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OZET
YUKSEK LiSANS TEZI

iKi BOYUTLU POTANSIYEL VE SINGULER INTEGRALLERIN BAZI
YAKLASIMLARI

Sedanur EFE

Giimiishane Universitesi
Fen Bilimleri Enstitiisii

Matematik Miihendisligi Anabilim Dali

Danigman: Prof. Dr. Charyyar ASHYRALYYEV
2019, 63 sayfa

Bu ¢aligmada, iki boyutlu potansiyel ve singiiler integraller ele alinmigtir. Karmagik
degerli fonksiyonlarin yaklasimlar i¢in gercek degerli iki degiskenli fonksiyonlarin spline
yaklasimlar1  kullanilmastir.

Karmasik degerli fonksiyonlarin yaklasimlar1 uygulanarak iki boyutlu potansiyel
integraller i¢in birinci ve ikinci mertebeden yaklagim formiilleri aragtirilmastir.

Sonra, iki boyutlu singiiler integrallerin yaklasimlari incelenmistir. Iki boyutlu
singiiler integrallerin ikinci mertebeden yaklasimi i¢in formiil sunulmustur. MATLAB
kullanmak {izere test Orneklerde birinci ve ikinci mertebeden yaklasimlarin hatalari

potansiyel ve singiiler integraller i¢in irdelenmistir.



Anahtar Sozciikler: Karmasik degerli fonksiyonlar, Potansiyel integral, Singiiler integral,
Singiiler integral denklem, Yaklagim.



ABSTRACT
MS THESIS

SOME APPROXIMATIONS OF TWODIMENSIONAL POTENSIAL AND
SINGULAR INTEGRALS

Sedanur EFE

Gumushane University
The Graduate School of Natural and Applied Sciences
Department of Mathematical Engineering

Supervisor: Prof. Dr. Charyyar ASHYRALYYEV
2019, 63 pages

In this study, two-dimensional potentials and singular integrals were discussed.Spline
approximations of real-valued functions with two variables have been used for
approximations of complex-valued functions.

First and second order of accuracy approximate formulas for two-dimensional
potential integrals were studied by using some approximations of complex valued
functions.

Then, approximations of two-dimensional singular integrals were invesigated.
Second order of accuracy approximate formula for  twodimensional  singular
integral is proposed.  The errors of first and second order accuracy approaches were

examined for potential and singular integrals in the test samples by using MATLAB.

Vi



Key Words: Complex valued functions, Potential integral, Singular integral, Singular
integral equation, Approximation.
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SEMBOLLER VE KISALTMALAR DIiZiNi

C : Karmagik sayilar kiimesi
JA X ve VY degiskenlerine bagli karmasik say1

Z >nin karmasik eslenigi

| Z| : Karmagik saymin mutlak degeri
f ; Kompleks fonksiyon
Z, : Karmasik sayida bir nokta
f '(ZO) : Z, noktasinda kompleks fonksiyonun tiirevi
G : Karmasgik sayilar kiimesinde bir bolge
W : W:G — C tanimh karmasik fonksiyon
oW _ou .ov
—  =—4] — : W > nin X’e bagl kismi tiirev
OX OX OX
oW _ou .ov
= +1 — : W ’nin Y ’e bagh kismi tiirev

Z ¢ gore kismi tiirev

Wg : Z ’ e gore kismi tiirev

g ve h : Gergek degerli fonksiyonlar
R ; Reel sayilar kiimesi

[a b] ; Kapali aralik

Y : Y. [a, b] — C tanimli egri
X : C iizerinde bir vektdr uzay

” ” : Norm

Karmagik sayilar kiimesinde bir bolge

D nin kapanis1

Ol O

Xl



& sli Holder sartin1 saglayan fonksiyonlar uzay1

G bdlgesinde sabit bir nokta

iki boyutlu potansiyel operatdr

iki boyutlu singiiler operatdr

G bolgesinin ve |Z — é’| > & ’nin kesisimi
Yaricaplar

G bolgesinde nokta
C kompleks sayilar diizleminde I yarigaph 0 merkezli daire

Halka

Grid noktalar

Dk’m bolgede tanimlanan iki degiskenli fonksiyon

O usli Holder sartin1 saglayan Banach uzay

M ’e kadar tiirevleri siirekli olan ve tiirevleri & islii Holder
sartin1 saglayan Banach uzay

Normlu lineer uzay1

X1



1.GENEL BILGILER

1.1. Temel Kavramlar

Herhangi bir Z =X+ Iy karmagik degeri iki tane X, Y ger¢ek degerler olusturur.

Ayrica, Z’in eslenigi Z ile gosterilir ve Z =X—iy formunda tanimlanir. Buna gore,
1 = 1 -\
X =—<Z—I—Z) ve y=—_(z—z) dir.
2 21

YA =X+iy karmagik sayisimmm  mutlak  modiili |Z| ille gosterilir ve

|Z| 2\/ X% + y2 seklinde tanimlanir.

Tanim 1.1.1. (Mathews —Howell,2012)

Eger Z, noktast i¢in

()  lim T D= 12

=7 Z— ZO

limit varsa f kompleks fonksiyonu Z, noktasinda tiirevlenebilir denir ve tirev f '(Z,)

ile gosterilir.

Z, karmagik sayisi ve & > 0 gercek sayisi igin

D, (z,)={z:|z-2,| < &}

kiimesine Z; noktasinin & komsulugu denir.



Tanim 1.1.2. (Mathews —Howell,2012)

f kompleks fonksiyonun Z, noktasinda ve her Z€ Dg (ZO) noktalarida
f'(2) var olacak sekilde bir & >0 sayis1 varsa f fonksiyonuna Z, mnoktasinda

analitiktir denir. Baska bir ifadeyle f fonksiyonu sadece Z, noktasinda degil Z,

noktasmin bir komsulugunun tiim noktalarinda tiirevlenebilir olmalidir.

Karmasik sayilar kiimesini C ve ondaki herhangi bir bdlgeyi G il gosterecegiz.

G bolgesinde tanimlanan karmasik degerli w.G—>C fonksiyonunu ki

degiskenli  gergek  degerli  U(X,y) ve V(X,Yy) fonksiyonlari icin

W(z) =u(X,y) +iv(X,Y) seklinde yazlabilir. U(X,Y), V(X,Y) fonksiyonlarin
ou ou ov

X ve Y degiskenlerine gore kismi tiirevlerini —, —,—, — ile belirleyelim.

ox oy ox

Buna gore, karmagik degerli W fonksiyonun X ve Y degiskenlerine gore kismi tiirevleri

ow 8u : 6v
x ok o "
OW 8u : 8v o
oy ay ay
seklindedir.
O zaman, W fonksiyonun Z degiskenine gére tiirevi
ow 1fow . ow
—=0,W=W,=— - — (1.1.2)
0z 2| ox oy
ile Wfonksiyonun E degiskenine gore tiirevi ise
ow 1 aw 8W

Z828X(’3y

seklinde tanimlanir (Muskhelishvili, 1953).



U(X, y) ve V(X, y) fonksiyonlar i¢in

83 a{/ 1.1.4)
—+—=0
oy OX

formundaki Cauchy-Riemann sistemi kisaca

W =0,w=u+iv, z=Xx+I1y
seklinde yazilabilir (Vekua, 1962 ).

g ve h, gergek degerli iki (X,Y) degiskenli bilinen fonksiyonlar olmak iizere

bilinmeyen U(X, y) ve V(X, y) fonksiyonlar1 i¢in homojen olmayan Cauchy-Riemann

sistemi

a—U'—@—g(x y)
X oy T

a—u+@=h(x, ¥), X,yeR ,
OX

oy

(1.1.5)
seklindedir.

_g+ih

w=u-+iv, f notasyonlar1 kullanilirsa, (1.1.3) formiiliine gore,

(1.1.5) denklem sistemi

@—f (1.1.6)
0z a

formunda yazilabilir.



Tanim 1.1.3. (Baskan,2010)

[a, b] R olmak iizere siirekli bir
y: [a, b] —>C

fonksiyonuna C diizleminde bir egri denir. Burada ) (a) ve ¥ (b) noktalaria
sirastyla egrinin baslangi¢ noktasi ve bitim noktalar1 denir.

Bir ) egrisi verildiginde Y (a) =y (b) ise, ¥ ya kapali egridir denir.

Bir ¥ egrisi sadece 1, =1, i¢in (ti) =y (t2 ) oluyorsa basit egridir denir.
Bazen basit egrilere Jordan egrisi de denir. ) basit bir egri ve ¥ (a) =y (b) basit
kapali egri (kapali Jordan egrisi) denir.

Bir ¥ egrisi verildiginde 7/' tiirevi var ve stirekli ise ' diferansiyellenebilir egri
(yay) diye adlandirilir. 7 diferansiyellenebilir bir egri olsun. Eger '(t)i 0 ise, Y ya
diizgilin egri (regiiler egri ) denir.

[a, b] araliginin sonlu tane noktasi hari¢, ) egrisi diferansiyellenebiliyorsa ve bu

o - . . 1 .
soz konusu noktalarda ) nm sagdan ve soldan tiirevleri var ve bunlar % niin bu

noktalardaki sag ve sol limitlerine esitse ) parcal diferansiyellenebilir egridir denir.

parcali diferansiyellenebilir egri olsun. Eger her { E[a, b] i¢in ¥ '(t)i 0 ise Y parcali

diizgiin egridir denir.

Tanmm 1.1.4. (Muskhelishvili,1952)

L bir parcali diferansiyellenebilir egri olsun. (D(t) fonksiyonun L ’nin sonlu C,

noktalar1 hari¢ her noktasinda sinirli fonksiyon oldugunu ve C . a<l pozitif sayilar

olmak lizere C = Ck noktalarda t — Ck

C
t)<—
o ( )\<|t_c|a

seklindeki kestirimin oldugunu varsayalim. O taktirde, her Z karmagik say1 i¢in



?(2)- 2; rot(i)zdt

integraline Cauchy integrali denir.
Simdi, norm uzay ve Banach uzaymin tanimlarmi verelim.

Tamm 1.1.5. (Gohberg vd, 2000)
X, C iizerinde bir vektdr uzay1 olsun. X iizerinde tanimlanan gercek degerli ||||

fonksiyon asagidaki 6zelliklere sahip ise norm uzay denir.

i VxeX,[x|=0,|x| =0= x=0.
i. VxeX,VaeC,|ax|=|q||X|-

i. VX YyeX,

X+ Y| < [X]| +|y| Giggen esitsiztiz.

X uzayi ile |||| birlikte normlu lineer uzay denir.
Tamm 1.1.6. (Gohberg vd, 2000)

Elemanlar1 X normlu lineer uzaymda olan {Xn } dizisi, eger N, M — 0
||Xn — X, || —> 0 ise Cauchy dizisi olarak tanimlanir.

Eger elemanlart X normlu lineer uzayinda olan her {Xn } Cauchy dizisinin limiti

X de olursa bu uzaya tam uzay denir.

Tam normlu lineer uzayma Banach uzayi denir.

C karmasik sayilar kiimesindeki D bdlgesinin D kapanisinda stirekli f

fonksiyonlardan olusan ve

[£].5=max| f (2)

normu ile tanimlanan Banach uzaym C ( D) ile belirleyelim.
Tanim 1.1.7. (Monakhov,1983)

0 < <1 olmak iizere D de tanimlanan karmagik degerli f fonksiyonlarindan

olusan ve normu



f(z)-1(z,)
-

|1

= sup_

2,2,e D

H(D) _

|1 Z,

seklinde ifade eden Banach uzayi H“ (D) ile gosterilir ve @ ushi Holder sartini

saglayan fonksiyonlar uzay1 denir.

Cc“ ( D ), a sli Holder sartin saglayan siirekli fonksiyonlardan olusan ve

normu

f(z)-1(z,)

|0l

It

c“(D)=|| f ||C(D) + le’zlij |21 v,

ile tanimlanan Banach uzayidir.
cme ( D) , M de dahil olmak tizere M e kadar tiirevleri siirekli olan ve

tirevleri & Tslii Holder sartin1 saglayan fonksiyonlardan olusan bir Banach uzayidir.

P > lolmak iizere Lp (D) normlu lineer uzayt, bu D de P iissii ile

integrallenebilir olan f fonksiyonlarindan olusan ve

[, =| J]171° sy

normu ile tanimlanan Banach uzayidir.
Spline interpolasyon yaklasimlari, mithendisligin farkli alanlarindaki modellerin
coziimlerinin hesaplanmasinda yaygin olarak kullanilir. Buna baslica 6rnekler akiskanlar

mekanigi, hidrodinamik, aerodinamik, jeodezi gibi farkli miihendislik alanlarindaki

modellerdir.
Belirli bir Q=[ p,q]x[r,s] dikdsrtgen bslgesinde iki degiskenli bir P(X, Y)
fonksiyonu i¢in birinci mertebeden spline yaklagimin tanimini verelim.

Aip =X, <X <...<Xy=0Q,



Ayr=Yy, <y <..<Yy=

olmak tizere AZAX X Ay ile gosterilen bir grid noktalar kiimesi verilmis olsun. Buda

Q) bolgesini kiigiik dikdortgenlere boler :

Q; [ |+1 [yj ym} {(X y)|X€[XI,X,+1] ye[y, ym]}
.N-1 j=0,.,M-1.

Tanim 1.1.8. (Zavyalov, Kvasov ve Miroshnichenko, 1980, Kvasov ,2000)
bIJ , dij bazi

Her 1=0,...,N =1, J=0,...,M —1indisler icin @ ij

ij !’

sabitler olmak iizere, {2 i bolgesinde

Sl,l(X’ y)= a; + bin +C;¥y+ dijxy’ (X,y)eQ
olarak tanimlanan ve kdse noktalarinda

S12 (%, yj) = p(X;, yj)

kosulunu saglayan 31,1 fonksiyonuna p(X, y) fonksiyonu i¢in birinci mertebeden spline

fonksiyonu denir.
Tamm 1.1.9.( Zavyalov, Kvasov ve Miroshnichenko, 1980, Kvasov ,2000)

Her | :0,..., N -1 J =0 .» M —1 indisler i¢in au , bIJ » Gy dij ,eli(jl
n-1 m-1
any(X y) :Ezzzkfj (y Y') a +1)X‘FC y4-d Xyix,y)egl
a=0 =0

olarak tanimlanan ve

(x,y) eCT(Q)

nmvu
sartn1 saglayan Sn,mlv,y(X, y) fonksiyonuna ,O(X, y) fonksiyonu igin X degiskene
gore N. mertebeden V kath ve Y degiskene gore M. mertebeden 4 kath iki

boyutlu spline fonksiyonu denir.



