increased whilst the voltage was kept constant at a desired value. Once
the frequency was greater than ~ 31.7kH z the system was in the region where
4-rolls is a neighbouring state. As the frequency was increased further the 4-
roll state became unstable and collapsed catastrophically to a 6-roll state at the
limit points shown in figure 4.6 The associated bifurcation diagram in this case
is figure [L.6[iv). Data above the relative voltage of 1.22 were omitted since
above this value time dependence sets in and we are concerned with steady state
behaviour.

For the two sets of data described thus far, reversing the direction of the
frequency after reaching the primary state did not result in a sudden change to
another state. Once the system stabilised itself in the primary state, increasing or
decreasing the frequency for a given relative amplitude showed smooth extinction
of the primary state and re-emergence of it respectively. However, for relative
amplitude values between 1.02 and 1.07 observations confirmed the main predic-
tion of Benjamin’s theory, in that, for this range of values hysteresis of the 4-roll
state was found. Figures [4.6](ii) and (iii) correspond to this hysteretic region of
the parameter space. Following the blue arrow shown in figure [4.7] i.e. reversing
the direction of frequency increments, after the collapse of 4-roll to 6-roll state, 4-
rolls formed again at the points marked as blue squares in figure Therefore,
two distinct set of limit points depending on the history of the measurements
were found for the 4-roll state. It should be noted that point 7" in figure [4.6[iii)

corresponds to the point where the lower limit points of 4-roll state meet with
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the limit points of 6-roll state and is also marked in the bifurcation set.

4.5 Discussion

The limit points presented in figure [4.6] which were collected over a period of 80
days, fall on a smooth curve and are therefore testament to the reproducibility of
the experiment. The general form of figure |4.6, including a cusp shaped region,
agrees well with Benjamin’s predictions given in figure 4.5(0).

At the apex of the cusp, near the relative voltage value of 1.02 and frequency
31.7kHz, a narrow hysteretic region begins. The quality of the results in this
section of figure [4.6| reveal the requirement of a high level of experimental control
to uncover the delicate but important features of the cusp. At relative voltage
1.07 the lower limit points of 4-roll state merge with the 6-roll limit points and
thus the hysteretic region where the priority exchange of 4 and 6-roll states takes
place ends with a transcritical bifurcation. As stated in section4.2|in a two-mode
system, such as EHC, the neighbouring patterns are expected to interact via a
transcritical bifurcation according to Benjamin’s theory. Indeed, the unfolding
in figure [4.6]is that of a transcritical bifurcation in complete agreement with the
theory.

The error bars shown in figure |4.6| were determined by taking the accuracy
of the electrical devices and the drift values into consideration. The accuracy of
the electrical equipment, given in chapter [2| was added to the drift values of the
voltage and frequency, which was the dominant source of errors.

In comparison with related experimental studies the results in figure 4.6 are
in agreement with those reported by Binks [49], who studied the exchange mech-
anism between the 6-roll and 8-roll states of EHC E| He also found [49] that the

exchange of stability occurs via hysteresis and a transcritical bifurcation but the

Lereated in nematic BDH-17886
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6-roll state is the primary pattern to form in that case since the aspect ratio of
the LC cell was is 4:4:1.

In [52] Mullin presents the set of limit points found for different states, i.e.
different number of rolls, in Taylor-Couette system where 4, 6, 8, 10 and 12-
rolls states successively take priority as the primary flow when the aspect ratio
is varied. The general shape of the limit-points-curve for the two initial flow pat-
terns (4/6 rolls states) is very similar to the ones presented here and by Binks.
Nonetheless, as the exchange mechanism between further states is investigated, it
is seen that the shape of the limit-points-curve gets more complicated. Therefore,
comparing the three experimental cases it can be said that the mechanism pro-
posed by Benjamin for the exchange of stability is in general valid. Nonetheless,
the loci of limit points may vary with further details of a system. Considering
the physical differences of the EHC and Taylor-Couette systems (EHC system
involving visco-elastic fluids and Taylor-Couette system Newtonian fluids) it can
be concluded that Benjamin’s theory is robust.

