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ABSTRACT 
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LONGITUDINAL CT IMAGES 

 

AKKOYUN, Emrah 

Ph.D., Department of Health Informatics 

Supervisor: Assist. Prof. Dr. Aybar Can ACAR 

Co-Supervisor: Assoc. Prof. Dr. Seungik BAEK 

March 2020, 74 pages 

 

 

An Abdominal Aortic Aneurysm (AAA) is diagnosed by an enlargement of the 

abdominal aorta. The rupture of an AAA, associated with high mortality, is eventually 

observed if no surgical intervention is performed. Aneurysm repair prior to rupture is 

thus vital. The decision to intervene is made primarily based on the AAA size 

measured by a maximum diameter or its growth rate. However, 10 – 24% of 

aneurysms below the intervention threshold experience rupture in some series. There 

are many complex interactions involved, from the hemodynamics and geometric 

properties of the aorta to patient demographic information, affecting the aneurysms’ 

expansion. Furthermore, the follow-up diameters can be predictable if a patient 

follows the common growth model of the population. However, a rapid expansion of 

AAA, often associated with higher rupture risk, might be observed. This study aims 

to build enhanced Bayesian inference methods to predict maximum aneurysm 

diameter using 106 CT scans. The utility of master curves and their prediction 

capabilities in terms of different geometrical parameters were examined. Among all 

the parameters, the master curve of spherical diameter performed best, predicting the 

diameter within 0.42 mm in 95% of all scans. Furthermore, a two-step approach based 

on Bayesian calibration was used and the aneurysm growth model was specified 

according to individual patient characteristics. Using the enhanced prediction model, 

86% of scans were correctly predicted. Thus, the prediction of a measurement at any 

time-point can be made, along with an associated uncertainty to provide a clinically 

helpful tool for surgical planning and patient management.  

 

Keywords: Abdominal aortic aneurysm, clinical decision making, aneurysm growth, 

probabilistic programming, patient-oriented growth modeling 
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ÖZ   

 

 

ABDOMİNAL AORT ANEVRİZMALARINDA BOYLAMSAL VERİ 

KULLANILARAK BÜYÜMENİN MODELLENMESİ 

 

AKKOYUN, Emrah 

Doktora, Tıp Bilişimi Bölümü 

Tez Danışmanı: Dr. Öğr. Üyesi Aybar Can ACAR 

Yardımcı Tez Danışmanı: Doç. Dr. Seungik BAEK 

Mart 2020, 74 sayfa 

 

 

Abdominal Aort Anevrizması (AAA), aort damarının genişlemesi olarak tanımlanır. 

Herhangi bir cerrahi müdahale yapılmadığında, nihayetinde %80'den fazla bir oranda 

ölümle sonuçlanan AAA yırtılması gözlemlenir. Bu nedenle yırtılmadan önce 

anevrizmanın tamiri hayatidir. Müdahale kararı, anevrizmanın maksimum çapına veya 

yıllık büyüme oranlarına bakılarak verilir. Buna rağmen, anevrizmaların %10 ile 

%24'ünde belirlenen maksimum sınır değerlerinin altında yırtılma olmaktadır. 

Hemodinamik ve aortun geometrik özelliklerinden hastanın demografik bilgisine 

kadar pek çok karmaşık etkileşim, anevrizmanın büyümesini etkilemektedir. Bunun 

yanında, eğer hasta popülasyona ait ortak büyüme modelini takip ederse, bir sonraki 

anevrizma çapı tahmin edilebilir. Ancak, yüksek yırtılma riskine sahip hızlı büyüyen 

AAA'lar gözlemlenebilmektedir. Bu çalışma, 106 BT görüntüsü kullanarak 

maksimum anevrizma çapının Bayes çıkarsama aracılığıyla tahmin etmeyi 

amaçlamaktadır. Temel eğrinin faydası ve bu eğrilerin farklı geometrik özelliklerle 

tahmin edebilme yeteneğini sorgulandı. Bu parametreler arasından en büyük çap ile 

oluşturulan temel eğri, 0.42 mm hata payı ile tüm görüntülerin %95'ini doğru tahmin 

ederek en iyi performansı sergilemiştir. Ayrıca,  iki aşamalı Bayesian kalibrasyonu 

kullanılmış ve anevrizma büyüme modeli her bir hastanın karakteristiğine uygun 

oluşturulmuştur. Anevrizmaların %86'sı geliştirilmiş tahminleme modeli ile tahmin 

edilmiştir. Böylece, cerrahi planlama ve hastaların yönetimi için klinik olarak yararlı 

bir araç sunmak amacıyla, herhangi bir zaman noktasında güven aralığı verilerek 

ölçümün tahmin edilmesi yapılabilmiştir.  

 

Anahtar Sözcükler: Abdominal aort anevrizması, klinik karar verme, anevrizma 

büyümesi, olasılıksal programlama,  hastaya özgü büyümenin modellenme
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CHAPTER 1 

 

1. INTRODUCTION 

 

 

1.1. Background 

An abdominal aortic aneurysm (AAA) is a vascular disease diagnosed as a local 

permanent dilatation of the abdominal aorta, such that it is 50% larger than the normal 

vessel diameter (30 mm or more) [1], [2], and its volume gradually increases over 

years to decades. Each one of 1000 people between 60 and 65 years old has an AAA 

disease, which is more common among men and smokers [3], [4]. Although 

aneurysms are seen in different regions of the aorta, they usually occur in the abdomen 

and their growth during the disease without showing any symptoms in 7 out 10 

patients. Therefore, the diagnosis of the disease is usually rendered by other reasons 

for medical imaging such as ultrasound, CT or X-ray in abdomen or for physical 

examination coincidentally. The rupture of an AAA, having high mortality rate, is 

eventually observed if no surgical intervention (either open surgery repair or 

endovascular aortic repair - EVAR) is performed. This is a condition requiring an 

immediate intervention, and it is the 13th most fatal disease in the U.S [5]. Therefore, 

long-term monitoring is recommended prior to any surgical intervention for a small 

AAA. Figure 1 visualizes the anatomy of an abdominal aortic aneurysms. 

The evaluation of the aneurysm development is not straightforward because it can only 

be assessed by monitoring the AAA without any intervention. In addition, the surgical 

intervention has its own risk and is therefore suggested principally based on the 

maximum diameter of the aneurysm (5.5 cm for men, 5.0 cm for women) or annual 

aneurysm growth (1 cm per year) [6], [7]. A rapid expansion of AAAs is often 

associated with higher rupture risk [8], and it has long been suggested that annual 

growth rate may play a critical role in prognosis, surgical planning, and patient 

management. However, 10–24% of aneurysms below the intervention threshold (< 

55mm) experience rupture as shown in some series [9], [10]. Unnecessary surgery is 

another problem encountered today, having its own risk and high cost. 473 non-

repaired AAAs examined from autopsy reports indicate that 60% of the AAAs greater 

than 5 cm (including 54% of those AAAs between 7.1 and 10 cm) do not experience 
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rupture [11]. Furthermore, the rupture might also occur when the annual growth rate 

is less than 1 cm. Limet et al. [12] reported that the rupture risk was 10% if the annual 

growth rate is between 0.2-0.5 cm and the initial aneurysm diameter size is between 

4.0 and 5.0 cm. Therefore, the guideline for the non-surgical management of AAA 

reported that one of the unresolved issue was the development of better predictive 

tools for individual rupture risk including morphology based indicators. 

 

Figure 1. Anatomy of abdominal aortic aneurysm (AAA) 

There are various measurements demonstrated in previous studies to describe 

aneurysm evaluation over the time. A regular ultrasound screening for aneurysms 

smaller than 5.5 cm is recommended in international guidelines to prevent mortality 

due to ruptured AAA. For example, an annual ultrasound scan is recommended for 

aneurysms between 3 and 3.5 cm while biannual scan is recommended for AAAs 

between 4.5 and 5.5 cm in diameter as previous work demonstrated that future AAA 

growth strongly depends on the initial diameter [13]. However, there is no standard 

protocol to measure the maximum diameter of an AAA since the shapes of these 

aneurysms are highly varied and irregular. The maximum diameters of an AAA 

estimated on the axial and orthogonal planes perpendicular to the aorta centerline are 

commonly used for medical decision, and the previous studies have reported  their 

investigation for their prediction capability and reproducibility [14], [15]. The 

aneurysm volume, an alternative measure to maximum diameters, was proposed by 

several studies to assess the development of AAA and to evaluate the rupture risk 

potential [14]–[16]. The volume measurement is, however, not practical in the clinical 

setting. Meanwhile, the morphology of aneurysms was found to play an important 

role, affecting the rate of growth and risk of rupture. For example, previous studies 

reported that some parameters such as asymmetry and tortuosity [17], and ratio of ILT 

to AAA volume [18] were associated with risk of rupture. Similarly, the geometrical 

changes in terms of the surrounding tissues [19], the patients' age and gender were 

also used to describe aneurysm evolution over time. To sum up, there is no common 
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consensus reached out on which measurements are the best representative of the 

aneurysms’ state and mathematical models of their future growth patterns (e.g., linear 

or exponential growth) are. 

The variability of AAA expansion rates is still high among patients [20], but why some 

patients have AAAs with accelerated expansion rate, and why others with identical 

risk profiles do not remains unclear [21]. This makes predicting the natural growth 

pattern difficult because the aneurysm growth over the time does not necessarily 

follow the common pattern for all patients [16][17]. Thus, developing a reliable tool 

having the capability of predicting future AAA growth rate is important in terms of 

surgical planning and patient management. A recent study [23] based on 227 responses 

from vascular/endovascular surgery colleagues showed that “discovering new tests to 

predict an AAA will be fast growing” and thus should be one of the top priorities for 

research. Furthermore, successful tools helpful for per-patient basis treatment 

planning were demonstrated by previous studies [18][19]. For example, Lee et al. 

demonstrated the strength of the prediction capability of a patient-oriented growth 

with a biomarker of flow mediated dilation exploiting machine learning techniques 

[26]. Liangliang et al. developed an appealing computational framework and 

incorporated with patient-oriented anatomical information to accurately predict 

individual shapes of AAAs associated with an uncertainty [27].  

The next is followed by various analytic approaches for AAA growth prediction. First, 

we categorized those literatures to biological tissue growth and remodeling (G&R, 

biomechanical modeling), supervised machine learning and probabilistic forecasting 

modeling (our study) which explained the techniques relevant to. Second, we 

compared the limitations of these analytic approaches. Finally, we explained why our 

approach would be feasible; and we compared with other provided solutions by giving 

the strengths of our approach as well as by considering the main limitation of 

approaches previously mentioned. 

1.2. Motivation 

Surgical repair is vital for the patient before rupture. The maximum diameter 

measurement of abdominal aortic aneurysm (AAA) plays significant roles in the 

clinical decision making process. However, the diameter measurements depend on the 

way of extracting orthogonal and axial cross-sections or maximally inscribed spheres 

within the AAA surface. The guideline for clinical AAA management based on the 

single maximum diameter criterion has been challenged [12], [28]–[30] with more 

studies proposing that the growth rate is associated with AAA rupture [30], [31]. There 

is, however, scarcity of morphological studies using longitudinal CT scan images. 

Therefore, the main aim of this study is to construct a larger database of morphological 

parameters and to enhance the predictability of AAA growth for high-risk aneurysms. 

In this study, we constructed anatomic 3D models of the AAAs in 118 longitudinal 

Computed Tomography (CT) scans from 26 Korean AAA patients. We subsequently 
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analyzed 21 derived geometrical measurements for each, their growth rates, and their 

pairwise correlations, and attempted to enhance the predictability of the growth for 

high-risk aneurysms. Furthermore, 3D volume rendering of an AAA with different 

scale of colors appropriate for hemodynamic forces were provided to clinicians, so 

they might have opinion about the aneurysm structure and specifically regions having 

high rupture risk prior to a surgical operation. 

In this way, we tried to find answers for the following research questions. 

 What are the correlations between the morphological parameters and which 

one is the best representative of the aneurysm growth? 

 Is it possible to discover a new probabilistic model which determines if an 

AAA will be fast growing and to develop a tool that has the capability of 

predicting future AAA growth based on time? 

 How the process of surgical planning and patient management is clinically 

improved during the surveillance? 

 

Basically, this study tested a hypothesis of if a growth pattern of AAAs exists in a 

patient group. While other previous studies emphasized the difficulty of predicting 

aneurysm expansion, we used various geometrical measurements and selected the one 

that gives the least of variation, which fits to one curve, called the master curve. To 

do so, we used an iterative fitting method by shifting individual growth curves along 

the time axis by minimizing the total errors. Once the population-based curve (called 

a master curve) is defined, the next diameter is predicted by using the parameters of 

the master curve and follow-up time along the shared time axis. Thus, the diameter at 

the time of the next scan could be predicted. Furthermore, using a two-step approach 

based on Bayesian calibration, a significant progress has been made toward patient-

specific AAA growth modeling in this study. An exponential growth model was built 

specifically on patient characteristics using geometrical measurements. 

1.3. Contributions of the Study 

A total of 21 measurements of the aneurysm’ 3D geometry, reflecting the properties 

of the aneurysm at the time of the scan, were classified as either primary or secondary 

and analyzed in terms of their correlations for each observation. In addition, the 

growth rate for each measurement was calculated in a non-linear fashion, and their 

pairwise correlations were also analyzed. One of the finding from the correlation 

analysis on the morphological parameters is that the total volume is highly correlated 

with all primary parameters (maximum diameters, perimeter) which increases by the 

expansion of overall AAA volume size. Meanwhile, there has been increasing 

evidence that the growth rate is important for predicting high rupture risk. Compared 

to the correlation between diameter measurements, AAA volume expansion rates are 

only mildly correlated with the spherical and orthogonal growth rates. 
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We examined the utility of master curves and their prediction capabilities in terms of 

different geometrical parameters. Among all the parameters, the master curve of 

spherical diameter performed best, predicting the diameter within 0.42 mm in 95% of 

all scans. In addition, we observed that the master curve using the spherical diameter 

resulted in a small prediction error, while those of orthogonal and axial diameter have 

resulted in larger errors. Therefore, we proposed that a master curve for spherical 

diameter may be used as a clinical tool that gives insight about the future of the 

aneurysm growth, and facilitates planning of follow-up scans and surgical 

interventions. 

We further validated the applicability of this work and regressive power of both the 

model and the regressor using data from a Korean AAA cohort. The spherical diameter 

was found as the best representative of the growth curve since it has the least 

fluctuations and narrowest range in measurements. Thus, the growth curve, named the 

master curve, was obtained to summarize the growth with a significantly higher 

prediction strength compared to other measurements and to evaluate the prediction 

accuracy for each measurement.  

How the proposed model enhances the prediction of AAA growth rate can be 

summarized as follows: 

 An exponential growth function was adapted rather than the traditional linear 

model, 

 21 geometric measurements were systematically examined to enhance the 

prediction capability of the growth rate, and it was found that the spherical 

diameter was the single most predictive feature based on the exponential 

model. 

