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ABSTRACT

A COMPRESSIVE MEASUREMENT MATRIX DESIGN
FOR DETECTION AND TRACKING OF DIRECTION

OF ARRIVAL USING SENSOR ARRAYS

Berk Özer

M.S. in Electrical and Electronics Engineering

Advisor: Orhan Arıkan

July 2016

Direction of Arrival (DoA) estimation is extensively studied in the array signal

processing with many applications areas including radar, sonar, medical diag-

nosis and radio astronomy. Since, in sparse target environments, Compressive

Sensing (CS) provides comparable performance with the classical DoA estima-

tion techniques by using fewer number of sensor outputs, there are a multitude of

proposed techniques in the literature that focus on surveillance (detection) and

tracking (estimation) of DoA in CS framework. Many of such works elaborate on

recovery of compressed signal and employ random measurement matrices, such

as Bernoulli or Gaussian matrices. Although random matrices satisfy Restricted

Isometry Property (RIP) for reconstruction, the measurement matrices can be de-

signed to provide improved performance in search sectors that they are designed

for.

In this thesis, a novel technique to design compressive measurement matrices is

proposed in order to achieve enhanced DoA surveillance and tracking performance

using sensor arrays. Measurement matrices are designed in order to minimize the

Crameŕ-Rao Lower Bound (CRLB), which provides a lower bound for DoA esti-

mation error. It is analytically shown that the proposed design technique attains

the CRLB under mild conditions. Built upon the characteristics of proposed

measurement design approach, a sequential surveillance technique using interfer-

ence cancellation is introduced. A novel partitioning technique, which provides

a greedy type solution to a minmax optimization problem, is also developed to

ensure robust surveillance performance. In addition, an adaptive target tracking

algorithm, which adaptively updates measurement matrices based on the avail-

able information of targets, is proposed. Via a comprehensive set of simulations,
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it is demonstrated that the proposed measurement design technique facilities sig-

nificantly enhanced surveillance and tracking performance over the widely used

random matrices in the compressive sensing literature.

Keywords: DoA Estimation, Compressive Sensing, Array Signal Processing,

Tracking, Surveillance.



ÖZET

ALGILAYICI DIZILIMI KULLANILARAK VARIŞ AÇISI
SEZİMİ VE TAKİBİ İÇİN SIKIŞTIRMA MATRİSİ

DİZAYNI

Berk Özer

Elektrik ve Elektronik Mühendisliği, Yüksek Lisans

Tez Danışmanı: Orhan Arıkan

Temmuz 2016

Varış açısı (VA) kestirimi, radar, sonar, tıbbi teşhis veya radyo astronomisi

gibi birçok dizi sinyal işleme uygulamasında sıklıkla çalışılmış bir konudur.

Sıkıştırmalı algılama (SA) yöntemleri, seyrek sahneler için klasik VA teknikleri

ile kıyaslandığında benzer bir performansı daha az sayıda algılayıcı çıktısı kulla-

narak gösterebildiğinden, literatürde VA sezim (gözetleme) ve kestirimini (takib-

ini) SA kullanarak yapan birçok çalışma yer almaktadır. Bu çalışmaların büyük

bir bölümü daha çok geri çatım kısmına odaklanmakta ve ölçüm matrisi olarak

Gaussian ve Bernoulli gibi rastgele matrisleri kullanmaktadır. Rastgele matrisler

geri çatım için gerekli olan kısıtlanmış izometri özelliğini sağlasa da, gözetleme ve

takip performansı ölçüm matrislerinin uygun bir şekilde seçilmesiyle artırılabilir.

Bu tezde, geliştirilen yeni bir teknik ile ölçüm matrisleri VA gözetleme ve

takip performansını artıracak sağlayacak şekilde tasarlanmıştır. Ölçüm matrisleri

VA kestiriminde yapılan hataya bir alt sınır veren Crameŕ-Rao -Rao Alt Sınırını

(CRAS) en azaltacak şekilde dizayn edilmiştir. Sağlaması zor olmayan çeşitli

şartlar altında, önerilen tekniğin CRAS’a ulaştığı analitik olarak gösterilmiştir.

Önerilen ölçüm matrisi dizayn tekniğini ile girişim giderimi kullanarak ardışık

gözetleme yapan yeni bir teknik önerilmiştir. Minmax tipindeki bir eniyileme

problemine Greedy tipinde bir çözüm sağlayan yeni geliştirilen bir teknik ile,

parametre uzayı gürbüz bir gözetleme performansı sağlayacak şekilde parçalara

ayrılmıştır. Ayrıca, ölçüm matrislerini hedeflerinin bir sonraki pozisyonlarını tah-

min ederek güncelleyen, uyarlamalı bir hedef takip algoritması geliştirilmiştir.

Yapılan birçok simülasyon ile, önerilen ölçüm matrisi dizayn tekniğinin literatürde

sıklıkla kullanılan Gaussian matrislere göre çok daha iyi bir gözetleme ve takip

performansı sunduğu gösterilmiştir.
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Chapter 1

Introduction

In this section, the primary problem investigated in this thesis, Direction of Ar-

rival (DoA) surveillance and tracking, is first briefly introduced in 1.1. Another

major concept of this thesis, Compressing Sensing (CS) theory, is summarized

in Section 1.2. Some of the significant techniques that propose DoA estimation

within CS framework are introduced in Section 1.3. Afterwards, the proposed

methods in the literature that aim to design measurement matrices depending

various criteria are discussed in Section 1.4 while the techniques related with the

CRLB minimization are emphasized. Then, the main contributions of this thesis

are briefly stated and the organization of the thesis is depicted in Section 1.5.

Section 1.6 is dedicated to nomenclature tabulating the important notations and

their descriptions.

1.1 Direction of Arrival (DoA) Estimation

Array signal processing techniques are designed to detect the presence of targets

that emit electromagnetic and acoustic waves, that impinge on a sensor array.

In the surveillance phase, the aim is to detect the presence of targets. Once a

target is detected, its Direction of Arrival (DoA) relative to reference sensor is

1



estimated. DoA estimation has many applications such as radar [1, 2, 3], sonar

[4, 5, 6], medical diagnosis [7, 8, 9] and wireless communications [10, 11, 12].

Thus, beginning from the early 1930s [13], many works in the literature focused

on estimation of DoA. Among many techniques [2, 14, 15, 16, 17] in the literature,

techniques providing spectrum estimations based on decomposition of eigenval-

ues, such as Multiple Signal Classification (MUSIC) [18] and Estimation Signal

Parameters via Rotational Invariance Technique (ESPRIT) [19], are considered

the most popular.

1.2 Compressive Sensing

The compressive sensing (CS) theory states that a signal which admits sparse

representation in a certain basis can be reconstructed from a fewer number of

samples than that required by Nyquist theorem [20, 21]. Let x be a K-sparse

signal in CN×N sparsifying basis Ψ and W be a measurement matrix. Then, it is

possible to recover x from measurements y = Wx as a solution of the following

convex `1−optimization problem

min ||s||1 s.t. y = Θs, (1.1)

where Θ = WΨ is the sensing matrix satisfying restricted isometry property

(RIP) [20, 21, 22, 23]. According to the RIP, x can be recovered exactly using

only M = cK log (N/K)� N measurements, where c is a small constant. There-

fore, the CS framework can be utilized in many applications where comparable

performance with classical techniques is attained using a much fewer number of

measurements, reducing both complexity and hardware cost.
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1.3 Compressive Sensing Techniques for Direc-

tion of Arrival Estimation

CS techniques are successfully applied to direction-of-arrival (DoA) estimation

problems [24, 25, 26, 27, 28, 29, 30, 31], which are extensively studied in the

areas of array signal processing, sensor networks, remote sensing, etc. Common

approaches in DoA estimation, such as multiple signal classification (MUSIC) or

generalized cross correlation (GCC) [32], require N measurements corresponding

to Nyquist-rate sampling, where N is defined above. Typically, CS techniques

are exploited for DoA problems by taking only M measurements via W and es-

timating the DoA by means of sparse-reconstruction algorithms, such as match-

ing pursuit [33], orthogonal matching pursuit (OMP) [34] and iterative hard/soft

thresholding (IHT) [35]. Such techniques generally require a known grid Ψ̂, where

x is assumed to be sparse on the space spanned by Ψ̂. In this case, DoA can be

estimated by the estimation of the support of x, i.e., the localization of non-zero

positions on Ψ̂.

Many works in the literature apply sparse reconstruction for the DoA estima-

tion problem assuming an exactly known Ψ [25, 26]. The studies in [27, 28, 29]

address the issue when Ψ is partially known, where the unknown part δΨ is

caused by various reasons such as basis mismatches, off-grid targets and model-

ing errors. Such problems are usually tackled by basis learning algorithms or in

the context of off-grid reconstruction techniques [27, 36, 17, 37]. On the other

hand, there is not much work in the literature on the design of W . This situa-

tion stems from the fact that a random W(e.g., with entries can be chosen from

a Gaussian or symmetric Bernoulli distribution) is sufficiently incoherent with

an orthogonal Ψ with high probability [22, 23], where the (mutual) coherence

between W and Ψ refers to another form of the RIP condition. Hence, in the

majority of studies, W is designated as a random Gaussian matrix whose entries

are chosen as independent and identically distributed (i.i.d.) Gaussian.
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1.4 Measurement Matrix Design for Direction

of Arrival Surveillance and Tracking

Although Gaussian matrices satisfy the RIP condition with overwhelming proba-

bility, they do not necessarily yield the best performance in terms of the minimal

coherence with Ψ. In [38, 39], to assign W , an iterative approach is employed

to minimize the sum of all cross-columns in Θ for given Ψ. In [40], W and Ψ

are simultaneously designed by forcing the Gram sense matrix ΘTΘ as close to

the identity matrix as possible. In [41, 42] and [43], W is designated to minimize

some form of coherence with Ψ which is specifically formulated for multiple-input

multiple-output (MIMO) and cognitive radar. Basically, all of such methods aim

to design W so that different versions of coherence between W and Ψ are min-

imized. The main motivation behind this approach is embedded in the RIP

condition, where the minimization of mutual coherence leads to exact reconstruc-

tion by a fewer number of measurements. Therefore, using mutual coherence as

a design criterion for W aims to minimize M while exact reconstruction is still

guaranteed.