One difference between the results regarding the limit-point-curves of Taylor-
Couette flows and EHC is the direction of the cusp. The cusp points downwards
in both of the EHC experiments whereas it is upwards in the 4/6-rolls states of
Taylor-Couette system. As mentioned above, the limit points for the exchange
mechanism between further states become more complicated in the case of Taylor-
Couette system and in fact the direction of the cusp changes for the 8/10-rolls
states [52]. Hence, it is not possible to make a generalisation for the direction of

the cusp.

4.6 Conclusions

An experiment was conducted in order to investigate the exchange mechanism

between the initial neighbouring states of EHC set in a LC cell with an aspect
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ratio 2 : 2 : 1. Determined by the aspect ratio, the initial low pattern of EHC
was a 4-roll state with a nearby 6-roll state, in accordance with [45]. The small
aspect ratio cell used in the experiment has enabled the neighbouring patterns to
be clearly distinguishable from the large number of interactions between various
states observed commonly in large aspect ratio systems. The limit points of
the disconnected branches were thus found by taking various paths along the
parameter space.

The results were reproducible and the accuracy of the experiment made it
possible to resolve the limit points in a narrow range which revealed hysteresis and
consequently unfolding of a transcritical bifurcation as predicted by Benjamin’s
theory. Comparing the results presented here with those of the experiments
done in a Taylor-Couette system and in EHC with aspect ratio 4:4:1 it can be
concluded that Benjamin’s Theory applies to a general class of nonlinear systems
since its predictions are proven for both Newtonian and visco-elastic fluids and
it is therefore robust.

Next, the investigation of pattern competition will be taken a step further to a
more interesting case. The mechanism of exchange between EHC and Freedericksz
transition (FT) will be considered in Chapter , where the material properties

have greater significance in the stability exchange.
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Chapter 5

Priority Exchange of Freedericksz

Transition and Electroconvection

In the previous chapter, a study of the exchange of priority between flow patterns
with different numbers of rolls observed within EHC was given. In the present ex-
periment, the values of the control parameters were chosen such that the primary
EHC state contained four rolls as before. Instead, in the work presented here, the
competing states arose from two qualitatively different effects which are observed
when an AC field is applied to TX2A: These are EHC at frequencies above the
crossover frequency and Freedericksz Transition (FT) for lower frequencies.

As detailed in Chapter|[I] the conditions under which EHC or FT exist depends
on the sign of the dielectric anisotropy. For the dual frequency nematic LC
used here, the dielectric anisotropy is a function of the frequency of the AC
field applied to the LC material. As a consequence, changing the frequency
in very small steps in an experiment permits smooth evolution between these
qualitatively different states. Hence, the exchange mechanism to be discussed here
reveals a more detailed structure than the one given in Chapter [4, An analogous
case was studied experimentally and numerically by Cliffe and Mullin [85] in a

Taylor-Couette system, where asymmetric boundary driven motion produced a
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qualitatively similar bifurcation set. The details of this experiment are given in
section 0.3

The experimental method is outlined in section 5.1} Since the majority of
the method is the same as that used to produce the results in Chapter [4 only
new aspects are described in detail. The results are presented in section and

discussed in section [5.3] which is followed by conclusions in section [5.4]
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5.1 Experimental Method

The experimental method was very similar to the one discussed in the previous
chapter. Specifically, the control parameters, voltage and frequency of the AC
field applied to the LC cell, were varied systematically and sequentially in order
to place the system in a secondary state. The parameter space was then scanned
to find limit points at which a sudden change of stability took place between
the neighbouring states. As before, visual observations were made and critical
parameter values were obtained where there was a definite change in the flow
field. The size of the increments/decrements of the control parameters were as
indicated in Chapter [2] and the waiting time between successive changes was 10
seconds for the same reasons explained in the previous chapter.

