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ABSTRACT

The main goal in this dissertation is to search conditions to construct binary self-
dual codes of length 2*.n, as images of self-dual double-circulant codes over R, of

length n. In this work, the structure of the ring R, and self-dual codes are studied.
Projections and lifts in R, are investigated. The lifts of double-circulant self-dual codes
over R, are mapped to binary self-dual codes via the Gray map. As a result, double-
circulant self-dual codes over the ring R, are classified.

Keywords: Self-dual codes, the ring R,, lifts and projections, Gray map, double-
circulant self-dual codes over R, .
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Bu bilimsel galismadaki ana hedef, 2.n uzunlugundaki ikili self-dual kodlarm,
R, halkasi iizerinde n uzunlugundaki ¢ift-devirli self-dual kodlarin goriintiisii olarak

insa edilmesi i¢in gerekli olan sartlarin aragtirilmasidir. Bu ¢caligmada R, halkasinin ve
self-dual kodlarm yapisi ¢alisildi. R, halkasindaki izdiigiimler ve tagimmmalar arastirildi.
R, daki cift-devirli self-dual kodlarin tagmmalart Gray map lizerinden ikili self-dual
kodlarla eslestirildi. Sonug¢ olarak, R, halkas: iizerinde cift-devirli self-dual kodlar
smiflandirildi.

Anahtar Kelimeler: Self-Dual kodlar, R, halkasi, tagmmalar ve izdisiimler, Gray
fonksiyonu, R, iizerinde cift devirli self-dual kodlar
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CHAPTER 1

INTRODUCTION

1.1 HISTORY

Coding theory began with Claude Shannon’s 1948 paper “ A Mathematical
Theory Of Communication” for the transmission problem of digital information

securely. So that errors that occur during the transfer can be recognized and detected.

In the early periods, the theory of error correcting codes was all done over the

binary field F, which has two elements and called binary codes. Linear codes are

convenient in constructing, encoding and decoding codes. Hence they are the most
widespread studied types of codes. In the beginning of 90’s codes over rings have been

started to use.

After the publication of “The Z, — linearity of Kerdock, Preparata, Goethals and

related codes” by Hammons, Calderbank, Kumar, Sloane and Sole in 1994, codes over
rings have been studied extensively. This paper introduced a way obtaining good

nonlinear binary codes from linear codes over Z, by using a weight preserving Gray

Map which was defined from Z] to Z2".

In 1999, Dougherty, Gaborit, Harada and Sole defined a Gray Map which was a

linear isometry from R onto F." (R1 =T, +u]F2) in the paper “Type II codes over
F, +uF,” The Gray Map which preserves weight and self-orthogonality was defined as

¢(x+uy)=(y,x+y) inthis paper where x,y e F;..



In 2010, the ring R,, which is not a chain ring but is a commutative Frobenius

ring was studied and linear codes over this ring are defined by Yildiz and Karadeniz.

Then they studied self-dual codes over R, .

In this thesis, using the defined Gray map we will search the conditions to
construct binary self-dual codes of length 2*.n, as images of self-dual double-circulant

codes over R, of length n.

1.2 BASIC DEFINITIONS

Firstly, we start with basic definitions of coding theory. We refer to [16] and [17]

for more.

Let IF, be the field on g elements. A linear code C of length n is a subspace of

the vector space F,'. If the dimension of the code is k then C is called [n,k]—code

over F, and the g* elements are called codewords which are denoted by ceC. The

code C is named a g-ary code. If q=2, the code is called binary and if q=3 then

ternary code.

The Hamming weight wt(x) of a codeword x:(xl,xz,...,x ) is the number of

n

nonzero coordinates and the Hamming distance (minimum distance) is defined to be the

number of coordinates that differ between two vectors Xx=(X,X,,...,X,) and

Y=(Y1.Yar-r ¥n) 18,
dyy (%) =Kilx # %}
where x,y e IF;'. Notice that

dy (%, y)=w, (x-y), Vx,yeF,.

The minimum weight of a linear code is C defined as below:



w(C) = min {w(E)\ ceC,c#0}
Example 1.1. Consider the binary linear code C ={0000,1011,0101,1110}.

We can see that

w,, (1011) =3, w, (0101) =2, w,, (1110) =3

Hence d(C)=2

Example 1.2. Let A={0,1,2} and x =21101, y =20001 and z =12201 then

d(x,y)=2,d(x, z)=3d(y, z)=3

The minimum distance of a code is an important and useful charecteristic which

gives us information about the error-correcting capacity of the code; a code whose

minimum distance d can detect d —1 errors and correct up to e = [TJ errors.

Let C be a code of length n, size M and distance d, then C is said to be

(n, M ,d)—code. The numbers n, M and d are called the parameters of the code and

the linear code C of length n which has dimension k, is denoted by [n,k,d]—code.

The dimension k determines the size of the code for linear codes. In addition to this,
the minimum distance equals to the minimum weight for linear codes. Using this result

we can easily find d (C) without being compelled to do lots of comparisons between

the codewords.
The inner product of two codewords x and y in I, is defined as

<4 % X )i (Yo Vare o Yo ) > = XYL HX Y, +ot XY,

where the operations are done in I, .



A matrix whose rows form a basis of C is called generator matrix of this code. The

dual code of C is defined to be

CL:{XEF;

<x,y>:iznl“xiyi :O,VyeC}

Example 1.3. Let S ={v,,v,,v,} = F; and the vectors v,,v,,v, are as below:
v, =(110,1,0), v, =(0,1,0,1,1) and v, =(1,1,1,1,0)

Now, let us find the dual code S* of the code S.

Let v=(X,X,, %X, X,,X) €S, then

(V\v)=0 = X +X%,+X%, =0

(V\V,)=0 = X, + X, +% =0

(VV3) =0 = X +X, +X + X, =0

The results are below:

X, =0, x =a, X, =b, X, =a+b, X, = a where a,beF,.

Sov=(ab,0,a+b,a)and S* ={(a,b,0,a+b,a)| a,beF,}.

1.3 OVERVIEW OF THE THESIS

In Chapter 2, basic information about self-dual codes are given. You can see a few

examples at the end of the chapter.

In Chapter 3, the ring R, is introduced and the properties of self-dual codes over

the ring are investigated. Lee weight of the elements and the distance preserving natural



Gray map from the ring to the binary field are defined. The basics of the rings R, and

R, are examined specifically. Projections and lifts of codes are defined.

In Chapter 4, definitions and kinds of circulant matrices are defined. Special
structures of double-circulant and bordered double-circulant matrices which can be used
to construct self-dual codes are given, respectively. A new method to construct self-dual

double-circulant codes over R, as lifts of binary self-dual codes is introduced.

In Chapter 5, we tabulated our results which are obtained by the construction

method we developed.



CHAPTER 2

SELF-DUAL CODES

In this chapter, we give some of the elementary properties of linear codes
especially self-dual codes which are interesting class of codes and related to many

different branches of study such as designs, lattice theory, invariant theory and
cryptography.

Definition 2.1. A, kxn generator matrix of a code C is shown as G =[I,| A] in

standard form where |, denotes the k xk identity matrix.

If C<C* then C is called self-orthogonal and C is said to be self-dual if C=C*

Since the dimension of a code plus that of its dual add up to the length, a self-dual

code must be a [2k, k] linear code for some k. Therefore self-dual codes exist at even

lengths whereas self-orthogonal codes may exist at any length.

Some properties of self-orthogonal and self-dual codes are given below:

e Ifacode C is self-orthogonal then dim(C)<

NS

e |facode C is self-dual then dim(C):

NS

e The information rate for a self-dual code is always %



e In a self-dual code each codeword is orthogonal to itself thus every codeword
has an even weight. Hence, the minimum Hamming weight of a self-dual code is
even.

e The generator matrix of a self-dual code is equivalent to a matrix in the form

[1,,,| Al where A isthe DD matrix such that AAT =1 ,.
2 2

Proposition 2.1. If C is a linear [n,k] code with generating matrix G =[I,, A] then
C" is a linear [n,n—k] code with generating matrix H :[—AT, In_k]. Moreover, G
whose rows form a basis for C is a parity check matrix for C*. In other words,

G.H™ =0.

Now, let us see an example:

1 0 0 1
Example 2.1. Let C be the binary code with generating matrix G :{O 11 0 }

1 10
Using the proposition 2.1., we obtain the matrix H :{ } as the generating

1 0 0 1

matrix of C*.

The rows of G and the rows of H generate the same subspace. Therefore, C=C"

which means that C is self-dual.

Definition 2.2. A self-dual binary code is called singly even (Type I) in which there is at

least one codeword with weight not divisible by 4.

A self-dual binary code is called doubly even (Type II) in which the weight of

each codeword is divisible by 4.

A doubly even self-dual code exists if and only if n=0(mod 8).

An upper bound for the minimum distance d of an [n,n/2] self-dual code is

given by Rains in the following theorem:



Theorem 2.1. [25]

4{1J+6 ,n=22(mod 24)

24

d<

4[1J+4 , otherwise
24

A self-dual code which meets the bound is called extremal and a self-dual code
whose d is the maximum possible minimum distance among all self-dual codes of a

given length is called optimal.

The weight enumerator of a self-dual code is the polynomial that shows the
number of codewords of each weight and gives us information about minimum weight
of C:

The weight enumerator W =W (C) of a code C is the polynomial
We(xy) =D Ax""y'v
i=0
where A is the number of codewords in C with weight i and x, y are indeterminates.

Note that wt(u) denotes the Hamming weight and

W, (x,y) = 3 x""OymO

ueC

And by writing x =1, we can write the weight enumerator in one indeterminate v,
A(Y) =W (Ly) =W (y) =D AY
i=0
The weight enumerator of the dual code C* is

> AXy! =ﬁi‘\‘“ Y (x— y)



Theorem 2.2. [18]

If C isan [n,k] binary linear code with its dual C*, then

W_, (X, y):ﬁwc(x+ y,X—Y) (2.1)

where |C| is the size of the code C. Equivalently,

S AxEyE = LS A (xry) (e y) 2.2)
k=0 |C| i=0

Equations (2.1) - (2.2) are called the MacWilliams Identities.
We complete this part with examples of binary self-dual codes.

Example 2.4. The code C={(0000),(1001),(0110),(1111)} is generated by the

generator matrix

1 0 0 1
G:{O 1 1 O}isa[4,2,2] binary self-dual singly even (Type I) code.

Example 2.5. This matrix below in standard form generates [8,4,4] extended binary

Hamming code.

o O o K
o o R, o
o r o o
P O O o
e =
N o T SN SN
o T SN ST
N = =

Extended Hamming code which is generated by G contains 16 codewords which are

given below:

00000000 10001110 01000111 00101011
00011101 11001001 10100101 10010011
01101100 01011010 00110110 11110000
11010100 01110001 10111000 11111111
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The weight enumerator of this code is,
W, (2) =1+147*+7°

Each codeword in C is orthogonal to itself thus every codeword has an even
weight, furthermore the weight of each codeword is divisible by 4 so C is doubly even

(Type II) self-dual code. As the code meets the Rains’s bound C is extremal.

Example 2.6. The [24,12,8] extended binary Golay code which is an extremal doubly
even (Type /1) self-dual code can be generated by 12x24 matrix G =[1, A] where |

is the 12x12 identity matrix and A is the following matrix below:

P O, O O O R B P O R K
P P OF OO0 ORFR Rk KB O K
P P PO FP OO0 O0OFR KL EFE O
P O R, P ORF OO0 O R, Rk k.
P P OFR, P OFP, OO0 O R K-
P P PO R, FP ORF OO O K
L = T = = = R o R o)
P O R, P P OPRFRP P OLPRFP OO
P O O kR P P ORFR PFP O F O
P O O O R kP P OPRFR R O K
P P OO O R PR EFPL OBRPRFELR O
O R P P R R R R R R R




CHAPTER 3

THE RING R, AND SELF-DUAL CODES OVER R,

In [2], it was shown that interesting binary codes could be found as images of

linear codes over Z, under a non-linear Gray map and another Gray map was defined
in [3] from a ring of order 4 called F, +ul,. The Gray map for this ring is linear so the

binary images are linear codes that contain fixed point in their automorphism group that
correspond to multiplication by the unique non-trivial unit 1+u in the ring. This ring

and its corresponding Gray map was generalized to codes over F, +UF, +VF, +uvF,

with a linear Gray map by Yildiz and Karadeniz in 2010.

In this chapter we introduce the ring R, and define self-dual codes over this ring.

The ring R, is defined in [4] as follows:
R =F[u,u,,...,u,]/<u? =0,uu; =uu, >
If k=0 thering is R, =T,
If k=1theringis R, = F, +uF,
If k=2 thering is R, =F, +UF, +VF, +uvF,
The ring R, can also be defined inductively as

R =R.lul/<ui=0uu, =uu >=R  +uR,, j=12.. k-1

11
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The order of the ring R, is given by the following lemma:

Lemma 3.1. [4] The ring R, is a commutative ring with |R | = o)

This ring is a Frobenius ring which was proved in [1]. Codes over Frobenius rings
satisfy both Mac Williams theorems which was shown in [5]. See [5] for results on

codes over Frobenius rings.

Consider the ideals (u,) and (u,) neither ideal contains the other and hence are
not in a chain giving that the ring is not a chain ring for k >1. R, is not principal for

k >1. since it is easy to see that the maximal ideal is not generated by a single element.

Lemma 3.2. An element of R, is a unit if and only if it contains the constant term 1.
Moreover, each unit is its own multiplicative inverse. And also

u,u,..u ,if uis a unit
VaeR, a.(ul,uz...uk):{ Lk

0 , otherwise .
For example, the units in R, are 1 and 1+u and O,u are non-units in R,. And also

the multiplicative inverse of 1 is 1 and the multiplicative inverse of 1+u is itself.

Lemma 3.3. [1] The ring R, is a local ring with unique maximal ideal m, =

Iul,u2 ..... U ?

R

this ideal contains all non-units and has |m,|= >

The inner product over R, is defined as [v,w] :Zvivvi and the dual C* of C is

Cl={Ve R/

[v,w], =0 forallw eC}. By the results in [5], we have that since this

ring is a Frobenius ring any linear code C satisfies |C|.‘CL‘:|RK|”.

Before defining Gray map we introduce some of the well-known weight

functions:
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The hamming weight, which is mentioned before, can be formulized as

0 ,if x=0
1 , otherwise.

w, (X) = {

The Lee weight on Z,, which we will denote by w, is defined as

0 ,if x=0
w, (x):=92 , if x=2
1 , otherwise.

The Lee weight w, of a codeword is the Hamming weight of the image of the

codeword under a linear weight preserving Gray map ¢, from R to Iﬁ‘fk” which maps
self-dual codes over R, of length n to binary self-dual codes of length 2.n. We can

define the Gray map as

¢ (c)= (@—1 () 42 (T)+ 4 (S ))

where TeR], T=C+uc, and C, ,C,eR,

Here ¢, is the identity map on F,. Note that an inductive argument shows that ¢, is
one-to-one and that w,_(u,)=2" for each A < {1,2,...,k}.See [1] for details. The

Gray images of self-dual codes over R, are binary self-dual codes by the following

lemma from [10]:

Lemma 3.4. [10] If C is a self-dual code over R, of length n, then @(C) is a binary

self-dual code of length 2n. The Lee weight distribution of C and the Hamming
weight distribution of ¢k(C) are the same. In particular, if C is Type I, then so is

¢, (C)and the same is true for Type II codes as well.

By using the lemma above, we can easily say the following:
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If C is a self-dual code over R, of length n; for k=1, ¢ (C) is a binary self-dual

code of length 2n and for k=2, ¢, (C) Is a binary self-dual code of length 4n.
The following theorem is about the dual of ¢(C):

Theorem 3.1. [4] Let C be a linear code over R, of length n. Then

with (qﬁ(C))L denoting the ordinary dual of (#(C)) as a binary code.

Now, we introduce the basics of two rings R, and R, specificially.

3.1 THE RING R,

The ring R, is a commutative chain ring F, +uF, ={0,1u,1+u} with u®=0.

This ring of characteristic 2 were used to construct quaternioic unimodular lattices in

[6]. For x,y,z,t €, we can define addition and multiplication as
(x+uy)+(z+ut)=(x+2z)+u(y+t)

and
(x+uy)(z+ut)=xz +u(xt+yz)

The only units in R, are 1 and 1+u. R, is a local ring with a maximal ideal given

by I, ={0,u}. A linear Gray map from R to F;" was defined in terms of vectors as
p(x+uy)=(y,x+y)

which turned out to be a linear distance preserving map where X,y € F,.
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Using this map we obtain the images of the elements of R, as follows:

#(0)=(00), ¢ (1)=(01), ¢ (u)=(11), ¢ (1+u)=(10)

And the corresponding Lee weights are w, (0)=0, w, () =1, w (u)=2, w,_ (1+u)=1.
It is obviously seen that the Lee weight of a codeword is the same as the Hamming

weight of the image of the codeword under the Gray map.

Example 3.4. Let ce R’ = x+uy where X,y e F;.

c=(Lu)=|1110,0,1|+u| 0,140,010
~— —

X y
Then the Gray image of ¢ is

@(6) = ¢1(>_<+u 9) =(0,,0,0,1,0,1,0,1,0,1,1)

Observe that w, (E) =w, (¢1 (c)) =6

In [2] it was shown that any code over R, is permutation-equivalent to a code C

with the generator matrix
.. l, A B +uB,
0 ul ub
where A, B, B, and D are matrices over F, .

It is still an open problem to generalize the generator matrix of a code C which is

permutation-equivalent to any code over R, for k >1.

The authors in [3] associated two binary codes: the residue code C,, and the

torsion code C,, as follows:



Cy :{XEIF2"| Jyel| x+uyeC}
and

Cp ={xeF}|uxeC}
A generator matrix of C,, is

G =(l, A B)

and a generator matrix of C, is

6. ., A B
0 I, D

The order of C is

(@)

IC|=|C,||C,| = 242"+ = 2%+ = 442,

3.2THERING R,

16

The ring R, =F, +uF, +VEF, +uvE, which is an extension of R, was first

introduced by Yildiz and Karadeniz in 2010 and later they studied self-dual codes over

R,. The ring R, is a characteristic 2 ring with the restrictions u? =v? =0and uv=wu.

So R, is defined as follows:

RZ:{a+bu+cv+duv a,b,c,d eF,, u*=v* =0 and uv:vu}

By the definition above it can be seen that R, is a 4-dimensional algebra over F, .

And also it can be defined in terms R, as
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R, = Ri[v]/<u2 =Vv? =0, uv:vu>.

The 16 elements of the ring R, can be listed as {0,1,u,v,uv,1+u,1+v,1+uv,

u+v,u+uv,v+uv,1+u+v,u+v+uv,1+u +uv,1+v+uv,1+u+v+uv}.
Addition and multiplication in R, are given by:
For x=a,+bu+cv+duv and y=a,+bu+c,v+d,uv eR,,
x+y=(a+a,)+u(b +b,)+v(c +c,)+uv(d,+d,)
and
x.y =aa, +u(ab, +ab,)+v(ac, +a,c )+uv(bc, +b,c +ad, +a,d,)
The units of F, +UuF, +VF, +uvE, can easily be found to be the following:
{L1+u,1+v,1+u+v,1+u+uv,1+V+uv,1+uv,1+u+v+uv}

The ideals of the ring R, can be described as

0,u,uv,u+ v},
={0,v,uv,v+uv},
R,)={0,u+Vv,uv,u+v+uv},

u
| ={OU ,uv,u+Vv,u+ uv, v+ uv, U+V+UV}

It is obvious to see that

lhcl, el cl,clh=R,

0 u? “v? tu+v

We can observe that I, 1, and I, & I, thus R, is not a chain ring. |, is the only

maximal ideal of R, so it is a local ring.
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In [7], Yildiz and Karadeniz, defined the map ¢, : R} — F,"given by
b, (X-+uy-+vz+ut) = (L Z+L Y+t X+ y +2+1)

as the Gray map from R} to IF," by extending from the Gray map on R, from [3]. Now,

let us see an example:

Example 3.5. Let ce R, =(>_(+u §/+vi+uvfj where X,y,z,t eF,.

Then the Gray image of ¢ is
¢, (é)z@(hu §/+v2+uvfj:(0,0,0,1,0,0,1,1,0,1,0,1,1,1,1,1,)

It is clear that ¢, is a linear map that takes a linear code over R, of length n to a binary
linear code of length 4n. By using the map ¢,, the Lee weight w, was defined in [4] as

follows:

Definition 3.1. For any element x+uy+vz+uvt € I, +Ul, +VEF, + uvF, ,
W, (X+Uy+VZ+uvt) =W, (X+y+Z+t,z+t, y+1,1)

By using the definition 3.1, we can see that there is only one element (0) of R,

whose weight is 0 and

there are four elements whose weights are 1 (1,1+ u,1+v,1+u +v+uv) :

six elements whose weights are 2 (u,v,u +V,u+Uuv,v+uv,u +v+uv),
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four elements whose weights are 3 (1+uv,1+u-+uv,1+v+uv,1+u+v)

and one element whose weight is 4 (uv).