In the literature, the design of W is also performed using task-driven criteria

rather than coherence. In these techniques, the general idea is to optimize an

objective function corresponding to a specific task, where the number of mea-

surements is usually regarded as a fixed parameter. In [44], W is selected so that

the mutual information between past measurements and the unknown class or

the underlying signal is maximized for the purpose of detection and reconstruc-

tion, respectively. In [45], an optimization framework is proposed for various

task-specific goals, such as regression and multi-class classification. In [46], max-

imization of Fisher Information (FI) is utilized as a design criterion for W in

order to improve detection performance of beamformers. In [47], W is optimized

to maximize the array gain W (θ1) Ψ (θ1) for DoA θ1 while cross correlation

W (θ1) Ψ (θ2) , ∀θ1 6= θ2 is minimized. In [48], W is designed by minimizing

of Crameŕ-Rao Lower Bound (CRLB) while false detection probability is below

a threshold. Since it is very challanging to obtain W in closed form, numerical

4



optimization techniques (local minimizer) are applied. In [49] and [50], W is

designed so as to minimize the (CRLB) for the parameter of interest for a single

target.

1.5 Contribution and Organization

The main contributions of this thesis can be summarized as follows:

• A novel measurement matrix design technique is proposed based on the

minimization of the CRLB to enhance both surveillance and tracking of

targets using sensor arrays. The proposed method jointly minimizes the

CRLB for two parameters of interest of a target, elevation and azimuth

angle.

• It is proved that the proposed measurement matrices achieve the CRLB

(Theorem 1) under mild conditions.

• A new sequential Bayesian detection approach is proposed for surveillance

(Algorithm 1).

• The surveillance space is partitioned by a proposed partitioning technique,

which is used by the proposed sequential Bayesian detection approach (Al-

gorithm 2).

• An adaptive target tracking algorithm is developed (Algorithm 3).

• An algorithm to jointly perform surveillance and tracking for multiple tar-

gets is proposed (Algorithm 4).

• Via a set of simulations, it is illustrated that the proposed measurement ma-

trices and the corresponding detection and tracking techniques significantly

outperform the widely used random matrices in the compressive sensing

literature.
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The remaining of this thesis is organized as follows. In Chapter 2 firstly the

signal model and the corresponding definitions are given in Section 2.1. Then,

in Section 2.2, the cost function to minimize the CLRB for parameter of interest

is derived. A measurement matrix design technique is introduced and it is an-

alytically proved that the proposed measurement matrices provide the optimal

solution with the minimum CRLB by Proposition 1 and Theorem 1.

The detection (surveillance) and tracking techniques built upon the proposed

measurement matrices are developed for the case of a single target in Chapter

3. In Section 3.1.1, a novel algorithm, called sequential surveillance with in-

terference cancellation (SSIC ), is introduced. In Section 3.1.2, first a minmax

type optimization is formed to partition the paramter space in order to ensure

robust surveillance performance. Afterwards, a novel Greedy type algorithm is

proposed to solve the minimax optimization problem. Finally, in Section 3.2,

an adaptive tracking algorithm, which updates proposed measurement matrices

using the predicted DoA of upcoming snapshots, is introduced.

In Chapter 4, the proposed techniques for the detection and tracking of a

single target in Chapter 3 are extended to multiple targets in scene. An algo-

rithm, as referred to as Adaptive Tracking of Multiple Targets using Successive

Interference Cancellation (ATSIC ), is developed in order to successively cancel

the interference while adaptively updating the measurement matrices with the

proposed technique in Section 2.2. Futhermore, in Section 4.2, a novel technique

built upon proposed ATSIC and SSIC (Section 3.1.1) is introduced so as to

jointly perform surveillance and tracking of multiple targets in the scene.

In Chapter 5, the detection and tracking performance of the proposed tech-

niques are evaluated and compared via a comprehensive set of simulations. In

Section 5.1, the estimation techniques and the error functions are first defined.

Then, the CRLB obtained by the proposed and Gaussian measurement matri-

ces are compared. The estimation error is also illustrated and compared the

corresponding CRLB. In addition, the CRLB and the estimation error with the

proposed and Gaussian measurement matrices are demonstrated as a function of

6



Table 1.1: Notations and their description used in the thesis
Notation Description
γk Elevation angle of kth target
φk Azimuth angle of kth target
θk Elevation and azimuth of kth target
xn (t) The signal received at nth sensor
ym(t) Analog compressed measurements.
y Measurement vector.
W Measurement matrix.
W Extended measurement matrix.
Tr {J−1 (W ,θ)} The CRLB evulated at θ using W .
Wθ The measurement matrix designed on θ.
WR Random (Gaussian) measurement matrix.
J (W ,θ) Fisher Information matrix evaluated at θ by using W .
Sb bth sector of the parameter space.

θ̃b The design vector of bth sector.
θ0 The DoA of a single target of interest.
θD The (known) design vector.

Signal-to-Noise (SNR). In Section 5.2.1 and Section 5.2.2, the sensitivity (perfor-

mance degradation) of the proposed measurement design technique is evaluated

under the case of perturbed design point, i.e., the design angle is perturbed from

actual DoA. In Section 5.2.3, the sensitivity of the proposed technique is assessed

under the case of unknown complex amplitude and perturbed design point. The

remaining of Chapter 5 elaborates on the performance of the proposed detection

and tracking techniques. In Section 5.3.1, the parameter space is partitoned by

the technique introduced in 3.1.2. The sectors and their corresponding optimal-

ities are illustrated. The performance is measured by the number of sectors. In

Section 5.3.2, the Receiver Operating Characteristics (ROC) analysis of SSIC is

performed. The performance of proposed adaptive tracking technique is discussed

in Section 5.4. Finally, the performance of ATSIC is illustrated in Section 5.5.

Chapter 6 is allocated to draw conclusions. In Appendix A and Appendix B,

the CRLB is derived under the case of known and unknown complex amplitude,

respectively. In Appendix C, it is proved that derivative of steering vectors are

orthogonal for symmetric array configurations.

7



1.6 Nomenclature

Table 1.1 covers the important notations and the corresponding descriptions

throughout this thesis.
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Chapter 2

The Signal Model and

Measurement Matrix Design

In this chapter, the signal model that provides compressed sensor outputs is first

introduced in Section 2.1. Following the description of array geometry, received

signal of individual array elements are formulated. Unlike commonly used ap-

proaches, that compress the sensor outputs after Analog-to-Digital Converter

(ADC), the array outputs are compressed by using an analog combiner before

ADC. In the design of combiner, an optimization approach that aims to mini-

mize the CRLB is followed. In Section 2.2.1 and in Section 2.2.2, the cost function

to minimize the CRLB over compressive measurement matrices is defined and a

measurement matrix design technique that minimizes the CRLB is introduced,

respectively. It is analytically proved that the proposed technique minimizes the

CRLB by using measurement matrices consisting of 2 orthonormal rows in total,

that are allocated for elevation and azimuth.
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Figure 2.1: Elevation γk and azimuth φk angle of the impinging signal from far-
field source k.

2.1 Signal Model

As demonstrated in Fig. 2.1, θk = [γk φk] denotes the angular orientation of a

plane wave impinging from the kth target on some N -element array, where γk ∈[
0, π

2

]
and φk ∈ [0, π] represent the elevation and azimuth angles, respectively.

In the presence of K targets in the far field of the array, the (baseband) signal

received at the nth sensor is given by

xn (t) =
K∑
k=1

ske
jω(t+τn(θk)), (2.1)

where ω is the carrier frequency, and τn(θk) and sk are the relative time delay and

the complex amplitude of the signal impinging from direction θk, respectively.

The relative time delay of the kth target at the nth sensor is calculated as

τn(θk) =
P T
n

c
ζ (θk) (2.2)

where P T
n is the vector of relative positions of the nth sensor with respect to

the reference point, c denotes the speed of wave and ζ (θk) is the direction array

10



defined as:

ζ (θk) =


sin (γk) cos (φk)

sin (γk) sin (φk)

cos (γk)

 . (2.3)

To reduce the number of channels to be sampled from N to M (M < N),

unlike the classical CS techniques, an analog pre-combiner at the sensor outputs

is employed as depicted in Fig. 2.2. This allows us to decrease the number of

ADCs and the amount of data to be processed while preserving a larger aperture.

Denoting by ym(t) the signal at the mth output of such a combiner, the signal at

the mth combiner output is given by

ym(t) =
N∑
n=1

wmn (xn (t) + n(t))

=
N∑
n=1

K∑
k=1

wmn(ske
jω(t+τn(θk)) + n(t)), (2.4)

where wmn is the weight of the nth sensor in the mth combiner channel and n(t)

is circularly symmetric Gaussian noise with variance σ2
n. Then, combining M

channel outputs, analog measurement vector y(t) in CM×1 can be written as

y(t) = W

(
K∑
k=1

x (θk, sk, t) + n(t)

)
, (2.5)

where W =
{
{wmn}Nn=1

}M
m=1

in CM×N is the measurement matrix and

x (θk, sk, t) =
{
ske

jω(t+τn(θk))
}N
n=1

in CN×1 represents the outputs of N sensors at

time t.

Using the set of NT time instances t = [t1 t2 ... tNT ], the set of measurement

vectors at NT time samples can be combined into an MNT ×1 observation vector

y as follows

y = W
(

K∑
k=1

x (θk, sk, t) + n

)
, (2.6)

where n ∼ CN (0, σ2
nIMNT ) and W = W ⊗INT and x (θk, sk, t) = x (θk, sk, 0)⊗

ejωt with Iu being the u × u identity matrix and ⊗ denoting the Kronecker

product.
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Figure 2.2: Compressive sensor array with analog array combiner and Analog-to-
Digital Converter (ADC).

2.2 Measurement Matrix Design Based on the

CRLB Minimization

In this section, a measurement design technique, which forms the basis for the

proposed surveillance and tracking algorithms in Chapter 3 and Chapter 4 is

proposed. To improve both surveillance and tracking performance, as elaborated

on in Section 3.1 and Section 3.2, measurement matrices are designed such that

the DoA parameter can be estimated with low errors .For this reason, the mini-

mization of the CRLB related to the DoA parameters of the targets is considered

instead of assuming a prior knowledge on DoA distribution as in the case of

Bayesian CRLB. Since the analytical minimization of the CRLB for multiple tar-

gets is an open problem, the CRLB for a single target is analytically minimized

in Chapter 2 and extensions for multiple targets are presented in Section 4.1.

