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OZET

DORDUNCU MERTEBEDEN DIiFERANSIYEL DENKLEMLERDE
KARARLILIK, SINIRLILIK VE YAKINSAKLIK

Adnan Ahmad MAHMUD
Yiiksek Lisans Tezi, Matematik Anabilim Dali
Tez Danismani: Prof. Dr. Cemil TUNC
Agustos 2016, 95 sayfa

Bu tez ¢alismasimin amaci, dordinct mertebeden lineer olmayan belli formadaki
diferansiyel denklemlerin ¢6ztimlerinin kararlilik, smirlilik ve yakimsaklig: ile ilgili
olarak literatiirde yapilmis bulunan baz1 caligmalar1 arastirmacilarin  dikkatine
sunmaktir. Bu tez ¢alismasi alt1 boliimden olusmaktadir. Birinci bélimde, tez konusu
ile 1ilgili literatiirde yapilan bazi caligmalar 6zetle verildi, ikinci bolimde bu tezde
kullanilacak materyal ve yontem belirtildi. Ugiincii boliimde teze ait temel kavramlar,
tanim ve teoremler sunuldu. Dordiinctl bélumde dérdiinci mertebeden lineer olmayan
belli formadaki diferansiyel denklemlerin ¢oziimlerinin karaliligi ve asimptotik
davraniglar1 ile ilgili olarak literatiirde yer alan bazi ¢aligmalar ele alindi. Besinci
bolimde ise, dordunci mertebeden lineer olmayan belli formadaki diferansiyel
denklemlerin ¢dziimlerinin smirlilik davranislar ile ilgili olarak literatiirde bulunan bazi
calismalar sunuldu. Son olarak, altinc1 boliimde ise, dordiincii mertebeden lineer
olamayan belli formadaki diferansiyel denklemlerin ¢oziimlerinin yakinsaklik
davraniglar ile ilgili olarak literatiirde yer alan bazi ¢alismalar verildi. Bu tez orijinal ve
yeni sonu¢ igermemektedir. Bu tezdeki amacimiz literatiirde soz edilen konular1 bir

arada arastirmacilarin dikkatine sunmaktir.

Anahtar kelimeler: Asimptotik davranis, Diferansiyel denklem, Dd&rdunci

mertebe, Lyapunov fonksiyon, Kararlilik, Smirlilik, Yakinsaklik.






ABSTRACT

ON THE STABILITY, BOUNDEDNESS AND CONVERGENCE OF
SOLUTIONS TO CERTAIN ORDINARY DIFFERENTIAL EQUATIONS OF
FOURTH ORDER

Adnan Ahmad MAHMUD
M.SC. mathematics science
SUPERVISOR: Prof. Dr. Cemil TUNC
August 2016, 95 pages

The aim of this thesis is to submit the scientific works done in the literature
related to the stability, asymptotic behaviors, boundedness and convergences of
solutions of the fourth order non-linear ordinary differential equations to the attention of
the readers. This thesis consists of six chapters. In the first, we summarize the works
done in the literature with respect to the subject of thesis, in the second chapter the
materials and methods used in the thesis are given and in the third chapter the basic
definitions and theorems which are related to the thesis are introduced. In the fourth
chapter, we discuss the stability and asymptotic behaviors of solutions of certain
nonlinear differential equations of fourth order, which exist in the literature. In the fifth
chapter, we investigate the boundedness of solutions of certain nonlinear differential
equations of fourth order in the literature. In the final chapter, chapter six, we study the
convergence of solutions of certain nonlinear differential equations of fourth order,
which are given in the literature. This thesis is a compilation and collection of works
done on stability, asymptotic behaviors, boundedness and convergences of solutions of
certain non-linear differential equations of third order in the literature. And it does not
contain any original new result. Our aim is to unification and presents the mentioned

topics in the literature to the researchers.

Keywords: Asymptotic behavior, Boundedness, Convergence, Differential equation,

fourth order, Lyapunov function, Stability.
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LIST of SYMBOLS

Some symbols and abbreviations used in this study are presented below, along with

explanations.

Symbols explanations

R Set of real numbers,

R* Non-negative real numbers,

R" n-dimensional Euclidean space,

C[R] The space of continuous and differentiable functions on real numbers,
Cl The family of continuous and increasing functions,

cip The family of continuous, increasing and positive definite functions,
|x| Absolute value of x,

]| Euclidian norm of x.



1. INTRODUCTION

1.1. Introduction

It is well known that the stability, boundedness and convergence of solutions of
ordinary differential equations are very important problems in the theory and
applications of the differential equations. So far, the most effective and important
method to study the stability, boundedness and convergence of solutions of nonlinear
differential equations is the Lyapunov’s direct (or second) method. In the relevant
literature, on fourth order nonlinear differential equations, many stability, boundedness
and convergence results have been established by using this method. One can refer to
the books of (Ahmad and Rao, 1999), (Yoshizawa, 1966), (Reissig et al., 1974) as a
good survey, (Ross, 1984) and the papers of (Ezeilo, 1962), (Harrow, 1970), (Ezeilo and
Tejumola, 1971), (Tunc and Ates, 2013),(Tunc, 1995;2001;2004;2005;2006;2007),
(Omeike, 2007), (Tejumola, 1968;1972), (Ogundare and Okecha, 2007;2008),
(Ogurtsov,1959), (Asmussen,1971), (Hara, 1974), (Skrapek and Lalli, 1977), (Yu Yuan-
hong, 1990), (Wu and Xiong, 1998),(Adesina and Ogundare, 2012), (Afuwape, 1981;
1988; 2012), (E. Tunc, 2010), and theirs references for the works done on the

mentioned topics.

1.2. Basic information and Preliminaries
Consider a system of differential equations

dx
T F(t, x), (1.1)

where x is an n-vector. Suppose that F (t, x)is continuous in (¢t,x) on I X D, where D is
a connected open set in R™, [ =[0,0),R = (—o,) and R" is the n-dimensional
Euclidean space.
Definition 1.1. The solution x(t) = 0 of (1.1) is stable, if forany ¢ > 0 and any t, € I
there exists a &(ty, €) > 0 such that if |[xq]| < 6(t,, ), we have [|x(t; x,, to)ll < € for
all t > t, (Yoshizawa, 1966).
Example 1.1. Consider the initial value problem
x"+5x"+4x =0
x(0) =-5 x'(0) =-1.
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It is clear the zero solution of this initial value problem is stable.
Definition 1.2. The zero solution of (1.1) is uniformly stable, if the § in Definition 1.1
is independent of ¢, (Yoshizawa, 1966).
Example 1.2. Consider the initial value problem
x"+x=0
x(0)=c;, x'(0) =c,
where c¢,,c, are positive constants. It is clear that zero solution of the equation is
uniformly stable.
Definition 1.3. The zero solution of (1.1) is asymptotically stable, if x(t) = 0 is stable
and if there exists a 8y(ty) > 0 such that if [|xoll < 8o(to), l1x(t; X0, to)|l = 0 as
t = oo (Yoshizawa, 1966).
In Example 1.1 when t — oo each solution tends to zero. Hence the zero solution is
asymptotically stable.
Definition 1.4.The zero solution of (1.1) is exponential- asymptotically stable, if there
existsa A > 0 and, given any £ > 0, there exist a §(¢) > 0 such that if ||x,| < &(¢),
llx (t; x0, to) | < e exp[—A(t —t,)] forall t >t, (Yoshizawa,1966).
Example 1.3. We take into consideration the initial value problem
x'"+2x=0
x(0) = 2.
It can be easily shown that the zero solution of this initial value problem is exponential
asymptotically stable.
Definition 1.5. The zero solution x(t) = 0 of equation (1.1) is asymptotically stable in
the large, if it is stable and if every solution of (1.1) tends to zero as t — oo (Yoshizawa,
1966).
Definition 1.6. A solution x(t; x,, t,) of (1.1) is bounded, if there exist a f > 0 such
that ||x(t;xo, to)ll <p for all t>t, where 8 may depend on each solution
(‘Yoshizawa, 1966).
In Example 1.1 each solution satisfies this definition so the solutions are bounded.
Definition 1.7. The solutions of (1.1) are uniformly bounded, if the g in Definition 1.6
is independent of t, (Yoshizawa, 1966).
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Example 1.4. Let us consider the initial value problem
x"+x=0,
x(0)=2, x'(0) = —2.
It follows that all solutions of this initial value problem are uniformly bounded.
Definition 1.8. The solutions of (1.1) are ultimately bounded for bound B, if there exist
a B> 0anda T > 0 such that for every solution x(¢; x,, to) of (1.1), ||x(t; xo, to)|l <
B for all t > t, + T, where B is independent of the particular solution while T may
depend on each solution (Yoshizawa, 1966).
Example 1.5. Let us consider the initial value problem
x"+x=0,
x(0)=1, x'(0) = —1.
It follows that all solutions of this initial value problem are ultimately bounded.
Definition 1.9. The solutions of (1.1) are equi-ultimately bounded, for bound B if there
exists a B > 0 and if corresponding to any @ > 0 and ¢, € I, there exist a T(ty, @) > 0
such that x, € §, implies that ||x(¢; x,, to)|l < B for all t > t, + T(t,, @) (Yoshizawa,
1966).
Definition 1.10. The solutions of equation (1.1) are uniform-ultimately bounded for
bound B, if the T in Definition 1.9 is independent of ¢, (Yoshizawa, 1966).

Definition 1.11. Consider the system

dx dy
pri P(x,y), i Q(x,y). (1.2)
Assume that this system has an isolated critical point at the origin (0,0) and that P and

Q have continuous first partial derivatives for all (x,y).

Let E(x,y) be positive definite for all (x,y) in domain D, containing the origin and
such that the derivative E(x,y) of E with respect to system (1.2) is negative semi-
definite for all (x,y) € D. Then E is called a Lyapunov function for the system (1.2) in
D, where D is a domain contains the origin (0,0) (Ross, 1984).

Definition 1.12. A Lyapunov function V defined as V:I X R™ —» R is said to be

complete if for X € R™ the following conditions hold:

@ v Xx) =0,



(i) V(t,X) = 0ifand only if X = 0, and

(iii) V(t, X) < —c|X|, where c is any positive constant and |X| is given by

N =

|X| = (Z(xlz)) suchthat |X| > as X - o

(Ogundare, 2006).

Definition 1.13. A Lyapunov function V defined as V:I x R™ = R is said to be

incomplete if for X € R™, (i) and (ii) of Definition 1.12 are satisfied and in addition

(iii) V(t, X) < —c|X|. where c is any positive constant and | X|, is given by
1 1 1
IX]. = (x*+y?)2 or |X|,=(y*+2°)2 or |X],=(x*+2%)2  or

1 1 1
1X|, = (x®)2z or |X|,= 2?2 or |X|,=(z%)2 suchthat |X|, > cwasX — »
(Ogundare, 2006).
The following are known as the Lyapunov’s stability theorems.

Notice that CI and CIP are the set of continuous increasing and continuous increasing

positive definite functions, respectively.

We reconsider the differential system (1.1) under assumption that F(t,x) is

continuouson0 <t < oo, |[x|]|<H, H>0, and F(t,0) =0.

Theorem 1.1. Suppose that there exist a Lyapunov function V(t, x) defined on
0 <t < oo, ||x|| < H, which satisfies the following conditions:

A V(,0) =0,

(i) a(llx|) = V(t,x), where a(r) € CIP,

(iii) V(¢,x) < 0.

Then the zero solution of (1.1) is stable (Yoshizawa, 1966).

Theorem 1.2. If condition (ii) in Theorem 1.1 is replaced by a(]|lx]]) < V(t,x) <
b(|[x|l), where a(r) € CIP and b(r) € CIP, then the zero solution of (1.1) is uniformly
stable (Yoshizawa, 1966).
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Theorem 1.3. Under the same assumptions as in Theorem 1.2 if V(t,x) < —c(|lx]]),
where c(r) is continuous on [0, H] and is positive definite, then zero solution of (1.1) is
uniformly asymptotically stable (Yoshizawa, 1966).

We now give some theorems related to the boundedness of the solutions of (1.1).

Theorem 1.4. Suppose that there exists a Lyapunov function V (t, x) defined on I X R"

which satisfies the following conditions:

(i) a(llx|) < V(t,x), where a(r) € CI,and a(r) > w asr — oo,

(i) V(¢,x) < 0.

Then the solutions of (1.1) are equi-bounded ('Y oshizawa, 1966).

Theorem 1.5. Suppose that there exists a Lyapunov function V (¢, x) defined on

0 <t< oo, ||X|]| >R, where R may be large, which satisfies the following conditions:
@) a(llXID < V(t, X) < b(IXI), where a(r),b(r) € CI,and a(r) > o asr — o,
() V(X)) < 0.

Then the solutions of (1.1) are uniform-bounded (Yoshizawa, 1966).

Now we consider the solutions of
LD)x =x™ + a;x™D + ... 4 a,x =0, (1.3)
where a,,a,, ..., a, are the real constants, defined on —o < t < co.
Theorem 1.6. (Hurwitz’s theorem) A necessary and sufficient condition for the
negativity of the real parts of all the roots of the polynomial
LA =1"+a A"+ +a,
with real coefficients is the positivity of all principal diagonal of the minors of the

Hurwitz matrix

[T 1 0 0 0 0 0 01
|as a, a 1 0 0 0 0|
H, = ia'S Ay a a, a, 1 0 0 i
l 0 0 0 0 0 0 0 anJ

It should be noted that the principal diagonal of the Hurwitz matrix H,, exhibits the

coefficients of the polynomial L(A) in the order of their numbers from a, to a,. The
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alternate columns in this matrix consist of coefficients with only odd indices or with
only even indices (including the coefficient a, = 1) . Hence, the elements of Hurwitz
matrix H, = (by,) are given by b; = a,;_,, the missing coefficients (that is,
coefficients with indices greater than n or less than zero) being replaced by zero
(Ahmad and Rao, 1999).

For example the Hurwitz conditions of A* + a,A3 + a,A? + azA + a, reduceto

a; >0,a,>0, az>0, a, >0, a;a,—az; > 0and a,a,a; > a3 + ata,.

Example 1.6. The characteristic polynomial

Ly) =y*+3y3+3y2+2y+K
isstable if 0 < K < % Therefore, all the solutions x(t) of

x® +3x" +3x" +2x"+Kx =0,
where K is a parameter, satisfy

lim;_|x(t)| =0 provided 0< K < 19—4

Theorem 1.7. If the roots of characteristic polynomial L(1) have negative real parts,
then a,, ..., a, are positive (Ahmad and Rao, 1999).
Definition 1.14. Let x,(t),x,(t) be any two solutions of the fourth order differential
equation with constants coefficients of the form:

x® + aX + b¥ + cx + dx = p(t),
where the dots denotes the differentiation with respect to t. We say that x; (t), x,(t)

are converge to each other if

x5(t) — x1(t) = 0, % (t) — %, (8) = 0,

X,(t) — %,(¢) - 0, X, (t) — X1(t) > 0
as t — oo (Afuwape, 2012).
Remark 1.8. If the relations just given are true of each arbitrary pairs of solutions, these
lead that all solutions of this equation are converge.

Example 1.7. Consider the fourth order constant coefficients homogeneous linear

differential equation of the form of
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x™ + 10% + 35% + 50x% + 24x = 0.

It is clear to see that the linear independent solutions of homogenous differential

equation are

x,(t) =cre7t, x(t) = e, x3(t) = cze73, x,(t) = cue

We can see that each of the above solutions satisfies the definition of convergence and

hence all solutions of the considered differential equation are convergence.



2. LITERATURE REVIEW

Ogurtsov (1959) considered non-linear homogenous differential equation of the
fourth order in the form

x® + fF(X)+cx¥+bx+ax=0

and investigated the stability property of the zero solution of this equation.
Some years after that, Asmussen (1971) studied the behavior of solutions of certain

non- homogenous and non-linear differential equation of fourth order

x® + (X)X + ay¥ + g(x) + h(x) = 0.

Asmussen (1971) found conditions on the functions f,g,h which will imply
asymptotic stability.

In (1974), Hara investigated the asymptotic behaviors of the solutions of non-linear
fourth order differential equation in the form

x® +a@®)fE)xX+b)P(x, %) + c(t)g(x) + d(t)h(x) =0,

where the functions appear are real valued functions.
Skrapek and Lalli (1977) investigated stability of solutions of the fourth order

differential equation in the form
x® + f(x,x,%,%)x=0.

Yu Yuan-hong (1990) considered the certain non-linear fourth order differential

equation of the form
x® + ()% + f(&) + gx) + h(x) = 0.

Yu Yuan-hong (1990) investigated the asymptotic stability in large of the trivial
solution of this equation.

Wu and Xiong (1998) gave some remarks on the results of Chin (1989) and Ku (1964).
Furthermore, the authors obtained some new criteria for asymptotic stability of the
solutions.

Tunc (2006; 2007) investigated the stability of solutions of the following two fourth

order non-linear differential equations described by

x® + @)X+ f(x, )k + g(X) + h(x) =0



and

respectively.

Adesina and Ogundare (2012) established some conditions on the globally asymptotic
stability of trivial solution to a certain fourth order non-linear differential equation of
the form

x® + o)+ f(X) + g(®) + h(x) =0.

In (1962) Ezeilo considered the fourth order non-linear differential equation of the form

x® 4+ F(X)X + ap¥ + g(xX) + aux = p(t)

and he established some sufficient conditions for the boundedness of solutions, where
a,, a, are real positive constants.
In (1968) Tejumola considered the fourth order non-linear non homogeneous

differential equation of the form

x® + (X)X + ay¥ + g(x) + ayx = p(t, x, %, %, X).