1.2. Potansiyel ve Singiiler integral Operatorleri

Singiiler integral denklemler fizik ve uygulamali mekanigin genis alanlarinda farkli
modellerin  ¢oziimii icin kullanilir. Ozellikle aerodinamik, hidrodinamik, akiskanlar
mekanigi, elastik mekanigi dallarinda kullanimi yaygmdir (Muskhelishvili, 1953; Vekua,
1962; Monakhov, 1983; Ashyralyev, 1994 kitaplar). Diger yandan, iki boyutlu singiiler
integral denklemler igin yaklagim yontemleri lizerine az sayida ¢alisma yapilmistir. Vekua

tarafindan tanimlanan iki boyutlu potansiyel ve singiiler

T(pl2)= —H” d¢ . S(pl2)=- iﬂ(;’f—i))zd;,

operatorlerini  ele alalim. T ve S operatorlerinin bazi 6zellikleri Vekua (1962);
Monakhov (1983) kitaplarinda verilmistir.
Teorem 1.2.1. (Monakhov, 1983)

D < Cbir sinrrli bolge olmak tizere T potansiyel operatorii ve S singiiler

operatori asagidaki 6zelliklere sahiptir:

ot _; It foeL()p>1

E o7
ii. Eger feCm+“(5),O<a<l,DeCm+1+“ ise

Tf Cm“*“( )Sf cm+“(5).

ii. s fel, (D), p>2 e Tf <C* (D). a:pT_Z,SfeLp(D).

iv. S singiiler operatorii C|+a(5) ,(0<a<1,|20) ve L ( ) p>l

uzaylarda siirhdir. Ayrica,

|Sf ||L2 S”f”l_z, Vel (B),yani,

no =8l <1

Teorem 1.2.2. Green Teoremi (Mathews —Howell,2012)



G cC ve 0G basit kapali egri olsun. Eger P ve Q fonksiyonlarin PX , Py

QX ve Qy kismi tiirevieri G U " ’nin her noktasinda siirekli iseler, bu takdirde
.f P(x,y)dx+Q(x,y)dy = H[QX (x,y)=P,(x, y)}dxdy
r G

gegerlidir.
w ECl (G) ve I egri G bolgesinin siir1 oldugunu varsayalim. Bu takdirde, iki

boyutlu integralleri bir boyutlu integrallere doniistiirmek i¢in (Vekua, 1962)

ow 1
ngdxdyzglw(z)dz,
@.2.7)
ow 1 -
ngdxdy:—ﬁlw(z)d Z.

Green formuli olarak adlandirilan ifadeler kullanilmaktadir.
We Cl(G) fonksiyonu G kapali bdlgesinde siirekli ise (1.1.5) ile ifade edilen

formiiller gecerlidir. Eger { noktast G bolgesinin sabit bir noktasiysa (1.1.5) ile verilen

denklemler,
1 IW(Z)dZ 1 J- w(z)dz J‘J. (_ dxdy 128)
27y 1-¢ A 3, 1-¢ ¢ 01 1-¢

seklinde yazilabilir.
Gg, G bdlgesinin ve |Z — é’| > & ’nm kesisimidir. Dolayistyla Gg < G dir.

Limit (6‘ —> 0)’a bakilirsa

ow(z) dudy 029
z



olur.

Benzer sekilde

7 (1.2.10)

formiilii dogrudur.

(2.2.9) ve (1.2.10) ile ifade edilen denklemler Pompeu formiillerini olusturur

(Pompeu,1912).

W, (1.1.6) denklemin bir ¢oziimii ise

o [
olmak iizere
w(z) = O(z)+Tf 1.2.12)
bigimindedir.

f =f(X,y).XveY degiskenlerine bagh analitik bir fonksiyonsa, Tf

integralinin hesaplanmasini kolaylastiracak bir formiil elde edilebilir. Sirasiyla Xve Y

1, - 1, - -
degiskenlerinin yerlerine §<Z + Z) ve 2—( Z— Z) yazilirsa Z’e goOre belirsiz
I

integralin hesab1

(1.2.7) formiillerinden yararlanilirsa

10



_ 1 f(&m)
Tf=—;gﬁd§dn
) . F (4’2) (1.2.13)
:F<Z’Z)_27zi£ = dg, zeG
yazilir. Eger Z , G + I alannm disinda kalirsa
C1gfEn) L 1 (F¢4)
Tf=—;! r 7 dédn——zﬂil = dg (1.2.14)

olarak yazilir.

Tf biitiin diizlemde siirekli ise G + I alaninin disinda holomorfiktir.

G , karmasik sayilar diizleminde 1 yarigapl daire olsun.

—m
N ve M negatif olmayan tamsayilar olmak tizere f=2"z fonksiyonunu ele

alalim. Buna gore ,

1 00 1 o1 re(2) e
e st 2

oldugu goriiliir.

ifadesi

11



esitliginde  yerine yazilirsa; |Z|< 1, 2 eGigin

__II 860 1 Z Em+1 1 Ié, —m+1
2 0L & - z m+1 27z| m+1)
Z Em+l ~ 1 évn—m—l

m+1 2zi(m+1)y ¢ -z de

ifadesine ulasilir.

é»n—m—l
fe=

d é/ integralini ele alalm. @ =N—M—1 notasyonu kullanilirsa,

l%dg = l(g“—l + 28" I L 2N+
d d
+z“£é:z“£g—i =2“In(¢-z)|.

= 727i=72"2i

elde edilir.
Nn>m-—1 icin;
n M+ n-m-1
__”aa) 1 ded 77—2 z 1z
20512 m+1 m+1

ifadesine ulagilir.

n<m-—1 igin;

12



—m+1 —m+l

1do 1 7"z B 1 g“cj
ﬂ-[;[agg—zdgdn m+1 27z|(m+1-[

Zn—m+1 - 1 I dé/
m+1l 2zi(m+1).™™(¢-12)

olur.
N < mM—21 durumunda

—m+1

__Ijé_wi dedp=22

0L ¢—1 m+1
bulunur.
Sonugta,
([ aTmH .
2 g 1 - 1 n>m-1,
m + m+
__“4 < gedn—
7 Em+l
: n<m-1.
L m+1
Z , G +1I alanmm disinda kalirsa
0, n>m-1,
—— IC { dédn=-
n-m-1
- : n<m-1.
(m+1

formiilleri elde edilir (Vekua, 1962 ).
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1.3. Literatiir Taramasi

Ashyralyev ve Monakhov, 1991 makalesinde, dikdortgen bolgede singiiler S
operatorii igeren iki boyutlu singiiler integral denklemin sayisal ¢oziimii i¢in algoritma
sunulmustur. iki boyutlu singiiler integral icin yaklasim ydntemi arastiriimstir.

Integral denklem yontemleri, iki degiskenli kismi diferansiyel denklemlerin
coziilebilirligini ve Fredholm 6zelliklerini arastirmak i¢in yaygm olarak kullanilmaktadir.
Ote yandan, karsihik gelen iki boyutlu integral denklemler i¢in yaklastrma yontemleri
hakkinda ¢alisilmaya devam edilmektedir.

Didenko ve Silbermann, 2001 makalede iki boyutlu integral denklemlerin genis bir
smift i¢in Ozel bir fonksiyon sisteminin kullanilmasina dayanmakta olup elde edilen
yaklagim yontemi Onerilmistir. Bu yontem bir 6zel fonksiyonlar sistemine dayanilarak
olusturulmustur. Bu sistemin  ortanormalligi, kismi diferansiyel denklemlere
uygulanabilme 0Ozelligi, integral operatorler ile 1yi iliskisi, 6nemli 6zelliklerindendir.
Ayrica, temel elemanlarin hepsi rekiirens baglantilar ile hesaplanmistir. Bu 6zelliklere
dikkat edilerek sayisal algoritma sunulmustur.

Daripa ve Mashat, 1998 makalesinde, karmasik sayilar diizleminde birim daire
icindeki belirli kismi diferansiyel denklemlerin ¢6ziilmesi baglaminda ortaya ¢ikan bazi
singiiler integral operatorlerin yaklasimlari i¢in hizli algoritmalar sunmaktadir.

Karmasik sayilar diizleminin birim ¢emberindeki kismi diferansiyel denklemin
¢Ozliimiinii tespit etmek i¢in bir singiiler integral operatorii yaklasimini igeren hizli
algoritma sunulmustur. Bu algoritma Fourier uzaymdaki bazi rekiirsif bagmtilar1 ve hizli

Fourier doniisiimiinii uygulayarak olusturulmustur.

Badea ve Daripa, 2002 makalesinde iki boyutlu alanda homojen olmayan eliptik
denklemler i¢in birkag sinir deger probleminin sayisal ¢oziimiiniin hizli algoritmasi
sunulmustur.

Rogozin, 2006 makalesinde lineer olmayan analizin bazi yontemlerine dayanarak
lineer olmayan Vekua-Bers tipindeki diferansiyel denklemleri aragtirmistir.

Mustafa ve Ardil, 2012 makalesinde karmasik diizlemdeki bolgede dogrusal
olmayan singiiler integral denklemin ¢oziimiiniin varligir ve tekligini kanitlamistir ve

¢Oziimii bulmak icin bir yontem verilmistir.

14



Ashyralyyev ve Cakir, 2014 makalesinde birim dairede T ve S operatorleri i¢in
birinci mertebeden dogruluk yaklasimlari elde edilmistir. Ikinci mertebeden dogruluk
yaklasimlar1 bu operatorler i¢in kurulmamagtir.

Bu tezin amaci, iki boyutlu potansiyel ve singiiler integrallerin yaklasimlarinin
ogrenilmesi, karmasik degerli fonksiyonlarin spline yaklasimlar1 uygulanarak iki boyutlu
potansiyel ve singliler integraller i¢in ikinci mertebeden dogrulukla yaklasim formiillerin
elde edilmesi ve MATLAB kullanmak iizere test orneklerde potansiyel ve singiiler

integraller i¢in yaklasimlarin hata analizinin arastirilmasidir.
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2. YAPILAN CALISMALAR

2.1. Grid Noktalar Kiimesi

Ik 6nce Ashyralyyev ve Cakir (2014), makalede kullanilmis olan ag noktalar
kiimesini tammlayalim. N7 =1 olmak iizere her 1<K <N indis igin K, =Kz
yarigaplar1 belirleyelim.

Sekil 1. 1.’deki gibi aymt merkezlive I, , [, ; yarigapl iki dairenin

cakismasindan olusan halkayi ele alalim.

Sekil 1. 1. iki dairenin ¢akismasmdan
olusan halka

Elde edilmis halka kiiciik bolgelere bolinir. Bu nedenle M, =2k +1, M, h, =27
olmak iizere her 0<M<M i indis i¢in Qk,m =—T+ mhk acilar1 ve asagidaki grid

noktalar1 tanimlayalim:

igk,m k,m iek m

km _ i
ZO,O _rke ' Zl,O - rk+1e '

km i9k,m+l k,m i‘9k,m+1
Zl,l - rk+:|.e ’ZO,l - rke '



Sekil 1.2.’deki gibi kiigiik bolgeleri

Dy = {¢]¢=re” f <r<p l<k<N-1,
O <O<6,,,,0<m<M, -1

m —

Dk’m alani i¢in TT 2 oldugu agiktir. Dk,m
Yani,
1 2 3
aDk,m :rkm = 1—‘km N 1—‘km Urkm
1 i0k,m+l
I = /;‘g_re [ ST <

m =

Sekil 1.1. den yararlanilarak halkanin alani,

17

m

Sekil 1.2. D, ,

r

bolgesi

olarak

tanimlayalim.

bolgesinin smir1 dort egriden olusmustur.

ul?

km ?

- é«:rkeia’ Hk <9£Hk,m+1}'



2
7T = rk?7?
2
r? =7z(k +1) r?

k+1

denklemleri taraf tarafa ¢ikarilirsa,

m‘ki — 7rl’k2 =7r? (2k +1)

M, =2k+1

seklindedir.

’in

katidir. Boylece, D

Sekil 1. 2.’ deki D ’in alan Hk ‘nin alaninmn

k,m k,m

2
alan1 777~ olur.

Iki boyutlu potansiyel ve singiiler integral yaklasimlarinda Sekil 1.3.’deki gibi

*

D km Kucik bolgeler kullamilacaktir. Buradaki grid noktalar,
. hy ; hy
*km _ 4 I(gk'er?) *km _ 4 I(Hk’m+?j
. hy . hy
om T '[@,mﬁ;) om T '(Hk,m+1+?)

seklindedir.

Sekil 1.3. D' ,, bélgesi

18



C  kompleks sayilar dizleminde I  yaricapl 0  merkezli daireyi

K, = {Z eC: Z|<I‘} olarak belirleyelim. O zaman H, =K. —K_ halkadur,
k k+1 k

N-1 N-1M, -1
K=K.UUH, =k.UUU b
k=1 k=1 m=0

olarak yazilabilir. Sonugta,

QY =) ={z57, 2" 4" 57 I<k <N -1,0<m< M, -1} U {0}

7,

grid noktalar kiimesi tanimlanmig olur. Daha sonra potansiyel ve singiiler integrallerinin

degerlerini

Q¥ = Q) ={z", 4", 7" 7y "I<k < N-1,0<m <M, —1} U{0}

grid noktalar kiimesinde verecegiz.

Q! ( J =1 2) grid noktalar kiimesinde tanimlanan |2 (Qj ) grid fonksiyonlar

. t.h .
uzayindaki pT fonksiyonun normunu

%
Hpr'th =rr iZ‘pkm‘ (2.1.1)

k=1 m=1

sekilde alacagiz.

Bundan sonraki kisimlarda potansiyel ve singiiler integrallerin birinci ve ikinci
1
@ e

mertebeden dogruluklu yaklasimlarini elde etmek igin tanimlamis oldugumuz €2

Q(Z) grid noktalar kiimeleri kullanilacaktir.

19



2.2. Birinci Mertebeden Potansiyel integral Yaklasimlar

Bu alt baglikta birinci mertebeden potansiyel integral yaklagimlar1 hesaplanacaktir.

Integral yaklasimlarini hesaplamak icin birtakim integraller kiigiik bolgelerde hesaplanir.

Verilen p fonksiyonu igin her D, .~ bélgede

i9
P(2) = Pns 2€ D, 1, P = p(1€*" ) 1Sk <N -1,0<m<M,
yaklagimi kullanilmustir. Ashyralyyev ve Cakir (2014) , makalesine gore | ( p|Z) > nin

hesaplanmasi i¢in yaklasik bir formiil alinir:

N-1M, -1

T(pl2) =T (p12)= Y. " puTin(2),

k=1 m=0

burada

T (2 )———ﬂ

ka

seklindedir. Pompeu formiiliinii kullanarak iki katl integrali bir katli integrale doniistiirtip,

I(dg’ zeD
Ta@=) ””"ng
J

27l 2§ -1 o

L k,m

k,m ?

ele alir. Dort parcadan olusan Fk,m kapali egri i¢cin

d¢ < dg
F{mé/_z _ér:{[ é/—Z

,m

olur. Simdi birinci dogru pargasi igin

20



rjlivm k,m
k,m k,m
Z. ' YA
20|z — e+ Z In=2
m ) k,m
ZO,O Z0,0 z

integrali hesaplanir. Ikinci egri pargasi igin integral hesaplayalim:

I é’dé“ I h.e°dd 2, j dg

2,6 e e ).