For symmetric sensor arrays, it is proved that the proposed technique attains the

optimum performance in terms of the CRLB minimization.
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When a single target is present the scene, the measurements captured by mea-

surement matrix W can be written by expanding (2.6) as follows

y = W (x (θ, s, t) + n)

= (W ⊗ INT )
(
sej

ω
c
P Tn ζ(θ) ⊗ ejωt + n

)
, (2.7)

where W , Pn and t are controlled parameters, ω is assumed to be known and θ

is the parameter of interest.

If the complex amplitude s is kept as deterministic but unknown, it can be

considered as a nuisance parameter and the 3 × 3 inverse Fisher Information

matrix becomes the following

J−1
θ (W ,θ, s) =

[
Jγ (W ,θ, s) Jγφ (W ,θ, s)

Jγφ (W ,θ, s) Jφ (W ,θ, s)

]−1

, (2.8)

as detailed derivations of Jγ (W ,θ, s), Jγφ (W ,θ, s) and Jφ (W ,θ, s) are given

in Appendix B.

Since the analytical minimization of Tr
{
J−1
θ (W ,θ, s)

}
over W is an open

problem including challenging cases, e.g., even in the main diagonal elements

alone, the Gram matrix of W appears at least three times, a practical approach

is followed. Assuming that s is known prior to the CRLB computation, the

minimization of Tr
{
J−1
θ (W ,θ, s)

}
over W becomes analytically tractable and

independent of s as shown in the next sections. Thus, a proper optimization

problem to minimize the CRLB for θ over W is formed in Section 2.2.1 and

the corresponding closed form solution is given in Section 2.2.2 by assuming s is

known prior the design of measurement matrices. In addition, as the performance

of the proposed technique is evaluated in the case unknown complex amplitude

in Section 5.2.3, the performance of proposed technique gracefully degrades for

feasible SNR levels.
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2.2.1 The Cost Function of the Optimization Framework

The aim is to perform the optimal design of measurement matrix W to minimize

the CRLB for estimating θ. Since maximum likelihood estimators can attain the

CRLB under certain circumstances, minimization of the CRLB corresponds to

the minimization of the estimation error for θ [51, 52]. Furthermore, the CRLB

minimization provides an optimization framework which is independent of the

estimator. Thus, the cost function is defined as

Wθ = arg min
W

Tr
{
J−1 (W ,θ)

}
s.t. WW H = IM ,

(2.9)

where IM denotes an M ×M identity matrix and Tr {J−1 (W ,θ)} refers to the

trace of the inverse Fisher Information matrix evaluated at θ. The constraint

WW H = IM in (2.9) ensures that W is full rank, i.e., it provides non-redundant

set of measurements, and avoids coloring the noise1 Tr {J−1 (W ,θ)} refers to the

trace of the inverse Fisher Information matrix evaluated at θ and is given by

Tr
{
J−1 (W ,θ)

}
=

Jγ (W ,θ) + Jφ (W ,θ)

Jγ (W ,θ) Jφ (W ,θ)− (Jγφ (W ,θ))2 , (2.10)

where

Jγ (W ,θ) =
1

c0

(dγ (θ))HWHWdγ (θ) , (2.11)

Jφ (W ,θ) =
1

c0

(dφ (θ))HWHWdφ (θ) , (2.12)

Jγφ (W ,θ) =
1

c0

(dγ (θ))HWHWdφ (θ) , (2.13)

and

c0 =
σ2
n

NT |s|2
, (2.14)

dγ (θ) =
ω

c

(
P T
n

∂ζ (θ)

∂γ

)
⊗ ejωζ(θ), (2.15)

dφ (θ) =
ω

c

(
P T
n

∂ζ (θ)

∂φ

)
⊗ ejωζ(θ), (2.16)

as derived in Appendix A.

1Note that this constraint can be imposed on W without loss of generality since it can be
shown that for every non-orthogonalW a corresponding orthogonal one that achieves the same
CRLB can be found.
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2.2.2 Optimal Measurement Design

Towards the aim of solving the optimization problem in (2.9), the following propo-

sition presents a lower bound on the cost function in (2.9).

Proposition 1. For a measurement matrix W that satisfies WW H = IM ,

L (W ,θ) = c0

(
1

‖dγ(θ)‖2 + 1

‖dφ(θ)‖2
)

provides a lower bound for the CRLB as

Tr
{
J−1 (Wθ,θ)

}
≥ L (W ,θ) , (2.17)

where c0 is as defined in (2.14).

Proof. Let W H = [ŵ1, ŵ2, · · · , ŵM ] is an orthonormal set, i.e., ‖ŵm‖2 = 1 ∀m
and ŵH

i ŵj = 0 ∀ i 6= j. Then, the following relations can be obtained based on

(2.10), (2.11) and (2.12).

Tr
{
J−1 (W ,θ)

}
≥ Jγ (W ,θ) + Jφ (W ,θ)

Jγ (W ,θ) Jφ (W ,θ)

=
1

Jγ (W ,θ)
+

1

Jφ (W ,θ)

=
c0

M∑
m=1

∣∣∣dγ (θ)H ŵm

∣∣∣2 +
c0

M∑
m=1

∣∣∣dφ (θ)H ŵm

∣∣∣2
≥ c0

(
1

‖dγ (θ)‖2 +
1

‖dφ (θ)‖2

)
,

where the first inequality is derived by removing the last term in the denominator

in (2.10), the second equality is obtained from (2.11) and (2.12), and the last

inequality follows from Cauchy-Schwarz inequality that:∣∣∣dγ (θ)H ŵm

∣∣∣2 ≤ ∣∣∣dγ (θ)H dγ (θ)
∣∣∣2,∣∣∣dφ (θ)H ŵm

∣∣∣2 ≤ ∣∣∣dφ (θ)H dφ (θ)
∣∣∣2,

for ‖ŵm‖2 = 1∀m as proposed.

Based on Proposition 1, the following theorem provides the solution of the optimal

measurement matrix design problem in (2.9).
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Theorem 1. Let d̂γ (θ) = dγ(θ)

‖dγ(θ)‖ and d̂φ (θ) =
dφ(θ)

‖dφ(θ)‖ . Then, Wθ =

[
d̂γ (θ)H

d̂φ (θ)H

]
is the optimal measurement matrix that minimizes the CRLB.

Proof. To prove Theorem 1, it suffices to show that the measurement matrix

Wθ =

[
d̂γ (θ)H

d̂φ (θ)H

]
allows to achieve L (W ,θ), which, according to Proposition 1,

forms the lower bound for the CRLB. To that aim, (2.11) can be written as

Jγ (Wθ,θ) = dγ (θ)H
[
d̂γ (θ) d̂φ (θ)H

] [d̂γ (θ)H

d̂φ (θ)H

]
dγ (θ)

= dγ (θ)H
(
d̂γ (θ) d̂γ (θ)H + d̂φ (θ) d̂φ (θ)H

)
dγ (θ)

=

(
dγ (θ)H dγ (θ)H

)2

dγ (θ)H dγ (θ)H
= ‖dγ (θ)‖2 , (2.18)

where dφ (θ)H dγ (θ) = 0 (see Appendix C). Following the same procedure, it is

easy to show that

Jφ (Wθ,θ) = ‖dφ (θ)‖2 , (2.19)

Jγφ (Wθ,θ) = 0. (2.20)

Substituting (2.18), (2.19) and (2.20) into (2.10), it is obtained that

Tr
{
J−1 (Wθ,θ)

}
= c0
‖dγ (θ)‖2 + ‖dφ (θ)‖2

‖dγ (θ)‖2 ‖dφ (θ)‖2

= c0

(
1

‖dγ (θ)‖2 +
1

‖dφ (θ)‖2

)
. (2.21)

Therefore, the measurement matrix in the theorem achieves the lower bound on

the CRLB specified in Proposition 1; hence, it becomes a solution of (2.9).

Theorem 1 also illustrates that it is sufficient to use only the measurement

matrix with 2 rows, i.e., M = 2, to reach the optimal performance in terms of

the CRLB. Hence, 2NT of measurements are used in Wθ = Wθ ⊗ INT .
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Chapter 3

Surveillance and Tracking of a

Single Target

In this Chapter, a novel surveillance and tracking technique built upon the pro-

posed measurement matrices in the case of a single target in the scene. A novel

algorithm, called sequential surveillance with interference cancellation (SSIC ) is

introduced in Section 3.1.1. A novel algorithm that forms a greedy type solution

to a minmax type optimization problem ensuring robust surveillance performance

is proposed in Section 3.1.2. Finally, in Section 3.2, an adaptive tracking algo-

rithm, which updates proposed measurement matrices using the predicted DoA

of upcoming snapshots, is developed.

3.1 Surveillance: Detection of a Newly Emerg-

ing Target by Using the Proposed Measure-

ment Matrix Design

In this section, an enhanced surveillance of a newly emerging target in the scene

is analyzed. A sequential surveillance approach and a corresponding partitioning
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technique of the surveillance space are introduced in the proposed sequential

enhanced surveillance approach.

3.1.1 Sequential Surveillance with Interference Cancella-

tion (SSIC )

In the surveillance mode of operation, the aim is to detect possible newly emerg-

ing targets in the scene (surveillance space), i.e., S = [0, π
2
]× [0, π] (for γ and φ,

respectively). To perform surveillance for S, a sequential surveillance approach is

adopted. Namely, S is partioned into a set of mutually exclusive collectively ex-

haustive (MECE) NS sectors, represented by {S1, ...,Sp, ...,SNS}, and each sector

is monitored at a single snapshot.

A properly designed measurement matrix is designated for each sector, i.e.,

newly arriving targets in sector Sp are detected by taking measurements via

Wθ̃p
, where θ̃p ∈ Sp. In such a sequential approach, the surveillance is conducted

for the entire surveillance space within NS snapshots. Since 2NT measurements

are utilized for each sector, as described Section 2.2, 2NTNS measurements are

collected in order to span the entire surveillance space.