This study also developed an enhanced prediction growth model applicable for 

predicting AAA growth accurately using Bayesian inference. An exponential growth 

model, commonly demonstrated in the previous studies, is selected, and the estimated 

parameters of the posterior distributions which were adopted from given observations 

(scans). This study used 106 CT scans from 25 patient dataset to construct Posterior 

Distribution of Population (PDoP) and further predicts patient-specific AAA growth. 

PDoP based Bayesian inference method with an exponential function showed that 

79% of all scans within 2.67 mm error can be predicted using PDoP with 0.95 

confidence interval. There are, however, 21% of all scans which were not followed 

the common properties of the population. The percentage of observed scans that the 

diameter growth was over- and under-estimated were 5 (n=4) and 16 (n=13) 

respectively. On the other hand, these number are 5 (n=4) were 12 (n=10) in Patient-

Oriented Growth Prediction Model (POGPM). The 23 % of previously overestimated 

scans (n=13), were accurately modeled within tolerance, if the POGPM, specified 

according to an individual characteristic, was used. Generalized Linear Model (GLM) 

enhanced POGPM were also used to take the tortuosity of centerline into account in 

the growth model and decrease the chance of inaccurate prediction due to cases of 
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sudden growth. The percentage of observed scans that the diameter growth was over- 

and under-estimated were 5 (n=4) and 9 (n=7) respectively in GLM enhanced 

POGPM. 

The prediction model was built specifically on patient characteristics using the various 

geometrical measurements. This enhanced the prediction capability of a measurement 

at any time-point, along with an evaluation of the associated with uncertainty. The 

proposed tool might be helpful clinically, especially for a rapid expansion of AAA, 

often associated with higher rupture risk, in terms of elective surgical intervention and 

patient management. 

Although the main motivation behind the study is finding a model which helps 

clinicians to effectively manage the prognosis of AAA patients, we have also 

contributed to how a 3D model of an AAA sac can be constructed, and hemodynamic 

forces using a number of open source software can be measured, which is in the 

APPENDIX.  

1.4. Organizations of the Dissertation 

The dissertation consists of six main chapters, namely Introduction, Background and 

Literature Review, Materials and Methods, Results, and Discussion and Conclusions. 

All the details of the geometrical evolution of AAA during surveillance and the 

proposed prediction framework within the context of this study are given in the 

following chapters.  
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CHAPTER 2 

 

2. BACKGROUND AND LITERATURE REVIEW 

 

This chapter briefly discusses the background and literature related to this study. The 

literature review is laid out in three main sections: (1) geometric representation of an 

AAA, correlation analyses and non-linear growth model; (2) developing probabilistic 

models for prediction of future AAA growth; and (3) creating solid models of AAA 

and blood flow simulations. The chapter is concluded with summary of background 

and literature review section. 

2.1. Geometric properties and non-linear growth model 

An abdominal aortic aneurysm (AAA) is characterized by a permanent dilation of the 

abdominal aorta (30 mm or more) [1], [2]. The decision to intervene is made based on 

AAA size measured by a maximum diameter (5.5 cm for men, 5.0 cm for women) or 

its growth rate (1 cm per year) [6], [7]. For small AAAs, long-term monitoring is 

recommended prior to any surgical intervention (open surgery or endovascular aortic 

repair (EVAR)). However, 10 – 24% of aneurysms below the intervention threshold 

(< 55mm) experience rupture as shown in some series [9], [10]. Therefore, the 

guideline for the non-surgical management of AAA reported that one of the 

unresolved issue was the development of better predictive tools for individual rupture 

risk including morphology based indicators. Additionally, a rapid expansion of AAAs 

is often associated with higher rupture risk [18], [32], [33], and it has long been 

suggested that the annual growth rate may play a role in prognosis, surgical planning, 

and patient management. 

Although time-dependent geometrical analysis is a significant part of the clinical 

decision making process, quantification of the expansion rate remains ambiguous. 

Multiple studies have suggested that variability of AAA expansion rates is high, both 

over time in the same patient and among various patients [34], [35]. Furthermore, 

finding the natural growth pattern is difficult as the change of diameter is small and 

non-linear [36]. Studies have also reported that growth rates are not constant; instead, 

periods of active rapid growth are followed by periods of non-activity [37], [38]. 

However, others have suggested a general AAA growth pattern in which an AAA 
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expands over time with an increasing expansion rate as it gets larger [2], [33], [39]–

[41]. 

There are uncertainties about AAA measurements and evaluating AAA expansion rate 

is not clinically routine [42]–[44]. Two common approaches measuring diameter are 

documented in previous studies [28], [43], [45]: the maximum diameter on axial plane 

(“axial diameter”) and orthogonal plane perpendicular (“orthogonal diameter”) to the 

aorta centerline. These studies claimed that orthogonal diameters represent the size of 

AAAs better, while axial diameter is more robust in terms of reproducibility of the 

measurements. Gharahi et al. [39], hence, suggested a method (“maximally inscribed 

spherical diameters”) based on the maximum spheres inscribed throughout the AAA 

that generated the centerline. With a longitudinal CT data set obtained from 14 

patients, they showed that the spherical diameter measurement gives the least 

variability, compared to axial and orthogonal diameter measurements. In addition, 

they proposed that an exponential function fits the AAA growth pattern. These 

preliminary results call for a more extensive study on the AAA morphological growth 

patterns and the correlation between geometrical characteristics and their growth rates. 

Furthermore, this study investigates whether there exists a potential population-based 

pattern of AAA growth rate for a specific group of patients. This work will explore 

the idea of a “master curve” for AAA growth, and the parameters which best enhance 

its predictability for clinical use.  

In a summary, there is no consensus on what the general AAA growth pattern is, nor 

what the universal AAA measurement should be. Furthermore, the best geometric 

parameter for predicting aneurysm growth is still under question. Hence, this study 

used a series of longitudinal CT scan images retrospectively obtained from Korean 

patients and geometrical measurements that represent the AAA and estimate its 

growth rates were derived. The objective of this study is to investigate correlation of 

these measurements and find the best parameter describing the growth as a potential 

representation of the AAA using longitudinal CT data. 

2.2. Predicting the Aneurysm Growth using Probabilistic Programming 

The evaluation of the rupture risk is not easy because it's true risk can only be assessed 

by a follow-up monitoring of the AAA without any surgical intervention. On the other 

hand, the surgical interventions have their own risk and such an intervention is 

therefore recommended only when the maximum diameter of the aneurysm reaches to 

55 mm or annual aneurysm growth exceeds to 1 cm per year [12]. Thus, developing a 

tool, having a capability of prediction of future AAA growth rate which is revealed by 

subsequent measurements, is important in terms of the surgical planning and patient 

management. A recent study received the 227 responses from vascular/endovascular 

surgery colleagues and showed that “discovering new tests to predict an AAA will be 

fast growing” is the top priorities for research accordingly [27]. 
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There have been several papers [12], [28]–[30], wherein the traditional guideline for 

clinical AAA management based on a single criterion has been challenged; 

alternatives have been proposed which take into account various factors such as 

growth rate [3][6], AAA volume [28], thrombus accumulation [46], asymmetry and 

tortuosity [8][9] for improved assessment of aneurysm development and rupture risk. 

Particularly, there is a recent consensus that the growth rate is critical for AAA clinical 

management even for small diameter AAAs [49]. 

We analyzed the derived 21 geometrical measurements, because there is no common 

consensus reached on which of the measurements is the best representative of the 

aneurysms evaluation and what is a general AAA growth pattern. We found that the 

spherical diameter might be the best representative of the growth curve (r-square: 

0.985) using non-linear model, which might be used to predict AAA growth (74 of 79 

scans were accurately predicted within 2.1 mm error). However, there were two major 

limitations presented in the study: an analytic solution, which is not feasible for the 

most non-trivial models for calculating the posterior estimates, is used and a point 

estimate without any confidence was provided even though the reported precision of 

scan measurements is usually ±2mm. Furthermore, the lower accuracy for the patients 

having relatively faster or slower AAA growth was observed, because the model was 

mainly established for reflecting the population common characteristics. In this study, 

the major limitations represented in our previous study were bounded by up-to current 

advancement of probabilistic programming.  

Motivated by recent studies, this study aims to develop a tool that detects patients who 

have fast growing AAAs and predicts the growth rates of their respective aneurysms 

during surveillance. There has been substantial heterogeneity of AAA growth rates 

among various studies; some studies reported that 11.4% [12] and 12% [50] of AAAs 

stop expanding, while others reported that AAA diameter size was associated with 

increases of growth rate [8]. The difficulty of AAA growth rate prediction was 

exacerbated by the high uncertainty of different diameter measurements so Gharahi et 

al. [29] suggested an alternative, semi-automatic method of measuring the maximally 

inscribed spherical diameter, reducing uncertainty in measurements. Akkoyun et al. 

[51] then investigated the correlations among 21 geometrical measurements of 

retrospectively obtained longitudinal CT scan images and concluded that “spherical 

diameter” could be the most accurate predictor representative of the growth curve. 

Significant progress has been made toward patient-specific AAA growth modeling to 

assess the rupture risk using biological tissue growth and remodeling (G&R) and 

machine learning [18][19]. Zeinali-Davarani et al. presented patient-specific modeling 

of an AAA, which is able to trace alterations of the geometry [25]. G&R models used 

finite element method (FEM) to simulate the exact mechanical state of an AAA at a 

given time but do not accommodate the uncertainty in their predictions [52]. There is 

emerging evidence that the geometrical properties of an AAA might provide more 

valuable information for predicting AAA growth [26]. Shum et al. [53] derived 28 

geometrical measurements from 76 CTA scans describing the size and shape of the 
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aneurysm, and developed a model capable of discriminating aneurysms as ruptured 

and unruptured with an accuracy of 86.6%. Similarly, Parikh et al. [54] investigated 

geometrical indices derived from 75 electively and 75 emergently repaired AAA 

scans, and revealed the three most significant indices in the classification of an AAA 

(with an average accuracy of 81.0%) using decision trees, a machine learning 

algorithm. Similarly, Lee et al. [26] applied a non-linear support vector regression 

(SVR) model to predicting patient-oriented growth with an additional biomarker, flow 

mediated dilation.  

Probabilistic programming techniques are gaining mainstream interest in biomedical 

research. In this study, a two-system approach based on Bayesian calibration [24] was 

used and the aneurysm growth model was specified according to individual patient 

characteristics.  The distribution estimates based on a summarization of samples 

drawn from the specified model using Markov Chain Monte Carlo (MCMC) samplers 

[20]. This estimation is made practical by using automatic Bayesian inference on a 

user-defined probabilistic model, which fundamentally enhances our subjective belief 

by the probability of an event via incorporation of experimental data [26,27]. Although 

the idea of using a MCMC for Bayesian inference is not novel [27], [28], [29], it has 

not been reported in the AAA's diameter estimation before. The unique computational 

advantages of this powerful approach, incorporating prior belief and observed scans, 

prediction of diameter associated with uncertainty at any time-point, capability of 

taking into a patient individual characteristics and other geometry account, were all 

yielded to assessment of the aneurysm growth. 

To this end, an exponential growth model was built specifically on patient 

characteristics using 21 geometrical measurements derived from 106 Computed 

Tomography (CT) scan images. Thus, the prediction of a measurement at any time-

point can be made, along with an associated uncertainty to provide a clinically helpful 

tool for surgical planning and patient management during the surveillance of 

abdominal aortic aneurysms.  

2.3. Cardiovascular Modelling for an Abdominal Aortic Aneurysms (AAA) 

Most small aneurysms have no symptom and were considered safe, while large 

aneurysms may be fatal in the case of rupture, which causes massive internal bleeding. 

Aneurysm repair prior to rupture is thus vital. Scientific research has shown that the 

criterion is not accurate for predicting aneurysm risk (Vorp et al, 2007; Limet et al. 

1991) and it is necessary to consider other parameters for assessing risk. Furthermore, 

visualizing the 3D model with a color map is very useful to surgeons before the 

operation. In this study, biomechanical behavior of the aneurysm is analyzed within 

the context of hemodynamic forces such as wall shear stress and velocity pattern in 

order to better understand the reasons for gradual aneurysm growth and potential 

rupture. 
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The morphology of an AAA is more complex than an idealized vessel or a healthy 

aorta. Enhancement and segmentation of an aorta within the computed tomography 

image also required additional attention and applying specialized techniques. Using 

just SimVascular platform might not be sufficient to obtain simulation results, 

although applying the same procedure given in the user guide is enough for an 

idealized vessel structure. Obtaining a solid model from a CT image is another issue, 

since using 2D segmentation on a number of the preferred slices rather than all ones 

might lead to loss of the critical information. Furthermore, an automatic segmentation 

of an AAA from the surrounding tissue, especially for vein, is not always applicable.  

ITK-Snap is an open source software was used for segmenting the lumen in 3D based 

on the active contour algorithm. The tool has an ability to visualize the progress online 

on anatomical planes. SimVascular can use Navier Stokes equation for the 

biomechanical modelling of an aorta aneurysm but it requires complete mesh of the 

model. Therefore, constructed 3D model were migrated into SimVascular platform, 

where the faces and meshes can be defined properly. Then, we run the analyses for a 

period of time and get the results in a single file with a vtu extension. It is not possible 

for SimVascular to visualize its result, an open source software (ParaView), therefore, 

was used for this purpose. 

Although a patient-specific blood flow simulation and analyses is out of the scope of 

the thesis study, we presented an end-to-end procedure that can be used to construct 

3D models of the aneurysm and run hemodynamics simulations with realistic choices 

for flow parameters and profiles. The steps required for modeling the biomechanical 

behavior of an AAA with its proper software were summarized as following, and a 

useful guideline having detail about each step was given in APPENDIX. 

 Gdcm2vtk library on Linux OS 

o Translating DICOM image series into VTK file format 

 ITK-Snap 

o 3D segmentation using an active contour algorithm 

o Solid model construction in VTP file format 

 SimVascular 

o Mesh generation 

o Face identification 

o Preparing input file for simulation 

o Defining boundary conditions 

o Running numerical simulation 

 ParaView 

o Visualization aneurysm with color map 

2.4. Summary of Background and Literature Review 

In this section, background information and an overview over the relevant literature 

are presented. The evolution of the aneurysm development is critical and not 
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straightforward because it can only be assessed by monitoring the AAA without any 

intervention. Therefore, various measurements demonstrated in previous studies to 

describe aneurysm evaluation over the time. There is, however, no common consensus 

reached on which measurements are the best representative of the aneurysms’ state, 

and their future growth patterns such as linear or exponential growth. In this study, we 

used 3D models of the AAAs in 118 longitudinal Computed Tomography (CT) scans, 

from 26 Korean AAA patients. We subsequently analyzed 21 derived geometrical 

measurements for each, their growth rates, and their pairwise correlations, and 

attempted to enhance the predictability of the growth for high-risk aneurysms. On the 

other hand, probabilistic programming techniques are gaining mainstream interest in 

biomedical research. In this study, a two-system approach based on Bayesian 

calibration [24] was also used, and the prediction of a measurement at any time-point 

can be made, along with an associated uncertainty. Although, the main motivation 

behind the study is finding a prediction model, which helps clinicians to effectively 

manage the prognosis of AAA patients during the surveillance, we have also prepared 

a guideline about how to construct a 3D model of an AAA and calculate hemodynamic 

forces using open source software and tools, which are free and flexible to make 

research. A useful guideline was given in APPENDIX. 
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CHAPTER 3 

 

3. MATERIALS AND METHODS 

 

This chapter consists of four subsections. Each subsection uses a different 

methodology, and details are presented in this chapter. Firstly, 21 different parameters 

describing the geometric properties of each CT scan were used and their growth rates 

as well as pairwise correlations were analyzed. Afterwards, the best representatives of 

the master curve, constructed for the measurements to predict aneurysm growth, were 

selected based on their r-square scores. As a parallel study, a two-system approach 

based on Bayesian calibration was used and the aneurysm growth model was specified 

according to individual patient characteristics. Thus, the prediction of a measurement 

at any time-point can be made, along with an evaluation of the associated uncertainty. 

