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SUMMARY

Inverse nodal problem for p—Laplacian differential operators

In this thesis, we have studied on p—Laplacian differential operators. The thesis contains five main
chapters. In chapter 1, historical improvement of inverse spectral theory and p—Laplacian differential
operators is given. Then, the fundamental definitions and theorems related to our thesis and some
properties of generalized trigonometric functions are expressed in chapter 2. In chapter 3, p—Laplacian
diffusion equation with boundary conditions which depends on spectral parameter polynomially is
considered. By using generalized Priifer substitution, asymptotic formulas of eigenparameters and
reconstruction formulas for potential functions are obtained. In chapter 4, p—Laplacian Bessel equation
where the boundary conditions have polynomially dependent spectral parameter is considered. Later,
inverse nodal problem for this equation is solved by using generalized Priifer substitution. Finally,

some conclusions about thesis are expressed in chapter 5.

Key Words: Inverse Nodal problem, p—Laplacian Diffusion equation, p—Laplacian Bessel equa-

tion, Priifer Substitution.

111



OZET

p—Laplacian diferensiyel operatorler icin ters nodal problem

Bu tezde, p—Laplacian diferensiyel operatorleri galigildi. Tez beg temel kisimdan olugmaktadir.
Birinci boliimde, ters spektral teori ve p—Laplacian diferensiyel operatorlerinin tarihgesi verildi. Daha
sonra, ikinci boliimde tez ile ilgili temel tanim ve teoremler ile genellegtirlmis trigonometrik fonksiy-
onlarm bazi ozellikleri ifade edildi. Uciincii boliimde, smir kosullarinda polinom seklindeki spektral
parametreye sahip p—Laplacian difiizyon denklemi ele alindi. Genellegtirilmig Priifer doniigtimii kul-
lanilarak, ozparametreler igin asimptotik formiiller ve potansiyel fonksiyon i¢in yapilandirma formiil-
leri elde edildi. Dordiincii boliimde, sinir kogullarinda polinom seklindeki spektral parametreye sahip
p—Laplacian bessel denklemi ele alindi. Daha sonra, bu denklem icin ters nodal problem genellegtir-
ilmig Priifer doniigtimii kullanilarak ¢oziildii. Son olarak beginci boliimde tezle ilgili baz1 sonuglar ifade

edildi.

Anahtar Kelimeler: Ters Nodal Problem, p—Laplacian Difiizyon denklemi, p—Laplacian Bessel

Denklemi, Priifer Doniigiimii.
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SYMBOLS

The set of Natural Numbers

The set of Real Numbers

Generalized Sine Function

Generalized Tangent Function

Generalized Pi Number

The space of all functions which are square integrable on (a, b)
The space of all functions which are integrable on (a, b)
Sobolev Space

Potential function

n.th eigenvalue

j.th nodal point coressponding to n.th eigenvalue

j.th nodal length coressponding to n.th eigenvalue

Big oh

Small oh



1 INTRODUCTION

In mathematics, p—Laplacian, or the p—Laplace operator, is a quasilinear elliptic partial differential
operator of second order. It is a nonlinear generalization of the Laplace operator, where p is allowed
to range over 1 < p < oco. In the special case when p = 2, this operator reduces to the usual Laplacian.
In general solutions of equations involving the p—Laplacian do not have second order derivatives in
classical sense, thus solutions to these equations have to be understood as weak solutions.

In the classical theory of the Laplace equation several main parts of mathematics are joined in
a fruitful way: calculus of variations, partial differential equations, potential theory, function theory
(analytic functions), not to mention mathematical physics and calculus of probability. This is the
strength of the classical theory. It is very remarkable that the p—Laplace equation occupies a similar
position, when it comes to non-linear phenomena. Much of what is valid for the ordinary Laplace
equation also holds for the p—harmonic equation, except that the principle of superposition is naturally
lost. A non-linear potential theory has been created with all its requisites: p—superharmonic functions,
Perron’s method, barriers, Wiener’s criterion and so on. In the complex plane a special structure
related to quasiconformal mappings appears. Last but not least, the p—harmonic operator appears in
physics: glacelogy, radiation of heat, plastic moulding etc.

In inverse spectral theory, application of p—Laplacian operators is a new and popular subject.
There are many important studies about these type operators in literature. For instance, Delpino
and Manasevich [2] considered the global bifurcation from the eigenvalues of the p—Laplacian in 1991.
Fabry and Fayyad [3] studied the periodic solutions of the second order differential equations with a
p—Laplacian and asymmetric nonlinearities in 1992. Reichel and Walter [4] found radial solutions of
equations and inequalities involving the p—Laplacian in 1997. Walter [5] explained Sturm-Liouville
theory for the radial A,—operator in 1992. In 1999, Reichel and Walter [6] solved Sturm-Liouville
type problems in p—Laplacian form under asymptotic non-resonanca conditions. Cuesta [7] studied
eigenvalue problems for the p—Laplacian with indefinite weights in 2001. Binding and Drabek [§]
considered Sturm-Liouville theory for p—Laplacian in 2003. Bonder and Pinasco [9] examined the
asymptotic behaviour of the eigenvalues of the one dimensional weighted p—Laplacian operator in 2003.
Brown and Reichel [10] studied the eigenvalues of the radially symmetric p—Laplacian in 2004. Bonder
and Pinasco [11] considered eigenvalues of the p—Laplacian in fractal strings with indefinite weights
in 2005. Binding and Volkmer [12] constructed Priifer angle asymptotics for Atkinson’s semi-definite
Sturm-Liouville eigenvalue problem in 2005 and 2006. Binding, Boulton, Cepicka and Drabek [13]

studied basic properties of eigenfunctions of the p—Laplacian in 2006. Pinasco [14] made a comparison



