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ABSTRACT

BAYESIAN METHODS FOR DECONVOLUTION OF

SPARSE PROCESSES

In this work, various Bayesian methods for deconvolution and blind deconvolu-

tion of sparse processes are studied. By using the prior assumption of sparsity, decon-

volution and blind deconvolution operations are mapped to inference and parameter

estimation methods in a Bayesian framework.

For blind deconvolution of sparse processes, inverse-gamma model is proposed as a

relaxation of the well known Bernoulli-Gaussian model. Methods based on expectation-

maximization algorithm are investigated for both models, and several statistical infer-

ence and parameter estimation techniques are presented for expectation and maximiza-

tion steps. The improvement in the performance is demonstrated by experiments on

simulated data.

Receiver function analysis, a research topic in seismology, is studied as a real life

application. Bayesian deconvolution is proposed as an alternative method to iterative

deconvolution for estimating receiver functions. The superiority of Bayesian deconvo-

lution is demonstrated both by experiments on both simulated and real data. Also, in

this way, the assumption of sparsity for receiver functions is validated by the obtained

results.

Finally, a preliminary theoretical solution to a challenging problem of blind es-

timation of receiver function analysis is developed. The performances of proposed

methods for the solution are tested on simulated data.
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ÖZET

SEYREK SÜREÇLERİN TERS EVRİŞİMİ İÇİN BAYESÇİ

YÖNTEMLER

Bu çalışmada, seyrek süreçlerin ters evrişimi ve gözü kapalı ters evrişimi için

çeşitli Bayesçi yöntemler üzerinde çalışıldı. Seyreklik önsel bilgisi kullanılarak, ters

evrişim ve gözü kapalı ters evrişim işlemleri Bayesçi bir çerçevede istatistiksel çıkarım

ve parametre kestirimi yöntemlerine eşlemlendi.

Seyrek süreçlerin gözü kapalı ters evrişimi için Bernoulli-Gauss modelinin bir

yumuşatılması olarak ters-gamma modeli önerildi. Modeller için, beklenti-enbüyütme

algoritmasını temel alan yöntemler incelendi, beklenti ve enbüyütme aşamaları için

çeşitli istatistiksel çıkarım ve parametre kestirimi teknikleri sunuldu. Başarımlardaki

iyileşme, benzetimli veriler üzerinde yapılan deneylerle gösterildi.

Gerçek hayat uygulaması için, bir yerbilimi araştırma konusu olan alıcı fonksiyon

analizi üzerinde çalışıldı. Alıcı fonksiyonların kestirminde kullanılan döngülü ters

evrişim yöntemine alternatif olarak Bayesçi ters evrişim yöntemi önerildi. Bayesçi ters

evrişimin üstünlüğü hem benzetimli hem gerçek veriler üzerinde yapılan deneylerle

gösterildi. Ayrıca, bu yolla, alıcı fonksiyonlar için olan seyreklik varsayımı alınan

sonuçlar tarafından doğrulandı.

Son olarak, zor bir problem olan alıcı fonksiyonların gözü kapalı ters evrişimi için

başlangıç aşamasında bir çözüm geliştirildi. Çözüm için önerilen yöntemlerin başarımı

benzetimli veriler üzerinde yapılan deneylerle ölçüldü.



vi

TABLE OF CONTENTS

ACKNOWLEDGEMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
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1. INTRODUCTION

The problem of the estimating signals which are distorted by linear time invariant

(LTI) systems and possibly some additive noise arises in many fields such as seismic ex-

ploration, [1, 2, 3], acoustics [4], communication [5] and speech enhancement [4]. This

problem is usually modeled with a discrete-time (noisy) convolution for the observa-

tions. The aim of deconvolution is to estimate the latent signals when the observation

and the system are known. When the LTI system is unknown as well, we have the

blind deconvolution problem.

There are several methods for deconvolution in literature. When there is no noise,

or the noise is negligible, inverse filtering technique can be used [6]. Inverse filtering is

performed simply by division in the frequency domain. However the frequency domain

deconvolution is not often preferred because small or zero values of the denominator

cause numerical problems in the calculation. There are several approaches to avoid this

problem, the simplest is the ad hoc approach called water-level deconvolution, which

was adopted by Langston in 1979 [7], works efficiently when the data quality is good.

In water-level deconvolution, the way we avoid division by small numbers is to replace

small values in the denominator with a fraction of the maximum value of the denomi-

nator. The fraction is called the water-level parameter and is often chosen by trial and

error. The fraction multiplied by the maximum denominator amplitude is called the

water level. It is also possible to avoid the numerical problem of the inverse filtering

by using the iterative deconvolution method [8], which is a time domain deconvolution

method. Iterative deconvolution approach is a least-squares minimization of the differ-

ence between the observed signal and its predicted version generated by the convolution

of the estimated signal with the given component. It is not only numerically stable,

but also enables a priori constructing the deconvolution as a sum of shifted versions

of a certain waveform, such as a Gaussian pulse [9].

In many situations, there is considerable noise corrupting the observing signal.

In that case, if we use the methods above, which assume a noiseless system, the error
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in the results will get higher as the signal-to-noise ratio (SNR) decreases. However, if

we have at least some knowledge of the type of noise in the data (for example, white

noise), we may be able to improve our estimate through techniques such as Wiener

deconvolution [10] and finite impulse response (FIR) Wiener filters [11].

Many algorithms have been proposed for blind deconvolution problem. The algo-

rithms usually differ according to whether the unknown system is minimum phase or

non-minimum phase. If the unknown systems are known to be minimum phase, causal

filters are used as deconvolving filters. Many algorithms work well in learning the co-

efficients of causal filters, such as the second-order statistical approaches [12, 13, 14],

higher-order statistical approaches [15, 16], and the Bussgang algorithms [17, 18]. For

non-minimum phase systems, Amari et al. [19] used doubly sided infinite impulse re-

sponse (IIR) filters as deconvolving models. Cascade structures for the deconvolving

filters were also introduced by several authors, including Labat et al [20] and Xia et al

[21].

A reasonable assumption that holds for many practical deconvolution or blind

deconvolution problems is that the latent input signal is sparse. We call a signal sparse

if it is zero -or very close to zero- almost everywhere but has a few non-zero values far

from zero, often referred to as spikes [22]. In many applications, the goal is to estimate

the locations and amplitudes of these spikes.

We encounter sparse signals in many deconvolution problems such as reflectivity

sequence estimation using marine seismic data [3], room impulse response estimation

[4], and receiver function analysis in seismology [9, 8]. We will now go in details of

receiver function analysis, which constitutes the real life application part of our work.

Receiver functions are time series, computed from three-component seismograms,

which show the relative response of earth structure near the receiver [9]. A three-

component seismogram records P and S waves where the initial P wave is directly

caused by a seismic event under the ground and it is refracted to an S wave due to

velocity discontinuities in the earth structure. Due to the refractions from the P wave
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to the S wave, it is assumed that the S wave is the convolution of the P wave with a

function indicating the local velocity structure, and this function is called the receiver

function. The P wave is largely recorded on the vertical component of the seismogram,

whereas the radial component mostly consists of the S wave. Hence receiver function

estimation methods are based on performing deconvolution of the radial component

using the vertical component. From receiver functions, one can learn characteristics of

the geological structure near the receiver, such as crustal thickness and shallow velocity

structure [23].

The earliest receiver function studies such as Phinney [6] worked in the fre-

quency domain. The method of Phinney was extended by Langston [7], who included

phase information by using a complex frequency-domain ratio and inverse transforming

back into the time domain. For deconvolution, he used the water-level decomposition

method and a low-pass Gaussian filter to remove high-frequency noise in the results.

Ammon [9] described and applied an iterative, time-domain deconvolution approach to

receiver-function estimation and illustrate the reliability and advantages of the tech-

nique using synthetic simulations and experiments with real data. Özakın [23] applied

iterative deconvolution for extracting the crustal structure of Southwestern Anatolia,

and reported that iterative deconvolution outperformed the inverse filtering and water

level deconvolution methods.

Since the convolution model in receiver function analysis arises from the refrac-

tions from the P wave to the S wave, the receiver function can be assumed as sparse,

where its spikes are the indicators of these refractions. However, the sparsity assump-

tion is not used in the convolution methods stated above. Only in iterative deconvo-

lution, the number of iterations is limited to some value which is chosen heuristically,

so that the estimate remains sparse. However, since this prevents the algorithm from

converging to a solution by doing this, we believe that it is not a very reliable way to

handle sparsity. Moreover, the signals recorded by the seismogram are noisy, which

reduces the performance of the deconvolution algorithms above. Finally, iterative de-

convolution needs the complete convolution data to produce reliable results. However,

this is not the case in seismic recordings, where the vertical component is as long as
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the radial component, hence we have a truncated observation.

In receiver function analysis, there are also some cases where the vertical com-

ponent is too noisy to be trustable. This is the case for daily recorded data, when

big earthquakes do not occur. We can not apply deconvolution methods on such data

for the estimation of receiver functions. Hence, blind deconvolution is needed for such

cases.

Bayesian theory allows us to formulate our prior knowledge about the data which

is ignored by the classical frequentist approaches. Mainly, by means of Bayesian ap-

proach, uncertainties about the parameters of interest are taken into account. That

is, parameters are considered to be random variables unlike the frequentist approaches

where they are assumed to be deterministic. Basically, our a priori knowledge on

these variables of interest is shaped by the likelihood of the observed data, giving the

a posteriori knowledge. This intuitive idea is formulated by the well known Bayes rule

[24], and used effectively in the solution of many problems. Since the sparsity is an

important information about the characteristics of a signal, using Bayesian methods

for deconvolution and blind deconvolution of sparse signals can significantly improve

performance. Moreover, since the Bayesian methods are model-based, they can handle

observation noise and truncation problems.

The most crucial point of applying Bayesian methods in sparse applications is

the choice of the form of the prior distribution, that is, the statistical model used

for sparsity. In literature, a popular approach is to model the coefficients of a sparse

process by a Bernoulli-Gaussian distribution [25, 3, 26, 27]. For example, Rosec et al

[3] used the Bernoulli-Gaussian model for reflectivity sequence estimation to improve

the resolution of blind seismic images. Labat et al [25] used the same model for

sparsity to perform sparse blind deconvolution accounting for time-shift ambiguity.

The Bernoulli-Gaussian model is so popular in literature because it is very intuitive

and its statistical properties allow easy implementation of Bayesian methods such as

Markov chain Monte-Carlo (MCMC) and the expectation-maximization (EM) [26, 27].

However, this model suffers from multi-modality and needs very good initializations.
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This severely effects the performance when we do not have prior knowledge about the

unknown variables of interest.

Modeling samples of a sparse signal with a Gaussian random variable whose vari-

ance is an inverse-gamma random variable could be an alternative approach. This prior

assumption is used in source separation and blind deconvolution problems [28, 29, 30].

It was also used by Févotte and Godsill [31] for blind separation of sparse sources.

Yıldırım et al [32] also used the inverse-gamma assumption for the variance to provide

better initialization for blind deconvolution of Bernoulli-Gaussian processes. In con-

trast to the Bernoulli-Gaussian case, the inference problems tend to be easier, since

inverse-gamma assumption leads to more smooth distributions/objective functions. In

fact, relaxation strategies to create smoother surfaces already exist in signal processing

area. For example, simulated annealing is a powerful method in Bayesian signal pro-

cessing for calculating quantities or maximization over an intractable function [33, 34].

Another example is the gradient vector flow method, which is used in the study of

active contours [35]. In this line of thinking, we can say that the inverse-gamma model

is a relaxation of the Bernoulli-Gaussian model. Moreover, like the Bernoulli-Gaussian

model, the inverse-gamma model enables use of statistical inference and parameter es-

timation using classical methods such as Gibbs sampling, variational Bayes, and EM.

1.1. Motivations and Objectives of the Thesis

In this work, we use Bayesian methods for deconvolution and blind deconvolution

of sparse signals. We address the problem of multi-modality and the necessity of

good initialization when the Bernoulli-Gaussian model is used for sparsity. Our main

contribution in this work is to propose the inverse-gamma model as a relaxation of the

Bernoulli-Gaussian model, and to significantly increase the performance of inference

and parameter estimation algorithms for blind deconvolution. The possible inference

and parameter estimation methods for both models are investigated, and it is shown

that the performance of the inverse-gamma model is better for every combination of

these methods.
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Another contribution of this work is to introduce a Bayesian deconvolution ap-

proach for receiver function analysis. We have already stated the disadvantages of the

iterative deconvolution that it does not use the sparsity assumption, it is not reliable

in noisy cases and it does not handle truncation. We show through experiments with

both simulated and real data that Bayesian deconvolution is more robust to those

problems, and produce better results. For real life experiments, we will use three sets

of data recorded in different seismic stations in Turkey by Boǧaziçi University Kandilli

Observatory and Earthquake Research Institute.

We believe that a Bayesian approach can help blind estimation of receiver func-

tions in cases where the source is not reliable. Motivated with this idea, we also

investigated methods for blind deconvolution where we assign statistical models for

both of the components in the convolution, that is, both the system and the source.

Specifically, we deal with the case when the source signal is an AR process, which is

a reasonable assumption for the vertical component, and the filter is sparse. This is a

very challenging problem and in this thesis we present a preliminary solution for this

problem.

1.2. Scope of the Thesis

The organization of the thesis is as follows: In chapter 2, the theoretical back-

ground is given. In chapter 3, various Bayesian methods for deconvolution and blind

deconvolution for the Bernoulli-Gaussian and inverse-gamma models are investigated,

and the simulation based comparison between two models are given. We also compare

the performances of Bayesian deconvolution and iterative deconvolution using both

simulated and real seismic data. In chapter 4, we deal with blind deconvolution of

sparse filters when the source is an autoregressive process. Finally, we discuss the re-

sults with concluding remarks and give possible directions for future work in Chapter

5. The Appendix section consists of some mathematical derivations and further details

about our work.
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2. THEORETICAL BACKGROUND

In this chapter, we introduce the theoretical basis of our work. We start with the

concepts of convolution, deconvolution and blind deconvolution. Then we relate the use

of Bayesian signal processing to deconvolution and blind deconvolution problems. We

will elaborate the Bayesian methods used in the thesis, such as Monte-Carlo methods,

Gibbs sampling, variational Bayes, and EM algorithm.

2.1. Convolution, Deconvolution and Blind Deconvolution

In mathematics, convolution is a mathematical operation on two functions s and

h, written as s∗h, producing a third function that is typically viewed as a modified ver-

sion of one of the original functions. Mathematically, the convolution of two functions

s and h is defined by the integral transform [36]

z(t) = (s ∗ h) (t) =

∫ ∞

−∞
s(τ)h(t− τ)dτ. (2.1)

In many applications, t in (2.1) usually denotes for time, though it need not represent

the time domain. As well as for continuous time functions, the discrete convolution

can be defined for functions on the set of integers. For functions s and h defined on

the set of integers, the discrete convolution of f and g is defined as [36]

zn = (s ∗ h)n =
∞∑

m=−∞
smhn−m. (2.2)

This generalization of the convolution has applications in the design and implementa-

tion of LTI systems in discrete time in signal processing. Furthermore, when s and h

are zero outside a finite interval, we can handle the convolution operation in a matrix-

vector representation. Assume, for example, sn = 0 outside Ts1 < n ≤ Ts2 , and hn = 0

outside Th1 < n ≤ Th2 . If Ts = Ts2 − Ts1 and Th = Th2 − Th1 , then (2.2) can be written
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as

z = Hs, (2.3)

where the (Ts + Th − 1)× 1 and Ts × 1 vectors z, s and the (Ts + Th − 1)× Ts matrix

H are organized as z =
[
zTs1+Th1

+2 . . . zTs2+Th2

]>
, s =

[
sTs1+1 . . . sTs2

]>
, and

Hi,j = hi−j+1+Th1
−Ts1

, i = 1, . . . , Ts + Th − 1, j = 1, . . . , Ts, where [·]> denotes vector

transposition.

Note that the convolution operation is commutative, hence (s ∗ h)n = (h ∗ s)n.