The author also gave sufficient conditions which guarantee the stability and
boundedness of the solutions of the considered equation.

Harrow (1970) considered non homogeneous fourth order differential equation
x® + aX + b¥ + cx + h(x) = p(t).

Harrow (1970) established some new results on the stability and boundedness properties
of solutions.

Reissig et al. (1974) collected the results obtained in the literature on the stability
boundedness etc. of the solutions of certain nonlinear differential equations of fourth
order in their book. This book can be considered as a survey for the results obtained in
the literature on the subject by 1974.

Tunc (1995; 2001; 2004; 2005) studied the stability and boundedness of solutions for

certain fourth order differential equations of the form
x® + @(x, x,% )% + f(x,%) + g(x,x) + h(x) = p(t, x, %, %, %),

x® + (t,x, %, %, %)% + f(t,x, %,%) + g(t, x, %) + dx = p(t,x, %, %, %),
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and
x® + a(x%, X)X + b(x, X)% + c(x) + d(x) = p(t, x, %, %,X),

respectively. The author established some useful results about the stability and
boundedness of solutions of these equations.

Omeike (2007) studied the boundedness of solutions of the fourth order non-linear
differential equation of the form

x® + aX + f(¥) + g(%) + h(x) = p(t).
Ogundare and Okecha (2008) studied the boundedness property of solution to certain
non-linear fourth order differential equation of the form
x® + a¥X + b¥ + g(x) + h(x) = p(t).
In (2013), Tunc and Ates investigated boundedness properties of solutions of the fourth
order non-linear differential equation of the form

x® +a¥X + f(x, %,%) + glx, %) + h(x) = p(t).

Afuwape (1981) considered the fourth order differential equation
x® + aX + b¥ + cx + h(x) = p(t, x, X, %, %)

and discussed convergence of solutions of this equation, where a, b and c are positive
constants, h and p are continuous, and p has the form p = q(t) + r(t, x, x, ¥, %), with
q,r are continuous.

Afuwape (1988) discussed the convergence of the solutions to the fourth order

differential equations of the form
x® + axX + bi + g(x) + h(x) = p(t, x, %, %, %).
Ogundare and Okecha (2007) considered the fourth-order differential equation
x® + a¥ + f(x, X)& + g(x) + h(x) = p(t)

and they gave sufficient conditions for the convergence of the solutions of this equation.

Tunc (2010) concerned with the fourth order non-linear differential equation of the form
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x® + f(X) + bi + g(&) + h(x) = p(t, x, %, %, %)

and established some results on the convergence of solutions.
Afuwape (2012) proved some results on the convergence of solutions of the fourth order

non-linear differential equation of the form
x® + () + f() + g(&) + h(x) = p(t,x, %, %, %).

Also, Adesina and Ogundare (2012) obtained similar new results on the convergence of
solutions for certain fourth order nonlinear differential equations. Throughout all the
mentioned papers, the Lyapunov’s second method used as a basic tool to verify the

results therein.



3. MATERIALS and METHODS

In this study; while looking the introduction and literature review of this thesis,
it can be seen that, till now, many important scientific results have been obtained in the
relevant literature on qualitative behavior of solutions, stability, boundedness,
convergence, etc., of certain nonlinear differential equations of fourth-order.
Throughout that entire works discussed in this thesis, the Lyapunov's second (or direct)
method has been used as a basic tool to show the mentioned results. However, if the
solutions of any differential equation can be found explicitly, then one can show that
stability, boundedness and convergence of solutions by means of the related definitions
of these concepts as well as via the Lyapunov's second (or direct) method. On the other
hand, when researchers use the Lyapunov's second (or direct) method to prove the
proper stability, boundedness and convergence results of non-linear differential
equations, they have to take into consideration the Routh-Hurwitz criteria during the
establishment of the proper conditions. The Routh-Hurwitz criteria for nonlinear
differential equations are expected as natural generalizations of that related linear
differential equations with constant coefficients. The proofs of the results depend on the
proper the Routh-Hurwitz criteria. To prove stability, boundedness and convergence of
the solutions by one of these definitions is known as the Lyapunov first method in the
literature. A.M. Lyapunov is a Russian Mathematician. This method was coined in the
1890. These days, this method is being studied in the scientific literature on a large
scale; that is, this method is still used today actively. The material will be used in this
thesis, because of the theoretical studies adopted in international articles, published
books and publications considered to be similar in scientific studies. We can reach to
the large scale of these sources with the help of scientific databases, benefiting from
these resources in the library of Yuzuncu Yil University. While in doing the proofs of
theorems, we take of consideration some basic theorems which are refer to the

Lyapunov’s theorems.



4. STABILITY of SOLUTIONS

4.1. Stability in x™® + f(X) + cx + bx +ax =0
Ogurtsov (1959) considered non-linear differential equation of the fourth order in the

form
x® + f(¥) + ¢k + bx +ax =0, (4.1)

and investigated the stability of the zero solution of equation (4.1), where the function

f(n) is continuous and satisfies the Lipschitz condition for all real n, and it was also

assumed that £(0) = 0.

Ogurtsov (1959) showed that a Lyapunov function can be constructed for equation

(4.2),

Ogurtsov (1959) established the following results on the stability of zero solution of

equation (4.1).

Theorem 4.1. If a > 0,b > 0, and the derivative of the function f(n) is such that
%>0, bc%—bz—a(%)2>0 (4.2)

hold clearly for all values of the argument, then the zero solution of equation (4.1) is

asymptotically stable for arbitrary initial conditions (Ogurtsov, 1959).

Ogurtsov (1959) replaced equation (4.1) by the equivalent system of differential

equations as follows:

xX=y,

y =2z

z=a-f'(y)z

u=-—cz—by—ax (4.3)

and considered the continuously differentiable Lyapunov function V defined by:

2V = (b? + ac)x? + 2bcxy + (¢? — 2a)y? + 4axz + 2byz + cz? + 2bxu
y

+2cyu + 2u® + 2b f f'(y)ydy.
0

This function is positive definite and infinitely large. In fact, it is clear that
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2
2V = (b? + ac)x?® + 2bcxy + (c2 —2a+ b?) y? + 4axz + 2byz + cz?

y
b
+2bxu + 2cyu + 2u? + 2bf [f’(y) - E] ydy,
0

where
y

Hf’(y)—g]ydy>0 for  y=#0,
0

this inequality holds clearly because by (4.2), f'(y) >§ and the quadratic form

everywhere is positive definite.
The derivative of the function V(x,y, z,u), with respect to time allowing for system
(4.3)is

dv
- = —abx? — 2af'(y)xz — cf'(y)z? + bz?.

It is easy to see that

av

av
— <0 forx#0, z#0 and —=0 forx=0, z=0.
dt dt

Obviously the yu —plane does not contain whole trajectories, except the origin of the
coordinates. Thus, the zero solution of equation (4.1) is asymptotically stable for

arbitrary initial perturbations.

4.2. Stability in x® + f(X)X + a,x + g(x) + h(x) =0
Asmussen (1971) investigated the behavior of solutions of certain fourth order non-

linear differential equation of the form
x@ + FE)X + a¥ + g(&) + h(x) =0, (4.4)

where a, is a positive constant and f,g and h are continuous real valued functions
depending only on the arguments that displayed explicitly.

Asmussen (1971) worked to find sufficient conditions on f,g,h which imply
asymptotic stability of all solutions of equation (4.4). The result deals with conditions
under which all solutions of equation (4.4) tend to zero as t — oo.

Asmussen (1971) constructed his results about the stability of solutions as follows:
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Theorem 4.2. Assume that g and h are differentiable on R and that
(i) there exists a; > 0 such that f(z) = a, for all z,

ii) h(0) = 0 and there are positive constants a,, A, such that b > Ay, x #0
X

and for sufficiently small §; > 0, A, —6; < h'(x) <A, forall x,
(iii) g(0) = 0 and there exist positive constants a3, A, such that
9' W) = a3
laya, — g'(¥) lag — a;Ayf(z) = A, forall y,z,
(iv)g'(y) — % < §, for all y # 0, where &, is a positive constant satisfying
5, < 2l

a3

zZ
1
(v) Ef f(s)ds — f(z) < 65 forall z #+ 0,where 85 is a positive constant satisfies
0

24,
83 < —

aias

Then zero solution of equation (4.4) is asymptotically stable.
Rather than deals with equation (4.4) directly, Asmussen (1971) considered the

equivalent system

X=y,
y=2z
zZ=Ww,
W = —wf(z) —az — g(y) — h(x). (4.5)

For proving his result, Asmussen (1971) used the following Lyapunov function V =

V(x,vy,z,w), where
z z
2V = (ayd, —dy)z? + 2 f sf(s)ds + d,w? + 2d2yff(s)ds + 2d,yw + 2zw
0 0
y

+2d, ff(s)ds + (a,d, — Aydy)y? + 2 f g(s)ds +2d,zg(y) + 2yh(x)
0 0

+ 2d,zh(x),

1 A,
d1:8+_, d2:g+_
a as

and € > 0 is a constant.
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Lemma 4.3. Under the hypotheses of Theorem 4.2, V(0,0,0,0) = 0 and there exist
positive constants E;, E,, E;, E, dependentonlyon a,, a,, a3, a4, A, Apand e
such that

V > Ex?+ E,y? + E;z2 + E,w?  forall x,y,z w (Asmussen, 1971).

Lemma 4.4. Under the hypotheses of Theorem 4.2, V(0,0,0,0) = 0 and there exist
positive constants F,, F,, F;, F, dependentonlyon a;, a,, as, a,, A, Ay and e
such that

. 1 a
V< —(Fy?+ F,z? + Faw?) + F,(y? + z2 + w?)2 [91 + 0,(y? + z% + WZ)E]

for all x,y,z, w when A, is sufficiently small (Asmussen, 1971).

4.3. Stability in x® + a(t)f(X)% + b(t)P(x, %) + c(t)g(x) + d()h(x) =0
In (1974) Tadayuki Hara investigated the asymptotic behavior of the solutions of non-

autonomous fourth order differential equation in the form
x® +a(®)f(X)xX + b(&)D(x, %) + c(t)g(x) + d(t)h(x) = 0. (4.6)

Where the functions appear in the equation (4.6) are real valued functions. The dots
indicated differentiation with respect to t, and all solutions considered are assumed to
be real.

Hara (1974) gave conditions to ensure that all solutions of equation (4.6) tend to zero
as t — oo,

Hara (1974) established the following results about the asymptotic stability of solutions

of equation (4.6) as follows.

Theorem 4.5. Suppose that a(t),b(t), c(t),d(t) are positive and continuously
differentiable functions in I =[0,), each of f(z),g(y), h(x) are continuously

differentiable for all x,y,z € R, ®(y,z) and Z—j(y, z) are continuous for all (y,z) €

R?. And there exist positive constants such that the following assumptions hold:
(i) Aza(t)=ay;>0, B=b(t)=by>0, C=c(t)=cy>0,
D>d(t)=>d,>0fortel,
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(i) f(z) = fy, > 0forallz€R, and f,(2) = %ff(s)ds, (z+# 0),f,(0) =1(0),

(iii) g;(y) = go > O forally € R,g(0) = 0, and

2.0 =222 0, 4.0 =g )

(iv) xh(x) >0 (x #0), H(x) = f h(s)ds - o as|x| - oo,

aofodo
<
0 ZCOgOD_h( x) < hy,
. D(y,2) £0C5 95
V) 0,(y,2) <0, ®(y,0) =0 inR? 0< Do = BDZh2 (z+0),

where g, is a sufficiently small positive constant,

(vi) aghoco®ofogo — C*gog'(y) — A*Dfyhof(2) = 8o > 0 forall (y,2) € R?,

) 2Dhy6,
’ _ < A~ 2.2
Vi) 9’0~ =8 <777
Ccogob
(viii) f1(2) — f(2) <
fl f Aa OfoDhO

(i) f 1@ @O+ i@ + 1/ (O] + 1d' (Ot < oo,
0

d'(t) -0 as t - oo, where bl (t) =max(b'(t),0).
Then zero solution of equation (4.6) is asymptotically stable (Hara, 1974).

It is clear that the equation (4.6) can be written as equivalent system

X =y,
y =2
zZ=Ww,

w = —a(O)f (2w - bO)P(y,2) — c()g(y) —d(®Oh(x). (4.7)
Hara (1974) used as a main tool the following continuously differentiable Lyapunov

function V =V (t, x, y, z,w) defined by

X y z z
2V = ZBd(t)f h(s)ds + Zc(t)fg(n)dn + Zab(t)fcb(y, s)ds + Za(t)ff(s)sds
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+2Ba(t)y f f(s)ds + {BDPyb(t) — ahyd(t)}y? — Bz? + aw? + 2d(t)h(x)y
+2ad(t)h(x)z + 2ac(t)zg(y) + 2Byw + 2zw + k,

" 1 N 8 hoD
where a=——+=c¢, =
aofo CoYo

+ ¢ and ¢,k are positive constants.

Moreover, Hara (1974) showed that there exist positive constants D,, D, and Dg such
that
DifH(x)+y2+2z2+w?} <V <D, {H(x) +y*+z> + w? + k}.
And also
V< —Dg(y? + 22 + w?),
which guarantees the stability of all the solutions (x(t), y(t), z(t), w(t)) of (4.7).

4.4. Stability in - x® + f(x,x,%,X)%¥=0
Skrapek and Lalli (1977) investigated asymptotic stability of trivial solution of the

fourth order differential equation in the form
x® + f(x,x,%,%)% =0, (4.8)

in which the function f is continuous for all values of their respective arguments that
displayed explicitly and the partial derivatives

of of of of

ox’ ay’ 0z’ ow'’
exist and are continuous for all values of their arguments. Also, the existence and the

uniqueness of the solutions of equation (4.8) are assumed.

Skrapek and Lalli (1977) used the following system which is equivalent to (4.8):

X =y,
y =2z
zZ=Ww,
w=—f(x,y, zw). (4.9)

Skrapek and Lalli (1977) obtained the results bellow on the stability of solutions.



19

Theorem 4.6. Let %f(0,0, z,W)|w=0 = f1(2) and suppose the following conditions
hold:
(i) £(0,0,00) =0, f(x,v,0,w)—f(x,¥,0,0) — f,(0)w = 0 for all x, y,w and there
exist finite positive constants a,, a,, a3 and finite non negative constants m, n such
that f; (z) = a, forall z,
(i) [f(x,y,0,0) — f(0,y,0,0)]sgnx >0 for x # 0 and

[f(x,v,0,0) — f(0,y,0,0)]sgnx - +o0 as |x| - +oo,

(iif) aiy [f(x,y,0,w) — f(x,y,0,0)] = 0, and there exist finite positive constants

A, Ay, Aq and a finite constant A such that

] ]
3y f(x,y,0w) <A, and 3y [f(x,y,0,w) — £(0,y,0,0)] < A5 forall x,y,

0
[a1a2 - 6_ f(0,y, 0,0)] as; — a,Af1(z) = A, forall v,z
4a1A0
[A4 =Y f(o y,0 ,0) + daAs| = A forall x,y,
J £(0,5,0,0) 24,0,
iv) — f(0,y,00) - ————< 6, < f * 0,
(iv) 3y £(0,y,0,0) " 1< or y

for z # 0,

v 2 [ A©as - <6, <
0

1%3

0
— [f(0,y,2,0) — f(0,y,0,0)] <0 forall y,z

(vi) 3y

4a
(viD) [G(x,y,z,W)]? < (A—3> mn , where

4

f(x,y,0,w) — £(0,y,0,0) — f(z2)w

G(x,y,z,w) = 7 —ay

X

0
~ [ 55 UG.00) - 703,005 - 5 [7G:,00) - £0.3,00)]

for y #0,z # 0.

Then trivial solution of equation (4.9) is asymptotically stable.

For proving these results, Skrapek and Lalli (1977) used a scalar continuously

differentiable Lyapunov function V = V(x, y, z, w) which is defined by
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2V = 2d, ff(s, y,0,0)ds — 2d,f(0,v,0,0)x + (a,d, — Aud;)y? + 2zw,
0
+2d, j f(0,y,s,0)ds — 2d,f(0,y,0,0)z + 2 f fi(s)sds — d,z? + d,w?
0 0

+2f(x,v,0,0)y —2f(0,y,0,0)y + 2d,f (x,y,0,0)z + Zdnyfl(s)ds + 2d,yw,
0

where
1 A,
dy=¢e+—, d, =¢+—
(2] a3
and £ > 0 is a constant.

4.5. Stability in x™® + @)%+ f(¥) + g(x) + h(x) =0
Yu Yuan-hong (1990) considered the following non-linear fourth order differential
equation of the form

x® + X)X+ f(&) + g(x) + h(x) = 0. (4.10)

The purpose of (Yu Yuan-hong, 1990) is to investigate the asymptotic stability in large
of trivial solution of equation (4.10).
Instead of (4.10) Yu Yuan-hong (1990) considered the equivalent system in the phase

variables from

xX=y,
y =1z
zZ=Ww,
W= —¢p(2)w - f(2) — g(y) — h(x). (4.11)

In which the functions ¢, f, g and h depend only on the arguments displayed and the
dots denoted differentiation with respect to t .Where @(X), f(¥),g'(x),h'(x) are
continuous for all values their respective arguments, and are such that the existence and
the uniqueness of the solutions of (4.10) will be assumed.

Suppose
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Z

1
0,(2) = o f(p(s)ds, z#+0,
20(0), z=0,
f(2)
=7 270
f'(0), z=0
and
g
am={y Y
g'(0), y=0.