3.1. Study Design and Populations 

The retrospective data set used in this study is geometrical measurements describing 

the properties of AAA morphology. 118 computed tomography (CT) scans from 26 

patients obtained retrospectively at the Seoul National University Hospital were used 

for this analysis. Patients were followed and scanned at various time intervals between 

3 to 56 months with a median interval of 11 months. Images were obtained using a CT 

scanner (Siemens Healthcare, Erlangen, Germany). Image in plane resolution was 

0.641 mm and in a transverse (z-axis) resolution of 1 mm. This study was subject to 

Internal Review Board approvals at Michigan State University and Seoul National 

University Hospital.  Since our study does not involve identifiable human subjects, 

and only processes anonymized and archived CT scans, the need for ethical approval 

was waived by the Michigan State University Institutional Review Board (reference: 

IRB# 12-1041). 

All AAAs with at least two CT scans and a time interval of at least 6 months were 

used for this study. This inclusion criterion was made in order to minimize the growth 

rate error. As a result, 106 CT scans from 25 patients (23 men and 2 women) were 

used and 21 different parameters describing the geometric properties of each scan were 

calculated. The mean age at time of first scan was 59 years old (55-84), with a 13-

month mean time between scans (6-56), and 4 scans per person (2-7). Table 1 shows 

the demographic information of patients. 
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Table 1. The information about longitudinal CT scan data 

Age (year) 69 (55-84)* 

Men (n) 23 

Women (n) 2 

Interval between consecutive scans (months) 13 (6-56) 

Scans per patient (n) 4 (2-7) 

*The age at which the first scan was taken is given by mean and range 

From these CT images, AAA geometries were reconstructed using Mimics 

(Materialise, Leuven, Belgium), following the procedure previously described 

(Gharahi et al. [39]; Kwon et al. [55]) and used to generate centerlines with the 

maximally inscribed spheres method. A series of slices perpendicular to the centerline 

(orthogonal planes), or to the Z-axis (axial planes), were made with a constant interval 

distance, such that the intersection of these planes with the AAA surface produced the 

cross-section required to measure the orthogonal or axial parameters. 

The definitions of all geometrical measurements, which were classified as either 

primary or secondary parameters, are summarized in Table 2. These parameters reflect 

the local and global properties of the aneurysm at the time of the scan and details of 

maximum diameter measurements are described by Gharahi et al [39]. 

Table 2. The definitions of geometrical measurements 

 Parameter Description 

Primary MAXDIA_S the maximum inscribed spherical diameter  in mm 

MAXDIA_A, MAXDIA_O the maximum axial and orthogonal diameter in mm 

MAXPER_A,MAXPER_O the maximum perimeter on axial and orthogonal planes in mm 

DIAPER_A, DIAPER_O the perimeter on axial and orthogonal planes at the maximum 

spherical diameter in mm 

VOLAAA the total volume of the aneurysm in mm3 

Secondary VOLILT the total volume of the thrombus in mm3 

VOLLUMEN the total volume of the lumen in mm3 

MINDIA_A, MINDIA_O the minimum diameter on axial and orthogonal planes in mm 

MAXECC_A, MAXECC_O the maximum eccentricity on axial and orthogonal planes 

DIAECC_A, DIAECC_O the eccentricity on axial and orthogonal planes at the maximum 

spherical diameter 

MAXILT the maximum thrombus thickness in mm 

AILT the fraction of AAA surface area covered by ILT content 

MDIATORT_DISP_A, 

MDIATORT_DISP_O 

the displacement of the AAA centerline from the line joining the 

first and last points of the AAA centerline at the maximum 

diameter cross section, on axial and orthogonal planes 

TORT_CL the ratio of the total centerline length to the length of the line 

joining the first and last point 
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Eccentricity was defined as the ratio of maximum to minimum diameter and was 

calculated for both orthogonal and axial planes. Tortuosity of the centerline was 

calculated as the ratio of the total centerline length to the length of the line joining the 

first and last point. Finally, perimeter is found by measuring the length of the line 

forming the boundary of the aneurysm shape in the cross-sectional plane. 

Volume measurements, denoted as VOL, include lumen volume, total AAA volume, 

and calculated intraluminal thrombus (ILT) volume (subtracting the total lumen 

volume from the total AAA volume). The global maximum and minimum of a local 

measurement in AAA geometry were denoted by MAX and MIN, respectively. 

Patients were monitored and scanned at various time intervals between 6 to 56 months 

with a median interval of 11 months. 81 of the 106 scans were used for diameter 

prediction, as the first scan of each patient (i.e. the baseline) is assumed to be known, 

and required, for the prediction of subsequent diameters. Therefore, one scan per 

patient (for a total of 25 scans) was excluded from the follow-up set, leaving 81. In 

addition to predicting the follow-up diameter at any arbitrary time, we also categorized 

the scans to time intervals of 6-18 and 18-30 months as 1st and 2nd year, respectively, 

to be able to compare the performance of the prediction models with other studies 

presented in literature, which use yearly time categories. Retrospective growth data 

were recorded at the 1st year (10±4 months) in 68 scans and at the 2nd year (20±3 

months) in 8 scans. We did not categorize the remaining 5 scans, recorded after 30 

months (44±13 months). 

3.2. Geometric Properties and Non-Linear Growth Model of AAA 

Within the scope of the thesis, the definitions of 21 different geometrical 

measurements, which were classified as either primary or secondary parameters, are 

summarized and their growth rates of each AAA patient at a given time was computed 

by considering changes in parameters between two consecutive scans. Figure 2 

demonstrates the morphological parameters of an aneurysm sac. Finally, these 

measurements were analyzed to evaluate potential capability of growth prediction. 
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Figure 2. The representation of geometrical measurements derived from 3D constructed AAA 

3.2.1. Growth rates and their correlation analysis 

The growth rate of each AAA at a given time was computed by considering changes 

in parameters between two consecutive scans. The rate values for all measurements 

were calculated based on the assumption that there is an exponential change of the 

measurement over time. The rate of a parameter 𝔤(.), introduced in [40], is computed 

for all geometrical measurements by using the following equations 

𝔤 =  (𝑒12𝑟 − 1) × 100                                                                                              (1) 

where r is the logarithmic growth factor measured by 

𝔯 =  
1

𝑡 
ln

𝑋𝑓𝑜𝑙𝑙𝑜𝑤𝑢𝑝

𝑋𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒
,                                                                                                          (2) 

𝑋(.) denotes the quantity of the geometrical measurements and 𝑡 is the time interval 

between consecutive scans in months. For example, 𝔤MAXDIA_S was used to define 

the growth rate of maximum spherical diameter, where the maximum spherical 

diameters can be compared at baseline and follow-up. Pearson correlation coefficients 

were used for correlation analysis of different growth rates. We consider correlation 

ranges of 1.00–0.90, 0.90–0.75, 0.75–0.50, 0.50–0.25, 0.25–0.0 as very high, high, 

moderate, weak, and no correlation, respectively. 

 



 

 

17 

 

 

3.2.2. Exponential AAA growth model and the growth prediction 

All geometric measurements were analyzed to evaluate potential capability of growth 

prediction. As proposed by Martufi et al. [40] the growth rate was expressed using an 

exponential function over the time. The growth curve is defined as an exponential 

function 

Υ =  𝛼 × 𝑒𝛽𝑡 ,                              (3) 

where Υ is the measurement and 𝛼 and 𝛽 are parameters of the growth curve. The 

input time 𝑡 is the shared time axis for all the patients. Since the AAA stage of the 

patients at the time of first scan was not the same, the time of the scan must be shifted 

in the shared time axis. Exponential AAA growth model is based on the assumption 

that the individual growth patterns, the parameters of each growth curve (α and β) are 

identical to the master curve pattern. For this purpose, an initial growth curve is fitted 

(𝛼 and 𝛽) to one patient. Subsequently, the time of the first scan 𝑡1
𝑖  is estimated using 

the method of least squares so that the measurement set best fits the common growth 

curve, where superscript 𝑖 denotes patient data sets. These two steps are repeated, 

updating 𝑡1
𝑖  at each iteration until convergence  (i.e. total amount of error met the 

convergence criterion or no longer decreases) is achieved. Finally, the growth curve, 

named the master curve, was obtained using fminsearch, a built-in function of 

MATLAB software to find a local minimum for unconstrained nonlinear optimization 

based on the Nelder-Mead simplex algorithm. The pseudo-code of the algorithm was 

given in Figure 3.  



 

 

18 

 

 

Figure 3. The iterative algorithm to find the master curve in Equation 3 

The least fluctuations and narrowest range in measurements contributes to the 

prediction strength of the master curve, obtained to better summarize the growth and 

to evaluate the prediction accuracy for each measurement. The coefficient of 

determination, denoted by r-square, was utilized to measure how well growth was 

predicted [56], such that the minimum proportion of the total variance of outcomes 

explained by the model was selected as the most representative of the growth curve. 

The curve was log transformed from non-linear to linear and evaluated by r-square.  

3.3. Developing a probabilistic model for prediction of future AAA growth 

This study developed an enhanced prediction growth model applicable for predicting 

AAA growth using Bayesian inference. An exponential growth model, commonly 

demonstrated in the previous studies, is selected and the estimated parameters of the 

posterior distributions, the common properties of the population (our subjective 

belief), was fed to the prior for each patient’s specific model. In addition to diameter, 

the study was extended using the Generalized Linear Model (GLM) to take other 

geometry properties into account. Thus, 106 CT scans from 25 patient dataset were 

used and the prediction of a measurement at any time-point can be made, along with 

an evaluation of the associated uncertainty. Figure 4 demonstrates the workflow of the 

study. 
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Figure 4. Predicting aortic aneurysm growth using patient-oriented growth models with two-step 

Bayesian inferences 

In this study, a two-step approach based on Bayesian calibration was used and the 

aneurysm growth model was specified according to individual patient characteristics. 

At the first stage, the parameters of posterior distribution of population (PDoP) were 

estimated using the spherical diameter based on the whole population. Although we 

use a single feature to make a prediction, it is in effect still a conditional probability 

because it takes into account all previous measurements. At the second stage, the 

patient oriented growth prediction model (POGPM) is specified according to each 

patient individually, since each patient has different characteristics and growth rate. 

3.3.1. Exponential AAA Growth Model 

Previous studies demonstrated that the aneurysm growth should be modeled in a non-

linear fashion [4,15]. In this study, we consider AAA growth model of the maximum 

spherical diameter, in which the diameter D at time t is given by 

 𝐷(𝑡) = 𝛼𝑒𝛽𝑡 (4) 

where α denotes the initial maximum diameter at t=0 and β denotes the diameter 

growth rate. In the analytic solution approach, α and β are the parameters, each of 

which takes a constant value for a given data set. 
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Bayesian Framework of Model Calibrations 

A Bayesian inference technique employs to calibrate the growth model with clinical 

data and further predicts a future AAA growth of each patient. To test the prediction 

capability of AAA growth, a Quantity of Interest (QoI) is defined as the maximum 

spherical diameter expansion rate for per-patient and specific case. That is, each time 

point that a CT scan obtained was sequentially selected as a QoI, which enables us to 

determine a statistical model and investigate the associated uncertainties.  

The scans were categorized into three classes: ‘over-estimated’, ‘under-estimated’ and 

‘within tolerance’, based on whether the actual follow-up diameter was below, above, 

or within the 95% Confidence Interval (CI) of the estimate, respectively. We aimed to 

increase the number of scans that belong to 'within tolerance', which determines the 

performance of the prediction model.  

Each individual patient has a varying number of sequential measurements over 

differing time lengths. These sequence of measurements were partitioned into two 

subsets; a calibration (DC, i.e. training) and a validation (DV, i.e. test) data set, as 

proposed by Hawkins-Daarud et al. [57]. The calibration set was used to calibrate the 

model, whereas the validation set was used for validation of the calibrated model. 

Apart from the initial scans, all scans in the population were incrementally and 

sequentially employed in validation to demonstrate whether our model predictions 

were consistent with the maximum diameter measured experimentally. As an 

example, let us say we have a patient with six consecutive scans and want to predict 

the maximum diameter at the 4th scan. Then, the known data set is DC={t1,t2,t3} and 

the “true” diameter to be predicted is DV=t4, in other words, the DV is the ground 

truth for the QoI. The performance of the predictive model at each particular QoI was 

assessed independently, because an acceptable performance at a specific QoI does not 

necessarily imply reasonable performance for all possible QoI.  

All model parameters with vector 𝜽 = (𝜃1, 𝜃2, ⋯ , 𝜃𝑑) ∈ ℝ𝑑  treating as a vector of 

random variables 𝜽: 𝛺 → ℝ𝑑, where Ω denotes a suitable sample space. The numerical 

algorithms were applied to calibrate the exponential AAA growth model, given in 

Equation 4, against a subset of the experimental data. The criteria were determined to 

assess the convergence of the algorithm. 