The experiment was carried out in the frequency range 26.00 — 27.50kH z,
which covers an interval of 5.45% of the available parameter space. The pre-
liminary observations showed that below (26.56 + 0.02)kHz FT was primarily
observed and for frequencies above (26.70 £ 0.02)kH z the smoothly evolved pat-
tern was the 4-roll state of EHC. Hence, the region where FT and EHC coexisted
(analogous to the shaded area in figure was 0.50% of the available frequency
range of the experiment, i.e. approximately 17% smaller than the region of coexis-
tence of the 4 and 6-roll states in EHC. The effect of drift was even more important
for the EHC results and this required the frequency to be non-dimensionalised in
addition to voltage. A well defined frequency (specified to within 0.07%), which
separates the primary FT state from the mixed region was taken as the refer-
ence frequency. As for the voltage, the value at which FT collapsed to EHC at
the relative frequency value of 1.0100 4 0.0018 was set to be the reference point.
The drift found in the reference frequency and voltage were 0.18% and 0.85%
per hour respectively. Given the delicate nature of the experiment the reference

values were checked throughout the measurement period every 15 minutes.
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5.2 Results

The bifurcation set constructed from critical points taken within the range spec-
ified above is presented in figure 5.1} The data was collected with great care
over a period of 180 days. It reveals a detailed structure, including two evident
cusps. Thus, the plot is a manifestation of the delicate yet reproducible nature
of the experiment. The accuracy of the points, which are indicated by the error
bars, were calculated in the same way as explained in section [£.5] The dashed
horizontal lines on the plot are numbered in correspondence with the bifurcation
diagrams in figure [5.2] and discussed in section [5.3}

Analogously to figure [£.7, figure [5.1] can be considered to consist of three
regions. Within the first region, which included relative frequency values be-
low 1.0025 + 0.0018, FT appeared as the primary state when the voltage was
increased smoothly. The second region was between this value and relative fre-
quency 1.0075+0.0018 where FT and EHC coexisted as stable observable states.
Above the relative frequency 1.0075 + 0.0018, which is the lower boundary of the
third region, EHC was the primary state.

The first set of limit points we will consider in figure 5.1} correspond to loci of
critical points where F'T lost stability to EHC with increasing frequency and are
shown as the open circles between points B and E. The method for obtaining
these data was to first set the relative frequency to 0.9700 4+ 0.0018. A well
defined FT state was then established by increasing the voltage systematically
to a preselected value and the frequency was then increased in small specified
steps until a sudden change from FT state to 4-roll EHC state was observed. The
voltage and frequency values, at which this change occured, were converted to
their relative values and marked on the plot shown in figure [5.1}

Another set of limit points was found at which EHC lost stability with de-

creasing frequency. They are shown as open triangles in figure 5.1 and the locus
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Figure 5.1: The set of limit points found for the stability exchange between the
EHC and FT. The limit points between B and F indicate the loci at which
FT lost stability to EHC. The rest of the data denote limit points where EHC
jumped/collapsed suddenly to FT. However, the limit points between A and D
and C' and A were found by taking a different route on the parameter space than
the one followed to find the open triangles. The plot is divided into six sections
by dashed lines where each line corresponds to a bifurcation diagram in figure 5.2

and is numbered accordingly.
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is labelled F'C'. In determining these critical points each measurement was initi-
ated at the equivalent value of relative frequency 1.0200 4 0.0018 where EHC was
the primary state. The frequency was then decreased systematically for various
voltage values until the limit points indicated as open triangles between points
F and C were crossed and F'T became the preferred state.