3.3 SELF-DUAL CODES OVER R,

Codes over rings were first studied in [4]. Later when rings became more popular
in coding theory, the scope of self-dual codes extended to rings, too. We can refer to
[7], [11], [19] and [20] for some of these works. See [8] for the works about the
theoretical backround of self-dual codes over Frobenius rings.

In this section, we give important properties of self-dual codes over R, .

Definition 3.2. [7] Let C be a linear code over R, of length n. C is said to be self-

orthogonal if C < C* and self-dual if C=C*

The following 3 theorems are about the existence of self-dual codes over R, :

The existence of a self-dual code implies by Lemma 3.2 in [8], that

Theorem 3.1. Self-dual codes over R, exist for all lengths and for all k >1.

We observe that the theorem above, implies that Type I codes over R, of all

lengths exist. For Type II codes we have the two following theorems:
Theorem 3.2. [11] Type II codes over R, of all lengths exist for any k > 3.
Theorem 3.3. [11] Type II codes exist over R, for all even lengths.

And now we give a corollary about the upper bounds for the minimum Lee

weights of Type I and Type II codes over R, :
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Corollary 3.1. Let d, (n,1) and d_(n,Il) denote the minimum distance of a Type I

and Type II code over R, of length n, respectively. Then for k > 2, we have

d, (n1), d (n11) < 4.F;”J+4

Another observation appears as Proposition 3.5 in [3]:

Theorem 3.4. If C is a self-dual code over R, then C contains the all u,,u,,...,u,

vector.

The following lemma [11] is about obtaining a self-dual code over R, ; by using

the self-dual code C over R, :

Lemma 3.5. If C is a self-dual code over R, of length n then ¢, (C) is a self-dual

code over R, , of length 2n.
Now, we are ready to see some examples.

Example 3.6. For n=1 : We take C,= <(u)>. C, is self-dual of size 4 with Lee

weight enumerator W, (z)=1+2z°+2z" and ¢,(C,) is a binary Type I code with

parameters [4,2,2] which is the best possible binary Type I code.

For n=2: Take C,=<(11)>. C, is self-dual with Lee weight enumerator

W, (z) =1+4z* +62" +4z° +z° and therefore ¢,(C,) is a binary Type I code with

parameters [8,4,2] which has the highest possible minimum distance for a binary Type I

code of length 8. See the results in [7] for n=3,4,5,6,7,8.
Next, we consider Type II codes over R, for n=2 and n=4.

Example 3.7. n=2: Take D,= <(Ll+uv)>. D, is self-dual, with Lee weight

enumerator W, (z)=1+14z"+2z" and thus ¢,(D,) is a binary Type II code of
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parameters [8,4,4] which is extremal and unique, as it is the extended Hamming code of

order 3.

n=4: Take D,= <(L1+uv,1+u,l+u+uv),(0,0,1+u,l+u+uv)>. D, is
self-dual, with Lee weight enumerator W, (z)=1+28z" +1982° + 28z +7'° and thus
¢,(D,)is a binary Type II code of parameters [16,8,4] which is extremal by Corollary

3.1. See the results in [7] for n=6,8.

3.4 PROJECTIONS AND LIFTS IN Ry

R.; =R /{u;) was defined in [10] as follows:

For 1<i<k,

2 2 2 2
Rei =F[U, Uy, Uiy Uy U ] /<UD U U, U >

Notice that R, = R, and the ring R, ; is isomorphic to R, , forany i=12,....k . For
example,

Rz,z =R =F, +uF,

R, =F, +U,F, +U,F, +u,u,lF,,

ngz =F, +uF, +u,F, + uulk,,
R4, . =F +uF, +u,F, + WEF, +uulF, +uulF, +u,uF, +uu,ul,

Now, we define projections r,;:R,— R, ; which is the canonical projection

where 7, ;(a)=a(mod u,). For example,

gy (14U, +U, + U U, +UyUy +U,UU ) =1+ U, +U,U,
7y 5 (14U + U, +UU, +U,Uy +UyU,Uy ) =1+ U,

g5 (14U, +U, + U, +U,Uy +UU,U, ) =1+U, +U, +U,U,
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The map 7, ; can be extended to R;'. Hence, if we have a linear code C over R,

of length n, then 7, ; (C) is a linear code over R ; of length n.

Definition 3.3. [10] Let C be a linear code over R, and D be a linear code over

R.; suchthat 7, ;(C)=D forsome i. Then we say D isa projection of C and C isa

lift of D.

Theorem 3.5. [10] If C is a self-dual code over R, of length n, then 7z, ;(C) is

self-orthogonal for any i =1,2,...,k .
See [10] for the proof.

The projection of a self-dual code over R, need not to be self-dual over R, ;. For

example, C =(u,) is a self-dual code over R, but z,,(C) is the zero code which is not

self-dual.
The following corollary is about the projection of a free code C :

Corollary 3.2. [10] If C is a self-dual code generated over R, by a matrix of the

form [In,2| A} then the projections of C are self-dual in R ; forall i=1,2,...k.

The following theorem contains the conditions of having a common lift in R, for

given k elements, one ineach R ; for i=12,.. k.

Theorem 3.6. [10] Let &,a,,..., be elements in R ,,R,,..R,, respectively.

Then there exists ae R, such that z,,(a)=a, for i=12,.,k if and only if for any

0< j<k and for any {il,iz, i } < {12,..,k}, the term u,u;,..u; appears in either

el

none of the a,s. or in exactly k— j of the a's. Here j=0 corresponds to the term 1.
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For example, if a, =1+u, +u, eR,;, , & =1+u, +uu, e R, and
a;, =1+u, +uu, € Ry, , then it is seen that all the conditions of the theorem are

satisfied and we see that a = 1+u, +u; +uu, +uu; and 7, (a)=4a for i=12,3
The existence of how many different lifts is given by the following theorem:

Theorem 3.7. [10] Suppose that a, e R ; for i =1,2,...,k are given such that they

have a common lift in R,. Then there exist exactly two lifts of a,a,,..,a, to R,

denoted by a and a'=a+u,u,...u,.

Observe that the projections of a self-dual code are also self-dual but not all lifts

are self-dual.



CHAPTER 4

DOUBLE-CIRCULANT SELF-DUAL CODES

4.1 CIRCULANT MATRICES AND CODES

Definition 4.1. The circulant matrix V =circ{v} associated to the vector veR" is the
nxn matrix whose rows are given by iterations of the shift operator

T (V) =(Vy g, Vo, Vhreens Vi, ) acting on v; its k™ row is T*7v, for k =1,2,...,n.

I Vo Vi o0 Vo, Vn—l_ [ TO (V) ]
Vn—l VO o Vn—3 Vn—2 1
T
vol oo S THY)
> V5 Vo 1 _'1
L Vi Vo Vg Vo_ _T” (V)-

Definition 4.2. Let R be a commutive ring, k a natural number and o e R. An (k xk)

matrix A iscalled « —circulant, if A has the form

a, h a - ., a4,
o8, a, a - ; A,
ag, , ag ., aQ - d, g

aa,  oq, od; - oady g

with & eR for i {0,...k—1} . For ¢ =1, A is called circulant, for ¢ =-1, A is

called nega-circulant or skew-circulant and for « =0, A is called semi-circulant. An

a - circulant matrix A is completely determined by its first row v=(a,,a,,...,a_,) € R".

Now, we give the definition of double-circulant codes by the following:

24
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Definition 4.3. Let D, and D, be codes with generator matrices of the form

(1 R]

and

respectively, where | is the identity matrix and R and R’ are circulant matrices. An

nxn circulant matrix has the form

a1 a2 cee an
A: an. a:1 cee a’nil
a2 a3 cee a1

so that each successive row is a cyclic shift of the previous one. The codes D, and D,

are called pure double-circulant and bordered double-circulant, respectively. These
two families of codes are collectively called double-circulant (DC) codes. The bordered

DC construction is used only when n=0 (mod4). You can find more about on double

a —circulant and bordered « —circulant codes and more details about these codes in
[20].

Proposition 4.1. [23] There exists no bordered double-circulant singly-even self-dual

codes of length n=0(mod 8).

By using the proposition above, we can easily say that for the case of singly even

codes, it is sufficient to find extremal bordered DC codes only for lengths= 4(mod 8).

The following lemma is about equivalence of codes:
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Lemma 4.1. [21] Let Cand C be self-dual [2n,n] codes with generator matrices of
the form [I,,AJand [1,,A" ], where A is an nxn (1,0) matrix and A" is the

transpoze of A. Then Cand C' are equivalent.

4.2 DOUBLE-CIRCULANT AND BORDERED DOUBLE-CIRCULANT
CONSTRUCTIONS FOR SELF-DUAL CODES OVER R,

In this section, we give three special double-circulant and bordered double-

circulant constructions for self-dual codes over the ring R, which are mainly taken from

[22].
4.2.1 The Double-Circulant Construction

A double-circulant matrix over R, , is a matrix of the form G :[Im| A], with A

being a mxm circulant matrix over R, . Then we consider codes over R, obtained from

a double-circulant generating matrix. To have G generate a self-dual code we will put

some restrictions on the entries of A. We divide this into two cases:
Odd m:

Let m=2n+1. Considering that any circulant matrix is uniquely determined by

its first row, we will just describe the first row of the matrix A:

Theorem 4.1. [11] Let C be a linear code over R, of length 4n+2 generated by

G=|l,,,| A] where A isacirculant (2n+1)x(2n+1) matrix obtained by its first row

A={a,a,...a,8a,8,,...a,X}

where a s are arbitrary non-units and x isaunitin R . Then C is a self-dual code.
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Even m:

Let m=2n. Inthis case, we have the following theorem:

Theorem 4.2. [11] Let C be a linear code over R, of length 4n generated by
G=|1,,|B] where B isacirculant (2n)x(2n) matrix obtained by its first row

Bl = {bl’b2""’bn—l’bn’bn—l’bn—Z""!bl’ Y}

where either

0] b.'s are arbitrary units and y is a non-unit in R, or

(i) b,'s are arbitrary non-units and y is a unit.
Then C is a self-dual code.
You can see details and the codes obtained by this construction in [11] and [22].

4.2.2 The Bordered Double-Circulant Construction

A bordered double-circulant matrix with a special structure over R, which can be

used to construct self-dual codes is given in the following theorem:

Theorem 4.3. [22] Let C be a linear code of length 4m over R,, generated by a

bordered double-circulant matrix of the form

TN N X

where x is an arbitrary non-unit in R,; y and z are arbitrary units in R, and D is a

circulant (2m—1)x(2m—1) matrix over R, with the first row given by
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D, ={d,.d,,....d,,,d,,.d . dy, xyz}

1 Um Ymegr Y2

Then C is a self-dual code over R, .

4.3 LIFTING BINARY SELF-DUAL DC CODES TO Ry

Now, we will use lifts of binary s.d. PDC and BDC codes to classify s.d. DC
codes over R,. Let R, =F,, R =F, +uF,, R, =F, +UuF, +VF, +uvF, and so on. With

the help of a recursive algorithm, we are able to find all s.d. DC codes over R, froms.d.

DC codes over R, ;.
4.3.1 Lifting Binary Self-Dual PDC Codes To R,

Let M, =[I, A+u,B] be the generator matrix of a s.d. PDC code C, over R,. Itis
obvious that A and B are circulant matrices over F,. By corollary 3.2, we know that
the projection C, of C, onto R, is a s.d. code generated by #(M) =M, =[I,A]. Ina

series of papers, all s.d. PDC codes were classified. See [21],[22] and [23]. Now, the

question is how to determine s.d. lifts of C, to R, i.e. determining binary circulant
matrices B'ssuch that [I : A+uB] generates a s.d. code. Note that projection of a s.d.
code is again s.d. but the reverse is not true. Therefore we need to start with C, to

classify C,'s.

Given that M, =[1,A] is the generator matrix of a s.d. PDC code over R, of

length n and let M, be a lift of M, where

a1 a2 o an X1 X2 cee Xn
a, X

A: a.1 e an—.l

a2 a3 o a1 X2 X3 cee X1
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There are 2" possible PDC lifts of M, to R,. We can extract out the s.d. ones by
the following procedure:

Since M, generates a s.d. code over R, M;M," =0. We get

I
1, A+ulB]{AT +ulBT}:O’

| +AAT +u, (ABT +BA")=0

It is known that |+ AA” =0, we end up with the condition ABT +BAT =0

which is equivalent to solving a binary linear system of equations in n-unknowns. The

solutions of the system which gives us s.d. lifts can be found easily. We use MAGMA
package [26] to solve the linear system.

Example 4.1. Let C, be a binary s.d. PDC code generated by

1 0 01 0 O
My=[I;|A]=|0 1 0|0 1 0 |andC, isofthe form
0O 0 1|0 0 1
1 0 0 1 0 O X, X X
M,=[I,|A+uB]=| |0 1 0 0 1 O0|+u|lx, X X, | |. By using
0 0 1 0 0 1 X, X3 X

2

the above condition, the circulant matrices B satisfying the equation AB' +BA' -0
are sought. We have,

0 O [x X, X XX X X%||1 0 0 0 0 O
0 1 0| |%x X X |[+X X X|[[0O 1 0(=]0 0 O
0 0 1]|x X X X; X X ||0 0 1 0 00
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So the solutions are of the form (X, x,,x,) where x,x, € F,.

It is possible to narrow the solution space by a factor of 2 by eliminating ones.

The idea is as follows:

Let ceR" and define T (6) —(a,,a,,8,,..,a, ) to be the circular shift of C and

8 &
_ a
Clrc(Cj “ a1
a2
It is known that {I CII’C } and {I CII’C } k=0,1,...,n-1 generates equivalent

codes. Without loss of generality, we may assume & =1. Multiplying columns of

[1,A+uB] by (1+u), we get equivalent codes so it is always possible to have 1 in the

first position of the circulant matrix A+uB. That is to say, we may set X, to be 0. In
the previous example, there are 4 solutions but they may be reduced down to 2 if we

take X, =0.
4.3.2 Lifting Self-Dual PDC- R, Codes To R,

In this section, we will employ similar tools as was used in the previous section

recursively to construct s.d. PDC codes over R,. Let M, =[I, , A+u,B+u,C+u,u,D]
be the generator matrix of a s.d. PDC code C, over R,. The projections C, and C, of
C, onto R, and R, respectively must be s.d. codes. Note that 7, (M,)=[1,, A+u,C]

and 7z, (M,)=[l,, A+u,B] are generator matrices of two s.d. codes over R, which are
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lifts of C,. We already know how to find matrices B,C from the previous section. The
only point remains to be settled down is how to determine the matrix D. Next, we show

that D can be found easily by combining two s.d. R;-lifts of [I, A] and by solving a

linear system of equations.

Theorem 4.4. Let M, =[1, , A+u,B+u,C+u,u,D] generate a s.d. PDC code C,

over R,. Then AD" +BC" +CB' +DA" =0
Proof: M,M," =0 implies that

=0.
A" +u,B" +u,C" +uu,D’

[1,A+u,B+u,C+uu,D] [

By multiplying matrices we get,

(1+AA")+(AB" +BA" Ju, +(ACT +CA" )u, +(AD" +BC" +CB" + DA" Juu, =0
Since 1+ AA" =0, AB" +BA" =0, AC" +CA" =0, the result follows immediately.

Let D=Circ(y,,Y,,... Y, ). Since the matrices A,B and C are known D's can

be found by solving the linear system of equations satisfying AD" + DA" =BC'" +CB’.

4.3.3 Lifting Binary Self-Dual BDC Codes To R, And R,

It can be done exactly the same way as we classify s.d. PDC codes over R, and
R, but this time we start with a binary s.d. BDC code and look for s.d. lifts of it by

solving a linear system.

Example 4.2. Let C, be a binary sd. BDC code generated by

1 0 0 0|0 1 1 1
0O 1 0 0O1 0 1 1
M. =|1,|Al|l= and the generating matrix of C, is of
o=L1s 1 A] 0 01 01 1 0 1 ) J '
O 0011 1 10

the form
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1 00 O0|fo 1 1 1 x 0 0 0
0 1.0 O 1 011 0 X, X5 X
M, =[1, | A+uB]= +U 27 L Now,
00 1 0f||1 101 0 X, X, X
0 0 0 1 1 1 10 0 X5 X X
we need the condition for AB” +BA” =0. We have,
0 1 1 1][x 0 0 O x 0 0 0 0 1 1 1
1 0 1 1|10 X, X, X N 0 x, X, x[|1 0 1 1 5
1 1 0 1(]0 % % x| [0 x % x||1 1 0 1|
11 1 1 0|0 X, %X X 0 x, %X %|[1 1 1 0
[0 X, + X +X, X+ X +X, X +X+X, 0 X, X, X,
X XX, X, + X, X, + X, Xy + X+ X, Xg+X, Xp+Xg X+ X,
+ =
X X, +X, X, + X, X, + X, X, X+ X, X+ X, Xg X, XX
X Xt X X, + X, X, + X, X, X+ X, X+ Xy X+ X, X+ X,
0 XX, + X+ X, XX F X+ X, X X, + X+ X,
X+ X, 4+ X3 + X, 0 0 0 _5
X+ X, + X5+ X, 0 0 0 -
X, + X, + X5+ X, 0 0 0

So the solutions are of the form (X, X, X;, %;) ,where x,, X, € F,.

By continuing the same procedure recursively, it is possible to classify all DC

self-dual codes over R, . In order to find DC self-dual over R, , we only need self-dual

R, lifts of C; and a binary linear system to be solved.

ol



CHAPTER 5

RESULTS AND CONCLUSION

To classify double-circulant self-dual codes over R,, we firstly determine the

conditions for the lifts to be self-dual. Afterwards by using these conditions we searched
the lifts whose Gray image have the best minimum distance that can be found. In this
chapter, we list the results of our searches. In order to fit the results to the page we

represent the elements of R, as follows:

0-0
1-1
u-2
1+u -3
V-4
1+v -5
u+v -6
1+u+v =7
uv -8
1+uv -9
ut+uv - A
1+u+uv - B
v+uv - C

1+v+uv - D

33
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u+v+uv - E

1+u+v+uv - F

These representations also contains the elements of R,. We also represent units

with x;’s and non-units with y;’s .