Calibration model 

We used a Bayesian approach, which fundamentally enhances our subjective belief by 

the probability of an event via incorporation of population clinical data, to update the 

prediction of AAA diameter growth. We followed the notation and terminology 

introduced by Gelman et al. [31].  A set of calibration parameters were denoted by θ 

and the observed data were denoted by y={y1,y2, ..., yn}. Furthermore, the marginal 

and conditional probability of density function (pdf) were donated by p(∙) and p(∙|∙), 
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respectively. In our AAA growth model, θ corresponds to the model parameters in 

Equation 4 (i.e., 𝜃1= α and 𝜃2= β) and y corresponds to the maximum spherical 

diameter at the time points in the calibration data set SC. The observable outputs in 

the prediction model are, thus, related to the input parameters by 

 𝒚 = 𝐷(𝑡; 𝜽, 𝒆) (5) 

where D and e respectively corresponds to the maximum spherical diameter and the 

measurement error. The relationship between the maximum spherical diameters 

(observable outputs) and model inputs at time t can be formulated by 

 𝒚 = 𝑫(𝒕; 𝜽) + 𝜹(𝒕) + 𝜺 (6) 

where 𝜺 corresponds to error, the diameter 𝐷(. ; . )can be viewed as a function of 𝑡 and 

𝜽(𝛼, 𝛽), and 𝜹(𝑡) corresponds to a discrepancy function. However, we ignored here 

to systematic model discrepancies explicitly by following the methodologies referred 

by Kennedy et al. [32], Higdon et al. [33] and Bayarri et al. [34]. As a result, a 

calibration model related to AAA growth outputs were given by; 

 𝒚 = 𝐷(𝑡; 𝜽) + 𝜺. (7) 

Bayesian inference and prediction 

Statistical Model 

The joint pdf denoted by PJOINT(θ,y) can be formulated by the product of the prior 

distribution of θ, denoted by PPRIOR(θ) and the sampling distribution denoted by 

PSAMPLE(y|θ) as following 

 PJOINT(θ,y) = PPRIOR(θ)PSAMPLE(y|θ). (8) 

The conditional probability assigned to the parameters, which is posterior density, can 

be obtained by Bayes’s theorem 

 𝑃𝑃𝑂𝑆𝑇(𝜽|𝑦) = 𝑃𝑃𝑅𝐼𝑂𝑅(𝜽)
𝑃𝑆𝐴𝑀𝑃𝐿𝐸(𝒚|𝜽)

𝑃𝑃𝑅𝐼𝑂𝑅
𝑃𝑅𝐸𝐷 (𝒚)

, (9) 

where 𝑃𝑃𝑅𝐼𝑂𝑅
𝑃𝑅𝐸𝐷 (𝑦) denotes the marginal distribution, which is averaging the likelihood 

over all possible parameter values with respect to the prior density. 

 𝑃𝑃𝑅𝐼𝑂𝑅
𝑃𝑅𝐸𝐷 (𝒚) =  ∫ 𝑃𝑃𝑅𝐼𝑂𝑅(𝜽)𝑃𝑆𝐴𝑀𝑃𝐿𝐸(𝒚|𝜃)𝑑𝜽. (10) 
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The density of 𝑃𝑆𝐴𝑀𝑃𝐿𝐸 (𝒚|𝜽), a function of θ rather than y, is called likelihood 

function and interpreted as how likely a parameter value is, given a particular outcome. 

The subjective beliefs in the values of the parameters before the measurement was 

made denoted by 𝑃𝑃𝑅𝐼𝑂𝑅(𝜽). Thus, a posterior distribution denoted by 𝑃𝑃𝑂𝑆𝑇(𝜽|𝒚) can 

be considered as an enhanced degree of belief, which is obtained with incorporation 

of the experimental data.  

Selection of Prior Distribution 

The posterior distribution of the population was served as the prior for both growth 

prediction models, Patient-Oriented Growth Prediction Model (POGPM) and 

Generalized Linear Model (GLM) enhanced POGPM. The methodology finding the 

Posterior Distribution of Population (PDoP) for a spherical diameter, which is used in 

POGPM explained here. The same approach was also followed to estimate the 

parameters for a tortuosity measurement, which is used in GLM enhanced POGPM 

with a spherical diameter measurement together.  

The prior distributions of α and β are assumed to be normally distributed random 

variables with parameters (mean and deviation). The prior of α, an initial diameter at 

time t=0, was set at mean 30 mm because AAA is clinically defined as an enlargement 

of the abdominal aorta to >3.0 cm [1] and deviation 2 mm because the absolute intra-

observer difference of the maximum diameter was 2 mm [35], respectively. The prior 

of β (the growth rate) is set at mean 0.004 and variance 0.001 based on statistical 

characteristics of aneurysm growth [14]. Although the base distributions used in the 

common (population) model was Gaussian, Student’s t-test distribution was used in 

the patient specific model because the number of observations for a single patient is 

too small to support a Gaussian. Student’s t-distribution, on the other hand, can be 

applied as the POGPM since it is designed to be less concentrated around its peak and 

has heavier tails as the degree of freedom decreases, thus better capturing the level of 

uncertainty given less evidence, especially with respect to extreme observations. The 

more evidence we have per patient, the more this distribution will approximate a 

Gaussian. 

The pre-assumed values for the mean of the prior distribution are updated using the 

Maximum A Posteriori (MAP) method based on the aforementioned data. A version 

of the Expectation-Maximization algorithm is used to find the most likely parameters: 

First, an initial growth curve, a function of α and β in Equation 4, is chosen and 

patients’ scans are time-shifted based on the measurements at the first observed scans. 

Then, the MAP estimate is made to update the predictors of the growth curve and find 

a better fit function. The shifting and MAP estimation steps are iteratively repeated 

until the likelihood converges (i.e. total amount of error no longer decreases). As a 

result, the best fit of the growth curve, namely the master curve, is found. 
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Selection of Likelihood 

The likelihood function for the parameter θ, given data y, were specified to determine 

how the biological AAA growth model and experimental data y inform the posterior 

distribution. The measurement error of the maximum diameter at each time point were 

assumed to be independent and the processes determining the true diameter are 

deterministic. Furthermore, the experimental noise is normally distributed about 0 

with variance 𝜎𝐷(𝑡), which denotes 𝜎𝐷 at time t. Under these assumptions, the 

likelihood is formulated by 

 𝑃𝑆𝐴𝑀𝑃𝐿𝐸 (𝒚|𝜽) = ∏
1

√2𝜋𝜎𝑉
2(𝑡𝑖)

exp (−
(𝑦𝑖−𝐷(𝑡𝑖;𝜽))2

2𝜎𝑉
2(𝑡𝑖)

)𝑖𝜖𝑆𝐶
. (11) 

Sampling of Posterior Distribution 

Obtaining the posterior distribution is analytically possible when a certain 

combination of prior distribution and likelihood have met; in general, this is not the 

case. Numerical approach, drawn sample from the posterior distribution PPOST(θ|y) via 

a discrete approximation are often required to be used for this purpose. Hawkins-

Daarud et al. [30] and Gelman et al. [31] proposed a solution to drawn sample from 

the posterior distribution using a regular grid in the parameter space. However, this 

has a computational cost especially for the complex model if it has a lot of inferred 

parameters. Instead, we applied a well-known method, Markov Chain Monte Carlo 

(MCMC), sampling for posterior distribution in this study.  

There are examples of random walk Monte Carlo methods as a kind of random 

simulation available in literature. Metropolis-Hastings algorithm is the very first, and 

simpler than MCMC, and commonly used in literature. However, the algorithm works 

by performing a random walk that takes a lot of computational time and, furthermore 

is sensitive to the selection of a suitable proposal distribution. Therefore, we deemed 

it not very suitable for our moderately complex case. Gibbs sampling is a popular 

example of random walk because it does not require any such tuning. However, Gibbs 

sampling, again, is not the most efficient (computationally speaking) approach and 

was not employed here. 

To avoid the computational inefficiency of a random walk and the requirement to tune 

the proposal distribution, especially given the high-dimensional target distribution in 

question, we decided on the Hamiltonian Monte Carlo (HMC) algorithm (or Hybrid 

Monte Carlo), which is a Markov Chain Monte Carlo method for obtaining a sequence 

of random samples. Therefore, No-U-Turn Sampler (NUTS), an extension to HMC 

method, was used with no hand-tuning in this study [20]. 
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Probabilistic programming is an approach that uses automatic Bayesian inference on 

a user-defined probabilistic model with the help of MCMC sampling, and is therefore 

used to perform inference and parameter estimation on arbitrarily complex 

probabilistic graphical models. In this study, PyMC3 [36], an open source 

probabilistic programming framework written in Python, was used in POGPM and 

GLM enhanced POGPM. PyMC3 was preferred as it is a commonly used framework, 

with good community support, featuring an optimized inference engine based on 

likelihood gradient convergence, as well as a number of common distributions, such 

as Beta, Gamma, Binomial and Categorical, where the values of the parameters 

determine the location, shape or scale of the randomly generated numbers depending 

on the specific parameterization of the distribution. 

3.3.2. Patient-oriented Growth Prediction Model (POGPM) 

The biological of AAA growth model was fully specified by formulating 

mathematically AAA growth, experimental data and the QoI for predicting the future 

diameter using the calibrated growth model. The Bayes framework is applied for 

predicting patient-oriented growth, as summarized in Figure 5. In this study, a two-

system approach based on Bayesian calibration [24] was used and the aneurysm 

growth model was specified according to individual patient characteristics. 

 

Figure 5. The work-flow diagrams for POGPM (top) and GLM enhanced POGPM (bottom) 

The parameters of PDoP were estimated using the spherical diameter based on the 

whole population. The POGPM is specified according to each patient separately, since 

each patient has different characteristics and their growth rate was different. In that 

case, the posterior distribution from the population model (i.e. common for Korean 
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patients) was set and fed to POGPM as the prior for each patient’s specific model by 

using Bayesian two-stage model [24]. Once a patient specific model is thus built, the 

prediction of a measurement at any future time-point can be made, along with an 

estimate of the uncertainty associated with the prediction. 

3.3.3. Generalized Linear Model (GLM) enhanced POGPM 

Although, the POGPM can accurately predict follow-up diameter in the majority of 

cases, in some scans, sudden increases or decreases were observed. The 

commonalities between these scans were analyzed. First, all the scans were 

categorized based on their baseline spherical diameter into three classes, namely 

‘over-estimated’, ‘under-estimated’ and ‘within tolerance’. Then, all geometric 

measurements belonging to the three groups were analyzed separately using pairwise 

t-tests to reveal if there was a significant (alpha=0.05) predictor for sudden diameter 

growth.  

In addition to spherical diameter, the study was extended using the Generalized Linear 

Model (GLM) with Bayesian inference to take significant features into account. Each 

pair of geometric properties was analyzed in terms of their correlations and if two 

features were highly correlated (corr > 0.9), one of the two was dropped, because 

features with high correlation have almost the same effect on the dependent variable. 

For example, perimeter is strongly correlated with diameter (corr=0.93) and was 

removed from the feature set. Furthermore, the optimal model was built with only 

statistically significant variables (p<0.05). Different features were removed and p-

values in each case were measured in order to decide whether to keep a feature or not. 

Thus, additional geometrical parameters, denoted by PAR, were selected based on p-

values using Backward Elimination.  

𝐺𝑟𝑜𝑤𝑡ℎ ~𝑋1𝑀𝐴𝑋𝐷𝐼𝐴_𝑆 + 𝑋𝑘𝑃𝐴𝑅, (12) 

where PAR is an additional geometrical parameter. The growth is a function of the 

posterior distribution of both spherical diameter (MAXDIA_S) and PAR while X are the 

coefficients. The PDoP for PAR was found by following the same approach, which 

was already explained, to find PDoP for MAXDIA_S. The parameters of coefficients of 

the population (mean and standard deviation), unknown parameters in Equation 12, 

were then found using the GLM model, and were set as priors. These PDoPs, which 

were already specified for MAXDIA_S and PAR according to observations made on the 

CT scans belonging to a particular patient, were used to subsequently predict 

aneurysm follow-up diameter based on time. 
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CHAPTER 4 

 

4. RESULTS 

 

This chapter briefly presented the results related to this study. The obtained results are 

laid out in two main sections: (1) correlation analyses and defining master curve of 

AAA growth; and (2) probabilistic programming for patient-oriented AAA growth. 

4.1. Correlation Analyses and Defining master curve of AAA growth 

All geometrical measurements describing the geometric properties of each scan were 

calculated. First, these measurements were analyzed in terms of their correlations 

regardless of time interval between consecutive scans. Second, the growth rate of each 

measurement was computed by considering changes in parameters between two 

consecutive scans. Finally, growth curves, namely master curves, were constructed for 

these measurements to evaluate prediction accuracy. All these results were 

sequentially given under proper titles below. 

4.1.1. Maximum measurements for correlation analysis 

A total of 21 measurements were analyzed in terms of their correlations for each 

observation and are summarized in Table 3. The correlation study showed that AAA 

volume is highly correlated with diameter, regardless of method used to calculate the 

maximum diameter (spherical (r=0.89), axial (r=0.91) or orthogonal (r=0.92)). 

Similarly, very high correlations were found between the diameters and perimeters 

regardless of methods used (r>0.92). All primary parameters (r=0.69 and 0.77) are 

mildly correlated with ILT volume. However, the secondary parameters are 

significantly less correlated with the primary parameters, except ILT volume. For 

instance, eccentricity (r=0.60) and tortuosity (r=0.55) are moderately correlated with 

AAA volume; only maximum ILT thickness (r=0.52-0.59) is moderately correlated 

with maximum diameter measurements. 
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Table 3. Correlations of geometrical parameters on AAA actual measurements 

 Parameters VOLAAA VOLILT MAXDIA_S MAXDIA_O MAXDIA_A MAXPER_O MAXPER_A 

1° VOLAAA 1             

MAXDIA_S 0.89 0.69 1         

MAXDIA_O 0.92 0.72 0.92 1       

MAXDIA_A 0.91 0.77 0.94 0.95 1     

MAXPER_O 0.93 0.74 0.96 0.96 0.96 1   

MAXPER_A 0.92 0.75 0.93 0.92 0.94 0.94 1 

2° VOLILT 0.78 1           

MAXECC_O 0.60 0.08 0.22 0.47 0.33 0.28 0.30 

TORT_CL 0.55 -0.16 0.04 0.07 0.01 0.03 0.03 

MAXILT 0.46 0.81 0.53 0.52 0.59 0.56 0.59 

AILT 0.35 0.70 0.39 0.42 0.47 0.42 0.49 

4.1.2. Growth rates and correlation analysis 

Growth rates using the maximum spherical (median 6.04%/year, IQR 5.66%/year), 

orthogonal (median 6.47%/year, IQR 7.14%/year), and axial (median 5.75%/year, 

IQR 5.95%/year) diameters, as well as aneurysm volumes (median 13.44%/year, IQR 

15.12%/year) are depicted in Figure 6. The normality of the diameters and the 

aneurysm volume growth were analyzed using the Shapiro-Wilk test, and the result 

confirmed the normality of the diameters (spherical p=0.87, axial p=0.27 and 

orthogonal p=0.53) but not the volume (p=0.01). A Mann Whitney U test indicated 

that the diameters were not significantly different from each other (p>0.77). However, 

the growth rates of these diameters were significantly different from that of the 

aneurysm volume (p<0.01). 

 

Figure 6. Box and whisker plots for the growth rate of the diameters and aneurysm volume using non-

linear model 



 

 

29 

 

In addition, the growth rate for each measurement was calculated in a non-linear 

fashion and their pairwise correlation was analyzed in Table 4. AAA volume 

expansion rates are highly correlated with axial diameter growth rates (r=0.80), and 

moderately correlated with the spherical (r=0.61) and orthogonal (r=0.72) diameter 

growth rates. Orthogonal and axial diameter growth rates have a strong correlation 

with each other (r=0.78), whereas these two rates do not show a strong correlation 

with spherical diameter growth rates (r=0.55 and 0.67, respectively). 