Yu Yuan-hong (1990) established the following stability results.
Theorem 4.7. Suppose the following conditions hold:

(i) £(0) = g(0) = h(0) = 0,

(i) there are positive constants a, b, ¢, d, § and ¢ such that

abc —cg'(y) —adp(z) = 6 > 0forall yand z,

ad
(ii)0 < d — P < h'(x) <dforall x, and h(x)sgnx - 4+, |x| > +oo,

) ’ d
. < B s |d
(iv) 0<sg,(y)—c< e |7ac for all y,

c3 ) bc
V) 0<fil2) - bSF for all z, where0<80<8SnD—ab+7

. o)
i) p(z) =2a, @(2)—9p(2) < a7 for all z.

Then the trivial solution of system (4.11) is asymptotically stable in large (Yu Yuan-
hong, 1990).

The main tool to prove the results of (Yu Yuan-hong, 1990) is the continuously

differentiable Lyapunov function V (x, y, z, w) defined by

z y z
2V(x,y,z,w) = 2P f h(s)ds + (bB — da)y? + 2 f g(s)ds + Zaff(s)ds
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zZ

+2 f @(s)ds — Bz? + aw? + 2h(x)y + 2ah(x)z + 2ag(y)z
0

zZ

+2,8yf p(s)ds + 2Byw + 2zw,
0

where
a=e+1, ﬁ=s+g.
a c
Yu Yuan-hong (1990) improved and applied the following two lemmas to show that
V(x,y,z,w) is Lyapunov function to system (4.11).

Lemma 4.8. Suppose that all conditions of Theorem 4.7 hold. Then, there are positive
constants D; = D;(a,b,c,d,¢,8), i = 1,2,3,4, such that

z
V(x,y,z,w) = D, j h(s)ds + D,y? + D3z* + Dyw?
0

forall x,y,z,w (Yu Yuan-hong, 1990).
Lemma 4.9. Suppose that all conditions of Theorem 4.7 hold. Then there are positive
constants D; = D;(a,b,c,d, &, ¢,6), i = 5,6,7, such that whenever (x,y, z, w) is only

solution of system (4.11), then

d
EV(x, y,z,w) < —(Dsy? + Dgz? + D,w?)

(Yu Yuan-hong, 1990).

4.6. Some Remarks on Stability Results to Certain Fourth Order Differential
Equations

Wu and Xiong (1998) gave some remarks on the results of Chin (1989) and Ku (1964).
Furthermore, some new criteria for local asymptotic stability are presented.

At the beginning Wu and Xiong (1998) discussed and compared the results of Chin
(1989) and Cartwright (1956).

Wu and Xiong (1998) considered the fourth order differential equation in the form

x® + @, % + a,% + azx + f(x) = 0. (4.12)

It is clear that equation (4.12) can be rewritten as a system of differential equations
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xX=y,
y =2z
Z=w,
W=—aw— ayz —azy — f(x). (4.13)

Wu and Xiong (1998) showed that Chin (1989) worked by intrinsic method to
constructing one new type of scalar continuously differentiable Lyapunov function
V =V (x,y, z) of equation (4.12) as follows

2V=WwW+a;z+Ay)* + a%f A(x)ydy + (Z—j) [z +a,y+ ( )f(x)]

(4.14)
and the derivative of V' along the solutions of (4.13) is given by
. 1
V=-—A(x)y? (4.15)
a,
where
A= a, — % and A(x) = ajaya; — a3 — a?f'(x).
1

Also (Wu and Xiong, 1998) gave some notations on the results of Chin (1989) and Ku
(1964), and they are consider the following fourth order differential equations which is
the same as the equation that Chin (1989) studied

x® + @ X + f(x,X)¥ + azx + ax =0, (4.16)
and it can be written in phase variable from
X =y,
y =2z
zZ=Ww,
W=—aw—f(x,y)z — azy — a,x. (4.17)
Wu and Xiong (1998) established the following results on the asymptotic stability of

zero solution of (4.13).
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Theorem 4.10. For the system (4.13), suppose that a; > 0, j = 1,2,3, f(x) is a twice

continuously differentiable function with £(0) = 0, xf(x) > 0, x # 0, and satisfies

one of the following conditions:
1 1

(i) A(x) > 0and a—A(x) +§f”(x)y > 0for|x|<!land |y|<h (Lh > 0),
1

(i) A(x) =6 >0 for |x|<I (I>0).

Then the zero solution of system (4.13) is asymptotically stable.

Proof. Clearly, the function V in (4.14) is positive definite, in addition, when condition
(i) is true, V is negative semi-definite.

If condition (ii) holds, then there must exists a positive number h such that
a
S " @Ik <s.

This means that for [x| < l and |y| < h, we have
y 1 1.y
V< —[ZA@+5f h]y.

Hence, V is negative semi-definite. Furthermore, if condition (i) or condition (ii) is true,
it follows from V = 0, that is, y = 0. Substitute this into (4.13) and then we obtain
x =z =w = 0. Therefore

{x(©),y(0), 20, w(®)| V = 0}
does not contain any non-zero positive semi-orbit of system (4.13).
Wu and Xiong (1998) further study the asymptotic stability of solutions to system
(4.17), and they show that equation (4.16) is rewritten as the same of Ku (1964), i.e.,

x® +a¥X + f(x,X)¥ + cx +dx =0,

And this equation can be written in phase variable from as

xX=y,
y =2z
zZ=Ww,
w=—-aw — f(x,y)z — cy — dx. (4.18)

They use the following Lyapunov function
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c (ad > /ad 2
2V=—(—x+ay+z> +(—x+ay+z>
a\c c

d d 2d
+ [f(x, y) — 2 — aT] z% + [Y(x, y) — Z(c + a7> yzl (4.19)
Thus
a’d a d
V= - farte -2 5 (L + L) ] 2+ —yf 2 yay. (@20
Let
2ad ‘ ‘ af af af
a .
Y(x,y) =Tff(x,y)ydy, €= fa_ f=577 ay”
0 0

Theorem 4.11.Suppose that a, c and d are all positive, 5 and é are continuous for

(x,v) € Q (a bounded domain in R?) and
c ad
fl,y)——=—>0,
and one of the following conditions is satisfied:

(@) af(x,y) —c —aZTd—g > g,
(i) either
y

a’d f of
—_— —— L — <
af(x,y) — ¢ . 2>0, and yfaxydy_o
0

or

a*d f
2

af(x,y)—c—T— >0, and yf —ydy <0, y+#0, wherez € [-,1],

y
a’d 10f of
——— — =y > — < 0.
(iii) af(x,y) — ¢ P >6 >0 and faxydy_O
0

Then the zero solution of system (4.18) is asymptotically stable (Wu and Xiong, 1998).

Proof. Under condition (i) or (ii), it is obvious from (4.19) and (4.20) that the function
V is positive definite and its derivative V is negative semi-definite. In addition, it is

easy to show that when  V =0, system (4.18) only admits the trivial solution
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(x(t),y(t).z(t),w(t)) = (0,0,0,0), hence, we know that the conclusion of this
theorem is true.

If the condition (iii) is true, then

R
< -6z%— %z—iz?’. (4.21)
Thus there must exist a number [ such that
1ol <s

for any (x,y) € Q. It therefore follows from (4.21) that V < 0 for any (x,y) € Q and
€ [—I,I] Furthermore, we then know that the zero solution of (4.18) is asymptotically

stable.

Finally Wu and Xiong (1998) stated and proved the following theorem on the

asymptotic stability of zero solution of system (4.18)
Theorem 4.12. Suppose that a, ¢ and d are all positive, —x and £ a are continuous for

(x,v) € Q (a bounded domain in R?) and
d ‘ f
Cc a
= — ydy <0
flx,y) i > 6, >0, fa <
0
as well as for any

(x,y,z,w) € D, af(x,y)—c—T—— y=46,>0,

and [2£]|z] < 6. Then for the solution (x(¢), y(t), 2(1), w(t)) of (4.18) starting at any

initial point (x,, vo, 2o, Wy) in the domain D, we have

x2(t) + y2(t) + z2(t) + w2(t) > 0 as t —» +oo.
In particular, the zero solution of system (4.18) is asymptotic stable (Wu and Xiong,
1998).
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Tunc (2006) constructed some new Lyapunov functions to examine the stability of the
solutions of fourth order non-linear differential equation described by

x® + ()X + fx,x)¥ + g(x) + h(x) = 0. (4.22)

It is clear from (4.22) that

X =y,
y =2,
Z=w,
w=—p@w - flx,y)z— g(y) — h(x), (4.23)

in which the functions ¢, f,g and h depend only on the arguments displayed and the
dots denote differentiation with respect to t. The functions ¢, f,g and h are assumed

to be continuous on their respective domains. The derivatives

Z—i =g'(y) and Z—Z = h'(x)
exist and are continuous.
Moreover, the existence and the uniqueness of the solutions of the equation (4.22) are
assumed. That is, the functions ¢, f, g and h so constructed such that the uniqueness
theorem is valid. It is worth mentioning that the continuity of the functions ¢, f,g,h
guarantees at the least the existence of one solution of equation (4.22). Next, the
existence and continuity of the derivatives

dg | dh |
—=g'(y) and E:h(x)'

in a compact domain ensure that the functions g and h satisfy the locally Lipschitz
condition in the closed domain. This guarantees the uniqueness of the solutions.
Now, for testing the stability of the equation (4.22), (Tunc, 2006) introduced the

following notation

z

1
0.(2) = 2 f(p(r)dr, z#0
<P(8). z=0

and
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g)
a={y = Y*°
g'(0), y=0.

The main stability result of (Tunc, 2006) is the following theorem.

Theorem 4.13. In addition to the basic assumptions on the functions ¢, f,g and h,
suppose that there are positive constants a, b, c,d, §,eand n such that the following
conditions are satisfied:
() h(0) = g(0) = 0,
(it) abc —cg'(y) —adp(z) = 6 > 0 forall yand z,

Véea

di)o<d—-h(x) < 2 forallxand h(x)sgnx — +o as |x| - oo,

) / d
i < — — — ! >
(iv) 0<g,(y) —c< e |7ac and g'(y) = cforally,

V) 0<f(x,y)—b<n forall xandywhere

<_C£5ae6 <6 D—b+bc
mT=mredla'slc |’ ¢ =%acD’ - ¢ d’

1)
2a2c

for all z.

(Vi) 9(2) =2 a,9:1(2) —9(2) <
Then the zero solution of system (4.23) is asymptotically stable (Tunc, 2006).

The main tool for proving the above result is continuously differentiable scalar

Lyapunov function V =V (x,y,z,w) defined by:
x y z
2V = Z,Bf h({)d? + Bby? — ady? +2 f g(p)dp + abz? + 2 f p(t)tdt
0 0 0
—Bz% + aw? + 2h(x)y + 2ah(x)z + 2ag(y)z
Z,Byf p(t)dt + 2Byw + 2zw,
0

where

1
a=¢c+—, B

£+ —.

Q
a
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Also (Tunc, 2006) showed that the following lemmas are used for proving that the
function V (x,y, z,w) is a Lyapunov function of system (4.23).

Lemma 4.14. Suppose that all the conditions of Theorem 4.13 hold. Then there are
positive constants D; = D;(a, b, c,d,¢,8), (i = 1,2,3,4) such that for all x, y, z, w.

X
= D1 f h(()d( + Dzyz + D3Z2 + D4W2
0

(Tunc, 2006).

Lemma 4.15. Assume that all conditions of Theorem 4.13 hold. Then, there exist
positive constants D; = D;(a, b, c,€,8) (i = 5,6,7) such thatif (x(t),y(t), z(t), w(t))
is a solution of system (4.23), then

d
EV(x, y,z,w) < —(Dsy? + Dgz? + D,w?)

(Tunc, 2006).

4.8. Stability in x™® + (X)X + f(x,%,%) + g(x,x) + h(x) =0

In (2007), Tunc studied the stability of the zero solution of certain fourth order

differential equation in the form:
x® + @)% + f(x,%,%) + g(x, %) + h(x) = 0, (4.24)

where the functions ¢, f, g and h are continuous functions which depend only on the
arguments displayed explicitly. The dots indicate differentiation with respect to the
independent variable t and all solutions considered are assumed to be real. The
derivatives,

—h = h'(x)

dx

exist and are continuous. Moreover, the existence and the uniqueness of the solutions of

0 N . 0 N .
ag(x,x)zgx(x.x), ag(x,x)zgx(x,x), and

the equation (4.24) will be assumed.

Equation (4.24) can be written in the phase variables form as

X =y,
y =z,
zZ=Ww,

w=—w—f(xy,z) - gxy) —h(x). (4.25)
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Tunc (2007) assumed the following to investigate the stability of zero solution of

equation (4.24) by setting
1

{(1 [o@as 220

¢,(2) =
k(p(O), z=0
and
( g(x,y) J %0
91(x,y) { 9
k@g(x 0, y=0

The stability result that established by (Tunc, 2007) is the following theorem.

Theorem 4.16.Suppose the following conditions are satisfied:

(i) h(0) = g(x,0) =0,
(i) there are positive constants a, b, ¢, d, § and & such that

abc —cg,(x,y) —adp(z) = 6 > 0forall x,y and z,

inwhich & < —°— D = ab 4+ ¢
In wnic E_ZaCD, =a d

i)o<d—-h'(x) <

for all x, and h(x)sgnx - +o0,as |x| - oo,

(iv)0 < g;(x,y) —c < % /% forall x and y # 0,and \/? < (x,y) <0

for all x and y,

X,V,2Z c |&6 a |8
v) OSf(Ty)_bsmin @\/;, §\/;] for all x,y and z # 0,and

vfi(x,y,z) <0 forallx,y and z,

for all z.

i) p(z) =2a, ¢

Then zero solution of system (4.25) is asymptotically stable (Tunc, 2007).
Throughout the main result (Tunc, 2007) used as a basic tool the scalar continuously

differential Lyapunov function V =V (x, y, z, w) defined by:

2V =2p f h({)d{ + Bby? — ady? + 2 f g(x,n)dn + abz? +
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zZ

+2 f ©(0){d] — Bz* + aw? + 2h(x)y + 2ah(x)z
0

zZ

+2ag(x,y)z + Z,Byf p(Q)d{ + 2Byw + 2zw,
0

where
+1 +d
a=¢&+—, =&+ —
a 'B c

Tunc (2007) showed that the following lemmas are needed in the proof of Theorem 4.16

Lemma 4.17. Assume that all conditions of Theorem 4.16 hold. Then there are positive
constants D; = D;(a,b,c,d, ¢, 6),(i = 1,2,3,4) such that

X
V=D, j h(§)d§ + Dyy? + D3z* + Dyw?
0

for all x,y,z and w (Tunc, 2007).

Lemma 4.18. Assume that all conditions of Theorem 4.16 hold. Then there exist
positive constants D; = D;(a, b, ¢, &,8) (i = 5,6,7) such that whenever (x(t), y(t), z(t),
w(t)) is any solution of system (4.25), then

d
EV(x, y,z,w) < —(Dsy? + D¢z? + D,w?)

(Tunc, 2007).

4.9. Stability in x® + ®(%) + f(¥) + g(¥) + h(x) =0

Adesina and Ogundare in (2012) established some new conditions on the globally
asymptotic stability of trivial solution to a certain fourth order non-linear differential

equation of the form
x® + 0 + f(&) + g&) + h(x) =0, (4.26)

where the functions @, f,g and h are continuous and depend at most only on the
arguments displayed explicitly. Here and elsewhere, all the solutions considered and all
the functions which appear supposed real. The dots indicate differentiation with respect

tot.



32

Adesina and Ogundare (2012) state the considered equation with the associated system

X=y,
y =2z
Z=w,
w=—-®Ww) - f(z) — g(») — h(x). (4.27)

Adesina and Ogundare (2012) gave the following result about the globally
asymptotically stability of zero solution of equation (4.26).
Theorem 4.19. Let the functions @, f, g and h be continuous and the following

conditions hold for some positive constants a, by, ¢, d, A, A, Kg and 0 < K7 < 1:

()a< W=¢Og a0=€+6(11)_€)D, (w=0, 0(0) =0),
— f(0 6(1—¢)D
(ii) b < wzﬂ,s b0=€+6)(/1(_€);) (z#0, f(0)=0),
(iii)A1SM=GOS c=#(1_8)611, (y # 0and g(0) =0),
where I; = [A,, K;ab],
(iv) dox ME RO _ g _FEAZ DBV D o, m0) = o),

x 14

Ao, Ky [—(ab a_2 C)C”,

where [, =

(v) @(0) =£(0) = g(0) =h(0) =0,

where ¢, 8,8,y and D are all positive with (1 — &) > 0 and By > 1. Furthermore, I,
and I, are subintervals of the Routh- Hurwitz interval.

Then the trivial solution of equation (4.26) is globally asymptotically stable.

In the proof, Adesina and Ogundare (2012) used the following continuously

differentiable scalar function V = V(x, y, z, w) defined by

2V=[fA—8e)x+yy+6z+wl>+[(1—¢e)D—1](6z + w)?
+BD[e+ (1 —&)D — 1]y? + y(D — 1)z? + eDw?