As a consequence of the measurements described thus far, a gap in the param-
eter space between curves F'C' and EB is clear. Investigation of this intervening
parameter range required an alternative route to probe the states and their limit
points. Accordingly, the following path was taken: scans were initiated at the
corresponding frequency and voltage values of 1.0200 + 0.0018. By decreasing
the frequency with the same step size as in the previous cases, the frequency
was reduced to a preselected value corresponding to a point in parameter space
within the gap. Thus, the system was placed in a stable secondary state. Then,
the voltage was decreased until EHC jumped catastrophically to F'T. The critical
values at which these stability exchanges occurred are shown as filled triangles
between points C' and A and as filled circles between A and D[ in figure [5.1]
By using this procedure, two cusps, with apexes at points C' and A were uncov-
ered. Importantly, when the voltage was decreased keeping the frequency fixed
at values within the cusp regions the EHC state remained stable. FT became the
preferred state when the limit points on either side of the cusps were crossed, i.e.
EHC was stable only inside the cusp shaped region. This provides evidence for
the presence of dual cusps as discussed in the next section. In addition, a possible
third cusp bordered by points D, B and E is considered in section [5.3| where the

bifurcation set in figure [5.1]is examined further.

!The reason for marking the filled circles and triangles separately even though they were

found by taking the same path in the parameter space is clarified in the next section.
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5.3 Discussion

The sequence of bifurcations shown in figure [5.2| is proposed as the exchange
mechanism for the bifurcation set given in figure [5.1, The plot in figure [5.1] is
divided into six sections by dashed lines where each line corresponds to a bifur-
cation diagram in figure [5.2| and is numbered accordingly. For each bifurcation
diagram there is a corresponding fixed voltage and the evolution of the state is
given on vertical z-axis as a function of frequency.

We will discuss the results presented in figure by starting from relative
voltage values below 0.92. In this section, represented by dashed line (i) in fig-
ure only the mixed stateﬂ existed and hence stability exchange from one state
to another could not be distinguished. The bifurcation diagram corresponding to
the observations in this region is given in subfigure (i) of figure where EHC
state is doubly unstable and the mixed state is the only one observed.

The dashed line labelled (ii) in figure [5.1| denotes the lower limit of the region
between the relative voltage values ~ 0.935 —0.945. As shown in the correspond-
ing bifurcation diagram figure [5.2(ii), the continuous branch given in part (i)
became folded and developed hysteresis. In this region of the parameter space
FT could be identified more easily. After establishing an FT state when the fre-
quency was increased, the pattern returned to its initial mixed state at limit points
indicated as open circles as shown in the bifurcation diagram of figure (ii). The
limit points of the lower state were not found within the narrow region where F'T
and EHC coexisted. The lower limit points would have served as the link between
points D and B in figure to form a third cusp defined by points D, B and F.

Also, the unstable secondary state in figure (ii) developed two folded re-

gions, giving rise to two stable (EHC) states, whose limit points are indicated by

2A mized state can present features of both FT and EHC. Also see section for the

definition of mized state.
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the same symbols both in figure and [5.2(ii). After the system was placed in
one of the two stable secondary states, as described in section [5.2] EHC jumped
to FT at two separate frequency values bordered by points F'C' and CT (in the
stable secondary state corresponding to lower frequency values) or TA and AD
(in the the secondary state corresponding to higher frequencies) in figure The
crucial result in this region of the bifurcation set in figure [5.1] was that the limit
points formed two cusps at points C' and A.

The emergence of a stable state from an unstable branch can occur when the
surface becomes folded as shown schematically in figure [5.3. The fold, shown at
the top of the figure, is projected on to the parameter space spanned by voltage
and frequency, as illustrated at the bottom. The upper and lower layers of the fold
correspond to unstable EHC states and the shaded region is where EHC is stable.
The solid lines with arrows indicate the paths taken to find the limit points which
constructed the cusp on the parameter surface. Consequently, within the cusp
region, EHC was stable until the limit points on the edges were reached. Such
type of cusps are called dual cusps. Further details and a mathematical model of
dual cusps can be found in [84].

The dashed line (iii) in figure denotes the approximate location where the
limit points between C' and A approach each other from two dual cusps and meet
near point 7' via a transcritical bifurcation as indicated in figure [5.2{iii). However,
the precise position of the transcritical bifurcation could not be resolved in the
experiment.