Thus, we can write (2.3) the other way, that is,

z = Sh, (2.4)

where h =
[
hTh1

+1 . . . hTh2

]>
, and Si,j = si−j+1+Ts1−Th1

, i = 1, . . . , Ts +Th−1,

j = 1, . . . , Th.

In (2.3) and (2.4), the matrices H and S are called the convolution matrices,

whose columns have the shifted versions of the vectors h and s, respectively. The

matrix-vector product expression for the convolution operation is useful for expressing

LTI systems where the input passes through a finite impulse response (FIR) filter.

In many applications in signal processing, the observed signal is not the convolu-

tion itself, but the convolution corrupted by an additive observation noise. Then, we

slightly modify (2.2) as

yn = (s ∗ h)n + vn =
∞∑

m=−∞
smhn−m + vn. (2.5)

The matrix vector representation corresponding to (2.5) is

y = z + v = Hs + v = Sh + v,
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with y =
[
yTs1+Th1

+2 . . . yTs2+Th2

]>
, and v =

[
vTs1+Th1

+2 . . . vTs2+Th2

]>
.

Deconvolution is an algorithm-based process used to reverse the effects of convo-

lution on observed data. The objective of deconvolution in discrete time is to find a

solution to the convolution equation in (2.2) or (2.5) for s (or h) when the observation

(z or y) and h (or s) are given. Unlike the deconvoution problem, where we have one of

the convolving components as well as observed signal, there are cases when we do not

know neither s nor h in (2.2) or (2.5), but we have only the result of the convolution z,

or its noisy version y. The problem of estimating the convolving components when only

the convolution result is available is referred to as the blind deconvolution problem.

2.2. Bayesian Signal Processing

If we have a statistical prior knowledge, or belief, about the hidden variables in

deconvolution or blind deconvolution problems, how could we make use of it? The

answer is to use Bayesian methods, where we can include our prior knowledge into the

solution of our problems.

In Bayesian theory, our knowledge on a variable of interest, say x, given some

observed data y, is expressed by their a posteriori distribution, given by the Bayes rule

below: [24]

p(x|y) =
p(x)p(y|x)

p(y)
, (2.6)

where the densities p(x|y), p(x) and p(y|x) are called a posteriori probability density

function (pdf) (or posterior) , a priori pdf (or prior) and the likelihood function, re-

spectively. The density p(y) is known as the evidence and can be calculated by the

integration

p(y) =

∫

x

p(x)p(y|x)dx.
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In most applications in Bayesian signal processing, the problem is modeling the prior

and the likelihood densities, and to calculate the posterior density. Another problem

of concern is to find the best parameter set given the observed data, in case of latent

variables. That is, we desire to find the parameter set Θ̂ such that

Θ̂ = arg max
Θ

p(y|Θ). (2.7)

We can deal with (2.7) using our prior knowledge about the latent variable x for a

given Θ, p(x|Θ). In that way, we connect Θ to y via x by the following integration:

p(y|Θ) =

∫

x

p(x|Θ)p(y|x, Θ)dx.

During the interpretation of a posteriori pdf, evidence is usually discarded , since

it is not dependent on the parameter of interest x. Therefore, (2.6) is usually written

as follows in Bayesian literature [37, 24, 38]

p(x|y) ∝ p(x)p(y|x). (2.8)

As (2.8) implies, our posterior information is formed when our a priori belief is

shaped by the observed data, i.e. the likelihood function. For some certain prior and

posterior densities, the posterior has a closed form expression, hence it is straightfor-

ward to calculate (2.8), or the sufficient statistics of x under the posterior distribution.

In order to deal with easy posterior densities, a rule of thumb is to choose a reasonable

conjugate prior for the likelihood density. A class of prior probability distributions

p(x) is said to be conjugate to a class of likelihood functions p(y|x) if the resulting

posterior distributions p(x|y) are in the same family as p(x); the prior and posterior

are then called conjugate distributions, and the prior is called a conjugate prior for the

likelihood [24]. Below are two examples of conjugate priors for Gaussian likelihood,

which we will use several times in the thesis.
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Likelihood is Gaussian, prior is Gaussian: Assume that x, y are vector valued

random variables of sizes K × 1 and L× 1; and

p(x) ∼ N (x;mx,Σx), p(y|x) ∼ N (y;Ax,Σy|x).

where mx and my|x ≡ Ax are vector valued means of x and y with sizes K × 1

and L × 1, A is a L × K matrix, and Σx and Σy|x are the covariance matrices of

x and y with sizes K × K and L × L. The notation N (z;m,Σ) denotes the very

well-known multivariate Gaussian distribution for the random variable z with mean m

and covariance matrix Σ [39],

N (z;m,Σ) =
1√
|2πΣ| exp

[
−0.5 (z−m)>Σ−1 (z−m)>

]
.

Then, the posterior is another Gaussian

p(x|y) = N (x;mx|y,Σx|y)

with Σx|y =
(
Σx

−1 + A>Σy|x
−1A

)−1
and mx|y = Σx|y

(
A>Σy|x

−1y + Σx
−1m

)
.

Likelihood is Gaussian, prior is inverse-gamma: Another conjugate prior for the

Gaussian likelihood is the inverse-gamma distribution which is given by [39]

IG(x; α, β) =
βα

Γ(α)

(
1

x

)α+1

exp

(
−β

x

)
,

where α and β are called respectively the scale and the shape parameters of the inverse-

gamma distribution for x, and Γ(·) denotes the gamma function [39]. Assume the

relation for scalar random variables x and y:

p(x) ∼ IG(x; α, β), p(y|x) ∼ N (y; 0, x).
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It can be shown that the posterior of x is another inverse-gamma distribution

p(x|y) ∼ IG(x; α + 0.5, β + 0.5y2).

For derivations of these two posteriors, see Appendix A.

In cases where posterior pdf and its integrations cannot be expressed analytically,

numerical sampling and variational methods are of utmost importance to perform these

tasks. In the following, we will review some of those methods, the ones we use in the

thesis to perform deconvolution and blind deconvolution of sparse processes. These are

MCMC methods (specifically Gibbs sampling), variational Bayes, EM algorithm, and

Monte-Carlo related EM.

2.2.1. MCMC Methods - Gibbs Sampling

MCMC methods are widely used in applications where intractable densities are

approximated by a finite number of samples, and Gibbs sampling is one of the most

popular type of these methods. To comprehend the theory behind MCMC methods,

it is useful to review some related concepts first, such as Monte-Carlo integration,

proposal distribution and independently and identically distributed (i.i.d) sampling

methods.

2.2.1.1. Monte-Carlo Integration. Numerical sampling methods are used in cases where

a pdf and its integrations cannot be expressed analytically. The idea is that, if we can

sample random variables from the desired (target) pdf P (x), we can estimate any suf-

ficient statistics of x by numerical optimization methods. If we sample N random

variables, x(i), i = 1, 2, ..., N from P (x), the analytically inexpressible pdf can be rep-

resented in terms of the drawn samples as shown below:

P̂ (x) =
1

N

N∑
i=1

δ(x− x(i)), (2.9)
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where δ(·) is the delta-dirac function. Then, using (2.9), the expected value of any

function of x under P (x) can be approximated as

〈f(x)〉P (x) ≈
1

N

N∑
i=1

f(x(i)) (2.10)

where 〈f(x)〉P (x) denotes the expectation of f(x) under the distribution of P (x). This

method is called Monte-Carlo integration in literature [40].

To perform the Monte-Carlo integration in (2.10), we have to be able to sample

from the target distribution, which is tedious or not possible in many cases. Also, it is

well known that sampling from the target distribution may suffer from computational

complexity (MacKay, 1993). In literature, sampling methods like importance sampling

(IR) and rejection sampling (RS) are used to overcome these difficulties [41, 24, 42, 43].

In these methods, a proposal distribution q(x) is chosen to sample from. This pdf is

chosen so that drawing samples from this distribution is easier than that of the desired

one. Such sampling methods are called independently and identically distributed (i.i.d.)

sampling methods since they always sample from the same distribution, which is the

proposal density q(x).

Rejection Sampling: In RS, first a pdf q(x) is proposed in such a way that its

product by a constant c, i.e., cq(x) takes higher values than the desired pdf P (x) over

the whole support region of random variables. The sampling scheme for all instants is

as follows:

• Draw x′ from q(x).

• Draw uniformly distributed random variable u over the interval [0, cq(x′)].

• If u < P (x′), accept x′; otherwise, reject.

Note that RS can be used to sample from P (x), as well as to estimate the expectations

of functions of x by using the samples in (2.10).
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Importance Sampling: In IS, we do not obtain samples for P (x), we rather use it

for estimating expectations of functions of x. The trick is, again, to use a simpler and

more efficient distribution q(x) for sampling. For any distribution q(x), we can write

〈f(x)〉P (x) =

∫

x

P (x)f(x)dx

=

∫
x

P (x)
q(x)

f(x)q(x)dx
∫

x
P (x)
q(x)

q(x)dx

=

〈
P (x)
q(x)

f(x)
〉

q(x)〈
P (x)
q(x)

〉
q(x)

. (2.11)

Hence, if we apply Monte-Carlo integration for the nominator and the denominator of

(2.11) by sampling from q(x), we obtain the approximation

〈f(x)〉P (x) ≈
1∑N

i=1 w(i)

N∑
i=1

f(x(i))w(i)

where w(i) = P (x(i))/q(x(i))’s are called the importance weights.

2.2.1.2. MCMC Methods. It is well known in literature that i.i.d. sampling methods,

like RS and IS, suffer from the computational complexity and high estimation variance

problems. Furthermore, in RS, the proposal pdf q(x) should look like the desired pdf

P (x) throughout the whole support region of x, which is very difficult and becomes

even harder when the dimension size increases [44, 24, 45, 43, 41]. To overcome these

problems, instead of choosing such a whole distribution to fit, we can construct a

Markov chain whose samples are asymptotically distributed according to the desired

pdf P (x) . This is known as the MCMC technique [45, 41].

Let the probability distribution of the state is represented by p(t)(x) at iteration

t. The objective is to find a Markov chain such that as t → ∞, p(t)(x) approaches to

the desired distribution P (x). In order to define a Markov chain, an initial probability

distribution p(0)(x) and a transition probability T (x′; x) need to be specified. The
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probability distribution of the state at the (t + 1)th iteration of the Markov chain is

given by the following equation:

p(t+1)(x′) =

∫

x

p(t)(x)T (x′; x)dx.

When designing a MCMC method, the chain should satisfy certain conditions: The

desired distribution must be an invariant distribution of the chain, and the chain must

be ergodic. For ergodicity, the chain must be irreducible and aperiodic [41].

Many useful transition probabilities have the detailed balance property [41]:

T (xa; xb)P (xb) = T (xb; xa)P (xa) for all xa and xb.

Detailed balance is an important property because it implies invariance of P (x) under

the chain, which is one of the conditions to be satisfied.

Metropolis-Hasting Method: We have stated that it is very difficult to construct

a proposal distribution q(x) which should resemble the target density P (x) in the

whole space. This necessity can be relaxed by a Markov chain to propose new states

based on the current ones. These new states, x(t+1) are drawn from simpler proposal

distributions q(x′; x(t)), which are located near x(t). The procedure for drawing new

samples in Metropolis-Hasting method is in the following:

• Draw x′ form p(x′; x(t)).

• Calculate the acceptance ratio

ε =
P (x′)q(x(t); x′)
P (x(t))q(x′; x(t))

. (2.12)

• If ε ≥ 1, x(t+1) = x′; otherwise:

– Draw uniformly distributed random variable u over the interval [0, 1].

– If u < ε, x(t+1) = x′, otherwise x(t+1) = x(t).
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This method, first proposed by Metropolis et al [44]. in 1953, is known as the

Metropolis-Hastings method. If q(x; x′) = q(x′; x), then the method is called as Metropo-

lis method [41].

Gibbs Sampling: Gibbs sampling is an MCMC sampling method which can be

used when the dimension of x, say n, is at least two. The idea of Gibbs sampling

is that, even though it is difficult to draw samples from P (x) = p(x1, x2, . . . , xn), it

may be easier to do from the conditional densities p(xi|x1, . . . xi−1, xi+1, . . . , xn). The

general sampling scheme of Gibbs sampling for P (x) can be expressed by the following

[45, 41]:

x
(t+1)
1 ∼ p(x1|x(t)

2 , x
(t)
3 , . . . , x

(t)
n )

x
(t+1)
2 ∼ p(x2|x(t+1)

1 , xt
3, . . . , x

(t)
n )

...

x
(t+1)
n ∼ p(xn|x(t+1)

1 , x
(t+1)
2 , . . . , x

(t+1)
n−1 ).

It has been shown that, under mild conditions, when t → ∞, the samples are guar-

anteed to come from the exact distribution P (x). The algorithm is named after the

physicist J. W. Gibbs, in reference to an analogy between the sampling algorithm and

statistical physics. The algorithm was devised by Stuart Geman and Donald Geman

in 1984 [46], about eight decades after the passing of Gibbs.

Gibbs sampling is a special kind of Metropolis-Hasting method. At time t and

iteration i, we have x(t,i) = (x
(t+1)
1:i−1, x

(t)
i , x

(t)
i+1:n). So,

p(x(t,i))q(x′|x(t,i)) = p(x(t,i))δ(x′1:i−1,i+1:n − x
(t,i)
1:i−1,i+1)p(x′i|x(t,i)

1:i−1,i+1:n)

= p(x(t,i), x′i)δ(x
′
1:i−1,i+1:n − x

(t,i)
1:i−1,i+1:n)

= δ(x
(t,i)
1:i−1,i+1:n − x′1:i−1,i+1:n)p(x(t,i), x′i)

= δ(x
(t,i)
1:i−1,i+1:n − x′1:i−1,i+1:n)p(xt

i, x
′)

= p(x′)q(x(t,i)|x′) (2.13)
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Substituting (2.13) into (2.12), we find out that the acceptance ratio is always equal

to 1. Therefore, we can say that Gibbs sampling is a Metropolis-Hasting method with

the acceptance ratio always being equal to 1.

2.2.2. Variational Bayes

As an alternative for Monte-Carlo methods, variational Bayesian methods, also

called ensemble learning, are another family of techniques for approximating intractable

integrals arising in Bayesian statistics [47, 41]. These methods often provide an an-

alytical approximation to the posterior probability which is useful for prediction. In

variational inference, a posterior distribution of x given the data y, p(x|y), is approxi-

mated by a variational distribution, Q(x) . The approximation seeks for minimization

of dissimilarity function between p(x|y), and Q(x). One useful dissimilarity function

where this minimization is tractable is the Kullback-Leibler (KL) divergence, which is

given below [48]:

KL(Q||p) =

∫

x

Q(x) log
Q(x)

p(x|y)
dx (2.14)

We now observe that any Q(x) gives rise to a lower bound to the log-evidence of the

data:

log p(y) = log

∫

x

dxp(y, x)

= log

∫

x

dxQ(x)
p(y, x)

Q(x)

≥
∫

x

dxQ(x) log
p(y, x)

Q(x)

=

∫

x

dxQ(x) log p(y, x)−
∫

x

dxQ(x) log Q(x)

= 〈log p(y, x)〉Q(x) + H(Q)

≡ VBQ (2.15)

where H(Q) is the differential entropy of Q(x), and the inequality is a direct result of

Jensen’s inequality and concavity of the log(·) function [48]. The lower bound VBQ in
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(2.15) is called the variational bound.

On the other hand, we have

log p(y) =

∫

x

dxQ(x) log p(y)

=

∫

x

dxQ(x) log
p(y, x)

p(x|y)

=

∫

x

dx (Q(x) log Q(x)−Q(x) log p(x|y))

−
∫

x

dx (Q(x) log Q(x)−Q(x) log p(x, y))

=

∫

x

dxQ(x) log
Q(x)

p(x|y)
+ 〈log p(y, x)〉Q(x) + H(Q)

= KL(Q||p) + VBQ. (2.16)

Since log p(y) is fixed with respect to Q(x), maximizing the variational bound VBQ

minimizes the KL divergence in (2.14), which is our objective.

