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ABSTRACT

EXTENSIONS OF DIFFEOMORPHISM ALGEBRAS FOR FLUID AND KINETIC
THEORIES

The main goal of this thesis is the extension of the Lie algebra of Dif f(Q) to the Lie alge-
bra of Dif f (Q) x F (Q). For this purpose, we start with an arbitrary Lie algebra, and then
extend it by a subalgebra of its derivation algebra and obtain the conditions for such an exten-
sion. Then, apply these procedure to Dif f((Q) and obtain the subalgebra of derivations that
correspond to the algebra of functions F'(Q)) on (). Finally the Lie algebra cohomological

aspects of this extension are studied.



OZET

AKISKAN VE KINETIK TEORI iLE iLGILi DIFEOMORFiZM CEBIRLERININ
GENISLEMELERI

Bu tezin temel amact Dif f(Q) grubunun Lie cebirinin Dif f (Q) x F (Q) grubunun Lie
cebirine genisletilmesinin incelenmesidir. Bu dogrultuda, verili herhangi bir Lie cebiriyle
baslanarak, tlirev cebirinin bir altcebiriyle genisletilmesinin kosullar1 incelenmistir. Ardin-
dan bu prosediir Di f f (@) grubunun Lie cebirine uygulanmis ve tiirev cebirinin () {izerindeki
fonksiyon cebirine karsilik gelen altcebiriyle genislemesi elde edilmistir. Son olarak, bu

genislemenin kohomolojik 6zellikleri incelenmistir.
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1. INTRODUCTION

In [Marsden and Weinstein 1982], the Poissson-Vlasov equations of collisionless plasma dy-
namics was shown to be Lie-Poisson Hamiltonian equations on the dual of Lie algebra of
Hamiltonian vector fields identified with the space of densities on the particle configuration
space. This formulation started with the configuration space G = Dif f..,, (T*Q) , the group
of canonical diffeomorphisms of the particle phase space (T*Q, Qr-g = dq*Adp;) which is
canonically symplectic.

In [Giimral 2010], a description of the Poisson equation in terms of a momentum map asso-
ciated with gauge symmetries of Hamiltonian particle motion was given. It was pointed out
that such a description requires the configuration space to be a product of the space F' (Q)
of functions on particle configuration space and Di f f.., (T*Q). By its symplectic action on
T*@) the group F' (()) can be seen as a subgroup of Dif f.., (T*Q), and this caused the al-
gebraic structure of the product F' (Q)) X Dif fean (T*Q) remain mysterious. Moreover, this
space is expected to be more important in Lagrangian and in Euler-Poincare formulations of
Poisson-Vlasov dynamics.

In [Esen and Giimral, 2012], Vlasov equations were obtained as vertical representative of
complete cotangent lift of generators of particle motion (elements of the algebra of Hamil-
tonian vector fields). This geometric construction, when generalized to the algebra of sym-
metric tensors (with Schouten concominant), results in dynamics of Vlasov moments with
Kuperschmidt-Manin bracket [Gibbons,1981], [Gibbons,Holm, Tronci, 2008]. It turns out
that the algebra of symmetric tensors has three subalgebras ' (Q)), X (Q) and X (Q) X F' (Q) .
The moment dynamics for the last one is the dynamics of compressible fluids whose config-
uration space is the semi-direct product Dif f (Q) x F' (Q). A more direct description of this
fluid-plasma relation was given as follows [Marsden, Weinstein, Ratiu, Schmid, Spencer,
1983]: the cotangent lifted action of X (Q)) x F (Q) on T*() is Hamiltonian and hence is a
Lie algebra homomorphism into the algebra X}, (7*()) of Hamiltonian vector fields. The
dual of this homomorphism is a Poisson map from the Lie-Poisson structure of plasma dy-
namics to that of compressible fluid known as plasma-to-fluid map.

The problem of translations on particle phase space is related to the homomorphism between



algebra of Hamiltonian vector fields with Jacobi-Lie bracket and the algebra of functions
with Poisson bracket. In [Van Hove, 1951] it was noticed that the correspondance X, <> h
between Hamiltonian vector fields and Hamiltonian functions is defined only up to an ad-
ditive constant. As a result, no canonical transformation exists for the function 1 = {q, p}.
Yet, the corresponding Hamiltonian vector fields commute 0 = [ X, X,|. That means, phase
space translations are commutative in X, (7%()) and are non-commutative in ' (7*Q)).

In the preliminary section, basic definitions related with the Lie algebra extension are pro-
vided. In section 3, we present the Abelian, semi-direct/ direct extensions. In section 4, we
have focused on the algebra of derivations, and the extention of a Lie algebra by a subalgebra
of its derivations. In section 5, basic definitions related to Lie algebra cohomology are given
and applied to the extension by a subalgebra of derivation algebra. In section 6, we want
to understand the relationship between the extension of a subalgebra of a derivation algebra
and the extension by the algebra of functions. To understand that connection, Hamiltonian
vector fields are used as a tool. So, we start with the definition of Hamiltonian vector fields
and focus on the algebra of Hamiltonian vector fields. Finally in the last chapter, we have

studied on the extension of the Lie algebra of Dif f(Q)) by functions.



2. PRELIMINARIES

In this chapter, some definitions which are necessary to understand the Lie algebra extensions

are provided.

Definition 2.0.1. /3] Let V be a set. The commutator of x and y is a binary operation
V' xV — V denoted by

(z,y) — [z, 9]

Definition 2.0.2. /4] Let g be a vector space endowed with |., .| , then g is called a Lie algebra

over F' if it satisfies the anti-symmetry, bilinearity and the Jacobi-identity.

i. Bilinearity

e + By, 2] = alz,z]+ By, 2]
[z, 0+ By = alz ]+ 6]z
iil. Antisymmetry
[I7y] - = [ywr]
[z,2] = Oforallz €g

iii. Jacobi identity

[z, [y, 2]] + [y, [z, z]] + [z, [x,y]] = 0 forall z,y,z € g

Definition 2.0.3. /3] Let s be a subspace of g. If s is closed under a Lie bracket, then s is
called a Lie subalgebra of g.

Definition 2.0.4. /4] If the Lie bracket vanishes, then the Lie algebra is called abelian .

Definition 2.0.5. /3] Let s be a subalgebra of g, then s is called an ideal of g if [w, z] € s

forallw € gand z € s.

If s is an ideal of g such that [w, 2] € s forall w € g and 2 € s, then — [z, w] € s because



[w, z] = — [z, w]. Therefore, there is no meaning to distunguish the notion of the left and

right ideals in Lie algebra.

Definition 2.0.6. [10] If there is a linear mapping between two Lie algebras g and a which
preserves the Lie algebra structure, then the map f :g — ais called a Lie algebra homomor-

phism.

Definition 2.0.7. [10] Let f; : g; — g:11 be a collection of Lie algebra homomorphisms,

By the homomorphism property of f;, we have

fi ([ Bly,) = £ (@), £ (B,

where o, 8 €g;. If range f; =ker f;11 , then the sequence f; is called an exact sequence of

Lie algebra homomorphisms.



3. LIE ALGEBRA EXTENSIONS

Definition 3.0.1. /10] Let g, i and ¢ be Lie algebras. If there are morphisms of Lie algebras

t:h—eand m:e— g

such that
Ker (m) = I'mage (1)

where the homomorphism

is an injection and the homomorphism
Tie— ¢
is a projection(surjection), then the Lie algebras will fit into an exact sequence as
0—=h—e¢e—g—0 (3.1

Definition 3.0.2. [10] The Lie algebra ¢ is called an extension of the Lie algebra g by the

Lie algebra by, if the Lie algebras g, and ¢ fit into an exact sequence as in ??.

Definition 3.0.3. /2] A Lie algebra homomorphism splits if there is a Lie algebra homo-

morphism s : g — ¢ such that w o s =Id, (the identity mapping in g)

The main question is the preservation of the Lie algebra structure of the linearmap s : g — e.
In general, the linear map s : g — ¢ is not necessarily a homomorphism. The Lie algebra

extension problem is to determination how much s differs from a homomorphism.