The details of the proposed approach are illustrated in Algorithm 1, which

is referred to as SSIC . In the SSIC algorithm, measurements are sequentially

captured by a properly designed measurement matrix and the interference from

currently tracked targets are cancelled as described in detail in Section 4.2. Then,

the parameter of interest θ and the unknown nuisance parameter s are estimated

by employing gradient descent techniques for estimation. Note that such gradi-

ent descent techniques can be generalized to any type of DOA estimator in the

compressed domain [17, 37, 53, 54, 55, 56].

The primary motivation for the sequential Bayesian detection is that the pro-

posed measurement design technique yields the best estimation performance (in

terms of the CRLB) when an emerging target coincides with the design vector
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Algorithm 1: SSIC : Sequential Surveillance with Interference Cancellation

Input: W θ̃p
: Surveillance measurement matrices designed for each sector;

θ̂k: The estimated position of the currently tracked targets; Γ:
threshold.

Output: The decision: H
1 for 1 ≤ p ≤ NS do
2 - Take measurements via W θ̃p

:

3 yp = W θ̃p
(x (θ, s, t) + n)

- Cancel interference from the currently tracked targets:

4 ŷp = yp −W θ̃p

(
K∑
k=1

x
(
θ̂k, sj, t

))
- Estimate parameters:

5

{
ŝ, θ̂
}

= arg min
s′,θ′

∥∥∥ŷp −W θ̃p
x (θ′, s′, t)

∥∥∥
- Compute likelihood:

6 Lp =
P

(
ŷp

∣∣W
θ̃p
x(θ̂,ŝ,t),Σp

)
P

(
ŷp

∣∣0,Σp)
7 - For the decision based on:

8 H = max
1≤p≤NS

LpR
H1

H0
Γ

9 return H

of the corresponding sector. By carefully locating the design vectors, as elabo-

rated in Section 3.1.2, robust surveillance performance (by maximizing the worst

case performance) is achieved for emerging targets that do not coincide with the

design vector.

The major motivations behind Algorithm 1 can be explained as follows: Since

the signal to be detected includes unknown parameters, the ML estimation of

these parameters is performed first and then the likelihood ratio is constructed

based on the estimated parameters. This approach is known as the generalized

likelihood ratio test (GLRT) and is commonly employed in the presence of hy-

potheses with unknown parameters [57]. Another important point in Algorithm

1 is that the decision is performed based on the maximum of the likelihood ratios

obtained for different sectors since a target can be located in any segment which

is unknown a priori.
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3.1.2 Partitioning of Surveillance Space for Sequential

Surveillance

In order to provide robust surveillance performance in the compressed domain,

for a known sector Sp, θ̃p can be designated as follows:

θ̃p = arg max
θ ∈ Sp

Tr
{
J−1 (Wθ,θ)

}
, (3.1)

where θ̃p is chosen as a vector in the parameter space with the largest CRLB in Sp.
Based on this criterion, the motivation is to minimize the worst case performance

inside Sp since Wθ̃p
provides the best performance (the lowest CRLB) for θ̃p;

that is,

Tr
{
J−1

(
Wθ̃p

, θ̃p

)}
≥ Tr

{
J−1

(
Wθv , θ̃p

)}
, (3.2)

where θ̃p 6= θv and Tr
{
J−1

(
Wθ̃p

,θv

)}
refers to the CRLB for DOA θv when

the measurement matrix Wθ̃p
is used.

When sectors are unknown, S is partitioned so that the worst case performance

of all of sectors is minimized. This can be written as the following minmax type

optimization problem:

min
Sp

max
θ∈Sp

Tr
{
J−1 (Wθ,θ)

}
s.t.

S1 ∪ S2 ∪ .... ∪ SNS = S

Sp ∩ Sv = ∅, ∀ p 6= v.

(3.3)

Since it is very challenging to obtain a closed-form solution of (3.3), a greedy

algorithm is developed, i.e., the proposed partitioning technique converges to

a local minimum of (3.3). The proposed partitioning technique is inspired by

the vector quantization algorithms, such as K-means [58], where sectors can be

considered as clusters, design vectors
{
θ̃1, ..., θ̃NS

}
correspond to centers, (or,

more generally, representation vectors) of clusters and Tr
{
J−1

(
Wθv , θ̃p

)}
is

the error when vector θv is represented as θ̃p.

20



Algorithm 2: Partitioning Algorithm for Surveillance

Input: NS: Number of sectors, NG: Grid size

Output:
{
θ̃1, ..., θ̃NS

}
: Set of design vectors for each sector,

{
θ̆1, ..., θ̆NG

}
:

Set of grid vectors on S, {I1, ..., ING}: Set of indices mapping each
grid vector to a sector.

1 - Generate the training set spanning the parameter space using NG vectors:{
θ̆1, ..., θ̆NG

}
.

2 - Initialize design vectors for each sector:{
θ̃1, ..., θ̃NS

}
3 while convergence is reached do
4 for 1 ≤ g ≤ NG do

5 - Assign each θ̆g to a sector:

Ig = arg min
1≤p≤Ns

Tr
{
J−1

(
Wθ̃p

, θ̆g

)}
.

6 for 1 ≤ p ≤ NS do
7 - Update design vectors for each sector: :

θ̃p = arg max
θ̆g |Ig=p

Tr
{
J−1

(
Wθ̃p

, θ̆g

)}
8 return

{
θ̃1, ..., θ̃NS

}
,
{
θ̆1, ..., θ̆NG

}
, {I1, ..., ING}

As summarized in Algorithm 2, the search space is first discretized by a

set of NG grid vectors,
{
θ̆1, ..., θ̆NG

}
and the design vectors are initialized,{

θ̃1, ..., θ̃NS

}
. Then, each grid vectors is mapped to a sector such that

Ig = arg min
1≤p≤Ns

Tr
{
J−1

(
Wθ̃p

, θ̆g

)}
, 1 ≤ g ≤ NG, (3.4)

where Ig denotes the sector of grid vector θ̆g. Then, corresponding to the dis-

cretized version of (3.1), each design vector is updated as the grid vector with

the worst performance:

θ̃p = arg max
θ̆g |Ig=p

Tr
{
J−1

(
Wθ̃p

, θ̆g

)}
, 1 ≤ p ≤ NS. (3.5)

By iteratively applying (3.4) and (3.5), the proposed partitioning technique

converges to a local minimum. Convergence can be detected if
{
θ̃1, ..., θ̃NS

}
and

{I1, ..., ING} do not change in the consecutive iterations.
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Figure 3.1: Adaptive target tracking by the proposed measurement matrix design
algorithm.

3.2 Adaptive Tracking of a Target by Using the

Proposed Measurement Matrix Design

Once a newly emerged target is detected in the surveillance mode, the corre-

sponding parameters of the target are passed to the tracker. In the tracking

mode the predicted position θ̂i|i−1 of a tracked target can be obtained by using

a proper target model and the past estimates. As demonstrated in Fig. 3.1, the

measurement matrix Wθ̂i|i−1 is adaptively designed, e.g., using the approach from

Section 2.2, based on the previous estimate of the target position.
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Chapter 4

Surveillance and Tracking of

Multiple Targets

In this chapter, the proposed techniques for the surveillance and tracking of a

single target in Chapter 3 are extended to multiple targets in scene. An algo-

rithm, as referred to as Adaptive Tracking of Multiple Targets using Successive

Interference Cancellation (ATSIC ), is developed in order to successively cancel

the interference while adaptively updating the measurement matrices with the

proposed technique in Section 2.2. Futhermore, in Section 4.2, a novel technique

built upon proposed ATSIC and SSIC (Section 3.1.1) is introduced so as to

jointly perform surveillance and tracking of multiple targets in the scene.

4.1 Adaptive Tracking of Multiple Targets Us-

ing Successive Interference Cancellation

The adaptive tracking algorithm for a single target proposed Section 3.2 can

be extended to the case of multiple targets by employing successive interference

cancellation. As summarized in Algorithm 3, referred to as ATSIC , adaptive

tracking is performed by eliminating the inference from other currently tracked
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Algorithm 3: ATSIC : Adaptive Tracking of Multiple Targets using Succes-
sive Interference Cancellation

Input: θ̂
[i−1]
k (1 ≤ k ≤ K): The predicted position of K targets for (i− 1)th

snapshot.
Output: θ̂

[i]
k (1 ≤ k ≤ K): The predicted position of K targets for ith

snapshot.
1 for 1 ≤ k ≤ K do
2 - Update current estimate based on state evolution model:

3 θ̂
[i|i−1]
k = Fk

(
θ̂

[i−1]
k

)
- Take measurements via W

θ̂
[i|i−1]
k

:

4 y
[i]
k = W

θ̂
[i|i−1]
k

(
K∑
j=1

x (θj, sj, t) + n

)
- Eliminate interference from other targets:

5 ŷ
[i]
k = y

[i]
k −W

θ̂
[i|i−1]
k

(
K∑
j 6=k
x
(
θ̂

[i|i−1]
j , sj, t

)
+ n

)
- Estimate parameters:

6 θ̂
[i]
k = arg min

θ

∥∥∥ŷ[i]
k −W

θ̂
[i|i−1]
k

x (θ, sk, t)
∥∥∥

7 return θ̂
[i]
k (1 ≤ k ≤ K)

targets. To track each target, measurements can be used as proposed in Section

2.2, and before performing tracking, the interference from the other targets can

be cancelled out using the previous estimates.

4.2 Joint Operation of Surveillance and Track-

ing

To comprehensively perform joint operation of surveillance and tracking, the pre-

viously proposed methods are combined, where the positions of currently tracked

targets are first estimated via the ATSIC algorithm and the surveillance is con-

ducted using SSIC as illustrated in Algorithm 4.