It can be easily shown by substituting Q(x) = p(x|y) in (2.15) and observing the

equality that, the log-evidence log p(y) is maximized by the exact posterior, i.e., when

Q(x) = p(x|y). However, since p(x|y) is not in a friendly form, we try to find the best

fitting Q(x) among a limited group of distributions, and the approximation is done by

maximizing VBQ over this limited group of distributions.

Mean Field Approximation of the Posterior: The mean field approximation is the

case in which each Q(x) is fully factorized over the hidden variables x1, x2, . . . , xn:

Q(x) =
n∏

i=1

q(xi). (2.17)

Maximization of the variational bound VBQ over the factorized distribution in (2.17)

gives for each q(xi) the following equation [47]:

q(xi) =
1

Zi

exp 〈log p(y, x)〉∏n
j=1,j 6=i q(xj)

, for i = 1, . . . , n (2.18)
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where Zi is the normalizing constant. Notice that we do not need to know Zi in most

cases, since the proportionality already gives the form of the distribution. Using (2.18),

a line maximization can be performed as follows:

q(x1)
(t+1) ∝ exp 〈log p(y, x)〉∏n

j=2 q(xj)(t)

q(x2)
(t+1) ∝ exp 〈log p(y, x)〉q(x1)(t+1)

∏n
j=3 q(xj)(t)

...

q(xn)(t+1) ∝ exp 〈log p(y, x)〉∏n−1
j=1 q(xj)(t+1)

2.2.3. EM Algorithm for Parameter Estimation

While dealing with deconvolution or blind deconvolution problems, there may be

some deterministic parameters as well as statistical hidden variables. For statistical

parameters, we have seen methods for calculating their posteriors. For estimating de-

terministic parameters, we have the EM algorithm and its variants. The EM algorithm

was explained and given its name in a classic 1977 paper by Arthur Dempster, Nan

Laird, and Donald Rubin [49].

We seek for maximum-likelihood estimation (MLE) for a parameter set Θ:

Θ̂ = arg max
Θ

log p(y; Θ).

EM algorithm applies two iterative steps to perform the maximization in (2.2.3):

• Expectation (E) step: Calculate the EM quantity Ω(i)(Θ), which is the expecta-

tion of log-joint distribution of x and y under the posterior distribution of x given

y and the previous parameter set Θ(i):

Ω(i)(Θ) = 〈log p(x, y|Θ)〉p(x|y,Θ(i)) (2.19)
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• Maximization (M) step: Find the parameter which maximizes this quantity:

Θ(i+1) = arg max
Θ

Ω(i)(Θ) (2.20)

It can be shown that log p(y|Θ(i)) monotonically increases [50]:

log p(y|Θ(i+1)) =

∫

x

dx log p(y|Θ(i+1))p(x|y, Θ(i))

=

∫

x

dx log p(y, x|Θ(i+1))p(x|y, Θ(i))−
∫

x

dx log p(x|y, Θ(i+1))p(x|y, Θ(i))

= Ω(i)(Θ(i+1))−
∫

x

dx log p(x|y, Θ(i+1))p(x|y, Θ(i)) (2.21)

Therefore, using (2.14), (2.19), and (2.21), we have

log p(y|Θ(i+1))− log p(y|Θ(i))

= Ω(i)(Θ(i+1))− Ω(i)(Θ(i)) + KL(p(x|y, Θ(i))||p(x|y, Θ(i)))

≥ 0 (2.22)

since, by (2.20), Ω(i)(Θ(i+1)) = maxΘ Ω(i)(Θ) ≥ Ω(i)(Θ(i)), and the Kullback-Leibler

distance is non-negative, which is obvious from (2.15) and (2.16). Also, notice that we

have equality in (2.22) when Θ(i+1) = Θ(i), hence, the algorithm has converged to a

local maximum point.

2.2.3.1. Monte-Carlo related EM Methods. Recall that the E-step of the EM algo-

rithm amounts to evaluating the function 〈log p(x, y|Θ)〉p(x|y,Θ(i)). We now consider

cases where direct numerical evaluation of this expectation is not available. The prin-

ciple here is to use the Monte-Carlo sampling methods to approximate the intractable

E-step with the empirical averages based on the simulated data [HMM book]. In this

line of approach, we will state three different Monte-Carlo related EM methods. These

methods are Monte-Carlo EM, (MCEM) [51], Stochastic Approximation EM (SAEM)

[52], and stochastic EM (SEM), [53]. The E and M steps of all these methods can be

generalized as the following [50]:



21

• Start with the initial Ω̂(0).

• for i = 1, 2, . . .

– Simulation: Draw Ni samples for x; (x(i,1), ..., x(i,Ni) from p(x|y; Θ(i−1)) using

a Monte-Carlo method.

– Maximization: Compute Θ(i) that maximizes Ω̂(i), where

Ω̂(i) = νi
1

Ni

Ni∑
j=1

log p(y, x(i,j)|Θ(i−1)) + (1− νi)Ω̂
(i−1).

where νi is a weight parameter. We have:

• SAEM: {νi}i≥1 > 0, ν1 6= 1, and νi ≤ νi+1 ≤ 1.

• MCEM: νi = 1 and Ni increases with time.

• SEM: νi = 1 and Ni is constant.

Note that, the approximation for any sufficient statistics of x, S
(i)
f = 〈f(x)〉p(x|y;Θ(i−1))

is

Ŝ
(i)
f = (1− νi)Ŝ

(i−1)
f + νi

1

Ni

Ni∑
j=1

f(x(i,j)).
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3. DECONVOLUTION AND BLIND DECONVOLUTION

OF SPARSE PROCESSES

In this chapter, we will investigate Bayesian methods for deconvolution of sparse

processes in case of unknown parameters. The common approach in these methods

is to model sparse waveforms in a statistical way, and treat other unknowns of the

convolution system as non-statistical parameters. This approach leads us to itera-

tive maximum likelihood inference methods for parameter estimation, where statistical

inference methods must be performed in every iteration.

While considering our problem, we assume that an input signal, which we call

source, passes through an unknown FIR sparse filter, and the resulting convolution

is observed in additive Gaussian noise. Here, the source, the sparse filter, and the

noise correspond to the convolving components and the noise component in (2.5).

The unknown parameter set may or may not include the source coefficients. In fact,

when the source is unknown, our problem becomes a blind deconvolution problem.

However, there is no methodological difference in treating the deconvolution and blind

deconvolution problems, the only difference is that in blind deconvolution, the source

coefficients are in the set of unknown parameters. Therefore, we will introduce methods

that are applicable to the most general version of our problem, i.e., when both the

source coefficients and the sparse filter are unknown.

The approaches to solve our problem differ in the way they model the unknown

statistical variables, or the statistical inference/optimization methods they use. We

will introduce two models and several methods in order to solve the blind deconvo-

lution problem. The two models are the Bernoulli-Gaussian and the inverse-gamma

models, which can produce quantitatively similar sparse processes. In the Bernoulli-

Gaussian model, when both the source and the filter are jointly estimated, the true

posterior is typically highly multimodal. Therefore, when not properly initialized, stan-

dard stochastic inference methods tend to get stuck and suffer from poor convergence.
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In the inverse-gamma model, the Bernoulli-Gaussian prior is relaxed, and it will be

shown with empirical evidence that inference in the relaxed model is not only efficient,

but also provides better results compared to the Bernoulli-Gaussian model. We will

also provide simulation studies that compare the results obtained with and without

our initialization method for several combinations of state inference and parameter

estimation methods used for the Bernoulli-Gaussian model. At the end of the chapter,

we will use the inverse-gamma model for deconvolution of seismological signals and

compare its performance with the iterative deconvolution method.

3.1. Noisy Convolution Model and Problem Statement

In a discrete time noisy convolution model, we consider the finite impulse response

(FIR) filtering process where a latent input signal is passed through a LTI system with

unknown sparse impulse response and the resulting signal is corrupted by additive

Gaussian noise, giving the observed signal. This process can be formulated as follows:

yt =
Ts∑

k=1

skht−k+1 + vt, t = 1, 2, ..., T (3.1)

In (3.1), the input signal is represented by a 1 × Ts vector of coefficients, s ≡[
s1 s2 . . . sTs

]>
, and h ≡

[
h1 h2 . . . hT

]>
denotes the vector of filter coeffi-

cients of length T . v ≡
[
v1 v2 . . . vT

]>
is the observation noise vector with vk

being i.i.d Gaussian with zero mean and variance σ2
v , that is, vk ∼ N (vk; 0, σ

2
v). Fi-

nally, y ≡
[
y1 y2 . . . yT

]>
is the vector of noisy observation coefficients. Note that,

we assume Th = Ty = T . The reason for this assumption is its simplicity in expressing

the developed methods in this chapter, which will be understood while we go into these

methods.

The key point here is the choice of the prior distribution of h, so that it is a sparse

process. In the following, we introduce two simple choices, that are qualitatively similar

but have significantly different behaviors for inference.
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3.1.1. Bernoulli-Gaussian Model

It is a common approach in the literature to model the coefficients of a sparse

waveform as i.i.d. Bernoulli-Gaussian random variables[3, 26]. According to this model,

we assume that the samples hk are i.i.d. Gaussian with their variances conditioned on

an indicator (Bernoulli random variable) ck along with success probability λ. That is,

hk ∼ N (hk; 0, σ
2
ck

), ck ∈ {0, 1}, P r(ck = 1) = λ,

where Pr(A) denotes the probability of the event A. Taking σ2
0 ¿ σ2

1 and assigning a

small value for λ, one can obtain a sparse and impulsive trace (see Figure 3.1). Here,

the indicators ck can be used to indicate the locations of spikes. In many applications,

such as seismology [3], correct estimation of the spike locations is of primary concern,

and this parametrization provides an intuitive semantic interpretation.

0 50 100 150 200
0

2

4

t

Sample variances: σ
0
2 = 0.0004, σ

1
2 = 4, λ = 0.03

σ t2

0 50 100 150 200
−2

0

2

4

t

h(
t)

Figure 3.1. Sparse trace obtained using the Bernoulli-Gaussian model:

σ2
0 = 0.0004, σ2

1 = 4, λ = 0.03

.
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3.1.2. Inverse-Gamma Model

An alternative to the Bernoulli-Gaussian model is to model the samples of the

sparse filter as a Gaussian with zero mean and the variance being an inverse-gamma

random variable. That is,

hk ∼ N (hk; 0, σ
2
h,k) σ2

h,k ∼ IG(σ2
k; α, β).

It is important to note that, in this model the samples hk are Student-t random variables

[31]. However, we call this model as the inverse-gamma model since we believe it is

more expressive to emphasize the choice for the variances, rather than the resulting

distribution for hk’s.

Choosing suitable values for α and β (especially, when β/α ¿ 1), one can obtain

sparse and impulsive traces (see Figure 3.2). If we compare the two figures, we can see

that the traces produced by these processes are quantitatively similar.
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t

σ t2
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10
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t
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Figure 3.2. Sparse trace obtained using the inverse-gamma model:

α = 0.5, β = 0.0001

.
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Inverse-gamma model is a relaxation of the Bernoulli-Gaussian model: The rea-

son for choosing an inverse-gamma distribution for σ2
k is its analytical convenience

leading to a relatively easier objective function than the one for the Bernoulli-Gaussian

model [28, 31]. This lowers the effect of initialization, and thus helps preventing the

inference and parameter estimation methods from converging to local optimum points.

This relaxing effect of the inverse-gamma model is illustrated in Figure 3.3. The

top figure at the left hand side shows the log-prior distribution of [h1, h2], if p(hi)

is a Bernoulli-Gaussian random variable with parameters σ2
0 = 0.0004, σ2

1 = 4, and

λ = 0.03, whereas the one on the right hand side is the log-prior of [h1, h2] when

they are normal random variables with their variances coming from the inverse-gamma

distribution with parameters α = 0.5, and β = 0.0001. The figures in the middle row

show the log-likelihood of the data, when the system admits y = 2h1 + h2 + σvv, with

y = 3 and σ2
v = 0.05. Finally, the bottom figures on the left and right hand sides show

the log-posteriors of [h1, h2] given y, for the Bernoulli-Gaussian and the inverse-gamma

models, respectively. Note that the log-posteriors are illustrated as superimposed on

the log-prior distributions, for the sake of understandability. It can be seen from the

posteriors that, the posterior in the inverse-gamma model is much more smoother than

the one in the Bernoulli-Gaussian model. Roughly speaking, if we start searching

for [h1, h2] those maximize the posterior from a point near to (0, 3), it is much more

possible to converge to that local maximum in the Bernoulli-Gaussian model.

Problem Definition:. Having introduced the models, our problem can be defined:

Given the observation data y, we wish to estimate the unknown filter h, as well as

the source s, and possibly the model parameters. For the Bernoulli-Gaussian model,

the model parameters are (σ2
v , σ

2
0, σ

2
1, λ) and for the inverse-gamma model, they are

(σ2
v , α, β).
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h
1

h 2

log−likelihood of y: log p(y|h
1
,h

2
)

 

 

−4 −2 0 2 4

−4

−3

−2

−1

0

1

2

3

4

5

−700

−600

−500

−400

−300

−200

−100

0

(d) Inverse-gamma log-likelihood
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Figure 3.3. An illustration of the relaxation effect of the inverse-gamma model:

log-prior, log-likelihood, and log-posterior (superimposed on the log-prior) are shown

for both models with respect to y = 2h1 + h2 + σvv. ( y = 3, σ2
0 = 0.0004, σ2

1 = 4,

α = 0.5, β = 0.0001, and σ2
v = 0.05.)
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3.2. Methodology

To solve our inference and parameter estimation problem, we use the EM-type

algorithms. As it was explained in Chapter 2, the algorithms contain two steps: Calcu-

lating the posterior of the statistical latent variables given the current set of parameters,

i.e, state inference, and update of the parameters under the calculated posterior distri-

bution, which we call parameter estimation. Performing these steps, we finally find the

posterior of the latent variables for the maximum likely parameter set. In this part, we

will investigate state inference and parameter estimation methods for both models.

3.2.1. Bernoulli-Gaussian Model

For the Bernoulli-Gaussian model, we have:

• Latent statistical variables: h and c ≡ c1:n,

• Deterministic parameters: Θ = (s, σ2
v , σ

2
1, σ

2
0, λ).

Now the EM steps are:

• E step: Requires sufficient statistics, i.e. inference of the posterior

Ω(i) = 〈log p(y,h, c|Θ)〉p(h,c|y,Θ(i−1)). (3.2)

• M step: Parameter estimation: Maximize Ω(i) over Θ:

Θ(i) = arg max
Θ

Ω(i). (3.3)

3.2.1.1. State Inference for the Bernoulli-Gaussian Model. We have to calculate the

posterior in (3.2), i.e. p(h, c|y, Θ). The joint posterior distribution of h and c is

p(h, c|y, Θ) = p(c|y, Θ)p(h|c,y, Θ). (3.4)
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The factors on the right hand side of (3.4) can be evaluated separately: The first factor

can be written as

p(c|y, Θ) ∝ p(c)p(y|c, Θ). (3.5)

The first factor in (3.5) is easy to calculate: p(c) = λnc
1(1 − λ)nc

0 with nc
1 =

∑T
t=1 ct,

and nc
0 = T −nc

1. The conditional density p(y|c, Θ), which is the likelihood of the data,

can easily be found as in the following:

p(h|c, Θ) = N (h;0,C), p(y|h, Θ) = N (y;Sh, σ2
vIT ),

where C is the diagonal covariance matrix of size T × T with Cii = σ2
ci
, and IT is the

identity matrix of size T × T . Thus,

p(y|c, Θ) =

∫

h

p(h|c, Θ)p(y|h, Θ)dh = 〈p(y|h, Θ)〉p(h|c,Θ)

= N (y;0,SCS> + σ2
vIT ), (3.6)

where S is the T × T convolution matrix corresponding to s such that

Sij =





si−j+1 if 0 ≤ i− j

0 else.
(3.7)

The conditional density p(y|c, Θ) can also be found by running a Kalman filter

[11]. First, we shall write down our convolution system for the Bernoulli-Gaussian

model as a conditionally Gaussian linear state-space model (CGLSSM) [50] as in the

following:

hk+1 = Ahk + Uck+1
ek+1 (3.8)

yk = s>hk + vk (3.9)
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where ek+1 ∼ N (ek+1, 0, 1), hk =
[
hk hk−1 . . . hk−Ts+1

]>
, A is the one-tap delay

matrix of size Ts×Ts, and Uck
=

[
σck

0 . . . 0
]>

. Note that when c and Θ are given,

all of the state-space parameters in (3.8) and (3.9) are known. Then, this problem can

be solved by a Kalman filter. For the Kalman filter solution for this CGLSSM, see

Appendix B.1.