25z | ¢ d d
_ j ( J' ac

Z rﬁ,m g l—‘k m
k,m 5 k,m k,m k,m
Zl,o Zl,o In Zl,o Z In Zl,O
g Z5m _z zkm
11 11
k,m o k,m k,m k,m
_ Zl,o Zl,o In (21,0 Z)le
z (2" -2)z"

Ucgiincii dogru parcasi icin ise

é/d é/ 2|9m+1 é/d é/ AL
J 1=

=€

Tim
k,m k,m
Z Zo" —2
=g ="+ z In—=
z:" | 2" —1
11 11

elde edilir. Dordiincii egri parcasi i¢in integral
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k,m 5 k,m k,m k,m
ZO,l Z0,1 In ZO,l z . In Z0,1
oz 74" — 7 zZ<m
0,0 0,0

K, K, k,m k,m

Zo1 Zoy (20,1 Z)Zo,o

- , | In k,m k,m

z (250 —2) 25

olarak bulunur. Béylece, Pompeu formiillerine gore T ( ,0| Z) ‘nin yaklasim degeri

Z+Tkm(z),2€eD

Tk,m(z) =
Tkm(z) ,2¢D,,

k,m ?

bigiminde hesaplanir. Burada Z # O olmak iizere

k,m k.m k,m k,m
zk Z -1 1 (211 _2)210
__ 70,0 k,m k,m 1,0 k,m 5 k,m : )
Tk,m(z) ~ _km Z1,0 - Zo,o +zln k,m + Zl,l Z1,1 —In k,m k,m
0,0 Zog —1 Z (Zl,O - Z) 214
k,m k,m k,m 5 k,m Zk,m —7 Zk,m
Z1,1 k,m k,m Zo,1 —Z Zo,o Zo,o 0,0 01
+—l 2oy — 2 2 In o + In g .
Zy; 4, —1Z z (20,1 - Z) Zy0
seklindedir.

22



Teorem 2.1.1.(Ashyralyyev ve Cakir, 2014)
pPE |_2 ( K) olsun. Potansiyel T integralinin yaklasim formiiliiniin hatasi i¢in

asagidaki esitsizlik dogrudur:

HT(p|Z)—T(p|Z) <Mr.

Lo(K)

seklindedir.

2.3. Birinci Mertebe Dogrulukla Potansiyel integral icin Hata Analizi

|2 (Qj )(j =1, 2) (2.1.1) ile tamimlanan norm olmak iizere | (p| Z) icin

hata degerini

ErrorT = HT,oT'h — (T p)r’h (2.3.)

|2(QJ')

sekilde hesaplayacagiz.

T( ,0|Z) ‘nin farkh gergek degerleri icin MATLAB kodlar1 ile hesaplanilan hata
analizleri Tablo 2.1. ve 2.2. ’de sunulmustur.

Bu tablolardaki T ( ,0|Z) 'nin  gergek degerleri, Vekua, I.N.,1962 kitabindan
almmustir ve T ( p| Z) ‘nin birinci mertebeden yaklasimlar: ile gergek degerlerin farkinin
normu verilmistir. Hesaplamalar N =5, 10, 20, 40 degerleri igin yapilmustir.

Tablo 2.1. ve 2.2.°de goriildiigii gibi N degerleri iki kat degistiginde hata %

civarmda azaldig1 goriiliir.
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Tablo 2. 1. T( p|z) ‘nin birinci mertebeden yaklagiminin hata analizi

pPdegeri | T ( ,0| Z) Hata

gercek N=5 N=10 N=20 N=40

degeri

2 0.1435 0.0555 0.0305 0.0159
-2 -3
77 7

3 0.1085 0.0704 0.0394 0.0207
-3 —4
77 77

4 0.1106 0.0804 0.0468 0.0250
Z 771 0.4114 0.2600 0.1457 0.0773
z 7

2 0.3079 0.1030 0.0534 0.0271
72 = 0.2912 0.1567 0.0810 0.0410
=2 =3
z .

3 0.1825 0.1146 0.0621 0.0321
=3 —4
z z

4 0.1549 0.1126 0.0643 0.0338
2’1 227" 1

2 9 0.2440 0.1344 0.0699 0.0356
227 227

3 0.0732 0.0548 0.0332 0.0182
23 ) =4
"7 1" 7

2 0.0734 0.0570 0.0349 0.0192
2°z 27" 2

55 0.1926 0.1092 0.0569 0.0290
227 27 1

3 3 0.1916 0.1072 0.0564 0.0289
373 374
YA 177

7 0.0546 0.0487 0.0324 0.0186
27 37°

A4

: 0.0519 0.0478 0.0321 0.0185
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Tablo 2. 2. T(p|Z) ‘nin birinci mertebeden yaklagiminin hata analizi devami

7 52 02432 | 01356 | 00717 | 0.0364
1 7 0.8000 0.4000 0.2000 0.1000

227 7
ZZZ—Z—E 0.4082 0.1936 0.1008 0.0511

2.4. Birinci Mertebeden Singiiler Integral Yaklasimlar

Bu bolimde singiiler integrallerin birinci mertebeden dogruluklu yaklasimi
hesaplanacaktir. Birim yaricapli daire kiiclik bolgelerin birlesimi olarak alinirsa, bu

bolgelerde integral degerlerinin hesaplanmasi gerekir. Verilen O fonksiyonu i¢in her

D bolgede

k,m

P(2) = pim» 2€ Dy 11y P :p(rkeig"'m) A1<k<N-1,0<m<M,
yaklasimi kullanilmistir. Ashyralyyev ve Cakir, (2014) makalesine gore S(p|Z) > nin

yaklasgimi i¢in:

N-1M, -1
S(p[2)=8(p12)=Y. Y AnScn (@),
k=1 m=0
gecerlidir.
Burada

seklindedir. Z # 0 olmak iizere
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k,m k,m km k,m
Zy k,m iy, —1Z k,m o k,m 1 (21,1 Z)Zlvo

J— J— k‘m J—
Tkm(z)—-zhm 210 zQO-+zInka__z Ty Zln o o
0,0 0,0 Zl,O —Z Z1,1
Zk,m Zk,m _ 7 Zk,mzk,m (Zk'm —Z)Zk’m
11 k,m k,m In 01 0,0 0,0 In 0,0 01
+ k,m Z0,1 o Zl,l +1Z k,m + k,m k,m
Zy; 4, —1Z z (20,1 - Z) Zy0

e 0 _—
oldugunu 2.2 alt bashginda gostermistik. Simdi Sk m (Z) = 6_(T k,m (Z)) iliskisi
' yA

kullanilarak
k,m k,m k.m — Skm
S (Z) h 1 Zo) In 2, —1 47 (21,1 Zo3 )
k,m - 2 | Zk,m Zk,m 7 k,m k.m
4 01 o1 (21,1 - Z)(Zo,l - Z)
k, k, k, k, k,m k,m
4 1m 4 1m Z; 0m —Z 1m 1 (Zl,l d Z) Zig
+ ‘ ’ +=In
Z (zkm-—z)(z“m z) z (zkm z)zkm
11 1,0 1,0 11
k k k,m k,m (2.4.0)
m m : :
Zl,o Zo,o —Z (Zo,o Z1,0 )
+ka Inzkm_z-'_Z k,m k,m
1,0 1,0 (ZO,O Z)(Zlo _Z)
k,m 5 k,m k,m k,m km k,m
Loy 2oy Loy —Zop 1 (Zo,o Z) Zos
" Z zkm _z)(z5m -z +“E|n zkm _z)zkm
0,0 01 01 0,0
elde edilir.

Teorem 2.1.2 (Ashyralyyev ve Cakir, 2014)

pPE |_2 ( K) olsun. Singiiler S integralinin yaklagim formiiliiniin hatasi i¢in

asagidaki esitsizlik dogrudur:

<M~

L(K)

Is(ol2)-3(p12)

drr.
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2.5. Birinci Mertebeden Dogrulukla Singiiler integral icin Hata Analizi

|2 (Qj )(j =1, 2) (2.1.1) ile tanimlanan norm olmak tizere S(p|Z) i¢in

hata degerini

ErrorS = HSp"h —(Sp)r'h (2.5.1)

(@)
sekilde hesaplayacagiz.

S(p|Z)’nin farkl gercek degerleri icin MATLAB kodlar1 ile hesaplanilan hata
analizleri Tablo 2.3. ve 2.4.’de verilmistir.

S( p| Z) ‘nin birinci mertebeden yaklagimlari ile gercek degerlerin farkinin normu
sunulmustur. Hesaplamalar N =5, 10, 20, 40 degerleri i¢in yapilmistir.

Tablo 2.3. ve 2.4. *deki verilere gore, N degerleri iki kat biiyiidiigiinde hatanin %

civarlarinda azaldig1 goriiliir.

Tablo 2.3. S(p|z) ‘nin birinci mertebeden yaklagimmin hata analizi

p|z S ( ,0| Z) Yaklasim hatalan
N=5 N=10 N=20 N=40
27 7
P} 0.0971 0.0327 0.0115 0.0041
—2 -3
717 z
3 0.1083 0.0433 0.0164 0.0060
-3 —4
22 z
4 0.1283 0.0483 0.0191 0.0072
z 7 0.2422 0.0858 0.0303 0.0107
z 0 0.2182 0.1844 0.0269 0.0095
72 277 -1 0.2848 0.1209 0.0464 0.0171
7 0 0.1683 0.0550 0.0207 0.0076
7 0 0.1851 0.0640 0.0221 0.0083
727 7 0.2035 0.0801 0.0298 0.0108

27



Tablo 2.4. S( p|Z) ‘nin birinci mertebeden yaklagiminin hata analizi devami

272 2 -3
Z1z =11
3 0.1440 0.0563 0.0208
2223 1 224
2 0.1412 0.0595 0.0230
2°7 3 227° 1
2 2 0.2131 0.0951 0.0374
357 25 0.1993 0.0848 0.0328
2323 § 2224
4 0.1619 0.0692 0.0267
2324 § 2225
5 0.1525 0.0692 0.0276
73 372727 0.2708 0.1100 0.0435
1 0 0.3790 0.1895 0.0947
P 5771 0.2978 0.1228 0.0468
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3. BULGULAR VE TARTISMA

31. T ( p| Z) Potansiyel Integralin ikinci Mertebeden Dogrulukla Yaklasim

$imdi D,  bolgede iki degiskenli p(X,Y) fonksiyonu birinci mertebeden

dogrulukla iki boyutlu spline ile yaklastiralim:

p(X1 y) zIO(Xiy)zaka + ﬂkmy + ykm Xy+77km y L =X+iy6 Dk,m'

Oy s :Bkm’ Yim V€ My Kkatsayillarinin  spline degerleri Zavyalov, Kvasov ve

Miroshnichenko, (1980); Ashyralyev, (1994) kitaplarindaki gibi

k.m _ 10 m k.m _ 10 m k,m
Z,, =nIe v Z1g = K€ 111

k,m

— iek,erl — iek,m+l
- IFk+1e ! ZO,l - rke

kose noktalarinda, fonksiyonun degerlerine esit olmasi kosulundan elde edilecektir.

Bu noktalardaki degerleri yerine koyarsak,

p(1,c086, .1, SING, ) 2, T, COSE, ,, + Bl SING,, +

2 -
+ Vi T cos@k,m sin Hk,m e

P(rk COS 6 .1, 1y SIN 9k,m+1) R Oy 1 COS Oy g + Ll SING, s +

2 -
+ Y T COSE, 1,1 SING o H T

m+1

p(rk+1 COos 6k,m+1’ rk+1 SIn 9k,m+l) ~ akm rk+1 COos 9k,m+1 + IBkm rk+1 S Hk,m+1 +

Sin 9k,m+1 +77km !

,m+1

2
+ Vi I COS 0,



P(rk+1 COS O, 1, T,1 SIN ‘9k,m) ROy 1,1 C0SO, o+ Bl SING,  +
2 -
+ ¥ 51 COS G, SING, | +7,,

olur.

Bu takdirde , Z = X+ Iy alinirsa

747 7-7 7+7 71-1
p(%Y) NP(X’Y)—“kaJF ,3ka+ Vi ™= +

olur. Buna gore,

ak =akm _ﬂkmi
m i)
’ 2
b =akm +ﬂkmi
k,m 2 :
Yl
Ck,m=_ : '
CIk,m:77km

olmak tizere
- —2
p(2)=p(2)=a,2+b,2+C, (2" -2 )+d,, , zeD,,,

elde edilir. Burada a b C ve d katsayilari, kose noktalarinda

k,m *™~k,m’ k,m k,m

fonksiyonun degeri ile ayn1 degere sahip olma sartlarindan hesaplanacaktir. Yani,
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k,m k,m k,m km \? k,m 2
P(Zo,b ) =8y Zoy + B Zop + Gy (Zo,b ) —Zyp |+,
k,m k,m k,m i km\? k,m 2]
P (21,6 ) =8y Zy +BmZy +Cy (21,6 ) —Zip |+,
~ 2: (3.1.1)
— 2
kmy) _ k,m k,m k,m k,m
p<21,1 ) =8y Z; +BmZy +Cq (21,1 ) =25 |+
k,m k,m k,m i km )2 k,m 2]
p(zo,i ) =8y Zo) + B Zoi + C (Zo,i ) Zoy |+

(3.1.1) lineer denklem sisteminin ¢Oziimiinii sembolik Matlab kodlar1 kullanilarak

asagidaki bigcimde bulunmustur.

k,m k,m 2 k,m k,m k,m 2 k,m k,m k,m 2 k,m
Qk,m =2y '(20,1 ) Lo —Zop '(Zl,o ) Loy t2py '(21,0 ) Zoj

2 — 2 — i 2 e 2
k,m k.m Sk,m k,m k.m S k,m k,m k.m k,m k,m k,m k,m
_(Zo,o) Loy +Zyp +(Zo,o) Lo +Zo) _(ZO,l ) “Zio Zop ~Zop '(Zo,l ) "Ly

2 o3 2 o 2 o 2
k,m k,m k,m k,m k,m k,m k,m k.m o k,m k,m k.m o k,m
TZop (Zl,l ) Loy — Loy '(21,1 ) o0 +(Zo,o) Loy Ly _(Zo,o) "Ly Loy

2 . 2 2 T 2 —
k,m k.m Sk,m k,m k,m k,m k,m k,m k,m k,m k,m k,m
+(Zo,1 ) "Ly +Zop T g0 '(21,0 ) iy —Zop '(21,1 ) Lo T2 '(21,1 ) Zoj

2 2 2 2
k,m k.m k,m k,m k.m S k,m k,m k.m Sk,m k,m k,m k,m
_(Zo,o) "o Ly +(Zo,o) "Ly Ly _<21,o ) "Ly Loo ~Zoi '(Zl,o ) Ly

N

2 2 2 2
k,m k,m k,m k,m k,m k,m k,m k,m Sk,m k,m k,m S k,m
o) '(21,1 ) Lo ~ Lo '(21,1 ) Lo} +(Zo,1 ) “Zyo -4y _(ZO,l ) "Ly Ly

2 - —\2 —\2 —
k,m k.m Sk,m k.m Sk,m k,m k,m k,m k,m
+(21,0 ) "Ly Loy tZpp Loy '(Zl,o ) —Znp -(20,1 ) "o

- 2 —\2 —\2
k.m Sk,m k,m k,m k,m k,m k,.m Sk,m k,m
_20,1 'Zo,o '(21,0 ) +20,1 '(Zo,o ) '21,0 +21,0 'Zo,o '(20,1 )
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K k k 2 k k 2 Kk k k k 2 (31.2)
,m ,m ,m ,m ,m ,m ,m ,m ,m
+21,0 -20,1 '(21,1 ) _21,0 -(20,1 ) '21,1 _21,1 -20,1 '(21,0 )
K Kk 2 k
,m ,m ,m
+21,1 '(ZO,l ) 'Zl,o
olmak iizere,
a N1 . rk,m . Zk,m 2 . Zk,m . rk,m . Zk,m 2 . Zk,m . rk,m . Zk,m 2 . Zk,m
k,m — k,m 0,0 01 1,0 0,0 1,0 01 01 0,0 1,0

2 2 2
k,m k,m k,m k,m k,m k,m k,m k,m k,m
+lo; '(Zl,o ) “Zop 1o '(Zo,o) “Zoy T '(20,1 ) “Zop

2 2
k,m k,m k,m k,m k,m k,m
o0 '(20,1) L+ '(Zl,l ) Loy

2 2 2
k,m k,m k,m k,m k,m k,m k,m k,m k,m
+og '(Zo,o) Ly —log '(Zl,l ) “Zoo — Iy '(Zo,o) Loy T

2
k,m k,m k,m
o ( Zo) ) “Zoo
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k,m
+r0,1

k,m
_ro,o

,
k,m k,m
Zy; ) “Zop
Zk,m 2 . Zk,m rk,m .
0,0 1,0 11
, ——
k,m k,m
Zy4 ) "L
Zk,m 2 . Zk,m rk,m .
0.1 11 1,0
) ——
k,m k,m
Zig ) Loy
k k 2 k k
,m ,m ,m ,m
01 '(Zl,O ) _ro,o '(20,1

k,m

'(Zo,o

L

k,m
01

|

, ——
k,m k,m
) 4y —lhho -
5 ——
) “Zop
, ——
k,m k,m
) Lo —hy
Z.Zk,m
1,0
,,
k,m k,m
) "y oo -

k,m k,m
) 'Zl,o +r1,o )

k,m
Zl,l

2 k,m
P

k,m

Z0,0

k,m
ZO,l

i

N~—"
N
N

2 . k,m
01

N

2 . k,m _
1,0

g k,m
1,0

N

k,m

) Z1,0

k,m 2
(z7)

).

k,m
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- rO,l

1,0

M0

k,m
- r1,1

k,m

k,m
- rl,O

k,m .

k,m .

k,m .

k,m

-z

k,m

k,m

21,1 +ro,i ’Zo,o (

00 °

k,m

'(Zo,o

A1

k,m

N

k,m
Zl,l

)2.