of eigenvalues for the p—Laplacian with integral inequalities in 2006. Brown and Eastham [15] studied
eigenvalues of the radial p—Laplacian with a potential on (0,00) in 2007. Binding and Rynne [16]
examined variational and non-variational eigenvalues of the p—Laplacian in 2008. Law, Lian and
Wang [17] solved inverse nodal problem and the Ambarzumyan problem for the p—Laplacian in 2009.
Wang [18] studied direct and inverse problems for one dimensional p—Laplacian operators in 2010.
Wang, Cheng and Lian [19] solved inverse nodal problems for the p—Laplacian with eigenparameter
dependent boundary conditions in 2011. Chen, Cheng and Law [20] studied Tikhanov regularization
for the inverse nodal problem for p—Laplacian in 2012. Chen, Law, Lian and Wang [21] obtained some
results about optimal upper bounds for the eigenvalue ratios of one dimensional p—Laplacian in 2013.
Binding and Volkmer [22] gave a new approach about a Priifer angle to semi definite Sturm-Liouville
problem with coupling boundary conditions in 2013. Gulsen and Yilmaz [23] solved inverse nodal
problem for p—Laplacian diffusion equation with polynomially dependent spectral parameter in 2016.
Gulsen, Yilmaz and Koyunbakan [24] studied inverse nodal problem for p—Laplacian Dirac system
in 2016. Law, Wang and Chuan Wang [25] examined Sturm-Liouville equation for Atkinson’s semi
definite p—Laplacian eigenvalue problems in 2016. There are many other studies in literature about
p—Laplacian eigenvalue problems.

Now, let us say something about the difference of our work from other studies. As much as we
know, there is not any study about p— Laplacian Bessel equation with the boundary conditions which
depends on spectral parameter polynomially. By cahnging conditions, we get new and original results
about asymptotic expansions of nodal parameters and potential functions for p—Laplacian Bessel

equation.



2 PRELIMINARIES

2.1 Some Basic Definitions and Theorems

In this section, we give some important concepts that we need througout this thesis.

Definition 2.1.1: (Big Oh Notation) [26] Let f and g be two functions defined on a subset
of real numbers. Then, f = O(g) as © — oo if and only if there exists the numbers z¢ and M which

satisfy
[f(z)] < Mg(=)],

where x > xg.

Definition 2.1.2: (Small Oh Notation) [26] Let f and g be two functions defined on a subset

of real numbers. Then, f(x) = o(g(x)) if and only if

im M =
xl_)OO o) 0.

Definition 2.1.3 (Hilbert space) [27] A complete inner product space is called Hilbert sapce.

Definition 2.1.4 (L? (Q2) Hilbert Space) [27]The space of all square integrable complex valued

functions on  is called L? (2) space. The inner product on L? (Q) is defined by
<f9>= [ f@ids,
Q

where f,g € L?(Q). The spectral theory of differential operators are studied on L? (Q2).

Definition 2.1.6.(Sobolev Space) [28] Sobolov space was introduced by Russian mathematician
Sergei Lvovich Sobolev in 1930 to examine elliptic differential equations. Suppose that € is a bounded

domain on R". Then

w2 (Q) = {u cu € L*(Q) and gu

e (@),
is called sobolev space. We have an inclusion relation W2 (Q) ¢ L? (Q). The inner product on the

sobolev space W12 (Q) is defined by

L

<f.q >:/fgdm+/gradfgradgdm,
Q Q

where f,g € WH2(Q).



2.2 Generalized Trigonometric Functions

In this section, we will give some information about generalized trigonometric functions which are
useful throghout this thesis. Trigonometric functions are one of the most important group of the
elemantary functions. Using these functions, we can solve geometric problems, complex analytic
problems and also problems which involve Fourier series. All the six trigonometric functions can be
defined through the sine and cosine functions. In fact, one can develop all the properties of the

functions using the differential properties
(sinz)’ = cosz, (cosz) = —sinz, sin(0)=0,cos(0) =1,

or using the integral properties

sinx 1
1 1
T = / (1—t*)"2dt, |z]= / (1—12)" 2 dt.
0 cos

There are some generalizations of these trigonometric functions [1]. They are called the generalized
sine function Sy,(x) and generaized cosine function Cp,(x), with p > 1. They are essentially defined by

their integral equations

Sp() 1
1 1
= / (=) 3 dt, |a| = / (1— )% dt. (2.2.1)
0 Cp()

When p = 2, the above formulas give the classical sine function and cosine function. However, the
above definitions make sense when p > 1. Moreover, most of the trigonometric properties can be

derived. In fact, the S,(z) function satisfies the identity

|Sp(@) | + [ Sy (2)]" = 1, (2.2.2)
and the differential equation )
§1a) = — [2D g (2.2.3)
P S (x) P

Note that for the general p, S} (z) play a more important role than Cy(x). But when p = 2, they
are the same. It seems that Elbert [29], [30] first studied the S,(z) and Cp,(x) functions. He used
the differential equation (2.2.3) and derived (2.2.1) and (2.2.2). In 1995, Lindqvist conducted a more

detailed study about the similar sin,(z) and cos,(x) functions where sin,(z) is used as

siny ()

1
" _1
p—1
0




so that the related differential equation is
!/
({S’{H S’) +[S)P 2 s =o0.

Lindqvist [31], [32] also defined generalized tangent function tan,(z) and discussed the relation between
cosp(x) and cos,(x). Elbert’s definition of Sj(x) and Lindqvist’s definition of sin,(z) are similar but

not the same. We will adopt Elbert’s definitions and most of his notations [33], [34].

Definition 2.2.1. (Generalized Pi number) [1] Generalized Pi number was defined by David

Shelupsky as

1
1
Tp = 2/—ds, (2.2.4)
o {/(1- sP)P
which is shown to be the bounded area enclosed by the graph of |z|” 4 |y’ = 1. By taking p = 2, we

get the classical Pi number as

S.

ﬁ:2o/ﬁd

7 is known as Euclidean number. This is the area of the unit circle enclosed by z2 4 3% = 1.

Definition 2.2.2 (Generalized Sine Function) [18]The solution of the following initial value

problem
_ [(S;(x))(p_l)}/ —(p- 1)51()1;_1)(30)’
5p(0) =0, S,(0) =1,

is called generalized sine function where fP~1) = | f|? 27

Theorem 2.2.1. [1] For the fix number p > 1, the following statements are equivalent.

Tp T
o o< [3.5].
a) For any = € 59
Sp()
1
o= [ -
0

and for any x € R,
Sp(x + kmp) = (=1)*S,(z).
b) S,(0) = 0,5,(0) =1, and
Sp(@)P” + |Sp(@)]” = 1.