Table 4. Correlations of geometrical parameter rates of change on AAA measurements using non-linear 

growth model 

 Parameters VOLAAA MAXDIA_S MAXDIA_O MAXDIA_A MAXPER_O MAXPER_A 

1° VOLAAA 1           

MAXDIA_S 0.61 1         

MAXDIA_O 0.72 0.55 1       

MAXDIA_A 0.80 0.67 0.78 1     

MAXPER_O 0.78 0.75 0.90 0.78 1   

MAXPER_A 0.81 0.77 0.83 0.90 0.94 1 

2° VOLILT 0.80           

MAXECC_O 0.09 0.13 0.17 0.07 0.15 0.13 

TORT_CL 0.13 0.09 0.12 -0.02 0.09 0.07 

MAXILT 0.53 0.42 0.44 0.55 0.44 0.48 

AILT 0.12 0.26 0.28 0.19 0.26 0.30 

 

AAA volume expansion rate is highly correlated (r=0.80) with thrombus accumulation 

rate. However, the aneurysm volume expansion rate is not highly correlated with the 

maximum ILT thickness (r=0.53) nor with the lumen volume (r=0.45) rates. Other 

secondary parameters such as eccentricity, tortuosity, ILT thickness and area fraction 

rates are not highly correlated with AAA volumetric expansion rates (r=0.09, 0.13, 

0.53 and 0.12 respectively). Additionally, eccentricity and tortuosity parameters are 

not correlated with any of the primary parameters (r<0.17). 

4.1.3. Growth curve of the geometric measurements 

Growth curves were constructed for the measurements in order to find one that could 

predict aneurysmal growth. Figure 7 compares the master curves obtained for 

maximum spherical diameter (left) and orthogonal diameter (right). The best three 

representatives of the master curves were selected based on their r-square scores. The 

spherical diameter (MAXDIA_S) was found to be the best growth representative (r-

square: 0.985) and the three next-best representatives were MAXPER_A (0.977), 

DIAPER_A (0.972), and MAXDIA_O (0.970). Figure 8 shows the prediction of AAA 

growth based on the master curve and the histogram of error prediction, based on 

spherical diameter. 
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Figure 7. The exponential functions of maximum spherical diameter (left) and maximum orthogonal 

diameter (right). The spherical diameter is the best representative of AAA growth 

Using the master curve function derived (mean=0.24 mm, sigma=2.10 mm), the 

spherical diameter was correctly predicted to 74 of 79 scans (visualized by blue lines 

Figure 8a), based on a 95% confidence interval. Similarly, the prediction capabilities 

of other diameter measurements were found to have averages of 0.52 mm and 0.08 

mm, and standard deviations of and 3.23 mm and 2.68 mm, for orthogonal and axial, 

respectively. 

 

Figure 8. The prediction of AAA growth based on the master curve (spherical diameter). a) The actual 

and predicted values are plotted with respect to time from baseline. b) The histogram of prediction 

errors and estimation of normal distribution parameters 
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4.2. Probabilistic Programming for Patient-Oriented AAA Growth 

The master growth curve over the time does not necessarily follow the common 

pattern for all patients, each patient having different characteristics, accuracy suffered 

for patients having relatively faster or slower AAA growth. This study also developed 

an enhanced prediction growth model applicable for predicting AAA growth 

accurately using Bayesian inference. An exponential growth model was built 

specifically on patient characteristics. 

4.2.1. Posterior distribution of population (PDoP) 

Bayesian calibration using the exponential function for 25 AAA patients with 106 CT 

scan images estimated the parameters of PDoP, which were served for prior 

distribution of predictors for both the baseline diameter and the diameter growth rate. 

The estimated parameters of population posterior distribution using the spherical 

diameter are demonstrated in Figure 9. There are two parameters being estimated: the 

baseline diameter α (mean=32.06 mm, sigma=0.55 mm) and exponent of the growth 

rate β (mean=0.0043, sigma=0.0002). The parameters of the growth prediction model, 

α and β, are specified based on this fit. 

 

Figure 9. The frequencies of estimated parameters for the PDoP growth model (α and β) and 

parameter values from drawn samples   

The characteristics of the population growth were analyzed using different forms of 

distributions such as normal z and student t test. The posterior distributions of the 

stochastic values were found almost the same for both z and t distribution because the 

number of samples (n=105) is so sufficient that t distribution (alpha ~ N(31.897889, 

0.543275), beta ~ N(0.004350, 0.000202)) approximates the z distribution (alpha ~ 

N(32.063321, 0.549830), beta ~ N(0.004299,0.000201)). Figure 10 represents the 

normal distribution of the samples drawn from the specified model. The average and 

standard deviation of the follow-up diameter for the population is 43.41 mm and 7.05 

mm. 
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Figure 10. The estimated parameters of the posterior distribution of the drawn samples for the Korean 

population(up) and the distribution of observed scans (down) 

The PDoP has growth model of two predictor variables; α and β, were normally 

distributed random variables with parameters 𝛼 ∼ 𝑁(32.063, 0.5498); 𝛽 ∼
𝑁(0.0043,0.0002) respectively. Based on the mean of posterior distribution, 

aneurysm growth for the next diameter at any time using can be predicted by Equation 

13 and Equation 14: 

T = ln (Dbaseline÷32.063)÷0.0043,               (13) 

Dfollow-up = 32.063 * 𝑒(0.0043∗(𝑡+𝑇)),                          (14) 

where Dbaseline describes the diameter at the baseline scan, T represents how many 

months have passed once the aneurysm was observed and t determines the period of 

time in months for the next prediction. 
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Figure 11. The observed scans and aneurysm growth model based on the estimated parameters of 

PDoP and time interval between consecutive scans with 0.68 and 0.95 prediction interval. The aligned 

time is the shared time axis for all the patients. Since the AAA stages of the patients at the time of 

first scan were not the same, the time of the scan must be shifted in the shared time axis. The follow-

up diameters of the 81 CT scans from 25 patients are marked on the plot with dots, where each color 

indicates an individual patient. Since the first scan of each patient was known, only follow-up scans 

(81 of 106 scans) that were QoIs in prediction, are presented in the graph. 

Figure 11 shows that the follow-up diameter was correctly predicted to within 2.7 mm 

error in 64 of 81 scans (79%) using the PDoP based on a 95% confidence interval. 

There are, however, 17 of 21 scans (21%) which were not followed the common 

properties of the population. The number of CT scans for which the growth rates are 

over- and under-estimated are 4 of 17 (24%) and 13 of 17 (76%) respectively. 

4.2.2. Patient-oriented prediction of AAA growth 

An individual POGPM (Patient Oriented Growth Prediction Model) was specified 

according to the patient growth characteristics, where a patient was selected with a 

number of consecutive scans. Figure 12 is an example of a POGPM constructed for 

patient 11 and patient 23, using the obtained scans, which were the stochastic 

observations, and the posterior distribution of the unknown parameters for the 

population using the workflow of POGPM (Figure 5), i.e., using the prior distribution 

from the PDoP. 



 

 

34 

 

 

Figure 12. An example of the demonstration for the prediction capability of a POGPM at 77th months 

(4th observed scans of patient with id 11) and at 59th months (3rd observed scans of patient with id 

23) with confidence 0.68 and 0.95 intervals. The time was aligned according to population growth 

curve. All previously obtained measurements for a patient were used for predicting the measurement 
at the next scan. 

The mean, standard deviation and the degree of freedom of the posterior distribution 

(estimated parameters of student-t distribution) at the 77th months were found 43.72 

mm, 0.47 mm and 1.81, respectively. Similarly, all these parameters of the distribution 

were estimated since from the 4th scan observed, and both blue and orange lines were 

drawn in order to represent the upper and lower limit of the next prediction according 

to the time. In this example, the observed diameter of the patient 11 at the 4th scan is 

43.34 mm. The observed diameters were predicted between 43.05 and 44.39 mm with 

0.68 confidence level (p=0.32) and 41.50 and 45.94 mm with 0.95 confidence 

(p=0.05). The figure also shows that the last CT scan of the patient was outside of the 

prediction range with 0.68 confidence. However, the growth model would be updated 

using the stochastic observation for 4th and 5th CT scans and the prediction range 

would be changed accordingly. This is an example of successful model constructed 

according to the patient first 3rd observed scans (characteristics), because the observed 

diameter was found inside the limit of prediction range with both 0.68 and 0.95 

confidence levels. 

The observed diameter of the patient 23 at the 3rd scan is 45.02 mm. However, the 

observed diameters were predicted between 39.44 and 43.90 mm with 0.95 confidence 

if PDoP, the posterior distribution of Korean population, was used. As Figure 12 

demonstrates, the observed diameter was outside of the prediction range, and this 

patient does not follow the common growth model of the population. This is an 

example of underestimated scans using PDoP, were accurately modeled within 

tolerance, if the GLM enhanced POGPM which has both the capability of taking into 

a patient individual characteristics and other geometry account was used. The 

observed diameter was found inside the limit of prediction range (between 40.12 and 

45.09 mm) with 0.95 confidence levels. 
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The growth model using a diameter provided different results for posterior 

distributions specified by the characteristics of patient and population as Table 7 

shows. The percentage of observed scans, accurately model in population and patient 

oriented growth, are respectively 79 (n=64) and 83 (n=67) specified with .95 

confidences (p=0.05). The average error in mm were ±2.67 mm and ±2.61 mm 

respectively. Furthermore, 88% and 64% of scans were accurately model in POGPM 

at 1th and 2nd year, respectively. 

4.2.3. Enhanced prediction of AAA growth 

The aneurysm growth could not be successfully modeled for some scans using only 

diameter. For example, the diameter of Patient 23 at the 3rd scan, was predicted 

between 39.13 and 44.1 mm with prediction intervals of 0.95 as demonstrated by 

Figure 12. However, the observed diameter was 45.02 mm. Thus, the other geometric 

measurements were considered to help explain such unexpected change in the growth 

and to decrease the number of such inaccurate observations. 

Table 5. The mean and standard deviation of each category, and their paired t-test results.  

  AILT MAXILT VOLLUMEN MAXECC_O MINDIA_O TORT_CL 

Under-
estimated 
Scans (U) 
n=10 

mean 0.35 13.04 62019.15 1.40 17.92 1.19 

sd 0.22 4.00 16077.36 0.27 4.06 0.12 

Over-
estimated 
Scans (O) 
n=4 

mean 0.26 10.50 59352.61 1.24 19.58 1.12 

sd 0.22 6.41 9093.67 0.04 2.35 0.05 

Within 
Tolerance 
Scans (T) 
n=67 

mean 0.30 13.92 61669.42 1.34 19.14 1.10 

sd 0.17 6.86 16930.94 0.23 2.96 0.06 

T-Test 
Between 
Categories 
(p-values) 

U-T 0.3747 0.6952 0.9513 0.4247 0.2511 0.0002 

T-O 

0.6755 0.3357 0.7879 0.4112 0.7743 0.5114 

 

The common properties of the baseline scans were analyzed by taken into all other 

geometrical measurements account; and the average and standard deviation of each 

categories (under-estimated, over-estimated and within tolerance scans) were 

summarized in Table 5. The inter-variance between categories were analyzed using 

the t-test (two tailed, equal variance) and the tortuosity of centerline among the all 

considered geometrical measurements were found significant (p=0.0002) for the 
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categories of under-estimated and within tolerance scans. In the GLM enhanced 

POGPM for Equation 12, PAR is replaced by the parameter, TORT_CL. 

Although the number of patients used in the study is 25, there are 81 CT scans which 

were analyzed using a pairwise t-test. Therefore, we believe this is a sufficient number 

of subjects that the result is statistically significant. A p-value less than 0.05 (typically 

≤ 0.05) was considered statistically significant in this study. Additionally, power 

analysis for two-group independent sample t-test was applied, with significance level 

(alpha) and power assumed as default at 0.05 and 0.8, respectively. The calculation 

results indicate that we need to have a total sample size of 56 subjects (we had 81 CT 

scans). We also applied Analysis of Variance (ANOVA) one-way test to all three 

groups and found that only the tortuosity of centerline was significant. The results 

were demonstrated in the following table. 

Table 6. The mean and standard deviation of each category, and their paired t-test results. 

  AILT MAXILT VOLLUMEN MAXECC_O MINDIA_O TORT_CL 

Under-

estimated 

Scans (U) 

n=10 

mean 0.35 13.04 62019.15 1.40 17.92 1.19 

sd 0.22 4.00 16077.36 0.27 4.06 0.12 

Over-

estimated 

Scans (O) 

n=4 

mean 0.26 10.50 59352.61 1.24 19.58 1.12 

sd 0.22 6.41 9093.67 0.04 2.35 0.05 

Within 

Tolerance 

Scans (T) 

n=67 

mean 0.30 13.92 61669.42 1.34 19.14 1.10 

sd 0.17 6.86 16930.94 0.23 2.96 0.06 

T-Test 

Between 

Categories 

(p-values) 

U-T 0.3747 0.6952 0.9513 0.4247 0.2511 0.0002 

T-O 

0.6755 0.3357 0.7879 0.4112 0.7743 0.5114 

Analysis of 

Variance 

(ANOVA) 

p-values 

0.63 0.57 0.96 0.495 0.475 0.001 

 

In addition to the diameter, the aneurysm growth was also modeled by considering the 

tortuosity of the centerline using GLM enhanced POGPM. The percentage of observed 

scans, accurately model in GLM enhanced POGPM was 86 (n=70) with .95 

confidences (p=0.05), and the average error in mm was ±2.79 mm as Table 7 shows. 

Each pair of the average error of prediction growth models in mm was analyzed using 

pairwise t-test, and their differences were not found statistically significant (p > 0.05). 

Furthermore, 93% and 64% of scans were accurately model in GLM enhanced 
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POGPM at 1th and 2nd year, respectively. The estimated parameters of posterior normal 

distribution of predictors and coefficients are as follows; 𝛼𝐷𝐼𝐴𝑆 ∼ 𝑁(32.063,0.549), 

𝛽𝐷𝐼𝐴𝑆 ∼ 𝑁(0.0043,0.0002), 𝛼𝑇𝑂𝑅𝑇𝐶𝐿 ∼ 𝑁(1.012,0.0047), 𝛽𝑇𝑂𝑅𝑇𝐶𝐿 ∼
𝑁(0.0013,0.00005), 𝜃1 ∼ 𝑁(1.023,0.039), 𝜃2 ∼ 𝑁(−0.313,1.532),  

𝜎 ∼ |𝑁(0.0,1.0)|,  𝜇 = 𝜃1 ∗ 𝑀𝐴𝑋𝐷𝐼𝐴𝑆 + 𝜃2 ∗ 𝑇𝑂𝑅𝑇𝐶𝐿, and 𝑌 ∼ 𝑁(𝜇, 𝜎2). 