&
)z



2
k,m kvm k,m k’m
oo " Zio '(Zl,l ) fo.0
k o \* K k
m m m m
+h '(Zo,o ) Ly 0y
k k cm\* Lk
m m m al
o1 " Zig '(Zl,l ) + 1oy
k,m k,m 2-7?5 k,m
o '(Zo,i ) Lig My
-1 k,m k,m
bk,m - k,m '(r0,0 ) ZO,l

k,m

2
k,m k,m k,m
+r0’1 ° (ZO,O ) . leo + r;I.,O

_rk,m

2
k,m k,m
1,0 ) 2oy T

k,m
: (Zo,o 01 0,0

k,m

k,m
r0,1

2
, k,m k,m
o1 2o '(21,1 ) B
2
) +

)2+

k,m

k,m
o f r1,1

11

k,m k,m
"Ly '(Zo,l

k,m

k,m
s

k,m k,m
_r * ZO,O ° (ZO’]_

11

5 2
k,m k,m km k,m K,m
Lo '(Zo,l ) thy '(Zo,o) "Zoa
m ) ok k k o\’
m m M ZKm [ ZKm
'(21,0 ) 2y —ho " Zpp '(21,1 )
k,m

)z

k,m k,m
"Zo1 -(21,1

2
k,m [ ok,m k,m k,m
* ZO,O '(Zl,O ) - rl,l : ( ZO,O

k,m 2
(27)

W
k,m k,m
"Ly -(21,0 )

.leo
)2
2 k,m
5

k,m k,m

2Lyt

k,m k,m
+r111 ° (20,1 )

() - (zer ) ad w2y
2402
ol (2) () 2
: (zgg‘ )2 : lefl’m
(289) 2y 2ty (2 )
(27) a2t (2h)
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2 2
k,m k,m k,m k,m k,m k,m
~Too '(Zl,o ) "y~ Zop '(21,1 )
rk,m Zk,m 2 Zk,m rk,m Zk,m Zk,m 2 rk,m Zk,m 2 Zk,m
Fho \Zoo ) "Z1 thy Zop \4po ) — N1 (Zoo ) “Zio
rk,m Zk,m Zk,m 2 rk,m Zk,m 2 Zk,m rk,m Zk,m Zk,m 2
“log "A0 T\ A1 + 01 "\ %10 T + 10 o1 11
rk,m Zk,m 2 Zk,m I,.k,m Zk,m Zk,m 2 I,.k,m Zk,m 2 Zk,m r.k,m Zk,m Zk,m 2
10 \Zox ) "Zun —hi Zoy \Lyp ) Thi \Zoi ) “Zo —Too “Zox | Zipo
k,m k,m km2 k,m k,m km2 k,m k,m km2 k,m k,m km2
+ro,6 '21,6 '(Zo,i ) +ro,i 'Zo,b '(21,6 ) _ro,i '21,6 '(Zo,b) _rl,d 'Zo,b (Zo,l )
k k k 2 k k k g k k k 2 k k k 2
m m m m m m ,m m m m m m
+r1,o '20,1 -(Zo,o) +ro,o 'Zo,l '(21,1 ) _ro,o '21,1 '(Zo,l ) _rO,l 'Zo,o '(21,1 )
k k o |2 k k T\ k k T\ k km (Tkm \2
,m ,m ,m ,m ,m ,m ,m ,m ,m ,m ,m ,m
+ro,1 ’21,1 (Zo,o) +r1,1 ’Zo,o '(20,1 ) _r1,1 '20,1 ’(Zo,o) _ro,o ’Zl,o '(21,1 )
k,m k,m WZ k,m k,m WZ k,m k,m WZ k,m k,m Wz
+ro,6 Zl,i -(21,6 ) +r1,d 'Zo,b -(Zl,i ) _rl,O’ 'Zl,i '(Zob) _r1,£ 'Zo,'o '(21,6 )
k,m k,m km2 k,m k,m km2 k,m k,m km2 k,m k,m km2
+I’1’1’ '21,6 '(Zo,b) +ro,i '21,6 '(Zl,i ) _ro,i 'Zl,i '(21,6 ) _rl,d 'Zo,i -(Zl,i )
k,m k,m km2 k,m k,m km2 k,m k,m km2 k,m km2 k,m
tho 253 -(Zo,i ) Ty 2o} -(21,6 ) —hy 4y '(ZO,’l ) “Zop °(ZO,‘1 ) '(21,6 )
2 (= 2 ([ 2 — 2
k,m k,m k,m k,m k,m k,m k,m k,m k,m k,m k,m
—Zy0 '(Zl,o ) -(20,1 )+ZO,1 -(21,0 ) '(Zo,o )_(Zo,o) Lo} '(Zl,o )"'(Zo,o ) 1o
_ Zk,m 2 Zk,m Zk,m _Zk,m Zk,m 2 Zk,m Zk,m Zk,m 2 Zk,m _Zk,m Zk,m
1,0 “410 |\ %00 00 "\ %01 \ A1 + 00 "\ “11 "\ %01 01 "\ “11
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2 - 2 — 2 - 2 (o
k,m k.m [ Skm k,m k.m [ Skm k,m k.m k,m k,m k.m k,m
"’(Zo,o) "Ly '(21,1 )_(Zo,o) "Iy '(20,1 )"’(20,1 ) "Ly ’(Zo,o )"’Zo,o '(Zl,o ) '(21,1 )

3 N 2 - 2 T
k,m k,m k,m k,m k,m k,m k,m k.m [ Skm k,m km [ Skm
) '(21,1 ) -(21,0 )+21,o '(21,1 ) -(Zo,o )_(Zo,o) ) -(21,1 )+(Zo,o) "Iy -(21,0 ))

(3.1.4)

_ -1 k,m k,m k,m k,m k,m k,m k,m k,m k,m
Cm = k,m'(_(ro,o “Lox "l —loo Zig Loy —lo1 “Zop iy T
k,m k,m k,m
+r0,1 '21,0 'Zo,o
k,m k,m k,m k,m k,m k,m k,m k,m k,m k,m k,m k,m

N

_rO,l '21,1 'Zo,o _r1,1 'Zo,o '20,1 +r1,1 '20,1 " 40,0 +ro,o '21,0 '21,1

k,m k,m k,m k,m k,m k,m k,m
Th1 +r1,o ‘21,1 0,0 +r1,1 'Zo,o ’

k,m
0,0

k,m k,m k,m k,m

_ro,o ’21,1 ’21,0 _G,o -z

N
N

k,m k,m k,m
r1,1 '21,0 '20,01

k,m k,m k,m k,m k,m k,m k,m k,m k,m k,m k,m k,m
_rO,l ‘Zl,o '21,1 + r0,1 '21,1 '21,0 + r1,0 'Zo,l '21,1 - rl,O '21,1 'Zo,l
k km _km | .k km _km (3.1.5)
,m ,m ,m ,m ,m ,m
_r1,1 '20,1 '21,0 + r1,1 'Zl,o '20,1 1
d _ -1 . rk,m .Zk,m . Zk,m 2.Zk,m_rk,m 'Zk,m . Zk,m 2.Zk,m +
km — k,m 0,0 01 1,0 11 0,0 01 11 1,0

2
k,m k,m k,m k,m
+hy 2 -(zly1 ) - Z

2 2
k,m k,m k,m k,m k,m k,m k,m k,m
o0 '(20,1) "Ly 4y g '(20,1) "Ly L

2 2
k,m k,m k,m k,m k,m k,m k,m k,m
oo '(21,0 ) "Ly Loy —log 2o '(Zl,o ) "Ly
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k,m
Zl,O
k,m k,m
1,0 Z1,1
k,m k,m
11 Z0,0

2

k,m k,m
(21,1 Zo,0
k,m k,m

: ZO,l 4 Z1,1

2

k,m k,m

) "411 " Zoo

2
k,m k,m
Zl,O (Zl,l )
k,m k,m
Z0,1 (Zl,l
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—\2 —\ 2
k,m k,m k,m k,m k,m k,m k,m k,m
+ro,o 'Zl,o ‘(Zo,l) 'Z1,1 +ro,0 '21,1 '20,1 '(21,0 ) -

_ 2 2
k,m k,m Sk,m k,m k,m k,m k,m k,m
_rO,l 'Zo,o -21,0 -(21,1 ) +r0,1 'Zo,o '(Zl,O ) '21,1 +

- 2
k,m k,m k,m k,m
+r0,1 'Zl,o “Zoo '(21,1 )

—\2 2
k,m k,m k,m k,m k,m k,m S k,m k,m
_rO,l 'Zl,o '(Zo,o) '21,1 _ro,l '21,1 -Zo,o ( )

& —\2
k,m k,m Sk,m k,m k,m Sk,m k,m k,m
_r1,1 '21,0 -20,1 '(20,1 ) +r1,1 -21,0 '(Zo,o ) 'Zo,l )

- \2 2
k,m k,m k,m k,m k,m k,m Sk,m k,m
+ro,1 "Ly -(Zo,o) Ly +r1,o oo +Lo) '(21,1 )

2 2 2
k,m k,m k,m k,m k,m Sk,m k,m k,m k,m -k,m k,m k,m
_rl,O 'Zo,o '(ZO,l ) '21,1 _rl,O -Zo,l 'Zo,o '(21,1 ) +r1,o 'ZO,l '(Zo,o) '21,1

—\2 2

k,m k,m S k,m k,m k,m Sk,m k,m k,m k,m S k,m k,m k,m
+r1,o '21,1 -Zo,o '(Zo,l) _rl,O -21,1 ’(Zo,o) 'Zo,l _r1,1 -Zo,o 'Zo,l '(Zl,o )
(3.1.6)

—\2 — —\2 —\2
k,m k,m k,m k,m k.m - k,m k,m k,m k,m o k,m k,m k,m
i - Zop '(20,1) Ly 2oy 2o '(20,1 ) —ly 2o '(Zo,o) "o

elde edilmistir. Simdi potansiyel integralin yaklasim degerini bulalim. Spline yaklagimlar

kullanilirsa,
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T(p ) ”‘,0(4)0'4

1N—1Mkl d £d
)| W P

T k=1 m= ka

olur. Daha sonra

T @ =[] 25

ka

()-——ﬂgﬁ'

ka

e

R

ka

@ =l 2

ka

notasyonlarini kullanacagiz. Ik 6nce Tkallm ’y1 hesaplayalim.

M = g olduguna gore, (3.1.8) ’deki formiil kullanilirsa
¢
: 15 Lo L¢
Tem (2 ¢ = dg
k ( ) F;[mé/_z jzzj:‘ra“’mé/_z

alinir. Simdi bu integrali hesaplayalim.
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(3.1.8)

(3.1.9)

(3.1.10)

(3.1.11)



S 6 m+ < . .
Birinci, Flk,m = {é/ | é/ =re™ ' I <r< I'k+1}d0gru pargasi i¢in,

I 55 dg’ g 2itm j ;f ~2i6, j ¢’ 22_2:22d§

2i6, J’ (

_ o 2t J‘ (

1
_Fk,m

k,m
0

=g 2 4— +2¢+2% In(¢ - z)}

L zgg‘
2 2
k,m k,m k,m k,m
Zo)0 (210 ) (200 ) k,m k,m 2 2y —Z
— + 22 22,, +2°1In
zEm |2 2 & 4 25" — 7
0,0 0,0
elde edilir.
Ikinciden, FE, {C | é/ I..€ k ama S <@ < 0k +1’m} egri pargast igin
é’ é, =1 +1e I +1e rk2+1 olduguna gore,

Tka,lr’r?(z): J. é/é/ dg_rk+1j dé/ k+1|n(g Z)|

ka k,m In le —Z
1,0 10 k,m
Z10 z

seklinde bulunur.

. ig
Uglinct, Fi, {é/ | = re'm S . I’k+1} dogru pargasi igin

gZ’ —re'%m rg % = 2 = 4:2 g H%m olduguna gore,
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T (2)= J%dg“:e‘mm J ;%

2 2 2 2
i 7% +2 _ai z
= | T g e [(¢+2)de+ | d¢
g, 672 i 5,6 72
W_Q/Z Z(l)(xllm
=12 4+2 + 2% In|¢ - ¢ }
Z; | 2 &
W_ km )2 km )2 k.m
2| (zr) (&) T
S A 2 |y -
Z; 2 2 ' ' o —Z

integrali hesaplanir.
Dordiincii olarak, F‘klym = {é/ | g = rke'e, gk,m <0< (9k m+1} egri pargast i¢in

& =re"'re” =12 =1z, 7., olduguna gre, integralin degeri

i) | £506-¢ [ -0

725

F‘k‘m F‘k‘,m 4
k,m
A
k,m km 0,0
=Zop Zop In kom
Z01 A
seklindedir. Boylece,
T 2 2
k.m k,m k,m k. m
Zy (210) (Zoo) i, —1
To(2)==2 — L -l + 2 In |2 —
) m ) ) k,m
Zo0 2 2 Lo — 12
k,m
Z., —1
+2,9" 2,5 Zkm In—S——
m
2y —1
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2 2
K, k,m k,m K,
lem (20,1) (Zl,l ) k,m Z01rn Z
> — +2257 - 22" + 2°In
,m y k,m
7, 2 2 Z,; —1
(3.1.12)
k,m
Z,n —1
+2y0 Zyy IN—=5
m
01 —Z

olarak bulunur.