Theorem 2.2.2. [1] For all x € R, it is known that

Proof: We know that

z = / (1— |P) "7 dt (2.2.5)

0

for x € [—%, %} by Theorem 2.2.1. By using the substitution t = —r in 2.2.5., we get

Sp(z) —Sp(w)
1 1
= / (A=) S dt == — / (1 [rP)"% dr.
0 0

On the other hand, one can easily write the following equality from 2.2.5.

Sp(—z)

= / (1—|t]P) "7 dt (2.2.6)

So, we finally conclude that

by considering 2.2.5 and 2.2.6 together. This completes the proof.

Theorem 2.2.3. [1] For any = € R,z # (k: + %) for any k € Z,
a)

s--|2[ s,
b)
(5570 =[Sy~ 0= DIS,F =1-pISP =1-p+p|S)]"
)
(IS5]” = 15,7)" = —2p5P~ s,
Proof:

!/
a) Let us consider the differential equation — [(Sl’)(x))(p_l)} =(p— 1)51()1)_1) (z). It is easy to get

that
—(p—1) (S)(2))" 78" = (p— 1)S7 "} (x)
and, )
— (S’)p_2 S’ — Sp‘Z(x)S = S = _ & " S
P p — ~p p p SIIJ p-



It completes the proof.

!/
b) By using the multiplication rule in derivative (SpS]/)(p _1)> , we get

(Sps7 D) = 8,507V -5, (5509 (2.2.7)

Then by using the relation

in 2.2.7., one can get
/ /
(Spszl)(p_l)> = SI’)SI/)(p—l) +5, (S;(p_1)>
= 55 =5, |(p - STV (@)
= (%)= (-1s}.

Finally, using the equality |S,(z)|” 4 |S)()|” = 1 in the last relation, we get

(5p5779) = 1-pIS,@)I = (1 - p) +p|S)(x) -

-2
¢) By considering S} = — ‘% ‘p Sp in a), we obtain
p
1P 4 1(p—1) SI(Jp_l) (p—1) o7
({Sp| - ‘Sp‘p) = —pS,” S/(p—z)‘ —PSTSy
P

= —pSyUs, —pSPYs,

= —2pSI()p_1)SI’).

Definition 2.2.3. (Generalized tangent function) [1] Using Spy(x) and S},(z), the generalized
tangent function 7),(z) can be defined as

Sp(x)

Tp(x) = W

, for o # <k+%>7rp,

where
1
Ty(x) = 1+ |T,(z)[", for = # <k: + 5) Tp-

There are many other studies about generalized trigonometric functions in literature.



3 INVERSE NODAL PROBLEM FOR p—LAPLACIAN DIFFU-
SION EQUATION WITH POLYNOMIALLY DEPENDENT SPEC-
TRAL PARAMETER

Let us consider following p—Laplacian diffusion eigenvalue problem [35]

— () = (0= 1) (2 = gm(@) — 20 (@)) ¥, 0 < < 1, (3.1)

with the boundary conditions

y'(1,A) + f(Ny(L,A) =0, (3.2)

where p > 1 is a constant, [36]
fO) =ar A+ ag)? + ...+ @\, a; € R, a,, #0,m € ZT, (3.3)
X is a spectral parameter and y®—1 = \y\(p —2) y. Throughout this study, we suppose that g, (x) €

L%*(0,1) and 7, (x) € W4(0,1) are real-valued functions defined in the interval 0 < z < 1 for all

m € ZT. Equation (3.1) becomes following well-known diffusion equation (or quadratic pencil)
—" + [gm + 207y = N2y, (3.4)

for p = 2. Equation (3.4) is extremely important for both classical and quantum mechanics. For
instance, such problems arise in solving the Klein-Gordon equations, which describe the motion of
massless particles such as photons. Diffusion equations are also used for modelling vibrations of
mechanical systems in viscous media (see [37]). In this type of problems, the spectral parameter A is
related to the energy of the system, and this motivates the terminology ‘energy-dependent’ used for
the spectral problem of the form (3.4). Inverse problems for quadratic pencil have been studied by
numerous authors (see [38], [39], [40], [41], [42], [43], [44], [45], [46], [47], [48], [49], [50], [51], [52], [53],
[54]).

Inverse spectral problem consists in recovering differential equation from its spectral parameters
like eigenvalues, norming constants and nodal points (zeros of eigenfunctions). These type problems are
divided into two parts as inverse eigenvalue problem and inverse nodal problem. They play important
role and also have many applications in applied mathematics. Inverse nodal problem has been firstly
studied by McLaughlin in 1988. She showed that the knowledge of a dense subset of nodal points is

sufficient to determine the potential function of Sturm-Liouville problem up to a constant [55]. Also,



some numerical results about this problem were given in [56]. Nowadays, many authors have given
some interesting results about inverse nodal problems for different type operators (see [57], [58], [59],
[60], [61)).

In this study, we concern ourselves with the inverse nodal problem for p—Laplacian diffusion
equation with boundary condition polynomially dependent on spectral parameter. This problem was
solved by [55]. Furthermore, we give asymptotics of eigenparameters and reconstructing formula for
potential function.

n—1
The zero set X,, = {x?m} ~ of the eigenfunction y,, ,,(x, A) corresponding to A, ,, is called the

set of nodal points where 0 = x(()nr)n < xgnr)n < ... < xfln_)lm < xq(lnzn = 1 for all m € Z*. And,
U7 = @ 1, — 7, is referred to the nodal length of yy . The eigenfunction y,n(z) has exactly
n — 1 nodal points on (0, 1).

This chapter is organized as follows: In 3.1, we give some asymptotic formulas for eigenvalues
and nodal parameters for p—Laplacian diffusion eigenvalue problem (3.1)-(3.2) with polynomially

dependent spectral parameter by using modified Priifer substitution. In 3.2, we give a reconstruction

formula of the potential functions for the problem (3.1)-(3.2).