The limit points in the region between the relative voltage values ~ 0.945 —
0.953 will be considered next. In this section of figure dashed lines (iv) and
(v) are situated very close to each other. The corresponding bifurcation diagram
of line (iv) in figure displays an isola of an EHC state whose limit points

are given as open triangles and filled circles. This is followed by a transcritical
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EHC (unstable

EHC (unstable)

Figure 5.3: An illustration of a dual cusp. In the top figure the shaded region
indicates a stable state whereas the upper and lower layers are unstable. The
bottom surface demonstrates the parameter space comprised by frequency and
voltage. In the experiment the limit points were determined by following the
paths represented by the solid lines with arrows in the upper figure. Thus, a dual

cusp is the projection of the folded surface on the parameter space.
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bifurcation in figure [5.2(v) where filled circles merge with the limit points of the
EHC state, which developed out of the mixed state. It is clear in figure that
at point D the distance between open and filled circles decreased to its minimum
value. Therefore, although it was not possible to reveal all the fine structure of
the bifurcation diagrams presented in figure[5.2)(iv) and (v), the claim is that this
is a self consistent bifurcation sequence and is in accord with results obtained in
a Taylor-Couette flow [85] which will be discussed below .

For relative voltage values above ~ 0.953, represented by the dashed line (vi),
the FT and EHC states were connected to each other via an unstable branch
as shown in figure [5.2(vi). Physically, this arises because of the dependence of
the dielectric anisotropy on the frequency of the applied field. Explicitly, when
the system was in the EHC state, decreasing the frequency for a fixed voltage
value resulted with a jump to the F'T state as the open triangles were crossed.
Increasing the frequency for the same voltage value afterwards, gave a sudden
collapse to the EHC state when the open circles were reached.

A bifurcation sequence similar to that given in figure [5.2] was originally pro-
posed by Cliffe and Mullin [85] for the limit points acquired from an experiment
regarding the priority exchange of two neighbouring states in a Taylor-Couette
systemﬂ with asymmetric end conditions. The results of this experimental and
numerical investigation, shown in figure [5.4] exhibit an astonishing qualitative
similarity with the bifurcation set presented in figure [5.1]

In figure the symbols represent the experimental data and the solid lines
are numerical predictions for the limit points where 3 and 5-roll states of Taylor-
Couette system exchange stability. In this work, Cliffe and Mullin [85] study the
effect of boundary conditions by allowing one end of the apparatus to rotate with

the inner cylinder. For aspect ratio values greater than 4.6 the primary pattern

3A brief explanation of the Taylor-Couette problem was given in Chapter [1| and revisited in
Chapter E}
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that forms has 5 rolls and for smaller values this state becomes secondary leaving
priority to the state with 3 rolls.

As in the case of figure two dual cusps are seen in figure Within the
cusps C and E, shown in the latter figure, the secondary (5-roll) state stays stable
but it collapses to the 3-roll state when the Reynolds number is either increased
or decreased to the limit point values given in figure [5.4. These observations are
compatible with the results of the EHC-FT experiment presented in figure [5.1]

Another common point between the two set of results is the existence of
another small cusp near the values where the primary state changes. For the
Taylor-Couette system, this cusp is expected near the aspect ratio value of 4.6
according to numerical predictions. However, experimentally it is not realised
since time dependence was observed in this region [85]. On the other hand, as
already discussed, an analogous cusp is likely to exist in the bifurcation set of
FT-EHC exchange between points D and B in figure [5.1

Yet the main parallelism between the two specific experiments is the coupling
of the competing states. In the Taylor-Couette experiment the size of the roll
next to the rotating end depends on the Reynolds numbelﬂ Therefore, the space
available for other rolls and hence the stability boundary of the neighbouring
state also has a dependency on the Reynolds number. The analogous condition
in the EHC-FT system is the dependency of both EHC and FT on the sign of the
dielectric anisotropy which is a function of frequency of the AC field applied to
the LC cell. Thus, increasing frequency in an EHC-FT system has a qualitatively
similar effect to increasing the Reynolds number in a Taylor-Coutte experiment,
which moves the border of stability for one statd’|in expense of the other.