Simdi ka,m ’yi hesaplayalim.
22
0(=-)

— i — é/ ve (3.1.9) ’deki formiilleri kullanarak
o¢
—2 4 —2

b 1
Tk,m(2)=rf ﬁdézi le ij -

integralini hesaplayalim.

dg

,m

L 16 m - . .
Birinci, Flk, {é/ | = re'™ ) . rk+1} dogru pargast igin

J £ —dg = St | é«z;—z;zzdg

1 g Cf
=—e " d — d
; j s 4 j §
1 4,
:Ee rJ((;+z dg“+j—d./,“
_ L ga _§—2+ 2 +7°In(¢ - 2) N
2 L2 8
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K.m 2 (Zk,m>2 (Zk,m)2 K.m
_ 1 Zo,o 10 0,0 k,m k,m 2 Z1,0 —Z
== = — +122)y — 17y, +Z2° IN|——
2| zy, 2 2 Zyo — 2

ifadesi elde edilir.

T nY i0 - . . .
Ik1nc1,rk’m = {é/ | é/ =I4€, 6k+1,m <0< 9k+1,m+1} egri parcast i¢in

B r2 r2
i0 -0 k+1 k+1 o .
é/ =la€ é, =ha® = - 0 > olduguna gore,
rk+1e

4I (LL_ii_lijdz,“:%rkilL% In(¢~2)- 5 Ing+

k,m k,m
1 em\| 1 (Zl,l _Z)Zl,o 1( 1 1
=4 Zl,i Zl,i _zln km km+_ km  km
2 z (z* —z)zl,i 2\ "z

seklindedir.

.. i4
Ugiincii, Fﬁ‘m = {QV £ = re"er , [ SI< I'k} dogru pargasi igin

¢ = re % = - g 2 olduguna gore, integrali degeri

1 gz 1 g 412—22+Z2
Tb,3 - = d i k.m d
(Z) 2!(—2 d Ze rE'.m -1z d

k,m
21

k,m
i1

_ L j (C+2) dg+ I Zzzdg“]_le‘”g“‘ {%2+zg+ zzln(cj—z)}
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olarak bulunur.

Dérdﬁncﬁ,l—“kl,m = {C | g = rke'e, gk,m <0< Hk,m+1} egri parcast igin

_ _ r r
é’zzrkze_z'gz 2k2i9 = k2 i¢in integral
r’e

t 11 1111

§(¢-2) ¢~z ¢ 2¢°
1 ™ 1 1

Tb4 7 - d __r4 d
km( ) zrgm(é,_z)Z é/ 2kr£m§2(§_z)2 é/
1,(1 1 11 11),, 1,1 1 11|
2% (?ﬁ‘????j s {_ . z}

2 ka__z ka
:%(zglg“zgly) S In( o )01 +% 1 1

bulunur. Sonugta,

—_— 2 2
k,m k,m k,m k,m
1] Zy, (21,0 ) (20,0 ) L, -1
Tem(2)=2| =5 - +22 — 2280 + 77 In| =2
) ,m y ) k,m
2| 2y, 2 2 Z,o — 1

2 k,m k,m k.m k,m
(210 _2)21,1 Ly Ly (3.1.13)
2 2
k,m k,m k,m k.m
1) 2o (201) (21’1 ) k,m km 52 |20t Z
o - ‘12, -2, +7° N~
2| 7, 2 2 Z,, —1

olarak elde edilir.
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Simdi sirada Tk m yi hesaplamak vardur.

: ¢
oL~ 2 —
_ —2;2 - é/ ve (3.1.10) *deki formiilleri kullanilirsa,

oq

. czi—g 4
=3 [ dg|=>"T8

rl (-2 =L

,m

seklindedir.

N . i0, ., 5
Birinci, F}(m = {§|C=re' “MoL ST I‘k+1} dogru pargasinda

— —\3
k,m k,m
(.20, 1 o, ) | Zoo 1] Zo)p .
qim=| € L =| = |~ =| =% | olmak iizere integral
3 Zoo | 3| Zoj

3 (eie"m 4 lesiekm j (30 %n (e-ziekm - Ee-&ekm j
3 3
(2)=] - dc = | dc

rl

k,m

(oo [ e [ S

R

rk Thm

k,m

k,m _— 3
3 2 iy Zk’m Zk:m
=qk,m{%+%+zzé+z3ln(§—z)} = [ i%J_%{ (;21
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k,m3 km3 k,m2 km2 Kk
() (#5) (&) L (B5) e pumy s gopn B 2
— Z —Z +2°( 20y — 25, ) +2° In——
3 3 2 2 ’ ’ Zyo —1

olarak bulunur.

H(inci,ri’m = {é/ | = rk+1e'9,6?k,m <0< ek,m + hk} egri pargast igin

Z;ZE— C_S (rkzﬂz;_ ?:‘i_:lsj
Tk(’:’rﬁ(Z):rJ (é,_ ?5 dg:rj (4_2)

integralini bulalim.

1
—————— ifadesini
(¢ -12)
2
1 _A’+BC+C D 41 .1 1 D

$*(¢-2) g {-z ¢ ¢ & ¢z

seklinde arayalim.
(AZ?+BZ+C)(¢-12)+ DS =1,

A+D=0,B-Az=0,C-Bz=0,-Cz =1.¢oziim

C= —E, B= _iz’ A= —%, D= ig formunda olduguna gore,
Z Z YA Z
1 11 11 11 i 1

alinir. O halde,

YN 3 2 2 st 3
G(¢-2) ¢ °¢° 18 -1
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6
|
TCZ . k+1 dé/
" lr'!m rgm 413(4/_2)

[N 11 11
kaﬂ“ﬂ“ 3 Im{?z‘??

Zk,m
=2 {¢ +2in( -2},

hesaplanir.

.. i6,
Uciinci, Fi o= {é’ | = re' om r<r< I’k+1}dogm pargasi igin

Z’ — re_igk,m+l — é’e_zmk,mﬂ

k,m k,m
2i 1l & Z 1| z;
Py = (e W _ § g mn | = i'l — = 22| olmak iizere

m k,m
Z0,1 3 Zo,1

rs (eiek,mﬂ _ ée'Siek,mﬂ j r3g?hme (B'Ziek‘mﬂ - ée-mk‘mﬂ j
chrr?: (Z) - ac = .
l:s!m —7 FE[m C o
. 4 3 3_3,,83
= (e'z'ek,mﬂ _ Ee'("ek‘mﬂ j J‘ C-’ dC = pk m J‘ CZ4Zd = pk m (C2+ZC+ZZ )
3 o, -z 3 -z |
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ifadesi elde edilir.

Dérdﬁncﬁ,ri’,m = {C; | é/ = rke'e, ‘9k <O< Qk,m} egri pargasi i¢in

m+l —

o2l 1 11 1 1

=r?{l+zIn(¢c -2\ —* - —.Ind+= - = +—. =

k{é/ (é/ )}201 3{ 23 é/ 22 é, 22 é,z
+i3.ln(§—z)} |
Z Z(I;’,lm

3
k,m 5 k,m
_(ZemZkm )] Skm _ Jkm S Z(l)(,'(;n —Z (Zo,o Zo,0 )
- ZO]O ZO,O ZO,O - ZO,l + Z n k,m -_
20’1 A 3
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T, (z — [-=| = -
K,
el | 3 3 2
2
k,m k,m
(Z ) Z Z
0,0
-7 +2(zy z('j'g’)+z3ln -
2 ’ ’ Zyy —Z
0,0
k,m 5 k,m 3
k,m Z. 7.
k.m o k,m k.m k,m Z1,1 —Z (1'0 1'0)
+H 2z 2y R4 =2y +zinf = —
, , , ,m
Ziy —1 3
( k,m
1 Z,; 1 1 1
X<_?.In ka +?. Zk,m_zkm
L 1,0 11 1,0
k
1 1 1 1 lem Z
+— +—-1
27 | (M) (zkm) | Z° 2" — 17
11 1,0 10
—\3 3 3 2 2
k, k, k,m k,m k,m k,m
Zm ) oafzem ) | (20) (29) (zer) (2)
T Jkm | 73] Sk - +Z —Z
Zoy 3 Zyy 3 3 2 2
k,m_Z
2 k,m k,m 3 01
+2 (20,1 Z, )+z In| ==
Z;, —1
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3
k.m 5 k,m
. k,m Z ’ Z ’
Zk,mZk,m Zk,m Zk’m Zln ZO,O -7 ( 0,0 0,0)
{200 Zoo 00 “Zox T km -
Ly, —1 3
r ky
1 Zo)y 1 1 1
9= 25 = om (3.1.14)
L z 201 z Zo0 Zo1
k,
1 1 1 1, (z59 -1
E. — T 2 +?.n —Zk'm—Z
(Zo,o ) (Zo,l ) 01

olarak hesaplanir. Simdi TkO}m ’yi hesaplayalim.

G_C =1 ve (3.1.11) formiillerinden yararlanarak

¢
@)= 7% > | ey
ym =1 l"d m é/ Z
integralini hesaplayalim.

Birinci,

-I-dl J’ 4 ~ig, J‘ rd¢g

i, ¢ g6 2
=g 2 _[ Ld; e’ _[d§+zj
lH%(,m é/_ lHkm rkm B Z
k,m k,m
Z.' ’ z
=== 2 — 250 +zIn—=7
7 m , Zk,m —7
0,0 0,0
elde edilir.
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Ikinci,

ch’l'f(z): J‘ > dg:rkil I d—é/:rkzﬂ1 J (4/];2

T (é’—Z) rﬁvmg(g_z)

Z
k,m

=hat|N——| =232 In
K+1 11 411 o —
‘ & 7y Z (21,0 z) z
bulunur.
Ugiincii,

a3 Z ~2i( Oy +hy rdg
T (Z)=FJ o7 de=e )FJ =

k,m Km
k. Skm _
1,1 k,m k,m 0’1

k,m
Zl'l Z1,1 —Z
elde edilir.
Dérdiincti,

d4 (- _ L 2 dg zl
Tklm(Z)_F‘k‘I,mg_Z feh rgmf(g—z)_rk z

Zk,m klm k’m
2 1(“’]5_2)11 __ okm k,ml (Zl,l _Z)Z]_,o

ICRLY I
r .

yA

hesaplanir. Boylece,

o1

2 k,m 5 k,m k,m k.m
1 —Z) Zop %o, (20’0 _Z)ZO,l
:rkz_ In% _ £00 %00 1y

1

4

¢d¢g
a6 2

i



Zk,m Zk,m 7
d 0,0 k,m k,m 1,0
T .(2)= o | 20 — 200 t+ zIn =
Zy) Zo,o z
k,m k,m
kazkmll (2111 _Z)Zlo
+ 11 “11 k.m k.m
(Zl,o Z)21,1
- (3.1.15)
k,m k,m
Zli k,m k,m Zoi —Z
+ol 2o — 2y Zln—k,m
Z1,1 Z1,1 —Z
k, K, km k,m
Zo,(;n Zo,(r)n In (Zo,o Z)ZO,l
T (26" - 2)z57
01 0,0
bulunur.
En sonunda ;
1 NAM
_ a b c d
T (/0| Z) __; Z Z (ak,mTk,m(z) +bk,mTk,m (Z) ™ Ck,mTk,m (Z) + dk,mTk,m(Z))

k=1 m=0
formiil gecerlidir. Burada Tkajm (Z) ,ka,m (Z),Tk(':m (Z) ,TkO,Im (Z) terimleri sirasiyla

(3.1.12),(3.1.13),(3.1.14) ,(3.1.15) formiilleriyle hesaplanir.

3.2. ikinci Mertebeden Dogrulukla Potansiyel integral icin Hata Analizi

|2 (Qj )( J =1, 2) (2.1.1) ile tanimlanan norm olmak iizere | (p| Z) i¢in

hata degerini

ErrorT = HT,oT'h - (T p)r’h (3.2.0)

|2(QJ')

sekilde hesaplayacagiz.

T(p|Z) 'nin farkl gergek degerleri icin MATLAB kodlar1 ile hesaplanan hata

analizleri Tablo 3.1. ve Tablo 3.2’de sunulmustur.
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Bu tablolardaki T ( ,0| Z) 'nin gergek degerleri, Vekua, (1962) kitabindan alinmistir

ve T(p|Z) ‘nin birinci mertebeden yaklasimlar: ile ger¢ek degerlerin farkinin normu
verilmistir. Hesaplamalar N =5, 10, 20, 40 degerleri igin yapilmustir.
Tablo 3. 1. ve Tablo 3.2.’de goriildiigii gibi N degerleri iki kat degistiginde hata %

civarinda azaldig1 gortiliir.

Tablo 3.1.T(p|Z) 'nin ikinci mertebeden yaklasimmin hata analizi

,0 T( p|z) Yaklasim hatalari
N=5 N=10 N=20 N=40
77 77’
7 0.2450 0.0278 0.0059 0.0014
2
=2 -3
Zz zz 0.1803 0.0162 0.0038 9.4950e-04
3
—3 —4
2z 7 0.1611 0.0338 0.0076 0.0019
4
z 71 0.3018 0.0377 0.0047 | 5.8945¢-04
z 72
z 0.0989 0.0124 0.0015 1.9314e-04
2
/2 25 0.1902 0.0227 0.0048 0.0012
-2 -3
z z 0.1489 0.0206 0.0047 0.0012
3
-3 —4
z Z 0.2027 0.0526 0.0133 0.0033
4
7’1 2270 1
_ 2 0.1112 0.0226 0.0059 0.0015
2 2
272 23
zz 21 0.1417 0.0194 0.0048 0.0012
3
2—3 2—4
'z 212 0.1215 0.0212 0.0049 0.0012
4
°z 27 7
_z 0.1369 0.0279 0.0061 0.0015
2 2
3—2 3—3
Zz 7z 1 0.1144 0.0344 0.0086 0.0022
3 3
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Tablo 3.2. T(p|z) 'nin ikinci mertebeden yaklagimmin hata analizi devami
3=3 34
'z 2z 0.0885 0.0181 0.0045 0.0011
4
34 3=5
2z 2z 0.1096 0.0254 0.0057 0.0014
5
7 554 0.1807 0.0388 0.0096 0.0024
1 E 0.5353 0.1355 0.0343 0.0087
2 2 -3
S S 2 0.1785 0.0112 6.9724¢-04 | 4.3577e-05

33.S ( p| Z) Singiiler Integralin Ikinci Mertebeden Dogrulukla Yaklasim

Bu boliimde ikinci mertebeden dogruluk yaklagimlarinin formiillerini elde etmek

b C

k,m °>~k,m? k,m

icin Dk‘m bolgesindeki iki boyutlu spline yaklagimini kullanacagiz. a
ve dk7m katsayilarini, kdse noktalarda fonksiyonun degeri ile ayni degere sahip olma

sartindan (3.1.1) lineer denklem sisteminin ¢oziimii (3.1.2) -(3.1.6) gibi elde edilir.

Simdi singiiler integralin yaklagim degerini bulalim. Spline yaklasimlar kullanilirsa,

i 08

:_i N-1M, -1 gdé/ b é/dé/
R Tl v}
[¢7-2)eg d¢
k,m 2 dkm 2
caell e el
olur.