 

Table 7. The percentage of scans accurately modeled using PDoP, the POGPM and GLM enhanced 

POGPM 

 Underestimated 

Scans 

Overestimated 

Scans 

Within 

Tolerance 

Scans 

Error 

in mm 

PDoP 16% (n=13) 5% (n=4) 79% (n=64) 2.67 

POGPM 12% (n=10) 5% (n=4) 83% (n=67) 2.61 

GLM 

enhanced 

POGPM 

9% (n=7) 5% (n=4) 86% (n=70) 2.79 
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CHAPTER 5 

 

5. DISCUSSION 

 

This chapter briefly discussed the obtained results related to this study. The 

discussions are laid out in two main sections: (1) defining master curve of AAA 

growth and its potential utility of clinical management; and (2) the prediction 

capability of the growth model. 

5.1. Defining master curve of AAA growth and its potential utility of clinical 

management 

The guideline for clinical AAA management based on single maximum diameter 

criterion has been challenged [9], [10], [33], [40], with more studies proposing that 

the growth rate is associated with AAA rupture [18], [33]. An augmented criterion, 

the maximum diameter > 5.5 cm or annual growth rate >1 cm/year, has been proposed 

for surgical intervention [6], [7]. There is, however, scarcity of morphological studies 

using longitudinal CT scan images. Therefore, this work aimed to construct a larger 

database of morphological parameters and to enhance the predictability AAA growth 

for high-risk aneurysms. 

Previous studies suggested that orthogonal diameter yields the measure closest to real 

AAA size, and is superior to axial diameter, which tends to overestimate the diameters 

[58], [59]. The orthogonal diameter measurement method, however, can be dependent 

on the construction of the centerline, which can cause high variability. For instance, 

an error of 5°in determining the orthogonal plane might lead to 15 mm of 

miscalculation in measuring maximum diameters [39]. To address this issue, this study 

utilized a method to reduce variability which semi-automatically generates the 

centerline using maximally inscribed spheres. 

The morphology of aneurysms is important for patient monitoring [48], [60]–[62]. In 

these studies, the measurements describing the shape of the aneurysms (e.g., saccular, 

fusiform) were also obtained and its effect on the aneurysm development were 

investigated. Ruptured AAAs were observed to be more tortuous and have larger 

diameter asymmetry [63]. Additionally, the effect of surrounding tissue, including 

vertebral column and osteophytes, on AAA growth and geometrical changes in terms 

of the shape and curvature was demonstrated in a longitudinal follow-up study [19]. 
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They found that the region of aneurysm interacting with the spine was flattened. Thus, 

surrounding tissues may also be an important parameter to model aneurysms. Apart 

from measurements, demographic information such as age may also be important 

because expansion rate tends to be more rapid over the age of 60 [64]. Several studies 

have reported that age and gender play a critical role in the widening of the aorta [8]. 

Previous studies [40], [58] proposed that the aneurysmal volume measurement served 

to better predict the development of AAA and rupture risk than the maximum diameter 

measurement. One of our main findings from the correlation analysis on our 

morphological parameters is, however, that the total volume is highly correlated with 

all primary parameters (maximum diameters, perimeter). 

Meanwhile, there has been increasing evidence that growth rate is important for 

predicting high rupture risk [18], [33]. AAA volume expansion rates are only mildly 

correlated with the spherical (r=0.68) and orthogonal growth rates (r=0.67).  

Furthermore, spherical diameter growth rates do not show strong correlations with 

axial and orthogonal diameter growth rates (r=0.55 and 0.72, respectively). Although 

the utilities of different maximum diameter measurements and their rates were not 

fully tested, Gharahi et al. [39], suggested that different diameter measurements may 

serve different purposes. In particular, the axial diameter measurement is conveniently 

determined without finding a centerline [58], orthogonal diameter is important for 

representing the actual size and assessing the rupture potential [58], [59], and the 

spherical diameter is potentially suitable for predicting the AAA growth. 

AAA volume expansion rate is highly correlated (r=0.80) with thrombus accumulation 

rate. Zambrano et al [65] demonstrated that ILT was initially formed at the region of 

aorta where low wall shear stress was observed and its accumulation rate was 

associated with the aneurysm’s expansion rate. Similarly, Parr et al. [61] found that 

the aneurysm volume was correlated with thrombus volume and diameter. The 

secondary parameters such as eccentricity, tortuosity, area fraction covered by ILT, 

ILT thickness, and lumen volume present no strong correlation with AAA volume 

expansion in terms of geometrical (static) (r < 0.45) and rate measurements (r < 0.50). 

These parameters, however, might be still important for the assessment of rupture risk. 

In fact, previous studies reported that some parameters such as asymmetry and 

tortuosity [63], and ratio of ILT to AAA volume [62] are associated with rupture risk. 

We used an exponential function [2], [40], [41] for modeling AAA growth since 

AAAs of 3-3.9 cm size expand slowly (a mean growth rate of 2.84 mm/year) compared 

to AAAs of 4-4.9 cm size (a mean growth rate of 3.66 mm/year). Similarly, previous 

studies reported growth rates of 1.1-7 mm/year for AAAs with 3-3.9 cm initial 

diameter, in contrast to the growth rate of 3-6.9 mm/year for AAA with 4-4.9 cm [66]. 

In addition to the growth rate studies, we analyzed the outcomes according to the 

expansion pattern. It was observed that an AAA with a 3 cm diameter will need 

surgical repair within the first 7 years of the scan. However, an AAA with a 4 cm 

diameter will reach 5.5 cm in the first 3 years. The UK SAT demonstrated that less 

than 20% of patients with 3-3.9 cm AAA would need surgical repair in the first 5 years 
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of follow-up [36], [67]. In the ADAM study, 27% of 4-5.5 cm AAA undergo surgical 

intervention in the first 2 years of follow-up [68].The recent AAA guideline (2019) 

recommended safe surveillance intervals such as every three years for aneurysms 3–

3.9 cm in diameter, annually for aneurysms 4.0–4.9 cm, and every 3–6 month for 

aneurysms ≥5.0 cm [3]. Therefore, the growth pattern computed in this follow-up 

study are consistent with those reported in the literature. 

Most of all, this study found the spherical diameter as the best representative of the 

growth curve (r-square: 0.985) with a significantly higher prediction strength 

compared to other diameter measurements. Moreover, the maximally inscribed 

spheres method, minimizes the variability of the geometrical surface, and as a result, 

it leads to the least fluctuations and narrowest range in measurements [39].  

We examined the utility of master curves and their prediction capabilities in terms of 

different geometrical parameters. The proposed model better predicts the growth of 

AAAs due to adopt an exponential growth function, rather than a traditional linear 

model, and systematically consider the effects of 21 geometric measurements (i.e. 

independent variables) on the growth rate. Among all the parameters, the master curve 

of spherical diameter performed best, predicting the diameter within 0.42 mm in 95% 

of all scans. In addition, we observed that the master curve using the spherical diameter 

resulted in the smallest prediction error (sigma=2.10 mm), while those of orthogonal 

and axial diameter resulted in larger errors (sigma = 2.68 mm and 3.22 mm). 

Therefore, we propose that a master curve for spherical diameter may be used as a 

clinical tool that gives insight about the future of aneurysm growth. This predictive 

tool can be used for planning for follow-up scans and surgical interventions. 

5.2. The prediction capability of the growth model 

This study developed an enhanced prediction growth model applicable for predicting 

AAA growth accurately using Bayesian inference. An exponential growth model, 

commonly demonstrated in the previous studies, is selected and the estimated 

parameters of the posterior distributions, which were adopted from any observations 

(scans). This study used 106 CT scans from 25 patient dataset to construct PDoP and 

further predicts patient-specific AAA growth. Thus, the prediction of a measurement 

at any time-point can be made, along with an evaluation of the associated uncertainty. 

The follow-up diameters can be predictable, if a patient follows the common growth 

model of the population. However, a rapid expansion of AAA, often associated with 

higher rupture risk, might be observed. For example, 23% (n=3) of previously 

underestimated scans (n=13), were accurately modeled within tolerance, if the 

POGPM was specified according to individual characteristics, while their errors in 

millimeters were almost the same. This is clinically important for monitoring the 

prognosis of aneurysm growth during the surveillance because the required immediate 

intervention based on the criteria defined by international guidelines might be 
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overlooked. Therefore, the aneurysm growth model was specified according to 

individual patient characteristics to predict the follow-up diameter for an AAA such a 

rapid growth was also observed. Additionally, the exponential growth model was 

enhanced by using other geometrical measurements. Thus, a tool having the improved 

potential of predicting AAA expansion or assessment of rupture risk, which is 

important in terms of elective surgical intervention and patient management, and 

applicable for anyone own observations to make prediction accurately, was developed. 

Therefore, Lee et al. [26] applied machine learning techniques for accurate prediction 

of AAA growth in an individual. 

A patient-specific modeling of an AAA growth is an important step in terms of 

individualized diagnosis and clinical treatment. Zeinali-Davarani et al. used 3D 

geometry constructed from medical images and developed a computational framework 

for modeling AAA G&R [25]. In most studies of AAA biomechanics, the influence 

of the surrounding tissues was ignored [24]. This study, therefore, focused on further 

improvement of the G&R computational framework account for mechanical 

interaction between AAA and spine[24]. In addition to the prediction of an AAA, 

Zhang et al. also applied Bayesian calibration method to G&R computational model 

to quantify the associated uncertainty in the prediction [27]. 

In order to show the prediction performance of the model for the next measurement 

(in this case predicting what will be the 4th scan), we used the measurements of the 

1st, 2nd and 3rd scans to specify the model and predicted only the next measurement. 

Even though the figure shows the measurements at the 5th and 6th scans, these 

measurements are given only for reference and are not used for evaluating the 

accuracy of the prediction of the 4th data point. If we want to predict the measurement 

at the 6th scan, all previous sequence of measurements (1st thru 5th scan) are used to 

specify the model according to patient characteristics. Actually, this approach is 

relevant for clinical use as the patient oriented growth model (the growth curve) is 

thus updated, as additional measurements are obtained. In summary, all previously 

obtained scans for a patient are used for predicting the subsequent scan. 

One of the main strengths of this study is to have a relatively large number of scans 

analyzed. Although there exist previous papers using a physics-based computational 

modeling approaches for predicting AAA growth [18][19] and a study associated with 

uncertainty [27], the number of real observations was relatively small and no such 

assessment of the prediction model accuracy was available in their comparisons. 

Therefore, the results of our proposed solution could not be directly compared with 

these results, even though their approaches have similar advantages as Table 8, the 

state of the art comparison, shows. 
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Table 8. The state of the art comparison 

Method Motivation Approach Methods Datasets Uncertainty Accuracy 

Proposed 

model 

(POGPM

) 

prediction 

of future 

AAA 

growth 

Two-stage 

Bayesian 

calibration 

Probabilistic 

programming 

106 CT 

scans 
associated 

83% of 

scans were 

predicted 

in 95% CI 

Proposed 

model 

(GLM 

enhanced 

POGPM) 

prediction 

of future 

AAA 

growth 

Two-stage 

Bayesian 

calibration 

Probabilistic 

programming 

106 CT 

scans 
associated 

86% of 

scans were 

predicted 

in 95% CI 

Farsad et 

al. 

(2015) 

[24] 

trace to 

alteration of 

future AAA 

shape 

G&R 

model 

Finite 

Element 

Analysis 

a few 

cases for 

demonstra

tion 

not capable 

success 

demonstrat

ion on a 

few cases 

Zeinali-

Davarani 

et al. 

(2012) 

[25] 

trace to 

alteration of 

future AAA 

shape 

G&R 

model 

Finite 

Element 

Analysis 

a few 

cases for 

demonstra

tion 

not capable 

success 

demonstrat

ion on a 

few cases 

Zhang et 

al. 

(2019) 

[27] 

trace to 

alteration of 

future AAA 

shape 

Bayesian 

calibration 

and G&R 

model 

Finite 

Element 

Analysis 

a few 

cases for 

demonstra

tion 

associated 

success 

demonstrat

ion on a 

few cases 

Lee et al. 

(2018) 

[26] 

prediction 

of future 

AAA 

growth 

Machine 

learning 

Non-linear 

Kernel 

support 

vector 

regression 

94 

patients 
not capable 

85% and 

71% at 12 

and 24 

months 

Shum et 

al. 

(2011) 

[53] 

Classificatio

n (ruptured 

vs 

unruptured) 

Machine 

learning 

J48 decision 

tree algorithm 

76 AAA 

patients 
not capable 

classificati

on 

accuracy of 

87% 

Parikh et 

al. 

(2018) 

[54] 

Classificatio

n (elective 

vs emergent 

AAA repair) 

Machine 

learning 

C5.0 decision 

tree 

150 AAA 

patients 
not capable 

classificati

on 

accuracy of 

81% 

 

An alternative approach to make a diameter prediction for future AAA growth in an 

individual patient is to do a classification via a supervised machine learning technique. 

Shum et al. [22] developed a model on a retrospective study of 10 ruptured and 66 

unruptured aneurysms using a decision tree algorithm and 87% of dataset were 

correctly classified. Similarly, Parikh et al. built a decision tree based on 150 AAA 

patients (75 electives and 75 emergent repaired) and demonstrated the classification 
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accuracy of 81% [23]. They derived similar number of geometrical measurements 

from 3D constructed of an AAA (n=25 and n=31) as we have (n=21) and provide 

preferable results. The weakness of these approaches is, however, that they output a 

binary classification predicting the future state of the AAA as a categorical value 

rather than a numerical value. 

Support Vector Machine (SVM) is a supervised machine learning algorithm which is 

mostly used for classification problem. However, SVM can also be applied the case 

of regression and provide flexibility of defining how much error in mm is acceptable 

in our prediction model. On the other hand, SVM has some major drawbacks against 

to Bayesian approach. First, SVM has not capable of diameter prediction associated 

with uncertainty at any given time-point, which is critical for evaluating the aneurysm 

expansion and surgical planning.  Second, the AAA stage of the patients at the time 

of first scan was not the same so the time of the scan must be shifted in the shared 

time. Therefore, a customization of SVM requires an iterative approach is not practical 

in our study to fit a non-linear regression model to the observed scans. Finally, 

incorporating our prior beliefs such that the average and standard deviation of initial 

diameters and exponential growth rates are not yielded by SVM to assessment of the 

aneurysm growth. 

The retrospective data set used in this study is geometrical measurements describing 

the properties of AAA morphology. 118 computed tomography (CT) scans from 26 

patients obtained retrospectively at the Seoul National University Hospital were used 

for this analysis. All AAAs with at least two CT scans and a time interval of at least 6 

months were the inclusion criterion. As a result, 106 CT scans from 25 patients (23 

men and 2 women) were used. In addition to the morphology of an aneurysm, 

demographic features of patients such as gender, a history of tobacco use and the 

comorbidities, especially for, cardiovascular diseases are important in aneurysm 

growth rate but we do not have such an associated feature. Therefore, these features 

could not be considered as an exclusion criterion which might be a main factor behind 

a sudden growth associated high rupture risk and critical in the assessment of 

aneurysm growth during surveillance. The scans not estimated correctly might be due 

to having such a commorbities or medications. Therefore, our next model will attempt 

to incorporate these clinical factors. 