In Algorithm 4, the DoAs of (actively) tracked targets for the current snapshot

are first estimated by using ATSIC algorithm. Then, the estimated DoAs are
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Algorithm 4: Joint Operation of Tracking and Surveillance

Input: K [i−1]: The number of tracked targets at (i− 1)th snapshot,

θ̂
[i−1]
k (1 ≤ k ≤ K): The predicted position of K targets for (i− 1)th

snapshot, W θ̃p
: Surveillance measurement matrices designed for

each sector, Γ: likelihood threshold.
Output: K [i]: The number of tracked targets at ith snapshot,

θ̂
[i]
k (1 ≤ k ≤ K): The predicted position of K targets for ith

snapshot.
1 1. Estimate the current position of targets in the scene using ATSIC :

θ̂
[i]
k = ATSIC

(
θ̂

[i−1]
k

)
(1 ≤ k ≤ K)

2. Perform surveillance using SSIC :

if SSIC
(
θ̂

[i]
k ,W θ̃p

,Γ
)

then

2 K [i] = K [i−1] + 1

3 return K [i] and θ̂
[i]
k

passed to SSIC algorithm, which uses the estimated DoAs in order to cancel out

the interference caused by them in the measurements. Then, SSIC algorithm

performs surveillance as discussed in detail in Section 3.1.1. If a newly emerging

target is detected, then its initial DoA estimate is passed to ATSIC algorithm

and it is tracked ATSIC in the next snapshots.
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Chapter 5

The Performance of the Proposed

Measurement Matrix Design for

Surveillance and Tracking

In this chapter, the surveillance and tracking performance of the proposed tech-

niques are evaluated and compared via a comprehensive set of simulations. In

Section 5.1, the performance of the proposed and Gaussian matrices are illus-

trated as a function of elevation and Signal-to-Noise (SNR). In Section 5.2, the

sensitivity analysis of the proposed measurement matrices are performed and

compared with Gaussian matrices in the case of perturbation in the design vec-

tor and unknown complex amplitude. In Section 5.3.1, the performance of the

partitonining technique introduced in Section 3.1.2 is discussed. In Section 5.3.2,

the Receiver Operating Characteristics (ROC) of SSIC is performed. The per-

formance of proposed adaptive tracking technique is discussed in Section 5.4.

Finally, the performance of ATSIC is illustrated in Section 5.5.
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5.1 Performance of the Proposed Measurement

Matrix Design Algorithm

To evaluate performance of the proposed measurement matrix design technique,

N = 24 sensors are compressed to M = 2 outputs. A uniform circular array

(UCA) alignment is used so that the sensor array becomes equally sensitive to

all φ angles and Tr {J−1 (W ,θ)} is a function of γ and W only. For various

values of γ spanning from 0 to π
2
, target DoA, represented as θ0, is estimated

based on measurements captured through two types of measurement matrices; the

proposed measurement matrix designed for θ0 denoted as Wθ0 and the random

Gaussian matrix whose entries are independently taken from circularly symmetric

complex normal distribution, denoted as WR. After acquiring measurements via

Wθ0 , the parameter of interest θ0 is estimated using gradient descent techniques

as

θ̂0 = arg min
θ′

‖y −Wθ0x (θ′, s, t)‖ . (5.1)

To measure performance using random matrices, Wθ0 is replaced in (5.1) with

WR.

For the results presented in this part, measurement matrix W is designed on

the actual DoA of a target (θ0), i.e., Wθ0 is used to capture measurements from

a target with DOA θ0. In Section 5.2, the case in which measurement matrix

W is designed for a general θ where θ0 is not equal to θ is also analyzed. The

estimation accuracy of DoA is assessed by the root-mean-squared error (RMSE),

which is given by

eRMS (Wθ0 ,θ0) =
180

π

√
En

{
(γ0 − γ̂0)2 +

(
φ0 − φ̂0

)2
}
, (5.2)

where eRMS (W ,θ0) refers to the RMSE when W is used a measurement matrix,

and θ̂ and φ̂ are estimates of θ and φ using (5.1), respectively. Expectation in

(5.2) is computed over n as defined in (2.6). Note that eRMS (W ,θ) includes

errors related to both elevation and azimuth.
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In Fig. 5.1, eRMS (Wθ0 ,θ0) and eRMS (WR,θ0) are demonstrated for a signal-

to-noise ratio (SNR) of 3 dB, where SNR is defined as |s|
2

σ2
n

, and the square root of

Tr {J−1 (Wθ0 ,θ0)} is plotted as a function of γ. It is observed that the proposed

measurement design technique provides lower RMSEs for all γ0. On average,

the proposed matrix Wθ0 yields 0.43 of the RMSE error achieved by WR, the

random Gaussian matrix. The proposed Wθ0 yields performance enhancements

over WR especially for smaller values of 0o < γ0 ≤ 15o and higher values of

75o ≤ γ0 < 90o, where it provides considerable enhancements over the estimation

of γ and φ, respectively.

The individual CRLBs provided by the proposed measurement design tech-

nique for elevation and azimuth can be computed the following

eγ (Wθ0 ,θ0) =
Jγ (Wθ0 ,θ0)

Jγ (Wθ0 ,θ0) Jφ (Wθ0 ,θ0)− (Jγφ (Wθ0 ,θ0))2 (5.3)

eφ (Wθ0 ,θ0) =
Jφ (Wθ0 ,θ0)

Jφ (Wθ0 ,θ0) Jφ (Wθ0 ,θ0)− (Jγφ (Wθ0 ,θ0))2 , (5.4)

where eγ (Wθ0 ,θ0) and eφ (Wθ0 ,θ0) correspond to the CRLB for elevation and

azimuth, respectively.

In Fig. 5.2, the RMSE version of eγ (Wθ0 ,θ0) and eφ (Wθ0 ,θ0) are shown as

a function of γ. It is observed that the performance for elevation degrades with

the higher values of elevation whereas the performance for azimuth enhances

with the higher values of elevation. Moreover, the proposed measurement design

technique yields equivalent performance for elevation and azimuth. eγ (Wθ0 ,θ0)

and eφ (Wθ0 ,θ0) are symmetric with γ0 = 450 and equal when γ0 = 450.

In Fig. 5.3, Eθ0 {eRMS (Wθ0 ,θ0)} and Eθ0 {eRMS (WR,θ0)} are illustrated as a

function of the SNR, where Eθ0 {eRMS (Wθ0 ,θ0)} and Eθ0 {eRMS (WR,θ0)} corre-

spond to average performances over the parameter space S = [0, π
2
]× [0, π] for

the proposed and Gaussian measurement matrices, respectively. To compute the

average, it is assumed that γ0 is uniformly distributed over 0 to π
2

and φ0 is uni-

formly distributed over 0 to π. The averaged CRLB of the proposed design tech-

nique is also indicated and represented as Eθ0

{
180
π

√
Tr {J−1 (Wθ0 ,θ0)}

}
. The

observations imply that while the proposed measurement matrices yield lower
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Figure 5.1: The RMSE for DoA estimation as function of γ with the proposed
measurement matrix design (green) and its corresponding CRLB (blue) vs RMSE
for random Gaussian matrices (red).

RMSE values compared to WR for SNR values greater than 5dB, it is also seen

that the gradient descent estimation for DoA reaches the CRLB level of Wθ0 at

SNR’s above 20dB. It is observed that the approach of using random Gaussian

measurement matrices can never achieve the error performance of using the pro-

posed design matrix Wθ0 for all SNRs and the proposed Wθ0 in average obtains

0.32 of the RMSE WR reaches. In addition, Wθ0 has the same error level as WR

by requiring around 15dB less SNR.

5.2 Sensitivity Analysis of The Proposed Mea-

surement Matrix Design Algorithm

In the previous simulation results, the proposed measurement matrix is implic-

itly designed on the target DoA θ0, i.e., Wθ0 is used to capture measurements

from x (θ0, s, t). Nevertheless, in the majority of the cases, there can exist a
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Figure 5.2: The RMSE version of the CRLB for elevation (eγ (Wθ0 ,θ0)) (blue),
the RMSE version of the CLRB for azimuth (eφ (Wθ0)) (green) and the RMSE of
the total error corresponding to Tr {J−1 (Wθ0 ,θ0)} = eγ (Wθ0 ,θ0) + eφ (Wθ0 ,θ0)
(cyan).

certain difference between the vector of design and the true DoA. To represent

this situation, the following model is employed

θ0 = θD + δθ[
γ0

φ0

]
=

[
γD

φD

]
+

[
δγ

δφ

]
, (5.5)

where θ0 is the true DoA, θD represents a known vector of design and δθ = [δγ δφ]

is an unknown perturbation parameter.
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Figure 5.3: The averaged RMSE over parameter space as a function of SNR with
the proposed measurement matrix design (green) and its corresponding CRLB
(blue) vs the RMSE for random Gaussian matrices (red).

5.2.1 Sensitivity Analysis of The Proposed Measurement

Matrix Design Algorithm as a Function of Pertur-

bation in Elevation and Azimuth

The sensitivity of the proposed measurement design technique to perturbations

in elevation and azimuth angle is measured when Wθ is utilized measurement

matrix and the DoA is θ0. Then, the CRLB depends on both θD and δθ and can

be written as

Tr {J (WθD ,θD, δθ)} =

Jγ (WθD ,θD + δθ) + Jφ (WθD ,θD + δθ)

Jγ (WθD ,θD + δθ) Jφ (WθD ,θD + δθ)− (Jγφ (WθD ,θD + δθ))2 . (5.6)

In Fig. 5.4, RMSE version of the averaged CRLB over design vector on the pa-

rameter space, i.e., 180
π

√
EθD {Tr {J (WθD ,θD, δθ)}}, is illustrated as a function

of δγ and δφ. In Fig. 5.4, the performance of the proposed measurement design
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Figure 5.4: The RMSE version of the CRLB computed by the proposed measure-
ment matrix design in the case of perturbation in elevation and azimuth angle of
design.

technique under not perturbation in the design vector and the performance of ran-

dom matrices are also demonstrated that are denoted by 180
π

√
Tr {J (Wθ0} ,θ0, )

and 180
π

√
Tr {J (WR,θ0, )}, respectively. 180

π

√
Tr {J (Wθ0 ,θ0, )} provides a

lower-bound to 180
π

√
EθD {Tr {J (WθD ,θD, δθ)}}, as expected. The circular con-

tours of 180
π

√
EθD {Tr {J (WθD ,θD, δθ)}} illustrates that the proposed technique

is equally sensitive to perturbation in elevation and azimuth. In other words,

the degradation of performance due to perturbation in elevation and azimuth are

equal when δγ = δφ. Another observation is that the proposed measurement de-

sign technique enhances the performance of random measurement matrices when

|δγ| ≤ 5.72o and |δφ| ≤ 5.72o.
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5.2.2 Sensitivity Analysis of The Proposed Measurement

Matrix Design Algorithm In The Case of Random

Perturbation

In order to analyze the sensitivity of the proposed design approach to random per-

turbation from the actual target DoA, consider an i.i.d Gaussian error model de-

noted by δθ ∼ N (0, σ2
mI), The averaged RMSE in the presence of the uncertainty

parameter δθ with standard deviation σm is represented as eRMS (WθD ,θ0, σm).