To compute p(y|c, Θ) using (3.6), we have to compute the inverse of a T × T

matrix at once. However, if we run Kalman filter, we deal T times with the inverses

of Ts × Ts matrices. Therefore, it is advantageous to use the Kalman filter when Ts is

small, but the batch method should be preferred when Ts is close to T .

Evaluation of the second factor in (3.4) is straightforward as well. Observe that

p(h|y, c, Θ) ∝ p(h|c, Θ)p(y|h, c, Θ)

= N (h;0,C)N (y;Sh, σ2
vIT )

Recall from the previous chapter that, when the prior and the likelihood densities are

Gaussian, the posterior is another Gaussian, and it can be shown that

p(h|y, c, Θ) = N (h;mh,Σh), Σh =

(
C−1 +

1

σ2
v

S>S
)−1

and mh = ΣhS
>y.

An alternative way to calculate the posterior density p(h|y, c, Θ) is to make use of

the CGLSSM. Given y with all of the state-space parameters, namely Θ and c, each hk

is Gaussian with mean ĥk|T and covariance Σ̂k|T , and these moments can be evaluated

by using one of the smoothing algorithms for Gaussian linear state-space systems,

such as disturbance smoothing [54], Rauch-Tung-Striebel smoothing [55], and forward-

backward smoothing using two filter formula [56]. Disturbance smoothing algorithm

has a special feature, such that, referring to the CGLSSM defined in (3.8) and (3.9), it

operates only on the disturbance vectors wk rather than on the states hk. This form of

smoothing is more efficient when the dimension of the state noise vector is smaller than
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that of the state vector. This is the case in our model, where wk is a scalar whereas hk

is an L × 1 vector. Therefore, we shall use disturbance smoothing algorithm to make

exact inference for the states. For the disturbance smoothing algorithm modified for

our problem, see Appendix B.2.

The argument we have made for calculation of the likelihood is also true for

choosing either the batch method or disturbance smoothing algorithm to calculate the

posterior density of h: It is advantageous to use the disturbance smoothing when Ts is

small, on the other hand the batch method should be used when Ts is close to T .

p(h, c|y, Θ) is intractable: We have shown that, for a given configuration of c, we

can evaluate p(h, c|y, Θ) However, the main difficulty is due to the fact that there are 2T

distinct configurations of c. Hence, we can not practically evaluate (3.4) for every con-

figuration of c, unless T is very small. Therefore the exact joint posterior p(h, c|y, Θ)

is intractable. To overcome this problem, we introduce two different MCMC sampling

methods to draw samples from the joint posterior distribution.

MCMC 1: Sample indicators c, perform exact inference for h:

In this type of MCMC sampling, we first estimate the best sequence of indicators

ĉ using Gibbs sampling, then use this indicator sequence for exact inference of h. That

is, if we use the notation c
(i)
−k =

(
c

(i)
1:k−1, c

(i−1)
k+1:T

)
, the procedure is:

• Start with the initial indicator values c(0).

• for i = 1, 2, . . . , N

– for k = 1, 2, . . . , T

Draw c
(i)
k from p(c

(i)
k |c(i)

−k,y, Θ).

– Evaluate the posterior p
(i)
h = p(h|y, c(i), Θ) using a smoothing method.

– Keep c(i) and p
(i)
h as the ith sample set.

Note that we treat the densities p
(i)
h as samples since they depend on the samples of

indicators, c(i). In fact, in this MCMC method, we draw samples for c, and sufficient
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statistics for h. This type of sampling is also referred to as Rao-Blackwellized Gibbs

sampling [57].

There are, again, two possible ways to sample from p(c
(i)
k |c(i)

−k,y, Θ). The first

way is to make use of (3.6). Denoting the covariance matrix corresponding to the

current indicator sequence as C
(i)
k =

(
c

(i)
1:k−1, c

(i)
k , c

(i−1)
k+1:T

)
, and using (3.6), then we

can write

p(c
(i)
k |c(i)

−k,y, Θ) ∝ p(c
(i)
k , c

(i)
−k|y, Θ) ∝ p(y, c

(i)
k c

(i)
−k|Θ)

= p(y|c(i)
k c

(i)
−k, Θ)p(c

(i)
k c

(i)
−k|Θ) ∝ p(y|c(i)

k c
(i)
−k, Θ)p(c

(i)
k |Θ)

= N (y;0,SC
(i)
k S> + σ2

vIT )p(c
(i)
k |Θ)

where the proportionalities do not depend on c
(i)
k . Therefore we can draw c

(i)
k from a

Bernoulli distribution such that

Pr(c
(i)
k = 1|c(i)

−k,y, Θ) = p1λ
p1λ+p0(1−λ)

,

P r(c
(i)
k = 0|c(i)

−k,y, Θ) = 1− Pr(c
(i)
k = 1|c−k,y, Θ),

where pi = N (y;0,SC
(i)
k=1S

> + σvIT ), i = 0, 1.

The second way to sample from p(c
(i)
k |c(i)

−k,y, Θ) is, again, to make use of the

CGLSSM’s. CGLSSM’s have the useful property that, when the filtering, and smooth-

ing moments as well as the innovation and innovation covariance at time k for ck = c

are available, the likelihood of observations p(y|c, Θ) can be calculated up to a pro-

portionality which does not depend on the value c. What Gibbs sampler does is to

combine this property with the use of forward-backward smoothing. At iteration i

and time k, the algorithm has forward variables calculated using the updated indicator

values c
(i)
0:k−1, and backward parameters calculated using the previous indicators c

(i−1)
k+1:n

are available. Using this property, at iteration i and time k, we can sample c
(i)
k from

the full conditional posterior distribution p(c
(i)
k |c(i)

−k,y, Θ) [50]. This symmetric scan-

ning order of the simulation sites reduce the computational load if Ts is small. For the

details of this Gibbs sampling algorithm, see Appendix B.3.
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MCMC 2:Use a Gibbs sampler to sample both ck and hk jointly:

In the second MCMC sampling method, we use the fact that, given all the filter

values of h other than hk, denoted by, h−k one can obtain and sample from the posterior

distribution of (hk, ck) [27]. First notice that

p(hk, ck|h−k,y, Θ) = p(ck|h−k,y, Θ)p(hk|ck,h−k,y, Θ)

Then, it can be shown that

p(ck = 1|h−k,y, Θ) =

[
1 +

1− λ

λ

√
V0σ2

1

V1σ2
0

exp(
m2

0

2V0

− m2
1

2V1

)

]−1

where Vck
=

(
1
Vv

+ 1
σ2

ck

)−1

, mck
=

Vck

Vv

1
E

∑Ts

i=1 si

[
yk−i+1 −

∑Ts

j=1,j 6=i sjhi+k−j

]
, Vv = σ2

v

E
,

and E = s>s; and that

p(hk|ck,h−k,y, Θ) ∼ N (hk; mck
, Vck

)

So, the Gibbs sampling algorithm for joint simulation of ck and hk for I iterations is

as follows:

• Start with the initial filter values h(0).

• for i = 1, ..., N , for k = 1, ..., T :

– Construct h
(i)
−k =

(
h

(i)
1:k−1, h

(i−1)
k+1:T

)
,

– Sample c
(i)
k from the Bernoulli distribution p(ck|h(i)

−k,y, Θ),

– Sample h
(i)
k from the Gaussian density p(hk|c(i)

k ,h
(i)
−k,y, Θ) = N (m

c
(i)
k

, V
c
(i)
k

)

– Keep h
(i)
k and c

(i)
k as the ith sample set.

For the detailed derivation of the Gibbs sampling algorithm to sample hk and ck jointly,

one can consult [27].
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3.2.1.2. Parameter Estimation for the Bernoulli-Gaussian Model. Having analyzed the

methods for state inference of the filter coefficients and the indicators, we can now skip

to the parameter estimation part, which is the maximization of the expectation of

log p(y,h, c|Θ) under the distribution of p(h, c|y, Θ) over the parameters in Θ. At the

ith iteration, the EM quantity is

Ω(i) = 〈log p(y,h, c|Θ)〉p(h,c|y,Θ(i−1)) (3.10)

We can write the term in the expectation as

log p(y,h, c|Θ) = log p(c) + log p(h|c) + log p(y|h)

= nc
0 log(1− λ) + nc

1 log λ− 0.5

[
T log 2π +

T∑

k=1

(
h2

k

σ2
ck

+ log σ2
ck

)]

− 0.5

[
T log 2π + T log σ2

v +
1

σ2
v

(y −Hs)>(y −Hs)

]

= nc
0 log(1− λ) + nc

1 log λ

− 0.5

[
nc

0 log σ2
0 +

T∑

k:ck=0

h2
k

]
− 0.5

[
nc

1 log σ2
1 +

T∑

k:ck=1

h2
k

]

− 0.5

[
T log σ2

v +
1

σ2
v

(
y>y + s>H>Hs− 2y>Hs

)]− T log 2π, (3.11)

where nc
1 =

∑T
t=1 ct, nc

0 = T − nc
1, and H is the convolution matrix of size T × Ts

corresponding to h, constructed as in (3.7). To perform maximization, we take the

gradient of (3.10) with respect to the parameters in Θ using (3.11) and equate it to

zero to obtain the ML solutions for Θ(i):

ŝ(i) =
(〈

H>H
〉)−1 〈H〉> y, (3.12)

σ̂
2(i)
v = 1

T

(
y>y + ŝ(i)> 〈

H>H
〉
ŝ(i) − 2y> 〈H〉 ŝ(i)

)
, (3.13)

σ̂
2(i)
j = 1

〈nc
j〉

〈∑T
k:ck=j h2

k

〉
, j = 0, 1, (3.14)

λ̂(i) =
〈nc

1〉
T

. (3.15)
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Here, we used a short hand notation such that by 〈·〉, we mean the expectation under

the posterior p(h,q|y, Θ(i−1)), 〈·〉p(h,q|y,Θ(i−1)).

As discussed in the previous part, we can not obtain the sufficient statistics in

equations (3.12) to (3.15), since this requires taking expectations under the intractable

posterior distribution p(h, c|y, Θ(i−1)). To overcome this problem, we can apply Monte-

Carlo related EM methods which are based on using (several replications of) simula-

tions to approximate the values of concern. Below, we will recall MCEM, SEM, and

SAEM. The general receipt for these methods is as follows:

• Start with the initial Ω̂(0).

• for i = 1, 2, . . .

– Simulation: Draw Ni samples for (h, c); (ĥi,1, ĉ(i,1)), ..., (ĥ(i,Ni), ĉ(i,Ni)) from

p(h, c|y; Θ(i−1)).

– Maximization: Compute Θ(i) that maximizes Ω̂(i), where

Ω̂(i) = νi
1

Ni

Ni∑
j=1

log p(y, ĥ(i,j), ĉ(i,j)|Θ(i−1)) + (1− νi)Ω̂
(i−1).

Recall that, we have:

• SAEM: {νi}i≥1 > 0, ν1 6= 1, and νi ≤ νi+1 ≤ 1.

• MCEM: νi = 1 and Ni increases with time.

• SEM: νi = 1 and Ni is constant.

Note that the expectations in the update equations (3.12) to (3.15) will now be replaced

by the weighted average of the average of their simulated values from the posterior at

time i and their previous estimates at time i − 1. That is, the approximation for any

sufficient statistics of (c,h), S
(i)
f = 〈f(c,h)〉p(h,c|y;Θ(i−1)) is

Ŝ
(i)
f = (1− νi)Ŝ

(i−1)
f + νi

1

Ni

Ni∑
j=1

f(c(i,j),h(i,j)).
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3.2.2. Inverse-Gamma Model

For the inverse-gamma model, we have:

• Latent statistical variables: h and σ2
h ≡ σ2

h,(1:T )

• Deterministic parameters: Θ = (s, α, β, σ2
v).

Thus, the EM steps are:

• E step: Requires inference of the posterior to compute the EM quantity:

Ω(i) = 〈log p(y,h, σ2
h|Θ)〉p(h,σ2

h|y,Θ(i−1)). (3.16)

• M step: Parameter estimation: Maximize Ω(i) over Θ:

Θ(i) = arg max
Θ

Ω(i).

3.2.2.1. State Inference for the Inverse-Gamma Model. We have to calculate the pos-

terior in (3.16), i.e. p(h, σ2
h|y, Θ). It can be shown that the posterior distribution

p(h, σ2
h|y, s, σ2

v) is intractable. However, the full conditional posteriors p(h|σ2
h,y, Θ),

and p(σ2
h|h,y, Θ) can easily be calculated. Motivated with this fact, we can use Gibbs

sampling and variational Bayes methods in order to approximate the exact posterior of

(h, σ2
h). Recall that, the iterations of two methods are very similar to derive: One uses

samples of the latent variables whereas the other one travels through their sufficient

statistics.

Gibbs Sampling for h and σ2
h : We can write the logarithm of the unnormalized
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posterior, which is the joint density of y, h, and σ2
h, as in the following:

logp(h, σ2
h,y|Θ) = log p(σ2

h) + log p(h|σ2
h) + log p(y|h, σ2

h, Θ)

=

[
T∑

k=1

α log β − (α + 1) log σ2
h,k − β/σ2

h,k − log Γ(α)

]

− 0.5

[
T∑

k=1

log σ2
h,k +

h2
k

σ2
h,k

+ T log σ2
v +

1

σ2
v

(y − Sh)> (y − Sh)

]
+ T log 2π

=
T∑

k=1

[
α log β − (α + 1.5) log(σ2

h,k)−
β + 0.5h2

k

σ2
h,k

− log Γ(α)

]

− 0.5

[
T log σ2

v +
1

σ2
v

(
y>y + h>S>Sh− 2h>S>y

)]
+ T log 2π. (3.17)

From (3.17), we can deduce the full conditional posteriors of h, and σ2
h,k. The posterior

of h is given by

p(h|σ2
h,y, Θ) = N (h;mh,Σh) , (3.18)

with Σh =
(
Dh

−1 + 1
σ2

v
S>S

)−1

and mh = Ch
1
σ2

v
S>y. where Dh is the diagonal matrix

of size T × T with Dhk,k = σ2
h,k.