3.1 Asymptotics of Some Eigenparameters for Diffusion equation

Here, we present some important results for the problem (3.1)-(3.2). To do this, we need to consider
modified Priifer’s transformation which is one of the most powerful method for solution of inverse

problem. Recalling that Priifer’s transformation for a nonzero solution y of (3.1) takes the form

y(z) = R(2)S, (Az/p e(m)), (3.1.1)
y(x) = \PR()S, (AQ/p e(m)),

or

1 (\2/p
y'(z) _ AZ/pSp (A 9(3@,)\)>

y(x) Sp (V7 0@, 2)

(3.1.2)

where R(z) is amplitude and 6(z) is Priifer variable [62]. After some straightforward computations,

one can get easily following relation [63]

0 (z,\) =1— q”;—(f)sg (AQ/p oz, A)) . grm(x)Sg (AQ/I’ o(z, A)) . (3.1.3)



1
—. Then,

Lemma 3.1. [19] Define 0(x, A\ m) as in (3.1.1) and ¢, (x) = Sh ()\z/p 0(x Anm)> -5
for any g € L*(0,1)
1
/¢n(x 0.
0
Theorem 3.1. [63] The eigenvalues A, ., of the p— Laplacian diffusion eigenvalue problem given
in (3.1)-(3.2) have the form
1 1 / / 1
)xi/P =nw — — + — /ql(x)dx +— /1"1 )dz + O < ) , (3.1.4)
! ay (nfr)%2 p(nf)P~! 2 %2 3
. . 1 1
AP = g — — + - _/qg(x)dx—i- /1"2 dx—i—O( ),
? a (mr)%2 + ag (n7)? p (n#)P~! 4 %2 4 Pt
(3.1.5)
1 1
! S /()d+ /()d+0< )
— — i x — [ rm(z)dx — |,
a1 (07)' T + ot 4y ()5 P (WA )7 Pt
(3.1.6)

Ai{f.’n = nr—

for m=1, m=2 and m > 3, respectively as n — oo
Proof: Let 0(0,\) = 0 for the problem (3.1)-(3.2). Integrating both sides of (3.1.3) with respect
()SD (Az/p 9(3@,A)> d

1
&
0

ylw

to x from 0 to 1, we get
1
1
- / )SP Az/p oz, A)) dz
0

o(1,

By lemma 3.1, one can obtain

/

@ ( ){Sp ()\2/13 0(x A)) —I—lj}dxzo(l), as n — 00

/lqm(x)dx pE jrm(x)dx +0 <A ) (3.1.7)

Hence, we get

APO(1,0) = A2/P — -
92
pAT ¥
Let Ay, be an eigenvalue of the problem (3.1)-(3.2) for all m. Now, we will prove the theorem for

= 1. By (3.1.2), we have
NPR(1)S! (AQ/I’ a1, An1)> +adaR(1)S (AQ/I’ a(1, An1)> —0,

10



or

n,1 2/p
— =T, (N7 0(1, 1)
a s (Nre ) o )
As n is sufficiently large, it follows
2_1 2_1
2/ [ A . A S-2
N0 An) =T, [ ——= =nit——— 4o\ ). (3.1.8)

al al ’

By considering (3.1.7) and (3.1.8) together, we get

1 1
1 1
Ai{f:nﬁ— —= p1/Q1 dx—i— /7"1 dx—i—O(np 2).
aj (n7) > 4 4

For the case m = 2, by using the similar process as in m = 1, we can easily obtain

AT R(1)S, (AQ/I’ a1, )\nz)> + (a1 a2 + a2)2 ) R(1)S, (AQ/I’ a(1, /\n2)> —0,

or
2 2
An2 Sp (A f 01, An 2)> 2/p
b S ()
G1An2 t+02Ans S (/\ 0(1, A\, 2))
and 4 4
AP AP
NIB 01, M 0) = it — ——"2 — 4o r2 5 |- (3.1.9)
a1An2 + a2y, o (a1An2 + az)\i,z)
Therefore, we have
1 1 2 / 1
Ai/P = nf — _ + — /qg(x)dx + 7_/7”2(30)6530 + 0 < ) )
? ay (nfr)%2 +ag (na)P~t P (ndyP ™ 5 p (”7%)%2 b et

by using (3.1.7) and (3.1.9). Finally, let us find the asymptotic expansion of \,, ,,, for m > 3. Similarly,
by using (3.1.2), we have

N RS, (A28 00, M) ) + (@1hm + o+ @A) RSy (A5, 01, A m)) =0,

or
2

v Sy (AP 0(1, Am)
a1 hm +>\.I.7.7 + am Ay m - SZ EAZ/p o(1. )\nm)g =1, (Ai{fn 0(1, An,m)) . (3.1.10)

By considering (3.1.7) and (3.1.10) together and using similar procedure, we deduce that

1 1
1 1 1
AP = ni— —=3 —ps + T /qm(x)dx—i- / x)dz+0O < 1) :
J J

11



Theorem 3.2. [63] Asymptotic estimates of the nodal points for the problem (3.1)-(3.2) satisfies

1 1
J J J 27
2, = L - + - Hdt + ———— [ ri(t)dt 3.1.11
7,1 n alnp;2'f(‘g pnp+17rp0/q1( ) pn%+1ﬁgo/ 1( ) ( )
xg'l,l x;'l,l
+ ! /q1(t)Spdt+ 2 /rl(t)Spdt +0 <i>
(n7)? p (nﬁ)g p np )’
0 0
J J J 27
., = = — + — t)dt + ————— [ ro(t)dt 3.1.12
2 n 'S 75+ agnpa? Pn”“WpO/qQ( ) pn§+1ﬁ§0/ 2(t) ( )
x?ﬂ x?z .
+ 1 > /QQ(t)Sgdt—i- 2 5 /rz(t)sgdt+0< =7+1>,
(n7)” J (ni)2 ) np
and
, , , 1 . 1
J J J 29
Tim = = — Y A/q tdt+7/r t)dt
i,m n Chn%ﬁ% + .+ amn—f-&-lﬁ—f pnp+17TpO m( ) png“frg / m( )
1 2 j
+— £)SPdt + /r t)SPdt + O , 3.1.13
(n?)” 0/ B J m(®)55 i (31.13)

for m=1, m=2 and m > 3, respectively as n — oo.