+B%e(1 — &)x? + 2y8[(1 — €)2D — 1]yz,
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where 0 <e<1—e<1, B,vy,§ arepositive real numbers such that

14 . BA-9ys—p(1—e)] . 1
?>1—£,D—1+ )/6—,88 with D>m

Also, (Adesina and Ogundare, 2012) showed that the following two lemmas are needed

in the proofs of Theorem 4.19.
Lemma 4.20. Subject to the assumptions of Theorem 4.19, there exist positive
constants K; = K;(¢,8,v,6,D), i = 1,2 such that

K(x?2+y2+224w?) <V(x,y,zw) < K(x2+y2 + 22+ w?)
(Adesina and Ogundare, 2012).
Lemma 4.21. If all assumptions of Theorem 4.19 are satisfied, then there are positive
constants K;(&,8,y, 8, D) such that for any solution (x, y, z, w) of system (4.27)

d
2V eyzw) < —K3(x* +y? 4+ 22+ w?)

(Adesina and Ogundare, 2012).



5. BOUNDEDNESS of SOLUTIONS

In (1962), Ezeilo concerned with fourth order non-linear differential equation of the

form
x® 4+ (X)X + ay¥ + g(xX) + aux = p(t) (5.1)

to established some sufficient conditions for the boundedness of solutions. Where a,, a,
are constants and f, g,p depend only on the arguments displayed, the dots as usual
denoting differentiation with respect to t. The functions f,g,p are such that g'(y)
exists and f(z), g'(y),p(t) are continuous for all y,z and t.

Essentially, (Ezeilo, 1962) worked to established some sufficient conditions for the
boundedness of solutions of equation (5.1) in the case p # 0,

Theorem 5.1. Suppose that

(i) a, and a, are both positive,

(ii) g(0) = 0 and there are finite constants @; > 0, a3 > 0 such that

%2 as; (y#0) and f(2) = a, forall z

(iii) there is a finite constant A,> 0 such that
{a, — 9g'W)}as; —aya,f(z) = A, forallyand z,

(iv) g'(y) — %y) < §, for all y # 0, where the constant §; is such that

2a,4

aa?’

5, <

zZ
1
(v) {Eff(f)df} — f(2) < &, forall z # 0, where the constant §, is such that
0

24,

0y < ——
2 2
aias

)

t
(vi) flp(r)ldr <A<o forall t>0.
0
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Then given any finite x,, vy, z9, W, there is a finite constant D = D (xq, Yo, Zo, Wo) SUch
that the unique solution x(t) of (5.1) which is determined by the initial conditions

x(0) =xo, %(0) = y,, ¥(0) =z, X(0) = wy,
satisfies

lx(t)| <D, |x(t)| <D, |%(t)| <D, |X()| <D

for all t > 0 ( Ezeilo, 1962).

Ezeilo (1962) considered the equivalent system of equation (5.1) as follows

X =y,
y =2,
Z=1uU,
W = —wf(z) —az — g(y) — azx + p(¢). (5.2)

The proof of Theorem 5.1 (Ezeilo, 1962) depends on the continuously differentiable
Lyapunov function V = V(x, y, z, w) defined by

y z

2V = aydyx® + (aydy — aady)y? + 2 f gm)dn + (apds — d)z? + 2 f $F(@Q)dg
0 0

zZ
+d,w? + 2a,xy + 2a,d xz + Zdzyff(()d( + 2d,zg(y) + 2d,yw + 2zw,
0

where
1 ay
d=¢+—, d, =¢+—,
241 a3

and & > 0 is a constant.

In the following two lemmas, it is shown that V is a Lyapunov function for equation
(5.2).

Lemma 5.2. Let assumptions (i) - (v) of Theorem 5.1 hold. Then V(0,0,0,0) = 0 and
further there are positive constants D; (i = 1,2,3,4) depending only on
E,y, Ay, A3, Ay, 01,0, and A, such that

V = Dix*+ D,y? + D;z% + D,w?
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for all x,y,z,w provided that 0<e< g, where & depends only on
aq, ay, a3, 4,64, 0, and A, (Ezeilo, 1962).

Lemma 5.3. Under the hypotheses (i)-(v) of Theorem 5.1, there exist constants D > 0,
D; > 0, Dg > 0 depending only on ¢, a4, a,, a3, a, and A, such that, if (x,y,z, w) is
any solution of the equation (5.1), then

. d
V= %V(x, y,2,w) < —(Dgy? + D,z? + Dgw?)

provided that 0 < € < ¢,, where &, is a constant depending only on a4, a,, a3, a,
and A, (Ezeilo, 1962).

5.2. Boundedness in x® + f(X)% + a,x + g(x) + asx = p(t, x, x, X, %)

Tejumola (1968) considered the fourth order non-linear non homogeneous differential
equation of the form

x® + F)X + ayk + g(xX) + ayx = p(t, x, %, %, %), (5.3)

where a,, a, are constants and f, g, p depend only on the arguments displayed, the dots
as usual denoting differentiation with respect to t. The functions f, g,p are such that
g'(y) exists and are continuous for all y.
Essentially, (Tejumola, 1968) worked to established some sufficient conditions for the
boundedness of solutions of equation (5.3) in the case p(t,x,x,%,X) # 0.
The main result of (Tejumola, 1968) about boundedness of solutions of (5.3) is the
following.
Theorem 5.4. Given equation (5.3). Suppose that
() f(2) = a forall z,
(ii) g(0) = 0 and there are finite constants a5 > 0 such that g'(y) = a; forall y,
(iii) there is a finite constant §, > 0 such that

{aa, — 9g'W)}as; — aya,f(z) =8, forallyand z,

(iv) g'(y) — % < §, for all y # 0, where the constant §; is such that

2040,

aaz’

5, <
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1 Z
(v) {E f f(()d(} — f(2) £ &, forall z # 0, where the constant §, is such that
0

26,
8y < ——,

ayas

(vi) there is a finite constant A> 0 such that

|p(t,x,y,z,w)| < A for all values of ¢, x,y,z and w.

Then there exist a finite constant D, > 0 whose magnitude depends only on the
functions f,g and p as well as on a,,a,, a3, a4, 8y, 61,8, and A such that every
solution x(t) of equation (5.3) satisfies

Ix(®) <Dy, X <Dy, X <Dy,  |X(O)] < Dy
forallt > t, (0 <ty <o) (Tejumola, 1968).

The proof of Theorem 5.4 (Tejumola, 1968) depends on the properties of the
continuously differentiable Lyapunov function V =V (x, y, z,w) defined by

V=V1+V2,
y z

2V, = qudyx® + (ydy — ayd)y? + 2 f gm)dn + (azdy — dy)z? +2 f $F@Q)dg
0 0

Z
+d,w? + 2a,xy + 2a,d xz + 2d2yff(()d( +2d,zg(y) + 2d,yw + 2zw,
0

v = {xsgn w, if  |wl|=|x|
27 wsgn x, if |wl<lxl,
where
1 ay
d1:€+_, d2:£+_,
241 a3

and & > 0 is a constant.
After that Ezeilo and Tejumola (1971) studied some special cases of the
equation (5.1) and they established the following results.

The first case of (Ezeilo and Tejumola, 1971) is the equation

x® + o ¥+ ayk + g(xX) + agx = p(t, x, %, %, %), (5.4)
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in which a4, a,, a, are positive constants the functions g, p continuous for all values of
the respective arguments.

Theorem 5.5. Moreover the basic assumptions on a4, a,, @, and the functions g, p
suppose that:

(i) there is a positive constant 17, such that @ >0 (lyl = no),

(i) there is a constant d, > 0 such that

90)
y

(iii) there is a finite constant A, suchthat |p(¢,x,y,zu)| < A, forall

g’
a,a, - I:T:I - a12a4 = dl (lyl = 770)1

t,x,y,zand u.
Then there exists a finite constant D whose magnitude depends only on a4, a,, as, 1o,
d,, A, and g such that every solution x(t) of equation (5.4) ultimately satisfies
x2(t) + x%(t) + X2() + ¥2(t) <D
(Ezeilo and Tejumola, 1971).

The next case that ( Ezeilo and Tejumola, 1971) studied the equation:
x® + (X + ay¥ + azx + a,x = p(t, x, %, %, %) (5.5)

with a,, as, a, are positive constants, the functions f, p are continuous for all values of
the respective arguments. And established the following result.
Theorem 5.6. In addition to the basic assumptions on a,, a3, a, and the functions f, p,
we suppose that:
(i) There is a positive constant &, such that f(z) > 0 (|z| = &),
(ii) there is a constant d, > 0 such that
az0s3f(2) — af —asf?(z2) 2 dy  (Izl = &),
(iii) there is a finite constant A, such that |p(t,x,y,zu)| < A, for all
t,x,y,zand u.

Then there exists a finite constant D whose magnitude depends only on
@y, a3, a4, &g, dy, Ag and g such that every solution x(t) of equation (5.5) ultimately
satisfies

x2(t) +x2(t) + x¥2() + X?(t) <D
(Ezeilo and Tejumola, 1971).
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Also Ezeilo and Tejumola (1971) studied another form of fourth order differential

equation that is in the form
x® + £, X)X + ap¥ + azx + a,x = p(t, x, X, %, %), (5.6)
where a,, a3, a, are positive constants and the function f is such that Z—f}(y, Z) exist,

f(y,2), Z—£ (y, z),p(t, x,y,z,u) are continuous for all x,y, z,u and t.

Theorem 5.7. Moreover the basic assumptions on a,,as;,a, and the functions f,p
suppose that:

(i) there is a positive constant é, such that f(y,z) > 0 (|z| = &),

(i) there is a finite constant A such that max|f(y,z)| < A forall y and |z| < &,,

0
(iii) z% (y,z) <0 forall y,z,

(iv) there is a constant d, > 0 such that

s f(v,2) — a3 —auf?(v,2) =2 dy (2l = &),
(v) there is a finite constant A, such that |p(t,x,y,z,u)| < A, forall ¢, x,y, z and u.
Then there exists a finite constant D > 0 whose magnitude depends only on

@y, a3, a4, &y, dy, Ay and f such that every solution x(t) of equation (5.6) satisfies

x2(t) + x2() + X*(t) +x2(t) <D
(Ezeilo and Tejumola, 1971).

5.3. Boundedness in x® + aX + bx + cx + h(x) = p(t)

Harrow (1970) considered non homogeneous fourth order differential equation of the
form:
x® + aX + b¥ + cx + h(x) = p(t), (5.7)

where a, b, c are given positive constants such that ab > ¢, h(x) is differentiable and
p(t) is continuous in x and t, respectively, where the dots denote the differentiation

with respect to t. Equation (5.7) can be written in the form of system as
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xX=y,
y =z
Z=1uU,
W = —aw — bz — cy — h(x) + p(t). (5.8)

Harrow (1970) established the following result on the boundedness of the solutions.
Theorem 5.8. Suppose that h(0) = 0 and that
(i) d is a positive constant such that h'(x) < d, s = abc — c¢? — a?d > 0,and §, is a
constant such that for all x

d—2asc™t' <8, <h'(x)<d,
(it) 8, is a positive constant such that for x # 0

ds c h(x)
d—— — <6, <——= where s*=s+2ad(ab—c)b!.
s* ab X
1

Then corresponding to any constant A in the interval 0 < 1 < > always there is a

constant u = u(a,b,c,d,6;,6,,4) >0 such that every solution x(t) of (5.7)
determined by the initial conditions
x(to) = Xo, J'C(to) = Yo, J'C'(to) = Zy, f(to) = Wy,

and defined for all t > ¢, satisfies

t

1
X2(0) + 220 + ¥2(0 + 520 < e Dy + D, [Ip@POPertar | —

to
forall t > t,, where D, = D,(a, b, c,d, 5, 64, to, X0, Yo, Zo, Wo) > 0 and
D, = D,(a,b,c,d, b,,68,) > 0 are constants (Harrow, 1970).
The proof of the above theorem depends on the continuously differential scalar
Lyapunov function V =V (x, y,z,w) defined by
V=M+N,
where

2M(x,y,z,w) = my(w + myz + mydc~ty)? + c[z + myy+mycth(x)]?
+midoc™?(y + cmy < 67 12)% + m,z?,

where « is a constant such that as is possible in view of condition bc > ad,



41

0 <x< s(bc —ad)™?
and
m; =a—x, my,=sc '+ (ad—bc) x ct+x mZmyo~t+o dm,c7t,

o =mubc —m3d —c? m3=0—dxm,.

2N(x,y,z,w) = alw + az + (ab — ny)a 'y + Bx]? + ny[z + ay + an7 h(x]?
X
+va~l(y + an,fv~1x)? + nyx? + 2k, j h(7)dt — dk,x?
0

tmic Hd?x? — {h(x)}*] + a®nit[d?x? — {h(x)}?],
where S is a constant such that as possible in view of the condition ab > c,
0<p<s(ab—c)?
and
n, =c—p, ng =v-—pLFny,
v = abn, —n? — a?%d, k, =ab —n, +dm?c1,

n, = dsny! + afnnzvt —dB(ab — c)n;* + dp,

Harrow (1970) proved that for certain positive constants D; and D,,
Dy(x?> +y?+z2+w?) <V(x,y,zw) < D,(x? + y? + z% + w?)
and that for certain positive constants Ds and Dy,

dv

1
- < —Ds(x? + y2 4+ 22 + w?) + Dg(x? + y? + 22 + w2)2|p(t)|

(Harrow, 1970).

5.4. Boundedness in
x® + @(x,x,%,X)% + f(x, %) + g(x,%x) + h(x) = p(t, x, X, %, %)
In 1995, Tunc studied the boundedness of solutions for certain fourth order differential

equation of the form

x® + @(x, x,% 0% + f(x,%) + glx, %) + h(x) = p(t, x, %, %, %), (5.9)
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in which the functions ¢, f,g,h and p depend at most on the arguments shown
explicitly and the dots denote differentiation with respect to t. Further, it will be
assumed that the functions ¢, f,g,h and p are continuous for all values of their

respective arguments and that derivatives

0 0 d d
aﬁﬂ(x;yyz;u); @(p(xﬁ:)}ﬁz'u); %(P(x;y;z;u); @f(y:z)l
0 d
9, 9 y)

and h'(x) exist and are continuous for all x,y, zand u. All functions and solutions are
supposed to be real. Moreover the existence and the uniqueness of the solutions of (5.9)

will be assumed. It will be convenient in what follows to use the equivalent system:

xX=y,
y =z
Z=1u,

u=—o(y,zwu—fyz) —glky) —hx) +ptxyzu), (510)
which is obtained from (5.9) by setting y =x, z=%, u =X
Tunc (1995) established the following results on the boundedness of solutions of
equation (5.9) in the case that p(t, x,y, z,u) # 0.
Theorem 5.9. Suppose the following conditions are satisfied:
(@) f(,0) = g(x,0) = h(0) =0,
(ii) there are positive constants a,, a,, a3, a, and A, such that

g(x,y)

ai10,03 — A3 —a;a,¢0(x,y,2,0) = A, forallx,zandy # 0,

f,2)

V4

(iii) ¢ (x,y,z,u) = a; > 0 forall x,y, z and u, >a, forally,z # 0,

X, h(x
g€ y)Zag forallx,y # 0, %2,8>0forallx¢0,

aA
(iv) (a4 —2 0) <h'(x) < a, forallx,
4as

9 y)

0
) <@g(x' v) > < 6, for all x, y # 0,where §; > 0 and satisfying 6,
2040,

aas’
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Z
1
(vi) Ef p(x,y,s,0)ds — o(x,y,2,0) < 6, forall x,yand z # 0,
0

2A
where §, > 0 and satisfying §, < — °,
aras

d d d
as < < - <
(vii) 3y f(y,2) <0, Y 3% o(x,v,2,0) <0, 25> o(x,v,2,0) <0,

0 0
y ago(x,y,z, 0)<O0and z @(p(x,y,z, 0) <0 forallx,yand z,

Z ade
o )— a, < ;20 forally,z # 0,

4

(viii)
where ¢, is a positive constant such that

11 ag Ay az [2a,4 a; [ 24,
g < € <min|—,—, , 5> =01 ), =9
a, asz 4a1a3D0 4‘a4D0 a1a3 4‘D0 a;ds

. aa3
with Dy = aya, + ,
Oy

a180(e — &)

16 for all x and y,

) [ g0 y)]z <

y
1[0 o3(e — &)
S < =2~ 7
andyfaxg(x,s)ds_ 2 forallx,y # 0,
0

9 9
(x) z @(p(x,y, z,u) +d,y %w(x,y, z,u) =0

a
for all x,y,z and u, where d, = a—4 + ¢,
3
and furthermore, the function p(t, x, y, z, u) satisfies
lp(t,x,y,z,u)| < (1 + |yl + |z] + [u])q(t), for all ¢, x,y, z and u, where q(t) is a non
negative and continuous function of t, and satisfies

t

fq(s)ds <A< oo,

0

for all t > 0, with a positive constant A. Then for any given finite x, ¥, zo, 4o, there
exist a constant D = D(x,, Vo, Z, Ug), Such that the unique solution x(t) of (5.9) is
determined by the initial conditions

x(0) =xp, x(0) =y,  X(0) =2, X(0)=u,,
satisfies
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Ix@®l<D, |x®I<D, &®I<D, [X¥®I=<D,

forall t = 0 (Tunc, 1995).

Tunc (1995) established the following Lyapunov’s function V = V(x, y, z, u) as a main

tool in the proof of Theorem 5.9:

X y 4
2V =2d, j h(s)ds + [dya; — dia,]y? + 2 f g(x,s)ds + 2 j[dlf(y, s) —d,slds
0 0 0
+2 j sp(x,y,s,0)ds + 2d2yf o(x,v,s,0)ds + dyu? + 2yh(x)
0 0

+2d,zh(x) + 2d,zg(x,y) + 2d,yu + 2zu,
where

1 y
d1=_+€, d2=_+€.
aq as

In the following two lemmas showed that the function V(x,y,z,u) is a Lyapunov
function of system (5.10).
Lemma 5.10. Suppose that the conditions of Theorem 5.9 hold. Then there is a positive
constant D, such that

V= D(x*+y%+2z%2+u?)
forall x,y,z and u (Tunc, 1995).
Lemma 5.11. Suppose that the conditions of Theorem 5.9 hold. Then there is a positive

constant D, such that whenever (x,y, z, u) is any solution of (5.10), then

. d
V= EV(x,y, z,u) < —D,(y% + z% + u?)