Proposition 3.0.4. [12] Let 5 € ¢, n € b, then

7 [8,in], = [xB, min], = 0

Proof. The first equality follows from the homomorphism property of 7. In the second



equality, exactness of the sequence was used. [

Corollary 3.0.5.
™ [B,inl, =0 (3.2)

for 5 € ¢, € h means that [3,in], € Ker (r) . Since
Ker (m) = Image (i)

8, in], € Image (i)
So that Image (i) is an ideal in e¢.
Definition 3.0.6. //0]Let g be a Lie algebra. The vector space V over the field K is left

g-module if there is an operator p : gxV — V with the properties

ipa(V+ V) = pav+ pat’
ii.p(a+a/)v = Pa¥ + PV

iii‘p[a,a’]v = [pan Po/]U

for o, o € gandv,v' € V. The operator p is a left action of g on V. For the right action, the
bracket in (iii) incorporates a (—) sign. Use by as the vector space of the definition of left

g-module. Define the left action of g on ty by p : gxbh —bh as

pat) =1 " [sav, in), (3.3)

fora €gandn € e.

Theorem 3.0.7. [10] If the action p is a homomorphism, then Y is a left g-module. In this

case, either Yy is abelian or s is a homomorphism.



Proof. (i)

pa(n+n)=1i" [sa,i (?7 + 77)] = i [sa,in +in],
4
= ! ([sa,in]e + [SO&,Z"I]/} )
'4
= i ! [sa, in), + it [sa, in,]
4

= pall + pal) (by definition of p)

To prove (i) I use the fact that, ¢ is a linear map. The inverse of a linear operator is linear if

it exists.
(i)

Platary=i"[s(a + a'),in) =i [satsa’, in],
= i_l([sa, inle + [30/, in]e):i_l[sa, inle + i_l[so/, in)e

= Pall + parn

To prove (ii), the linearity of the map i~! and the definition of p was used. (ii7)

[P0 psIn=(Paps — pspa)i=papsi — pspan
= pai 5B, il — pai[sar, i,
= i s, it [sB,ane]e — i sB, i s, ine]
= i Ysa, [s8, i) — i Y[sB, [sa, i)
= —i'[sB, [in,salde — i [in, [sav,sB]]e — i [sB, [sav, in])e
= i [s8, [sa,in] ], — i [in, [sa,sBlee — i [sB, [sa, in]ele
= —iin, [sa, s8)cJe=i"[[sa,5B]., infl
= i [slax Bly.inle + i (50,58 — sfov, Bly). e

= PleBN + i_l[([sa,sﬁ]e—s[a, 5]9)7 in]e

To prove (iii), [ use the Jacobi identity and also by adding and subtracting s[«, 5] and by the
definition of p. O



We get the result

[P paln=pra.am + i [([sc,5B].—slax, Blg), inls

Thus, p i1s a homomorphism if

i ([sev,s8],—sla, Blg), inle

vanishes. Let us define [12] w : g X g —h by

w(a, B) =i '([sa,s8]. — s[a, By)

Thus

[pa; PB]U = Pla,8M + [w(a, ﬁ)? 77]b

If
[w(OK?B)?mh =0

then p is a homomorphism. This is possible if
()b is Abelian,

(ii) s is a homomorphism.

(3.4)

(3.5)

If either of these conditions is satisfied, h with the action p is a left g module. In the next

subsections we will consider these two cases separately.

3.1. Extension by an Abelian Lie Algebra

Assume that the homomorphism condition (i), b is Abelian, is met. Therefore b is a left g

-module, and we can define f-valued cochains on g. In particular, w defined by

w(a, B) =i '([sa,58]. — s[a, )

is a 2-cochain ( anti-symmetric,bilinear map). The “failure” of s to be a homomorphism is

measured by this map.



Proposition 3.1.1. /12] wis a 2-cocycle.

Proof. [12] To prove it, the definition of the coboundary operator between cochains,
sn 1 C"(g, V) = C"F(g, V), (3.6)

defined by

n+1

(Spwp) (g, g, ... , Qpt1)= Z(—)Hlpaiwn(al, ..... O , Qi)
i=1
n+1
+ Z(—)J+k([aj,ozk],oz1, ..... SO ey Oy Q)
jk=1

where the caret (~) means an argument is omitted, was used. From the above equation

(sw) (@, 8,7) = paw (B,7) + psw (7, @) + pyw (a, B)
~w ([0, 8,.7) = w (18,7 0) = w (Il . 8)

By using the definition [12]
pat) =1 [sa,in], (3.7)

and the definition of

w(a, B) =i ([sa,s6]. — sla, B,) (3.8)
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we get the result as:

(sw)(a, B,7) = i Hsa,i(i™ ([s8, s7)e — s[8,7]q))]e
i 5B, [s7, sale — sl o)
i (i ([0 5B — sl Blg)
—w ([0 8l 7) = w (18.9),.0) = w (.0, 8)
=i sa [38,59],=s[8. Ylole + i (38, [s7.50 — sl alyl
i s, [scu,58]c — [sfa, Bly),
—w(la, Aoy ) = w([,1] @) = w(r. aly, B)
i s [sav, 56, = [s [, B -
i (sl Blas 571 = sl Blas 7o) =
i (518, s sale = s[18.7]a- )
—i7 ([sl g, 581 — slly, ol Bly)
= i sa [, 9] Je + i[5, 57, sall
i s[5, s8] + 87 (sl Blp, 7o)
7 (s[18, e la) + 17 (sl algs Bla) — i[5, 518, Vg
i sa (8,3l 7 [5B. s[y. ol
i 5B, 0y, algle = i[5, sl Al + 77 [s7, 5l Bl
= 0

Because; the first three vanishes by the Jacobi identity in ¢ , the other three vanishes by the

Jacobi identity in g ,and the others were cancelled in pairs. Hence, w is a 2-cocycle. [

Definition 3.1.2. [12] If there exists a Lie algebra isomorphism o such that o oi =1 and

m = 7' o o where

!

. . ’ /
i:h—e,i’:h—e ,mie—g, T e g,0:e—e¢

, then two extensions ¢ and ¢’ are equivalent. There will be an injection s associated with  and

!
an injection s’ associated with 7’such that 7 o s = 1,= 7’ 0 . The linearmap v = o~ 's —s
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must be from g to ¢h. Consider p and p’ defined using s , ¢ and s, i’ respectively by

pan) =i '[sev,in]e phn =i [so, i

(pa = Pla)n=i""sev, inle — i’ [s'cr, ')
= i 'sa,in), — (o 0i) Ho(v + 1), (0 0i)n)y
= i 'sa,in), —i o o (v + ), oip)
= i Ysa,in). —i (v 4+ 7)a, oiple

= i_l[soz, inle — i_l[l/oz, inle — i_l[ﬁa, inle

= —i'va,inle =0

since b is Abelian. Hence, 7 and 7/ define the same p.

Proposition 3.1.3. [12] An element of the second cohomology group group Hﬁ(g; h), is

uniquely defined by the equivalent extensions.

Proof. Now consider the 2-cocycles w and w’ defined from s and s’ by

w(a,B) =i (jsavs8)c — slav, ) (3.9)

w'(a, B) = w(a, B)=i"" ([s'a, ' Bly — &', B],) — i ([sev,56] — sl )
= i'o N (lo(v+s)a,o(v+ )8y —o(v + 9)[e, B],) — i~ ([sa,s8],—sla, Blg)
Ja, (v + )] — (v + 8)[a, Blg) — i [sa,58] +i " s]a, 5],
[(v+s)a, (v+9)Bl) — i (v + )|, Blg)i [sev,58]e + i sla, Blg

) )

—1

= i ([vo,vBle + [vosple + [sa, vB]e + [sa,sf]e — v, Blg — [sa,s0].

v, vBe + [va,sB]. + [sa, vB]. — v]a, Bla)
[sa, v + [va,sf]. — Ve, Blg)

= palivB) = ps(i”'va) — i~ vfa, B

= 1

= 41

(
(
(
(
(
(

where the definition
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pan) =1 [sa, i), was used.