UK Small Aneurysm Trial (UKSAT) [40] showed that the probability of exceeding 

55 mm for small aneurysms is less than 1%, and annual, or less frequent, surveillance 

intervals are safe for all AAAs less than 45 mm. In other studies, the rupture risk for 

an AAA of 4-4.9 cm-diameter has been estimated to be 0.6-2.1% per year [41]. We 

also found that aneurysms of 4.5 and 4.9 cm are estimated to reach surgical size in 3 

and 2 years, respectively (CI=0.95). This result was supported by the ADAM study, 

in which 27% of 4–5.5 cm-AAA randomized to the surveillance group had undergone 

surgical exclusion at 2 years' follow-up [41]. Similarly, AAAs of 4.5–4.9 cm-diameter 

are expected to reach surgical size in 2–3 years [42]. 



 

 

45 

 

To avoid the computational inefficiency of a random walk and the requirement to tune 

the proposal distribution, especially given the high-dimensional target distribution in 

question, we decided on the Hamiltonian Monte Carlo (HMC) algorithm (or Hybrid 

Monte Carlo) [20], which is a Markov Chain Monte Carlo method for obtaining a 

sequence of random samples. We have not reported the complexity of the proposed 

solution to classify algorithms with respect to their run time or memory space 

requirements using Big-O notation. The main reason is that the algorithm does not 

take a very long time and requires a large memory requirement. Additionally, the 

HMC algorithm is a stochastic algorithm which is run with a pre-determined burn-in 

and subsequent fixed number of iterations [20]. 

In a summary, a rapid expansion of AAA, often associated with higher rupture risk, 

might be observed. This is clinically important for the prognosis of aneurysm growth 

during surveillance because the required immediate intervention based on the criteria 

defined by international guidelines might be overlooked. Therefore, the aneurysm 

growth model was specified according to individual patient characteristics. 

Additionally, using other geometrical measurements enhanced the exponential growth 

model. A tool with the improved potential of predicting AAA expansion or assessment 

of rupture risk, which is important in terms of elective surgical intervention and patient 

management, was developed. 
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CHAPTER 6 

 

6. CONCLUSION 

 

The guideline for clinical AAA management based on single maximum diameter 

criterion has been challenged. An augmented criterion, the maximum diameter > 5.5 

cm or annual growth rate >1 cm/year, has been proposed for surgical intervention. 

There are various alternative measurements demonstrated in previous studies to 

evaluate aneurysms over time. Aneurysm volume, for example, is an alternative 

method proposed by several studies to assess the development of AAA and to evaluate 

rupture risk. Similarly, the morphology of aneurysms is important for patient 

monitoring. There is, however, scarcity of morphological studies using longitudinal 

CT scan images. Therefore, this work aimed to construct a larger database of 

morphological parameters and to enhance the predictability AAA growth for high-risk 

aneurysms.  A total of 21 measurements of the aneurysm’ 3D geometry, reflecting the 

properties of the aneurysm at the time of the scan, were classified as either primary or 

secondary and analyzed in terms of their correlations for each observation. In addition, 

the growth rate for each measurement was calculated in a non-linear fashion and their 

pairwise correlations were also analyzed. 

The exponential growth model was constructed using various diameter measurements, 

and spherical diameter was found to be the best representative of growth. This measure 

provides useful information about the evolution of aneurysm size and may be helpful 

clinically. Nevertheless, there were some major limitations presented in our study: an 

analytic solution, which is not feasible for calculating the posterior estimates of most 

non-trivial models, was used and a point estimate without any confidence was 

provided. Furthermore, because the model was primarily built for reflecting the 

common characteristics of the population, and since the aneurysm growth over the 

time does not necessarily follow the common pattern for all patients, each patient 

having different characteristics, accuracy suffered for patients having relatively faster 

or slower AAA growth. Finally, the exponential growth model was specified using 

only a single geometrical measurement, while a number of geometrical measurements 

together might explain sudden aneurysm growth better.  

In this study, a two-system approach based on Bayesian calibration was used and the 

aneurysm growth model was specified according to individual patient 

characteristics.  The distribution estimates based on a summarization of samples 
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drawn from the specified model using Markov Chain Monte Carlo (MCMC) samplers. 

However, only a subset of Korean patients from a single institution was analyzed, thus 

the results may not be extrapolated to the majority of patients. Therefore, a new set of 

measurements in a large multicenter study can enhance the prediction capability of the 

model and contribute the current method of surveillance of patients with a small AAA 

from clinical aspects. Our next model will attempt to extend the data set by obtaining 

CTA scans from Turkish population and evaluate the performance of the prediction 

growth model. Particularly, these findings of the master curve for the spherical 

diameters for Korean population could be compared to the results obtained for Turkish 

population. 

The prediction model was built specifically on patient characteristics using the various 

geometrical measurements enhanced the prediction capability of a measurement at any 

time-point, along with an evaluation of the associated uncertainty. The proposed tool 

might be helpful clinically, especially for a rapid expansion of AAA, often associated 

with higher rupture risk, in terms of elective surgical intervention and patient 

management. This is clinically important for monitoring the prognosis of aneurysm 

growth during the surveillance because the required immediate intervention based on 

the criteria defined by international guidelines might be overlooked. 

Although, the main motivation behind the study is finding a model, which helps 

clinicians to effectively manage the prognosis of AAA patients during the 

surveillance, we also contributed how to construct a 3D model of an AAA sac and 

measure hemodynamic forces using a number of open source software, which are free 

and flexible to make research. 

6.1. Limitation and Future Works 

Although this study has been able to give insight into the screening intervals using 

longitudinal CTA scans and to provide a tool having the improved potential of 

predicting AAA expansion or assessment of rupture risk, it has some limitations. First 

of all, the master curve, established in this study, was based on a purely heuristic 

approach. Particularly, this study assumed that individual growth patterns are identical 

to the representative growth pattern, while the maximum diameters of AAA patients 

at the time of first scan were not identical to other patients. Despite the lack of 

understanding of the exact biochemical mechanisms, various data-driven or feature-

based approaches have proven useful for medical application [28], [43], [69]; this 

study might provide a new utility for the accurate prediction of AAA growth rate. 

Second, decision-making related to clinical management for AAA patients is 

complicated because information of impending AAAs prior to rupture is rarely 

available or surrogates, for example, AAAs of high rupture risk that is required for 

immediate intervention can be used [6]. This study does not use ruptured CT scans, 

and the direct rupture risk assessment is beyond the scope of this study. Third, the 

AAA growth curve modelled here is only used for the assessment of the likelihood of 
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an AAA rupture according to the maximum diameter protocols [2], but other factors 

such as the patient's age, presence of coexistent peripheral artery disease, peripheral 

aneurysm and whether AAAs are asymptomatic/symptomatic may be important to 

consider when determining when to proceed with elective AAA repair [6], [7]. Fourth, 

this is a retrospective and one hospital involved study, in which 106 CT scan images 

from 25 Korean AAA patients were obtained. The prediction model was specified 

based on the characteristics of a subset of Korean population. However, the average 

annual growth rates based on the baseline diameter have large variation [29], because 

various populations were examined [20]. Therefore, a new set of measurements in a 

large multicenter study can enhance the prediction capability of the model and 

contribute the current method of surveillance of patients with a small AAA from 

clinical aspects. Particularly, these findings of the master curve for the spherical 

diameters could not be compared to other results in literature. Furthermore, the intra-

observer and inter-observer variability in CT measurements is usually ±5mm, so it 

may take 3 years to recognize an aneurysm with a growth rate of 2 mm/year [12]. 

Finally, for the purpose of evaluating growth rates in various geometrical 

measurements, cross sections at different imaging time points were assumed to be at 

the same centerline position corresponding to each other.  

Regardless of these limitations, this study provides valuable information about 

aneurysm evolution using various geometrical measurements and offers an acceptable 

growth model for development of an improved surveillance program. Furthermore, a 

clinical helpful tool for the management of AAA development by considering the 

patient specific characteristics and various geometrical measurements was provided, 

and an acceptable growth model for the development of an improved surveillance 

program was offered, even for AAAs such a sudden growth was observed.  
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APPENDICES 

 

APPENDIX A 

 

A. Patient Specific Blood Flow Simulation and Analyses 

The cardiovascular hemodynamic modeling for an AAA using CT scan was not 

straightforward, even the same guideline prepared for an idealized vessel was 

followed. In this study, an end-to-end procedure that can be used to construct 3D 

models of the aneurysm and run hemodynamics simulations with realistic choices for 

flow parameters and profiles were presented. The steps required for modeling the 

biomechanical behavior of an AAA were explained. The first part of the section 

covered the important aspects of the data characteristics. The second part introduced 

the 2D segmentation using patient data and addressed the encountered issues during 

the analyses. And the final part explained the 3D segmentation, building a solid model 

of aneurysm sac, meshing and numerical analysis.  

1. The characteristics of data 

The input data for the simulation can be categorized under two main groups such as 

public data (healthy MRI scan) available in literature and patient data (AAA CT scan) 

in terms of PhD thesis study. The public data is provided by the software developer 

group (San Diego University) in order to demonstrate how to use the software properly 

and show the success of the software by visualizing the result. On the other hand, we 

have both contrast and non-contrast CT images, where the lumen of an abdominal 

aorta is enhanced using radioactive chemical substance. There are many characteristic 

differences between patient and public data which are summarized in the following 

table. 

Public Data 

This is a MRI scan, where all the tasks defined by software user guideline can be 

applicable and the results can be obtained using SimVascular software alone 

successfully. There is no aneurysm and thrombus (ILT) on the image and the aorta can 

be easily discriminated just using intensity value from around the other tissues. 

Therefore, creating a 3D model for a region of interested (ROI) of the aorta (abdominal 

region) is straightforward using 2D segmentation and lofting properly. The structure 

of aorta is not complex. For this reason, meshing and applying for finite element 

analysis can be performed using the guide without any additional task. 

Table1. The list of differences between public and patient data 
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Public Data Patient Data 

MRI scan CTA scan 

Healthy person Patient with AAA 

No thrombus Large amount of thrombus 

Simple structure Complex structure with high curvature 

Easy segmentation using only threshold Thresholding and shape properties are not 

sufficient alone to segment 

Having high discriminating features Low discriminating features around the cells 

Single modality Contrast and non-contrast modality with 3.0 and 

5.0 cm slice thickness 

Patient Data 

There is thrombus throughout the aorta and its structure is complex. It is difficult to 

segment aorta from around the tissues using only intensity values. Level set algorithm 

which takes into account the shape of the vessel and intensity value were also not 

sufficient to segment image in an automatic way. Therefore, manual correction and 

also medical expertise sometimes required for segmenting many of the slices again. 

As a result, performing sequential tasks does not work as before and SimVascular 

platform is not sufficient alone to obtain the results. 

Non-contrast image means that no substance is used especially for the lumen 

enhancement. Therefore, thrombus and lumen intensity values are very close to each 

other. Additionally, even a contrast image is used, discriminating aorta from the other 

tissues such as vein are very difficult even with the eyes. Therefore, a fully automatic 

method to construct 3D solid model is almost impossible. Using ITK-Snap tool to 

segment aorta (lumen and thrombus together) based on the active contour as before 

could not be possible. For this reason, a semi-automatic method is preferred for an 

AAA to segment lumen and thrombus together. 

A contrast image (3 cm thickness) having aneurysm with 7.1 cm diameter was 

demonstrated in Figure 1. The contrast DICOM image has 150 slices throughout the 

axial plane with 512 rows and 512 columns. This is an example of scans where lumen 

is enhanced using substance. As a result, the intensity value of lumen throughout the 

aorta is different from intensity values of all around the tissues. The lumen can be, 

thus, segmented successfully and automatically. 
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Figure 1. An axial slice from contrasted CTA image 

2. Building a solid model for an AAA 

Visualization and enhancement of patient data using SimVascular is straightforward 

by adjusting contrast with defining threshold. However, building a cardiovascular 

solid model is not possible since segmentation on 2D level fails on the many slices. 

Firstly, SimVascular does not recognize the file format. Therefore, DICOM image 

series has to be converted into a vti file format on which SimVascular can analyze. 

There is a library on GNU platform, called gdcm2vtk, converts the data to the proper 

format. Furthermore, determining center line of vessel as a path is the most critical 

part in 2D segmentation. Moving sphere, a ROI to segment specific slice, throughout 

the path depends on the path planning. Since the platform could not visualize the 

image in all the plane, the path could not be determined as a vessel center line. 

Additionally, the fact that a diameter of a vessel could not be higher than 5 cm and 

sphere must be perpendicular to slice are assumed. These are some examples of the 

limitations of the platform that makes very difficult to work for patient data having 

large aneurysm. 

ITK-Snap, an alternative open source platform, mainly designed for segmenting brain 

image especially for sub-cortex region, where the structure of the tissues is complex. 

There is a built-in function, based on the active contour algorithm, is used for 

automatically 3D segment of the lumen throughout the aorta. Firstly, the region of 

interest is defined using visualization on the coordinate system. To discriminate lumen 

from the background as a binary image, clustering and thresholding are functionalities 

that the software provides.  Thresholding is a good alternative to get binary image 

properly, since ITK-Snap provides the status of a segmentation on view screen online, 

and a responsive environment for various threshold values. After getting the binary 

image, the various size of bubbles was inserted inside the image throughout the sagittal 

plane and run the iterative algorithm. How the segmentation goes can be monitored 

over three planes as well as 3D screen online, where an AAA structure is progressively 

formed.        

The left image in Figure 2 demonstrates an abdominal aortic aneurysm on a sagittal 

plane for a contrast CT image. It requires to be enhanced in order to visualize the edges 
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as well as tissue that we are interested better. ITK-Snap provides a contrast adjustment 

tool where we can get rid of the noisy part of the image. The part of the image where 

intensity values are too low are set to zero to show meaningful evidence. Thus, the 

lumen as well as the edge of thrombosis is visualized better. Finally, we need to define 

RoI (region of interest) on the image because we are especially focusing on the 

abdominal aortic aneurysms. The right image is a demonstration of defining RoI on 

the sagittal plane. We need also defines the RoI for coronal and axial planes properly. 

   

Figure 2. A demonstration of a contrast scans and image enhancement with specified RoI 

Active contour is a well-known method that we can segment an image iteratively. 

Firstly, we need to have a binary image where lumen is foreground and represented as 

white, and all other part of the tissue is background and represented as black. The left 

screen on the above figure is not a binary image where only black and white pixels are 

available. However, it is very close to binary image and ITK-Snap can process it 

properly. As the middle screen shows, the lumen is satisfactorily segmented. The right 

figure represents the solid model constructed by the 3D segmentation. It is important 

to keep in mind here that solid model must be smoothed using like Gaussian in order 

to have a more realistic surface. Figure 3 demonstrates the process of 3D segmentation 

using active contour algorithm. 