(3.3.1)
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Sen (2) = —% H % (3.3.2)

¢?-¢ )¢
om (2) = —%D” ( (4222 , (3.3.3)
S, (2) == If % @34

notasyonlarmi kullanacagiz. Simdi bu integrali hesaplayalim. S singiiler integralin

a
. . . . -I-a . .. a-l-k,m (Z) _Sa
ozelliklerine gére 1, (Z), (3.1.8)ile tanimlanmak lizere ———= Km (Z)
olur. (3.1.12) formiilii kullanilip, Z ’ye gére tiirev alinirsa
_km k,m
Z i, —L 1 1
Sen(2)==0| 1y — 25y + 22In| ==— |- 7 b
, 7 m , ) Zk,m 4 Zk,m —7 Zk,m —7
0,0 0,0 1,0 0,0
szingen| 1 1
10 410 | Tkm ©_km
Lo =2 1, —1
S (3.3.5)
k,m k,m
Z . Z; —1 1 1
11 k,m k,m 01 2
=l Zon — 4y +2zin) = A R
Ly, Ly, =1L Ly =2 Ly =1
Jenzkm 1 1
254 Ly k.m Tk
Loy =L Ly —1
elde edilir.

Tkk?m (2), (3.1.9) ile tammlanan notasyon olmak iizere

aTkt?m (Z)

P = SI?,m (Z) olur. (3.1.13) formiilii kullanilip, Z ’ye gére tiirevi
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Z'm
) 2 (al-2)ad a1 1 ) a1 1] @ae
e 2 (g -2)ny Py -z o -z) 2\ oy

bi¢imindedir.

Sirada Skc m yihesaplayalim. ch,m (Z), (3.1.10) ile tanimlamak {izere

ot (2)
k’g—= Skc m (Z) seklindedir. (3.1.14) formiilii kullamlarak Z ’ye gére tiirevi
7 ,
2 2
k,m k,m k,m k,m
¢ ] Zoo | 1] Zop (Zl,o ) (Zo,o ) km o _km
km(z)_ km | o] Skm - +22 Ziy — 4y
’ AN 3| zy 2 ’ ’
0,0 0,0
k,m
Z 1 1
2 1,0 3
+3z°1In ki +Z By ey
0,0 0,0 1,0
k,m o k,m
km - kom Z1klm —Z 1 1 (Zl,o Z1g )
+z7y 2,y 3 In| = +1 -
) ) m k,m k,m
2o —1 iy =2 Iy, —1 3
K,
J3 "] 2 (1 1 1 1 1
< — —_—— e J— . —
4 k,m 3 k,m k,m 2 2 2
Z Z 0 Z Zy; Z1,0 22 (Zlkl’m ) (Zlk(’)m )
Z"-z) 1 1 1
——In ’ _ .
Z4 Zk,m 7 ZS k,m k,m
10 Z1,0 Z 21,1 Z
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Br— — 2 2
k,m k,m k,m k,m
n Zo1 _E Zo1 (ZO,l ) _ (Zl,l ) L 27(zkm _ Zkm
Zk m 3 Zk,m 2 2 01 11
01 01
k,m
Z 1 1
+32% In| —= +2|
Z, yA lei Z 7y YA
k,m 5 k,m
k,m 5 k,m I Z(l;(r)n z 1 1 (ZO'O ZO'O )
T Zoo Zoo J1IN Skm t1 Zkm _ 5 gkm | 3
01 01 0,0
3 (mr) 2 (1 1) 1 1 1 (3.3.7)
X _4'r| km |~ o3 km  okm _2 2 kmz_ km\2
Z Zoa z Zoo  Zoa z (Zo,b ) (Zo,i )

seklinde hesaplanir.

Simdi Slfl m i hesaplayalim. Tkollm (Z) , (3.1.11) ile tanimlanmak tizere

d
aTk,m (Z) d e , . . .
—_—= Sk m (Z) yazilir. (3.1.15) formiilii kullanilip Z ye gére tiirevi alinirsa,
0z ’
k,m k,m
Z,, —1 1 1
S¢ (z2) =—2 | In=22 +7
k,m k,m Zk,m 7 Zk m 7 Zk,m 7
0,0 00 0,0 10
k,m k,m
kazk,m 1 |n (le Z)Zlo Zk,m k,m l l 1
11 ‘11 2 Km K T4y 4y k,m k.m (3.3.8)
2 (43 - 2) 7 2\ -2 -2 3.
k,m k,m
R T E S L 1
k,m k,m k,m k,m
211 Z1,1 -z Z1,1 z Z0,1 -z
k,m 5 k,m km k,m k,m o k,m
. Zoo Zop In (2010 Z)Zoyl i Zoo %o 1 _ 1
7 \(@roaay ) 2 \dr—z Ay
bulunur.
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Sonugta;

<

1M, -1

> (BenSin(2) +, 0, SE (2) + € SEn (2) +

=1 m=0
+ dk,mSI?,m (Z))

3 |~

(o17)=

N
k

formiilii gecerlidir. Burada S;m (Z),Sflm(Z),Sflm(Z) ,Sf’m(Z) terimleri sirasiyla

(3.3.5),(3.3.6) ,(3.3.7) ,(3.3.8) formiilleriyle hesaplanir.

3.4. Ikinci Mertebeden Dogrulukla Singiiler integral icin Hata Analizi

|2 (Qj )( j =1, 2) (211) ile tanimlanan norm olmak iizere S (p| Z) icin hata

degerini

ErrorS = HSpT'“ —(Sp)r'h (3.4.0)

|2(QJ')

seklindedir.

S(p|Z)’nin gercek degerleri i¢in singiiler integral hatalar1 asagidaki tabloda

gosterilmistir. Tablo 3.3. ° deki S(p|Z) gercek degerleri Vekua, (1962) kitabindan
alinmustir.
Tablo 3.3.’de S(p|Z)’nin birinci ve ikinci mertebeden yaklasimlar1 ve gercek

degerleri arasindaki hata verilmistir.  Hesaplamalar N =5,10, 20, 40 degerleri igin
yapilmistir.

Tablo 3.3.’de goriildiigli gibi N degerleri iki kat degistiginde hata % civarinda

azaldig1 goriiliir.
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Tablo 3.3. S( p|Z) ‘nin ikinci mertebeden yaklasimlari i¢in hata analizi

P | Yaklasim hatalari
S(p|2) N=5 N=10 N=20 N=40
77 22
z 0.0775 0.0138 0.0030 7.1263e-04
2
-2 =3
2z z 0.4025 0.0683 0.0230 0.0083
3
—3 —4
2z z 0.6517 0.1549 0.0567 0.0207
4
Z B 8.7601e-15 | 1.5566e-13 | 2.1109e-12 | 5.0659e-11
E 0 0.3072 0.0768 0.0192 0.0048
/2 2771 0.6155 0.1169 0.0324 0.0110
-2 0 0.6525 0.1174 0.0322 0.0110
= 0 0.7794 0.1901 0.0685 0.0249
25 = 0.4335 0.0724 0.0239 0.0085
77
2222 2 -3
322 0.0985 0.0261 0.0067 0.0017
227’ 17
52 0.3466 0.0906 0.0332 0.0121
232 3. ,2 1
PiAr 0.5976 0.1478 0.0557 0.0206
- —3
377 23 0.3912 0.0981 0.0346 0.0124
2323 3 ,-4
222 0.1748 0.0463 0.0118 0.0030
27" 3,25°
g2z 0.3654 0.1114 0.0407 0.0150
7 3777 27 0.8176 0.1897 0.0682 0.0248
1 0 0.8832 0.4427 0.2215 0.1107
27 - 0.7305 0.0913 0.0114 0.0014
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4, SONUCLAR ve ONERILER

K kimesi, karmasik sayilar diizleminde birim daire olmak iizere iki boyutlu

potansiyel T(,Ol Z) = —%“‘L_é’z)dg ve singiiler
K

S ( P | Z) = —l ”‘Lg)z d C_(,/ operatorlerin  yaklasimlar1 arastirilmistir.
7Tk (C o Z)

K' dairesinde grid noktalar kiimesi ele almmustir. integral icerisindeki

fonksiyonlarin yaklasimi i¢in

QY =) {20 2 2" 2 <k <N -1,0<ms M, 1)

7,

grid noktalar kiimesi, integralin degerini hesaplamak i¢in ise
(2) _ (2) il *k,m *k,m *k.m *k.m '

noktalar kiimesi kullanilmistir.

Burada rk = kZ', Mk =2k +1, Mkhk = 27T"9k,m =—J + mhk olmak lizere

k.m _ i6’k,m km _ iak,m km _ i‘gk,m+1
ZO,O _rke ! Zl,O - rk+le ’Zl,l - r|(+le !
. hy
k,m io, m *k,m T I(ek,m""?j
ZO,]. = rke K ! ’ZO,O :(rk +_je y
2
. hy
*k,m 'z' I(gk,ﬂf'_?)
iy = hat5|€ ,
2
. h, . hy
*km T I(ek,mﬁ-l"'?j *Km T '(ek,m+1+?j
Zl,l —(rk+1+§ e ,20’1 =| I +§ e .

Dy m :{é"é’:reie,rkgrgrk+1,1£k£N—1, y
Ir.
O <O<6,,,0<mM<M, -1



D 1<k<N-1,0<m<M «y bolgede fonksiyonun birinci

klmi )

mertebeden iki boyutlu spline ile yaklagimi kullanilmistir:
- -2
p(z)~a,z+b,z+c,(2° -2 )+d,,,zeD,,.

b

degeri ile ayn1 degere sahip olma sartlarindan hesaplanmistir:

2\ Za 20 b 2T e (240 25 |4
Pl oo ) = Am o km £0,0 km | \ £0,0 0,0 km !

a C dkm katsayilarini, kose noktalarda fonksiyonun degeri spline yaklagimin

km* Ykm? Ykm?

k,m k,m km K.m 2 km2
'O(Zlv") ):akm 21,6 +bkm 21,6 +C (21,6 ) _21,6 -I-dkm,

km

km k,m k,m k)2 Skm?
P (Zlvi ) = A Zl,i + bkm Zl,i * G (Zl,i ) o Zl,i +dkm1
k,m k.m km i k.m 2 kmz_
,0(20;1 ): , Zop + bkm Zyy *C (ZO,'l ) —Zy; +dkm,

Karmasik degerli fonksiyonlarin spline yaklasimlar1 uygulanarak iki boyutlu
potansiyel integral i¢in ikinci mertebeden dogrulukla yaklagim formiilleri elde edilmistir.
Iki boyutlu singiiler integralin ikinci mertebeden dogrulukla yaklasim formiilleri
sunulmustur.

iki boyutlu singiiler ve potansiyel integralin dogrulukla hata analizleri elde
edilmistir.

MATLAB kullanmak iizere iki boyutlu potansiyel ve singiiler integral
yaklagimlarmin sayisal Orneklerde hata analizi degerlendirmeleri  yapilmustir.

Sonuglarin  farkli smir  kosullariyla, karmasik degiskenli kismi diferansiyel
denklemleri igeren modellerin incelemesinde katkisi olabilir.

Sunulan potansiyel ve singiiler integrallerin yaklagimlar1 iki boyutlu singiiler
integral denklemlerin sayisal ¢oziimiinii bulmakta ve hidrodinamik modellerin sayisal

cozlimlerini hesaplamakta kullanilabilir.
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6. EKLER

6.1. Katsayilarin Sembolik Tanimi1 Kodlar

function Cozum=denklem(f)

% Sembolik degiskenleri tanimlayalim

syms z00 z10 z11 z01 r00 r10r11r0labcdt
f=a*t+b*conj(t)+c*(t*t-conj(t)*conj(t))+d

% f fonksiyonunda z yerine sirasiyla z00, z10, z11, zO1 degerlerini yazalim
X=subs(f,t,z00);

Y=subs(f,t,z10);

Z=subs(f,t,z11);

T=subs(f,t,z01);

% Solve komutu ile X==x, Y==y, Z==z, T==t denklem sistemini ¢6zelim.

Cozum=solve(X==r00,Y==r10,Z==r11,T==r01,a,b,c,d);

6.2. Birinci Mertebe Potansiyel Integral Yaklasimlar icin MATLAB Kodlan

function ts(N)
tau=1/N;
for k=1:N; r(k)=k*tau; end;
for k=1:N; Mk(k)=2*k+1; h(k)=2*pi/MKk(K);
for m=1:Mk(k)+1; o(k,m)=-pi+(m-1)*h(k);
end;end;
1=0;
for k=1:N;
for m=1:Mk(k)+1; I=1+1; q(k,m)=l;
end;end;
aa=I0; for k=1:N;
for m=1:Mk(k)+1;
I=q(k,m); z(D=exp(i*o(k,m))*r(k); zp(l)=exp(i*(o(k,m)+h(k)/2))*(r(k)+tau/2);
end;end;for u=1:N;

for v=1:Mk(u)+1; ju=q(u,v); zz=zp(ju);



for k=1:N-1; for m=1:MKk(Kk);

I=q(k,m); z00=z(l); z01=z(q(k,m+1)); z10=r(k+1)*exp(i*o(k,m));
z11=r(k+1)*exp(i*o(k,m+1));
t1=conj(z01)/z01*(z11-z01+zz*log((z11-zz)/(z01-zz2)));
t2=z10*conj(z10)/zz*log((z10-zz)*z11/((z11-zz)*z10));
t3=conj(z00)/z00*(z00-z10+zz*log((z00-zz)/(z10-zz2)));
t4=z00*conj(z00)/zz*log((z01-zz)*z00/((z00-zz)*z01));
tkm=t1+t2+t3+t4; tkm=tkm/(2*pi*i);

if abs(zz)<=r(k+1)& abs(zz)>=r(k)& angle(zz)<=o(k,m+1) & angle(zz)>=o(k,m);
too(ju,l)=conj(zz)+tkm;
else too(ju,l)=tkm;
end; end;end; end;end;
for u=1:N-1; for v=1:Mk(u);
s=0; ju=q(u,v);
for k=1:N-1; for m=1:Mk(k);
I=q(k,m); z00=z(l); s=s+too(ju,l)*ro(z00);
end; end;
tt(ju)=s; et(ju)=t(zp(ju)); errs(ju)=abs(tt(ju)-et(ju));
end; end;
aaa=max(errs)
for k=1:N-1,
for m=1:Mk(k);
I=q(k,m); z00=z(l); z01=z(q(k,m+1)); z10=r(k+1)*exp(i*o(k,m));
z11=r(k+1)*exp(i*o(k,m+1));
tl=conj(z01)/z01*(z11-z01); t2=conj(z10)*(z10-z11)/z11,
t3=conj(z00)/z00*(z00-z10); t4=conj(z01)*(z01-z00)/z00;
tkm=t1+t2+t3+t4; to(l)=-1/(2*pi*i)*tkm;
end;end,;
s=0;
for k=1:N-1,;
for m=1:Mk(k);
I=g(k,m); s=s+to(l)*ro(z(l));

end;end;
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function esro=ro(z)
esro=z"2-(conj(2))"2;
function estx=t(z)
if abs(z)<=1 & abs(z)>0
estx=z"2*conj(z)-z-(conj(z))"3/3;
else

estx=0;

end;