Proof: Integrating (3.1.3) from 0 to z7,, and letting 0(z7%,,,A) = )\‘727/; , we have

7n,m
x?ﬂ’n x;l,m
n Jm 1 » 2 ,
Tim = a7, Tz [ am()Spdt+ 5 Tm (t)Shdt. (3.1.14)
>\n,m n,m 0 T,

Now, we will find the asymptotic estimate of nodal points for m = 1. From the formula (3.1.4),

we deduce
1 1
L L ! /q(t)dt+ 2 /r(t)dt—i—O(l) (3.1.15)
— = - — 1 _— 1 — |, .
XA 4 ma)e pa) p () FH "

and therefore we obtain the formula (3.1.11) by using (3.1.14) and (3.1.15).

In (3.1.11), if we take L S 1asn— 00, we obtain
n

1 1
J j j %
! o ain ERr S pnp+177p0/ql( ) pn§+1ﬁ§ J 1(t) ( )




for m = 2 is considered as

By using (3.1.5), the asymptotic estimate of eigenvalues 1/\
1 1
1 1 1 / 2 1
—_ = — — 1 QQ dt+ R /TQ(t)dt+O< >a
Ai{g " (mAT)% + ap (mr)pJrl p+ J p( mr)g“ ) nptl
(3.1.17)
and, we conclude the formula (3.1.12) by using (3.1.14) and (3.1.17)
In the formula (3.1.12), if we take L o lasn— 00, we have
n
1 1
J J J 2j
x, = = - t)dt + /7"2 t)dt 3.1.18
= e [wOa [ @19

0
/1 ()dt—l—0< }H)
0

11
- .
AR T g (7T 4o+ apy (n) 2

and we get the formula (3.1.13) by using (3.1.14) and (3.1.19)

In (3.1.13), if we take L 1 asn— oo, we obtain
n

J J
.Tn = - - m m - q
S .t R RO St D L pn
1 1
1
+ - t)dt + rm(t)dt + O 3.1.20
Sy [0+ o [t (=) (3.1.20)
Theorem 3.3. [63] Asymptotic estimate of the nodal lengths for the problem (3.1)-(3.2) satisfies
1 1
1 1 1 2
no= == t)dt 3.1.21
st noogntT il - pnp“ApO/ aBdi+ g pnstin 0/7"1 ( )
Tii1a Tit11
1
t)Shdt SPdt + O
J:?l J:;{l
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1 1
1 1 1 2
jo = —— + A tdt+7/r t)dt 3.1.22
72 n al’ﬂp;2ﬁ'g + agnpt1izP pnPHLRP 0/(]2( ) pnip+17}g J 2( ) ( )
T o T 9
4 ()Pt + —2 (t)srdt+0 [ —
,r‘ )
(n7t)P 2)2p (nﬁ)% 2\7p np+1
x;‘2 x?z
and
1 1
1 1 1 2
" = — - - t)dt + /r t)dt
j,m n an -;-2 ﬁg 1o +amnﬂ2ﬁ+1ﬁ% pnp-&-lTrp O/Qm( ) png+1ﬁg / m( )
1 Tit1,m Tit1m
+-— t)SPdt + rm(t)SPdt + O , 3.1.23
(n7r)? J m(t)Sy mr)g g m(t)Sy < +1> ( )
X x]’m

for m=1, m=2 and m > 3, respectively as n — oo.

Proof: For large n € N, integrating (3.1.3) in [z},,,27,, | and using the definition of nodal

lengths, we have

) x?+1,m x?—&-l,m
" T 1 /
1= | gu()SPdt + rin (£) S 3.1.24
A A T e
Tim Zjm
or
x;ﬁ_l’m x?+1,m
T 1 2 1
n,. =——+— / t)dt + /r t)dt + O
hm )\721{71;1 pki,m () PAnm m(?) n3+l
a}".l J?n
Jsm

J,m

For m = 1, m = 2 and m > 3, we can obtain easily (3.1.21), (3.1.22) and (3.1.23) by using the

formulas (3.1.15), (3.1.17), (3.1.19), respectively.

3.2 Reconstruction of the potential functions in Diffusion equation

In this section, we give an explicit formula for the potential functions of the diffusion equation (3.1)
by using nodal lengths. The method used in the proof of the theorem is similar to classical problems;

p—Laplacian Sturm-Liouville eigenvalue problem and p—Laplacian energy-dependent Sturm-Liouville

eigenvalue problem (see [17], [18], [19], [35]).
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Theorem 3.4. [63] Let q,,(z) € L2(0,1) and r,(x) € W3(0,1) are real-valued functions defined

in the interval 0 < x <1 for all m. Then

A2
. PAhm 1
gm(@) = lim | =227 —pp2 ) (32.1)
and
2.1
T'm (T —nl_)nolo o b 9 s

for j = jnm(z) = max {j cal,, < x} and m € Z7.

Proof: We need to consider Theorem 3.3 for proof. From (3.1.24), we have

)\2/p+2 )\2/p Tit1m 9 )\2/p+1 x?—‘rl,m
U = PAn o + P = G () SEL + p% / T (t)SPdt.
z3, 5 m
Then, we can use similar procedure as those in [17] for j = j, m(z) = max { jral, < x} to show
)\2/13 Tiim
[ an(®dt — ano)

Jzzm
and y

o/p IHbm

PATm 1
= qm(t) (Sg — 5) dt — 0,

73,

pointwise almost everywhere. Hence, we get

>\ l”
gm(z) = lim ijm — A

n—0o0

By using similar way, we can easily get the asymptotic expansion of r,,(x).

n=2

Theorem 3.5. [63] Let {lﬁnrzl j=12,...n— 1}00 be a set of modal lengths of the problem

(8.1)-(3.2) where qm(x) and ry(z) are real-valued functions on 0 < x <1 for all m. Let us define

1 1
Foi(x) =p(na)? (nlﬂ) - 1) - P2 4 /q1 t)dt + 2 (n7t p/2/r1 (3.2.2)
0 0
(n) p (n7 )" / [
Fo2(z) = p(nw)? (nljn2 - 1) -+ /qg t)dt + 2 (n#)?/ /7"2 t, (3.2.3)
’ ai + az (mr J J



Fom(z) = p (nf)” (nlﬁl 1) . +...p4f27:i:ﬁ) = 0/1 G (t)dt + 2 (7 )P/? 0/1 o (£)dt. (3.2.4)
and . .
Gt (2) = p(n277)2 (m) 1) - & 2(7;) . 0/ o (B)dt + 0/ ro (1), (3.2.5)
)% g i
Gpa(z) =L ” (nz§ Y _1) . (a1+ i o 2) + PR 0/ @ (t)dt + 0/ ro(t)dt  (3.2.6)
Grom(z) = @ (m}jﬁl - 1)—2 (a1 — +Zm o mg_,,> +2(nlﬁ)g / G (1) dt+ 0/ (D)t (3.2.7)

for m =1, m =2 and m > 3, respectively. Then, {EF, m(z)} and {Gnm(x)} converge to ¢m and

pointwise almost everywhere in L'(0, 1), respectively, for all cases.