By comparing with

(swi)(ar, az) = pa,wi(az) = paywi(ar) — wi([on, asl) (3.10)

We see that w’ — w = s(i~'v). So, w and w’ differ by a coboundary. Hence; they represent

the same element in the second cohomology group ; ). [

3.1.1. Bracket for Abelian Extension

The main goal of this subsection is to write down explicitly the bracket in e. An element o e
can be represented as a two-tuple:[12] o = (v, ) where oy €gand ap €h (e = g @ b) as
a vector space. The injection i is i o ay = (0, ap), the projection 7 is 7 o (av, ag) = ay, and

since extension is independent of s we take so(ay,0) = (ay,0). By linearity

[aa ﬁ]e = [(ah 0)7 (617 O)L + [(07 O“/Q)’ (Oa 62”8_’_ [(alv O)’ (07 ﬁQ)]e + (07 aQ)a (ﬁla O)]e
We know that [(0, ), (0, £2)], = 0 since ha,561] . Therefore,

[a7 B]e = [80417351]6 + [(O‘h 0)7 (07 62)]6 + (07 6“2)7 (517 O)]e (3-11)

To write this bracket more explicitly, we evaluate the brackets on the right-hand side of the

above equation. By definition of the cocycle w,

w(a, B) =i ([sa,s8]. — s|a, Bla)

We have
[S&lasﬁl]e = iw(alvﬂl) +3[a17/61]g (312)

Hence

[(@1,0), (B1,0)]e = [sa1,861]e=iw(ar, B1) + s[ou, Bi]g=([a1, Bilg, w(ar, B1))  (3.13)
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By the definition of p,
[(Oq? 0)7 (07 52)]e = [8051, Z.B2]e - pa1ﬁ2
Similarly,
(0, a3), (B1,0)] = iz, sB1], = —pp, 2 (3.14)
So,
[, Ble = ([, Bilgs pon B2 — ppy 2 + w(au, 1)) (3.15)

is the bracket for the bracket abelian extension [12].

3.2. Semi-Direct and Direct Extensions

Assume that w defined by [12]

w (o, B) =i ([s,58]. — s[a, B,) (3.16)

is a coboundary. In that case, there exists an equivalent extension with w = 0, by w' — w =
s(i~'v). For that equivalent extension s is a homomorphism. Thus, the sequence e<— g < 0

is an exact sequence of Lie algebra homomorphisms as well as the sequence given by
0O—=bh—=e—=g—0

where 7 : h — ¢, m: ¢ =g, s: g —e. The homomorphism ¢ is an injection and 7 is a projec-
tion(surjection). We then say that the extension is a semi-direct extension (or semi-direct
sum of algebras). Now consider the case where i ~! is a homomorphism and keri~! = ranges.
Then the sequence

0—=bhces>g—0

wherei:h — e, dp:e—g,s:9g—e i ' :e—his exact in both directions and both i and

¢ = s~! are bijections. The action of g on b is

Pal) = i_l[sa,z’n]e = [i_lsa, nl,=0 (3.17)

1

since by exactness i~ -os = 0 This is called a direct sum.
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3.2.1. Bracket for Semi-Direct and Direct Extension

The main goal of this subsection is to derive the bracket in ¢ for a semi-direct sum. An
element v €e can be represented as as a two-tuple:[12] a = (a1, a2) where oy €g and a, €h

(e = g @ b) as a vector space. The injection i is
ioay =(0,as)
the projection 7 is
mo (o, ) =y

and since extension is independent of s we take so(ay,0) = (ay,0). Also, we know that s is

a homomorphism. So that,

[(041, 0)7 (51, O)]e = [5@1,351]e = 8[a1, 51]9 = ([a1>ﬁl]gv 0)

and b is not assumed Abelian

[(0, a2), (0, B2)]e = [icva, ifB2]e = i]cva, Ba]y = (0, [v2, B2]y) (3.18)
Also
[(O‘I’ 0)7 (Ov 62)]6 = [8041, iBQ]e = Pai B (3.19)
and
[(0, a2), (B1,0)]e = [iaz,sB1]e = —[sP1, i) = —pg s (3.20)
Thus,

[Oé, B]e: [(Oélv 0)7 (617 O)]e+[(07 OQ)? (07 52)]2 + [(alv 0)7 (07 ﬁQ)]e + (07 a2>7 (ﬁh 0)]2 (321)

can be written as

[a, ﬁ]e: ([O‘L 51]97 0) + (07 [Oé?v B2]f)) + PaiBs — PBras (322)

So,
[, /6]22 ([on, 51}97 (s, 52]@ + Paifs — Pﬁl%) (3.23)
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is the bracket for the semi-direct extension. By letting p = 0 in the bracket of semi-direct

extension, we get the desired result for direct extension as:

v, B],= (o1, Bulg, [2, Balp) (3.24)
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4. EXTENSIONS AND ALGEBRA OF DERIVATIONS

Definition 4.0.1. /4] A smooth manifold ) with a group structure such that the multiplication

Q X Q — Q and the inversion () — () are smooth maps, is called a Lie group.

Definition 4.0.2. /4] An infinite dimensional manifold is a manifold modeled on infinite
dimensional locally convex vector space just as a finite dimensional manifold is modeled on

R™

Definition 4.0.3. /4] A Frechet space is a complete locally convex Hausdorff metrizable

vector space.

Definition 4.0.4. /4] A Frechet manifold is a Hausdorff space with a coordinate atlas taking

values in a Frechet space such that all transition functions are smooth maps.

Lemma 4.0.5. /4] Let Q) be a compact n dimensional manifold. Consider the set Dif f (Q)
of diffeomorphisms of Q). It is an open subspace(the Frechet manifold of) all smooth maps
from Q) to Q). The composition and inversion are smooth maps, so that the set Dif f (Q) is a

Frechet Lie group.

In general, if () is paracompact we may consider Dif f(Q) as a Lie group whose Lie algebra

consists of vector fields with compact support. [14]

Lemma 4.0.6. /4] X (Q), the Lie algebra of smooth vector fields on Q) is the Lie algebra of
Dif f(Q).

In this chapter, our aim is to extend the Lie algebra X ()) to the semidirect product Lie
algebra X (Q)) x I (Q)) which is a Lie algebra of the Lie group Dif f (Q) x F' (Q). If we are
given a Lie algebra, there are various ways to extend it. But, we can consider the derivations
on each Lie algebra. So, if a Lie algebra is given then the extension of a Lie algebra by the
derivations on it is naturally done. Because of that, we will consider a Lie algebra extension

by its derivation algebra on it.

Consider any exact sequence of homomorphisms of Lie algebras as in (3.1), where the ho-



momorphism

is an injection and the homomorphism
Tie—g

is a projection(surjection) . Consider a linear mapping
s:g—e

with

mo s = Idg (the identity mapping in g )

Then s induces mappings [13]
a:g— der(h)

X—)OéX

such that

where X € g, H €. Let
2
p: Ag—h

be a Lie algebra valued bivector
(X,Y) = p(X,Y)

such that
p(XY) = [s(X),s (V)] - s ([X.V],)

Proposition 4.0.7.
p(X,Y) € Image (i)

Proof. Consider p (X,Y") and apply the mapping 7 to p (X, Y).

T(p(X,Y)) =7 ([s (X),s(Y)], —s ([X’ Yb))

17

4.1)

(4.2)

(4.3)

(4.4)



Since 7 is linear we have

7 (p (X)) =7 ([s (X) s (V)],) =7 (s (X, V), ))
By the homomorphism property of mwe can write
T(p(X,Y)) =[ros(X),mos(Y) ~mos ([X,Y]g>
mos=1Id,
™ (p(X,Y)) = [X, Y], [X,V],
7 (p(X,Y)) =0

Thus,
p(X,Y) e Ker ()

Since

Ker (m) = Image(i)
the conclusion follows.