5.1 PURE DOUBLE-CIRCULANT SELF-DUAL CODES OVER Ry
For n=12;

Let B, =[ls|A] be the generator of pure double-circulant self-dual code where
the first row of A is V =[x,X,, ¥, %, X,,%]. By using V, we obtain the following

conditions for the lifts of P, on R, to be self dual:

X

~

X1:
X, = X

w

The generators of the lifts of P, to R, whose binary images ¢, (C,,) have the

parameters [48,24,8] are given below:
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Table 1 The list of pure double-circulant self-dual codes of length 12

# C12 Type ‘AUt ¢2 (Clz )‘
1 118111 I 283%5
2 118113 I 28 32

3 916199 [ 2103

4 916197 I 210335
5 116111 11 283%5
6 11A113 11 28 32

7 912191 11 210335
8 912193 11 2103

9 914193 11 270 32
10 918193 11 271 3?
11 91A193 11 27133
12 912199 11 272 3?
13 910199 11 272327
14 918199 11 21037
15 918197 11 2103357

For n=16;

Let Py = [l;|A] be the generator of pure double-circulant self-dual code where
the first row of A is V =[y,,X,%,,%;, ¥, X, Y5, % ]. By using V, we obtain the

following conditions for the lifts of P, on R, to be self dual:

X =X
X, =X

Y=Y,
By using these conditions above, we obtained 34 generators of the lifts of P, to

R, whose binary images ¢, (Clﬁ) have the parameters [64,32,8]. 2 of these generators

are given below:
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Table 2 The list of pure double-circulant self-dual codes of length 16

# Cis Type | |Aut ¢,(Cy)|
1 21112181 I 21332
2 21112161 11 218 32

For n=18;

Let Py = [l,|A] be the generator of pure double-circulant self-dual code where
the first row of A is V =[VY,, ¥, X, Y5, X, X3, Yas Xes X5 |- By using Vv, we obtain the

following conditions for the lifts of P, on R, to be self dual:

X=X+Y,+Y,
X, =X,

X3=X+Y;+Y,

Yi=YotYs+ Y,

By using the conditions above, we obtained the generators of the lifts of P, to R,
whose binary images ¢, (Cls) are best-known codes with parameters [72,36,12] which

are given below:

Table 3 The list of pure double-circulant self-dual codes of length 18

# Cs Type | |Aut ¢,(Cy)|
1 C2B61F811 I 2°.3°
2 E2B41D811 1 2°.3°
3 025213611 11 233
4 E2781D411 11 2°.3°
5 C2581F611 11 2°.3°
6 403615211 11 2°.3°
7 COB61DA11 11 2°.3°
8 E8D217411 11 2°.3°
9 C8F215611 11 2°.3°
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For n=20;

Let P, , = [l,,| A] be the generator of pure double-circulant self-dual code where
the first row of A is V, =[V,,X., Y51 Y5, X5, X5, X4, Ya ¥ss X |- By using V;, we obtain the

following conditions for the lifts of P,; on R, to be self dual:

X = Xg
X, =X,
Y.=Ys
Y:=Y,

The generators of the lifts of P, to R, whose binary images ¢ (C,_) are

extremal with parameters [40,20,8] are given below:

Table 4.1 The list of pure double-circulant self-dual codes for length 20-1

# Caos Type B | |Aut ¢(Cy)
1 0102111201 [ 10 210 3% 5°
2 0120111021 [ 10 2435
3 2102111201 1 2435
4 2120111021 1 210 3% 57

For n=20;

Let P, , =[l,,| A] be the generator of pure double-circulant self-dual code where
the first row of A is V, =[X,%,, X3, X, X5, X5, X7, X5, V1, % |- By using V,, we obtain the

following conditions for the lifts of P,, , to R, to be self dual:

X =X
X =X
X3 =X
Xg =X
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The generators of the lifts of P, , to R, whose binary images ¢ (C,,_,) are

extremal with parameters [40,20,8] are given below:

Table 4.2 The list of pure double-circulant self-dual codes for length 20-2

# Cpo-2 Type B |AUt A (02072 )|

1 1111111303 I 10 21435

2 3111113101 I 10 216 3% 52

3 1111111323 I 21435

4 3111113121 11 216 3% 52
For n=22;

Let P, =[l,,| A] be the generator of pure double-circulant self-dual code where
the first row of A is V =[y1,y2,ys,xi,xz,xs,yA,XA,ys,y6,x5]. By using V, we obtain

the following conditions for the lifts of P,, to R, to be self dual:

X=X +Y,TY,
X=X+ Y3+ Y
X3=Xs+ Y3 1Y,
Xy =X+ Y+ Y, t Y5+ Y
Yi=YotYst Y, tYstYs

The generators of the lifts of P,, to R, whose binary images ¢, (C,, ) are extremal

with parameters [44,22,8] are given below:
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Table 5.1 The list of pure double-circulant self-dual codes of length 22

# C,, Type B |Aut ¢ (Cy, )|
1 02213123201 I 0 2211

2 02213303001 [ 0 2211

3 22213301201 I 22 2211

4 02031101201 I 44 2211

5 22211121221 11 21% 3% 52 72.11°

Additionally, by using the same conditions above, we obtained the generators of
the lifts of P, to R, whose binary images ¢, (sz) are extremal Type II codes with

parameters [88,44,16] and best-known Type I codes with parameters [88,44,14] which

are given below in the following two tables consecutively:



Table 5.2 The list of pure double-circulant self-dual codes of length 22

# C,, Type | |Aut 4 (Cy,)|
1 42215B87A61 1l 2°.11
2 0221B563E81 I 2°11
3 E221556DE61 I 2°11
4 422179A7A41 I 2°.11
5 2247F9C72A1 11 2°11
6 02473BE5E61 I 2°11
7 028B3D494A1 I 2°.11
8 028BF189461 I 2°.11
9 E26B5F67EC1 11 2°.11
10 628BD3AF241 I 2°.11
11 02655BC7A21 I 2°.11
12 02A95B0OB6E1 I 2°.11
13 40239567AA1 11 2°.11
14 C001B10D6A1 I 2°.11
15 A001B76B6A1 I 2°.11
16 20895B2B4C1 I 2°11
17 E089D907241 11 2°.11
18 A067DFSDEA1 I 2°.11
19 C82BB74FA81 11 2°11
20 082B79A3441 11 2°.11
21 AB625D9IA9AE] 11 2°.11
22 C6077BAD661 11 2°.11
23 A607DBABAC1 11 2°.11
24 226DD96D229 11 2°.11

40
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Table 5.3 The list of pure double-circulant self-dual codes of length 22

# C,, Type | |Aut ¢ (Cy,)|
1 62215125261 I 2°.11
2 4221F747CC1 I 2°11
3 C2215B8F261 I 2°11
4 82215B8B661 I 2°.11
5 C221B56F281 I 2°11
6 E221956D2A1 I 2°11
7 E203976F281 I 2°.11
8 C2473D89461 I 2°.11
9 8247B36D6E1 I 2°.11
10 024759C5A01 I 2°.11
11 628BF90FA61 I 2°.11
12 E28B31876A1 I 2°.11
13 E265B7096C1 I 2°.11
14 0265FF87481 I 2°.11
15 42A93B0F481 I 2°.11
16 42A9BD6FA01 I 2°.11
17 E023D74D6E1 I 2°.11
18 C0899B25601 I 2°.11
19 8067D16F2A1 I 2°11
20 882BB56BC81 I 2°.11
21 6809B7672A1 I 2°.11
22 2625D9A12E1 I 2°.11
23 268FDB2BA41 I 2°.11
24 26E9D96DE21 I 2°.11

For n=24;

Let P, =[l,, | A] be the generator of pure double-circulant self-dual code where
the first row of A is V =[y,,X,%,%, Y, ¥5: X0, Yar ¥s: Ve Y7 X |- By using V, we

obtain the following conditions for the lifts of P,, to R, to be self dual:

X=X+ Y4+ Yo
X, =X,
X3 =X+ Y3+ Y
Yi=Ys
Y=Yy
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The generators of the lifts of P,, to R, whose binary images ¢, (C,,) have the

parameters [48,24,8] are given below:

Table 6 The list of pure double-circulant self-dual codes of length 24

# C,, Type \Aut ¢ (C, )\
1 231322122021 I 243

2 231122102221 I 273
3 031122100221 [ 2113
4 211120102021 I 270 32
5 011120100021 I 235
6 211122122221 11 271 35 52
7 211102122201 11 235
8 011122120221 11 2235
9 011102120201 11 270 33
10 211322102021 11 243
11 211302102001 11 2%3
12 011322100021 11 243
13 011302100001 11 2*3
14 231120122021 11 2833
15 231100122001 11 211 32
16 031120120021 11 2123
17 031100120001 11 27.3°

For n=26;

Let P, =[l,;|A] be the generator of pure double-circulant self-dual code where
the first row of A is V =[X,X,, Vi, Xs: Yau Yar Xas Xss Xgs Yas Xg0 %, X |- By USing V, we

obtain the following conditions for the lifts of P, to R, to be self dual:

X =X, + X5+ X
X=X+ X+ X+ Y3+ Y,
X=X+ X+ X+ Y, +Y,
Xg =Xg+ Y, +Y;
X=X+t YotY,
Yi=YotYst+Y,
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The generators of the lifts of P, to R, whose binary images ¢ (C,,) are extremal

Type I codes with parameters [52,26,10] are given below:

Table 7.1 The list of pure double-circulant self-dual codes of length 26

# o Y:; |Aut ¢ (Cy )|
1 1303201312111 0 2213
2 1121201310311 0 2213
3 1101021312311 0 2213
4 1323021310111 0 2°.13
5 3321201110133 0 2213
6 3301021112133 0 2213

Additionally, by using the same conditions above, we obtained the generators of
the lifts of P, to R, whose binary images ¢, (Czs) are Type I codes with parameters

[104,52,16] which are given below:



Table 7.2 The list of pure double-circulant self-dual codes of length 26

# C26 ‘AUt ¢2 (CZG )‘
1 1FCF261518B11 2°13
2 1525621516111 2°.13
3 15256A1D1E911 2°13
4 3143441114113 2°13.13
5 3D8F46131AF13 2°13
6 31434A1F1AF13 2°13
7 33614E1B1C913 2°.13
8 3341681F1AD13 2°13
9 3163661116113 2°13.13
10 31636C1B1CB13 2°13
11 37C5A41F12913 2°13
12 9DE5241718B19 2°13
13 9B8324171ED19 2°13
14 79AF24171CF17 2°13
15 79AF2C1F14717 2°13
16 75C38A131E719 2°13
17 75E3A21716D17 2°13
18 792FA41F1C717 2°13
19 796FEA1512D17 2313
20 15254A1D1CB31 2313
21 1F8F4E1912531 2313
22 11614E191CB31 2313
23 13636E1B1EB31 2313
24 3341441314333 2313
25 3DAF44131AD33 2313
26 3DAF461118F33 2313
27 33414E191E933 2313
28 31A924171CF11 2313

44

Furthermore, by using the same conditions, we obtained 203 generators of the lifts

of P, to R, whose binary images ¢, (C26) have the parameters [104,52,16]. 1 of these

generators is given below:
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Table 7.3 The list of pure double-circulant self-dual codes of length 26

# Cu Type | |Aut 4,(Cy )|
1 19A924171CF11 Il 2213

For n=30;

Let P, =[l|A] be the generator of pure double-circulant self-dual code where

the first row of A is V =X, V1, Y5, X, X1 Vs Yar Xas Vsu Ve X5 X2 Xy X5, X |- By using

V, we obtain the following conditions for the lifts of P, to R, to be self dual:

X=X+ X+ X+ Ys+ Y
Xo =X+ X3+ X+ Y;+ Ve
X3 =Xs+ Y3+ Ys
Xy =X+t Y3+ Ys
Xe =Xg t Y41 Ye
X=X+t Y, +Ye
Yi=YotYst Yo+ Ys+ Ve

The generator of the lift of P,, to R, whose binary image ¢ (C,,) is extremal with

parameters [60,30,12] is given below:

Table 8 The list of pure double-circulant self-dual code of length 30

# Cso Type ﬂ ‘AUt ¢1 (CBO )‘
1 120332030011111 I 10 2°35
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For n=34;

Let P, =[l,|A] be the generator of pure double-circulant self-dual code where

the first row of A is V:[yl’y2’y3’y4’y5’X1’X2’X3’yG'y7’X4’X5’y8’X6’X7’X8’X9]' By

using V, we obtain the following conditions for the lifts of P,, to R, to be self dual:

X =%X+Yst+Y;
X=X+ Y, Y+ Y+ Y
X=X+ Y4+ Ys

Xy =%+ Ys+YstYr+ Vs
X=X+t Ys T Y, + Y+ Y

Xe =X+ Yo+ Ys+ Y5+ Ve

Xg =Xg+ Y5+ VYs
Vi=Yot Yt YatYs+YstY:tYs

The generators of the lifts of P,, to R, whose binary images ¢,(C,,) are extremal

with parameters [68,34,12] are given below:
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Table 9 The list of pure double-circulant self-dual codes of length 34

# Ca Type | 8 y | |Aut ¢(Cy)
1 02222331203121111 I 170 0 2217
2 02202133001121131 I 204 0 2217
3 22200311203101131 I 204 0 2217
4 22022311203321111 I 136 0 2217
5 02020333021321131 I 136 0 2217
6 02002113223103131 I 102 0 2217
7 22000331021123131 I 102 0 2217
8 00200131223123111 I 102 0 2217
9 20022111221323111 I 68 0 2217
10 00022131223303131 I 136 0 2217
11 00022111003101111 I 136 0 2217
12 20020133221101131 I 204 0 2217
13 20002113003303111 I 170 0 2217
14 02202133201101113 I 170 0 2217
15 02022331001321113 I 136 0 2217
16 02000311223123133 I 102 0 2217
17 22000131201123133 I 34 0 2217
18 20222331223301113 I 204 0 2217
19 20222131203321133 I 272 0 22.17
20 20202133021301133 I 136 0 2217
21 00022111203121133 I 238 0 22.17
22 20020113201323133 I 170 0 2217
23 00002313001121113 I 102 0 2217
For n=38;

Let Py =[l,|A] be the generator of pure double-circulant self-dual code where

the first row of A is V=[y1,y2,y3,y4,><1,y5,X2,yG,Xg,X4,X5,X6,y7,y8,X7,ygyylo,xsaxg]-

By using V, we obtain the following conditions for the lifts of P,; to R, to be self dual:



X=Xt Yot Yo+ YstYs+ Y+ Ve
X=X+ YstYs+ Y7+ Yo

X3 =X+t Y3+ Y5+ Yo+ Yio

Xy =Xt YatYst Yt Yo

Xs = X9+ Ys + Yio

Xe =X+ Yo+ Y, + Y5+ Yo

X=X+ Yot YstY,+Yet Y+ Y5

Xg =Xg+ Y4+ Y10

Vi=Yot Y+ Yot Ys+Ye+ Y+ Ys+ Yot Yo

48

The generators of the lifts of P; to R, whose binary images ¢ (C,,) have the

parameters [76,38,12] are given below:

Table 10 The list of pure double-circulant self-dual codes of length 38

# Cy Type | |Aut ¢ (Cy)|
1 0222323211332030031 1 22.19
2 2222123213110012211 1 22.19
3 0222121231130010211 1 22.19
4 0222321011112230031 1 22.19
5 2222123011110210031 1 22.19
6 2222321031130032031 1 2219
7 0222323013110030031 1 22.19
8 0222303233110012211 1 2219
9 0222301231330010031 1 22.19
10 0222301033330212211 1 2219
11 0222303031110210031 1 2219
12 0222101011130032031 1 22.19
13 0220121233330212011 1 22.19
14 2220123013132210011 1 22.3.19
15 2220321033112032011 1 22.19
16 0220123033110012011 1 22.19
17 2220121011130010011 1 22.19
18 0220101211330032011 1 22.19
19 2220103233310030011 1 22.19
20 0220103011110232011 1 22.19
21 0220301031130010011 1 22.19
22 2202101031130012031 1 22.19
23 0202103013110010031 1 22.19
24 0200103213310010011 1 2219
25 0200303033110032011 1 22.19




For n=40;

49

Let P, , =[l,, | A] be the generator of pure double-circulant self-dual code where

the first row of A is V. =[¥,, Y5, Vo, Yar Y X0, Yoo Y7o Yar Xor Xas Yor Xas Xs Yaor Xe s Yaas X7 5 X

X,]. By using V;, we obtain the following conditions for the lifts of P, , to R, to be

self dual:

X, =Xs

X=X tY,+Y;
X=X+ Y1+ Ye+Ys+ Yo
Xy =% +Ys+ Y

Xs =Xg T Y71+ Yo

X7 =X+ Y4+ Y
Yo=YstYr+ Y
Ys=Ys T Ys+ Yu

Ys =Ys + Yo+ Yuu

By using these conditions above, we obtained 23 generators of the lifts of P, , to

R, whose binary images have the parameters [80,40,12]. 2 of these generators are given

below:

Table 11 The list of pure double-circulant self-dual codes of length 40-1

# Cuos Type | |Aut ¢ (Cysy)
1 22020122211231210111 1 2*5
2 20222120231213212111 1I 2*5




For n=40;
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Let P, , =[l,,| Al be the generator of pure double-circulant self-dual code where

the fII’St row Of A |S V2 =[y1,y2,y3, y4, y5; yﬁ,xi, y7|X21 y81 ygyx3ax41X5)X6!X7’le’X8'yll’

X,]. By using V,, we obtain the following conditions for the lifts of P, , to R, to be

self dual:
X =X
X, =X,

X=X1Y,tY;
X5 =X +tY,tY;

X=X +Y,+ Vs
Xg =X +Y,+Y,
Y1 =Y
Y3 =Y
Ys = Y10

By using these conditions above, we obtained 24 generators of the lifts of P, ,

to R, whose binary images have the parameters [80,40,12]. 2 of these generators are

given below:

Table 12 The list of pure double-circulant self-dual codes of length 40-2

H# Choz Type ‘AUt é (C4072 )‘
1 22222212102311112121 I 2'5
2 22022212122111112101 II 2°5
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For n=40;

Let P,, , =[l,, | A] be the generator of pure double-circulant self-dual code where

the first row of A is Vy =[¥1, Y5, Vs, Yas %05 Yor Yor Yoo Xar Yoo Yoo Xos Xas X1 Yigs Xes X7 Xg s Yia,
X, |. By using V;, we obtain the following conditions for the lifts of P, to R to be

self dual:

v
|

X, =

N

4
X=X1Y,tY,
Xs =X +Y, Y,

X=X*tY,*tY,

Y1=Yo
Y;:=Yu
Ys = Y10

By using these conditions above, we obtained 23 generators of the lifts of P,, , to

R, whose binary images have the parameters [80,40,12]. 2 of these generators are given

below:

Table 13 The list of pure double-circulant self-dual codes of length 40-3

# Cuos Type | |Aut ¢ (Cyps)|
22221222102311211121 I 2*5
2 22021222122111211101 1I 2°5

[EEN
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For n=40;

Let P, , =[l,, | A] be the generator of pure double-circulant self-dual code where

the first row of A is V, =[¥1, Y. Ya: Yar X0 Yo Yoo Yoo Xor Yoo Xar Xa X510 % Yoo Yios X7 X Vi,
X,|. By using V,, we obtain the following conditions for the lifts of P,,_, to R, to be

self dual:

X=X +Yst+ Yo
X, =X+ Y3+ Y
X3:X7—|-yl-i-yg

2 =%
Xs = X7+ Yo+ Y1y
Xe = Xg
Y= VYs
Yo=Y7
Ys = Yo

By using these conditions above, we obtained 25 generators of the lifts of P, , to

R, whose binary images have the parameters [80,40,12]. 2 of these generators are given

below:

Table 14 The list of pure double-circulant self-dual codes of length 40-4

# C4041 Type ‘AUt ¢1 (C4074 )‘
22221222121131221101 | 245
2 20221222101111221121 II 2°5

[HEN




For n=40;
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Let P, . =[l,, | A] be the generator of pure double-circulant self-dual code where

the first row of A is Vs =[ V1, Y5, Y3 %0, Yas Yor Yor %or Yo Vs Xas X X6 Yo Yios g X7 Yar s X

X,|. By using V;, we obtain the following conditions for the lifts of P, to R, to be

self dual:

X =Xt+Ys+Ys
X=X t+Y,tY,

X3 =X
Xy =X+ Yg+Yn
X5 =%
Xg = X9+ Yg T Yo
Yi=Y;
Ys=Ys
Ys=Yo

By using these conditions above, we obtained 30 generators of the lifts of P, . to

R, whose binary images have the parameters [80,40,12]. 2 of these generators are given

below:

Table 15 The list of pure double-circulant self-dual codes of length 40-5

# Cios Type ‘AUt ) (C4075 )‘
1 22212221221312211011 I 25
2 22230223201112031011 11 25
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For n=40;

Let P, ¢ =[l,, | A] be the generator of pure double-circulant self-dual code where

the first row of A is Vg =[ V1, Vs, Y5 X0 Yas Yo X1 Yoo Yoo Yas Xas Xy Yo Yios Xss Xe s Yars X+ X

X,|. By using V,, we obtain the following conditions for the lifts of P, ; to R, to be

self dual:
X=X +Y,+tYs
X, =Xg
X, = X

w

5
Xy =Xg+ Y5t VYo
Xe=Xgt Y5+ Y
X=X +YstYs

Yi=Y,
Y:=Y
Y=Y

By using these conditions above, we obtained 23 generators of the lifts of P, ; to
R, whose binary images have the parameters [80,40,12]. 2 of these generators are given

below:

Table 16 The list of pure double-circulant self-dual codes of length 40-6

# Cuos Type | |Aut ¢ (Cyo)|
22212212221320112111 1 2*5
2 22212212021122110111 11 2°5

[HEN
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For n =44,

Let P, =[l,,|A] be the generator of pure double-circulant self-dual code where

the fII’St row Of A |S Vl :[yl’ y2’ y3, y4, y5, y5, y71 X1a X2| y81 y9, X3’ y101X4| yll’ y12’X5’ y13 !
Xs, X, %, X | . By Using V;, we obtain the following conditions for the lifts of P, to R,

to be self dual:

X=X+ Y+ Y,
Xo=Xgt Yt Yo+ Yo+ ¥n
X3=Xgt Yyt Ys+ Vst Y3
Xy =X TY1o + Y3
Xs =X+ Y5+ Y+ Yo+ Y
Xe =X tYs + Yo
X7 =X +Ys + Y12
Yi=Y5+ Yo+ Yoo
Yo=Yat Yot Yst Yot Vi3
Ys=YstY:+ Y

By using the conditions above, we obtained the generators of the lifts of P,, , to

R, whose binary images ¢(C,,) are extremal Type II codes with parameters

[88,44,16] which are given below:



Table 17.1 The list of pure double-circulant self-dual codes of length 44-1

# Cras |Aut ¢ (C,,., )|
1 2002222130030302103111 2°11
2 2202222130030300123311 2°11
3 2002222130010100103311 2°11
4 0022220132032302103111 2°11
5 2022200312010100303111 2°11
6 2002022312210300323311 2°11
7 0202022330212302103111 2°11
8 0202022130232300123311 2°11
9 0222020110232300323311 2°11
10 2020222312212120101311 2°11
11 0020222332210120301311 2°11
12 0020222330230322301111 2°11
13 0200220312230320121311 2°11
14 0000220312210120101311 2°11
15 2000220130212320321311 2°11
16 0220202332230120301111 2°11
17 0200200112210122121311 2511
18 0200200310210322101311 2°11
19 2020022332012120301311 2’11
20 0000020332010120301311 2511
21 2000020310032322101111 2511
22 2220002132012122321311 2511
23 0220002310010322101311 2511
24 2000000112032322101311 2511
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And also by using the same conditions, we obtained the generators of the lifts of