Proof: We will prove this theorem only for F), ;. Other cases can be shown similarly. By the

asymptotic formulas of eigenvalues (3.1.4) and nodal lengths (3.1.21), we get

1
pA2, ( ; Bt 1) = pA2, (nl}l) r 1) = ;pw (n)P 2 ) /ql(t)dt
0

1
20 (ni)/2 ) / P (£)dt + o(1).
0
{ =1+0(1), as n — oo, we have

Considering nlf)

ai

(i) (nl7) = 1) = Z (na)?/? = gi(z) - | L(t)dt — 2 (ni)P/? lrl(t)dt
p ( ) q 0/(1 0/

pointwise almost everywhere in L!(0, 1). By using similar way, it is not difficult to show that {G}, m(7)}

converges to 7, pointwise almost everywhere in L!(0, 1), respectively, for all m € Z*.
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4 INVERSE NODAL PROBLEM FOR p—LAPLACIAN BESSEL
EQUATION WITH POLYNOMIALLY DEPENDENT SPECTRAL
PARAMETER

Let us consider following p—Laplacian Bessel eigenvalue problem

- (u’(p_1)>/ =(p-1) <)\ —wo (z) — M) uwP™Y z e [1,a], (4.1)

X

with the boundary conditions

v (a)+ f(N)u(a) =0, (4.2)

where p > 1 is a constant, [64]

f(>\) = bl\/X‘i‘bQ (\/X>2 A oog +bm (\/X>mabz € Ral :L—mabm 7£ O,TI’L € Z+? (43)

X is a spectral parameter and w®= = |u|?~? 4. During this study, we assume that wo(z) € L2[1, a]
is a real-valued function defined on the interval 1 < x < a for all m € Z* and [ is a positive integer or
zero. u(x,\) denotes the eigenfunction of the problem (4.1)-(4.2). Equation (4.1) becomes following
well-known Bessel equation

—u" + wy, (T)u = Au, (4.4)

where w,, (z) = wo (z) + l(%l) for p = 2 [65]. Equation (4.4) is extremely important in mathematical
physics. Let us firstly give some information about physical meaning of Bessel equation and its
historical improvement. In case of a wave function with spherical symmetry, the wave equation can be
separated using polar coordinates and the equation for the radial component becomes equation (4.4).
Physically, A is proportional to the energy of the particle under consideration, wq () is proportional
to the potential energy.

The first studies on the classical Bessel equations were given by Willson, Peirce [66] and Chessin
[67]. Chessin obtained some important results about the general solution of the Bessel equation in
1894. Willson and Peirce gave a table of the first forty roots of Bessel equation in 1897. Then,
Stashevskaya [68] studied inverse spectral problem for differential operators having singularity at zero
in 1950’s. For the case [ = 0 in (4.4), there is a detailed inverse spectral theory in literature. In

particular, Poschel and Trubowitz [69] studied in detail the mapping sending the potential wy into the
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corresponding spectral data, and proved that this mapping is one to one and analytic in 1987. Then,
Guillot and Ralston [70] extended the method of them to the case [ =1 in 1988. Serier [71] extended
this analysis to the case of an arbitrary [ € N. The spectra of the operator L(l,wg) for an arbitrary
[ € N were also completely characterized in 1993 by Carlson [72]. Zhornitskaya and Serov [73] gave
some uniqueness results for Bessel operator in 1994. To develop the ideas of Poschel and Trubowitz,
Carlson [74] proved several results on the unique reconstruction of L(l,wg) from the spectral data for
all real | > —1/2 in 1997. Gasymov [75] announced the solution of the inverse spectral problem for
the Bessel operator L(l,wg) with [ € N in his short paper in 1965. His approach was based on the
double commutation method which allows the reduction of the inverse problem to the classical case
I = 0. There are many other studies about Bessel type operators in classical spectral theory by several
authors (see [76], [77], [78], [79], [80], [81], [82], [83], [84]).

Inverse spectral problem consists in recovering differential equation from its spectral parameters
like eigenvalues, norming constants and nodal points (zeros of eigenfunctions). These type problems are
divided into two parts as inverse eigenvalue problem and inverse nodal problem. They play important
role and also have many applications in applied mathematics. Inverse nodal problem has been firstly
studied by McLaughlin in 1988. She showed that the knowledge of a dense subset of nodal points is
sufficient to determine the potential function of Sturm-Liouville problem up to a constant [55]. Also,
some numerical results about this problem were given in [56]. Nowadays, many authors have given
some interesting results about inverse nodal problems for different type operators (see [57], [58], [59],
[60], [61]).

In this chapter, we concern ourselves with the inverse nodal problem for p—Laplacian Bessel
equation with boundary condition polynomially dependent on spectral parameter. As far as we know,
this problem has not been considered before. Furthermore, we give asymptotics of eigenparameters
and reconstructing formula for potential function of p— Laplacian Bessel eigenvalue problem.

The zero set X,, = {x?m}j_ll of the eigenfunction ¥, m, (z, ) corresponding to A, , is called the
set of nodal points where 0 = x(()nr)n < xgnr)n < ... < xfln_)lm < xq(lnzn =1 for all m € ZT. And,
07 = 2}1m — T, is referred to the nodal length of wp,,. The eigenfunction wy, ,(x) has exactly
n — 1 nodal points on (1, a).