How much s differs from a homomorphism is determined by the mapping

p(XY) = [5(X),s (V)] — s ([X.V],)
If the section is changed s to s = s + b for linear b : g — b. Then

ax (H) = ax (H) + adyx) (H)

P (X,Y) = p(X,Y) +adxb(Y) — adyb (X) + [b(X),b(Y)] - b([X,Y])

If there is a linear mapping b : g — b such that

Oé,X (H) = Q0x (H) —|—6Ldb(X) (H)

18

(4.5)

(4.6)

(4.7)

(4.8)

4.9)
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and
p(X,Y)=p(X,Y)+adxb(Y) = adyb (X) + [b(X),b(Y)] = b([X,Y])

then, two data (v, p) and (o, pl) are equivalent A datum («, p) corresponds to a split exten-
sion if and only if («, p) is equivalent to a datum of the form (o/, 0) . This is the case if and

only if there exists a mapping b : g — b such that

Theorem 4.0.8. [13] The Lie algebra structure on ¢ =t @ s(g) can be completely de-

scribed in terms of the maps « and p as

[Hy + s(X41), Hy + s (X2)] = [Hy, Ha] — ax, (Hi) + ax, (Ha) +p (X1, Xa) + 5 ([X1, X3))
(4.10)

Proof.

[Hy +s(X1),Hy+s(X2)] = [Hy,Hy+ s(Xo)] +[s(Xy), Hy + s (X3)]
= [Hy, H] + [Hy, 5 (Xo)] + [s (X1) , 1]
+[s (X1) s (X)]
= [Hy, ] = [s(X2), Hi] 4 [s (X1) , Ho] + p (X1, X3)
+s ([ X1, X))
= [Hi, Ho] — ax, (H) + ax, (Ha) + p (X1, X>)

+s ([X1, Xa])

Theorem 4.0.9. The bracket
[Hl + s (Xl) ,H2 + s (XQ)] = [Hl, HQ] —Qax, (Hl) +OéX1 (Hz) +/0(X1,X2> +s ([Xl, XQ])

defines a Lie algebra structure on ¢ = b @ s (g) if the maps « and p satisfy the following
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properties:
p (X1, X2) = —p (X2, X1)

forall Xy, X5 € g, and

[aleaX2] — ¥[Xq,X2] = adp(Xl,X2)

forall X1, X5 € g.

Proof.
[Hi +s(X1),Hy+s(Xo)] = [Hy, Hy+ s (Xo)]+[s(X1), Hy + s(X2)]
= [Hy, Ho| + [Hy, s (X2)] + [s (X1), Ha| + [s (X1), s (Xa)]
= [Hi, Ho] — [s (Xa), Hi] + [s (X1), Ho] + p (X1, X2)
+s ([X1, X3))
= [Hi, Hy| — ax, (H1) + ax, (Hz) + p (X1, Xy)
+s ([ X1, X2])
[Hy + s (Xa), Hi +s(X1)] = [Ho Hi+s(X1)] + [s(X2), Hi + s (Xy)]

= [Ha, Hi] + [Ha, 5 (X0)] + [s (X2) , Hi] + [s (X2) , s (X1)]
= [Hy, Hi] — [s (X1), Ha] + [s (X2) , Hi]

+p (X2, X1) 4 5 ([ X2, X3])
= [Ha, Hi] — ax, (H2) + ax, (H1) + p (X2, X3)

+s ([ X2, X1])

Anti-symmetry implies that

[Hi+ s (X1),Hy+ s (Xo)] = — [Ho+ 5 (X)), Hi + 5 (X1)]

This is satisfied if and only if

p (X1, Xp) = —p (X, X1)
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To prove the Jacobi- identity

[H1+s(X1), Hy + 5 (X2)], Hy + s (X3)] + [[H2 + 5 (X2), H3 + 5 (X3)], Hi + 5 (X1)]

+[[Hs + s (X3), Hi + s (X3)], Hy + 5 (X2)] =0
We proceed by computing

[Hy + 5(X1), Hy +s(X2)] = [Hy, Hy+ s (Xo)] + [s(X1), Ha + s (X2)]
= [Hy, Ho| + [Hy, s (X2)] + [s (X1), Ha| + [s (X1) , s (Xa)]
= [Hi, Ho| + [Hy, s (X2)] — [Ha, s (X3)] + [s (X1) , 5 (X2)]

[[H1+5(X1), Hy + 5 (X2)], Hy + s (X3)] =
[[Hy, Hy], H3 + s (X3)] + [[H1, s (X2)], H3 + 5 (X3)]

—[[Hy, s (X1)], Hz + 5 (X3)] + [[s (X1), 5 (X2)], Hs + 5 (X3)]

= [[Hy, Ho], H3] + [[Hy1, Ha], s (X3)] + [H1, s (X2)], H3]
+[[Hi, 8 (X2)], s (X3)] — [[H2, s (X1)], H3] — [[H2, 5 (X1)], s (X3)]
+[[s (X1),5(X2)], Hs] + [[s (X1) , s (X2)], 5 (X3)]

Interchanging

1—+2,2—3and1 —3,2—>1

[Hy+ s (X2), Hs + s (X3)], Hi + s (X1)] =
[[Hy, H3], Hy + s (X1)] + [[Ha, s (X3)], Hi + s (X4)]

—[[Hz,s (X1)], Hi + s (X1)] + [[s (X2), s (X3)], H1 + s (X1)]

= [[Hy, H3], Hi] + [[H2, H3], s (X1)] + [[Ha, s (X3)], Hi]
+[[Hz, s (X3)], s (X1)] — [[H3, s (X2)], Hi] — [[H3,5(X2)], s (X1)]

+[s (Xa2) s (Xs)], Hu] + [[s (X2) s (X5)], s (X1)]



and

Therefore

[[H3 +5(X3), Hi +5(X1)], Ha + s (X2)] =

[[H?n Hl] ,Hy + s (XQ)] + [[Hg, S

— [[Hl,s (XQ)] ,Hg + s (XQ)] +

= [[Hs, Hi], Ho] + [[H3, Hi], s (X

+{[Hs, s (X1)], s (X2)] = [[Hy, s (X5)

(X1)], Ha + s (X2)]
[[s(X3),s(X1)], Hy + s (Xa)]

2)] + [[Hsz, 5 (X1)], 3
|s Ho| — [[H1, 5 (X5)], s (X2)]

+[[5(X3),5(X1)], Ho] + [[s (X3) , s (X1)], 5 (X2)]

[H1 +5(X1), Hy + s(Xy)], H3 + 5 (X3)]

+ HHQ + s (XQ) s H3 +s (Xg)] ,H1 + s (Xl)]

+[[Hs +5(X3), Hi + s (Xy)], Ha + 5 (X2)]

= [[H1, Ho], Hs] + [[Hy, Ho] , 5 (X3

Hy, s(X1)], s (X2)] — [[Hi,s

)+ [[Hy, s (Xo)], Hs]

H,
Hy, s (X2)], s (Xs)] = [[H2, s (X1)], Hs] — [[Ha, 5 (X1)], s (X3)]
s (X1), s (X2)], Hs] + [[s (X1), 5 (X2)], s (X3)]
Hy, Hs], Hi] + [[Ha, Hs] s (X1)] + [[H2, s (X3)], H1]
Hy, s (X3)], s (X1)] — [[Hs, s (X2)], Hh] — [[H3, s (X2)], s (X1)]
s (X2), s (X3)], Ha] + [[s (X2), 5 (X3)], s (X1)]
Hs, Hy], Ho] + [[Hs, Hi] s (Xo)] + [[H3, s (X1)], H2]

(X3)], Ho] — [[H1, s (X3)], 5 (X2)]

§(Xa),s (X1)], Ho] + [[s (X3) , 5 (X1)], s (X2)]

22
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[Hy, Ho], s (X3)] + [[Hi, s (Xo)], Ha] + [[H1, s (X2)], s (X3)] — [[Ha, s (X1)], H3