The full conditional posterior of σ2
h is in fact conditioned on only the coefficients

of the sparse filter h. It can be shown from (3.17) that,

p(h, σ2
h) ∝ exp

[
T∑

k=1

−(α + 1.5) log(σ2
h,k)−

β + 0.5h2
k

σ2
h,k

]
. (3.19)

Since the posterior in (3.19) is factorized, the posterior distributions of the variances

can be found separately for each k as:

p(σ2
h|h,y, Θ) = p(σ2

h|h) =
T∏

k=1

p(σ2
h,k|hk) =

T∏

k=1

IG(σ2
h,k; α + 0.5, β + 0.5h2

k). (3.20)

As we can see from (3.18) and (3.20), a Gibbs sampler can be used to draw samples

from the joint posterior distribution.
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Variational Bayes Algorithm for h and σ2
h: We have shown that the full condi-

tional posteriors of h, and σ2
h can easily be calculated. Moreover, since they are in a

closed form in terms of known distributions, and the (required) sufficient statistics of

the variables can be calculated from these distributions, we can use a variational Bayes

algorithm with mean fild approximation to infer the joint posterior. Recall that, in the

mean field approximation, we assume a factorized form for the full joint posterior as

p(h, σ2
h|y, Θ) = q(h)q(σ2

h);

and the update rules for this factorized distribution are as follows:

q(h)(n+1) ∝ exp
(
〈log p(h, σ2

h,y|Θ)〉q(σ2
h)(n)

)

q(σ2
h)(n+1) ∝ exp

(〈log p(h, σ2
h,y|Θ)〉q(h)(n+1)

)

Using similar steps to the ones used for deriving the Gibbs sampling iterations,

we can show that

q(h)(n+1) = N
(
h;mh

(n+1),Σh
(n+1)

)
, (3.21)

with Σh
(n+1) =

(
〈Dh

−1〉q(σ2
h)(n) + 1

σ2
v
S>S

)−1

and mh
(n+1) = 1

σ2
v
Σh

(n+1)S>y; and

q(σ2
h)(n+1) =

T∏

k=1

IG(σ2
h,k; α

(n+1)
h , β

(n+1)
h,k ) (3.22)

with αh = α + 0.5 and βh,k = β + 0.5〈h2
k〉q(h)(n+1) . The sufficient statistics in equations

(3.21) and (3.22) are easy to derive. Since q(σ2
h,k)

(n) is an inverse-gamma with scale and

shape parameters αh and βh,k,
1

σ2
h,k

is a gamma random variable with shape and scale

parameters (αh,
1

βh,k
). It is well known that the mean of a gamma random variable is
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the product of its shape and scale parameters, therefore we have

〈 1

σ2
h,k

〉q(σ2
h,k)(n) =

αh

βh,k

For (3.22), we only need to know the sufficient statistics 〈h2
k〉q(h)(n+1) for each k. Since

q(h)(n+1) is a Gaussian with mean mh
(n+1) and covariance Σh

(n+1),

〈h2
k〉q(h)(n+1) = mh

2(n+1)
k + Σh

(n+1)
k,k .

One can also calculate the variational bound VBQ at every iteration. Recall that

the marginal likelihood log Z = log p(y|Θ) is lower bounded by the variational bound

VBQ = 〈log φ〉Q + H(Q) where H(·) is the differential entropy. It can be verified that,

the variational bound for log Z is given below (see Appendix):

VBQ =
T∑

k=1

log
βαΓ(αh)

βαh
h,kΓ(α)

− 0.5
(
T log(2πσ2

v)− T − log |Σh|
)

− 0.5

[
1

σ2
v

(
y>y − 2mh

>S>y + tr
[
S>S(mhmh

> + Σh)
])]

3.2.2.2. Parameter Estimation for the Inverse-Gamma Model. Recall that, estimation

of Θ(i) is the maximization of the EM quantity at time i in (3.16). In (3.17), we have

already found the term in the expectation in (3.16). It can easily be seen that the

update rules for ŝ(i) and σ̂v
2(i) are the same as those found in (3.12) and (3.13) for the

Bernoulli-Gaussian model. For α̂(i) and β̂(i), notice from (3.17) that

Ω(i) = Tα log β − α

T∑

k=1

〈
log σ2

h,k

〉− β

T∑

k=1

〈
1

σ2
h,k

〉
− log Γ(α) + C (3.23)

where C does not depend on α̂(i) and β̂(i), and by 〈·〉 we mean 〈·〉p(h,σ2
h|y;Θ(i−1)). A closed

form expression for α̂(i) and β̂(i) that maximize (3.23) is not available. However, for a
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given estimate of α̂(i), we have

β̂(i) =
T α̂(i)

∑T
k=1

〈
1

σ2
h,k

〉 . (3.24)

Substituting (3.24) into (3.23), one can obtain a function which only depends on α.

Hopefully, this unction is known to be well behaved and maximization algorithms such

as grid based methods, gradient descent [58], or Newton’s method [59], work well to

determine α̂(i).

The general EM procedure applies when we choose the variational Bayes method

to approximate p(h, σ2
h|y; Θ(i−1)), because we have a closed form expression for it, and

we can evaluate the sufficient statistics needed for maximization. However, if we choose

Gibbs sampling for the state inference, then we do not have a closed form expression

but samples. In this case, we perform Monte-Carlo related EM methods as for the

Bernoulli-Gaussian model:

• Start with the initial Ω̂(0).

• for i = 1, 2, . . . ,

– Simulation: Draw Ni samples for (h, σ2
h); (ĥ(i,1), σ̂

2(i,1)
h ), ..., (ĥ(i,Ni), σ̂

2(i,Ni)
h )

from p(h, σ2
h|y; Θ(i−1)).

– Maximization: Compute Θ(i) that maximizes Ω̂(i), where

Ω̂(i) = νi
1

Ni

Ni∑
j=1

log p(y, σ̂2i,j
h ), σ̂2

h

i,j|Θ(i−1)) + (1− νi)Ω̂
(i−1).

3.3. Experiments and Results

3.3.1. Simulation Experiments for Blind Deconvolution

In this part, we run simulations in order to compare the performances of the two

models, the Bernoulli-Gaussian model and the inverse-gamma model, in estimating the

coefficients of the sparse processes and the source vector. Furthermore, for each model
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we compare all the techniques elaborated in inference and parameter estimation steps

in Section 3.2. We investigate the performances by observing the results averaged over

50 different simulations. In each simulation, we generated a sparse trace using the

Bernoulli-Gaussian model, with the parameters set as the following:

• Length of the sparse process: T = 200,

• Length of the source vector: Ts = 10,

• Generation of source vector: s ∼ N (s;0, ITs),

• Density of spikes: λ = 0.05,

• Lower and higher variances of the sparse process: σ2
0 = 0.0001, σ2

1 = 4,

• Observation noise variance: σ2
v = 0.01.

Recall that, both the Bernoulli-Gaussian and inverse-gamma models can generate

sparse processes which are quantitatively very similar (see Figures 3.1 and 3.2). How-

ever, in the Bernoulli-Gaussian model, the locations of spikes are given by c. This

property not only makes this model more intuitive, but also enables us to measure the

spike detection rate-number of false alarms in an automatic way. That is why in our

tests we generate sparse processes using this model. In this way, we will also realize

from the results that, the inverse-gamma model acts as a relaxation of the Bernoulli

model, which was argued in Chapter 2.

For the Bernoulli-Gaussian model, we have 3 different parameter estimation meth-

ods, namely MCEM, SAEM and SEM. two different Gibbs sampling techniques for

state inference, MCMC1 and MCMC2. Therefore, we have 6 different combinations

for this model. In the inverse-gamma model, if we use Gibbs sampling for inference of

the posterior, we have again three different techniques: MCEM, SAEM, SEM. If we

use variational Bayes, then the classical EM can be used because we have the posterior

approximated by closed form expressions. Therefore, we have 4 different categories for

the inverse-gamma model. For all these categories, algorithmic parameters such as the

number of EM iterations, number of variational Bayes iterations in every E step of

EM, etc. are chosen sufficiently large to let the parameter estimations or distribution

approximations converge.
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In order to compare the results, we look at the normalized mean squared errors

(nMSE) in the mean estimates of h and s. The nMSE for an estimate x̂ of x is given

by

nMSEx(x̂) =

∑
i (xi − x̂i)

2

∑
i x

2
i

(3.25)

We use nMSE, because MSE values do not give a reliable result unless you know the

powers of h, and s. Since we generate different realizations in every simulations, the

power values are not constant.

Scale invariance problem: It is important to note that, there is a scale invariance

between the estimates of h and s by the nature of our model formulations and the meth-

ods we use. Assume that y = h∗s+v and hk ∼ λN (hk; 0, σ
2
0)+(1−λ)N (hk; 0, σ

2
1). As

long as the parameters σ2
0, σ

2
1 and s are treated to be unknown and fully deterministic,

there is an invariance between the estimates Θ = (s/k, k2σ2
0, k

2σ2
1) for all k’s. Simi-

larly for the inverse-gamma model, there is no difference for the maximum likelihood

estimator between the parameter sets Θ = (s/k, α, kβ), for any k. Therefore, it is

unnecessary to set all the parameters free. That is why we assume that σ2
0 and β are

known and fix them to certain values. As a consequence, for an estimate ĥ of h, , we

calculate the nMSE’s for kĥ and ŝ/k where k = ĥ>h/ĥ>ĥ.

Table 3.1 shows the nMSE values in estimation of s and h for all the combina-

tions of the models and the methods. We can see that, in every combination of meth-

ods, the inverse-gamma model gives much better results than the Bernoulli-Gaussian

model. We also observe that, in the inverse-gamma case, Gibbs sampling works better

than variational Bayes in the posterior inference step. Another result is that, though

the performances of MCEM, SAEM and SEM are very close to each other, SEM is

slightly worse. Finally, even though the performances of all of the combinations in the

Bernoulli-Gaussin model are not acceptable for a good estimation, we can observe that

MCMC1 Gibbs sampling type gives better results.
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Table 3.1. Performances of the models and methods. nMSE-h/nMSE-s: nMSE of

estimates for h/s

Model Par.est. St.inf nMSE-h nMSE-s

MCEM 0.3674± 0.4127 0.3510± 0.4090

MCMC1 SEM 0.3547± 0.4394 0.3591± 0.4100

SAEM 0.1839± 0.1837 0.2166± 0.1880

Bernoulli-Gaussian MCEM 0.4238± 0.3686 0.4115± 0.4478

MCMC2 SEM 0.3854± 0.3178 0.5281± 0.3384

SAEM 0.2698± 0.1977 0.2270± 0.1802

MCEM 0.0028± 0.0022 0.0005± 0.0006

Gibbs SEM 0.0067± 0.0366 0.0015± 0.0087

Inverse-Gamma SAEM 0.0024± 0.0016 0.0004± 0.0004

VB varEM 0.0142± 0.0548 0.0063± 0.0375

The reason of this significant difference between the performance of the models

was explained intuitively in section 3.1, where our argument was illustrated by Figure

3.3. Here we can explain the reason with another illustration. Figure 3.4 shows the

estimated means of the variances of the sparse process over the first 20 iterations.

For the Bernoulli-Gaussian model, MCEM with MCMC1 is used; whereas MCEM

with Gibbs sampling is used for the inverse-gamma model. In the Bernoulli-Gaussian

model, the effect of initial densities shows itself during iterations, and the algorithm can

not move to finer solutions. It is also observed that the algorithm feels an attraction

in the locations where there are spikes, but can not tune itself to a sharper estimate.

Moreover, because of the discreteness of the model, that is, because the variances are

assumed to be one of the two distant variances, the transitions of the estimates are

not smooth. However, we can see that in the inverse-gamma model the algorithms can

easily get rid of their initial points and can move to more likely estimates. Also, the

estimates are more tuned to the exact locations compared to the other model; that

is, the inverse-gamma model can detect the exact location of the spikes, unlike in the

Bernoulli-Gaussian model.
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Figure 3.4. Mean estimates of the variances σ2
h,k. (a) Bernoulli-Gaussian model

(MCEM with MCMC1 is used), (b) inverse-gamma model MCEM with Gibbs

sampling is used.

The effect of this difference in the variance estimates surely affects the waveform

estimates for both h, and s. Figure 3.5 shows a typical example of how the estimates

for s and h look like in both models. Notice that, whereas the Bernoulli-Gaussian

estimates are not successful, the estimates of inverse-gamma model are almost exactly

the same with the true ones, with a scale difference the reason of which we explained

above.

We have shown that the inverse-gamma model is much more suitable for statis-

tical inference and parameter estimation in cases containing sparsity. That is why we

will continue with inverse-gamma model in the rest of our work. However, this does

not mean that the Bernoulli-Gaussian model is useless at all. As we have stated above,

it is more intuitive than the inverse-gamma model since it gives direct information for

the locations of spikes by its construction. Moreover, Yıldırım [32] showed that the

Bernoulli-Gaussian model gives satisfactory results when initialized properly. There-

fore, we can still use this model when we have strong prior belief on the unknown

variables/parameters.
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Figure 3.5. True and estimated waveforms for h and s. For the Bernoulli-Gaussian

model, MCEM with MCMC1 is used, for the inverse-gamma model, MCEM with

Gibbs sampling is used.

3.3.2. Estimation of Receiver Functions from Earthquake Records

As stated in Chapter 1, in earthquake seismology, receiver functions are used

to analyze the relative response of earth structure. Via a three component station,

the vertical and radial components of motion are available. The vertical component

corresponds to the source signal, whereas the radial component is the observation,

which is the convolution of the source and the receiver function of the earth structure

near the receiver. Some additive noise in the observation records is present and assumed

to be white Gaussian. Therefore, to estimate the receiver function, a deconvolution

operation must be performed to the noisy observation using the source. For the sake

of convenience with the notation, we will denote the source by s, the observation by y,

and the noise component by v.

Gaussian Filter for the Receiver Function. To clean up high-frequency noise in

the receiver functions, the receiver function is assumed to be a sparse trace filtered
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with a low-pass Gaussian filter, which is given by [9]

G(ω) = exp(− ω2

4a2
) (3.26)

where ω = 2πf denotes the angular frequency. Note that the frequency content is

controlled by the Gaussian filter-width parameter, a. and the filter is a unit area pulse

(i.e., the filter gain at ω = 0 is unity). It is usual in seismology to quantify the filter

by the frequency at which G(2πf) has a value of 0.1 [9].

Let g be the time domain vector of non-zero coefficients of the Gaussian filter.

Then, the receiver function r can be expressed by

r = g ∗ h (3.27)

Since the convolution operation is associative, using (3.27) we can write

y = s ∗ r + v = s ∗ (g ∗ h) + v = (s ∗ g) ∗ h + v. (3.28)

Notice that x ≡ s∗g in (3.28) is given to us. Hence, we can use our Bayesian methods for

blind deconvolution in order to estimate the reflectivity function. The only difference

is that s is replaced by x, and x is known. So, we shall skip the parameter update step

for the source vector s in the M step of the methods. To summarize, given y and s,

we shall follow the steps below for Bayesian deconvolution of the receiver function r:

• Calculate x = s ∗ g.

• Given y and x, use the Bayesian methods for deconvolution of h.

• Calculate the estimated receiver function r = h ∗ g.

3.3.2.1. Experiments with Simulated Data. We already mentioned about the disad-

vantages of the iterative deconvolution method in chapter 1, and claimed that a

Bayesian approach might improve the estimations in the cases where there is noise
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and the whole convolution is not available. Before dealing with real data, we will now

support those theoretical arguments with simulation experiments.

Recall that, one of the disadvantages is that, in iterative deconvolution no obser-

vation noise is assumed, which may lead to wrong estimates in the noisy convolution

case. However, because of the observation noise assumption, we expect better results

from the Bayesian deconvolution. In our first experiment, we aim to compare the per-

formances of iterative deconvolution and Bayesian deconvolution under noise. To do

this, we evaluated the nMSE values for the two types of deconvolution using different

signal-to-noise (SNR) ratios. By SNR, we mean the ratio obtained by the power of r

divided by the power of the observation noise, which is σ2
v in our case. We averaged

our results over 100 simulations. For each simulation:

• We generate a sparse process of length T = 50 using the Bernoulli-Gaussian

model with parameters σ2
0 = 0.01, σ2

1 = 1, and λ = 0.05.

• The source signal s of length Ts = 50 was generated by an AR process of order

5, where AR parameters are chosen randomly.

• For SNR values −10,−9, . . . , 50:

– We generated the observation noise with power corresponding to the current

SNR, and add it to the convolution to obtain the noisy convolution y,

– We perform Bayesian deconvolution and iterative deconvolution separately

for the estimation of r,

– For each result, we calculated the nMSE in the estimation of r.

Figure 3.6 shows the nMSE’s versus the SNR values for both deconvolution types.