This chapter is organized as follows: In 4.1, we give some asymptotic formulas for eigenvalues and
nodal parameters for p—Laplacian Bessel eigenvalue problem (4.1)-(4.2) with polynomially dependent
spectral parameter by using modified Priifer substitution. In 4.2, we give a reconstruction formula of

the potential functions for the problem (4.1)-(4.2).
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4.1 Asymptotics of Some Eigenparameters for p-Laplacian Bessel equation

Here, we present some important results for the problem (4.1)-(4.2). To do this, we need to consider
modified Priifer’s transformation which is one of the most powerful method for solution of inverse

problem. Recalling that Priifer’s transformation for a nonzero solution u of (4.1) takes the form

u(z) = c(@)8, (Aie(m)), (4.1.1)

W () = (I+1)\re(n)S, (Aie(x,x)),
i (e o) ,
S, (Al/p oz, A))

(4.1.2)

where ¢(x) is amplitude and 6(x, A) is Priifer’s variable [62]. After some straightforward computations,

one can get easily

0 (,0) =1+1+ {— (+1)+(1+1) 7 - %wm (x)} Sy (Al/pé(x, A)) . (4.1.3)

This equality plays an important role in this chapter.

Lemma 4.1. [19] Define 0(x,\) as in (4.1.1) and ¢, (z) = Sh ()\1/1) Q(x,)\)> - 1—1) Then, for any
g € L'[1,a]

/aqﬁn(x)g(x)dx =0.

Theorem 4.1. The eigenvalues Ay of the p— Laplacian Bessel eigenvalue problem given in

(4.1)-(4.2) have the form

~p—3 ~p—2 a
~ _1\p—3 1-p _ 1\p—2 1
)\711{{) _ I+ 1)bl A(Z_g 1) N +1)y71 : pgclb 1) /wl (r)dr+ 0O <np_2> ’
[ (a—1) 1 (n) p (n7) A
(4.1.4)
A (4017 - n%E>
A = T ? (4.1.5)

~p—2 a
I+D)"P1 (a—1)P2 1
p ()" o () + 0 Gz
1
~ [+1) .
where | = » p—1+ i+ 17 for m =1 and m > 2, respectively as n — oo.
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We shall devote most of our attention to §(z, A). This function is chosen so that u(x, A) = 0 if and

only if 6(z, ) = 0(mod ).

Proof: Let 6(1,\) = 0 for the problem (4.1)-(4.2). Integrating both sides of (4.1.3) with respect

to x from 1 to a, we get

0(a,)) = (I+1)(a—1)—(1+1) 75;; (Al/p 9(3@,A)> da

a a

++1) /Sg (Al/p 9(3@,A)> dz — %/wm () S (Al/p 9(3@,A)> dz.

1 1

By lemma 4.2, one can obtain

/awm(x) {sg; (N 02 ) - %} da = o(1), as n — 0o,

1

Hence, we get

1 ~ 1 1) 1
)\1179(@’)\):l(a—l))\zla_%/wm(r)dr—l—O( 5 1). (416)
PN P AT
Let A\, be an eigenvalue of the problem (4.1)-(4.2) for all m. Now, we will prove this lemma for

m = 1. By (4.2), we have

L+ D)X/ Te(@)S) (AT 0l Ana) ) +bidnac(@)Sy (AT 0(a, M) ) = 0.

D n,1 n,1

or

1_1 1/p
LDA2 S (M 8(a An)
_( ) A1 _ p( ! ) =T, (Alfp 9(a, An,1)>-

n,1
by 8, (A1 0@, M) )
As n is sufficiently large, it follows
11 11
[+1)AF 2 [+1)AF 2 2
AP 0(a, Mnyt) = T, <(b)l”1) =i — % +o <>\f;11> . (4.1.7)
By considering (4.1.6) and (4.1.7) together, we get
e | md (+107 =1 -7 (a—1p? 1
N1 == - PRATE + 1 /w1 (r)ydr+0O <np—2> .
l(a—1) 1 (n7) p (nm) /
(4.1.8)

For the case m > 2, by using the similar process as in m = 1, we can easily obtain
(14+ D) A/ el@) Sy (N8 0@ M) )+ (B13 A + o+ b (V) ) e(@)Sy (A/E, 0@, M) ) = 0,
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or
1

(I+1) Aﬁ,m B Sp (Ai{fn 0(a, Anm)) _
b+ ot b (V)" s (/\711{5-’,1 . An,m)> =T, (/\iff—’n 0(a, An,m)> :

By considering (4.1.6) and (4.1.9) together and using similar procedure, we conclude that

JMmE g .
Ao M (+1)1° (a—1)> 2

7(@—1) A P_q ~E mp—p .\ mp—p
(nm)2 byl (a—1)"2 +..4+0by(na) 2

2

p(n#)~t 2=l

This completes the proof.

(4.1.9)

Theorem 4.2. Asymptotic formulas of the nodal points for the problem (4.1)-(4.2) satisfies

~ ~p—1 ~p a
il(a—1) il (a—1)P7" il (a—1)P
’? = 1 s
il YY) bynp 7P L p(+ 1P nrtizP / wi (r)dr
1
T 1w
1 a—1)"wq(r )
Plp — 1— P -
- /( 0 )spmo(mj),
1 1
and
~ N%E mp
=1 il (a—1) il (a—1)2
b n(l+1) ~E=D

for m =1 and m > 2, respectively as n — oo.

Proof: Integrating (4.1.3) from 1 to 27, and letting (z},,,\) = ;1%, we have
N
i T
T 1
T =14 ———— + /Sgdr_ I+ 1) / <1_ w/\m(r)> Spdr.
I+ AMm 7 1 o
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Now, we will find the asymptotic formula of the nodal points for m = 1. By the formula (4.1.4),

we deduce
1 7(0/_1) (l+1) 7p_1 (a_l)p_l (l+1)1—p 7p (a_ 1)]) a 1
Al/{’ - nm - by (’I’Lﬁ')p - p(nfr)p'H /wl (7") dr + O <ﬁ> , (4113)
" 1

and therefore we obtain the formula (4.1.10) by using (4.1.12) and (4.1.13).