—[[Hs, s (X1)], 5 (Xa)] + [[s (X1) ;5 (X2)], Ha] + [[s (X1) ;5 (X2)] ;5 (X3)]
+[[Ha, Hs], s (X1)] + [[Ha, 5 (X3)], Hi] + [[Ha, s (Xs)], s (X0)] = [[Hs, s (X3)], Hi
— [[Hz, 5 (X2)], s (X0)] + [[s (X2) s (X3)], Ha] + [[s (X2) ;5 (X3)], 5 (X0)]
+[[Hs, Hn] s s (Xo)] + [[H3, 5 (X1)], Ho + [[Hs, s (X1)] s (Xo)] = [[H1, s (X3)], Ho
—[[Hy, s (X5)] ;8 (X2)] + [[s (X3) s (X)], Ha] + [[s (X3) s (X1)], 5 (X2)]

[Hy1, Ho], s (X3)] + [[Hy, s (Xo)], Ha] + [[H1, s (X2)], s (X3)] — [[Ha, s (X1)], H3]
— [[Ha, s (X1)], 5 (X3)] + [[5 (X1), 5 (X2)], H3] + [[s (X1), s (X2)], 5 (X3)]

X3)l, s (X1)] — [[Hs, s (X2)], Hi
[

(X2), s (X5)], s (X1)]

;s (
Hj, s(Xo)], s (X1)] + [[s(X2),5(X3)], Hi] + [[s
(X1)],s(X)] = [[H1,s (X3)], Haj

Hy, Hil, s (Xo)] + [[H3, s (X1)], Ho] + [[H3, 5

—[[H1, 5 (X3)], 5 (Xo)] + [[s (Xs) s (X0)], Ha + [[s (Xs) 5 (X1)], 5 (X2)]

[[Ha, s (X3)], Hi] + [[Hi, Hal , s (X3)] + [[H1, s (X2)], Ha] + [[H3, Hi], s (X2)]

+ [[Hs, s (X1)], Ho| + [[Ha, Hs] s (X1)] = [[H2, s (X1)], Hs] + [[Hy, 5 (X2)], 5 (X3)]
—[[H2,s (X1)], 5 (X3)] + [[s (X1) , s (X2)], Hs] + [[s (X1) , s (X2)] s (X3)]

+ [[Ha, s (X3)], s (X1)] — [[Hs, s (X2)], Hi] = [[H3, s (X3)], 5 (X1)]

+[[s (X2) s (X5)], Hi] + [[s (X2) , s (X3)], s (X0)] + [[Hs, s (X1)], 5 (X2)]
—[[H1, s (X5)], Ho] = [[Hy, s (X3)], s (X2)] + [[s (X5) , s (X1)], H2]

+ [[s (X3), 5 (X1)], s (X2)]

[Hs, s (X3)], Hi] = [Hyos(X3)—s(X3)o0 Hy, Hy]
= [Hyos(X3),Hi|— [s(X3)0 Hy, Hi]
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= HQOS(X;g)OHl—HlOHQOS(Xg)—(S(Xg)OHQOHl—H108(X3)OH2)
= HQOS(Xg)OHl—HloHQOS(Xg)—S(X3)0H20H1+H108(X3)OH2

[[HQ, Hl] , S (X3)] = [Hg o H1 — Hl 0] HQ, S <X3)]
= [Hyo Hy,s(X3)] — [Hy 0 Ha,s(X3)]

= HyoHyos(X3)—s(X3)oHyoH) —(HjoHyos(X3)—s(X3)oHyoHy)

= HQO_HlOS(Xg)—S(X3)OHQOH1—HloHQOS(Xg)—f-S(Xg)OHlOHQ

[[Ha2, s (X5)], Hi] — [[H2, H1], s (X3)]
= Hyos(X3)oH; — HyoHyos(X3)—s(X3)oHyoHy+ Hyos(X3)oHs

—(HQOHlos(Xg)—S(Xg)OHQOHl—HloHQOS(Xg)+S(X3)OH10H2)

— Hyos(Xs)oHy —HyoHyos(Xs)—s(Xs)oHyoHy+ Hyos(Xs)o Hy
—Hyo Hyos(Xs)+s(Xs)oHyo Hy+ Hy o Hyos(Xs) —s(Xs) o Hy o Hy
— —HyoHyos(Xs)+ Hyos(Xs)oHy+ Hyos(Xs)oHy —s(Xs)o Hy o H
— —Hyo (Hyos(Xs) —s(Xs)oHy)+ (Hyos(Xs) —s(Xs) o Hy) o Hy
— —Hyo[Hy,s(X3)] + [Hy, s (X3)] o H
= [Hy,s(X3)] 0o Hy — Hy o [Hy, s (X3)]
= [[H1,5(X3)], Hy
[Ha, s (Xs)], Ha] — [[Ha, Hi] ;s (X3)] = [[Hy, s (X3)], Hol

Therefore, we get

[[H2, s (X3)], Hi| + [[H1, Hol , s (X3)] = [[H1, s (X3)], Ho



25

[H1,s(X2)],Hs] = [Hios(Xz)—s(Xs)o Hy, Hj)

= [Hios(Xy), Hs] — [s(X3) o Hy, H3]

= Hyos(Xy)oHs— Hz3oHyos(Xy)— (s(Xy)oHyoHs— Hyos(X3)o Hy)

= Hyos(X3)oHs— HzoHjos(Xs)—s(Xy)oHyoHs+ Hyos(Xs) o Hy

[[Hl, Hg] , S (XQ)] == [Hl e} H3 — H3 @) Hl,S (XQ)]

— [Hyo Hs,s(Xy)] — [Hs o Hy, s (X,)]

= HyoHzos(X3)—s(Xs)oHyoHs— (HzoHyos(Xs)—s(Xz)o Hszo Hy)

= HyoHzos(Xy)—s(Xg)oH 0oHs— HzoHjos(Xs)+s(Xz)oHsoH

[Hy, s (X)), Hs] — [[Hy, H] ;s (X5)]
= Hyos(X3)oHsz— Hzo Hyos(Xs)—s(Xy)oHyoHs+ Hyos(Xs)o Hy

—(HIOHgoS(XQ)—S<X2)OH10H3—H30H1OS<X2)+S(X2>OH30H1)

= Hyos(Xy)oHs— Hz3oHyos(Xy)—s(Xy)oHyoHs+ Hyos(Xs)oH
“HyoHyos(Xs)+s(Xa)oHyoHs+ HyoHyos(Xs) —s(Xa)o HyoH
— Hyos(Xs)oHs+ Hyos(Xs)oHy — HyoHsos(Xs) —s(Xs) o0 Hyo H
— —HyoHyos(Xs)+ Hyos(Xs)oHs+ Hyos(Xs) o H —5(Xs) 0 Hyo H,
=—Hyo(H3os(X2) —s(Xs2)oHs)+ (Hsos(Xa) —s(Xy) o Hs)oHy
= —Hyo[Hs, s (Xo)] + [H3, 5 (X2)] 0 Hy
= [H3,s(X5)] o Hy — Hy o [Hz, s (X5)]
= [[Hs,s (X2)], Hi]

[[Hy,s(X2)], H3] — [[Hy, H3], s (X2)] = [[H3, s (X2)], Hi]
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Therefore, we get the result as

[[Hy1,s(X2)], H] + [[Hs, Hi] , s (Xo)] = [[H3, s (X2)], Hi

[[Hg, S (Xl)] ,HQ] = [H3 oS (Xl) — S (Xl) o Hg, HQ]

= [Hzos(X1), Hs) — [s(X1) o Hs, Ho]

= Hzos(Xj)oHy— HyoHzos(X;)—(s(Xy)oHsoHy— Hyos(Xy)o Hs)

= Hyos(Xj)oHy— HyoHzos(X;)—s(Xy)oHsoHy+ Hyos(X;y)oHs

[[HQ, H3] , S (Xl)] = [HQ o) H3 - Hg @) H27 S (Xl)]

— [Hyo Hs,s(Xy)] — [Hso Hy, s (X1)]

= HyoHzos(Xy)—s(Xy)oHyoHy— (HzoHyos(Xy)—s(Xy)oHsoHy)