6.3. Birinci Mertebe Singiiler Integral Yaklasimlari icin MATLAB Kodlan

function s(N)
I=1;tau=I/N;
for k=1:N;
r(k)=k*tau;
end;
for k=1:N;
Mk(K)=2*k+1; h(k)=2*pi/Mk(k);
for m=1:Mk(K)+1;
o(k,m)=-pi+(m-1)*h(k);
end;end;
j=0;
for k=1:N;
for m=1:Mk(K)+1;
=i+ atk,m)=j;
end;end;
Ss=j
for k=1:N;
for m=1:Mk(k)+1;
iFatkm);  z()=exp(i*o(k,m))*r(k); zp(j)=exp(i*(o(k,m)+h(k)/2))*(r(k)+tau/2);
end;end,;
for u=1:N;
for v=1:Mk(u)+1;
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ju=q(u,v);  zz=zp(ju);
for k=1:N-1;

for m=1:Mk(k);

J=a(k,m); z00=z(j); z01=z(j+1); z10=z(j)+tau*exp(i*o(k,m));
z11=z(j+1)+tau*exp(i*o(k,m+1));
s1=conj(z01)/z01*(log((z11-zz)/(z01-zz))+zz*(z11-z01)/((z11-zz)*(z01-z2)));
s2=z10*conj(z10)/zz*((z10-z11)/((z11-zz)*(z10zz))+1/zz*log((z11zz)*z10/z11/(z10zz)));
s3=conj(z10)/z10*(log((z00-zz)/(z10-zz))+zz*(z00-z10)/((z00-zz)*(z10-z2)));
s4=z01*conj(z01)/zz*((z01-z00)/((z00-zz)*(z01-zz)) +1/zz*log((z00-zz)

*z01/z00/(z01 zz))); skm=s1+s2+s3+s4; skm=1/(2*pi*i)*skm; soo(ju,j)=skm;
end;end; end;end;
for u=1:N-1;
for v=1:Mk(u);
ss=0;  ju=q(u,v);
for k=1:N-1,
for m=1:Mk(k);
j=q(k,m);ss=ss+so0(ju,j)*ro(z(j));
end;end;
s(ju)=ss;errs(ju)=abs(s(ju)-exacts(zp(ju)));

end; end;
sss=max(errs);sss=sqrt(sss*pi)*tau

function esro=ro(z)
esro=z"2-(conj(2))"2;
function estx=exacts(z)

estx=2*z*conj(z)-1;

6.4. ikinci Mertebe Potansiyel integral Yaklasimlarin MATLAB Kodlar

function t2(N)
I=1;M=1;tau=I/N;

for k=1:N;

r(k)=k*tau; rp(k)=r(k)+tau/2;

end;
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for k=1:N;
Mk(K)=(2*k+1)*M; h(k)=2*pi/Mk(k);
for m=1:Mk(K)+1;
o(k,m)=-pi+(m-1)*h(k); op(k,m)=0(k,m)+h(k)/2;
end;end;
j=0;
for k=1:N;
for m=1:Mk(K)+1;
i=it1; a(k,m)=j;
end;end;
ss=j; tool=zeros(j);
too2=too01;to03=too1;too4=too1l;
for k=1:N;
for m=1:Mk(k)+1;
iFatkm);  z()=exp(io(k,m))*r(k);  zp(j)=exp(i*op(k,m))*rp(k);
end;end;
for u=1:N;
for v=1:Mk(u)+1;
ju=q(u,v); zz=zp(ju);
for k=1:N-1,;
for m=1:Mk(k);
j=q(k,m); z00=z(j); z10=r(k+1)*exp(i*o(k,m)); z11=r(k+1)*exp(i*(o(k,m)+h(K)));
z01=r(k)*exp(i*(o(k,m)+h(k)));
%tool d 1
t1=conj(z00)/z00*(z10-z00+zz*log((z10-z2)/(z00-22)));
t2=z11*conj(z11)/zz*log((z11-zz)*z10/(z10-zz)/z11);
t3=conj(z11)/z11*(z01-z11+zz*log((z01-z2)/(z11-22)));
t4=z00*conj(z00)/zz*log((z00-zz)*z01/(z01-zz)/z00);
tkm=t1+t2+t3+t4; tkm=-1/(2*pi*i)*tkm;
if op(u,v)<=o(k,m+1)& op(u,v)>=0(k,m) & r(k)<=rp(u)& r(k+1)>=rp(u)
tool(ju,j)=conj(zz)+tkm;  else tool(ju,j)=tkm;
end;

%to02 c z"2-conj(zz)"2
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t1=((conj(z00)/z00)-(conj(z00)/z00)"3/3)*(z1073/3-z200"3/3+2z*210"2/2-
2z*700"2/2+zz"2*(z10-z00)+zz"3*log((z10-z2)/(z00-zz2)));
t2=(z10*conj(z10))*(z11-z10+zz*log((z11-zz)/(z10-zz)))-(z10*conj(z10))"3/3*(-
1/z2z"3*log(z11/210)+1/zz"2*(1/z11-1/210)+1/(2*zz)*(1/z11"2-1/210"2)+1/zz"3*log((z11-
22)/(z10-22)));
t3=((conj(z01)/z01)-(conj(z01)/z01)"3/3)*(z01"3/3-211"3/3+22*201"2/2-
zz*71172/2+72"2*(z01-211)+z2z"3*log((z01-22)/(z11-22)));
t4=(z00*conj(z00))*(z00-z01+zz*log((z00-zz)/(z01-zz)))-(z00*conj(z00))"3/3*(-
1/zz"3*log(z00/z01)+1/zz"2*(1/z00-1/z01)+1/(2*zz)*(1/200"2-1/201"2)+1/zz*3*log((z00-
22)/(z01-z2)));

tkm=t1+t2+t3+t4; tkm=-1/(2*pi*i)*tkm;

if op(u,v)<=o(k,m+1)& op(u,v)>=0(k,m) & r(k)<=rp(u)& r(k+1)>=rp(u)

too2(ju,j)=zz*zz*conj(zz)-(conj(zz))"3/3+tkm; else too2(ju,j)=tkm;

end;

%too3 b conj(zz)

t1=1/2*(conj(z00)/z00)"2*(z10"2/2-200"2/2+2z*210-2z*z00
+z2"2*10g((z10-22)/(z00-22)));
t2=1/2*(conj(z11)*z11)"2*(1/zz"2*log(z10*(z11-22)/(z11*(z10-22)))
+1/zz*(1/211-1/z210));

t3=1/2*(conj(z01)/z01)"2*(z01"2/2-211"2/2+z22*201-zz*z11
+z2"2*log((z01-22)/(z11-22)));
t4=1/2*(conj(z00)*z00)"2*(1/zz"2*log(z01*(z00-zz)/(z00*(z01-zz)))
+1/2z*(1/200-1/201)); tkm=t1+t2+t3+t4; tkm=-1/(2*pi*i)*tkm;

if op(u,v)<=o(k,m+1)& op(u,v)>=0(k,m) & r(k)<=rp(u)& r(k+1)>=rp(u)

too3(ju,j)=(conj(zz)) 2/2+tkm; else too3(ju,j)=tkm;

end;

%t004 az
t1=(conj(z00)/z00)*(z10"2/2-200"2/2+z2z*210-2z*200+zz"2*log((z10-z22)/(z00-z2)));
t2=(z10*conj(z10))*log((z11-zz)/(z10-z2));
t3=(conj(z11)/z11)*(z01"2/2-211"2/2+22*201-2z*211+2z"2*log((z01-22)/(z11-22)));
t4=(z00*conj(z00))*log((z00-zz)/(z01-zz));

tkm=t1+t2+t3+t4;

tkm=-1/(2*pi*i)*tkm;
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if op(u,v)<=0(k,m+1)& op(u,v)>=0(k,m) & r(k)<=rp(u)& r(k+1)>=rp(u)
too04(ju,j)=zz*conj(zz)+tkm;

else too4(ju,j)=tkm;

end; end;end; end;end;
for u=1:N;

for v=1:Mk(u)+1;

ss=0;  ju=q(u,v);

for k=1:N-1;

for m=1:Mk(k);
j=aq(k,m); z00=z(j); z10=r(k+1)*exp(i*o(k,m)); z11=r(k+1)*exp(i*(o(k,m)+h(k)));
z01=r(k)*exp(i*(o(k,m)+h(k))); r00=ro(z00); r01=ro(z01); r10=ro(z10); rl1=ro(z11);
a=(r00*z01"2*conj(z10) - r00*z10"2*conj(z01) - r01*z00”2*conj(z10)
+r01*z1072*conj(z00) + r10*z0072*conj(z01) - r10*z01"2*conj(z00)
- r00*z01"2*conj(z11) + r00*z11"2*conj(z01) + r01*z00"2*conj(z11)
- r01*z1172*conj(z00) - r11*z0072*conj(z01) + r11*z01"2*conj(z00)
+r00*z10"2*conj(z11) - r00*z11"2*conj(z10) - r10*z00"2*conj(z11)
+r10*z1172*conj(z00) + r11*z00"2*conj(z10) - r11*z1072*conj(z00)
- r01*z1072*conj(z11) + r01*z1172*conj(z10) + r10*z01"2*conj(z11)

- r10*z1172*conj(z01) - r11*z01"2*conj(z10) + r11*z10"2*conj(z01)
+ r00*conj(z01)*conj(z10)"2 - r00*conj(z01)*2*conj(z10) - r01*conj(z00)*conj(z10)"2
+ r01*conj(z00)"2*conj(z10) + r10*conj(z00)*conj(z01)"2 - r10*conj(z00)"*2*conj(z01)
- r00*conj(z01)*conj(z11)"2 + r00*conj(z01)"2*conj(z11) + r01*conj(z00)*conj(z11)"2
- r01*conj(z00)"2*conj(z11) - r11*conj(z00)*conj(z01)"2 + r11*conj(z00)"2*conj(z01)
+ r00*conj(z10)*conj(z11)"2 - r00*conj(z10)"*2*conj(z11) - r10*conj(z00)*conj(z11)"2
+ r10*conj(z00)"2*conj(z11) + r11*conj(z00)*conj(z10)"2 - r11*conj(z00)"2*conj(z10)
- r01*conj(z10)*conj(z11)"2 + r01*conj(z10)"2*conj(z11) + r10*conj(z01)*conj(z11)"2
- r10*conj(z01)"2*conj(z11) - r11*conj(z01)*conj(z10)"2
+ rl1*conj(z01)"2*conj(z10))/(z00*z01"2*conj(z10) - z00*z10”2*conj(z01)
+z01*z10”"2*conj(z00) - z00"2*z01*conj(z10) + z00"2*z10*conj(z01)
- z0172*z10*conj(z00) - z00*z01"2*conj(z11) + z00*z11"2*conj(z01)
- z01*z1172*conj(z00) + z00"2*z01*conj(z11) - z00"2*z11*conj(z01)
+ z0172*z11*conj(z00) + z00*z1072*conj(z11) - z00*z11"2*conj(z10)
+210*z11"2*conj(z00) - z00"2*z10*conj(z11) + z00"2*z11*conj(z10)
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- 21072*z11*conj(z00) - z01*z10”2*conj(z11) + z01*z11"2*conj(z10)

- 210*z1172*conj(z01) + z01"2*z10*conj(z11) - z01"2*z11*conj(z10)
+z1072*z11*conj(z01) + z00*conj(z01)*conj(z10)"2 - z00*conj(z01)*2*conj(z10)

- z01*conj(z00)*conj(z10)"2 + z01*conj(z00)"2*conj(z10) + z10*conj(z00)*conj(z01)"2
- z10*conj(z00)"2*conj(z01) - z00*conj(z01)*conj(z11)"2 + z00*conj(z01)*2*conj(z11)
+ z01*conj(z00)*conj(z11)"2 - z01*conj(z00)"2*conj(z11) - z11*conj(z00)*conj(z01)"2
+ z11*conj(z00)*2*conj(z01) + z00*conj(z10)*conj(z11)"2 - z00*conj(z10)*2*conj(z11)
-z10*conj(z00)*conj(z11)"2 + z10*conj(z00)"2*conj(z11) + z11*conj(z00)*conj(z10)"2
- z11*conj(z00)"2*conj(z10) - z01*conj(z10)*conj(z11)"2 + z01*conj(z10)*2*conj(z11)
+z10*conj(z01)*conj(z11)"2 - z10*conj(z01)*2*conj(z11) - z11*conj(z01)*conj(z10)"2
+ z11*conj(z01)"2*conj(z10));

b=(r00*z01*z10"2 - r00*z0172*z10 - r01*z00*z1072 + r01*z0072*z10 + r10*z00*z01"2
- r110*z00"2*z01 - r00*z01*21172 + r00*z0172*z11 + r01*z00*z11"2 - r01*z00"2*z11
- r11*z00*z0172 + r11*z0072*z01 + r00*z10*z11"2 - r00*z10"2*z11 - r10*z00*z11"2
+r10*z0072*z11 + r11*z00*z10”2 - r11*z0072*z10 - r01*210*z11"2 + r01*z10"2*z11
+r10*z01*z1172 - r10*z01"2*z11 - r11*z01*210"2 + r11*z0172*z10

- r00*z01*conj(z10)"2 + r00*z10*conj(z01)"2 + r01*z00*conj(z10)"2

- r01*z10*conj(z00)*2 - r10*z00*conj(z01)*2 + r10*z01*conj(z00)"2
+r00*z01*conj(z11)"2 - r00*z11*conj(z01)"2 - r01*z00*conj(z11)"2
+r01*z11*conj(z00)"2 + r11*z00*conj(z01)"2 - r11*z01*conj(z00)"2

- r00*z10*conj(z11)"2 + r00*z11*conj(z10)"2 + r10*z00*conj(z11)"2

- r10*z11*conj(z00)*2 - r11*z00*conj(z10)"2 + r11*z10*conj(z00)"2
+r01*z10*conj(z11)"2 - r01*z11*conj(z10)"2 - r10*z01*conj(z11)"2
+r10*z11*conj(z01)"2 + r11*z01*conj(z10)"2

- r11*z10*conj(z01)"2)/(z00*z01"2*conj(z10) - z00*z1072*conj(z01)
+z01*z210"2*conj(z00) - z00"2*z01*conj(z10) + z00"2*z10*conj(z01)

- z0172*z10*conj(z00) - z00*z01”2*conj(z11) + z00*z11”2*conj(z01)

- z01*z1172*conj(z00) + z00"2*z01*conj(z11) - z00"2*z11*conj(z01)
+z0172*z11*conj(z00) + z00*z10”2*conj(z11) - z00*z11"2*conj(z10)
+210*z11"2*conj(z00) - z00"2*z10*conj(z11) + z00"2*z11*conj(z10)

- 21072*z11*conj(z00) - z01*z1072*conj(z11) + z01*z11”2*conj(z10)