For m > 2, from the formula (4.1.5), it can be easily obtain that

mp

~ ~T2 mp
Tt AL b (i
e (n#) %! (blz ’ (a—l)m%%...mm(nﬁ)m?)
(R U )
- p(n)Pt! wn (r)dr +0 | 7357 |

1

and we get the formula (4.1.11) by using (4.1.12) and (4.1.14).

Theorem 4.3. Asymptotic formulas of the nodal lengths for the problem (4.1)-(4.2) satisfies

(n)

la-n 1 @1y Ty |
e A=Y 2 -~ vdr (411
i1 n(+1) + T p(l+1)pnp+17%p/wl (r)dr+ / SPdr  (4.1.15)
1 xgnl)
T T e yrw 1
1 - 1
_ 1— P =
(I+ 1) / (n7t)? Spdr + 0 <np> ’
and
~ 2 mp
— ~1
R ! L laol) (4.1.16)
n(l+1 m_

i+1m ~p
1 I (a=D) wn(r) | o 1
S (Ea / (1 - . Spar +0 (5 ).

for m =1 and m > 2, respectively as n — oco.
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Proof: For large n € N, integrating (4.1.3) in [z}, ,, 27, ] and using the definition of nodal

lengths, we have

(n) (n)

T Z

i+1,m i+1,m
n o P L Lo (™)) gy 4117
. (HDA%JF /Spdr g T | Sk (4.1.17)
’ (n) (n) )
or
2 2 2
. 1 i+1,m 1 i+1m 1 i+1,m 1
e
n =—— +— dr - —— dr + —— m (r)dr+0 | — |.
o (z+1)A£/3?n+P/ "Tp+1y / r+p(l+1)p>\711/fn /w rydr+ <n”>

For m =1 and m > 2, we can obtain easily (4.1.15) and (4.1.16) by using the formulas (4.1.13) and

(4.1.14), respectively.

4.2 Reconstruction of the potential function in Bessel equation

In this chapter, we give an explicit formula for the potential functions of the Bessel equation (4.1) by
using nodal lengths. The method used in the proof of the theorem is similar to classical problems;

p—Laplacian Sturm-Liouville eigenvalue problem (see [17], [18], [19], [35]).

Theorem 4.4. Let wy,(x) € L?(1,a) are real-valued functions defined in the interval 1 <z < a

for all m. Then

1~

P
Nl o) |

,m )

wo(z) = lim < p(I4+ 1P A (4.2.1)

n—0o0
for i =i m(z) = max {z Ly, < x} and m € 7.
Proof: We need to consider Theorem 4.3 to prove this theorem. From (4.1.16), we have

(n)
19 11 %iv1m
pUEV N o) g yqypty, o PUFDIAG
T

7,m &

Skt
)

i,m
(n)

l+1 xi-&-l,m

PMim W, (t)
_ ; 1— Pt
~ / < - Spdt

(n)

i,m
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Then, we can use similar procedure as those in [17] for ¢ = i, ,, () = max {z cal, < x} to show

xh
1 i+1,m
A\Lp

n,m

S Wi (E)dt — Wiy (),

i,m
and

(n)
11%i+1,m
I+ 1)P N\, 1
p(l+ A) n,m / <S£__> dt — 0,
™ p
e
l+1x§i)1,m

pkﬁ,m W, (t) 1

2

i,m

pointwise almost everywhere. Hence, we get

1
P
wm<x) = lim p(l I 1)]3—1 /\n,m )\n,Aml l(n)

wm 1
Theorem 4.5. Let {lz(’;)l j=1,2,...,n— 1}00

- be a set of nodal lengths of the problem (4.1)-
(4.2) where wy,(x) are real-valued functions on 1 < x < a for all m. Let us define

— i (n) . a
[+ 1)P1 P (nl 1+ 1)P 1
Foa(z) = p( s )’ (n7) <a _,11 1) = p(NQ )P (nr) + = /w1 (t)dt | (4.2.9)
I (a—1) byl (a—1)2 I (a—1)7
mp—2p—p
PR 1 Vil (& nlf Ul (@)™ et
n,m 713 (a B 1)p a—1 ( ~TE=R

byl (a——lfﬂ§£4—“u+bm(nﬁ)mgm>
1

+— wmtdt, 4.2.3
z<a_1>[ (t) (4.2.3)

for m =1 and m > 2, respectively. Then, {F, n(z)} converges to w, (z) pointwise almost everywhere
in L'(1,a), respectively, for all cases.

Proof: We will prove this theorem only for F,, ;. Other case can be shown similarly. By the
asymptotic formulas of eigenvalues (4.1.4) and nodal lengths (4.1.15), we get
p(L+ 1) Ay (AT

n,1

1™ _q
@ T ,1

~2

i) L+ 1P 10?7
U1 (” “1_1>_p< Vhawa
“r bil (a—1)>

i nlz(q)

——;—/MUMHWM.
I (a—1)>

1
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Considering nlz(ﬁ) =a—14o0(1), as n — oo, we have

~

I (a—1)

~2

a1 bl (a—1)

pointwise almost everywhere in L'(1,a).
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5 Conclusion

In this thesis, we consider p— Laplacian types differential operators. Recently, there are some studies
about inverse problems for p— Laplacian differential operators. For instance, some authors applied
Ambarzumyan type theorems which is the first study about inverse eigenvalue problems to p—Laplacian
type operators. Many important results about inverse problem of p—Laplacian Sturm-Liouville op-
erator and p—Laplacian Diffusion operator and p—Laplacian Dirac operator are obtained by some
authors. In these studies, they consider these equations with separeted boundary conditions. But,
we consider these type p—Laplacian operators with quite different boundary conditions. Then, by
using generalized Priifer substitution, we solve inverse nodal problem for diffusion and Bessel equa-
tions. As we know, the inverse nodal problem for the classical Sturm-Liouville operator, Diffusion
operator and Dirac operator is now quite well understood. To make clear the inverse nodal problem
for p—Laplacian operators, we get some asymptotic formulas for eigenvalues, nodal parameters and
potential function of the p—Laplacian diffusion eigenvalue problem and p—Laplacian Bessel eigenvalue
problem with polynomially dependent spectral parameter, respectively. We see that the obtained
results are generalizations of the classical problems for p = 2. This makes our study more important

and original.
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