= HQOHgOS(Xl)—S(Xl)OHQOHg—HgoHQOS(X1)+S(X1>OH30H2

[H3, 5 (X1)], Ho] + [[H2, Hs], s (X1)]
= Hgos(Xl)ng—Hzoﬂgos(Xl)—S(X1)0H30H2+H205(X1)0H3
+Hyo H3os(Xy)—s(Xy)oHyo Hy— H30 Hyos(X;)+ s(Xy)o Hzo Hy
:H308(X1)OH2—HgoHQOS(X1)+HQOS(Xl)OHg—S(Xl)OHQOHg
= —HzoHyos(Xy)+ Hyos(X;)oHy+ Hyos(X1)oHy—s(X1)oHyoHy
= —H3o [H27S<X1)] + [HQ,S(Xl)] o Hj
= [HQ,S(Xl)] OH3 —H3O [HQ,S(Xl)]

= [[H2, s (X1)], H3]



Therefore, we get the result as

[[H3, 5 (X1)], Ho| + [[Ha, H3] , s (X1)] = [[Ha, s (X1)], H]

[H1+5(X1), Hy + s(Xy)], Hz + 5 (X3)]
+ [[HQ + s (XQ) s H3 + s (Xg)] ,H1 + s (Xl)]

+[[Hs +s(X3), Hi + s(X4)], Ha + 5 (X2)]

= [[Hy,s(X3)], Hi| + [[H1, Hal , s (X3)] + [[Hy, s (X2)], Hs] + [[H3, Hi] , s (X2)]

+ [[Hs, s (X1)], Ho| + [[Ha, Hs, s (X1)] — [[H2, s (X1)], Hs] + [[H1, 5 (X2)] ;s
— [[H2,s (X1)], 5 (X3)] + [[s (X1) , s (Xa)], Hs] + [[s (X1) , s (X2)], s (X3)]

+ [[Ha, s (X3)], s (X1)] — [[Hs, s (X2)], Hi] = [[H3, s (X3)], 5 (X1)]

+[[s (X2), s (X)], Hi] + [[s (X2) s (X3)] s (X0)] + [H3, 5 (X1)] s (X))
—[[Hy, s (X3)], Ho] = [[Hy, s (X3)], s (X2)] + [[s (X5) s (X1)], H2]

+ [[s (X3), 5 (X1)], s (X2)]

|
5
5
E

+ [[Hs, s (Xo)], Hi] + [[Hz, 5 (X1)], H3]
, Hs| + [[Hi, s (Xo)], 8 (X3)] — [[Hz, s (X31)], s (X3)]

(X1)
[s (X1) 5 (
[Hz, s (Xo)], Hi] = [[H3, 5 (X2)], s (X0)] + [[s (X2) ;5 (X3)], H1]
[s (X2), s (Xs)] s (X0)] + [[Hs, s (X1)] s 5 (X2)] = [[H1, 5 (X3)], Hy
[Hy, s (Xs)

= [[H1,5(X2)],s(X3)] — [[Ha, s (X1)], 5 (X3)] + [[Ha, s (X3)], 5 (X1)]
—[[H3, 5 (X2)], s (X1)] + [[H3, s (X1)], s (Xo)] = [H1, s (X3)], 5 (X2)]
+[[s (X1),5(X2)], Hs] + [[s (X2), s (X3)], Ha] + [[s (X3) , s (X1)], H2]

+[[s (X1),5(X2)], s (X3)] + [[s (X2), s (X3)], s (X0)] + [[s (X3) , s (X1)], 8

]
Xo)l, Hs] + [[s (X1), 8 (X2)], s (X5)] + [[Ha, s (X5)] ;5 (X))

Hy,s(X3)], 8 (X2)] + [[s (X3), s (X1)], Ho] + [[s (X3), 8 (X1)], s (X2)]

27

(X3)]

(X2)]
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= [[H3,s(X1)],s(Xo)] — [[H3, s (X2)], s (X1)] + [[s (X1), s (X2)], H3]
+ [[H1, s (X2)], s (X3)] = [[H1, s (X3)], s (Xo)] + [[s (X2), s (X3)], Hi
+[[Hz, 5 (X3)], s (X1)] — [[Ha, s (X1)], s (X3)] + [[s (X3) , s (X1)], H2

= [[H3,5(X1)],s(Xo)] — [[H3, s (X2)], s (X1)] + [p (X1, Xo) + s ([X1, Xa]) , H3]
+[[Hi, 8 (X2)], s (X3)] — [[H1, s (X3)], s (X2)] + [p (Xa, X3) + s ([Xe, X3]) , Hi
+[[Hz, 5 (X3)], s (X1)] — [[Ha, s (X1)], s (X3)] + [p (X5, X1) + s ([X3, X4]) , Ho

= [[H3,5(X1)],s(Xo)] — [[H3, s (X2)], s (X0)] + [p (X1, Xa) , Hs] + [s ([ X1, Xa]) , H3]
+[[Hi, s (X2)], s (X3)] — [[H1, s (X3)], 8 (X2)] + [p (Xo, X3) , Hi] + [s ([ X2, X3]) , Hi]
+[[Hz, s (X3)], s (X1)] — [[H2, s (X1)], 8 (X3)] + [p (X5, X1) , Ha] + [s ([ X5, X1]) , Ho

= [[Hi,5(X2)],s(X3)] — [[Ha, s (X1)], s (X3)] + [Ha, s (X3)], 5 (X1)]
— [[H3, 8 (X2)], s (X1)] + [[H3, 5 (X1)], s (Xo)] — [[H1, 5 (X3)], s (X2)]
+[p (X1, Xo), Hs] + [s ([ X1, Xa]) , Hs| + [p (X2, X3) , Hi]

+ [s ([Xo, X3]), Hi] + [p (X3, X1) , Ha] + [s ([ X3, X1]) , Ho]

= [[H1,5(X2)],s(X3)] = [[H1,5(X3)], s (X2)] + [s ([Xo, X3]) , Hi]
+[p (X2, X3), Hi] + [[Ha, 5 (X3)], s (X1)] — [[Ha2, s (X1)], s (X3)]
+ [s (X5, X4]) , Ho] + [p (X5, X4) , Hy) + [[Hs, 5 (X1)], 5 (X2)]

—[[Hs, 5 (X2)], s (X1)] + [s ([X1, Xa) , Hs] + [p (X1, X2) , Hi

s ([X3, X1]), Ho] + [p (X35, X1), Ho] — [[s (X1), H3], 5 (X2)]
[s (Xa), H3], s (X1)] + [s ([X1, Xa]), H3] + [p (X4, Xo) , Hj]
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= [s(X3),[s (X2) , H1]] = [s (X2) , [s (X3) , Hu]] + [s ([ X2, X3]) , Hy]
+[p (X2, Xs) , Hh] + [s (X1), [s (X3) , Ho]] — [s (X3), [s (X1) , Ha]
+ [s ([Xs, Xa]), Ha + [p (X5, X1) , Ha] + [s (X2) , [s (X1) , H3]]
— [ (X1), [s (X2), H]] + [s ([ X1, Xo]) , Hs] + [p (X1, Xs) , H3]

= ax,ax, Hy — axyox, Hy + apx, xq Hy + adpx,,x,)
tax,ax, Hy — ax,ox, Hy + opx, x, Ha + adP(X:a,Xl)H?

+ax,ax, Hy — ax,ax, H3 + ax, x,) Hz + adyx, x,) Hs3

= ap,,xsHi — ax,ax, Hi + axyax, Hi + adpx, x;) Hi
+ox,, x ) Ho — axyax, Hy + ax,ax, Hy + adyx, x,) Ha

+ax, x, Hz — ax,ax, H3 + ax,ax, H3 + adyx, x,) Hs3

- (a[X27X3} — Qx,x; t aXsaXz) Hy, + CLdp(X27X3)H1
+ (a[X37X1] - aXSOéXl + axl&Xg) H2 + adp(Xg,,Xl)HZ

+ (a[XI:XQ] —ax,0x, + aX2aX1> Hs + adp(Xl,Xg)HS

= (Oé[XQ,Xg] —ax,0x,; + oax,0x, + adp(XQ,Xg)) H,
+ (Oé[X&Xl] — axz0x, +ax,0x; + adP(X37X1)) Hy

+ (a[X17X2] - OéXIOéX2 + aXQOéXl + a’dp(X]_,Xg)) H3
So, the Jacobi identity is satisfied if and only if

a[XQ,XS} - aXzaX3 + aX3OéX2 + adp(X2’X3) = 0

= a'dP(X27X3) = Qx, XXy — QXX X, — a[XQ,X;g]: [aX27 an] - a[XQ,X3]

for all X5, X3 € g. O



30
4.0.1. Special Case 1: s is a homomorphism

Assume that s is a homomorphism. In this case
p(XY) = [s(X), s (V)] = s (1X,V],) =0.