P

which are given below:

.1 t0 R, whose binary images ¢ (C,, ;) are Type I codes with parameters [88,44,14]
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Table 17.2 The list of pure double-circulant self-dual codes of length 44-1

# C44_1 ‘Aut ¢1 (C4471 )‘
1 0222222110230300121311 2211
2 2002220312212300121311 2311
3 0002220130210100301311 2311
4 0222202312230300121111 2311
5 2222202330212102321311 2311
6 0202200330210102321311 2311
7 2022022312012300121311 2311
8 2022022110012100101311 2°11
9 2002020330032102321111 2°11
10 0222002132010302301311 2°11
11 2222002310012102121311 2°11
12 2022002310032302101311 2°11
13 2202000332032300321111 2°11
14 2202000330012102321311 2211
15 0202000310010102121311 2211
16 2000202112030322303311 2211
17 2020200132030322103311 2211
18 2020200332010320123111 2211
19 0220200310012322303311 2°11
20 0200022310212122323111 2°11
21 2200002130230320123111 2°11
22 0220000132212122123311 2°11
23 0020000132232322103311 2°11
24 0220000130232320123111 2°11

For n=44;

Let P, , =[l,, | A] be the generator of pure double-circulant self-dual code where

the first row of A is V, Z[yl,yz,y3,y4yX1,y5yX2,X3|y6|X4,y7|X5|X6sygyyg1x7’X8’X9’x10'

X, X121 X3 |- By using V,, we obtain the following conditions for the lifts of

to be self dual:

P

44-2

to R,



X=X, tYs Yy
X =Xt Y1 +Y;
X3 =Xg+ X, +X3+Y,+Ys
Xp =X3tYs + VY
Xs = X9+ Y5+ g
Xe =Xt Y7+ Yo
Xp=X1t+Ys+ VY
Xg =X+ Ys+Y;
Xo =Xt Y1+t Ys+Yst+ Y
Yo=YatYst+ Ve

By using the conditions above, we obtained the generators of the lifts of

R, whose binary images ¢,(C,,_,) are extremal Type II codes with parameters

[88,44,16] which are given below:
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Pu 10

Table 18.1 The list of pure double-circulant self-dual codes of length 44-2

# C44—2 ‘AUt ¢1 (C44—2 )‘
1 2202121121213201311111 2°11
2 0200321123031003113111 2°11
3 0200121103033023113111 2°11
4 2222303123011001313113 2°11
5 2000121123213201311113 2°11
6 2000101323213001311113 2°11
7 0202121303013221113113 2°11
8 2000321101211223311311 2°11
9 0220301123033221313311 2°11
10 0020301321013023313311 2°11
11 2202123103011203113313 2’11
12 2202101323213003311313 2’11
13 0222321123013223313313 2°11
14 0020121303011203313313 2°11
15 0220103321233201111313 2°11
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And also by using the same conditions, we obtained the generators of the lifts of
P,, , to R, whose binary images ¢ (C,, ,) are Type I codes with parameters

[88,44,14] which are given below:

Table 18.2 The list of pure double-circulant self-dual codes of length 44-2

# C44—2 ‘AUt ¢1 (C44—2 )‘
1 2022101123233203113111 2°11
2 2022301103231223113111 2°11
3 0020101101013021311111 2°11
4 2020101323213001113113 2°11
5 0222121303013221311113 2°11
6 0222101103013021311113 2°11
7 0000323103211221313113 2°11
8 2202321301213203313311 2°11
9 2002321103233001313311 2°.11
10 0222301121011003311311 2°11
11 2002123301033021111313 2’11
12 2202101323211023313313 2°11
13 2000301103213003313313 2°11
14 0020121303013223311313 2°11
15 0020103123211023113313 2°11

For n =44,

Let P, ;=[l,, | A] be the generator of pure double-circulant self-dual code where

the first row of A is V, :[yl,yz,ys,y4,X1,y5,X2,y6,y7,X3,X4,ys,X5.X6,X7,X8.X9,X10'Y9’
X, X1, X3 |- By using V;, we obtain the following conditions for the lifts of P, ; to R,

to be self dual:
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X=X+ Y3+ Y,
X=X+ X + X, +Y;+Y;
X3=X3t+Y,+Ys
Xy =X+ Y3+ Y
Xe =X3t Y+ Ve
Xg=X3tY,+Y,
Xg =X+ Y3+ Yo
Xo =Xzt YatYs+Ys+ Vs
X1 =Xzt Y, + Vs
Yi=Ys+tY: Y,

By using the conditions above, we obtained the generators of the lifts of P, ; to

R, whose binary images ¢(C,, ;) are extremal Type II codes with parameters

[88,44,16] which are given below:

Table 19.1: The list of pure double-circulant self-dual codes of length 44-3

" Cus ‘AUt # (Cars )‘
1 0220103203121113112111 2°11
2 0200323221301113312311 2°11
3 2200321001321313312111 2°11
4 2002321203301313332111 2°11
5 2200121021121313310131 2°11
6 0200301023301313112331 2°11
7 2022321003321113130331 2°11
8 0002123003121113330331 2°11
9 0222323001101331312331 2°11
10 2202323021101331310331 2°11
11 0200321201101133310331 2’11

And also by using the same conditions, we obtained the generators of the lifts of

P

)

43 10 R, whose binary images ¢ (C,, ;) are Type I codes with parameters [88,44,14]

which are given below:
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Table 19.2 The list of pure double-circulant self-dual codes of length 44-3

# C4473 ‘AUt ¢1 (C4473 )‘
1 0220301023321313330111 2°11
2 0022301221301313310111 2°11
3 2022303001321113310311 2°11
4 2002123023101113110111 2°11
5 2220103223101113332331 2°11
6 0200301223301113132331 2°11
7 2022321203321313110331 2°11
8 0022101201101313312131 2°11
9 0222303203121131332131 2°11
10 0020303201121331312331 2°11
11 2000303221121331310331 2°11

For n=44;

Let P, , =[l,,| Al be the generator of pure double-circulant self-dual code where

the first row of A is V, =[Y., Y5, Va: Yar Vs Yor Yor Yoo Yor Xio X0 Xg, Yigs Yazs Yz X Xe X,

Yis: X7 X, % |- By using V,, we obtain the following conditions for the lifts of

R, to be self dual:

X=X+ Y,+Y,tYst Y
Xy =Xg+ Y5+ Yo+ Yo+ Y13

X=X*Y,*+Ys
Xy =X+ Ye+ Y1

X=X+ Yst Yot VYtV

Xe = X9+ Y6 + ¥s
X7 =X +Y,+ Y
Yi=Yot VYot Y2
Ys=Yst Yot Yio
Y7= Yot Yoot Vi3

P,, to
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By using the conditions above, we obtained the generators of the lifts of P, , to
R, whose binary images ¢ (C,,_,) are extremal Type II codes with parameters

[88,44,16] which are given below:

Table 20.1 The list of pure double-circulant self-dual codes of length 44-4

# C44—4 ‘AUt ¢1 (C44—4 )‘
1 0202222021310023130111 2°11
2 0222202223332001332311 2°11
3 0202202223330021130311 2°11
4 2202000203330021330311 2°11
5 0200222201132023310111 2°11
6 0022222001110201132311 2°11
7 0002200223130223332111 2°11
8 2022002223330203130111 2°11
9 2020220001130023130311 2°11
10 0020220001330003330311 2°11
11 0000202023310223110111 2511

And also by using the same conditions, we obtained the generators of the lifts of
P, , to R, whose binary images ¢ (C,, ,) are Type I codes with parameters [88,44,14]

which are given below:
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Table 20.2 The list of pure double-circulant self-dual codes of length 44-4

# C44—4 ‘AUt ¢1 (C44—4 )‘
1 2222202201330223332311 2°11
2 2222020203312003112111 2°11
3 0202002221132203132311 2311
4 0222002001332021110311 2°11
5 0200220003332023132111 2°11
6 2200200221310001132311 2°11
7 2200000221112021130311 2211
8 2022000021130203312111 2°11
9 0020222023332201332311 2°11
10 2020020003332201132311 2°11
11 2000020003330221330311 2211

For n =44,

Let P, =[l,, | A] be the generator of pure double-circulant self-dual code where

the first row of A is Vs =[ Y1, 30, Y5, %0, Yo X, X X5, Vi X X2 X5 X9 Xi05 Yoo Xig Xz g Xea
X.5: X6, X5 |- By using V;, we obtain the following conditions for the lifts of P,, ; to R,

to be self dual:

Xy =X+ X + X
Xy =X+ Xjo + X3+ X5 + X7
X3 =Xy + X3+ X5
Xy =Xt Y3+ Vs
X5 =Xg + X, + X5
Xo = Xg + Xjo + X + X5 + X5
X=Xt V1t Yot YstY,
Xg =X+ Yo+ Ys
Xp =X+ YstYs
Xig =Xt Y:+Ys

By using the conditions above, we obtained the generators of the lifts of P, . to

R, whose binary images ¢,(C,, ;) are extremal Type II codes with parameters

[88,44,16] which are given below:
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Table 21.1 The list of pure double-circulant self-dual codes of length 44-5

# C4475 ‘AUt ¢1 (C4475 )‘
1 0103211123113121113113 2°11
2 2123033103111121311311 2°11
3 0123231103111121313311 2°11
4 0103233103311101111311 2°11
5 2123211123111123131111 2°11

And also by using the same conditions, we obtained the generators of the lifts of
P, s to R, whose binary images ¢ (C,, ;) are Type I codes with parameters [88,44,14]

which are given below:

Table 21.2 The list of pure double-circulant self-dual codes of length 44-5

# C44—5 ‘AUt ¢1 (C44—5 )‘
1 2123011103113101113113 2°.11
2 2123033123311121111311 2°.11
3 2103031123111101313311 2°.11
4 0222002001332021110311 2°.11
5 0103011103111103131111 2°.11
For n=46;

Let P =[l,;] A] be the generator of pure double-circulant self-dual code where
the first row of A is V =Y, Y,, Vs, Yar Ysr Yoo Y7o Yar Xir Yoo Yior oo Xas Xas X, Yz, Yazs Xer X
Yis: Xg: Y1 %o |- By Using V, we obtain the following conditions for the lifts of P, to

R, to be self dual:
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X=X+t Ys+ Yot Yo+ YuutYistYu

Xo =Xg+ Y, +Yg+Yg+ VYo

X3 =Xt Yo+ Yot Yt Yo T Yot Yoot Y+ Yo+ Yia+ Vi
Xy =X+ Y4+ Yst+ Yot Yo+ Yoo+ Y13
X=X+ Yo+ Y7+ Yg+ Yo+ Y11 + Y3

Xe =Xt Yo+ Yst Yot Ygt Yut Yot Yzt Yy
X=Xt Ye+Yr+ Vst Yot Yo+ VY4

X=X+ Yo+ Yg+ Yo+ Y+ Yo + Vs
Yi=Yot Yo+t Yt Yot Yu

Ya=Yat Yo+ Yet Yot Yio+ Yt Yuu
Ys=YetYr+ Yt Yot Yt VYtV

By using these conditions above, we obtained 247 generators of the lifts of P, to

R, whose binary images have the parameters [92,46,14]. 1 of these generators is given

below:
Table 22 The list of pure double-circulant self-dual codes of length 46
# Cus |Aut ¢, (Cy )|
1 22020222322313120112101 2°.23
For n=48;

Let Pg=[l,, | A] be the generator of pure double-circulant self-dual code where
the first row of A is V =[y5, ¥, Y5 Yas Ys: Yor Y70 %00 Y Xo Yoo Yior Xa Yias Yazs Xas Yigs Yaas
Yiss X1 X1 X71 X5, X | By Using V, we obtain the following conditions for the lifts of P,

to R, to be self dual:
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X=X+ Yo+t Yot Yty
X; =%+ Y6+ Yo

X3 =Xg+ Yo + Y3

Xy =%+ Yst Yoo

Xs =X+ Yo+ Yn

Xe =Xg Y7+ Vi3

X=Xt Ye+ Y7+ Ys+ Yot Yo+ Vs
Yi=Yr Yo+ Yo+ YistYis
Yo=Yat Yot Yot Yt Vi
Ya=Yr+Ye T Yot Yo T Y13
Ys =Yg+ Yot Yis

For n=50;

Let B, , =[1,5| A] be the generator of pure double-circulant self-dual code where

the fiI’St row Of A iS Vl :[yl, y2, y3, y4, y5, yey y7, Xla ysl y9! y10| X21X3| X4! y11! y12’ y13' X5’
Xe: Yia» Yis: X7 Xas Yigs X | - BY Using V;, we obtain the following conditions for the lifts of

P, to R, to be self dual:

X=X+t YstYgt Yut Yo+ YistYis

Xo =X+ Yt ¥Ys+ Yot Yoo+ Yz + Vs

X3 =Xg+ Y5+ VYet Yot Yot Yot Yiat+ Y+ Vs
Xy =X+ Y7+ Ys+ Yot Yoo T Y1z + Vg

Xs =Xgt Yo+ Y+ Yo+ Yis + Y+ Yie

Xe =X+ Ys+Ys T Y7+ Ygt Yot Yot Yia+ Y+ Yis + Ve
X7 =X+t Y5+ Yot Yo T Yz + Yis + Yie

Xg =X+ Ys+ Yst Yot Y+ Vst VYt Yist Y
Yi=Yet Yot Ys+ Yut Yzt Vit Yie
Yo=Yst Y7 T Yst Yo+ Yo T Yis + Vis
Ys=YstYut VYot YistYu
Ya=YstYs t Yot Yot Yt Yo+ Vit Ve + Yi6
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By using the conditions above, we obtained the generators of the lifts of P, , to

R, whose binary images ¢(C,,,) are best-known Type I codes with parameters

[100,50,16] which are given below:

Table 23 The list of pure double-circulant self-dual codes of length 50-1

# C50—1 ‘AUt ¢1 (CSO—l )‘
1 0220222322233122231201101 2% 52
2 2222222122233302013223121 22 52
3 2020222322231300233203301 2°.5°
4 0000222122031122233023321 22 52
5 2200222322031120233221121 22 52
6 2200222320213322231001101 2°5°
7 0002222120233102211203321 22 52
8 0220222102213300033221321 2% 52
9 2222222302231300013201301 22 52
10 0200222302233100031001101 22 52
11 0202222302011122213223321 2°.5?
12 2222222302011320013021101 2°.5?
13 0002222102033302013203121 2% 57
14 2202222300233322213223301 2257
15 0200222100211322233203321 2°.5?
16 2022222300213122213021321 2% 57
17 0002222300231100211221101 2% 57
18 0220222300033322033201301 2257
19 0222222100033100213003321 257
20 2002220122213122231021321 2% 57
21 2000220122211120013023301 257
22 0200220122213302011021101 2257
23 2200220322031100011221301 2252
24 2202220120213120233203301 2257
25 0222220320211102031201121 2257
26 2202220320211300231003301 2257
27 0222220302231322233021121 2257
28 2222220102031300031223321 2257
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For n=50;

Let B, , =[l,; | A] be the generator of pure double-circulant self-dual code where

the first row of A is Vz :[yl’y27y3’xi’ Yar Y51 Xo1 Xgs Xys X53 X5 X7 Y1 Xg1 Xgs Xy05 Xy15 X205 Xp35
Xu4» Y71 %5, Ve Xig i | - By Using V,, we obtain the following conditions for the lifts of

P, , to R, to be self dual:

X=Xyt X3+ X5+ Y, + Y7
Xp =Xy T X3+ Xy T X5 T X T Y3+ Y7
X=X+ X5+ X7, + Y, + Y+ Y5+ Y,

Xy =X T Xy + X5 + X6 + X7+ Y, T Yo

Xg =Xy X X, + Y, Y

Xe = X3+ X5 + X+ Y3+ Vs

X7 =Xyt Yo+ YatYstY;

Xg =Xy T+ X3+ Xy ¥ X5+ X7+ Y3+ Y+ Ys + Y+ Y7+ Vs
Xg =Xz + Xy + X5+ X+ X7 + Y5+ Vg

Xio =X+ Yo+ Ys+Ys+ Y

Xpp = X3 T Xy T X+ Yt Ys HYs +Y;
Yi=YotYas+ Yot Yst Yt Y+ Ve

4

By using the conditions above, we obtained the generators of the lifts of P, , to

R, whose binary images ¢(C,, ,) are best-known Type I codes with parameters

[100,50,16] which are given below:
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Table 24 The list of pure double-circulant self-dual codes of length 50-2

# Csofz ‘AUt ¢1 (C50—2 )‘
1 0223203133110331131101211 22 52
2 0203201333110313131101011 22 52
3 0021203331330113131101011 22 52
4 0021023311330131131101011 2% 52
5 0021003311110133111101211 22 52
6 0003003133132113111121011 22 52
7 2221221333112331111121213 2% 52
8 0223223311330113111101013 2% 52
9 2203201111310313131101213 2% 52
10 2201023331130311111121013 2% 52
11 0023221131132333111121213 2% 52
12 2021023133130131131101213 2% 52
13 2003203331112133131121013 2% 52
14 2003003311332113111121213 22 52
15 2203223131132133111101231 2% 52
16 0023203111310113131121231 2% 52
17 2001223111110333131101231 2% 52
18 2003201133312333111121031 2% 52
19 2221223131110333111121033 2°.5?
20 2221023333132331111121033 2°5°
21 0203223313332133111101033 2°5°
22 0201001311310113111121033 2°5°
23 2023023313110131131121033 2°5°
24 2001223333110113131101233 2°5°
25 0001223333310333131101033 2°5°
26 0223203113130133111123011 27 5°
27 2203001111312333111123011 27 5°
28 0001201111310333111123011 27 5°
For n=52;

Let P, , =[l, | A] be the generator of pure double-circulant self-dual code where
the first row of A is V; =[¥,, Y5, Ya Yar Vs Yoo Yoo Yar X Yor Xou Yior Xa Xa iz Xer Xs: X X
X1 Xi0: %11 Yios Yigs X120 X5 | - BY Using V;, we obtain the following conditions for the lifts

of P, , to R, to be self dual:
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X=X+ Ys+Ys+ Y+ Y
X=X+ YstY;
X3 =Xp+Ys+¥Ys+Y; + Y
Xy =Xzt Yo+ Yio
Xs = X3+t Ye+ Yg+ Yo+ Vi3
Xe =Xt Y3+ Ys
X7 =Xg +Ya T Ys+ Yot Y3
Xg =X+ Y1ut Yo
Xg =Xzt YatYst+ Yt Yo
X1 = X3+ Ye t Yo
Yi=Ys+Yst Y +Yut Y
Yo=Ye+ Yot Yio

By using the conditions above, we obtained the generators of the lifts of P,, ; to

R, whose binary images ¢,(C,, ,) are Type I codes with parameters [104,52,16] which

are given below:
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Table 25.1 The list of pure double-circulant self-dual codes of length 52-1

# Cern ‘AUt ) (C52—1 )‘
1 02222222321211231331110011 2°.13
2 22222222321231031311110011 2°.13
3 00222220121033031133132211 2°.13
4 20222220321033031113130211 2°.13
S) 22222202323211031331112011 2°.13
6 00222200323033231113132211 2°.13
7 02222200103011011311130211 2°.13
8 22222020121013211311112211 2°.13
9 02222002103213031311130011 2°.13
10 00220222323033233311132011 2°.13
11 00220220103213013311110211 2°.13
12 20220202101213213113112011 2°.13
13 22220202301031013113130011 2°.13
14 22220200121211233113112211 2°.13
15 22220022103233233331130011 2°.13
16 20220020323211013331132211 2°.13
17 00220020303031233113112211 2°.13
18 22220002321033013113110011 2°.13
19 20220002101011233311112011 2°.13
20 02220000101233033133132211 2°.13
21 00202222301213231131110211 2°.13
22 20202222301233031111110211 2°.13
23 22202220121211211111112011 2°.13
24 00202220321013211131130011 2°.13
25 02202220101031031333132011 2°.13
26 02202200123211011111110011 2°.13
27 20202022121211231111132211 2°.13

By using the same conditions above, we obtained 187 generators of the lifts of

P,. to R, whose binary images ¢(C,,,) are Type II codes with parameters

[104,52,16] . 1 of these generators is given below:

Table 25.2 The list of pure double-circulant self-dual codes of length 52-1

# Cer ‘AUt ) (C52—1 )‘
02222222121231011131112211 2°.13

[EEN
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For n=52;

Let B, , =[l, | A] be the generator of pure double-circulant self-dual code where

the first row of A is V, =[ Y1, ¥, V3, Yar Yo Yor Yoo X Yer Yoo Yior Xo Xas X X5 Xe: Yars X7 X,
X1 Y1z X101 Yaas Xa1s X120 X5 | - BY Using V,, we obtain the following conditions for the lifts

of P, , to R, to be self dual:

X, =X+ X+ X3+ Y4+ Ve
Xo =X3+Yat Yo
X3 =X+ Y11t Y13
Xp =X+ X+ Xy
Xs =X+ Y7+ Yo+ Yu+ Yo
Xe =Xg T X + X3+ Y, T Ys
X7 =X3tYst Yo
Xg =X T Y7+ Yg+ Yo + Vi3
Yi=Y7+Ys+ Yoo
Yo=YstYet Yo
Ya=Yst+ Yo+ Y2
Ys =Yt Ygt Yut Yot VYis

By using the conditions above, we obtained the generators of the lifts of P, , to

R, whose binary images ¢ (C,, ,) are Type I codes with parameters [104,52,16] which

are given below:
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Table 26.1 The list of pure double-circulant self-dual codes of length 52-2

# Ceros ‘AUt ) (C52—2 )‘
1 20022221202331110331012111 2°.13
2 02222221022111310131010111 2°.13
3 22222221020131110131212111 2°.13
4 00222221002311112311012111 2°.13
5 00220221002331112331010111 2°.13
6 22222201220111112111012111 2°.13
7 22222201220111310131010111 2°.13
8 20222201200311112311012111 2°.13
9 20220201200331112331010111 2°.13
10 22022201022111112111212111 2°.13
11 00022201000331110331012111 2°.13
12 00022023220111330331210111 2°.13
13 20222023020131332311210111 2°.13
14 02222023002311132111012111 2°.13
15 02220023002331330111012111 2°.13
16 22220003200331132131010111 2°.13
17 20002223222331332111010111 2°.13
18 22002223202131332311010111 2°.13
19 02002223200111132311212111 2°.13
20 00200222302331330111012111 2°.13
21 00200203222311332131212111 2°.13
22 20000203022331132131210111 2°.13
23 02002021220311112311212111 2°.13
24 02200021022331112331010111 2°.13
25 02202021022311310331010111 2°.13
26 22002001022311112311212111 2°.13
27 20002001002111112111212111 2°.13
28 22022223222331130331012113 2°.13
29 00020223200131132131210113 2°.13
30 00022223200111330131210113 2°.13
31 00222223002111132111012113 2°.13
32 22022203022311330331210113 2°.13
33 00022203000131130131012113 2°.13

By using the same conditions above, we obtained 163 generators of the lifts of
P,, to R, whose binary images ¢(C,, ,) are Type II codes with parameters

[104,52,16]. 1 of these generators is given below:



Table 26.2 The list of pure double-circulant self-dual codes of length 52-2

# C5272 ‘AUt ¢1 (C52—2 )‘
1 22220221222131112131210111 2°.11
For n=52;
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Let B, , =[l.5| A] be the generator of pure double-circulant self-dual code where

the first row of A is V, =[Y., Y., Vas Var Yer Yoo Yor X Yau Yor Xar Yior Xas Yars Xas Xgs Xgs X7 X,

X Xi0: %11, Yios Yigs X120 X5 |- BY Using V,, we obtain the following conditions for the lifts

of P, , to R, to be self dual:

Xp =Xzt Yo+ Yu

X, =X+ Ys+ Y5+ Y, + Yo
X3 =Kot YstYs Y, + Vs
Xy =Xt Y+ Ys

Xs =Xzt Y, +¥s+ YtV
Xe =X+ ¥Ys 1 Yo
X=Xzt Ys+ Yo+ Yt Y13
Xg =X tYs+Y;

Xg =Xzt Yo+ Yo+ Yt Y3
X1 = X3+ Yo+ Y13
Yi=Ys+Ys+ Y+ Yg+ Vo
Ya=Yot+ YtV

By using the conditions above, we obtained the generators of the lifts of P, , to

R, whose binary images ¢,(C,, ;) are Type I codes with parameters [104,52,16] which

are given below:
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Table 27.1 The list of pure double-circulant self-dual codes of length 52-3

# C52—3 ‘AUt ¢1 (C5273 )‘
1 22202223201012111313132211 2°13
2 02222223001032133111112011 2°13
3 02202201203030111333112011 2°.13
4 22222021221212131311112211 2°13
5 22222021023232131311110211 2°13
6 02222001223232131331112211 2°13
7 22222003221230133331130011 2°.13
8 02200223223030331111112211 2°13
9 22200221201030313313110011 2°13
10 22220221023012313313112211 2°13
11 22220201221012311333112211 2213
12 02200203203012313333130211 2°13
13 02220023223230331311132011 2°13
14 22220001221212331331112211 2°13
15 22200001221212311133132011 2513
16 02022221203030331131132211 2°.13
17 02022221021012311333110211 2°13
18 02002221021012331131130011 2°.13
19 22022223023010313333132011 2°.13
20 02022223001012331131110011 2°.13
21 02002201223012333111130011 2°.13
22 22022021023212333331112211 2°.13
23 02002003021230313113112211 2°.13
24 22000221221012131131132011 2°.13
25 02020221203010133131130211 2°.13
26 02000223021030133131112211 2°.13
27 22020223023030111333130011 2°.13

By using the same conditions above, we obtained 211 generators of the lifts of
P,, to R whose binary images ¢(C,, ;) are Type II codes with parameters
[104,52,16]. 1 of these generators is given below:
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Table 27.2 The list of pure double-circulant self-dual codes of length 52-3

# C5273 ‘AUt ¢1 (C5273 )‘
1 02202221223212133313130011 2°.11
For n=52;

Let B, , =[l, | A] be the generator of pure double-circulant self-dual code where

the fIrSt row Of A |S V4 :[yl,y2,y3,y4,y5,yelxiyxgyxgyy7yX4,y8)X5aX6!X7!y9’le’X8’X9’

Yi1 Yios Yigs Xi0s Xu1 X0, X5 |- By USiNG V,, we obtain the following conditions for the lifts

of P, , to R, to be self dual:

X=X+ Y3+ Yo
X =XgtYet ¥+ Yo+ Y
X3 =X+ Y5+ Y,
Xy =Xp t Y1+ Y5
Xs =X Y11+ Ys
Xe =Xzt Ygt Yo
X=Xt Y1+ Ys+¥s+ Y
X =Xzt Ys T Yot Yt VYis
Xg =X+ Y1+ Y3+ Yo+ Vi
Xy =Xzt Yg+Yn
Yo=Ye+ Y71 Y13
Ya=Yst Yot Yn

By using the conditions above, we obtained the generators of the lifts of

P,,to

R, whose binary images ¢ (C,, ,) are Type I codes with parameters [104,52,16] which

are given below:
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Table 28.1 The list of pure double-circulant self-dual codes of length 52-4

# C5274 ‘AUt ¢1 (C52—4 )‘
1 22222231123211320132221111 2313
2 20222213321013122130001111 23.13
3 20202231123013320332201311 2313
4 22222231103013320130201111 2313
5 22222231103011300132201311 23.13
6 20202033123013320332221311 2°.13
7 22202033123011300130201111 2313
8 22202033103213300132221111 2313
9 20202031103013320132201311 2313
10 22220211321211322112221111 2313
11 20220231123213100310001311 2°.13
12 20200211321011302310201111 2313
13 22220211301013322110201111 2313
14 20200233103013120112021311 2313
15 20220231103013120310021111 2313
16 20220013321211322312221111 2313
17 20200031123211120110021311 2313
18 20200011321213302112221111 2313
19 22220011301211322312221111 2°.13
20 20200013301213302312201111 2°.13
21 22220031103213100310021311 2°.13
22 22220033103011100112021311 2°.13
23 22022231121233302130221311 2°.13
24 20022231121233302330201311 2°.13
25 22022211323233100130021311 2°.13
26 22002213303033120332001311 2313
27 20022231101031302332221311 2313
28 22022013323231120132001111 2313
29 20022031121033322130221111 2313
30 22002013323031100130001111 2313
31 22002011303031100330021111 2313
32 20000231101233102312021111 2313

By using the same conditions above, we obtained 197 generators of the lifts of
P,, to R whose binary images ¢(C,, ,) are Type II codes with parameters

[104,52,16]. 1 of these generators is given below:
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Table 28.2 The list of pure double-circulant self-dual codes of length 52-4

# C5274

\Aut ¢ (Cs. )\

[EEN

22202213121211122310221311

2°.11

For n=52;

Let B, , =[l.5 | A] be the generator of pure double-circulant self-dual code where

the first row of A is Vo =[Y., ¥, Yo Var Yor X0 Yoo Yor Yoo Xor You X Yios Yazs Yios Xas Xs Xs

X1 Xgs X9y X101 Yig» Xu11 X0, Xi3 |- By Using V;, we obtain the following conditions for the

lifts of P,, . to R, to be self dual:

X =X+tY;+¥n
Xo=Xg+ X+ X+ Y, + Yy
X3=Xg+Ys+Yn
Xy = X0 T X3 + X3
Xs=Xp+Ygt Yot Yot Yis
Xe =Xg T Xp + X3+ Y, T Y,
X=X+t Ys+Ygt Yot VYis
Xg =X+ Ys+ Yoo
Yi=YstYst Yot VYiotVYis
Yo=YstY:+ Y
Y3 =Yg+ Yo+ Yio
Ys = Yot Y10 T Vi3

By using the conditions above, we obtained the generators of the lifts of

P,. to

R, whose binary images ¢,(C,, ) are Type I codes with parameters [104,52,16] which

are given below:
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Table 29.1 The list of pure double-circulant self-dual codes of length 52-5

# C52—5 ‘AUt ¢1 (C5275 )‘
1 00200122232322213331110111 2°.13
2 00020322212300013111312111 2°.13
3 22202322230100011331312111 2°.13
4 00222322012300013111310111 2°.13
5 22220122010122211111112111 2°.13

By using the same conditions above, we obtained 27 generators of the lifts of
P, to R, whose binary images ¢(C,, ) are Type II codes with parameters

[104,52,16]. 1 of these generators is given below:

Table 29.2 The list of pure double-circulant self-dual codes of length 52-5

# Cszfs ‘AUt ¢1 (C5275 )‘
1 02222122212122013111312111 2°11
For n=52;

Let P,  =[l, | A] be the generator of pure double-circulant self-dual code where
the first row of A is Vo =[V1, 5. Ya Yar X0 Yoo Yoo Y7o Yar Xor Yo Xas Yaos Xao Yo Yir X Xy,
Yios Xg1 Xg1 X101 X0, X1z, Yis, X43 | - By Using Vg, we obtain the following conditions for the

lifts of P,,  to R, to be self dual:



Xp =X+ Yot Yis
Xo =X+ Y¥s+Y;
X3=Xp+Y¥s+Yn
Xy =Xt Yot Ys+ Y, +Yn
Xs = X1+ Ys+ ¥Yg+ Yot Yi3
Xe =Xyt Y+ Yo+ Yo + Vi3
Xp =X+ Y7+t Yn
Xg =Xzt Y, Y,
Xg =X+ Yot Yoo
Xio =Xzt Yot Ys+Yr+ Y
Yi=Yst+Yst Y10
Ya=Yo 1 Y2t Y13

By using the conditions above, we obtained the generators of the lifts of
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P, to

R, whose binary images ¢ (C,, ;) are Type I codes with parameters [104,52,16] which

are given below:

Table 30.1 The list of pure double-circulant self-dual codes of length 52-6

# Cors ‘AUt ¢ (C52—6 )‘
1 02023222212303301321131101 2°.13
2 22221222210323303321331101 2°.13
3 22223222210323303301131121 2°.13
4 02023222010323303321331121 2°.13
5 22223220232123121301331101 2°.13
6 02021220232103321301331121 2°.13
7 22021220230123121301131101 2°.13
8 02221220230103321321331101 2°.13
9 22221220032103321321131121 2°.13
10 02223220030123121301131121 2°.13
11 22021202212303101301331121 2°.13
12 02221202210323103321331101 2°.13
13 22223202210303101301131121 2°.13
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By using the same conditions above, we obtained 39 generators of the lifts of P,, .

to R, whose binary images ¢ (C,, ;) are Type II codes with parameters [104,52,16]. 1

of these generators is given below:

Table 30.2 The list of pure double-circulant self-dual codes of length 52-6

Cors ‘AUt ) (C52,6 )‘
1 22223222212121121101311101 2511

For n=54;

Let B, , =[l,, | A] be the generator of pure double-circulant self-dual code where

the first row of A is V; = [, Y5, X, Ys: Yar Yoo Yor Xor Y70 X1 Yoo Xar X1 Yoo Yior X X7 X Xo,
Xi0s Xu1s X121 Xa31 Xia» X5 X0 %7 |- BY Using V,, we obtain the following conditions for the

lifts of P,, , to R, to be self dual:

Xp =X T X X7+ Yo+ Ys + Yo+ Y5 + Y7+ Yo
X=Xt Yt Yst Yo+ Ys

X3 =X+ Yo+ Ys+ Y+ VY

Xp =X+ Xyt X+ Y+ Y, T Y+ Ys

Xg =Xz T X5 T X7+ Y+ Ys Y+ Yg T Yo + Yo
Xe =Xyg + X5t Xg T Y+ Y+ Y7+ Ys + Yo+ Yio
Xp =X+ X+ X7+ Yo+ Y+ Ys +Ys+ Yo+ Yio
Xg =Xyt X5+ Xt Yo T Y3+ Y+ Ys+Ys Yo
Xg =Xz T Xy + X7+ Yt Ys+Ye Yo

Xio = X3 + X5 + X6 + Y7+ Vs

Xip = Xg + Xy X5 + X + X7 Y, T Y

Xpp = X3 T Xy T X+ Yo+ Yt Ys T Ys H Y7 Y
Vi=Yot s+ Yot Ys+Yet Yot Ys+ Yot Yo
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By using the conditions above, we obtained 107 generators for the lifts of P,, , to

R, whose binary images ¢(C,, ,) are best-known Type I codes with parameters

[108,54,16]. 1 of these generators is given below:

Table 31 The list of pure double-circulant self-dual codes of length 54-1

Cs4—1 ‘AUt ¢1 (05471 )‘
1 221222210123120131131311111 22.3%

For n=54;

Let B, , =[l,,| A] be the generator of pure double-circulant self-dual code where

the first row of A is V, =[ Y1, Y. Y30 X Vs X0 X0 Ve Yo Yo Yoo Yoo Yior Yaur Xao Yiz» Yaan X
Yiar Xs1 X7 g1 Xg1 X101 X1, X1, X4 |- By USINg V,, we obtain the following conditions for the

lifts of P, , to R, to be self dual:

X=Xt Yst Yo+ Ys + Yo+ Ygt Yo+ Yis+ Vi
X=X+ Ys+YstYst YotV tYy
X3 =Xzt YatYs+Yst Yo+ Yo+ Vi3
Xy =Xt Yst Yo+ Ys+ Yo+ Y+ VYu
Xs =Xpo+ YatYs+ Yot Yo+ Yt Yis
Xe =Xzt Y, T Y5+ Y7+ Vi3

X7 =Xzt Y5+ Yo+ Y+ Yo

Xg =Xzt Y3+ Yy + Vet Yot Yo+ Yuu
Xg =X+ Yst Y+ Ygt Yt YotV
X =Xt Ys+ Y, + Yo + Yo

Xip =Xzt Yo+ Yo+ Yo T Yiu
Yi=Yst Yo+ Yot Yot Yt Yis+ Vi
Yo=YatYs+Ys+ Vst Yoo
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By using the conditions above, we obtained 109 generators for the lifts of P,, , to

R, whose binary images ¢(C,, ,) are best-known Type I codes with parameters

[108,54,16]. 1 of these generators is given below:

Table 32 The list of pure double-circulant self-dual codes of length 54-2

# Csis ‘AUt é (C5472 )‘
1 222321322222203201233111131 22.3%
For n=54;

Let B, , =[l,, | A] be the generator of pure double-circulant self-dual code where

the ﬁrSt row of A iS V3 :[yl,yzyygyxiyy41y51y61X2)y7ly8!y9!y101X31X4)y111y121y131X51
Xe: Yiar X73 Xgs X1 Xi01 %11 Xp0 X3 |- BY Using V,, we obtain the following conditions for

the lifts of P,, , to R, to be self dual:

X=Xt Y, T Y5+ Yst Yot Yo+ Vi3

X=Xzt Y7+ Ys+ Yo T Yuu + Yo + Vs

X3 =Xz T Y5+ Yo+ Y+ Yo + Y1z + Vs

Xy =Xt Ys+Ys+Yst Ygt Yot Yo

Xs =Xp T Yo+ Y7+ Yot Y3

Xe =X+ Yo+ Yot Yo+t Yo+ Ye+ Yo+ Yot Yt Yo+ Y
X=X+ Y5+ Yot Yot Yuu

Xg =X+ Yot Ys+Ye+ Yot Yst Yot Yot Yot Yzt Vi
Xg =X+ Yo +¥s+ Y, + Y

Xo =Xt Yat Y7+ Yg+ Yo+ Yo + Y13

Xo =X T Yat Yot Yg+ Yo+ Yo + Y13

Xp =Xt Yo+ Yo+ Ys+ Yot Yo+ Yot Vi3 + Y
Yi=Yo+Ys+Ys+ Yot Yio
Ya=YstYe+t Yot Yut Yot Yzt Yy



By using the conditions above, we obtained 106 generators for the lifts of
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P,, to

R, whose binary images ¢ (C,, ;) are best-known Type I codes with parameters

[108,54,16]. 1 of these generators is given below:

Table 33 The list of pure double-circulant self-dual codes of length 54-3

C54—3

|Aut ¢ (Cq,5)|

1 220122232222312023321313311

22.3°

For n=54;

Let B, , =[l,; | A] be the generator of pure double-circulant self-dual code where

the first row of A is V, =[Y,, Yo. Yas Yas X0 Vs Yoo Y7 Yor Yor %o Xas Yigs X Xss Yirs Vi X

Yigs Yiar X7 Xgs Xgs X404 Xi1 X1, X5 |- By Using V,, we obtain the following conditions for

the lifts of P, , to R, to be self dual:

X=Xzt YatYs+VYet Yuu
X=X+ Y3+ Ye + Yt Yp

X3 =Xzt Ys+ Yo+ Yst Yot Yot Yt VYtV
Xy =Xt Yot Ys+ Yot Y+ Yis+ Vi

Xs =Xzt Yot Yst Yot Ys T Yo+ Yo+ Yo+ Y
Xe =Xa+Ys+ Yot Yo T Yo+ Ye + Yo T Y+ Vs
X=X+ YatYet Yot Yot Yt Yot YistYy
Xe =Xzt Yot YstYs+ Y+ Yo+ Yis

Xg =Xzt YstYr+ Yot Yu

Xio =X+ Y3+ Y, tYs+ Y7+ Yo+ Yoo+ Viz + Vg
Xp =X+ Yot Y+ Vet Yo+ Yot Yot Yt Yis
Xp =Xat Yo+ Yot Y5+ Ys+ Yot Vi

yl:y2+y3+y4+y5+y6+y7+y8+y9+y10+y11+y12+y13+y14
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By using the conditions above, we obtained 109 generators for the lifts of P, , to

R, whose binary images ¢(C,, ,) are best-known Type I codes with parameters

[108,54,16]. 1 of these generators is given below:

Table 34 The list of pure double-circulant self-dual codes of length 54-4

C54—4 ‘AUt ¢1 (C5474 )‘
1 022232222213233223203113111 22.3%

For n=54;

Let B, o =[I,, | A] be the generator of pure double-circulant self-dual code where

the first row of A is Vs =[V,, Y5, X Yar Xou Yas Yoo Yoo X1 Yoo Xas Vs Yoo Yaor Yanr i %o X,
Yias X71 Yias Xg» X, Xig, %11, X1, X5 | - By Using V, we obtain the following conditions for

the lifts of P,, . to R, to be self dual:

X =XptYs+Yst Yot VYu
X=Xt Y+ Yot Yot Yot Yoot Yuu
X3 =Xzt Yo+ Y7+ Yt Vs

Xy =Xt Ys+ Yo+ YstYet+ Yzt Y
Xs =Xzt Ys + ¥e T Yo t Y2 + Y13 T Yy
Xe =X+ Ya+ Yg+ Yo+ Yiu + Yz + Vs
Xp =Xzt Y3+ Y4+ Yot Yio

Xe =X+ Ys+ Yot Ygt+ Yo+ VYis+ Yy
Xg =X+ Y5+ Ye+ Ygt Yot Yoot Yuu
Xo =Xzt Y+ Y5+ Y6+ Vi3
X=Xt Y3+ YstYet Yo+ Yg+ Yot Yozt Vi
Yi=YstYst Yot Yot Yt VYo tYis
Yo=Yst YatYs+ Y+ Yy
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By using the conditions above, we obtained 109 generators for the lifts of P,, . to

R, whose binary images ¢(C,, ;) are best-known Type I codes with parameters

[108,54,16]. 1 of these generators is given below:

Table 35 The list of pure double-circulant self-dual codes of length 54-5

C54—5 ‘AUt ¢1 (C5475 )‘
1 023212221212222031212311111 22.3%

For n=54;