As a final note, the striking resemblance between the results of two systems

imply that the qualitative features they share play a more important role in the

4The size of this roll grows with increasing Reynolds number.
SEHC in our case and 3-roll state for the Taylor-Couette system
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priority exchange mechanism than their diverse physical properties.

5.4 Conclusions

An experimental study of the priority exchange of EHC and FT has been per-
formed. It was found that, as in the competition of 4 and 6-roll states in EHC, hys-
teresis and transcritical bifurcations play important roles in the exchange mech-
anism. Nevertheless, more intermediate steps are involved, such as the creation
of an isola. These appear to arise from a parameter coupling between competing
states.

An interesting qualitative similarity was noticed between the bifurcation set
found for a Taylor-Couette system with asymmetric end conditions and the results
presented in this chapter for the EHC-FT exchange. The coupling of neighbour-
ing states generated in both cases (by dependence of the dielectric anisotropy on
the frequency of the field applied, in our case, and by forcing from asymmetric
end conditions in the Taylor-Couette experiment) enables us to propose a bifurca-
tion sequence for the EHC-FT experiment, which is qualitatively similar to that

calculated for the Taylor-Couette problem.
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Chapter 6

Conclusions

The work presented in this thesis was an experimental investigation concerning
the pattern selection mechanisms of flow states in a dual-frequency nematic liquid
crystal. These states were generated in a planarly aligned liquid crystal cell by
applying a sinusoidal electric field across the device. The arrangement of the
electrodes on the liquid crystal cell was made in a unique way in order to enclose
a range of small aspect ratio active areas within the same device. As a result of
the finite size aspect ratios the multiplicity of states was reduced in the solution
space and patterns which correspond to well separated solutions were obtained.
Moreover, the actual dimensions of the active areas, over which the electric field
was effective, were of the smallest size constructed to date for pattern formation
studies. Hence, the effects of experimental imperfections, such as the unavoidable
thickness variations across the cell, were minimised. The novel geometry of the
liquid crystal cell also facilitated the examination of the primary flow states as a
function of aspect ratio.

The preliminary observations affirmed that the response of the liquid crystal
molecules to an electric field gave rise to distinct dynamical effects depending on
the frequency of the applied field. The parameter space was therefore divided

into two regions by a critical frequency value. Above this value a convective flow
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developed at a threshold field amplitude. As the field amplitude was increased
further, disordered flow state was observed. At frequencies lower than the critical
frequency the liquid crystal molecules re-aligned according to the amplitude of
the field applied. High values of field amplitude, in this case, did not induce a
flow but increased the tilt of the molecules.

The observations regarding the primary flow states in the convective regime
showed a dependency on the aspect ratio values, which was consistent with the
numerical results reported by Tavener et al [45]. For aspect ratio values greater
than or approximately equal to one, the convection rolls preferred the same ro-
tation direction and no solution rotating counter to these were observed. The
absence of a counter rotation direction is an as yet unresolved problem for con-
vection studies in nematic materials which suggests that a pitchfork bifurcation
is an inappropriate model of the phenomenon [8, [45].

For aspect ratios smaller than one, a pattern suggesting a single convection
roll was observed for the first time. Existence of a single roll will break the
left /right symmetry and consequently, the solution with the counter rotating roll
can be expected to be nearby in the parameter space. The resolution of the
images necessary to make detailed observations could not be achieved in this
study. Nevertheless, further investigation on this issue is recommended. It is
believed that more efficient results can be obtained from a liquid crystal cell of
same aspect ratio built with larger electrode widths and cell thicknesses. This
would not only increase the area of observation but would also decrease the effect
of fringing electric fields at the electrode edges.