Also we have

adp(ny) =0

and so

lax, ay] —axy; =0

That is;

[04X7 Oéy} = O[X,Y]

In that case, the Lie algebra structure on ¢ = h @ s (g) can be completely described in terms

of the maps « and p as:
[Hl + s (Xl) ,HQ + s (Xz)] = [Hl, HQ] — QXx, (Hl) + ax, (HQ) +s ([Xl,XQ])

Theorem 4.0.10. /f
p (X1, X3) =0

then the bracket
[Hi 4 s (X1), Hy + s (Xo)] = [Hy, Hy] — ax, (Hy) + ax, (Hy) + s ([X1, X2])  (4.11)
defines a Lie algebra structure on ¢ = b @ s (g) if the map « satisfies the following property:
ax,, ax,| = ax,ax, — ax,ax, (4.12)

where X1, X5 € g.

This theorem shows that, derivations form a Lie algebra.
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4.0.2. Extension of a Lie Algebra by Its Derivation Algebra

Definition 4.0.11. /1] A derivation is a linear map 6 : g — g of a Lie algebra g if it also

satisfies the Leibniz identity. That is,

(X, Y]) =[0(X),Y]+[X,6(Y)] (4.13)

forall XY € g.
Let us consider the Lie algebra g@®Dery where Der, denotes the algebra of derivations.

Consider (g,Derg, <, >) where g and Der are Lie algebras and

>: Derg X g—g (4.14)

<: Derg X g —Dery (4.15)

such that (g,>>) is a left Dery module and (Der, <1) is a right g module. Let us consider the
linear maps

< : Derg x g —Derg
(6, X) =& X

> : Dergxg—g
(&, X)—=¢é> X

Lemma 4.0.12. > is a left action of Derg on g

a> (X+Y)=a> X+ar>Y
(a+>X=a> X+ X
[, &) > X =[a> X, > X]

Lemma 4.0.13. < is a right action of g on Derg
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(a+) < X=a<x1X+E{< X
ad(X+Y)=a<xX+agY
ad[X,)Y]=lad X, a<xY]

Definition 4.0.14. The bracket on the system (g,Dery, <,1>) is

(X,0),(Y,9)] = (X, Y]+a> Y —-¢p X, [0, +a<Y — €< X) (4.16)

where XY € gand o,§ € Dery.

Theorem 4.0.15. The system (g,Derg, <1, >) with the bracket defined as in the above equa-

tion has a Lie algebra structure if and only if the following conditions hold:

[ él>X=a> ({>X)—E> (a> X)
forall a, & € Derg and X € g

a> [ X,)Y]=[X,a>Y]-[Y,a> X|+ (a<X)>Y —(aY)> X
foralla € Derg and X,Y € g

¢ <X =[a,{<aX]-[(adX][+a<({>X)-E<d(a>X)
forall a, & € Derg and X € g

0.

ad[X,)Y]=(adX)<Y —(a<Y)< X
foralla € Derg and X,Y € g

The conditions (7i) and (ii7) are important because they are related with the Lie algebra

cohomology.
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5. LIE ALGEBRA COHOMOLOGY

Definition 5.0.1. /9] Let g be a Lie K-algebra, g is a g-module for the adjoint action, there
is a resolution of Homg (g,9) by

2 3
g —>Hom (g,9) — Hom (Ag,g) — Hom (Ag,g) .

where the differential is given by

dX (Y) = [X,Y] (5.1)

dh (X,Y) = [X,h (V)] = h([X,Y]) + [h(X),Y] (5.2)
dh(X,Y,Z) = [X,h(Y,Z)]+[V,h(Z,X)]+[Z,h(X,Y)] (5.3)
—h([X,Y],Z)=h(]Y,Z],X)—h([Z,X],Y) (5.4)

Lemma 5.0.2. dh (XY, Z) = 0 if and only if

[X,h(Y, Z)]—i—[}/,h(Z,X)]—HZ,h(X, Y)]_h<[X7 Y] 7Z>_h([}/7 Z] 7X)_h([27 X] 7Y) =0

That is

X, h (Y, Z)]=h([Y. 2], X) = —[Z,h (X,Y)|+h (X, Y], Z)+h (2, X],Y)=[Y,h (Z,X)]

(X, R (Y, 2)|+h(X,[Y,Z]) = [h(X,Y),Z]+h([X,Y],2)+h (Y, X, Z])+[Y,h (X, Z)]
(5.5)

Definition 5.0.3. Let h : V' — V' be an anti-symmetric linear map,then

(X, h(Y,2)+h(X,[Y,Z]) =[h(X,Y),Z]+h([X,Y],Z2)+h(Y,[X, Z])+|Y,h (X, Z)]

(5.6)

is called a Lie 2- cocycle in the Lie cohomology of g with coefficients in g.

Let us deal with being Lie algebra conditions (i) and (i) . First of all, let us deal with Lie



algebra condition (i) .

a> [ X)Y]=[X,a>Y]-[Y,a> X|+ (a<X)>Y — (a2Y)> X

That is

a> [ X,)Y]—-[X,a> Y]+ [YV,a> X]=(a<X)>Y —(a2Y)> X

a> [ X,)Y]-[X,a>Y]-[a> X,)Y]|=(a<X)>Y - (a<Y)> X

Let us define a map

No:gxg—g

as

(X,)Y) = N, (X,Y)

such that
Noy(X,)Y)=(a<X)>Y —(a<Y)> X

Theorem 5.0.4. The map defined as

Noe (X,)Y)=(a<X)>Y —(a<Y)> X

is a Lie 2- cocycle in the Lie cohomology of g with coefficients in g.

Proof. The map defined as

Noy(X,)Y)=(a<X)>Y —(a<Y)> X

is a Lie 2- cocycle in the Lie cohomology of g with coefficients in g. since

AN, (X,Y,Z) = [X,N,(Y,2Z)]+[Y,Na(Z, X)] + [Z, No (X, Y)]
— N ([XuY] vZ) — N ([Ya Z] ’X) — Na ([Z’X] vY)

= 0

34

(5.7)

(5.8)
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The map defined by
No:gxg—g
(X,Y) = No (X,Y)
such that

Ny (X,Y) = (a<X)>Y —(a<Y)> X

= a> [X,)Y]-[X,a>Y]—[a> X,Y]

measures whether the action acts as a derivation on bracket.

Lemma 5.0.5. If
Ny (X, Y)=0

that is,
a> [ X,)Y]-[X,a>Y]—-[a> X,Y]=0

then in this case action acts as a derivation on bracket since

a> [ X,)Y]=[X,a>Y]+[a> X,Y] (5.9)

Let us deal with the Lie algebra condition (i) .

[, ] <X =], < X] - [(,a< X]+a< (> X) =< (a> X)

[, ] <X — [0, E < X+ [ a< X]=a< (> X) - (a> X)
[, ] <X — [0, < X]—[a< X, {]=a<((>X)— < (a> X)

Let us define a map

Nx : DergxDerg — Derg

as

(0475) - NX (057£>

such that
Nx(,§)=a<((>X)—¢<(a> X) (5.10)
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Theorem 5.0.6. The map defined as

Nx(o,§) =a<((>X)—¢<(a> X) (5.11)

is a Lie 2- cocycle in the Lie cohomology of Derg with coefficients in Derg.