Let B, s =[l,,| A] be the generator of pure double-circulant self-dual code where

the first row of A is Vs =Y, Y51 Vo Y X0 Yoo Yor Y7o X1 Vs Yor Xao Yaor Yars Yazs Xar Xer Ko

X Yiar Yias Xg» Xg» Xa0s X1, Xi0 ;5] - By Using Vg, we obtain the following conditions for

the lifts of P, , to R, to be self dual:

i =Xt Ys+Ys +Y, + Y,
X=Xt Yo+ Y5t Ys +Y;

X3 =X+ Ys+Ys+ Y7+ Ys+ Yo+ Yuu

Xy =Xt Yst Y, Yot Yo T Y13+ Y

Xs =X+ Yo Y3+ Y5+ Ye+ Yt Yis

Xe =X+ Yzt Ys+Ye+ Y+ Yo+ Vi

X7 =Xzt Y3+ Yot Yoot Yn

Xg =Xzt Yot Ys+Yet Yo+ Yot Yot Yzt Y
Xg =X+ Y3+ YstYg+ Yot Yis Y

Xio =X+ Ys +¥Yg T Yo+ Yio + Y12 + Vs

Xu =Xt Y3t Ys+Ye+ Yo+ Ygt Yo+ Yo+ Vi
Yi=Yot Y+ Y7+ Yo+ Yoo
Ya=Ys+Yet+ Yot Yot YutVYiztVYuy
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By using the conditions above, we obtained 107 generators for the lifts of P, ; to

R, whose binary images ¢ (C,, ;) are best-known Type I codes with parameters

[108,54,16]. 1 of these generators is given below:

Table 36 The list of pure double-circulant self-dual codes of length 54-6

C54—6 ‘AUt ¢1 (C54—6 )‘
1 222012221223202131322111111 22.3%

For n=54;

Let R, , =[l,,| A] be the generator of pure double-circulant self-dual code where

the fiI’St row Of A iS V7 :[yl,yz,y3,y4,y51X1aX2,y61x3ax41y71X5!yssygay]_()’yll’ylZ'XG’

X71 X, Yias Yias Xos Xi01 Xu1s X020 X5 |- By using V;, we obtain the following conditions for

the lifts of P, , to R, to be self dual:

X=X+ YatYs+ Yot Yot Yut VYot Yist+ Yy
X=X+ YstYs+ Yo+ Yt YtV

X3 =Xp+Ys+ Yt Y3+ Y

Xp =X+t Y+ Yot Y+ Yo

Xs =Xzt Yt Ys T Yt Yg+ Yot Yot Yt Yo
Xe =X T Ys t Y, t Y7+ Yg+ Yo+ Y10+ Yo T Yiu
Xp =Xzt Ys+ Y5+ Y5+ Yo+ Yot Yoy

Xg =Xzt Yt Y+ Vst Yot Yizt Vi

X9 =Xp T Yy T Y+ Yo+ Vi

Xo =Xz T YstYstYs+Yet Yot Yot Yo+ Vi
Xp =X+ Y3+ Ygt Yot Yis
Yi=YstYstYst Yt Yt Yot Vs
Yo=Yat Yot Yut VYt Yu
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By using the conditions above, we obtained 107 generators for the lifts of P, , to
R, whose binary images ¢ (C,, ;) are best-known Type I codes with parameters

[108,54,16]. 1 of these generators is given below:

Table 37 The list of pure double-circulant self-dual codes of length 54-7

C54—7 ‘AUt ¢1 (C5477 )‘
1 022223321123220221110031311 22.3%

For n=54;

Let B, ¢ =[I,, | A] be the generator of pure double-circulant self-dual code where

the first row of A is V8 :[yl, X Yor1 Y30 Yar Y51 Yo Y71 Yo Yor Xou Yios Yo Yior Yazs Vi X3 Viss
Yigr a7+ Xas Xs» Yigs Xs1 X7, Xg, X | - By Using V;, we obtain the following conditions for the

lifts of P, , to R, to be self dual:

X=X+ Y5+ Ys+ Yo+ Y3+ Yis T Y16 + Y17 + Vis
X =Xg+ Y, Ygt Yot Yis+ Yig + Yig

X3 =X+ Yg+ Yo T Yot Yis + Va7 + Vg

X=X+ Ygt Yot Yt Yo+ Yzt Yiu + Yis + Vi
X=X+ Y, tYs + Yg t Y+ Yo+ Vis + Vi + Vg
Xe =Xt Y+ Yo T Y13+ VYis

X7 =X+ Yot Ygt Yot Yo+ Yia + Yis + Yig T Yig
Xg=XgtYet+ Yot Yoot Yt Yis+ Yt Yig+ Yig
Vi=Ys+YetYut Yot Yis+YutYis+tYiet Yis
Yo=Yat YstYs Yot Yo T Yis T Yy

Ya=Yst Yot Yot Yo+ Yiu + Vi + Vs

Yo = Yo+ Yo+ Y+ Y15+ Yis

Yr=Yst Yot Y15+ Yis T Y17
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By using the conditions above, we obtained 110 generators for the lifts of P,, ; to

R, whose binary images ¢(C, ;) are best-known Type I codes with parameters

[108,54,16]. 1 of these generators is given below:

Table 38 The list of pure double-circulant self-dual codes of length 54-8

# C54—8

|Aut ¢ (Cy )|

1 230222222212222212003103111

22.3°

For n=54,

Let B, o =[l,, | A] be the generator of pure double-circulant self-dual code where

the first row of A is V; =[ V., V5. ¥ Yar Ye: Yoo Yo Yar Yoo Yios X Yars Xou Yios Yigs Xa» Yaas Viss

Yigr a7+ Xar Xs» Yigs Xs0 X, X, % | - By using V,, we obtain the following conditions for the

lifts of P, , to R, to be self dual:

X=Xyt Y;+Yg+ Yot Yot YutVis
X=X+ Ys+ Yt Yt Yiu t Yis + Va6
X=X+ Ys+ Y+ Ys+ Yo+ Yot Yt Yzt Yo7

Xe =X T Y5+ Y7+ Yo+ Yoo + Vi T Y1z + Yia T Yis T Yis T Y1y

Xs =X+ Y5+ Yg+ Yo+ Vi + Yis + Y1y

Xe =Xgt Y5+ VYot Yo+ Yis

X=X+ Y5+ Yo+ Y+ Yot Y5+ Yie

Xe =Xg T Y7+ Yt Yiut Yo+ Yis + Vig
Yi=Ys+tYr+Yet Yot Yist Yis Y17

Yo=Yet Yot Yo+ Yo+ Vi + Yis + Yie + Y17 + Yis
Ys= Yot Y3t Yiu T Y16 T Y1y

Yo=Yt Yt Y5+ Yir+ Vi

Yo = Yo+ Yot Yio t Vi3 T Yie + Y17 + Vis
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By using the conditions above, we obtained 110 generators for the lifts of P, , to

R, whose binary images ¢ (C,, ,) are best-known Type I codes with parameters

[108,54,16]. 1 of these generators is given below:

Table 39 The list of pure double-circulant self-dual codes of length 54-9

C54—9 ‘AUt ¢1 (05479 )‘
1 202020222212122122221101131 22.3%

For n=58;

Let Py, =[l,, | A] be the generator of pure double-circulant self-dual code where

the first row of A is Vy =[ V1, Y5, Vs, Yar X X Xa0 Yo Xy Yoo Yo X1 Yoo Xos Yo X1 Yaor Yas X
Yizs Xgs X105 Xe1 iz Xigs Xias Xis Xig X7 | - By USINg V;, we obtain the following conditions

for the lifts of P, to R, to be self dual:

X=Xt X5+ X7+ Y, T Y+ Yg T Yo

Xp =X+ Xyt X7, +Ys+ Y7+ Y+ Yoo

X3 =Xy T Yo+ Y3+ Yo+ Vi

Xy =Xt Ys+ Y+ Yst Y, + Yt Yoo

Xs =X+ Ys+ Y+ Yot Yn

Xe =X X5 + X7+ Yo+ Y3+ Y7+ Ve + Yo+ Y1
X=Xyt X+ X+ Yot Yt Ys Yot Y, Y T Yot Yot Yt Ye2
Xg=X7+Ys+YstY7r+ Yo

Xg =X T Xy X5 T Yot Ys Y7+ Va0

Xio =X T X5+ X7 + Yot Ys + Yo T Ys T Yo+ Y1
Xp=XstYo T Y3+ Y, +Ye+ VYot Yy

Xig =Xy T X5 X7+ Yo+ Ya+Ys+ Vst Yr +Ys+ Y+ Yo
Xg =Xzt Yot Yat Y+ Yst Yt Ygt Yo+ Yy

Vi=Yot Y+ Yot Ys+YstYr ¥ Yo+ Yo+ Yoo+ Y+ Vi
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By using the conditions above, we obtained the generators of the lifts of P, to

R, whose binary images ¢(C,, ,) are best-known Type I codes with parameters

[116,58,18] which are given below:

Table 40 The list of pure double-circulant self-dual codes of length 58-1

# C58—1 ‘AUt ¢1 (C58—1 )‘
1 22221310300301212212131111111 22.29
2 22203312102123210210111111131 22.29
3 02021110320103212210113131111 2°.29
4 20201112302123010012113131111 22.29
5 00201110322323032210131131131 22.29
6 00001110120303010230113111111 22.29
7 22223110300123030210311131133 22.29
8 22023310300321010232313131113 22.29
9 20221332122101230210311111133 22.29
10 00203312322301212030313131113 22.29
11 00003112322103232012311131133 2°.29
12 02223330120103210012111131311 22.29
13 02203112122301210030313111311 22.29
14 02201110122323210030111111311 22.29
15 22201330322103032010311131311 22.29
16 00021332300123230212311131311 22.29
17 20021112100303012232111111311 22.29
18 20023110100321012232313111311 22.29
19 20003332102123012210111131311 22.29
20 02021112322301010032133131333 22.29
21 02003132120123012032333131333 22.29
22 22001330300103030030311131313 22.29
For n=58§;

Let Py , =[l,, | A] be the generator of pure double-circulant self-dual code where
the first row of A is V, =[Y, Vo1 Yo, X0 Yas X1 Yo X1 Y Vs Xas Yor X6 Yoo Yaos Yars Yiz» Yass
Yiar Xsr Yiss Yisr %71 X X Xi0s Xa1s Xi00 X5 | - BY USiNg V,, we obtain the following conditions

for the lifts of P, , to R, to be self dual:
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X=Xzt Yt Ys T Yet Yot Yt Yiut Yis + Yie
Xo =Xt Yot Yo+ Yo+ Yis+ Y+ Ve
X3=XatYa+Ys+Yr+ Yt Y+ Yo+ Y+ VYis
Xy =X+ Yst Yot Ygt Yot Yt Yy

Xs =X T Y5+ Yiu T Y12 T Y13+ Yis + Yas

Xe =X3+Ye+ Yot Yo+ Vi

X7 =Xt Yot Yst Yot Yot Y+ Yt Vit Yis
X =Xt YatYstYet Yo+ Yo+ Yt YtV
Xg=Xp+Ys+Yet Yot Yio+ Yt VYis

Xio =Xzt Ys+Ys+ Yo+ Ys+ Y10+ Y13
Xp=Xgt Yot Ys+ Yo+ Yo+ Yt Yo+ Y3+ Yt Yis + Vi
Yi=YetYr+ Yot Yot Yoot Yo T Yzt Yis + Yis
Yo=YstYe T Y+ Ye+ Yot Yo+ Yis
Ya=YatYst Yot Yet Yot Yo+ Yt YutYis

By using the conditions above, we obtained the generators of the lifts of P, , to

R, whose binary images ¢(C., ,) are best-known Type I codes with parameters

[116,58,18] which are given below:
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Table 41 The list of pure double-circulant self-dual codes of length 58-2

# Cssfz ‘AUt ¢1 (C58—2 )‘
1 02012323221230022003221331311 22.29
2 20212323203230020201223113111 22.29
3 00232123203012200221001133311 22.29
4 00232121021030202221223331111 22.29
5 20012323003230000001003333111 22.29
6 02012321001012222201003331111 22.29
7 22032301203232202001223131311 22.29
8 20212103201012202003203133111 22.29
9 20232103003210000003221311311 22.29
10 22012103003012222023223131311 22.29
11 00032101001012022003223313111 22.29
12 22230121221210200223003313111 22.29
13 00210123223210000203003131311 22.29
14 02030123223012222223001311311 22.29
15 02010123021210020223023133111 22.29
16 00230321023030020221003131311 22.29
17 22230321001230222201023111311 22.29
18 02210303223032222221223333111 22.29
19 22030101201232020001003331111 22.29
20 22030103023210022001221133311 2°.29
21 02010303023032202021003113111 2°.29
22 00232123223212020203201131113 2°.29
For n=58;

Let Py, =[l,5| Al be the generator of pure double-circulant self-dual code where
the first row of A is V3 =[Y,, ¥, Y3 Yar Ys: Yoo Yo Yoo Xio Yoo Yior oo Yans Yazo Yasr Yaas s
Yigr Yi7s Xa Yigs Xas Yigs Yoor Xe1 Xg1 X70 Xg: % |- By using V,, we obtain the following

conditions for the lifts of P , to R, to be self dual:
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X=Xt Yg T Yz T Y + Yig + Yo + Yoo

X=X+ Y5+ VYst+ Yot Yio+ Yo+ Yzt Yie + Yig + Yo + Yo
X3 =Xg+ Yg+ Y10 T Yiu t Y + Y17 + Yoo

Xg =Xgt Y5+ Yt Yot Yzt Yiu T Y15 T Yis + Yir + Yis + Yoo
Xs = X9+ Y5+ Yo T Y13+ Y15 T Y19 + Yoo

Xe =Xgt Yg+ Yiu t Yis + Ya7

X=X+ Y5+ Yo+ Yo+ Yis + Yie + Yis

Xg =X+ Y+ Yo+ Yig + Yig

Yi=YstYs Yot Yot Y+ Yot Vi + Yis + V17

Yo=Ys T Yot Yt Yot Yzt Yia + Yis T Yoo + Yo
Ys=Yg+ Yot Yzt Yis T Y17 T Yis + Yoo

Ya=Yst Yg T Yz T Yis + Yig + Yig + Yio

Yo = Yo T Yot Yot Yia T Y T Yis + Y7 + Yis + Yoo

Y7=Yut Yt Y5t Yie t Yoo

By using the conditions above, we obtained the generators of the lifts of P,; , to
R, whose binary images ¢(C,, ;) are best-known Type I codes with parameters

[116,58,18] which are given below:
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Table 42 The list of pure double-circulant self-dual codes of length 58-3

# Cssfs ‘AUt ¢1 (C58—3 )‘
1 20022222122322200203230211311 2°.29
2 02002022322122020003212211131 2°.29
3 22202022122102002021032013131 2°.29
4 02002022122100220023032031111 2°.29
S 00022202320122220203210211111 2°.29
6 02222022120322202021032211311 2°.29
7 02202022302322222023030011111 2°.29
8 22222002302122022221032011331 2°.29
9 20002222302322020001030231311 2°.29
10 00002202102120222201230033331 2°.29
11 22202022302320202023232231111 2°.29
12 00222202302320022221012031111 2°.29
13 02022202302120000203030031311 2°.29
14 20202202100122200003032231111 2°.29
15 22222222100322022003030033311 2°.29
16 22002022300320200221232213331 2°.29
17 00002202300302022203212231331 2°.29
18 00222220122120020001212233311 2°.29
19 22222000322120002003012031331 2°.29
20 02022000122302202203210013131 2°.29
21 02222200122100022003032033311 2°.29
22 00222000122300002003210233131 2°.29
For n=58;

Let P, , =[l,, | A] be the generator of pure double-circulant self-dual code where
the first row of A is V, =[ Y1, Y, Yo Vi Yo X0 X1 Xa Yo X Xs1 Yo X1 Yar X1 Yoo Xar X1 X0,
X010 X121 %31 Yios Yinr Xuar Xis1 Yz s X6 %47 |- BY Using V,, we obtain the following conditions

for the lifts of P, , to R, to be self dual:
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X=Xt X+ X+ Yo+ Yot Yo+ Yot Y+ Yoo
X=Xt YstYst Yot VYo

X3 =Xg+YatYr+Ygt Yo+ Yt Voo

Xy =X+ X+ X7+ Y+ Ys Y7+ Yo+ Yo+ Yoo

Xs =Xs + Xt X7 + Yo+ Ya+ Yo+ Ys + Y+ Y+ Yo T Y
Xe =X + X5+ X7+ Ya+Ys + Y+ Y10

Xp =Xt Xg T X+ Yot Yst Y, +Yet Yot Y

Xg =Xt Yot Y3+ Ys+Ye+Y7: 1Yo
Xg=Xp+ Xt X7+ Yo+ Ys T Y7+ Yo

Xo =Xs t Yot Yot Y, tYs + Yo T Y

X1 =Xt Yo+ Y+ Yet Yio

X3 =Xt X T X7 Yot Ys +Ys T Yot Y+ Yoo

Xa =X T Yot Yot Ys+ VYot Yot Yoo

Yi=Yot Yot Yot Vst Ye T Y+ Yo Yo+ Yo+ Y+ Vo

By using the conditions above, we obtained the generators of the lifts of P, , to

R, whose binary images ¢(C. ,) are best-known Type I codes with parameters

[116,58,18] which are given below:
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Table 43 The list of pure double-circulant self-dual codes of length 58-4

# C5874 ‘AUt ¢1 (C58—4 )‘
1 02222313211032321313110031211 22.29
2 02022111033010321133110211211 22.29
3 02002333031010123111132211211 22.29
4 20220333231212103111130011011 22.29
5 20200111233212301133112011011 22.29
6 00020131033030121331130211211 22.29
7 22222313033032121333132211213 22.29
8 02220131013010301131130211013 22.29
9 02202113213030103311112011213 22.29
10 22202113011032103111130011213 22.29
11 02022333231212121331110211013 22.29
12 02022333013212103313130031213 22.29
13 22022111031230103333130231013 22.29
14 22020111033230323111132031013 22.29
15 00202111233032303111130231213 22.29
16 00200111231032123333132031213 22.29
17 20200333213010123313132231013 22.29
18 20200333031010101331112011213 22.29
19 00020113211230123111132211013 22.29
20 20020331233010123313130211213 2°.29
21 20020113013232123311110211013 2°.29
For n=58;

Let Py s =[l.4 | Al be the generator of pure double-circulant self-dual code where
the first row of A is V, :[yl,yz,yg, Yar Y0 X0 Xo 0 Xa5 Xgs X3 Xy Yo X710 %50 Y75 X9 Xig0 X115 X0
Ye: Yor Yio Yaus Xigs Xuas Xis» Yios Xeg0 X7 |- BY Using Vg, we obtain the following conditions

for the lifts of P, , to R, to be self dual:
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Xp =Xzt Ys+Ys+ Y tYn,

X =Xy + X+ X7+ Yo+ Y3+ Y, +Ye Yo+ Y1

Xy =Xyt Y3+ Y, + Y, +Yg+ Yot Yy

Xpg =Xyt X5+ X7+ Ye ¥ Ys + Yo + Yo + Y1 + Yoo

Xg =X+ X5+ X7, + Y+ Yt Yt Y

Xe =Xy T Y3+ Yot Yst ¥+ Ys+ Yot Yo+ Yoo

Xp =Xyt Yo+ Yo+ Yot YstYst Yo

Xg =Xs T Yot Yst+Yst Yot Yoo+ Yoo

Xg=XgtXs + X+ Yo+ Ya+ Yo+ Ys+ Yo+ Yo+ Yo+ Y12
Xio =Xy +Ys+ Yt YgtYn

X1 =Xzt Yo+ Yo+ Y+ VYo

Xp =Xg t X5 X7+ Ys+ Y5+ Ys T Y+ Y0

Xig = X7 Yot Yo+ Yot Yo

Yi=Yot Vst Yot Ys Yo T Yr T Yst Yot Yoo+ Vit Voo

By using the conditions above, we obtained the generators of the lifts of P, . to
R, whose binary images ¢(C,, ;) are best-known Type I codes with parameters

[116,58,18] which are given below:
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Table 44 The list of pure double-circulant self-dual codes of length 58-5

# Cssfs ‘AUt ¢1 (C58—5 )‘
1 22222313313231031330200111231 22.29
2 22220313111033011130220111031 22.29
3 22202331113011031112000111211 22.29
4 02022131113213231132022111031 22.29
5 02020333113031031110020111211 22.29
6 02000133333211033130220111031 22.29
7 02000331313233033130020111211 22.29
8 02000331131031233130022111031 2°.29
9 20222331131231033132200111231 22.29
10 20222133333011233132002111231 22.29
11 00022333113031013130000111031 22.29
12 00020331113211231110222111011 22.29
13 00002313111233211132002111231 22.29
14 00000131111033013312200111031 22.29
15 22220133113033231130222111013 22.29
16 22220333331033033310220111013 22.29
17 02000113331213231132002111213 22.29
18 02000311133033031132200111213 22.29
19 22000313311011013130200111213 22.29
20 00222313311211213132022111013 22.29
21 20222113331013031130220111013 22.29
22 00002333331233233312002111213 22.29
For n=58;