The first experiment carried out to examine the pattern selection in nematic
flows was conducted in the convective region of the parameter space. The pri-
mary flow that evolved for a range of frequencies within this region consisted

either of four or six convection rolls. In the experiment, the loci of limit points
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of the secondary states were determined and the reproducibility of the data was
confirmed. In accordance with Benjamin’s theory hysteretic behaviour and un-
folding of a transcritical bifurcation was found. Considering the previous theo-
retical and experimental success of Benjamin’s theory in studies [50} 51 52] 53]
of Taylor-Couette flows and in the experimental work of Binks [49] concerning
the six/eight-roll priority exchange in a nematic liquid crystal, the robustness of
Benjamin’s theory is evident.

Our study was then focussed on the pattern selection between the two dis-
crete effects. The experiment was performed in a frequency range that included
the vicinity of the critical frequency that separated the parameter space into two
sections. Our results revealed a similarity with those of the numerical and exper-
imental studies [85] on a Taylor-Couette system that bares qualitative analogies
with the experiment done here. The bifurcation sequence proposed for both
experiments involves hysteresis and transcritical bifurcations, as in the priority
exchange of four/six roll convection states of the first experiment. The significant
difference here was the coupling of the neighbouring states due to the dependency
of the material properties of the liquid crystal on the frequency of the electric
field. Consequently, evidence of a dual cusp was found. It is believed that this

was the first experimental revelation of a dual cusp in a liquid crystal flow.
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Appendix A

Unfolding of a pitchfork

bifurcation

A pitchfork bifurcation is locally described by the following ordinary differential

equation:
dx
— =Xz —2° Al
where x is a dynamical variable, which defines an equilibrium state, % gives

the evolution of equilibrium states and A is the bifurcation parameter. The equi-
librium states as a function of A are shown in figure where solid lines denote
stable states and the dotted line indicates an unstable branch.

As it can be seen in figure at the bifurcation point, A = 0, the z = 0
state(trivial state) loses stability and two new branches, z = VA and 2 = —v/\
appear.

However, in any experimental system, imperfections will be present and these

can be taken into account by including a constant in the model [86]. Hence, the
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Figure A.1: Bifurcation diagram for an ideal pitchfork bifurcation.

modified version of [A.1] will be

dx 3
= — A2
s A —ax’ + 3 (A.2)

where 3 is called the imperfection term. The effect of 3 is to disconnect one
of the branches so that the other becomes continuous as shown in figure [A.2] In
such a case the disconnected branch has a well defined point called the saddle
node or limit point as indicated in the figure.

The set of limit points for equation forms a cusp and is given in figure
The line 8 = 0, which is parallel to the A\ axis, is the case of an ideal system
where there are no limit points. For the positive and negative values of 3 the
branches are disconnected and limit points exist.

In a numerical study of a tilted Rayleigh-Bénard system Cliffe and Winters
[87] show that the loci of limit points is in the shape of a cusp, as represented in
figure[A.3] In their study, 3 corresponds to the tilt angle of the Rayleigh-Bénard
cell. Therefore, when the tilt angle is zero, numerically they obtain a symmetrical
system, which can be modelled as a pitchfork bifurcation. For non-zero values of

the tilt angle, the branches are separated.
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Figure A.3: The cusp formed by the limit points of equation [A.2]
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Nevertheless, equation[A.2]does not include all persistent qualitative dynamics
near a pitchfork bifurcation. Golubitsky and Schaeffer[83] show that a fourth
variable must be added in order to achieve the universal unfolding of the pitchfork.
It is given by

dx

E:)\x—x:g—l—ﬁ—l—ozxz (A.3)

where « is a second control parameter after A. The limit points of equation[A.3]
are illustrated in figure [A.4] It can be seen that the 8 = 0 line cutting the cusp
into two halves in figure is no longer parallel to neither of the parameter
axis in figure Hence, it can be concluded that the inclusion of the term a?

has broken the symmetry of the cusp.