   

Figure 3. A demonstration of a binary image, a 3D segmentation on a sagittal plane and its solid 
model 
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There are many branches of vessels to aorta, which has to be trimmed because no 

significant effect on the biomechanical behavior observed in the literature. 

Furthermore, the inlet in where the flow will be prescribed as well as the outlet should 

be enhanced properly. Otherwise, it would not be possible to identify the boundary 

conditions such as inlet, outlet and wall. Finally, we need also to perform global 

operation like fill in the holes, smoothing the surfaces properly. 

3. Meshing and face identification 

ITK-Snap is a good platform to get solid model for an AAA within the defined region. 

However, it does not run the simulation for the blood flow analysis. SimVascular can 

use Navier Stokes equation for the biomechanical modelling of an aorta aneurysm but 

it requires complete mesh of the model. Therefore, constructed 3D model should be 

migrated into SimVascular platform where we can define the faces and meshes 

properly. ITK-Snap is able to export the model in vtp file format which SimVascular 

can understand. The constructed model should be discretized in order to run numerical 

analyses properly. Actually, this is a critical step which has a great effect on the 

accuracy on the obtained result. Therefore, the consecutive steps defined here were 

followed carefully. 

Boundary conditions are also critical for modeling since they accurately capture the 

physiology of vascular networks outside of the 3D domain of the model. Regardless 

of the complexities of constructed solid model, each one has three boundary 

conditions, which are called faces. Unfortunately, the constructed model for a patient 

has not three faces as expected even of applying preprocessing. Setting angle values 

in SimVascular determines the number of all faces that solid model has. If the number 

is kept to small, then tens of faces are represented. Therefore, the angles should be 

adjusted carefully and the faces might be required to be combined manually. In this 

example, the number of nodes and elements are 168.157 and 1.002.952, respectively, 

depend on the tetrahedron size which is 1.1942. 

Figure 4 represents the post processing steps after generating meshes. It is possible to 

increase number of nodes and elements on the bifurcation region of the aorta, where 

it is critical to capture physical phenomena. SimVascular allows the increase the 

number of meshes on a specific region using sphere whose radius can be changed 

properly as the left image represents. The right image demonstrates the increase 

number of meshes on the layer of wall boundary, where it is important to see the 

pressure on the surface. 
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Figure 4. The demonstration of adaptive and boundary meshing 

4. Numerical analyses 

A number of simulations with various input parameters have been demonstrated on 

manually created aneurysms, MRI (public data) and CTA (patient data) scan. 

SimVascular platform was used in order to understand better how it works and what 

the critical parameters are within the context of cardiovascular modeling for an AAA. 

Manually created aneurysms 

We were manually created simple variations of aneurysms such as fusiform, saccular 

and no-aneurysms and compared their results obtained for each form of the aneurysms. 

There are many parameters affecting the hemodynamic forces especially for 

evaluating Wall Shear Stress (WSS) (dyne.s/cm2), Velocity (cm/s) and Pressure 

(mmHg), which might play an important role for the rupture. Numbers of time step, 

flow data, resistance value on the outlet boundary condition, step sequences are just a 

few of the input parameters, which their effects on the forces was analyzed. The shape 

of the aneurysm is also critical for the evaluating rupture risk. Therefore, the effect of 

the shape and the input parameters were both investigated by changing the values and 

shapes systematically and monitored the results on the time series.  

The number of time step, which describes how many iterations will be performed 

during the simulation kept small as much as possible since high number of iterations 

require a lot of computation power that takes several hours. It is enough to set about 

150 iterations in a simulation for testing purposes. Thus, it would be applicable to run 

a simulation on a regular PC within an hour. Another important issue is to monitor the 

residual errors during the simulation in real time. As the guide highlighted, the residual 

error must be less than 0.01. Therefore, we can also handle how the numerical solution 

converges for each iteration. 
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To understand better the simulation parameters, we run tens of simulations and 

investigated their results. Table 2. shows the fundamentals input parameters, which 

are required to set for a simulation.  

Table 2. Fundamental input parameters necessary to be set 

Analytic Shape of Profile parabolic 

Flow Rate File 0.0 -100, 0.2 -100 

# of periods 1 

# pts in period 2 

# fourier modes 1 

Outlet BC zero_pressure_vtp 

Wall BC noslip_vtp 

# of time step 150 

Time step size 0,004 

Resistance Values 16000 16000 

Step Sequence 0 1 0 1 

 

Figure 5 visualizes hemodynamic forces after running numerical analyses on manually 

created simple aneurysms such as fusiform, saccular and no-aneurysms. The viscosity, 

density and period were set 0.04 poise, 1.06 gr/cm3 and 0.2 sec for all simulation, 

respectively. We found from the simulation is that the flows prescribed to inlet is 

increased, the value of output parameters increased. WSS values are observed higher 

at saccular form than fusiform. The saccular form of the aneurysms might be critical, 

because the risk of rupture is relatively higher than fusiform. The diameter of 

aneurysms has a positive effect on the WSS. 

   

Figure 5. The various forms of aneurysms, no aneurysm (healthy), fusiform and saccular, from left to 

the right 
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Public Data 

An MRI scan, public data, was used in this part of the study to understand better how 

the input parameters affect hemodynamic forces by comparing results obtained for 

each input parameter. The first set of input parameters (Run #1) was obtained from 

official guideline published by SimVascular platform, because we wanted to verify 

our measurements by comparing the references ones. Then, we changed the input 

parameters systematically and evaluated the hemodynamics forces for each run. 

Meanwhile, we analyzed the residual error for each simulation and discarded Run #4, 

because the solution does not converge over the iterations (residual error is higher than 

0,01). 

The left picture in Figure 6 was provided by the software, while the right one is 

obtained after our simulation. The right solid model, a specific part of the left one, was 

constructed by cutting of the iliac at some points to see how the vessel long affects the 

hemodynamic forces. We found that WSS were almost identical in both examples, 

when the value of parameters was kept the same. The result shows that the results do 

not depend on the vessel long in case of keeping the shape the same. 

  

Figure 6. The WSS representation of the aorta after simulations 

Patient Data 

In this part of the study, we run the simulations using the patient data. The aim is to 

understand whether there is a meaningful difference between patients who have 

various morphology of aneurysms in terms of WSS, velocity and pressure. Therefore, 

we obtained samples of CTA scans for different patients and run the analyses. We kept 

the value of input parameters the same for all the simulations and collected results into 

a file. The hemodynamic forces calculated for each patient. 

We found that the pressure values are the identical for all patients having various shape 

of the aneurysms and the size of a diameter. This result is expected since the pressure 

is just depend on the resistance and flow rate within the context of resistance boundary 

condition, which is the basic assumption for the biomechanical modeling. Second, 

there are tiny changes observed on the values of WSS and velocity obtained for each 

group. This is not expected, because the shape of the aneurysms is completely 

different. The velocity, for example, was measured less than 10 cm/sec, while it should 
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be around 150 cm/sec for a healthy person. Figure 7 demonstrates the flow profile 

throughout the aneurysm sac. 

  

Figure 7. The WSS and velocity distribution for Run 1 (ruptured) and Run 2 (un-ruptured) 

To run a simulation using patient data requires a lot of sequential steps and we need 

to use various software for each step. For example, ITK-Snap is one of the tools that 

we used for constructing 3D model of an AAA. Then, the model was exported into 

SimVascular and a number of preprocessing like Gaussian smoothing and face 

extraction was performed here. We realized that ITK-Snap exports the model in 

millimeter unit, while SimVascular accepts it in centimeter unit. This was a critical 

because we run the simulation for aneurysms, where the diameters are around 60-70 

cm. Therefore, the WSS as well as velocity values reported in the previous section 

was too small that we could not extract any meaningful information about the 

biomechanical model. All the simulations that we run are based on the tetrahedron 

meshing within Tetgen provided by SimVascular. Before exporting the model into 

SimVascular, we can also use Paraview in order to remove a number of tetrahedron, 

which might have a negative effect on the result. 

Open flipper is a new tool that we used during the simulation because it has a 

capability of the scale aneurysm by 0.1. Thus, it would be possible to overcome the 

issue caused by the unit problem. Furthermore, it also provides smoothing and 

remeshing to get better result at the final step. Figure 8 demonstrates the flows, form 

of tribulations, which were not observed in the previous set of runs. 

   

Figure 8. Visualization of WSS and velocity values on the aneurysm 
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The maximum pressure value was not changed over the patients, because the flow rate 

and resistance values were the same. However, a pressure whose direction is negative 

to flow was observed and its value changed among the patients, because the 

characteristic of flow seems to be a tribulation form.  

5. Verification of blood flow simulations 

The pulsatile flow reflects the real cardiovascular phenomena better. Figure 9 

demonstrates a pulsatile flow profile, prepared for a single cardiac cycle where systolic 

and diastolic are visible. There are two hundred time points defined in the profile file, 

whereas it was only two in the steady flow. 

 

Figure 9. Pulsatile flow prescribed into aorta inlet 

The velocity of flow according to various time point during a single cardiac cycle can 

be visualized. For example, high amount of flow prescribed into aorta at around 0.02, 

and low amount flow prescribed into aorta at around 0.2 according to pulsatile flow. 

The velocity was measured respectively to the flow strength at that time; the maximum 

velocities were 4 mm/s to 765 mm/s, respectively. This was a parabolic flow, where 

the velocity was zero at the wall and maximum at the center of the aorta, as formulated 

below. 

𝑉𝑧
𝑚𝑎𝑥 =  

2𝑄

𝜋𝑟2
 

Where 𝑉𝑧
𝑚𝑎𝑥 defines the maximum velocity (mm/s) on the z direction, 𝑄 defines the 

flow rate (cc) at a specific time point. If we select as a specific time point like t=0.2, 

then we can find the flow rate inside the pulsatile flow. The flow rate is 96149 cc at 

that point. However, it is not an exact value, because we defined Fourier mode in pre-

solver file, which makes smooth the flow profile. The diameter is a specific to patient 

aorta. Therefore, it varies from patient to patient. In this example, we can find the 

diameter using ParaView by looking at the x and y information. We find out the 

velocity is around 300 mm/s theoretically, while it is around 400 mm/s 

computationally in ParaView. 
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The cut orthogonal to screen is critical for evaluating the hemodynamic forces, as the 

blood flows throughout the center of the vessel. Otherwise, there is a flow against to 

wall, which might create some artifacts on the result. When we are opening the file 

generated by simulation, it shows the minimum and maximum value of the whole part 

that is an indicator for our prediction. However, there are sometimes the highest or 

lowest value can be observed close to right and left iliac outlets, which is not belong 

to aneurysm sac and out of scope in this study.  

Even the structure of any aorta is different in terms of diameters of the right and left 

iliac, the amount of the flow should be the same since the body manages it perfectly. 

Therefore, it’s a good idea to compare the amount of flows over the cardiac cycle time 

towards to both iliac. Figure 10 shows the amount of flow inside the inlet and outside 

the both iliac over time. The amount of flow prescribed into inlet is the same the 

amount of total flow prescribed to outlets, as expected. Furthermore, as the figure 

shows there is a tiny difference in terms of the amount of flow between right and left 

iliac, which were ignored in this study. It is possible to make the amount of flow 

identical for both iliac in case of changing the boundary condition as RCR rather than 

Resistance. However, it costs additional controlling the simulation and much more 

computational power. On the other hand, running the simulation for a single cardiac 

cycle is not enough to getting meaningful results. Even the flow profile seems to be 

the same between two cardiac cycles; there might be still some differences at the 

systolic phase during a cardiac cycle. Therefore, the simulations were run at least for 

3 or 4 cardiac cycles and the results of the last cycle were analyzed. 

 

Figure 10. The flow prescribed inlet and outlet respectively 

To run a simulation, we need to set initial pressure (1180 dyne/mm2) and resistance 

(0.0072 dyne.s/mm5) values for both iliac. Actually, this was a manual adjustment 

after running the simulations tens of times. In the basic assumption, we should have 

pressure between 11000 and 17000 Pascal on the outlet. Although, it is not possible 

to find the pressure on the outlet at the specific time over a cardiac cycle, we can make 

some assumption as following. 
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We selected an average amount of flow as 50.000 cc/s at any t time, where the initial 

pressure is 1180 dyne/mm2 and the resistance value is 0.0072 dyne.s/mm5. 

𝑝 =  𝑝0 + 𝑄. 𝑅 

where 𝑄 is flow rate, 𝑅 is resistance and 𝑝0 is initial pressure (recall that 1.0 mmHg = 

1333,2 dyne/cm2 and 1 Pascal = 10 dyne/cm2). 

p = 1180 dyn/mm2 + 50000 mm3/s . 0.0072 dyn.s/mm5 

p = 1540 dyn/mm2 

p = 15400 Pascal 

The pressure on the outlet is in the range of the reference value, between 10000 and 

17000 Pascal. Thus, the initial pressure and resistance values can be optimized using 

the aforementioned formula. 

6. Conclusion 

Biomechanical behavior of the aneurysm was analyzed within the context of 

hemodynamic forces to better understand the reasons for gradual aneurysm growth 

and potential rupture. An end-to-end procedure using various open source software to 

construct a 3D model of the aneurysm and run hemodynamics simulation were 

demonstrated. 
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APPENDIX B 

 

B. Instructions for creating a solid model using MIMIC 

A 3D model of an AAA was constructed using open source software called ITK-Snap, 

a strong platform for image segmentation, smoothing the model and exporting the 

results into SimVascular properly. There is an alternative commercial solution, 

Mimics. Even there is a community version available; it has lack of functionalities, 

which are required to construct a 3D model of AAA properly. The instructions for 

getting a solid model using MIMICS are listed below. 

● New project wizard (Open DCM image series and convert) 

● Image Enhancement 

○ Adjust contrast just for the comfort 

○ Thresholding (select Bone and apply) 

● Crop Mask (define the RoI) 

● Calculate 3D 

○ All 3D model of tissues inside the RoI can be observed 

● Start region growing 

○ Pick up the location of lumen area 

○ Calculate 3D 

○ Make invisible the previous 3D construction 

■ In case of connection between spine and aorta existence, 

remove it (edit mask and erase using circle) 

● Improvements 

○ Fill in the gap 

○ Remove sharp area and calcification (using edit mask) 

○ Calculate 3D again 

● Smoothing 

○ Right click on the model and select smoothing 

○ Iterations between 10 – 15 

○ Make correction if required 

● Full Functionality is required from that point 

○ Wrapping 

■ Right click on 3D structures and wrap it in order to fill small 

gaps 

○ Finding the centerline of 3D model 

■ Make transparent 3D in order to find normal orthogonal 

○ Cut orthogonal to screen 

● Export STL file 

 

All the steps listed above can also be done using ITK-Snap but it is not easy as much 

as Mimics since it has already well defined threshold for lumen and function for 
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constructing 3D model. However, Mimics is not a must in the study and our university 

does not have proper license to use full functionality. ITK-Snap with open flipper can 

also do similar tasks even the usage is a bit more difficult. 
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