Let Py o =[l, | A] be the generator of pure double-circulant self-dual code where
the first row of A is V, :[yl,yz,y3,y4,y5,X1,X2,X3,X4,yG,Xs,XG,X7,y7.X8,ys,yg,ylolxgy
X100 Yi1s X115 Yiz» Yass Yaas X000 Viso ylﬁ,xﬂ]. By using V,, we obtain the following conditions

for the lifts of P,  to R, to be self dual:
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X=Xzt Ys+ Y7+ Y+ Yie

Xo =Xt Yot Yo+ Ys+ Y +VutYn

X3 =Xzt Ys+ Yot Yo+ Y+ Yu T Yis

Xy =Xzt Yot Yo+ Ys+ Yt Yot Vs

Xs=X3+ Yot Ys Y+ Ys+ Yo+ Yot Y+ Y2+ Vs + Yis
Xe =Xzt Yo+ Vgt Yig + Yis + Yis + Y6

X7 =Xzt Y5+ Yot Yiu t Yis

Xg =Xgt Y7+ Yo+ Y+ Yo + Y15 + Va6
Xg=X3+ Yot Yot Yo+ Yr Yt Yo+ Yis + Y16
Xo =Xz T Yot Yst Y7+ Ye T Yo+ Yo+ Y13+ Y16
Xu=Xgt Yot Ys+ Y7+ Yo+ Yo+ Yis + Y+ Ve
Xp =Xzt Yo+ Yot Yo+ Yia t Y15 + Yis
Yi=Yot Yot Yst Yo tYis

Ya=Ye+ Yot Yst Yot Yiot Y+ Yzt Y+ Yis

By using the conditions above, we obtained the generators of the lifts of P,;  to
R, whose binary images ¢ (C, ) are best-known Type I codes with parameters

[116,58,18] which are given below:
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Table 45 The list of pure double-circulant self-dual codes of length 58-6

# Cssfe ‘AUt ¢1 (Csafe )‘
1 22022311321132120031232223201 2°.29
2 22022313323312120033232001201 2°.29
3 02022333323110122211232001021 2°.29
4 22022131123310320011010023021 2°.29
5 22222311321130300013230203001 2°.29
6 22222313301112322213010001021 2°.29
7 22222331301132300033210001021 2°.29
8 02022113103310122231210021221 2°.29
9 22022311301330120231032023221 2°.29
10 22222131103310120231010221021 2°.29
11 22222313303130320031012021221 2°.29
12 22220313323132122213230023201 2°.29
13 22220333321312302231212023021 2°.29
14 02220313121330302013212221201 2°.29
15 22020113103330322033232003021 2°.29
16 22220311101330120011030203221 2°.29
17 22220133303130100013230001201 2°.29
18 22002111121112100233012223021 2°.29
19 02002311321332300031012221201 2°.29
20 22002333321330122013210001201 2°.29
21 22202331101312322013212203001 2°.29
For n=58;

Let P, , =[l,4 | A] be the generator of pure double-circulant self-dual code where
the fiI’St row Of A iS V7 :[yl' y2, y3, y4, Xl’ y5| ye; ng y7| y8! X31 X4! X5! Xsa X71 yg! Xg) Xgl le’
Xy0s X110 X123 iz Yars Xear Xass Xeg0 Yios X7 |- By USing V;, we obtain the following conditions

for the lifts of P, ; to R, to be self dual:
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X=X+ Xy X5+ Y, T Y5+ Yo+ Yo

Xp =X+ Xyt X5+ X+ X7+ Y3+ Y, +Ys + Yy
X3 =Xzt YatYstYr+ Vst Yot VYo

Xg =Xt YatYstYgt+ Y

Xg =Xzt Xy + X5+ Y3+ Ys T Y7+ Yoo

Xe =Xz + Xy ¥ X7+ Ya+ Yot Yr + Yo+ Yo + Y1
X7 =X+ Xy T X5+ X6+ X7+ Y7+ Y+ Yo + Yoo
Xg=XstYs+tYstYr+YstYotYn

Xg =Xz + Xy + X7+ Y7+ Yo+ Yoo + Voo

Xio =X+ Y+t Yot Ys+Yr+Yet Yo+t YutYn
Xp =Xt Ye+Ys t Yo+ Yo+ Y + Yoo

Xp =Xzt X5+ X+ Yot Y5+ Yo+ Y1
Yi=YatYet Yst Yot Yoo
Yo=Ys+Ys + Y+ Yo+ Vi

By using the conditions above, we obtained the generators of the lifts of P, , to

R, whose binary images ¢ (C, ;) are best-known Type I codes with parameters

[116,58,18] which are given below:
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Table 46 The list of pure double-circulant self-dual codes of length 58-7

# C5877 ‘AUt ¢1 (C58—7 )‘
1 20201203003131123121331211101 22.29
2 02021023223131103101331011121 22.29
3 20221023201133123123331211103 22.29
4 02001203021133103103331011123 22.29
5 00203223021131123321111211321 22.29
6 22023003201131103301111011301 22.29
7 00001221001313301303331211321 22.29
8 02001201223333323321331011301 2°.29
9 00023001001313303301311013121 22.29
10 20221223003311103301111013321 22.29
11 02001003223311123321111213301 22.29
12 22223021021111303321111031121 22.29
13 00003201201111323301111231101 22.29
14 20223003203311101321311031123 22.29
15 22201021001333321303131231103 22.29
16 00201001201113101323331031123 22.29
17 22021221021113121303331231103 2°.29
18 02003021201313121301331231123 22.29
19 20221003003313301101131231303 22.29
20 00201221223113303301131231303 22.29
For n=58;

Let P, ; =[l, | A] be the generator of pure double-circulant self-dual code where
the first row of A is V8 = [yl, Your Y30 Yar X0 Y51 Yo Y70 Xo0 X35 Ve Xa Yor Yigr X5 Vi Xg0 X750 X5,
Yios Yizr X1 Yias X100 X110 Vg Xios y16,x13]. By using V,, we obtain the following conditions

for the lifts of P, , to R, to be self dual:
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X=X+ Ye+ Yot YT Yzt Yt Yis

X =Xzt Yet Yg+ Yo Yis

X3 =Xzt Y5+ Y10 T Y12 T Y15

Xy = X3t Yot Yo+ Yot Yiot Yt Yis
Xs=Xgt Yot Ys+Yr T Yst Yo+ Yot Y+ Yis ¥ Yu + Yis
Xe =X+ Y7+ Y+ Yo+ Vi3

Xp =X+ Yt Y7t Yst Yot Yo + Y13

Xg =Xt Yyt Y+ Yo+ Yo+ Yis+ Vs

Xg = X3+ Y5+ ¥Yg+ Yoo+ Yiu T Yo + Vi3

Xo =Xzt Yst Yt Yo+ Yo+ Yo+ Vst Vis + Yo
Xu=XotYstYe+ Y7+ Yot Yot Yiu + Yis + Yo
Yi=YstYr T Yet Yot Yiot YuutYis
Yo=Yat Yo+ Yo+ Yzt Yis
Ya=Ys+ Yot Y+ Y5+ VYis

By using the conditions above, we obtained the generators of the lifts of P, ; to
R, whose binary images ¢(C,, ;) are best-known Type I codes with parameters

[116,58,18] which are given below:
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Table 47 The list of pure double-circulant self-dual codes of length 58-8

# Cssfs ‘AUt ¢1 (Csafs )‘
1 22221220112322303332230132101 22.29
2 00021202332300303330230110121 22.29
3 02223202330120301110210310121 22.29
4 20021022312302121110030312101 22.29
5 02223022110302301130210132101 22.29
6 02221020332302321132010112121 22.29
7 02223020130302103332012332101 22.29
8 22023002332322121312230132121 22.29
9 22021002312300101110032330101 22.29
10 22021002330120321132012330101 22.29
11 00221002130120321130212112101 22.29
12 02001222112322323312030112101 22.29
13 20003220112302123330010130101 22.29
14 22001220132102301132010110121 22.29
15 00201220332102301130210332121 22.29
16 00201220310322121112230332121 22.29
17 00203220330300101310032130101 22.29
18 20003202132320123330210330121 22.29
19 20001202330320301130212110101 22.29
20 20003202130300323330010110101 2°.29
21 20003200112320321132012130121 2°.29
22 02201200310320101112232310121 2°.29
For n=58;

Let R, o =[l,| A] be the generator of pure double-circulant self-dual code where
the first row of A is Vi =[Y,, Vo1 Vs, Yar Yss X %o Xg Xa Xss Yoo Yoo Xar X Xs Xo» Vs Yoo Xios

Xu10 X021 Yior Xuzs Xuas X0 Yirs Yior X0 %7 - By using Vg, we obtain the following

conditions for the lifts of P, 4 to R, to be self dual:
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X=Xt Yot Ys+ YtV

X=Xyt Yot YatYs+Ye+ Y7+ Yo+ Yo+ Y

X3 =Xyt Yot Yo+ Yt Yo

Xg =Xa ¥ Xy + Xt Yo+ Ys + Yo+ Y7 Yo+ Yoo + Y + Yoo
Xs = X3+ X X7+ Yo+ Yo+ Yo+ Yot Y+ Y2

Xe =Xy Yot Yst Yot Ys T Ys T Y7+ Ys T Yo

Xp =Xt Xyt Xt Yo+ Y5+ Y7+ Y50

Xg =Xyt X+ X7+ Yo+ Y3+ Ys+ Yg+ Yo+ Yip

Xg =X+ X+ X7+ Yo+ Yo T Ys + Yot Y7+ Yo+ Yt Y0
Xio =Xzt YstYst Ygt Yot Y+ Yo

Xp =X+ Yat Y5+ Yo+ Yio

Xip = X3+ Xy X7+ Yo + Yo+ Y + Yo

Xs =Xt Yot Yot Ys T Ys+YutYn

Yi=Yot Yt Yot Ys+Ye T Y+ Yg t Yo+ Yot Y+ V0o

By using the conditions above, we obtained the generators of the lifts of P, , to
R, whose binary images ¢(C,, ,) are best-known Type I codes with parameters

[116,58,18] which are given below:
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Table 48 The list of pure double-circulant self-dual codes of length 58-9

# Cssfg ‘AUt ¢1 (C58—9 )‘
1 22222111112013332033121112211 2°.29
2 22022131330233110231121112011 2°.29
3 22022113330031130013121110211 2°.29
4 22002111312033132233321112011 2°.29
S 22002133110013330013301132011 2°.29
6 00220133112213332213321130211 2°.29
7 00220111310233130033301110211 2°.29
8 00200113332231132213101112011 2°.29
9 00000111110213330233101110011 2°.29
10 22002113130013110013101132013 2°.29
11 22000113132213130233301112013 2°.29
12 02000133110033332233101130213 2°.29
13 20222133112233330033121132013 2°.29
14 00222113130013132033321110213 2°.29
15 00220113132213112213121130213 2°.29
16 20202131332211330033301112013 2°.29
17 02222331112031312211121132231 2°.29
18 22202313310031330033101130031 2°.29
19 22022131332011112211121132231 2°.29
20 22020113330211332031321110031 2°.29
21 00220133112231130213121110031 2°.29
22 00202113332011330231301112231 2°.29
23 00020313312231332233121132231 2°.29
For n=58;

Let Py, =[5 | A] be the generator of pure double-circulant self-dual code where
the first row of A is V,, :[yl,yz,y3,y4,y5,X1,X2.X3,X4,yﬁ,y7,X5,y8,yg,X6,X7,X8,X9,

Yios Yi1s X0+ Xua s Xizs Xigr Xia» X5 Xig0 Yio0 X7 |- BY using Vy,, we obtain the following

conditions for the lifts of P,z ,, to R, to be self dual:
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X=X+ Xt X7+ Ys+Yet+ Yot Vi

Xp =Xa t X5+ X +Ys + Y+ Ys+Ye + Y7+ Yo
X3 =X+ Yot Y, t Y+ Ygt Yo+ Yo

Xy =Xy Yo+ Ya+Ys+ Yo+ Y+ Yo

Xs =X+ X5+ X7+ Yo+ Ys+ Y5+ Ye+ Yot Ygt Yot Yy
Xe = X3+ Yat Y5+ YT Vs

Xp =X+ Y3+ Y+ YstY;

Xg =X+ Y3+ Y+ YtV

Xg=Xa+ Xg + X7 Yyt Y+ Y7+ Y+ Yo + Yoo
Xio = X5 T X6+ X7+ Y+ Yo+ Y7+ Yg + Yoo+ Yoo
X =X+ Xs X+ Yot Y+ Yr + Yot Y+ Yoo
Xpp =Xzt Xg ¥ X7+ Y7+ Yg + Y10 + Yoo

Xg =X+ Y+ Y+ Ys+Ys+Ys+ Y

Yi=YotYst Yot Ys+ Yo T Y7 T Y T Yot Yiot Yiu + Yoo

By using the conditions above, we obtained the generators of the lifts of P ,, to

R, whose binary images ¢ (C,, ,,) are best-known Type I codes with parameters

[116,58,18] which are given below:
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Table 49 The list of pure double-circulant self-dual codes of length 58-10

# C58—10 ‘AUt ¢1 (C58—10 )‘
1 02000111302320331300333131121 22.29
2 20222111320302331322333131101 22.29
3 02202113322120313122131111103 22.29
4 22202131320320331322313111103 22.29
5 00020131302302331300313111123 22.29
6 20020113300102313100131111123 22.29
7 02220111100122111300133131321 22.29
8 22020313102100311120131131321 22.29
9 22002113102302333122111111321 22.29
10 00220113120320333100111111301 22.29
11 00202313120122311102131131301 22.29
12 00022313122302333122311111321 22.29
13 20002111122100111322133131301 22.29
14 20002111302320131120333111321 22.29
15 02220331122300131320111111303 22.29
16 02220313320100113100131111303 22.29
17 02220113302320111320113111303 22.29
18 00022111302320331322313131303 22.29
19 20002113320302111302113111323 22.29
20 20002313302122113122131111323 22.29
21 22220113322302113322133113121 22.29
22 02220311320122331100113113101 22.29
For n=58;

Let Py, =[l, | A] be the generator of pure double-circulant self-dual code where
the first row of A is V11 :[y17y2'ys’x1lxz’y41X3'X4’X5’ys’XG’X7'X8’X91X10’X11’X12’X13’

y6,><14,x15,><16,x17,x18,y7,y8,x19,x20,x21]. By using V,;, we obtain the following

conditions for the lifts of P,z ,, to R, to be self dual:
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Xp =X+ X7+ X+ X + X+ Y5+ Y,

Xy =X T Xig + X0 Y, Y,

Xy =X+ X7 +Xg+Ys+Ys+VYs+ Vs

Xg =X T X+ Xg T X7 + Xg + Xg + X Yo + Y3+ Y, Y7
Xg =Xy + X7+ X +¥Ys + Y7

Xe = X5 T Xg+ X0t Ys+ Vst Yr+Ys

Xp =X+ Xgt X+t Yo+ Vst Yo+ Vet Y+ Vs

Xg =Xt Xg + X+ Y, T Y5

Xg =Xyt X+ X+ Yo, Y, +Ye Y7

Xio = Xy T Xig + Xpo + Yy + Y5+ Y6 + Ys

Xp =X T X+ X T Xpg + X Y3+ Yot Y5+ Ye + Y7+ Ve
Xipg =Xg T X7 T Xg T Xg + X + Yo + Y+ Y, Y5

Xi3 = Xy7 T Xig + Xjg + X0 + Xy
Yi=YotYstYatYstYetY,+Ys

By using the conditions above, we obtained the generators of the lifts of P, ,, to
R, whose binary images ¢ (C,, ;) are best-known Type I codes with parameters

[116,58,18] which are given below:

Table 50 The list of pure double-circulant self-dual codes of length 58-11

# Cos1t ‘;\Ut 9@_((:58711)‘
1 22011233101331133321111100113 2°.29
2 02033013303131111321111122113 2°.29
3 02033031103133311321111100113 2°.29
4 20233231123133311301111122113 2°.29
5 20233211121113313321111302133 2°.29
6 02231211103133133301113320131 2°.29
7 20031011123133133321113302131 2°.29
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For n=60;

Let P, =[l,, | Al be the generator of pure double-circulant self-dual code where
the ﬁrSt row Of A iS V = [yl’ y2’ y3’ y47 y5’ y6' y7’ Xl’ y8’ y9’ le' yll’ y12’ y13' X2’ y14’ ylS’XB'

Xgs X6 X1 Xg1 Xgs Xor Yigs Xior 10 Xios Yi70 X3 |- By using V, we obtain the following

conditions for the lifts of P,, to R, to be self dual:

X=Xzt Yot Yot Yizs+ Vi

Xo =X1+t Y7+ Ygt+Yi0+ Va6

X3 =Xzt Yo+ Yet YotV

X4 =X+ Yo+ Y12

X =Xzt Yo+ Y, + Yot Yt Yis+ Vi
Xe =Xyt Y+ Yt Yis+ Yy
X=X+ Vst Yst Yot YutVYist+Yy
Xg =X+ Yo+ Y17

Xg =Xzt Yot Yo+ Yot Yot Yt Yis
Xio =Xzt Yo+ Yo+ Yt Vi

Xp =Xzt Yo+ Ys+ Yo+ Y
Yi=Yr+tYs+ Vi
Ya=Yrt Yot Yot Yis + Yy

Ys =Y7 1t Yis t Y16

By using the conditions above, we obtained the generators of the lifts of P, to R,

whose binary images ¢ (C,,) are best-known Type I codes with parameters [120,60,18]

which are given below:
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Table 51.1 The list of pure double-circulant self-dual codes of length 60

# C5o ‘Aut ¢1 (CBO )‘
1 222202212200021221133333031121 2°35
2 220202032022221203113333031301 2°35
3 020222010220221201133333231101 2°35
4 222002210022003203311313231121 2°35
5 020002010222223201133333011301 2°35
6 020002010202201003331331031121 2°35
7 222002010022201223111333231101 2°35

By using the same conditions above, we obtained the generators of the lifts of P,

to R, whose binary images ¢ (C,,) are best-known Type II codes with parameters

[120,60,20] which are given below:

Table 51.2 The list of pure double-circulant self-dual codes of length 60

# Ces \Aut ¢ (Ce )\
1 220202030000203021331113231101 2535
2 020220210200221223311131231121 2535
3 020200030202201203311131011121 2535
4 220022212220201023113133211101 2535
5 220020032020003003333113231321 2535
6 022000030000001003133133031321 2535
7 000220212200021003111333031121 2535
8 202220212020021223331331231101 2535
9 202220212000003021133333211321 2535
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5.2 BORDERED DOUBLE-CIRCULANT SELF-DUAL CODES OVER R,

For n=12;

Let B, =[l;|A] be the generator of bordered double-circulant self-dual code
where the first row of A is V =[x, X,,X;,¥;,%,]. By using V, we obtain the following

conditions for the lifts of B, on R, to be self dual:

X, =X,
X, =X,
Yy =2%X*Y
By using the conditions above, we obtained the generator of the lift of B, to R
whose binary image ¢ (C,,) is an extremal Type I code with parameters [24,12,6]

which is given below:

Table 52.1 The list of bordered double-circulant self-dual codes for length 12

# Cy, Type | |Aut 4(Cy,)
1 11303 I 21035

By using the same conditions above, we obtained the generator of the lift of B, to

R, whose binary image ¢ (C,,) is an extremal Type II code with parameters [24,12,8]

which is given below:
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Table 52.2 The list of bordered double-circulant self-dual codes for length 12

# C Type
11323 11

|Aut ¢ (C,, )|
2103°57.11.23

[EEN

For n=20;

Let B, , =[l,,| A] be the generator of bordered double-circulant self-dual code
where the first row of A is V, =[y,, %X, X,,%;,X,,Xs, X5, X7, Xg |. By Using V;, we obtain

the following conditions for the lifts of B,, , on R, to be self dual:

<
Il

Xg
X

N
g

X

X X X
w
Il
(2]

X

yl:Z*X*y

<
(&1

By using the conditions above, we obtained the generators of the lifts of B,, , to

R, whose binary images ¢ (C,, ,) are extremal with parameters [40,20,8] which are

given below:

Table 53 The list of bordered double-circulant self-dual codes of length 20-1

# Coos Type B | |Aut ¢ (Cy,)
1 013111131 I 10 211 32
2 231111113 I 211 32
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For n=20;

Let B,, , =[l,,|A] be the generator of bordered double-circulant self-dual code

where the first row of A is V, =[X,%,, Y1, X Y5, Y3 X, Ya, Y5 |- By using V,, we obtain

the following conditions for the lifts of B,, , on R, to be self dual:

X, =Xt Ys HZxX*Y
X, =X, + Y, +Z¥X*Y
X3=X T Y31 Ys
Yi=YstYs tZxX*y
Yo=Y,

By using the conditions above, we obtained the generators of the lifts of B,, , to