B

A

Figure A.4: An illustration of the limit points of equation [A.3]
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Appendix B

Nematic TX2A

*Clearing point | 101°C

Viscosity (measured at 20°C") | 98¢St

Optical anisotropy (measured at 20°C', 589nm) | An = 0.12
n, = 1.51

ne = 1.63

*Values obtained from Merck R&D UK (1999)

B.1 Dielectric Anisotropy of TX2A

As described in Chapter [2, TX2A is a so called dual frequency material whose
dielectric anisotropyE], Ae, varies as a function of frequency of the AC field applied
to it and the sign of Ae changes at a value called the crossover frequency.

The dependence of Ae on frequency was examined for the nematic TX2A and
the results are presented in figure [B.1], where the dots indicate the experimental
data and the solid line is the extrapolation of the results up to 28kH z.

The data points presented in figure were found by measuring the dielectric

constants €| and €, separately and then by taking their difference to find Ae.

Isee Chapter 1| for a definition
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Figure B.1: Dielectric anisotropy as a function of frequency of the AC field.

The method followed for our measurements was introduced by Clark et al[8§]
and practiced later by Bancroft[89], Allison[90] and Miller[91]. In this method,
the LC cell is considered as a parallel plate capacitor. Hence, there is a linear
relationship between the capacitance of the cell and the dielectric constant of the
material with which it is filled. Consequently, the ratio of the capacitance value
of the LC cell when it is empty (Cempty) to that when filled (Cfigeq), gives the

dielectric constant, e:

Cempty

The capacitance value Ceppiy, Was measured by a capacitance bridgdﬂ which

was connected to the wires soldered on the electrodes of a large aspect rati(ﬂ LC

2Wayne Kerr Precision Component 6430A
3A large aspect ratio (2000:2000:1) cell was used in order to minimise the effects of fringing

fields.
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cell while it was empty. The device measured the capacitance value by applying an
AC probe field across the cell (i.e. in a direction perpendicular to the glass plates),
which was generated by the capacitance bridge itself. The stray capacitance of
the wires were taken into account and subtracted from the values found from the
measurements in order to obtain the capacitance of the LC cell alone.

The LC cell was then filled with nematic TX2A and heated to 33°C', which
was the temperature set in our experiments. The measurements then onwards
were taken at this temperature. The dielectric constants €| and e, were found by
measuring C'yeq at high and low amplitude values of the probe field respectively
in the following way: For a fixed frequency value within the range shown in
figure firstly, the field amplitude was set to values of the order of mV (V)
and the response of the molecules were observed from a polarising microscope.
For such low amplitude values the colour of the image seen from the microscope
was the same as the one observed in the absence of the field. This implied that the
director retained its original planar alignment, which was perpendicular to the
direction of the field. Hence, C;yeq measured at such probe field amplitudes was
proportional to the perpendicular component, €,. By taking the ratio of Clijeq
t0 Cempty, the value of €, was calculated for the given frequency value. When the
field amplitude was increased for the same frequency value Freedericksz transition
was observed. At the field amplitudes where a complete Freedericsz transition was
achieved the director was aligned perpendicular to the glass surfaces of the LC cell
and parallel to the direction of the field. Hence, Cj;eq value was proportional
to €. The ratio of Cyieq t0 Cempry thus, gave the ¢ value at the measured
frequency. Similar to the measurement of Ceppy, the stray capacitance of the
wires that connected the capacitance bridge to the LC cell were subtracted from
the measured values.

The results presented in figure reveal that the dielectric anisotropy of
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TX2A changes its sign near frequency values of 26k H 2. This is consistent with
the observations explained in Chapter 5| where competition between Freedericksz
transition and EHC was studied. It is also evident from the extrapolation that the
dielectric anisotropy decreases with increasing frequency values. Thus, figure [B.1
confirms that in the frequency range of the experiment regarding the priority

exchange of 4 and 6-roll states of EHC, the dielectric anisotropy is negative.
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