Then, the sensitivity of our proposed measurement design technique can be associ-

ated with Eδθ {Eθ0 {eRMS (WθD ,θ0, σm)}}, where the inner expectation is carried

out over θ0 and the outer expectation is taken over δθ.

In Fig. 5.5, Eδθ {Eθ0 {eRMS (WθD ,θ0, σm)}} is demonstrated as a function of

standard deviation σm, with Eδθ {Eθ0 {eRMS (WθD ,θ0, 0)}} denoting the averaged

RMSE under no uncertainty, i.e., σm = 0 and Eθ0 {eRMS (WR,θ0)} representing

the averaged RMSE for the random matrices approach, which is insensitive to

any model uncertainty. It is observed that the proposed technique is quite robust

against uncertainties in the sense that the performance degrades slowly as σm

increases. In particular, the proposed technique outperforms the random matrices

approach for σm ≤ 7.3o in average, which is a very wide interval in practice for

the standard deviation of the perturbation term. In other words, it is possible

to obtain more accurate results via the proposed technique if the information on

θ is available with less than 7.3o RMSE in θ. Such information can be available

based on previous estimates and/or prior information in practical systems.

5.2.3 Sensitivity Analysis of The Proposed Measurement

Matrix Design Algorithm In The Case of Unknown

Complex Amplitude

In the previous simulations, it is assumed that s (complex amplitude) is known

or it is estimated in Algorithm 1 with neglectfully small error. To assess the
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Figure 5.5: The averaged RMSE error over parameter space for DoA estimation
with the proposed measurement matrices as function of the standard deviation
(σm) in the design vector (θD) (green), the averaged RMSE under no perturbation
(blue), the averaged RMSE of Gaussian matrices (red).

performance of the proposed measurement matrices, in the case of unknown s,

let s be in the following form:

s = sDδse
j(βD+δβ), (5.7)

where sD and βD are known before designing measurement matrices but the

δsn ∈ R+ and δβ ∈
[
−π

2
π
2

]
are unknown, that are corresponding to unknown

magnitude and phase in s, respectively.

Suppose that θ0 = θD + δθ as in (5.5) and WθD (WθD) is employed to obtain

the measurements as the following

y = WθD (x (θ′0, s, t) + n)

= (WθD ⊗ I)
((
sDδse

j(βD+δβ)
) (
ejωt ⊗ ejωτ (θD+δθ)

)
+ n

)
. (5.8)

Then, the error function defined in (5.2) becomes the function of WθD , θ0, δθ,

δβ and δs, denoted as eRMS (WθD ,θ0, δθ, δβ, δs), where γ and φ are estimated by

using (5.1) via the measurements as in (5.8).
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Figure 5.6: The averaged RMSE over parameter space as a function of unknown
phase of the complex amplitude (δβ) for various levels of the perturbation in the
design vector (δθ) with the proposed measurement design technique and average
RMSE for random matrices.

In Fig. 5.6, the average of eRMS (Wθ0 ,θ0, δθ, δβ, δs) over θD is illustrated for

different values of δθ spanning from 0o to 5o when the magnitude of s is known,

i.e., δs = 1. Eθ0 {eRMS (WR,θ0)} is also shown In Fig. 5.6 for comparison. It

is observed that the proposed design technique performs better than random

measurement matrices for any value of δβ if δ < 3o. When δ = 4o and δ =

5o, proposed algorithm has better performance if |δβ| ≤ 65o and |δβ| ≤ 52o,

respectively. Hence, if δβ is completely unknown, e.g., δβ ∼ U [0 pi], then the

proposed technique guarantees performance improvements over random matrices

if 180
π

√
|γ − γ̂| ≤ 3 and 180

π

√∣∣∣φ− φ̂∣∣∣ ≤ 3.

In Fig. 5.7, the averaged eRMS (WθD ,θ0, δθ, δβ, δs) over parameter space

is demonstrated as a function of δθ and δβ when δs = 1. As expected,

the bottom of eRMS (WθD ,θ0, δθ, δβ, 1) is eRMS (WθD ,θ0, 0, 0, 1) corresponding

to the performance of the proposed technique when the complex amplitude is

known without any perturbation in the design vector. As contour lines on
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Figure 5.7: The averaged RMSE over parameter space as a function of unknown
phase of the complex amplitude (δβ) and perturbation in the design vector (δθ)
with the proposed measurement design technique.

Eθ0 {eRMS (WθD ,θ0, δθ, δβ, 1)} indicates, δθ has more impact on performance

degradation compared to δβ.

In Fig. 5.8, Fig. 5.9 and Fig. 5.10, the performance of the proposed measure-

ment matrices in the case of unknown complex magnitude and phase is demon-

strated for δθ = 50, δθ = 30 and δθ = 10, respectively. It is observed that as

the perturbation in design vector gets smaller, the proposed technique becomes

more robust against unknown magnitude and phase, i.e., the bottom plateau of

Eθ0 {eRMS (WθD ,θ0, δθ, δβ, δs)} broadens for smaller values of δθ. As the con-

tour lines of Eθ0 {eRMS (WθD ,θ0, δθ, δβ, δs)} indicates, unknown magnitude has

more impact on the performance compared to unknown phase in s. Another

observation is that when 180
π

√
|γ − γ̂| ≤ 3 and 180

π

√∣∣∣φ− φ̂∣∣∣ ≤ 3, the proposed

technique provides better performance than random matrices for any value of

complex magnitude and phase, where Eθ0 {eRMS (WR,θ0, 0, 0, 1)} = 3.49.

To investigate the SNR range where the proposed measurement matrices are
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Figure 5.8: The averaged RMSE over parameter space of the proposed measure-
ment matrices in the chase of unknown complex magnitude and phase for 5o

perturbation level (δθ = 5o).

favorable upon Gaussian matrices, the following scenario is considered. Suppose

that a newly emerging target emerging in the scene with DoA θ0. The complex

amplitude of the target is s as in (5.7), where δβ and δs are uniformly distributed

random variables over the range of
[−π

2
π
2

]
and [−1.5 1.5], respectively. The target

is detected by using SSIC with the complex amplitude estimate ŝ and the initial

DoA estimate θ̂. Then, at the next snapshot, estimation can be performed as the

following

θ̂0 = arg min
θ′

∥∥y −W θ̂x (θ′, ŝ, t)
∥∥ , (5.9)

where the measurements are captured via W θ̂ as y = W θ̂x (θ0, s, t).

In Fig. 5.11, the histogram of the averaged difference in the magnitude of s

and ŝ over parameter space, represented as Eθ0 {|s| − |ŝ|}, that is acquired by

using SSIC with 6 sectors as partitioned in Fig. 5.14 is illustrated at different

levels of SNR. Similarly, the histogram of the averaged difference in the the phase,

denoted as Eθ0 {∠ (s)− ∠ (ŝ)}, is demonstrated in Fig. 5.12. As expected, the
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Figure 5.9: The averaged RMSE over parameter space of the proposed measure-
ment matrices in the chase of unknown complex magnitude and phase for 3o

perturbation level (δθ = 3o).

histogram of the difference in the magnitude and the phase concentrate as SNR

level increases. Therefore, the unknown components of the complex amplitude,

δs and δβ, are estimated with lower error. As it will be pointed out just below,

the lower level of |s|−|ŝ| and ∠ (s)−∠ (ŝ), allows the proposed technique to yield

higher estimation performance for the estimation of DoA. Thus, higher levels of

SNR do not only improve the estimation over the c0 term defined in (A.8) but

also decreasing the estimation error in the complex amplitude as in (5.9).

In Fig. 5.13, the averaged RMSE of the proposed measurement matrices de-

signed on θ̂ that is obtained by SSIC with various numbers of sectors at different

levels of SNR. In this case, the perturbation vector in the design corresponds to

δθ = θ0−θ̂, the unknown phase in the complex amplitude is δβ = ∠ (s)−∠ (ŝ) and

the unknown component of the magnitude of the complex amplitude is δs = |s−ŝ|
s0

.

Therefore, Eθ0

{
eRMS

(
Wθ̂,θ0,θ0 − θ̂,∠ (s)− ∠ (ŝ) , |s−ŝ|

s0

)}
is indicated for var-

ious number of sectors and for Gaussian random matrices in Fig. 5.13. For

comparison, the CRLB under no perturbation and known complex amplitude of
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Figure 5.10: The averaged RMSE over parameter space of the proposed mea-
surement matrices in the chase of unknown complex magnitude and phase for 1o

perturbation level (δθ = 1o).

the proposed measurement matrices is also presented. It is observed that when

SSIC algorithm is utilized with NS ≥ 3, the proposed measurement matrices yield

improved estimation performance for the range of practical SNR levels. When

NS = 2 and NS = 1, the proposed measurement matrices are favorable after SNR

levels of 1.2dB and 2.5dB, respectively. The reasons behind such an observation

can be explained as follows. Under low SNR and NS < 3, the SSIC is tend to

provide higher RMSE compared to Gaussian matrices as illustrated in Fig. 5.16.

Thus, the performance of the proposed measurement matrices degrades below the

level of Gaussian matrices with the respectively higher levels of δθ, δβ and δs. As

SNR increases, the performance of the proposed measurement matrices enhances

with the lower levels of δθ, δβ. For NS ≥ 3, SSIC algorithm estimates θ0 and s

with sufficiently low levels of δθ, δβ leading the proposed technique outperforms

Gaussian matrices.
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space as a function of SNR, when SSIC is used with 6 number of sectors.

5.3 Performance of the Proposed Measurement

Matrix Design Algorithm for Surveillance

and Tracking

In this section, the surveillance and tracking performance of the proposed tech-

niques are assessed and compared with Gaussian matrices. The performance of

the proposed partitioning is discussed in Section 5.3.1. The ROC analysis of SSIC

algorithm is performed and compared with Gaussian matrices in Section 5.3.2.

Furthermore, in Section 5.4, the performance of the proposed adaptive track-

ing algorithm is demonstrated. In Section 5.5, the performance of the proposed

measurement matrices under the presence of multiple targets is investigated.
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parameter space as a function of SNR, when SSIC is used with 6 number of
sectors.