R, whose binary images ¢ (C,, ,) are extremal with parameters [40,20,8] which are

given below:

Table 54.1 The list of bordered double-circulant self-dual codes of length 20-2

# Caos Type B | |Aut 4(Cy, )|
1 132302100 I 1 22,37
2 130320122 11 22,37

Additionally, by using the same conditions above, we obtained the generators of
the lifts of B,, , to R, whose binary images ¢2(C20_2) are best-known Type I codes

with parameters [80,40,14] which are given below:
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Table 54.2 The list of bordered double-circulant self-dual codes for length 20-2

# C20—2 ‘AUt ¢2 (CZO—Z )‘
1 B5CFA61A8 233
2 B5076296C 2°.3°
3 1D6B2072C 233

For n=24;

Let B,, =[l,,| A] be the generator of bordered double-circulant self-dual code
where the first row of A is V =[X,%,, V;, X3, Y21 Yar Yas Xas X X6, Y5 |- By using V, we

obtain the following conditions for the lifts of B,, on R, to be self dual:

Xi=Xet Yot Y, +Ys +2xX*Y
X=Xt Yot Ys+ Y, +Ys

X3 =Xe Y3+ Y, +Ys +2HkX*Y
Xy =X+ Yot Ys+ Y, +Z*X*Y
Xs =Xe+ Yo + Y3 T Y5 +2%X*Y

Yi=YotYst Y, tYs +2%X*Y

By using the conditions above, we obtained the generators of the lifts of B,, t0o R,

whose binary images ¢,(C,,) with parameters [48,24,8] which are given below:

Table 55.1 The list of bordered double-circulant self-dual codes of length 24

# C. Type | |Aut ¢ (Cy)|

1 11212221112 I 217 3% 5% 7°.11°
2 33032221310 I 2211

3 11212203310 I 2211

4 13032001110 I 2211

5 31032223312 11 2211

6 31032201110 11 2211

7 11032003112 11 2211

8 11010001110 11 271 352 72.11°.23°
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Additionally, by using the same conditions above, we obtained the generators of

the lifts of B, to R, whose binary images ¢,(C,,) are best-known codes with

parameters [96,48,16] which are given below:

Table 55.2 The list of bordered double-circulant self-dual codes of length 24

# Cy Type | |Aut ¢, (C,,)|
1 33A92847F1C I 2211
2 BB21288BB18 I 2411
3 9903288B91A I 2* 11
4 990328A9B18 I 2* 11
5 77ED28A9516 I 2°11
6 BB2128A991A [ 2411
7 3303228B91A 11 2* 11
8 7F49226D318 11 2°11
9 5D65226D11A 11 2°11
10 BB8B2265F1C 11 2211
11 330322A9B18 1l 2°11
12 5D6522A1D16 11 2°11
13 112122A991A 11 2°11
14 D58B248311A 11 2°11
15 5D03246D71C 11 2°11
16 D58B24A1318 11 2°11
17 772124A991A 11 2°11
18 91CF24A171C 11 2°11
19 336524CFB18 11 2°11
20 5D0324C7D16 11 2°11
21 91CF24C711A 11 2°11
22 772124CFF1C 11 2°11
23 BB212803310 11 2*11
24 118B2847D1E 11 2°11
For n=28;

Let B, =[l,,|A] be the generator of bordered double-circulant self-dual code
where the first row of A is V :[yl,yz, Yar Yar Voo X0 Yo Yoo Yao Xo0 X, yg,xs]. By using V,

we obtain the following conditions for the lifts of B,; on R, to be self dual:



X =X*Y,t Yy

X=X+ YstYs

X3 =X+ Ys+Y,
Yi=YatYst Y, + Yy H2xX*Y
Xs =Xg + Y, +Ys+ Y5+ 2%X*Y
Yi=YotYs+ Y, tYsH2xX*Yy
Yo=YatYs+t Yt Yt Y
Ya=YatYs T Y; T Y H2RX*Y
Yo =Ygt Yo tZ%X*Y
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By using the conditions above, we obtained the generators of the lifts of B, to R,

whose binary images ¢ (C,;) are extremal Type II codes with parameters [56,28,12]

which are given below:

Table 56.1 The list of bordered double-circulant self-dual codes of length 28

# Cye | Aut ¢ (Cy)|
1 2202230021301 22.13

2 2222032023121 22.13

3 0022030023101 22.13

4 0000012021121 22.13

5 0220010001121 2°3°7.13

By using the same conditions above, we obtained the generators of the lifts of B,

to R, whose binary images ¢ (C,) are best known Type I codes with parameters

[56,28,10] which are given below:
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Table 56.2 The list of bordered-double circulant self-dual codes of length 28

# Czs ‘ Aut ¢1 (C28 )‘
1 0202210221121 2213
2 2002212221101 22.3.13
3 0222232021301 2213
4 0002230001301 2213
5 2222030003101 2213

For n=36;

Let By =[l,z| A] be the generator of bordered double-circulant self-dual code

where the first row of A is V =[y,,¥,, Va: Va: Yer Yoo Yoo X0 Xou g, Y X Yoo Xso Xgs X7 Xg |-

By using V, we obtain the following conditions for the lifts of B,, on R, to be self

dual:

X=X+t Y;+Ys+Y¥s Y
X=Xt Y+ Yst Y+ Ys
X3=XgtYs+Ys+Ys +ZxX*Y

Xe =Xt Ya T Y, t Yo+ Y, Y +2%X*Y
Xs =Xg+Ya+ Y+ Vet Ygt+ VYot ZxX*Y
Xe =Xg+ Yzt Y, +Y; T Vs

X7 =Xt Ys+ Yot Y7+ Vgt Yo+ 2xX*Y
Yi=Ys+ Yot Yet Y, + Vs
Yo=Yst Yo H2xX*Y

By using the conditions above, we obtained the generators of the lifts of B,, to R,

whose binary images ¢ (C,,) are best known Type I codes with parameters [72,36,12]

which are given below:
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Table 57.1 The list of bordered double-circulant self-dual codes of length 36

# Cy \ Aut ¢ (Cy )\
1 [20222221132323131 22.17
2 | 22222223132101111 2217
3 | 02222223330103331 22.17
4 |00222201332123311 2217
5 |02222203332301331 22.17
6 |20222201130121131 2217
7 | 00222023312121111 2217
8 |22222021110301311 2°.17
9 |20222003112321331 2217
10 | 22222001112103311 2217
11 | 00222003310323111 2217
12 | 02222001310101131 2217
13 | 22220223112323131 2217
14 | 20220221112101111 22.17
15 | 02220223310321311 2°.17
16 | 00220221310103331 22.17
17 | 02220203312123311 22.17
18 | 00220201312301331 22.17
19 | 20220201110303111 22.17
20 | 02220021332121111 2217
21 | 22220021130123331 2217
22 | 20220023130301311 2217
23 | 22220001132321331 2217

By using the same conditions above, we obtained the generators of the lifts of B,

to R, whose binary image ¢(C,,) are best known Type II codes with parameters

[72,36,12] which are given below:
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Table 57.2 The list of bordered double-circulant self-dual codes of length 36

# Cy | Aut ¢ (Cy)|
1 20222223112303131 22.17
2 02222221310123331 22.17
3 00222223310301311 22.17
4 00222203312103311 22.17
5 22222201110323111 22.17
6 20222203110101131 22.17
7 02222023332323131 22.17
8 00222021332101111 22.17
9 22222023130321311 22.17
10 20222021130103331 22.17
11 22222003132123311 22.17
12 20222001132301331 22.17
13 02222003330121131 22.17
14 00222001330303111 22.17
15 20220223132121111 22.17
16 22220221132303131 22.17
17 00220223330123331 22.17
18 02220221330301311 22.17
19 00220203332321331 22.17
20 02220201332103311 22.17
21 20220203130323111 22.17
22 22220201130101131 22.17
23 00220021312323131 22.17
24 02220023312101111 22.17
25 20220021110321311 22.17
26 20220001112123311 22.17
27 22220003112301331 22.17

For n=40;

Let B, ,=[l,|A] be the generator of bordered-circulant self-dual code where
the first row of A s Vi =[V1, Y5, Y5, Yas Ys: Yoo Yo Yoo Xo: Yo Yios Yoo Yaas Xas Xas Yios Xso Yas:
Xs]. By using V,, we obtain the following conditions for the lifts of B,, , on R, to be

self dual:



X=X+ Ys+ Y, +Yg+ VYotV HZxX*Y
Xo=Xs+ Yot Yoo+ Ypp H 2% X*Y
X3=Xs+Ygt Yo+ Yo+ Yuu T Yo + Vi3

Xy =Xt Y7+ Y+ Y+ Vi3

Xs =Xe+ Y5+ Yo+ Yo+ Yn
Yi=Y7+Ys+ Y2

Yo =Ygt Yot Yt Y, HZEX*Y

Ya =Ygt Yo +2HX*Y

Ya=Ys t Y7+ Yg T Yot 2kX*Y

Ye=Y7t Yot Yot Yo+ Vi3
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By using the conditions above, we obtained the generator of the lift of B,, , to R,

whose binary image ¢,(C,, ,) is best known Type I code with parameters [80,40,14]

which is given below:

Table 58 The list of bordered double-circulant self-dual codes of length 40-1

C:4071

| Aut ¢ (Cy )|

S

2002200012010112101

2°.19

For n=40;

Let B,, , =[l,, | A] be the generator of bordered-circulant self-dual code where

the first row of A is V, =[V,, Vo1 Var Var Yo X0 Yoo Y70 X Xar Xas Xg X610 X7 Yoo Yo Xg Xg1 Xgo |-

By using V,, we obtain the following conditions for the lifts of B,, , on R, to be self

dual:



X=Xt Yo+ Ys+tY,+Ys
X=Xt Ygt Yo

X3 =X+ Ys Y5+ Ys T Yo

Xy =Kt Y+ Y+ Y, +2xX*Y
X=X+ Yot Ys +Y¥: Y

Xe =X+ Ys+ Yo+ Ys+ Y, +Yg+ Yo
X7 =Xg+ Y+ Yy +Ys+2xX*Y
Xg =X+ Y3+ Ys

Vi =Yt Y, H2xX*Y
Yo=Ys+Yst Yt Y5t Yo
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By using the conditions above, we obtained the generator of the lift of B,, , to R,

whose binary image ¢(C,, ,) is extremal Type II code with parameters [80,40,16]

which is given below:

Table 59.1 The list of bordered double-circulant self-dual codes of length 40-2

# Cuos

| Aut ¢ (Cyy., )

1 2022010013333102313

22.19

By using the same conditions above, we obtained the generators of the lifts of

B,,_, to R, whose binary image ¢(C,, ,) are best known Type I codes with parameters

[80,40,14] which are given below:

Table 59.2 The list of bordered double-circulant self-dual codes of length 40-2

# Cuos ‘ Aut ¢ (C4072 )‘
1 2002032211113102313 22.19
2 0200212213333120313 22.19
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For n=40;

Let B,, ; =[l, | A] be the generator of bordered-circulant self-dual code where

the first row of A is V, =[y1, Yor Yar Yar X Y50 Xou Yo Xa5 X4y X5, X5 Y70 Yoo X710 X5 ygixgixlo]'
By using V;,, we obtain the following conditions for the lifts of B,, , on R, to be self

dual:

X=X+ Yo+ Ys+Ys+Yr+Ys+ Y

Xp =Kot YgtYs+ Yy +2%X*Y
X3=Xo+t Yo+ Yo+ Ys+Ye T Y, T Yo

Xg =Xt Y, tYstYg+tZxX*Y

Xs =Xgt Y, + Y+ Y, +Ygt+ Y, +Yg+ Yy +Zx X*Y
Xe = X0t Y5+ Yo+ Yo +2*X*Y

X7 =Xt Yot Yot Ys T YstYs T Yo

Xg =Xt Yo+ Ys+Y:+ Vs

Xg =X+ Y3+ Ys

Vo= Yok Vot Yat Vot Vo Yot Yot Yo+ Z%XHY

By using the conditions above, we obtained 54 generators for the lifts of B,, ; to

R, whose binary images ¢ (C,, ;) have parameters [80,40,12]. 2 of these generators

are given below:

Table 60 The list of bordered double-circulant self-dual codes of length 40-3

# Cio-a Type ‘ Aut ¢ (C4073 )‘
0200103033130033011 I 2°.19
2 0200301011112031011 11 2°.19

[HEN
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For n=44;

Let B, , =[l,,|A] be the generator of bordered-circulant self-dual code where

the fiI’St I'OWOf A iS Vl :[yl,y2,y3)y41y5sX1|X2)y6!y7!y8!X3)X4!X51X6)X71X81X9’X10’y9’
X1, %, |- By using V;, we obtain the following conditions for the lifts of B,,, on R, to

be self dual:

Xi=Xg+ Y, Yy T Y5 +2%kX*Y

Xo =X+ Y, + Y, +Yg+ Y, + Yy +ZxX*Y
X3 =X+ Y, + Y3+ Y+ Y, +Yg +ZxX*Y
Xy =Xg+t Y3+ Ys+Ys+ Y

Xs =Xt Y, + Vs

Xe =X+ Yo+ Ye T Y¥: Y5

X7 =Xt Y, Y+ Y5 +Y;
Xg=Xp+ Yot Yst Y, +ZxX*Y
Xo=Xot Yot Y3+ Y, +Ys+ Y, + Vs
Xu=Xpt Y, Y3+ Y5+ Ys

Vi=Yot Yot Y+ Yst Yo+ Y, tYgt Yot 2xX*y

By using the conditions above, we obtained 42 generators for the lifts of B, , to

R, whose binary images ¢(C, ,) are extremal Type II codes with parameters

[88,44,16]. 1 of these generators is given below:

Table 61.1 The list of bordered double-circulant self-dual codes of length 44-1

# Cus ‘ Aut ¢ (Cy )‘
222221320013113311211 2°3.7

[HEN

By using the same conditions above, we obtained 48 generators of the lifts of
B,, ; to R, whose binary image 4 (C,, ,) isa Type I code with parameters [88,44,14]

which are given below:
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Table 61.2 The list of bordered double-circulant self-dual codes of length 44-1

" Cus ‘ Aut ¢ (Cy )‘
222223102211131113231 2°.3.7

[EEN

For n=44;

Let B,, ,=[l,,| A] be the generator of bordered-circulant self-dual code where

the first row of A is V, =[y1,y2,y3,y4,y5,x1,x2,x3,x4,ye,y7,y8,x5,x6,x7,yg,xe,xg,xm,
X1, X, |. By using V,, we obtain the following conditions for the lifts of B,,_, on R, to

be self dual:

X =Xut Yo+ Ys+ Y, + Yo
X=Xt Y, tYs

Xg=XptY,+Y, +YgtZxX*y
X=XptY,+Y;tY¥Ys+Y;
X=X+ Y, Y, t Y5+ Y

Xe =Xy T Yst Yo+ Ys+ Y+ Ys + Yo

X; =X+ Y;+ Y, t Y5+ Yg+ Yy HZxX*Y
Xg=XpTYs Yt Y+ Yo
Xg=X1+Ys+Ys

Xo =Xyt Y, t Yt Y+ Vs

Vi=Yot Yot Yt Yst Yo+ Y, tYgt Yot 2xX*Yy

By using the conditions above, we obtained 39 generators for the lifts of B,, , to

R, whose binary images ¢(C,, ,) are extremal Type II codes with parameters

[88,44,16]. 1 of these generators is given below:

Table 62.1 The list of bordered double-circulant self-dual codes of length 44-2

# Cus ‘ Aut ¢ (C4472 )‘
022221111022313213311 2°3.7

[HEN
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By using the same conditions above, we obtained 49 generators of the lifts of
B,, , to R, whose binary image ¢,(C,, ,) isa Type I code with parameters [88,44,14].

1 of these generators is given below:

Table 62.2 The list of bordered double-circulant self-dual codes of length 44-2

# Cus ‘ Aut ¢ (C4472 )‘
1 022223311220111031311 223.7

For n=44;

Let B,, ;=[l,,|A] be the generator of bordered-circulant self-dual code where

the first row of A is V3 = [yl, Vo1 Y31 Yar Y51 Y1 Y71 Yar X0 Yar Yior Xo1 X Y110 %40 V1o X514 Xgs
Yis: %7, % |. By using V;, we obtain the following conditions for the lifts of B,, , on R,

to be self dual:

X=X+ Ys+Yst Y7+ Yo+ Yot Yot Y t2xX*y
X=X+ Yst Y, + Y+ Vi,

Xy =Xg+ Y +ZxX*Y

Xy =X+t Y;+Ye+ Y+ Vi3

Xs =Xg+ Yt Yo+ Yzt ZxX*Y

Xe =Xg tYs T Y7 T Yo+ Yio T Yo + 2% X*Y
X7 =X+ Ys+ Y

Yi=Ys Yot Yt Y H2¥X*Y
Yo=YstYgt Yio+ Yo T Y13

Ya=Y7t Yo+ Vi3
Ya=YstYgt Yot Yot Vi3

By using the conditions above, we obtained 32 generators for the lifts of B,, , to

R, whose binary images ¢(C,, ;) are extremal Type II codes with parameters

[88,44,16]. 1 of these generators is given below:
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Table 63.1 The list of bordered double-circulant self-dual codes of length 44-3

# Cuis ‘ Aut ¢ (Cy )‘
200200023023121031031 2°.3.7

[EEN

By using the same conditions above, we obtained 33 generators of the lifts of
B,, ; to R, whose binary image ¢ (C,, ;) isa Type I code with parameters [88,44,14].

1 of these generators is given below:

Table 63.2 The list of bordered double-circulant self-dual codes of length 44-3

# Cuis ‘ Aut ¢ (Cy )‘
200000001003323011031 2°.3.7

[EEY

For n=44;

Let B, , =[l,, | A] be the generator of bordered-circulant self-dual code where

the first row of A is V, =[Y;, Y21 Yas Yar Yss Yoo Xir Y7o Yar %o Yoo Yaos Yars Xas Xas X, Vi X
Yis: %7, % |. By using V,, we obtain the following conditions for the lifts of B,,_, on R,

to be self dual:



X=X+ Yzt Y, Y, + Y+ Yt

Xy =Xg+Ys+ Y, Y, + Y+ Yo+ Y, + VY +HZxX*Y
Xg=Xg+ Y3+ Yo+ Yy +Y,t Y tZixX*y

Xy =Xt Y, + Yo+ Y+ Y+ Y H2xX*Y

X =Xg+ Yo+ Vi + Vs + Yo+ Vi + Vis

Xe =X+ Yo+ Y10+ Y12 T Y13

Xp =X+ Y, t Yot Yt Y t Yt Z2%X*Y

Yi =Ygt Yot Yot Yzt 2xX*Y
Yo=YstYat Yt Yot Yio T Yo T Yis

Ys = Yo+ Yzt Z2*X*Y

Yo = Yot Yo T Z¥X*Y
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By using the conditions above, we obtained 42 generators for the lifts of B,, , to

R, whose binary images ¢(C,, ,) are extremal Type II codes with parameters

[88,44,16]. 1 of these generators is given below:

Table 64.1 The list of bordered double-circulant self-dual codes of length 44-4

# C4441

‘ Aut ¢1 (C4474 )‘

[EEN

022200322102033121031

22.3.7

By using the same conditions above, we obtained 43 generators of the lifts of

B,, 4 to R, whose binary image ¢ (C,, ,) isa Type I code with parameters [88,44,14].

1 of these generators is given below:

Table 64.2 The list of bordered double-circulant self-dual codes of length 44-4

C4474

| Aut ¢ (C,,)|

|

222200322322011121211

22.3.7
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5.3 CONCLUSION

In this thesis, we intended to search the conditions to construct binary self-dual
codes of length 2“.n, as images of self-dual codes over R _ of length n, starting with
known binary self-dual codes.

In chapter 2, some fundamental properties of linear codes especially self-dual
codes are given. An upper bound for the minimum distance d of an [n,n/2] self-dual

code which was given by Rains is examined. We completed the chapter with a few
examples including extended binary Hamming code and extended binary Golay code.

In chapter 3, we introduced the ring R, and defined self-dual codes over the ring.
We investigated the rings R, and R, in detail. The definitions of some well-known
weight functions such as Hamming weight and the Lee weight on Z, are given. The

Gray map which is a linear weight preserving map from R to IE"zzk'“ is described. We

gave some examples after we observed the theorems about the existence of self-dual
codes over R, . At the end of the chapter we investigated projections and lifts in R, and

also we observed that the projections of a self-dual code are also self-dual but not all
lifts are self-dual.

In chapter 4, we studied circulant and double-circulant matrices. We examined
special constructions of double-circulant self-dual codes over the ring R,. By using the

known self-dual codes which were obtained by Gulliver and Harada, we developed a
new construction method for self-dual codes via double-circulant matrices.

As a result, we obtained new self-dual codes over the rings R, and R, for

different values of n. We classified double-circulant self-dual codes over R, .
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