(Tunc, 1995).

5.5. Boundedness in
x® + @(t,x, %, %, D)% + f(t,x,% %) + g(t,x, %) + dx = p(t,x, %, %, %)
Tunc (2001) Considered a fourth order non-linear non homogeneous fourth order

differential equation, namely,
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x® + o(t,x, %, %, %)% + f(t,x,%,%) + g(t,x,x) + dx = p(t, x, x,%,%) (5.11)

or its equivalent system:

X=y,
y =z
Z=1u,

u=—ptxyzwu—ftxyz) —gltxy) —dx+pltxyzu. (512)

In which d is a constant, the functions ¢, f,g and p depend only on the argument
displayed and the dots denote differentiation with respect to t.The functions

o, f, g and p are continuous for all values of their respective arguments. The derivatives

0p(t,x,y,z,u) _ 0p(t,x,y,z,u) _
at = (pt(t;x;y;Z;u)J ax = wx(tlxlylzlu)l
o0p(t,x,y,z,u) _ 0p(t,x,y,z,u) _
3y = ¢,(t,x,y,z,u), 7 = @u(t,x,y,z,u),
and
ag(t,x,y) _ ag(t,x,y) _
T: gt(t:xJY): T: gx(t,X,Y),

exist and are continuous.
Tunc (2001) investigated boundedness and uniform boundedness of all solutions

of system (5.12). And established the following result.

Theorem 5.12. In addition to the fundamental assumptions on the functions
o, f,g and p suppose that there exist positive constants a, b, c,d, A, D and § such that
the following conditions are satisfied:

(i) beo(t, x,y,z,u) — de?(t,x,y,z,u) —c? = 6 forall t,x,y,z and u,

(ii) 9 (t,x,¥,2,0) + yo,(t,x,¥,2,0) + zp,(t,x,¥,2,0) — ze,(t,x,y,2,0) < 0 for

all t,x,y and z,

y
t, x, ovD 1
(iii) g(t,x,0) = 0,0 < W— c < i,and ;fgx(t,x,n)dn < — <
0

T avA 4a2A

forallt,,x and y # 0 and yg,(t,x,y) < 0 forall t,x and y,

3b26D>
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t,x,y, § b%c?6D
(iv)0 < W—bSmin{ ¢

ﬁ,m} forallt,x,yand z # 0,
1
(v) the function p(t, x, y, z, u)satisfies |p(t,x,y,z,u)| < p(t)(x? + y? + z? + u?)z,

where p(t) is a non-negative continuous function and

f P(t)dt < +oo.

0
Then all solutions of system (5.12) are bounded. (Tunc, 2001).
Theorem 5.13. Suppose the following conditions are satisfied:
(1) Conditions (i) — (v) of Theorem 5.12 hold,

rP(OV (8 .
- (E) u® < 0,where € and r are positive constants.

(i)
Then all solutions of system (5.12) are uniformly bounded (Tunc, 2001).

&

The results of (Tunc, 2001) depends on a continuous scalar differentiable Lyapunov
function V (¢, x, vy, z, u).
This function and its time derivative satisfy some fundamental inequalities. The

function V =V (¢, x,y,z u) defined by:

2V = (2b)[bu + cz + 2dy]? + b?[bz + cy + 2dx]? + (b? — 4d)[bz + cy]?

z

+2d[(b? — 4d)b + 2¢?]y? + 4be f [bo(t, x,y,£,0) — c]édé
0
y

+4b2cf[g(t,x,n) —cnl dn.
0

5.6. Boundedness in x® + @(¥)x + f(x, x)X + g(x) + h(x) = p(t, x, x, X, %)
Tunc (2004) considered the certain fourth order non-linear non homogeneous

differential equation of the form
x® + ()% + f(x, )% + g(x) + h(x) = p(t, x, %, %,%). (5.13)

The purpose of (Tunc, 2004) is to investigate the boundedness of all solutions of (5.13).
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Tunc (2004) concerned with the differential equations of the form (5.13) or its

equivalent system in the phase variables from

X =y,
y =2,
Z=w,
w=—p@w-fxy)z—gy) —h(x)+ptxy zw), (5.14)

in which the functions ¢, f, g, h and p depend only on the arguments displayed and the
dots denoted differentiation with respect to t. The functions ¢,f,g,handp are
continuous for all values their respective arguments. The derivatives

af(x'y)_ dg_ 1 dh_ !

Fra L0y, ay =9 (y), and il (x0),
exist and are continuous. Moreover the existence and the uniqueness of the solutions of
(5.13) will be assumed.

Now for testing the boundedness of the equation (5.13), let

Z

1 f (2)d £0
= | p(2)dz, A ,
=42
(P1(Z) ;
¢(0), z=0
and
g)
—) i 0)
91()’) = y Y
g'(0), y =

In the case that p # 0 (Tunc, 2004) established the following results about the
boundedness of solutions of equation (5.13).

Theorem 5.14. Suppose the following conditions are satisfied:

() g(0) =0,

(ii) there are positive constants a, b, ¢, d, § and ¢ such that

abc —cg'(y) —adep(z) = 6§ > 0, for all y and z, in which € < ﬁ, D =ab + %,

ad
(iiDo< d — P < h'(x) <d forall x,
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6 | d
N0 < s /_
(iv)0<g,(y) —c< sc | 7ac forall y,

a (&6
(V)OSf(x,y)—bS§\/; for all x and y,

i) (2) 2 a,01(2) - 9(2) < 7o

(vii) yf,(x,¥) <0 forallx and y,

(viii) [p(t,x,y,zw)l < (4 + |yl + |z] + IwDq(©),

where g(t) is a non-negative and continuous function of ¢, and satisfies
t
fq(s)dsSB<00, forallt > 0,
0

A and B are positive constants. Then for any given finite constants x,, y,, zo, Wy, there

for all z,

exist a constant K = K (x, Yo, Zg, Wy ), Such that any solution (x(t), y(t), z(t), w(t)) of
system (5.14) determined by
x(0) =x9, y(0)=vy,, z(0)=2z, w(0)=w,

satisfies for all ¢ > 0,
lx(®)| <K, |ly@®)| <K, |z@t)|<K, |w()|l <K (Tunc,2004).

The proof of Theorem 5.14 depends on some fundamental properties of a continuously

differentiable Lyapunov function V = V(x,y,z,w) defined by

x y y
2v =28 [ h()ax+28 | fGy)ydy - ady +2 [ goay
0 0 0

z

+abz? + 2 f @(2)zdz — Bz* + aw? + 2h(x)y + 2ah(x)z

0
z

+2ag(y)z + Z,B’yf p(z)dz +2Byw + 2zw, (5.15)
0
where
1 d
a=e+a, ’BZS-I_Z' (5.16)

&, IS a positive constants.
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The first property of the function V' is stated in the following.
Lemma 5.15. Subject to the assumption of Theorem 5.14, there are positive constants
D; = D;(a,b,c,d,€,6),i =1,2,3,4 such that

V = Dix% + D,y? + D3z% + D,w? forall x,y,z,w.

Proof. We observe that 2V in (5.15) can be rearranged as

2V = T[AG) + ey + aczl? + < [w + ¢, (D2 + fps (YT

1
®1(2)

y
1

y

—B*p1(2)y* + 2 j gdy — cy?® + 2alg,(y) — clyz
0

+2ﬂfh(x)dx - <1>h2(x) +[2 j ©(2)zdz — @,(2)z?].
0

Cc
0

In the light of the hypothesis of the theorem, and the use of (5.16) and the main value

theorem (both for the derivative and integral) it can easily obtained that

2V > (d a6>2+(6d>2+<6>2+ 2+ 2alg,(y) —c] 5.17
> € 20)* 2ac2)Y aa2c) % TEw algi(y) —clyz. (5.17)

Now, consider the terms

Ws = (50) v? + 2l ) — clyz + (5352) 22

4ac 8a?c

which are contained in (5.17). In view of the inequality

2

32a3c3

4
a?[g:() — c]* < = [9:(0) —¢]* < forall y.,

it is evident that W5 > 0. Hence

2V > (d a5> 2+(5d> 2+( 0 ) 2+ ew?
= ¢ 4c x 4ac? Y 8ac? d ew

which is proves the lemma.
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The next property of the function V is connected with its total time derivative and is
contained in the following.

Lemma 5.16. Assume that all conditions of Theorem 5.14 hold. Then there exist
positive constants D; = D;(a, b, c,€,6) (i = 5,6,7) such that whenever (x(t), y(t), z(t),
w(t)) is any solution of system (5.14) then

. d
V= %V(x, y,z,w) < —(Dsy? + D¢z? + D,w?).

Proof. From (5.15) and (5.14) it follows that
2

A= K@l + 5 = [f(69) - ag'0) = Bor(@]7? + 7 [d = K (@)1
—lag(2) - 1lw lﬁ@ - dl y* —alf(x,y) = blzw + By J fe(x,y)ydy.

The conditions (ii)- (vi) and (5.16) show that

2

V<-— (Zic)z —a—[d h'(x)]z? — eaw? — ecy? — a[f(x,y) — blzw. (5.18)

Consider the expression
a? ca
=—|[d — h'(x)]z? - (—

W 2 4)WZ —al[f(x,y) — blzw — (%)Zz,

which is contained (5.18). Because of the inequalities

2

2 1 0 o)
Tld =R < 5 1d =K@ < 5 and [fC6y) =B < =

We have from (5.18) that

2
o) Vea 1 ’62 o)

< |— 2 _ | + - |— <(_> 2

W6_(4ac>z 2 W_4 ac| ~ \dac d

A combination of the estimate for W, with (5.18) yields that

. 38 3ea
< — 2 ( ) 2 - ( ) 2;
Vs —(ecly® ~16ac)? 5 )V

which is proves Lemma 5.16.
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5.7. Boundedness in x* + a( X, %)X + b(x, X)X + c(x) + d(x) = p(t, x, x, X, X)
In (2005) Tunc investigated the boundedness of all solutions of the certain fourth order

differential equation in the form
x® + a(%,%)% + b(x, X)% + c(x) + d(x) = p(t, x, %, %, %), (5.19)

withp # 0. It can be written in the phase variables form

X =y,
y =z
Z=U,
u=—-alz,zwu—-b(x,y)z—cly) —dx)+p(t,x,y 2z u), (5.20)

in which the functions a, b, ¢, d and p depend only on the arguments displayed and the
dots denote differentiation with respect to t.The functions a, b, ¢, d and p are continuous
for all values of their respective arguments. The derivatives

9] d dc dd

aa(z, u) = ay(z,u), ab(x, y) = by(x,y), il (y) and o =d (x).
Exist and are continuous. Moreover, the existence and the uniqueness of the solutions of
(5.19) will be assumed.

In what follows (Tunc, 2005) used the following notations:

z

! f (z,0)d £0

0,(z0) =1z a(r, T, Z ,
0
a(0,0), z=0,
and
c(y)
—) i 0)
cc() =91 vy Y
c'(0), y = 0.

In the case p # 0, (Tunc, 2005) established the following results:
Theorem 5.17. Further to the basic assumptions on the functions a, b, c and d, assume
that the following conditions are satisfied (a,B,u,v,6,1n, ¢ and & some positive
constants)
()0 <a(z,u) —a < ¢ forall zand v,

(ii) c;(y) = B forally # 0,c(0) =0,
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y

5ey B?

(i) 0 < b(x,y) —u < a5 and yf b,(x,y)ydy < —(E)y2 for all x and y,
0

V6
(iv) d(x)x >0 forallx #0,0<y—d'(x) < - for all x,and d(0) = 0,

(V) aBu — Bc'(y) — aya(z,u) = 6 for all y, z and u,

o 26y 26
wi)c'(y) —c;(y) < n< a_ﬁz forally # 0,and a;(z,u) —a(z,u) < e < @

forallz # 0 and u,

(vii) yya,(z,u) + Bza,(z,u) = 0 forall y,z and u,

(vii) [p(t, x, 7,z W)l < (A + |yl + |z] + [wDq (D),

where g(t) is a non-negative and continuous function of ¢, and satisfies

t

jq(s)dsSB<00,
0

forall t = 0, A and B are some positive constants. Then for any given finite constants
X0, Vo, Zo and u,, there exist a constant K = K(x,, Vo, Zo, Ug), Such that any solution
(x(t),y(t), z(t),u(t)) of system (5.20) determined by
x(0) =xq, y(0)=yo, 2z(0)=2, w(0)=wy,

Satisfies for all t > 0,

lx(t)] < K, lyl <K, |z@OI<K,  |w®)|=<K.
If p is a bounded function.Then the constant K above can be fixed independent of
X0, Vo, Zo and ug, (Tunc, 2005).
Theorem 5.18. Assume that conditions (i)-(vii) of Theorem 5.17 hold, and that
p(t, x,y,z, u) satisfies

lp(t,x,y,z,w)| <A < oo,

for all values of t,x,y,zandu, where A is a positive constant. Then there exist a
constant K; whose magnitude depends a,f,u,v,8,n,& ande; as well as on the
functions a, b, c and d such that every solution (x(t),y(t),z(t),u(t)) of system
(5.20) ultimately satisfies

Ix(Ol<ky, IyOI<kK, |zOI<K, lw(®)| < K
(Tunc, 2005).
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The proofs of Theorem 5.17 depends on some certain fundamental properties of

a continuously differentiable Lyapunov function V. =V (x, y, z, u) defined by:

X y y
V= ay! d(x)dx + ayof b(x,y)ydy — (/32_)/) y?+ap Of c(y)dy

+ (ﬁz_ll> z2 + af f a(z,u)zdz — (%) z2 + (g) u? + afd(x)y
0

+pd(x)z + Bc(y)z + ayy fOZ a(z,0)dz + ayyu + afzu.
The first property of the scalar function V is stated in the following.

Lemma 5.19. Assume that the conditions of Theorem 5.17 hold. Then

O V(x,y,zw)=0 at x2+y2+z24+u?=0,

(i) V(x,y,zw)>0 if x2+y2+2z2+u>>0, V<O0forallt>0,

(iii) any of the positive semi trajectories of the system (5.20) is bounded,

(iv) the set M = {(x,y,z,u):V = 0, (x,y,z,u) € R*}, except (x,y,z,u) = 0, does not

contain the entire positive semi trajectory of the solution of system (5.20)(Tunc, 2005).

5.8. Boundedness in x™® + aX + f(¥) + g(x) + h(x) = p(t)
In (2007) Omeike studied and investigated boundedness of solutions of the fourth order

non-linear non homogeneous differential equation of the form:
x® + a¥ + f(¥) + g(%) + h(x) = p(t), (5.21)

where a >0, f,g,h and p, and their first derivatives are continuous functions
depending on the arguments shown explicitly and dots means the derivative of the
variable with respectto t .

Omeike (2007) gave the principal result of his study as follows.

Theorem 5.20.1f there exist positive constants H, H', Hy, P, P', P,, such that for |x| >

H, and t > 0 the following conditions are satisfied:
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@ [h()| <H, |W)|<H,

(i) 0 < @sbmo, £(0) =0,

(iii) 0 < @Sc<oo, g(0) =0,

t
@) pOl<P, WOI<P, |[p@d|<P,  limsuplpo] >0
0

(H+P)(i 2a b)+&

b ¢

where X, are roots of h(x) with h'(x;) > 0 and x,_;,%;,, denote the couple of

(v) min[d (X, Xj41), d (X, X—1)] > ,
1 1

adjacent roots of x;, (k = 0, +2,F4, ...), then all solutions x(t) of (5.21) are bounded
(Omeike, 2007).

Example 5.1. Consider the equation

385 259(t) *(©)
4) +—% + Nt |74 U
PO+ O+ (1+ (z®)%) < A (x®) )

1 . 1
+Esm x(t) = To oS t. (5.22)

By comparing equation (5.22) with equation (5.21) it is clear that

385 259%(t) x(t)
=—, Y t = , X t = 7 X t) + )
=76 FE©) 2 (1 + (x(t))z) 9(#(®) = 73 1+ (D)
h(x(t)) = %sin x(t) and p(t) = 11—0cos t,

a simple calculation gives

259
H=01 H' =01, P=01, PP=01, Ph,=0.1, b=—

> c=8and ¢c; =7.

It is obvious that conditions (i)- (iv) of Theorem 5.20 are satisfied. For condition (v),

since h(x(t)) = 1—10 sinx(t) the roots of h(x(t)) are
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fk—l = (k - 1)7-[' fk = kT[l fk+1 = (k + 1)77:) (k = 0! izﬁ i4'ﬁ )1

where X,_; and X, are the couple of adjacent roots of x; = km. Thus,

min [d(fk'fk+1)J d(flo fk—l)] =T

and

(H+P)<i 2a b) P,
b ¢

+—<1.
1

€1
Since m > 1, then all conditions of Theorem 5.20 are satisfied, thus all solutions x(t)

of equation (5.22) are bounded.