5.3.1 Performance of the Proposed Partitioning Tech-

nique

Suppose that θ̆g is a point in the surveillance scene, which lies on sector Sp, i.e.,

θ̆g ∈ Sp. The surveillance of sector θ̆g is conducted based on measurement matrix

Wθ̃p
. Therefore, Tr

{
J−1

(
Wθ̃p

| Ig = p, θ̆g

)}
is related to the surveillance per-

formance of a target with DoA θ̆g when it is monitored by measurement matrix

Wθ̃p
.

To investigate the performance of the proposed surveillance approach in an

effective manner, a metric measuring the optimality of the proposed partitioning
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Figure 5.13: The averaged RMSE of the proposed measurement matrices when
the design vector and the complex amplitude are estimated by SSIC with various
numbers of sectors at different levels of SNR.

technique is defined as follows:

O
{
θ̆g

}
=

Tr
{
J−1

(
Wθ̆g

, θ̆g

)}
Tr
{
J−1

(
Wθ̃b

| Ig = b, θ̆g

)} (5.10)

where Tr
{
J−1

(
Wθ̆g

, θ̆g

)}
refers to the case when a target with DoA θ̆g is de-

tected with the measurement matrix Wθ̆g
, i.e., the optimal case. It can be shown

that 0 ≤ O
{
θ̆g

}
≤ 1. Small values of O

{
θ̆g

}
correspond to low detection

probability whereas large values of O
{
θ̆g

}
are associated with high probability

of detection. When O
{
θ̆g

}
= 1, the proposed surveillance algorithm yields the

best possible performance.

In Fig. 5.14, O
{
θ̆g

}
is illustrated for a setup with NS = 6 sectors, where

N = 24 sensors are compressed to M = 2 measurements for each sector; hence

12 in total. The corresponding partioning of the parameter space is given in Fig.

5.15, where each sector is shown by a different color. In Fig. 5.14, it can be
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observed that O
{
θ̆g

}
is close to 1 around the 6 points where the measurement

matrices are designed for each sector,
{
θ̃1, ..., θ̃6

}
, as expected. Roughly speak-

ing, in the vicinity of the design points, i.e.,
∥∥∥θ̃b − θ̆g∥∥∥ < ε

(
θ̃b

)
, where θ̃b is the

corresponding design point of θ̃b and ε
(
θ̃b

)
is a constant depending on θ̃b, it is

observed that O
{
θ̆g

}
gets smaller as θ̆g gets away from θ̆b. In other words, in

the vicinity of the design points, O
{
θ̆g

}
is inversely proportional to the distance

from the design point. For the distant points from the design points, on the

other hand, O
{
θ̆g

}
is non-convex. As it is shown in Fig. 5.15, the proposed

partitioning technique yields non-convex sectors on the surveillance space.

In Fig. 5.16, the averaged CRLB over the parameter space is presented as

a function of NS

(
Eθ̆g

{
eRMS

(
Wθb|Ig=b, θ̆g

)})
. The averaged CRLB for the

optimal case, where each point on the surveillance space is monitored by the

measurement matrix designed on the same point, and for the random matrices

are also shown in Fig. 5.16. It is observed that after NS = 3 sectors, the proposed

measurement design matrices designed on the points computed by the proposed

portioning technique enhances the performance over the widely used random

matrices.

5.3.2 Receiver Operating Characteristics (ROC) Analysis

In SSIC algorithm, the proposed measurement matrices are used with M = 2

for NS sectors; hence 2NS measurements exists in total. For a fair comparison

of SSIC algorithm with the random Gaussian measurement matrices, a single

measurement matrix with M = 2NS measurements is generated.

To perform surveillance, a very similar approach to SSIC is followed except

that only one likelihood is computed using a single measurement matrix instead

of NS likelihoods in the case of SSIC algorithm. In Fig. 5.17 and Fig. 5.18,

the Receiver Operating Characteristics (ROC) curves are shown for both SSIC

algorithm and a similar surveillance technique using random matrices with NS =
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Figure 5.14: A normalized CRLB
(

O
{
θ̆g

})
of the partitioned parameter space

as a function of elevation (γ) and azimuth (φ) when 6 sectors are used by the
proposed partitioning technique.

3 and NS = 6 at the SNRs of 0dB and 3dB, respectively. It is observed that

SSIC provides improvements in detection performance especially at low SNRs.

As indicated in Fig. 5.17, SSIC with 6 measurements in total yields more accurate

detection results than using the random matrices with M = 12 (or M = 6).

5.4 Performance of Adaptive Target Tracking

via Proposed Measurement Matrix Design

To measure the adaptive target tracking performance of the proposed measure-

ment design algorithm described in Section 3.2, it is assumed that the initial

position of a target (θ1) is unknown at the first snapshot and it moves under

a constant velocity model. To estimate the DoA of a target at the ith snap-

shot, the measurements are captured through Wθ̂i|i−1 and WR, where Wθ̂i|i−1 is

the updated version of the previous DoA estimation via the underlying constant
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Figure 5.15: The corresponding sectors given Fig. 5.14, where each of them is
depicted with a different color.

velocity model. For an SNR of 3dB, the averaged RMSEs for DoA estimation

over the parameter space as a function of the snapshot number are illustrated

as Eθ0 {eRMS (WR,θ)} and Eθ0
{

eRMS

(
Wθ̂i|i−1 ,θ

)}
in Fig. 5.19 for the proposed

measurement design technique and the random matrices, respectively. At the first

couple of snapshots (e.g., i ≤ 3), WR provides slightly better performance due

to the distance between θ0 and θ̂0. As the difference between the estimated DoA

and the actual DoA at the previous snapshot decreases, the proposed adaptive

measurement design technique yields superior performance compared to random

matrices.
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Figure 5.16: The averaged CRLB over the parameter space as a function of the

number of sectors (NS)
(

Eθ̆g

{
eRMS

(
Wθb|Ig=b, θ̆g

)})
(green) and the averaged

CRLB for the random matrices (red).

5.5 Performance of the Proposed Multi-Target

Tracking Technique

In this section, the performance degradation of the proposed design technique is

analyzed for the multi-target case. Suppose that two targets are currently tracked

in the scene with the input signal at the sensor array being given by

x (θ1,θ2, s1, s2, t) = s1e
jω(t+τ (θ1)) + s2e

jω(t+τ (θ2)), (5.11)

where θ2 = θ2D + δI ; θ2D is the known design point for the second currently

tracked target and δI ∼ N (0, σ2
II). Under this signal model, the DoA of the

first target is estimated by via the ATSIC algorithm, i.e., by canceling the impact

from second target via its estimated position θ̂2.

In Fig. 5.20, Eθ0 {eRMS (Wθ1 ,θ1)} is demonstrated as a function the signal-to-

interference ratio defined as |s1|
2

|s2|2 for three different levels of σI ; σI = 50, σI = 10
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Figure 5.17: The ROC of the proposed technique with 6 and 3 sectors (blue),
the ROC of the proposed technique with Gaussian matrices using 6 and 12 sonsr
outputs (blue) under 0dB SNR.

and no interference (σI = 00). It is observed that although interference deterio-

rates the performance of the proposed measurement design to adaptively track a

target, it still provides more accurate results compared to the results for the ran-

dom matrices approach which are in fact obtained in the absence of interference.
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Chapter 6

Conclusions

In this thesis, DoA estimation problems are investigated within CS framework.

A novel anolog combiner scheme, unlike traditional methods in the literature,

is employed to compress the sensor outputs before analog-to-digital conversion.

Analog combiners are formulated as measurement matrices in the signal model.

Measurement matrices are designed in order to minimize the CRLB of a single

target, which provides a lower bound for the estimation of DoA. The minimization

problem of the CRLB is considered under the constraint, that imposes the gram

matrix of the measurement to be identity matrix, in order to avoid redundant

measurements and coloring the noise. The CRLB is first derived as a function

of DoA, measurement matrix and the complex amplitude of the input signal.

It is shown that the minimization of the CRLB tackles significant challenges in

analytical domain when the complex amplitude is taken as a nuisance parameter

in the Fisher Information matrix. Hence, a practical approach is followed, where

the complex amplitude is assumed to be known before the design of measurement

matrices. In this case, a fast closed form solution to the minimization problem

is proposed and it is proved that the proposed measurement matrices minimize

the CRLB for symmetric array alignments. It is also shown that it is sufficient to

minimize the CRLB using the measurement matrices consisting of 2 orthonormal

rows in total, that are allocated for elevation and azimuth.
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Novel surveillance (detection) and tracking (estimation) techniques that are

built upon the proposed measurement matrices are developed. Surveillance, aim-

ing to detect newly emerging targets in the scene, is performed by following a

sequential approach. The parameter space is split to MECE regions, as referred

to as sectors, so that the surveillance of each sector is conducted individually in

the consecutive snapshots. A GLRT-like algorithm called Sequential Surveillance

with Interference Cancellation (SSIC ) algorithm is proposed. SSIC algorithm

first cancels the interference from the previous detected targets. Then, for each

sector, the likelihood ratio is computed by using the estimated parameters over

the measurements that are captured via a carefully designed measurement matrix.

To design the set of sectors and the corresponding design vectors, a minmax type

optimization problem is formulated to ensure robust surveillance performance.

The sectors and the design vectors are formed so that the worst case performance

(maximum error) in the sectors are minimized. Since it is very challenging to

obtain a closed form solution for the formulated optimization problem, a greedy

type algorithm is developed. In the first step of the proposed partitioning algo-

rithm, the training set is generated by fine quantizatizing of the parameter space

and the initial design vectors are randomly designated. Then, using an iterative

approach, each vector in the training set is assigned to a design vector which

yields the minimum CRLB. Therefore, the set of possibly (non-convex) sectors

are formed. Afterwards, for each sector, the design vector of a sector is updated

so that the maximum CRLB within the sector is minimized. The convergence of

the algorithm is detected when the sectors and their corresponding design vec-

tors remained unchanged in successive iterations. Moreover, an adaptive target

tracking technique is introduced. For each snapshot, measurement matrices are

designed on the vector that is acquired by iteratively updating the estimated DoA

of the previous snapshot by a properly chosen state dynamics model.