It can be observed that, the iteration deconvolution method exhibits larger errors

while SNR decreases. Bayesian deconvolution suffers from noise, too, however, it is

still more reliable than iterative deconvolution. Also, Bayesian deconvolution performs

even better when there is very small, almost no noise. That is due to the fact that in

Bayesian deconvolution we can introduce prior knowledge about h, whereas in iterative

deconvolution, the algorithm does not take the statistical properties of h into account.
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Figure 3.6. nMSE vs SNR values for iterative deconvolution and Bayesian

deconvolution

Another disadvantage of iterative deconvolution is that it cannot handle missing

data correctly. The missing data problem in deconvolution usually occurs when the

convolution is truncated, that is, length of the convolution less than the sum of the

lengths of the convolving components. Indeed, we have such a problem in our earth-

quake data, where the source signal, observation signal and the receiver functions are

very close in length, say, 500, 500, and 450, respectively. This means that almost half

of the convolution data is missing. This is a serious problem for iterative deconvolu-

tion. However, Bayesian deconvolution method is based on a generative model, and

the missing data case can be introduced to the model by suitable choices of the vector

lengths s, h and y. We can show this fact with a simulation experiment, where we

obtain nMSE values versus the number of truncated samples in the convolution. The

steps and the system parameters of the experiment are the same as the one above, the

only difference is that we truncate the observation signal instead of adding noise to it.

Figure 3.7 shows the result of the experiment. It is obvious that Bayesian deconvolu-

tion keeps estimating h with an acceptable error even if the observation length is equal

to the source length, whereas in the iterative deconvolution method nMSE gets close

to 1, even greater than 1, while the observation signal is getting shorter.

3.3.2.2. Experiments with Real Earthquake Data. We have three sets of seismological

observation and source signals, recorded and supplied by Boǧaziçi University Kandilli

Observatory and Earthquake Research Institute. Each set was recorded in a different

station and contains over 100 vertical-radial component couples. The stations are
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Figure 3.7. nMSE vs number of truncated samples from the observation signal for

iterative deconvolution and Bayesian deconvolution

labeled as ‘lod0’, ‘bnn0’ and ‘kars’. The frequency at which the gaussian filter G(2πf)

has a value of 0.1 is determined as f = 1.2Hz for this data, which can be realized by

selecting a = 2.5 in (3.26). Then, the corresponding essential width of the Gaussian

filter is approximately 1 second. The original data sampling rate is 50Hz, but since it is

known that no information is contained in the frequencies higher than 5Hz, we resample

the data to 5Hz before applying Bayesian deconvolution. Therefore, the length D of

the Gaussian filter is chosen 5.

The receiver functions corresponding to the data we have were already estimated

by Özakın [23], who applied iterative deconvolution to the records. We apply Bayesian

deconvolution to this data using the inverse-gamma model and compare our results

with the ones obtained in [23].

For comparison, the obtained results for each station are plotted as follows: First,

the records are sorted with respect to their back azimuth values, which are the angles

of direction from the source of the earthquake to the receiver [60]. Then all of the

estimated receiver functions belonging to that station are placed in a top-to-down

order. For the sake of visuality, the positive and negative parts of each receiver function

estimate are shaded with different colors. Also, all of the receiver estimates are scaled

by a constant to increase the visual quality of the images.

In fact, there is almost no analytical criteria which can be used to determine and

compare the practical quality of our results. In ideal situation, where all earthquake
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occurs in a fix location on earth, all reflectivity waveforms are expected to be equal;

and when plotted with the usual procedure, all reflectivity pulses (main pulses as well

as reflected pulses) are expected to align in a vertical line. However; in real situation,

where earthquakes are scattered around the globe, the vertical alignment can not be

observed. The deviation from verticality is due to the non-horizontality of layers which

produce different reflection arrivals depending on the azimuth of the incoming wave. In

such situation, when reflectivity waveforms are plotted in the order of azimuth angle,

the vertical alignment of the pulses do not show a straight line any more, but a gently

undulating curve. This undulation is in turn used for the estimation of the dipping

angle for the subsurface layers. However, in Turkey, for the last 5 recent years, most

of the recorded distant earthquakes came from two given geographical location, the

Kurile-Japan subduction zone and the Java-Sumatra subduction zone, which can be

assumed to have a fix azimuth and a fix distance. We therefore expect that, whatever

the horizontality of the subsurface layers, the reflectivity sequence from a seismic station

in Turkey should show at least two clear sections where vertical alignment is close to

a straight line. An example for such a straight line can be seen in the left of Figure

3.10, at about 25 (x0.2) seconds. If these lines are angled, this indicates that the layers

are not fully horizontal, but they have an angle with respect to the ground. We can

observe such a situation on the upper-left side of Figure 3.12, in the top few receiver

estimates at about 50 (x0.2) seconds. A start and end of a line indicates the starting

and ending of a new subsurface layer. A simple illustration of all these cases are given

in Figure 3.8.

Figures 3.9 to 3.14 show the results of iteraive deconvolution and Bayesian decon-

volution methods for the three stations. The first thing to say about the figures is that

the results of Bayesian deconvolution are consistent with the ones of iterative deconvo-

lution. This is an important and promising result for us, because further seismological

analysis Özakın derived out of these results have been found to be meaningful. Fur-

thermore, the Bayesian deconvolution results have some advantages in some aspects.

Firstly, some new vertical lines which are not apparent in the iterative deconvolution

results are detected in the Bayesian deconvolution results. For example, the third blue

line in the upper half of Figure 3.10 at around 40 (x0.2) seconds is not apparent in
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Figure 3.8. Correspondence of lines in an image of receiver functions with the

localization of subsurface layers.

Figure 3.9. Similar situations can be observed in the image belonging to ‘bnn0’ station.

Secondly, the vertical lines in the images of Bayesian deconvolution are more straight

than the ones belonging to the iterative deconvolution. The examples of this differ-

ence can easily be seen in the figures for the stations ‘lod0‘ and ‘kars’. Moreover, it is

observed that Bayesian deconvolution can separate two close pulses as separate more

successfully than the iterative deconvolution. This can be clearly seen at the first 10

(x0.2) seconds of the upper halves of ‘kars’ images (Figures 3.13 and 3.14).
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Figure 3.9. Deconvolution results for station ‘lod0’ by Iterative deconvolution method.
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Figure 3.10. Deconvolution results for station ‘lod0’ by Bayesian deconvolution

method.
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Figure 3.11. Deconvolution results for station ‘bnn0’ by Iterative deconvolution

method.



55

0 50 100 150 200 250 300 350 400

Estimated reflectivity sequences by Bayesian deconvolution for station ’bnn0’

time (x 0.2sc)

T
ra

ce
s 

(s
o

rt
e

d
 w

rt
 b

a
ck

 a
zi

m
u

th
)

Figure 3.12. Deconvolution results for station ‘bnn0’ by Bayesian deconvolution

method.
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Figure 3.13. Deconvolution results for station ‘kars’ by Iterative deconvolution

method.
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Figure 3.14. Deconvolution results for station ‘kars’ by Bayesian deconvolution

method.
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4. BLIND DECONVOLUTION OF SPARSE FILTERS

WHEN SOURCE IS AUTOREGRESSIVE

In the previous chapter, we have dealt with the problems when the source signal

is known, or it is unknown with no prior assumption. However, this fully parametric

approach for the unknown source signal fails when the source signal is very long. In

this case, instead of treating the source signal as a parameter vector which has no

prior, assigning a statistical model to it may help us handle this difficulty. In this

chapter, we introduce a non-complete solution to the problem of blindly estimating

a sparse filter from a noisy convolution when the source is an autoregressive (AR)

signal. This problem is of our interest, because the seismological source signals are

known to be suitable for being modeled as AR processes. Unlike big earthquakes, the

daily seismological records usually do not provide a reliable information for the source

signal [23]. Therefore, the solution to this problem could be a crucial contribution

to the seismological signal processing area. In this work, we will introduce Bayesian

approaches for this blind deconvolution problem. It will be shown that the problem is

a difficult one, and the performance strongly depends on the initial values, even if we

know some of the system parameters, such as the AR parameters and the observation

noise variance.

4.1. Noisy Convolution Model and Problem Statement

The convolution model is very similar to the one in (3.1):

yt =

Th−1∑

l=0

st−lrl + vt t = 1, 2, . . . , Ty (4.1)

Here, s is modeled by an autoregressive (AR) process of order M and length Ts, and

the process is characterized by the AR coefficients ρ =
[
ρ1 ρ2 . . . ρM

]>
, and the

driving noise variance σ2
w. rl’s are the coefficients of the filter, which is a low-pass

filtered sparse waveform r, and the filter is assumed to be the convolution of a sparse
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waveform h and a known gaussian pulse g =
[
g−d g−d+1 . . . gd−1 gd

]>
, of length

D, just as the case in the seismic deconvolution problem in section 3.3.2. We use the

inverse-gamma model for the coefficients of h, i.e.,

hk ∼ N (hk; 0, σ
2
h,k), σ2

h,k ∼ IG(σ2
h,k; α, β), k = 1, . . . , Th.

Finally, vk’s are i.i.d. Gaussian with zero mean and variance σ2
v .

Note that the convolution in (4.1) can be expressed in a matrix form either as

y = HGss + v or as y = SGhh + v, where H, S, Gs, and Gh are the suitable

convolution matrices of sizes Ty × (Ts + D − 1), Ty × (Th + D − 1), (Ts + D − 1)× Ts,

and (Th + D − 1)× Th, respectively.

Matrix-vector representation of an AR process: Recall that any AR process can

be expressed by a linear regression equation as

st =
M∑

k=1

st−kρk + wt, t = 1, 2, . . . , Ts, (4.2)

where wk’s are the samples of the driving Gaussian noise. It can be shown from (4.2)

that, the process can be written by a linear transformation of the noise vector obtained

by gathering the noise samples in the order of time, and that the transformation matrix

is constructed by using the AR coefficients ρ. That is, we can write

s = Rw, (4.3)

where s =
[
s1 s2 . . . sTs

]>
, w =

[
w1 w2 . . . wTs

]>
, and the rows of the T × T

matrix R =
[
r1 r2 . . . rTs

]>
, are constructed as follows:

r1 =
[
1 0 . . . 0

]
, rt =

M∑

k=1

ρkrt−k + ot, oti =





0 if i 6= t

1 if i = t
(4.4)
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Thus, using (4.3) we can write that p(s) ∼ N (s;0, σ2
wRR>).

Blind Deconvolution Problem: In the blind deconvolution problem, we are given

the observation y; and we are required to estimate r, the source signal s, and the

parameters σ2
v , ρ, and σ2

w.

4.2. Methodology

To solve our inference and parameter estimation problem, we use the EM type

algorithms, as in chapter 3. In this problem, our parameter set is Θ = (σ2
v , α, β, σ2

w, ρ)

and the statistical latent variables are (s,h, σ2
h). Therefore, the EM steps are as follows:

• E step: Requires inference of the posterior to compute the EM quantity:

Ω(i) = 〈log p(y, s,h, σ2
h|Θ)〉p(h,s,σ2

h|y,Θ(i−1)). (4.5)

• M step: Parameter estimation: Maximize Ω(i) over Θ:

Θ(i) = arg max
Θ

Ω(i).

4.2.1. Inference for (s,h, σ2
h): Expectation

In the expectation step, we have to calculate the posterior distribution in (4.5).

The unnormalized posterior φ can be expressed as:

log φ = log p(h, σ2
h, s,y|Θ) = log p(σ2

h) + log p(h|σ2
h) + log p(s) + log p(y|s,h)

=

Th∑

k=1

[
α log β − (α + 1.5) log σ2

h,k −
β + 0.5h2

k

σ2
h,k

− log Γ(α)

]

− 0.5

[
Ts log σ2

w + log
∣∣RR>∣∣ + (Ts + Ty + Th) log(2π) + Ty log σ2

v

+
1

σ2
v

(
y>y − 2(SGhh)>y + (SGhh)>SGhh

)
+

s>
(
RR>)−1

s

σ2
w

]
(4.6)
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It can be seen from (4.6) that the exact posterior can not be obtained exactly.

Therefore, we have to apply methods for approximating it. Subsequently, we will show

how Gibbs sampling and variational Bayes methods can be used to approximate the

posterior.

4.2.1.1. Gibbs Sampling. As we have stated before, the Gibbs sampling algorithm

suggests sampling from the full conditional posterior distributions in an iterative man-

ner so that as time goes to infinity, the samples are guaranteed to be drawn from the

exact posterior. The way to calculate the full conditional posterior for any of the latent

variables is to write (4.6) as a proportionality in terms of that latent variable. By doing

so, it can be verified that the sampling scheme is as follows:

s(i+1) ∼ p(s|y,h(i), σ2
h

(i)
) = N (s;ms

(i+1),Σs
(i+1))

h(i+1) ∼ p(h|y, s(i+1), σ2
h

(i)
) = N (h;mh

(i+1),Σh
(i+1))

σh
2(i+1) ∼ p(σ2

h|yh(i+1), s(i+1)) =
∏Th

k=1 IG(σ2
h,k; α

(i+1)
h,k , β

(i+1)
h,k )

where

Σs
(i+1) = R

(
I

σ2
w

+ R>Gs
>H>(i)H(i)GsR

σ2
v

)−1

R>,

ms
(i+1) = 1

σ2
v
Σs

(i+1)Gs
>H>(i)y,

Σh
(i+1) =

(
Σh

−1(i) + Gh
>S>(i+1)S(i+1)Gh

σ2
v

)−1

,

mh
(i+1) = 1

σ2
v
Σh

(i+1)Gh
>S>(i+1)y,

α
(i+1)
h,k = α

(i+1)
h = α + 0.5, β

(i+1)
h,k = β + 0.5h

2(i+1)
k .

4.2.1.2. Variational Bayes. Recall that, in variational Bayes algorithm, we approxi-

mate the posterior with the factorized distribution:

Q = q(s)q(h)q(σ2
h) (4.7)
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It can be found that the iterations between the factors in (4.7) can be found in a similar

manner as in Gibbs sampling, as the following:

q(s)(i+1) = N (s;ms
(i+1),Σs

(i+1))

q(h)(i+1) = N (h;mh
(i+1),Σh

(i+1))

q(σh)2(i+1) =
∏Th

k=1 IG(σ2
h,k; α

(i+1)
h,k , β

(i+1)
h,k )

where

Σs
(i+1) = R

(
I

σ2
w

+
R>Gs

>〈H>H〉
q(h)(i)

GsR

σ2
v

)−1

R>,

ms
(i+1) = 1

σ2
v
Σs

(i+1)Gs
>〈H>〉q(h)(i)y

Σh
(i+1) =

(
〈Σh

−1〉q(σ2
h)(n) +

Gh
>〈S>S〉

q(s)(i+1)Gh

σ2
v

)−1

,

mh
(i+1) = 1

σ2
v
Σh

(i+1)Gh
>〈S>〉q(s)(i+1)y

αh,k = αh = α + 0.5, βh,k = β + 0.5〈h2
k〉p(h)(i+1)

One can also calculate the variational bound VBQ at every iteration. It can be

verified that, the variational bound for log Z = log p(y|Θ) is given below (see Ap-

pendix):

VBQ =

Th∑

k=1

log
βαΓ(αh)

βαh
h,kΓ(α)

− 0.5
(
Ty log(2πσ2

v)− (Ts + Th)− log |ΣhΣs|
)

− 0.5

[
1

σ2
v

(
y>y − 2(〈S〉q(s)Ghmh)>y + tr

[
Gh

>〈S>S〉q(s)Gh(mhmh
> + Σh)

])]

− 0.5

[
Ts log σ2

w + log
∣∣RR>∣∣ + tr

[
1

σ2
w

(RR>)−1(msms
> + Σs)

]]

For the calculations above, we need the sufficient statistics of the convolution

matrices H and S, which are 〈S〉q(s), 〈H〉q(h), Xs = 〈S>S〉q(s) and Xh = 〈H>H〉q(h).
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The first two are easy, so the second two are. For Xs, we can write

Xsi,j =

〈
Ty∑

k=1

S>i,kSk,j

〉

q(s)

=

〈
Ty∑

k=1

Sk,iSk,j

〉

q(s)

=

〈
Ts+min(i,j)−1∑

k=max(i,j)

Sk,iSk,j

〉

q(s)

=

〈
Ts+min(i,j)−1∑

k=max(i,j)

sk−i+1sk−j+1

〉

q(s)

=

Ts+min(i,j)−1∑

k=max(i,j)

〈sk−i+1sk−j+1〉q(s)

=

Ts+min(i,j)−1∑

k=max(i,j)

ms(k−i+1)ms(k−j+1) + Σs(k−i+1,k−j+1) i, j = 1, . . . Th.