- 210*z1172*conj(z01) + z0172*z10*conj(z11) - z01"2*z11*conj(z10)
+21072*z11*conj(z01) + z00*conj(z01)*conj(z10)"2 - z00*conj(z01)*2*conj(z10)
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- z01*conj(z00)*conj(z10)"2 + z01*conj(z00)*2*conj(z10) + z10*conj(z00)*conj(z01)"2
- z10*conj(z00)"2*conj(z01) - z00*conj(z01)*conj(z11)"2 + z00*conj(z01)*2*conj(z11)
+ z01*conj(z00)*conj(z11)"2 - z01*conj(z00)"2*conj(z11) - z11*conj(z00)*conj(z01)"2
+ z11*conj(z00)"*2*conj(z01) + z00*conj(z10)*conj(z11)"2 - z00*conj(z10)*2*conj(z11)
- z10*conj(z00)*conj(z11)"2 + z10*conj(z00)"2*conj(z11) + z11*conj(z00)*conj(z10)"2
- z11*conj(z00)"*2*conj(z10) - z01*conj(z10)*conj(z11)*2 + z01*conj(z10)*2*conj(z11)
+ z10*conj(z01)*conj(z11)"2 - z10*conj(z01)"2*conj(z11) - z11*conj(z01)*conj(z10)"2
+ z11*conj(z01)"2*conj(z10));
c=-(r00*z01*conj(z10) - r00*z10*conj(z01) - r01*z00*conj(z10) + r01*z10*conj(z00)
+ r10*z00*conj(z01) - r10*z01*conj(z00) - r00*z01*conj(z11) + r00*z11*conj(z01)
+r01*z00*conj(z11) - r01*z11*conj(z00) - r11*z00*conj(z01) + r11*z01*conj(z00)
+ r00*z10*conj(z11) - r00*z11*conj(z10) - r10*z00*conj(z11) + r10*z11*conj(z00)
+r11*z00*conj(z10) - r11*z10*conj(z00) - r01*z10*conj(z11) + r01*z11*conj(z10)
+r10*z01*conj(z11) - r10*z11*conj(z01) - r11*z01*conj(z10)
+r11*z10*conj(z01))/(z00*z01”2*conj(z10) - z00*z10"2*conj(z01)
+z01*z10"2*conj(z00) - z00"2*z01*conj(z10) + z00"2*z10*conj(z01)
- z0172*z10*conj(z00) - z00*z01"2*conj(z11) + z00*z11"2*conj(z01)
- z01*z1172*conj(z00) + z00"2*z01*conj(z11) - z00"2*z11*conj(z01)
+z01"2*z11*conj(z00) + z00*z10"2*conj(z11) - z00*z11~2*conj(z10)
+210*z11"2*conj(z00) - z00"2*z10*conj(z11) + z00"2*z11*conj(z10)
- 21072*z11*conj(z00) - z01*z10"2*conj(z11) + z01*z11"2*conj(z10)
- 210*z1172*conj(z01) + z01"2*z10*conj(z11) - z0172*z11*conj(z10)
+210"2*z11*conj(z01) + z00*conj(z01)*conj(z10)"2 - z00*conj(z01)"2*conj(z10)
- z01*conj(z00)*conj(z10)"2 + z01*conj(z00)"2*conj(z10) + z10*conj(z00)*conj(z01)"2
- 210*conj(z00)"2*conj(z01) - z00*conj(z01)*conj(z11)"2 + z00*conj(z01)*2*conj(z11)
+ z01*conj(z00)*conj(z11)"2 - z01*conj(z00)"2*conj(z11) - z11*conj(z00)*conj(z01)"2
+ z11*conj(z00)"2*conj(z01) + z00*conj(z10)*conj(z11)"2 - z00*conj(z10)*2*conj(z11)
- z10*conj(z00)*conj(z11)"2 + z10*conj(z00)"2*conj(z11) + z11*conj(z00)*conj(z10)"2
- z11*conj(z00)"2*conj(z10) - z01*conj(z10)*conj(z11)"2 + z01*conj(z10)*2*conj(z11)
+ z10*conj(z01)*conj(z11)"2 - z10*conj(z01)"2*conj(z11) - z11*conj(z01)*conj(z10)"2
+ z11*conj(z01)"2*conj(z10));
d=-(r00*z01*z10"2*conj(z11) - r00*z01*z11"2*conj(z10) + r00*z10*z11”2*conj(z01)
- r00*z0172*z10*conj(z11) + r00*z01"2*z11*conj(z10) - r00*z1072*z11*conj(z01)
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- 101*z00*z1072*conj(z11) + r01*z00*z11"2*conj(z10) - r01*z10*z11"2*conj(z00)
+r01*z00"2*z10*conj(z11) - r01*z00"2*z11*conj(z10) + r01*z1072*z11*conj(z00)
+r10*z00*z01"2*conj(z11) - r10*z00*z11"2*conj(z01) + r10*z01*z11"2*conj(z00)

- r10*z00"2*z01*conj(z11) + r10*z00"2*z11*conj(z01) - r10*z01"2*z11*conj(z00)

- r11*z00*z01”2*conj(z10) + r11*z00*z10"2*conj(z01) - r11*z01*z1072*conj(z00)
+r11*z0072*z01*conj(z10) - r11*z00"2*z10*conj(z01) + r11*z01"2*z10*conj(z00)

+ r00*z01*conj(z10)*conj(z11)"2 - r00*z01*conj(z10)*2*conj(z11)

- r00*z10*conj(z01)*conj(z11)"2 + r00*z10*conj(z01)"*2*conj(z11)

+ r00*z11*conj(z01)*conj(z10)"2 - r00*z11*conj(z01)*2*conj(z10)

- r01*z00*conj(z10)*conj(z11)"2 + r01*z00*conj(z10)"2*conj(z11)

+ r01*z10*conj(z00)*conj(z11)"2 - r01*z10*conj(z00)"2*conj(z11)

- r01*z11*conj(z00)*conj(z10)"2 + r01*z11*conj(z00)"2*conj(z10)

+ r10*z00*conj(z01)*conj(z11)"2 - r10*z00*conj(z01)"2*conj(z11)

- r110*z01*conj(z00)*conj(z11)"2 + r10*z01*conj(z00)"2*conj(z11)

+ r10*z11*conj(z00)*conj(z01)"2 - r10*z11*conj(z00)"2*conj(z01)

- r11*z00*conj(z01)*conj(z10)"2 + r11*z00*conj(z01)"2*conj(z10)

+ r11*z01*conj(z00)*conj(z10)"2 - r11*z01*conj(z00)"2*conj(z10)

- r11*z10*conj(z00)*conj(z01)"2

+ r11*z10*conj(z00)*2*conj(z01))/(z00*z01"2*conj(z10) - z00*z10"2*conj(z01)
+z01*z10"2*conj(z00) - z00"2*z01*conj(z10) + z00"2*z10*conj(z01)

- z0172*z10*conj(z00) - z00*z01"2*conj(z11) + z00*z11"2*conj(z01)

- z01*z1172*conj(z00) + z00"2*z01*conj(z11) - z00"2*z11*conj(z01)
+z01"2*z11*conj(z00) + z00*z1072*conj(z11) - z00*z11~2*conj(z10)
+210*z11"2*conj(z00) - z00"2*z10*conj(z11) + z00"2*z11*conj(z10)

- 21072*z11*conj(z00) - z01*z10"2*conj(z11) + z01*z11"2*conj(z10)

- 210*z1172*conj(z01) + z01"2*z10*conj(z11) - z01"2*z11*conj(z10)
+210"2*z11*conj(z01) + z00*conj(z01)*conj(z10)"2 - z00*conj(z01)"2*conj(z10)

- z01*conj(z00)*conj(z10)"2 + z01*conj(z00)*2*conj(z10) + z10*conj(z00)*conj(z01)"2
- 210*conj(z00)"2*conj(z01) - z00*conj(z01)*conj(z11)"2 + z00*conj(z01)*2*conj(z11)
+ z01*conj(z00)*conj(z11)"2 - z01*conj(z00)"2*conj(z11) - z11*conj(z00)*conj(z01)"2
+ z11*conj(z00)*2*conj(z01) + z00*conj(z10)*conj(z11)"2 - z00*conj(z10)*2*conj(z11)
- z10*conj(z00)*conj(z11)"2 + z10*conj(z00)*2*conj(z11) + z11*conj(z00)*conj(z10)"2
- z11*conj(z00)"2*conj(z10) - z01*conj(z10)*conj(z11)"2 + z01*conj(z10)*2*conj(z11)
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+ z10*conj(z01)*conj(z11)"2 - z10*conj(z01)*2*conj(z11) - z11*conj(z01)*conj(z10)"2
+ z11*conj(z01)"2*conj(z10));
ss=ss+tool1(ju,j)*d+too2(ju,j)*c+too3(ju,j)*b+too4(ju,j)*a;
end;end;
s(ju)=ss;
end; end;
$s=0;
for k=1:N-1;
for m=1:Mk(k);
J=a(k,m); ss=ss+abs(s(j)-exacts(zp(j)))"2;
end;
end;
ss=sqrt(ss*pi)*tau;
hata=ss
function esro=ro(z)
esro=1;
function estx=exacts(z)

estx=conj(z);

6.5. Ikinci Mertebe Singiiler Integral Yaklasimlarin MATLAB Kodlar:

function s2(N)
I=1;M=1;tau=I/N;

for k=1:N;

r(k)=k*tau; rp(k)=r(k)-tau/2;
end;

for k=1:N;

Mk(K)=(2*k+1)*M; h(k)=2*pi/Mk(k);
for m=1:Mk(K)+1;
o(k,m)=-pi+(m-1)*h(k); op(k,m)=o(k,m)+h(k)/2;
end; end,;
j=0;
for k=1:N;
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for m=1:Mk(K)+1;
Fitl; qk,m)=j;
end; end;
ss=j; s=zeros(j); sool=zeros(j);5002=s5001;5003=5001;5004=5001;
for k=1:N;
for m=1:Mk(k)+1;
iFatkm);  z()=exp(i*o(k,m))*r(k);  zp(j)=exp(i*op(k,m))*rp(k);  hs(j)=0;
end; end;
for u=1:N;
for v=1:Mk(u)+1;
ju=q(u,v); zz=zp(ju);
for k=1:N-1;
for m=1:Mk(k);
j=aq(k,m); z00=z(j); z10=r(k+1)*exp(i*o(k,m)); z11=r(k+1)*exp(i*(o(k,m)+h(k)));
z01=r(k)*exp(i*(o(k,m)+h(k)));
%s00l d 1
s1=conj(z00)/z00*(log((z10-zz2)/(z00-zz))+zz*(1/(z00-zz)-1/(z10-22)));
s2=z11*conj(z11)*(-1/zz"2*log((z11-zz)*z10/(z10-zz)/z11)
+1/zz*(1/(z10-22)-1/(z11-22)));
s3=conj(z11)/z11*(log((z01-z2)/(z11-zz))+zz*(1/(z11-2z)-1/(z01-22)));
s4=z00*conj(z00)*(-1/zz"2*log((z00-zz)*z01/(z01-zz)/z00)
+1/zz*(1/(z01-z2)-1/(z00-z2)));
skm=s1+s2+s3+s4; skm=-1/(2*pi*i)*skm; sool(ju,j)=skm;
%s002 c z"2-conj(z)"2
s1=(conj(z00)/z00 -1/3*(conj(z00)/z00)"3)*(z1072/2-z00"2/2+2*zz*(z10-
z00)+3*zz"2*log((z10-z2)/(z00-22))-zz"3*(1/(z10-22)-1/(z00-22)));
§2=z10*conj(z10)*(log((z11-zz)/(z10-z2))-zz/(z11-zz)+zz/(z10-22))-
(z10*conj(z10))"3/3*(3/zz4*log(z11/z10)-2/2z2"3*(1/z211-1/210)-1/(2*2z"2)*(1/z11"2-
1/21072)-3/zz"4*log((z11-z2)/(z10-22))+1/2z"3*(1/(z210-22)-1/(z11-22)));
s3=(conj(z01)/z01 -1/3*(conj(z01)/z01)"3)*(z01°2/2-211"2/2+2*z2z*(z01-
z11)+3*z2"2*log((z01-z2)/(z11-22))-zz""3*(1/(z01-22)-1/(z11-22)));
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s4=z00*conj(z00)*(log((z00-zz)/(z01-zz))-zz/(z00-zz)+zz/(z01-2z))-
(z01*conj(z01))"3/3*(3/zz"4*log(z00/z01)-2/2z"3*(1/z200-1/201)-1/(2*zz"2)*(1/z00"2-
1/20172)-3/zz"4*1og((z00-zz)/(z01-zz))+1/zz"3*(1/(z01-2z)-1/(z00-zz)));

skm=s1+s2+s3+s4; skm=-1/(2*pi*i)*skm;

if op(u,v)<=o(k,m+1)& op(u,v)>=0(k,m) & r(k)<=rp(u)& r(k+1)>=rp(u)

s002(ju,j)=2*zz*conj(zz)+skm;

else soo2(ju,j)=skm;

end;
%s003 b conj(z)
s1=1/2*(conj(z00)/z00)"2*(z10-z00+2*zz*log((z10-zz)/(z00-zz))
-zz"2*(1/(z10-zz)-1/(z00-z2)));
§2=1/2*(conj(z11)*z11)"2*(2/zz*3*log(z11*(z10-zz)/(z10*(z11-2z)))
-1/zz72*(1/211-1/210+1/(z11-22)-1/(z10-22)));
$3=1/2*(conj(z01)/z01)"2*(z01-z11+2*zz*log((z01-z2)/(z11-2z))
-zz"2*(1/(z01-z2)-1/(z11-z22)));
s4=1/2*(conj(z00)*z00)"2*(2/zz"3*log(z00*(z01-z2)/z01/(z00-zz))
-1/z2z2"2*(1/200-1/z01+1/(z00-zz)-1/(z01-22)));

skm=s1+s2+s3+s4; skm=-1/(2*pi*i)*skm; soo3(ju,j)=skm;
%s004 az
s1=conj(z00)/z00*(z10-z00+2*zz*log((z10-z2)/(z00-zz))-zz"2*(1/(z10-z2)-1/(z00-22)));
§2=z10*conj(z10)*(1/(z10-zz)-1/(z11-zz2));
s3=conj(z11)/z11*(z01-z11+2*zz*log((z01-z2)/(z11-22))-zz""2*(1/(z01-22)-1/(z11-22)));
s4=z00*conj(z00)*(1/(z01-zz)-1/(z00-zz2));

skm=s1+s2+s3+s4; skm=-1/(2*pi*i)*skm;

if op(u,v)<=0(k,m+1)& op(u,v)>=0(k,m) & r(k)<=rp(u)& r(k+1)>=rp(u)
s004(ju,j)=conj(zz)+skm;

else s004(ju,j)=skm;

end; end;end; end;end;
for u=1:N;

for v=1:Mk(u)+1;

ss=0;  ju=q(u,v);

for k=1:N-1,

for m=1:Mk(k);
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J=a(k,m); z00=z(j); z10=r(k+1)*exp(i*o(k,m)); z11=r(k+1)*exp(i*(o(k,m)+h(k)));
z01=r(k)*exp(i*(o(k,m)+h(k))); ro0=ro(z00); r01=ro(z01); r10=ro(z10); r11=ro(z11);
%

%70-74 sayfalardaki a,b,c ve d katsayilar1 i¢in ayni kodlar eklenecektir.
%
§s=ss5+s5001(ju,j)*d+s002(ju,j)*c+s003(ju,j) *b+so04(ju,j) *a;

end; end;
s(ju)=ss; se(ju)=exacts(zp(ju)); hs(ju)=abs(ss-se(ju));

end; end;

$s=0;

for k=1:N-1;

for m=1:Mk(k);

j=a(k,m); ss=ss+abs(s(j)-se(j))"2;

end; end;
ss=sqrt(ss*pi)*tau; hata=ss

%disp(hs)
function esro=ro(z)
esro=z"3;
function estx=exacts(z)

estx=3*z"2*conj(z)-2*z,
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