The surveillance and tracking techniques developed for a single target are also

extended to the case of multiple targets in the scene. A novel tracking algorithm,

as referred to as Adaptive Tracking of Multiple Targets using Successive Inter-

ference Cancellation (ATSIC ), is proposed. ATSIC algorithm utilizes for each

target an adaptive measurement matrix that is designed on the predicted DoA
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of the corresponding target. ATSIC also cancels the interference employing a

SIC-type technique. An algorithm that combines SSIC and ATSIC to jointly

perform the surveillance and tracking in the scene is also introduced.

The performance of the surveillance and tracking techniques using the pro-

posed and Gaussian matrices are comprehensively evaluated and compared via

a set of simulations. It is shown that the proposed measurement matrix yields

0.43 of the RMSE achieved by Gaussian matrices, on average. It provides signif-

icant improvements especially for small and high elevation angles. It is possible

to obtain the same RMSE level achieved by Gaussian matrices under 15dB less

SNR when proposed matrices are utilized. In addition, it is demonstrated that

the proposed measurement matrices are robust against the perturbation in the

design vector from the actual DoA. The proposed matrices enhances estimation

performance if he perturbation in elevation and azimuth is less than 5.7o, which

is achieved by the proposed techniques at the most of feasible SNR ranges. The

impact of unknown complex amplitude is also investigated. It is illustrated that

if the perturbation in the design vector is less than 3o, the proposed technique

outperform Gaussian matrices independently of any level of uncertainty in the

complex amplitude. For higher level of perturbation, it still tend to provide per-

formance improvements over Gaussian matrices depending on the unknown phase

of the complex amplitude. Most importantly, it is demonstrated that using the

proposed measurement matrices leads significant performance enhancement over

Gaussian matrices in real-case scenario, where the initial DoA and the complex

amplitude are first estimated by SSIC and the measurement matrices are de-

signed on initial DoA estimation. When more than 2 sectors are used in SSIC ,

the performance of Gaussian matrices are exceeded at all SNR levels. For less

than 3 sectors, the performance of Gaussian matrices are still exceeded at all

SNR levels grater than 1.5dB. Furthermore, it is shown that the proposed mea-

surement matrices provide better ROC curves in the sense that it provides higher

true detection probabilities for most of false positive levels.
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Appendix A

Derivation of the CRLB for a

Single Source with Known

Complex Amplitude

In this part, the CRLB for θ is derived when the complex amplitude s is known.

To begin with, the mean vector and covariance matrix of y can be derived as

follows. If n ∼ N (0, σ2
nIMNT ), where IMNT is an MNT ×MNT identity matrix,

then y ∼ N (µy (θ) ,Σyθ), where

µy (θ) = En {y}

= En {W (W ) Ψ (θ,P , t) s+ n}

= En {W (W ) Ψ (θ,P , t) s}+ En {n}

= W (W ) Ψ (θ,P , t) s

= (INT ⊗W )
(
ejωt ⊗ ejωτ (θ)

)
s

= s
(
ejωt
)
⊗
(
W ejωτ (θ)

)
(A.1)
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and

Σy = En

{
(y − µy) (y − µy)H

}
= En

{
(µy + W (W )n− µy) (µy + W (W )n− µy)H

}
= En

{
W (W )nnHWH (W )

}
= W (W ) En

{
nnH

}
WH (W )

= W (W )σ2
nIMNTWH (W )

= σ2
n (INT ⊗W )

(
ITNT ⊗W

H
)

= σ2
n (INT INT )⊗

(
WWH

)
= σ2

nIMNT (A.2)

under the assumption of WWH = IN . Then, for DoA θ and measurement

matrix W , the Fisher Information Matrix (FIM) J can be written as [59]

J (W ,θ) =

[
Jγ (W ,θ) Jγφ (W ,θ)

Jγφ (W ,θ) Jφ (W ,θ)

]
, (A.3)

where

Jγ (W ,θ) =
∂µy (θ)H

∂γ
Σ−1
y

∂µy (θ)

∂γ
+

1

2
Tr

{
Σ−1
y

∂Σy

∂γ
Σ−1
y

∂Σy

∂γ

}
, (A.4)

Jφ (W ,θ) =
∂µy (θ)H

∂φ
Σ−1
y

∂µy (θ)

∂φ
+

1

2
Tr

{
Σ−1
y

∂Σy

∂φ
Σ−1
y

∂Σy

∂φ

}
, (A.5)

Jγφ (W ,θ) =
∂µy (θ)H

∂γ
Σ−1
y

∂µy (θ)

∂φ
+

1

2
Tr

{
Σ−1
y

∂Σy

∂γ
Σ−1
y

∂Σy

∂φ

}
. (A.6)

Using ∂Σy
∂γ

= 0 and Σ−1
y = 1

σ2
n
IMNT Jγ (W ,θ) can be further expanded as

62



follows

Jγ (W ,θ) =
1

σ2
n

∂µy (θ)H

∂γ
IMNT

∂µy (θ)

∂γ

=
|s|2

σ2
n

((
ejωt
)H ⊗((∂ejωτ (θ)

∂γ

)H
WH

))

·
((
ejωt
)
⊗
(
W

∂ejωτ (θ)

∂γ

))
=
NT |s|2

σ2
n

(
∂ejωτ (θ)

∂γ

)H
WHW

∂ejωτ (θ)

∂γ

=
1

c0

(dγ (θ))HWHWdγ (θ) (A.7)

where

c0 =
σ2
n

NT |s|2
(A.8)

dγ (θ) =
∂ejωτ (θ)

∂γ
=
ω

c

(
P T
n

∂ζ (θ)

∂γ

)
⊗ ejωζ(θ). (A.9)

Using a similar derivation process, it can be shown that

Jφ (W ,θ) =
1

c0

(dφ (θ))HWHWdφ (θ) , (A.10)

Jγφ (W ,θ) =
1

c0

(dγ (θ))HWHWdφ (θ) , (A.11)

where

dφ (θ) =
ω

c

(
P T
n

∂ζ (θ)

∂φ

)
⊗ ejωζ(θ). (A.12)

Then, it can be shown that trace of 2× 2 inverse Fisher Information is

Tr
{
J−1 (W ,θ)

}
=

Jγ (W ,θ) + Jφ (W ,θ)

det (J (W ,θ))

=
Jγ (W ,θ) + Jφ (W ,θ)

Jγ (W ,θ) Jφ (W ,θ)− (Jγφ (W ,θ))2 , (A.13)

where det (.) denotes determinant operator.
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Appendix B

Derivation of the CRLB for a

Single Source with Unknown

Complex Amplitude

When the complex amplitude s in (2.1) is unknown, the Fisher Information matrix

becomes a 3 × 3 matrix where 3rd row and column are allocated to nuisance

parameter s as the following

J (W ,θ, s) =

[
J (W ,θ) (Js,γφ (W ,θ, s))H

Js,γφ (W ,θ, s) Jss (W ,θ)

]
, (B.1)

where J (W ,θ) is as in (A.3) and

Js,γφ (W ,θ, s) =
s

c0

[
(dγ (θ))HWHW ejωζ(θ)

(dφ (θ))HWHW ejωζ(θ)

]
, (B.2)

Jss (W ,θ) =
1

c0

(
ejωζ(θ)

)H
WHW ejωζ(θ). (B.3)

Suppose that the inverse FIM consists of submatrices in the following form:

J−1 (W ,θ, s) =

[
J−1
γφ (W ,θ, s)

(
J−1
s,γφ (W ,θ, s)

)H
J−1
s,γφ (W ,θ, s) J−1

s (W ,θ, s)

]
, (B.4)
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where J−1
γφ (W ,θ, s) is the 2 × 2 matrix corresponding to the CRLB of γ and

φ, J−1
s,γφ (W ,θ, s) is 2 × 1 is the matrix representing correlation terms and

J−1
s (W ,θ, s) is the CRLB of nuisance parameter s.

Using simple block inversion formula [60], it can be shown that the CRLB

corresponding to the parameter of interest θ is

J−1
θ (W ,θ, s) =

(
J (W ,θ)− Js,γφ (W ,θ, s)

1

Jss (W ,θ)
(Js,γφ (W ,θ, s))H

)−1

=

[
Jγ (W ,θ, s) Jγφ (W ,θ, s)

Jγφ (W ,θ, s) Jφ (W ,θ, s)

]−1

, (B.5)

where

Jγ (W ,θ, s) = Jγ (W ,θ)−

∣∣∣(dγ (θ))HWHW ejωζ(θ)
∣∣∣2

(ejωζ(θ))
H
WHW ejωζ(θ)

(B.6)

Jγφ (W ,θ, s) = Jγφ (W ,θ)−
(dγ (θ))HWHW ejωζ(θ)

(
ejωζ(θ)

)H
WHWdφ (θ)

(ejωζ(θ))
H
WHW ejωζ(θ)

(B.7)

Jφ (W ,θ, s) = Jφ (W ,θ)−

∣∣∣(dφ (θ))HWHW ejωζ(θ)
∣∣∣2

(ejωζ(θ))
H
WHW ejωζ(θ)

, (B.8)

as Jγ (W ,θ) , Jφ (W ,θ) and Jγφ (W ,θ) are defined in (A.7),(A.10) and (A.11),

respectively.
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Appendix C

The Derivative of Steering

Vectors with respect to Elevation

and Azimuth

The cross-correlation terms in the Fisher Information matrix is claimed to be zero

when the proposed measurement matrices are used in Theorem 1. Proposition 2

proves such a claim.

Proposition 2. For symmetric array alignments, the derivative of steering vec-

tor with respect to elevation and azimuth, as defined in (A.9) and (A.12), are

orthogonal, i.e., dγ (θ) ⊥ dφ (θ) = 0.
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Proof.

dγ (θ) ⊥ dφ (θ) = dγ (θ)H dφ (θ)

=

(
∂ejωτ (θ)

∂γ

)H
∂ejωτ (θ)

∂γ

=
(
ejωτ (θ)

)H
diag (P

∂ζ (θ)

∂γ
) diag (P

∂ζ (θ)

∂φ
)ejωτ (θ)

=
(
ejωτ (θ)

)H
Dejωτ (θ)

= N Tr {D} , (C.1)

= 0, (C.2)

where Tr {D} = 0 for a symmetric array.

Therefore, the proposed measurement matrices provide zero cross-correlation

terms in the Fisher Information matrices.
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