5.9. Boundedness in x® + aXx + f(X) + g(x) + h(x) = p(t)
In (2008), (Ogundare and Okecha) together studied the boundedness property of
solutions to certain non-linear non homogeneous fourth order differential equation of

the form
x® + a¥X + bi + g(%) + h(x) = p(t), (5.23)

where a and b, are positive constants the functions g,h and p are continuous in the
respective argument displayed explicitly, also dthe ots denoted the derivative of the
variable with respect to t.

In continuation, the authors (Ogundare and Okecha, 2008) considered equation (5.23)

with an equivalent system

X =y,
y =1z
zZ=Ww,
w=—aw — bz — g(y) — h(x) + p(t), (5.24)

In the case where p # 0, (Ogundare and Okecha, 2008) established the
following main results on boundedness of solutions of equation (5.23).
Theorem 5.21.In addition to the basic assumptions on g, h and p, suppose the following
conditions are satisfied:

h(x) — h(0
(i) HO :%S d E IO Wlth IO = [5,A], X :,t 0, d,6,A> O,andlo
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is the Routh Hurwitz interval.

—g(0
(ii)GO=MSCEIO, y #0, c>0,

(iii) h(0) = g(0) =0,
(iv) |p(t)| < M (constant) for all t = 0 then there exists a constant u, (0 < u < )

depending only on a, b, ¢, d and § such that every solution of (5.23) satisfies

t 2
X2(0) + £2(6) + £2(0) + ¥2(0) < e~ 2" ) A, + 4, j|p(r)|e%“fdr ,
to

for all t > t,, where the constant 4, > 0, depends on a,b,c,d , § as well as on
to, x(ty), x(ty), ¥ (ty), X(t,), and the constant A, > 0 dependson a, b, c,d and §.
(Ogundare and Okecha, 2008).
Ogundare and Okecha (2008) considered the case when p(t) in (5.23) is replaced with
p(t, x,x,%,X), and its results with this case is the following thorem.
Theorem 5.22. Following the assumptions of Theorem 5.21 and condition (iv) replaced
with |p(t,x, x,%,%)| = (x| + |y| + |z| + [w])r(t), where r(t) is a non negative and

continuous function of ¢, and satisfies
t

fr(s)ds <M< oo,
0

where M, is a positive constant. Then there exists a constant K, which depends on
M, K;, K, and t, such that every solution x(t) of equation (5.23) satisfies
lx(®)| < K, ()] < Ko, [£(t)] < Ky, 1X¥(®)| < Ky
for sufficiently large t.(Ogundare and Okecha, 2008).
Ogundare and Okecha (2008) used as a tool to prove them main results besides
equation (5.23), which is a Lyapunov function V = V (x, y, z, w) defined by
2V = Ax? + By? 4+ Cz? + Dw? + 2Exy + 2Fxz + 2Gxw + 2Hyz + 2Iyw + 2jzw,

where

A= %6{(19 +d)(c?+ d?)[d(1 —ad) — c] + d3[a(b? +d?) + L]},

B = %{dL(adb +c¢)+a(b?+d?)[b(d —c) + cd]

+[d(1 — ad) — c][ad(b? + c?) — cd?(b + 1) + a®bc]},
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C = %{a(b2 +d?)[d(1 —ad + a’c+d) — c]
+d[c(a? + b?) — ab][d(1 — ad) — c] + dL(a?c + d)},

D=2l +ab? +(d =) +abl(1 - ad) — eI},

acd

E=——{d’L+ (b +d*)(d - o)},
F= bdA{dzL + ad?(b? + d?) + [b(a® + d?) + d?][ab?d?[d(1 — ad) — c]]},
_abc[d(1 - ad — ©)]§
- X ,
_ abeds

{a(b? + d?) + L},

I = a—{dzL +bd[d(1 — ad) — ¢] + (b% + d2)(d — ©)},
acdd

] = {ab? +d — c + L},
A= abcd[d(l —ad) — c],
L =blad + c[c(b+ 1) —]],

with a, b, ¢, d positive and [d(1 — ad) — c] > 0.

Lemma 5.23. Subject to the assumptions (i) — (iii) of Theorem 5.21, there exist positive
constants K; = K;(a,b,c,d,8), i = 1,2 such that

Ki(x2+y2+224+w?) <V(x,y,zw) < K(x2+y2 + 22+ w?)
(Ogundare and Okecha , 2008).
Lemma 5.24. Suppose all assumptions of Theorem 5.21, are satisfied. Then there are
positive constants K; = K;(a, b, c,d,d), j = 3,4 such that for any solution (x,y,z,w)
of (5.24),

V< —K(x?+y2+ 22 +w?) + K (x| + Iyl + |z] + wDIp@)]
(Ogundare and Okecha, 2008).

5.10. Boundedness in x™ + aX + f(x, x, %) + g(x, %) + h(x) = p(t)
In (2013) Tunc and Ates, deals with the boundedness of solutions to a non-linear non-

homogeneous differential equation of fourth order in the form:
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x® +axX + f(x, %,%) + glx, %) + h(x) = p(t), (5.25)

where t € [0,00),a >0, f,g,h and p, and their first derivatives are continuous
functions depending on the arguments shown explicitly and dots means the derivative of
the variable with respect to t .

Tunc and Ates (2013) gave the mains principal result of his study as follows
Theorem 5.25.If there exist positive constants H, H', Hy, P, P', P,, such that for |x| >
H, and t > 0 the following conditions are satisfied:

@ k@I <H, [l <H,

(i) 0 < M3b<oo, (X #0), f(x,x,0)=0,

X, X
(iii) 0 < g(fc )Sc<00,(5c¢0), g(x,0) =0,

t

W) pol<P, pOI<P, |[p@dal<p, imsw !> o,
0

(H+P)(§ 2a b) P,

a+b

)

(V) mln[d (fk) fk+1)' d(fk' JEk—l)] >

Cc c

where x, are roots of h(x) with h'(x;) > 0 and X,_,, x4+, denote the couple of
adjacent roots of x, (k = 0,+2,+4, ...), then all solutions x(t) of (5.25) are bounded
(Tunc and Ates, 2013).

Example 5.2. Consider the differential equation
5% (t) x(t)

(4_) 2..-
xW(t) + 2x%(t) + ] (1 O+ (x(t))z) + 4+ x2(t)

1 . 1
+msmx(t) = 00 °S t. (5.26)

By comparing equation (5.26) with equation (5.25) it is clear that

_, - 1
a= ) _4I C_4:

1 1
h(x(t)) = msin x(t) and p(t) = 100 °S t,
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a simple calculation gives
H =0.01, H' =0.01, P =0.01, P' =0.01, P, =0.01,
It is obvious that conditions (i)- (iv) of Theorem 5.25 are satisfied. For condition (v),

since

1
h(x(t)) = 1#.Osin x(t),

then the roots of h(x(t)) are
fk—l = (k - 1)7T, fk = kT[, fk+1 = (k + 1)7T, (k = O,iZ, i4, ),
where X,_; and X, are the couple of adjacent roots of X; = km. Thus,

min[d (%, Xy41), d(Xy, Xp_1)] =,

and

(H+P)<§ 2a b) P,

c \a b ¢/ ¢

16
=4((0.01+0.01) (2 + < + 5) + 0.01] =0.856 < 1.

Since m > 1, then all conditions of Theorem 5.25 are satisfied, thus all solutions x(t) of

equation (5.26) are bounded.



6. CONVERGENCE of SOLUTIONS

To the best of our knowledge from the literature, first, in (1981) Afuwape considered
the fourth order differential equation of the form

x® + aX + bi + cx + h(x) = p(¢t, x, %, ¥, %),
where a, b and ¢ are positive constants, h and p are continuous, and p has the form
p = q(t) + r(t,x, x,%,X%), with g, are continuous. Two solutions x,(t), x,(t) of the
above differential equation are said to converge if

lim " (®) - x"®)| =0, i=0123
In the special case that h(x) = dx, where d is a positive constant, and p = 0, the
Routh-Hurwitz conditions ab —c¢ >0 and (ab —c) —a?d > 0 imply that any two

solutions are converge.

Here we do not give the details of the work of (Afuwape, 1981).

6.1. Convergence in x® + ax + bx + g(x) + h(x) = p(t, x, x, X, X)
After the work of (Afuwape, 1981), in (1988), Afuwape considered fourth order

differential equations of the form:
x® + aX + bi + g(x) + h(x) = p(t, x, %, %, %), (6.1)

in which a, b positive constants, functions g and h are continuous in their respective
arguments. The function p(t,x,x,%,%) is assumed to have the form p = q(t) +
r(t,x,x,%,%) with the functions g and r depending explicitly on the arguments
displayed, and continuous in their respective arguments. Further, it is assumed that
r(t,0,0,0,0) = 0 for all ¢t > 0.

The convergence of solutions for equations of the form (6.1) was shown in (Afuwape
,1981) when g(x) = cx, with ¢ >0, and with the assumption that h(x) is not
necessarily differentiable, but with an incriminatory ratio n=*{h(¢ + n) — h(é)},(n #

0), lying in a closed sub interval I, of the Routh-Hurwitz interval

(0' (ab ; c)>'
a
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where

(6.2)

k(ab —c)c
a? l’

Iy = le,

where A,> 0 and k < 1.
The main purpose of the work of (Afuwape, 1988) was to give fourth order
analogues of (Tejumola, 1972) as well as extending earlier results in (Afuwape, 1981)

to equations of the form (6.1) with the additional condition that for y, # y,

. < 92) —gn)

< Co, 6.3
Y2—=N ° (63)
for some constants ¢, > 0 and ¢ > 0, satisfying
abc > cé. (6.4)

Moreover, while proving the convergence results for equation (6.1), (Afuwape, 1988)

gave a general estimate for the constant K < I, from which a particular case is derived.

The main results of (Afuwape, 1988) are the following.
Theorem 6.1 Suppose that g(0) = h(0) and that
(i) there are constants ¢, > 0, ¢ > 0 such that g(y) satisfies the inequalities (6.3) and
(6.4),
(ii) there are constants Ay> 0, k < 1 such that for any &, 7, (n # 0) the incriminatory
ratio for h satisfies
n~YR(E +1) — h(&)} liesin I, (6.5)

with I, as defined in (6.2),
(iii) there is a continuous function @(t) such that
|7 (t, X2, V2, 22, Wp) — 7 (t, X1, Y1, 21, Wi

< OOlxz — x| + 1y2 —yul + 122 — 21| + [w, —wy [}, (6.6)
holds for arbitrary t, x,,y;, 21, Wy, X5, ¥2, Z, and w,. Then there exist a constant D; such
that if

f 9% (1)dt < Dyt, 6.7)

for some «, intherange 1 < a < 2, then all solutions of (6.1) converge.
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A very important step in the proof of Theorem 6.1 will be to give estimates for any two
solutions of equation (6.1). This in itself, being of independent interest, is given as:

Theorem 6.2. Let x,(t), x,(t) be any two solutions of equation (6.1). Suppose that all
the conditions of Theorem 6.1 are satisfied, then for each fixed «, intherange 1 < a <

2, there exists constants D,, D; and D, such that for t, > t;,

t2

S(t,) < DyS(t)expl—Dy(t, —t;) + D, f e (D)dr (6.8)
where
S(t) = [x,(8) — 2, (O] + [%,(t) — %, (O)]* + [X%,(¢) — %, ()]?
+[%,(t) — %1(O)]% (6.9)
Let

t

0 = [ g

0

For convenience, by setting x =y, y =z, Zz =w + Q(t), we replace the equation

(6.1) by the equivalent system:

X =y,

y =2z

z=w+ Q(t),

w=—aw — bz — g(y) — h(x) + r(t, X,y Z,w+ Q(t)) —aQ(t). (6.10)

Let (x;(t),y; (), z(t), w;(t)), (i =1,2) be two solutions of system (6.10), such that

92 —gly1)
c <
Y2 =W

< ¢, (6.11)

and

A< h(x,) — h(x;) < k(ab 2— c)c’
xz - x1 a

where c, ¢y, Ay, k are as defined in (6.2), (6.3) and (6.4).

The main tool in the proofs of convergence theorems is the following Lyapunov

(6.12)

function:
W =W(x; —x1, Y2 = Y1, 22 — Z1, W — Wp),
defined by
2W = c?e(1 = &)(x, —x1)* +ac(1 = &)(D — (¥, — y1)?
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+2c[e + (D — D](v2 — y1) (22 — z1) + eD(wy — wy)?
+b(D — (2, —2)* + [(1 —&)D — 1][a( z; — z;) + (W, — wy)]?
+lc(1 =)y —x) + by, —y1) + (22— z1) + (W, —wy)]?, (6.13)
where

(8 +ce)
D_l_(ab—c—S)'

This is an adaptation of the function V used in (Afuwape, 1981). Since 0 < e < 1,

with ab—c>8>0; 0<e<1 and abe(2 —¢) = 6.

following the argument used in (Afuwape, 1981) we can easily verify the following for
w.
Lemma 6.3. Suppose that
(i) w(0,0,0,0) = 0,
(ii) there exist finite constants D, > 0, D; > 0 such that
De{(xz = x1)? + (y2 —=¥1)? + (22 = z1)* + (W —w))?} < W

S De{(xy —x1)% + (v, —y1)? + (2, — )% + (W, —wy)?} (6.14)
If the function W (t) is defined by
W (2, (t) — x1(£), yo(t) — y1(t), 2, (t) — 2, (), w,(t) — wy(£)), and using the fact that
the solutions (x;, v, z;, w; + Q(t)), (i = 1,2), satisfy (6.10), then S(t) as defined in
(6.9) becomes
S() = [x,(8) =2, (O] + [y (&) —y1(D]* + [2,(1) — 2, (D)]?

+wz (£) — w1 (D17, (6.15)

The author prove the following result on the derivative of W (t) with respect to t.
Lemma 6.4. Let the hypotheses (i) and (ii) of Theorem 6.1 hold. Then, there exists

positive finite constants Dg and Dy such that

dw 1
— < —2DsS + DyS216), (6.16)

where 6 =1(t, X2, ¥,, 25, Wo + Q) — (£, x1,y1, 21, Wy + Q).
Proof . On using (6.10), a direct computation of 0;—‘:/ gives after simplification

aw
E = _Wl + Wz, (617)

where
W, = {C(l — &)H(x5,x1)(x, — x1)2 + bee(y, — 3’1)2 + abe(1 - S)(Zz - 21)2
+asD(w, —w)?} + {G (2, 31) — cH (1 — &) (x, — x1)
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+b(y, —y1) + a(1 —€)D(z; — z1) + D(wy —w1)(y2 — y1)
+H (x2, x)){b(y, —y1) + a(l1 — &)D(z, — z) + D(w, — wp)}(x, — x4)
and
W, = 0(){c(1 —&)(x; — x1) + b(y; — y1) + a(l — &)D(z; — z1) + D(w, —wy)}
with

Gz, y1) = g(y;z :;(YI) ) (v2 # 1), (6.18)

H(x,,x,) = w, (x, # x9). (6.19)

Let A ={G(y,,vy,) —c} =0 fory, # y;. Define

5

5 3 3
Z(lizl, 'Bizl, ny:l' Zdj:l’
=1 j=1

i=1 i
where a; ;,v; and §; are positive constants.
By choosing
2Dg = min{ c(1 — €)Ay; bce; abe(1 — €)D; aeD},
clearly we have
W, = 2DgS, (6.20)

also if we choose Dy = 2max{ c(1 —¢); b; D; a(1 — &)D; D}, then we can obtain:

1
W, < DoS216. (6.21)

By following the way as shown in (Afwape, 1988) one can arrive at the result of
Lemma 6.4. Therefore we omit the details.

Proof of Theorem 6.2. Let a be any constant intherange 1 < a < 2.Set2u =2 — «,
so that 0 < 2u < 1. In view of (Ezeilo, 1973) and on using inequality (6.16), it is clear
that

=%+ DgS < DoKW,

where
1

1
w* = (|9| _ Dgnglsi) s H, (6.22)

We consider the following two cases:



65

1

DgS2
i <
ONUTEE S
Sl
.. DgS2
i) lo] > 2=,

separately. We find that in either cases, there exists some constant D;; > 0 such that
W* < D,1012=#, Thus using (6.6), inequality (6.22) becomes

dw
—p T DeS < DypSH@2oi s, (6.23)

where D;, = 2D4D;,. This immediately gives

dw
=+ (D13 — D@ ()W <0, (6.24)

after using Lemma 6.3 on W, with D,; and D;, as some positive constants. Take

integration of (6.24) from t; to t,, (t, = t;), we get

t2

W(t,) < W(t,)exp ] —Duy(t, — t1) + Dyg j oe(n)dr b, (6.25)

Again, using Lemma 6.3, we obtain (6.8), with D, = % , D3 =Dy3and D, = Dy,.
6

This completes the proof of Theorem 6.2.

Proof of Theorem 6.1. This follows from the estimate (6.8) and the condition (6.7) on
@(t). Choose D; = % in (6.7). Then, as t = (t, — t;) — oo, S(t) — 0, which proves
4

that as t — oo,
x,(t) —x,(t) = 0, x,(t) — x,(t) = 0,
¥,(t) — %,(t) - 0, X, (t) — %, (t) — 0.

This completes the proof of Theorem 6.1.

6.2. Convergence in x® + ax + f(x, x)¥ + g(x) + h(x) = p(t)
Ogundare and Okecha (2007) considered the fourth-order non homogeneous differential

equation of the form

x® + a¥ + f(x, X)& + g(&) + h(x) = p(t), (6.26)
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where a > 0, the functions f,g,h,p are continuous in the respective arguments
displayed explicitly, x = %. The conditions on f, g, h, and p are such that the existence

of solutions of (6.26) corresponding to any p reassigned initial solutions is guaranteed.