In a similar way, we can write

Xhi,j =

Th+min(i,j)−1∑

k=max(i,j)

mh(k−i+1)mh(k−j+1) + Σh(k−i+1,k−j+1) i, j = 1, . . . Ts

4.2.1.3. A Modified Order of Iterations. We know that, when s is given, we can make

a very good estimate for h after a few Gibbs or variational Bayes iterations between

h and σ2
h. But, in the classical version of these algorithm above, for a given s, or q(s)

we allow only one cycle between them. We can modify the algorithms as follows: For

a given sample of s, or q(s), iterate more than once between h and σ2
h, to have better

samples. This approach is equivalent to assuming h and σ2
h as a single variable, which

is reasonable because the variances are used just to assist the samples of the sparse

signal which are of our main interest. In this way, we have an inner Gibbs sampler

as a sampling step of our main Gibbs sampling algorithm, or, for variational Bayes,

we have an inner variational Bayes as a step of the main iteration. We refer to these

methods as modified Gibbs sampling and modified variational Bayes, respectively.

4.2.2. Parameter Estimation for Θ: Maximization

Once we have calculated the posterior p(h, s, σ2
h|y, Θ(i−1)), we can calculate the

EM quantity Ω(i) taking the expectation of (4.6) under this posterior. It can be derived

that, maximization of Ω(i) over Θ gives us the following equations: It can be found



64

that, once we have found the factorized densities of interest, we can perform parameter

estimation for σ2
w, σ2

v , and ρ as follows:

σ̂2
v = 1

Ty

(
y>y − 2y>〈H〉q(h)Gs〈s〉q(s)

)
+ tr

(
Gs

>〈H>H〉q(h)Gs〈ss>〉q(s)
)
,

σ̂2
w = 1

Ts
tr

(
(RR>)−1〈ss>〉q(s)

)
,

ρ̂ =
(〈Sρ

>Sρ〉q(s)
)−1 〈S>ρ 〉p(s)

where Sρ is the truncated convolution matrix of s with size Ts×M , and its correspond-

ing sufficient statistics, 〈Sρ〉p(s) and Xρ = 〈Sρ
>Sρ〉q(s) are found in a similar way with

the ones of H and S:

Xρi,j =

Ts+min(i,j)−1∑

k=max(i,j)

ms(k−i+1)ms(k−j+1) + Σs(k−i+1,k−j+1), i, j = 1, . . . M

4.3. Experiments and Results

In the previous part we have analyzed the very generalized problem of statistical

inference of s and h and estimation of deterministic system parameters; and then devel-

oped methods considering the case when s, h, and all of the parameters are unknown.

However, it is known by experience that the system is highly multi-modal, and when

everything is unknown, the offered methods can converge to completely different states

from the true ones. Especially, the AR parameters are observed to be very hard to

estimate and crucial for correctly estimating other unknown variables. For this reason,

we limit our experiments for performance evaluations of the inference methods, i.e,

Gibbs sampling, variational Bayes, and their modified versions, as described in section

4.2.1.3. Hence, we assume that the parameter set Θ is known. Even in this case, it will

be apparent from the results that initialization is very important for reliable estimation

of the processes s and h and that s is much harder to estimate compared to h.

In the following experiment, we compared the performances of Gibbs sampling,

variational Bayes, and their modified versions, as described in section 4.2.1.3. The
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simulated data are generated using the following parameters:

• AR Source, sparse filter and observation lengths: Ts = 100, Th = 50, Ty = 140;

• Length of the Gaussian pulse: D = 5;

• Observation noise variance σ2
v = 0.1;

• AR order and driving noise variance: M = 5, σ2
w = 2;

• The inverse-gamma parameters α = 0.5, β = 0.0001

As we said above, we assume we know the parameters Θ = (α, β, σ2
v , σ

2
w, ρ), and

we want to estimate s and h. We tested our inference methods in cases of ‘good’ initial

and ‘bad’ initial for s. To assign a ‘good’ initial, we add a small noise to s such that

the SNR is 5 dB. To assign a ‘bad’ initial, we just generate a random AR process

with parameters ρ and σ2
w. Number of iterations for Gibbs sampling and variational

methods are taken 1000. The number of iterations for the inner Gibbs sampling or inner

variational Bayes in the modified version of methods are set to 10. These number of

iterations are chosen by trial and error.

The criteria we use for the performance of the methods are again the nMSE

values in their mean estimates of s and h, and the nMSE values are averaged over 50

simulations.

Table 4.1. Performances of the inference methods in case of good and bad

initializations. nMSE-s/nMSE-h: nMSE for the estimates of h/s

Initialization Inference method nMSE-s nMSE-h

Gibbs Sampling 0.9294± 0.7436 0.6694± 0.7230

Modified Gibbs Sampling 0.1936± 0.1390 0.0554± 0.1928
Good Initial

Variational Bayes 0.4719± 0.5446 0.1303± 0.1892

Modified Variational Bayes 0.1913± 0.1110 0.0492± 0.2002

Gibbs Sampling 2.3468± 1.0839 2.1624± 1.0020

Modified Gibbs Sampling 2.1763± 1.1082 2.2514± 1.2193
Bad Initial

Variational Bayes 2.3829± 1.1988 2.1584± 1.1880

Modified Variational Bayes 2.0468± 0.9905 2.4551± 1.2770
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Table 4.1 shows the results of the methods in case of ‘good’ and ‘bad’ initial-

izations of s. We can see from the results that the initialization is a crucial factor

for successful estimations. When we initialize s randomly, we can not make correct

estimations at all. Another point is that estimating s is much more challenging than

estimating h. The nMSE in estimation of s in the best case is about 0.2, which is

still not a very satisfactory result. On the other hand, error in estimation of h can

be acceptably small. Another conclusion that can be derived from the results is that,

when the estimate of s is initialized close to the true s, the modified versions of Gibbs

sampling and variational Bayes outperform their general versions, as expected. How-

ever, in bad initialization, there is not a considerable difference. The last thing to say

about the results is that the variational Bayes methods give slightly better results than

the Gibbs sampling methods.
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5. CONCLUSIONS AND DISCUSSIONS

In this work, we aimed to investigate the deconvolution and blind deconvolu-

tion problems in the Bayesian signal processing framework, where we use our prior

knowledge about processes. We have particularly dealt with sparse processes, and our

application was deconvolution of seismological signals. We tested our methods on sim-

ulated data as well as seismological data. In all the methods we developed, we have

shown that, once we include our prior knowledge into the solution of our problem,

both deconvolution and blind deconvolution operations can be mapped to inference

and parameter estimation methods.

One of the contributions in this work is that we have proposed the well known

inverse-gamma model for (blindly) deconvolving sparse signals, as alternative to the

Bernoulli-Gaussian model. It has been shown by experimental evidence that the perfor-

mance of the inverse-gamma model is much better than the Bernoulli-Gaussian model,

even if the sparse process is a Bernoulli-Gaussian process. We claim that this is an

expected result of a general fact: Search algorithms work better in smoother surfaces.

Since we use EM, which searches for a maximum point over a likelihood surface, this

fact is valid for our problem we solved in this thesis. In this line of thinking, it can be

said that the inverse-gamma model has been proposed as a successful relaxation of the

Bernoulli-Gaussian model for sparsity.

Another main result of our study is that; in deconvolution problem, if we have

prior knowledge about the signal which is to be deconvolved, then it is advantageous

to use Bayesian deconvolution rather than algorithmic deconvolution methods such as

iterative deconvolution. In fact, this is a special result of a general idea: If you have

prior knowledge, include it into the solution of your problem. We have verified the

correctness of this idea by simulation experiments which compare the performances of

iterative and Bayesian deconvolution methods. Furthermore, using Bayesian deconvo-

lution on real seismological data, we have obtained receiver function estimations which

have some superiorities over the results of iterative deconvolution, though more reli-
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able comparison can be done after further seismological analysis of the results. This

result is very promising for us, because it validates our sparsity assumption on receiver

functions.

The promising results in deconvolution of seismological signal opens the door

for further research on receiver function analysis in a Bayesian framework, such as

blind deconvolution of receiver functions when the source is not known. This was

indeed the further goal of our study in this work. However, the results of Chapter

4 reveal that blind deconvolution is not an easy task when the source signal is too

long to be considered as a parameter vector, hence the methods in Chapter 3 are not

applicable any more. Furthermore, the prior knowledge about the source, being an

AR process, does not provide a significant improvement to the solution of our problem

when we use classical inference and parameter estimation methods, such as Gibbs

sampling, variational Bayes, EM, etc. Even if we know all of the AR parameters, the

performance of the methods are strongly dependent on initialization. This difficulty

is a sign of high multi-modality in the problem. Moreover, the scenario where we

know the AR coefficients, AR order, AR driving noise variance etc. is not a realistic

one. When those parameters are unknown as well, the problem becomes even harder.

However, despite of all those difficulties, our work can be considered valuable as it is a

first step to the solution of this hard problem.

5.1. Future Work

Even though we have shown that the inverse-gamma model is more successful in

blind deconvolution of sparse processes, it would be valuable to test its performance in

real life applications. In this concept, a possible future work is to apply the methods

developed for inverse-gamma model to a real life problem, such as blind deconvolution

of marine seismic data [3].

In receiver function analysis, we have stated that we expect to see vertical straight

lines of pulses when the receiver functions are aligned in an up-down order with respect

to their back azimuth values. Hence, it is easy to come up with the idea that, given a
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set of receiver functions ordered with respect to their back azimuth values, successive

receiver functions should look alike. In our future work, we aim to exploit this similarity

by using our current receiver function estimate in the initialization of the next receiver

function estimate.

In literature, receiver functions are estimated by using the records of big earth-

quakes. However, there is always an activation under the surface and these activations

are recorded daily. Since their power are not as large as the ones of big earthquakes,

the SNR in the observation is low, hence these daily records are not used for receiver

function estimation. Due to the robustness of Bayesian deconvolution to noise, as a

future work, we can apply Bayesian deconvolution on daily seismological data for re-

ceiver function estimation. We aim to do so in an early future time. If meaningful

results are obtained, this will be a novel contribution to the area of receiver function

analysis by means of reducing economical costs significantly and enabling the use of

more data.

An even further step of this work would be not to trust the noisy vertical compo-

nent in the daily records (recall that the vertical component is taken as the source), and

seek for blindly estimating the receiver function from the observation. We have already

started to deal with this problem in Chapter 4, and seen how it is challenging. To gain

improvement in the solution of this problem, more sophisticated inference methods or

more intelligent sampling schemes could be investigated. Moreover, ways of suitable

initialization could be searched. For example, the receiver estimates obtained from big

earthquakes could be used for reliable initializations, or the noisy vertical component

could be assumed as the source in noise and thus inserted into the methods in that

way.
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APPENDIX A: CONJUGATE PRIORS

A.1. Likelihood is Gaussian, Prior is Gaussian

We have p(x) ∼ N (x;mx,Σx), and p(y|x) ∼ N (y;Ax,Σy|x), where

N (z;m,Σ) =
1√
|2πΣ| exp

[
−0.5 (z−m)>Σ−1 (z−m)>

]
. (A.1)

Note that the exponential in (A.1) is in a quadratic form:

N (z;m,Σ) =
1√
|2πΣ| exp

[−0.5
(
z>Σ−1z− 2z>Σ−1m + m>Σ−1m

)]
. (A.2)

By the Bayes rule:

p(x|y) =
p(x)p(y|x)

p(y)
∝ p(x)p(y|x)

=
1√

2π|Σx|
exp

[
−0.5 (x−mx)

>Σx
−1 (x−mx)

]

1√
2π|Σy|x|

exp
[
−0.5 (y −Ax)>Σy|x

−1 (y −Ax)
]

=
1

2π
√|ΣxΣy|x|

exp
[−0.5

(
x>Σx

−1x + x>A>Σy|x
−1Ax

−2x>Σx
−1mx − 2x>A>Σy|x

−1y + mx
>Σx

−1mx + y>Σy|x
−1y

)]

∝ exp
[−0.5

(
x>

(
Σx

−1 + A>Σy|x
−1A

)
x− 2x>

(
Σx

−1mx + A>Σy|xy
))]

(A.3)

where the proportionalities do not depend on x. Since the expression in the expres-

sion (A.3) is in the same quadratic form with the one in a Gaussian distribution, we

know that p(x|y) is a Gaussian with a mean mx and a covariance Σx|y. Using the

analogy between (A.2) and (A.3), we can write Σx|y =
(
Σx

−1 + A>Σy|x
−1A

)−1
, and
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Σx|y
−1mx|y = A>Σy|x

−1y + Σx
−1mx. Hence, we have

p(x|y) = N (x;mx|y,Σx|y),

with Σx|y =
(
Σx

−1 + A>Σy|x
−1A

)−1
, and mx|y = Σx|y

(
A>Σy|x

−1y + Σx
−1m

)
.

A.2. Likelihood is Gaussian, Prior is inverse-gamma:

We have p(x) ∼ IG(x, α, β) and p(y|x) ∼ N (y; 0, x). where

IG(x; α, β) =
βα

Γ(α)

(
1

x

)α+1

exp

(
−β

x

)
, (A.4)

By the Bayes rule, we have

p(x|y) =
p(x)p(y|x)

p(y)
∝ p(x)p(y|x)

βα

Γ(α)

(
1

x

)α+1

exp

(
−β

x

)
1√
2πx

exp

(−0.5y2

x

)

∝
(

1

x

)α+1.5

exp

(
β + 0.5y2

x

)
(A.5)

Since the expression above is in the form of an inverse-gamma distribution for x, and

the proportionalities do not depend on x, p(x|y) is an inverse-gamma distribution with

a scale parameter α′ and a scale parameter β′. By the analogy between (A.4) and (A.5)

it can be shown that

p(x|y) ∼ IG(x, α′, β′). with α′ = α + 0.5, β′ = β + 0.5y2
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APPENDIX B: ALGORITHMS FOR CGLSSM

We have the CGLSSM:

hk+1 = Ahk + Uck+1
ek+1

yk = s>hk + vk

• ek+1 ∼ N (ek+1, 0, 1), vk ∼ N (vk; 0, σ
2
v)

• hk =
[
hk hk−1 . . . hk−Ts+1

]>
,

• A is the one-tap delay matrix of size Ts × Ts,

• Uck
=

[
σck

0 . . . 0
]>

, ck ∈ {0, 1}

For the algorithms, we will use the following notation:

ĥi|j = 〈hi〉p(hi|y1:j)
and Σi|j =

〈(
hi − ĥi|j

)(
hi − ĥi|j

)>〉

p(hi|y1:j)

B.1. Kalman Filter for the CGLSSM

• For an initial covariance matrix Σν , set ĥ1|0 = 0, Σ1|0 = Σν , and l0(y) = 1.