Proof. The map defined as

Nx(r)=¢(<(t> X)—17<2(E> X)

is a Lie 2-cocycle in the Lie cohomology of Derg with coefficients in Derg since

dNx (047577') = [Oé, Nx (577—)] + [£7NX (7—7 Oé)] + [T7 Nx (0575)]
_NX ([057'5] 77—> - NX ([577—] ,Oé) - NX ([77 a] 75)
= 0
[
Let us consider a map
0o 10— 0
X = 04 (X)
such that
o (X)=ar> X (5.12)
Then
do, (X,Y)=—N, (X,Y) (5.13)

Therefore, this is a boundary map.
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6. EXTENSION BY A SUBALGEBRA OF A DERIVATION ALGEBRA

In this chapter, we want to understand the relationship between the extension by a subalgebra
of a derivation algebra and the extension by the algebra of functions. Hamiltonian vector

fields will be a tool to understand that connection.

Definition 6.0.1. [/ M which is equipped with a closed nondegenerate differential two form,then

it is called a symplectic manifold.

Suppose (M, w) is a symplectic manifold. The fiberwise-linear isomorphism
w:TM — T*M
between the tangent bundle 7'M and the cotangent bundle 7 M, with the inverse
Q:T"M - TM,Q=w".

is set up by the symplectic form w since it is nondegenerate. Therefore, one forms on a
symplectic manifold M may be identified with vector fields and every differentiable function
f + M — R determines a unique vector field X, called the Hamiltonian vector field with

the Hamiltonian f. The Hamiltonian vector field X is defined as

Xf = w_ldf

6.0.1. Algebra of Hamiltonian Vector Fields

Definition 6.0.2. /1] If there is a function f : M — R such that
in = df

then a vector field X on M is called Hamiltonian.

Definition 6.0.3. Ifixw is closed, then a vector field X is called locally Hamiltonian vector
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field. This is equivalent to
EXU) =0

where L xw denotes the Lie differentiation of w along the vector field X because
EXw = ’Lxdw + dew

Definition 6.0.4. /3] A smooth vector field X on M is a symplectic vector field if Lxw = 0.
Lemma 6.0.5. /1] A vector field is X on M is symplectic if and only if i xw is closed.

Proof. The proof of that lemma follows by Cartan’s magic formula and the closedness of
w.

EXIU = szw + dew = dzxw

Since

Lxw =0« dixw =0 < ixw is closed.
O

Remark 6.0.6. Any Hamiltonian vector field is a symplectic vector field. If H* (M,R) = 0,
then ixw on M is exact. So, in this case that any symplectic vector field is a Hamiltonian

vector field.

Lemma 6.0.7. /3] The bracket of two locally Hamiltonian vector fields on a symplectic man-
ifold (M, w) is locally Hamiltonian.

Let us consider the cotangent bundle 7™M, with its intrinstic symplectic structure w =
dq'Adp;. Let X (T*M) be the algebra of vector fields on 7% M and Xy, (T*M) be the

algebra of symplectic elements and also X}, (7" M) be the algebra of hamiltonian elements.

Xsymp (T"M) ={X € X(T"M) : dixw = 0}

Xham (T*M) :{X € X(T"M) : ixw =df }

It can be easily shown that X},,,,, (1% M) is a Lie subalgebra of X;,,,,,, (T ).



Let us consider the diagram

Lx, — ﬁXch
T T

Xy — X[;Xf
T T

f = Lx,

In this diagram, X'; denotes the Hamiltonian vector field and is defined as
X f= wildf

and X, X, is defined as

XL = w_lﬁxwa

Xy

Lemma 6.0.8.
Lx,(9)={f 9}

where { f, g} denotes the Poisson bracket of f and g.

Proof. Let us consider the map

Xf — EXf
such that

Then

Lx,(g) = ix,dg
= ix; (ix,w)
= w (X5, Xy)
= {/,9}

39



Lemma 6.0.9.

Proof.  Let us consider the map

LXf — LXﬁxf

such that

EXQXf (g) = iXLXf (dg)

Engf (g) = iXLXf (dg)

= WXeyy (Zng)

= w(Xzyr, Xy)

= w (W LxwXy, X,)

— (L, X,)
= w(w ' Lxdf, X,)

= w(w *1d£Xf X,)

= w(wd(ixdf), X,)
= w (Xiyar, Xy)

= {ixdf, g}

= {Lxf 9}

Lemma 6.0.10. The bracket of two Hamiltonian vector fields Xy and X, are
(X7 Xg] = X{pg)

Lemma 6.0.11.
[ﬁXwﬁXg] - E[Xf,Xg]

Remark 6.0.12.
(X7 X =0= ﬁ[xf,xg] - [‘CXf’ ﬁXg] =0

40
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Lemma 6.0.13. The Poisson bracket of Lx f and g is

{Lxf, g} = ‘CXLXf (9)

Proof.

{Lxf, 9} = w(Xeyp Xy)
= IxX; (ngw)
- Z.ngf (dg>

= ‘CXQXf (g)

Lemma 6.0.14. The Poisson bracket of f and Lx g is

{fa ‘CXg} = _['XLXg (f)

Proof.  The proof follows from the anti-symmetry property of the Poisson bracket. Since

= _w<XCXg7Xf>

= —z’XﬁXginw
- _iXEXg (df)
- _‘CXLXg (f)

Lemma 6.0.15.
Lx (LXf (g>) - ‘CXﬁxf (9) — EXLXg (f)

Proof. The proof follows from the fact that

Lx (Lx,(9)) = Lx {[.9})



and

Therefore

Lemma 6.0.16.

Proof.

Hence,

Therefore
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Lx ({f,9}) ={Lxf g} +{f Lxg}

Lx (LXf (g>) - ‘CXLXf (9) — LXLXQ (f)

Lx,Lx(9) =Lx ;(9) = Lxp, () + ﬁﬁxfx

X, X7 = LxX; = —Lx, X

[ﬁX?EXf} (9) = (ﬁXEXf - ‘CXfEX) (9)
= LxLx,(9) — Lx;Lx (9)

—Lry,x = LxLx; (9) — Lx,;Lx (9)

—ﬁzxfx =Lx; ;(9) — Lxp, (f) = Lx;Lx (9)

LxLx (9) = Lxpyy (9) = Lxp, () + Ley x

O

Let us introduce a bracket on X (Q)) x H (Q)) where H () is a subalgebra of the algebra of

derivations as:

[(X.£x,), (Vi£x,)] = (IX.¥] Ly, = £xey)

Theorem 6.0.17. The bracket defined as

[(X.£2), (Vi £x,)] = (IX.Y] Ly, — £y
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on X (Q) x H (Q) makes it a Lie algebra.

Proof. The bracket defined as
(X £2)) (Vo £x,)] = (IX.Y], Loy, = £y

satisfies the bilinearity and anti-symmetry. Also, Jacobi identity is satisfied because of the

Jacobi identity on X (Q)) x F' (@) where F'(Q) is the algebra of functions on a manifold
Q- O
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7. SEMI-DIRECT EXTENSIONS BY FUNCTIONS

Let us deal with the semi-direct product Dif f (Q) x F (Q).

(@, /). (¥,9) = (®oV, .9 + f)

where a pair (®, f) consists of a diffeoorphism ® and a smooth function f on the manifold

@, is the group multiplication is this semi-direct product. Also,
P,.g=god !

denotes the pushforward of the function g by the diffeomorphism ®. The corresponding Lie
algebra is the semi-direct product X (Q) x F' (@), where X (Q)) is the Lie algebra of vector
fields and F'(Q) is the algebra of functions. As a vector space, X (Q)) @ F' (Q). The Lie
bracket on the semi-direct product algebra X (Q)) X F (Q) is

(X, 1), (Y, 9)l = (= [X, Y], Ly [ = Lxg)

where X, Y € X(Q), f,g € F(Q) and Ly f denotes the Lie derivative of a function along
the vector field Y.

Theorem 7.0.1. X (Q) X F (Q) with the bracket which is defined as above is a Lie algebra
if and only if
‘CX [Oé, 5] = [Oé, EX& - [57 LxOé]

ﬁ[X,y]Oé = EyﬁxOé — Exﬁya
holds.

For the semi-direct product algebra X (Q) x F' (Q)
No:gxg—g

such that
(X,Y) = N, (X,Y)



1s defined as

This is trivially zero.

N, (X, Y) = E[ny}a —LyLxa+ LxLya

45
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