Ogundare and Okecha(2007) gave the following result on the convergence of the

solutions:

Theorem 6.5. Suppose that x, (t),x,(t) are two solutions of (6.26), suppose further that

for arbitrary &, 7, (n # 0),

{h(§ +n) —h($)} c
n

(i) {9+ n; - g(§)} 40

(iii) h(0) =g(0) =0,

(V) If el <D,

W) Ip(®] < A, (A constant).

(i) Iy, n#0,

)

Then there exists a positive constant Kz such that

S(t,) < S(ty) e Ks(t2=t1) for t; = ¢,
where
S(t) = [z (t) — 2. ()] + [ (8) — %, ()% + [X,(8) — %1(O)]?
+[%, (1) — %, (D] (6.27)

Furthermore, all solutions of (6.26) converge.

Onsetting x =y, y = z, Z = w, we replace the equation (6.26) by the equivalent

system:
X =y,
y =2z,
zZ=Ww,
w=—aw — f(x,¥)z — g(y) — h(x) + p(2). (6.28)

Ogundare and Okecha (2007) defined a scalar continuously differential Lyapunov
function as
2V(x,y,z,w) = Ax? + By? + Cz? + Dw? + 2Exy + 2Fxz

+2Ixw + 2] yz + 2Myw + 2Nzw. (6.29)
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The proof rests mainly on the properties of the function
W) = V(x(£) = x1(8), y2(8) = y1(2), 2, (£) — 21 (£), w, () — w; (1)), with
V(x(6),y(t),z(t),w(t)) written as V(x, y, z,w), where

= %6{(b +d)(c?+d?)[d(1 —ad) — c] +d3[a(b?® +d?) + L]},

= %{dL(abd +¢) + a(b? + d*)[b(d — ¢) + cd]
+[d(1 — ad) — c][ad(b? + c?) — cd?(b + 1) + a?bc]},
= %{a(b2 +d?)[d(1 —ad + a’c +d) — c]
+d[c(a? + b?) — ab][d(1 — ad) — c] + dL(a’*c + d)},
D= @{L +ab?+ (d—c)+ab[(1—ad) —c]},

E= a—ca{dzL + (b + d?)(d — ¢)},

F = ﬁ{dzL + ad?(b? + d?) + [b(a? + d?) + d?][ab?d?[d(1 — ad) — c]]},

_abc[d(1 —ad —¢)]6
= n :
abcds

{a(b? +d?) + L},

M = a—{dzL + bd[d(1 — ad) — c] + (b? + d?)(d — )},

acd6
{ab? +d — c + L},

A= abcd [d(l —ad) —c],
L = blad + c[(b+ 1) — c]],

with a, b, ¢, d are positive constants and [d(1 — ad) — c] > 0 were obtained after
solving the equations that arose when constructing the Lyapunov function.
Thus W is equivalent to V (x, y, z, w) with x, y, z, w replaced with x, — x;, v, — y4,

Z, — Zy, W, — Wy, respectively.
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Define W as follows
2W (%3 — X1,Y2 — V1,22 — Z1, Wy — Wy)
= A(x; —x1)? + By, —y1)? + C(z, — 21)* + D(w, — wy)?
+2E(x; — %) (V2 — Y1) + 2F (x5, — x1)(22 — 21)
+2I(x; —x)(Wy —wy) + 2] (V2 — 1) (22 — 21)
+2M(y, — y1)(Wy —wy) + 2N (25 — z1) (Wy — wy). (6.30)

Lemma 6.6. Suppose W is defined as in (6.30) and W (0,0,0,0) = 0. Then there exist
constants K; and K, such that the inequalities

Ki((xz = x1)* + 2 —y1)* + (22 — 21)* + (W —wy)?)

SW S K((xp —x1)% + (2 = y1)* + (22— z)* + (W, —wy)?)

(6.31)
hold.

Proof. Clearly, W(0,0,0,0) = 0.
And by rearranging (6.30), we have

2W(xy —Xx1,Y2 — V1,23 — Z1,Wp — Wy)

o)
= (Z) {ald(1 — ad)]{blc(x; — x1) + d(y; — y1) + (W, — wy)]?

+d?[(y; — y1) + b3d?(x; — x1)1* + b2d[(y, — y1) + a®bd(x, — x1)]?

b2d3 2
+acd l(Zz —z) + a (x2 — x1)l }+ dL{[(z; — z1) + ac(x, — x,)]?

1 2 d 2
+ac? [(Zz -z + p (w, — W1)] +c [(J’z —y1) + aT(Wz - Wl)]
2 2

+ad? [(xz —x1) + 2 (v2 — Y1)] + abd [(3’2 —y1) + %(Zz - Zl)] }

_ 2
+ad(b* + d*){ad? [(xz —x1) + %(J’z - Y1)]

d 2
tate | (2~ 2) + 3 (= 20|+ s (O = w) + alzy = 2P

+b(d —¢) [()’2 —y) + (WZE—WJI + c[(y, — y1) + ab(z; — z)]%}

3

+{[d(1 — ad) — c](ad(c? + d?) + abd?) — %(b2 + d?)

—b*cd?® — a®b*d® — ab®d* — a?c?d?*L}(x, — x,)?
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+{[d(1 — ad) — c][ad(b? + c?) — cd?*(b + 1) + a?bc — abd?]

c?(d — ¢)?
—ac*dL - T}()’z —y1)°

+{ad?(b? + d?) + d(b%*c — ab)[d(1 — ad) — c] — a3b?cd(b? + d?)
—abc?L — a%cd[ab? + (d — ¢)]}(z, — z1)?

243

+{L — ab[d(1 — ad) — ¢] — % (B2 +d?)(d — ¢) — 25— cdLy(wy — w2,
from which obtained

2W(xy = X1,Y2 — V1,22 — Z1, W, — Wq)
) cd?
> (Z) (1401 - ad) - c](ad(c? + d*) + abd®) — = (b? + d?)
—b*cd® — a®b*d® — ab®d* — a?c?d?L}(x, — x1)?
+{[d(1 — ad) — c][ad(b? + c?) — cd?(b + 1) + a’bc — abd?]

c?(d — ¢)?
—ac?dL — T}(YZ —y1)?

+{ad?(b? + d?) + d(b?c — ab)[d(1 — ad) — c] — a®b?cd(b? + d?)

—abc?L — a%cd[ab? + (d — ¢)]}(z, — 21)?
213

+H{L — ab[d(1 - ad) — ¢] - % (b2 + d?)(d — ¢) — = — cdL}(wy — wy)?)

> K1 ((x; —x)% + (v, —y1)2 + (22 — 21)2 + (wy —wy)?P),
where

3

K, = %min{ [d(1 — ad) — c](ad(c? + d?) + abd?) — %(b2 + d?)

—b*cd?® — a®b*d?® — ab®d* — a*c?d?L|,
’[d(l —ad) — c]lad(b? + ¢?) — cd?(b + 1) + a’bc — abd?] — ac?dL

c?(d —c¢)?
d3
lad?(b? + d?) + d(b?*c — ab)[d(1 — ad) — c] — a®b?cd(b? + d?)

—abc?L — a?cd[ab? + (d — ¢)]|,

)

|L — ab[d(1 — ad) — c] —%(b2 +d?)(d —c) — azcdg — ch‘}.

Therefore,
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2W (X — X1,Y2 — V1,22 — Z1, W — Wy)
> K (2 = x)2 + (v —y1)? 4+ (22 — 21)% 4+ (wy —wy)?). (6.32)
By using Schwartz inequality |xy| < % lx2 + y2|| on (6.29), we have

2W(xy —x1,Y2 — V1,23 — Z1,Wp — Wp)

< (%){[A+E+F+I](x2—x1)2+[B+E+]+M](y2—y1)2

+[C+F+]+N](z,—2)>?+[D+1+ M+ N](w, —w;)?} (6.33)

S Ky (g = %)% 4+ (o —y1)2 + (2 — 21)* + (wy, —wyp)?),
where

KZ=(%)max{[A+E+F+I],[B+E+]+M],[C+F+]+N],[D+I+M+N]}

> 0.
From inequalities (6.32) and (6.33), we have

Ki((x2 = x1)* + (72 —¥1)? + (22 — 21)* + (W, —wy)?)
SW <K ((0p = x1)% + 2 —y1)? + (2 —21)% + (W — wy)?).

This proves that (Ogundare and Okecha, 2007) Lyapunov function is positive definite
which proves Lemma 6.6.
Lemma 6.7. Suppose that (x;(t),y;(t),z;(t), w,(t)) and (x,(£),y,(t), z,(£), w,(t))

are any two distinct solutions of system (6.28) such that

RO () =hCe®) (oo 904©) = g0 ()
%1 (8) — %,(0) R ARG A0)

* 0,

H(xll xZ) =

forallt > 0 (0 < t < o), where I, carries its usual meaning as I, = [§, A], then the
function
W =V(xy — X2, Y1 — Y2, 21 — Zo, W1 — W),
satisfies
W < —K;W (6.34)
for some constant K; > 0 (Ogundare and Okecha, 2007).
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Proof of Theorem 6.5. Indeed from inequality (6.34), it is clear that
aw

dt
Integrating this inequality from ¢, to t,, we have

< —K;W. (6.35)

W(t,)
In (W(t1)> < —Ks(tz - tl))
W(t,
i < esplKs(t — 1))

Therefore
W(t,) < W(t,) exp[—Ks(t, —t;)]. (6.36)

From the inequality (6.31), it follows that
W, < K;S,

where S is defined in Theorem 6.5. From Lemma 6.6 we have that

W(t) < Ko[(xg — %)% + vy —y2)% + (21 — 25)% + (wy — wy)?] = K,S(ty),
W(ty) < Ko[(xg —x2)2 4+ (n — y2)% + (21 — 25)% + (Wy — wy)?] = K,S(¢t,).

Using this in inequality (6.36), we have
S(ty) < S(t1) exp[—Ks(t; — t1)] (6.37)
fort, > t;.
As t — oo, we have from inequality (6.36) that
W <o.
Also from inequality (6.37),
S(t,) > 0 as t, —> oo,

This implies that

x5(t) —x1(¢) - 0, %, (t) — %,(8) - 0,

X, () —%,(t) - 0, X, (t) — %,(8) - 0.

Hence the proof of Theorem 6.5 is complete.
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6.3. Convergence in x™® + f(¥) + bx + g(x) + h(x) = p(t, x, x, X, X)
Tunc ( 2010) considered fourth order non-linear non homogeneous differential equation

of the form of:
x® + f(X) + bx + g(x) + h(x) = p(t, x, %, %, %). (6.38)

Where b is a positive constant, the functions f,g,h, and p are real valued and
continuous, and the dots denote differentiation with respect to t. Moreover, f (0) =
g(0) = h(0) = 0. By using Lyapunov’s second method, (Tunc, 2010) established the
convergence of solutions in the case where the functions f, g, and h are not necessarily
differentiable.
The main convergence results of (Tunc, 2010) are the following:

Theorem 6.8. In addition to the fundamental conditions imposed on f, g, h, and p,
assume that

(i) there are positive constants a, a, such that

a< f(Wz)_f(Wl)S

Wy, =Wy

ao, Wy # Wy, (6.39)

(ii) there are positive constants c, ¢, such that

< g(yz)—‘_q(;vl)S
Y2 =MW1

Co Yi # Y2 (6.40)

and

abc > c2,
(iii) there are constants Ay> 0, k < 1 such that for any &,7n (n # 0) the incriminatory
ratio for h satisfies the relation

{h(€ +m) —h(§)}
n

€ I, (6.41)

where I, is defined as

k(ab — c)cl

Iy = [AO, Py

(iv) there is a continuous function @(t) such that

|p(t, x2, 2,25, Wp) — p(t, X1, Y1, 21, W1)|
< O(O{xy — x1| + Ly =1l + |23 — 1| + lwy —wyl},

holds for arbitrary t, x4, y1, 21, Wy, X5, Y5, Z, and w,,.
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If there exist a constant D, such that
t
f @¥(t)dt < Dst, (6.42)
0

for some v, intherange 1 < v < 2, then all solutions of (6.38) converge.
Theorem 6.9. Assume that the conditions of Theorem 6.8 are satisfied. Let x,(t),
x,(t) be any two solutions of (6.38). Then, for every fixed v, in the range 1 < v < 2,

there exists constants D,, D; and D, such that for t, > t;,

t2

S(t,) < D,S(t,)expd—Ds(t, — t,) + D, j o (D)dr b, (6.43)
where
S() = [x,(t) — 2, (O)]? + [, () — %, (O)]* + [X%,(t) — %, (D)]?
+[%,(t) — %, (O)]% (6.44)

It is convenient here to consider equation (6.38) as the following equivalent

system:
X=y,
y =2z
Z=w,
w=—f(w)—bz—g(y)—h(x)+pxyzw). (6.45)

Let (x;(t),y:(t),z:(t),w;(t)), (i =1,2) be two solutions of the system (6.45) such
that the inequalities (6.39) and (6.40) hold and

A< h(xy) — h(x,) < k(ab — c)c
X, — Xy a?

)

where ¢, ¢y, Ay, k are as defined in the previous.
The basic tool in the proof of the convergence of the solutions will be the
Lyapunov function
2V =c?c(1—e)x*+ac[(D—1) + &ly? + 2c[e + (D — 1)]yz
+eDw? + b(D — 1)z% + 2eaDzw + ca?Dz?
+[(1—&)D —1]laz + w]? + [c(1 — &)x + by + az + w]?, (6.46)
where0<e<1, ab—c>6 >0, abe=4, and
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p_1=_t0*%ce)
(ab—c—9)

Indeed, one can rearrange the terms in (6.46) to obtain

2V =2V, + 2V, + 2V,
where
2V, = ac[(D — 1) + &]y? + 2c[e + (D — 1)]yz + b(D — 1)z?,
2V, = ea’Dz? + 2saDzw + sDw?,

2V =c?c(1—&)x?+[(1 — &)D — 1][az + w]? + [c(1 — &)x + by + az + w]?.

Note that V5 is obviously positive definite. Also V; and V, regarded as quadratic forms
in y, z, and w, are positive and nonnegative, respectively. Recall that a real 2 X 2 matrix
a; a;

(a3 a4)
is positive definite if and only if its symmetric and the elements a,, a, and a,a, —

a,as are non negative. Thus, one can rearrange the terms in /; as

ac[(D—1)+¢] cle+ (D -]\ /y
> Z)(c[g+(p—1)] (D — 1) )C)

Hence, it follows that the conditions for positive definiteness are satisfied.
Similarly, V, is nonnegative. Hence, V is positive definite. We can therefore find a
constant Dy > 0 such that

Dg(x?+y? +z2+w?) <V. (6.47)

Furthermore, by using the Schwartz inequality

Iyllz] < 5 (2 + 22,
one can easily obtain
V < D;(x% +y% 4+ z% + w?), (6.48)
where D is a positive constant.
Using the inequalities (6.47) and (6.48), we get
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De(x?+y2 +2z2+w?) <V <D,(x?+ y? + 2% + w?).

That is mean that we shown V is a positive and the following results can easily be
verified for W = V.
Lemma 6.10. Let a function W (t) = W (x, — x1,V, — V1,2, — 21, W, —w;) be
defined as follows:
2W =c?e(1—&)(xy —x)? + ac[(D — 1) + €] (y, — y1)?
+2cle + (D — D]y, — y1) (25 — z1) + eD (W, — wy)?
+b(D — 1)(zy — z1)? + 2eaD(z, — zy) (W, — wy) + €a®D(z, — z;)?
+[(1 = &)D — 1][alz, — z;) + (W, — wy)]?
+[c(1—&)(x, —x1) + b(y, — y1) + a(zy — z1) + (W, —wy)]?,
where 0 < &£ < 1and W(0,0,0,0) = 0. Then there exist finite constants D, > 0,D, >
0 such that
De{(xz = x1)? + (2 —=¥1)% + (22 = z1)* + (W —w)?} < W
<D {(xy; —x1)%+ (v, —y1)? + (2, — )% + (W, —wy)?} (6.49)

If we denote the function W (t) by

W (2, (t) — x1(£), o (t) — y1(t), 2, (t) — 2, (), w,(t) — wy(£)), and using the fact that
the solutions (x;, v;, z;, w;), (i = 1,2), satisfy system (6.45), then S(t) as defined in
(6.44) takes the form

S(®) = [x2(8) = x1 (D1 + [y2(6) = y1(O]? + [25(6) — 2, (O] + w2 (&) — w1 (D]?,
(Tunc, 2010).
Lemma 6.11. Let conditions (i) - (iii) of Theorem 6.8 are satisfied. Then, there exists

positive finite constants Dg and Dy such that

w 1
— < —2DsS + DyS216), (6.50)

where 6 = p(t, x,,¥,, 25, W,) — p(t, X1, Y1, 21, wy) (Tunc, 2010).

Proof of Theorem 6.9. For this purpose, we assume that v is an arbitrary constant in the

range 1< v<2.Set 0 =1-— g sothat0 <o < zi We rewrite (6.50) in the form

dw o
—7 F 2DeS < DoSW, (6.51)

where



1 1
w*=52"° (IBI — D1055>. (6.52)
and
D
Dy = D—:.