• Compute for k = 1, 2, ..., T

εk = yk − s>ĥk|k−1 innovation

γk = s>ĥk|k−1s + σ2
v innovation variance

lk(y) = lk−1(y)N (εk; 0, γk) Likelihood of data

Kk = Σk|k−1s/γk Kalman filtering gain

Pk = AΣk|k−1s/γk Kalman prediction gain

ĥk|k = ĥk|k−1 + Kkεk filtering state estimation

Σk|k = Σk|k−1 + KksΣk|k−1 filtering error covariance

ĥk+1|k = Aĥk|k predicted state estimation

Σk+1|k = Aĥk|kA> + Uck
U>

ck
predicted error covariance



73

B.2. Disturbance Smoother for the CGLSSM

• Forward filtering: Run the Kalman filter in Appendix B.1 and store for k =

1, . . . , T the innovation εk, the inverse innovation variance γ−1
k , the state predic-

tion error covariance Σk+1|k, and

Λk = A−Pks
>

• Backward smoothing: For k = T − 1, . . . , 1, compute

pk =





sεT /γT if k = T − 1

sεk+1/γk+1 + Λ>k+1pk+1 otherwise,

Bk =





ss>/γT if k = T − 1

ss>/γk+1 + Λ>k+1Bk+1Λk+1 otherwise,

êk|T = U>
ck

pk

εk|T = 1−U>
ck

BkUck

• Smoothed State Estimator: Compute

ĥ1|T = Σν

(
sε1/γ1 + Λ>1 p1

)

Σ1|T = Σν −Σν

(
ss>/γ1 + Λ>1 B1Λ1

)
Σν

• Smoothed State Estimator: For k = 1, . . . , T − 1

ĥk+1|T = Aĥk|T + Uct êk|T

D = AΣk|k−1Λ
>
k BkUck

U>
ck

Σk+1|T = AΣk|TA> + εk|TUck
U>

ck
−D−D>

(Modified from the algorithm in [50])
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B.3. MCMC 1 Gibbs Sampling for CGLSSM

Assuming that a current simulated sequence of indicators ci is available, draw

ci+1 as follows:

• Backward Recursion: Set κT |T = 0 and ΠT |T = 0. For k = T, . . . , 1

κ̂k+1|T = syk+1/σ
2
v + κk+1|T

ˆΠk+1|T = ss>/σ2
v + Πk+1|T

κk|T = A>
(
ITs + ˆΠk+1|TUci

k
U>

ci
k

)−1

ˆκk+1|T

Πk|T = A>
(
ITs + ˆΠk+1|TUci

k
U>

ci
k

)−1
ˆΠk+1|TA

• Initial State: For q = 0,1, compute

ε1 = y1

γ1(q) = s>Σν(q)s + σ2
v

ĥ1|1(q) = Σν(q)sε1/γ1(q)

Σ1|1(q) = Σν(q)−Σν(q)ss
>Σν(q)/γ1(q)

l1(q) = − [log γ1(q) + ε2
1/γ1(q)] /2

ĥ1|T (q) = ĥ1|1(q) + Σ1|1(q)
(
I + Π1|TΣ1|1(q)

)−1
(
κ1|T − Π1|T ĥ1|1(q)

)

Σ1|T (q) = Σ1|1(q)−Σ1|1(q)
(
I + Π1|TΣ1|1(q)

)−1
Σ1|1(q)

m1(q) = −
[
log |Σ1|1(q)|+ ĥ1|1(q)>Σ1|1(q)−1ĥ1|1(q)

]
/2

+
[
log |Σ1|T (q)|+ ĥ1|T (q)>Σ1|T (q)−1ĥ1|T (q)

]
/2

p1(q) = exp [l1(q) + m1(q)] Pr(c1 = q)

Normalize the vector p1 by p̄1(q) = p1(q)/(p1(0) + p1(1)), and sample ci+1
1 from

the probability distribution p̄1. Then store ĥ1|1(c
i+1
1 ) and Σ1|1(c

i+1
1 ) for the next

iteration.
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• For k = 2, . . . , T , and q = 0, 1, compute

ĥk|k−1(q) = Aĥk−1|k−1(c
i+1
k−1)

Σk|k−1(q) = AΣk−1|k−1(c
i+1
k−1)A + UqU

>
q

εk = yk − sĥk|k−1(q)

γk(q) = s>Σk|k−1(q)s + σ2
v

ĥk|k(q) = ĥk|k−1(q) + Σk|k−1(q)sεk/γk(q)

Σk|k(q) = Σk|k−1(q)−Σk|k−1(q)ss
>Σk|k−1(q)/γk(q)

lk(q) = − [log γk(q) + ε2
k/γk(q)] /2

ĥk|T (q) = ĥk|k(q) + Σk|k(q)
(
I + Πk|TΣk|k(q)

)−1
(
κk|T − Πk|T ĥk|k(q)

)

Σk|T (q) = Σk|k(q)−Σk|k(q)
(
I + Πk|TΣk|k(q)

)−1
Σk|k(q)

mk(q) = −
[
log |Σk|k(q)|+ ĥk|k(q)>Σk|k(q)−1ĥk|k(q)

]
/2

+
[
log |Σk|T (q)|+ ĥk|T (q)>Σk|T (q)−1ĥk|T (q)

]
/2

pk(q) = exp [lk(q) + mk(q)] Pr(ck = q)

Normalize the vector pk by p̄k(q) = pk(q)/(pk(0) + pk(1)), and sample ci+1
k from

the probability distribution p̄k. Then store ĥk|k(c
i+1
k ) and Σk|k(c

i+1
k ) for the next

iteration.

(Modified from the algorithm in [50])
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APPENDIX C: VARIATIONAL BOUNDS

C.1. Variational Bound in Chapter 3

log φ = log p(h, σ2
h,y|Θ) = log p(σ2

h)p(h|σ2
h)p(y|h)

=
T∑

k=1

[
α log β − (α + 1) log σ2

h,k −
β

σ2
h,k

− log Γ(α)

]

− 0.5

[
T log(2π) +

T∑
i=1

log σ2
h,k + h>Σh

−1h

]

− 0.5

[
Ty log(2π) + Ty log σ2

v +
1

σ2
v

(y − Sh)> (y − Sh)

]

=
T∑

k=1

[
α log β − (α + 1.5) log σ2

h,k −
β

σ2
h,k

− log Γ(α)

]

− 0.5
[
(Ty + T ) log(2π) + Ty log σ2

v

]

− 0.5

[
h>Σh

−1h +
1

σ2
v

[
y>y − 2h>S>y + h>S>Sh

]]

We approximate the posterior with the factorized distribution: Q = q(h)q(σ2
h) with

q(h) = N (h;mh,Σh), and q(σ2
h) =

∏T
k=1 IG(σ2

h,k; αh,k, βh,k), where

Σh =
(
〈Σh

−1〉q(σ2
h) + 1

σ2
v
S>S

)−1

, mh = 1
σ2

v
Σh〈S>〉q(s)y

αh,k = αh = α + 0.5, βh,k = β + 0.5〈h2
k〉p(h) (C.1)

BV B = 〈log φ〉Q + H[Q] (C.2)
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〈log φ〉Q =
T∑

k=1


α log β + (α + 1.5)

〈
log

1

σ2
h,k

〉

q(σ2
h)

− β

〈
1

σ2
h,k

〉

q(σ2
h)

− log Γ(α)




− 0.5

[
(Ty + T ) log(2π) + Ty log σ2

v +
1

σ2
v

y>y
]

− 0.5

[
T∑

k=1

〈
h2

k

〉
q(h)

〈
1

σ2
h

〉

q(σ2
h)

− 2

σ2
v

〈h〉>q(h)S
>y + tr

[
1

σ2
v

S>S〈hh>〉q(h)

]]

=
T∑

k=1

[α log β + (α + 1.5)(log βh,k −Ψ(αh,k))

−
(
β + 0.5

〈
h2

k

〉
q(h)

) αh,k

βh,k

− log Γ(α)

]

− 0.5

[
(Ty + T ) log(2π) + Ty log σ2

v +
1

σ2
v

y>y
]

− 0.5

[
− 2

σ2
v

mh
>S>y + tr

[
1

σ2
v

S>S(mhmh
> + Σh)

]]
(C.3)

H[Q] = −〈log Q〉Q = 0.5 log
[
(2πe)T |Σh|

]

−
T∑

k=1


αh,k log βh,k + (αh,k + 1)

〈
log

1

σ2
h,k

〉

q(σ2
h)

− βh,k

〈
1

σ2
h,k

〉

q(σ2
h)

− log Γ(αh,k)




= 0.5 log
[
(2πe)T |Σh|

]

−
T∑

k=1

[αh,k log βh,k + (αh,k + 1)(log βh,k −Ψ(αh,k))− αh,k − log Γ(αh,k)] (C.4)
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Substituting (C.3) and (C.4) into (C.2), we get

BV B =
T∑

k=1

[
α log β + (α + 1.5)(log βh,k −Ψ(αh,k))− (β + 0.5

〈
h2

k

〉
q(h)

)
αh,k

βh,k

− log Γ(α)

]

− 0.5

[
(Ty + T ) log(2π) + Ty log σ2

v +
1

σ2
v

y>y

]

− 0.5

[
− 2

σ2
v

mh
>S>y + tr

[
1

σ2
v

S>S(mhmh
> + Σh)

]]

+ 0.5 log
[
(2πe)T |Σh|

]

−
T∑

k=1

[αh,k log βh,k + (αh,k + 1)(log βh,k −Ψ(αh,k))− αh,k − log Γ(αh,k)]

=
T∑

k=1

[α log β − αh,k log βh,k + (α + 0.5− αh,k)(log βh,k −Ψ(αh,k))

−αh,k

(
β + 0.5 〈h2

k〉q(h)

βh,k

− 1

)
− log

Γ(α)

Γ(αh,k)

]

− 0.5
[
Ty log(2π) + Ty log σ2

v − T − log [|Σh|]
]

− 0.5

[
1

σ2
v

(
y>y − 2mh

>S>y + tr
[
S>S(mhmh

> + Σh)
])]

(C.5)

Substituting the updates for αh,k and βh,k in (C.1) into (C.5), we get a the final ex-

pression:

VBQ =
T∑

k=1

log
βαΓ(αh)

βαh
h,kΓ(α)

− 0.5
(
Ty log(2πσ2

v)− T − log |Σh|
)

− 0.5

[
1

σ2
v

(
y>y − 2mh

>S>y + tr
[
S>S(mhmh

> + Σh)
])]
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C.2. Variational Bound in Chapter 4

The unnormalized posterior:

log φ = log p(h, σ2
h, s,y|Θ) = log p(σ2

h)p(h|σ2
h)p(s)p(y|s,h)

=

Th∑

k=1

[
α log β − (α + 1) log σ2

h,k −
β

σ2
h,k

− log Γ(α)

]

− 0.5

[
Th log(2π) +

Th∑
i=1

log σ2
h,k + h>Σh

−1h

]

− 0.5

[
Ts log(2π) + Ts log σ2

w + log
∣∣RR>∣∣ +

s>
(
RR>)−1

s

σ2
w

]

− 0.5

[
Ty log(2π) + Ty log σ2

v +
1

σ2
v

(y − SGhh)> (y − SGhh)

]

=

Th∑

k=1

[
α log β − (α + 1.5) log σ2

h,k −
β

σ2
h,k

− log Γ(α)

]

− 0.5
[
Ts log σ2

w + log
∣∣RR>∣∣ + (Ts + Ty + Th) log(2π) + Ty log σ2

v + h>Σh
−1h

]

− 0.5

[
1

σ2
v

[
y>y − 2(SGhh)>y + (SGhh)>SGhh

]
+

s>
(
RR>)−1

s

σ2
w

]

We approximate the posterior with the factorized distribution: Q = q(s)q(h)q(σ2
h)

with q(s) = N (s;ms,Σs), q(h) = N (h;mh,Σh), and q(σ2
h) =

∏Th

k=1 IG(σ2
h,k; αh,k, βh,k),

where

Σs = R
(

I
σ2

w
+

R>Gs
>〈H>H〉q(h)GsR

σ2
v

)−1

R>, ms = 1
σ2

v
ΣsGs

>〈H>〉q(h)y

Σh =
(
〈Σh

−1〉q(σ2
h) +

Gh
>〈S>S〉q(s)Gh

σ2
v

)−1

, mh = 1
σ2

v
ΣhGh

>〈S>〉q(s)y
αh,k = αh = α + 0.5, βh,k = β + 0.5〈h2

k〉p(h) (C.6)

BV B = 〈log φ〉Q + H[Q] (C.7)
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〈log φ〉Q =

Th∑

k=1


α log β + (α + 1.5)

〈
log

1

σ2
h,k

〉

q(σ2
h)

− β

〈
1

σ2
h,k

〉

q(σ2
h)

− log Γ(α)




− 0.5

[
Ts log σ2

w + log
∣∣RR>∣∣ + (Ts + Ty + Th) log(2π) + Ty log σ2

v +
1

σ2
v

y>y
]

− 0.5

[
Th∑

k=1

〈
h2

k

〉
q(h)

〈
1

σ2
h

〉

q(σ2
h)

− 2

σ2
v

(〈S〉q(s)Gh〈h〉q(h))
>y

+tr

[
1

σ2
v

Gh
>〈S>S〉q(s)Gh〈hh>〉q(h)

]
+ tr

[
1

σ2
w

(RR>)−1〈ss>〉q(s)
]]

=

Th∑

k=1

[α log β + (α + 1.5)(log βh,k −Ψ(αh,k))

−
(
β + 0.5

〈
h2

k

〉
q(h)

) αh,k

βh,k

− log Γ(α)

]

− 0.5

[
Ts log σ2

w + log
∣∣RR>∣∣ + (Ty + Ts + Th) log(2π) + Ty log σ2

v +
1

σ2
v

y>y
]

− 0.5

[
− 2

σ2
v

(〈S〉q(s)Ghmh)>y + tr

[
1

σ2
v

Gh
>〈S>S〉q(s)Gh(mhmh

> + Σh)

]

+tr

[
1

σ2
w

(RR>)−1(msms
> + Σs)

]]
(C.8)

H[Q] = −〈log Q〉Q = 0.5 log
[
(2πe)Th|Σh|

]
+ 0.5 log

[
(2πe)Ts|Σs|

]

−
Th∑

k=1


αh,k log βh,k + (αh,k + 1)

〈
log

1

σ2
h,k

〉

q(σ2
h)

− βh,k

〈
1

σ2
h,k

〉

q(σ2
h)

− log Γ(αh,k)




= 0.5 log
[
(2πe)Ts+Th|Σh||Σs|

]

−
Th∑

k=1

[αh,k log βh,k + (αh,k + 1)(log βh,k −Ψ(αh,k))− αh,k − log Γ(αh,k)] (C.9)
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Substituting (C.8) and (C.9) into (C.7), we get

BV B =

Th∑

k=1

[
α log β + (α + 1.5)(log βh,k −Ψ(αh,k))− (β + 0.5

〈
h2

k

〉
q(h)

)
αh,k

βh,k

− log Γ(α)

]

− 0.5

[
Ts log σ2

w + log
∣∣RR>∣∣ + (Ts + Ty + Th) log(2π) + Ty log σ2

v +
1

σ2
v

y>y
]

− 0.5

[
− 2

σ2
v

(〈S〉q(s)Ghmh)>y + tr

[
1

σ2
v

Gh
>〈S>S〉q(s)Gh(mhmh

> + Σh)

]

+tr

[
1

σ2
w

(RR>)−1(msms
> + Σs)

]]
+ 0.5 log

[
(2πe)Ts+Th|Σh||Σs|

]

−
Th∑

k=1

[αh,k log βh,k + (αh,k + 1)(log βh,k −Ψ(αh,k))− αh,k − log Γ(αh,k)]

=

Th∑

k=1

[α log β − αh,k log βh,k + (α + 0.5− αh,k)(log βh,k −Ψ(αh,k))

−αh,k

(
β + 0.5 〈h2

k〉q(h)

βh,k

− 1

)
− log

Γ(α)

Γ(αh,k)

]

− 0.5
[
Ts log σ2

w + log
∣∣RR>∣∣ + Ty log(2π) + Ty log σ2

v − (Ts + Th)− log [|ΣhΣs|]
]

− 0.5

[
1

σ2
v

(
y>y − 2(〈S〉q(s)Ghmh)>y + tr

[
Gh

>〈S>S〉q(s)Gh(mhmh
> + Σh)

])]

+tr

[
1

σ2
w

(RR>)−1(msms
> + Σs)

]]
(C.10)

Substituting the updates for αh,k and βh,k in (C.6) into (C.10), we get a the final

expression:

VBQ =

Th∑

k=1

log
βαΓ(αh)

βαh
h,kΓ(α)

− 0.5
(
Ty log(2πσ2

v)− (Ts + Th)− log |ΣhΣs|
)

− 0.5

[
1

σ2
v

(
y>y − 2(〈S〉q(s)Ghmh)>y + tr

[
Gh

>〈S>S〉q(s)Gh(mhmh
> + Σh)

])]

− 0.5

[
Ts log σ2

w + log
∣∣RR>∣∣ + tr

[
1

σ2
w

(RR>)−1(msms
> + Σs)

]]
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