1
If |6] < Dy(Sz, then W* < 0.
1
On the other hand, if |68| > D,,Sz, then the definition of W* in (6.52) gives at least

1
w* =5S2"79|
and also
16|

<—.
10

N| =

S

Thus,
(1-20) [|9| l(l_za)
S 2 < |— )
Dso

This, together with the relation for W*, yields
W* < Dy, 670,

where D, = ng_l). Using the estimate for W* in inequality (6.51), we obtain

dw
—p T 2DsS < DyD1y S71612079) < Dy, 5792050,

where D,, > 2DgyD,4, which follows from the relation

|p(t; le YZ:ZZIWZ) - p(t: xll Y1:Z1; Wl)l
< O {lxz — x1| + [y, =il + |25 — 21| + lw, — wy [}

In the view of the fact that v = 2(1 — o), we get

w —DgS + D, @S
dt — ’
and using inequalities (6.49), we obtain
aw
— (D13 — D1, @Y ()W <0, (6.53)

for some constants D, , D,,. Integrating (6.53) from t, to t,, where t, > t,, we get
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2

W(tl) S W(tz)exp _D13 (tz - tl) + D14 f @v(T)dT .
t

Using Lemma 6.10, we obtain (6.43) with D, = D,D; !, D3 = D5, and D, = Dy,.
Theorem 6.9 is proved.

Proof of Theorem 6.8.The proof follows from the estimate (6.43) and the condition
(6.42) on (t). Choose D, = ﬁ— in (6.42). Then, as t = (t, — t;) = o, S(t) - 0,

which proves that as t — oo, we have
XZ(t) - Xl(t) 4 0, xZ(t) - xl(t) 4 0,

X% (8) = %,(t) - 0, X, (8) — X%, (t) - 0.

The theorem is proved.

6.4. Convergence in x™® + (%) + f(¥) + g(x) + h(x) = p(t, x, x, X, X)

Afuwape in (2012), by using Lyapunov’s second method, prove results on the

convergence of solutions of the fourth order non-linear differential equation of the form

x® +P(E) + F(2) + g@) + h(x) = p(t, x, %, %, %), (6.54)

in which (%), f (), g(x) and h(x) are continuous in their respective arguments. The

function p(t,x,x,%,%) is assumed to have a form q(t) + r(t,x, x,% %) with the

function g(t) and r(t,x, x, %, %), depending explicitly on the argument displayed and

continuous in their respective arguments, where dot denoted differentiation. Further, we
shall assume that r(t,0,0,0,0) = 0 for all t. Also (Afuwape, 2012) assumed that

Y(0) = f(0) = g(0) = h(0) = 0.

Theorem 6.12. Suppose that in equation (6.54), ¥ (0) = f(0) = g(0) = h(0) = 0, and

that
(i) there are positive constants a, ag, b, by, ¢, ¢y, Ao, &, n (n # 0) suchthaty, f,g,h
satisfy

{h€ +m —h(©)} c

n o

where I, is defined as
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k(ab—c)c
Iy, = |4, —| A>0, k<1,
a
w-,) — Y (w
< Y(w,) —YP( 1)S o, o) % o,
(1)2 - (1)1
Z,) — f(z
bswsbo, Z, * Zy,
Z — 7,
< g(yz)—g(yl)S . i %y
Y2—W1

with  abc > ¢&,
(i) there is a continuous function @(t) such that
[7(t, X2, Y2, 22, Wz + Q1)) — 7(t, %1, 1,71, w1 + Q1))
< OO {lxz — x1| + [y =il + |22 — 21| + |y — w4},

holds for arbitrary t, x;, y1, 21, W1, X2, V5, Z, and w,.

If there exist a constant D, such that
t
f @%(t)dt < Dit, (6.55)
0

for some «, in the range 1< a <2, then all solutions of (6.54) are converge
(Afuwape, 2012).

Theorem 6.13. Let x,(t), x,(t) be any two solutions of equation (6.54). Suppose that
all the conditions of Theorem 6.12 are satisfied, then for each a, with 1 < a < 2, there

exist constants D,, D5, and D, such that for t, > t;,
%
S(ty) < D,S(t)exp{—D3(t, —t;) + D, f @*(t)dr ¢, (6.56)
ty
where
S(6) = [x2(8) =, (D] + [#2(6) — %1 (O] + [£,(0) — #,(O]* + [X2(6) — %, (D]
(Afuwape, 2012).

The proof of the main results will follow the setting used in (Afuwape, 1988).
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Let

Q(t) = | q(s)ds.
|

An equivalent system of equation (6.54) is

xX=y,
y =2z,
z=w+Q(t),

w=—-yYpw+ Q) —f(2) —g(y) —hx)+p(t,x,y,zw+Q(t). (6.57)

Let (x;(£),y; (t), z;(t), w; (), (i = 1,2), be two solutions of system (6.57), satisfy the
condition (i) of Theorem 6.12.

The main tool in the proof of Afuwape (2012) is the following Lyapunov function
V =V(x,y,z w) defined by

2V =c?c(1 — &)x* + ace(1 —&)Dy? + b(D — 1)z% + eDw? + 2c[e + (D — 1)]yz

+[(1—¢&)D —1]laz + w]? + [c(1 — &)x + by + az + w]?, (6.58)
where 0<e<l ab—c>6>0, abe(2—¢) =24,
b—c+ 5+
_(ab—ctce) and po1=_0%c)
(ab—c—6) (ab—c—9)

Lemma 6.14. The function V defined in (6.58) is positive definite. Moreover, there
exist constants D, D, such that
De(x?> +y? + 2z + w?) <V < D,(x? + y2 + 2% + w?) (6.59)
hold.
Proof. Clearly by choosing
2Dy = min{c?e(1 — ¢),ace(1 — &)D,b(D — 1),eD}
we have the left part of inequality (6.59), Dg¢(x? + y? + z2 + w?) < V.

On the other hand, if we rewrite 2V as
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2V =c%e(1 — &)x? + [ace(1 — &)D + b?]y? + [b(D — 1) + a?(1 — £)D]z?
+Dw? + 2bc(1 — &)xy + 2[c(¢ + D — 1) + ablyz
+2a(1—¢e)Dzw + 2c¢(1 — &)xw + 2byw + 2ac(1 — €)xz

and realize that by Schwartz inequality 2|ul|v| < u? + v?, we have the right part of the
inequality (6.59) for some D, > 0, with D, = D,(a, b, c, €, D), such that

V<D,(x% +y%+ 2%+ w?).
Then, this inequality completes the proof of Lemma 6.14 .

Also, Afuwape (2012) showed another properties of function V, for any two
distinct solutions x, (t), x,(t) of equation (6.54) bysetting
W=W(t)=V(x, —Xx1,Y2 — V1,22 — 71, W — 01)-

It is clear that W (t) satisfies the result of Lemma 6.14, and after some simplifications

that the derivative of W, with respect to t, is

w 1
E S —2D105 + D1152|9|,

where D,,, D;, are positive constants and

|0| = |T'(t,x2, V2,22, W + Q) - r(t, X1, Y1,21, Wy + Q)l

(Afuwape, 2012).

Proof of Theorem 6.12.The proof follows from estimate (6.56) and condition (6.55) on
@(t). Then,as t = (t, —t;) —» +oo, S(t) - 0, which proves that as t — oo, we have
x,(t) —x,(t) = 0, X,(t) — x%,(t) = 0,
X,(t) —%,(t) = 0, X,(t) — X.(t) - 0.

This completes the proof of Theorem 6.12.

Moreover, and in the addition of the work of (Afuwape, 2012), also in the same
year Adesina and Ogundare together investigated the convergence of solutions of the
equation (6.54).
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(Adesina and Ogundare, 2012) established the following results.

Theorem 6.15. In addition to the basic assumptions, suppose that 1)(0) = f(0) = g(0)
= h(0) = 0, the function p(t, x, x,%,X) = q(t) + r(¢t, x, x, %, %) with r(¢,0,0,0,0) =
0 for all ¢, and that

(i) for some positive constants a, b, ¢, d, (ab—c)c—a?d >0 andab —c > 0,

(it) for some positive constants a, b, ¢,d,D, Ay, A4, K, and K;, the intervals

k(ab — ¢)c k(a?d + c?)
IOEle'—zl; I1ElA1:—,
a ac
are in the Ruth-Hurwitz interval,
(iii) there are positive constants a, a,, b, by, ¢, and c,, such that
Wy ) — w
aSt/)( 2) = P( 1)3%, o) % W,
Wy — Wq
Zy) — Z
bswsbol 7, * 7y,
Z; — 277
< 9(2) —gn) < ¢, S

Y2 — )1
(iv) for any &,n (n # 0) the increment ratios for h and g satisfy
h(§+n) —h($) g&+n)—g©)
€ I, €
n n
(v) there is a continuous function @(t) such that

I,

|r(t, x2,¥2, 22, w3) — 1(t, X1, Y1, 21, 1) |
< O(O{xy, — x4l + |y, =yl + |z — 21| + |lw, — w4},
holds for arbitrary t, x;,y;, 21, W1, X2, V5, 2, and w,.

If there exist a constant D, such that

t
f@“(r)dr <D,
0

for some «, intherange 1 < a < 2, then all solutions of (6.54) are converge (Adesina
and Ogundare, 2012).

Also, (Adesina and Ogundare, 2012) showed and improved that Theorem 6.13 and
Lemma 6.14 of (Afuwape, 2012) holds and results are true.

(Adesina and Ogundare, 2012) considered equation (6.54) as the equivalent system, for

this supposed that
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t

0 = [ a(sdas

0

An equivalent system of equation (6.54) is

X =y,
y =z
zZ=w,
w=-0Ww)—f(z)—gly)—hlx)+r(txyzw)+ Q(t). (6.60)

Adesina and Ogundare (2012) used a main tool in the proofs of convergence results as

the following Lyapunov’s function V = V(x, y, z, w) defined by

2V =l —e)x+yy+6z+ w]*+[(1 —&)D — 1][6z + w]?
BD[e + (1 —&)D — 1]y? +y(D — 1)z% + eDw?
B?e(1—&)x? + 2y8[(1 — €)?D — 1]yz,
where

0<e<l-¢e<1, ’;75 >1—¢ B,y & arepositive real numbers and

L, BA-9ys - B —¢g)] : 1
D=1+ )/6—,3€ ) with D>(1——8)2

In addition to the others results (Adesina and Ogundare, 2012) established the following
results.
Lemma 6.16. The Lyapunov function 2V defined above is positive definite and
moreover, there exist constants D, and D, such that

De(x?> +y2+z2+w?) <V <D,(x*> +y?+2z% +w?)
(Adesina and Ogundare, 2012).

Lemma 6.17. Let the hypotheses of Theorem 6.15 hold, and let the function W (t) =

W(xZ - xl, yz - yl' Zz - Zl' WZ - Wl) be defined by
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2W = [pA - )y —x) +y (2 —y1) + (22 — 1) + (wz —wy)]?
+[(1 - &)D — 1][8(z; — 1) + (Wo —wy)]* + BD[e + (1 — &)D — 1] (y, — ¥1)?
+y(D — 1)(z; — z1)* + eD(w, —wy)? + p2e(1 — &) (x; — x1)?
+2y8[(1 — €)?D — 11(y, — y1)(2; — 21)-
Then there exist positive constants Dg, Dy such that

1
TS < —2DgS + DyS26|,

where

160 = |r(t, x2,y2, 22, Wwp) — 7 (t, X1, Y1, 21, Wy)|

(Adesina and Ogundare, 2012).
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APPENDIX INDEX

1. OZET

DORDUNCU MERTEBEDEN DIiFERANSIYEL DENKLEMLERDE
KARARLILIK, SINIRLILIK VE YAKINSAKLIK

Adnan Ahmad MAHMUD
Yiiksek Lisans Tezi, Matematik Anabilim Dali
Tez Danismant: Prof. Dr. Cemil TUNC
Agustos 2016, 95 sayfa

Bu tez ¢alismasinin amaci, dordiincii mertebeden lineer olmayan belli formadaki
diferansiyel denklemlerin ¢ozlimlerinin kararlilik, smirlilik ve yakimnsaklig: ile ilgili
olarak literatiirde yapilmis bulunan baz1 c¢alismalar1 arastirmacilarm dikkatine
sunmaktir. Bu tez ¢aligmasi alt1 boliimden olusmaktadir. Birinci béliimde, tez konusu
ile ilgili literatiirde yapilan bazi caligmalar ozetle verildi, ikinci bolimde bu tezde
kullanilacak materyal ve yontem belirtildi. Uglincti bolimde teze ait temel kavramlar,
tanim ve teoremler sunuldu. Dordiincii boliimde dordiincii mertebeden lineer olmayan
belli formadaki diferansiyel denklemlerin ¢oziimlerinin karaliligi ve asimptotik
davraniglar1 ile ilgili olarak literatiirde yer alan bazi ¢alismalar ele alindi. Besinci
bélimde ise, dordunci mertebeden lineer olmayan belli formadaki diferansiyel
denklemlerin ¢6ziimlerinin sinirlilik davraniglari ile ilgili olarak literatiirde bulunan bazi
calismalar sunuldu. Son olarak, altinci bolimde ise, doérdinct mertebeden lineer
olamayan belli formadaki diferansiyel denklemlerin ¢oziimlerinin yakinsaklik
davranislar ile ilgili olarak literatiirde yer alan bazi ¢aligmalar verildi. Bu tez orijinal ve
yeni sonu¢ igermemektedir. Bu tezdeki amacimiz literatiirde s6z edilen konular1 bir

arada arastirmacilarin dikkatine sunmaktir.

Anahtar kelimeler: Asimptotik davranig, Diferansiyel denklem, Dordiinci

mertebe, Lyapunov fonksiyon, Kararlilik, Smirlilik, Yakinsaklik.
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2. GIRIS

Diferansiyel denklemlerin teori ve uygulamasinda adi diferansiyel denklemlerin
coziimlerinin kararlilik, smirlilik ve yakinsakligmin ¢cok onemli problemler oldugu
bilinir. Simdiye kadar, lineer olmayan diferansiyel denklemlerin ¢oziimlerinin kararlilik,
smirlilik ve yakmsakligi calismasinda en etkili ve dnemli metot Lyapunov’un direk
(veya ikinci) metodudur. Tlgili literatiirde, bu metodu kullanarak, dordiincii mertebeden
lineer olmayan diferansiyel denklemlerde bir¢ok kararhilik, sinirlilik ve yakmsaklik
sonuglart kurulmustur. Bahsedilen konu hakkinda yapilan caligmalar igin, iyi bir
arastrma olarak (Ahmad ve Rao, 1999), (Yoshizawa, 1966), (Reissig ve ark., 1974)
kitaplarina, (Ross, 1984) ve (Ezeilo, 1962), (Harrow, 1970), (Ezeilo ve Tejumola,
1971), (Tunc ve Ates, 2013), (Tunc, 1995; 2001; 2004; 2005; 2006; 2007), (Omeike,
2007), (Tejumola, 1968; 1972), (Ogundare and Okecha, 2007; 2008), (Ogurtsov, 1959),
(Asmussen, 1971), (Hara, 1974), (Skrapek ve Lalli, 1977), (Yu Yuan-hong, 1990), (Wu
ve Xiong, 1998), (Adesina ve Ogundare, 2012), (Afuwape, 1981; 1988; 2012), (E.

Tunc, 2010), makalelerine ve onlarin referanslarina bakilabilir.
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3. MATERYAL ve YONTEM

Bu tez calismasinda; giris ve literatiir bildirislerine bakildiginda, ilgili literattirde
ddrdiinct mertebeden lineer olmayan diferansiyel denklemlerin ¢6ziimlerinin, niteliksel
davraniglari, kararlilik, smirlilik, yakmsaklik vb. i¢in ¢ok sayida kayda deger bilimsel
caligmanin yapildig1 goriilmektedir. Bu tezde ele alinan ¢aligmalarin tamaminda yontem
olarak Lyapunov’un ikinci (ya da dogrudan) metodu (yontemi) kullanilmaktadir. Ancak
ele alman diferansiyel denklem c¢oziilebiliyorsa ya da c¢oziimleri tam olarak elde
edilebiliyorsa, yontem olarak ilgili kararhlik, sinirhilik, yakinsaklik tanimlarmin yani
sira Lyapunov’un ikinci (ya da dogrudan) metodu (yontemi) da arastirmaciya ayni
sonucu ispatlamaya imkan verir. Ancak, bu yontem kullanildiginda, lineer olmayan
diferansiyel denklemlerin kararhilik, sinirlilik ve yakinsakliklar1 i¢in kullanilan
teoremlerin sartlarni olusturma esnasinda, Routh — Hurwitz sartlar1 esas alinmaktadir.
Lineer olmayan denklemler icin sartlarin olusturulmasinda, sabit katsayili denklemler
icin dikkate alman sartlarin lineer olmayan genellemeleri belli kisitlamalar altinda
yapilmaktadir. Buna bagli olarak da ispat verilmektedir. Tanim kullanma, literatiirde
Lyapunov’un birinci metodu (yontemi) olarak da bilinmektedir. A.M. Lyapunov bir Rus
matematikg¢isidir. Bu yontemi 1890’11 yillarda ortaya atmistir. Bu giin bu ydntem
yardimiyla bilimsel literatiirde cok sayida kayda deger calisma yapilmaktadir. Yani,
yontem bu giin aktif olarak kullanilmaktadir. Bu tezde kullanilacak materyel ise, yapilan
caligmanin teorik olmasi nedeni ile uluslaras1 makaleler, yaymlanmis kitaplar ve benzer
bilimsel ¢aligmalar olarak diisiiniilebilir. Bu kaynaklarin biiyiik bir kismina Yiiziinci Y1l
Universitesi’ndeki bilimsel veri tabanlar1 yardmmiyla ulasabilmekteyiz. Ispatlarin

yapilmasinda, Lyapunov’a atfedilen teoremler esas alinmaktadir.
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